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ABSTRACT. Given a group-word w and a group G, the verbal subgroup w(G)
is the one generated by all w-values in G. The word w is said to be boundedly
concise if for each positive integer m there exists a number depending only on
m and w bounding the order of w(G) whenever the set of w-values in a group G
has size at most m. In the present article we show that various generalizations
of the Engel word are boundedly concise in residually finite groups.

1. Introduction

Given a group-word w = w(z1,...,2k), the verbal subgroup w(G) of a group
G determined by w is the subgroup generated by the set G, consisting of all values
w(g1,...,9k), where gi1,...,gx are elements of G. A word w is said to be concise
if whenever G, is finite for a group G, it always follows that w(G) is finite. More
generally, a word w is said to be concise in a class of groups X if whenever G,, is
finite for a group G € X, it always follows that w(G) is finite. In the sixties Hall
raised the problem whether all words are concise. In 1989 S. Ivanov [17] (see also
[24, p. 439]) solved the problem in the negative. On the other hand, the problem
for residually finite groups remains open (cf. Segal [27, p. 15] or Jaikin-Zapirain
[18]). In recent years some limited progress with respect to this problem was made.
In particular, it was shown in [2] that if w is a multilinear commutator word and
n is a prime-power, then the word w™ is concise in the class of residually finite
groups. Further examples of words that are concise in residually finite groups were
discovered in [13]. The work [5] deals with conciseness of words of Engel type.

Set [z, 0y] = =, [z,1y] = [z, y] = 2~ 'y ey and [v,i41y] = [[2,:y],y] for i > 1.
The word [z, ,y] is called the nth Engel word. Due to [8] and, independently, [1]
we know that the nth Engel word is concise whenever n < 4. It is still unknown
whether the nth Engel word is concise in the case where n > 5. In [5] it was shown,
among other things, that the Engel words are concise in residually finite groups.
More generally, it was shown that words implying virtual nilpotency are boundedly
concise in residually finite groups. A word w is said to imply virtual nilpotency if
every finitely generated metabelian group where w is a law has a nilpotent subgroup
of finite index. Such words admit several important characterizations (see (3, 4,
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10]). It follows from a theorem of Gruenberg [11] that the Engel words imply
virtual nilpotency.

Recall that a word w is boundedly concise in a class of groups X if for every
integer m there exists a number v = v(X, w, m) such that whenever |G,,| < m for
a group G € X it always follows that |w(G)| < v. In [7] it is shown that every word
which is concise in the class of all groups is actually boundedly concise. There is a
conjecture that every word which is concise in residually finite groups is boundedly
concise (cf. [9]) but this probably will remain open for some time.

In the present article we will prove the following result.

THEOREM 1.1. The word [[z1, 2], [x3,x4]] is boundedly concise in residually
finite groups for any nonnegative integers n, q.

Note that the word [[z?,y?],, 2] implies virtual nilpotency so in a sense the
word [[z{, 23], [x3,24]] is a minimal word for which conciseness was unknown.
The word [2%, %)™ remains a mystery even when ¢ = n is a prime.

We also deal with weakly rational words. Recall that a word w is weakly rational
if for every finite group G and for every integer e relatively prime to |G|, the set of
w-values in G is closed under taking eth powers of its elements. Examples of such
words include the words [...[z]*, z2]"2,..., xx]™ for any integers ni,na,...,ng
(see [13]). In particular, the lower central words vy, = [x1,22,..., 2] are weakly
rational. Quite possibly, all multilinear commutator words are weakly rational but
this remains an open question.

It is not difficult to see that weakly rational words are boundedly concise
in residually finite groups. In this article we will establish that whenever v =
v(x1,...,2x) is a weakly rational word and n is a nonnegative integer the word
[v,» y] is boundedly concise in residually finite groups. In fact, we will establish
more general results. Let us say that a word w is commutator-closed if the set of
w-values in any group is closed under taking commutators of its elements. Note
that in particular the lower central words 7, are commutator-closed.

THEOREM 1.2. Let k,n,q be nonnegative integers and u be the word y?, or the
word [y1,y2]?, or any commutator-closed word. Suppose that v = v(x1,...,zk) 18
a weakly rational word all of whose values in any group are also u~'-values. Then
the word [v, , u] is boundedly concise in residually finite groups.

