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Abstract

The subject of Quantum Gravity and its effects on physical observables and effective field
theories remains one of the biggest challenges in theoretical physics. String Theory provides
a controlled framework in which we can hope to gather some evidence of general features of
Quantum Gravity, even if its large landscape of vacua seems to represent an obstacle to the
ability of formulating universal statements. The Swampland Program has emerged to try and
address such questions: by using consistency conditions coming from general considerations
about Quantum Gravity we can distinguish between effective field theories of gravity that
admit a UV completion and those that do not. In the first part of this thesis, we study the
conditions coming from the coupling of N = 1 effective theories of gravity in 4 dimensions to a
class of 2-dimensional extended object called EFT strings and derive non-trivial constraints on
the possible values of the (s)axionic couplings in the effective Lagrangian, in addition to upper
bounds on the relevant gauge group of the theory. In the second part, we study the problem
of the possible non-perturbative corrections from wormhole solutions and their relevance in the
light of the previously derived consistency bounds. In doing so, we stress the interplay between

EFT strings and the energy scale of validity of such solutions, represented by the species scale.
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Chapter 1

Introduction

Despite having being object of thorough research for the past 80 years, the topic of Quantum
Gravity remains one of the biggest challenges in modern Theoretical Physics. The questions
surrounding the topic are both conceptual and phenomenological in nature. From the con-
ceptual point of view, it would be interesting to understand the necessary conditions that an
effective quantum field theory coupled to gravity, i.e. General Relativity, has to satisfy in order
to admit a consistent embedding in a UV complete theory of Quantum Gravity. From the
phenomenological point of view, it would be thrilling if the very fact of coming from a fully
complete theory of Quantum Gravity implied the presence of some universal features imprinted
into the effective theory which could be observed experimentally in the near future, bypassing
the well-known difficulties of probing directly Planckian scales for signatures of quantum beha-
vior of gravity. The Swampland Program [1] began exactly to try and address those questions
(excellent reviews can be found in [2], [3], [4]). This line of research enjoyed a significant growth
in the last decade and resulted in a large and thriving field of study which touches manifold
branches of String Theory, Theoretical Physics and even pure Mathematics. The typical modus
operandi of research in Swampland is represented by trying and formulating general consistency
conditions coming from aspects of Quantum Gravity which are expected to be universal in all
its low energy effective realizations, then putting those under severe tests and checks in explicit
settings of effective theories of Quantum Gravity. The conditions take the form of Swampland
Conjectures for which evidence can be gathered, counterexamples found or, in very specific
scenarios, even formal proof be accomplished. The hope is that these conditions may help us
in distinguishing the effective field theories which can be consistently uplifted to full quantum
theories coupled to gravity, colloquially those belonging to the ”Landscape” of Quantum Grav-
ity, from those which cannot, populating the so-called ”Swampland”. It is not surprising that
for this purpose considerations about semiclassical gravity, black hole physics and holography
are crucial in order to identify putative general features shared by all the effective models of
Quantum Gravity, in addition to requirements of unitarity and low energy causality common

also in the framework of ordinary Quantum Field Theory. In all of this, String Theory plays a



central role in being a perturbatively controlled theoretical playground from which we can both
take inspiration in formulating the consistency conditions, thanks to universal patterns observed
in the large set of String Theory low energy realizations, and providing concrete examples upon
which to test the various Swampland Conjectures. Among the most important Swampland
Conjectures enjoying a large amount of evidence we must recall the absence of global symmet-
ries [5—11] (and the closely related triviality of the Cobordism group of Quantum Gravity [12,
13]), the Weak Gravity Conjecture [14-20], the Completeness of the spectrum of charged states
under gauge symmetries [21] and the Distance Conjecture [22]. A wide sector of the research
in the Swampland Program is also focused on some less understood conjectures, among which
we can recall the instability of non-supersymmetric AdS vacua [23], the absence of scale sep-
aration [24] and the dS/TransPlanckian Censorship Conjecture [25-27]. Those enjoy a less or
more prescriptive degree of evidence but are nevertheless interesting subjects on their own and
capable, in theory, to give greater insights into phenomenological imprints of Quantum Gravity
effects in realistic effective models. In recent years, a greater and greater attention has been
dedicated by the Swampland community to a more phenomenological direction. Indeed, the
second soul of the Program is the hope that, by understanding the general features of quantum
systems coupled to gravity, we may predict their universal empirical signatures which should
be observable also in our Universe, allowing for indirect experimental detection of Quantum
Gravity consequences without relying on Planckian scale center of mass energies in particle
accelerators. It is promising for this hope that one of the traits of Quantum Gravity seems to
be the mixing of UV with IR energy scales, leading to possible upper bounds on the scale of new
Physics beyond the Standard Model and even putative explanations for the hierarchy problem
of particle physics. Recent developments in this direction are represented for example by the
so-called Dark Dimension Scenario, for which relevant references can be found in [28-31], by
attempts to constrain the parameter space of new Physics based on Swampland considerations

[32] and by new approaches to cosmological models informed by the same principles [33].

As the Swampland Program follows this twofold path, so this thesis too is organised in a
twofold way, based upon two works which can be seen as representing each one of the two souls
of the Swampland research line. The fil rouge connecting those two works is the tool which we
chose to study our problems: a peculiar class of axionic string-like extended objects dubbed
EFT strings. These are a privileged and interesting set of BPS objects because they cannot
be resolved by the field theory, hence they are natural candidates to probe Quantum Gravity
aspects of the theories, but at the same time their presence does not spoil the perturbative
regime in which we would like to remain in order to maintain a certain degree of control
over our calculations. This occurs because EFT strings carry axionic charges such that the
non-perturbative effects are highly suppressed along the flow towards their core. Such a flow
can also be interpreted as heading towards an infinite distance point in moduli space, opening
possibilities of studying topics related to the Swampland Distance Conjecture in these settings.

In addition, it was conjectured in [34] that this correspondence between infinite distance limits



and EFT strings goes both ways, with recently [35] exploring the connections to the Tameness

Conjecture and the intriguing possibility of its use to completely classify such limits.

In Chapter 3 our main focus will be a more formal one and the question which we would like
to answer is the following: which consistency conditions can be derived from the very coupling
of these objects to four-dimensional effective theories of gravity with minimal supersymmetry?
The technique of extended objects as probes for the consistency of a gravity background is a
well-known and fruitful one which has already been exploited in several other cases in higher di-
mensions and/or with higher number of supercharges. Among the many results of this method
we cannot forget to mention the proof of the uniqueness of the set of consistent ten-dimensional
heterotic supergravity [36], the constraints to six-dimensional supergravity with abelian gauge
factors [37], the upper bound of the rank of the gauge group for theories with 16 supercharges in
various dimensions [38] and the bounds on effective five-dimensional supergravity theories [39].
The arguments for the correctness of this procedure come both from top-down and bottom-
up considerations. From the top-down point of view, we know String Theory provides for a
plethora of extended objects which have to be consistently coupled to the effective gravitational
backgrounds for the whole framework to make sense. But, even ignoring such top-down mo-
tivations, the presence of charged extended objects is to be expected in a theory capable of
consistent uplift to Quantum Gravity on the ground of the Swampland condition on Complete-
ness of the spectrum. This is one of the most solid Swampland Conjectures whose relationships
with the absence of global symmetries (both invertible and non-invertible ones), the triviality
of the Cobordism group of Quantum Gravity and the Weak Gravity Conjecture have been
appreciated and explored thoroughly in the literature [21]. Therefore, being the absence of
global symmetries or equivalently the Cobordism Conjecture deeply rooted in the holographic
principle and hence ultimately in the background independence which Quantum Gravity ob-
servables should display, we will be more than willing to take this assumption as verified and

analyse its consequences in the cases under our inquiry.

As we stated above, the setting for our exploration will be given by four-dimensional effective
theories of supergravity with minimal supersymmetry, i.e. four supercharges, for which a basic
introduction will be given in chapter 2 together with the definition of EFT string. Those
represent the most realistic models for which we retain an acceptable degree of control thanks
to the minimal supersymmetry. They also bring with them a series of technical complications
unknown to the cases in higher dimensions or with more supersymmetries. Just to begin, since
string-like objects in four dimensions have codimension equal to two, their role has weakly
coupled probes of the gravity background might be in jeopardy. Furthermore, we can no
longer ignore the effects of those higher derivative corrections to the effective action which are
identically vanishing in examples with larger supersymmetry. This adds up to the fact that
already at the 2-derivative level the constraints imposed by less supersymmetry are clearly

weaker, for example the kinetic term of the chiral multiplets is controlled by a non-holomorphic



potential. EFT strings reveal themselves as the suitable candidates to address the former issue:
even if in general we can no longer apply a conformal fixed point argument for their worldsheet
theory, we will provide evidence that they can be described by a weakly coupled non-linear
sigma model in the perturbative asymptotic regime in which we are interested. In such limits,
an approximate axionic symmetry emerges, signalling their infinite distance nature, and the
presence of the string can be detected by the gauge and gravitational sector of the effective
theory through standard (s)axionic couplings. The form of those couplings can be seen as a
working assumption, being them the minimal ones, but it was also argued that they might be
necessary for the purpose of gauging otherwise global -1-form symmetries in the setting [40].
The mechanism with which those couplings can enforce consistency conditions is the anomaly
inflow. The mere presence of the string implies a tree level anomaly localised completely on its
worldsheet and hence, being it associated with local symmetries of the bulk effective theory,
it must be cancelled by an appropriate 1-loop anomaly generated by chiral matter living on
the worldsheet itself. Thanks to the residual supersymmetry on the string, and modulo some
reasonable assumptions, we were able to derive from this cancellation condition non-trivial
constraints for the parameters of the effective action, in particular discreteness and positive
bounds for (s)axionic coupling constants which confirm and extend already known results on
the topic. In addition, upper bounds on the gauge group of the gauge sector coupled to the

string can be calculated, all in agreement or strengthening expected conclusions.

After the derivation of these new consistency conditions, we proceeded to their extensive check
in various explicit String Theory constructions. Those include type IIB/F-theory on smooth
bases, SO(32) and Eg x Eg heterotic backgrounds and M-theory on G2 manifolds. In all cases
we found perfect agreement and often these tests allowed for new unexpected insights. For
example, in the type IIB/F-theory setting with O3-planes and no O7-planes we were able to
obtain from our physical considerations a known mathematical theorem about the number of
O3-planes. Also the other type IIB/F-theory models unravelled a surprising interplay between
the geometrical nature of the chiral matter on the worldsheet of the EFT strings and our bounds,
showing the conditions under which a stronger version of our results may apply. The heterotic
compactifications on the other hand provided a rich playground in which the importance of
each subtle contribution and correction was manifest for arriving at satisfying our constraints

correctly.

This work also opened a lot of unexplored avenues which are worthy of future investigation.
The sector of complex structure moduli was left mainly unchecked. Similarly the questions
of what happens to our conclusions when the (s)axions gain mass and/or supersymmetry is
completely broken, even if extremely interesting on their own, have not been faced. We hope

to be able to delve into these and related topics in future work.



In Chapter 4 we depart partially from the topic of constraints on the Quantum Gravity Land-
scape to enter the realm of the Swampland Program more adjacent to a phenomenological
direction. It is well known that String Theory compactifications often lead to effective field
theories boasting a large number of axion fields. This is due to the large number of real moduli
fields, or equivalently the large Hodge numbers of the chosen compact manifold, which have ax-
ionic fields as partners in complex supersymmetric multiplets. The addition of an axionic field
to the matter content of the Standard Model has been explored at long in the phenomenological
literature as a possible solution to the so-called strong CP problem of strong interactions [41,
42]. In addition, it has also been subject of thorough study for its role in inflationary models.
At a first glance, it would seem that a huge number of axions, when historically experiments
have not found empirical evidence of any of them so far, is phenomenologically not viable or at
least not favored. Nevertheless phenomenological models with many axions after moduli stabil-
ization, the so-called Axiverse Scenario [43], have seen a rising amount of interest recently, both
from the phenomenological and the formal community of Theoretical Physics. Among the pos-
sible issues of this scenario there is what is known as the Peccei-Quinn quality problem, a result
of the presence of multiple interacting axions and instantons which can easily spoil the nice
features of the PQ mechanism. Quite surprisingly, recent works seem to suggest that this is not
the case in a large class of String Theory compactifications, with the quality problem becoming
less and less relevant as the number of species increase thanks to the decreasing of magnitude of
non-perturbative corrections at the same time [44-46]. Intrigued by this results, we undertook

a careful study of gravitational non-perturbative effects in Axiverse-like string-inspired models.

We focused our effort mainly on (multi)saxionic Euclidean wormholes in four dimensions and
the non-perturbative corrections which they can generate in the effective action. In particular
we described a simple but wide class of homogeneous multi-saxionic wormholes supported by
axionic charges being dual to the ones which characterize EFT strings. For such solutions, which
carry intrinsically a length scale in them in the form of the parameter governing the size of the
throat, considerations about control are entwined with those about the energy scale where
gravity becomes strongly coupled. It is natural then that this exploration led us to delving
into the notion of species scale [47]. We dedicated some time to elucidate the connection
between the species scale and the energy scale defined by the tension of the EFT strings in
their asymptotic limits, providing examples from explicit String Theory constructions coming
from both type IIB/F-theory and heterotic models, and to discuss its role in the suppression
of the non-perturbative corrections generated by on-shell higher derivative terms, in particular
the Gauss-Bonnet contribution. In particular we argued for the species scale being always
equal to or bounded from above by the energy scale associated to the EFT string tensions, the
latter on the ground that such tension represents either that of a fundamental string or that
of an extended object whose excitations cannot be quantized within the ordinary framework of

perturbative String Theory.

To enlarge the ensemble of evidence, we did not limit ourselves to this special class of solutions,



but we also performed numerical scans for finding similar wormholes in the neighbourhood of
the analytically known homogeneous ones. Whenever we were successful in finding them numer-
ically, their features confirmed a series of expectations which we were able to formulate through
perturbative expansion around the homogeneous wormholes. Another numerical analysis was
instrumental in gathering evidence in support of our arguments about the relationship between
the species scale and the EFT string tensions. For such a purpose, another numerical scan
was carried out over the Kreuzer-Skarke database thanks to the CYTools package [48] and the

results were all in agreement with our with our proposals.

Finally, we explored the limit case of extremal/marginally degenerate wormholes and their link
to extremal BPS instantons. We supported the idea that such configurations might represent
”ensembles” of extremal instantons due to the analogous corrections they give to the effective
action. We concluded with the remarks on such corrections and the physical consequences

which they imply to a large set of effective field theories with minimal supersymmetry.

1.1 About this Thesis

This is the thesis of Nicolo Risso, submitted as part of the requirements for the degree of PhD
in Physics at the Dipartimento di Fisica e Astronomia ” Galileo Galilei”, University of Padova,
Italy.

This thesis is based upon the content of the following publications:

e L. Martucci, N. Risso, and T. Weigand, ”Quantum Gravity Bounds on N=1 Effective
Theories in Four Dimensions”, JHEP 03 (2023) 197, arXiv:2210.10797 [hep-th];

e L. Martucci, N. Risso, A. Valenti and L. Vecchi, ”Wormbholes in the axiverse and the

species scale”, To appear soon.
During my PhD, I also contributed to the following papers:

e M.B. Fréb, C. Imbimbo and N. Risso, ”Deformations of supergravity and supersymmetry
anomalies”, JHEP 12 (2021) 009, arXiv:2107.03401 [hep-th];
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1.2 Chapter List

The content of this thesis is organised as follows:

Chapter 1 Introduction. Here we present a general introduction to the motivations behind

and the content of this thesis.



Chapter 2 The Setting: EFTs and EFT strings. Here we present a brief review of the funda-
mentals of the general setting of our study, that is N = 1 four dimensional effective theories of

gravity, and of the class of extended object which we call EFT strings.

Chapter 3 Quantum Gravity Bounds from EFT Strings. Here we present the results of our
study of consistency conditions coming from the coupling of EFT strings with effective minimal
supergravity models in four dimensions. We include both the derivation of the bounds, the
discussion of the subtleties present in such derivation and their check on various explicit String

Theory constructions.

Chapter 4 Wormholes in the axiverse and the Species Scale. Here we present the results
of our study of Euclidean wormhole contributions to String Theory inspired effective models.
We include an introduction to and the derivation of the wormhole solutions in which we are
interested, the discussion about the conditions for their existence and the relevant energy scales
of the problem, together with their links with the formalism of EFT string limits, and the

numerical evidence supporting our statements.

Chapter 5 Conclusion. Here the conclusions of this thesis are presented and summarised.



Chapter 2

The Setting: EFTs and EFT strings

In this beginning chapter we will briefly recall the main relevant features of the setting that we
have chosen in our study, that is N = 1 supergravity theories in 4 dimensions, and of the class
of extended objects with codimension 2, called EFT strings, that are suitable to our purposes.
In particular, we will focus on the (s)axionic couplings in the theory to the gauge and higher
derivative gravitational sectors, in addition to provide motivations for why the EFT strings
represent a good candidate of probes for the consistency of effective theories of gravity. The
reasons for having chosen such framework are twofold: first, because the study of extended
objects as probes of the consistency of supergravity theories has proven fruitful in cases with
more dimensions and more supersymmetries in order to constrain, and sometimes get all, the
set of allowed effective theories (look for example at [36], [39] and [49]), it is then natural to
ask whether it is possible to extend such methods to other less symmetrical situation; and
second because it is a setting that is close to a realistic empirical model, with the remaining
unbroken supersymmetry to have at least a certain degree of control. A pedagogical review of

supergravity can be found in the evergreen [50].

2.1 Perturbative bulk EFT structure

In the standard Wilsonian interpretation, any effective field theory (EFT) is associated with a
given ultraviolet (UV) cut-off energy scale A. We will consider four-dimensional EFTs which
preserve minimal A/ = 1 supersymmetry for a sufficiently high cut-off energy scale A. This
minimal supersymmetry may be spontaneously broken at lower energy scales Agg < A, but
this will not affect our conclusions as these regard the structure of the EFT defined at the scale
A.

We will be particularly interested in extracting some general constraints on the (massless) EFT
gauge sector that is weakly coupled at the UV cut-off scale A. The gauge couplings will be

regarded as determined by the vacuum expectation values (VEVSs) of the scalar fields. This



is common in string theory realizations and also expected from more general quantum gravity
principles, which forbid freely tunable parameters. It is then natural to associate any weakly-
coupled gauge sector with a certain region of the field space which identifies a given perturbative

EFT regime. In the sequel we will confirm this expectation and make it more precise.

In order to identify the possible perturbative EFT regimes, we will adopt the general prescrip-
tion provided in [34, 51], which was proposed to be valid for any four-dimensional N' =1 EFT
consistent with quantum gravity and tested in large classes of string theory models. Some of
its key ingredients will be reviewed below. Combined with additional quantum gravity criteria,
this framework will allow us to extract non-trivial information on the gauge sector and on some

higher curvature terms.

2.1.1 Gauge sector

Following [34, 51, 52], the perturbative regime of an N/ = 1 supersymmetric EFT in four

dimensions is characterized by the presence of a set of axions a’, with fixed periodicity
at~at+1, (2.1.1)
and a corresponding set of saxions s’. These pair up into a set of complex scalar fields
t'=a' +is' (2.1.2)

forming the bosonic components of N' = 1 chiral superfields. Together with additional chiral
fields ¢“, they parametrize the Kéhler field space M of the EFT.

The saxions in particular determine the exponential suppression factors of the BPS instantons
in the theory. In a more precise definition, a perturbative EFT regime is associated with a set

Cr of non-vanishing BPS instanton charge vectors m = {m;}, and a sazionic cone
A = {s € R*®1|(m ) > 0,Ym € C}. (2.1.3)

Here
(m, 8) = mys’ (2.1.4)

is the natural pairing between instanton charges and saxions. In terms of this pairing, a BPS

instanton with charge vector m € Cj is suppressed as |e=27{m:8)|,

We then say that the EFT is in the perturbative regime associated with Cr, or equivalently A, if
the saxions lie sufficiently deep inside the saxionic cone A. In this regime the axionic shift sym-
metries are broken only by exponentially suppressed non-perturbative corrections dominated by

the BPS instantons, which have the form ~ |e?™{m) | = |¢=27(m:8)| « 1 (with (m,t) = m,t?).

A

pert- Note that for increas-

This identifies the perturbative regime with a field space region M

ing saxionic values inside the saxionic cone, the axionic shift symmetries are better and better



preserved. The expected absence of (non-accidental) global symmetries in quantum gravity
implies that Mgert can be identified with the neighborhood of a field space boundary compon-
ent OM5 C OM which is at infinite distance. The by now well-tested Swampland Distance
Conjecture (SDC) [22] implies that one cannot really reach dMZ within the four-dimensional
EFT because of the appearance of infinite towers of new microscopic states which become light
exponentially fast in the field distance. This causes the EFT to break down as soon as the
corresponding tower mass scale m, becomes smaller than the cutoff A. As we will recall in the
sequel, [34, 51] identify a physically distinguished way to reach the infinite distance points of

OM?Z and to realize the SDC.

Consider now the gauge theory sector, with gauge group
G=J[vmax]]écr. (2.1.5)
A I

where G denote simple group factors. In the superspace conventions of [50], the associated

terms in the two-derivative effective action are

% d*2d?60 28 fAB(t, )WaWp + % d*zd?602€ f1(t, ¢) trOVW) + c.c. (2.1.6)
s s

which includes the bosonic terms

—ﬁ / (Im fABFg A +Fp + Re fAPF4 A Fig) — 8% / [Im f tr(F A +F); + Refl tr(F A F)q] .

(2.1.7)
Here f4B(t,¢) and fI(t,¢) are holomorphic functions and we denote chiral superfields and
their bottom scalar components by the same symbols. In (2.1.7), the trace tr on the algebra g
of a simple group G is defined by tr = ﬁtrr, where tr, is the standard trace in any unitary

representation r, and £(r) is the Dynkin index.!

In (2.1.7) we assume that
Imf4%>1, Imfl>1, (2.1.8)

so that the gauge sectors can be considered weakly coupled at the cut-off scale A and the EFT
hence admits a sensible perturbative expansion in the gauge couplings. Since we would like to

focus on the asymptotic field space region Mﬁert defined above, we furthermore assume that

'We define the Dynkin index by try tots = % traqj tats, where h(g) is the dual Coxeter number of g. For
instance, ¢(fund) = 1 and ¢(fund) = 2 if g = su(n)/sp(n) and g = so(n), respectively, or ¢(adj) = 60 for
g = es. In this thesis we use hermitian gauge fields A = A%, and field strengths F' = F%,, so that AT = A
and F' = F. The hermitian generators t, of the gauge algebra g can be normalised so that trt.ts = 204s.
The instanton number can be identified with the integer n = —16% Jtr(F A F) € Z, see for instance [53], and
n = o=z [tr(F A*F) > 0 for (Euclidean) anti-self-dual (F = — * F) instanton configurations. Note that in the
literature characteristic classes and anomaly polynomials are often expressed in terms of the anti-hermitian field
strength Fapg = —iF.
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the holomorphic gauge functions fA2, fI can be expanded as

FAB(t,¢) = (CAB 6y + AfAB () +... , flt,¢)=(CLt)+Af (o) +.... (21.9)

Here we are omitting exponentially suppressed non-perturbative terms ~ O(‘62“i<m’t>‘) and we

are employing the same index-free notation as in (2.1.3) for t' = a’ + is’, e.g.
(CAB t) = CABY (2.1.10)
From the expansion (2.1.9) we see that (2.1.7) contains in particular the (s)axionic couplings

_417rCZAB/ (s" FaANxFp+a' FaNFpg) — 8177021/ [s" tr(F A*F) +a' tr(F A F)f]
(2.1.11)
from which one can extract C\Z and C/. Note that the form (2.1.11) for the (s)axionic couplings
is a non-trivial assumption which need not hold for every gauge sector. We will come back to

this caveat in the paragraph after (2.2.4).

Assuming that the gauge instanton configurations are defined on a Euclidean spin manifold, as
is natural in supergravity, the compatibility of the gauge instanton corrections with the axion

periodicity (2.1.1) requires the quantization conditions
CAB cle. (2.1.12)

In the following we will provide complementary evidence in favor of (2.1.12), which holds

directly in Lorentzian signature.

For generic values of the fields ¢®, we expect Af4B(¢), Afl(¢) ~ O(1) in (2.1.9). Hence (2.1.8)
suggests that the constants (2.1.12) should obey the constraints

{(cAB sy >0, (Cls)>0 Vs € A. (2.1.13)

The first condition means that (CAB, s) is a positive definite matrix, and we are again using the
index-free notation introduced above, e.g. (CAB ,8) = CZ»AB s' and t' = a’+is’. In other words, it
is natural to require that C! € Cr, where we recall from the discussion before (2.1.3) that Cj is the
cone of BPS instanton charges dual to the saxionic cone A, and that {C4B} € C1 in a matrix
sense. This is also consistent with the requirement that the perturbative gauge interactions
preserve the axionic shift symmetries, while gauge instantons break them by exponentially
suppressed non-perturbative corrections. To our knowledge the condition (2.1.13) is realised in
all string theory models and in the following we will assume that it should hold in any EFT

compatible with quantum gravity.
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2.1.2 Higher curvature terms

One can generically write down higher-derivative corrections to the leading two-derivative su-

pergravity. For our purposes it is sufficient to focus on the contribution

4, 12 7
Sy /d xd“02E f(t,9p)Y + c.c., (2.1.14)

where f (t,®) is another holomorphic function of the chiral multiplets and
1 /= _
Y = W Was, - 1 (D* - 8R) (aRR +bG"G) (2.1.15)

is a composite chiral superfield [54-56] constructed out of the chiral superfields Weg,, R and
the real superfield G, of minimal N' = 1 supergravity [50]. The superspace contribution (2.1.14)

includes in particular the curvature-squared terms [55, 56]

1 ~ 1 -
~96m Im f tr(R/\*R)—967T/Reftr(R/\R)+... . (2.1.16)
Here tr denotes the standard trace on the free indices of the Riemann two-form R™, =
3R pg da? A dad — see also [57] and [58] for some useful details on the necessary superspace
manipulations.” In (2.1.16) we have omitted R, R™ and R? terms, since their coefficients
depend on the constants a and b and then are not uniquely fixed by the Pontryagin term con-
taining tr(R A R). On the other hand, the arbitrariness is uniquely fixed to a = 2 and b = 1
by requiring that the omitted Ry, R™ and R? terms combine with the first term in (2.1.16)
to give the Gauss-Bonnet term ﬁ fImeGB x 1, with

EcB = RunpgR™™? — ARy R™ + R? | (2.1.17)

which is not affected by ghost issues [59].
As for the gauge functions (2.1.9), under our general assumptions in the asymptotic field space

A

pert the holomorphic function f necessarily takes the form

region M
f(t.0) = Cit + Af(¢) + ..., (2.1.18)

where again we are omitting exponentially suppressed non-perturbative terms. In particular,

(2.1.16) contains the couplings
1 =~ 4 .
_%C'i/ [s" tr(RA*R) + a' tr(RAR)] , (2.1.19)
™

from which one can extract C;.

2We thank Fotis Farakos for useful discussions about the necessary superspace gymnastics.
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According to the normalization of (2.1.14), the axion periodicity (2.1.1) is not broken by possible

gravitational instantons if we require that
2C; € 7. (2.1.20)

This can be understood by recalling that the integral of the first Pontryagin class pi (M) =
—S%tr(R A R) over a Euclidean spin four-manifold M is always a multiple of 48. In the sequel
we will see that quantum gravity constraints require C; to be integral, rather than half-integral
as in (2.1.20).

Unlike for the analogous quantities discussed in the previous subsection, there is no obvious
reason to expect any definite sign of Im f and <é, s) = C;s'. On the other hand, various results
suggest that the positivity of the coefficient of the Gauss-Bonnet term may be a general feature
of EFTs consistent with quantum gravity. For instance this is necessary in order to suppress
problematic wormhole effects [7]. More recently, [60] provides an argument for positivity based
on unitarity in pure in pure d > 4 gravity, [61] discusses the implications of the sign on the non-
perturbative (in)stability of simple dilatonic models, [62] shows how Gauss-Bonnet positivity
follows from the WGC for certain black holes and [63] analyses constraints based on holography.
In our context this would mean that Im f > 0 and then, as for the gauge theory sector, it would
be natural to require that

(C,8) >0, (2.1.21)

or equivalently C € (. (Here we are already using the integrality of C;, anticipated above but
not proven yet.) We will find that (2.1.21) follows, under certain additional mild restrictions,

from the quantum gravity arguments of the following sections.

