SBV FUNCTIONS IN CARNOT-CARATHEODORY SPACES
MARCO DI MARCO, SEBASTIANO DON, AND DAVIDE VITTONE

ABSTRACT. We introduce the space SBV x of special functions with bounded X-variation in
Carnot-Carathéodory spaces and study its main properties. Our main outcome is an approxi-
mation result, with respect to the BV x topology, for SBV x functions.

1. INTRODUCTION

Functions with Bounded Variation (BV), and in particular their subclass of special functions
with Bounded Variation (SBV), provide a natural framework for studying problems involving
discontinuities, such as image processing, signal analysis, and variational problems. Over recent
years, a considerable effort was put into the study of BV functions in Carnot-Carathéodory
(CC) spaces. The aim of this paper is to contribute to this area of research by introducing
the space SBVx of special functions with bounded X-variation and studying its properties.
In particular, we extend to the setting of CC spaces the following approximation result for
classical SBV functions proved by G. de Philippis, N. Fusco and A. Pratelli in [19].

Theorem 1.1 ([I9, Theorem A]). Let Q C R™ be an open set and let u € SBV(Q2). Then, there
exists a sequence of functions ux, € SBV(Q) and of compact C*-manifolds My CC Q such that

Tue € My N Ty H (T \ Tu) = 0 and

k——+o0

B0, w € C°QN\ Top).

lur = ullgy(q)

Recall that smooth functions are not dense in BV with respect to the BV topologyﬂ, as their
closure in BV is the Sobolev space W1, i.e., BV functions whose derivatives admits no singular
part (not even “nice” jumps) with respect to the Lebesgue measure. In this sense, Theorem
provides a class of “nice” (although, clearly, not smooth) BV functions that are dense in SBV
with respect to the BV topology. As explained in [19], this result is sharp and, besides being
interesting per se, it led to the proof of a conjecture by L. Ambrosio, J. Bourgain, H. Brezis
and A. Figalli [4] (see also [33]) about a BMO-type characterization of BV functions.

Before stating our main result we need to briefly introduce the notion of special function of
bounded variation in CC spaces. A Carnot-Carathéodory space (see Definition is the space
R™ endowed with a distance arising from a collection X = (X, ..., X,,) of smooth and linearly
independent vector fields satisfying the Hérmander condition. In this paper, we will deal with
equireqular CC spaces, where a homogeneous dimension @, usually larger than the topological
dimension n, can be defined. The space BV x(£2) [13] 28] of functions with bounded X-variation
(see Definition consists of those functions u on an open set 2 C R™ whose derivatives
Xqu, ..., X,,u in the sense of distributions are represented by a vector-valued measure Dxu
with finite total variation |Dxu|. The space BV x has been the subject of intensive studies: see
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ISmooth functions are dense in BV only with respect to the so-called strict topology in BV, see e.g. B
Theorem 3.9].
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[T, (14, [16, (7, 27, 29, 30, 34, 35, 45] and the more recent [6, [7, 0, T2, (15, 21, 23, 24, 25, 39, 43,
16, 47].

In the classical Euclidean setting the space of SBV functions, first introduced in [18], naturally
arises in the study of free discontinuity problems. The first contribution of this paper is the
introduction of special functions with Bounded Variation in CC spaces (SBVx functions).
Recall ([25]) that, if u € BV x(Q), then Dxu can be decomposed as

Dxu = Du L" + Dju = DPu L™ + D%u + D,

where DY u is the approximate X-gradient of u, £™ is the usual Lebesgue measure, D% is the
singular part of Dyu, D%w is the jump part of D%u, and D5 is the Cantor part of Dxu. See
Section [2] for precise definitions.

Definition 1.2. Let 2 C R™ be an open subset of an equiregular Carnot-Carathéodory space
(R™, X) and let u € BVx(Q2). We say that u is a special function of bounded X -variation, and
we write u € SBV x (), if

(i) Dgu =0, and

(ii) the jump set J, of u is a countably X-rectifiable set.

A set is said to be countably X-rectifiable (see Definition if it can be covered, up to a set
which is negligible with respect to the Hausdorff measure H¢~1, by a countable family of C-
hypersurfaces (Definition , that provide the intrinsic counterpart in CC spaces of classical
Cl-hypersurfaces. Recall that, for classical BV functions, the jump set is always countably
rectifiable; on the contrary, in CC spaces this — i.e., the validity of condition (ii) above for every
BV x function u — is an important open problem. Let us however recall that, if the CC space
satisfies the so-called property R (“rectifiability”, see Definition , then condition (ii) in
Definition is automatically satisfied for every u € BV; see [25, Theorem 1.5]. There is a
multitude of examples of CC spaces which satisfy property R, such as Heisenberg groups, step
2 Carnot groups and Carnot groups of type x, see [25, Theorem 4.3]. In this paper we tried to
work in the widest possible generality, hence the extra requirement (ii) in Definition . For
this reason, let us also stress that our definition might be a priori different from the definition of
SBV function in metric measure spaces. We refer to [8] for a general overview of SBV functions
in metric measure spaces and to [37] for an approximation result for BV functions via SBV
functions in this context.

In Section [3| we study several properties of SBVx (or locally SBVx) functions: we collect
the main ones in the following theorem, which summarizes (some of) the results stated in

Proposition Theorem Lemma [3.4] Theorem and Theorem [3.8

Theorem 1.3. Let Q C R"™ be an open subset of an equireqular Carnot-Carathéodory space
(R™, X); then, the following statements hold:

(i) u € SBVx.10¢(Q) if and only if Du = fvg HO 'L R for some countably X -rectifiable
set R C Q with horizontal normal vy and some f € LL (R, HO™1);
(i) SBV x(2) is a closed subspace of BV x(§2);
(7ii) the space SBV.(2) of special function of (Euclidean) locally bounded variation is con-
tained in SBV x10c(€2);
(iv) for every w € Li _(;R™) there exists u € SBV x10¢(2) such that D¥u = w a.e. in Q;

(v) for every countably X -rectifiable set R C € oriented by vg, every 0 € LY(HP 'L R) and
every 6 > 0 there exists u € SBV x () such that

Diu=0vrHO'LR, |ullpg <6, and  |Dxul() < (1+06) 0]l p1po-1t gy -

Statements (ii7), (iv) and (v), in particular, provide meaningful subclasses or examples of
special functions of bounded X-variation which, in particular, turn out to form a quite large
and interesting space.

We can now to state our main result.
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Theorem 1.4. Let Q be an open subset of an equiregular Carnot-Carathéodory space (R™, X)
and let uw € SBVx(Q2). Then, there exists a sequence of functions (ug)ren C SBVx(Q2) and of
C-hypersurfaces (My,)ren C Q such that, for every k € N, J,, € My 0 T, Ju, is compact,
and

lu = tillpy o =0, e € CX(Q\ T).

