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We propose the dressing factors for the scattering of massive particles on the worldsheet of mixed-flux
AdS; x 83 x T* superstrings, in the string and mirror kinematics. The proposal passes all self-consistency
checks in the both kinematics, including for bound states. It matches with perturbative and semiclassical
computations from the string sigma model, and with its relativistic limit.
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Superstring theory on AdS; x S* x T* backgrounds
supported by a mixture of Ramond-Ramond (RR) and
Neveu-Schwarz-Neveu-Schwarz (NSNS) fluxes is an inter-
esting model playing important role in the context of the
AdS/CFT correspondence [1]. Similarly to what happens
for AdSs and AdS, strings, see [2,3], the AdS; model is
believed to be integrable if the string is quantized in a
properly chosen lightcone gauge, see, e.g., [4]. This holds
for any combination of the fluxes [5]. In the lightcone
gauge, the model also possesses enough supersymmetry to
fix the worldsheet scattering matrix up to several functions,
the so-called dressing factors [6,7]. They satisfy crossing
equations, which can be solved under some assumptions on
the analytic structure of the theory; see [8—10] for the AdSs
and AdS, strings.

In the integrability approach, the knowledge of dressing
factors is necessary to derive mirror Thermodynamic
Bethe Ansatz (TBA) equations, which determine the exact
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spectrum of the model for any value of the tension and of
the B field. While for pure-NSNS backgrounds, the spec-
trum can be found by worldsheet-CFT techniques [11],
this is very hard in the presence of a finite amount of RR
flux [12], which leaves worldsheet integrability as the most
viable road to solve mixed-flux models; see [13].

For AdS; x S* x T# strings, only the dressing factors for
pure-RR [14] and pure-NSNS [15] theories have been
proposed. In the latter case, the mirror TBA reproduces the
results of the worldsheet-CFT approach [16], while in the
former—for pure-RR backgrounds, i.e., in absence of
any B field—integrability yielded new quantitive predic-
tions: The mirror TBA equations were derived in [17]
and used to study the tensionless limit of the spectrum
[18,19] and the twisted ground-state energy [20]. For this
case, a set of quantum spectral curve equations (which
should be equivalent to the mirror TBA, at least in a
subsector of the model related to AdS; x S*) had also
been independently proposed [21,22] and quantitatively
investigated [23].

Fixing the dressing factors for the mixed-flux model
remains an open challenge since 2014 [7] mainly due to the
unique and intricate analytic structure of the model, though
progress was recently made in unraveling this structure [24]
and in constructing the simplest pieces (the so-called odd
parts [25]) of the dressing factors [26].

The peculiar features of this model can already be seen
from its nonrelativistic dispersion relation [27]

Published by the American Physical Society
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k \? Y
EM,p) = (M—|—§p> +4hzsm2§. (1)

Here k =0,1,2,... and & > 0 correspond to the strength of

the NSNS and RR background fluxes, respectively. Particle

multiplets of the model are distinguished by a u(1) charge

MeZ whose modulus m = |M| in the near-pp-wave

expansion [28,29] (that is, at small p and large string

tension) is proportional to the mass of particles from a

given multiplet. Hence, in what follows, we loosely refer to

m as the mass. All particles are then divided into three

groups: (i) massless particles with M = 0, (ii) left particles

with M = m > 0, (iii) right particles with M = —m < 0.

Massive left and right particles with m = 2, 3, ... are bound

states of left and right particles of mass 1, respectively, but

left and right particles do not form bound states. Taking into
account the symmetries of the model, one finds that it is
sufficient to know the dressing factors ohk, ok , 61, and

o for the scattering of particles of mass 1 and 0, while all

the other dressing factors are fixed by fusion, unitarity, and

a “left-right” symmetry between left and right particles [7].

In this paper, we propose a solution of the mixed-flux
crossing equations for massive particles compatible with
the symmetries of the model and with the available pertur-

bative and semiclassical considerations [27-35].

(a) Worldsheet (“string”) kinematics. The kinematics
of the worldsheet model is best expressed using
k-deformed Zhukovsky variables [27], which are
functions of a u-plane variable. They are

=x l—K—anx x = Xa(t).
U (x) = —I—x ”l S {1/36(;(”), (2)

with x, (u)* = x,(u*), where In x denotes the principal
branch of log x. Here and in what follows, @ = L, R. If
a =L, then a = R and vice versa; finally x|, =« = %,
kr = —k. We define the x-deformed Zhukovsky var-
iables for a particle of charge M as usual

i) =, (w2 )
where m = |M|, and we refer to the variables

Pa = i(lnxz" = Inx™m), )
as momenta of the particles. Note that for real u the

range of the momenta is from O to 27. In terms of x,
the energy is
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FIG. 1. Analytic structure of xp g(u). Top left: x; () has a

single branch cut (zigzag line). The images of its edges give an
unbounded curve in the x;, plane (top right). Bottom left: xg ()
has two more branch cuts (magenta and orange). Their images are
straight lines in the xg plane, just above/below the cut of Inx
(bottom right). The cyan curves split each x; g planes in two
parts: The one including x; g = +oo is the physical region, or
“string” region, and the one inside is the “antistring” region,
where antiparticles live.

