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is developed starting from the mixture theory and the definition of the effective stress
for anisotropic poro-elasticity, taking into account also the fluid phase compressibility and
anisotropic permeability. The effective stress principle is properly extended through the Biot
tensor to predict the coupling between the shear stress of the solid skeleton and the pore
fluid pressure. Numerical solution of the coupled problem is obtained by inf-sup stable Finite
Element spaces. A fundamental issue for the computational efficiency of the coupled model is the
numerical solution of the resulting large-size and non-symmetric discrete problem. In this work,
we develop a fully implicit monolithic solver based on the Bi-Conjugate Gradient Stabilized (Bi-
CGStab) algorithm accelerated via an ad-hoc Multi-Physics Reduction (MPR) preconditioning
technique. The proposed advances are implemented in the 3D GeoMatFem research code and
several numerical analyses are performed to test the potential and computational efficiency of
the proposed tool. In particular, we focus on 3D wave propagation applications in fully saturated
single and multi-layered anisotropic media. Numerical results show that our implementation is
able to identify the shear wave splitting phenomenon due to the different degree of material
symmetry between the solid phase and the whole porous material.

1. Introduction

Research and development of mathematical models describing the coupled multi-physical behavior of porous materials [1,2],
along with their accurate, robust and efficient numerical implementation in modern computing machines, is still a compelling
challenge for engineers and scientists in various fields, from structural mechanics, to geotechnics, reservoir engineering and biome-
chanics, e.g. [3-6]. Recent notable examples can be the influence of porosity content on the mechanical properties of composite
laminates (carbon-fiber-reinforced plastics, CFRP) used in the design of aerospace or automotive components [7], or the inference of
destructive seismic forces acting on buildings when appropriate seismic protection tools are in place [8], but also wave propagation
through cancellous bones or tissues is an emerging application area to survey health status or any diseases [9].

Anisotropy of solid constituents is often a fundamental property to consider for an accurate representation of many materials
at a macroscopic scale. Such solids exhibit a different mechanical response along some directions due to spatial inhomogeneity
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Fig. 1. REV for a fully saturated porous medium and its representation by Mixture Theory.

Upscaling
_—

typically arising from the atomic arrangement (crystallography) or the micro- and macro-structure. Therefore, transverse isotropic,
orthotropic, monoclinic and triclinic constitutive models [10] were developed, to properly describe for instance laminates, tissues,
wood, some polymers, concrete, soils and rocks. In geophysics and geosciences, the detection of the degree of anisotropy through
the study of wave propagation in geomaterials [11,12] can provide important pieces of information, not only on the mechanical
properties of the solid, but also on the orientation and distribution of inner layers of water, gas, oil, coal and shale. In addition, in
order to accurately represent the anisotropic medium it is also important to consider the different degree of anisotropy between the
solid phase and the entire solid skeleton through the definition of an appropriate constitutive law linking stress and deformation of
the porous medium with pore pressure [13]. In all these applications, the availability of a fully coupled multi-field model for the
dynamic simulation of anisotropic porous materials is of paramount importance.

In the present work, we consider a two-phase (solid and fluid) material and follow the Mixture Theory [14] to establish the
set of governing conservation laws. By using the generalized Hooke law with the definition of effective stress for anisotropic poro-
elasticity [15,16] for the solid skeleton and the generalized Darcy law for the fluid part, the multi-field formulation of the governing
dynamic PDEs in saturated porous materials is developed [17]. The numerical solution to the resulting initial-boundary value problem
is obtained within the classical inf-sup stable Finite Element (FEM) framework in space [18-20] and the one-step generalized
trapezoidal method (9-Method) in time [21], while the non-linearities are addressed by a Newton procedure. The resulting discrete
problem is solved in a fully implicit monolithic way, so as to preserve the coupling between the main variables also from a numerical
point of view with no time step size restrictions with regard to the marching scheme stability [22]. However, fully implicit schemes
require the solution to a time-sequence of large-size ill-conditioned block-structured linear systems. To this aim, the Bi-Conjugate
Gradient Stabilized (Bi-CGStab, [23]) algorithm was used as a linear solver accelerated by an ad-hoc Multi-Physics Reduction (MPR)
preconditioning technique [24-26] specifically developed for the coupled problem at hand. These advances are implemented in
a MATLAB research code, called GeoMatFEM [27], used for coupled 3D dynamic geomechanical simulations. A set of numerical
investigations, based on the work in Reference [28], are carried out to test the overall model efficiency and robustness. Finally, we
consider the simulation of the shear wave splitting process in an anisotropic porous solid, providing evidence that the phenomenon
can also occur as a result of a different degree of material symmetry axes between the solid phase and the whole medium.

The paper is organized as follows. First, the mathematical model describing the coupled dynamic deformation and fluid diffusion
in saturated porous materials is reviewed and the numerical solution is described, with reference to the space and time integration
strategies. Then, the original preconditioned iterative method for solving the time sequence of linear systems is presented and
discussed in detail. In the numerical results section, three classes of dynamic analyses are presented: (i) the dynamic consolidation
of a soil column, (ii) the propagation of plane waves in an anisotropic soil in plane strain conditions, and (iii) the simulation of the
shear wave splitting phenomenon within a three dimensional fully saturated porous medium. The solver performance and robustness
is discussed in detail with reference to the properties of the anisotropic constitutive model. Finally, a set of remarks close the
presentation.

2. Governing equations

In this work, a two-phase porous material is considered, consisting of a solid matrix with relatively small interconnected pores
that are completely filled by a fluid phase. Following the Mixture Theory [14], this saturated biphasic system can be represented
by an effective medium in the Representative Elementary Volume (REV), where the distributions of the individual constituents are
homogenized such that the volume of each material point within the REV is occupied by a fraction of solid and fluid constituents
(Fig. 1).

The mass and linear momentum balance equations, governing this physical model in the dynamic regime for the two phases
(index S for the solid-phase, F for the pore fluid phase), are defined as:

PSv=V.-65+p5g+hS, (1a)

plw+vVw -wgp=V-of +pFg+hnf, (1b)
S +p5V-v=0, (1)

pF+pfV.-w=o0, (1d)
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where pf = @pr and 5 =1- o)y s are the partial mass densities of the two phases, computed as the product of the volume
fraction, with ¢ the porosity, and the intrinsic mass density, with )’ _ SF p* = p; v,w,wg are the solid, fluid and relative (fluid
minus solid) velocity vectors; 6 is the partial Cauchy stress tensor of the a-phase; g is the gravitational acceleration and h” is the
volume specific local interaction force between the phases, so that ), _ s.r h* = 0. Furthermore, we indicate by (%) the material time
derivative with respect to the motion of the solid phase, by V(x) the spatial gradient operator, by “.” the scalar product and by V-
the divergence operator. Thermal effects as well as any mass exchange between the constituents are not taken into account here,
while the compressibilities of the two phases are regarded with a standard barotropic state law.