Our proof of Theorem differs from the one of Theorem in that, rather than using
mollifications with variable kernel as in [19], we exploit a partition-of-the-unity argument (rem-
iniscent of [10], 20}, 28|, 47, [48]) that allows to approximate u out of a fixed compact set Cl.
A posteriori, the set Cj coincides with the jump set [J,,, which in particular turns out to be
compact itself, thus providing a slight improvement in Theorem [I.1]

We believe that Theorem will play a role in a possible, future BMO-type characterization
of BV x functions a la Ambrosio-Bourgain-Brezis-Figalli, [4]: this, in fact, was one of the original
motivations of our work, and will be the subject of further investigations.

2. DEFINITIONS AND PRELIMINARY RESULTS

Definition 2.1. Let 1 < m < n be integers and let X = (Xj, ..., X,,) be a m-tuple of smooth
and linearly independent vector fields on R™. We say that an absolutely continuous curve
~v: 10, T] — R™ is an X-subunit path joining p and ¢ if v(0) = p, v(T) = ¢ and there exist
hi, ... hy € L([0,T]) such that 7" hZ < 1 and

v (t) = Z hi (1) X;(~(t)), for ae. t €[0,T].

For every p,q € R" we define
d(p,q) = inf{T > 0 : there exists an X-subunit path v joining p and ¢},

where we agree that inf () .= +o0.

By the Chow—Rashevskii Theorem (see for instance [II, Subsection 3.2.1}), if for every p € R
the linear span of all iterated commutators of the vector fields X,...,X,, computed at p has
dimension n (i.e. Xi,...,X,, satisfy the Hormander condition), then d is a distance: the
latter means that for every couple of points of R" there always exists a X-subunit path joining
them. In this case we say that (R", X) is a Carnot-Carathéodory space of rank m and d is the
associated Carnot-Carathéodory distance.

For every p € R" and for every i € N we denote by £(p) the linear span of all the commutators
of Xi,..., X, up to order i computed at p. We say that a Carnot-Carathéodory space (R", X)
is equireqular if there exist natural numbers ng, nq, ..., ns such that

0=ng<n <--<ng=nand dim&(p)=n;, VpeR"Vie{l,...,n}

The natural number s is called step of the Carnot-Carathéodory space. If (R™, X) is equiregular,
then the homogeneous dimension is Q == Y7 i(n; — n;_1).

Notation. In the following, (R™, X) denotes an equiregular Carnot-Carathéodory
space associated with the family X = (X4,...,X,,). We use d to denote the Carnot-
Carathéodory distance associated with X, B(-,-) to denote the associated open balls, H* to
denote the associated Hausdorff k-measure and S* to denote the associated spherical Hausdorff
k-measure; on the other hand we will denote by dg the usual Euclidean distance, by Bg(-,-)
the associated open balls, by H% the associated Hausdorff k-measure and by S§. the associated
spherical Hausdorff k-measure. By  C (R", X') we denote a fixed open set and by ) we denote
the homogeneous dimension of (R™, X). Later we will also use the following notation:

e for every 1 <i < m and x € R" we write

Xi(z) = (a;1(x),...,a;n(x))
where a;; € C®°(R") for 1 <t <mn;
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e for every 1 <i < m and x € R" we write

(div X;)(z) = Z aaaxi;t (z)

t=1

e for every 1 <i<m, o € CYQ) and x € Q we write
N Op,
(Xip)(z) = ;ai,t(ﬂc)a—%(x),

e for every 1 < i < m we denote by X} the formal adjoint of X}, i.e., for every ¢ € C'(Q),

z € ) we write
* — . a(a’i7tw> .
(Xig)a) =Y Z5e2 )

t=1
e given a Radon measure p, we use the notation

1
udp, == —/ udy,
]{1 1(A) Ja

to denote the average integral of a measurable function v on a u-measurable set A with
1(A) > 0;

e we will consider a Riemannian metric, namely a smoothly varying family of scalar
products (-,-), = (-,): R” x R" — R which makes the horizontal vectors X1, ..., X,,
orthonormal at every point p € R".

Definition 2.2. We say that u € L} () is a function of locally bounded X -variation, and we
write u € BV x10.(€2), if there exists a R™-valued Radon measure Dxu = (Dx,u,...Dx, u) on
Q2 such that, for every open set A CC €, for every 1 < i < m and for every p € C!(A) one has

/(pd(DXiu) = —/ uX pdL".

A A

Moreover, if u € L'(Q) and Dxu has bounded total variation |Dxul|, then we say that u has
bounded X -variation and we write u € BV x(2).

Definition 2.3. For every u € BV x(Q2) we define the norm

[ellgy @) = 1ull 1) + [Dxul(€).
The space BV x(£2) equipped with the above norm is a Banach space.

Definition 2.4. For every u € BVx () we decompose
Dxu = D%u+ Dyu

where D% u denotes the absolutely continuous part of Dxu (with respect to the usual Lebesgue
measure L") and D% u denotes the singular part of Dxu.

Definition 2.5. We say that a measurable set £ C R" has locally finite X -perimeter (re-
spectively, finite X -perimeter) in € if its characteristic function yg belongs to BV x..(2)
(respectively, yg € BVx(Q)). In such a case we define the X -perimeter measure Pj of E as

Definition 2.6. Let Q C (R", X) be an open set and f: Q — R. We say that f € CL(Q) if f
is continuous and its horizontal gradient X f .= (X1 f,..., X;nf), in the sense of distributions,
is represented by a continuous function.

Definition 2.7. Let u € L{. (), 2 € R and p € Q. We say that z is the approzimate limit of
u at p if

lim |lu — z|dC™ = 0.
r—0 B(p,?")
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If the approximate limit of u at p exists, it is also unique (see [25, Definition 2.19]). We hence
denote by u*(p) the approximate limit of u at p and by S, the subset of points in €2 where u
does not admit an approximate limit.

Definition 2.8. Let u € L} () and p € Q\S,. We say that u is approzimately X -differentiable

loc

at p if there exist a neighbourhood U C Q of p and f € C'%(U) such that f(p) =0 and
lim |u—u*(p) = fl

r—0 B(p,?") T

ac" = 0.

The set of points in €2 where u is approximately X-differentiable is denoted by D,,. The vector
X f(p) € R™ is uniquely determined (see [25, Proposition 2.30]): we call it approzimate X -
gradient of u at p and we denote it by DYu(p). Similarly, we write D u(p) := X;f(p) for
every i € {1,...,m}.

The next two results collects some of the “fine” properties of BV x functions proved in [25].

Theorem 2.9 ([25, Theorem 1.1]). Let u € BVx (). Then u is approximately X -differentiable
at L"-almost every point of 2. Moreover, the approximate X -gradient coincides L™-almost
everywhere with the density of D%u with respect to L.

Theorem 2.10 (|25, Theorem 1.3]). There exists A\: R™ — (0, +00) locally bounded away from
0 such that, for every open set Q C R"™ and every u € BV x(Q)

|Dxu| > Mu™ —u” [HO L T,
Moreover, for every Borel set B C § the following implications hold:
(1) HOH(B)=0 = [Dxul(B)=0;
(2) HO(B) < 400 and BNS, =0 = |Dxu|(B) =0.
We now spend a few words about intrinsically C* (or C'}) hypersurfaces and the notion of
X-rectifiability.

