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Abstract

The anticipative information refers to some information about future events that may be dis-
closed in advance. This information may regard, for example, financial assets and their future
trends. In our paper, we assume the existence of some anticipative information in a market
whose risky asset dynamics evolve according to a Brownian motion and a Poisson process.
Using Malliavin calculus and filtration enlargement techniques, we derive the information
drift of the mentioned processes and, both in the pure jump case and in the mixed one, we
compute the additional expected logarithmic utility. Many examples are shown, where the
anticipative information is related to some conditions that the constituent processes or their
running maximum may verify, in particular, we show new examples considering Bernoulli
random variables.

Keywords Optimal portfolio - Malliavin calculus - Clark—Ocone formula - Insider
information - Value of the information

Mathematics Subject Classification 91G10 - 60H7 - 93E12

1 Introduction

In this paper we focus on the study of the presence of some anticipative information in a
market composed of a bank bond and a risky asset, the latter one driven by a Brownian motion
W = (W;, 0 <t < T) and a compensated Poisson process N = (N; —f(; Asds, 0 <t <T)
with positive intensity process A = (A;, 0 < ¢t < T). In the optimal portfolio problem, a
non-informed agent is looking for maximizing her expected logarithmic gains at the end of a
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trading period 7' > 0, while playing with the natural information flow F := {F;}o<,<r with
Fi =0 (Wg, Ny : 0 <s <t).She will be referred to as the F-agent. In addition, we assume
that there exists an agent who is informed about a random variable G € Fr containing some
anticipative information about the path of W and/or N. The anticipative filtration will be the
initial enlargement G := F Vv o (G) and the agent playing with it will be referred to as the
G-agent.

Filtration enlargement is a stochastic calculus technique that allows modeling the incorpo-
ration of additional non-adapted information. It has multiple applications, including insider
trading or, more general, asymmetric information. We refer to the Bibliographic Notes in
Chapter VI of Protter (2005) for a detailed overview on this subject. In the seminal paper
Amendinger et al. (1998), it is shown that if the dynamics of the risky asset do not include
the discontinuous part N, then the additional gain under logarithmic utility is given by the
entropy of the random variable G when it is purely atomic. After that, much progress has
been made in the analysis of the additional information in the Brownian case, see Grorud
and Pontier (1998) and Amendinger et al. (2003) for the main references. The research on
the Poisson process in the initial enlargement framework started with Ankirchner (2008)
in which the existence of a compensator is analyzed. Although the entropy is considered,
the additional gain of an informed G-agent in the optimal portfolio problem has not been
studied. In Di Nunno et al. (2006), a similar framework is studied, however they mainly
focused on enlargements that disclose the exact value of the terminal driving processes and
their objective is to compute the optimal portfolio without discussing the additional expected
logarithmic utility.

Our main motivation is to get an expression for the investor’s additional gains in a market
whose risky asset dynamics depend also on a Poisson process, in the same spirit of the analysis
done in Theorem 4.1 of Amendinger et al. (1998). This is achieved in Theorem 3.11 for the
pure jump case and in Theorem 4.6 for the mixed Brownian—Poisson market. Another novelty
of our paper is in the kind of examples that we choose to model the additional information.
We consider both G = 7 AT, being 7 the time of the first jump of N, and G = L, <n;<b»}>
for some constants b1, b, € N. We work also with G = 14, <wy<a»}x (b <Ny <b»}> Where the
G-agent knows if the pair (W, N7) falls within a certain rectangle or not. However, as the
main example we consider G = 14 <My <ay}x (b <Jr <b} being My := supy.,.r Ws and
Jr 1= Supg<s<1 N, in which the G-agent knows whether the running maximum processes
will be in a certain region or not. Finally, we present an example in which the process A is
truly related with W, A; = 1 4 Lyw; >0y, YVt < T.

For the majority of our computations, we use Malliavin calculus techniques, we suggest Di
Nunno et al. (2009) or Nualart (2006) for a general overview on this variational calculus.
Malliavin Calculus was applied to the optimal portfolio problem in Ocone and Karatzas
(1991) via Clark—Ocone formula. With respect to the enlargement of filtration theory, we
highlight Imkeller et al. (2001) for a methodology to compute the information drift in initial
enlargements and Brownian setting. In particular, some Malliavin regularity assumptions
on the conditional densities are assumed in order to drop the so-called Jacod hypothesis. In
addition, Corcuera et al. (2004) analyzed the case in which the information is becoming more
precise via progressive enlargements. Nualart and Vives (1990) applied for the first time the
Malliavin approach to the Poisson process while Mensi and Privault (2003) mimicked the
Malliavin methodology of Imkeller et al. (2001) for the Poisson process in the context of
initial enlargement of filtrations. Finally Wright et al. (2018) weakened some assumptions
of the latter paper by assuming the Malliavin derivative were in L(d¢ x dP). Nowadays,
the optimal portfolio problem with non-continuous assets is still an active topic of research,

@ Springer



Annals of Operations Research (2024) 336:1289-1314 1291

for example in Chau et al. (2018), they analyse additional gains generated by an initial
enlargement via super-hedging, or Bellalah et al. (2020), that deals with an example related
to the Covid-19 crisis. See also Colaneri et al. (2021), where the value of the market price of
risk is compared under different information flows.

The paper is organised as follows. In Sect. 2 we describe the framework and we introduce
the notation. In Sect. 3 we consider the purely jump market and we get the explicit expression
of the compensator of the Poisson process for f}v -measurable random variables. The main
examples of this section are about the time of the first jump of N and the terminal value
of the Poisson process, that is, G = 1{y;ep) being B an interval. In Sect. 3.1, we state
Theorem 3.11 in which we get a nice expression for the additional gain of an agent who
plays with an initial enlarged filtration. In Sect. 4 we work in a Brownian—Poisson market,
in which the additional expected logarithmic utility is computed in Corollary 4.7. The main
examples considered in this subsection are G = L{weca}x(NreB) and G = Ly eA)x{JreB)
for A, B some given intervals. In Sect. 5 we construct a model where the Poisson intensity
A is an anticipative function of W.

2 Model and notation

Let (2, 7, P, ) be a filtered probability space, where the filtration F := {F;}o<;<7 is
assumed to be complete and right-continuous. We assume that the agent is going to invest in
a market composed by two assets in a finite horizon time 7 > 0. The first one is a risk-less
bond D = (D, 0 <t < T) and the second one is a risky stock S = (S;, 0 <t < T). The
dynamics of both are given by the following SDEs,

dD;
=pdt, Dyp=1 1
D, Pt 0 (la)
das; ~
S = wdt + o0, dW; + 6,dN;, So =159 >0, (1b)
e

where W = (W;, 0 <t < T) is a Brownian motion and N = (N;, 0 <t < T) is a Poisson
process with strictly positive intensity A = (A;, 0 <t < T), while the compensated version
of the Poisson process is defined as N; := N; — fot Asds with fOT Asds < +oo, dP-as.
We assume that W and N are independent and, to ensure that S = (S;, 0 <t < T) is
well-defined,

—1<86,, dt xdP — as. 2)

The measurability of A will be specified in each section. The natural filtration F =
{Ft}o<:<T 1s generated by the Brownian motion and the Poisson process, and it is augmented
by the zero P-measure sets, N

Fri=0(Ws, Ng: 0<s <t)VN.