Considering a homogeneous, linear elastic and anisotropic solid, the constitutive relationships for the solid matrix are provided
by an extension of Terzaghi’s principle, as illustrated in [13], and by Hooke’s law:

¢'S=6+Ap=C: (Vu+VTu)=C:VSu, (2a)

1
2
A:(I—CSS) 01, (2b)
where ¢’ is the 2™ order effective stress tensor of the solid skeleton; o = 6% + o¥ is the total stress tensor of the mixture, sum of
the partial stresses; A is the 2" order Biot effective stress coefficient tensor; p is the pore fluid pressure; C is the 4™ order elastic
constitutive tensor of the mixture depending on the material proprieties; V° denotes the symmetric gradient operator; u is the solid
displacement vector, whereas Sg refers to the elastic compliance tensor of the solid part. As described in [15,16], the type of Biot
tensor A, namely full, diagonal or identity, depends on the degree of anisotropy of the solid phase and the entire porous material. In
this work, the most general condition of a full Biot tensor is taken.
Generalized Darcy’s law is considered as the constitutive equation for the fluid phase in laminar flow, relating the fluid flow rate
to the pore pressure gradient:

(pr=(—kF/yF)Vp, 3)

where @w, is the Darcy velocity, k¥ is the 2" order hydraulic conductivity tensor, while y = ppg is the fluid intrinsic unit weight,
with g = |g| the scalar gravitational acceleration. The hydraulic conductivity tensor can be anisotropic and, if so, its components can
be obtained through experimental methods [29]. Finally, for the volume-specific local interaction force h¥ we have:

hY = -y k" wp + pVg ()]

By combining the constitutive relationships (2) and (3) with the governing laws (1) and the force definition (4), the following set
of partial differential equations (PDEs) is obtained:

PSv=V. [o-'s - (A - (pl)p] +pSg+ (pzyFkF‘_]wR —-pVo, (5a)
prw+ppVw wr=-0Vp+p-g— @’ rpk"wy, (5b)
/\p+A:st+LV'(pFwR)=O, (5¢)

PF

where the first and the second equations prescribe the momentum balance of the solid and fluid phases, respectively, while the third
one is the mass balance of the entire mixture obtained by considering the same procedure described in [30] properly extended to an
anisotropic medium. The scalar quantity A is the compressibility modulus, computed as [15]:
1- 1-
P el A P Gl ) S P YW TS 6)
Ks Kr s F

with K, the bulk modulus of the a-phase and S the elastic compliance tensor of the entire mixture. By considering the small strain
hypothesis, the coupled equations (5a)-(5c¢) are linear and, in addition, by assuming that ¢ ~ ¢, Vg = 0, the convective term
Vw - wy ~ 0 and the fluid density gradient Vpf ~ 0 can be overlooked.

To simultaneously compute the solid displacement and velocity, the corresponding strong definition, i.e., # = v, is added to the
previous set of governing PDEs. Finally, in order to improve the stability of the numerical solution [17], equations are rearranged by
adding the linear momentum of fluid phase (5b) to the linear momentum of solid phase (5a) and to the mass balance equation (5c),
so as to obtain the governing initial-boundary value problem (IBVP) that follows.

Let Q C RY and I' denote the domain occupied by a porous medium and its boundary, respectively, with x the position vector
in R? and d = 2,3 the problem dimension. We indicate the time with ¢, belonging to an open interval T =]0,T[ of length T' > 0,
while a bar above a set in RY denotes the union of the same set with its boundary, e.g. Q=QUT. The boundary is decomposed
asl'=T,ul,=T,ul, withT,nT, =T,NT, =, and n denotes its outer normal vector. Then, we want to find the functions:
u:Qx[0,T] - R? (displacement), v : Q X [0,T] — RY (solid velocity), w : Q X [0,T] - RY (fluid velocity), p : Q X [0,T] » R
(pressure), such that:

u—-v=0, inQx1T, (7a)
(1 —@)psv+@prw -V -(C: Vu— Ap) = pg, inQx1, (7b)

pFlb—(pyFkF’_1v+(pyFkF’_lw+Vp=ng, inQx17, (7¢)
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kf kf kf
—V-(—w>+AIa+A:VSv—V-(—vp>=—v.<—g>, inQx17, (7d)
g YF g

with the following set of boundary and initial conditions:

u=i, onl,x1, (8a)
(C:Viu—Ap)-n=H1, onl X1, (8b)
F
<k—Vp>~n=q, onl, xT, (8c)
YF
p=p, onl',x1, 8D
u(x,0) =u, x€Q, (8e)
v(x,0) = vy, xeQ, (89
p(x,0) = py, x€EQ, (8g)

where @, 1, g, and p are the prescribed boundary displacement, traction, fluid flux and excess pore pressure, respectively, whereas u,
v, and p, are the initial displacement, solid velocity and excess pore pressure. The solid velocity definition and generalized Darcy’s
law along the domain boundary and at the initial instant close the formulation:

v=u, on'xZ, (%9a)
K
w=———>Vp+uv, onI'X1T, (9b)
PrF
KF _
w(x,0)=———Vp, + vy, xeEQ. (99
PYF

Following the usual notation, let us denote by H'(Q) and H'(Q) the Sobolev space of scalar and vector functions, respectively,
whose first derivatives are square-integrable, i.e., they belong to the Lebesgue space L2(Q); by H(div; Q) the Sobolev space of vector
functions with square-integrable divergence; by H(; (Q), H (l)(Q) and H ;(div; ) the corresponding spaces with null trace on I', and

by H'/2(I') the space of square-integrable traces on I' of vector functions in H'(€). Introducing the spaces:

U={ueH(©Q) | ulru=aeH1/2(F)}, (10a)

