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Abstract. Every conic symplectic singularity admits a universal Poisson deformation and a universal filtered quan-

tization, thanks to the work of Losev and Namikawa. We begin this paper by showing that every such variety admits

a universal equivariant Poisson deformation and a universal equivariant quantization with respect to a reductive

group acting on it by Cˆ-equivariant Poisson automorphisms.

We go on to study these definitions in the context of nilpotent Slodowy slices. First we give a complete description

of the cases in which the finite W -algebra is a universal filtered quantization of the slice, building on the work

of Lehn–Namikawa–Sorger. This leads to a near-complete classification of the filtered quantizations of nilpotent

Slodowy slices.

The subregular slices in non-simply-laced Lie algebras are especially interesting: with some minor restrictions on

Dynkin type we prove that the finite W -algebra is a universal equivariant quantization with respect to the Dynkin

automorphisms coming from the unfolding of the Dynkin diagram. This can be seen as a non-commutative analogue

of Slodowy’s theorem. Finally we apply this result to give a presentation of the subregular finite W -algebra in type

B as a quotient of a shifted Yangian.
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1. Introduction

The finite subgroups of SL2pCq are classified by the simply-laced Dynkin diagrams. If ∆ is such a diagram

corresponding to a group Γ then the quotient singularity C2{Γ is said to have type ∆. It was proven by Artin that

these varieties give an exhaustive list of rational isolated surface singularities up to analytic isomorphism [1].

The classical theorem of Brieskorn [7], conjectured by Grothendieck, states that if g is a complex simple Lie

algebra with simply-laced Dynkin diagram ∆ then the transverse slice to the subregular orbit is the Cˆ-semi-

universal deformation of the singularity of type ∆. This remarkable theorem was extended to the non-simply-laced

types by Slodowy [35]. Let ∆0 be such a diagram, and let ∆ be simply-laced and Γ0 Ď Autp∆q be uniquely

determined by the requirement that ∆0 is obtained by folding ∆ under Γ0 (Cf. [10, §13], for example). Then the

subregular slice in a Lie algebra of type ∆0 is the Cˆ-semi-universal Γ0-deformation of a singularity of type ∆.

Lehn, Namikawa and Sorger have generalised this classical story to arbitrary nilpotent orbits, taking the focus

away from the subregular case [22]. In general the nilpotent part of a Slodowy slice is not an isolated surface

singularity and so there is no versal theory for deformations. It turns out that the correct generalisation is given by

realising the Slodowy slice as a Poisson variety via Hamiltonian reduction, following [14]. Since the nilpotent part

of the slice is a conic symplectic singularity, results of Namikawa [29, 30] show that there is a Poisson deformation

which is universal, in the sense that every other deformation is obtained by a unique base change. The main result

of [22] gives a necessary and sufficient condition for the Slodowy slice to be a universal Poisson deformation of its

nilpotent part.

Let G be a simple, simply connected, complex algebraic group and g “ LiepGq its Lie algebra, with nilpotent cone

N pgq. Choose e P N pgq and identify e with χ P g˚ via the Killing isomorphism κ : g
„
ÝÑ g˚. Set N pg˚q “ κpN pgqq.

Denote the adjoint orbit of e by O and write Sχ for the Slodowy slice to χ in g˚, which is transverse to coadjoint

orbits. Consider the Springer resolution π : rN Ñ κpN pgqq. Then Theorems 1.2 and 1.3 of [22] state that the

following are equivalent:

(1) ϕ : Sχ Ñ h˚{W is a universal Poisson deformation of the central fibre ϕ´1p0q;

(2) the restriction map H2p rN ,Qq Ñ H2pπ´1pχq,Qq is an isomorphism;

(3) O does not occur in the Table 1.

Table 1: cases in which Sχ Ñ h˚{W is not a universal Poisson deformation.

Type of g Any BCFG C G

Type of O Regular Subregular Two Jordan blocks dimension 8

The objective of this paper is to prove non-commutative analogues of many of the results described above: we

will classify the non-commutative filtered quantizations of every nilpotent Slodowy slice whose orbit does not appear

in Table 1, and we prove non-commutative analogues of both Brieskorn’s and Slodowy’s theorems.

Our point of departure is the work of Namikawa [29, 30] and Losev [24] on deformations and quantizations of conic

symplectic singularities. Namikawa has shown that every such variety admits a universal Poisson deformation, whilst

Losev demonstrated that Namikawa’s deformation can be quantized, and that the quantization enjoys a universal

property similar to its semi-classical limit.

In order to compare universal Poisson deformations with universal quantizations, we begin the paper working in

a general setting. We fix n P N and a commutative positively graded connected Poisson algebra A with bracket in

degree ´n. The functor PDA of graded Poisson deformations has been well-studied by many authors, and we recap

some of the main features in Section 2.3. The functor QA of filtered quantizations of Poisson deformations of A is

defined analogously, although it appears to be new to the literature; we state some of its basic properties in Section

2.4. One of the key definitions in this paper is the functor of deformations (or quantizations) with fixed symmetries.

Suppose that Γ is a reductive group of graded Poisson automorphisms of A. We define actions on deformations and

quantizations of A compatible with the one on the central fibre, namely graded Poisson Γ-deformations and filtered

Γ-quantizations; see Section 2.6 and 2.7. Our main result in this setting is the following.

Theorem 1.1. Suppose that X is a conic symplectic singularity and Γ is a reductive group of Cˆ-equivariant

Poisson automorphisms of A “ CrXs.
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(1) The functor PDA,Γ of graded Poisson Γ-deformations of A, resp. the functor QA,Γ of filtered Γ-quantizations

of A, admit universal elements.

(2) A filtered Γ-quantization is a universal element of QA,Γ if and only if its associated graded is a universal

element of PDA,Γ.

(3) The universal base B of QA,Γ is a split-filtered commutative algebra, and there is a unipotent algebraic group

U consisting of automorphisms of B which induce the identity on the associated graded grB. This group

acts freely and transitively on the universal elements of QA,Γ over B with a fixed associated graded.

The proof will be completed in Section 2.8. We expect even the case of Γ trivial to have various applications,

some of which we explain at the end of the introduction.

We now return to the Lie theoretic setting discussed at the beginning of this introduction, and retain the notation

introduced there. We briefly recount the basic properties of the Slodowy slice Sχ. Let pe, h, fq be an sl2-triple and

gf the centraliser of f . Then Sχ :“ χ ` κpgf q is a transversal slice to coadjoint G-orbits, admitting a contracting

Cˆ-action. Furthermore it carries a Poisson structure via Hamiltonian reduction, studied in [14] (see Section 3.2

for more detail). Slodowy showed [35, Corollary 7.4.1] that the adjoint quotient map g˚ Ñ g˚{{G » h˚{W restricts

to a flat Cˆ-equivariant morphism Sχ Ñ h˚{W and it follows that the slice provides a Poisson deformation of the

central fibre Sχ,N “ Sχ XN pg˚q which we call the nilpotent Slodowy slice.

On the other hand, Premet introduced a filtered quantization of the Slodowy slice known as the finite W -algebra

[32]. This is a non-commutative filtered algebra Upg, eq which depends only on g and the orbit of e. Since their

inception they have found numerous applications to the ordinary and modular representation theory of Lie algebras;

see [34] for a nice overview of both settings. If λ denotes a central character of Upg, eq then Upg, eqλ will denote

the quotient by the ideal generated by the kernel of λ.

Theorem 1.2. Let A “ CrSχ,N s. The following are equivalent:

(1) The functor QA is representable over Crh˚{W s and the finite W -algebra Upg, eq P QApCrh˚{W sq is a

universal element;

(2) the orbit O is not listed in the Table 1.

When these equivalent conditions hold each filtered algebra quantizing CrSχ,N s is isomorphic to Upg, eqλ for some

choice of central character λ.

This result is proven in Theorem 3.6. Our argument consists of assembling the necessary ingredients from

throughout the literature to apply Theorem 1.1 with Γ trivial. In Section 3.2 we define the Poisson structure on

Sχ and recall the fact, well-known to experts, that Sχ,N is a conic symplectic singularity. In Section 3.3 we recall

the basic properties of the finite W -algebra, whilst in Sections 3.4 and 3.5 we record the remaining facts needed to

explain that the Slodowy slice and the finite W -algebra are Poisson deformations and quantizations of Sχ,N .

Finally we focus on the subregular case considered by Brieskorn, Grothendieck and Slodowy [7, 35]. The non-

commutative analogue of Brieskorn’s theorem says that the subregular finite W -algebra attached to a simply laced

Lie algebra of type ∆ is a universal filtered quantization of the rational singularity of type ∆. This is a special case

of Theorem 1.2. Some of the most interesting applications in this paper arise from our non-commutative analogue

of Slodowy’s theorem. Let g0 be a simple Lie algebra with non-simply-laced Dynkin diagram ∆0, and let (∆,Γ0q

be determined by ∆0 by folding, as we described earlier. Let χ “ κpeq, where e P g is a subregular element. With

some restrictions on ∆0 we prove the following analogue of Slodowy’s theorem [35, §8.8] in the setting of universal

Poisson deformations and their quantizations.

Theorem 1.3. Let g0 be of type Bn, Cn or F4, where n ě 2 and n is even in type C. Let W0 be the Weyl group of

g0, let e0 P N pg0q be a subregular nilpotent element and χ0 “ κpe0q. Let A “ CrSχ,N s. Then:

(1) The functor PDA,Γ0
is representable over Crh˚0 sW0 and CrSχ0

s is a universal element;

(2) The functor QA,Γ0
is representable over Crh˚0 sW0 and the finite W -algebra Upg0, e0q is a universal element.
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After laying the groundwork for the Γ0-action in Section 4.1 the proof of this theorem is given in Section 4.2. We

expect that the restrictions on ∆0 are unnecessary and we conjecture that Theorem 1.3 holds for all non-simply-

laced simple Lie algebras. Theorems 1.2 and 1.3 lead to interesting surjective homomorphisms between W -algebras,

which are new in the literature.

Corollary 1.4. There exists a surjective homomorphism of subregular W -algebras

Upg, eq� Upg0, e0q.(1.1)

When g0 satisfies the hypotheses of Theorem 1.3, the kernel is generated by elements z ´ z ¨ γ where γ P Γ0 and

z P Zpg, eq lies in the centre.

In the final section we apply Corollary 1.4 to obtain new Yangian-type presentations of W -algebras. Since W -

algebras are defined via quantum Hamiltonian reduction, there is no known presentation in general. This makes

them difficult to work with. The situation is significantly improved in type A: in this case there is an explicit

isomorphism between a truncated shifted Yangian and the W -algebra [8]. This leads to an explicit presentation of

the subregular finite W -algebra in type B as a quotient of a truncated shifted Yangian.

Theorem 1.5. If e0 P g0 :“ so2n`1 lies in the subregular orbit then the finite W -algebra Upg0, e0q is generated by

elements

tD
prq
1 , D

prq
2 | r ą 0u Y tEprq | r ą 2n´ 2u Y tF prq | r ą 0u(1.2)

together with relations given in [8, (2.4)-(2.9)], along with the relations D
prq
1 “ 0 “ Zp2s´1q where r ą 1, s “ 1, ..., n,

and where Zprq is given by the formula (4.7) below.