2.2 EFT strings as quantum gravity probes

The perturbative EFT regimes of Section 2.1 can be characterised in terms of a specific class of
BPS axionic strings, called EFT strings in [34, 51] — see also [52]. In this section, after recalling
the main properties of such EFT strings, we will describe the anomaly inflow mechanism from
the four-dimensional bulk theory to the string worldsheet. We will then argue that the EFT
string worldsheet theory can be treated as a weakly coupled non-linear sigma model (NLSM)
and characterise the spectrum of its massless fields. This will form the basis for the derivation

of quantum gravity constraints for the four-dimensional field theory in Section 4.2.2.

2.2.1 Perturbative EFT regimes, dual formulation and EFT strings

The presence of the perturbative axionic shift symmetries (2.1.1) naturally leads one to consider

axionic strings in four dimensions, around which the axions undergo integral shifts
a' —a'+e. (2.2.1)
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Here we assume that the EFT U(1) gauge fields do not acquire a Stiickelberg mass by gauging
the axions a’. In this way we exclude axionic strings which can break by nucleation of monopole

pairs, leaving the investigation of this interesting generalization for future work.

In order to make contact with QG structures highlighted in [51, 64, 65], it is convenient to
recall the basic features of the dual formulation, in which the axions are traded for 2-form
potentials By ; with corresponding field strengths Hsz; = dBa; = —Mggij * da’. This duality
transformation can be completed into a full supersymmetric duality which trades the ¢* chiral

multiplets for corresponding linear multiplets [66].

The integers e’ € Z can be regarded as the magnetic axionic charges of the string, or as the
electric charges under the dual two-form potentials By ; — see [34, 67] for more details on the

dualization. In the dual formulation, the strings contribute to the EFT by a localized term

ei/ Bos, (2.2.2)
w

where W denotes the string world-sheet. Furthermore, imposing that these strings are compat-
ible with the bulk supersymmetry completely fixes [67] the additional contribution — fW Te voly

to the effective action: The tension 7¢ takes the form
To= MEe't;, (2.23)
in terms of the dual sazions ¢;. Together with Ba ;, these form the bosonic components of the

linear multiplets dual [66] to the chiral multiplets ¢ and are defined by

10K
2 0s' ( )

Here K is the EFT Kéhler potential K, which is assumed to be invariant under the axionic
shift symmetries. Note that the dual formulation in terms of B; . and ¢;, as well as the localised
terms (2.2.2) and (2.2.3), really make sense only if the axionic shift symmetries are preserved

at the perturbative level, as we are assuming.’

The kinetic terms are specified by the kinetic function
F=K+2s' (2.2.5)

which must be considered as a function of the dual saxions ¢; (and of the spectator fields). The

leading order action can be equivalently re-written as

1

1 1 )
M) 2 2 D
g )_2MP/R*1—2MP/ng&/\*d£j—2 5

/ GHy; A ¥Hs; + BT (2.2.6)

3In this dual formulation the non-perturbative corrections can be generated by the mechanism described in

[7].
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where

i 1 0*F
ij = 2.2.7
g 2 00,01 ( )
is the inverse matrix of the saxion kinetic matrix. Furthermore the inverse of the relation (2.2.4)
is given by
. 10F
= . 2.2.
* T 200 (2.28)

At this stage it is important to stress that we are excluding possible monodromy transformations
of the U(1) vectors under the axionic integral shifts (2.2.1). For instance, if we focus on
two U(1) field strengths and one chiral field ¢ = a + is, we could impose that the discrete
identification ¢t ~ ¢t + 1 involves also a shift I} ~ F; + Fy. F; can then enter the effective
Lagrangian only through the monodromy invariant combination Fy = Fy — aF5, which can be
completed into the super-field strength Wf‘ = W — tW3'. These monodromy effects can be
immediately generalized to a larger number of U(1)s and axions, and allow for the appearance
of quadratic and cubic axion couplings to F'4 A Fp, rather than the standard linear coupling
(2.1.11). As an example of such non-standard couplings to the axions, Kaluza-Klein U(1)s have
been discussed in [68]. Such couplings obstruct the dualization of the axions to By ; (as well as its
supersymmetric completion). Then the EFT contribution of the corresponding axionic strings
cannot be described as in (2.2.2) and (2.2.3). While these monodromy effects naturally appear in
extended four-dimensional supergravities, they look more exotic in a minimally supersymmetric

context, and we will henceforth only consider effective theories not exhibiting such subtle effects.

Let us come back to the dualization (2.2.4) and the fact that this procedure is possible only
in presence of a perturbative shift symmetry. This becomes crucial once combined with the
observation that the strings coupling to the two-form, being codimension-two objects, have a
strong backreaction. The backreaction may force the surrounding bulk scalar fields to flow
away from the asymptotic region Mﬁert associated with the perturbative regime. However,
as emphasised in [34, 51|, this does not pose any problem at the EFT level: What one really
needs for consistency of the dualization and the description of the strings is that the bulk sector
is in the weakly coupled region in a small neighborhood of the string, of minimal radius of
order ry = A~'. Tt is then sufficient to require that the string backreaction is under control in
this neighborhood. At such short distances, the string can be well approximated by a straight
%—BPS string and its backreaction on the saxions is given by

7o

s=sy+eo, o=—log—. (2.2.9)
T

1
27
Here r is the radial distance from the string and sg = {s{} represents the initial saxionic values
at r = rg. Note that the additional chiral fields ¢* do not flow. Hence, if the charge vector e
belongs to

CE'T = Aly = {e € Z¥# ™% | (m e) >0, Vm € (1}, (2.2.10)
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a flow (2.2.9) starting from any sg € A never exits the saxionic cone A as one approaches the
string. Actually, the scalars are driven more and more inside the asymptotic weakly coupled
region Mﬁert as 0 — 0o. This can be taken as the defining property of the EFT strings, which
hence admit a controlled weakly-coupled EFT description. Note that the EFT strings must be
considered as fundamental strings?, in the sense that they cannot be completed into smooth
solitonic objects within a four-dimensional EFT, say by adding a finite number of new degrees
of freedom.

In [34] it was shown how the validity of ‘weak gravity bounds’ [69] for instantons and strings

A

pert the Kéhler potential receives a leading saxionic contribution of the form

requires that in M
K=—logP(s)+..., (2.2.11)

where P(s) is a homogeneous function of the saxions. This asymptotic structure of the Kéhler
potential is indeed universally realised in all string theory models, in which the homogeneity
degree of P(s) turns out to be integral. In the following, whenever we will need it, we will
implicitly assume this asymptotic form of the Kéhler potential. This in particular implies that
the EFT string flows (2.2.9) can be regarded as infinite field distance limits, and the Distant
Axionic String Conjecture (DASC) of [34] proposes that all infinite distance points of M%)
can actually be reached by an EFT string flow.

Another important property of the EFT strings is the following. It is not difficult to see that
the field-dependent tension 7e of an EFT string decreases along its own saxionic flow (2.2.9), as
o — 00. On the other hand, since this is an infinite field distance limit the Swampland Distance
Conjecture implies that along the flow an infinite tower of microscopic massive modes appears,
at a characteristic mass scale m,, which exponentially vanishes with the field distance. By

inspecting a large class of string theory models, in [34] it was found that along the EFT flows
2

my

scales to zero as an integral power of T, in Planck units. This ‘experimental’ observation
was promoted to a possible universal property of EFT strings. In its stronger form proposed in

[52], this is the content of the Integral Weight Conjecture (IWC):

2 o Te \"

my ~ Mp (W) w e {1,2,3}, (2.2.12)
P

where w is the ‘scaling weight’ associated with the EFT string. Note also that, according to

the Emergent String Conjecture (ESC) [70], in some duality frame an EFT string with w = 1

should coincide with a critical string, while EFT string flows with w = 2,3 should correspond

to decompactification limits, as further characterised in [71].

In order to motivate our definition of (2.2.10) we used purely EFT arguments. However, as
we already mentioned, EFT strings are ‘fundamental’ and their existence depends on the UV

completion of the theory. In the following discussion we will need to assume that the EFT string

4This notion is not to be confused with that of a critical string such as the heterotic or Type II string.
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lattice C§"" is actually fully populated. This non-trivial assumption is certainly realized in the
large classes of string theory models considered in [34], and can be more generically motivated
by invoking an EFT string version of the Completeness Conjecture [72], which is one of the

better tested quantum gravity criteria.’

Note that the EFT strings make sense only in a gravitational context. Indeed, the analysis of
[34] implies that the vanishing of an EFT string tension 7o = Mg2e'/; identifies a component
of the infinite field distance boundary dMZ%,. Hence there is no (finite distance) point in field
space at which 7/ MI% — 0 and one cannot decouple the string dynamics from the gravitational
sector. Furthermore, in all the string theory realizations considered so far, the EFT strings
uplift to brane configurations which can be continuously deformed through the entire internal
compactification space. In this sense, the EFT strings can ‘probe’ the entire UV completion
of the EFT. We will indeed see that their quantum consistency provides additional non-trivial

constraints on the EFT.

Note also that by consistency any BPS string tension must be positive in the interior of P = AV,
and the condition (£,e) > 0 for any £ € P can be taken as defining condition of the BPS string
charges e € Cg, that is: Cs € P¥ N V. This implies that different boundary components of
OP can be associated with the vanishing of different BPS string tensions [64]. In particular,
components of 0P which are at infinite field distance can be detected by the vanishing of some
EFT string tensions, i.e. corresponding to some e € C§"". On the other hand, finite distance
components of 0P can be detected by tensionless non-EFT BPS strings, i.e. with e € Cg —C§"™".
In this latter case, one should keep in mind that these finite distance boundaries are not so
sharply defined, since around them both perturbative and non-perturbative corrections become
relevant and can for instance generate strong corrections to the ‘bare’ formula (2.2.3). Other
strongly coupled regions are reached by radially moving away from the tip of P along different
directions. If one insists in using the ‘bare’ kinetic potential (4.1.4), these are at infinite field
distance and not associated with any tensionless string. Rather, in this limit all the BPS tensions
(2.2.3) diverge, and then the above description breaks down since it assumes that 7o < 27 M2
in order for the string to have a weak gravitational backreaction [51]. This is again not the
end of the story, since one again expects strong corrections which may completely change the
nature of these limits. In any case, we see how the behavior of the BPS tension (2.2.3) can be

a useful proxy to qualitative characterize the different boundary components of P.

"Recently [73] has found examples of effective field theories in higher dimensions which violate the Com-
pleteness Conjecture for BPS strings; at the same time, there always exists another theory differing only at the
massive level which does satisfy the BPS Completeness Conjecture. For our purpose of constraining the massless
EFT spectra this would in fact be sufficient.
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Chapter 3

Quantum Gravity Bounds from EFT
Strings

An increasing amount of evidence suggests that to couple a gauge theory to gravity, severe con-
straints have to be fulfilled at the quantum level, many more than one would expect from those
coming from ordinary quantum field theory considerations. For example, while in quantum field
theory, any anomaly free spectrum, no matter how contrived, leads to a consistent quantum
gauge theory, it is widely believed that when quantum gravity is taken into account, the number
of degrees of freedom should remain finite, due to general expectations on black hole entropy.
Determining more generally which constraints a quantum gauge theory has to fulfill in presence
of gravity is one of the objectives of the Swampland program [1] as reviewed, for instance, in
[4, 18, 74].

A particularly fruitful idea that has emerged is to derive consistency conditions on an effective
field theory by examining the inclusion of higher dimensional defects as probes in the theory.'
For instance, if a quantum gravity theory contains higher p-form gauge fields, the Completeness
Conjecture [72] implies that the theory must contain all the p-dimensional objects charged
under this symmetry whose charges are compatible with Dirac quantization. Consistency of
the worldvolume theory of these objects poses novel constraints on the bulk effective field theory
which might go far beyond the usual cancellation of gauge and gravitational anomalies. This
approach has been successfully applied to minimally supersymmetric gauge-gravity systems in
ten [36], eight [49, 77], six [36, 37, 78-80], and five [39] dimensions, as well as to theories with
sixteen supercharges in various dimensions [38]. In this thesis we will present quantum gravity

bounds in four-dimensional theories with minimal /' = 1 supersymmetry.

An N = 1 supergravity theory in four dimensions typically contains light complex chiral scalar

! As one of the earlier incarnations of this idea, [75] derived for instance the K-theory tadpole cancellation
conditions in D-brane models by requiring absence of Witten anomalies on probe branes. See furthermore [76]
and references therein for an analysis of the correspondence between spacetime and worldvolume physics.
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fields parametrizing the field space of the theory. In the weak coupling regime, a shift symmetry
arises in an emergent axionic sector of the theory, which is only broken by non-perturbative
effects. In the limit where the latter are sufficiently suppressed, the axions can be dualized
into two-form fields. By the Completeness Conjecture of quantum gravity, these must couple
to string-like objects, which in fact can be half-BPS in four dimensions. This places the theory
precisely into a context, similar to that of [36-39, 49, 77-79], in which consistency conditions of
these axionic strings can be turned into new constraints on the four-dimensional effective field

theory.

As a complication specific to four dimensions, however, string-like objects induce a non-
negligible backreaction on the fields in the two directions normal to the string. This is owed
to the fact that the string worldsheet is of real codimension two in spacetime [81]. For general
strings, the backreaction questions the validity of applying the probe approximation to the
string and of viewing it as weakly coupled. Interestingly, in [34, 51] it was understood that for
a certain class of half-BPS strings a perturbative treatment of the string worldsheet theory is
nonetheless justified. The strings in question were called ‘EFT strings’ and have the property
that their backreaction on the moduli of the theory is precisely such that close to the string
core, the effective theory becomes weakly coupled: More precisely, asymptotically close to the
string core, the axionic shift symmetries which are needed to dualize the axions to two-form
fields become exact because the instantons dual to the string become suppressed. As it turns
out, the strings with this property are precisely of the form that they cannot decouple from
the gravitational sector, making them ideal candidates to probe the quantum gravity nature
of the theory in those asymptotic limits. The original motivation in studying such strings was
the conjecture of [34, 51] that any infinite distance limit in four dimensions can be obtained as
the endpoint of an RG flow induced by the backreaction of an EFT string. This idea has been

investigated further in [35, 71, 82] from various perspectives.

In this chapter of the thesis, we will explore the role of EFT strings as weakly coupled probes of
the four-dimensional A/ = 1 supersymmetric gauge-gravity sector. In this way, we will be able
to constrain the input data of an effective N’ = 1 supergravity theory beyond the consistency

conditions from anomaly cancellation in the bulk alone.

The constraints which we will find should be valid for all such theories with a standard coupling
to the axionic sector: By this we mean theories in which the gauge field strength and the

curvature two-form couple to the axions a’ via terms of the form?
SEFT D Ci/ai trF' A F + C’i/ai trRAR. (3.0.1)

As we will see, such couplings induce an anomaly inflow from the four-dimensional bulk to the

string worldsheet. As in [83] and in the higher-dimensional gravitational theories treated in

2The precise normalisation factors will be given in Section 2.1.
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[36, 37, 39, 78], this anomaly inflow must be cancelled by the two-dimensional anomalies on
the string worldsheet resulting from the presence of chiral matter on it. Importantly, for EFT
strings in the sense of [34, 51|, we can reliably compute this worldsheet anomaly in terms of
the 1-loop perturbative anomaly generated by the modes along the string because the theory
flows to weak coupling close to the core of the string. This eventually leads to constraints on
the four-dimensional bulk theory. A notable difference to the analysis in [36, 37, 39, 78] is that
we do not assume that the string worldsheet theory flows to a conformal field theory in the
infra-red. Indeed, in four dimensions this may a priori not be justified due to the peculiarities
of the string, but is also not required as long as the string worldsheet is weakly coupled. The

EFT strings are precisely of this type.

Our main results are two types of constraints: First, (3.2.3) and (3.2.4) constrain the quantiz-
ation and the signs of the axionic curvature couplings in (3.0.1). In particular, (3.2.3) fixes the
saxionic Gauss-Bonnet term in a large class of gravitational AV = 1 supersymmetric effective
actions to be positive. Our EFT string analysis therefore complements previous arguments for
the positivity of these higher-derivative terms [7, 60-63]. Second, (3.2.26) bounds the possible

ranks of the gauge groups which can be coupled to an axionic sector as in (3.0.1).

Our derivation of these bounds is subject to certain assumptions on the spectrum of the world-
sheet theory of the EFT strings, which we motivate in Section 3.1.3. These are manifestly
realised in explicit string theoretic settings and moreover appear natural more generally. Mod-
ulo these assumptions, whenever the EFT string derived constraints, in particular the bounds
(3.2.26) on the ranks of a gauge sector, are violated in a consistent quantum gravity with
minimal supersymmetry, our analysis implies that the theory cannot exhibit standard axionic
couplings of the form (3.0.1). This is a rather non-trivial prediction from a purely effective field

theoretic point of view.

Our results can be compared with the concrete constraints imposed on effective field theories in
string theory compactifications. In the context of F-theory compactifications, we will confront
the EFT string bounds (3.2.26) with the geometric bounds from the construction of explicit
Weierstrass models. The latter have been analysed in a series of works [84-87] in various
dimensions to constrain the ranks and matter content of gauge-gravity theories in F-theory.® In
fact, based on our knowledge of the worldsheet theory of the EFT strings in F-theory following
from [94], we propose (3.3.36) as a stronger bound on the rank of the gauge group, which
should be valid in geometric F-theory compactifications with a smooth base (and minimal

supersymmetry).

To test the EFT string bounds in the heterotic context, we will first have to extend the analysis
in [34] of EFT strings in such setups by including also higher curvature corrections to the

effective action. This part of our analysis is in fact interesting by itself and reveals an intriguing

3More recent examples of the rich corpus of studies investigating the constraints on gauge data imposed by
string theory in various dimensions include [88-93].
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modification of the structure of the cone of EFT strings due to said correction terms. We will
compare the structure of the heterotic cone of EFT strings with its F-theory dual and discuss
the bounds on the theory. Furthermore, we give a preliminary analysis of the EFT string
derived bounds in M-theory on G2 manifolds, which can serve as a starting point for a more

detailed investigation in the future.

The content of this chapter, based upon [65], is organized according to the following structure: In
Section 2.1 we have already reviewed and specified the structure of the four-dimensional N' = 1
supersymmetric gauge-gravity theories for which we will derive quantum gravity constraints.
In particular, we will explain the assumption that the effective field theory enjoys axionic
couplings of the form (3.0.1). In Section 2.2 the reader can find the review of the main concepts
underlying the ideas of EFT strings from [34, 51]. We then derive the anomaly inflow from
the bulk to the string worldsheet induced solely by the axionic couplings (3.0.1), up to an
interesting subtlety discussed in Section 3.1.2. Finally, we specify the main ingredients of the
weakly coupled non-linear sigma-model governing the N' = (0,2) supersymmetry worldsheet
theory. Of key importance for us is a discussion of the worldsheet modes in Section 3.1.3,
including our assumptions on their charges. Section 4.2.2 contains our main results: We derive
the EFT string consistency conditions by demanding that the anomaly inflow be cancelled
by the anomalies (reviewed in Appendix A.1) of the weakly coupled worldsheet spectrum. In
Section 3.3.1 we show how these constraints rule out simple otherwise consistent supergravities

as theories with a quantum gravity completion.

In the second part of the chapter, we test and apply our general results in explicit string
theoretic frameworks. In Section 3.3.2, we apply our bounds to F-theory compactifications
to four dimensions. We will illustrate the validity of the assumptions made in the general
setting in Section 3.1.3, and in addition motivate a sharpened bound on the rank of the gauge
group, given by (3.3.36) in F-theory on smooth three-fold bases. As another application, we
will derive the constraint that in any Type IIB orientifold with O3-planes (and no O7-planes),
the number of O3-planes is quantized in units of 16, which represents on its own a physics
post-diction of a mathematical theorem. Section 3.3.3 analyses the intriguing structure of the
cone of EFT strings in heterotic string theory including higher derivative corrections. In the
interest of readability, we have relegated some of the technicalities to Appendix A.3 and A.4.
In Appendix A.2 we corroborate our claims that the EFT string can be described by a weakly
coupled non-linear sigma model, by analysing the EFT strings in F-theory and the heterotic
theory in more detail. In Section 3.3.5 we apply our EFT string constraints in the context of
M-theory compactifications on G manifolds. Our conclusions and a list of open questions are

presented in the chapter 5.
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3.1 Anomaly inflow

In this section, we will show how the mechanism of anomaly inflow in our setting leads to a
tree-level worldsheet anomaly on the probe EFT string, that must be compensated by a suitable
1-loop ’t Hooft anomaly from the chiral matter supported on the worldsheet itself. We will also
argue and provide motivations for the specific form of the worldsheet matter content in the
asymptotic regime, that should be given by a weakly coupled non-linear sigma model. In doing
so, we will underline some subtleties that arise, like the contribution from the non-vanishing
Euler class of the worldsheet normal bundle, that will be crucial for the successive discussion

about concrete checks in string theory examples.

3.1.1 World-sheet anomaly from anomaly inflow

It is well known that axionic strings can support chiral fermions whose anomaly must be
cancelled by a bulk anomaly inflow [83]. As in this reference, the axion couplings appearing in
(2.1.7) and (2.1.16) produce an anomaly inflow to the EFT strings. Taking into account (2.1.9)

and (2.1.18), the four-dimensional couplings can be written in the form

)

27r/ai14,i = —27r/h§ AN (3.1.1)

Here we have introduced the one-forms h} = da‘, which are globally defined even in presence

of axionic strings, and

1
In;=dl) = ~ 53O PFa N Fs —

1
1672

1 -
1 ——C; . 3.1.2
Citr(FAF)r 1992 Citr(RAR) ( )

The anomaly inflow is generated by the term (3.1.1) since, in presence of an axionic string of

charges e’ and world-sheet W, the one-forms h¢ are not closed, but rather satisfy

dhl = €0y (W). (3.1.3)
)

Under general gauge transformations and local Lorentz transformations we can write 5I?(,?i =
(1)
dly,

7, and then (3.1.1) produces the following localized contribution to the corresponding vari-

ation of the bulk action:
dShulk = —27T6i/ Iéli) : (3.1.4)
W b

The same result can be obtained in the dual formulation, by taking into account that the
couplings (3.1.1) modify the dual field strengths into Hs,; = dB2; + 27r1§?i). Since H3,; must
be gauge invariant, under gauge and local Lorentz transformations Bs; must transform non-
trivially:

0By = —2nl{) . (3.1.5)
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Hence (2.2.2) produces precisely the same localized contribution to the gauge variation of the
action found above.

Since a consistent EFT must be anomaly free, the localized contribution (3.1.4) must be can-
celled by a string world-sheet anomaly 6S$amum = 427’ [y Iéli). Via the usual descent
equation, this worldsheet anomaly corresponds to the anomaly polynomial

(Cl.e)
1

672

) CAB,e
6114,i — _<87T2>FA/\FB _

(C,e)
tr(FAF)p — tr(RAR). (3.1.6)
HENE)r = g H(RAR)
The last term is proportional to the bulk first Pontryagin class p1 (M) = —gkz tr(R A R). Since
TM|w =TW @ Ny, where Ny is the normal bundle of W, p; (M) can be decomposed into

1

1
_ 2 _
(M) = pr(W) + c1(Nw)” = *@tr(RW/\RW) +

N N Py, (3.1.7)

where Fy = d Ay is the field strength of the U(1)nx connection Ay induced on the normal bundle
by the bulk Riemannian connection. The last term of (3.1.6) then democratically contributes

to the gravitational and U(1)x anomaly of the world-sheet theory.

There can occur an additional, and more subtle, contribution to the U(1)x anomaly inflow.
It is analogous to the additional contribution associated with the type IIA NS5-brane normal
bundle, discussed in [95]. Adapted to our context — see also [96] — the key observation is that
the pull-back to the string world-sheet W of the singular right-hand side of (3.1.3) gives a

non-vanishing finite term. Indeed, in cohomology

d2(W)lw = x(Nw) , (3.1.8)

where x(Nw) is the Euler class of the normal bundle Ny . Since we have a distinguished
connection Ax on Ny, it is natural to promote (3.1.8) to an equation for (distributional)

differential forms, by identifying
1
21

The restriction of (3.1.3) to W then contains a finite contribution coming from the delta-source:

X(Nw) = FN . (319)

dh’ = —FIN. 3.1.10
1w 5 IN ( )

Topologically, this equation implies that the normal bundle Ny must be trivial. Hence, we
know that we can globally write Fiy = dAn. Following [95] we will consider (3.1.10) as part of

the definition of our axionic strings.

By adopting the ‘magnetic’ axionic formulation, we can now write down the following additional

23



EFT term localised on the string;:

1 - .
SN = CZ(e)/ hll NAN. (3.1.11)
24 w

Here the normalization is chosen for later convenience and we assume that the constants C’i(e)
necessarily depend on e since otherwise the term (3.1.11) would be independent of the EFT
string charge, which does not seem physically reasonable. By recalling (3.1.10) it is easy to see

that (3.1.11) is not invariant under U(1)y a gauge transformations d ANy = dAN:
55 10()Z’/AF (3.1.12)
=——2C;(e . 1.
N sy lile)e N N

Again, we may obtain this anomalous contribution in the dual description, in which the term

(3.1.11) does not appear and is encoded in a modification of the H3; Bianchi identities:
dHsz,; = 2nly; + ié’i(e)FN A Gy (W) . (3.1.13)
This can be solved by setting
My = dBo, + 211 + Q—Zéi(e)AN A So(W). (3.1.14)
It follows that, in addition to (3.1.5), under local Lorentz transformations the variation of Bs ;

receives also the localised contribution

1.
ONBa,;i = 5N Ci(e)da (W), (3.1.15)

which, applied to (2.2.2), precisely reproduces (3.1.12).

The anomalous contribution (3.1.12) must be cancelled by a contribution 27 fW fé% to the

world-sheet anomaly, corresponding to the anomaly polynomial

(C(e).e)

9672 N Ay, (3.1.16)

Iyn =

where as usual (C(e),e) = €!Cj(e). Hence, to sum up, the cancellation of the anomaly inflow

requires that the world-sheet anomaly polynomial must be given by

IXV: = 6iI4Z‘ + IA47N

(CAB e) (Cle)
:_8TFA/\FB— - tr(FAF)r (3.1.17)
(C,e) (C,e) + (Cle),e)
_ Fy A Fx.
T tr(Rw A Rw) + 06,2 NA LN
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Note that this anomaly polynomial does not include possible mixed U(1)n-U(1)4 anomalies.
Indeed, they can be assumed to be cancelled by terms of the form (3.1.11) involving the U(1)4
gauge fields A 4 instead of Ax and can then be ignored.

With the exception of the additional terms in (3.1.16), the anomalies encoded in (3.1.17) are all
proportional to the pairing of the couplings C’lAB , Cl-] and C; with the charges e’ characterising
the EFT string. Recall that the presence of such a string induces a flow of the form (2.2.9) in the
saxionic moduli space. In view of the relations (2.1.9), we therefore conclude that precisely those
gauge sectors U(1) 4 and G that become weakly coupled as a consequence of the backreaction
of an EFT string, as encoded in the flow (2.2.9), can be detected by its world-sheet anomalies.
Gauge sectors which stay strongly coupled in presence of an EFT string, on the other hand,
never induce an anomaly on its worldsheet, and more generally the EFT string in question
does not detect them via its world-sheet. In particular this applies to gauge sectors with non-
standard axionic monodromies of the form mentioned after (2.2.4), which fall outside the class
of theories which can be constrained by the analysis of EFT string anomalies as studied in the

present work.

The conditions (2.1.13) can be rewritten in terms of EFT string charges as
{(CAB e)} >0, (Cle)>0, Ve € CET (3.1.18)

where the first inequality means that the matrix (C45, e) is positive semi-definite. This implies
that the coefficients of the gauge world-sheet anomaly polynomial (3.1.17) have semi-definite

sign.

3.1.2 UV origin of the additional world-sheet contribution

As will be made more explicit in the next subsection, the constants C;(e) introduced in (3.1.11)
must satisfy appropriate quantization conditions and should then be associated with some
additional discrete structure defining the EFT. In a generic N’ = 1 four-dimensional EFT there
is no natural candidate, but the more constrained higher dimensional supersymmetric theories
can indeed be characterized by additional discrete data. This suggests that the presence of
a term (3.1.11) may be interpreted as the manifestation of some hidden higher dimensional
structure which can be detected by the EFT string.