V={reH'Q) | vlr=aec H'/*I)}, (10b)
F

W={we H(div;Q) | w|r=—k—Vp+v}, (10c)
PYF

P={peH,Q). (10d)

the weak form of the IBVP (7) reads: for every time ¢ € T find {u,v,w,p} € U XV X W X P such that:

a(y,u,v) =0, Vy € H)(Q), (11a)

by, u,v,w,p) = W, pglo + W.Dr , Vy € H(Q), (11b)

c(p.v.w.p)= (. prglo~ (b n.pr,. Ve € Hy(div,Q), (110)
F

d(n,v,w, p) = (n, div %g)g Fondr,. Ve H@, a1d)

where a(-), b(+), ¢(+), and d(-) are the bilinear forms:

a(y,u,v)=(y,i)g — (y,0)q, (12a)
by, u,v,w,p) =y, pS ) + (W, p" W) + (V. C : Viu)g — (Viy, Ap)g, (12b)
c(p.v.w,p) = (¢, ppw)g — (b, @rpk™'v) + (b, @rpk™ ' w)g — (div ¢, p)g. (120)
kf kf
d(n,v,w,p) = (y,div y_w)g +m,Ap)g + (1, A : Viv)g + (Vn, - Vp)a, (12d)
F F

. . . . . d . .
and (:,-)q denote the inner products of scalar functions in L%(Q), vector functions in [L2(€2)]°, or second-order tensor functions in
dxd . . . .
[L2(Q)] x , as appropriate, and (-, ')r* denote the inner products of scalar functions or vector functions on the boundary T',..

4
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3. Numerical model
3.1. Space and time discretization

By approximating the weak form (11) via a Finite Element approach and replacing the continuous with the corresponding discrete
spaces, the following system of 1% order differential equations in time is obtained:

Mz+Kz+f=0, (13)

where:

e zZ= [u;v;w;p]T is the vector of discrete n, +n, +n,, + n, unknowns;
* M and K are the global mass and stiffness matrix, respectively:

I, O 0 0 0o -1, 0
M= 0 MUU Mvw 0 , K= Kvu 0 0 KUp , (14)
0 0o M, O 0 Kupw Kypw Kup
0 0 M, M, 0 K, 0 K,,
- f=10; fu;fw;fp]T is the vector collecting the forcing functions and natural boundary conditions for the solid velocity (f,), fluid

velocity (f,,), and pressure (fp).

Full details on the specific form of every block of equations (14) are reported in Appendix A.
The differential-algebraic system (13) is solved in time by the standard 9-Method, which leads to the following recurring expres-
sion of the residual:

b= oK, + Mr
T T Ar

M,
] Lyt — [Az’ - —.9)1(,*] 2, + 96, +(1—-9F, =0, (15)

n n

with time t* = 9¢,,, + (1 -9)¢t,, 9 €[0,1]. Equation (15) is weakly non-linear because of the compressibility of the phases, hence
a Newton scheme is implemented. We require the norm of the residual b to be smaller than a prescribed tolerance, otherwise a
correction of the solution vector z,,; is necessary. This update is computed at Newton step i + 1 by adding the increment dz =
[du;dv;dw;dp]T to the previously computed solution vector z; il through the following linear system with size n, + n, +n,, + nyt

Adz=V, (16)

where b’ is the residual (15) computed in 2! . The system matrix A has the following form:

I,/At, =9I, 0 0
A — ’9Kvu MUU/Atn Muw/Atn '9Kup , a7
0 9K, 9K, + M,/ AL, 9K,
0 9K, M, /At, 9K, + M,,/At,

where the time increment index in the matrix has been removed for better reading.
By explicitly writing the first equation in (16), we can derive the displacement increment du:

du=9At, dv+uw  —9Anyv,  —u,—(1-9) Ay, (18)
which, substituted into the second equation, allows us to reduce the dimension of the system. This gives the reduced form for the
residual b= [b,; b,,; bp]T:

) ; . .
b, =[M,,/At, + 8°At, K, Iv, | + M, /At,w, | +9K,p,

U

+ Ky u, — [My, /A1, — (1 = )AL K, IV, — My /At,w, + (1 = 9K,,p,

ovuTn
(0) (v)
+19fn+| +(1 - 19)fnv R (19)

b, =9K,,,V' +[M,,/At, + 9K, IW + 9K,

i
n+l n+l prn+l

+ (1= 9K,V = [Myp/ Aty = (1 = 9K 1y IW, + (1 = 9K, 0,y

wuvn
+OE) (1 - 9, (20)
by, =9K,, V! | + M, [At,W | +[M,,/At, + 9K, |

n+l n+l

+(1= 9K, v, — My, /Aty W, — [M,,, /A1, — (1 — 9K, 1p,

5
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Fig. 2. Sketch of the MPR approach.

+ 90+ (1 - OfP, (21)
and the system matrix A:

My, My,

92At, K, + v v 9K,
Ap  Apw Aup
M0
A= 19va 19wa + ﬁ ’9Kwp = va Aww Awp . (22)
A A
My, M, pv pw pp
19va ar, ’9Kpp + A,

A key issue for the application of the proposed 3-field dynamic poro-elastic model in real-world problems is the efficient solution,
at every Newton iteration in every time step, of the block linear system:

Ax=b, (23)

where A is the system matrix (22), b is the residual vector (19) — (21), and x = [dV;dW; dp]T is the increment of the solution.
3.2. Linear solver

It is easy to observe that the diagonal blocks of A, i.e., 4,,, 4,,, and Apps
However, generally A, # AL , A, # A? ,and A, # AT , so the overall system is non-symmetric. Therefore, Krylov methods such
as the Generalized Minimal Residual (GMRES, [31]) or the Bi-Conjugate Gradient Stabilized (Bi-CGStab, [23]) should be used for
large-size problems.

It is very well-known that the use of a preconditioner, P~!, is necessary to accelerate the convergence of the linear solver [32-34].
Generally speaking, we denote as preconditioner P~! of A a non-singular operator whose application to a vector resembles as much
as possible that of A=!. It is not necessary to know P~! explicitly, the only algorithm needed being the sequence of operations
required to compute g € R % equal to P~!r for some given vector r € R"*"*"_ Here we use a Multi-Physics Reduction
(MPR) approach that progressively restricts the system to a single-physics problem and then prolongs it back to the fully-coupled
problem (Fig. 2). Of course, each restriction fills the reduced matrix, so that it must be carried out approximately. According to the
selected sequence of reductions, different algorithms may arise. In this work, we follow the natural sequence going from the largest
to the smallest physical block, i.e., solid velocity—fluid velocity—pressure. The proposed MPR approach can be also recast in other
similar frameworks, such as the MultiGrid Reduction [35,36] or the general algebraic method proposed in the context of coupled
contact and poro-mechanics [25,37].

Let us partition r and g as r = [rv;rw;rp]T and g = [gu;gw;gp]T, with r,, g, € R™, r,,g, € R", and r,,g, € R". The exact
application of A~! to r would require the solution of the system:

are Symmetric Positive Definite (SPD) matrices.