1.1. Further applications. We discuss three large families of conic symplectic singularities to which Theorem 1.1

might be applied in the case Γ “ t1u.

(i) Braverman–Finkelberg–Nakajima (BFN) have recently introduced a rigorous mathematical definition of the

Coulomb branch associated to a class of 3-dimensional N “ 4 supersymmetric gauge theories [6]. These are

algebraic varieties attached to a pair pG,V q where G is a reductive group and V is a G-module, which can

be naturally quantized, leading to a Poisson structure. The question of when these varieties have conical

symplectic singularities has been a subject of much recent research [27, 35], and a positive answer has

recently been given by Gwyn Bellamy [4]. These varieties also come equipped with natural deformations

(see §2(ii) and 3(viii) of loc. cit.) and whenever the BFN deformation is universal in the sense of Namikawa,

our theorem implies that the BFN quantization of the deformation is universal in the sense of Losev.

(ii) The universal quantization of a symplectic quotient singularity was determined by Losev [24, Proposi-

tion 3.17]. It can be constructed by taking the invariants in the spherical symplectic reflection algebra

with respect to the Namikawa–Weyl group. Bellamy has previously obtained the Poisson analogue of this

theorem [3, Theorem 1.4], and combining our Theorem 1.1 with loc. cit. one obtains a (less detailed) proof

of Losev’s description of the universal quantization.

(iii) Other examples are expected to arise from symplectic reduction. To be more precise, suppose that we have

a Hamiltonian action of a reductive group G on a symplectic variety. Suppose furthermore that the Kirwan

map on cohomology groups is an isomorphism (Cf. [27]). Then varying the moment map over the cocentre

of LieG should give the universal Poisson deformation of the symplectic reduction, and our Theorem 1.1

suggests a straightforward proof that the quantum symplectic reduction is universal in the sense of Losev.

We hope that examples of this phenomenon should be provided by quiver varieties and hypertoric varieties.

Acknowledgements: The authors would like to thank Gwyn Bellamy, Anne Moreau, Travis Schedler and Ben

Webster for useful discussions on the subjects of this paper. The authors thank the referee for careful review and

suggestions. The research of the first three authors was partially supported by BIRD179758/17 Project “Stratifi-

cations in algebraic groups, spherical varieties, Kac-Moody algebras and Kac-Moody groups” and DOR1898721/18
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author was also supported by FNS 200020 175571, funded by the Swiss National Science Foundation. The first
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2. Universal Poisson deformations and filtered quantizations

2.1. Representability of functors and universal elements. Let C be a category. For an object B P C

we denote by AutCpBq the set of automorphisms of B in C. Let F: C Ñ Sets be a functor. The functor F

is said to be representable if there exists a pair pBu, ηq with Bu P C and η a natural isomorphism of functors

η : HomCpBu,´q Ñ Fp´q. Later in the paper we sometimes express this by saying that Fp´q is representable over

Bu. In this case F is said to be represented by pBu, ηq and Bu P C is called a universal object (or base) for F, while

η is called a representation over Bu of the functor F. A universal element of F is a datum pBu, aq of a universal

object Bu P C and an element a P FpBuq such that for all pB, bq with B P C and b P FpBq there exists a unique

morphism φ P HomCpBu, Bq satisfying Fpφqpaq “ b, [25, III.1]. For expository convenience, our terminology will

slightly differ from the classical one: we will often refer to such an a P FpBuq as a universal element of F, omitting

the base when clear from the context.

By Yoneda’s Lemma, the representations η of F over a base Bu correspond bijectively to the universal elements

of F in FpBuq via the map η ÞÑ ηBu
pidBu

q. Once a universal element in FpBuq is fixed, the collection of all universal

elements of F in FpBuq corresponds bijectively to AutCpBuq; in other words, the set of universal elements is an

AutCpBuq-torsor.

2.2. Graded and filtered algebras. All vector spaces in this paper will be C-vector spaces. Unadorned tensor

products should be read as tensors over C. Every algebra in this paper is finitely generated, unless stated otherwise.

When we refer to a filtered vector space, we always mean a filtration by the non-negative integers satisfying

V “
Ť

iě0 Vi, V0 “ C and dimpViq ă 8 for all i. Similar hypotheses are assumed for all graded vector spaces. From

a filtered vector space V “
Ť

iě0 Vi we can construct the associated graded space grV “
À

iě0 Vi{Vi´1, where we

take V´1 “ 0 by convention. A graded module over a graded algebra is free graded if it has a homogeneous basis.

We say that a filtered map of filtered vector spaces φ : V Ñ W is strictly filtered or strict if φpViq “ Wi X φpV q.

The importance of this definition is that gr is an exact functor from the category of filtered vector spaces with strict

morphisms to the category of graded vector spaces [26, Proposition 7.6.13] so that, for instance, a strict filtered

embedding induces an embedding of associated graded vector spaces. In this paper every filtered morphism of

vector spaces is assumed to be strict.

When V is a graded vector space we may regard it as filtered in the usual manner, and identify V with grV via

the obvious splitting. Note that every graded map of graded vector spaces is a strictly filtered map. We shall often

need to consider a map φ : V ÑW from a graded space to a filtered space, and we call such a map strict if it is so

when regarded as a map of filtered spaces.

Lemma 2.1. Let A “
À

iě0Ai be a finitely generated graded algebra with A0 “ C and let M be a graded A-module.

Then M is flat if and only if M is a free graded module.

Proof. This follows directly from [11, Lemma 2.2] because the grading on A is bounded from below. �

Lemma 2.2. Suppose that B is a commutative filtered algebra and that C and A are commutative filtered B-algebras

such that the natural maps B Ñ A and B Ñ C are strictly filtered. Assume in addition that grA is grB-flat. There

is a natural isomorphism

grAbgrB grC
„
ÝÑ grpAbB Cq

Proof. Since grA is flat it is free graded by Lemma 2.1. Hence, A is a free object in the category of filtered B-modules

[31, Lemma 5.1, 3˝]. Consider the natural homomorphism of grB-modules ϕ : grAbgrB grC � grpAbBCq defined

on homogeneous elements by ϕpā b c̄q “ ab c, where we write v̄ “ v ` Vi´1 P grV for the top graded component

of v P VizVi´1, with V any filtered vector space. By [31, Lemma 8.2], the map ϕ is an isomorphism. A direct

verification shows that it is also an algebra homomorphism. �
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Let B,C,D be commutative rings and let A be a B-algebra. Suppose also that C is a B-algebra and D is a

C-algebra. Then D is naturally a B-algebra. We make the following notation

(2.1) εC : AbB C bC D Ñ AbB D, ab cb d ÞÑ ab cd.

We denote by G the category of finitely generated non-negatively graded commutative C-algebras B “
À

iě0Bi
such that B0 “ C. Morphisms between objects of G are graded morphisms. For B P G, we write B` for the unique

graded maximal ideal, and C` for the corresponding quotient B{B` » C. Similarly, we denote by F the category of

finitely generated non-negatively filtered commutative C-algebras F such that F0 “ C. Morphisms between objects

of F are strictly filtered morphisms.

There is a functor filt : G Ñ F which associates to a graded algebra B (resp. a graded morphism) the filtered

algebra B with filtration induced by the grading (resp. the same morphism, considered as a filtered morphism).

We will consider the subcategory SF of F of split filtered algebras, i.e. the essential image of G through filt.

Fix n P N. A Poisson algebra is a commutative algebra A equipped with a Lie bracket t¨, ¨u : AˆAÑ A which

is a biderivation. We say that a graded (resp. filtered) Poisson algebra A “
À

iě0 Ai (resp. A “
Ť

iě0 Ai) has

Poisson bracket in degree ´n if ta, bu P Ai`j´n for a P Ai, b P Aj . If A is a filtered Poisson algebra with bracket

in degree ´n then grA is a graded Poisson algebra with bracket in degree ´n. Similarly we say that a filtered

(non-commutative) associative algebra A “
Ť

iě0 Ai has degree ´n if ra, bs P Ai`j´n whenever a P Ai and b P Aj .

Such filtered algebras have the property that grA is a graded Poisson algebra in degree ´n via the formula

ta`Ai´1, b`Aj´1u :“ ra, bs `Ai`j´n´1(2.2)

whenever a P Ai, b P Aj . Similarly, filtered homomorphisms between filtered algebras of degree ´n induce graded

homomorphisms between Poisson algebras of degree ´n. These observations can be upgraded to a well-known

categorical statement.

Lemma 2.3. Taking the associated graded defines an exact functor from the category of strictly filtered algebras of

degree ´n to the category of graded Poisson algebras of degree ´n. �

For B P G, when we say that A is a Poisson B-algebra we assume that the structure map B Ñ A is a

homomorphism whose image is Poisson central. Recall that, for B P F and A a filtered B-algebra, we always

assume that the structure map B Ñ A is strictly filtered.

2.3. The Poisson deformation functor. For the rest of the section we keep fixed n P N and a positively graded,

finitely generated, commutative, integral Poisson algebra A “
À

iě0Ai with Poisson bracket in degree ´n.

A filtered Poisson deformation of A is a pair pA, ιq consisting of a filtered Poisson algebra with bracket in degree

´n, and an isomorphism ι : grAÑ A of Poisson algebras.

By the Rees algebra construction, a filtered Poisson deformation is a special case of a more general notion of

Poisson deformation.

Definition 2.4. Let B P G. A graded Poisson deformation of A over B is a pair pA, ιq where:

(i) A is a graded Poisson B-algebra, flat as a B-module;

(ii) ι : AbB C` Ñ A is an isomorphism of graded Poisson algebras.

Two graded Poisson deformations pA1, ι1q and pA2, ι2q of A over B are said to be isomorphic if there exists a

graded Poisson algebra isomorphism φ : A1 Ñ A2 such that the following diagrams commute

B

A1 A2
φ

(2.3)

A

A1 bB C` A2 bB C`
φbid

ι1 ι2(2.4)
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Remark 2.5. Let B and pA, ιq be as in Definition 2.4 and consider the (split) short exact sequence of B-modules

0 Ñ B` Ñ B Ñ C` Ñ 0. Since A is flat over B, we obtain another short exact sequence of graded B-modules

after tensoring with A over B and using ι:

(2.5) 0 Ñ B`AÑ A π
ÝÑ AÑ 0.

Since B is Poisson central in A, B`A is a Poisson ideal in A and π in (2.5) respects the Poisson brackets. We

choose a graded vector subspace A1 Ă A isomorphic to A as a graded vector space and such that A1 ‘ B`A “ A.

By [11, Lemma 2.2], we conclude that we have an isomorphism of graded B-modules A » A1bB (where B acts on

the right tensor factor) and the n-th graded component of (2.5) reads:

(2.6) 0 Ñ
n
à

ią0

A1n´i bBi Ñ
n
à

i“0

A1n´i bBi Ñ A1n Ñ 0.