Definition 2.11. We say that S C (R", X) is a Ck-hypersurface if for every p € S there exist
r>0and f € Cx(B(p,r)) such that the following facts hold:

(i) SNB(p,r)={q € Blp,r): flq) =0},
(ii)) Xf #0on B(p,7).
We define the horizontal normal to S at p € S as
_ X[
= )

Notice that vg(p) is well defined up to a sign and, in particular, it does not depend on the
choice of f, see [25, Corollary 2.14].

Definition 2.12. Let S C (R", X). We say that S is countably X -rectifiable if there exists a
family {5}, : h € N} of Ck-hypersurfaces such that

He! <5\ U sh> =0.

heN

Moreover, if HO71(S) < +o0, we say that S is X -rectifiable. We define the horizontal normal
of a countably X-rectifiable set S at p € S as

Vs(p) = Vsh(p) 1fp - Sh\ U Sk
k<h

Notice that vg is well defined, up to a sign, H? -a.e., see [25, Proposition 2.18].
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The following Lemma provides an equivalent definition of X-rectifiability; although not dif-
ficult and probably quite known (see [36, Lemma 2.4] for a proof in Heisenberg groups), we
include a proof for the sake of completeness.

Lemma 2.13. A set R C (R", X) is X-rectifiable if and only if, for every e > 0, there exists
a Ck-hypersurface S. C (R", X) such that H~(S.) < oo and

HO YR\ S.) <e.

Proof. Since R is X-rectifiable we can write

RCSulJs

ieN
where Sy is a H? l-negligible set and, for every i € N, S; is a Ck-hypersurface. It is not

restrictive to assume H?1(S;) < oo for every i € N. For every e > 0 there exists a positive
integer M such that

HQ_l (R\ U Sl> < E

We define the C-hypersurface S| := {p € S, : d(p,dS;) > 1}, where 35} := S} \ S} and 7, is
chosen so that

HOYRNOS,) =0 and HOUY((RNS)\S) <

IS

Let us prove that such r; exists: for r > 0 we define the set
Si(r) ={p € Sy :d(p,0S;) > r}.

Since {RN9S(r) : r > 0} is a family of uncountably many pairwise disjoint subsets of R and
HOY(R) < 0o, then HY" Y (RN S} (r)) = 0 for arbitrarily small 7 > 0. Moreover, since RN S;
is the union of the nested sets (RN Sy) \ Si(r), we have, by the continuity of measure, that

HO (RN S\ S () =5 0.

Reasoning by induction, for every i = 2,..., M we can define the C'%-hypersurfaces

gz{pe&\ughdeﬁ<&\uaj>>q}

where we used the fact that S; \ U, <Z.S_J’. is a C'%-hypersurface and r; > 0 is chosen so that

HYYRNOS) =0 and H@4<Rﬂ(&\Ly§>\$><22T

J<t
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Now consider S, = Uf\il S!, which is a Ck-hypersurface because it is union of finitely many

Ci-hypersurface at positive distance from each other. Then

HO(R\ 5.) < HO™ (R\ U 5i> R (Rm (U Si) ' (U Sg))

i<M i<M J<M
g _ /
< §+7-LQ U ((RﬂSi)\ U 53))
i<M G<M

e (Y e (09))
~sene (U (w0 (U5 15))

i<M j<i

<,
where we used that H9~'(R N 85Sj) = 0. Finally we observe that
HOTN(S) =) HONS) <) HON(S) < o0
i<M i<M
This proves one implication, the other one is trivial. O

Definition 2.14. Fix p € (R, X), R > 0 and v € S™" . Let f € C%(B(p, R)) be such that
f(p) =0 and I§§EZ§I = v. For every r € (0, R) we set

B, (p,r) = B(p,r) N {f > 0},

B, (p.r) = B(p,r) N {f < 0}.

Definition 2.15. Let u € L} () and p € 2. We say that u has an approzimate X -jump at p
if there exist u™, 4~ € R with ut # v~ and v € S™! such that

(3) lim |u —u"|dL” = lim lu —u~|dL™ = 0.
"0 B () "0 B (o)
The jump set J, is defined as the set of points where u has an approximate X-jump. Notice
that condition does not depend on the choice of the function f used to construct the sets
Bf(p,r) and B (p,r), see [25, Proposition 2.26 and Remark 2.27].
It is worth remarking that, by [25, Theorem 1.2 and Remark 2.25], the Hausdorff measure
H%~! on the jump set is o-finite.

Remark 2.16. It was proved in [25, Theorem 1.5] that, if (R™, X) satisfies the additional
property R (see Definition below), then the jump set 7, is countably X-rectifiable. It is
worth recalling that Heisenberg groups, Carnot groups of step 2 and Carnot groups of type *
all satisfy property R, see [25, Theorem 4.3].

Definition 2.17. We say that (R™, X) satisfies the property R if for every open set 2 C R" and
every I/ C R™ with locally finite X-perimeter in 2, the essential boundary 0* EN¢2 is countably
X-rectifiable. Let us recall for completeness that the essential boundary of a measurable set F
is O*FE = R™\ (Ey U Ey), where for A € [0,1] we denote by E) the set of points p € R™ where
E has density A, i.e.,

lim L'(EN B(p,r))

ML B

We are ready to introduce the jump part of the derivative Dxu.



8 M. DI MARCO, S. DON, AND D. VITTONE

Definition 2.18. Let u € BV x(£2). We define the jump part of Dxu as
D&u = Diul J,
and the Cantor part of Dxu as
DSu = Dul(2\ Ju).

Remark 2.19. If (R", X) satisfies both properties R and D (see Definition below), then
the jump part has the representation

Diu=o(-,vz)(ut —u )y, S L T,

for a suitable function o: R" x S ! — (0,400); see [25, Theorem 1.7]. Again, Heisenberg

groups, Carnot groups of step 2 and Carnot groups of type * all satisfy both properties, see [25],
Theorem 4.3].

Definition 2.20. We say that (R", X) satisfies the property D if there exists a function o :
R"™ x S™1 — (0, +00) such that, for every Ck-hypersurface S C R™ and every p € S, one has

lim S9SN B(p.1)) = o(p,vs(p)).

r—0 re@-1

We mention that the validity of property D is related to the broader problem of computing
the Federer density for the perimeter measure of surfaces; see, e.g. [311, 38| 40, [41]. If property D
holds, then the function o of Definition [2.20] is actually explicit in many cases, see e.g. [22, 42].

We conclude this section with a couple of technical results that will be useful in the sequel.

Proposition 2.21. Let u € BVx(Q).
(i) Let £ € C°(Q2). Then u € BVx(Q) and

Dy, (u€) = €Dx,u + uX;EL".

(ii) Let K € C*(Bg(0,r)) be spherically symmetric. Then ux K € C*(Q) and for any
y € Q such that dg(y,0Q) > r one has

Xi(ux K)(y) = (Dx,ux K)(y) + Ri(u, K3 y)

where
@) Riu Kiy) = /Q a(@) (div X)) (@)K (2 — y) — (Xily) — Xi(2), VE (z — y)))da.