(b) Analytic structure. The functions x; (u) and xg(u)
have branch points, and we choose the cut structure
described in [24]: x; () has one cut on its u plane, for
real u < v, where v is the branch point; xg (#) has the
same branch cut, plus two more horizontal branch cuts
stemming from —v + ix'; see Fig. 1. The images of v
on the x; g planes sit at

1 K K
t=h = =5+|1+73

xa(”)zgm :éR_Zﬂ'

The branch point v is of the square-root type, and
going around it, x; (#) and xg(u) invert as

xg (u) = (7)

where x© indicates analytic continuation along a path
around the branch point v. Note that then x; — 1/xZ,
P. — —Pa, and E, — —E;, as expected for the cross-
ing transformation [7].

(c) “Mirror” kinematics. To describe the spectrum of this
model by integrability we need to introduce an
auxiliary “mirror” model [36]. Kinematically, it is
obtained by a double Wick rotation

1 - 1
~Pa _)Eu’ _.Ea _)pa' (8)
1 1

'A very different cut structure of x,(u) was used in [26]. Their
identification of the physical regions also dramatically differs
from ours. Their choice seems to be inconvenient for the analytic
continuation to the mirror theory.

L081901-2
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FIG. 2. Analytic structure of X g (u). Left top/bottom: each of
XL (u) and Xg(u) has two branch cuts; exchanging L <> R is a
reflection about the real-u line. Right top/bottom: the images of
the u-plane cuts are straight lines on the ¥ g plane; For ¥ < 0,
they run just below the cut of InX. Sending x — 0, one
immediately recovers the familiar structure of the pure-RR mirror
theory [17]. The lower-half X g-plane is the physical region for
mirror particles (“mirror” region), and the upper half-plane for
antiparticles (“antimirror” region).

(d)

This transformation makes the dispersion (1) complex
which, while unusual, is not problematic [37]. We
demand that the “mirror” S matrix, including its
dressing factors, can be obtained from the original
(“string”) one by analytic continuation, as it is the case
at k =0 [14,38]. This can be done by introducing
mirror variables

and continuing x, — X,. Note that X, (u)* = 1/%;(u*),
differently from the string kinematics. Perhaps sur-
prisingly, the mirror kinematics is simpler than the
string one: On the u plane, we have two branch cuts for
% (u) and X (u), while on the X i plane, the physical
region is simply the lower half-plane, see Fig. 2.
Hence, we will construct the dressing factors in the
mirror region first and then continue them to the string
region.

Crossing equations. The crossing equations for
S-matrix elements were derived in [7]. Their normali-
zation, however, introduces unphysical zeros and
poles in the scattering matrix (see also [26]); Instead
we set, following the notation of [7],

5 5 ”12+h o210}

S|2122> = RR‘Z ZZ>
Up — h

S|Z,Y5) Xy L= X X 1= X X0, e 20417, Y,),
Xy 1= xR0 1= gy x5

(10)

(e)
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where wjy =uy —uy, x5 =x,(u;+5), a=LR,
j=1, 2. Here ! is the dressing phase. The nor-
malization for the scattering Z,-Z, and Z,-Y, is
obtained from the one above by exchanging L. and
R labels. From it we can also read the normalization
for Y,-Y, and Y-Z, since the scattered states belong to
the same representations of the supersymmetry algebra.
In this normalization, we find that the dressing factors
satisfy the following crossing relations:

exp [219},2( H.xkh) + 2004 (1/x5 . x X))
_ (a1 = X)) (fy = xp) i + 3
(xg1 = x) (xg) = x0) ugp — 3

exp [210[1,2( 2.xh) +21951151(1/x‘1’ a2)]

_ (1 _xal'xa2)(l

(1= xfixg) (1 -

x;l'XL:Z) Uy + 7 (11)
al'va) Upp — %

where the points 1/x{ in the phases are reached by
analytically continuing 6(x7",x3) to the antistring
region; cf. Fig. 1.

k-deformed phases. Here we propose k-deformed
Beisert-Eden-Staudacher (BES) [10] phases and the
corresponding x-deformed Herndndez-Lépez (HL)
[39] phases. Specifically, we consider the “improved”
BES phase, in the sense of [38]. Starting from the
mirror kinematics, we will construct Gab(xli,xf)
which may then be continued to the string region to
L1 (x, x3) appearing above. To begin with, we assume

that all such §(x7, ¥;') may be decomposed as [40]