The above theorem guarantees conciseness in residually finite groups of many
words, in particular of the word [v, , y], where v = v(z1,...,z)) is a weakly rational
word. Further, if v is a commutator or a gth power, Theorem 1.2 implies bounded
conciseness in residually finite groups of the words [v,, [y1,y2]] and [v,, y9], re-
spectively. Other obvious examples of words whose conciseness in residually fi-
nite groups follows from Theorem 1.2 are the words of the form [v,, u], where
v=[z),x9,..,x1] and u =1 for | < k.

2. Sufficient conditions for nilpotency of a group

Recall that an element x of a group G is called a (left) Engel element if for any
g € G there exists a positive integer n = n(x, g) such that [g, ,z] = 1. If n can be
chosen independently of g, then z is a (left) n-Engel element. Here and throughout
the article we use the expression “(a,b,...)-bounded” to mean that a quantity is
bounded by a certain number depending only on the parameters a, b, . ...

In this section we will establish the following two propositions.



ENGEL-LIKE WORDS 3

PRrROPOSITION 2.1. Let k,n,q,s,t be positive integers and w a word. Let G be
a residually finite group satisfying the identity w = 1 and generated by elements
ai,...,a such that

[ai, [l’l,l'g]q, ey [Il, zg}q, [Il,mg}s] =1
n
for each 1,20 € G and each i = 1,... k. Assume further that the elements
afl, . ,a;l are t-Engel. Then G is nilpotent with (k,n,q,s,t,w)-bounded class.

We say that a word w is commutator-closed if in any group G the set G, is
closed under taking commutators of its elements. Moreover, given two words v and
w we write

v=w

if and only if G,, C G,, for every group G.

PROPOSITION 2.2. Let k,n,q,s,t be positive integers, and let u,v be words
such that u is commutator-closed and v=' < u. Let G be a residually finite group
satisfying the identity [v,u?, ..., u?,u®] = 1 and assume that all v='-values are t-

—_———

n
Engel in G. Suppose that H is a subgroup of G generated by k v-values. Then H
is milpotent with (k,n,q, s,t,u,v)-bounded class.

The proof uses Lie methods in the spirit of Zelmanov’s solution of the Restricted
Burnside Problem, which states that, given two positive integers m and n, the order
of an m-generated finite group of exponent n is bounded by a number depending
only on m and n. For the reader’s convenience we collect some definitions and facts
on Lie algebras associated with groups (see [28] or [30] for further information).

Let L be a Lie algebra over a field. We use the left normed notation; thus if
li,...,l, are elements of L then

A A N ARA RN A

An element y € L is called ad-nilpotent if ady is nilpotent, i.e. there exists a
positive integer n such that [x,,y] = 0 for all 2 € L. If n is the least integer with
the above property then we say that y is ad-nilpotent of index n. Let X be any
subset of L. By a commutator in elements of X we mean any element of L that
could be obtained from elements of X by repeated operation of commutation with
an arbitrary system of brackets, including the elements of X. Here the elements of
X are viewed as commutators of weight 1. Denote by F' the free Lie algebra over the
same field as L on countably many free generators x1, za,.... Let f = f(z1,...,2y)
be a non-zero element of F. The algebra L is said to satisfy the identity f = 0 if
flay,...,;a,) = 0 for any aq,...,a, € L. In this case we say that L is PI. We
are now in position to quote a theorem of Zelmanov [30, 31| which has numerous
important applications to group theory. A detailed proof of this result recently
appeared in [32].

THEOREM 2.3. Let L be a Lie algebra generated by finitely many elements
a1,asg, ..., 0y such that all commutators in ay,as, ..., ay, are ad-nilpotent. If L is
PI, then it is nilpotent.

The following lemma provides a sufficient condition for an element of a Lie
algebra to be ad-nilpotent.
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LEMMA 2.4. [21, Lemma 5] Let p be a prime and k a positive integer. Assume
that L is a Lie algebra over a field of characteristic p generated by ay,...,Qm. If
y € L is an element such that [a;, ,vy] = 0 for i =1,...,m, then y is ad-nilpotent
of index at most p*.

