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1 Introduction

In earlier work we showed that the source-free Maxwell electrodynamics in a four-dimen-
sional Minkowski spacetime has a unique interacting one-parameter extension preserving
both conformal invariance and electromagnetic duality invariance. The Lagrangian density
is [1]

Lγ = (cosh γ)S + (sinh γ)
√
S2 + P 2 , (1.1)
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where γ is the parameter and (S, P ) are the Lorentz invariants quadratic in the components
of the two-form field strength F = dA for a one-form potential A. In Minkowski coordinates
{xm;m = 0, 1, 2, 3},

S = −1
4FmnF

mn, P = −1
4FmnF̃

mn ,

(
F̃mn = 1

2ε
mnpqFpq

)
. (1.2)

For γ = 0 this Lagrangian density defines the source-free Maxwell theory, but for γ > 0
it defines the interacting “ModMax” theory of [1]. As also explained in [1], γ < 0 can
be excluded because it allows superluminal propagation of certain small-amplitude waves
on any constant uniform electromagnetic background with non-zero S2 + P 2, whereas
all small-amplitude waves are lightlike or subluminal for γ > 0. This is one feature of
the birefringence properties of ModMax electrodynamics, which are in accord with earlier
results of [2] for conformal (but not necessarily duality) invariant nonlinear electrodynamics
theories, or NEDs. Other properties of Lγ have been discussed in [3].

The non-analyticity of Lγ at S2 + P 2 = 0 means that the Euler-Lagrange (EL) equa-
tions are ill-defined for Lagrangian field configurations with S = P = 0. However, the
Hamiltonian field equations are analytic at the corresponding Hamiltonian field configu-
rations; this is possible because the Legendre transform that takes Lγ to the Hamiltonian
density Hγ maps configurations with S = P = 0 to the boundary of the domain in which
Hγ is convex [1]. Exact solutions of the Hamiltonian field equations with S = P = 0 include
the vacuum and plane-waves [1], and a class of topologically non-trivial configurations with
knotted electromagnetic fields [4].

It was also shown in [1] that ModMax electrodynamics is the weak-field limit of a one-
parameter duality-invariant generalization of Born-Infeld (BI) electrodynamics, although
only the Hamiltonian density of this BI-like theory was found there. The corresponding
Lagrangian density is [5]

L(γBI) = T −
√
T 2 − 2T

[
(cosh γ)S + (sinh γ)

√
S2 + P 2

]
− P 2 , (1.3)

where T is the BI constant with dimensions of energy density; for γ = 0 we recover the BI
theory for which T can be interpreted (in a string-theory context) as the D3-brane tension.
The Lagrangian density of (1.1) is recovered in the T →∞ limit, which is equivalent to a
weak-field limit.

We should remark here that the coupling of generic nonlinear four-dimensional confor-
mal electrodynamics theories to gravity has been investigated in [6], where it was shown
that a certain condition on black hole charges restricts the form of any conformal electro-
dynamics Lagrangian to a particular one-parameter extension of the Maxwell case. As we
observed in [5], this class of conformal electrodynamics includes (after a constant rescaling
of the gauge potential Am) the conformal and duality-invariant ModMax theory. More
recently, investigations similar to those of [6] but specific to ModMax have been carried
out and further extended in [7–10] (see also [11–13]).

Here we construct, using superfield methods, the minimal (N = 1) supersymmetric
extension of both the generalized BI theory described by (1.3) and its weak-field limit

– 2 –



J
H
E
P
1
0
(
2
0
2
1
)
0
3
1

(ModMax for γ > 0). We do this by means of a general prescription that starts with any
bosonic nonlinear electrodynamics theory for which the Lagrangian density is a strictly
convex function of the electric field; as we show, this condition is required to ensure the
absence of superluminal propagation of small-amplitude waves in a constant electromag-
netic background. Given such a Lagrangian density as a function of (S, P ), this function
is used to construct a single full superspace integral that yields a supersymmetrization
of the initial bosonic theory, in the sense that the initial Lagrangian density is recovered
by bosonic truncation. We also extend this prescription to allow for spontaneously bro-
ken supersymmetry, although the intial nonlinear electrodynamics theory is then recovered
only as the bosonic truncation of an effective field theory (in which the photino is now a
goldstino) at energies much less than that of the supersymmetry breaking scale.

The electromagnetic duality invariance of ModMax and its BI-like generalization sug-
gests that their supersymmetric extensions should have the same property. We show that
the supersymmetric extensions provided by our general prescription indeed satisfy the pre-
viously established general conditions for duality invariance of super-NEDs [14–16]. The
conformal invariance of ModMax similarly suggests that superModMax should be super-
conformal invariant and this is indeed the case. Our proof is indirect because we first couple
superModMax to supergravity and then show that the coupling is super-Weyl invariant,
which implies that superModMax couples only to the fields of conformal supergravity.
As superconformal invariance is the residual symmetry that results from imposing flat-
superspace constraints on a super-Weyl and superdiffeomorphism theory, this establishes
the superconformal invariance of superModMax. It should be appreciated that this was
not guaranteed a priori because two supersymmetric extensions of a generic NED may
differ by purely fermionic terms. We suspect, but do not prove, that the superModMax
theory constructed here is the unique extension of the superMaxwell theory that is both
superconformal invariant and duality invariant.1

A general feature of supersymmetric nonlinear electrodynamics is the appearance of
higher-derivative terms, but because these terms are nilpotent it is expected that they can
be eliminated from the field equations (see e.g. [18–20]). Here we show that all higher-
derivatives can also be eliminated from the action by a non-linear superfield redefinition
described in [21]; this brings the Lagrangian density to the form

L = −LV A L̃bos (1.4)

where LV A is the Volkov-Akulov (VA) Lagrangian density [22, 23], i.e. the determinant of a
goldstino-dependent generalization of the Minkowski vierbein, and L̃bos is the modification
of the bosonic Lagrangian density obtained by using the associated goldstino-dependent
metric in place of the Minkowski metric. This general result applies, in particular to
superModMax, its superMaxwell limit and its BI-like generalization. The appearance of
the VA Lagrangian density as a factor in (1.4) does not imply spontaneous supersymmetry
breaking unless L̃bos has a non-zero vacuum value, in which case the vacuum energy will

1We would expect a supersymmetric Bialynicki-Birula electrodynanmics [17] to be both superconformal
and duality invariant, but this would not be an ‘extension’ of superMaxwell electrodynamics.
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be positive and supersymmetry is spontaneously broken, with the photino field as the
goldstino. We shall discuss this VA formalism, along with its application to superModMax,
towards the end of this paper.

We begin with a reminder of some basic facts about nonlinear supersymmetric elec-
trodynamics, and a presentation of our general supersymmetrization prescription. We
then show, in agreement with [24], that this convexity condition is a physical requirement
that any nonlinear electrodynamics theory must satisfy if superluminal propagation is to
be avoided in perturbations about a constant background electromagnetic field. These
general results are then applied to ModMax and its BI-like extension.

2 Super-electrodynamics preliminaries

All nonlinear N = 1 four-dimensional (4D) supersymmetric extensions of Maxwell electro-
dynamics are based on the same off-shell supermultiplet: the “Maxwell supermultiplet”.
For this reason it will be useful to begin with a rapid review of the superfield construction
of supersymmetric electrodynamics in flat superspace. This will also serve to introduce
conventions, which are mostly those of [25] and [26]; details can be found in the appendix.

The gauge invariant fields of the Maxwell supermultiplet appear in an anticommuting
Weyl spinor chiral superfield Wα. The chirality and “superfield-Bianchi” identities that it
satisfies are

D̄α̇Wα = 0 , DαWα −Dα̇W̄ α̇ = 0 , (2.1)

where (Dα, D̄α̇) are the Weyl-spinor supercovariant derivatives. These constraints imply
that

Wα = −1
4D̄

2DαV , W̄α̇ = −1
4D

2D̄α̇V , (2.2)

where V is an unconstrained real scalar “prepotential” superfield V , and we use the notation

D2 = DαDα , D̄2 = D̄α̇D̄α̇ . (2.3)

The superfield V , which has the 1-form potential Am as one of its components, is defined
up to a superspace generalization of the abelian gauge transformation of Am. The gauge-
invariant independent component fields of Wα are given by

Wα| = −iλα
(D(αWβ))| = −(i/2)Fmn(σmn)αβ
(DαWα)| = −2D , (2.4)

where the vertical bar indicates that we set to zero the anticommuting spinor superspace
coordinates (θα, θ̄α̇). The complex Weyl spinor field λα is the photino field (its complex
conjugate is λ̄α̇ = −iW̄α̇|) and D is the auxiliary field. The equivalent expansion in powers
of anticommuting spinor coordinates is