(12)

for some suitable function ®(%,,%,). This ensures
good properties under bound-state fusion. Next, we
define the functions ®(%;,%,) by an integral repre-
sentation reminiscent of [41], adapted to our mirror
model:

(I) (x l9x2
/ dWl / dW2
| 2nmi R, 2ri
where K(v) is a suitable Kernel, and 0R,, denotes the
boundary of the mirror physical region or of its
complement (the lower/upper half-plane). Because
u,(w) features the cut of Inw, dR, can run just above
the cut (@ =+) or just below (¢ = —). For the
singularities at w =0 and w = co, we adopt the

principal value prescription, which leads to convergent
integrals when considering the combination (12).

ug(wy) = up(w3))
(wy —xl)(Wz - %)

. (13)
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To obtain the BES phase, we take K(v) to be the BES
Kernel,

(1 +%y)
KBES(v) =ilo 72 , 14
and use resulting integrals to define
< men O FBES (%), %,) + & BB (%), &
@EES(xl’xz)E aa (1 2)2 (1 2)’
QP (%), %) + DL PP (R, %)
(DBES = I aa 1542 )
('xl’x2) 2
(15)

The standard HL Kernel for the double-integral
representation is singular [42], but we may regularize
it as

In(e — iv) —In(e + iv)

2i '

K (v) = (16)
and take ¢ — O after integration. We then define
®HL (%, %,) as in (15), though the two terms in each
semisum happen to be equal in the HL case.
Difference-form phases. Like in the pure-RR case
[14], we expect part of the dressing factors to be of
difference form. We introduce a function R(y) defined
in terms of Barnes G functions,

R(y) = % (17)

which satisfies simple monodromy relations under
y — v £ 2xi [24]. Then, the y rapidities generalizing
the ones used in [14,25,43] are expressed in terms of
the Zhukovsky variables as

E,—X im

=In- -—.

X,+1 2
(18)

This follows by requiring the branch points of y,(x) to
correspond with those of x,(u), cf. (2), and that under
the crossing map (7) y and 7 transform as y, — y; — i

and 7, — 7, — izx. Continuing y from the string to the
mirror region yields a shift of —i 7. Hence, difference-
form expressions are unchanged which makes their
analytic continuation straightforward. Introducing the
short-hand 7., = 7,(X,1) — 7 (%p1) Wwith a,b =L, R,
we define the “odd phase” (in the sense of [25]) as

q)g(tjld (jcal ’ )NCaZ) =

. [ . :
q)ggzd(xul vx&Z) = _ElnR(ya& + ”T)R(ya& - lﬂ)’

+ilnR(Y4a),
(19)

with 6°04(%F, ) given by (12).

(@)

(h)

L081901-4

Proposal for the dressing factors. With these ingre-
dients, we define the dressing factors of m = 1 mirror
particles as

+0ay° (X2 %3)

+ 005 (X2 55)-

= Oy (X2 %3)

(20)

ééily( jl’be)

The formula is given for fundamental particles but,
owing to (12), it can be extended to the scattering of
(my, my)-particle bound states, at least when m;
|M ;| # 0 modk, as that case has a different (massless)
kinematics; cf. (1).

Properties. We checked that (20) solves the mirror
version of (11) (which just amounts to continuing
x — X in the right-hand side of that equation). We also
computed the “string” dressing factor by analytic
continuation of (20) and checked that it satisfies (11).
The analytic continuation is conceptually straightfor-
ward, though nontrivial. Our proposal reduces to the
ones of [14] when k — 0. Its “odd” part 03 (x%,, x5)
agrees with the proposal of [26]. Crossing holds for
bound states too, both in the string and mirror models.
Left-right symmetry [7] and braiding unitarity hold by
construction, and physical unitarity also holds in the
string kinematics. It is also easy to see that the mirror
dressing factors (20) are invariant under P (parity).
In the string model, P invariance is broken when
k # 0 but CP holds (C is charge conjugation). This is
subtle because the string physical region of Fig. 1
has 0 < p, < 2z. To verify CP, one must suitably
continue the dressing factors to p, < 0. This can be
done, and CP indeed holds. Finally, note that (1) is
invariant under M - M +k and p — p F 2z. We
have found that in the string kinematics, the full S
matrix, including (20), is identical when swapping a
m-particle bound state of momentum p for an (m + k)-
particle bound state of momentum p + 2z, where the
plus sign is for R particles and the minus for L
particles. Hence, such particles are indistinguishable.
This type of periodicity is a novelty of the mixed-
flux model, and it is due to the linear term in (1). It
allows one to equivalently obtain bound states from
analytic continuation in p, as well as by the “fusion”
procedure [44]. By contrast, in pure-RR models such
as AdSs x S°, the periodicity is just p £ 2z and
M — M so that bound states can only be obtained
by fusion [38]. Finally, remark that our proposal is a
“minimal” solution of the crossing equations. As
always, more solutions to the crossing equations
can be found by means of CDD factors [45]. However,
we could not find any such factors that would not spoil
the symmetries, analytic structure, and perturbative
behavior of the S matrix, as we discuss in [44].
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(1) Large-tension expansion and comparison with the