Definition 2.6. The functor of graded Poisson deformations of A is defined as follows:

PDA : G Ñ Sets

(i) for B P G, the set PDApBq is the set of isoclasses of graded Poisson deformations pA, ιq over B;

(ii) for β P HomGpB1, B2q we set PDApβq to be the map associating to the isoclass of pA1, ι1q P PDApB1q the

isoclass of pA1 bB1
B2, ι1 ˝ εB2

q P PDApB2q, where εB2
is defined in (2.1).

When clear from the context, we will denote isoclasses by their representatives.

If PDA is representable, we use the following notation: we denote by Bu P G a fixed universal base, we fix one

of its representations over Bu and we set pAu, ιuq to be the element in PDApBuq corresponding to idBu and call it

a universal graded Poisson deformation of A.

For the reader’s convenience, we explicitly state the universal property of pAu, ιuq, as in [24, Proposition 2.12]:

for B P G and pA, ιq P PDApBq, there exists a unique β P HomGpBu, Bq such that PDApβqpAu, ιuq “ pA, ιq in

PDApBq, i.e. there exists a B-linear graded Poisson isomorphism φ : AubBu
B Ñ A such that the following diagram

(see (2.4)) commutes:

A

Au bBu
B bB C` AbB C`

ιu˝εB

φbid

ι

where εB is defined in (2.1).

Remark 2.7. Note that the notation εC in (2.1) actually suppresses the choice of homomorphism ϕ : B Ñ C

making C a B-algebra. In this Remark we write εC :“ εC,ϕ. Let B P G and β P AutGpBq and consider

PDApβqpA, ιq “ pAbB B, ι ˝ εB,βq P PDApBq. Then A and AbB B are isomorphic as graded Poisson algebras and

both deform A but pA, ιq and pAbB B, ι ˝ εB,βq are generally distinct elements of PDApBq, since the isomorphism

need not be B-linear, i.e., the diagram in (2.3) may not commute.

Suppose PDA is represented by Bu P G, then the choice of a universal graded Poisson deformation is not unique:

the graded automorphisms of Bu correspond bijectively to elements of PDApBuq, each of which can serve as a choice

of universal element. See §2.1 for further details.

Example 2.8. LetG be a simply-connected complex semisimple group, g its Lie algebra with Cartan subalgebra h and

Weyl group W . The coordinate ring Crg˚s is naturally a graded Poisson algebra, and the Poisson centre coincides

with Crg˚sG which is isomorphic to Crh˚sW “ Crh˚{W s by Chevalley’s restriction theorem. One may choose the

isomorphism to ensure that it is an isomorphism of graded algebras. Set A “ CrN pg˚qs to be the coordinate

ring of the nullcone. This is graded via the contracting Cˆ-action on g˚ and a famous theorem of Kostant [17,

Proposition 7.13] says that the defining ideal of N pg˚q in Crg˚s is generated by Crg˚sG`. Hence A is a positively

graded Poisson algebra and there is an isomorphism ι : Crg˚s bCrh˚{W s C` Ñ A. By another theorem of Kostant

Crg˚s is a free Crg˚sG-module [19, Theorem 0.2] and so pCrg˚s, ιq P PDApCrh˚{W sq is a Poisson deformation of the

coordinate ring of the nullcone.
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2.4. The filtered quantization functor. We continue to fix n P N and A, and we remind the reader that all

filtered maps in this paper are assumed to be strict. Our goal here is to define a functor similar to PDA classifying

filtered quantizations of A. Recall that for a filtered algebra of degree ´n, the associated graded algebra carries a

Poisson structure via (2.2).

Definition 2.9. Let B P SF. A filtered quantization (of a Poisson deformation) of A over B is a pair pQ, ιq where:

(i) Q is a filtered B-algebra of degree ´n, flat as a B-module;

(ii) pgrQ, ιq P PDApgrBq, where the structure map grB Ñ grQ is induced by the structure map B Ñ Q.

Once again, we call B the base of the quantization.

Two quantizations pQ1, ι1q and pQ2, ι2q of A over B are said to be isomorphic if there exists a filtered isomorphism

φ : Q1 Ñ Q2 such that:

(i) the following diagram commutes:

B

Q1 Q2
φ

(2.7)

(ii) grφ : grQ1 Ñ grQ2 gives an isomorphism between pgrQ1, ι1q and pgrQ2, ι2q as graded Poisson deformations

of A over B.

Definition 2.10. The functor of filtered quantizations of A is defined as follows:

QA : SF Ñ Sets

(i) for B P SF, the set QApBq is the set of isoclasses of filtered quantizations pQ, ιq over B;

(ii) for β P HomSFpB1, B2q, the morphism QApβq maps the isoclass of pQ1, ι1q P QApB1q to the isoclass of

pQ1 bB1
B2, ι1 ˝ εgrB2

q P QApB2q, where εgrB2
is defined in (2.1).

When QA is representable, we denote by Bu P SF a fixed universal base, we fix one of its representations over

Bu and we set pQu, ιuq P QApBuq to be the universal element corresponding to idBu
and call it a universal filtered

quantization of A.

Then pQu, ιuq P QApBuq satisfies the universal property in [24, Proposition 3.5], which we restate in the functorial

language: for all B P SF and pQ, ιq P QApBq, there exists a unique morphism β P HomSFpBu, Bq such that

pQ, ιq “ QApβqpQu, ιuq “ pQu bBu
B, ι ˝ εgrBq as elements in QApBq, where εgrB is defined in (2.1).

A quantum analogue of Remark 2.7 applies.

Example 2.11. Consider the enveloping algebra Upgq which is filtered of degree ´1 with grUpgq » Crg˚s, and as

usual denote the centre of Upgq by Zpgq. Thanks to the Harish–Chandra restriction theorem we know that there is

a choice of grading on Zpgq such that we have graded isomorphisms Zpgq » Crh˚sW‚ “ Crh˚{W‚s » Crh˚sW (the

filtered maps are clearly strictly filtered), see Section 3.4 for a more detailed account. Furthermore grZpgq » Zpgq

identifies with Crg˚sG Ď Crg˚s as a subalgebra of grUpgq.

In virtue of Example 2.8, from which we retain notation, we have pUpgq, ιq P QApCrh˚{W‚sq, with A “ CrN pg˚qs.
The construction depends on a choice of grading on Zpgq, which is the same as fixing a choice of strictly filtered

isomorphism Crh˚sW Ñ Zpgq and these various choices of isomorphism lead to different isomorphism classes of

quantization of A.

2.5. Interplay between deformations and quantizations. There is a natural relationship between the two

functors we have introduced above: this is given by the natural transformation gr : QA Ñ pPDA ˝ grq. For B P SF,

the map grB : QApBq Ñ PDApgrBq is defined by pQ, ιq ÞÑ pgrQ, ιq. This relation is extremely nice under the

following assumptions, which hold for conic symplectic singularities (introduced by Beauville [2]): these are the

main family of Poisson varieties to which we intend to apply the results of this paper.

Definition 2.12. We say that A admits an optimal quantization theory (OQT) if the following conditions are

satisfied:
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(i) The functor QA is representable over Bu P SF;

(ii) The functor PDA is representable over grBu P G;

(iii) There exist a representation η of QA over Bu, resp. ζ of PDA over grBu, such that the following diagram

of natural transformations commutes:

HomSFpBu,´q QAp´q

HomGpgrBu, gr´q PDA grp´q

gr

η

gr

ζ

where, for B P SF, we set grB : HomSFpBu, Bq Ñ HomGpgrBu, grBq to be the map β ÞÑ grβ.

Remark 2.13. An OQT is equivalent to the existence of universal bases Bu of QA, resp. Cu of PDA, and universal

elements pQu, ιQq P QApBuq, resp. pAu, ιAq P PDApCuq, and a graded isomorphism φ P HomGpCu, grBuq (which is

necessarily unique) such that PDApφqpAu, ιAq “ pgrQu, ιQq.

Lemma 2.14. Assume A admits an OQT. Let B P SF and pQ, ιq P QApBq. Suppose that pgrQ, ιq P PDApgrBq is

a universal element of PDA. Then pQ, ιq is a universal element of QA.

Proof. Consider the universal base Bu P SF from OQT axiom (i) and fix a universal element pQu, ιuq P QApBuq.

There exists a unique ϕ P HomSFpBu, Bq such that QApϕqpQu, ιuq “ pQ, ιq. Now OQT axiom (iii) implies that

pgrQ, ιq “ grpQApϕqqpQu, ιuq “ PDApgrϕqpgrQu, ιuq. By OQT (ii), there exists a unique β P HomGpgrBu, grBq

such that PDApβqpgrQu, ιQq “ pgrQ, ιq and β is an isomorphism, by the assumption of universality of pgrQ, ιq.
Uniqueness yields β “ grϕ. We conclude that ϕ is an isomorphism, hence pQ, ιq is a universal element of QA. �

2.6. Automorphisms of A and of its deformations. Denote by PAutGpAq the group of graded Poisson au-

tomorphisms of A. For B P G and pA, ιq P PDApBq, we denote by AutB´GpAq the group of B-linear graded

automorphisms of A. Moreover, we write PAutB´GpAq for the subgroup of automorphisms in AutB´GpAq respect-

ing the Poisson brackets.

We retain the surjection π : AÑ A{B`A from Remark 2.5 and we identify the algebras A{B`A » AbBC` » A

through ι. We define a map

(2.8) p : PAutB´GpAq Ñ PAutGpAq.

by setting ppγq P PAutGpAq to be the map defined by ppγqpa`B`Aq :“ γpaq `B`A for a P A. Since the elements

of PAutB´GpAq preserve the Poisson ideal B`A, for γ P PAutB´GpAq, the map is well-defined.

Lemma 2.15. Let B P G and pA, ιq P PDApBq. Then the following hold:

(1) PAutGpAq and PAutB´GpAq are linear algebraic groups.

(2) The map p defined in (2.8) is a morphism of linear algebraic groups.

(3) The kernel of p is unipotent and ker p “ PAutB´GpA, ιq, the automorphism group of the graded Poisson

deformation pA, ιq over B.

Proof. Since A is a finitely generated algebra, AutGpAq can be identified with a closed subgroup of GLpV q for some

finite dimensional vector space V , i.e. AutGpAq is a (possibly disconnected) linear algebraic group; see also [24,

§3.7]. By a similar argument, AutB´GpAq is a linear algebraic group. Since automorphisms respecting the Poisson

brackets define a Zariski-closed subset, we have proven (1).

The map p is clearly a group homomorphism. We prove that it is a morphism of algebraic varieties: there is N ě 0

such that AutB´GpAq and AutB´GpAq can be identified as closed subgroups of GLp
ÀN

j“0 Ajq and GLp
ÀN

j“0Ajq,

respectively. Now, as vector spaces
ÀN

j“0 Aj » p
ÀN

j“0 Aj XB`Aq ‘
ÀN

j“0Aj and p maps the automorphism γ to

its restriction to
ÀN

j“0Aj . This completes the proof of (2).

Finally, we describe ker p. Observe that γ P ker p if and only if ι ˝ pγ b idq “ ι, that is, γ is a B-linear Poisson

graded automorphism of A inducing the identity on the central fibre A. In particular, and in view of Remark 2.5,

the map γ is an automorphism of the graded B-module AbB and it satisfies π ˝ γ “ π. Combining kerπ “ B`A
with an induction argument on the graded components of γ proves that γ is unipotent, hence ker p is unipotent.