Wα = eiθσlθ̄∂l
(
−iλα + θαD(x)− i

2Fmn(σmn)αβθβ + θ2
(
σm
αβ̇
∂mλ̄

β̇
))

. (2.5)

– 4 –



J
H
E
P
1
0
(
2
0
2
1
)
0
3
1

The infinitesimal supersymmetry transformations of the component fields, with constant
Weyl spinor parameter ε, are

δεAm = iεσmλ̄− iλσmε̄ , δεD = −∂m(εσmλ̄+ λσmε̄),

δελ
α = iεαD − 1

2(ε σmn)αFmn . (2.6)

The nilpotent chiral scalar superfield W 2 = WαWα will play an important role in what
follows; its components are defined by

W 2| = −λ2 (λ2 = λαλα) (2.7)
1√
2

(DαW 2)| = χα =
√

2
(1

2 Fmn(σmn)αβλβ − iλαD
)
, (2.8)

−1
4(D2W 2)| = F = 2

(
S + iP + 1

2D
2 − iλσm∂mλ̄

)
, (2.9)

where S and P are the Lorentz scalars defined in (1.2).
What we now need is a superspace Lagrangian density that generalises a Lagrangian

density L(S, P ) of a generic (non-linear) electrodynamics theory. A straightforward way
to achieve this is to consider the following choice2

L =
∫
d2θd2θ̄

16W 2W̄ 2

D2W 2D̄2W̄ 2 L(S,P,D) , (2.10)

where

S = − 1
16(D2W 2 + D̄2W̄ 2) , P = i

16(D2W 2 − D̄2W̄ 2) , D = 1
2DαW

α . (2.11)

The respective leading components of these three superfields are, for zero fermion fields,
(S, P,D). To evaluate the Berezin integral of (2.10) we may use the identity∫

d2θd2θ̄ ≡ 1
32
{
D2, D̄2

}
. (2.12)

When this superspace differential operator acts on the integrand of (2.10), all terms will
be at least quadratic in the photino field except those for which D2 acts on W 2 and D̄2

acts on W̄ 2, which cancels the D2W 2D̄2W̄ 2 denominator. The final result, omitting total
derivative terms, therefore takes the form

L = L
(
S + 1

2D
2, P,D

)
+O(λ2) . (2.13)

At λ = 0 the field equation for D is

LSD + LD = 0 , (LX ≡ ∂L/∂X). (2.14)

We would like this to have a unique solution for D. Given that a solution exists, a
sufficient condition for it to be unique is strict convexity of L as a function of D, which
requires

LS + LDD +D2LSS + 2DLSD > 0 . (2.15)
2This differs (in form) from, but is related to, the structure of supersymmetric non-linear electrodynamics

Lagrangians considered previously; see e.g. [20, 27–29].
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If D = 0 is the unique solution of (2.14) then

Lλ=0 = L(S, P, 0) . (2.16)

However, there are many three-variable bosonic truncations of L(S,P,D) that lead to the
same two-variable function L(S, P, 0); this illustrates the well-known fact that two super-
symmetric Lagrangians which reduce to the same bosonic one may differ by fermionic
terms [28, 29].

For this reason we shall now focus on a special class of three-variable functions
L(S,P,D). It is a class for which the convexity condition (2.15), which is sufficient for
uniqueness of a solution of the D-field equation, is also necessary for reasons that will be
explained in section 3.

2.1 Minimal supersymmetrization

We shall consider supersymmetric nonlinear electrodynamics theories that can be found
from the choice

L(S,P,D) = Lbos(S,P)− ξD , (2.17)

where the function Lbos is the Lagrangian density of some bosonic theory of interest but
with (S, P ) replaced with (S,P). The constant ξ has the same dimensions as the Fayet-
Iliopoulos (FI) constant but the super-invariant generated by ξD, when used in (2.10),
differs from the standard FI term discussed in the super-NED context in [30]. Whereas the
component FI term is ξD, the component version of the super-invariant generated by ξD,
in the construction based on (2.10), includes additional fermionic interaction terms [31, 32].

Omitting fermions, the full component Lagrangian density resulting from the choice
(2.17) is

Lλ=0 = Lbos
(
S + 1

2D
2, P

)
− ξD , (2.18)

and the D field equation (2.14) simplifies to

Lbos
S D = ξ +O(λ2) . (2.19)

The convexity condition (2.15) also simplifies, to

Lbos
S +D2Lbos

SS > 0 , (2.20)

which is satisfied for all D provided that

Lbos
S > 0 , Lbos

SS ≥ 0 . (2.21)

The necessity of these conditions will be explained in section 3. From this fact and (2.19) we
see that D|λ=0 = 0 (and hence supersymmetry is unbroken) iff ξ = 0. For this case we have

L :=
∫
d2θd2θ̄

16W 2W̄ 2

D2W 2D̄2W̄ 2 L
bos(S,P) = Lbos(S, P ) +O(λ2) , (2.22)

which provides a simple prescription for the supersymmetrization of any bosonic nonlinear
electrodynamics theory with a Lagrangian density satisfying (2.21).

– 6 –
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This could be viewed as a “minimal” prescription; we shall use it extensively in the re-
mainder of this paper. As an illustration of its use, we apply it to Maxwell electrodynamics,
for which Lbos = S. The corresponding superspace action is

LSM = −
∫
d2θd2θ̄

W 2W̄ 2

D2W 2D̄2W̄ 2 S

= −
∫
d2θd2θ̄

{
W 2 W̄ 2

D2W 2 + W̄ 2 W 2

D̄2W̄ 2

}

= 1
4

∫
d2θW 2 + c.c. (2.23)

which is the standard superfield form of the super-Maxwell action. Evaluation of the
Berezin integral yields the standard free-field component result:

LSM = 1
4F + c.c. = S − i

2λσ
m←→∂m λ̄+ 1

2D
2 . (2.24)

2.1.1 Spontaneously broken supersymmetry

More generally, allowing for arbitrary ξ, the elimination of D from (2.18) is equivalent to
taking the Legendre transform of Lλ=0 viewed as a (strictly convex) function of D. The
result is

− Lλ=0(ξ) := sup
D
{ξD − Lλ=0(D)} . (2.25)

By construction, the left hand side is (i) a strictly convex function of ξ with a unique
global minimum, which must be zero for ξ = 0, because supersymmetry is unbroken in
this case, and (ii) strictly positive away from this global minimum, which implies that
supersymmetry is spontaneously broken for ξ 6= 0; this requires D 6= 0 and hence, on
dimensional grounds, D ∝ ξ. These results would be a consequence of supersymmetry
alone if we could assume the absence of negative energy solutions of the field equations
(the classical analog of ghosts), which suggests that the convexity conditions (2.21) are
necessary for the absence of ghosts; we elaborate on this in the following section.

Another implication of ξ 6= 0 or, equivalently, D 6= 0, is that Lλ=0 is now the La-
grangian density of the initial bosonic theory that we are attempting to supersymmetrize
only at energies much less than ξ2; i.e

Lλ=0 = Lbos(S, P ) +O(ξ2) . (2.26)

This is not the full effective Lagrangian since the photino, which is now a goldstino, remains
massless. However, the photino/goldstino will become the spin- 1

2 polarisation states of a
gravitino with mass proportional to ξ2 after coupling to supergravity.

3 Physics of convexity

For any Lagrangian density L(S, P ), we have

∂L
∂E = LSE + LPB , (3.1)

– 7 –
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and the matrix of second-derivatives with respect to the electric field components {Ei; i =
1, 2, 3} is

Hij = LSδij + LSSEiEj + LSP (EiBj + EjBi) + LPPBiBj . (3.2)

This is the Hessian, which must be strictly positive for strict convexity of L; i.e. its eigen-
values must be positive. These eigenvalues are

LS , LS +X −
√
X2 − Y , LS +X +

√
X2 − Y , (3.3)

where

X = 1
2
(
LSS |E|2 + 2PLSP + LPP |B|2

)
,

Y =
[
LSSLPP − L2

SP

]
|E×B|2 . (3.4)

Convexity is an important consideration as it is related to the absence, in a semi-
classical context, of both ghosts (negative energy) and tachyons (imaginary mass); i.e, to
semi-classical unitarity. The link to energy and the issue of whether it is positive comes from
consideration of the Hamiltonian density defined by the Legendre transform of L; this is

H(D,B) = sup
E

[D ·E− L(E,B)] , (3.5)

where D is the “electric displacement” field, which is canonically conjugate to the electric
field E. By construction, this Hamiltonian density is a convex function of D, which implies
that any local minimum (with respect to variations of D for given B) is a global mini-
mum, which is unique if H is strictly convex; this is the vacuum, and no field configuration
has lower energy. However, the initial Lagrangian density L(E,B) will be recovered from
H(D,B) by a Legendre transform with respect to D only if it is a convex function of E. If
it is not convex then, typically, the initial function will be recovered but with a restriction
on its domain (the domain in which, for given B, it is a convex function of E). Outside
this domain, one may find a formal “Hamiltonian density” from some extremal value of
D·E−L that is not a maximum (with respect to variations of E) but it will generically have
values that are lower than the vacuum energy. The convexity condition on L is therefore a
standard condition for semi-classical unitarity, and in practice one requires strict convexity
because otherwise D is not uniquely defined3 for given (E,B) by maximisation of D ·E−L.