string sigma model. Here we compare the S matrix
given by (20) with the perturbative worldsheet S
matrix at tree level (mirror and string) and one loop
(string). Expanding the BES kernel at large / keeping
k fixed, one gets

K(v) = hKAS(v) + K (v) + O(h7Y),  (21)

where

(e —iv)In(e — iv) — (e + iv) In(e + iv)
2i '
(22)

KAFS () =

and we have dropped from KAFS terms, which do not
contribute to the 8T, Note that the HL order precisely
cancels the term from ®"" in (20). The calculation of
the AFS phases is straightforward though lengthy. In
the mirror region, we get

- X, — X 1lnXx
DAFS (%, . % = _Kay, X 7% 10X
aa (xl x2) dr 1 )NCI D) )Ncl
1 uy —uy
—ul — (1 < 2), 23
fpund T2 (o), (29
and
~ X%, — 1
PAFS (3, %,) = & [mxl In%, + 2Li, 122
47 X1Xo
1 [Infcz +x12~+ llni‘f{_ 1
2 x X XXy
—(1 < 2)} . (24)

Note that ¥;, ¥, can be trivially taken to the string
region, at least for Re[x;] > 0, i.e., for Re[p;] < 7.
Before comparing our AFS phases to those obtained
by using the finite-gap equations [31] and the classical
scattering matrix of bound states [35], it is necessary to
account for the normalization of the S matrix. Then, up
to a choice of branches of logarithms, @A agree with
the corrected phases from [31,35].

(G) Near-BMN expansion. To compute the near-BMN

expansion, we take the tension 7 > 1, with

h=1\/1=@T +O(T™Y), (25)

and the momenta small, of order O(T~1). The terms of
order 1/T in (25) contribute to the S matrix from two
loops. At tree level, our results match with the pertur-
bative ones [27,29-34,37] in the string and mirror
model. This is true both for small and positive, as well

k =2nqT,

&)

M

as small and negative, momentum (the latter requires
an analytic continuation to reach p, < 0). At one loop,
we find a mismatch for the difference of S-matrix
elements of the form

i
5(I)ab:j: zpapb(pawb_pbwa)+O(T_3)’ (26)
47T

where w,(p) = \/p* +2M,qp + 1 is the dispersion
relation of the particles in the limit 7 — oo. This is the
same mismatch as in the pure RR case [14], and it can
be removed by the same local counterterm as in that
case, owing to the fact that there is no dependence on
the fluxes other than through w.

Relativistic limit. This model has a nice relativistic
limit [24] if we expand around the minimum of the
dispersion relation,

2zM
p= —”T+h5p+0(h2).

(27)
At O(h), the model is relativistic, with massive and
massless excitations depending on whether M # 0
modk. The S matrix and dressing factors can be
bootstrapped [24] as in any relativistic integrable
QFT. Interestingly, this limit involves small rather
than large &, as well as a different notion of crossing
than (7), as also discussed in [26]. Nonetheless, the
expansion of (20) matches the dressing factors of [24].
Outlook. We proposed a solution of the mixed-flux
crossing equations for massive particles, which is
consistent with the symmetries of the model and
passes several checks. These involve a number of
explicit computations, which we shall present else-
where [44]. Our proposal automatically yields bound-
state dressing factors in the mirror and string model.
Because states with m =0 modk have a gapless
dispersion, they can be studied to get insight into
the dynamics of massless particles, which is necessary
to solve the massless crossing equations [7]. More-
over, for massive excitations, we found that a (m + k)-
particle bound state is equivalent to a m-particle bound
state at shifted momentum. If this also holds for m = 0
modk, it will be straightforward to obtain the massless
dressing factors from fusion, counterintuitive as this
may seem. The dressing factors are the missing ingre-
dient needed to obtain the spectrum of this model. It
will be especially interesting to study them at k fixed
and & < 1, which amounts to perturbing around pure-
NSNS backgrounds [11,16]; see also [12]. The case
k=1 and h < 1, in particular, will allow us to make
contact with the perturbations around the symmetric-
product orbifold CFT, see [46] for a recent review.
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