This concludes the proof of (3). �
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The algebraic group PAutGpAq admits a Levi decomposition by Mostow’s Theorem, see [16, VIII, Theorem 4.3]:

we denote by G the (possibly disconnected) reductive part of PAutGpAq. Throughout this section, we fix a reductive

subgroup Γ ď G.

Let B P G. For any pA, ιq P PDApBq, we define the subgroup of PAutB´GpAq:

(2.9) rΓpA, ιq :“ tγ P PAutB´GpAq | ι ˝ pγ b idq “ g ˝ ι for some g P Γu.

The group (2.9) can be described quite transparently with fewer symbols: these are the B-linear graded Poisson

automorphisms of A which restrict to elements of Γ on the central fibre A; to phrase it another way, we consider

automorphisms γ of A such that π ˝ γ “ g ˝ π for some g P Γ.

For B P G, pA, ιq P PDApBq and g P Γ, we define the g-twisted deformation gpA, ιq “ pA, g ˝ ιq: this yields a

(left) action of Γ on the set PDApBq. We remark that the existence of γ P rΓpA, ιq restricting to g P Γ on A is

equivalent to the condition gpA, ιq “ pA, ιq in PDApBq.

Definition 2.16. Let B P G. A Γ-stable Poisson graded deformation of A over B is an element pA, ιq P PDApBq

such that gpA, ιq “ pA, ιq as elements of PDApBq, for all g P Γ.

For B P G, let PDApBq
Γ denote the subset of isoclasses of Γ-stable graded deformation of A over B. Then

for B1 P G and β P HomGpB,B
1q, we have PDApβqpPDApBq

Γq Ă PDApB
1qΓ. Hence we can define the functor of

Γ-stable Poisson graded deformations of A:

PDΓ
A : G Ñ Sets

associating to B P G the set PDΓ
ApBq :“ PDApBq

Γ and operating on morphisms as per Definition 2.6(ii).

Lemma 2.17. Let B P G, pA, ιq P PDΓ
ApBq and let rΓ :“ rΓpA, ιq. Then rΓ is a linear algebraic group with unipotent

radical U “ ker p and Levi decomposition rΓ » Γ˙ U .

Proof. Let p be as in (2.8), then the group rΓ defined in (2.11) is precisely p´1pΓq. This is nonempty, because

pA, ιq P PDΓ
ApBq and it is a closed (hence algebraic) subgroup of PAutB´GpAq. We set U :“ ker p and observe that

it is contained in Γ̃. The last assertion follows from Lemma 2.15 (3), the short exact sequence 1 Ñ U Ñ rΓ
p
ÝÑ Γ Ñ 1

and Mostow’s Theorem [16, VIII, Theorem 4.3]. �

Remark 2.18. Suppose that PDA is representable and retain notation from §2.3. Let g P Γ, and consider pAu, g˝ιuq P

PDApBuq. By representability, there exists a unique morphism αg P HomGpBu, Buq such that PDApαgqpAu, ιuq “

pAu, g ˝ ιuq. Thus, for each g P Γ, there is an isomorphism of deformations rαg : Au bBu
Bu Ñ Au inducing the

equality PDApαgqpAu, ιuq “ pAu, g ˝ ιuq. We claim that the collection of morphisms pαgqgPΓ yields a right action

of Γ on Bu. Indeed, for h, g P Γ, we have:

PDApαhqPDApαgqpAu, ιuq “ PDApαhqpAu, g ˝ ιuq “ pAu bBu Bu, g ˝ ιu ˝ εBuq

“ pAu bBu
Bu, g ˝ h ˝ ιu ˝ prαh b idqq “ pAu, g ˝ h ˝ ιuq “ PDpαghqpAu, ιuq,

where εBu
is as in (2.1) and all equalities should be read as equalities of isoclasses. Uniqueness of αg, αh and αgh

yields the proof of the claim.

Definition 2.19. Let B P G and pA, ιq P PDApBq. Set rΓ :“ rΓpA, ιq, as in §2.6. A Γ-structure on pA, ιq is a group

morphism s : Γ Ñ rΓ such that p ˝ s “ idΓ.

Namely, the morphism s : Γ Ñ rΓ gives a family of commutative diagrams, for g P Γ:

A A

AbB C` AbB C`

g

spgqbid

ι ι

Definition 2.20. Let B P G. A graded Poisson Γ-deformation of A over B is a triple pA, ι, sq such that:

(i) pA, ιq P PDApBq;

(ii) s is a Γ-structure on pA, ιq.
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We say that two graded Poisson Γ-deformations pA1, ι1, s1q and pA2, ι2, s2q of A over B are isomorphic if there

exists a graded Poisson algebra isomorphism φ : A1 Ñ A2 such that (2.3) and (2.4) commute, and φ˝s1pgq “ s2pgq˝φ

for all g P Γ.

Definition 2.21. The functor of graded Poisson Γ-deformations of A is defined as follows:

PDA,Γ : G Ñ Sets

(i) for B P G, the set PDA,ΓpBq consists of isoclasses of graded Poisson Γ-deformations pA, ι, sq over B;

(ii) for β P HomGpB1, B2q, the morphism PDA,Γpβq maps pA1, ι1, s1q P PDA,ΓpB1q to pA2, ι2, s2q P PDA,ΓpB2q

where pA2, ι2q “ PDApβqpA1, ι1q and, for g P Γ we set s2pgq “ s1pgq b id.

We define the forgetful natural transformation F : PDA,Γ Ñ PDA as follows: for B P G, the component

FB : PDA,ΓpBq Ñ PDApBq maps pA, ι, sq ÞÑ pA, ιq. The following is one of the most important general results

of this paper.

Theorem 2.22. The natural transformation F : PDA,Γ Ñ PDA factors through PDΓ
A and induces a natural iso-

morphism between the functors PDA,Γ and PDΓ
A.

Proof. Let B P G. The image of FB is contained in PDΓ
ApBq. Indeed, by definition of Γ-structure, for each g P Γ,

the graded Poisson automorphism spgq is B-linear and satisfies ι ˝ pspgq b idq “ g ˝ ι, i.e. (2.3) and (2.4) commute.

We prove that FB : PDA,ΓpBq Ñ PDΓ
ApBq is surjective. Let pA, ιq be an object in PDΓ

ApBq and consider p from

(2.8). By Lemma 2.17, from which we retain notation, the map p restricts to a surjective algebraic group morphism

p : rΓpA, ιq » Γ˙ U Ñ Γ. Any section s : Γ Ñ rΓpA, ιq thus endows pA, ιq with a Γ-structure.

Finally, we prove that FB : PDA,ΓpBq Ñ PDΓ
ApBq is injective. For i “ 1, 2, let pAi, ιi, siq P PDA,ΓpBq such that

pA1, ι1q and pA2, ι2q are isomorphic graded Poisson deformations over B. Without loss of generality, we can assume

that pAi, ιiq “ pA, ιq for i “ 1, 2. Now, by Lemma 2.17 and Lemma 2.15 (3), all sections of p, that is, all splittings of

the short exact sequence 1 Ñ U Ñ rΓ
p
ÝÑ Γ Ñ 1 are conjugate by an element of U . Hence, there is φ P PAutB´GpAq

conjugating the Γ-structure s1 to s2, i.e. pA, ι, s1q and pA, ι, s2q are isomorphic as graded Γ-deformations. �

As a consequence we can identify the functors PDA,Γ and PDΓ
A; in particular, for B P G, we may omit the

Γ-structure when writing an element of PDA,ΓpBq.

We recall the right Γ-action on Bu defined in Remark 2.18 and we set pBuqΓ to be the quotient of Bu modulo

the homogeneous ideal generated by tb´ b ¨ γ | b P Bu, γ P Γu, the algebra of Γ-coinvariants of Bu. Geometrically,

the Γ-action on Bu yields a Γ-action on SpecBu and one has the equality SpecppBuqΓq “ pSpecBuq
Γ.

Proposition 2.23. Denote by αΓ : Bu Ñ pBuqΓ the quotient map onto the coinvariant algebra. If PDA is repre-

sentable over Bu, then PDΓ
A is representable over pBuqΓ and PDApαΓqpAu, ιuq is a universal element of PDΓ

A.

Proof. Let pA, ιq be a Γ-stable graded Poisson deformation. By representability of PDA, there exists a unique map

β P HomGpBu, Bq such that pA, ιq “ PDApβqpAu, ιuq. We claim that β “ β̄ ˝αΓ for a unique β̄ P HomGppBuqΓ, Bq.

Let pαgqgPΓ be the collection of morphisms introduced in Remark 2.18. Then:

PDApβ ˝ αgqpAu, ιuq “ PDpβqpAu, g ˝ ιuq “ pA, g ˝ ιq “ pA, ιq “ PDpβqpAu, ιuq

where in the penultimate equality we used Γ-stability of pA, ιq. The claim follows from uniqueness of the map β

and the universal property of the coinvariant algebra. We conclude that pA, ιq “ PDΓ
Apβ̄qPDApαΓqpAu, ιuq. �

2.7. Automorphisms of A and of its quantizations. We continue to work with a fixed reductive subgroup

Γ ď G as in §2.6. The current section can be considered the quantum counterpart of the previous section. For

B P SF, we have an action of Γ on QApBq: for pQ, ιq P QApBq and g P Γ, we define the g-twisted quantization
gpQ, ιq “ pQ, g ˝ ιq.

A quantum version of Remark 2.18 holds. In particular if QA is representable then Γ admits a right action on

the universal base Bu which we again denote

Γ ÝÑ AutSFpBuq, g ÞÝÑ αg.(2.10)
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Definition 2.24. Let B P SF. A Γ-stable filtered quantization of A over B is an element pQ, ιq P QApBq such that
gpQ, ιq “ pQ, ιq for all g P Γ.

For B P SF, let QApBq
Γ denote the subset in QApBq consisting of isoclasses of Γ-stable filtered quantizations of

A over B. Then for B1 P SF and β P HomSFpB,B
1q, we have QApβqpQApBq

Γq Ă QApB
1qΓ. Hence we can define

the functor of Γ-stable filtered quantizations of A:

QΓ
A : SF Ñ Sets

associating to B P SF the set QΓ
ApBq :“ QApBq

Γ and operating on morphisms as per Defintion 2.10 (ii).

Let B P SF and pQ, ιq P QApBq. Denote by AutB´FpQq the set of B-linear filtered automorphisms of Q: for

γ P AutB´FpQq, we have gr γ P PAutgrB´GpgrQq. In view of this, for any pQ, ιq P QApBq, we define:

(2.11) rΓqpQ, ιq :“ tγ P AutB´FpQq | gr γ P rΓpgrQ, ιqu.

Remark 2.25. The map gr: AutB´FpQq Ñ PAutgrB´GpgrQq is a group morphism by functoriality of gr. By

choosing N sufficiently large we can (and shall) identify AutB´FpQq and PAutgrB´GpgrQq with closed subgroups

of GLpQN q and GLp
ÀN

j“0pgrQqjq respectively. Then, for any splitting of the vector space
ŤN
j“0 Qj “

ÀN
j“0Rj with

R0 “ Q0 and Rj a complement of Rj´1 in Qj , the group AutB´FpQq is identified with a subgroup of block upper

triangular matrices. In addition, any such splitting is compatible with the grading of the vector space
ÀN

j“0pgrQqj ,
and with respect to these splittings, gr is identified with the algebraic morphism mapping a block upper triangular

matrix to its block diagonal part. Hence gr : AutB´FpQq Ñ PAutgrB´GpgrQq is a morphism of algebraic groups

with unipotent kernel.