For Lorentz invariant theories, the conditions for strict convexity are Lorentz invariant
because the Legendre transform that provides an involutive one-to-one map between con-
vex Hamiltonian and Lagrangian densities also preserves Lorentz invariance, even though
this symmetry is not manifest in the Hamiltonian formulation; this is because the Legendre
transform is effected, essentially, by a process of algebraic elimination of an ‘auxiliary’ vec-
tor field. As we show below, this allows a simple determination of the Lagrangian convexity
conditions by an appropriate choice of inertial frame. We then show how the same condi-
tions arise by requiring the absence of superluminal small-amplitude waves in a constant

3Despite this, the Legendre transform remains involutive, as shown in [5] for the case of Bialynicki-Birula
electrodynamics where the non-zero Hamiltonian density is the Legendre transform of a Lagrangian density
that is identically zero!
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uniform background magnetic field. We then explore this connection between convexity
and causality for general background fields in the context of conformal electrodynamics,
with results that generalize our earlier ModMax results [1] and complement those of [2, 24].

From (3.3) we see that strict convexity always requires LS > 0, and this allows us to
introduce the notation

`SS = LSS
LS

, `SP = LSP
LS

, `PP = LPP
LS

. (3.6)

Using the identities

|E|2 ≡ |B|2 + 2S , |E×B|2 ≡ |B|4 + 2S|B|2 − P 2 , (3.7)

we may rewrite the expressions for (X,Y ) in the form

X = LS
[
Ξ|B|2 + S`SS + P`SP

]
,

Y = L2
S

[
|B|4 + 2S|B|2 − P 2

]
Γ , (3.8)

where
Ξ = 1

2(`SS + `PP ) , Γ = `SS`PP − `2SP . (3.9)

The point of this is that a Lorentz boost will not change (S, P ) but we may boost to a
frame in which |B| is arbitrarily large, and this yields

X ±
√
X2 − Y = Z±|B|2 + LS

[
Υ± ΞΥ− SΓ√

Ξ2 − Γ

]
+O(1/|B|2) , (3.10)

where
Z± = LS

{
Ξ±

√
Ξ2 − Γ

}
, Υ = S`SS + P`SP . (3.11)

The eigenvalues of the Hessian matrix in this frame are therefore

LS , Z−|B|2 +O(1) , Z+|B|2 +O(1) . (3.12)

We conclude that the Hessian will not be positive if either Z+ or Z− is negative, so we
require Z± ≥ 0 and this will be satisfied if Z− ≥ 0, which is equivalent to

Ξ ≥
√

Ξ2 − Γ . (3.13)

This requires Γ ≥ 0 and implies Ξ ≥ 0. We have equality (equivalently Z− = 0) iff Γ = 0.
To determine whether this is allowed by convexity we need to consider the O(1) terms
in (3.12), but we need this only for Γ = 0:

• Γ = 0. In this case the eigenvalues are

LS , LS , LS
[
1 + 2

(
Ξ|B|2 + Υ

)]
+O(1/|B|2) . (3.14)

By going to a Lorentz frame in which |B| is sufficiently large, we see that all eigen-
values are positive (for positive LS) when Ξ > 0, while Ξ = 0 implies Υ = 0 when
Γ = 0, in which case the third eigenvalue equals the other two.

– 9 –
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This confirms that equality in (3.13) is permitted by strict convexity. We thus deduce, by
combining the conditions Ξ ≥ 0 and Γ ≥ 0 with LS > 0, that strict convexity of L requires

LS > 0 , LSS ≥ 0 , LPP ≥ 0 , (3.15)

and
L2
SP ≤ LSSLPP . (3.16)

Notice that the conditions (3.15) include those of (2.21), which we deduced by requiring
convexity of the bosonic truncation of the superspace Lagrangian density of super-NEDs
as a function of the auxiliary field D. In fact, the conditions (3.15) and (3.16) reduce to
those of (2.21) for the special case in which LP ≡ 0; this is no coincidence because the
D-dependence of L(S + 1

2D
2) is the same as its dependence on any Cartesian component

of the electric field.
We now turn to the topic of small-amplitude plane waves in a constant uniform back-

ground electromagnetic field strength Fmn. Linearization of the EL equations for generic
Lagrangian density L(S, P ), about such a background, yields a two-polarization wave-
equation for small-amplitude disturbances. The dispersion relations for the two polariza-
tion modes are generally different and they take the form4

k2 = −G2λ± , (3.17)

where k is wave 4-vector and G2 is the norm of the 4-vector Gm = Fmnk
n. The coefficients

λ± are called the “birefringence indices”, and there will be superluminal wave-propagation
if either λ+ or λ− is negative. We shall therefore require λ± ≥ 0. A calculation shows
that [17]

λ± = 1
2[P 2Γ + 2(S`PP − P`SP )− 1]−1

[
(2SΓ− `SS − `PP )∓

√
∆
}
, (3.18)

where Γ is given in (3.9), and

∆ = (`SS − `PP − 2SΓ)2 + 4(`SP − PΓ)2 . (3.19)

We can make contact with the constraints imposed by convexity of L as a function of
the electric field by choosing a purely magnetic background. In this case, we have

∆||E|=0 =
(
2Ξ + Γ|B|2

)2
− 4AΓ, A := 1 + `PP |B|2 , (3.20)

where Ξ is the expression given in (3.9). This yields

λ±||E|=0 = 1
2A

[
2Ξ + Γ|B|2 ±

√
(2Ξ + Γ|B|2)2 − 4AΓ

]
. (3.21)

In order to ensure that the indices are non-negative for any value of |B|2 we require

`PP ≥ 0 , Ξ ≥ 0 , Γ ≥ 0 (⇒ `SS ≥ 0) . (3.22)
4This corrects a sign error in [1].
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Taking into account the condition LS > 0, these are precisely the convexity constraints
of (3.15) and (3.16).

The relation between convexity and the absence of superluminal small-amplitude waves
is more complicated for other backgrounds, so let us again consider the special class of
theories for which Γ = 0:

• Γ = 0. In this case
√

∆ = 2|Ξ|. On the assumption that Ξ ≥ 0, we have

λ− = 0 , λ+ = 2Ξ
1− 2S`PP + 2P`SP

. (3.23)

The opposite assumption, that Ξ ≤ 0, gives the same result but with the roles of
λ± interchanged, so we can use the above formula for λ+ as the formula for the not-
necessarily-zero index for either sign of Ξ. However, consideration of purely magnetic
backgrounds shows that λ± ≥ 0 requires both Ξ ≥ 0 and `PP ≥ 0, and hence
`SS ≥ 0. This confirms our earlier general result for purely magnetic backgrounds,
but for more general backgrounds an additional constraint may be needed (depending
on the theory) to ensure positivity of the denominator of the expression for λ+.

A particular subclass of theories with Γ = 0, to which we now turn our attention, is
conformal electrodynamics.

3.1 Conformal electrodynamics

The absence of any dimensionful constants in conformal theories is expressed by the Euler
relation

SLS + PLP = L . (3.24)

This implies

SLSP + PLPP = 0 , SLSS + PLSP = 0 , S2LSS − P 2LPP = 0 , (3.25)

and hence
LSSLPP − L2

SP = 0 . (3.26)

We may use these relations in (3.4) to deduce that

X = LS Ξ |B|2 , Y = 0 . (3.27)

The Hessian matrix eigenvalues for conformal electrodynamics theories are therefore

LS , LS , LS
[
1 + Ξ|B|2

]
. (3.28)

We thus confirm that strict convexity requires Ξ ≥ 0 in addition to LS > 0. Since
Γ = 0, this also requires both `SS ≥ 0 and `PP ≥ 0. We thus recover the convexity
inequalities (3.15), while the inequality (3.16) is saturated.