A8+ ApBut A8, =T,
A8yt A8 + Awpgp = Iy 24
Apugu + prgw + Appgp =TI

Compute g, from the first equation:

g = A;J (rv - Auwgw - Aupgp> s (25)
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and introduce equation (25) in the second and third equation of (24), thus eliminating g,:

{ (Aww - vaA;JAuw) gt (Awp - AwUA;leUp) gp = Iy - vaA;UlrU (26)
(pr - Ava;ul AUW) gt (App - Ava;ul Avp) g = I,- Ava;J r,
Setting:
wa = Aww - AWUAEL! Avw’ (27a)
Bwp = Awp - AM}L)A;UIAU[)’ (27b)
By = Apw = ApUAEJ Apw> (27¢)
By, =4, - APUA;ulAUp’ (27d)
the reduced system (26) reads:
{ wagw + Bwpgp = TIy-— vaA;ul r, (28)
Bu8uwt By = Tp— APUA;L}I'U

where, recalling the definitions of the related blocks ((42) and (43) in Appendix A), it can be observed that B
to (28) can be again computed by eliminating the unknown g,, from the first equation:

wws Bpp > 0. Solution

guw= Bl:ll,t (ro = AWUAL_'J r, = Buygp), (29)

thus obtaining:

(B,,— BB, B,,) 8, =1,— A, AL, — B, B ! v, + B, B! A,,Alr (30)

PO T W T Wp vv U W T wwT w PW T ww WU Ty T U

Equation (30) defines the 2nd_Jevel Schur complement:

_l'B

Cpp =By, = BB, Buyp» (1)

which can be indefinite according to the specific material properties and is generally non-symmetric. Of course, the 13- and 2"d-level
Schur complements, (27a) and (31), can be neither computed explicitly nor inverted. However, introducing approximations of A;UI s
B;L), and C-! into equations (25)-(30) can provide the vector g resulting from the application of some preconditioning operator P~!
to r. The quality of such a preconditioner basically depends on the approximations chosen for these three blocks.

A,, is an SPD linear combination of a stiffness and mass matrix (see egs. (42a) and (43a)). As such, different effective algebraic

approaches are already available from the literature, such as a classical incomplete triangular factorization:

- e -1
AL~ A = [ILU4,,)] . (32)

Since A, is SPD, the most effective ILU algorithm is the Incomplete Cholesky (IC) factorization. Other approaches are very appro-
priate as well, especially in view of the code extension to large-size problems and memory-distributed computational frameworks,
such as advanced Algebraic Multigrid methods, e.g. [38—40]. Since our code is currently written at a Matlab prototypical level, to
test the algorithmic capabilities of the proposed approach we simply rely on the approximation (32).

The matrix B, is the sum of the mass block A,,,, with the product of a “mixed” stiffness and mass block. We compute this
contribution through the Fixed-Stress (FS) algorithm:

Byw= Eww = Ay —FS(A A_lAuw)’ (33)

wv* pv

where the FS operator provides a diagonal or block-diagonal correction following the algebraic techniques introduced in [24]. The
idea underlying the FS algorithm is to provide a lumped approximation of a matrix available in the general form Q, K~ Q,, for some
square SPD K and rectangular Q, and Q,. If K is a stiffness matrix, the diagonal or block-diagonal entries of FS(Q,; K~'Q,) are
representative of the capability of deforming of the elements surrounding each node of the computational grid. From an algebraic
point of view, we consider a set of m adjacent rows of Q,, say Q(i) , and the corresponding set of columns of Q,, denoted as Qg) . The

1
i-th m X m diagonal block of FS(Q| K ‘1Q2), DO, js computed as:

D =rQ))KI;'r(QY). 34

where K|; is the submatrix of K gathered from the entries located in the rows and columns corresponding to the position of the
non-zero entries of Q(li) and 0¥, respectively (see Fig. 3 for a sketch of the K|; identification), and r(-) is a restriction operator on
the submatrix within brackets retaining the non-zero entries only. The natural way to select m is to set m = d, i.e., we consider the
block of rows corresponding to the physical unknowns associated to the same grid node, so that the position of the non-zero entries
allows for reconstructing the graph of the connections with the surrounding nodes. Equation (34) cannot be safely used if either
K is rank-deficient, because K|; could be singular, or the non-zero pattern of Qg is different from Q,, because K|; is generally

rectangular. In order to be more general, we compute the entries d® of D) using an appropriate norm of Q(li), Q(Zi) and K|;:

7
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Q, K Q,

Fig. 3. Non-zero entries gathered from K in the approximation of Q,; K~'Q, according to the FS algorithm.

_loyied
KL
for instance the 2-norm, as it is typically done in augmented Lagrangian approaches, e.g. [41].

Since B, is the sum of a mass matrix (A4,,,) and a lumped approximation of Aqu;UlAuw through the FS algorithm, a good
approximate application of this matrix is the inverse lumped one:

o (35)

E;)IIU = [lurnp(l?ww)]_1 . (36)

From a physical viewpoint, B, represents the stiffness matrix associated to the whole bulk made by both the solid part of the
porous medium and the fluid. Actually, the solid stiffness matrix A, is modified isotropically by a volumetric component, which is
consistent with the fluid deformation behavior.

Finally, the 2"-level Schur complement is the projection on the mass balance equation of the bulk compressibility effect.
Therefore, the contribution in equation (31) depending on B,;‘lv has the physical meaning of an elastic storage term that can be
approximated in the following way:

Cop = Cpp = By = (B By, Buyy)- G7)
A classical incomplete triangular factorization or more advanced algebraic multigrid strategies are expected to provide effective
approximations for the application of ép_pl. In our code, we rely on a simple incomplete triangular factorization, as already done for

A-1.
Al

&l [ILU(&M,)]_I : (38)

B,,, B,, and B,, depend on the inverse of A, in a similar way as B,,,, hence they can be computed by using Fixed-Stress (FS)
operator:

B,,~B,,=A,, —FS(A,,ATIA,), (39a)

B~ B, =A,, —FS(A,, A7 A,,), (39b)

By, ~ B, =A,, —FS(A,, A7l A,), (39¢)

Notice that in equations (39b) and (39c) the FS algorithm must be used with equation (35) only, because the involved rectangular
blocks have different dimensions. The natural choice is to follow the unknowns associated to each grid node, i.e., each row of Ay is
associated with d adjacent columns of A4,,, and each group of consecutive d rows of 4, is associated to a single column of 4,,.