Let G be a group. Given a prime p, a Lie algebra can be associated with the
group G as follows. We denote by D; = D;(G) the ith dimension subgroup of
G in characteristic p (see for example [15, Chap. 8]). These subgroups form a
central series of G known as the Zassenhaus-Jennings-Lazard series. Set L(G) =
®D;/D;y1. Then L(G) can naturally be viewed as a Lie algebra over the field
F, with p elements. For an element « € D, \ D;y1 we denote by Z the element
QL‘D@'_H S L(G)

LEMMA 2.5 (Lazard, [20]). For any x € G we have (ad Z)P = ad (xP).
The next lemma provides a criterion for a Lie algebra to be PI.

LEMMA 2.6 (Wilson, Zelmanov, [29]). Let G be any group satisfying a group
law. Then L(G) is PI.

Let L,(G) be the subalgebra of L(G) generated by Dy/D,. Often, important
information about the group G can be deduced from nilpotency of the Lie algebra
L,(G). In particular, we have the following theorem. Recall that a group G is said
to be residually-p if for each nontrivial x € G there exists a normal subgroup N of
finite p-power index such that x ¢ N. By a linear group we understand a subgroup
of GL(r, K) for some field K and a positive integer r.

THEOREM 2.7. If G is a finitely generated residually-p group such that L,(G)
is nilpotent, then G is a linear group.

A proof of the above theorem can be obtained as follows. Suppose that G
can be generated with m elements and L,(G) is nilpotent of class c. Let @ be a
finite homomorphic image of p-power order of G. Obviously, @) can be generated
with m elements and L,(Q) is nilpotent of class at most c¢. By [19, Proposition
1], the group @ has a powerful characteristic subgroup of (p, ¢, m)-bounded index.
It follows that the rank of @ is (p, ¢, m)-bounded (see [6]). Since this happens for
each finite homomorphic image of p-power order of G, we conclude that G has a
p-congruence system of finite rank. By a well-known theorem of Lubotzky (see [6,
Theorem B6]) the group G is linear.

The following result is Lemma 3.5 in [28].

LEMMA 2.8. Let G be a finitely generated residually finite-nilpotent group. For
each prime p let J,, be the intersection of all normal subgroups of G of finite p-power
index. If G/J, is nilpotent for each p then G is nilpotent.

LEMMA 2.9. Suppose that G is a residually finite group such that L,(G) is
nilpotent for each prime p. Assume additionally that G is generated by finitely
many Engel elements. Then G is nilpotent.

PRrROOF. By Lemma 2.8 it is sufficient to prove that G/J, is nilpotent for any
prime p. The algebra L,(G) is isomorphic to L,(G/J,). Theorem 2.7 shows that
G/ J, is linear while a result of Gruenberg [12] states that a linear group generated
by Engel elements is locally nilpotent. Therefore, G/J, is nilpotent. O

LEMMA 2.10. Let G be a group generated by Engel elements.
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(1) If G is finite, then it is nilpotent.
(2) If G is soluble, then it is locally nilpotent.

PRrROOF. The first statement is well-known Baer’s theorem ({14, Satz II1.6.15]).
The second statement is due to Gruenberg [11]. O

Now we are ready to prove Proposition 2.1 and Proposition 2.2.

PROOF OF PROPOSITION 2.1. Since the group G is generated by the Engel
elements a;17 . ,a;l, it is a residually finite-nilpotent group (see Lemma 2.10).
We prove first that G is nilpotent and then show that the nilpotency class of G
is (k,n,q,s,t,w)-bounded. To establish that G is nilpotent, by Lemma 2.9, it is
enough to prove that L,(G) is nilpotent for each prime p.

Let us choose a prime p and set L = L,(G). By Lemma 2.6, L is PI. Write

ai,...,ay for the generators of L corresponding to the generators aq, ..., ax of G,
and let ¢; and s; be the maximum p-powers dividing g and s, respectively. Since we
have [a;,» y%,y®] = 1 for each commutator y = [g1,92] € G and each i = 1,... k,

the Lazard lemma (Lemma 2.5) shows that in the Lie algebra we have
[&i’ (qin+s1) b] =0,

whenever b is a commutator of weight at least two in the generators a;. Let p' be
the least p-power such that ¢;n + s; < p'. We deduce from Lemma 2.4 that every
commutator of weight at least two in the generators a; is ad-nilpotent with index
at most p!. Further, the generators @; are ad-nilpotent with index at most ¢ in
L, because the elements a;17 ... ,a,;l are t-Engel in G. Therefore, by Zelmanov’s
theorem (Theorem 2.3), L is nilpotent. Taking into account Lemma 2.9 we conclude
that G is nilpotent, as we wanted to prove.