We now turn to the birefringence properties of conformal electrodynamics. The rela-
tions (3.25) may be used to rewrite the expressions of (3.23) for λ± as

λ− = 0 , λ+ = (S2 + P 2)`PP
S2 − 2S(S2 + P 2)`PP

. (3.29)
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In a purely magnetic background we require `PP ≥ 0 to ensure λ+ ≥ 0 for any choice of
|B|, and this implies that `SS ≥ 0. Given that LS > 0 (which is certainly required for
positive energy in the ModMax subcase) we recover the conditions required by convexity,
as already noted for the general Γ = 0 case. However, for a general (constant and uniform)
background we also require

S2LS > 2S(S2 + P 2)LPP , (3.30)

which is not obviously satisfied for S > 0, e.g. a purely electric background. Generi-
cally, (3.30) is a stronger constraint than LS > 0, but not for the ModMax case of most
interest here, as we shall now see.

It is instructive to consider ModMax electrodynamics within the slightly larger class
of conformal electrodynamics defined by the following Lagrangian density in which (α, β)
are arbitrary constants:

L = αS + β
√
S2 + P 2 . (3.31)

This yields

LS = α+ β
S√

S2 + P 2
, (S2 + P 2)LPP = β

S2
√
S2 + P 2

. (3.32)

We see that α > |β| is required for LS > 0 (which is required for positive energy, as can
be verified using steps spelled out in [1]). The convexity condition LPP ≥ 0 then requires
β ≥ 0, so that positive energy and convexity imply α > β ≥ 0. These conditions are not
obviously sufficient for λ+ ≥ 0 because this requires

0 < S2LS − 2S(S2 + P 2)LPP = S2
[
α− β S√

S2 + P 2

]
, (3.33)

where the equality follows from (3.32); the resulting inequality is equivalent to LS > 0. In
this case, therefore, positive energy and convexity are jointly equivalent to the requirement
of non-negative birefringence indices, for any choice of the constant uniform background
for which S2 + P 2 6= 0.

As a final point we observe that the physical restrictions α > β ≥ 0 imposed on the
model defined by (3.31) are solved by setting

(α, β) = a(cosh γ, sinh γ) a > 0 , γ ≥ 0 , (3.34)

but L is then just a positive constant times the ModMax Lagrangian density, and hence
has EL equations that are duality invariant. In other words, the duality-invariant ModMax
theory is essentially the only physical acceptable model with a Lagrangian density of the
form (3.31).

4 SuperModMax

To apply the supersymmetrisation procedure described in the previous section to ModMax
electrodynamics, we start from a superfield Lagrangian of the form (2.10) with

L(S,P) = (cosh γ)S + sinh γ
√
S2 + P2 . (4.1)
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The resulting superfield Lagrangian density is equivalent to

LSMM = 1
4

{
cosh γ

[∫
d2θW 2 + c.c.

]
+ 2 sinh γ

∫
d2θd2θ̄

W 2W̄ 2
√
D2W 2D̄2W̄ 2

}
. (4.2)

The bosonic truncation of the complete component Lagrangian density (which will be
discussed in section 4.3) is

L(bos)
SMM = cosh γ

(
S + 1

2D
2
)

+ sinh γ
√(

S + 1
2D

2
)2

+ P 2 . (4.3)

For γ = 0 we recover (2.24). For γ 6= 0, the field equation for D is equivalent to

D

coth γ +
S + 1

2D
2√(

S + 1
2D

2
)2

+ P 2

 = 0. (4.4)

The unique solution is D = 0, and we thus recover the Lagrangian density Lγ of (1.1) by
elimination of the auxiliary field D.

For γ > 0 this result was guaranteed by the strict convexity, as a function of D, of
the expression of (4.3) for L(bos)

SMM , but it is also true for γ < 0 despite the non-convexity
of the same expression in this case. This illustrates the fact that strict convexity as a
function of D is not necessary for uniqueness of the solution for D; it is only a sufficient
condition. However, strict convexity is necessary in the context of an extension to include
a supersymmetry-breaking FI-type term, for reasons explained in subsection 2.1.1. In
addition, it should also be remembered that convexity as a function of D follows (for
the minimal super-NEDs considered here, which include ModMax) from convexity as a
function of the electric field, which is needed for the reasons spelled out in section 3, and
this requires γ > 0 for ModMax.

4.1 Duality invariance

The conditions required for electromagnetic duality invariance of generic nonlinear electro-
dynamics theories [33–36] were generalized by Kuzenko and Theisen to superfield formu-
lations of N = 1 and N = 2 supersymmetric theories [14, 15] (see [16] for further devel-
opments); they also proposed a perturbative scheme to compute duality invariant N = 2
superconformal actions. For generic N = 1 theories described by an action I[W, W̄ ], the
Kuzenko-Theisen duality-invariance condition is

Im
∫
d4x dθ2 (WαWα +MαMα) = 0 , Mα ≡ −2iδI[W, W̄ ]

δWα
, (4.5)

where the super-Bianchi identity of (2.1) should not be imposed onW here (because duality
transformations act on field-strengths rather than potentials).

For the action with superModMax superfield Lagrangian density (4.2), we have

Mα = −iWα

[
cosh γ − 2(sinh γ) D̄2J

]
, (4.6)
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with
J = W̄ 2

[
1√

D2W 2D̄2W̄ 2
− 1

2D
2
(

W 2D̄2W̄ 2

(D2W 2D̄2W̄ 2) 3
2

)]
. (4.7)

This yields

W 2 +M2 = −(sinh γ)2W 2

1 +
[
D̄2
(

W̄ 2
√
D2W 2D̄2W̄ 2

)]2


+ 2(sinh γ)(cosh γ)W 2D̄2
(

W̄ 2
√
D2W 2D̄2W̄ 2

)
. (4.8)

Using this expression, and the fact that WαW
2 ≡ 0, one may verify that the duality-

invariance condition (4.5) is satisfied.

4.2 Coupling to supergravity

A generic supersymmetric non-linear electrodynamics with a Lagrangian density of the
form (2.10) can be coupled to supergravity as follows [18, 37]. The supergravity fields
are contained in the supervielbein: EMA in local superspace coordinates zM , where A =
(a, α, α̇) are vector and spinor indices of SL(2;C). The superspace integrand is the product
of E, the Berezinian (superdeterminant) of this supervielbein, with a scalar constructed
from the chiral field-strength superfield W , its supercovariant derivatives, and their com-
plex conjugates. The construction proceeds by direct analogy with (2.10) but the super-
covariant derivatives are now the spinor components of the covariant exterior derivative
D = dzMEM

ADA; these have the property that

{D̄α̇, D̄β̇} = −8RM̄α̇β̇ , (4.9)

where M̄α̇β̇ are SL(2,C) generators and R is a scalar chiral superfield formed from the
purely spinor components of the superspace curvature tensor (see e.g. [25, 26]). This leads
to a generalization of the flat superspace chiral superfield D̄2W̄ 2:

U := (D̄2 − 8R)W̄ 2
(
⇒ Ū = (D2 − 8R̄)W 2

)
. (4.10)

The final result is an action of the form

I =
∫
d8z E

16W 2W̄ 2

UŪ
L(U, Ū ,DW ) , (4.11)

where DW = DαWα is real as a consequence of the super-Bianchi identities; it is the
generalization of the flat superspace scalar superfield D.

For superModMax coupled to supergravity we have

L = − 1
16(cosh γ)(U + Ū) + 1

8(sinh γ)
√
UŪ , (4.12)

and the action (4.11) for this choice of L can be rewritten as a curved superspace general-
ization of (4.2):

I = (cosh γ)
(1

4

∫
d6ζL EW 2 + c.c.

)
+ 2(sinh γ)

∫
d8z E

W 2W̄ 2
√
UŪ

. (4.13)
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The first term is an integral over chiral superspace (plus complex conjugate) with the
standard chiral superspace measure E (see [25]); this is the action of superMaxwell coupled
to supergravity and, as is well-known, it is super-Weyl invariant. As we shall see, this is
also a property of superModMax coupled to supergravity, which means that it actually
couples only to the fields of conformal supergravity.

4.2.1 Super-Weyl and superconformal invariance

The super-Weyl transformations of the chiral and full superspace measures are

E → e(Υ+Ῡ)E , E → e3ΥE , (4.14)

where the scalar superfield parameter Υ is chiral (Dα̇Υ = 0). In addition

Wα → e−
3
2 ΥWα

(
⇒W 2 → e−

3
2 ΥW 2

)
, (4.15)

which confirms the super-Weyl invariance of EW 2 (and hence of superMaxwell coupled to
supergravity). We also have

(D̄D̄− 8R)→ e−2Υ(D̄D̄− 8R)eῩ . (4.16)

It follows that
U → e−2(Υ+Ῡ)U + . . . , (4.17)

where the terms omitted all involve a factor of Wα, so that

W 2
√
U
→ eῩ−2Υ W 2

√
U

(
⇒ W 2W̄ 2
√
UŪ

→ e−(Υ+Ῡ) W
2W̄ 2
√
UŪ

)
. (4.18)

We now see that the interaction term in (4.13) is also super-Weyl invariant, so super-
ModMax coupled to supergravity is super-Weyl invariant. This implies that its restriction
to flat superspace is superconformal invariant because this is the residual symmetry of
the combined super-Weyl and superdiffeomorphism invariance of the supergravity coupled
action when the supergravity fields are restricted to their vacuum values.