More concretely, consider a situation in which the axions a* come from the dimensional reduction
of the U(1) vectors A® of an A/ = 1 five-dimensional supergravity. The latter is characterized
by a set of quantized constants [97]

Cijk €2, (3.1.19)
which are totally symmetric in the indices and in particular define the five-dimensional Chern-
Simons term .

— ol i J k
Ssd 6(27T)2czjk/A NEFINFE®. (3.1.20)
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The four-dimensional axionic strings uplift to five-dimensional monopole strings. For such
monopole strings of charge vector e, the term (3.1.20) generates the inflow contribution [39, 96,
98, 99]

o0 o . .
—%C’ijkezejek/ pgl)(NW) (3.1.21)
w

to the SO(3) normal bundle anomaly of the monopole, where pgl)(]\A/'W) is the descent two-
form associated with the first Pontryagin class of the normal bundle Ny. Under dimensional
reduction to four dimensions the normal bundle splits as Nw = Ny & L, where L is a trivial
real line bundle, and then (3.1.21) precisely takes the form (3.1.12) with

Ci(e) = Cijpele . (3.1.22)

Hence, with this choice, (3.1.11) encodes the information on a microscopic five-dimensional
structure that can be detected by the EFT strings. One can also more directly reproduce
(3.1.11) from the dimensional reduction of (3.1.20), as in [96]. Since this effect is local, all that
is required is a five-dimensional EFT term of the form (3.1.20), without the need to assume
that the five-dimensional configuration globally preserves eight supercharges.* Furthermore,
the reduction from five to four dimensions would imply a leading contribution to the Kahler
potential of the form (2.2.11) with P(s) = C’ijksisj s*, inherited by the five-dimensional super-
symmetric structure, which would correlate a world-sheet term of the form (3.1.21) to the bulk
EFT structure. In the sequel we will more explicitly illustrate these ideas in concrete string

theory realizations.

Let us now investigate if the term (3.1.11) can instead detect a six-dimensional minimally
supersymmetric structure. As reviewed for instance in [36], in six dimensions the NV = (1,0)
tensor multiplet sector is characterized by a symmetric matrix CA'ij and the strings act as both
electric and magnetic sources for the Ba; fields. The Green-Schwarz term produces an anomaly
inflow polynomial proportional to Cyjelel x(Ny ), where x(Nyy) is the Euler class of the string
normal bundle Ny which has SO(4) ~ SU(2), x SU(2); structure group. It would then be
natural to guess that in four dimensions this effect can again be captured by (3.1.11), by
choosing Co x C’ijej. However, this naive guess turns out to be wrong. Indeed, consider a
compactification from six to four dimensions. Since the string is point-like in the compact two
dimensions, its normal bundle splits into NW = Nw ® L & L where L is again trivial real line
bundle. This implies that x(Nw) = x(Nw)x(L® L) = 0. Hence, even though C;(e) oc Cy;e’ has
the right structure to be associated with a six-dimensional supergravity, apparently no anomaly

survives in the reduction to four dimensions. We are then led to exclude this possibility as being

physically irrelevant.

Supergravity theories in d > 6 dimensions are too rigid to allow for a choice of some discrete

4Note that a simple circle compactification from five to four dimensions would preserve eight supercharges
and contain a KK U(1) field. This KK U(1) would be afflicted by monodromy effects of the kind discussed in
the paragraph after (2.2.4) — see for instance [68] — which are not covered by our analysis.
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data, which could then enter C’i(e). For these reasons, in the rest of this thesis we will assume

(3.1.22) whenever we will need a more explicit form of Cj(e), otherwise keeping it generic.

3.1.3 EFT string as weakly coupled NLSM

The world-sheet anomaly polynomial (3.1.6) has been fixed by anomaly inflow arguments, a
procedure which basically uses only the axionic nature of the EFT strings. While EFT strings
naturally allow for a coupling to a weakly-coupled bulk sector at the EFT cut-off scale A,
they generically lead to infra-red divergences due to their large backreaction. In particular,
one cannot a priori assume that their world-sheet theory flows to a CFT, as was for instance

possible in the higher-dimensional context of [36, 39].

However, the analysis of explicit UV complete models carried out in Appendix A.2 provides
evidence that also the world-sheet sector supported by EFT strings can be considered weakly-
coupled at the EFT cut-off scale, and can then be described by a weakly-coupled non-linear
sigma model (NLSM). This can be understood as follows. In string theory models EFT strings
are microscopically associated to branes which can freely propagate in the internal compactific-
ation space, which then determines the geometry of the effective two-dimensional NLSM. One
may be worried that the string backreaction could obstruct the possibility to make its NLSM
weakly coupled. The key point is that for EFT strings this does not occur, and actually the
EFT string flow tends to render the NLSM more weakly coupled.

Recall the observation made after (2.2.12) and suppose first that w = 2 or 3. The Emergent
String Conjecture [70] implies that in some duality frame the EFT flow involves the decom-
pactification of some internal direction, as has been made more precise for the EFT string
limits in [71]. The string theory models of Appendix A.2 clearly indicate that this dynamical

decompactification makes the effective two-dimensional NLSM more and more weakly coupled.

If instead w = 1, then according to the Emergent String Conjecture there should exist a duality
frame in which the EFT string is a critical string whose flow drives the dilaton to infinity (i.e.
weak coupling) [34]. The remaining moduli do not flow and we may rescale them in order
to make the compactification space arbitrarily large, at least if the dual description admits a
geometric phase. In this regime the string certainly admits a weakly-coupled NLSM description.
In the non-generic cases in which the large volume regime does not exist, as for instance the
rigid Landau-Ginzberg-like theories of the type considered in [100], the string is critical in the
deep UV and then it should - and can - instead be directly treated as a CFT.

Motivated by these observations, we propose that the world-sheet sector supported by EFT
strings generically admits a weakly-coupled NLSM description and we will proceed with this
working assumption.® Precisely in the non-generic cases in which this is not possible, one can

rephrase the following discussion in CFT terms (along the lines of [38]) and arrive at the same

®More precisely, some EFT string may host a ‘spectator’ strongly coupled subsector, which does not participate
in the cancellation of the anomaly inflow and does not interfere with the weakly coupled NLSM dynamics.
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results. Hence in the following we will focus on the NLSM description.

The NLSM includes the universal ‘center of mass’ sector, which is described by the Green-
Schwarz (GS) formulation of [67]. We can use this formulation to make it clear why these strings
locally preserve N' = (0, 2) supersymmetry. Besides the world-sheet embedding coordinates, the
GS-string [67] supports a GS fermion ©¢, transforming as a four-dimensional chiral spinor. The
preserved supersymmetry is determined by the kappa-symmetry 00, = ko with kg = I'y” K.
Here we are using the index notation of [50] and I',? is the kappa symmetry operator, which
can be identified with a two-dimensional chiral operator. In a locally adapted reference frame in
which the string is locally stretched along the (z°, 2%)-directions, we have that I',” = (03),”. As
in [101], we can relabel the bulk spinor components as two-dimensional chiral components, e.g.
On=(0_,0,) and O% = (07,0") = (01, —6O_). The projection condition on ko = (K—, k)
imposes that k1 = 0 and the kappa-symmetry then implies that p; = ©, is the physical
right-moving component of O, while ©_ is pure gauge and can be set to zero. We can also use
local static gauge and combine the transversal embedding coordinates into u = ! + iz?. Then

u and p4 can be reorganized into the ‘universal’ N' = (0, 2) two-dimensional chiral superfield
U=u+V20"p, —2i6070% 0, u. (3.1.23)

We follow the conventions of [101, 102] — see also [103] for an extensive introduction to V" = (0, 2)
two-dimensional models. The components u and p4 have charges 1 and %, respectively, under
a U(1)x rotation. We can then interpret U(1)y as an R-symmetry which acts also on 6 with
charge Jx[0F] = 1, so that Jx[U] = 1.

The N = (0,2) NLSM [104, 105] supported by an EFT string generically includes also an ‘in-

ternal’ sector. In particular, it can include nc¢ additional ‘non-universal’ scalar chiral multiplets
d=p+V20Tx; — 2107070, 10, (3.1.24)

where ¢ is a complex scalar and x4 is a right-moving fermion. (For simplicity, in (3.1.24)
we are suppressing indices running from 1 to nc, since we will not need them.) The bosonic
components ¢ parametrize the ‘internal’ NLSM target space Mypsy (while (3.1.23) has the
‘external’ four-dimensional spacetime as its target space), and the fermions y take values
in the corresponding tangent bundle T My sy. Representing internal degrees of freedom, the
chiral superfields ® are neutral under the normal U(1)yx rotational symmetry: Jx[®] = 0. Since

JIx[07] = 3, the right-moving fermions y therefore have U(1)y charge Jn[x4+] = —3.

Due to the minimal amount of supersymmetry, some of the directions in the NLSM moduli
space may be obstructed at higher order. The obstructed directions should be specified by
the vanishing of ny holomorphic superpotentials J,(¢) in the N' = (0,2) theory. In order to

5In the presence of such obstructions, it is clear that only (some of) the unobstructed directions may admit
a gauged axionic shift symmetry, see again Section 3.2.2 for details.
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implement these constraints, we must include a corresponding number ny of neutral Fermi

multiplets A = A% + ..., and add the superpotential term
/d9+AZJa(<I>) +c.c.. (3.1.25)

Here A%, the lowest component of the Fermi superfield A% | is a left-moving chiral fermion. For
such a superpotential to exist, the Fermi multiplets A must carry U(1)x charge JN[A%] = %
Furthermore we require A% and J,(®) to be uncharged under the spacetime gauge group. This
requirement is motivated by our experience with explicit string theory models — see in particular
Section 3.3.2 — and comes from the microscopic Green-Schwarz origin of the fermions A%.
Indeed, EFT strings typically uplift to ‘movable’ brane configurations supporting corresponding

Green-Schwarz fermions, which are neutral under the bulk gauge symmetries.”

A priori, the number of U(1)nx charged Fermi multiplets A® and the number of unobstructed
moduli of the NLSM might be uncorrelated. However, we propose that the NLSM should obey
a certain minimality principle: The number of Fermi multiplets A%, ny, should be given by the
minimal number needed in order to account for the potential higher order obstructions in the
target space of the NLSM. In other words, at the generic point of the moduli space the number

of unobstructed directions should correspond to
eff |_
ng =ng — NN - (3.1.26)

In the sequel, we will assume this principle to hold at least for generators of the cone C§"" of
EFT strings. The intuition between this non-trivial assumption is that the U(1)y charged Fermi
multiplets A® pair up with obstructed gauge-neutral chiral multiplets to form the analogue of
a ‘vector-like pair’; i.e. an N = (2,2) chiral multiplet, leaving behind a collection of ng — ny
genuinely chiral A/ = (0,2) supermultiplets associated with the unobstructed directions in
the moduli space of the NLSM. The minimality principle then states that there are no extra
unpaired U (1) Fermi multiplets left.

In particular, the minimality principle implies that nc — nx > 0, at least for genuinely (0,2)
EFT strings.® On the other hand, in some cases the EFT string may support an enhanced UV
N = (2,2) or higher non-chiral supersymmetry. For this to be possible, the Fermi multiplets
A® necessarily pair with all the nc + 1 chiral multiplets, including the universal one (3.1.23).
As a result, a minimal non-chiral N' = (2, 2) symmetry requires that nc —ny = —1 and ng = 0.
Hence, in general

nc—nN > —1, (3.1.27)

"In the Green-Schwarz formulation, branes are described by their embedding in the bulk superspace, whose
odd coordinates correspond to the brane fermions.

8 Actually, we generically expect that nc — nx > 1, since generic EFT strings are associated with ‘movable’
internal configurations, whose deformations should be represented by unobstructed chiral multiplets. The extreme
case nc — nn = 0 should instead be associated with the non-generic purely stringy rigid w = 1 EFT string flows
mentioned above.
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where the bound is saturated in presence of enhanced non-chiral world-sheet supersymmetry,

while ng — nx > 0 for strictly chiral world-sheet supersymmetry.

The subset of the bosonic fields ¢ corresponding to the unobstructed moduli of the NLSM can
enjoy an axionic shift symmetry which can be gauged by the bulk gauge fields. We will describe
this effect in Section 3.2.2. In principle, some of the chiral multiplets might also carry a linear

realization of the bulk gauge algebra.

Finally, the internal world-sheet sector can include also ng chiral Fermi multiplets W_ = _+. ..
which are neutral under U (1), taking values in some vector bundle defined on the NLSM target
space [103—105]. This type of Fermi multiplets can be charged under the four-dimensional gauge

symmetry and couple to the corresponding gauge vectors.

To sum up, we will henceforth assume that an EFT string supports a weakly-coupled N = (0, 2)
NLSM, described by nc + 1 chiral multiplets, ny U(1)N charged Fermi multiplets as well as ng
U(1)N neutral Fermi multiplets. The relevant possible charges of the corresponding world-sheet

fermions are summarized in the following table:

Fermion | # | U(1)N charge | U(1)4 charge | Gy repr. | (0,2) multiplet
P+ 1 % 0 1 chiral U
b nc —1 * * chiral ® (3.1.28)
P ng 0 qA ry Fermi W_
A nN % 0 1 Fermi A_

3.2 Anomaly matching and quantum gravity constraints

We are now in a position to derive in this section the main results of this chapter, the quantum
gravity bounds (3.2.4) and (3.2.26). The strategy is to use that the 't Hooft anomaly associated
with the world-sheet theory supported by the EFT string must match the expression (3.1.6),
which was obtained by requiring the cancellation of the anomaly inflow contribution from the

four-dimensional N' = 1 supersymmetric theory.

3.2.1 Gravitational/U(1)y anomalies and curvature-squared bounds

Let us start with the gravitational and U(1)x anomalies. From the fermionic charges (3.1.28)
the corresponding anomaly polynomial is [106]
ng—nc+ny—1

IZVeS’grav+U(1)N = - 1922 tI"(RW VAN Rw) +

ncg—nn+1

3972 FNAFN. (3.2.1)

Our conventions for the computation of the anomaly polynomial are summarised in Appendix
Al

The 't Hooft anomaly (3.2.1) must match the third line of (3.1.17). We then arrive at the
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identifications

(C,e)=np—nc+nn—1, (3.2.2a)

(C,e) + (Cle),e) = 3(nc —nn +1). (3.2.2b)

Note that, according to the above characterization of the world-sheet spectrum, an enhanced
non-chiral world-sheet supersymmetry precisely corresponds to the separate vanishing of <C, e)
and (C(e), e).

Since by the assumed EFT string completeness the EFT string charges should generate the
entire lattice of string charges, (3.2.2a) implies that

(C,e) € Z Ve eCET, (3.2.3)

which refines the EFT quantization condition (2.1.20). Furthermore, by combining the matching
condition (3.2.2b) with (3.1.27) we deduce the bound

C,e)+ C e),e) € 3Z>g Ve € CEFT, 3.2.4
2 S

which should be saturated for enhanced non-chiral world-sheet supersymmetry. The equations
(3.2.2) also imply that

N

4(C,e) + (C(e),e) = 3ny, (3.2.5)

from which, since ngp > 0, we can then extract another similar bound:

4(C,e) + (C(e),e) € 3Z> Ve € CE™ . (3.2.6)

We observe that (3.2.6) follows from (3.2.4) if (C,e) > 0, and vice versa if (C,e) < 0.

If C(e) is non-trivial, in principle (3.2.4) and (3.2.6) allow for negative (C, e), for some e € CE.
On the other hand, in the explicit string theory models that we consider in this thesis, this
does not occur. It is then tempting to promote this observation to a general property of
quantum gravity models and, in this sense, we can regard (3.2.4) as the strongest bound. It
would certainly be more satisfactory to derive this additional condition from a self-contained

quantum gravity argument, but we leave this interesting question to the future.

3.2.2 Gauge anomalies and rank bound

We now turn to the world-sheet 't Hooft gauge anomalies, whose polynomial should match the
second line of (3.1.17). The positive semi-definite coefficients (CAZ, e) and (C,e) appearing
in (3.1.17) — see (3.1.18) — identify the gauge sector that ‘interact’ with the EFT string, in the
sense that the corresponding (s)axionic couplings in (2.1.11) change along the EFT string flow
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(2.2.9). In the sequel we will focus on the rank of this gauge sector, which is identified as

r(e) = rank{(C45 e)} + Z rk(gr), (3.2.7)
I|(Cl,e)>0

as one can easily realize by going to a basis of U(1) gauge fields in which the symmetric matrix
(CAB ) is diagonalized.” In particular, we aim at deriving an upper bound on r(e) from the

anomaly matching.

First of all, the Fermi multiplets in (3.1.28) yield the following contribution to the anomaly

3 WS .
polynomial I}S|gauge:

1

62 kl(e)tr(F A F)r, (3.2.8)

with
Pe)= > ¢'q® , k(e)= ) ). (3.2.9)
q€Fermi r! €Fermi
The anomaly matching condition implies that these coeflicients provide positive semi-definite
contributions to the total anomaly coefficients (C45 e) and (C!,e) appearing in (3.1.17). In
particular

re(e) = rank{kf?(e)} + > rk(ar) (3.2.10)
I|kL(e)>0

can be regarded as the contribution of the Fermi multiplets to r(e).

Since we are interested in the rank of the gauge algebra, we can actually focus on the Cartan

sub-algebra h; C g; of each simple gauge factor. On each h; we can pick a basis H., where

a=1,...,rk(gs), normalised so that tr(HéHé) = 2048. If we turn off all the non-Cartan field

strength components in (3.2.8), the remaining purely U(1) anomaly polynomial is

1
—ﬁkﬁw(e) FiNFg, (3.2.11)

where F 4 = (Fa, F1a) collectively represent the remaining U(1) field strengths, and the sym-
metric matrix k‘fé‘B has block-diagonal entries given by k?B and ké (€)d1a,13- The rank of the
matrix kf'® can be identified with rr(e) as defined in (3.2.10). On the other hand we can still
apply the first formula in (3.2.9) to this extended abelian sector and write

kP = Y . (3.2.12)

q&Fermi

Hence, the matrix k‘f;ug is the sum of ny matrices of the form ¢¢®, which have either rank 0

9More explicitly, one can always diagonalize the matrix (CAB ,e) by means of an orthogonal matrix OA®.
Then As = 042 Ap have diagonal (s)axionic contributions to the kinetic terms couplings, with rank{(C*Z e)}
non-vanishing positive diagonal entries.
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or 1, if either all the ¢ charges are vanishing or not, respectively. We can now use the general

property
rank(M; + M) < rank(M;) + rank(M;) , (3.2.13)

which holds for any pair of matrices M7, Ms. Repeatedly applied to (3.2.12) and combined with

(3.2.5), it leads to
4 ~
rr(e) <np = -(C,e) +

Snp =g (Cle)e). (3.2.14)

W=

Consider next the anomaly contribution associated with the chiral multiplets ®. If some of
these multiplets carry a linear realisation of the gauge group, the charged chiral fermions x4
yield a negative definite contribution to the anomaly polynomial. One can convince oneself that
this cannot increase the bound on the total rank of the gauge algebra. We therefore turn to the
remaining possibility that some of the chiral fields ¢ corresponding to the unobstructed moduli
enjoy an axionic shift symmetry which is gauged by the four-dimensional gauge symmetry.

According to the minimality principle of the previous section, the number of unobstructed

directions is n‘éﬁ := nc — nny. One can then introduce a set of ‘axionic’ N' = (0,2) chiral
multiplets 7. ~ 7. + 1, with r =1,...,na < n‘éﬁ, which transform as
1 va
T — Tr + ?Nr AA (3.2.15)
™

under the bulk U(1) gauge transformations A4 — A4 + dA4. Note that the fermions in the
chiral multiplets 7, do not transform under (3.2.15) and then do not contribute to the quantum
anomaly. On the other hand, following [107, 108] one can write down the following Green-

Schwarz-like contributions to world-sheet effective action,

1
—MAT/ Ret, Fq — &TQAB/ A4 N Ag, (3.2.16)
w w

with
Q8 = —QP = (MN)AB — (MN)BA, (3.2.17)
where (M N)AB = MA"N,B. Note that the term (3.2.16) admits a supersymmetric extension

in terms of /' = (0,2) world-sheet vector multiplets [107, 108], while it cannot be added to an
N = (2,2) theory [109].

From (3.2.15) we see that the variation of (3.2.16) under a gauge transformation A4 — A4+dA 4

gives
1

kAB /A F 2.1
47TC(e)WAB7 (3.2.18)

where we have introduced the symmetric matrix

kfB(e) = (MN)AB 4 (MN)PA. (3.2.19)
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This classical violation of the gauge symmetry has the form of an anomaly associated with the
polynomial
1
~33 kiB(e) Fy A Fy. (3.2.20)

In particular, we can define a corresponding rank
rc(e) = rank{kgB(e)} . (3.2.21)

Note that the rank of the matrix (M N )AB, as well as its transposed, cannot exceed na < n%ﬁ =
nc —nn. Hence applying the property (3.2.13) to (3.2.19) and the identity (3.2.2b), we obtain
the upper bound

ra(e) < 2ngff = §<é,e> + Z(C(e),e) — 2. (3.2.22)

[SSRN )

By combining (3.2.11) and (3.2.20) we arrive at the maximally abelian anomaly polynomial

1
~53 kAB(e) Fy A Fi (3.2.23)

with
k4B (e) = kB (e) + kB (e). (3.2.24)

By anomaly matching, this matrix must be positive semi-definite and its rank provides an upper
bound for (3.2.7).!° Hence, by recalling (3.2.14) and (3.2.22) and applying again (3.2.13), we
can conclude that

r(e) < rp(e) 4+ re(e) < np + 2n (3.2.25)

In view of (3.2.14) and (3.2.22), we can rewrite this in its final form

r(e) < r(€)max = 2(C, e) + (C(e),e) — 2 Ve € C§". (3.2.26)

The bounds (3.2.4), (3.2.6) and (3.2.26) are the main results of this chapter. In particular,
(3.2.26) encodes a correlation between the ranks of the EFT gauge group and higher curvature
corrections which is completely unexpected from a purely low-energy EFT viewpoint. We will
illustrate the power of these bounds in Section 3.3.1. We stress that the bounds only apply
to gauge sectors exhibiting a coupling of the form (2.1.11) and (2.1.19), from which they were
derived. Furthermore, the bound (3.2.26) (but not (3.2.4) and (3.2.6)) relies on our assumption
that the number of unobstructed moduli of the NLSM is given by (3.1.26).

We expect the bound (3.2.26) to be rather conservative because in many situations only a

subset na of the necff unobstructed chiral multiplets enjoy gauged axionic shift symmetries and

0Ppogsible charged chiral multiplets would provide negative semi-definite contributions, which can only lower
this upper bound.
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hence participate in the anomaly matching. This will be elucidated further in concrete F-
theoretic realisations in Section 3.3.2. Based on our explicit knowledge of the nature of the
chiral multiplets in the NLSM of the EFT strings in F-theory, we will in fact propose the
stronger bound (3.3.36) on the rank of the four-dimensional gauge group, which is expected
to hold in F-theory compactifications on smooth geometric backgrounds not admitting extra
isometries. In other cases, however, such as toroidal heterotic orbifolds commented on after
(3.3.104), the bound (3.2.26) can in fact be saturated. Hence, even though in many instances
the actual gauge group is of considerably smaller rank than the bound in (3.2.26), we have to

content ourselves with this constraint in a general setting.

3.2.3 Some comments

So far we have been agnostic about the contribution é(e) to the anomaly inflow and the
resulting quantum gravity bounds. In order to extract more precise information from (3.2.4),
(3.2.6) and (3.2.26), we now analyse the possibilities identified in Section 3.1.2 in more detail,
that is, either vanishing C/(e) or a contribution of the form (3.1.22). Let us first assume that
C(e) = 0. In this case (3.2.4) and (3.2.6) reduce to

(C,e) € 37> Ve e CE'T. (3.2.27)

This shows that not only are the constants C; integral, rather than half-integral as in (2.1.20),
but actually <C,e) should be a non-negative multiple of 3. Hence either C is vanishing or
it lies in the cone C;. Recalling the definition (2.1.3) of the saxionic cone, we therefore see
that (3.2.27) implies (C,s) > 0 (with equality only for C = 0), which then follows from the
quantum consistency of EFT strings, at least if C'(e) = 0. Note that the inequality (3.2.27)
should be saturated precisely by the EFT strings with enhanced non-chiral supersymmetry,

while for strict chiral world-sheet supersymmetry we should actually have <C, e) >3

Consider next an anomaly contribution of the form (3.1.22). This implies that
(C(e),e) = Cle,e,e) = C’ijk eleler (3.2.28)

where éijk € 7Z are associated with some underlying five-dimensional N' = 1 structure which
can be detected by the EFT string. Since the EFT string charges form the cone C§"", if the
condition (3.2.4) holds for a given string charge vector e € C§"", then it should also hold for
e = Ne, where N > 0 is any positive integer. If C(e,e,e) # 0, by imposing the condition
(3.2.4) for ¢ = Ne with N — oo, we obtain N3 [C(e, e, e)+ O(l/NQ)} > 0 and then

~

C(e,e,e) > 0. (3.2.29)

"1f one considers models admitting a geometric higher dimensional UV-completion, by recalling (3.2.2b) and
footnote 8 this bound could be further restricted to (C,e) > 6.
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We furthermore observe that the condition (3.2.29) follows also from the five-dimensional ar-

guments of [39], and should then hold for our setting as well.

~ ~

Note that (3.1.22) and (3.2.29) also imply that (C(e),e) < (C(Ne), Ne) if N > 1. Since the
rank of the gauge group interacting with an EFT string does not change if we rescale the string
charge vector, that is r(Ne) = r(e), we deduce that the strongest bounds (3.2.26) on the gauge
group rank are obtained by using primitive EF'T charge vectors. Of course this is also true if

CAB

C(e) = 0. Furthermore, applying (3.2.13) to the matrix ( ,e1 + ez), we obtain

r(el + eg) < 7“(81) + r(eg)

IA

2(C,e1 + e2) + (Cle1),e1) + (Cler), e3) — 4 (3.2.30)

IN

2(C, e1 + e) + (C(e1),e1) + (Cley), ez) — 2.

Now, a convexity property of the form
(Cler), e1) + (Clez), e2) < (Cler + e3),e1 + e3) (3.2.31)

would guarantee that, if e; and e satisfy (3.2.26) then e; + es satisfies (3.2.26) too. Hence,
in this case the strongest constraints would be obtained by considering the generators of the
cone C§"" of EFT string charges, that is, the elementary EFT string charges. This property
has a clear physical interpretation. One can think of any EFT string as a (possibly threshold)
bound state formed by recombining elementary EFT strings. According to this property, if
these elementary strings are separately consistent, then their bound state should be consistent

too.

The condition (3.2.31) is trivially satisfied if C(e) = 0. If instead (3.1.22) holds, (3.2.31) is for
instance guaranteed if

C’(el, €9, 63) >0 Vel, €9,e3 € C]SEFT . (3.2.32)
In [39] an analogous property has been proposed to hold for general N' = 1 five-dimensional
supergravities compatible with quantum gravity. This property would descend to (3.2.32) in
our four-dimensional EFTs. We will see that (3.2.32), and hence (3.2.31), indeed holds in the

explicit string models that we will consider.
Note also that these results trivialize in the case of enhanced non-chiral world-sheet supersym-
metry, since in this case (CAF,e) = (C!,e) = (C,e) = (C(e),e) = 0.

Finally, according to the general formulation with three-form potentials of [67], the two-form
potentials By ; could be gauged under some two-form gauge transformations. This effect makes
some axionic strings ‘anomalous’, forcing them to be the boundary of membranes. It would be

interesting to extend the above arguments to these kinds of strings.
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3.3 Test of the quantum gravity bounds

After having derived the bounds in the previous sections, we now turn to checking them in
explicit models. Those will be effective N = 1 theories of gravity in 4 dimensions coming from
string theory compactifications and include examples from type IIB/F-theory on smooth bases,
heterotic models and M-theory on G2 manifolds. In all cases we will find agreement with our
most conservative bounds and in some of them also in their stronger form. We will motivate why
this is to be expected by using geometric considerations in the F-theory models. In addition,
we will underline links with known and conjectured geometric results. In the heterotic models,
it will be stressed the interplay among different contributions to the effective action, whose

presence is necessary for satisfying our proposed consistency conditions.