We use the notation FW ;= {]:IW}()f,ST andFN = {.7-",N }o<: <7 torefer to the natural filtration
of W and N, respectively. About the market coefficients, in (1a) and (1b) we assume that
they are F-predictable processes that satisty the following integrability condition

T
E [/ (Ips| + s| + 02 +932)dsi| < 4o0. 3)
0

By E and V we refer to the expectation and the variance operators of a given random variable
under the measure P. Given a o-algebra F, by E[-|F] and V[-|F] we denote the conditional
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expectation and the conditional variance. We introduce the filtration H, that will be the
filtration used to define the allowed strategies, and that depending on the agent will coincide
with the filtrations F and G. We define L2(Q, Hr, dr x dP, H), or simply L%(d¢ x dP)
when the reference filtration is clear, as the space of all H-adapted processes X such that
[ E[x2]ds < +oc.

Using the previous set-up, it is assumed that an agent can control her portfolio by a self-
financing process m = (m;, 0 <t < T'), with the aim to maximize her expected logarithmic
gains at the finite horizon time. It represents the fraction of the monetary unit amount invested
in the risky asset. We denote by X = (X7, 0 <t < T) a positive process to model the
wealth of the portfolio of the investor under the strategy m. The dynamics of the wealth
process are given by the following SDE, forO0 <t < T,

D[ d S[

dXT d
Xfi =(-m) D, +7TtS,7_’ X5 =x0 >0, “4)

and by using the evolution of both assets given in (1) we get

dxrT
X7

= (1 = 7)pidt + 7, (pedt + 0 d Wi +6,48;) . XF = xo,

where the SDE is well-defined on the probability space (2, Fr, P, ). Before giving a proper
definition of the set of processes 7 that we consider, we look for the natural conditions they
should satisfy. Applying the Itd formula to the dynamics of the risky asset given by (1b), we
get an explicit solution as follows,

S t 1 t t -
In 2 :/ <Ms— ~62 4 ay(In(l +93)—9S)> ds+/ osdws-i-/ In(1 + 6,)d N,
50 0 2 0 0

If we apply the It6 formula to the wealth process we get,
udil

! 1
In - = / (ps + 7 (s = po) = 0T+ A (n(l + 7,6) — nseo) ds
0

t t
—i—/ wsosd Wy +/ In(1 + 7565 )d N 5)
0 0

provided that these integrals are well-defined. To ensure this, we assume the following inte-
grability condition,

T
E U (1755 — ps| + w20l + w262) a’s] < +00. (6)
0

In order to guarantee that X” is well-defined, we impose that
14+ m6;, >0, dr xdP —a.s. (7)

Now, we can properly define the optimization problem as the supremum of the expected
logarithmic gains of the agent’s wealth at the finite horizon time T.

Vi:= sup E[InX%|X] =x0], HDF. )
e A(H)

Finally we give the definition of the set A(HH) made of all admissible strategies for the
H-agent, that is the one playing with information flow H O F.
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Definition 2.1 In the financial market (1a)—(1b), we define the set of admissible strategies
A(H) as the set of portfolio processes 7 predictable with respect to the filtration H which
satisfy the conditions (6) and (7).

Definition 2.2 The additional expected logarithmic utility of a filtration H 2 T is given by
AVE = vE —vE
where the quantities on the right-hand side are defined in (8).

In the following statement we summarize the results about the optimal portfolios in markets
with Brownian noise, Poisson noise or both. It can be found in Corollary 17 of Di Nunno
et al. (2006).

Proposition 2.3 The optimal strategy ™ for the problem (8) with the information flow F
satisfies

2%
b7

_ )

2
e = pr — 0p T — A
In particular, if we have that o; > 0 and 6; = 0 dt x dP-a.s., then we recover the classic
Merton problem with the optimal strategy satisfying the relation

% Mt — Pt

- > -
o

(10)

Finally, if we have that o; = 0, 0; # 0 and dt x dP-a.s., then the optimal strategy is given
by
* e — Pr
7'[, = —2 .
)LQ; — 60 (s — pr)

Let G € Fr be a real valued random variable modeling some additional information. We
introduce the filtration G := {G;}o<,<r under which the privileged information is accessible
since the beginning time ¢t = 0, that is

(an

G =) F VoG, (12)

s>t

We denote with P the distribution of G, i.e., P6(-) = P(G € -)ono (G) and by PO(|F) =
P (G € -|F) the corresponding conditional probability with respect to a given o-algebra F.
The crucial point is to ensure that any F-semimartingale is also a G-semimartingale, that
is known in the literature as the (H') hypothesis, see Jeulin and Yor (1978). An approach
widely used in the literature to achieve this is known as the Jacod hypothesis and assumes
that the conditional distributions PG(-|]-',) is absolutely continuous with respect to PO for
t € [0, T) a.s. In Theorem 2.5 of Jacod (1985) it is proven that the Jacod hypothesis implies
the (H’) hypothesis. However, this assumption sometimes results too restrictive. Therefore,
we use the following proposition valid in the framework of Poisson process to compute the
information drift under weaker assumptions. We refer to Proposition 3 in Mensi and Privault
(2003) for a proof, for a similar result in the Brownian motion framework see Theorem 2.1 in
Imkeller et al. (2001). We present a slightly different statement adapted to finite deterministic
time 7.

@ Springer



1294 Annals of Operations Research (2024) 336:1289-1314

Proposition 2.4 LetG € FY, consider G = FNvo (G)and P,(w, dg) :== P (G IS dg|.7-",N) (w),
with 0 <t < T, denote a version of the conditional law of G given ]—',N and assume it has
the following representation P;(-,dg) = Py(-,dg) + fot &5 (-, dg)dl\le , 0<tr=<T,
and there exists a measurable h such that ¢s(-,dg) = hg(-, g)Ps(-,dg),0 <s < T, then
N. — fo hy(-, G)ds is a G-local martingale, with G = FN v o (G).

The process h(-, G) is usually called the information drift and it plays a crucial role in our
computations.

To conclude this section, we state the Clark—Ocone formula valid for the case the intensity
A is a deterministic process. The operators D, and D, refer to the Malliavin derivative in the
Brownian and Poisson cases respectively and we consider their generalizations to L>(P). We
refer to Theorem 13.28 in Di Nunno et al. (2009) for the details and a general background.