Proof. Let us first prove (i). Let ¢ € C!(Q). We have

_/Qwﬁd(Dxiu) :/UX:(Sog)dﬁn:i:/ua(Cg’—?d,C":
Z/ ub a”(p dﬁn*Z/wamat _

= / uE X odL™ + / wpX;EdL".
Q Q
Rearranging the equation we get

[ wexipaer = = [ patuxisen - [ gaepxa

which implies
Dx,(u) = uX;L" + £EDx,u.
For a proof of (i7) see [35, Lemma 2.6] and [32]. O
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Lemma 2.22 (|28, Lemma 1.2.1 (i)]). Let W.: R* — R be, for ¢ > 0, a family of measurable
functions supported in Bg(0,¢), satisfying |We(z)| < Ce™ for some positive constant C' and
fBE(O 9 W.(x)dx = 0. Then for every u € L'(Q) we have

ligtl) [[We = UHLI(Q) = 0.

3. SPECIAL FUNCTIONS OF BOUNDED X-VARIATION

We start by introducing the main object of this paper. From now on, 2 C R" is a fixed open
set.

Definition 3.1. Let u € BV x(£2). We say that u is a special function of bounded X -variation,
and we write u € SBV x(Q), if

(i) Diu—0,

(i) J, is a countably X-rectifiable set.

If wis in BVx0.(€2) only, we say that u is a special function of locally bounded X -variation,
and we write u € SBV x10.(€2).

As explained in Remark 2.16] when (R", X) satisfies property R then condition (i) in Defi-
nition is always automatically satisfied by any u € BV x 1o.(£2).

We now provide an equivalent definition for special functions of bounded X-variation that
will be useful in the sequel.

Proposition 3.2. The following statements are equivalent:
(Z) u € SBVXJOC(Q),'
(1)) u € BVx10c(Q2) and there exist a countably X -rectifiable set R C Q and a functiorﬂ
f: R — R such that
Diu= frvg HY 'LR,
where vy denotes the horizontal normal to R.
Moreover, the jump set J, coincides with Ry := {p € R: f(p) # 0} up to HO '-negligible sets.
Proof. Assume (i); then, the jump set J, can be covered, up to a H% l-negligible set, by

countably many C%-hypersurfaces (S;);en, that we may assume to be pairwise disjoint. Since
|Dxul|(S; \ Ju) = 0 for every j, we obtain
Diu = DYu=DxulJ, =Y Dxul(J,NS;).
jeN
Observe that, locally, each hypersurface S; separates the space R" into two X-regular open
sets (see [47]): denoting by PjX the measure on S; defined locally as the X -perimeter measure

of (each of) these two components, using [47, Theorems 1.4 and 1.6] (see also [25, Proposition
3.7]) one finds

Diu = Z(zﬁ —u s, PXL T,
jeN
where u* are the traces (see [47]) of w on S;. By [3, Theorem 4.2] we further obtain
Diu = Z(zﬁ —u ) A vs, HO ' L(T, N S;)
jeN
for a suitable A: |J;S; — (0,400). Up to changing the sign of vz, we can write vz, = vg,
HO 1-a.e. on J, N S;, hence concluding that
Diu = Z(u+ —u ) Avg, HO'L(JLN'S)),
jeN
which proves (i7) with R := 7, and f := (u™ —u")A\.

20bserve that necessarily f € LL (R, H®™1), for otherwise u & BV x 10c(€2).

loc
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Concerning the opposite implication, assume (i7); clearly, it is not restrictive to assume that
R = Ry. Cover R, up to a H? T-negligible set, by countably many C%-hypersurfaces (S;);en,
that we may assume to be pairwise disjoint. Using again [47, Theorems 1.4 and 1.6] (see
also [25, Proposition 3.7]) and [3, Theorem 4.2], for every fixed j we have

Diul S; = (ut —u ) Avg,HO LS,

where again u® are the traces of w on S; and A: S; — (0,400). On the other hand, by
assumption, we have

DxulS; = fur HO ' L(RN S)),
which implies that (up to a change of sign for vz and f)
ut —um =0H ae on S;\ R,
(ut —u )A = f # 0 and vs, = vg H¥ "-ae. on S;\ R.

Therefore, H? '-a.e. point of R N S; is an approximate X-jump point and, in particular,
HO YR\ J.) = 0. The proof will be accomplished if we show that H?~!(7, \ R) = 0; if,
instead, H9 (7, \ R) > 0, then by [25, Theorem 1.3 (i)] we would obtain

| Diul(Ju\ R) = [Dxu|(Ju\ R) >0,
which clearly contradicts assumption (7i). This concludes the proof. O
The following theorem provides our first main result about SBV x functions.
Theorem 3.3. The subspace SBV x(£2) is closed in BV x(£2).

Proof. If I is finite or countable, u; € SBVx({2) for any i € I and ), , u; converges to u €
BVx(€) in the BV x norm, then Dxu = .., Dxu;. Since ), D%u; is absolutely continuous
with respect to £L" and ) . D%w; is singular, we have

DSu = Z DS u;, Diu = Z D5

iel il

Proposition [3.2] implies that u € SBV x(€2), hence SBV x(Q) is closed in BV x (). O
In the following lemma we denote by Du = (Dju,...,Dyu) the derivatives of u in the

sense of distribution; moreover, when p = (i1, ..., u,) is a vector-valued Radon measure and

X(z) = (a1(z),...,an(x)) is a smooth vector field, we denote by (u, X) the (scalar) Radon
measure y ., Gl

Lemma 3.4. The following statements hold:

(1) BViee(2) € BV x10c(Q2) and Dx,u = (Du, X;) for everyi=1,...,m.
(77) SBV16c(€2) € SBV x16c(€2).

Proof. (1) Let u € BV),.(€2). For every open set A CC €, for every 1 < i < m and for every
¢ € CH(A) we have

- d(a; ) / .
X odl" = —LdL"t = — d it D ,
/AU i P ;/AU o, ASD Z(a D)

t=1

as claimed.
i1) For every u € SBV..(Q) we write Du = D*Pul™ + (uf, — up )wPHE L TE, where
(i) Yy E E E u

D*Ey denotes the (Euclidean) approximate gradient of u, JF is the (Euclidean) jump set of u

E E

oriented by its (Euclidean) unit normal v = (vF,...vF) and v} and uy are the (Euclidean)

traces of u on J.F. By statement (i) we know that u € BV x 1,.(€2) and
Dx,u = (D"Fu, X;))L" + (u}, — up) (", X)) HE 'L TE.
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We know that JF is countably rectifiable in the Euclidean sense, hence, up to modifying J.*
on a M5 '-negligible set, there exists a countable collection of Cl-hypersurfaces (S;);ey such
that

T clJss
jEN
Without loss of generality we can assume that the C'-hypersurfaces (S;) ey are pairwise disjoint;
in this way v* coincides with the Euclidean unit normal ugj to Sj on JFNS;. For every j € N
we introduce the characteristic set S5 C .S; as