Lemma 2.26. Let B P SF, pQ, ιq P QΓ
ApBq and rΓq :“ rΓqpQ, ιq, and let p be as in (2.8) for pgrQ, ιq. Then rΓq is

a linear algebraic group with Levi decomposition rΓq “ Γ˙ Uq where Uq “ kerpp ˝ grq is the automorphism group of

the filtered quantization pQ, ιq over B.

Proof. Set rΓ :“ rΓpgrQ, ιq. Observe that rΓq “ gr´1prΓq is a closed (hence algebraic) subgroup of AutB´FpQq, by

Remark 2.25. We know that p from (2.8) restricts to a surjective algebraic group morphism p : rΓ Ñ Γ. By Remark

2.25, from which we adopt notation, p ˝ gr : rΓq Ñ Γ is a morphism of algebraic groups. It is surjective because

we assumed pQ, ιq P QΓ
ApBq. We set Uq “ kerpp ˝ grq “ tg P rΓpgrQ, ιq | grpgq P Uu. By construction, it is the

automorphism group of the filtered quantization pQ, ιq over B. We have a short exact sequence of algebraic groups

1 Ñ ker gr Ñ Uq Ñ grpUqq Ñ 1 where grpUqq ď U and ker gr are unipotent. By Mostow’s Theorem, we conclude

that Uq is unipotent. As a byproduct, we also derive the remaining assertions. �

Definition 2.27. Let B P SF and pQ, ιq P QApBq. Set rΓq :“ rΓqpQ, ιq as in §2.7. A Γ-structure on pQ, ιq is a group

morphism s : Γ Ñ rΓq such that p ˝ gr ˝s “ idΓ.

Definition 2.28. Let B P SF. A filtered Γ-quantization of A over B is a triple pQ, ι, sq such that

(i) pQ, ιq P QApBq;

(ii) s is a Γ-structure on pQ, ιq.

We say that two filtered Γ-quantizations pQ1, ι1, s1q and pQ2, ι2, s2q of A over B are isomorphic if there exists

a B-linear filtered algebra isomorphism φ : Q1 Ñ Q2 such that (2.4) commutes for pgrQ1, ι1q and pgrQ2, ι2q and

φ ˝ s1pgq “ s2pgq ˝ φ for all g P Γ.

Definition 2.29. The functor of filtered Γ-quantizations of A is defined as follows:

QA,Γ : SF Ñ Sets

(i) for B P SF, the set QA,ΓpBq consists of isoclasses of filtered Γ-quantizations pQ, ι, sq over B;

(ii) for β P HomSFpB1, B2q, the morphism QApβq maps pQ1, ι1, s1q P QA,ΓpB1q to pQ2, ι2, s2q P QA,ΓpB2q where

pQ2, ι2q “ QApβqpQ1, ι1q and for g P Γ we set s2pgq “ s1pgq b id.

The notion of an optimal quantization theory (OQT) from Definition 2.12 can be upgraded to the equivariant

setting.
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Definition 2.30. We say that A admits an optimal Γ-quantization theory (OΓQT) if the following conditions are

satisfied:

(i) The functor QA,Γ is representable over some Bu,Γ P SF;

(ii) The functor PDA,Γ is representable over grBu,Γ P G;

(iii) There exist a representation η of QA,Γ over Bu,Γ, resp. ζ of PDA,Γ over grBu,Γ, such that the following

diagram of natural transformations commutes:

HomSFpBu,Γ,´q QA,Γp´q

HomGpgrpBu,Γq, gr´q PDA,Γ grp´q

gr

η

gr

ζ

We define the forgetful natural transformation F : QA,Γ Ñ QA as follows: for B P SF, the map FB : QA,ΓpBq Ñ

QApBq is given by pQ, ι, sq ÞÑ pQ, ιq. We have a quantum analogue of Theorem 2.22.

Theorem 2.31. The natural transformation F : QA,Γ Ñ QA factors through QΓ
A and F defines a natural isomor-

phism between the functors QA,Γ and QΓ
A.

Proof. This is a quantum version of Theorem 2.22: the proof is analogous and uses Lemma 2.26. �

As a consequence, we identify the functors QA,Γ and QΓ
A; in particular, for B P SF, we omit the third entry (i.e.

the Γ-structure s) when writing an element of QA,ΓpBq.

The following is a quantum version of Proposition 2.23, and its proof is similar. Denote by αΓ : Bu Ñ pBuqΓ the

quotient map onto the coinvariant algebra with respect to the right Γ-action defined in (2.10).

Proposition 2.32. If QA is representable over Bu, then QΓ
A is representable over pBuqΓ and QApαΓqpQu, ιuq is a

universal element of QΓ
A. �

Recall from Section 2.5 that there is a natural transformation gr : QA Ñ PDA ˝ gr.

Lemma 2.33. The natural transformation gr induces a natural transformation of functors QA,Γ Ñ PDA,Γ ˝ gr.

Moreover, if A admits an OQT the following conditions are verified:

(1) Let B P SF and pQ, ιq P QA,ΓpBq and suppose pgrQ, ιq P PDA,ΓpgrBq is a universal element of PDA,Γ.

Then pQ, ιq is a universal element of QA,Γ.

(2) A admits an OΓQT with Bu,Γ “ pBuqΓ, and the restrictions of the representations from the OQT assumption.

Proof. The first assertion follows from the definitions. For the remaining part of the Lemma, (1) can be proven by

mimicking the argument for Lemma 2.14. For part (3) we simply combine Theorem 2.22, Proposition 2.23, Theo-

rem 2.31, Proposition 2.32. Commutativity of the diagram of Definition 2.30 (iii) is a consequence of Propositions

2.23 and 2.32 under the OQT conditions for A. �

Remark 2.34. Assume A admits an OQT and retain notation from Remark 2.13. In particular the universal bases

are Bu and Cu, and pAu, ιAq and pQu, ιQq are universal elements of PDA and QA (respectively) satisfying the

compatibility condition (iii) of an OQT. In Remark 2.18 and (2.10) we noted that there are right Γ-actions on Bu
and Cu. Let βΓ : Bu Ñ pBuqΓ and αΓ : Cu Ñ pCuqΓ denote the quotient maps to the coinvariant algebras, then

QApβΓqpQu, ιQq, resp. PDApαΓqpA, ιAq is a universal element of QA,Γ, resp. of PDA,Γ. Then (1) of Lemma 2.33

is equivalent to saying that there exists a unique isomorphism φΓ P HomGppCuqΓ, pgrBuqΓq such that PDA,ΓpφΓq

maps PDApαΓqpA, ιAq to gr QApβΓqpQ, ιQq. In other words, φΓ makes the following diagram commute:

Cu grBu

pCuqΓ pgrBuqΓ grppBuqΓq

φ

αΓ gr βΓ

φΓ „

Lemma 2.35. Assume A admits an OQT and retain notation from Remark 2.13. Let pQ, ιq P QApBuq satisfy

pgrQu, ιQq “ pgrQ, ιq. Then there exists a unique unipotent automorphism ν P AutSFpBuq such that QApνqpQu, ιQq “

pQ, ιq.



14 UNIVERSAL QUANTIZATIONS OF NILPOTENT SLODOWY SLICES

Proof. Under the assumptions, there exists a unique ν P HomSFpBu, Buq such that QApνqpQu, ιQq “ pQ, ιq.
By Lemma 2.14, pQ, ιq is universal, so ν P AutSFpBuq. Moreover, it satisfies the relation pgr νq ˝ φ “ φ P

HomGpCu, grBuq. Since φ is an isomorphism, this implies gr ν “ idgrBu
. To prove that ν is unipotent, we observe

that AutSFpBuq and AutGpgrBuq are algebraic groups and that gr : AutSFpBuq Ñ AutGpgrBuq is a morphism of

algebraic groups: one can use the same argument in Remark 2.25. �

Along the same lines one can prove the following Γ-equivariant version of the result.

Lemma 2.36. Assume A admits an OQT and retain notation from Remark 2.34. Let pQ, ιq P QA,ΓppBuqΓq satisfy

grpBuqΓ
QApβΓqpQ, ιQq “ pgrQ, ιq. Then there exists a unique unipotent automorphism ν P AutSFppBuqΓq such that

QA,ΓpνqpQu, ιQq “ pQ, ιq. �

2.8. Conical symplectic singularities and their deformations. In this section we apply all of the above results

to an important class of conical Poisson varieties, known as symplectic singularities. We say that an affine Poisson

variety X is conical if CrXs is a graded Poisson algebra in degree ´n for some n P N. Now let X be a normal

conical Poisson variety, with Poisson bivector $, and suppose that the restriction $|Xreg to the regular locus is

non-degenerate, i.e. pXreg, $q is a symplectic variety. Following [2] we say that X is a symplectic singularity if

there is a projective resolution of singularities ρ : rX Ñ X such that the symplectic form ρ˚π on ρ´1pXregq extends

to a regular 2-form on rX. This property does not depend on which resolution you choose [18, §2.1].

The following theorem combines results of Losev and Namikawa; see [24, 29, 30].

Theorem 2.37. Let X be a conical symplectic singularity. Then A “ CrXs admits an OQT, so Lemmas 2.14 and

2.35 apply.

Remark 2.38. The universal base of the functor PDA and QA is the coordinate ring on a graded vector space defined

to be the cohomology H2pX̃reg,Cq where X̃reg is the smooth locus of a Q-factorial terminalization of the conical

symplectic singularity X. Since these technical details lie beyond the requirements of the current paper we refer

the reader to [29, 24] for information.

Now let X be a conical symplectic singularity with Γ a reductive group of Cˆ-equivariant Poisson automorphisms.

Then Propositions 2.23, 2.32 and Lemmas 2.33, 2.36 apply. This completes the proof of Theorem 1.1.

For the sake of completeness we make explicit the excellent properties of Γ-quantization theory for X.

Theorem 2.39. Let X be a conical symplectic singularity. If Γ is any reductive group of Cˆ-equivariant Poisson

automorphisms of X then CrXs admits an OΓQT.

Proof. Apply Lemma 2.33 and Theorem 2.37. �

3. Nilpotent Slodowy slices and their universal quantizations

Throughout this section we use the following notation:

‚ G is a complex simple, simply-connected algebraic group;

‚ g “ LiepGq the Lie algebra;

‚ κ : gÑ g˚ is the G-equivariant isomorphism induced by the Killing form;

‚ N pg˚q “ κpN pgqq is the nullcone of g˚;

‚ e P N pgq is a nilpotent element with χ :“ κpeq;

‚ pe, h, fq is an sl2-triple;

‚ h is a maximal toral subalgebra containing h, ∆ is the Dynkin diagram and W the Weyl group;

‚ for a given choice of a base for the root system Φ of g, ρ is half-sum of the positive roots;

‚ λ : Cˆ Ñ G is a cocharacter with d1λptq “ th;

‚ Sχ “ χ` κpgf q Ď g˚ is the Slodowy slice.
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3.1. Hamiltonian reduction. Before we introduce the main objects of study of this section, we record some

preliminaries on Hamiltonian reduction. In fact the ideas introduced here serve to generalise the well-known

formalism of Hamiltonian reduction exhibited in the literature, and so we include a brief proof for the reader’s

convenience.