Proposition 2.5 Let A be a deterministic process and G € L2(P) be an Fr-measurable
random variable, then the following representation holds,

T

T
G:E[G]—l—/ E[D,G|]—'t]dW,+/ E[D; 1G|F1dN;. (13)
0 0

3 Initial enlargements in a pure Poisson market

In this section, we deal with a market in which the source of the noise of the risky asset
is only the Poisson process, i.e., we assume that o; = 0, df x dP-a.s. and the intensity
process A is deterministic. Using the predictable representation property (PRP) enjoyed by
the compensated Poisson process, we know that for every .7-"9’ -measurable real valued random
variable G € L2(P), there exists an FV -predictable process ¢ € L2(dt x dP) such that

T
G = E[G] +/ @sd Ny, (14)
0

usually called the non-anticipative derivative of G, see Di Nunno (2007). Let B € B(R) be
a subset in the Borel o-algebra on R and consider the following PRP,

T
LiGes) = PO(B) + f 05 (B)AN,., (15)
0

where by the predictable process ¢(B) = (¢;(B) : 0 <t < T) we denote the unique one
within the Hilbert space L2(dt x dP) that satisfies (15) for a fixed B.

In the nextlemma we prove that ¢ (-) is a vector measure, we refer to Diestel and Uhl (1977)
for a general background on the vector measure theory. We make the following assumption,
for more details we refer to Definition 4 of Diestel and Uhl (1977).

Assumption 3.1 The vector measure ¢ is of bounded variation.
Remark 3.2 Assumption 3.1 is trivially satisfied for a bounded discrete random variable as
the variation of the vector measure ¢ is bounded above by a constant times the number of

values assumed by the random variable.

In the following lemma we state the Radon-Nikodym derivative for the Hilbert valued random
measure @.
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Lemma 3.3 The set function B —> ¢(B), with B € B(R), is a countably additive L2(dr x

dP)-valued vector measure and there exists a set of processes ¥ = (Y8, g € Supp(G))
such that & = (¥, 0 <t < T) € L'(PY) satisfying

<ﬂr(3)=/BlﬂtgPG(dg), BCR.

Proof Let {B;}2, C B(R) be a disjoint sequence of subsets satisfying B = U?2 | B;. Then
LiGes) = Zj’il 1iGep;y P-as.in L%(dP) (see Example 3 in Diestel and Uhl (1977)). Then,
using the PRP we get

o0 o0 T T o0
Liges) = »_ liges,) = P(G € B) + Z/O @i (B)dN, = /0 > @(B)AN;,
i=1 i=1 i=1

In the second equality we applied the o -additivity of the probability measure P while in
the third one, thanks to ¢(B) € L*(dt x dP) for any B € B(R), we used the stochastic
Fubini theorem, see Lemma A.1.1 in Mandrekar and Ridiger (2015). By the uniqueness
of the representation we deduce that ¢(B) = Z;’il ¢(B;) and we conclude that ¢ is a
L2(dr x dP)-vector measure. As 0L PC on o (G), the last claim of the lemma follows by
Proposition 2.1 of Kakihara (2011). O

Therefore, Lemma 3.3 guarantees that there exists a set of processes ¢ = (1//tg ,0<t<T)
with g € Supp(G) such that the PRP given in (15) can be written as follows

T
Ligeny = PO (B) + /0 / VPO (dg)dN;. (16)
B

In particular, by assuming measurability on v in all variables, the following representation

T
1{Gedg) = PC(dg) + / YEdNs PO (dg) (17)
0

holds true, where Fubini’s theorem has been applied. When G is purely atomic, the PRP (17)
reduces to

T
Lig—g = P(G = g) +/0 VEdN, PG = g). (18)

The following result provides the information drift in terms of the process .

Lemma3.4 Let G € L*(P) be an f?’—measumble random variable satisfying Assump-
tion 3.1, then the process y¢ = (¢, 0 <t < T) defined as

g ._ tgPG(dg)

v = —————7—, g € Supp(G) (19)
" POdglFY)

satisfies that N. — fo As ySGds is a G-local martingale, provided it is well-defined. y© is
referred to as the information drift.
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Proof Once we got (16), we proceed similarly to Proposition 2.4 but in the case of A deter-
ministic. Let A € F; and B € o(G), then

~ ~ T ~ ~ ~
E[141{Gepy(N; — Ny)1 = E [ﬂA (PG<B) + /O fB ws PG<dg)st> (N; — Ns)}

t t
=E[1A / / wf;’PG(dgMNu] =E[1A / / Auyu’Pngm)du]
K B K B
t

t
- E[m / E[xuyfl{ceg}m]du] _ E[m{ceg} / Auyfdu] ‘
S

s

As the computation holds true for any A € Fs, B € 0(G) we conclude that

t
E[N, — Ns|G1=E [/ Auyfdmgs]
s
and the result holds true. ]

In order to assure that the optimal strategy in G is well defined, in the sense of equation (7),
we are going to assume some conditions on the information drift . In particular,

y8 > —1, dr xdP —as. (20)

A condition similar to (20) appears in Section 4.1 of Grorud (2000) where they study
Poisson processes in enlarged filtrations.

Corollary 3.5 If Supp(G) = {0, 1, ..., n}, then

¢ ¢ UG=g) — E[Ll{G=g)|F/]
Vi = ¢
VIliG=¢}|F]

In addition, if Supp(G) = {0, 1}, then

. 98 =yfP(G=g), geSupp(G).

G — E[G|FM]

21
VIGIFM D

re = (=g

Proof The former statement comes directly from (19) while for the latter we use the fact

that G = 1{g=1) and, by the uniqueness of the representation, we conclude that ¢ = ¢! and

! = —¢, where by ¢ and ¢! we refer to the non-anticipative derivative of 1{G=0y and

1{G=1) respectively. Using that
E[GIFN] = P(G=11F"), VIGIF']=P(G = 1IF)1 - PG =1F)),
the result follows by applying (14) and (18). O

Remark 3.6 Note that if Supp(G) = {0, 1} we can express

yg — (_1)g Z
PG =0FN)—¢

, ge€{0,1}, (22)

where ¢ is the non-anticipative derivative of the Bernoulli random variable G.

By using the Clark—Ocone formula we can deduce that ¢; = E [D,’1G|.7-",N 1dt x dP —
a.s., which allows to compute some interesting examples. Following Sol€ et al. (2007), we
introduce the following operator

¥, 1G = G(wq,1)) — G(w), (23)
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being w(;,1y the modification of the trajectory w by adding a new jump of size 1 at time ¢.
In Proposition 5.4 of Solé et al. (2007) it is proved that if ¥; 1G € L2(dt x dP), then this
operator coincides with the usual Malliavin derivative, in the case of the Poisson process we
have that W, |G = D; ;G dt x dP —a.s.

In the next example, we apply Lemma 3.4 to an enlargement with a continuous random
variable. In particular, we consider that the informed agent knows when the Poisson process
jumps for the first time. Ernst and Rogers (2020, Problem 2) solved a similar problem via
the HJB equation.