The construction and application of the resulting preconditioning operator P~! is summarized in Algorithms 3.1 and 3.2, respec-
tively. A left-preconditioned Bi-CGStab solver making use of P~! is recalled in Algorithm 3.3.

Algorithm 3.1 PRECONDITIONER CONSTRUCTION [A,, By, C,p, By Byyy] =cpt_pre(A).

13

1. A, =1LU4,,);

2: B, =lump[4,,, —FS(A,, A7l A,,)];

3t By, = A, —FS(4,,A7 A,,,);

4 By, =A,, ~FS(A,, A7 A,);

5: C,, =ILU(A,, —FS(4,,4;) A,,) - B, B;! B,,);
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Algorithm 3.2 PRECONDITIONER APPLICATION [g,, g,,, 8,] =app_prc(A, Zw, Eww, o

&

piws Buops Tos Ty Tp)-

L x, = Alr,;
28, =T, — AXys
3 t,=Bs,; B
4 t,= T, = AppX, — Bt
5: g,=Clt;
6 ¥, = B,y8,
7: X, =Bly,;
8 g, =t, —Xy;
9:

10:

11:

Algorithm 3.3 LEFT-PRECONDITIONED BLOCK BI-CGSTAB [X,, X,,, x,] = block_Bi-CGStab(A, b, b

w> bp’ & kmax)'

1o [x,:%,:%,]=0;

Ay B Cppr B Byl = cpt pre(A);

2;

3: [r,,r,,r,]=app_prc(A, A, B,y Cpps By, Byysbys
4: 'rw;rp];

5:

6:

7:

8: ro=Irll,;

9: i =Irlly /ro;
10: p, =rTr*;

11: while r, > € & k <k, do
12: k—k+1;
13: [v’b‘,;v* 'v;] =Ap;

w’

max

14 [9,9,:%,] = aDp_Pre(A, Ay Buips € B By Vi Vi V)
15: v:[vL,;vw;v,,];

160 a=p, /()

17: S=r—ayv;

18: u* =As; o

19: [u,,u,,u,]=app_prc(A, A, By, Cpps Bpys By U5, 1,
20: u=[uv;uw;up];

21: w=s"u/(u"u);

22: [xl,;xw;xp] - [xv;xw;xP] +ap + ws;

23: r=s-—ou;

24 r=lielly /ro;

25: Prel =T7T%;

260 f=pa/(p);
27: p < r+fp—wpyv;
28: end while

B,,.b,.b,.b,);

The overall cost for Algorithm 3.2 is roughly two ILU applications with size n

one ILU application with size ny, three matrix-

vector products with size n, X n,, two matrix-vector products with size n, X n,, two matrix-vector products with size n,, X n, and two

vector-vector products with size n,,.

4. Numerical examples

Three numerical examples have been analyzed to test the capability and efficiency of the proposed numerical model, which has
been included in the GeoMatFem [27] Matlab research code for coupled solid-deformation and fluid-diffusion simulations. In all test
cases, the inf-sup stable Q, — Q; Taylor-Hood discretization introduced in Appendix A, has been used. Furthermore, the incomplete
factorizations required for A, and 51,1, in the preconditioner construction, are computed with zero fill-in.

In the first example, the dynamic consolidation of a soil column is analyzed considering the compressibility of the individual
phases. In the second one, wave propagation in a plane domain is studied, considering a layered soil characterized by an anisotropic
constitutive model. In both cases, the results were compared using different space discretizations, time schemes and steps in order to
verify the convergence and accuracy of these dynamic processes. Finally, wave splitting phenomena are investigated in an anisotropic
and fully saturated porous material by considering the effect of a different degree of anisotropy between the solid phase and the
mixture, through the Biot effective coefficient stress tensor. The purpose of this last example is twofold: first to demonstrate that is
possible to capture this phenomenon due to the mechanical non-coaxiality of the solid medium, and second to show the robustness

and efficiency of the updated coupled FEM code.

4.1. Dynamic consolidation of a soil column

The first benchmark, taken from [28], considers a column of fully saturated soil subjected to a harmonic load (Fig. 4). Unlike the
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F(t) = 10%[1 — cos(20t))
2000 T T T T

0 0.1 0.2 0.3 0.4 0.5
Time [s]
(a) Mesh and boundary conditions (b) External harmonic load

Fig. 4. Dynamic consolidation of a soil column.

Table 1
Soil column material parameters.

Parameter Value S.L unit
E 14.52x10°  Pa

v 0.30

@ 0.33

K, 6.05x10° Pa

K, 2.20x10° Pa

k" 1072 m/s

Py 2000 kg/m?
Py 1000 kg/m?

simulations in [42,28], here we account for the compressibility of both phases. All material parameters are given in Table 1. Two
spatial discretizations, consisting of 100 (Fig. 4(a)) and 200 elements along the vertical direction, respectively, have been used, while
two values of the parameter 9, equal to 1 (Backward Euler, B.E.) and 1/2 (Crank-Nicolson, C.N.), have been assumed by using a time
step At =5-10"*s. The total number of degrees of freedom for the two grids is equal to n = 5240 and n = 10440, respectively.

Results, in terms of vertical displacement, solid and fluid velocity at the top surface of the column and fluid pore pressure on the
bottom surface, are reported in Fig. 5. Both numerical analyses give the same results, with only a very slight difference smaller than
2% on the peak values of fluid velocity as an effect of the mesh size. The overall outcome is fully consistent with the results obtained
for the same problem configuration in Reference [28]. Considering the Crank-Nicholson scheme, Fig. 6 shows the convergence
profiles of the Left-preconditioned Block Bi-CGStab for four different time steps at the second Newton-Raphson iteration for both
discretizations. A fast and stable convergence is appreciated with no significant deterioration due to the mesh refinement, despite
the use of incomplete triangular factorization for the preconditioning of the inner blocks.

By this example, we can conclude that the two spatial discretizations with Q, — Q; Taylor-Hood elements provide accurate
solutions for the dynamic analysis of a vertical soil column with compressible phases, as well as the time marching schemes with the
selected time-step size.

4.2. Wave propagation in a 2D soil domain

In the second example, taken from [28] as well, a rectangular slice of soil in plane strain conditions is subjected to an impulsive
load f(r) = 10%sin (25x1)[1 — H(t — 7)], where H(t — 7) is the usual Heaviside function and 7 = 0.04 s is the duration of the impulse
(Fig. 7). For this model, an elastic anisotropic constitutive law has been considered for both the solid phase (intrinsic) and the entire
porous material (structural), with transversely isotropic elastic constants and assuming a horizontal plane of symmetry. This allows
for the Biot effective stress coefficient tensor to be considered a diagonal matrix as usual. Furthermore, an anisotropic permeability
tensor has been adopted, with higher permeability coefficients along the horizontal direction. All the material parameters are given
in Tables 2 and 3.