Let N be a complex affine group and let X be a complex affine Poisson variety. An N -action on X is said to be

Hamiltonian if there is an N -equivariant Poisson homomorphism µ˚ : Crn˚s Ñ CrXs which satisfies

d1ρpxq “ tµ
˚pxq, ¨u(3.1)

where ρ : N Ñ AutCrXs is the (locally finite) representation of N on CrXs and d1ρ : n Ñ DerCrXs is the

differential. The map µ˚ is called the comoment map whilst the induced morphism µ : X Ñ n˚ is the moment map.

For any N -stable affine subvariety Y Ď n˚ we define the Hamiltonian reduction

µ´1pY q{{N :“ SpecpCrµ´1pY qsN q.(3.2)

We note that, in general, the algebra Crµ´1pY qsN is not finitely generated and so the Hamiltonian reduction is a

scheme but not necessarily an algebraic variety. Nonetheless theN -stable assumption on Y ensures that Hamiltonian

reduction inherits a Poisson structure.

Lemma 3.1. µ´1pY q{{N inherits a Poisson structure from X. The bracket is given by lifting functions to CrXs,
taking the Poisson bracket and restricting to µ´1pY q{{N .

Proof. Let J Ď Crn˚s be the defining ideal of Y with generators f1, ..., fn. Then the defining ideal of the scheme-

theoretic fibre µ´1pY q is I “ pµ˚pfiq | i “ 1, ..., nq� CrXs.
Since Y is N -stable and µ is N -equivariant it follows that µ´1pY q is N -stable, and so N acts on Crµ´1pY qs.

Since the action is locally finite we have Crµ´1pY qsN “ Crµ´1pY qsn.

In order to prove the claim it suffices to show that for g1 ` I, g2 ` I P Crµ´1pY qsn the bracket

tg1 ` I, g2 ` Iu :“ tg1, g2u ` I

is well-defined. This will follow if we show that every g1, g2 P CrXs satisfying gi` I P Crµ´1pY qsn actually lie in the

Poisson idealiser of I, which is defined to be the subalgebra consisting of elements g P CrXs such that tg, Iu Ď I.

Let g P CrXs be such that g ` I P Crµ´1pY qsn. The n-invariance of g ` I can be rewritten as d1ρpnqpg ` Iq Ď I.

Since I is n-stable this is equivalent to d1ρpnqg Ď I. Now formula (3.1) implies that tµ˚pnq, gu Ď I. Note that µ˚pfiq

lies in the symmetric algebra Spµ˚pnqq Ď CrXs and so applying the Leibniz identity we obtain tµ˚pfiq, gu Ď I. This

shows that tg, Iu Ď I, and the proof is complete. �

3.2. Poisson structures on Slodowy slices. We begin by explaining how Sχ is naturally equipped with a conical

Poisson structure. This structure can be understood in two different ways: either as the transverse Poisson structure

to g˚ at χ as in [12, §2.3], or alternatively via Hamiltonian reduction similar to [14], as we now explain.

The torus λpCˆq induces a Z-grading on g˚ via g˚piq “ tξ P g˚ | λptq ¨ ξ “ tiξu, where λptq ¨ ξ denotes the

coadjoint action. Using the representation theory of sl2, we have κpgf q Ď
À

iď0 g
˚piq. Therefore the cocharacter

Cˆ Ñ GLpg˚q given by t ÞÑ t´2λptq induces a contracting Cˆ-action on Sχ with negative weights. This action

defines a grading on both Crg˚s and CrSχs, known as the Kazhdan grading. It is readily seen that the Poisson

bracket on Crg˚s lies in degree ´2, and that the grading on CrSχs is non-negative.

Thanks to the representation theory of sl2 we have an isomorphism adpeq : gp´1q
„
ÝÑ gp1q, and it follows that

the form ω : x, y ÞÑ χrx, ys on gp´1q is symplectic. We pick an isotropic subspace ` Ď gp´1q. We let `Kω Ď gp´1q

be the annihilator of ` with respect to ω and let N` Ď G be a unipotent algebraic group such that n` “ LiepN`q,

where

n` “ `Kω ‘
à

iă´1

gpiq;

m` “ `‘
à

iă´1

gpiq.
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The group N` acts by Poisson automorphisms on g˚ and µ˚` , and the restriction map µ` : g˚ Ñ n˚` is N`-

equivariant. In fact µ` is a comoment map for the Hamiltonian action of N` on g˚, and this places us in the context

for Hamiltonian reduction; see [21, §5.4.4].

Consider the set

Y` :“ χ|n`
`Annn˚

`
pm`q.(3.3)

Thanks to [14, Lemma 2.1] the coadjoint action gives an isomorphism

N` ˆ Sχ
„
ÝÑ µ´1

` pY`q “ χ`Anng˚pm`q.(3.4)

Therefore N` acts freely on µ´1
` pY`q and the slice Sχ parameterises N`-orbits in µ´1

` pY`q. It follows that there is a

natural isomorphism of Kazhdan graded algebras

Crµ´1
` pY`qs

adpn`q “ Crµ´1
` pY`qs

N` „
ÝÑ CrSχs.(3.5)

We write Iχ Ď Crg˚s for the defining ideal of µ´1
` pY`q, which is generated by x´χpxq with x P m`. By Lemma 3.1

there is a Poisson structure on Crµ´1
` pY`qs

adpn`q given by tf ` Iχ, g ` Iχu :“ tf, gu ` Iχ for f ` Iχ, g ` Iχ P

Crµ´1
` pY`qs

adpn`q. This Poisson structure is transferred from Crµ´1
` pY`qs

adpn`q to CrSχs via the isomorphism (3.5).

Observe that µ´1
` pY`q ãÑ µ´1

0 pY0q and so Crµ´1
0 pY0qs � Crµ´1

` pY`qs. Using the fact that Sχ Ď µ´1
` pY`q, along

with (3.4) we see that Crµ´1
0 pY0qs

adpn0q Ñ Crµ´1
` pY`qs

adpn`q which is an isomorphism of Poisson algebras because

both algebras are isomorphic to CrSχs as Kazhdan graded algebras, by (3.5). Hence the Poisson structure which

we have placed on Sχ does not depend on `.

Now consider the Poisson subvariety Sχ,N :“ Sχ XN pg˚q, known as the nilpotent Slodowy variety.

Lemma 3.2. Sχ,N is a conical symplectic singularity.

Proof. Thanks to [32, §5] the fibres of the restriction of the adjoint quotient map Sχ Ñ h{W are irreducible and

normal, in particular the zero fibre Sχ,N is normal. Since the Hamiltonian reduction of a smooth symplectic variety

is symplectic [21, Corollary 6.16], the symplectic leaves of Sχ are the irreducible components of the intersections

of the leaves of g˚ with Sχ, i.e. the components of the intersections G ¨ ξ X Sχ with ξ P g˚. It follows that Sχ,N
contains a dense symplectic leaf Sreg

χ,N :“ Sχ XOreg corresponding to the regular coadjoint orbit. This shows that

Sχ,N is a Poisson variety of full rank, such that CrSχ,N s is positively graded with bracket in degree ´2. It follows

from [15, Proposition 2.1.2] that Sχ,N admits a symplectic resolution, which completes the proof of the current

lemma. �

3.3. Finite W -algebras. Let m`,χ “ tx´χpxq | x P m`u Ď Upgq and consider the left ideal Jχ :“ Upgqm`,χ. A short

calculation will confirm that adpn`q preserves Jχ and the adpn`q-invariants in the left Upgq-module Q :“ Upgq{Jχ
inherit an algebra structure from Upgq. The algebra Upg, eq :“ Qadpn`q is known as the finite W -algebra.

Define a filtration Upgq “
Ť

iPZ FiUpgq by placing gpiq in Fi`2Upgq; we warn the reader that FiUpgq ‰ 0 for

all i P Z, contrary to the conventions of the rest of this paper. This descends to a non-negative filtration on both

Q and Upg, eq known as the Kazhdan filtration. The associated graded algebra is grUpgq » Crg˚s and under this

isomorphism we have an identification grJχ “ Iχ. Since Upgq is almost commutative with respect to this filtration

(of degree ´2) so too is Upg, eq. Therefore grUpg, eq is equipped with a Poisson structure in the usual manner.

By [14, Proposition 5.2] the natural inclusion grUpg, eq Ď pCrg˚s{Iχqadpn`q » CrSχs is an equality, and it is not

hard to check that the Poisson structure on grUpg, eq arising from the noncommutative multiplication coincides with

the structure coming from Poisson reduction of Crg˚s. Thus Upg, eq is a filtered algebra quantizing the Kazhdan

graded Poisson algebra CrSχs.

3.4. Casimirs on the Slodowy slice and the centre of the finite W -algebra. We have chosen our maximal

toral subalgebra h Ď g so that h P h, and W denotes the Weyl group. Therefore Crh˚s ãÑ Crg˚s is a Kazhdan

graded subalgebra with h Ď Crh˚s concentrated in degree 2, and W acts by graded automorphisms. The ρ-shifted

invariants are denoted Crh˚sW‚ as usual.

The Poisson centre of Crg˚s is ZCrg˚s “ Crg˚sG and the centre of Upgq is Zpgq “ UpgqG. These algebras are

well-understood by the Chevalley restriction theorem and the Harish-Chandra restriction theorem. Consider the



UNIVERSAL QUANTIZATIONS OF NILPOTENT SLODOWY SLICES 17

natural projection maps

ZCrg˚s “ Crg˚sG Ñ ZCrSχs

Zpgq “ UpgqG Ñ Zpg, eq :“ ZUpg, eq
(3.6)

Lemma 3.3. [33, Footnote 1] The maps (3.6) are isomorphisms. �

We have the following commutative diagram

Crg˚s Crg˚sG Crh˚sW Crh˚sW‚ UpgqG Upgq

CrSχs ZCrSχs Zpg, eq Q.

res »

» » »

» pr

»

(3.7)

The restriction map Crg˚sG Ñ Crh˚sW is an isomorphism by Chevalley’s restriction theorem, UpgqG Ñ Crh˚sW‚

is the Harish-Chandra isomorphism and the isomorphism Crh˚sW Ñ Crh˚sW‚ is the shift map x ÞÑ x ´ ρpxq

which sends invariants to ρ-shifted invariants. The isomorphism ZCrSχs Ñ Zpg, eq is the unique map making the

diagram commute. Every algebra on the left half of (3.7) is Kazhdan graded. Furthermore, if we grade Crh˚s by

placing tx ´ ρpxq | x P hu in degree 2 then Crh˚sW‚ is a graded subalgebra and Crh˚sW Ñ Crh˚sW‚ is a graded

homomorphism. Furthermore the isomorphism Crh˚sW‚ Ñ Zpg, eq is strict for the Kazhdan filtration.