Example 3.7 We consider the random time 7 = inf{t> 0 : N, = 1} which represents the
time of the first jump of the point process N and we define G = t A T'. In this example, we
study the enlargement of filtration G D F induced by G and we compute the information
drift given by Lemma 3.4 via the PRP (17). We fix g € [0, T'] and consider the following
Clark—Ocone formula

T
Lic<gy = P(G € dg) +/ E[D;11(G<g)|F:1dN;.
0

We compute the integrand E[D; 1 1{G<g}|F;]by using the operator ¥ forany (¢, g) € [0, T1?,
defined in (23). Note that, when g < ¢, the perturbation is not modifying the indicator so
W 11{G<g) = 0. When g > 1, only on the set {t(w) > g} the operator is not null. In general,
it holds the following equation

ViiliG=g) = Li=gy Liz>g)-
Since the Clark—Ocone formula is linear, a limiting argument implies that
Di11{Gedag) = —Lu<g)Liredg) + Lireag) Lir>g)-
By (19), the information drift is

. P(r e dg|FN) P(t > glFN)

o G SV ) e [0, T], (24)
2 U<pGedg 7y PG edgFY) " ¢

where the first component considers the additional information before the jump and second
one the information at the time of the jump. Note that, by the first term appearing in (24), we
conclude that y,¥ does not satisfy assumption (20) as with positive probability y,¢ = —1.
This is a clear evidence that there is a strong arbitrage in this enlargement. In general, this is
an indication that the anticipative information may generate arbitrage opportunities.

Example3.8 Let G = ln;ep) With B = [by, b2], and b1, by € N, by > by > 0. We
consider the initial enlargement G O F. We compute the process ¢ as follows, W 1 1{n,cB) =
1{ny+1eB} — L{nyeB), Which obviously satisfies the integrability condition and therefore

Dy 1 1inreB) = Ling=b—1) — L{Np=by)>

and computing the conditional expectation we obtain the Clark—Ocone formula
o =E [Dt,l]l{NTeB}I}',N] =P (NT =b1 — llf;N) - P (NT = bzlftN)

and the following PRP holds,

Lin,ep = P(Nr € B) — /OT (P (NT - b2|ffv) 2 (NT —b - llf}N)) AN, (25)
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giving the following formula for compensator

(Nr =by — 1|1FN) = P (Nr = by| F)

P
G G
= (-1
=00 P(N7 € BS|FN) -G

(26)

A direct computation shows that y,l > —1, while for the case of G = 0, some simulations
are applied. In the particular case of A = T' = 1, the computation is direct.
As A is deterministic, we can compute the probabilities as follows

o AGD (AGs, )"

P(N, — Ny =n|FN) = p

t
, A(s, 1) ::/ Aydu, neN,
N

and the PRP simplifies to

(N, <bs)

((A(t, T)yb2=Ni

T
1inyeBy = P(NT € B) —/ e AT b — NI
—N)!

0
(A, Ty
(b1 — N, — 1!

{N,<b1}> dN;

and the information drift is

(A, Tyb1—Ni~! (A@, T2~ M
G G —AGT) _Bi=N—DT_ LNe<bi) ~ gy =Nyr LN <bo)
v, =(—=D7e

P(N7 € BS|FN) -G

Note that, in the simplest case of time-homogeneous Poisson process with constant intensity
A >0,wehave A(t, T) = AT —1).

3.1 Additional expected logarithmic utility

Throughout this subsection, to assure that Vﬂ; < 00, we assume that the market coefficients
satisfy the following relation

0<x,—“’0_p’, dr x dP — ass. 27)

t

Working in the filtration F, if we take expectation in (5), then

X7 T
E |:111 70T:| =FE |:/ ps + s (s — ps) + As(In(l + 756;) — nses)ds] s
0

withm € A(F). Using that the maximum is attained in the strategy given by (11), the solution
of the optimal control problem is

r - 2
VE :/ E |:ps ST (—S>:|ds, (28)
0 05 As — (s — ps)/0s

and by using (27) all the terms are well-defined. If 7 € A(G), the 1td integral with respect
to N is not necessary well-defined, but by Lemma 3.4 we can still use it by taking advantage
of the G-semimartingale decomposition. We define the process

-~

t
N; ::N,—/ rylds, 0<t<T,
0
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which is a G-local martingale by Lemma 3.4. Then the dynamics of the wealth process satisfy
the following SDE,

dXx7T ~
Xnt = ((1 — ) pr + T pr + ﬂtgt)\tVtG) dt + m:0;dN;, Xo = xo, (29)
t_
and we have the following explicit solution
X7 ' G
In -t = (s + 76ty = p0) + 25 (1 70 In(l + 7,6) = hy,6, ) ds
0

t
+/ In(1 + 7465)d N;.
0

Asitis argued in Amendinger et al. (1998), by using the integrability condition of In(1+7,6;),
the stochastic integral satisfies

T
E U In(1 + nSQ‘Y)dNS:| =0.
0

In addition, for any FN -predictable B = (B;, 0 <t < T),

t t t
0=E |:/ ﬁsdﬁs - / ﬁsdﬁs] =E |:/ ,Bs)\syscds:| (30)
0 0 0

provided that E [f(;|ﬁs|ksds] < +o0. Then,

XJT T
E [ln X—T] = / E [ ps 75t = po) + 25 (1 79) In(1 4 76 = A,6 | ds. B1)
0 0

In the next proposition we compute the optimal strategy for a G-agent.

Proposition 3.9 Let G € L*(P) be an f;v -measurable random variable satisfying Assump-
tion 3.1 with information drift y© verifying (20) and assume o; = 0, ; # 0 dt x dP a.s.
Then, the optimal portfolio w9 solving the problem (8) with information flow G is given by

_ A G
”rG _ . Mt — Pt n tVr . 32)
MOF =0 (e — o) MO — (e — pr)
Proof We refer to the “Appendix A” for the details of the proof. O

Remark 3.10 Note that the strategy (32) satisfies the admissibility condition (7) thanks to the
assumptions (20) and (27). In particular,

_ ) G
1+7TtG91 1+ Mt — Pt tOtYy
A0 — (e — o) AtOr — (e — o)
A0 (1 + )/,G) . A(1 + )/;G)

>0 dt xdP —a.s. (33)

MO — (e — o) A — (y — £1) /04
The next theorem is one of the main results as it gives the difference of the expected gains
under logarithmic utility in a pure jump market of the additional information G € _7-'?7 .