The wave propagation analysis has been carried out by considering different discretizations of the plane domain, from a coarse
mesh of 21x20 elements to a fine mesh of 168x160 elements. Two types of time-marching schemes (B.E. and C.N.) and three different
time increments have been adopted.

Numerical results are reported in Fig. 8, using a constant time step Af = 1 x 10~3 s and the C.N. scheme. No variation can be noted
in the vertical displacement for the corner node C under the impulsive load as the mesh is refined, while the vertical velocity appears
to be less accurate in the coarsest discretization. Again, the most sensitive variable to the grid size is the fluid velocity, especially at

10
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Fig. 5. Dynamic consolidation results of a soil column.
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Fig. 7. Plane strain model.
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Table 2
Plane strain problem material parameters.

Parameter Value S.I. unit
E E, 15.00x10°  Pa

E, 9.00x10° Pa
Vays Vyx 0.25

Vyzs Vaz 0.30

Vaxs Vay 0.18

- _E 6

G, = T 6.00x10 Pa
G,,,G,, 3.60x10° Pa
ng 0.33

K ket 1072 m/s
kE 1074 m/s
Ps 2000 kg/m?
Pe 1000 kg/m?
K, 2.20x10° Pa

Table 3

Solid phase material parameters.

Parameter ~ Value S.I. unit
E.E, 3.0x10”  Pa

E. 1.8x107  Pa

Vays Vyx 0.25

Vyzr Vaz 0.30

Vags Vay 0.18

G, 1.2x107  Pa
G,..G,, 7.2x10°  Pa

the peak values. In Fig. 8(b), the pore pressure evolution for the internal node B is also shown. Only the coarse mesh provides higher
pressure peaks (4+6%) than the other grids.

Fig. 9(a) and 9(b) show the plane motion and fluid velocity at node A. In the first panel, it can be seen that all meshes give the
same result except for the coarsest, which differs by about 6% in some time steps, while the difference between the models is more
evident in the fluid velocity. Considering the 84x80 elements discretization, Fig. 9(c) and 9(d) show the behavior of the previous
main variables for different time schemes and steps. In both graphs, by adopting the B.E. scheme and decreasing the time increments,
At=2x10"3s, 1 x 1073 s and 5 x 10~ s (indicated in the legend as “2”, “1” and “05”), the solid motion and the speed of fluid
increase. Differently, taking the C.N. scheme and varying the time steps, the solution curves remain unchanged and are larger than
the previous ones. B.E. scheme’s stiff results, also explained in [17], are due to its artificial damping, not present in the C.N. scheme,
which provides accurate results also with relatively large time steps.

In Fig. 10 the amplified deformed mesh and the Euclidean norm of soil displacements are reported at four different time steps
with the finest mesh (168x160 elements). By this graphic representation, the propagation of the body and surface waves, from the
impulsive load to the opposite boundary, are clearly visible.

Finally, Fig. 11 shows the convergence profiles for all the different discretizations, obtained with the C.N. scheme, at given time
steps. Though a detrimental effect of the mesh refinement can be now appreciated, convergence is still satisfactorily fast and stable
throughout the full transient simulation for any grid.

In this example, plane wave propagation in a transverse isotropic porous material has been well reproduced. The model con-
sistency and stability have been verified by both progressive space and time grid refinements. All the results for this example are
consistent with the outcome obtained in [28].

4.3. 3D wave propagation

In this section, wave propagation and shear wave splitting, arising from an impulsive source, in a 3D anisotropic soil domain
have been reproduced and investigated. In general, the splitting phenomenon occurs when a polarized shear wave hits an anisotropic
medium and thus splits into two waves of different speed and orientation. In our case, specifically, we are interested in numerically
studying this phenomenon in the particular situation of non-coaxiality between the mechanical properties of the single solid phase
and the entire porous medium, which will generate a coupling between the volumetric and deviatoric stresses of the mixture, and in
turn create different shear waves.

12
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Fig. 9. Node A results for different discretizations, time schemes and steps.
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Fig. 10. Deformed mesh (amplified by scale factor 500) and contour of the norm of soil displacements |[u|| = y/u2 + u? for 2D domain. (For interpretation of the

colors in the figure(s), the reader is referred to the web version of this article.)
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Fig. 11. Convergence profiles for different discretizations of the 2D soil domain (toll = 10719).

We consider the square soil prism shown in Fig. 12, consisting of a transversely isotropic soil with the material properties of
the previous 2D example (Tables 2 and 3) and an isotropic 2-m thick surface layer. The impulsive source is a concentrated vertical
pressure of I =2546.5Ns/mm? positioned between the two soil layers and applied in 1 m? around point A. The analysis time in this

14
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Fig. 12. 3D soil model.
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Fig. 13. Wave propagation results in 3D soil domain under varying rotation of the intrinsic isotropic plane of solid phase.

case is 0.25 s. As for the boundary conditions, soil displacements and fluid velocities orthogonal to the lateral and bottom surfaces

are precluded and a zero pore fluid pressure is also prescribed on the top surface.

A set of analyses has been carried out by rotating the intrinsic isotropic plane of the solid phase along the X direction (see
schematic REV in Fig. 12), in order to catch the shear wave splitting phenomenon that arises from the different degree of anisotropy
between the solid phase and the entire porous skeleton, accounted for by the Biot coefficient stress tensor. When the intrinsic isotropic
plane is horizontal or orthogonal to the Y axis, it is possible to restrict the domain to one quarter only of the full porous prismatic
volume. By distinction, when the intrinsic isotropic plane is rotated, it can be necessary to use half or even the whole volume, if a

generic inclination is assumed. Therefore, we need to use different models of increasing size.

In Fig. 13, the time evolution of some variables of interest is plotted as the rotation angle a of the intrinsic isotropic plane
changes. Considering the vertical displacement of the point directly above the impulsive load (node C), just a small variation of u_,
equal to about 7%, can be noticed on the peak value (Fig. 13(a)). As for the vertical fluid velocities at the same node C, the vertical
displacements are slightly less pronounced but aligned with those obtained with the reference value a = 0° (Fig. 13(b)). In the two
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Fig. 14. Wave splitting for 3D soil domain.

bottom frames Fig. 13(c) and 13(d), the pore pressure evolution for the two nodes B and D are shown. No rotation (a« = 0°) produces
the same pressure diagram (black line) in both nodes, while different diagrams with higher pressure peaks are obtained when « is
varied.