4.3 SuperModMax in components

To pass to the spacetime component form of the superModMax Lagrangian density (4.2),
it is convenient to first rewrite it as

LSMM = (cosh γ)LSM + sinhγ
2

∫
d2θ d2θ̄

W 2√(
−1

4D̄2W̄ 2
) W̄ 2√(

−1
4D2W 2

) . (4.19)

This is motivated by the fact that both W 2 and
√
−1

4D̄2W̄ 2 are chiral scalar superfields
and hence so is their quotient, which has the following component expansion:

W 2√
−1

4D̄2W̄ 2
= eiθσ

mθ̄∂m
(
s +
√

2 θαVα + θθ F
)
, (4.20)
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with

s = − λ2
√
F̄
, (4.21)

Vα = 1√
F̄

(
χα + iλ2

2F̄
(σm∂mχ̄)α

)
, (4.22)

F = 1√
F̄

(
F + i(χσm∂mχ̄)

2F̄
− λ2�(λ̄2)

2F̄
+ 3

8 λ
2 ∂mχ̄σ̃

mσn∂nχ̄

F̄ 2

)
, (4.23)

where λ2 as defined in (2.7), and χα and F are given by (2.8) and (2.9) respectively. In
terms of these components, the superModMax action takes the following form

ISMM = coshγ ISM + 1
2 sinh γ Iint (4.24)

=
∫
d4x

{1
2(cosh γ)Re(F ) + 1

2(sinh γ)
(
−∂ms∂ms̄− iVσm∂mV̄ + FF̄

)}
.

The equation of motion of the auxiliary field D is

D = −
√

2 sinh γ
[
cosh γ + 2(sinh γ)Re

(
δIint
δF

)]−1
Im

(
λα
δIint
δχα

)
. (4.25)

Although the right-hand side depends on D, it is proportional to a nilpotent fermionic field
bi-linear, which allows an order by order solution that must terminate. The solution to
second order in λ (and λ̄) is

D = − sinh γ
[cosh γ + (sinh γ) cosϕ]

√
S2 + P 2

(λσmλ̄) F̃mn∂nϕ+ . . . (4.26)

where ϕ is the phase of S+ iP and the dots stand for terms that are higher order in (λ, λ̄).
This solution implies that

χα = − 1√
2
Fmn(λσmn)α + . . . (4.27)

These results are sufficient to determine the component form of the superModMax La-
grangian density to second order in fermions. We find that

LSMM = cosh γ
[
S + Im(λσm∂mλ̄)

]
+ sinh γ

[√
S2 + P 2 + (cosϕ)Im

(
λσm∂mλ̄

)]
+ sinh γ

2
√
S2 + P 2

(λσnλ̄) F̃pnF̃ pm ∂mϕ+ . . . (4.28)

This preserves parity, as expected; in particular the term in second line is parity-even
because both ϕ and the fermion bilinear λσmλ̄ are parity-odd.

Another feature of the last term of (4.28) is that the derivative of ϕ implies the
presence of a time derivative of the electric field. Normally, this would indicate that
we have a higher-derivative theory with a different canonical structure to super-Maxwell
electrodynamics and consequent violations of semi-classical unitarity. However, this (and
all other) higher-derivatives appear in nilpotent terms in the action, and in such cases it is
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believed that they will not affect the canonical structure because the gauge field equations
can be solved by an order-by-order procedure that must terminate, as argued above for the
auxiliary field equation (see [18–20] for a related complementary discussion of this issue).
As we shall see in section 6, this intuition can be confirmed by means of a nonlinear field
redefinition.

Finally, it must be noted that the last term of (4.28) is singular at S2 + P 2 = 0;
this is an expected feature of the non-analyticity of the ModMax Lagrangian density at
S2 +P 2 = 0, which implies that the ModMax EL equations are not defined for Lagrangian
field configurations with S2+P 2 = 0. However, the Hamiltonian field equations of ModMax
are well-defined for those Hamiltonian configurations that imply S2 + P 2 = 0 [1]. There
is therefore reason to expect the same to be true of superModMax, but we leave this to a
future investigation.

5 Born-Infeld-like extension of superModMax

To apply the same supersymmetrisation procedure to the Born-Infeld-like generalization
of ModMax with Lagrangian density of (1.3), we must start from a superfield Lagrangian
of the form (2.10) with

L(S,P) = T −
√
T 2 − 2T

[
(cosh γ)S + (sinh γ)

√
S2 + P2

]
− P2 . (5.1)

By ‘adding and subtracting’ a free field (cosh γ)S term, the resulting superfield Lagrangian
density can be written in the form

L(γSBI) = cosh γ
4

(∫
d2θW 2 + c.c.

)
+ 1

4

∫
d2θd2θ̄ W 2W̄ 2K(S,P) , (5.2)

where the first, chiral superspace, term is found from the ‘added’ free-field term as spelled
out for super-Maxwell in (2.23), and the ‘subtracted’ free-field term combines with the
expression of (5.1) to yield the second, full superpace, term with

K(S,P) =
T −

√
T 2 − 2T

(
cosh γ S + sinh γ

√
S2 + P2

)
− P2 − cosh γ S

(S2 + P2) . (5.3)

In the T → ∞ limit we recover the superModMax superfield Lagrangian density of (4.2).
For γ = 0 we recover the BI superfield Lagrangian density of [27–29] (see also e.g. [21,
38–42] for further study of supersymmetry properties of this theory and its alternative
formulations). For example, we may rewrite (5.3) for γ = 0 as

K|γ=0 = 1
T − S +

√
T 2 − 2T S− P2

, (5.4)

which is the nonlinear part of the Bagger-Galperin super-BI superspace Lagrangian [29].
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5.1 Duality invariance

To verify duality invariance of the BI-like generalization of ModMax, it is convenient to
use, following [14, 15], the flat superspace counterparts of the variables (4.10):

u := D2W 2 = −8(S− iP) , ū := D̄2W̄ 2 = −8(S + iP) . (5.5)

In this notation, the function L(S,P) of (5.1) takes the form5

L(u, ū) = T −

√
T 2 + T

8
[
(cosh γ)(u+ ū)− 2(sinh γ)

√
uū
]

+ (u− ū)2

256 , (5.6)

and the chiral superfield Mα of (4.5) is

Mα = 16iWαD̄2
{
W̄ 2

[
L

uū
+D2

(
W 2

ū
∂u

(
L

u

))]}
. (5.7)

Using these results, the duality invariance condition (4.5) for the generic L(u, ū) becomes

0 = Im
∫
d4x

{∫
d2θW 2 + (32)2

∫
d2θ d2θ̄ W 2W̄ 2 L

2
u

ū

}

= Im
∫
d4x

{
−u4 + (32)2

∫
d2θ d2θ̄ W 2W̄ 2 L

2
u

ū

}
. (5.8)

This condition is satisfied because for the BI-like Lagrangian density (5.6) the following
identity holds

Im u
[
(16Lu)2 − 1

]
= 0 . (5.9)

This equation is formally identical to the condition on the bosonic Lagrangian density
required for duality invariance of its EL equations [14, 34–36].

6 Taming the higher derivatives

We will now show, following a procedure described in [21] for a superfield formulation of
super-BI theory,6 how one can rewrite the superfield Lagrangian (4.2) in a Volkov-Akulov-
like form by effectively converting the superfield strength Wα into constrained superfields
each of which contains a single independent component of the vector multiplet. Upon this
(step-by-step) field redefinition, the N = 1 supersymmetry becomes non-linearly realized
on the new component fields.7 This is the price one pays for removing the higher derivative
terms from the action of any generic non-linear supersymmetric electrodynamics theory.