Theorem 3.11 Let G D F be the initial enlargement with G € L2(P) an }'}V-measumble
random variable satisfying Assumption 3.1 with information drift y© verifying (20), then

T
AVE = fo E [As(l +7%In (As(l 4 ysG)) — A ms] ds > 0. (34)

Proof We refer to the “Appendix A” for the details of the proof. O
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4 Mixed Brownian-Poisson market

We extend the results of Sect. 3 to the case of Brownian—Poisson market, i.e., the dynamics
of the risky asset are driven by a Brownian motion and a compensated Poisson process and
the market coefficients satisfy oy, 6; # 0 dr x dP-a.s. We also maintain the assumption that
A is deterministic in this section. Using the Clark—Ocone formula stated in (13), we can apply
the same representation formula for every Fr-measurable random variable G € L>(P),

T T
G= E[G] +/ ¢xde +/ g”stva
0 0

where the processes ¢ and ¢ are related to the Malliavin derivative. Let B € B(R) be a subset
and we consider the following PRP

T T
LiGen = PO(B) + /0 65 (B)AW; + /0 05 (B)AN. (35)

given in Theorem 13.28 of Di Nunno et al. (2009). As before, we shall make the following
assumptions.

Assumption 4.1 The vector measures ¢, ¢ are of bounded variation.

If we reason as in Remark 3.2, we can prove that the previous Assumption 4.1 is satisfied for
discrete random variables.

We fix g in the support of G, by reasoning as in the beginning of Sect. 3, see Lemma 3.3,
we conclude that there exist two F-adapted processes {¢, 8 with g € Supp(G) such that
the following PRP

T T
ligen) = PO (B) + / f cE PO (dg)d Wy + f f ¥E PO (dg)dN;.
0 B 0 B

Provided the measurability of ¢ and v in all variables, we can write the following represen-
tation

T T
Ligeds) = PO(dg) + /0 cEdW, PO (dg) + /0 vEdN, PO (dg). (36)

with ¢f = ¢S P(G = g) and ¢ = ¥ P(G = g) in (36). when G is purely atomic. Note
that, by using our standing assumptions, we have achieved a representation usually assumed
in the literature, see Proposition 4 of Wright et al. (2018) for the Poisson case.

Lemma4.2 Let G € L*>(P) be an Fr-measurable random variable satisfying the Assump-
tion 4.1, then the processes oC and y© defined as

¢ POy e WEPY(dy)

= =—" 0<t<T, (37
" PYdglFy) TN T POdglF)

satisfy that W. — fo afds and N. — fo As ysGds are G-local martingales, provided they are
well-defined.
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Proof Taking into account that [W, N ]]tF = 0, the proof of the following lemma follows from
the same lines as the proof of Lemma 3.4. Let A € F; and B € ¢ (G), then

E[141(Gep)(N: — Ny)]

T T
=E|1,4 (PG(B)+ f f cE PO (dg)d Wy + / / v P%g)dﬁs) (N —Ns)}
L 0 B 0 B

r t t
_E m/ /wEPG(dg>dNu] =E[1A/ /AunyG<dg|fu)du]
L s B s B

t
=EFE ]lA]l{Geg}/ Auqudu],
s

and the result follows true by mimicking the computation for the Brownian motion W. 0O

As in the previous section, we keep assuming
yC > —1dt x dP-a.s.
in order to maintain that the stochastic G-intensity A(1 4 ¥ ) is positive.

Corollary 4.3 If Supp(G) = {0, 1, ..., n}, then

TG=¢g} — Ell{G=g}| F7] ¢ ¢ Lig=g) — El[1(G=g)| 7]

8 8
o = ¢ s y =
e VIliG=g}|Fi] e VILliG=g}|Fi]

)

where we consider ¢f = {tgP(G = g) and <pf = 1//,gP(G = g) with g € Supp(G). In
addition, if Supp(G) = {0, 1}, then

G-EGIF] 6 _ e+, G EIGIA] (38)

G _ ;_ 17\G+l
o =D yG VIGIF]

When we consider a G-agent playing with 7 € A(G), the It integral fails for both the
Brownian motion and the Poisson process. Using Lemma 4.2 we can define the following
G-local martingales

~

t t
W, = W,—/ abds, N, := N,—/ Aylds, 0<t<T. (39)
0 0

The dynamics of the wealth process satisfy the following SDE,

dx”®
X7

= ((1 — )P + Ty + ﬂ,azatG + ntG,A,)/tG) dt + n',ota'W, + n,@,dl/\l\z. (40)

To short the notation, we define the following terms

df = MUs — Ps +(¥A«Go's — As0Os, C? = A1+ VsG),
ds ‘= MHs — Ps — AsOs, Cs = Ag.

Finally, using the integrability conditions, we can compute the expectation of the stochastic
integrals and we get,

X7 r 1
E [m TOT] = /O E[ps +mdf = Smlol + ¢l In(l +7m0,) - Asnses]ds.
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Proposition 4.4 The optimal strategy of the problem (8) with G € L*(P) being an Fr-
measurable random variable satisfying Assumption 4.1 such that the information drift y©
verifies (20), information flow G and both Brownian and Poisson noises is given by,

L 1Y sgnon L (% 4 Teaf o<ssr @1
=== —— sgn(@s) /| — + — =, 0<s<T.
T 2\62 T ) TE 62 Ty, o2
Proof We refer to the “Appendix A” for the details of the proof. O

Remark 4.5 1f we denote by 7V := (us — ps + a8 0y) /0?2 the optimal strategy for the only
Brownian market with additional information then we can write the general strategy for the
Poisson-Brownian mixed market as

Ly 6 1 Y R 1+y8
NS:§<7TS —)»de—95)"1‘Sgn(9_;)2\/(7'(Y —)\Sﬁ"ra +4)"S 0_25 .

s s )

The expected logarithmic gains under G are computed in the following theorem.

Theorem 4.6 LetG D T be the initial enlargement with G € L*(P) being an Fr-measurable
random variable satisfying Assumption 4.1 such that the information drift y© verifies (20),
then

T T1/dS\> 1dS S o\ 1d
ve — E|l -2 _ s 0 s o4 7S 406 — 225 4 G 1pef
/0 [2<as> t 5, el (as +9S> o gy e G

02 dSGo, 2 2 dGe,
+ AsIn (2;2) —CSG In \/( ;25 + 1> +4;SZCXG - (;723 + 1) ]ds. (42)

A N N N

Proof We refer to the “Appendix A” for the details of the proof. O

Corollary 4.7 Under the set-up of Theorem 4.6,

T 1 2
AVG:/ E|:§ (af) —|—csG1ncf—)len)»s—f-st—fg-l-hs—hf]ds 43)
0

where we define the following terms,

2
1 {a'® 49
fS(G) == ( : sgn(6by) + % +4C§G)
o

2 s Oy Os

G) 2 2 (G)
d9p 0 )
h9 = ( - +1) +4-509 - ( : +1>
o}

2 2
Oy s Oy

Remark 4.8 Corollary 4.7 can be seen as a generalization of the additional expected logarith-
mic utility in Amendinger et al. (1998) for the case of market with jumps. If we assume that
the information is only related to the Brownian motion, i.e., y¢ = 0, the additional gains
can be easily computed. For the sake of simplicity, we also choose the market coefficients as
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p=u,r=0=1and b € {—a,a}, forany a € (0, 1), and we obtain
T |1 2 g 1\?
VG—Vsz E 7(0) lH1==) +4
T 0 2 o +2 a +

2
+1 (“‘?Gs —az) \/(“sces —a l) +4+1In24?
2 a a 05

—1In (\/(asGHS +1—a?)’ +4a2 —al6, — 1+ az)] ds. (44)

Accordingly, the additional expected logarithmic utility in the mixed-market when the infor-
mation is only related to the Poisson process, i.e. «¥ = 0, is

G _ yF ! G G\, ¢ 1y’
Ve-VE= | E (1—|—ys)1n(1+ys)—|—§ 1—~) +4
0

1 2
2 (—a+ =) +401 4+ +In24?
2 05

—1+y%n <\/(1+a2)2+4a2y§ —1+a2>:|ds, (45)
under the same simplification of the market coefficients.