It remains to show that the nilpotency class of G is (k,n,q, s, t, w)-bounded.
Suppose that this is false. Then there exists an infinite sequence (G;);>1 of nilpotent
groups satisfying the hypotheses of the proposition such that the nilpotency class of
G; tends to infinity as ¢ does. In each group G; we choose k generators a1, ..., G
satisfying the hypotheses of the proposition. Here the elements a;1, ..., a;; are not
necessarily pairwise distinct. Let C' be the Cartesian product of the groups G; and
let y1,...,yr be the elements of C' such that the i-th component of y; is equal to
ay; for every 7 > 1 and 1 < j < k. Obviously, each of the elements y;l is t-Engel in
C. Moreover, [y;, n [x1,22]7, [z1,22])°] = 1 for each x1,29 € C and eachi=1,... k.

Let H be the subgroup of C' generated by y1,...,yx. Since every group G; is
a homomorphic image of H, the subgroup H is not nilpotent. On the other hand,
being a finitely generated residually nilpotent group, H is residually finite. Thus,
by what we proved above, H is nilpotent. This is a contradiction. ([l

In what follows we write (X) to denote the subgroup generated by a set X.

PROOF OF PROPOSITION 2.2. We argue as in the proof of Proposition 2.1. Let
H be a subgroup of G generated by k v-values aq,...,a,. Since al_l, ceey alzl are
Engel elements, H is a residually finite-nilpotent group (see Lemma 2.10). We
prove first that H is nilpotent and then show that the nilpotency class of H is
(k,n,s,q,t,u,v)-bounded.

To establish that H is nilpotent, by Lemma 2.9 it is sufficient to show that
L,(H) is nilpotent for each prime p. Thus, we choose a prime p and set L = L, (H).

Note that, by Lemma 2.6, L is PI.



6 ELOISA DETOMI, MARTA MORIGI, AND PAVEL SHUMYATSKY

Write a, .. ., ax for the generators of L corresponding to the generators aq, ...,
ay of H, and let ¢; and s; be the maximum p-powers dividing ¢ and s, respectively.
Since we have [a;, , y?,y*] = 1 for each u-value y € G, and each i = 1,... k, the
Lazard lemma (Lemma 2.5) shows that in the Lie algebra we have

[ai’ (qin+s1) 17] =0.

In particular, since the word u is commutator-closed and the elements a; ' are
u-values, we also have that
[aiv (g1n+s1) b] =0

whenever b is a commutator in the generators ;. Let p' be the least p-power
such that ¢;n + s; < p'. We deduce from Lemma 2.4 that every commutator in
the generators @; is ad-nilpotent with index at most p!. Therefore, by Zelmanov’s
theorem (Theorem 2.3), L is nilpotent. So, by Lemma 2.9, we conclude that H is
nilpotent, as we wanted to prove.

It remains to show that the nilpotency class of H is (k,n,q, s, t, u,v)-bounded.
Suppose that this is false. Then there exists an infinite sequence (G;);>1 of groups
satisfying the hypotheses of the proposition and in each group G; there exist k v-
values a;1, . . ., a;, such that the nilpotency class of the subgroups H; = (a;1,. . ., aix)
tends to infinity as ¢ does. Here the elements a;1, ..., a;; are not necessarily pairwise
distinct. Let C' be the Cartesian product of the groups G; and let y1,...,yx be the
elements of C' such that the i-th component of y; is equal to a;; for every + > 1 and
1 < j < k. Note that all v~ !-values are t-Engel in C. Moreover, lyj,n2?,2°] =1
for each u-value z € C,, and each 1 =1,... k.

Let D be the subgroup of C generated by y1,...,y,. Since every group H; is
a homomorphic image of D, the subgroup D is not nilpotent. On the other hand,
being a finitely generated residually nilpotent group, D is residually finite.

Thus, by what we proved above, D is nilpotent. This yields the desired con-
tradiction. (]

3. Useful lemmas

In this section we gather preliminary results which will be needed for the proofs
of the main theorems.

LEMMA 3.1. Let G be a finite group and w a word such that |G| < m.

(1) There exists an m-bounded integer s such that G* < Cq(w(Q)).
(2) The order of the commutator subgroup w(G)' is m-bounded.