3.3.1 Simple examples

In this section we illustrate the implications of the quantum gravity constraints found in Section
4.2.2 for simple EFT models.

Let us start with the most basic possible example: The gauge group G consists of a simple
gauge group factor and the perturbative EFT regime is associated with a single chiral field
t = a-+is, whose saxion s parametrizes the one-dimensional saxionic cone A = R+, plus possible
additional chiral ‘spectators’ ¢. According to the general definition (2.2.10), C§"" = Z>¢ then
represents a single tower of EFT strings, labeled by the charge e € Zxg.

By supersymmetry, the relevant structure is specified by the saxionic couplings appearing in
(2.1.7) and (2.1.16). Let us assume that these take the form
1

— [(Cs+...) tr(F A*F) —

- (Cs+..)Egp*1, (3.3.1)
8w

1927
where Egp is the Gauss-Bonnet combination (2.1.17) and the ellipses represent possible addi-
tional constant and ¢-dependent terms. As discussed in the previous sections, in general this

is a non-trivial assumption about the EFT.

Furthermore we first suppose that the coupling (3.1.11) is vanishing. According to the discussion
in Section 3.1.2, this means that we are considering models which do not have a hidden five-
dimensional structure. At the low-energy EFT level the constants C' and C' should just satisfy
the quantization conditions (2.1.12) and (2.1.20) and could otherwise be chosen quite arbitrarily.
On the other hand, the constraints derived in Section 4.2.2 imply that this is not true for EFTs
admitting a quantum gravity completion. First of all, by (3.2.3) we must have C' € Z, rather
than just 2C € Z. Furthermore, since (3.1.11) is vanishing, (3.2.4) and (3.2.6) reduce to (3.2.27)
and then

C=3k>0 with ke Zs. (3.3.2)

We could actually be more precise: either C' = 0, which means that the EFT strings should
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support an enhanced non-chiral supersymmetry, or otherwise C' = 3k + 3 with k € ZL>o.

Consider then the bound (3.2.26). In the present single saxion example, if C' > 0 we can simply
set r(e) = rk(g) and (3.2.26) reduces to the bound

rk(g) <2C —2=6k+4, kc€Zs (3.3.3)

on the rank of the Lie algebra associated with the gauge group G.

Let us now allow for a non-trivial coupling (3.1.11) which, in view of (3.1.22), takes the form

1 4
—0e2/ hi A A, 3.3.4
o4 . (3.3.4)

where C' € Z by (3.1.19). Now (3.2.4) and (3.2.6) require that
C’e + é@g € 3Z20 , 466 + 063 € 3220 Ve € ZZO . (335)

The conditions can be solved by setting

{

for all k,k € Zso. The bound (3.2.26) reduces to rk(g) < 2C + C — 2 and from (3.3.6) we then
get

k ~ =k
X (case I) or {g - (case II), (3.3.6)

—k
. k=0,...,3k

D
I
>

Il

= 3k + 4k

6k —k — 2 I
rk(g) < ) (case I) (3.3.7)
3k +2k —2 (case II)
The above analysis can be immediately generalized to a non-simple gauge group, with saxionic
couplings
1 AB 1 T
i (4 3+...)FAA*FB—8— (C's+...)tr(FA*F)r, (3.3.8)
T T

where by (2.1.13) we must impose that CT € Zsq and CA8 € Z is a positive semi-definite
matrix. Now r(e) is the total rank of the linearly independent gauge fields which interact with

the saxion s, and it is bounded as in the case of a simple gauge group discussed above.

Note that the mere presence of some gauge sector coupling to the (s)axion as in (3.3.8) implies
that, necessarily, the higher derivative couplings appearing in (3.3.1) and (3.3.4) cannot be both
trivial and the EFT string cannot exhibit enhanced N' = (2,2) supersymmetry. Suppose for
instance that, at the UV cut-off scale A, our EFT describes an G = SU(5). Then in case I
we must necessarily have either (k,k) = (1,0) and then (C,C) = (3,0), or k > 2, with any
k= 0,...,3k. In case II we must instead impose 3k + 2k > 6, which for instance implies C > 6.
If we consider instead a G = SO(10) supersymmetric GUT model, then in case I we must
necessarily have either (C,C) = (6 — k, k) with k = 0,...,5 (and k = 2), or the other values
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corresponding to k > 3. In case I one must impose 3k + 2k > 7, which also implies that C' > 7.
According to the proposal of Section 3.1.2, the non-vanishing of (3.3.4) should practically mean
that the strict weak coupling limit of the gauge theory is an at least partial decompactification
limit to five dimensions.

1 s? with a general gauge group (2.1.5). One can

Consider next a model with two saxions s
choose a basis in which (s',s?) parametrize the saxionic cone A = RZ . In this basis, the
EFT strings have charge vectors e = (e!,e?) € CE'T = Z2,. By (3.1.18) the components of
CAB = (C{'B,C4'P) are positive semi-definite integral mz;crices, and C! = (Cf,C%) € 72,
Imposing for simplicity that the coupling (3.1.11) vanishes, (3.2.4) and (3.2.6) require that

C= (C’l, C’g) = (3k1, 3k2), with k1, ke € Z>o. Hence the EFT contains the Gauss-Bonnet term

1
T (k1s' +kos® +...)Egp* 1. (3.3.9)
The values of k1, ks constrain the ranks of the gauge groups coupling to the axions as in (2.1.11).
The stricter bounds are obtained by setting e = e; = (1,0) and e = e = (0,1) in (3.2.26), and
read

r(e1) <6k; —2 , r(ez) <6ky—2. (3.3.10)

Here r(e;) and r(ez) can be identified with the rank of the gauge sector which interact with
the saxions s! and s2, respectively, through couplings of the form (3.3.8). If for instance all
gauge group factors interact with both saxions, we get a bound on the total rank rk(g) <
min{6k; — 2,6ky — 2}. Otherwise, we can only say that rk(g) < 6(k; + k2) — 2, which is what
one gets by applying (3.2.26) to e = e; +e2. In any event, a non-trivial gauge group implies that
k1 + ko cannot vanish, and hence C # 0 (where we recall that we have assumed for simplicity
that C' = 0).

We could systematically proceed by considering more complicated bottom-up EFTs. Instead,
we turn to analyzing how our quantum gravity bounds are realised in large classes of N = 1

compactifications of string or M-theory to four dimensions.

3.3.2 Microscopic checks in IIB/F-theory models

We begin our string theoretic tests of the quantum gravity bounds with IIB/F-theory models.
Not only will this provide a microscopic confirmation of the general bounds derived so far, but
we will also find a stronger version of these bounds which is valid for minimally supersymmetric

F-theory compactifications on a smooth three-fold base.

F-theory models

Let us first analyse the large volume perturbative regime of F-theory compactifications to four
dimensions. Our primary interest is in the part of the four-dimensional gauge theory sector

that is supported by 7-branes, postponing a discussion of the D3-brane sector to Section 3.3.2.
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The 7-brane gauge sector can be weakly coupled, for large volumes of the wrapped four-cycles,
even if we relax the ten-dimensional weak string coupling condition. In this way one can also

obtain more general gauge groups, including exceptional ones — see e.g. [86, 110] for reviews.

We then consider a generic F-theory compactification defined by an elliptically fibered Calabi-
Yau four-fold Y with three-fold base X. For the time being we assume that the bulk and

7-brane gauge fluxes vanish and comment on the validity of this assumption in Section 3.3.2.

The type IIB axio-dilaton profile is geometrized into the non-trivial elliptic fibration 7 : ¥ — X
described by the Weierstrass model

y? =2 + fozt 4 g2b, (3.3.11)
where [z :y: 2] € P%Q,&l) and
-4 —6 _ 3 2 =12
fel(Ky), geTl(Ky), A=4f427¢° e (Ky). (3.3.12)

In our notation a line bundle — e.g. the anti-canonical bundle Ky — and the corresponding
divisor are denoted by the same symbol. The anti-canonical class is required to admit an
effective representative in order for the Weierstrass model to exist. The non-abelian gauge
theory sectors are supported on irreducible effective components D! of the discriminant locus

A ~ 12K x. Hence, we can write
A=n/ D' +D ~12Kx with  n; = ord(A)|pr, (3.3.13)

where D’ is an effective divisor not supporting any gauge sector. According to Kodaira’s
classification [111-113] summarized in Table 3.3.1, the non-abelian gauge algebra G along

each component D! is determined by the vanishing orders ord(f, g, A) on D!.12

Abelian gauge algebra factors, on the other hand, are generated by rational sections S4 of the
elliptic fibration independent of the zero-section SY. As reviewed e.g. in [110, 114], given a

rational section S, one defines the Shioda map
o(S?) =84 —8° — 75 (D(SY)) + ¢4 B (3.3.14)

where the divisor class D(S?) on the base X is chosen such that o(S%) is orthogonal to the
push-forward of all curve classes on X to the total space Y.'* The U(1)4 gauge potential is
then obtained, in the dual M-theory, by expanding the M-theory three-form C3 in terms of the

12The actual gauge algebra in four dimensions may be even smaller due to gauge flux and monodromies that
would lead to non-simply laced algebras.

3Furthermore, the exceptional divisors E'e are the blowup divisors associated with the resolution of the
singularities induced in the Weierstrass model of Y by the appearance of the non-abelian gauge algebra Gr. The
coefficients (}qa € Q are determined by requiring that O'(SA) has vanishing intersection with the generic rational
fiber of each E'e.
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‘ ordp(f) ‘ ordp(g) ‘ ordp(A) ‘ singularity ‘

Io >0 >0 0 none
I,,n>1 0 0 n An_1
11 1 1 >2 none
111 1 >2 3 Ay
v > 2 2 4 As
I >2 >3 6 Dy
I,n>1 2 3 6+n Dyin
v~ >3 4 8 Es
11T 3 >5 9 Er
T >4 5 10 Eg

Table 3.3.1: Kodaira’s classification of fiber degenerations.

two-forms dual to the classes o(S4).

The rank of the non-abelian subsector of the gauge group is constrained geometrically by the
so-called Kodaira bound analysed in [84-87], which study its consequences for the effective
theory that can be obtained from F-theory. From Table 3.3.1, the rank r; = rank(Gy) of the

non-abelian gauge group G on the divisor D! satisfies the bound
rr < ny =ord(A)|pr . (3.3.15)

This bound is an actual inequality which is never saturated. It can be translated into a bound
on the total rank of the non-abelian part of the gauge group as follows: Consider a curve X on
X with the property that 3 - Deg > 1 for all effective divisors Deg. Then the rank of the total

non-abelian gauge sector is constrained by

rk(Gron—ab) < _tk(G1)(Z- D) <) ny(E-DH+2-D'=%-A. (3.3.16)
I I

We will compare this geometrical Kodaira bound coming from the UV complete description of
the model with the EFT string bounds. The rank of the abelian sector, on the other hand, is
unconstrained by the Kodaira bound (3.3.16), while it also enters the EFT string constraints.
The latter therefore contain valuable new information which cannot immediately be deduced
from the Kodaira bound alone. This was already observed in F-theory compactifications to six
dimensions in [37] and translated into a bound on the rank of the Mordell-Weil group on elliptic
Calabi-Yau three-folds.

To complete the description of the EFT data, note that the relevant saxions s® coupling to

these gauge sectors can be defined as

1
Sa = 2/ J A J, (3317)

where J is the Einstein frame Kahler form on X in string units {5 = 1 and D® is a basis of

divisors. In Type IIB language, the corresponding axions are then given by a* = — [, C}¥,
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where C}* is the R-R four-form potential. Let us also introduce a dual basis of two-cycles 3,
such that D3, = 4y In the weak string coupling limit, the coupling to the non-abelian gauge
sector appearing in (2.1.7) can be obtained by expanding the D7-brane CS term, leading to

cl=pl.%,. (3.3.18)

This result is usually extrapolated to configurations involving regions on X where the string

coupling is non-perturbative.

Similarly the couplings CAZ between the abelian field strengths and the (s)axions can be

identified geometrically as the intersection product
CAB —pAB .y, (3.3.19)

where

VAP = 1, (0(S1) - o(SP)) (3.3.20)

is known as the height-pairing associated with the rational sections underlying the definition
of the abelian gauge group factors U(1)4 and U(1)p, see (3.3.14). In particular, the (effective)

bAA

divisors can be viewed as the analogue, for abelian gauge groups, of the divisor D! wrapped

by a stack of 7-branes supporting the non-abelian gauge group Gj.

It will be crucial for us that the anti-canonical divisor determines the couplings (2.1.19) [87].

By borrowing formula [94, Eq. (5.15)], we obtain

Co = 6/ c1(B)=6%,-Kx. (3.3.21)

The results of [87, 94] confirm that this formula (3.3.21) holds for general F-theory compacti-

fications even if it was identified starting from the weak string coupling limit.

EFT strings

The BPS instanton cone Cy characterizing the above perturbative regime can be identified with
the cone of effective divisors Dy, = maD® € Eff'(X). Hence, the associated saxionic cone A is

defined by the conditions
1
(s,m>:2/ JAJT>0. (3.3.22)

The physical interpretation of this condition is clear: Any instanton charge vector m € (i
corresponds to a Euclidean D3-brane wrapping an effective divisor Dy, and (3.3.22) just requires

that its volume is positive.

As discussed in [34], the corresponding EFT string charges e € C§"" can be identified with
(effective) movable curves Lo = €'3; € Movy(X). Indeed, movable curves are characterized by

a non-negative intersection with effective divisors [115] and then (m,e) = Dy, - ¥e¢ > 0. The
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associated EFT strings are obtained from D3-branes wrapping these movable curves. A refined
classification of the types of movable curves and their associated EFT string limits in F-theory
has been obtained in [71].

By definition, a movable curve can sweep out the entire space X. The bosonic fields of the
associated NLSM therefore have a clear geometric interpretation: they parametrize the moduli
space M, of 3¢ inside X, including directions which are possibly obstructed at higher order.
Its tangent space T M, can be identified with the cohomology group H°(NX,), where NY, is
the Y normal bundle. The metric on T M, is inherited from the components of the metric
on X which are orthogonal to .. These are precisely the directions which are stretched by
the flow (2.2.9) generated by the EFT string, suggesting that the EFT string NLSM can be

assumed to be weakly coupled.

Indeed, the volume of any effective divisor Vol(Dy,) changes as follows under (2.2.9):

Vol(Dyy) = % / JAJ = (m,sy) + (m,e)o. (3.3.23)
Hence we see that it increases precisely if (m,e) = Dy, - X > 0, i.e. if the effective divisor
Dy, transversely intersects the generic curve . In this case Vol(Dy,) provides a measure
of the directions transversal to e, and then of the metric on the moduli space Me. Hence
these directions are stretched as we approach the string. From the RG viewpoint, this implies
that the EFT string RG-flow scales up the NLSM metric as we move to the UV, in agreement
with our general expectation of a weakly-coupled NLSM. In the non generic case in which
(m,e) = Dy, - Xe = 0, Vol(Dy,) remains constant but can anyway be assumed to be large,
hence justifying again the weakly-coupled world-sheet description. A more precise justification

of these claims is provided in Appendix A.2.

This expectation is further supported by the anomaly and central charge computations of [94].
Indeed, by using anomaly inflow arguments, it was found that the world-sheet anomaly and
central charges precisely match what one gets from a massless spectrum obtained by geometrical
arguments, combined with the topological duality twist of [116].'* This is only possible if the
world-sheet sector admits a weakly coupled NLSM description. Furthermore, the anomaly
matching of [94] uses only bulk terms of the form (3.1.2), while it does not require any world-
sheet term of the form (3.1.11). This further confirms that for these EFT strings we can set
C’i(e) = 0, as suggested by the absence of an apparent five-dimensional bulk supersymmetric

structure.

More precisely, by using the topological duality twist of [116], the spectrum of massless fields of
the N' = (0,2) worldsheet theory was obtained by dimensional reduction of the N' = 4 Super-

Yang-Mills theory of a single D3-brane wrapping the curve ¥¢. Apart from one universal chiral

The analysis of [94] assumes that ¥ - Kx > 0, which is indeed satisfied by our EFT strings since K x is
effective.
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multiplet U associated with the center-of-mass motion of the string in four dimensions, there

are two types of extra chiral multiplets, ®) and 2, of respective multiplicity

nS) = h0(Se, Ny yx),  nS) =Kx-Setg-1,
3.3.24
@) ( )

ng = ng ) +ng’,
where g denotes the genus of the curve Y. These are accompanied by two types of Fermi
multiplets, A(_l) and A(_Q), uncharged under the gauge group on the 7-branes, which are likewise
obtained from reduction of the fermionic fields on the D3-brane world-volume and which come

with multiplicities

1y = h'(Ze, N, /x) = B(Se; N, jx) — Kx - Se,  nY =g, (3.3.25)
@4 ,@ :

nN = ny N -
The uncharged (with respect to the 7-brane gauge group) Fermi multiplets A_ are to be con-
trasted with the

np=8%e- Ky (3.3.26)

charged Fermi multiplets ¥_ localised at the intersection points of ¢ with the divisors wrapped
by the 7-branes. According to the logic of Section 3.2.2, only nc — ny many chiral multiplets
can potentially contribute to the gauge anomalies on the worldsheet via anomalous couplings
of the form (3.2.16). From the above multiplicities one finds that

ng) — nl(\%) =Ky Yo, (3.3.27a)
& P =Ky Te—1, (3.3.27b)

and hence
nc—nN=2Kx -Ye—1. (3.3.28)

Note that ng ) ”1(\11 ) agrees with the number of unobstructed complex geometric deformation

moduli of the curve X, inside the Kéhler 3-fold X (see e.g. [117] for details on how to compute
these). In particular, the subtraction of ”1(\%) accounts for the obstructions of some of the
naive h%(Ze, Ny, x) many geometric moduli. In this sector, therefore, the minimality principle

invoked in Section 3.1.3 is manifestly realised.

The interpretation of the bosonic components of the chiral multiplets ), on the other hand, is
rather as a certain type of ‘twisted” Wilson line moduli of the topologically twisted SYM theory
reduced on Y. The nature of these fields becomes clearer by realising the strings in the dual

M-theory compactified on the elliptic Calabi-Yau four-fold Y [94]. In this picture, the strings
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appear as MSW strings [118] obtained by wrapping an M5-brane on the surface 3 which is
given by the restriction of the elliptic fibration to Xe. The expansion of the chiral two-form
on the M5-brane in terms of a basis of primitive (1,1) closed forms leads to left-moving chiral
scalar fields on the string worldsheet. Of these, ng ) many combine with the right-moving scalars
obtained from the reduction of the chiral two-form in the (0,2) and non-primitive (1,1) closed
forms on the M5-brane into the bosonic components of the chiral superfields ®2), while the
remaining chiral scalars can be dualized into the ny Fermi multiplets charged under the bulk
gauge group [94]. This suggests that it is the left-moving scalars of the bosonic components of
the fields ) which can enjoy an axionic shift symmetry that can be gauged by the part of the
four-dimensional gauge group from the 7-brane sector in F-theory and which can participate in
the anomaly cancellation. More precisely, taking into account the potential obstructions, the

number na of such axionic moduli is bounded by
na <nl —n@ =Kx -S.—1 (3.3.29)

rather than by nc—nyx = 2K x-Xe—1. Indeed, the unobstructed complex geometric deformation
moduli counted by ng ) ”1(\} ) should not exhibit a gauged shift symmetry as long as we are
considering F-theory over a smooth three-fold base X with vanishing isometries. By contrast,
if the three-fold base X does admit isometries, these can manifest themselves in additional
contributions to the gauge anomaly also from the fields of type ®(1). This, however, either
requires that X is not smooth, for instance of toroidal orbifold type, or that the theory exhibits
enhanced supersymmetry. In both scenarios, the additional gauge anomaly contributions from
the ®1) sector correspond to Kaluza-Klein gauge symmetry factors in F-theory rather than to

the sector from 7-branes.

Microscopic realization of EFT predictions

We are now ready to test our EFT predictions.

Observe first that from (3.3.18) it obviously follows that

(Cle)=D' -2, >0, (3.3.30)

for any e € CE'™, as in (3.1.18), because D! is effective. The second constraint in (3.1.18)

implies that
{(CY,e)} = (p'7 -5} > 0, (3.3.31)

in the sense of being a positive semi-definite symmetric matrix. As discussed in [119], it follows
from [120] that the diagonal components of the height-pairing b4Z can in general be written
as the sum of effective divisors and hence the diagonal entries of the matrix in question are
guaranteed to be positive. More generally, (CAZ, s) coincides with the kinetic matrix for the

abelian gauge sector (see e.g.[110]) and must therefore indeed be positive definite, and hence
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(CAB &) should be positive semi-definite.

The confirmation of the EFT string bounds on the curvature-squared couplings is immediate.
Indeed from (3.3.21) we obtain

(C,e) =6%c-Kx >0 Ve € C§™". (3.3.32)

This shows that (3.2.27), or equivalently (3.2.4) or (3.2.6) with C(e) = 0, is manifestly realized
in these F-theory models. Note also that, in fact, <C, e) is a multiple of 6, which is in agreement
with the refined bound which one would get from (3.2.2b) by imposing nc — nnx > 1 rather
than (3.1.27) — see footnote 8 — to strings with genuinely N' = (0,2) supersymmetry. Indeed,
the EFT strings with enhanced non-chiral spectrum correspond to D3-branes not intersecting
the bulk 7-branes, that is, for which ¥ - Kx = 0.

Turning to the bound (3.2.26) on gauge group ranks, we expect it to be related to the Kodaira
bound (3.3.15). To address this point, notice first that the rank of the part of the gauge group
which is probed by the EFT string of charge vector e takes the form

rie)= > r/+rank(b?? . %). (3.3.33)
I|D!-$e£0

On the other hand, from (3.3.32) and (3.3.13) we see that (3.2.26) becomes
r(e) < r(e)max =2(C,e) —2=12%. Kx —2=A %, —2. (3.3.34)

Recall from the discussion in Section 3.2.2 that this bound includes the contribution to the
anomaly polynomial both from the charged Fermi multiplets W_ and from the nc — nx un-
obstructed chiral multiplets, whose bosonic components may in principle transform via a shift

under the four-dimensional gauge symmetry, i.e.

T(e)max = TF(e)max +rc (e)max ) (3.3.35&)
4 — 2
77 (€)max = §<C’ e) =8%. - Kx = §A Ve, (3.3.35b)
2 — 1
rc(€)max §<C’e> —2=4%.-Kx —2= gA—Q. (3.3.35¢)

As an important consistency check, note that the value rr(€)max is given by np = %(C,e) =
8, - K x identified by (3.2.5), which perfectly agrees with the microscopic counting (3.3.26)
of left-moving Fermi multiplets charged under the gauge group supported by 7-branes, while

rc(€)max agrees with 2(nc — ny) as computed in (3.3.28).

However, the discussion at the end of Section 3.3.2 suggests that the conservative bound (3.3.34)
can in fact be sharpened in minimally supersymmetric F-theory models over smooth threefold

bases. The point is that at best the unobstructed scalars of type &2 can contribute to the GS
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anomaly and hence to the bound on the rank. With this logic, we arrive at a stricter bound in

F-theory given by

5

r(e)SH — 1 (€)max + 7 (€)max = 3<é,e> 2 =105 -Kx —2, (3.3.36)
where )
r®) (@) max = 2(nY — n)) = 5(Cie) —2=2%c Ky 2 (3.3.37)

denotes the contribution to the anomaly polynomial from the unobstructed scalars of type ®®,
see (3.3.27b).

Let us stress that the bound (3.3.36) refers to the gauge subsector which couples to the EFT
string of charge e. To bound the rank of the gauge group supported by all 7-branes, we need
to take Xe to lie strictly in the interior of the movable cone Movy(X) so that it has non-zero
intersection with all non-abelian divisors D! and height-pairing divisors. The strictest bound

is then obtained as the minimal possible value r(e)3% with ¥ in the interior of Mov; (X).

With this understanding, we propose (3.3.36), rather than (3.3.34), as a bound on the gauge
group rank of minimally supersymmetric F-theory compactifications over smooth threefold base
spaces, as these do not admit isometries acting on the internal geometric space. We now proceed
to compare these quantum gravity bounds with the geometric bounds on the gauge group rank

in F-theory.

Example 1: X =P3

We begin with the simple choice X = P3. The one-dimensional group of effective divisors
Effl(X ) is spanned by the hyperplane class H, in terms of which K y = 4H. This implies that

the sections (3.3.12) defining the Weierstrass model correspond to the classes
A~48H |, f~16H , g¢g~24H. (3.3.38)

In this case the saxionic cone is one-dimensional and C§"" ~ Mov{(X)z = Eff{(X)z is generated
by the curve H-H = H?. To obtain the strongest quantum gravity bounds from the EFT string,
we can take Y = H2. Since this curve class intersects all possible divisor classes D!, (3.3.34),
and its proposed stronger version (3.3.36), constrains the total rank ry, of abelian and non-
abelian gauge algebra factors supported by all 7-branes, which can be detected by the EFT

string associated with Ye:

=128 - Kx —2=46 f 3.3.34),
rey < 7“(e)mau. e f rom ) (3.3.39)
r(e)stict — 105, - Kx — 2 = 38 from (3.3.36) .

max
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We can use (4.3.18) to bound the maximal possible SU(NN) gauge algebra supported on any

DSU(N)

irreducible divisor appearing in the decomposition (3.3.13) as

SU(47) from (3.3.34),
SU(Nyiax) = SU (rmax + 1) = (3.3.40)
SU(39) from (3.3.36) .

The first line is only slightly stronger than the naive Kodaira bound in its simple form (3.3.15),
which together with Table 3.3.1 would give SU(NKod) = SU(NKod) = 49  as pointed out
already in [85]. However, as stressed above, we in fact propose the stricter of the two bounds

to hold in F-theory on a smooth base threefold X.

To compare this to actual realisations in F-theory, note first that the Kodaira upper bound
cannot be saturated because this would require that all branes are mutually local. In fact,
by an explicit analysis of the Weierstrass model, [85] showed that the maximal possible value
which can be realised in F-theory on P? corresponds to NE, = 32. Consistently, this is within
the stricter of the two bounds in (3.3.40) based on (3.3.36).

The EFT string bounds are potentially very far-reaching when it comes to constraining the
maximal rank of abelian gauge group factors [37]. From (4.3.18) we immediately constrain the

maximal number of abelian gauge algebra factors as

46 from (3.3.34),
noe (U(1)) = ( ) (3.3.41)
38 from (3.3.36) .

A comparable bound cannot be deduced in a straightforward manner from the Kodaira bound
since the abelian gauge group factors are generated by extra rational sections of the elliptic
fibration. While to each such section one can associate a divisor class on the base via the
height-pairing, there does not exist any obvious constraint that forces this divisor class to be
bounded by the class of the discriminant. Bounding the number of abelian gauge group factors
is equivalent to finding an upper bound for the rank of the Mordell-Weil group of an elliptically

fibered Calabi-Yau fourfold, which is an open problem in arithmetic geometry.'®

For the special example of an SU(N) gauge group, an interesting phenomenon occurs: The
= 32 established in [85] is in fact only marginally stricter than the EFT

string bound which one would deduce by taking into account, in the computation of the bound

geometric bound N,

(3.3.35), only the contribution from the charged localised Fermi multiplets: This would give

r < rp(€)max = N = 8%, - K x = 32. However, it would be incorrect to conclude from this

strict

sct, represents the upper bound on the rank

that rp(€)max, rather than the weaker bound r(e)

of the gauge group more generally.

5The upper bound (3.3.41) is the analogue, on fourfolds, of the bound n(U(1)) < 32 for F-theory compacti-
fications to six dimensions on an elliptic three-fold over base P? [37]. The highest Mordell-Weil rank obtained so
far for elliptic threefolds is rmax = 10 [121].
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Indeed, it is certainly possible to violate the bound set by 7p(€)max in explicit Weierstrass

models. 6

For example, consider the maximal possible gauge group of type E{' x E7? by
engineering the various gauge group factors on separate divisors in class H. Compatibil-
ity with the (incorrect) bound rp would give that 6n; + 7Tne < 32, with maximal solu-
tions (n1,n2) € {(0,4),(1,3),(2,2),(3,2),(4,1),(5,0)}. In actuality, a Weierstrass model
allows for the construction of a gauge algebra Eg' x E7? with maximal values given by
(n1,mn2) € {(0,4),(1,4),(2,3),(3,2),(4,1),(5,0)} (again on separate gauge divisors of class H).
This follows from the vanishing orders of Table 3.3.1 that need to be engineered in the Weier-
strass model. The two configurations Eg x E4 and E2 x E2 hence overshoot the bound from
7F(€)max by 2 and 1, respectively, while they respect the weaker bound from r(e)$ict which

we propose as the correct bound.