St i=A{p € S; : span(Xy(p), ..., Xm(p)) C T,5}.
For p € JF let k € N be such that p € Sy; if p € S, then (X;(p), v (p)) = (Xi(p), V& (p)) =0

for every i € {1,...,m}, hence we can rewrite Dy, u as
(5) Dx,u = (X;, D*Pu) L™ + (uf, — up)(Xi, vV )YHE LR,
where

R:=7J°\J s
jeN
The set R is countably X-rectifiable because R C (J,o(S; \ S§*) and each S\ S5" is a C-

hypersurface. For p € R, let k € N be the unique integer such that p € Sy, \ S and let f be a
C! defining function for S, in a neighborhood of p; then

(vm)i(p) = Xif(p) _ (Xi(p),VI(p)) _ <Xi(p),VE(p)>|vf<p)|, Viel..m

X f(p)] X f(p)] X f(p)|

ie.,
<6> <Xi7VE> :O-l(VR>ia Vi= 17"'7m

for a suitable function oy : R — (0,+00). As in the proof of Proposition we observe that,
locally, each C'- and Ck-hypersurface S; \ Sj?h separates the space into two connected open
components of locally finite X-perimeter; combining [47, Propositions 4.1 and 4.5, Remark 4.7
and Corollary 4.14] (see also [22]) it can be shown that these X-perimeter measures have an
integral representation with respect to both K@ 1L(S;\ ") and Hy ' L(S; \ ). Ultimately,
this gives

(7) HEMLR=0HO LR
for a suitable o5: R — (0, 400). Combining (f)), (6) and (7)) we obtain
Dx,u = (X;, D*Pu) L™ + (uf — ug)o102(ve)HO LR,
ie.,
Diu = (uf — ug)oioovgHY 'L R,
Proposition implies that u € SBV x10c(€2), as claimed. O

Remark 3.5. A deeper inspection of the proof of Lemma (#7) and, in particular, of the

results from [47] that were used reveals that, if u € SBV,.(2) and R is as in the proof, then

the traces u™ equal the Euclidean ones u%

The following result is an easy consequence of the celebrated Lusin-type theorem for gradients
by G. Alberti [2].

Theorem 3.6. For everyw € L (;R™) there exists u € SBV x10.(Q) such that D¥u = w L"-
a.e. on €.

Moreover, if Q is bounded, then there exists C = C(Q2) > 0 such that, for every w € L*(2; R™),
the function u can be chosen in such a way that |Dxul(Q) < C |[w[ 11 (q)-
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Proof. Consider the horizontal vector field X, := w1 X1+ - - +w,;,, X;,. By [2, Theorem 3] there
exists u € SBV),.(£2) whose (Euclidean) approximate gradient is X,, and this, together with
Lemma [3.4] proves the first part of the statement. The second part is a consequence of the
estimate stated in |2, Theorem 3]. O

We conclude with a result, Theorem [3.8 were we provide a recipe to produce lots of SBV y
functions: in fact, any L' function on any countably X-rectifiable set can appear as the jump
part of an SBV x function.

Lemma 3.7. Let S C Q be a Ck-hypersurface oriented by a normal v, let € LY(HP1LS)
and 6 > 0. Then there exists u € SBVx(Q) such that

Diu=0vHP LS, [ull i) <6, and  [Dxul[(Q2) < (1+6) [|0] 1 30-11_s) -

Proof. Fix a countable family (B;),en of balls, contained in © and with centers on S, and
functions f; € C(B;) such that, for every j € N,

SNBj={q¢€B;: fj(g)=0}, Xfj#0onB;, Scl|]B;.
JEN

We can also assume that (X f;,v) > 0 on SN B;. Without loss of generality, we can assume
that each ball B; intersects only a finite number of other balls of the collection. Now consider
a partition of the unity associated with (B;);en, i.e., a collection of functions (;);en such that,
for every j € N,

GECTB;), 0<¢G<1, and Y ¢=lonS
jEN
Fix j € N, we define
(8) B ={q € B;: f;(q) >0}, By ={q € B;: f;j(q) <0}.

For every j, let 0; :== 6/0; € L*(S N B;), where o, is a function on S N B; with inf o; > 0 that
will be introduced later. Using [47, Theorem 1.5] we can find @; € C*°(B]") N W)l(l(B;r) such
that spt u; CC B; and

) 5 ) 5
il < 301X lcapy < (14 5 ) 168 s s
and, for H@ 1-almost every ¢ € S N B;, we have

lim @y — C;0;|dL™ = 0.
r—0 Bj(qﬂ”) J 77
where B, (¢, r) is defined as in Definition [2.14 We define u; on Q as
uj; on B;L
uj =
’ 0 on R"\ B}

By |47, Theorem 5.3 and Theorem 1.3], u; € BVx(Q2) and, for some C' > 1 and for some
HPL-measurable function o; : SN B; — [1/C, C] we have

DXUj = (XﬁJ)EnLB;_ + gjgjO_jl/%Q_l L(B] N S)
= (Xu;)L" LB} + GOvHO ' L(B; N S),

the latter implying that u; € SBVx (). The function u := 3, u; satisfies the statement of
the Lemma. ]

3Remember that W)l(’1 is the space of functions u such that both u and Xu belong to L*.



SBV FUNCTIONS IN CC SPACES 13

Theorem 3.8. Let S C Q be a countably X -rectifiable set oriented by v; let § € L*(HY 1L S)
and 0 > 0 be fized. Then there exists u € SBVx () such that

Diju = vHP LS, [ull oy <6, and  [Dxul(22) < (1+6) [|0] 1 3g0-11_s) -

Proof. Since S is countably X-rectifiable there exists a countable collection (S;)ieny of Ck-

hypersurfaces such that
e <S\ U S,;) =0.

ieN
Without loss of generality we can assume that the C'k-hypersurfaces (S;);en are pairwise dis-
joint. We extend 6 to 0 outside S and, for every ¢ € N, we define

9i = 6 S, -
For every ¢ € N we use Lemma to obtain a function u; € SBV x10.(€2) such that

; _ ) )
Dy = 0rHO LS, il < 30 and 1Dxul(@) < (14 5 ) Il

The function u = ), u, satisfies the statement of the Theorem. O

4. PROOF OF THEOREM [L.4]

4.1. Construction of the approximating sequence. This section is devoted to the con-
struction of the approximating sequence (ug)ren of SBV x functions that will be used to prove
Theorem . In the following Construction we start by proving that, if u € BVx(2) and
J. is countably X-rectifiable, then it is possible to approximate 7, with a X-rectifiable set
that can be in turn approximated with a Ck-hypersurface. We underline that the following
construction is valid, as a particular case, for functions u € SBV x(Q2).

Construction 4.1. Fix u € BV x(Q2) with a countably X-rectifiable 7,. For every n > 0 we
define the set

1
(9) Tum = {x € Ju:|ut(z) —u (z)] > 5} N B(0,7n).
Since the jump set J, is countably X-rectifiable, also 7, is countably X-rectifiable for every
n > 0. Let us moreover observe that the set 7,, is X-rectifiable, i.e., that H9™(J,,) < oo.