Fig. 14, which plots the plane motion of four nodes belonging to the orthogonal directions X and Y, is particularly meaningful to
analyze the wave splitting effect. In the two top frames, the nearly circular shape describes the typical Rayleigh waves (plane motion
on solid surface) of the opposite nodes F and E, as a result of the combination of shear and pressure waves incident on the surface
of the medium. In contrast, the two bottom frames represent the typical motion due to shear waves orthogonal to the direction of
propagation. It can be observed that, with no rotation of the intrinsic isotropic plane, the motions of the nodes are the same (black
line). However, as a changes, the waves take different shapes between the two directions. The rotation of the intrinsic isotropic plane
induces a larger stiffness reduction along the Y direction, given the smaller stress state and reduced displacements. This important
result computationally demonstrates the shear wave splitting that arises from a different degree of anisotropy between the solid
phase and the porous matrix.

Fig. 15 illustrates the amplified deformed mesh and Euclidean norm of solid displacements at six different times. This allows the
wave propagation, due to an impulsive loading on the porous medium, to be visualized graphically. Shear and Rayleigh waves move
faster and with greater amplitude along the X direction.

In Fig. 16, the sparsity pattern for two different 3D discretizations, i.e., the finest and the intermediate mesh, are shown together
with the corresponding convergence profiles of the linear solver with « = 0° and a = 45°. In order to improve the efficiency of
the incomplete triangular factorizations, the nodal numbering in each mesh is reordered by a geometric sorting algorithm, so as to
reduce the bandwidth of the stiffness blocks K, 4. Also in these 3D complex dynamic coupled analyses, the proposed preconditioned
iterative solver always exhibits a fast and robust behavior, reaching the exit criterion in few iterations (37 and 39 on average for two
discretizations, respectively).

In summary, the numerical model here discussed is able to represent the propagation of seismic waves in the 3D space of a
saturated anisotropic porous medium and to simulate the phenomenon of shear wave splitting, also in the particular case of non-
coaxiality of the mechanical properties between the solid phase and the entire solid skeleton. Furthermore, by using a suitable spatial
and temporal discretization, the code demonstrates its robustness providing stable and accurate results.

5. Solver performance
The computational efficiency of the linear solver has been investigated in more detail as compared to the available default Matlab
algorithm (“backslash”, \). Numerical tests have been performed on a standard desktop workstation, equipped with an Intel(R)

Core(TM) i7-9800X processor with 3.80 GHz (CPU) and 32.0 GB of RAM for serial simulations. In Table 4, the performance of the
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Fig. 15. Deformed mesh (amplified by scale factor 500) and contour of the norm of soil displacements |lu|| = {/u2 + uf_ +u?2 for 3D domain.

left preconditioned Bi-CGStab solver has been summarized. As expected, in the case of 1D and 2D relatively small models, Matlab
(\) solver either outperforms or is roughly comparable to our iterative method. However, in 3D models the use of preconditioned
iterations is mandatory. Notice that even our prototypical Matlab implementation run on a standard desktop PC is able to solve 3D
coupled models with up to 1.2 million unknowns, while the \ direct solver fails for memory issues at about 300000 unknowns. These
results, along with the algorithmic robustness shown in all numerical experiments, provide evidence that the proposed approach
appears to be very promising for a future high-performance implementation.

A thorough theoretical analysis of the properties of the proposed preconditioner is not easy because the global block system matrix
A does not possess any clear structure. Therefore, the quality of the preconditioner has been experimentally assessed by comparing
the eigenspectrum of the native system matrix A and that of the preconditioned matrix P~!A. For this analysis we consider a coarser
discretization made of 12x 12 x 12 F.E., similar to the model in Fig. 12 and totaling 8281 nodes and 30212 dof. Fig. 17(a) and the
upper part of Table 5 provide evidence of the pronounced non-symmetric nature of A, which has two clear eigenvalue clusters largely
apart one from the other (around 10~ and 107, respectively) and very large imaginary parts (up to about 10*). By distinction, the
eigenspectrum of the preconditioned matrix P~'A (Fig. 17(b) and lower part of Table 5) is very well clustered between 0.04 and
1, with almost negligible imaginary parts around 1073, It is well-known that the convergence of non-symmetric solvers depends
not only on the eigenvalues of the preconditioned matrix, but also on the properties of the eigenvectors. The numerical experience,
however, shows that a preconditioned matrix with a clustered eigenspectrum sufficiently far from O rarely provides unsatisfactory
results. Hence, the outcome shown here appears to be quite promising for the proposed approach.

The solver robustness is investigated by a sensitivity analysis on: (i) the rotation a of the axis of the transverse anisotropy
constitutive model, and (ii) the type of anisotropic elastic constitutive model. We still consider the 3D wave propagation problem,
but now use a mesh refinement corresponding to 21 X 42 x 20 F.E., which totals 295552 dof. Fig. 18(a) plots the total solution time
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Fig. 16. Pattern and convergence profile for two different 3D discretizations (toll = 1071°).

Table 4
Left preconditioned Bi-CGStab solver performance.

Case  Mesh Nodes dof,, CPU Time [s]

Bi-CGStab Matlab (\)

1D 1x1x100 1208 2000 0.12 0.02

1D 1x1x200 2408 4000 0.19 0.04

2D 1x21x20 3148 8552 1.50 0.69

2D 1x42x40 12173 33969 5.67 3.85

2D 1x84x80 47863 142028 36.21 65.14
2D 1x168x160 189803 566384 665.46 960.01
3D 12x12x12 8281 30212 55.24 1011.54
3D 21x21x20 39248 148804 74.29 1303.28
3D 25x25x24 65624 254224 276.69 1932.60

3D 21x42x20 77153 295552 325.86 -
3D 25%50x24 129349 504124 735.05 -
3D 42x42x20 151661 586948 956.24 -
3D 50x50x24 254949 999649 2663.80 -
3D 42x42x40 297861 1159788 3367.95 -

of the linear system with respect to different rotations of the isotropic symmetry plane. Two scenarios are considered, namely the
rotation of the isotropic plane of the solid matrix (red profile) and the rotation of the isotropic plane of the entire porous matrix
(blue profile). In both scenarios, a variation of @ causes a relatively small impact on both the total solution time and iteration count.
The variation is at most equal to 7% for a =45° in the case of non coaxiality of the porous matrix and 17% for the rotation of the
material axes of the entire porous medium at the same angle.