Example 4.9 Let A = (—00, a] and B = (—o0, b] be two half-bounded intervals. We define
the Bernoulli random variable as the following product indicator,

G = Liwr <ayx(Nr<b} = Lwr<a) LNy <b)-
According to Leon et al. (2002), thanks to the independence of the Brownian motion and

the Poisson process, the Malliavin derivatives in each direction can be easily computed as
follows,

DG = LNy <o) Diliwy<ay, DinG = Lwy<a) Dr1 LNy <b)
so the conditional expectations are calculated as follows,
E [D:G|F] = E [Liny <o) Di Liwr <a)| Fi | = —E [Liny <0)8a (W) | 7] .
where we refer to Section 5 of Bermin (2002) for the generalized Malliavin derivative of

the indicator function and the definition of the Dirac delta §,(-). In order to compute the
conditional expectation, we consider the following conditional distribution function,

X y
F(x,y):=PWr <x,Nr = y|F) = / > fwriw, @) pwy i, (K)du,
T k=0
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where fw;|w, (1) denotes the density function of (W7 |W;) and py;|n, (k) the probability
function of (N7|N;). Both of them are well-known, then,

E[DG|Fi] = / ZfWﬂw,(u)pNT\N,(k)ll keB)Sa (u)du

k=0
= —fwriw, (a)ZPNT\N, (k)
k=0
(a— wy)? N,
_ _eXP< 2 ) ) ZI o—aen) AE T Y 1N, <b)-
V2n(T —t) P k! =

With respect to the Poisson component, we compute the conditional expectation of D, 1G as
follows,

E [D;1G|F ] = E [Liwy<a)Di 1 LNy <0y F1 | = —E [ 1wy <a} Liny=by | F7 ]
—E [Liwy<a)x(Nr=b}|F:| = =P (Wr < a, Ny = b|F;)

= wp)?
_ e""( 2<T_,>) i (efm,n (A, T))b—Nf1N<b>
o 27T =1) (b N, N=b)

where we have used our Example 3.8, with by = 0, by = b, in order to compute the Malliavin
derivative. Then, the processes a® and y© appearing in (38) are determined. Finally, we
deduce the PRP via Clark—Ocone formula,

Liwr<ayx(Ny<by = P(Wr <a)P(Nt < b)

_ (a=wy)? b—N,
- /T eXp( 2T—1) ) ZN o AT (A(r, T))¥ aw,
0 N2m(T — 1) Pt k!

(x—a+W)?
/T / wexp (— U5 (m n (A TN ) i
- e e .
o \ oo V22T — 1) (b — N,y Nk ) e
Example 4.10 Let’s define
Mg, = sup W,, Js,:= sup Nu, (46)

S<u=t S<u<t

and M; := My, and J; := Jy ;. To short the notation, we define the intervals A := (ay, az]
and B = (b, by]. We consider the following example

G = L {Mrea)x(JreB) = LimreaylisreB) 47

and we proceed as before.

D:G = 1yj;eBy Dt Lippeny = Lypeny Dy (]1€MTSaz} - H{MTﬁal})
= Ve L, <M, 1) (—8ay (M1) + 80y (M7)) ,
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we refer to Bermin (2002) for a detailed explanation of the Malliavin derivative of the running
maximum M. Thanks to the independence, we restrict our analysis to the following term

E [Di1prenylFi] = E [Lat,<m, 1) (—8a, (My.7) + 84y (M1 7)) | F7 ]
+00
= / Liut, <my (=84, (M) + 84, (m)) fM (m)dm
0
= Lt <any [ (@1) — Vat,<an) [ (@2), (48)

being M the density of the random variable M; 7 given F;, which is equivalent to consider
the variable My _; in the domain (W;, +00), i.e.,

_ m=wp)?
Qe 20T-n
> W,.

Nz

On the other hand we compute the conditional expectation of the remained Poisson term,

Mm) =

E[1y,en| 7] = P (Jr € BIF;) = P (max{J;, J, 7} € B|F;)
=P (J;+Ur —J)" € BIF)
=P ((Ur——b)t €1 —j,ba—jl)lj=s.

where b; (= j — ]\7, and using that J, 7 — 1\7, is independent of ;. We aim to compute

E Vel Fi] = P (Ur—i —b)* > b1 — j) 1=y,
— P ((Ur—i —b)" > by — j)lj=,- (49)
Each one of the probabilities can be computed as
P ((Jr— —b)" > b1 —j)lj=s = Lipy—y,<0) + Loy -0 F Y, (b1 — Ny)
=1+ 1p,—s>0 (Fy_t(bl - Ny — 1)
P((Jr— —b)" > br— j)lj=s = Lipp—s<0) + Lipy— 1,200 F Y _ (b — Ny)
=14 Lp,—J,>0) (Flr\',,(bz — Ny — 1)

where the survival function is defined as I?ITV_t(x) = P(Jr—; > x) for every x > 0. See
Kuznetsov (2010) for an explicit computation of the distribution of the running supremum.
In terms of the distribution function F¥, (49) can be simplified as follows,

E [Jl{JTeB}Ifz] = L{p,—J,>0) (F¥_,(b1 —Ny) — 1)

— Lip,—s,>0) (f]}’_,(bz - N) - 1)
= Lipy—s,201 Ff_ (ba — Ni) — Lip g0, R (b1 — Ny).  (50)
Then, taking into account (48) and (50) the process a9 is fully determined by (38). We
proceed in the same way in order to compute E[D; 1 G|F;]. Using the operator ¥ given in

(23), we can compute the following Malliavin derivative

Dy 11 jreBy = Ymax (4, 1+, 7)eB}) — L{JreB)
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where the second term has been calculated in (50). For the first one we have
E[1{max (J;, 147, r)eB} | Fr] = P(max {J;, 1 + J; 7} € B|F})
= Loy s20)Ff_ (b2 — Ny — 1)
— Lipy—g,=0)Ff_ (b1 = N, — 1)
where we have omitted some steps as they were similar to ones shown before. Finally
E [Lirea)lFr] = Lia-m,20) F1' (@2 = W) = Ty —m,=0) Fy (a1 = Wp), (51

where in this case FZW (y) = 2(1 — ®(y/+/1)) and again the process ¥ ¢ is determined by
(38).