We take as our starting point the Lagrangian density (2.10) with L a function of the
superfields (S, P) and D that were defined in (2.11):

L =
∫
d2θ d2θ̄

16W 2W̄ 2

D2W 2 D̄2W̄ 2 L(S,P,D) . (6.1)
5To prove the duality invariance there is no need to split the Lagrangian density into free-field and

interaction terms, as was done in [14, 15].
6We are grateful to Fotis Farakos for a detailed explanation of this procedure.
7The procedure described below has its roots in a general relation between linear and non-linear real-

izations of supersymmetry put forward in [43, 44].
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6.1 Step 1: nonlinear superfield redefinition

The first step of the procedure is to introduce the spinor superfield

Γα := −2DαW
2

D2W 2 , (6.2)

which is defined only if D2W 2 6= 0; we postpone discussion of the implications of this
restriction. Because (W 2)Wα ≡ 0, the spinor superfield Γα satisfies

Γ2 = −4 W 2

D2W 2 ⇒ DαΓ2 = 2Γα ⇒ D2Γ2 = −4 . (6.3)

From (6.2) one can also derive the following additional relations:

DαΓβ = −εαβ , D̄α̇Γβ = −2iΓρ σmρα̇ ∂mΓβ . (6.4)

These relations tell us that Γα is the (goldstino) constrained superfield first introduced
in [43] and further elaborated in [45]. It has the single independent component

ζα = Γα| =
χα√
2F

, (6.5)

where χα and F were defined, respectively, in (2.8) and (2.9). The spinor ζα transforms
non-linearly under supersymmetry

δ ζα = εα − 2i ζ σmε̄ ∂mζα . (6.6)

The relation of ζ to the original Volkov-Akulov goldstino [22, 23], which we shall call
να, is by a particular invertible nonlinear field redefinition (ζα = να + O(ν3)) [43, 45]
which we now aim to explore at the level of superfields8 by the introduction of a “Volkov-
Akulov” superfield Λα for which Λα

∣∣ = να. This superfield satisfies the constraints [43]
(see also [21, 25, 47])

DαΛβ = −εαβ + iσm
αβ̇

Λ̄β̇ ∂mΛβ , D̄α̇Λβ = −iΛρ σmρα̇ ∂mΛβ . (6.7)

These constraints imply that the leading component να of Λα is its only independent one;
all others are determined by να and its derivatives.

The superfields Γα and Λα are related by a superfield version of the invertible nonlinear
redefinition that relates their leading components; the map from Λ to Γ is [21]

Γα = −2DαD̄
2(Λ2Λ̄2)

D2D̄2(Λ2Λ̄2)
, (6.8)

which implies the identities

Γ2Γ̄2 ≡ Λ2Λ̄2 ≡ 16 W 2W̄ 2

D2W 2 D̄2W̄ 2 . (6.9)

8For a review of relations between different constrained superfields, which describe the Volkov-Akulov
goldstino, and the original VA construction see e.g. [46].
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Other useful identities are

D̄2(Λ2Λ̄2) ∝ Λ2 ⇒
(
D̄2(Λ2Λ̄2)

)2
= 0 ,

−1
4Γ2 ≡ W 2

D2W 2 ≡
D̄2(Λ2Λ̄2)
D2D̄2(Λ2Λ̄2)

⇒ D̄2(Λ2Λ̄2)Wα = 0 . (6.10)

These relations imply that∫
d4x d2θd2θ̄

16W 2W̄ 2

D2W 2 D̄2W̄ 2 =
∫
d4x d2θd2θ̄Λ2Λ̄2 =

∫
d4x detE a

m

∣∣ , (6.11)

where
E a
m = δam + iΛσa←→∂m Λ̄ , (6.12)

which tells us that detE a
m ≡ detE a

m

∣∣ is (minus) the Volkov-Akulov Lagrangian density for
the goldstino field ν. For later use, note the superfield identities

Λ2Λ̄2 detE a
m ≡ Λ2Λ̄2 , Λ2Λ̄2 E−1m

a ≡ Λ2Λ̄2 δma . (6.13)

The action for the Lagrangian density (6.1) can now be put into the form

I =
∫
d4xL =

∫
d4x d2θd2θ̄Λ2 Λ̄2 L(S,P,D) . (6.14)

6.2 Step 2: integration of the Grassmann variables

To proceed, it is convenient to define, with the use of (A.14), the new superfields

Ŝ = S + 1
8(WαD2Wα + c.c.) = −1

4 FmnFmn + 1
2D

2 ,

P̂ = P− i
8(WαD2Wα − c.c.) = −1

4 FmnF̃mn , (6.15)

where the superfields

Fmn = 2∂[mAn], Am = 1
4(Dασmαα̇D̄α̇ − D̄α̇σ̃α̇αm Dα)V , (6.16)

have leading components Fmn and Am respectively; the superfield V is the prepotential
introduced in (2.2). This allows us to write

L(S,P,D) = L
(
Ŝ, P̂,D

)
+O(Wα, W̄α̇), (6.17)

where O(Wα, W̄α̇) stands for terms that are annihilated by Λ2Λ̄2 ∼W 2W̄ 2.
In [21] it was shown that, for any real superfield L,∫

d4x d2θd2θ̄Λ2Λ̄2 L = 1
16

∫
d4x (detE a

m )
[
Π2Π̄2(Λ2Λ̄2 L)

]
θ,θ̄=0

, (6.18)

where
Πα = Dα − iσmαα̇Λ̄α̇ ∂m , Π̄α̇ = (Πα)∗ = D̄α̇ + iΛασmαα̇ ∂m , (6.19)
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are covariant derivatives forming the (anti)commutative algebra9

{Πα,Πβ} = 0, {Πα, Π̄β̇} = 0, [Πα,Πa] = 0 , Πa ≡ E−1m
a ∂m (6.20)

They act on Λα as follows

Πα Λβ = −εαβ , Π̄α̇Λβ = 0
(
⇒ Π2Λ2 = −4

)
. (6.21)

These are just the goldstino superfield constraints of (6.7). An instructive identity is

Π[a E−1m
b] ≡ −2i

(
Π[aΛσcΠb]Λ̄

)
E−1m
c (6.22)

because this implies
[Πa,Πb] = −4i

(
Π[aΛσcΠb]Λ̄

)
Πc , (6.23)

which tells us that the algebra of the covariant derivatives ΠA determines an unconventional
flat superspace with a non-vanishing torsion tensor TABC for which the only non-zero
component is T cab = −4i

(
Π[aΛσcΠb]Λ̄

)
.

Using the relations (6.20), one proves that the operator 1
16Π2Π̄2 Λ2Λ̄2 is a projector in

the sense that 1
162 Π2Π̄2[Λ2Λ̄2Π2Π̄2(Λ2Λ̄2 L)] = 1

16Π2Π̄2(Λ2Λ̄2 L) . (6.24)

This means that if L = f(M), some function of another superfield M , then (as proved in
eqs. (A.15)–(A.17) of the appendix)

1
16Π2Π̄2

(
Λ2Λ̄2 f(M)

)
= f

( 1
16Π2Π̄2(Λ2Λ̄2M)

)
. (6.25)

We thus arrive at a Lagrangian density of the following form

L = (detE a
m ) L(S,P,D)|θ,θ̄=0 , (6.26)

where
S = −1

4FabF
ab + D2

2 , P = −1
4FabF̃

ab , (6.27)

with

D = 1
16Π2Π̄2(Λ2Λ̄2 D) , (6.28)

Fab = 1
16Π2Π̄2(Λ2Λ̄2 Fab) , Fab = 2E−1m

a E−1m
b ∂[mAn] . (6.29)

6.3 Step 3: partial fixing of supergauge symmetry

The next step is to use (6.20), (6.22) and the second identity in (6.13) to rewrite Fab
of (6.29) as follows:

Fab = 1
8Π2Π̄2(Λ2Λ̄2 ∂[aAb]) = 1

8Π2Π̄2
(
Λ2Λ̄2 E−1m

[a E−1n
b] ∂mAn

)
= 1

8Π2Π̄2Π[a
(
Λ2Λ̄2 E−1n

b] An
)
− 1

8Π2Π̄2
(
(Π[aE−1n

b] )AnΛ2Λ̄2)
)

+ 1
8Π2Π̄2

(
E−1n

[a AnΠb](Λ2Λ̄2)
)

(6.30)

= 1
8E
−1m
[a E−1n

b] ∂m
(
EcnΠ2Π̄2

(
Λ2Λ̄2 An

))
+ 1

8Π2Π̄2
(
E−1n

[a AnΠb](Λ2Λ̄2)
)
.