PRrROOF. The first statement follows from the fact that the group G/Cq(w(G))
acts on the finite set G, by conjugation and hence it embeds in 5,,. In particular,
the order of w(G)/Z(w(G)) is at most m! and thus the second statement follows
from Shur’s Theorem (see [25, p. 102]). |

Next lemma is Exercise 3.11 in [16]. It establishes that the commutator [z1, 23]
is a weakly rational word.

LEMMA 3.2. Let G be a finite group and t a commutator in G. Then each
generator of the cyclic subgroup (t) is a commutator.

In the following lemmas we collect some observations and results from [5].
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LEMMA 3.3. Let G be a group. Assume that A is a normal abelian subgroup of
G and lett € G. Then [ab, ,t] = [a, nt][b, nt] for every a,b € A and for everyn > 1.

LEMMA 3.4. [5, Lemma 9] Let G = U(t) be a group that is a product of a
normal subgroup U and a cyclic subgroup (t). Assume that U is nilpotent of class
¢ and there exists a generating set A of U such that [a,,t] = 1 for every a € A.
Then G is nilpotent of (¢, n)-bounded class.

LEMMA 3.5. Let w = w(xy,...,2%) be a word and n a positive integer. There
is a word n in k(n + 1) variables such that

_ Yy Y y yrooy" y
w, ny] = (w1, 22, ... o, 2], 28, xp, 2] Lxy L x).

By definition, a group-word is a nontrivial element of the free group F =
F(x1,x9,...) of countable rank. Let F; denote the ith term of the lower central
series of . We say that a word w has degree j if w € F; and w ¢ Fj41.

The next lemma is of central importance in our arguments.

LEMMA 3.6. [5, Lemma 10] Let w = w(x1, 2, ...,2;) be a word. Let G be a
nilpotent group of class ¢ generated by k elements ay,as, ..., ar and let p be a prime.
Denote by X the set of all conjugates in G of elements of the form w(al,a, ..., a}),
where i ranges over the set of all integers not divisible by p and assume that | X| < m
for some integer m. Then [(X)| is (¢, m)-bounded.

Recall that, given two words v and w, we write v < w if and only if G, C Gy,
for every group G.

LEMMA 3.7. Let w = [v,, u] where v and u are words such that v=! < u. Let
G be a finite group such that |G| < m. Then G has a normal subgroup T of
m-bounded order such that in G/T the v~-values are (2n + 2)-Engel.

ProoF. Using Lemma 3.1 we may assume that w(G) is abelian.
Let y be a v-value and let x be any element of G. By the usual commutator
formulae we have [z,y~ %,y = [y® ,y~!]. Therefore, since y is a v-value and

—1
Yy~ is a u-value,

p— -1 p—
S e A T
is a w-value.
Since w(G) is abelian, whenever z € w(G) and i is an integer, we have

(2, Y] = (25 ey

Moreover, by the above argument, [2%, (,41)y '] is a w-value. Thus [z, 41y ']* is
a w-value for each integer i. As |G| < m, it follows that the elements of the form
2, 1)y~ t], with z € w(G) and y € G,,, have order at most m.

Using that w(G) an abelian group of rank at most m we observe that the
elements of w(G) of order dividing m! generate a normal subgroup of G of m-
bounded order. Passing to the quotient over this subgroup we may assume that
[z, (n41)y '] = 1 for all z € w(G). On the other hand, [z, (,+1)y~ '] € w(G) for all
x € G. Hence, [z, (n+1)y*1,(n+1) y~ ! =1and y~!is (2n + 2)-Engel in G. O

The following two results are corollaries of Propositions 2.1 and 2.2 respectively,
and they are among the key steps in the proofs of the main theorems.
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COROLLARY 3.8. Let u be either the word y? or the word [y1,y2]?, where q
is a positive integer, and let v be a word such that v=' < u. Consider the word
w = [v, pul, where n is a positive integer. Let G be a finite group with at most m
values of the word w. Then G has a normal subgroup N of (w,m)-bounded order,
such that, for every integer k, in G/N any k v-values generate a nilpotent subgroup
of (w, m, k)-bounded class.

PrROOF. By Lemma 3.7, since v~! =< w, there exists a normal subgroup T of
m-bounded order such that all v~!-values in G/T are (2n + 2)-Engel. Passing to
the quotient over T we assume, without loss of generality, that all v—'-values are
(2n + 2)-Engel in G.