5 Stochastic intensity in Brownian-Poisson market

In this section, we assume that N is an inhomogeneous Poisson process with stochastic
intensity. We introduce }',}‘ = 0 (As, s < t) and we assume that .7-"% C Fr. We will look
at examples where f% c FY, allowing some dependence of A with respect to W, however
more general cases may be considered, we prefer not to include them for easy of presentation.
In particular, following Section 8.4.2 of Jeanblanc et al. (2009), we assume that

E [/OT ¢Sst} =E [/OT ¢sksds] ,

being ¢ any F v F*-adapted process and N. = N. — [; Ads is an F v F*-martingale. The
standing assumption of the section is that G satisfies the following representation for any
B € o(G).

Assumption 5.1

T T
liGeny = PO (B|F}) + / / ¢S PO (dg)d W + / / vEPO(dg)dNs,  (52)
0 B 0 B

and there exist some [ v ]—'%—adapted processes @* and y* such that W. — fo alds and
N. — [, 7}ds are F v F}-martingales, provided ¢ and v are as usual measurable in all
variables.

From the Assumption 5.1 we conclude that with @* := E[a*|F, v F}],0 <t < T, the
process W. — fo @ds is an F v F*-martingale.

Next proposition gives the equivalent of Lemma 4.2 for the case of A not adapted to the
Poisson filtration. Note that additional terms appear in the information drifts induced by the
unpredictability of A.

Proposition 5.2 Let G € L>(P) be an Fr-measurable random variable satisfying Assump-
tion 5.1 and suppose that F v F* C G holds. Then, for any (t, g) € [0, T) x Supp(G), we
define
oGP0 o, & POWgIFy)
" PO@glFy T POglRE Y FR)
o WPOWy) o, RPOERF) i@ POy
CPCaglFy’ T PO@glR v EDT T POl RV FD

@ Springer



Annals of Operations Research (2024) 336:1289-1314 1307

such that the processes
W. — / (aSG —I—&;\) ds,
0
. T
N. - f (Av + 70+ ryS = ME U ?fdulgvD dv
0 v

are G-local martingales, provided the integrands, i.e. the information drifts, are well-defined.
Proof We refer to the “Appendix A” for the details of the proof. O
Example 5.3 We consider a stochastic intensity given by

A =14+ 1w>0, 0<t<T.

We introduce G = I{w,;>0} and note that F* = Fy = o(G), forany 0 < ¢t < T and
we conclude that @* = @* = &* and y* = 7 = 0. Let’s define the initial enlargement
G =F Vv 0(G). Then the representation (5.1) is reduced to

G = E[G|F}

]
so we conclude that {8 = ¢ = 0 and then y¢ = 79 = «¥ = 0. We use the well-known

PRP
! ex <— w7 ) dw,
Vi@ =0 P\ T2 =)

from which we conclude, see Proposition 4.7 in D’ Auria and Salmerdn (2020) for details,

T
Liwr>0y = P(Wr > 0) +/
0

that
at = 7( b* exp( _’2 ) refl,2}
! 2n(T —t) AT —1))° R

and the information drifts appearing in Proposition 5.2 are determined. By concatenating the
information drifts, the technique can be easily generalized to the case when

M=1+ ]l{WthWtk,l}’ 1 <t<t, kel,..., n,

Gy = ]l{wszwtk—l} and the enlargement G = F v o (Gy, ..., G,).

Conclusion

In this paper we show how to incorporate anticipative information in a filtration generated
by a Brownian motion and a Poisson process. We compute the compensators in a general
framework of additional information (see Lemma 4.2), and then we focus on the purely
atomic case to consider more explicit examples (see Corollary 4.3). In particular, we study
the case in which a G-agent knows if the final pair of random variables (W7, N7) are within
a certain rectangular region, as well as the case that considers a similar type of information
about the pair of running maximums (M7, Jr), see Examples 4.9 and 4.10. We also study
the case when A is not F-adapted in Sect. 5 and give an example when it is an anticipative
function of W, see Example 5.3.

When the dynamics of the risky asset are driven by the Poisson process only, we give the
exact value of the additional information in terms of an entropy similar to the corresponding
continuous case, see Theorem 3.11. Finally, we extend that formula for the mixed case in
Theorem 4.6 and Corollary 4.7.
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Appendix A

Proof of Proposition 3.9 We proceed by maximizing point-wise the expression given by (31).
After defining the integrand

() = ps + (s — ps) + As(1 + Xyc)ln(l + mls) — Ay

we look for each w € , the strategy 7€ that solves for each time s € [0, T] the equation
0 = I'(nY). Therefore

A (L+y2)8

0=pus —
I’LS pS + 1+7TY60S

AsOs

and solving for 7¥ the result holds true since I” (%) < 0. ]

Proof of Theorem 3.11 By (31) we have
T
VE = [ B [ptm80n = 0+ a1+ y ) 4700 - 1in90.] s, (53
0

being 7 the process defined in the Proposition 3.9. We compute the following terms

MHs — P,
7TSG (ps — ps — Asls) = —M){G - %
s

Gg.) — M)
" <1 s 9&) =l <)‘s — (s — ps)/0s '
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By substituting them in (53) we have the following expression,

, G
. G As(L+y7) /
B Ry 6, I = G = po) /6,

Finally, we compute the difference as follows

AL+ y9) )

T
VG—VF=/ E[—A yG+A,(1+yG)1n(—
g 0 S * s As — (s — ps) /05

s ln (*—>] ds
As — (s — ps) /s

T
- / E [—xsyf a1 +78)In (1 + )/SG)] ds >0
0

where we have applied (30) in order to simplify the expression as follows

T G As
[ efon(e e Vamo
0 As — (Ms - ps)/es

It can be checked that the function 2 (x, y) = —xy+x(1+y) In(1+y) is positive whenx > 0
and y > —1 and we get the non-negativity of the additional gains. Finally by adding and
subtracting the term A, (1+ ySG) In A and by applying (30) to the term —A ySG and A ySG In Ag
we get the result. O

Proof of Proposition 4.4 We proceed by maximizing point-wise. We define

1
I(7) == ps + ndSG - Enzasz + csG In(1 + 76,)

and we consider the first order condition 0 = I’(7r) as follows,

0
OzdSG —nasz+cSG 1 +;9 .
A}

Then we derive the next equation,
0= (026) 72+ (07 = 6,8 ) w — (d +6,¢7)

with the following solutions,

(54)

. 648 -o2x \/ (60,46 — 02)7 + 4026, (dS + 0,cG)
20329S

g =
1 /dS 1\ s [(dS 1\* G
(G 2) =)
2 \ of O 2 o O o
where in the last step we have used arithmetic computations. It can be verified that I”(0) < 0

and the pair of strategies 7 are maximum if and only if they are admissible. Then we need
to check if the condition 1 + n'ies > () is satisfied. We rewrite the pair as follows,