Two warnings concerning the validity of these examples are in place: First, even if all individual
exceptional gauge groups are localised on 7-brane stacks wrapping separate divisors in class H,
every pair of them intersects in a curve of class H?. Along this curve, non-Kodaira type
singularities appear because the vanishing orders of (f,g) are equal to or bigger than (4,6)
and hence non-minimal. These non-minimalities in codimension-two arise at finite distance
in the complex structure moduli space. Extrapolating from the analogous phenomenon in F-
theory compactifications on elliptic Calabi-Yau threefolds [122], one expects a genuinely strongly
coupled sector localised at the non-minimal loci. To reliably analyse the dynamics one must
first remove the non-minimalities by blowing up the intersection loci, thereby separating the
exceptional brane stacks. However, this will most likely not affect the original exceptional gauge

group factors.

Another concern is pertinent, in fact, to all examples discussed in this section: Since the minimal
gauge divisor of class H is non-spin, the Freed-Witten quantization condition [98] requires a
half-integer quantized gauge flux in order for the model to be consistent. Depending on the
nature of the available flux, the gauge background may reduce the rank of the four-dimensional
gauge group or at least break the simple gauge group factors to a group involving abelian factors.
Even if the rank were not reduced in this way, the U(1) may become massive via a Stiickelberg
mechanism. If this is the case, the axion obtained by reducing the RR four-form field on P3
would likewise acquire a mass - a scenario which we excluded in our derivation of the quantum
gravity bounds. To explicitly analyse the types of fluxes available and whether or not they
necessarily induce a Stiickelberg mass for the axion, one must resolve the fibral singularities of

117

the Weierstrass model*’ and hence, in view of the non-minimalities in codimension two, first

16We thank Wati Taylor for pointing this out to us.

"Tn the dual M-theory description, the gauge fluxes are encapsulated in four-form fluxes on the resolved
four-fold Y which take values in the vertical component of H>?(Y) and must be quantized in such a way that
Gy + %cz(?) € H*(Y,Z). For details we refer to [110] and references therein. Admissible fluxes in F-theory
are subject to two transversality conditions and after implementing these it remains to be seen whether fluxes
different from the so-called Cartan fluxes are available, which would break the simple gauge group factor. Fluxes
which leave the gauge group intact are dual to the matter surfaces [123], but their explicit existence can only be
determined after performing the resolution steps.
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blow up the base. This involved surgery is beyond the scope of this thesis, but we stress that
from the Weierstrass model alone it not yet clear which part of the gauge group survives in the

four-dimensional effective theory after taking the flux background into account.

Let us take the optimistic point of view and assume that none of these technicalities undermines
the validity of the models with a rank overshooting the stricter bound from 7p(€)max. In this
case, our analysis shows that some of the chiral multiplets, according to our proposal in fact
the ones of type ®@, indeed contribute to the anomaly matching. We will develop a better

intuition behind this in the following section.

Example 2: P! - X —» B

Consider next an F-theory model in which the base X is a P!-fibration over a complex surface
B. This example will be particularly illuminating for the interpretation of the scalar field
contributions to the anomaly matching on the worldsheet and hence to the bound on the gauge

group rank.

Quite generally, the twist of a rational fibration p : X — B is specified by a line bundle 7 on

the base B,'® in terms of which the anti-canonical class of X can be written as [124]
Kx =2S_+p*ci(T) +p*ci(B). (3.3.42)
Here S_ denotes the exceptional section of the rational fibration with the property
S_-S_=-S5_-pa(T). (3.3.43)

The cone Cp ~ Eff}(X) of effective divisors of X is generated by S_ together with the pullback

of the generators of the effective cone of B.

Another section, S5, of the fibration is related to S_ as Sy = S_ + p*c1 (7). It satisfies the
relations Sy -S4 = S4 - p*c1(T) and S— - Sy = 0. This section S generates the Kéhler cone
of X together with the pullback of the Kéhler cone generators of B to the rational fibration.

Under F-theory/heterotic duality, this class of theories is dual to the heterotic string compac-
tified on an elliptic fibration over the same base B. The gauge groups from 7-branes wrapped
along the two sections S_ and S; map to perturbative heterotic gauge groups in either of the
two FEjg factors, while gauge groups from 7-branes wrapping divisors pulled back to X from B

are of non-perturbative nature in the heterotic frame.

For definiteness, let us specify now to B = P? and adopt the notation of [34, p. 53],

D' =p*(H), D*=25,, (3.3.44)

8The threefold X is constructed as the projectivised bundle X = P(O & 7).
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where H is the hyperplane class of P2. Parametrizing furthermore the twist of the fibration as
c1(T) = nH, the general formula (3.3.42) becomes

Kx = (3—n)D' +2D%. (3.3.45)
According to the above discussion, D' and D? generate the Kéhler cone of X. The dual curves
Y1 =8 -p"(H)=(D*-nD")-D', %y=p*(H) p*(H)=D' D! (3.3.46)

(such that D -3, = ) are effective and generate the Mori cone. In particular, 3; can be
identified with a P! in the P? base, while X5 can be regarded as the P! fibre of X.

The cone C; ~ Eff!(X) of effective divisors is generated by D' = p*(H) and S_ = D? — nD".

The dual cone C§"" ~ Mov;(X) of movable curves Ye = e*%, is given by
CE'T = {e € (&', €?) € Zxole* > ne'} (3.3.47)
and is generated by the charges
e =(1,n), ey=1(0,1). (3.3.48)

Note that C§*™" is smaller than the cone of possible BPS strings, which can be identified with the
Mori cone of effective curves. In particular, the elementary BPS charge e = (1,0) corresponding
to a curve on the base alone does not give rise to an EFT string for n > 1, but it must be

combined with n copies of the charge of an EFT string associated with the rational fiber.

To evaluate the bound (3.3.34), we compute the intersection number
Yo Kx = (3—n)e' +2¢% (3.3.49)
The bound (3.3.34) and the proposed stronger form (3.3.36) then become

7(€)max = 12(3 — n)e! + 24e? — 2 from (3.3.34),
r(e) < ( )ma, ( ) ( ) (3.3.50)
r(e)stict — 10(3 — n)e! + 20e% — 2 from (3.3.36),

which constrains the rank of the gauge group that can be detected by an EFT string with charge
e. The strongest constraints are obtained by applying this bound to e; and es. Specifying

directly to the proposed stronger bound, one finds

r(e;) <284 10n, r(ez) <18. (3.3.51)

Suppose first that the semi-simple gauge sector is supported on effective divisors D! = m{D1 +
mi(D? — nD') C {A = 0} with m{,m{ > 0. In this case both r(e;) and 7(ez) correspond to
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the rank of the total semi-simple gauge algebra, since it is entirely detected by both elementary
EFT strings. Since n > 0 we obtain the bound

rk(Gsemi—simple) S 18. (3352)

We could instead assume that the discriminant locus splits in disconnected effective components
A =nD' +nD? + 7, (3.3.53)

where D! = D' and D? = D? — nD' support different semi-simple gauge groups, G; and Go
respectively. Then r(e1)$%t bounds the rank of G7 and r(e2)$%t bounds the rank of Gy as

detected by the EFT strings. In this case we obtain

rk(G1) < 284 10n, 1k(Gs) < 18. (3.3.54)

We furthermore note that as in the case of P3, the contribution to the bound from the axionic
sector is indeed needed - taking into account only the charged Fermi multiplets in (3.3.35) would

lead to the (incorrect) bounds
tk(G1) <244 8n, 1k(G2) <16 based on Fermi multiplets only, (3.3.55)

which are easily violated for instance in Weierstrass models with exceptional gauge group

factors.

Indeed, for simplicity take n = 0, so that X = P! x P2. One can overshoot the first constraint
in (3.3.55) for instance by realising a configuration with gauge group Gy = E§ x E; and
tk(G4) = 25, or G1 = EZ x E? and 1k(G1) = 26, where the simple gauge factors are supported
on four separate (but intersecting) divisors in class D'. These examples are analogous to the
ones discussed in the previous section for the base X = P3, and the same remarks concerning

the viability of these models apply.

More illuminating for us is the second bound in (3.3.55) compared to (3.3.54). It is violated
(again for n = 0) for instance by a configuration of three simple gauge group factors along three
separate divisors in class D? such that Gy = E§ or Gy = E? x SO(8) or Go = Eg x Eg x SO(8).
The non-abelian gauge divisors can be separated along their common normal direction on the
P!-fiber; nonetheless, there appear non-minimal Kodaira type fibers in codimension two or

three, or both.'” For example, the most general way to engineer the model with gauge group

19 Also the second complication encountered already on P? persists, namely that the gauge divisor D? is non-
spin and gauge flux must be included to cancel the Freed-Witten anomaly; however we expect that this is possible
without affecting the rank of the gauge group.
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Gy = Eg is to set, in the Weierstrass equation,
f=o0, g = pi(u,v) gt (u,v) ri(u,v) sig(uy, ug, us) , (3.3.56)

where [u1 : ug : ug] and [u : v] denote homogeneous coordinates on P? and P!, respectively, and
P1,q1,71, S18 represent generic homogeneous polynomials of indicated degrees in the coordinates
in brackets. Note that A = 4f3 + 27¢g®> = 27¢? because we were forced to set f = 0 to
accommodate the Eg’ factor. As a result, over the divisor s;g = 0, the fiber enhances to
Kodaira Type IT with ord(f,g,A) = (00,1,2). At the intersection locus of s;g = 0 with any
of the three Fg divisors p; = 0 or g1 = 0 or r; = 0, the fiber enhances to Kodaira Type IT*,
but at the sig - s13 = 182 points on P? given by the self-intersection of sig = 0, there occurs
a non-minimal fiber with vanishing orders ord(f, g, A) = (00,6,12). To reliably analyse the

model, this non-minimal singularity would first have to be removed via a blowup in the base.

Interestingly, however, the codimension-three non-minimalities can be avoided by replacing the
base P2 by a rational elliptic surface dPg, which is an elliptic fibration over P; with generically
12 singular fibers. In this case, the section sig(u1,us,us) in (3.3.56) is replaced by a general
section s € T'(6K4p,). The anti-canonical class of dPg coincides with the class of the elliptic
fiber and hence has vanishing self-intersection, I_(dpg . I_(dpg = 0. As a result, there appear no
codimension-three non-minimal fibers since s-s = 0. For the sake of simplicity we will focus
on this geometric example in the sequel. Clearly, the change of basis from P? to dPg does not
affect the second bound in (3.3.54) or (3.3.55), which only involves the EFT string with charge
es associated with the P!-fiber of X (while the first bound in both equations changes).

Focusing on this second bound, to understand why (3.3.54), rather than (3.3.55), gives the
correct bound, recall that the EFT string with charge ey is the critical heterotic string of the
dual compactification of the heterotic theory on an elliptic fibration over the base B of X. As
discussed at the end of Section 3.3.2, there are two types of chiral scalar fields, ) and ®®,

in the NLSM of this string. Since the genus of ¥, = P! vanishes, nl(\}) =0= nl(\?) and hence
both types of scalars correspond to unobstructed moduli directions. The n(c1 ) _ nl(\% ) = n(c1 ) =

Kx - Yo, = 2 complex moduli of the first type parametrize the motion of the heterotic string

g)—nl(\?) :ng) :KX~Ee2—1:1 counts

along the base of the dual elliptic fibration, while n
the complex modulus of the dual heterotic string along the heterotic torus fiber. As long as the
base of X admits no isometries - as is the case whenever X is smooth and the theory minimally
supersymmetric - the scalars encoded in the chiral fields of type ®() cannot participate in
the gauge anomaly cancellation in F-theory. Indeed, they are geometric moduli in a geometry
without extra shift symmetries. By contrast, the two real scalars encoded in ®® can enjoy a
gauged shift symmetry: They parametrize the motion of the heterotic string along the torus
fiber of the dual heterotic geometry, which is responsible for the difference between the two

bounds (3.3.54) compared to (3.3.55).
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The rationale behind this claim is completely analogous to the simpler setup of F-theory com-
pactified on an elliptic K3 surface to eight dimensions.?’ In such models, a D3-brane wrapped
along the P! base of the K3 surface is known to be dual to a heterotic F1 string in 8d. The
zero mode spectrum of the N = (0,8) supersymmetric worldsheet theory can be derived by
dimensional reduction, as e.g. in [94]. It consists of one N' = (0,8) hypermultiplet (8 real
scalars in the 6 of SO(6)T and two SO(6)T singlets accompanied by 8 fermions in the 4 + 4)
as well as 16 left-moving fermions transforming as SO(6)r singlets and organising into Fermi
multiplets. The scalars in the 6 of SO(6)1 parametrize the center-of-mass motion of the string
in eight dimensions and must therefore be uncharged under the gauge group. The only charged
fermions are then the 16 = 8deg(Kp:1) unpaired left-moving fermions. Taking only these into

account would suggest a maximal rank for the gauge group of ry.x = 16, while in fact the max-

K3
max

theory compactified on a torus 72, where the gauge group comprises the ten-dimensional rank

imal rank is known to be r = 18. This of course matches the counting in the dual heterotic
16 gauge group together with 2 Kaluza-Klein U(1) factors. The Fermi multiplets are charged
under the part of the gauge group inherited from the ten-dimensional gauge group (in fact, the
left-moving fermions generate the rank 16 current algebra present already in ten dimensions),
but do not detect the KK U(1)s. To see these, one must allow for the two left-moving scalars
in the N/ = (0,8) hypermultiplet to shift under the associated gauge transformation and in
this way to contribute to the worldsheet anomalies. At special points in moduli space, the KK
U(1)s are indistinguishable from the Cartan U(1)s inherited from ten dimensions and combine
with part of them into higher rank non-abelian group factors. Examples include the rank 18
exceptional gauge group configurations of the form E3, E2 x SO(8) or Eg x Eg x SO(8) studied
in F-theory on K3 in [125]. More generally, the classification of maximal non-abelian gauge
enhancements for the heterotic string on 72 in [89] includes many configurations with rank 17

or 18 for the non-abelian sector.

Coming back to the bounds for the four-dimensional F-theory model on X, we see that the
contribution to the anomaly from the chiral multiplets of type ®2) is analogous to the way
how the heterotic string detects the two KK U(1)s in eight dimensions. However, in order for
such an interpretation to be possible, the dual heterotic compactification space, which is the
target space of the NLSM, must be degenerate such as to admit isometries in two directions
while at the same time preserving minimal supersymmetry. In general the dual heterotic string
is compactified on an elliptic fibration over the base B. If this elliptic three-fold were smooth,
there would be no room for an interpretation in terms of geometric KK U(1)s, not even from
the elliptic fiber.?’ The way out is that whenever the bound on 7(ez) < 18 is saturated, the
dual elliptic fibration must degenerate to an orbifold such that the two KK U(1)s from the

elliptic fiber can survive the projection. In the present example with base B = dPg, the dual

29Recall that D? is a copy of P? and intersects the P! fiber of X in a point; similarly, in F-theory on K3, the
7-branes are points on the base of the K3.

21'While the generic elliptic fiber contains two 1-cycles, these do not survive as 1-cycles of the elliptic threefold
due to monodromies, as required by the (strict) Calabi-Yau condition.
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heterotic elliptic fibration is a Schoen manifold [126], which can be viewed as a fiber product
dPg xp1 dPgy. Schoen manifolds admit degenerations to toroidal orbifolds [127] (see also [128]).
We propose such orbifolds as the heterotic duals of the F-theory models with r(e2) = 18. The
orbifold must act in such a way that only two of the generally possible six KK U(1)s survive

the projection.??

It would be desirable to explicitly construct the heterotic duals, also for the blowups of the F-
theory models with base B different from dPg, whenever the rank bound r(e3) < 18 is saturated.
More ambitiously, we leave it for future work to determine the structure of the NSLM target
space for non-heterotic EFT strings in models saturating the bounds (3.3.36) and to check it

for isometries.

Perturbative IIB models with O3-planes

The EFT strings considered in Section 3.3.2 do not detect possible gauge sectors supported by
D3-branes. The corresponding complexified gauge coupling can be identified with the type I1B
axio-dilaton. Hence this gauge sector is fully perturbative in the ten-dimensional weak coupling

limit, in which the compactification space is well described by a Calabi-Yau orientifold.

For simplicity, we will focus on the simpler compactifications with O3-planes only, but more
general configurations with O3/07 planes can be discussed along the same lines. The relevant
chiral field associated with this regime is the type IIB axio-dilaton: t = a+is =7 = C§R+ie_¢.
The saxionic cone is one-dimensional and C§"" = Z>g. An EFT string of charge e € Zx>g
corresponds to e D7-branes wrapping the internal space. Note that the associated EFT string
flow drives the bulk sector to a strongly non-geometric regime in which the string frame volume
of the compactification space naively goes to zero [34]. On the other hand, according to the
estimate of [34] the scaling weight is w = 1 and then the Emergent String Conjecture suggests

the existence of a weakly coupled dual description in terms of F1 strings.??

Without any additional assumption on the Kéhler moduli, in this limit the only weakly coupled
gauge sector is the one supported by D3-branes, and the total rank of the gauge group is simply
given by the number nps of D3-branes. Taking the gauge group to be completely higgsed to
U(1)"03, corresponding to non-coinciding D3-branes, one can expand the standard DBI action

and identify the terms

1 mo3
—Z /SFA AN *xFy . (3.3.57)
d A=1

#Teterotic orbifolds with 2+n KK U(1)s cannot be dual to elliptic fibrations over a smooth base X in F-theory.
The additional n KK U(1)s must correspond to KK U(1)s, rather than 7-brane U(1)s, also on the F-theory side
and be encoded in gauged shift symmetries of the scalars of type ®1). Our assumption of a smooth base B of the
rational fibration X excludes such situations in the minimally supersymmetric case. If for instance X = T* x P*,
the bulk theory preserves sixteen supercharges and the n(cl ) = 2 unobstructed ) scalars describing the position
of Ye, = P! in the T* direction enjoy shift symmetries. The corresponding contribution to the anomaly raises
the rank bound from r(e2)5He® = 18 to r(€2)max = 22, matching the bound found in [38].

23For example, D7 strings in the toroidal models — see for instance [75] for a discussion in a similar spirit —
can be T-dualized to a D1-string and S-dualized to an F1-string.
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By comparison with (2.1.11), we see that
CAB = §4B (3.3.58)

and CI = 0.

The higher curvature terms (2.1.19) come from both the D3-brane and O3-plane higher

curvature couplings. The D3-brane contribution stems from the action [129-131]

n 2
—2mnns / oy AR = 2T / CB%py (M) + ... (3.3.59)
D3

where A is the A-roof genus and we are simplifying the formulas by setting 45 = 27vo/ = 1.2
The O3-planes instead contribute the terms [132]

2Tno3 RR 1 . 27TnO3/ RR
: /00 L({R) =20 [ ogepar), (3.3.60)

where L is the Hirzebruch L-polynomial. By using the identification C(E{R = a and the D3

tadpole cancellation condition
no3 = 4npg, (3.3.61)

we then obtain the total contribution

27 (8nps + no3) / 3 nos
-2 . .3.62
1.96 apr (M) 16 96 atr(R A R) (3.3.62)
By matching with (2.1.19) we conclude that
b= (3.3.63)
= 16’003. .

Note that these models do not encode any five-dimensional structure and indeed the D7-brane

string does not give rise to effective couplings of the form (3.1.11). Hence we can set C=o.

We can now compare these results with our quantum gravity constraints. Note that the positiv-
ity constraints (3.1.18) are obviously satisfied. On the other hand, (3.2.3) requires that C' € Z.
This is possible only if

nos € 16N. (3.3.64)

This non-trivial prediction in fact agrees with Theorem 1.5 of [133], which implies that nos = 16

for all (strict) Calabi-Yau covering spaces. This mathematical result can also be explicitly

2YNote that the sign is fixed by requiring that the internal cycles wrapped by mutually supersymmetric D-
branes are calibrated by —e'/ so that, for instance, D7-branes would be calibrated by %J A J and then would
wrap internal holomorphic cycles. With this choice supersymmetric space-filling D3-branes must be calibrated
by —1 and may be considered as anti D3-branes.
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checked in all the models of the database of [134].%°

The bound (3.2.26) on the rank of the gauge group detected by the EFT strings becomes
3
r(e) < gnos =2, (3.3.65)

where we used (3.3.63) and C' = 0 and the r.h.s. is integral by (3.3.64).

From the explicit string theory model, however, we know that the gauge group probed by the
EFT strings in question comes from the perturbative D3-brane sector and its rank is therefore
bounded by nps = %nog. Interestingly, this actual bound coincides with the stronger bound
obtained by taking into account only the contribution (3.2.14) from the charged localised Fermi
multiplets in (3.2.25), i.e.

rﬁ@ﬁgézimm (3.3.66)
This match seems to be characteristic of the perturbative (with respect to the SL(2,7Z) duality
group of Type IIB string theory) nature of the D3-brane sector.

In these models the stricter bound set by (3.2.25) is always saturated, see (3.3.61). However, it
is microscopically clear that it remains valid even in presence of internal supersymmetric three-
form fluxes, which contribute positively to the D3 tadpole condition and then reduce the number
of D3-branes. From the four-dimensional viewpoint, the introduction of these fluxes makes
the EFT string ‘anomalous’ The string is forced to be the boundary of a membrane, which
microscopically corresponds to a D5-brane ending on the D7 string. We leave for future work
the extension of our four-dimensional quantum gravity arguments to these kinds of anomalous

strings.

Complex structure EFT strings

The third qualitatively different gauge sector in F-theory is associated with the R-R four-form
CRR expanded in terms of non-trivial elements of H3(X,Z). The gauge kinetic function and
hence also the characteristic couplings (2.1.7) in this sector depend on the complex structure
moduli of the four-fold Y [135]. Correspondingly, the weak coupling limits are attained in large
complex structure limits on Y. An explicit description of the EFT strings associated with this

sector is an interesting challenge for future work.

Suffice it here to mention that under heterotic/F-theory duality the R-R gauge sector is expected
to map to the abelian gauge sector from heterotic 5-branes wrapped along curve classes of genus
g > 1[95] in the base of the dual heterotic elliptic fibration [136, 137]. This implies a duality
between the EFT strings associated with this heterotic 5-brane sector and the complex structure
EFT strings in F-theory.

2®We thank X. Gao and in particular F. Carta and R. Valandro for discussions on the available examples
of Calabi-Yau orientifolds with just O3 planes. We also thank F. Carta for helping us in checking (3.3.64) by
scanning the database [134], and for pointing out to us reference [133].
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3.3.3 Microscopic checks in Eg x FEg heterotic models

We now turn to compactifications of the Fg x Fg heterotic theory on Calabi-Yau three-folds
X, and their M-theory uplift. We will discuss the SO(32) case instead in Section 3.3.4, but the

following initial considerations apply to both.

In order to understand how our quantum gravity bounds on the gauge sector and the curvature-
squared terms are realized, we need to revisit and complete the discussion presented in [34],
which neglects corrections coming from higher derivative terms in ten/eleven dimensions. In-
deed, we will see that these corrections modify the structure of the saxionic cone and of the
corresponding EFT string spectrum in a non-trivial manner. We will also allow for possible
background NS5/Mb5-branes, not considered in [34], which significantly broaden this class of

vacua and enrich the structure of their EFT in an interesting way.

In the heterotic picture, we focus on the chiral fields (£,t%) where t* = a® + is® appear in the

expansion
t*D, = a"D, +1s*Dy = By +1J (3.3.67)

and
t=a+i§ = / Bg + iefz‘z’VX . (3.3.68)
X

Here D, is Poincaré dual to a basis of H4(X,Z), Bg is the electromagnetic dual of the NS-NS
B2 and
1 1
Vx = 3‘/ JANIANT = gmabcsasbsc . Kape = Dy Dy - D, (3.3.69)
. X .

is the string frame volume of X measured in string units {5 = 27V o/ = 1.

If we neglect higher derivative corrections as in [34], the saxionic cone described by (§,s%)
can simply be identified with Rs¢ @ K(X), where (X) is the Kéahler cone of X. It will be
important for us to understand how the higher derivative corrections affect this naive result.
To this end we will collect the relevant threshold corrections to the gauge couplings of the four-
dimensional EFT, and then argue how these corrections are compatible with a corresponding
modification of the relevant sets of BPS instanton and EFT string charges. As we will see,
the saxionic cone will also be enlarged into directions corresponding to the moduli of the
possible background NS5/Mb5-branes. We will then check that the curvature-squared terms
obey the expected quantum gravity constraints and microscopically verify the corresponding

upper bounds on the ranks of the gauge group.

The EFT terms

As a first step, we need to identify the couplings (2.1.11), including possible contributions com-
ing from heterotic higher derivative corrections. All the relevant complexified gauge couplings
may be extracted directly from [138], and from various previous partial results cited therein such

as [139-141]. However, in order to render the discussion more self-contained and to carefully
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pin down the possible convention ambiguities, in Appendix A.3 we will briefly go through the
main steps of the derivation. Furthermore, we will similarly derive also the curvature-squared

terms, which were not explicitly considered in [138].

The two heterotic Eg sectors can have a non-trivial bundle structure along the internal space.
Let us denote by Fy and F, the corresponding fields strength. For simplicity, we assume that
13’172 take values in semi-simple sub-algebras of eg. This in particular allows us to avoid possible
Stiickelberg masses and non-trivial kinetic mixing between the U(1) factors.?® We also allow for
possible NS5-branes wrapping irreducible holomorphic curves C*, k = 0, ..., Nyss. The internal

gauge bundles and the curves C* enter the cohomological tadpole condition
)\(El) + )\(Ez) + [C] = CQ(X) , (3.3.70)
where [C] is the Poincaré dual of the two-cycle C = 3", C¥ and

MNE) = tr(F A F), (3.3.71)

1672
with the trace defined as in Section 2.1.1.

The background NS5-branes support additional (s)axionic fields. These can be more easily
identified by considering the Horava-Witten (HW) M-theory uplift of the heterotic theory [142,
143], compactified over I x X, where I = S'/Z is the HW interval. In the upstairs picture,
we parametrize the M-theory circle by the coordinate y ~ y + 2, on which we impose the
Zs identification y ~ —y. The FEg sectors are then supported on the walls {y = 0} and
{y =1~ —1}, and we can parametrize I = S*/Zs by y € [0,1]. The background NS5-branes
uplift to M5-branes sitting at points §* along the HW interval I. Their worldvolume supports

a self-dual two-form 1’5’12“ This sector hence gives rise to Nyg; additional axions

at= | B, (3.3.72)
Ck

By supersymmetry the axions pair up with the saxions [138]

1 1
5k = (Qk - 2) / J = <:gk - ) mPs®, (no sum over k), (3.3.73)
ck 2

where

k=p,.ck. (3.3.74)

By dimensionally reducing the bulk action, including the Green-Schwarz anomaly cancelling

term as well as certain terms supported on the M5-branes, one obtains the following contribution

26 A (partial) verification of our quantum gravity constraints in presence of kinetic mixing of U(1) factors can
be obtained by duality to other corners of the string landscape considered in this thesis.

99



to the four-dimensional axionic couplings:

1 1 1
-5 [ (@ e = Sawa = 530wl A F)
k
' X X (3.3.75)
k
87T (a — ipaa + qa a®+ = Ek > F2 A F2>

Here F7 2 denote the field strengths of the four-dimensional gauge sectors coming from the two

heterotic Eg sectors, respectively, and
1
Pa = — / ! [)\(Eg) - 202(X)] , =Dy -C= zk:m]; (3.3.76)

We furthermore recall the definition of the axions in (3.3.68), (3.3.67) and (3.3.72). The cor-

responding saxionic couplings are fixed by supersymmetry.

As discussed in detail in Appendix A.3, one can similarly compute the relevant curvature-

squared terms. By focusing again on the axionic couplings, the final result is

~ a 3 a
~96n (12@ + nga® — 50a0 ) tr(RAR), (3.3.77)

where

Ny = ;/ ca(X). (3.3.78)

By applying the Hirzebruch-Riemann-Roch theorem to a line bundle Ox(D,) one can easily

conclude that n, € Z. Since |, D A(E2) is an instanton number, p, € Z as well.