In fact, thanks to Theorem there exists a positive constant C' > 0, only depending on n
such that

HO (Joy) < Ol Dcul(©).
Since the family [, , is increasing and invades J, when n — 400 we also have

n——+00

| Dxul(Tu\ Tun) 0
so that, for every k € N, we can choose an 7 > 0 such that (n)ken is increasing and
1
(10) Dxel(Fu\ Fum) < -

For the sake of brevity let us write J* := J,,,.. Now, for every § > 0, using Lemma [2.13| we
can find a C'%-hypersurface M; such that

HOH T\ Ms) < 6.
By Theorem one has |Dyu|LJ, < HO 'L J,, so for every k € N we can find a C%-
hypersurface M} such that

(1) IDxal(TE\ M) < 1

Before starting the construction of the approximating sequence we need the following Lemma.
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Lemma 4.2. Let u € BVx(Q) be such that J, is countably X -rectifiable and consider the
function
ju: Ju = R xR x S™1
xr — (u+(x),u_(x),yju(x)).

Then for every k € N there exist a compact set Cy C JF N My (where J* and M, are defined
as in C’onstmction and a representative of i, such that j,|c, is continuous and

1
(12) | Dxul (T N M) \ C) < =
Proof. By [25, Proposition 2.28] we can choose a Borel representative of j, so it suffices to use
Lusin’s Theorem [26, Theorem 2.3.5]. O

Using the previous Lemma we can construct the required approximating sequence. Recall
that we want to obtain a sequence of functions (uy)gen such that uy, € SBVx (), uy € C®(Q2\
Ju,,) and uy, converges to u in the BV x norm. Fix a representative of u € SBVx(§2) and k € N
and consider the compact set Cy given by Lemma [£.2] For ¢ € N we define the sets

1
Al = {xEQ:dE(x,Ck)>§},
A drca L capeo) < Lirrsa

We observe that
AL =a\G

¢eN
and that, for every £ € N, A intersects at most two of the sets of the family (A%);, namely
Ai“ an Ai‘l. Now for s € N we define the bounded open sets

AGY = AL O {|z]pe < 2},
AP = AN s —1<|z|gn <s+1}if s> 1.

A = 4

seN

We observe that

and that, for every 5 € N, Ai’g intersects at most two of the sets of the family (Af;l)z, namely
A,i’sﬂ an Ai’sﬂ. Consider a partition of unity on Q \ C}, associated with (Ai’sh’seN, that is,
functions &° € C2(Ay®) such that 0 < &° < 1 and 3, . & = 1 on Q\ Cy. Let us also
define

l,s l,s
(13 2t {x B da(o i) < 2EOA ) } |

Notice that Z,f’s is compact and Z,i’s C Ai’s. Fix a mollification kernel, i.e., a spherically
symmetric non-negative function K € C°(Bg(0,1)) such that [, KdL" = 1. For ¢ > 0 we
define K.(x) = e "K(x/¢e). For k € N we finally define

(14) Uy = Z( 5 Kfi’s on Q\ Cy
l,seN

where the Ei’s’s are chosen so small that, forevery 1 <t <m, 1 < h<n,1<t<n, h#t, we

havdd]

4For convenience we also define Ai =0if ¢ < 1.
SFor convenience we also define Ai’s := () if either f <1 or s < 1.
6Notice that conditions and can be requested because of Lemma [2.22
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(15) 82’3 < ﬁ,

(16) e < dE(aAivsl’gpt( ),

(17) Ko (uXi€)") — uXi&y” o < QZL =)

(18) <ug,§75%‘;§:> « W ™ ﬁ

(19) <u§£822’:> * WS{L o < m,

(20) ( ,isu) * Kff;’s — ,i’su . < ﬁ,

(21) (& DS u) % K oo — €D u @ < 2;5 =
1

(22) i < 10000 + 1)(£ + 2)’

(23) bt < !

CIVE g [l g1 255K

The number C' > 0 appearing in is a constant that will be chosen in Proposition below,
and W;As and thﬁ appearing in and are defined as
k €k

(24) Wi (z) = (K s () + 4 o (m))
o €L axt ’
h . aKEt];,s

(25) Wgés(x) = 1 o (z),

being x, the v-th component of x, v=1,...,n.

Remark 4.3. Fix ¢, s,k € N. Then for any = € Ai’s we have, using condition , that
Bp(r,e*) C AP UAPTT UAST UAT S U AT

Let us also observe that, thanks to condition (L6)), we have that spt[(£0°u) Kff;’s] C A% the
latter implying that the sum in is locally finite, hence u;, € C*(Q2\ Ck). Moreover, uy
is defined out of a L™-negligible set O, and, from R0), u, € L'(Q) and [Juy, — ul[ 11 g, LmasN
0. Later, using Lemma [4.6[ and Proposition 4.7, we will prove in Proposition that u, €
SBV x(Q).

Lemma 4.4. Let u,u, and Cy be defined as above. Then for every M > 0 and every y € Cy,
one has

lim T’_M/ lug, — u|dL™ =0
r—0 Bg(y,r)NQ

Proof. Fix r > 0 and y € Cj. From the fact that £;° € C°(AL®) and we have that

up(r) —u(r) =) Y ((gfgsu) * Ko (2) — ,‘;Su(x)), Yz € Bp(y,r)NQ

seN L={y
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where ¢y € N is defined as ¢y := [1/r] and [] denotes the floor function. From (20]) we obtain

=1
s = wll s ey < DD 204k

seN I={g

From the definition of £y and the fact that for every M > 0 one has lim,_,o+ 727" = 0 we

obtain the thesis. O

Lemma 4.5. Let u,uy and Cy be defined as above. Then for every M > 0 and for everyy € Cy,
one has

lim rM/ |ug, — u|dL™ =0
B(y,r)NQ

r—0

Proof. For any p,q € (Bg(y,1)) one has dg(p,q) < Cd(p,q) where C' > 1 is a constant only
depending on the vector fields X;’s and on a compact set K DD (Bg(y, 1)) (see [44]). Hence
for any sufficiently small » > 0, we have B(y,r) C Bg(y,Cr). The latter implies that for any
such r > 0 we have

’I“_M/ |up — uldL™ < T_M/ |ug, — uldL".
B(y,r)nQ Bp(y,Cr)nQ

The result then follows upon letting r — 0 and using Lemma [4.4] O

Lemma 4.6. Let u,u; and Cy be defined as above. Then for every y € Cy

lim lup(x) — ut (y)|de = 0, lim lug(x) —u (y)|dz = 0.
r—=0 Jp+ ( (y,7) r—=0 Jp- (y,7)
A T (V)

Proof. We will prove only that lim, o f5+ (o) lug(x) — ut(y)|de = 0, the other limit is
YTy (W
analogous. For the sake of brevity we write B := B;“J () (¥:7) and ut = wuT(y). Since

fBi lug(x) — utlde < ][+ lug(x) — u(z)|dz + ][+ u(z) — ut|de,

By By

and {1 |u(z) — ut|dx 2% 0 , it suffices to prove that

lim lug(x) — u(x)|de = 0.