Let K be the subgroup generated by k v-values a1, ...,ar. For each z1,25 € K
the element [a;,, [r1,22]9] is a w-value. We know from Lemma 3.1 that G* <
Ca(w(G)) for some m-bounded integer s. Therefore

[airn [1‘1, xQ]q’ [1‘1, xQ]s] = 1’

for every ¢ and x1, 29 € K. Since the elements afl, ceey a,;l are (2n + 2)-Engel, we
deduce from Proposition 2.1 that K is nilpotent of (w,m, k)-bounded class. (]

COROLLARY 3.9. Let u be a commutator-closed word and let v be a word such
that v=* < u. Consider the word w = [v,,u], where n is a positive integer. Let
G be a finite group with at most m values of the word w. Then G has a mormal
subgroup N of (w,m)-bounded order, such that, for every integer k, in G/N any k
v-values generate a nilpotent subgroup of (w, m, k)-bounded class.

PRrROOF. By Lemma 3.7, since v—! =< wu, there exists a normal subgroup T of
bounded order such that in G/T all v~!-values are (2n + 2)-Engel. Passing to
the quotient over T we assume, without loss of generality, that all v—'-values are
(2n + 2)-Engel in G.

We know that G < Cg(w(G)) for some m-bounded integer s. For each v-value
a and u-value z, the element [a,, 2] is a w-value. Hence

[a7n Z? ZS] = 17

and G satisfies the identity

[V, u,u’] = 1.
By Proposition 2.2 we conclude that any k v-values generate a nilpotent subgroup
of (w, m, k)-bounded class. O

4. Proofs of the theorems
Now we are ready to prove our main results.

PROOF OF THEOREM 1.2. Let w = [v,,, u], where v is a weakly rational word
and u is the word y?, or the word [y1,¥2]?, or any commutator-closed word such
that v~ ! < w.

We need to show that if G is a residually finite group with at most m values of
the word w, then the order of W = w(G) is (w, m)-bounded. Evidently, it suffices
to establish this result for finite quotients of G. Therefore without loss of generality
we assume that G is finite.

Because of Lemma 3.1 we may pass to the quotient G/W' and assume that W
is abelian. If w is the word y? or the word [y, y2]9, we apply Corollary 3.8. If w is
a commutator-closed word, we apply Corollary 3.9. In any case, G has a normal
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subgroup N of (w, m)-bounded order such that, for every integer k, in G/N any
k v-values generate a nilpotent subgroup of (w,m,k)-bounded class. Passing to
the quotient over N we assume, without loss of generality, that any k v-values in
G generate a nilpotent subgroup of (w, m, k)-bounded class. In particular, v(G) is
nilpotent.

Now fix a w-value [g, ] with ¢ € G, and t € G,,. We use Lemma 3.5 and
write [g,nt] = 1(g,9%,...,g"") for an appropriate word 7 = n(z1,2a,...,Tpi1)-
Set H = <g,gt,...,gtn>. Being generated by n + 1 v-values, H is nilpotent of
(w, m)-bounded nilpotency class.

Assume first that v(G) is a p-group for a prime p. Then H is a p-group as well.
Since the word v is weakly rational, ¢* € G, for every integer i coprime to p.

Since

(g’ 9", g") = 9" ntl,

it follows that n(g°, g", ..., ¢9"") € G, for every integer i coprime to p. In particular

the set
X ={nlg",g",....g"" )" |w € H, (i,p) =1}
is a subset of G,, and hence | X| < m.

Since the nilpotency class of H is (w, m)-bounded, we deduce from Lemma 3.6
that the order of the element 7(g,g*,...,¢"" ) is (w,m)-bounded. Thus, the order
of an arbitrary w-value [g, ,t] is bounded by a number which depends only on w
and m. Since W is an abelian subgroup generated by m such elements, we conclude
that the order of W is (w, m)-bounded. Thus, in the particular case where v(QG)
is a p-group, the proposition is proved. It is important to note that we proved the
existence of a bound, say B, for |W|, which does not depend on p.