9The second bracket is zero because Πα E−1m
a = −iσmαα̇ Πa Λ̄α̇.
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This is equivalent to

Fab = 2E−1m
[a E−1n

b] ∂mAn + 1
8Π2Π̄2

(
E−1n

[a AnΠb](Λ2Λ̄2)
)
, (6.31)

where
An = 1

16E
a
n Π2Π̄2(Λ2Λ̄2 E−1m

a Am) = 1
16E

a
n Π2Π̄2(Λ2Λ̄2 Aa). (6.32)

All higher derivative terms in the Lagrangian come from the second term in (6.31).
We will now show that this term can be gauged away by a partial gauge fixing of the
supergauge invariance of the theory. To this end, we observe that the expression for Fab
in (6.31) is manifestly invariant under the following supergauge transformations with chiral
superfield parameter Φ:

δΦV = i(Φ− Φ̄) ⇒ δΦAa = ∂a(Φ + Φ̄) , (6.33)

but the vector field Am does not transform in the conventional way; instead

δAn = 1
16∂n

(
Π2Π̄2

[
Λ2Λ̄2 (Φ + Φ̄)

])
− 1

16E
a
n Π2Π̄2[Πa(Λ2Λ̄2) (Φ + Φ̄)]. (6.34)

To resolve this difficulty, the authors of [21] proposed to impose on V (and hence on Am) a
Wess-Zumino-like gauge introduced in [48], where it was shown that there exists a Φ such
that

XV = 0, (6.35)

where X is a nilpotent chiral superfield, which in our case is

X = −1
4D̄

2(Λ2Λ̄2), ⇒ X2 = 0 , XX̄ = Λ2Λ̄2 . (6.36)

A solution V = V ′ of (6.35) remains a solution under the transformation

V ′ → V ′ + i(Φ′ − Φ̄′) (6.37)

provided the chiral scalar superfield parameter Φ′ satisfies the constraint

XΦ′ = XΦ′ . (6.38)

In this (partial) gauge, the gauge potential An of (6.32) reduces to

A′n = 1
16E

a
n Π2Π̄2(Λ2Λ̄2 A′a) , (6.39)

which was shown in [21] to transform as in (6.34) but without the second term; i.e. it
transforms as a genuine gauge potential under the residual gauge transformations (6.37)
subject to (6.38):

δA′n = ∂n φ , φ = 1
16Π2Π̄2

[
Λ2Λ̄2

(
Φ′ + Φ′

)]
. (6.40)

It was also shown in [21] that
A′n = A′n +O(Λ2) , (6.41)
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where O(Λ2) stand for terms which are at least quadratic in Λ and/or Λ̄. It then follows
that

E−1n
a A′n = Π2Π̄2(Λ2Λ̄2A′a) +O(Λ2) (6.42)

and that the last term in (6.31) vanishes, because O(Λ2)Πb(Λ2Λ̄2) ≡ 0. What remains of
this last term is annihilated by Π2Π̄2, so we finally arrive at the following relation

Fab = 1
8Π2Π̄2(Λ2Λ̄2 ∂[aAb]) = 2E−1m

[a E−1n
b] ∂mA′n. (6.43)

Substitute (6.43) into (6.27) and (6.26), we get

L = (detE a
m )L(S|,P|,D|) , (6.44)

in which
E a
m (x) = δam + iνσa ∂mν̄ − i∂mνσa ν̄(x) , (6.45)

which implies
detE a

m = 1 + i(νσm∂mν̄ − ∂mνσm ν̄) +O(ν4) , (6.46)

and
S| = −1

4fabf
ab + 1

2D
2|, P| = −1

4fabf̃
ab , (6.47)

where
fab(x) = 2E−1m

a E−1m
b ∂[m an](x), an(x) := A′n| . (6.48)

At this point one sees that D| can be regarded as a redefined auxiliary field of the vector
multiplet which can be integrated out in the class of models discussed in section 2.

6.4 Final action and its field equations

From (6.44) we see that the action (6.14) has been reduced to one of Volkov-Akulov form:

I =
∫
d4x

√
− det g L(s, p) , (6.49)

where g is the VA metric (determined by the VA vierbein of (6.45)) with components

gmn = E a
mE

b
n ηab

(
E a
m = δam + iν σa←→∂m ν̄ ,

)
, (6.50)

and

s = −1
4fabf

ab = −1
4fmnfpq g

mpgnq := −1
4fmnf

mn,

p = −1
4fabf̃

ab = −1
4fmnf̃

mn . (6.51)

The construction ensures invariance under the following non-linearly realized supersymme-
try transformations:

δνα = εα + i(εσmν̄ − νσmε̄) ∂mνα ,
δam = i(εσnν̄ − νσnε̄) ∂nam + i∂m(εσnν̄ − νσnε̄) an , (6.52)
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where an is the gauge potential introduced in (6.48). These transformations may be rewrit-
ten as specific general coordinate transformations accompanied by a constant shift of the
fermionic field:

δxm = ξm(x) := −i(εσmν̄(x)− ν(x)σmε̄),
δνα = εα − ξm(x)∂mνα, δam = −ξn∂nam − (∂mξn)an ,
δE a

m = −ξn∂nE a
m − (∂mξn)E a

n . (6.53)

The action (6.49), which has no higher derivative terms, may therefore be interpreted as the
bosonic nonlinear electrodynamics with Lagrangian density L = L(S, P ) in the background
VA metric constructed from the goldstino field να(x).

It is instructive to examine the field equation that follow from the action (6.49). The
gauge field equation is

∂m

(√
−g ∂L

∂Fmn

)
= 0 . (6.54)

The (complex) field equation for the spinor field ν is

(σa∂nν̄)αE a
m Tnm = 0 , (6.55)

where
Tmn = − 2√

−g
∂L
∂gmn

, (6.56)

which is the energy-momentum stress tensor of the electromagnetic field in a background
with the metric of (6.50). It is covariantly conserved as a consequence of the gauge field
equation (6.54):

∇nTnm = 0 , (6.57)

where ∇ is the usual covariant derivative constructed from the metric.

6.4.1 Application to superModMax

The results just obtained apply to generic NEDs in the class to which our supersym-
metrization prescription applies. As we saw earlier, this includes superModMax and the
generalized supersymmetric BI theory that reduces to superModMax in a weak-field limit.
For superModMax, the change of variables described in detail above leads to the following
Lagrangian density:

LSMM = 1
4
√
− det g

(
−cosh γ fabfab + sinh γ

√
(fabfab)2 + (fabf̃ab)2

)
, (6.58)

and the energy-momentum tensor (6.56) which appears in the fermionic equations of
motion is

Tmn =
(
fmpf

np − 1
4g

mnfpqf
pq
)(

cosh γ + sinh γ S√
S2 + P 2

)
. (6.59)

Notice that this result applies even for γ = 0, i.e. super-Maxwell, in which case we have
managed to express a free-field theory with unbroken supersymmetry in a form in which it
is apparently interacting and for which supersymmetry is apparently broken!
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6.5 Supersymmetry: unbroken or broken?

The paradox of nonlinearly realized supersymmetry for a theory with unbroken supersym-
metry applies generally (see [44] for a related discussion). Its resolution is that the goldstino
field equation (6.55) is identically zero in the bosonic vacuum in which Tmn = 0, i.e. when
the electromagnetic field is zero. This is a consequence of the fact that the goldstino ki-
netic term supplied by the action (6.46) comes with a factor of L(s, p), which is zero in the
bosonic vacuum.10 Indeed, if this were not the case, then we would be able to conclude that
supersymmetry is spontaneously broken. So the singular nature of the goldstino equation
in the bosonic vacuum is an inevitable consequence of unbroken supersymmetry.

In contrast, when supersymmetry is broken, e.g. by the FI-type mechanism summarized
in section 2, the bosonic Lagrangian density is negative in the vacuum, and the above
difficulties of interpretation of the goldstino field equation do not arise, as could be expected
since supersymmetry is spontaneously broken. In such cases, the action (6.49) makes this
manifest.

We conclude by mentioning that another way to get a goldstino kinetic term that is
defined in the bosonic vacuum is to choose the function L in (2.10) to have the form

L(S,P,D) = Lbos(S,P)− ζ2 , (6.60)

which may be compared with (2.17), where the FI-type term introduces the constant ξ.
The new constant ζ has the same dimensions as ξ, and it also leads to a spontaneous
breakdown of supersymmetry, but in a very different way. Its effect is to add to the
action (2.10) the term

−ζ2
∫
d4x d2θd2θ̄

16W 2W̄ 2

D2W 2 D̄2W̄ 2 = −ζ2
∫
d4xd2θd2θ̄Λ2Λ̄2

= −ζ2
∫
d4x detE a

m (6.61)

The effect of this term in the action (6.49) is therefore to add a constant to L(s, p):

L(s, p)→ L(s, p)− ζ2 . (6.62)

Now, even though L(s, p) is zero in the bosonic vacuum (if we assume unbroken supersym-
metry for ζ = 0) this is no longer true for ζ 6= 0, and the would-be goldstino field ν becomes
a bona-fide one, with canonical dimension after a rescaling by a power of the constant ζ.

This mechanism for supersymmetry breaking is distinct from the FI mechanism be-
cause any sign choice for the FI-type term leads to a positive vacuum energy whereas
the sign of the ζ2 term in (6.61) must be chosen to ensure this, as we have done. The
opposite sign choice would lead to a negative vacuum energy, which is compatible with
(spontaneously broken) supersymmetry only in field theories with ‘ghosts’; in this case, the
goldstino would be the ghost since the sign of its (VA) Lagrangian density in the bosonic
vacuum changes if ζ2 → −ζ2 in (6.61).