r—0 BF

We observe that

£, ueo) e = g [ o) —@lde < g [ jonte) s
_ﬁ”(B(y,T)) 1 U(x) —ulx)|ladx
=L T gy )~ 10N

From [21] Proposition 2.1.5] we have % "% 9 50 the result follows upon letting r — 0, us-

ing Lemma 4.5/ and the fact that there exists a positive constant C' > 0 such that £L"(B(y,r)) >
Cr@ (see for instance [44]). O
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4.2. Estimates on the total variation. Fix £k € N, i € {1,...,m} and y € Q\ Ci. By
Proposition we have

(Xsug)(y) = X, (Z (&) * ngs) (y) = Y Xl u) * K ea](y) =

l,seN l,seN

= 3 [(Dx (0 + Koo )(w) + Rily . Koeai)| =

l,seN

> {K“X@ﬁ’sﬁ" +€ﬁ’sDin) * st;”} (y) + Ri(éi’%ffegs;m} -
l,seN

= 3 (€ D) ¢ o)+ [ Kooy = @) (X @ + R, K i)
£,seN R

For the sake of brevity let us define

@) S = [ Ky - Du@(GE ) @z, B () = R, K i)
Rn
so that
1) Caue)(s) = 3 (166D » K o) + 80 + RE0) )
£,seN

Now we want to estimate the L'-norm of the two remainders R"** and SF“*: part of the
following Proposition is a rewriting of [28, Lemma 2.1.1] in a language more useful for our
purposes.

Pr0p051t10n 4.7. If SMS and RMS are defined as above (see . and .) then for any

1=1,.
Z SW’S Z le:,e,s

l,seN l,seN

and

x| w

1
< Z
—k

LY(Q)

L1(Q)

Proof. We start by estimating SF“*. Fix y € Q\ Cy: since Y rsen XZ{,‘;’S =0, then

> S (y) ZK“ (uX:E5%) (y)

l,seN l,seN
=D Koo (X&) (y) = Y (uXi&)(y)
£,seN £,seN
=Y (K“ (uX;E0%) — uXifi’s) ().
l,seN
Using (17) and the fact that £"(Cy) = 0, we immediately obtain HZE e Shbs - < 1/k.
Ll
To estimate R, 55 we start by observing that for every y € '\ Cy one has
(28) RM(y /f d1vX O(x )Kai,s(x —y) — (Xi(y) — Xi(z), VKaf;’S(x - y)>> dx

s aai aKEE),s
(20) - Z / €& ()ula) ( S ol = ) = (sly) = auala)) 5 (o ) ) o
Now, for every y,x € Z,i’s (see ) we can expand each a;, with a Taylor’s expansion

(30) as(0) — ai(2) = 3 254 () (y — )y + Toply )
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where (y — x);, denotes the h-component of the vector y — x € R™ and
(31) [ Tia(y, 2)| < G ly — f?

where Ci’f ;f’s is a positive constant only depending on the L*>*-norm of the second derivatives of
;¢ on Zﬁ’s. Replacing into we obtain:

RE* (y) =3 /Q €44 (2)u(x) Vit (VI o (5 — y)da

axt k
‘s 8ait 8K€e,s
_ ; , _ k —\d
gglgkumwahﬁww e
n l.s aKg[,s
=Y [t Tt 5 - s
t=1 /0 Tt
=5 [ o2 @) (Koo )~ - ) )
e Dz, A A T
n aait ang,s
- €6 (e)u(r) T (1) — ) — )
th;#h Q Oxy, 0xy

n 0K
_;/Qgﬁ’s(x)u(x)ﬂ,t(y>$) or

Recall that K (and therefore K ) is spherically symmetric so that we can write
k

s n s Gai B s 8@1'
R =30 (e G i+ 30 (uer G ) ewito)
t=1

t,h=1,t+£h B
n /s aKeé,s
=3 [ @l Tty )5 (o - )
t=1 7€ Tt

where W, , and W' are defined as in (24). Then we have
€x €%

OV D 3)Y

Oa; t
ufi’s - * Wté,s
Ga:t €k

k &zch €k

£33

3&-,5
(“f“ )W

£,seN Ll(Q) l,s€N t=1 Il (© 2,s€N t%};:hl 1 Q)
(X) (79’)
- aK l,s
XS e - )| dye
e%\l ; Zy° I Bp(zey®) Oxy

N J/
-~

(©)
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From and (19) we obtain that (A) < 1/k and (B) < 1/k. Concerning (C') we have, using
and the fact tha (ef )_n_

CHIZ S / et @)1 Ty )y

and |z — y| < €%, that

l,seN t=1

CIVK S / L @uICE [y afdyds
£,5€N t=1 Bg(z.e,”)

SN SpwEEE: / 4" (@)u(o)]do
l,seN t=1

and using with the specific choice of

n
o k7£75
C = E Ciim,
t=1

we obtain (C') < 1/k, concluding the proof. O

Proposition 4.8. For every k € N the function uy defined in (14)) satisfies the following
properties:

(ZZ) U € BVX(Q),

(71) uy, € SBV x(£2).

Proof.
(i) We know from Proposition that for every £, s € N one has u,* € BVx(Q\ C}) where, for
the sake of brevity, we defined ul* = (£5°u) * Kgi,s. To prove u, € BVx(Q2\ Cy), it is enough

to show that
+ |Dx ( ui’s>
LY(Q) £,seN

As we mentioned before, thanks to (20), u, € L'(€) so that the first addend on the right hand
side of is finite. We are left to estimate the second term. Since uy, € C*°(Q\ C}) for every
i €{1,...,m}, we have that

l,s
(O

l,seN

l,s
Uy

£,seN

(32) (Q\ C)) < 0

BVx (Q\Cy)

DXiuk = qukﬁn on ) \ Ok,

meaning that

‘DXZ. ( ) Q\Cr) = [ Y Xy
l,seN l,seN L1(Q)
Hence, by the decomposition (27)), we write
Xl < || 3 €Dy » K 3 gk S bt
l,seN LY(Q) l,seN L1(Q) l,seN LY(Q)

Thanks to Proposition |4.7] we are only left to prove the boundedness of the first term of the
right hand side of the inequality above. Using [5, Theorem 2.2 (b)] we have

< D IDxul (A + ),
£,seN

> (& Dxu) * K e

l,seN

< Z H(&?SDX«LU) * Kgi’s

LY(Q) £,seN

LY(AV®)
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where we have written AY® 4 £ to denote
A ey = U Bp(z,e%%).
CIZEAQS
By Remark [4.3] we have
Ai,s +€i,s C Ai,s UAi,S-l—l UA;;,S—I UAi_l’S UAi—i—l,s
so that
IDxul(AF +21) < IDxul (A" U AR U AR U A AP,

and, finally,

> Dxul(A +¢p") <5 ) IDxul (A7) <15 [Dxul(Af) < 45| Dx,ul(9)

£,5eN ¢,5€N teN
which, together with the fact that u € BVx(Q), allows us conclude the boundedness of

Huk“B\/X(Q\Ck)'
(ii) We aim to prove that u, € BV x(€2). Suppose first that, in addition to our previous assump-
tions, we have u € C*(Q). Then Cy = 0 and clearly u, € C*(Q) C C%(Q) for any k € N,

hence

| Dix,ur] () = | Xsunll 11 g

< +

LY

+
L)

k’g?
> s

l,seN

kie7
> R’

£,seN

> (& Dxu) * K e

k
£,seN

LY(Q)
4
S 45|DX2U|(Q) + E,

the latter implying that u; € BV x(Q).