We will now deal with the case where v(G) is not necessarily a p-group. Let
P1,...,Ps be the set of prime divisors of the order of v(G). Recall that v(G) is
nilpotent and so any Hall subgroup of v(G) is normal in G. For each i = 1,...,s
let N; denote the Hall p;’-subgroup of v(G). The result obtained in the case where
v(@) is a p-group implies that for any ¢ the image of W in G/N; has order at most
B. It follows that W embeds into a direct product of abelian groups of order at
most B. Therefore the exponent of W divides B!. Thus W is an abelian group
with m generators and exponent dividing B!. We conclude that the order of W is
(w, m)-bounded, as required. O

PROOF OF THEOREM 1.1. Set w = [[z{, 23], [x3,24]] and v = [z, 2]]. Tt is
sufficient to prove that whenever G is a finite group in which the set of w-values is
finite of order m then the order of W = w(G) is bounded in terms of w and m.

Since w depends on 4 variables and |G| < m, the group G contains a subgroup
T with at most 4m generators such that w(T) = w(G). Therefore without loss of
generality we can assume that G is a finite group generated by at most 4m elements.
Moreover, by Lemma 3.1, we can also assume that W is abelian of rank at most m.

We will repeatedly use the fact that, for any positive integer s, the order of the
subgroup of W generated by all elements of order at most s is (s, m)-bounded since
W is an abelian m-generated group. The proof will be split in several steps.

STEP 1. Note that v is a commutator. Thus we can apply Corollary 3.8, and
conclude that G has a normal subgroup N of (w, m)-bounded order, such that, for
every integer k, in G/N any k v-values generate a nilpotent subgroup of (w,m, k)-
bounded class. Passing to the quotient over N we assume, without loss of generality,
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that any k v-values in G generate a nilpotent subgroup of (w,m, k)-bounded class.

STEP 2. Let H = G? be the subgroup generated by all gth powers in G. By
the solution of the Restricted Burnside Problem, the index of H in G is (m,q)-
bounded and hence H is generated by an (m, ¢)-bounded number of elements. The
main result in [23] states that each element of H is a product of (m, ¢)-boundedly
many gth powers. By Proposition 1.2 in [22], each element of H' is a product of
m-boundedly many commutators of the form [hy, ho]. Writing both hy and he as
a product of (m, ¢)-boundedly many gth powers and using the usual commutator
identities we see that each commutator [hi, ho], where hy, he € H, is a product of
(m, q)-boundedly many v-values (recall that v = [27,y?]). So, for any ay,ay € H’
there exist (m, ¢)-boundedly many v-values that generate a subgroup containing
both ai,ag.

In view of what we proved in STEP 1, the subgroup (a;,as) is nilpotent
of (w,m)-bounded class r, in particular [a1,,as] = 1. It follows that H' is r-
Engel. Since the rth Engel word implies virtual nilpotency, a theorem of Burns
and Medvedev [4, Theorem A] implies that H’ has a characteristic subgroup F
of (w, m)-bounded exponent such that H'/FE has (w, m)-bounded nilpotency class.
As ENW has (w, m)-bounded order, we can pass to the quotient G/E and assume
that H' has (w, m)-bounded nilpotency class.

STEP 3. We argue by induction on the nilpotency class ¢ of H'. The case H' =1
is trivial so we assume that ¢ > 2. Let M be the last term of the lower central
series of H'. By induction, the image of W in G/M is of bounded order.

We will show that G contains a normal subgroup of (w, m)-bounded order such
that, for any arbitrary commutator a € G the image of H'{a) in the factor group
is nilpotent with (w,m)-bounded class.

Let a be a commutator and b a gth power. Since M is abelian, by Lemma 3.3
the element _ v

Hl‘, b}v na]q’l = qul ) b]a na]
is a w-value for every € M and for every integer i. As |G| < m, we deduce that
the exponent of the subgroup [[M, b], ,a] is bounded by an integer s depending only
on m and q. Note also that s does not depend on a. Passing to the quotient over
the subgroup generated by all elements of W of order at most s!, we can assume
that
[[M, 0], na] =1

for all gth powers b. It follows from Lemma 3.3 that [[M, H], ,a] = 1.

Let us consider the quotient group G = G/[M, H]. Clearly, M < Z(H) (here
the bar notation has the natural meaning). Remark that M is generated by com-
mutators in elements of H. If [hy, he] € M, with hy, hy € H, then by the standard
commutator identities and the fact that M < Z(H) we have [hy, ho]® = [}, ho] =
[h1, h3] for every integer i. Thus

([, o), na@) ™ = (1, ho)”", na] = [[BY, 1Y ]na)

is a w-value for every integer i. As |G| < m, it follows that [[h1, ho], na] has (w, m)-

bounded order. We therefore deduce that [M, ,a] has (w, m)-bounded exponent.
Back in the group G, we will show that W has an a-invariant series

W=Wy2>W, >Wy,>Ws32>1
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such that the factors Wy /W and Wy /W3 are of (w, m)-bounded order and a acts
as an n-Engel automorphism on Wy /Wy and Wi.
Indeed, we set

W:W07 W1:WﬁM, WQZ[Wl,na], W3:WQ[M,H}.