10For the same reason, the goldstino field να does not have its canonical dimension.
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7 Conclusions

Supersymmetric extensions of nonlinear electrodynamics theories have been intensively
studied over the last several decades. It has been understood how to construct these theo-
ries, couple them to supergravity, and determine whether they are electromagnetic-duality
invariant. These results have often been found on the assumption of a superMaxwell
weak-field limit and in the context of an action that is the sum of the chiral superspace
integral of superMaxwell and a full-superspace integral for the interactions. However,
this free-field/interaction separation fails to make transparent some relations between a
given bosonic theory and its supersymmetric extension. Ideally, one would like a simple
prescription that takes the Lagrangian density Lbos of a given bosonic electrodynamics
theory, expressed as a function of Lorentz scalars, and uses that function in a single-term
formula for the Lagrangian density of its supersymmetric extension. We have provided
just such a prescription on the assumption that Lbos is a strictly convex function of the
electric field. This condition is required on physical grounds for the purely bosonic theory,
but it is also important for supersymmetry because it ensures a unique solution of the aux-
iliary field equation in the Maxwell supermultiplet used to construct theories of nonlinear
supersymmetric electrodynamics.

We were initially motivated to seek this simple general prescription in order to simplify
the construction of a supersymmetric extension of the ModMax electrodynamics and its
Born-Infeld-like generalization that we introduced in earlier work [1, 5]. It has the addi-
tional addvantage of making it more evident why properties of the bosonic theory, such as
electromagnetic duality invariance, are inherited by the supersymmetric extension. In the
case of superconformal invariance of superModMax electrodynamics, we found it convenient
to first couple to supergravity, which is accomplished by straightforward generalization of
the flat-superspace action, and then establish super-Weyl invariance of the result.

We have presented the component action of the superModMax theory up to quadratic
order in fermions. Already at this order we confirm the presence of a higher derivative
interaction of the electromagnetic fields with the photino field. It has long been understood
that this should not be a problem in principle because it should be possible to eliminate
the higher-derivative terms from the field equations by an iterative process that must
terminate because of the anticommutativity of the photino field. However, this iterative
process has never been completely carried out, and it is restricted to field equations; given
that it works, one would expect there to exist a nonlinear field redefinition that removes
all higher-derivative terms from the action. We have shown that this is accomplished by a
particular non-linear field redefinition proposed in [21] and based on ideas in [43, 44]. The
final result is surprisingly simple, and it involves a formal re-interpretation of the photino
as a Volkov-Akulov goldstino. This appears to be the price that must be paid for the
explicit elimination of all higher-derivative terms from the action.

A difficulty with the standard Lagrangian formulation of superModMax is that the
photino field equations are not defined in the bosonic vacuum even before passing to the
VA formulation that eliminates the higher-derivative interactions. This is because of the
non-analyticity of the ModMax Lagrangian, which can be resolved in the Hamiltonian
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formulation. The VA formulation potentially provides a convenient route to a similar
analysis of the superModMax field equations, and this was another motivation to develop
this formulation.

It was mentioned in the Introduction that the ModMax Hamiltonian field equations
admit exact plane-wave solutions. Although these plane waves must be solutions of the
superModMax equations if the photino field is set to zero, there is ‘0/0” ambiguity because
the quadratic fermion term blows up as S2 +P 2 → 0. However, preliminary investigations
suggest that this difficulty can also be resolved within a Hamiltomnian formulation, and
that the exact plane wave solutions are half-supersymmetric solutions of superModMax;
we hope to report on this in the near future.

Note added. While writing this paper we were kindly informed by Sergei Kuzenko
that he also has results for a supersymmetric ModMax electrodynamics and some duality-
symmetric superconformal N = 2 models, which will soon appear [49].
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A Notation, conventions and relations

ηmn = diag(−,+,+,+) , � = −∂m∂m , (A.1)

σmσ̃n = −ηmn + σmn = −ηmn + i

2ε
mnpqσpσ̃q , (A.2)

σ̃mσn = −ηmn + σ̃mn = −ηmn − i

2ε
mnpqσ̃pσq , (A.3)

{Dα, D̄α̇} = −2iσm∂m , (A.4)

Dα = ∂α + i(σmθ̄)α∂m = e−iθσ
nθ̄∂n ∂α e

iθσmθ̄∂m , (A.5)

D̄α̇ = (Dα)∗ = −∂̄α̇ − i(θσm)α̇∂m = −eiθσθ̄∂ ∂̄α̇ e−iθσθ̄∂ , (A.6)

eiθσθ̄∂ = 1 + iθσmθ̄∂m −
1
4θθ θ̄θ̄� . (A.7)

Other properties of the σ-matrices are

σabσc + σcσ̃ab = 2iεabcdσd , σ̃abσ̃c + σ̃cσab = −2iεabcdσ̃d , (A.8a)
σabσc − σcσ̃ab = −4σ[aηb]c , σ̃abσ̃c − σ̃cσab = −4σ̃[aηb]c , (A.8b)

σbσ̃aσc − σcσ̃aσb = −2iεabcdσd , σ̃bσaσ̃c − σ̃cσaσ̃b = 2iεabcdσ̃d . (A.8c)
σmnσpq = −2ηm[pηq]n − iεmnpq + 2σm[pηq]n − 2σn[pηq]m (A.8d)
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The spinor indices are raised and lowered as follows:

θα = εαβθ
β , θα = εαβθβ , (εαγεγβ = δαβ ) (A.9)

and similarly for the dotted indices. The square of the Grassmann variables is defined as

θ2 = θαθα , θ̄2 = (θ2)∗ = θ̄α̇θ̄
α̇. (A.10)

The following commutators are often useful

[Dα, D̄2] = −4iσmαα̇∂mD̄α̇ , [D2, D̄2] = −4iσmαα̇∂m[Dα, D̄α̇] , (A.11)

The component structure of the superfield DαW β

DαW β = δα
βD + i

2Fmnσ
mn

α
β − 2θα(∂mλ̄σ̃m)β + 2(σmθ̄)α∂λβ

− iθσmθ̄
(
σmnα

β∂nD + i

2∂nFpq (σmnσpq) αβ
)

(A.12)

− iθθ (σmθ̄)α(∂m∂nλ̄σ̃n)β + iθ̄θ̄ θα�λ
β + 1

4θθ θ̄θ̄
(
δα
β�D + i

2�Fmnσ
mn

α
β
)
.

The trace of (A.12) gives the superfield containing the gauge supermultiplet equations of
motion and Bianchi identity

DαWα = 2D − 2(θσm∂mλ̄+ ∂mλσ
mθ̄) + θσmθ̄ (2∂nFnm − iεnlpq∂lF pq)

− i(θ̄2 θ�λ− θ2 θ̄�λ̄) + 1
2θ

2θ̄2 �D . (A.13)

When the field strength Bianchi identity is satisfied, DW is a real linear superfield, i.e.
DαWα = D̄α̇W̄ α̇ and D2DW = D̄2DW = 0.

The superfield D2W 2 can be alternatively written as

D2W 2 = −2(DαW β)(DαWβ) + 2WαD2Wα

= −(DαWα)2 − 2(D(αW β))(D(αWβ)) + 2WαD2Wα . (A.14)

Proof of the relation (6.25). Note that in f(M) we can shift M by any terms propor-
tional to powers of Λ and/or Λ̄ (where X is some superfield)

f(M + Λ ·X) = f(M) + ∂f

∂M
Λ ·X +O(Λ2). (A.15)

This shift ofM does not change the l.h.s. of (6.25) since the terms proportional to Λ and/or
Λ̄ are annihilated by Λ2Λ̄2, i.e.

1
16Π2Π̄2

(
Λ2Λ̄2 f(M)

)
= 1

16Π2Π̄2
(
Λ2Λ̄2 f(M + Λ ·X)

)
. (A.16)

Now note that 1
16Π2Π̄2(Λ2Λ̄2M) is a particular form of the shift M + Λ ·X, because of the

identities (6.21). With this choice equation (A.16) becomes
1
16Π2Π̄2

(
Λ2Λ̄2 f(M)

)
= 1

16Π2Π̄2
[
Λ2Λ̄2 f

( 1
16Π2Π̄2

(
Λ2Λ̄2M

))]
. (A.17)

Now notice that in the r.h.s. of (A.17) the (leftmost) derivatives Π and Π̄ may act only on
Λ and Λ̄; e.g. if Π acts on f( 1

16Π2Π̄2(Λ2Λ̄2M)) the result is zero, because Π3 = 0. Thus,
the r.h.s. of (A.17) reduces to the r.h.s. of (6.25).
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