18



N. De Marchi, G. Xotta, M. Ferronato et al. Journal of Computational Physics 510 (2024) 113082

-10* 1073
T 4
s i
0.5
__E: (L]
—0.5|
—11 B
1 1 1 1 1 1 1 4 I I I I I
107¢ 107* 1072 10° 102 10* 109 0 0.2 0.4 0.6 0.8 1
Re Re
(a) Eigenvalues of original matrix. (b) Eigenvalues of the preconditioned ma-
trix.
Fig. 17. Eigenvalue distribution for a 12x12x12 3D mesh.
Table 5
Extreme eigenvalues for a 12 x 12 x 12 3D mesh.
Eigenvalues Re part Im part
AA) i 2.0391x1077 0.0
AA) xmax 3.7633x10° 0.0
AA)Y max 2.5166x10° 9.0827x10°
AP'A) i 0.0381 0.0
AP A) yper  1.0409 0.0
AP Ay e 0.7949 0.0028
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Fig. 18. CPU time solution (continuous line) and number of iterations (dashed line) with respect to anisotropy.

A similar outcome is obtained by varying the type of anisotropic elastic constitutive model (Fig. 18(b)). Employing 7 different
behaviors for the porous medium (the same type of anisotropy has been assumed for the solid phase), solution times and iteration
counts are shown as a function of the corresponding number of independent elastic constants. Horizontal axis has been built starting
from the isotropic material, with two elastic parameters E = 12.00 X 10° Pa and v = 0.3. Then, the cubic model has 3 independent
parameters E, v, G, the transversely isotropic depends on 5 parameters (Tables 2 and 3), up to models where the number of elastic
symmetries (see [16] for further details) is reduced until the triclinic material, which requires 21 different parameters for the
description of its mechanical behavior. Also from this analysis, it can be appreciated that the solver is very marginally affected
by the variation of the constitutive model and is able to solve the linear system on average in the same time, at most with a 5%
difference. Notice that there was no need of operating on the parameters of the selected inner preconditioners, such as the triangular
factorizations. All the test cases have been solved by simply assuming zero fill-in for both the IC and ILU factorizations used for A4,
and C »p» Tespectively.

All the tests above highlight the robustness of the proposed approach, which is able to solve effectively the problem at hand with
approximately the same computational effort, regardless of the rotation of the isotropic plane and the type of constitutive model.
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6. Conclusion

In this work, a multi—field coupled dynamic model for anisotropic porous materials has been developed and implemented. The
mathematical formulation accounts for the intrinsic and macroscopic constitutive property of the poro—elastic material, through an
extension of Terzaghi’s stress principle. The numerical solution to the governing coupled PDE:s is obtained by using a FEM framework
together with the implicit monolithic 9-method as a time-marching scheme.

A significant issue for this type of model, which often limits its use in practical 3D applications, relies on the coupled multi—
physical nature of the resulting discretized system of equations that require ad hoc solver developments for large-size 3D applications.
In this work, a specific preconditioned iterative algorithm, used for solution of the ill-conditioned multi-block non-symmetric systems
that arise from the selected discretization spaces, is presented. The application of the proposed algorithm turns out to be robust and
computationally efficient even in the prototypical Matlab implementation tested herein, allowing for the solution on a standard
desktop PC of complex 3D models with up to 1.2 million unknowns. Numerical applications have been analyzed to investigate the
shear wave splitting phenomenon in a 3D anisotropic soil setting. The results show the capabilities and the potential of the proposed
numerical model for complex multi-field dynamic simulations. Further work is ongoing to move from the current prototypical Matlab
implementation of the GeoMatFem research code to a high-performance version.
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Appendix A

A.1. Finite element details

A Finite Element approach is used to approximate the weak form (11) of the coupled dynamic differential equations for a fully

saturated porous material. The following approximations u”, v", w", p* are introduced for the unknown fields:

ny ny Ny "p
W=y, o= Y g0, wh=Y ¢ w0, ph=Y nxpo, (40)
i=1 i=1 j=1 i=k

where n,, n,, n,, and n, denote, respectively, the number of degrees of freedom for the displacements (u;), solid velocities (v;),
fluid velocities (w i), and pressures (p;), collected in the vectors u € R", v € R", w € R", and p € R"». The vector functions y;,
¢;, and the scalar functions 7, are the basis for the finite element approximation spaces. For instance, a consistent inf-sup stable
discretization is generated by Q, — Q, Taylor-Hood elements. By defining a partition 7" of Q made of non-overlapping elements Q¢,
the basis functions in equation (40) can be set as follows:

v, €SI Q) ={y e H'(Q),ylg €[QyQ)) VQ € T"}, i=1,...,n,, (41a)
$; € SM(Q) = (¢ € H(div; Q). pl o €[Q(Q)] VQ* € T"}, i=1,..,n,, (41b)
nkeS}f‘(Q):{neHl(Q),nIQeGQI(QE)VQQET”}, k=1,...n, (41c)

with Q;(2°) and Q,(€2°) the space of d-linear and d-quadratic polynomials in Q°, respectively. With the space selection (41), we

have n, = n,, n, > n,, and n, <n,, (n,=n,,/d).
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By introducing the approximations (40) into the weak form (11) and replacing the continuous with the discrete spaces (41), we
obtain the system of 1% order differential equations in time (13). The internal blocks in M and K of (14) consist of 1, ie., the
identity in R"«*"«, and:

(M) = Wi p°w)a, i=l...,n, j=1....n, (42a)
[Muw]ij=(V’i,PF¢j)97 i=1..,n, j=1,..,n, (42b)
[Mww]ij=(¢ipr¢j)Q7 i=1,~-7”w’ j=1’""nw’ (42C)
-k ) .
[Mpw],-j=(r1,-,d1v?¢j)g, 1=1,..‘,np, j=1...,n,, (42d)
[M,,);; =@, Anjq, i=1...n, j=1l..,ny; (42e)
and:
(Kl =(Vy,,C: Voyr))g, i=1,...,n,, j=1,...n, (43a)
[Kyplij =—(Vy;, Anpg, i=l..,n, j=1,...n, (43b)
[Kopolij = (i 01k 'y ))q. i=l....n, Jj=1..n, (43¢)
[Kuiolij = @ 07pk" " ))q. i=1,ny, j=1,.n,, (43d)
[Kyplij =—div ;. 11;)q0, i=1l...,n, Jj=1...n, (43e)
[K,plij =i A 2 Vg ))g, i=l...n, j=1..n, (43f)
kF
[Kpp]ij=(v’1[sy_v'7j)g, i=1,..‘,np, j=1,..‘,np; (43g)
F
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