3.5. The universal deformation of a nilpotent Slodowy slice. For the rest of the paper we identify ZCrSχs “
Crh˚{W s and Zpg, eq “ Crh˚{W‚s as Kazhdan graded algebras, via (3.7). Since the scheme-theoretic fibres of

the adjoint quotient map Sχ Ñ h˚{W are reduced [32, Theorem 5.4(ii)], it follows from Kostant’s theorem [17,

Proposition 7.13] that CrSχs bCrh˚{W s C` » CrSχ,N s as graded Poisson algebras. For the rest of the section we

pick a graded Poisson isomorphism

ι : CrSχs bCrh˚{W s C` Ñ CrSχ,N s.

By [35, Corollary 7.4.1], the adjoint quotient map Sχ Ñ h˚{W is flat, which completes the proof of the next result.

Lemma 3.4. Set A “ CrSχ,N s. Then the following hold:

(1) pCrSχs, ιq P PDApCrh˚{W sq;
(2) pUpg, eq, ιq P QApCrh˚{W‚sq;

(3) pCrSχs, ιq is the associated graded deformation of pUpg, eq, ιq. �

Combining Theorem 2.37 and Lemma 3.2 we see that the graded Poisson algebra CrSχ,N s admits an OQT. It is

natural to wonder under what circumstances the objects in Lemma 3.4 are universal. This question was answered

comprehensively by Lehn–Namikawa–Sorger, as we recalled in the introduction to this paper. We record their result

here for the reader’s convenience.

Theorem 3.5. [22, Theorem 1.2 & 1.3] Let g be a simple Lie algebra and e P g be a nilpotent element with orbit O.

Set A “ CrSχ,N s. Then the following are equivalent:

(1) PDA is represented by Crh˚{W s and pCrSχs, ιq is a universal Poisson deformation of A.

(2) pg,Oq does not occur in the following table.

Type of g Any BCFG C G

Type of O Regular Subregular Two Jordan blocks dimension 8

In [22] the authors actually classified the nilpotent orbits for which the adjoint quotient Sχ Ñ h˚{W is the formally

universal Poisson deformation. It is explained by Namikawa in [29, §5] that when the underlying affine Poisson

variety is conical a formally universal deformation can be globalised, leading to a universal Poisson deformation in

the sense of the current paper (see also [24, §2.2]). The regular Slodowy slice is not discussed explicitly in [22],

however it is a classical theorem of Kostant [20] that Sχ Ñ h˚{W is an isomorphism for χ regular, and so the

Poisson structure is trivial in these cases by Lemma 3.3.

The following is one of our main results. For the proof one should combine Lemma 2.14, Lemma 3.2, Lemma 3.4

and Theorem 3.5.
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Theorem 3.6. Set A “ CrSχ,N s. The following are equivalent:

(1) QA is represented by Crh˚{W‚s and pUpg, eq, ιq is a universal element of QA;

(2) the orbit of e is not listed in the above table. �

Remark 3.7. The universal property in Theorem 3.6 leads to exceptional isomorphisms with other interesting alge-

bras arising in representation theory. In particular, [24, Proposition 3.17] shows that a universal quantization of a

simple surface singularity is given by (the Namikawa–Weyl group invariants in) the rational Cherednik algebra for

the Weyl group of the same Dynkin type. By the work of Brieskorn and Slodowy we know that these surface sin-

gularities are isomorphic to subregular nilpotent Slodowy slices for simply-laced Lie algebras. Hence the subregular

simply-laced finite W -algebras are isomorphic to the corresponding spherical symplectic reflection algebras. This

observation also follows from Losev’s Theorems 5.3.1 & 6.2.2 of [23].

4. Deformations in the subregular case

We retain the notation and assumptions of Section 3. On top of this we assume henceforth that e P g is a

subregular element.

4.1. The subregular slice and the automorphism group. Consider the subgroup C “ Cpe, h, fq Ď Autpgq

consisting of automorphisms fixing the triple. Its structure is described in [35, §7.5]. The action of C on g descends

to an action on Sχ.

Lemma 4.1. C acts on CrSχs by graded Poisson automorphisms.

Proof. Recall the notation `,N`, µ, Iχ, Y` from Section 3.2 and set ` “ 0 and µ :“ µ0. Since the Poisson structure on

CrSχs is defined via the graded isomorphism (3.5) it will suffice to show that C acts by Poisson automorphisms on

Crµ´1pY0qs
N0 . Since C preserves the graded pieces of g, it stabilises both m0 and n0, and furthermore acts on Crg˚s

by automorphisms which preserve the Kazhdan grading. The defining ideal Iχ of µ´1pY0q in Crg˚s is generated by

the Kazhdan graded vector space tx´χpxq | x P m0u and so C acts by graded automorphisms on Crµ´1pY0qs
adpn0q.

Since N0 is connected and unipotent the latter algebra coincides with Crµ´1pY0qs
N0 . To see that the C-action on

Crµ´1pY0qs
N0 is Poisson it suffices to recall that tf ` Iχ, g` Iχu :“ tf, gu` Iχ for f ` Iχ, g` Iχ P Crµ´1pY0qs

N0 . �

4.2. The equivariant universal deformation of a subregular nilpotent Slodowy slice. Assume now g0 is

not simply-laced and choose a simple Lie algebra g by determining the Dynkin type as follows:
$

’

’

’

&

’

’

’

%

A2n´1 if g0 is of type Bn

Dn`1 if g0 is of type Cn

E6 if g0 is of type F4

D4 if g0 is of type G2.

,

/

/

/

.

/

/

/

-

.(4.1)

In this section we consider the subregular Slodowy slice in g˚0 and so we use notation e0, χ0,Sχ0
to mirror the

notation for g. The nilpotent subregular Slodowy slice for g0 is denoted Sχ0,N0
. The following lemma appeared in

[13, Lemma 2.23], we include here another proof for the reader’s convenience.

Lemma 4.2. The Poisson varieties Sχ,N and Sχ0,N0
are Cˆ-isomorphic.

Proof. It follows from the proofs of [35, Theorem 8.4 & 8.7] that Sχ,N and Sχ0,N0
are both Cˆ-isomorphic to a

simple surface singularity, say CrSχ,N s » Crx, ysΓ » CrSχ0,N0
s where Γ is a finite subgroup of SL2. Let t¨, ¨u

and t¨, ¨u0 denote the Poisson structures on C2{Γ transported from Sχ,N and Sχ0,N0 respectively. Applying the

argument in the final paragraph of the proof of [21, Proposition 9.24] we see that t¨, ¨u “ ct¨, ¨u0 for some c P Cˆ.

Now apply Remark 6.19 of op. cit. to complete the proof. �

Let Γ0 be the finite subgroup of C defined in [35, p. 143]. It is isomorphic to the group Autp∆q of Dynkin

diagram automorphism of g for all pairs pg, g0q except for pD4,C3q in which case Γ0 is isomorphic to a subgroup of

order 2. In all cases the composition Γ0 ãÑ C ãÑ Autpgq Ñ Autp∆q is injective and its image is the subgroup of

Autp∆q realising the Dynkin diagram ∆0 of g0 as a folding of ∆.
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By [35, §8.7, Remark 3] there is a morphism of deformations of the algebraic variety Sχ0,N0 » Sχ,N illustrated

by the following diagram, where the vertical arrows are the adjoint quotient maps:

Sχ0
Sχ

h˚0 {W0 h˚{W.

i

δ0 δ

j

(4.2)

Observe that Γ0 acts on Sχ and on h˚{W and that the map δ is Γ0-equivariant. By [35, §8.8, Remark 4] the maps

pi, jq induce isomorphisms of varieties

h˚0 {W0 » ph
˚{W qΓ0 , Sχ0 » Sχ ˆh˚{W h˚0 {W0(4.3)

where ph˚{W qΓ0 Ď h˚{W is the subscheme of Γ0-fixed points.

Example 4.3. Assume g0 is of type Bn, and g is of type A2n´1. Then Γ0 is a cyclic group of order 2 and Crh˚s “
Crx1, . . . , x2ns{px1 ` ¨ ¨ ¨ ` x2nq. The only non-trivial element γ in Γ0 maps xi to ´x2n`1´i. Furthermore

Crh˚{W s “ pCrx1, . . . , x2ns{px1 ` ¨ ¨ ¨ ` x2nqq
S2n “ Cre2, e3, . . . , e2ns

where ej is the jth elementary symmetric polynomial. Thus ej ¨ γ “ ej for j even and ej ¨ γ “ ´ej for j odd and

the kernel of the natural projection Crh˚{W s Ñ Crph˚{W qΓ0s is generated by all e2r`1 for r “ 1, . . . , n´ 1.

For each piece of notation at the start of Section 3 we introduce the same notation for g0. For example, h0 Ď g0 is

a choice of maximal toral subalgebra and W0 is the corresponding Weyl group. Applying the remarks of Section 3.5

we see that we may fix graded isomorphisms

ι0 : CrSχ0
s bCrh˚

0 {W0s
C` Ñ CrSχ0,N0

s;

ι : CrSχs bCrh˚{W s C` Ñ CrSχ,N s.

such that ι is Γ0-equivariant. Since the reductive group Γ0 acts on CrSχ,N s by graded Poisson automorphisms

we can consider universal Γ0-deformations of Sχ,N . After fixing an isomorphism as in Lemma 4.2, by an abuse

of notation we will identify the graded Poisson algebra CrSχ0,N0s with CrSχ,N s and view ι0 as an isomorphism

CrSχ0
s bCrh˚

0 {W0s
C` Ñ CrSχ,N s.

Before we proceed to the main result of this section, we prove an auxiliary Lemma containing some general

observations regarding graded homomorphisms.

Lemma 4.4. Let V “
Àn

i“1 Vi and U “
Àn

i“1 Ui be finite dimensional positively graded vector spaces, with Vi
and Ui in degree i, with possibly Vi “ 0 or Ui “ 0 for some 1 ď i ď n. Let τ : SpV q Ñ SpUq be a graded algebra

homomorphism between the respective symmetric algebras, with gradings SpV q “
À

iě0 SpV qi, SpUq “
À

iě0 SpUqi
induced by the gradings on V and U , respectively. For i ą 0, let τi “ τ |Vi

and d0τi : Vi Ñ Ui be the composition

of τi with the projection on Ui along SpUqą1
i “ SpUqi X SpUq

ą1. Then τ is surjective if and only if its linear term

d0τ “
Àn

i“1 d0τi : V Ñ U is surjective.

Proof. Observe that τi “ d0τi ` τ i : Vi Ñ SpUqi where τ i : Vi Ñ SpUqą1
i is the composition of τi with the

projection on SpUqą1
i along Ui. Suppose τ surjects, so for u P Ui there exists f P SpV qi such that τpfq “ u. Since

τpSpV qą1q Ă SpUqą1 we see that, if f 1 “ f 10 ` f 11 ` f 1ą1 P C ‘ V ‘ SpV qą1, then τpf 1q “ τpf 11q “ u. It follows

that d0τpf
1q “ u, hence d0τ surjects. Now suppose that d0τ surjects and that u P Ui with d0τpvq “ u. Then

τipvq “ u ` τ ipvq and an inductive argument shows that τ ipvq lies in the image of τ . Hence U lies in the image,

which proves that τ is surjective. �

Lemma 4.5. Let A “ CrSχ,N s. Then, there is a unique graded algebra morphism φ : Crh˚{W s Ñ Crh˚0 {W0s such

that PDApφqpCrSχs, ιq “ pCrSχ0
s, ι0q and it is surjective.