Note that the constants appearing in both (3.3.75) and (3.3.77) do not satisfy the naively
expected quantization conditions (2.1.12) and (2.1.20), respectively. This signals the presence
of a rational mixing of the axionic periodicities induced by the higher derivative corrections. In
other words, the axions (a,a®, @) defined in (3.3.68), (3.3.67) and (3.3.72) do not satisfy the
integral periodicity a’ ~ a’ + 1 assumed here. This issue can be solved by passing to a better
axionic basis, obtained from a rational linear redefinition of the axions. For instance, we can

replace the axions @ and @* with the linear combinations

1 ok 1
a0:a+§ qaa 772 :a +§maa . (3379)

In this way the sum of (3.3.75) and (3.3.77) can be rewritten as

1 1
87T/a tr(Fl/\Fl)—8/<a —paa +Z >tI‘ FQ/\FQ)

1
967

(3.3.80)
(12a — 6pga’ + nga® +GZ )tr RAR).
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In the axionic basis a' = (a°,a%,a"), these terms indeed have the form of the axionic terms

appearing in (2.1.11) and (2.1.19) and then determine the corresponding constants

cl=(c},cl,ch =(,0,0)

é - (CYOy éaa ék?) = (127 _6pa + Na, 6) .

C?= (Cg’ Cgv Cl%) = (1a —Da; T) )
(3.3.81)

The saxionic couplings appearing in (2.1.11) and (2.1.19) are completely fixed by supersymmetry

and involve the saxions s® = (s, s, sk), with

o1 3 1
=35+ ipasa — éqasa ~3 ; sk (3.3.82a)
1
k=34 §m’;sa = §*mFs®  (no sum over k). (3.3.82b)

Note that s* = 0 if the k-th M5-brane sits on the HW wall y = 0 and s* = mF if the k-th
M5-brane sits on the HW wall y = 1. We also observe that the microscopic symmetry under
the exchange of the two HW walls, together with the coordinate change y <> 1 — y, descends to
the invariance of the four-dimensional action under exchange of the two gauge sectors I} <> Fb,

together with

Pa$rda—Pa, " —pas®+ D 55, sFombst -, (3.3.83)
k

plus similar transformations for the axions. This may be regarded as a discrete Zy gauge

symmetry of the theory, since it describes the same microscopic configuration.

From (3.3.81) we note that the saxions s* enter the EFT terms (2.1.11) and (2.1.19) in the

combination

Das® — Zsk. (3.3.84)
k

Interestingly, this combination is continuous under ‘small instanton transitions’ [144] in which
some M5-brane is absorbed or emitted by the HW walls. As an example, take the limit ¥ — 1
in which all M5-branes are moved on top of the second HW wall, and are then absorbed by
a small instanton transition in which A(E3) — A(E}) = A(E3) + [C] and then p, — p), =
Pa — Y_pMF = Py — qa. Along this process, p,s® — >, s* first becomes p,s® — Y, mFs®, which
is indeed equal to p/s*. The combination (3.3.84) is also continuous under a small instanton
transition in which all M5-branes are absorbed by the first HW wall, which is simply described
by the limit s* — 0. Clearly (3.3.84) is also continuous under more general small instanton

transitions.

Note that the Mb5-branes can provide an additional gauge sector, coming from the expansion
of the M5 self-dual two-form potentials in harmonic one-forms of C*, as in [145]. However, the

corresponding gauge couplings are controlled by the complex structure of the curves C*, rather
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than by their volume. Hence, this sector is generically strongly coupled in the perturbative
regime considered here, and one should consider some large complex structure limit in order
to identify corresponding axionic strings. The F-theory dual sector was briefly mentioned in
Section 3.3.2.

Saxionic cone

The saxionic cone is determined by the set of possible BPS instantons, as in (2.1.3). In order
to clarify its global structure, it is convenient to work in the M-theory frame. There are three
types of BPS instantons to consider for us: Heterotic worldsheet instantons, open membrane

instantons ending with one or both ends on an M5-brane, or M5-brane instantons.

Consider first the heterotic world-sheet instantons, which in M-theory are represented by Euc-
lidean open M2-brane wrapping some effective curve 3 C X and stretching between the two HW
walls. Their action is given by 2mmg(X)s?, with m.(3) = D, - . The condition m,(3)s* > 0
defines the standard Kéhler cone IC(X).

If in particular we choose ¥ = C*, we obtain the condition m”s® > 0. Hence, by using the
restriction y € (0,1) in (3.3.82b) we deduce that s* must satisfy the condition

0 < s* < mks®. (3.3.85)

This condition guarantees the exponential suppression of instanton contributions coming from
the second type of instantons, Euclidean open M2-branes stretched between the background
Mb5-branes and the HW walls [146-148]. For instance, consider an M2-brane along the curve
C* wrapped by the k-th M5-brane and connecting the HW wall at y = 0 with the k-th M5-
brane. Its action is given precisely by 27s*, which is indeed positive by (3.3.85). If instead
the M2-brane connects the k-th Mb5-brane to the HW wall at y = 1, then its action is given
by 27(1 — §*)mks® = 2n(mks® — s¥), which is again positive by (3.3.85). One can similarly

consider an open Euclidean M2-brane stretching between two background M5-branes.

It remains to discuss the more subtle BPS instantons corresponding to Fuclidean M5-branes
wrapping the entire Calabi-Yau X. A crucial role will be played by the internal M-theory G4
flux, which is generically non-vanishing. In the downstairs picture of the HW orbifold, the

internal G4 flux must satisfy specific boundary conditions [142, 143]. In our setting, these read

: 1
ylirél_'_ G4|{y}><X = ff/l |:)\(E1) — 2C2(X):| , (3.3.86a)
. 1
Hm Gulyxx = —46 [A(EQ) - cQ(X)] , (3.3.86b)
y—1— 2

where £, is the M-theory Planck length, which we choose to coincide with /5 under dimensional

reduction.
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Figure 3.1: BPS instantons in FsX Es heterotic models. The internal seven-dimensional space is a
fibration of the Calabi-Yau X over the horizontal M-theory interval I = {0 < y < 1}. The vertical brown and
blue lines denote the HW walls and a background Mb5-brane wrapping the internal curve Cus, respectively. The
picture includes a Euclidean M5/M2-instanton: The light blue Euclidean M5-brane (E5) sits at a given position
yes along I and wraps the entire internal Calabi-Yau space. It is connected to the left HW wall by two purple
Euclidean M2-branes (E2) wrapping Cr2 and Cg, respectively, such that Cfy ~ Cg2 + Cms, which reconnect on
the bulk M5-brane. See also Appendix A.4 for further explanations.

Inside the HW interval G4 must satisfy the Bianchi identity

dGy =6 6y — §")dy A 6%(C*). (3.3.87)
k

This implies that the cohomology of G4 jumps by £3[C*] as one crosses the k-th M5-brane. The
combination of (3.3.86) and (3.3.87) indeed implies the consistency condition (3.3.70).

As first discussed in [149], this non-trivial flux and the HW walls induce a non-trivial deform-
ation of the internal geometry. Furthermore, the presence of a non-trivial G4 implies that
a Euclidean M5 wrapping the entire Calabi-Yau X and sitting at an intermediate position
0 < ygs < 1 is not consistent by itself, because of the world-volume tadpole condition. Rather,
one must add Euclidean open M2-branes ending on the Mb5-brane and must then consider a
composite M5/M2-instanton — see Figure 3.1. All this complicates the direct computation of
the instanton Euclidean action and of the corresponding saxionic conditions. However, we can
deduce this information by indirect arguments, exploiting the holomorphy of the BPS instanton

corrections.

We devote Appendix A.4 to a detailed discussion of these arguments and here present only the
final result. Namely, the positivity of the action of any possible BPS M5 instanton (including

possible open M2-brane insertions) is guaranteed if we impose the conditions s > 0 and
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50 — pas® + >k sk > 0. This allows us to complete our identification of the saxionic cone:

A= {s = (s%,5%, %) | 5D, € K(X),s" > O,so—pasa—i-z s >0,0<s* < m’js“}. (3.3.88)
k

Note that this saxionic cone is indeed invariant under (3.3.83).

Recalling (3.3.81), one immediately checks that the combinations (C!,s) and (C?,s), which
define the gauge couplings, are positive within the saxionic cone, as expected. Furthermore, a

theorem [150] guarantees that
o 1
nas® =5 JANc(X) >0 (3.3.89)
X

if J = s*D, belongs to the Kéhler cone. Recalling (3.3.81), it follows that (C,s) > 0 within

the saxionic cone.

EFT strings

We now come to specifying the cone of EFT strings. There are three types of BPS strings dual
to the three types of BPS instantons discussed in the previous section: The critical heterotic
string, i.e. an F1 string, corresponding to an open M2-brane stretched between the two HW
walls, furthermore the strings obtained by wrapping an Mb5-brane along an effective divisor on
X, and finally open M2-branes stretched between two Mb-branes or between an M5-brane and
an HW wall. The cone of EFT string charges, (2.2.10), can be identified with the help of the

saxionic cone (3.3.88) as follows:

CEFT :{e = (%, ¢% e*) | De = €D, € Nef'(X),

(3.3.90)
e’ >0, eo—pae“+Zek >0, 0< e gmiea}.
k

Recalling (3.3.74) and (3.3.76), we note that mfe® = C¥ . Do > 0 if D, is nef, and then
qa€® = > Ck. Dg > 0 as well. C§"" has a richer structure than the cone identified in [34],

k associated with the presence of background M5-

not only because of the additional charges e
branes, but also because of the additional condition involving the background constants pg,
which come from 10d/11d higher derivative corrections. As a result, the analysis of section 6.1

of [34] must be updated.

A charge vector e = (e, 0,0) corresponds to € F1 strings and, as in [34], is associated with an
EFT string flow along which the ten-dimensional string coupling vanishes, e? — 0, while the
string frame Kéhler moduli and the M5 positions §* remain fixed. As noted already, from the
M-theory viewpoint, these EFT strings correspond to M2-branes stretching between the two
HW walls.
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A choice e = (0, 0, e* ) corresponds to ¥ M2-branes filling two external directions and stretching
between the k-th background M5 and the second HW wall (at y = 1). From the ten-dimensional
viewpoint, they appear as ‘fractional’ F1 strings bound to the NS5. However the condition
0<el < m]a"’e“ appearing in (3.3.90) excludes a charge vector of the form e = (0,6, ek from
Cg"™™, and hence these strings are not EFT strings. Note that indeed such strings cannot explore
the entire internal space, as would be characteristic for an EFT string. Rather, such BPS strings
can become classically tensionless [151] at finite distance in the moduli space, where the theory
develops a strongly coupled sector in which the open M2-brane instantons discussed in the
previous section become unsuppressed.

k

a

e, we must then turn on the charges e®,

In order to interpret the condition 0 < ek < m
associated with a string obtained from an Mb5-brane along a nef divisor e®D,. Assume first
that e®(pg — ¢o) > 0 (and thus e*p, > 0 as well) and suppose that the M5-string wrapping
De sits on top of the second HW wall at y = 1. From (3.3.76) and (3.3.86b) we know that
pae® = % limy, 1 f{ye}XDe G4. In order to move the M5 string away from the HW wall, there
must therefore be p,e® M2-branes ending on it from the left (to solve the world-volume tadpole
condition along the M5-brane). If e¥ = 0 for any k, all these M2-branes must originate on
the first HW wall, and hence initially there must be ¢® > p,e® M2-branes connecting the two
HW walls, which is precisely the content of (3.3.90). Now start moving the M5 string to the
left, along the y direction. When it crosses the k-th bulk M5, the G4-flux across De jumps by
—mFe?. Hence, at a more general point 7 the number of M2 strings ending on the M5 string

from the left is given by

1

@ leD Gy = pee” — Z mPe® (3.3.91)

kll)’“>ye

while the remaining m¥e® M2 strings stretch between the first HW wall and the k-th background
M5-brane with §* > 3o — see Figure 3.2 for an example with one background M5-brane.

More generically, if ¥ # 0, then initially, when the M5 string is at ye = 1, there are e* open M2-
branes connecting the second HW wall to the k-th background Mb5-brane. This implies that in
order to allow the M5 string to move away from ye = 1 it is sufficient to take e > p,e® —3" i ek,
which is indeed one of the conditions appearing in (3.3.90). Moreover, the last condition
0<ek< mfjea appearing in (3.3.90) implies that, after the M5 string crosses a background
Mb5-brane, there remain no open M2-brane ending on it from the right. In the extreme case in
which ef = m’;e“ and e = (pg — ¢a)e?, when the M5 string arrives at ye = 0, no M2 strings are
left in the bulk.

The case p,e® < 0 can be treated in complete analogy, being related to the case (pg — qq)e* > 0
by the Zs symmetry (3.3.83) which swaps the role of two HW walls. One may similarly discuss

some intermediate case with p,e® > 0 and (¢, — pa)e® > 0.

As reviewed in Section 2.2, the EFT strings are associated to an infinite distance limit. In the
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Figure 3.2: EFT strings in FgX Es heterotic models. The bulk sector is as in Fig. 3.1, but now the
picture includes two EFT strings: an orange M2-brane stretching between the HW walls, which descends to the
critical heterotic string in ten dimensions; a bound state of (p, — mq)e® = 2 green open M2-branes and a purple
Mb5-brane wrapping the nef divisor De C X and sitting at ¥y = ye. There also appear mqe® = C - De = 3 green
open M2-branes, connecting the left HW wall with the background Mb5-brane, which tie to the purple M5-brane
if we move it to ye > 9.

present model, the physical properties can be analysed by slightly adapting the discussion of [34],
taking into account two important differences. First, as highlighted by the above discussion,
the flows corresponding to NS5/MS5 strings can generically involve also the dilaton s and the 5-
brane moduli s*, in addition to the Kihler moduli s®. Furthermore, the identifications (3.3.82)
complicate the microscopic interpretation of the various EFT string flows and in general affect
also the value of the corresponding scaling weight. However, a conclusion of [34] still holds: the
EFT string flows such that

K(e e, e) = kapee?ele = D3 >0 (3.3.92)

lead to a rapid growth of the HW interval, so that we have a dynamically generated sharp
hierarchy between its length and the length scale of the internal Calabi-Yau. Hence, close to
the string, one internal direction opens up, and the 4d string uplifts to a string/membrane
bound state in an HW-like 5d theory on My x I, where I = S'/Zs. In particular, the string
probes a local NV = 1 5d supergravity, whose 8 supercharges are spontaneously broken to 4 by
the presence of the HW walls. These types of EFT have been studied for instance in [152] but
the relevant term can be quite easily obtained by reducing on the Calabi-Yau X the M-theory
CS term (in upstairs picture). By using the decomposition
€3

— M A% A D, 3.
Cs = A A (3.3.93)
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one obtains the five-dimensional CS term

™

S2d = Rabc/ A* N FP A FC with  Kepe = Dy - Dy - D, 3.3.94
S 76207 s (3:3:94)

in the upstairs picture, in which y € [—1,1]. Note that C3 is odd under parity. Hence the
five-dimensional U(1) gauge fields A% are odd under the Zs parity ¢ : y — —y. The S'/Zy
orbifold projection then imposes that (*A* = —A%. If we restrict to zero modes along S', we
are then forced to set A® = 2wa®dy, where a® are our 4d axions. This in particular implies that,
from the 4d viewpoint, the 5d gauge fields A% contain a finite number of massless axions plus
an infinite tower of massive vectors and pseudoscalars. Furthermore, the restriction of (3.3.94)

to the zero modes identically vanishes.

On the other hand, as in Section 3.1.2 this additional CS term produces an extra world-sheet
term of the from (3.1.11), with

A~

Ci(e) = 6%kqpeele’ . (3.3.95)

This provides an explicit microscopic realization of effect described in Section 3.1.2, with

) (3.3.96)
0 otherwise

A Q. f '7 .7k - 7b7
Cijk_{ﬁbd if (i,4,k) = (a,b,c)

Microscopic check of quantum gravity bounds

We are now ready to test our EFT quantum gravity constraints. From (3.3.81) we obtain the

relations
<Cl7e>:eo ) <C2ve>:€07pa€a+zek7
k (3.3.97)
(C,e) = 6(C',e) +6(C% e) +nge”

First of all, the positivity bounds (3.1.18) are satisfied by definition of (3.3.90). It follows that
not only is (3.2.3) obeyed, but actually (C,e) € Zs, since (3.3.89) implies that

1

nac® = / (X)) > 0 (3.3.98)

e

for any nef divisor De. In turn, this guarantees that the combinations appearing in (3.2.4) and

(3.2.6) are non-negative, since

(C(e),e) = C(e, e e) = k(e e, e) = D? (3.3.99)

e

and the triple self-intersection of a nef divisor is non-negative.

(e) e) should actually

On the other hand (3.2.4) makes the stronger prediction that (C,e) + (
) + (C(e),e) coming from

be a (positive) integral multiple of 3. The contributions to (C,e
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the first two terms appearing in the second line of (3.3.97) clearly satisfy this property, being

positive multiples of 6. It then remains to check that

. 1
nqee” +(Cle), e) = 2/ ca(X) + DE € 3Z>. (3.3.100)

e

In order to prove it, it is sufficient to prove that D3 — [ Do €2 (X) is a multiple of 3. The latter
statement follows from the index theorem applied to the signature complex twisted by the line
bundle Ox (D) — see for instance [153] — which implies that?’

/XL(X) A ch(Ox (De)) = ;/Depl(X) + %Dg = g <D§ - /ecQ(X)) €Z. (3.3.101)

Since D3— [ Do €2 (X) is guaranteed to be integral, this result confirms the quantization condition
(3.2.4) (and then (3.2.6)).

Let us now test (3.2.26), which bounds the rank of the gauge group detected by an EFT string

of charge e and presently takes the form
r(e) < 2(C,e) + D3 —2. (3.3.102)

As explained in Section 4.2.2, the strongest bounds are obtained by picking the generators of
C&"". First of all, we can consider

e=(1,0,0), (3.3.103)
which corresponds to the saxionic direction s° and ‘detects’ all perturbative gauge groups. With
such a choice D? = 0 and (C, e) = 12 and then the bound (3.3.102) gives

r(e) < 22. (3.3.104)

Here r(e) includes the rank of the perturbative Eg x Eg gauge group present already in ten
dimensions plus a maximal extra contribution of six to the total rank as encoded in the chiral
superfields. In the following we will refer to this gauge sector as the ‘perturbative’ one. As
we will see more explicitly at the end of Section 3.3.3, compactifications on singular Calabi-
Yau three-folds can host also ‘non-perturbative’ gauge sectors, which are not accounted for by
(3.3.104). The bound (3.3.104) agrees with expectations from heterotic compactifications for
instance on toroidal orbifolds, which can admit a maximum of six additional U (1) group factors
associated with the six KK U(1) gauge fields [154].%

On the other hand, the bound (3.3.104) does not include possible U(1)s coming from the Mb5-

branes, whose gauge coupling is of order one for generic complex structure, or more generally

*"Here L(X) is the Hirzebruch L-polynomial and CNh(V) is the Chern character in which one replaces the
curvature F' of V by 2F in all expressions.

28In such situations, all of the chiral superfields can contribute in the anomaly cancellation, showing that the
bound (3.2.26) can indeed be saturated.
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any other gauge factors which avoid a coupling of the form (2.1.11) to the axion associated with

the fundamental heterotic string.

Assume next that there exists a nef divisor D¢ = €*D,, such that p,e® = 0 and g,e® = 0, so that
e = (0,¢e%,0) belongs to the cone CE'™. In this case (C!,e) = (C? e) = 0.% The corresponding
EFT string does not interact with the heterotic gauge bundles and does not provide any bound

on their rank.?’

More generally, let us assume that (p, — ¢,)e® > 0. Then we can pick
e = ((pa — qa)e® ", mpe®) . (3.3.105)

In this case (Clie) = (po — qo)e® and (C% e) = 0, where we recall (3.3.97) and (3.3.76).
Hence, as far as the perturbative gauge group is concerned, r(e) is sensitive to the rank of the
gauge sector coming only from the first HW wall. Since (C,e) = 6(py — ¢u)e® + nqe®, with
nge® = %fDe c2(X), (3.3.102) yields the bound

r(e) < 12(py — qq)e” +/ co(X)+ D3 —2. (3.3.106)
This bound is clearly satisfied by the pertubative gauge sector supported on the first HW wall,
since we know from the microscopic uplift that its rank is at most 8, and can provide a non-
trivial bound on the non-perturbative gauge sector. By applying the Zy symmetry (3.3.83), we

obtain an analogous bound for the second gauge sector if p,e® < 0.

If we specialise to models with standard embedding A(E;) = A(X), from (3.3.76) and (3.3.78)
we read off that p, = n, and ¢, = 0 (i.e. there are no background 1\/[53).31 Noting that in this
case pge® > 0, we could pick e as in (3.3.105) and the bound (3.3.106) becomes

r(e) < 7/ co(X)+ D2 —2. (3.3.107)

We now turn to discuss some concrete models. As we will see, at least in these models, the
bounds on the perturbative gauge sector coming from MbH strings are always weaker than
(3.3.104).

Example 1: The quintic

The quintic three-fold X is defined as the vanishing locus of a section of Ops(5) inside P4.

In this case the effective divisor De generating the (1-dimensional) nef cone is obtained by

29These strings are related to the (0, 4) supergravity strings in five dimensions discussed in [39] by dimensional
reduction on the HW interval. If in addition D2 = 0 and n.e® = 0, then they support an enhanced (4,4) or
(8,8) non-chiral supersymmetric spectrum.

39By contrast, based on duality with F-theory, we will argue at the end of this section that EFT strings with
e® # 0 detect a certain non-perturbative gauge sector of the heterotic compactification.

31The case A(E2) = A(X) can again be obtained by applying (3.3.83).
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restricting the hyperplane H C P* to the hypersurface. Hence D3 = 5H* = 5, and by using
the adjunction formula one obtains cz(X) = 10[H?]|x and then [, c2(X) = 50. Hence, if we
consider a standard embedding, the bound (3.3.106) becomes r(e) < 353 which, if applied to

the perturbative gauge sector, is clearly much weaker than (3.3.104).

Example 2: Elliptically fibered CYs and duality with F-theory

Consider a smooth CY three-fold X which is given by an elliptic fibration 7 : X — B over some
weak-Fano two-fold B and which is described by a smooth Weierstrass model. The weak Fano

condition implies that ¢;(B) = ¢1(Kp) is Poincaré dual to an effective nef divisor.

One can compute the second Chern class of X as
e2(X) = rea(B) + 128 - K5 + 11K &, (3.3.108)

where Poincaré duality is implicit, K p is identified with its divisor and S denotes the divisor
associated with the global section of the Weierstrass model. The effective curves are generated
by the elliptic 72 fibre and the push forward o, (c) of the base effective curves ¢ C B. The nef
cone is generated by the vertical divisors V = n*j which project to a nef divisor j of the base

and the ‘horizontal’ divisor H = S + n*K g.

Notice that, if we pick an EFT charge vector e = (e, %, ¥) with e® such that De = e*D, =V,
then C(e) = D2 = 0 and — see (3.3.97) —

(C,e) =6(C',e) +6(C* e)+6j Kg. (3.3.109)

Heterotic compactifications on such threefolds are dual to F-theory compactified on an elliptic
four-fold whose base is a P!-fibration over the same weak-Fano two-fold B, blown up in the
fiber over curves on B wrapped by heterotic 5-branes. To avoid confusion we call this F-theory
threefold base Xg in this section. In the notation of Section 3.3.2, the anti-canonical class of
X is??

Kx, =25 +p‘e(T) +p'er(B) — Y Ey. (3.3.110)
k

Here the twist bundle 7 characterising the rational fibration is related to the heterotic invariants

Pa a8
pa:/ a(T), (3.3.111)

with d, a basis of divisors on B. In particular, for a positive bundle, i.e. ¢1(T) effective, the

gauge sector on the second HW wall maps to the gauge theory on a stack of 7-branes wrapping

32For simplicity we are considering single blowups over separate curves.
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the exceptional section S_ in the F-theory base X.** Furthermore Ej, denotes a blowup divisor
on X over the curve C* wrapped by the k-th M5-brane. Under the duality, an EFT string with
charges e = (e, ¢?, €*) in the heterotic theory maps to an EFT string obtained by wrapping a
D3-brane along the curve

Yo =eFy +e%S_ - p*(d,) + e Fy (3.3.112)

where Fj denotes the generic rational fiber of Xp, d, continues to denote a basis of divisors
on B and Fj, is the rational fiber of the exceptional divisor Ej with F; - F; = —d;;. The
inequalities (3.3.90) translate into the condition for the curve 3¢ to lie inside the movable cone.
For instance, in the simple example discussed in Section 3.3.2 (with all e = 0), the EFT string
condition (3.3.47) maps to the condition (3.3.90) once we identify p, with the positive integer
n defining the twist. With these identifications, one can convince oneself that (3.3.109) agrees

with the dual expression (3.3.21), more precisely with 6K x,. - Xe, in F-theory.

Let us now turn to the bounds: By assuming for instance a standard embedding, the bound
(3.3.107) resulting from a charge (3.3.105) with ¢, = 0 and p, = n, and with De =V = 7*(j)
becomes

r(e) <Tca(X) De—2=84j-Kp—2. (3.3.113)

This bound does not contain any new information. If j - Kz = 0 then (C!,e) = (C? e) = 0,
because in the charge vector (3.3.105) the F1 component vanishes for the standard embedding;:
Pa€® = nge? = 3 fﬂ*(j) c2(X) = 0; in this case we already know that r(e) = 0. If j- K > 1 and
we focus just on the perturbative gauge sector, we arrive at a bound much weaker than (3.3.104).
As another example, pick a charge of the form (3.3.105) but with Do = H = S + 7*(Kp), still
assuming a standard embedding. Then the bound (3.3.106) becomes

r(e) <7x(B) +T8Kp Kp—2. (3.3.114)

For B a weak-Fano space, Kg-Kp > 1, and then again this bound does not improve the bound

(3.3.104) for the perturbative gauge sector.

We have emphasized that these bounds test the perturbative part of the heterotic gauge group
probed by the EFT string with charge e as given. In F-theory this gauge sector corresponds to
gauge symmetry from 7-branes on the two sections S_ and Sy of Xp. On the other hand, on
the F-theory side there can also be non-abelian gauge groups supported on a vertical divisor
Dy = p*d with d an effective divisor on the base B of Xr. Note that such gauge sectors are
independent of the existence of blowup divisors in F-theory, which map to the background M5-
branes in heterotic M-theory whose gauge coupling is controlled by the complex structure of the

heterotic theory. An example of such a vertical gauge sector was discussed in Section 3.3.2 by

33Consistently, for bigger and bigger effective twist class ¢ (7), or larger positive values of p,, the gauge flux
on the second HW wall becomes smaller and smaller, as follows from the definition (3.3.76). This eventually
results in a non-Higgsable remnant gauge group, which in F-theory must be localised on the rigid section S_,
with negative self-intersection (3.3.43), rather than on S.
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taking the 7-branes in class D'. The vertical gauge sector in F-theory must be dual to a non-
perturbative gauge sector in the heterotic theory which arises when the elliptic fibration becomes
singular over the divisor d C B. The EFT strings detecting the vertical part of the gauge group
in F-theory map to heterotic EFT strings with non-vanishing charges e*. By duality, therefore,
such heterotic EFT strings must contain information about the non-perturbative sectors in
question. It would be very interesting to study this effect further from the heterotic point of

view.

3.3.4 SO(32) heterotic/Type I models

The SO(32) heterotic models can be discussed in a similar manner, but are somewhat simpler
and so we will be brief. We first assume that there are no background NS5-branes. The relevant
EFT terms can be derived as in the FEg x Eg case. The details are provided in Appendix A.3.2.
Assume an internal gauge bundle and suppose for simplicity that it takes values in a semi-simple
sub-algebra g C s0(32) with vanishing forth order Casimir. Then the four-dimensional EFT

contains the terms

1 1
5 sOtr(F A *F) — T /(1250 + 3n45") tr(R A *R) , (3.3.115)

where F' takes values in the commutant of g C s0(32), n, is defined as in (3.3.78), and
Nngs®, (3.3.116)
with § as in (3.3.68). Hence

C=(C"C"=(1,00 , C=(C"C =(12,3n,). (3.3.117)

One can also discuss the instanton corrections and the saxionic cone as in Section 3.3.3. In this
case the ten-dimensional curvature corrections do not affect the form of the saxionic cone, but
only the microscopic definition (3.3.116) of s°. The saxionic cone is simply given by Rso®K(X),
where R+ is parametrized by s”. Correspondingly the EFT string charges are given by Cg" =
{e = (2% eM)|e® > 0,De = e?[D,] € Nef'(X)}. Tt is then easy to see that (3.1.18) and our
quantum gravity constraints (3.2.4) and (3.2.6) are satisfied.