Since WM /M has (w, m)-bounded order, it follows that Wy /W, has (w, m)-bound-
ed order as well. As W is abelian of rank at most m and the subgroup Wy =
[W1,na] < [M,,a)] has (w, m)-bounded exponent in the quotient group G/[M, H],
we deduce that W5 /W3 has (w, m)-bounded order. It is self-evident that a acts as
an n-Engel automorphism on Wy /Way. Finally, since [[M, H|, ,a] = 1, we observe
that [Wg,na] =1.

We know from Lemma 3.1 that there exists an m-bounded positive integer j
such that a’ centralizes W. Let V; = Wa(a). Note that W3(a’) < Z,(V}), since
[W3, na] = 1. Here Z;(K) denotes the ith term of the upper central series of a group
K. Thus the index of Z,(V7) in V1 is (w, m)-bounded. Therefore, by a version of
Baer’s theorem (see the proof of 14.5.1 in [26]), v,,+1(V41) has (w, m)-bounded order
r. We may pass to the quotient over the subgroup generated by all elements of W
of order at most r and assume that ~y,41(V1) = 1. Thus, a acts as an n-Engel
automorphism on Ws. Hence, it acts as a (2n)-Engel automorphism on Wj.

Let V = W{(a). We see that Wy(a’) < Z,(V). Again, by Baer’s theorem,
Yon+1(V) has (w,m)-bounded order. Arguing as above, we may assume that V is
nilpotent of class at most 2n. We therefore remark that a acts as a (3n)-Engel
automorphism on the set of v-values. Recall that v(G) = H' is nilpotent of (w, m)-
bounded class. Applying Lemma 3.4 we obtain that H’'{a) is nilpotent of (w,m)-
bounded class, where a is any arbitrary commutator of G.

STEP 4. Assume that H’ is a p-group for some prime p. Let a be a commutator
and d be a v-value such that the w-value [d, ,a] is nontrivial.

Since H'{a) is nilpotent, a induces a p-automorphism of H’'. In other words,
the image of a in G/Cg(H') has p-power order. By Lemma 3.2, the image of a'
in G/Cg(H') is a commutator whenever ¢ is not divisible by p. Therefore for each
such i there exists a commutator a; in G such that a’ € a;Cg(H'). Thus, whenever

i is not divisible by p, we have the equality [d,,a] = [d, ,a;] and hence [d, ,a'] is a
w-value.

Denote by u = u(z,y) = [z,y,...,y] the (n — 1)-Engel word. Remark that
[d, na] = [a=9,,,_1a]*. Therefore u(a=?, a) is a w-value. More generally, u(a~%?, a?)

is a w-value for each i not divisible by p. Let K = (a%,a). Then the set
{u(@,a")* |z € K, (i,p) =1}

has at most m elements. As K < H'(a) is nilpotent of (w, m)-bounded class (see
STEP 3), we deduce from Lemma 3.6 that the order of the element [d, ,a] is (w, m)-
bounded.

We proved that the order of an arbitrary w-value [d, ,,a] is bounded by a number
which depends only on w and m. Taking into account that W is an abelian subgroup
generated by m such elements, we conclude that the order of W is (w, m)-bounded.
Thus, there exists a number B = B(w, m) depending only on w and m such that if
H' is a p-group, W has order at most B. It is important that B does not depend
on p.
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STEP 5. We will now deal with the case where H’ is not necessarily a p-group.
Recall that H' is nilpotent. Let p1,ps ... be the set of prime divisors of the order of

H/

and let N; denote the Hall p;’-subgroup of H’. We now know that the image of

W in G/N; has order at most B. It follows that W embeds into a direct product of
abelian groups of order at most B. Therefore the exponent of W divides B!. Thus
W is an abelian group with m generators and exponent dividing B!. We conclude

that the order of W is (w, m)-bounded. This completes the proof. O
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