Proof. By Theorem 3.5, u :“ pCrSχs, ιq P PDApCrh˚{W sq is a universal Poisson deformation of A. By Lemmas

3.4 and 4.2 pCrSχ0
s, ι0q is a Poisson deformation of A over Crh˚0 {W0s, so the universal property for u gives the

existence of φ. By Lemma 4.4 from which we retain notiation, surjectivity of φ follows from surjectivity of d0φ. By

Cˆ-semi-universality of CrSχs (see Section 2.5 and Theorem 8.7 of [35]) the differentials at zero are equal for the
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morphism j of (4.2) and the morphism h˚0 {W0 Ñ h˚{W whose pull-back is φ. Algebraically this means precisely

that d0φ “ d0j
˚. The latter is surjective by Lemma 4.4 because j is a closed inclusion of affine varieties. �

Theorem 4.6. Let g0 be of type Bn, Cn or F4, where n ě 2 and n is even in type C. Let A “ CrSχ,N s. Then

(1) PDA,Γ0 is represented by Crh˚0 {W0s and pCrSχ0s, ι0q is a universal element;

(2) QA,Γ0
is represented by Zpg0, e0q and pUpg0, e0q, ι0q is a universal element.

Proof. We prove (1); then (2) follows from Theorem 1.1 (2) and Theorem 3.6.

Let αΓ0 P HomGpCrh˚{W s, pCrh˚{W sqΓ0q be the quotient map to the coinvariant algebra and let φ be the

morphism in Lemma 4.5. By Proposition 2.23, uΓ0 :“ PDApαΓ0
qpuq is a universal Γ0-deformation of A, so we

first compare the surjective graded morphisms αΓ0
and φ. We claim that kerpφq “ kerpαΓ0

q. The kernel of αΓ0
is

generated by f ´ f ¨ γ where f P Crh˚{W s and γ P Γ0, however we will obtain a different description of the kernel.

If r denotes the rank of g then we write pdiq
r
i“1 for the Kazhdan graded degrees of the elementary homogeneous

generators e1, ..., er of Crh˚{W s. These degrees are listed in [35, p. 112], and they coincide with the total degrees

doubled, viewed as polynomials on h˚. Let Λ0,Λ2 Ď t1, ..., ru be the two complementary sets consisting of indexes

i such that di is congruent to 0 or 2mod4, respectively. Thanks to our restrictions on the Dynkin label of g0 the set

tdi | i P Λ0u coincides with the collection of all degrees of homogeneous generators of Crh˚0 sW0 , whilst dim h0 “ |Λ0|.

Therefore the Kazhdan grading on Crh˚0 {W0s has degree concentrated in 4Z. Since φ is graded, the generators of

degree di with i P Λ2 are mapped to zero. Since φ is surjective, the generators with degrees di where i P Λ0 are sent

to algebraically independent elements. It follows that kerφ “ pei | i P Λ2q.

It is explained in [10, §13] (see also [35, Remark 8.8.4]) that Crh˚{W sΓ0
» Crh˚0 {W0s as algebras graded by total

degree and, equivalently, by Kazhdan degree. Since αΓ0
is a surjection we can apply the argument of the previous

paragraph replacing φ with αΓ0 to deduce that kerαΓ0 “ pei | i P Λ2q.

Equality of the kernels gives the existence of a graded isomorphism σ : Crh˚0 {W0s
„
ÝÑ Crh˚{W sΓ0

by setting

σpφpfqq :“ αΓ0pfq for f P Crh˚{W s. We have a commutative triangle of graded homomorphisms:

Crh˚{W s

Crh˚0 {W0s Crh˚{W sΓ0
.

φ αΓ0

σ

(4.4)

The isomorphism σ is Γ0 invariant and it satisfies PDA,Γ0pσqPDApφqu “ uΓ0 . This proves that Crh˚0 {W0s is another

choice for a universal base of PDA,Γ0
and that PDApφqu is a universal element of PDA,Γ0

over this base. �

We conjecture that Theorem 4.6 holds in general, without the restrictions on Dynkin type. We have the following

consequence.

Corollary 4.7. There is a surjective homomorphism Upg, eq� Upg0, e0q. Under the assumptions of Theorem 4.6

the kernel is generated by tz ´ z ¨ γ | γ P Γ0, z P Zpg, equ.

Proof. Retain the notation A “ CrSχ,N s. Let q0 :“ pUpg0, e0q, ι0q P QApZpg0, e0qq. By Theorem 3.6 we see that

q :“ pUpg, eq, ιq P QApZpg, eqq is a universal filtered quantization and gr q a universal Poisson deformation of A,

so there is a unique morphism β : Zpg, eq Ñ Zpg0, e0q in SF such that QApβqpqq “ q0. In particular, there exists

a filtered Zpg0, e0q-linear isomorphism Upg, eq bZpg,eq Zpg0, e0q Ñ Upg0, e0q. Moroever, PDApgrβqpgr qq “ gr q0,

by Theorem 1.1. Lemma 4.5 gives surjectivity of grβ, whence of β. The sought map is then the composition of

morphisms:

Upg, eq Ñ Upg, eq bZpg,eq Zpg0, e0q Ñ Upg0, e0q,

where the first arrow is the map x ÞÑ x b 1 for all x P Upg, eq. It is surjective by surjectivity of β. The statement

regarding the kernel follows directly from the proof of Theorem 4.6. �

4.3. A presentation for the subregular W -algebra of type B. In this section we let G0 “ SO2n`1 and

g0 “ LiepG0q. Let e0 P g0 be a subregular nilpotent element of g0 and χ0 P g˚0 the corresponding element with

respect to the Killing identification. Our purpose here is to give a presentation of the finite W -algebra Upg0, e0q as

a quotient of a shifted Yangian.
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By Corollary 4.7 we can express Upso2n`1, eq as a quotient of Upsl2n, eq, whilst [8] allows us to express Upgl2n, eq

as a truncated shifted Yangian. In order to tie these threads together we record the following observation which

follows straight from the definitions.

Lemma 4.8. The centre of gln maps to a 1-dimensional central subspace of Upgln, eq and the quotient by that

subspace is isomorphic to Upsln, eq. �

In [8] the shifted Yangian associated to gln is introduced in full generality, however in this paper we only require

a special case: we define the shifted Yangian Y2pσq to be the algebra with (infinitely many) generators

tD
prq
1 , D

prq
2 | r ą 0u Y tEprq | r ą 2n´ 2u Y tF prq | r ą 0u(4.5)

and relations (2.4)-(2.9) from [8]. Our generators Eprq and F prq are denoted E
prq
1 and F

prq
1 in loc. cit. and our

definition above corresponds to the shift matrix σ “ psi,jq1ďi,jď2 with s1,2 “ 2n ´ 2 and si,j “ 0 otherwise. We

gather the diagonal generators D
prq
i into power series by setting Dipuq :“

ř

rě0D
prq
i u´r P Y2pσqrru

´1ss where

D
p0q
i :“ 1 and consider the series

Zpuq “ u2n `
ÿ

rą0

Zprqu2n´r

:“ upu´ 1q2n´1D1puqD2pu´ 1q P u2nY2pσqrru
´1ss.

(4.6)

Lemma 4.9. The elements tZprq | r ą 0u are algebraically independent generators of the centre of Y2pσq. Further-

more for r “ 1, ..., 2n we have

Zprq “
r
ÿ

s“0

ˆ

2n´ 1

2n´ 1´ s

˙

p´1q2n´s
s
ÿ

t“0

D
ptq
1

˝

D2
ps´tq(4.7)

where
˝

D2
prq :“

řr
s“0

`

r´1
r´s

˘

D
psq
2 and

˝

D2
p´1q :“ 0.

Proof. The first claim follows from [9, Theorem 2.6] in view of the fact that u´2n`1pu ´ 1q2n´1 is invertible in

Crru´1ss. We proceed to prove formula (4.7). Using the binomial theorem we have pu´ 1q´s “
ř

rěs

`

r´1
r´s

˘

u´r. It

follows that

D2pu´ 1q “
ÿ

rě0

pu´ 1q´rD
prq
2 “

ÿ

rě0

u´r
r
ÿ

s“0

D
psq
2

ˆ

r ´ 1

r ´ s

˙

“
ÿ

rě0

u´r
˝

D2
prq.(4.8)

If we define Cpuq “
ř

rě0 C
prqu´r :“ D1puqD2pu´ 1q then we have

Cpuq “
ÿ

r,sě0

D
prq
1

˝

D2
psqu´r´s “

ÿ

rě0

r
ÿ

s“0

u´rD
psq
1

˝

D2
pr´sq.(4.9)

At the same time we have

upu´ 1q2n´1 “

2n
ÿ

i“1

ˆ

2n´ 1

i´ 1

˙

p´uqi.(4.10)

Finally if we have a polynomial fpuq “
řm
i“0 fiu

i and a power series Apuq “
ř

rě0Aru
´r then for r “ 0, ...,m the

um´r coefficient of fpuqApuq is
řr
s“0 fm´sAs. Since

`

2n´1
´1

˘

“ 0 we can combine this last statement together with

(4.9) and (4.10) we arrive at the proof of (4.7). �

Theorem 4.10. There is a surjective algebra homomorphism

Y2pσq Ý� Upg0, e0q

with kernel generated by

tD
prq
1 | r ą 1u Y tZp2r´1q | r “ 1, ..., nu.

Proof. Let e be a subregular nilpotent element of sl2n Ď gl2n. The main result of [8] implies that there is a surjective

homomorphism Y2pσq � Upgl2n, eq with kernel generated by tD
prq
1 | r ą 1u. It follows from [9, Lemma 3.7] that

the image of the element Zp1q in (4.6) under the map Y2pσq Ñ Upgl2n, eq lies in the image of zpgl2nq Ñ Zpgl2nq Ñ
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Upgl2n, eq. Together with Lemma 4.8 this implies that Upsl2n, eq is naturally isomorphic to the quotient of Upgl2n, eq

by Zp1q. Finally by Example 4.3 and Corollary 4.7 there is a surjective algebra homomorphism Upsl2n, eq� Upg0, e0q

and the kernel is generated by the image of the elementary symmetric polynomials te2r`1 | r “ 1, ..., n´ 1u under

the isomorphism Crh˚{W s Ñ Zpsl2n, eq discussed in (3.7). Here we use ph,W q to denote a torus and Weyl group

for sl2n. To complete the proof of the current Theorem it suffices to show, for r “ 1, ..., n ´ 1, that the image of

e2r`1 under Crh˚{W s Ñ Zpsl2n, eq is equal to the image of Zp2r`1q under Y2pσq Ñ Upgl2n, eq Ñ Upsl2n, eq. Once

again this follows from [9, Lemma 3.7]. �
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