1 /d%p 1 //dSe 2 G
T+rte, = (=22 4+1)+= s 541 4925 55
+ 70, 2<03+) 2\/< 3+ + o2 (55)

and we deduce that the unique optimal solution is 7+ = (7,7, 0 <t < T,
then the result holds with the fact that I”(7 ) < 0. O
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Proof of Theorem 4.6 We recall the notation of d¢ and c? in the previous computation. Using
(54),

T 7.[202
Ve = / E[ps ted — = e Inl + nses)]ds
0

T 2.2
Tio;] 70 1
— E[ s”s G svs 1 ]d
/0 Pty CS(1+nS95+n 1+ 7,0, g
2
\)

T
[ 5 0, G G —  _In{—— :Id*
»/() P 2 o R (1 + 7505 n<1 n"VQS)) S‘

G 2 2 G
J(G 1) +aher - (B 41)

1 4 736 2 02 o

2
:LSZ dSGeS +1 +4%CG_ @_{_]
262 o} o2 o?
i (65) @ o 2+4G a | o
= — | sgn(b; i - —+ =
20, (¥ oy T g “\G T
1 0?2
G G, G
_CS In <m> = CS In CS + CSG In (20})
dSe 2 dSe
—c%n \/<32S—|—1> +4%C§—(572S+1>
US GS GS
By rearranging all the terms we get
o (T .[1[dS\> 1dS P 5 .
Ve = El == 3 f2] sy 2 406 — 5 1
T /0 |:2<Us> +20S Sgn( s) (Us +93> + Cs 29s+cs HCS

62 dGe 2 g2 dSe
+cfln<2%> —cfIn \/< 2 +1> +4%5c0 — <—2 + 1) ]ds,
GS GS JS JS

d¢ 0?

and by simplifying the terms —i and ¢ In (2—2) because of (30), the result follows
s GS

true. o
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Proof of Proposition 5.2 Let A € F; and B € o (G), then by (35) we have

E[1,1(Gep) (N, — Ny)]
T T 5 . 5
=E[ﬂA (PG<B|f%)+ f / ¢S PS(dg)dWy + / f waGug)st) (N, —N;)].
0 B 0 B
For the first term we have

E[1aPCBIFHW, — N9 | = E[14PCBIFH ELN, - NIF, v 7]

t
=E nAPG(B|f%)E[/ ?Jdulfsvf%l]
N

—E JlAPG(BlfT)/ yid ]

=E 11A// PG(dg|fT)du]

=E 1A// ’\PG(dg|]-'uv}'%)du]

=E / Ell(Gen) V| Fu v}'%]du]
L )

t
=FE IIAII{GQB}/ )7,j”dui|
)

With respect to the second term we use the fact that W =w — fo Gds isaF v F*
martingale, then

T
E[m / / szGug)dWs(N,—Ns)}
=E[ (/ /@ PG(dg)qu-i-/ f;;’PG(dg) *du> (NI—NS)]
=E[1A / f ¢$ PO (dg)aldu <N,—Ns)],
0 B

where in the second equality we applied the It isometry for F v F*-martingales. The latter
integral in [0, T'] is going to be split in [0, s], [s, #] and [#, T]. To short the notation we
introduce the F-adapted process Y2 := [ IS 8P%(dg), u € [0, T]. For the first interval we

have,
S
E[]lAf vBakdu (N, — NS}_ [/ JlA/ v5a )‘dude:|_0
0

where we used that N is a F v F* martingale and it is the expectation of a well-define Ito
integral. For the interval [t, T],

T t T
E[]lA/ YBa du (NI—NY)] =-E [nA/ / xvaaﬁdudu]
t N t
13 T !
=-F [L\/ (/ —/)x,,y;*a;dudv} (56)
N v v
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and we continue with the first integral.

t T
E[]lA// Auyfagdudv]z []lA// / 5 PO (dg|Fy, J—'*)dudv]
N v
t pT t T
:E[HA// AUE[JL{GGB}@Gm,fQ]dudv]:E[ﬂAﬂ{GeB}// Av?quudv].
N v N v

Next we prove that the interval [s, ¢] simplifies with the second integral in (56). Indeed,
t t v t
E|:11A/ YB& du (N, —NS)] =E[]lA/ (/ YuBa;du+/ Yf&jdu) de]
s s s v
topt B
=E [L,/ f YuBa;}dudNu] = [L,/ (N, — Ny)YEa! du]
N v
t u
=—E [uA/ f xvdvyf&gdu} =—E [uA/ f rYBak dudvj| (57)
s s

where we used that N, — N;, s < u, is F-adapted and for any F-adapted process X =
(X;, 0 <t <T)wehave

T R T T
0=E|:/ Xuqu—/ Xuqu]zE[/ X,,&[}du].
0 0 0

We consider now

T t
E[JIA / / waGmg)st(N,—M)] =E[11A / / waG(dg)dNu}
K] B
t
- E[m / / huvié PO dglF, >du] - E[m{ceg} / Auyfdu]

where in the first equality we used the Itd isometry and the fact that [N.]FVF * = N., in the
second one we applied the definition of ¢ while in the third one we used the properties of the
conditional expectation operator. By putting together all the terms and taking G;-conditional
expectation, we conclude that

. T
N.—/ (Av+73+xvy§—xvlz[/ ?fdulgv]) dv
0 v

is a G-local martingale. To finish the proof, we sketch the computation in order to calculate
the information drift of W.

E[141{Geny (W, — Wy)]
T T _
=E [JLA <PG<B|f%> +f / ¢ PO (dg)d W, +/ / wsgPG(dngs) (W, — Ws)} .
o JB o JB
For the case of the two first terms we have

r t
E[]LAPG(Bl]-"%)(W, —Ws)] —E nAPG(Buf%)/ 61,’}duj|

t
E ﬂAl{GeB}/ &Jl):du],
s

T - t
E[u/ | cpeagaw.on - W»] — B | Lalgen | afdu].
0 B K
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By defining Z2 := I v PY(dg), we proceed entirely as in the Poisson case. We omit some
details that can be consulted in the first part of the proof.

T T t
E[IA/ ZBaAN,(W, — WS)1| = E[ILA/ 784N, <Wt - Ws+f &jdu)]
0 0 s

T 5 t K t 5 t
=E[1A/ zdev/ ajdu] =E[11A (/ +/)Zdev/ a;du].
0 K 0 s s

For the first integral we have

N I3 t u u
E[JLA/ zdev/ &;du} ) [1A/ (/ —/ )z{fxva;dvdu}.
0 K K 0 s

As in the Poisson case, the second integral is simplified with the [s, 7] interval. So we deal
with the first one,

t u ' u
E[ILA/ / fovagdudu] :E[ILA/ / E[n{ceg}xvyﬂfv]a;dudu] =0.
§ 0 K 0

So we conclude that the process

W.—/O. (@ +af)av

is a G-martingale and the result holds true. O
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