In particular, by picking ex; = (1,0) € CE™ in (3.2.26) we obtain r(ep,) < 22, correctly
reproducing the rank of the ‘perturbative’ gauge sector detected by the perturbative heterotic
string: the s0(32) sector explicitly appearing in (3.3.115), plus the up to six possible additional
KK U(1)s, depending on the type of background. (As before, potential gauge group factors

whose axionic couplings are not of the form (2.1.11) cannot be detected in this manner.)

One may equivalently start from the S-dual Type I description of these backgrounds. In par-

ticular, the EFT string charge e, = (1, 6) corresponds to a D1-brane. However, as discussed
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in [34], the D1-brane string flow drives the Type I dilaton to +o0o, and then the heterotic for-
mulation is better suited for describing the UV completion of the corresponding perturbative
regime.

We next consider EFT strings of charges eygs = (0, €%), which correspond to NS5-branes wrap-
ping internal nef divisors De = €%[D,] € Nef'(X). These EFT strings can detect the ‘non-
perturbative’ gauge sector supported by bulk NS5-branes, which is not included in (3.3.115).
These NS5-branes can appear through small instanton transitions [155] and correspond to D5-
branes in the dual Type I description. In fact, as in the Eg x FEg case, the heterotic dilaton
e20net = 6(Kap525°5¢) /5 generically diverges along the flows of these EFT strings. Hence the
type I description is better suited.?

The bound (3.2.26) now takes the form
r(exss) < 3/ a(X) — 2 (3.3.118)

In order to show that this bound is indeed satisfied, recall the SO(32) counterpart of the tadpole
condition (3.3.70):
AE) 4+ [C] = c2(X). (3.3.119)

Here A(F) is defined as in (3.3.71) and

C=NuC4, (3.3.120)

where N4 > 0 counts the NS5-branes wrapping the irreducible curve C4. The supersymmetry
condition on the internal bundle implies that | p. AME) > 0. Hence from (3.3.119) we get

c'Deg/ e (X). (3.3.121)

We can now use the dual type I description to compute the rank of r(eys;), which just counts
the bulk D5-branes which intersect the nef divisor De:

rlexss)= >, Na. (3.3.122)
A|CA-De£0

Since De is nef, we know that C4 - De > 0 and then

r(exss) < Y Na(C*De) =C- De < / (X)), (3.3.123)
a .

where in the last step we have used (3.3.121). The microscopic bound (3.3.123) implies our

34The microscopic description of these infinite distance limits can be done as in [34], but should be revised by
taking into account the curvature correction entering (3.3.116).
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quantum gravity bound (3.3.118) (in the non-trivial case (C, exss) = %fDe c2(X) > 0), which

is then always satisfied.

3.3.5 Microscopic checks in G M-theory models

As a last class of models, we consider M-theory compactified on a Ge-manifold X. In this
case, the 4d U(1) gauge sector comes from the expansion of the M-theory three-form Cj into
a basis of integral harmonic two-forms [ € H?(X, Z), where 't € H5(X,Z) denotes the
Poincaré dual basis:

53
C3 = Q—MAA A T harm - (3.3.124)
T

One can also have non-abelian gauge sectors localised at singularities, whose U(1) Cartan
sector can be identified by resolving the singularity. Our EFT constraints should also hold in
the singular case, but in order to check them we will assume that all these singularities have

been resolved.

The (s)axions are obtained from the expansion
Cs +1i® = 02 (a' + is") [IL;]harm , (3.3.125)

where II; € Hy(X,Z) is a basis of 4-cycles, [IL]parm € H?(X,Z) is the Poincaré dual basis
of harmonic representatives, and ® is the associative three-form. As a key property of Gs

manifolds, any harmonic two-form w satisfies the relation [156]
fxw=—®Aw, (3.3.126)

where xx is the Hodge star associated with the internal Gy metric. By expanding the eleven-

dimensional terms

2
—W/G4/\*G4+7T/Cg/\G4/\G4 (3.3.127)
¢ ¢
one obtains the four-dimensional terms of the form (2.1.7), with C/% = —II; - T4 - T'B and

C! = 0. Note that (3.3.126) implies that the matrix
(CAB ) = —/ ® A DA A PP (3.3.128)
X

is positive definite.

Consider now the eleven-dimensional term
1/03 A [trRY — 1(trR?)2 (3.3.129)
192(2m)343, 4 ’ e

where R is the eleven-dimensional curvature two-form. By splitting R = R + R according to
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the 4 4 7 split, one finds an axionic coupling of the form appearing in (2.1.19), with
~ 1
o —/ pi(X). (3.3.130)
1)

A four-dimensional BPS axionic string of charges e’ is obtained by wrapping an M5-brane along
a coassociative 4-cycle IT = €'II;. Imposing that this string is EFT, e € Cg"™", corresponds to
requiring that the Poincaré dual three-cocycle [II] can be represented by an associative three-
form ®,, or a limit thereof reached by approaching the boundary of the corresponding saxionic
cone [34]. From the positive-definiteness of (3.3.128), we conclude that (CAZ e) is positive
semi-definite, hence realizing (3.1.18). Furthermore an argument of footnote 2 of [157] and
Lemma 1.1.2 of [158] implies that

~ 1

<C,e) = —1 /X D, /\pl(X) € ZZO . (33131)

By splitting TX |;; = TTI® NI and using the identifications NI ~ AiH (the bundle of self-dual
two-forms) and p; (A21II) = pi(II) 4 2e(I1) [159]*°, we can rewrite (C,e) = —2 [gp1(X) in the
form

(C,e) = by (IT) — 2b5 (TT) + by (TT) — 1. (3.3.132)

By the anomaly matching argument, this formula should agree with (3.2.2a). We can indeed
check this result microscopically, following [160]. More precisely, the numbers of massless fields

on the string are counted by
ng=by (), np=>by () —b3 (), nx=>bi(II). (3.3.133)

To see this, note first that the world-sheet theory contains b3 (IT) massless real scalars, which
parametrize the geometric deformations of II [159]. Furthermore, by dimensionally reducing the
self-dual M5 two-form on II one obtains b3 (II) right-moving plus b, (IT) left-moving real chiral
scalars. Supersymmetry then fixes the orientation of II so that b, (IT) — b3 (II) > 0 and we can
combine the above modes into the b3 (II) complex scalars. These form the scalar components
of ng = b (I) chiral multiplets, whose b3 (II) right-moving fermions should come from the
reduction of the M5 fermions. The remaining b, (IT) — by (IT) > 0 left moving real chiral bosons
can be fermionized and, completed by b, (IT) — by (II) left-moving fermions coming from the M5-
brane fermions, form ng = b, (II) — by (IT) > 0 Fermi multiplets. Furthermore, reducing the M5
self-dual two-form on the harmonic one-forms yields by (IT) U(1) vectors, which are completed
into vector multiplets by a corresponding number of left-moving fermions A_ with charges as in
Table (3.1.28). The corresponding ny = by (II) Fermi superfields A_ can be identified with the

super field strengths of the vector multiplets, which contribute to our anomaly matching in the

350ur self-dual forms corresponds to the anti-self-dual ones of [159], and viceversa.
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same way as fundamental Fermi multiplets.?® Altogether, we have therefore derived the values
of nc, np and ny in (3.3.133), which together with (3.2.2a) reproduce the geometric prediction
(3.3.132).

From (3.2.25) and with the help of (3.3.133), the bound on the rank of the gauge group detected
by the EFT string is given by’

r(e) < np 4 2(nc — nn) = bo(II) — 261 (11). (3.3.134)

On the other hand, (3.2.26) and (3.3.132) give

r(e) < 2(C,e) + (Cle),e) — 2 = 2by(TT) — 6b5 (IT) 4 2b1 (1) — 4 + (C(e),e). (3.3.135)

These two bounds must coincide and their difference can therefore be read as an equation for
(C(e),e).

As an example, we may assume that II has trivial normal bundle NII ~ AZ1I as in [162]. In
this case pi (NII) = 0 and then IT is spin [162]. Hence by Rochlin’s theorem [;; p1(IT) € 48Z and
<C,e> = —i Jqp1(X) € 12Z. For instance, one can consider a so called ‘Twisted Connected
Sum’ G manifold [163], which can be viewed as a coassociative K3-fibration over an S3. By
fiber-wise duality it should be dual to a heterotic compactification on a Calabi-Yau three-fold —
see for instance [164]. More precisely, the M5-brane wrapping the K3 fiber is the dual heterotic
fundamental string and our quantum gravity bounds derived from this string must therefore
coincide with the bounds obtained in the heterotic case. Indeed, [;;p1(X) = —48 and then
<C,e> = 12, as found for the heterotic fundamental string in Section 3.3.3. Furthermore, by
comparing the bounds (3.3.134) and (3.3.135) and using the K3 Betti numbers b3 (II) = 3,
by () = 19 and b (IT) = 0, one gets (C(e),e) = 0 as expected. The bound (3.3.135) — or
equivalently (3.3.134) — then gives

r(e) < 2(C,e) — 2 = 22, (3.3.136)

which reproduces the general bound (3.3.104) on the rank of a heterotic perturbative gauge

group in four dimensions.

In the large volume heterotic regime, we have encountered EFT strings corresponding to NS5-
branes wrapping nef divisors. These should also correspond to M5 EFT strings in the M-theory

picture. This in particular implies that there should exist EFT strings with non-vanishing

36In two dimensions a U(1) gauge field does not carry propagating degrees of freedom and, in absence of
charged matter, its field strength can be traded for the auxiliary field of the Fermi multiplet. This is the two-
dimensional counterpart of the relation between three-form multiplets and chiral multiplets in four-dimensions
discussed in [67, 161].

37Recall that the subtraction of the ny Fermi multiplets accounts for potential obstructions of the scalar moduli.
In the present situation, these would have to be due to non-perturbative effects from M2-brane instantons ending
on the M5-brane, since the b;’ massless modes describing the geometric deformations of a coassociative cycle are
classically unobstructed [159].
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C’i(e) = Aijkejek. At a first sight, this may appear in contradiction with our general ex-
pectation that such a CA'Z-(e) should be associated with some hidden five-dimensional structure,
since apparently no such structure is present. However, the strings with non-trivial C’i(e) may

dynamically generate a preferred fifth direction along their flow.

In order to support this proposal, let us consider an M-theory compactification admitting a
weakly-coupled type IIA limit, in which the G2 manifold X becomes the orbifold [165]

X, = (Y xS8Y/(o,-1). (3.3.137)

Here Y represents a Calabi-Yau three-fold admitting an O6-plane involution ¢ : ¥ — Y. In
this limit, each irreducible component of the fixed locus of ¢ is occupied by one O6-plane and
four D6-planes. Furthermore the associative three-form becomes ® = Re() + dy A J, where J
and Q) are respectively the Kéhler form and (appropriately normalized) holomorphic (3, 0) form
of Y. Then the coassociative four-cycles are calibrated by *xx, @ = %J A J +dy AIm€Q. Note
that (J, Q) must satisfy the orientifold projection o*J = —J and 0c*ReQ = Re{2.

Let us then focus on those coassociative four-cycles Il in X, which are calibrated by %J A J.
These can be regarded as orientifold-even effective divisors D in Y. In this case, an M5-brane
wrapping II reduces to an NS5-brane wrapping D and represents an EFT string if D is a nef
divisor. The analysis of these EFT strings is completely analogous, mutatis mutandis, to the
analysis carried for the Eg x Eg models in Section 3.3.3 (and in [34]), without the complications
due to the higher derivative corrections discussed therein. In particular, the EFT strings should
support a term of the form (3.1.11) with C;(e) as in (3.3.95), where kqp now denotes the triple

intersection number defined on H?(Y,Z).

Now the key point is that, along the string flows associated with the EFT strings with non-
vanishing Cj(e), the M-theory circle decompactifies much faster than the Calabi-Yau Y. So,
even if one starts from a more generic field space point, in which the factorized geometry of the

form (3.3.137) is not manifest, a preferred fifth direction would dynamically emerge.

In type ITA language, up to U(1) mixing effects [166], these EFT strings more naturally detect
the R-R U(1) gauge sectors, while the EFT strings corresponding to D4-branes on appropriate
special Langrangian three-cycles detect the D6 gauge sectors. The M-theory analysis nicely
unifies these sectors. The corresponding EFT constraints may be tested as already done above
in other models but, since X, is not complex, in this case it is harder to both extract further
general results or perform a case by case analysis. We leave this interesting task for future

explorations.
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Chapter 4

Wormbholes in the axiverse and the

Species Scale

Wormholes are a deeply studied subject in scientific literature, nevertheless so far no clear
consensus has been reached on their physical relevance as quantum gravity effects. Arguments
both for or against the necessity of their non-perturbative contributions have been formulated,
with recently the so-called factorization problem in holography and the conjecture about Baby
Universes sparking new discussions around the topic [13, 167]. Here, we will conservatively
assume that such objects can contribute to the Euclidean path integral and, when charged, can
account for a violation of global symmetries. Subsequently we will discuss the consequences of

this assumption.

The global symmetries we are interested in are the shift symmetries associated to axions, and
the explicit breaking effect expected to be induced by wormholes is materialized at low energies
in an axion potential. Quantifying these effects is especially relevant in the context of models
of inflation and the QCD axion solution to the strong CP problem, where even small symmetry

breaking effects can have important phenomenological consequences.

It is worth briefly reviewing how this phenomenon might manifest itself in this context. This is
best understood via an effective field theory defined at distances much larger than the worm-
hole throat L. In that regime, and working for now in a dilute instanton gas approximation,

wormholes are described by bi-local corrections to the action [168, 169]
Svert. = Z/d4l'/d4y CIJO;(x)OJ(y)a (401)
1J

with Cr; = C%; constant parameters proportional to the amplitude of wormhole production
and Oy local gauge-invariant operators. Consider for concreteness the effect of wormholes
carrying charge under a global U(1) realized non-linearly via a compact axion 6 in the EFT.

By assumption wormholes subtract charge from x and posit it in y. Accordingly, the bi-local
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action of eq. (4.0.1) must be written in terms of operators Oy, Oy with equal and opposite
charges (qf = —qy). An observer around z would thus experience a local violation of charge

conservation. This is signaled by an anomaly in the Noéther current:

aﬂJﬂzz';chUK/o})oJo} </(9J>} (4.0.2)

Globally, though, charge is conserved. Because wormholes act as conduits of charge, there
is vanishing charge flowing from or outside any region that encompasses both the origin and
the end of the wormhole. The anomaly in eq. (4.0.2), when integrated over the whole space-
time, vanishes identically. This conclusion continues to hold when corrections to the dilute
instanton gas approximation, in the form of wormhole and instanton interactions as described
in [169], are included. If wormholes are mere charge carriers, at distances > L these corrections
are parametrized by multi-local vertices involving operators O with constant coeflicients and,
crucially, vanishing overall charge. None of these interactions can break charge globally by
assumption, nor generate an effective potential for the axion. In order to induce such effect,
the anomaly should have an overlap with the vacuum and a state of n axions at rest, and this
cannot certainly happen here because the right-hand side of (4.0.2) is always completely neutral
under the U(1), as so does Syert, or its multi-local generalization. How can wormholes generate

an axion potential, then?

It seems that the only logical possibility is that for some reason some of the charged wormholes
do not bring charge back to our Universe. Wormholes should swallow charge and seclude it
into another world. Effectively, one end of the wormhole should disappear, so that from our

perspective charge would be badly violated both locally and globally.

One may gain some insight as to how this possibility might be realized by reformulating this
story in the language of the famous a-parameters of Coleman [170]. The bi-local vertex (4.0.1)
can be equivalently written as a sum of local interactions — >_; ; aiCrja;+>; [ diz o5 Or(z)+
hc provided we integrate also over constant a-parameters. The main effect of wormhole and
instanton interactions is to turn the Gaussian distribution of the a’s into a more involved one
[169]. Within the a-parameters language, wormholes are thus conjectured to renormalize the
couplings of the theory via a-dependent terms. In addition, by opening up gateways to otherwise
disconnected geometries, they introduce new (a-dependent) contributions to the path integral
[171]. After having summed over all allowed geometries, the partition function describing our
Universe at length scales > L (where physics in the absence of wormholes would be captured
by fields ® with action S[®]) is determined by the effective action S[®] ", [ d*z aiO;(z)+he
weighted with a complicated distribution P(«a, o*) for the a-parameters — one that takes into

account both the existence of a priori disconnected Universes communicating to ours only via
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wormholes as well as corrections to the dilute instanton gas approximation [168, 169]:
/da/da P(a,a” /’DCI> e~ S1O=[Z; [ d'z ajOr(2)the] (4.0.3)

While locality seems to be restored by the introduction of a parameters, the cluster decom-
position principle is in general badly violated by the presence of an integral over a,a™ [14].
A possible way out is that for some reason P is sharply peaked at specific values ay = @y
[171] (see also [172, 173] for more recent considerations). A (not necessarily sharp) peak at
some non-trivial value also seems to be necessary for the production of an axion potential.
In fact, with fixed ay = @ our effective field theory includes new symmetry-breaking terms
>, [ d*xz @;O;(z) + he, and a potential for 6 is generated provided O has a non-trivial charge

and a non—trwlal expectation value:

Van(0) =Y _@7(01)e""? + he =2 [@j(Or)| cos (q:60 + Arg[aj(Or))). (4.0.4)
I I

The physical implications of wormholes therefore crucially depend on the unknown distribu-
tion P(a, a*). The naive symmetry around «; = 0, or between wormholes swallowing charge
and spitting it back, must be broken in order to generate measurable U(1)-violating effects.
Throughout the discussion we will assume that such asymmetry in fact is present and in par-

ticular that wormholes can generate an axion potential.

It is useful for what follows to have at least a rough idea of the size of this potential. On purely
dimensional grounds @} (Oy) is expected to be proportional to some dimensionless number times
1/L*, namely four powers of the inverse wormhole length. The estimate of the dimensionless
number is a bit subtle. Because by O; we denote any allowed operator with the appropriate
charge, it is natural to conservatively take (Of) ~ 1/L% with d; its engineering dimension.
To make an educated guess of the size of the dimensionless number @;L%~* we go back to
eqs.(4.0.1). In a semi-classical description of wormholes we have Cry oc e™5I.wh | with S Twh the
Euclidean classical action of a wormhole of charge ¢;. By defining ay = o/le*Sf wh/2 the o
distribution is controlling by order one numbers in natural units. Hence one anticipates that
@} ~ 1 and finally

ar oc e Srwn/2, (4.0.5)

The exponential of half-wormhole is therefore a measure of the strength of the effective wormhole

interactions appearing in (4.0.3), and thus of the axion potential shown in eq. (4.0.4).

In this Chapter, based upon the upcoming paper ”Wormholes in the axiverse and the species
scale”; we will provide a detailed study of a particular class of homogeneous multi-saxionic
wormbholes, some of their limit cases and generalizations, and their contributions to low energy
effective theories. The main aspects of the theoretical setting, N = 1 supergravity in four

dimension, are collected in chapter 2, but we will anyway begin with some essential remarks
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and recall for the reader about models with many saxions in Section 4.1. In doing so, we will
stress the role of the Gauss-Bonnet correction to the 2-derivative action as the relevant one for

our purposes.

Before diving into the wormholes themselves, in Section 4.2 we will first address the issue of
the perturbative control and of the important energy scales involved in the problem. We will
be able to identify a specific perturbative domain in saxionic space where the bounds derived
in Chapter 3 lead to a suppression of the higher derivative corrections. In addition we will
explore the interplay of the notion of energy scale of strong coupling for gravity with those of
EFT string limits and their role as natural cut-offs for the wormhole solutions. There we will
argue on general grounds for the strongly coupled gravity scale to be always controlled from

above by the square root of the EFT string tensions in asymptotic limits.

Those statements will be made more manifest with explicit examples from String Theory in
Section 4.3. There we will briefly review some F-theory constructions and apply, to both them
and heterotic models, the previously discussed arguments about the relevant energy scales,

finding agreement with our expectations.

In Section 4.4 we will show the possibility of sub-extremal and extremal Euclidean wormhole
solutions in our setting. We will provide explicitly the equations of motion, solve them through
a SO(4)-symmetric ansatz and compute the on-shell action associated to these configurations.
In the extremal case we will delve into the possible connection to fundamental instantons with
analogous instanton charges and present a peculiar BPS bound on the on-shell action of sub-

extremal wormbholes.

In Section 4.5 we will introduce a class of homogeneous multi-saxionic wormholes, made possible
by the homogeneity of the intersection polynomial controlling the kinetic terms of the saxions
in our concrete examples, and provide arguments for the interplay between their instanton
charges and the set of charges which characterize BPS and EFT strings. In particular we will
be able to associate the subset of BPS instanton charges, which we will call EFT instanton
charges, characterizing controlled configurations with those that have a non-negative pairing
with BPS string charges, in an analogous way as EFT strings are defined within the set of
BPS strings. We will consider the non-homogeneous generalizations and discuss some of their
expected features. For such scope, a perturbative analysis in the space of solutions around the
analytically controlled ones will be necessary and fruitful. A marginally degenerate case, that
with generating polynomial of degree 3, will appear and spawn an in-depth discussion all on
its own, where the connection to BPS fundamental instantons will be highlighted. Finally, in
absence of analytical control, a numerical scan will give us further evidence of the existence and
confirmation of the features of the space of non-homogeneous solutions close to the universal

ones.

The main conclusions and a set of open questions are presented in chapter 5.
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4.1 Saxions and semitopological higher derivative terms

The basic assumption underlying our work is the existence of an effective four-dimensional field
theory (EFT) with a large number N of light axions. We will focus on fundamental axions,
namely periodic axions that originate from string theory, as opposed to quantum field theory.
Because in quantum gravity (QG) global symmetries are expected to be at most approximate,
the global shift symmetries that prevent our axions to acquire large masses must ultimately be
broken. It is then crucial to identify a concrete and realistic framework in which the axionic shift
symmetries can be considered exact up to small corrections dictated by QG. Such a framework
is provided by the N/ = 1 setup outlined in [51, 52, 64]. The associated EFTs emerge from large

classes of string theory models and naturally take into account the relevant QG constraints.

Our basic setup, analogous to the one presented in [51, 52, 64], is essentially the same as the
one setting the stage for the previous chapter and we recommend the reader for Section 2 for
a quick review. Here we will just recall some very basic features of such setting, mostly to
set the conventions. We focus on the leading 2-derivative approximation but, for reasons that
will become clearer later, also keep an eye on the (semi-)topological couplings to gravity, and
in particular the Gauss-Bonnet interaction, for which we will provide a deeper introduction.
In Section 4.2.1 we provide an unambiguous definition of the domain of validity of our EFT
and quantify the size of the QG effects that violate the axionic shift-symmetry. Remarkably,
within this perturbative domain the coefficient of the Gauss-Bonnet interaction will be shown
to be subject to an interesting lower bound (see Section 4.2.2). We point to the reader Section
2.2.1 for the basics in the reformulation of the EFT in a dual 2-form language in preparation of
the subsequent sections. An explicit connection between our four-dimensional EFT and several

string theory models is given in Section 4.3.

4.1.1 The two-derivative theory

The exact shift symmetry combined with supersymmetry constrain significantly the EFT. The
only manifestly supersymmetric non-derivative couplings of the axions can be either topolo-
gical or functions of e2mit'4i with q; € 7Z, and so exponentially suppressed by the saxions. We
will discuss the topological couplings shortly and postpone an analysis of the exponentially sup-
pressed instanton-like corrections to a following subsection, where we also provide a quantitative

definition of the perturbative regime in which such corrections can be considered small.

Up to topological couplings and instanton-like effects, the EFT is accidentally invariant under
arbitrary constant shifts of the axions. At the 2-derivative level the most general shift-symmetric

Minkowskian action involving gravity and t’ is
1 1 , . 4 ,
SOM) — 2MF2,/R 1 — §MP2, / Gij(s) (ds* A xds’ + da’ A +da’) + BT (4.1.1)
where G;;(s) is a symmetric positive matrix function of the saxion fields and BT denotes the
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appropriate Hawking-Gibbons boundary term. By supersymmetry, the kinetic terms of the
scalars are specified by a Kéhler potential K. Within our perturbative regime that depends on
the complex fields # only through their saxionic component s' = —1(#' — ), i.e. K = K(s) (a

possible dependence on spectator chiral multiplets is ignored), via the relation

1 0*°K

= 4.1.2
Gij 2 0s*0s’ ( )
We can actually say more about our EFT if we take into account additional non-trivial inputs
from the UV completion. Indeed, within the perturbative regime we are considering (to be

rigorously defined later), for a large class of string theory models the Kéhler potential reads
K(s) = —log P(s), (4.1.3)

where P(s) is a positive homogeneous function, P(As) = A" P(s) and n is an integer ranging
from 1 to 7. As discussed in [51, 64] the perturbative structure (4.1.3) conforms with various
formulations of the weak gravity conjecture [69] and the distance conjecture [22] in the present
setting. The homogeneity of P and the relation (4.1.3) will play a crucial role in some of the
subsequent sections.

n

Note that by the homogeneity of P(s) we have £;s° = 5 and then the dual saxion kinetic
function (2.2.5) takes the form
F() =n+logP({), (4.1.4)

where n always turns out to be an irrelevant constant factor whereas

~ 1
Pl = 4.1.5
(£) Ps0) (4.1.5)
is a homogeneous function of degree n:
P(\0) = \"P({). (4.1.6)

Similarly, the (semi-)topological couplings to gravity can be written as in (4.1.10) provided we

interpret s’ as a function of the dual saxions, as dictated by (2.2.8).

4.1.2 (Semi-)Topological couplings to gravity

Eq. (4.1.1) just represents the leading 2-derivative term in our EFT. In general one should also
allow the presence of higher dimensional interactions suppressed by the UV cutoff A. Restricting
our EFT considerations to energy scales satisfying £ < A one may naively presume that the
effect of higher dimensional operators can be safely neglected. But how can we know what
A is from the EFT point of view? We will come back to this important question in Section

4.2.3. For the moment we observe that a very special class of higher-dimensional operators
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are not suppressed at low scales. These are the topological operators. Indeed, while topological
operators do not affect the equations of motion nor induce particle vertices, they can contribute
to the on-shell action and therefore impact semiclassical calculations. It is therefore important
to investigate what operators belong to this class in our EFT. Even if we have introduced those
higher derivative terms already in chapter 2, let us delve a bit deeper into them here, since they

will become important for the successive discussion.

In a gravitational theory there are two potentially topological terms, associated to the Gauss-
Bonnet operator

Eos (Rapea™ = 4Ro R™ + R?) (4.1.7)

= 3202
and the Pontryagin operator Ep = e°df R“bebe In an A/ = 1 SUSY framework these are

described by

acd®

S 5 / %Re[F(t)] tr(RAR) + / %Im[F(i)] [tr(R A *¥R) + O(R2,, R?)] + BT

— [ % Vgl g (RelF(0)] + Cua®) B
+ /d4x 9] %(Im[F(O)] + Cis') [Egp + O(R2,, R?)] + BT (4.1.8)

and originate from the superspace F-term [ d*zd20 E F(t) W* W4, + c.c., where F(t) is
a holomorphic function of ¢!, see [54-57]. The topological charge [tr(R A R) is quantized in
multiples of 19272, Therefore, the basic assumption (2.1.1) forces F(t) to be of the form F(t) =
F(0) + Cit* with F(0) an arbitrary constant and C; € Z, modulo exponentially suppressed
instanton-like corrections. Perturbatively, the quantized linear coupling is thus exact, whereas
the contribution proportional to F'(0) may receive at most 1-loop corrections < N In Ayy in a
manifestly supersymmetric framework. ! The first line in eq. (4.1.10) includes an axion coupling
to the Pontryagin operator tr(RAR) = id‘*m \/m Ep and a coupling of the saxions to the Weyl
density, which we write as tr(R A *R) + O(R2,, R?) = %d‘lx \/ERabcdRade + O(R?,, R?) =
d*z \/|g| [167?Egp + O(RZ%,, R*)]. Neglecting O(R2,, R?) terms, therefore, we find that the
coefficient of the Gauss-Bonnet operator is & (Im[F'(0)] 4+ C;s’), up to non-perturbative effects.
We have been intentionally sloppy about the coefficients of the non-derivative saxions coupling
to Rap R and R? because these can also receive contributions from superspace D-terms. Hence,

in general those interactions can contain more complicated functions of #*, and moreover be

'In complete analogy, anomalous couplings of axions to vector fields are described by

M 1 ; 1 ;
Séoplgauge = / S—WC’ial tr(FAF) + / 87FC’1-5Z tr(F A *F), (4.1.9)
and originate from a supersymmetric F-term of the form [ d*z d®6 f(t) W*Ws + c.c., where f(t) = f(0) + C;t’
with f(0) an arbitrary constant and C; € Z, modulo exponentially suppressed instanton-like corrections. We will
study only solutions with trivial gauge configurations, and so the above couplings are not of primary interest
here. See section 2 of [65] for a more detailed discussion of the topological terms in the present setting.
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affected by radiative corrections. Supersymmetry is not enough to provide robust information
about them. Fortunately, the latter terms are also basis-dependent, in the sense that re-defining
the metric one can always trade them for operators involving derivatives of a’ and s*. Hence,
without loss of generality, we can choose a field basis in which the non-derivative saxions
couplings to curvature squared operators reduce to the Gauss-Bonnet term with the coefficient

given in eq. (4.1.10).