Now we drop the smoothness assumption on v and we just assume that u € BV x(£2). We
know, by [28, Theorem 2.2.2], that there exists a sequence (u')iey such that, for every t € N
we have u! € C*(Q2) NBVx(Q) and

t—+o00 t—+o00

1
e =0, Dxul|(Q) = [Dxul(Q), [Dxar’|(9) < |Dxul(Q) +

t
- uHLl(Q)
for every i € {1,...,m}. Now for every ¢t € N consider the approximation sequence (u})ren

constructed as in ([14). For the observations we just made on the approximation of smooth

functions we know that uj, € C%(Q) N BVx(Q). Let us prove that |u}, — u| 110 tortoo,

First we observe that, thanks to Remark 4.3, we have [[u[ 1) < 45 [|ul| ;1) so that

¢ — It ¢
i, — ukHLl(Q) = || (' - u)kHLl(Q) < 45]u’ — uHLl(Q) :
The inequality above shows that ||u}, — wg|| L1 2% 0. Then we observe
4 45 4
| Dy, ul () < 45| Dx,ut|(Q) + z < 45|Dx,ul(Q2) + - + z < 45| Dx,ul(€2) + 49.

Passing to the liminf for ¢ — +o00 in the above inequality and using the lower semicontinuity
of the total variation is enough to obtain u; € BVx(Q).

(iii) From Lemma [4.6] the construction of Cj in Lemma [4.2] and the fact that u, € BVx () N
C>(Q\ Ck) we obtain that uy € SBVx(Q). O

The following Lemma will be the last step needed to prove our main result.

Lemma 4.9. Let v,w € SBVx(Q) and R C J, N Jy. Letj, and j, be defined as in Lemma
[4-9 and such that j, = j, H® '-a.c. on R. Then

[Dx (v —w)|(R) = 0.
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Proof. Let us observe that v — w € SBVx(Q) and He 1 (RN S, ) = 0. In fact, for HY -a.e.
p € R one has j,(p) = ju(p) and, letting v :== v (p) = v, (p), we notice that

lim |v — w|dL™ <lim lv — v |dL™ + lim lw — wt |dL"+
r—0 B(p,?") r—0 Bj(p,?") r—0 B;r(p,?“)
+ lim v — v~ |dL" 4 lim |lw—w~|dL" = 0.
r—0 By (p/r) r—0 By (p,,’,)

The latter implies that v —w has approximate limit 0 at p, i.e., p € R\ S,_. This proves that
HOY(RNS, ) =0 and by Theorem

(33) [Dx (v = w)[(ROSy) = 0.

Moreover, the measure H?"'L(R\ S,_,,) is o-finite and Theorem implies that

(34) Dy(0 = w)|(R\ Su_) = 0.

The desired equality |Dx (v —w)|(R) = 0 follows from and (34). O

4.3. Proof of Theorem [1.4. We are ready to prove our main result, Theorem [1.4] that we
restate for the reader’s convenience.

Theorem 4.10. Let u € SBVx(Q2). Then there exists a sequence of functions (ug)gen C
SBVx(Q) and of C-hypersurfaces (My)ren C Q such that, for every k € N, J,, € My N T,
Ju, 18 compact, and

k—4o00 0o
Hu_ukHBVX(Q) =50, u, € C(Q\ T, )-

Proof. Let Cy and (ug)ren be defined as in Lemma and . By definition of BV x-norm

we have
(35) Ju = urllgy ) = llu = wkll 11 q) + | Dx(u — ur)[(€2).
Thanks to we estimate

(36) L
Concerning the other summand, we estimate
[ Dx (u — up) |(2)
(37) < [Dx(u—un)[(Q\ Ju) + [Dx(u = wp)[(Fu \ T) + [Dx (u — w)|(Ty\ M)
+ [Dx (u = up) [((Tu 0 M) \ Cr) + [ Dx (u — uge) [(Cr).

Because of Lemma [4.6] Proposition [4.§] and Lemma [£.9 we have

(38) [ Dx (u = up) |(Cr) = 0.
Then, since u;, € C*(Q\ Cy), (L0), and imply that

1
(39) | Dx (w = w)|((Fu N Mie) \ Ci) = | Dxul((Fu 0 Mi) \ Cp) < 1,

D =l \ T2) = D (T \ TE) < 7.

Dx(o— ) [(TE\ M) = | Dxul(TE\ M) < -

By Theorem one has Dyu = DFul"™ + Dg(u so that, for every i € {1,...,m},
D, (= u) | (2\ Tu) = [| D = X[ 1

2 : k0
Ri77s

0,seN

< |DRu— ) (G Dxu)x K|l + +

l,seN

2 : k¢
Sivvs

£,seN

L(Q) L(9) L)
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By Proposition [4.7]

4
40 ks kils < =
(40) >R > 8 <.
l,seN L1(Q) l,seN LY(Q)
while
Z [(f,i’sDXiu) * Ksi,s] - DYu = Z [(fﬁ’s(DiguE” + D&u)) * Kfi’s] — DY u
0,seN LY(Q) l,seN

LH(Q)

<[ D_U& DR u) * Kes] = ) &7 DR

£,seN 0,seN

> (& D)+ K e

k
l,seN

LY(Q)

+

L)
Thanks to (21]) we have

1
2,8 Tyap
(41) Y& DRuw) « Kol = > €°D <2
£,seN 2,s€eN L1(Q)
while
Z <€£’SD]XZU) * Ksé’s < Z H(f}i’sDé(lu) * Ksl’s fs\
Z,SEN k LI(Q) Z,SEN k Ll(Ak )

Fix ¢,s € N. By [B, Theorem 2.2 (b)] we can write

£,s I j l,s l,s

€k

L1(AL?)
which in turn, by Remark [4.3 - satisfies the following inclusion

AZS CAZSUA£S+1UAZS 1UA€ 1SUA€+1S

Hence . .
D (AL + <) < (Dl U AF™ U AT 0 AT U A)
Finally, we obtain
Z H(éf;’ng(,u)*Ke,s . < Z ‘D] u’(Aés AZs—i—l Azs 1 Ae 1,s A£+1S)
(3 Ek: s
(42) 4,seN LAy £,seN

< 45| Dy ul(2\ Cy) <

45

?.
Combining ,,,,,, with and letting k& — +o00 one achieves the
desired conclusion. O
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