We have been a bit cavalier in writing (4.1.10), though, because strictly speaking the manifestly
supersymmetric formulation adopted there (see [50]) is not automatically in the Einstein frame,
which instead we used in (4.1.1). In order to pass to the Einstein frame a Weyl rescaling
d — PEP of all fields, with B some number, is necessary. Such transformation is anomalous
and brings a non-manifestly supersymmetric correction to the coefficient of the Gauss-Bonnet
term of the parametric form ~ Nlne®® = SNK. ? Including the 1-loop renormalization
discussed earlier, of order F'(0) ~ NInA, we conclude that in our perturbative regime, and

working in the Einstein frame, the potential topological couplings of ¢ to gravity are described

by
S‘c(cl)\f>)—gravity = /d4x ’g’ [5tot(a> EP + ’Ytot(s) EGB] + BT (4.1.10)
with
Yot (8) = co + c1NK(s) + coNIn A + %C‘isi (4.1.11)
1 -~ .
ot(a) =g+ NInA+ o= —Cia". 4.1.12
dtot(a) = ¢y + 5N In +3847T0a ( )

Here ¢ 2, ¢ are order one coefficients calculable within the EFT. Despite their o« N nature, we

will see in Section 4.2.2 that the terms proportional to c¢; o are subleading compared to

e

7(s) = ZCis’ (4.1.13)
in any tractable framework. The constants ¢y, ¢{;, however, are UV sensitive and incalculable
within our N' = 1 description. Yet, there is no reason for them to be sensitive to the number of
UV degrees of freedom, especially in view of the fact that the UV completion of our EFT features
an extended supersymmetry that is expected to protect viot, 010t from radiative corrections. In
the following we will thus assume that ¢y = ¢, = 0, consistently with the explicit /' = 2 models
discussed in [174].

In summary, the Pontryagin and Gauss-Bonnet combinations are singled out from the infinite

2Similarly, the re-definition of the metric necessary to remove the saxion couplings to R.»R*® and R? may
induce a Weyl anomaly, but that does not carry an ~ N enhancement and is hence parametrically smaller.
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set of higher-derivative interactions for two important reasons. The first one is their quasi-
topological nature (note that the boundary Hawking-Gibbons terms are essential for this prop-
erty to hold). After stabilization of the saxions, for example, the GB operator in (4.1.10)
becomes a purely topological term that does not alter the axions’ equations of motion but
nevertheless contributes to the on-shell action of topologically non-trivial space-times. In par-
ticular it plays an important role in wormhole physics, as we will see. At the perturbative level,
the topological nature of these terms is connected to the absence of ghosts, which is why string
theory effective actions of any dimension seem to favor, say, the Gauss-Bonnet combination over
other higher curvature terms [59]. The second reason that make the Pontryagin and Gauss-
Bonnet terms special is that their coefficients are significantly constrained by supersymmetry
and more generally by the string theory models they emerge from, as we have just shown. This

information will provide very useful in the sections that follow.

4.2 Regime of validity of the EFT

4.2.1 Perturbative domain and saxionic cones

The EFT described in our discussion assumes the existence of a perturbative saxion do-
main in which the axionic shift symmetries are broken only by exponentially suppressed non-
perturbative corrections. We already introduced the topic of the perturbative saxionic domain
in Chapter 2, anyway in this section we would like to better refine such definition by identifying
it with what we call a-saxionic convex hull Aa. The reasons for that will be manifest in the

successive discussion about consistency bounds on the coefficient of the Gauss-Bonnet term.

We begin making a few basic considerations about power-counting. As usual, the 2-derivative

action (4.1.1) remains perturbative as long as the UV cutoff A of the EFT is not too large

2w M,
A < Astrong BFT = \/NP : (4.2.1)

The reason is that the effective coupling of t* to gravity, namely gip = p?/M2 with p? < A?
the typical momentum transfer, must satisfy g]%:FTN /(27)? < 1 in order to retain perturbative
control. This consistency requirement translates into (4.2.1). We may call Agyrong ErT the
“strong EFT scale”, as it only depends on the degrees of freedom appearing in the EFT, as in
[175]. This is to be distinguished from the “strong-coupling scale” that contains information
about the tower of states beyond the 4-dimensional effective field theory, which will be discussed
in Section 4.2.3. The constraint (4.2.1) also ensures that the radiative corrections to the non-

linear sigma model describing the leading saxions dynamics be small.

The quantity p? N/(2m Mp)? is not the only small parameter characterizing the domain of validity
of our EFT, though. To appreciate this important point it is sufficient to make a simple

consideration based on dimensional analysis. If we momentarily restore the powers of i while
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keeping the speed of light equal to one, and insist that C; in (4.1.10) (see also C; in (4.1.9)) be
truly dimensionless integers, one infers that a’ has units [a’] = h and similarly [s] = . Because
quantum corrections come with powers of &, one realizes that 2h/s® must represent some sort
of “hidden” dimensionless loop counting parameter. * Consistently, besides (4.2.1), the other

necessary condition for our EFT to make sense is given by a relation of the form
1/(2ns") <1 (or £;/(27) < 1). (4.2.2)

That a relation like (4.2.2) is a necessary requirement in any perturbative low energy description
of string theory is hardly news. For example, eq. (4.1.9) identifies the gauge coupling ggauge
with 1/ ggauge = (C;s'/4m and so, up to numerical factors, the perturbative regime for the gauge
theory (gzauge < (2m)?) is set by 2mCis’ > 1. What the effective field theorist cannot know,
however, is that the large saxions limit is in fact instrumental in reproducing the EFT from a
string theory model, where (4.2.2) is often disguised as a large volume expansion. In particular,
of crucial importance for the present discussion is that the large-saxions regime is essential to
derive eq. (4.1.1) (see Section 4.3). Sub-leading corrections to that expression consistently
appear as terms in P(s) with a smaller order of homogeneity. Said differently, the EFT per se
does not appear to have any pathology when violating (4.2.2); it is the UV completion from
which it is derived that becomes intractable in that limit, and the very notion of EFT comes

into question.

In view of our dimensional analysis argument it should not come as a surprise that the non-
perturbative effects that break the axionic shift symmetries also turn out to be suppressed in
the semi-classical regime by a requirement of the form (4.2.2). Non-perturbative effects may be
due to fundamental instantons beyond the EFT or by physics within the EFT, e.g. wormholes.
The latter will be analyzed in the following, here our main concern is understanding when
the former can be considered small. The contribution of point-like fundamental instantons are
ubiquitous in string theory compactifications, in which they are associated to Euclidean branes
wrapping internal cycles — see for instance [176] for a review. Their effects show up in the four-
dimensional EFT defined at its highest possible UV cutoff as shift-symmetry breaking local
operators. Imposing that these are sufficiently small is what defines our perturbative regime.
Among all fundamental instantons, the BPS ones — preserving % of the bulk supersymmetry

— are expected to be the most relevant. * These carry a set of quantized axionic charges ¢; € Z

3The factor of 27 arises because of our normalization (2.1.1). Also, the analogous combination 277/a’ simply
cannot appear because of the approximate shift symmetry.

4Experience with supersymmetric instantons suggests that the action Sins; of a possible non-BPS fundamental
instanton carrying charges g; obeys a BPS bound Re Sinst > 27(q, s). On the other hand, the axion form of the
weak gravity conjecture [69] suggests the possible existence of non-BPS instantons violating such bound — see for
instance [177, 178] and appendix B of [45] for for related discussions in string theory contexts. We nevertheless
expect the violation of the BPS bound not to be large and then not to substantially affect our characterization
of the perturbative regime in terms of BPS instantons.
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and their contribution to the path-integral is forced by (2.1.1) to be of the form
e~ 2mas) (4.2.3)
where we have introduced the definition

(a,8) = qis". (4.2.4)

In our notation (., .) is the canonical pairing between the elements of dual vector spaces
Vr and Vg, and corresponding dual lattices Vz C Vg and V; C V. One can introduce an
integral basis {v;} | of generators of Vz and the dual basis {w’} | of generators V;, such
that <Wi,Vj> = 5; The saxions s* and the charges ¢; are the components of the vectors
s =s'v; € Vg and q = ¢;w* € Vg respectively. The set of all BPS instanton charges is denoted
by

C1 = {set of BPS instanton charges q} C V; . (4.2.5)

Given two BPS instantons of charge vectors i and qs, being mutually BPS, they can be
superimposed to form a BPS instanton of charge vector q; + q2. Hence Cr can be regarded as

discrete convex cone, generated by a set of ‘elementary’ BPS instanton charges.’

The combination 27(q, s) appearing in (4.2.3) represents the real part of the BPS instanton

Euclidean action, and must be positive. Hence the saxions necessarily take values in the sazionic
6

cone:

A ={seW|{q,s) >0, Vq € C(i}. (4.2.6)

This is a convex cone, which we will assume to be polyhedral, that is, to be generated by a finite
number of vectors — see [64] for a more detailed discussion on this assumption. The prototypical
example of such saxionic cone is provided by the Kéhler cone in heterotic or type ITA string
compactifications on Calabi-Yau spaces, where Cr represents the cone of effective curves which

can be wrapped by world-sheet instantons.

The realization that saxions must necessarily belong to A is bringing us closer to a rigorous
definition of the domain of validity of our EFT. Unfortunately, s € A is not sufficient to suppress
instantons nor to ensure the perturbativity requirement suggested in eq. (4.2.2) holds. Actually,
it is not even clear how to assign a rigorous meaning to (4.2.2) since, as written, it represents
a basis-dependent statement. To make some progress we identify a preferred saxion basis in
which our perturbative domain can be unambiguously defined. A natural choice is provided by

the magnetic axionic charges e’ € Z of the strings, as they specify an element e = e‘v; of V7.

SFor each BPS instanton of charge vector q there exists an anti-instanton of charge vector —q preserving
the opposite % supersymmetry and contributing to the effective action by the anti-holomorphic combination

(e*™9:%") "and then by the same real exponential factor (4.2.3).

5The definition of saxionic cone of [51, 64] slightly differs from (4.2.6), in that it does not include the boundary
faces at which (q, s) = 0 for some q, and then some instanton action degenerates. We include these faces since
we will anyway restrict ourselves to more interior regions — see subsection 4.2.1.
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As it was presented in Chapter 2, EFT strings are those axionic strings associated to charges

e € C§"", where the latter domain is obtained restricting V7 to the saxionic cone [51, 52, 64]
CS"TM=VzNA. (4.2.7)

According to this definition, one may regard the saxionic cone A as being generated by the
EFT string charges. We thus propose to define the perturbative saxions domain in the basis
defined by the charges e’ of the EFT strings.

More precisely, consider the set of all the elementary generators’ {es}acs of Cg"", where J
denotes the corresponding set of indices. Take any subset J, C J of N elements, such that the
corresponding elementary charges {e4}ac7, are linearly independent. Each of these subsets is

associated to a regular simplicial cone

o={> Mead>0}. (4.2.8)
AeTs

For each of these cones we construct a corresponding “a-stretched” cone

1
Go={) Mead*> ~} (4.2.9)
Aeds

with 0 < o < 1 some arbitrary number which plays a role analogous to o = ggauge /4m in
gauge theories. The a-saxionic convexr hull A, anticipated at the beginning of this subsection

is defined as the convex hull of all the stretched sub-cones &, that is
Ba={s=3 Xs,cA| N 20, 3N =1, 55 € a}. (4.2.10)
g g

The perturbative domain for the saxions is now rigorously identified by the requirement s €
A,. This definition simultaneously formalizes the perturbativity requirement (4.2.2) as well
as guarantees the suppression of non-perturbative corrections. More explicitly, in the domain
A, the saxion components measured in units of the EFT strings charges satisfy s? > 1 /.
The condition (4.2.2) is thus reduced to an upper bound on «, and perturbative corrections
to our EFT (say to the relation (4.1.3)) are suppressed by powers of . Furthermore, for any
s € A, the BPS action must be larger than 27wa. Indeed, by definition Ao C A and so the
positivity of the BPS instantons action is obviously ensured; but because our &, are subsets of
the saxionic analogue of the stretched Ké&hler cones introduced in [44], namely the a-stretched
sazionic cone®

~ 1
0o C Ay ={s e Alq,s) > . Vq € (1} (4.2.11)

TA charge vector e € CEF" is ‘elementary’ if it cannot be written as the sum of other elements of C

8We are adapting the terminology of [44] which may be misleading, since A, is generically not a cone, but
rather a convex polyhedron.

EFT
S .
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by convexity the same inclusion extends to the entire saxionic convex hull, so that:
Ay C Ay CA. (4.2.12)

Hence the condition s € A, is stronger, though qualitatively similar, to the condition s € A,.
(Clearly A=A if Ais a simplicial cone.) As a result, the non-perturbative corrections to

our EFT are at least suppressed by e 2m/% when s € A,.0

The perturbative saxionic regions A, A, C A are associated to corresponding dual saxionic
regions P,, P, CP through the map (2.2.4). In particular, we can consider the saxionic domain

P dual to A:
10K

350 SGA}. (4.2.13)

While the general structure of P can be a priori complicated, if K takes the form (4.1.3) then

P={e=tw e vg|t =

P becomes conical. Indeed, if £ € P is the image of s € A, M is the image of A™'s then for any
A > 0. Since also A~'s belongs to A, then M\ belongs to P.'” In the case of Kihler potential of
the form (4.1.3) the regions dual to A, A, are neighborhoods of the dual saxion origin £ = 0.

To summarize, by assuming s € A, (or £ € P,) we are certain that our EFT (4.1.1) with
(4.1.3) provides a reliable low-energy description of a large class of string theory models up to
controllable powers of v < 1 and e~27/. In the following we will therefore assume that s € A,
and for concreteness have in mind a ~ 0.1 as benchmark value. Indeed, a ~ 1 might already
be enough to sufficiently suppress non-perturbative effects. However, such values of o do not
necessarily ensure the reliability of the leading order expression (4.1.3). Concretely, in the case
of the Kahler cone of heterotic compactifications, setting a ~ 1 allows for string-size internal
cycles, which cast doubts on the geometric formula corresponding to (4.1.3) — see Section 4.3

for more details. From these consideration o ~ 0.1 seems a more appropriate choice.

4.2.2 Quantum gravity bounds

In Chapter 3 it was shown how quantum consistency in the presence of EFT strings imposes
strong constraints on the structure of the bulk theory. These constraints crucially involve the
constants C; appearing in (4.1.13). In particular C; must satisfy the quantization condition
(C,e) € Z, for any string charge vector e € ZN. More importantly for us, in [65] it was argued

that (C, s) enter some positivity bounds which, in their weakest form, imply that

(C,e) >0 Ve € CEFT (4.2.14)

9Note that, given a saxionic cone A, its boundary can be regarded as the union of conical faces A’ C A of
various codimensions. These may be associated with corresponding perturbative domains Afx or A'a (which are
not subsets of A,, or Aa)

100n the other hand, P is not necessarily convex.
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Recalling (4.1.13) and the fact that the EFT string charges generate the saxionic cone, (4.2.14)

has as a consequence that (s) > 0 for any s € A.

In order to get a stronger lower bound for ~(s) we observe that (C,e) is proportional to the
two-dimensional gravitational anomaly of the EFT string of charge vector e. Since such strings
break half of the bulk supersymmetry and support a chiral (0,2) world-sheet, they generically
have a chiral spectrum with non-vanishing gravitational anomaly. This means that (4.2.14)

generically translates into the stricter bound

(C,e) € Z>1 V generic e € C§"" . (4.2.15)

Note that in many models (4.2.15) can be strengthened to (C,e) € 3Zs;. This stronger
bound holds if the world-sheet normal bundle U(1)x symmetry is classically preserved (though
generically anomalous at the quantum world-sheet level). This is a conceivable expectation,
which is indeed realized in large classes of string theory models, such as the F-theory/type
IIB ones of subsection 4.3.1. On the other hand, in [65] it was pointed out that in addition
to the standard quantum U(1)x anomaly there could be classical Green-Schwarz-like terms on
the world-sheet, which signal the existence of an intermediate microscopic description in terms
of a five dimensional N/ = 1 supergravity (in presence of possible supersymmetry breaking
defects). The five-dimensional arguments of [39] hence lead to (4.2.14), and then also (4.2.15).
For instance, this weaker bound can hold in the Fg x Eg heterotic models of subsection 4.3.2,

when De has non-vanishing triple intersection number.

In our models there are N > 1 (s)axions and an even larger number of elementary EFT string
charge vectors {e4} ey (since these generate A). We can then assume (4.2.15) to be satisfied
for all ey, since for N > 1 any non-generic violation of this assumption would affect our

conclusions by negligible corrections. Hence we will assume that

<C,6A> S Z21 , (4216)

for any elementary e4 € C§F". Take now any regular simplicial sub-cone (4.2.8) and an element
sy of the corresponding a-stretched cone: s, € 6,. We can write s, = é ZAejg es+v,, where
the first contribution represents the tip of s, and v, is an element of 0. As a consequence, the
lower bounds (4.2.16) imply that

JE

(€50 =~ S (Crea) + (Cve) >~ 3 (Gren) >

(4.2.17)
X 4eT, Y AeT,

Consider next a more general point s of the saxionic convex hull (4.2.10). By definition, we
can write it as s = > A7s,, with ) A7 =1 and A\ > 0. According to (4.2.17) we thus have
(C,s) =3, \(C,s,) > % YA = % Hence we conclude that for s € A, the part of the
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coefficient of the Gauss-Bonnet term defined in eq. (4.1.13) satisfies the lower bound

Nn
6a

=

A, (4.2.18)

(s)
This bound may receive 1/N corrections due to non-generic violations of (4.2.16), but in the
large N regime these can be safely neglected. We also observe that, as stressed above, in many

models we could alternatively adopt (C,eq) € 3Zs>; instead of (4.2.16), obtaining a slightly

. N
AaZ 200 "

stronger lower bound (s)

Ineq. (4.1.11) we collected all contributions to the coefficient ;o of the Gauss-Bonnet operator.
Within the perturbative regime o < 1 the radiative effects controlled by c; 2 are parametrically
smaller than the one in (4.2.18). We can thus conclude with confidence that in the class of
theories under consideration the calculable part of the Gauss-Bonnet coefficient Yot ~ v(s)
satisfies a universal lower bound of order % Note that while this result was derived by
restricting s to the a-stretched saxionic convex hull, we expect it to qualitatively hold (up to a
possible overall constant) also if we consider the stretched saxionic cone. We will provide some
numerical evidence of this claim in Section 4.3.2, where we will show that (4.2.18) is actually

very conservative in a set of concrete UV completions.

4.2.3 The UV cutoff

Any EFT is associated with a cutoff energy A, and an important question regards the iden-
tification and interpretation of the possible UV energy scales at which the EFT description
breaks down. In our quantum gravity context, we can identify at least two important universal
energy scales: the tower scale m, and the species scale Age [47, 179]. The tower scale m.
represents the mass of the lightest particle appearing in the towers of massive single particle
states that populate the UV completion of the EFT. When A > m, the four-dimensional EFT
does not make sense anymore, but may admit another weakly coupled higher dimensional EFT
description. On the other hand, at A > A the (semi-)classical geometrical description of the

gravitational interactions breaks down.

In the perturbative four-dimensional framework outlined in the previous sections the zero-
coupling limit & — 0 corresponds to an infinite distance limit in field space. The presence of UV
towers of massive states is then predicted by the Swampland Distance Conjecture (SDC) [22].
Even if in general m, can be precisely determined only by knowing the EFT UV completion, in
[52, 64] it was pointed out that in a large class of string theory models there is a direct relation
between m, and the tension associated with EFT strings. Namely, each EFT string charge
e € C§"" identifies an infinite distance saxionic flow s = sg+eo, with 0 — oo, and is associated
with an integral scaling weight we € {1,2,3}. Along this EFT string flow 7o ~ M?2/o and the
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scaling weight relates this asymptotically vanishing tension to m, as follows:

M2

P

m2 ~ ( Te > eMg. (4.2.19)

The Integral Weight Conjecture (IWC) [52, 64] proposes that this relation holds in any quantum

gravity model of the type considered in the present thesis.

The combination of the IWC with the Emergent String Conjecture (ESC) [70] gives further
important information on the UV nature of the EFT strings and of the corresponding infinite
distance limits. First of all, any we = 1 EFT string must be dual to a critical heterotic string
(or a type II string in higher supersymmetric settings). This in turn implies that any we = 1
EFT string flow!! is dual to a ten-dimensional weak string coupling limit gs — 0, along which
the tower scale m, can be identified with the mass of the first excited string mode and (4.2.19)
can be actually promoted to the identity m?2|,,—1 = 27 7. On the other hand, EFT strings with
wWe > 2 cannot be identified with critical strings, and the corresponding infinite distance limits
must correspond to decompactification limits along which m, corresponds to a Kaluza-Klein
(KK) mass scale.

Regarding the species scale, perturbative as well as non-perturbative arguments [47, 179] lead

1
to the formula Agg ~ MI(,d) /]\ft”é;2 valid in a generic d-dimensional theory, where N represents

the total number of species with mass lower than Agz. A priory this formula holds only at
the parametric level and neglects possible numerical factors. Hence, in our four-dimensional

axiverse setting we can roughly split Niot = N + Nyy and write

QT Niot N+ Nyy '’

(4.2.20)

where N counts the number of axionic species and Ny the total number of UV species of mass

EFT

smaller than Aqe. We clearly have A2, < AS T

where AZ™ was introduced in (4.2.1).

Assuming the ESC, the species scale should be determined by KK and/or string modes. In
the cases in which the dominant contribution to Ni,; comes a KK tower, then AéG can be
identified with the higher dimensional Planck scale. On the other hand, in an emergent string
theory limit A2QG should dominated by the excitation modes critical string itself, which should
hence correspond to some EFT charge e, with we, = 1. Note that at energy-squared larger
than 7, = M2(¢, e,), the EFT description breaks-down and should be replaced by a superstring
perturbation theory. The identification of what is the relevant species scale is then less obvious.
By applying black-hole arguments [180, 181] one gets the estimate AéG ~ T, (see also [182]),
while from the QFT-based formula (4.2.20) one gets logarithmic corrections thereof as in [183,
184], — see also related discussions in [185, 186]. For most of our purposes we could remain

agnostic about the precise form of the stringy species scale. So, for concreteness we will mostly

17f the we = 1 string is dual to an Es x Eg string, then this limit corresponds to s® ~ o — 0o, with fixed s®
and s° as in (4.3.28).
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adopt the first one, but we will also discuss how to adapt our discussion in order to make it

compatible with the second choice.

As the tower scale, also the species scale Aqq is generically expected to have a non-trivial field
dependence, which has been intensively studied in the last year [174, 187-192]. In particular,
in [174] it is proposed that coefficients of higher-curvature terms of the form (curvature)”
protected by supersymmetry should provide upper bounds on Aqge — see also [186, 189, 190,
193] for further discussions. Applying this proposal to our GB term (4.4.2), one then gets the
following upper bound on the species scale set by the GB term (4.4.2):

9 <27TMF2,
WY q(s)

: (4.2.21)

where we have fixed the somewhat arbitrary 2mw-factor in order to better realize some of the
following properties. This also implies the bound 27Ny > 7(s) from the combination of
(4.2.20) and (4.2.21).

As a simple check for this bound, we can combine (4.2.21) with (4.2.18), and just require that

a < 0.1, to get an upper bound on Agg:

2
A2 < 12007

G S T m S (AFT)” (4.2.22)

The upper bound (4.2.22) is fully consistent with the identification (4.2.20) of Aqq. The bound
(4.2.22) is consistent with the expectation that Aqq should be smaller than AgS™, and actually
much smaller if Nyy > 1.

The bound (4.2.21) provides useful information which can be extracted from the EFT. On the
other hand, as emphasized in [189], nothing prevents the right-hand side of (4.2.21) to be much
larger than Aqq. In such cases, other protected higher-curvature couplings would be needed
to get a better estimate of Aqe. It can then be useful to have alternative/complementary
constraints on Agq. Fortunately, in our framework additional information on Agq can be
identified by recalling the implications of the IWC and ESC discussed above.

Take the set of EFT string charges (4.2.7). As emphasized above, if an EFT charge e has scaling
weight we > 2 then the corresponding string is not a fundamental critical superstring. In other
words, one should not be allowed to quantize it. By investigating EFT strings in F-theory
models, the authors of [71] observed that this is indeed the case because for such strings the
EFT string tension 7e is larger than A%G. We promote this observation to a general principle,
requiring that A2QG < 7Te, for any EFT string charge with we > 2. Furthermore, according to
the above discussion in an emergent string limit the species scale should be the stringy one,
AéG ~ 7T, while away from it we expect AéG < Te for any charge with scaling weight we = 1

as well. In conclusion, everywhere in our perturbative regime the species scale should satisfy
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the upper bound:
A2, (0) < A2 (0) =min {Te(0) e € C§™} (4.2.23)

where To(f) is as in (2.2.3) and we have emphasized the dependence of Aqe and A2, on the
dual saxions ¢;. Note that in order to compute the upper bound (4.2.23) it is sufficient to
restrict to the generators of C"", compute the corresponding tensions and identify the lowest
one. Of course, the charge corresponding to the lowest tension generically changes as we move
in the saxionic domain. Hence Apax(¢) will be a continuous but possibly non-smooth function
of the dual saxions. Furthermore, in an emergent string limit the bound should be saturated
by A2 =T..

max

The bound (4.2.23) scales as (4.2.21) under an overall constant rescaling of the saxions. On the
other hand, it is determined just by data characterizing the two-derivative EFT, and moreover
with an unambiguous overall coefficient. Once one knows the Kéahler potential and the saxionic
cone, and then the dual saxions ¢; and the set of EFT string charges (4.2.7), at each point of

the perturbative region one can in principle compute (4.2.23).

Let us finally discuss how possible logarithmic corrections to the species scale may require a
modification of the bound (4.2.23). In order to have some control over this possibility, one
should be able to isolate the elementary EFT string charge e, with we, = 1 by using just EFT
data. Luckily, this is possible by applying the following criterion [194]: we = 1 if and only if the
Kahler potential along the associated flows s = sg+ e o behaves asymptotically as K ~ —logo
for ¢ — oco. Hence e, can be identified with the smallest EFT string charge satisfying this
condition. As we will review in subsection (4.3.2), the corresponding flow s = sg + e.o, with
o — oo, corresponds to an emergent string limit, along which g = ¢ — 0 and 7, — 0,
while the other tensions Te|w,>2 remain finite [64]. In this regime, at energies of order /7 the
dynamics should be described by the full perturbative string theory. Rather then starting from
the QFT-motivated formula (4.2.20) as in [183, 184], one can identify the potential logarithmic
correction from the following purely string theory argument — see also the recent discussion in
[186].

As discussed in [195], at weak string coupling g5 < 1 the high-energy and fixed-angle string
scattering amplitudes [196, 197] enter a fully quantum phase at an energy-squared of order
A2QG = M?log(1/g2), where M is the ten-dimensional string scale. At this scale, higher loop
amplitudes dominate over the tree-level ones and can be Borel resummed. Observe now that,
from the point of view of a four-dimensional observer, M2 can be identified with 7;. Hence Aqgq
is logarithmically larger than 7, for gs < 1 (for fixed string frame internal metric), and then
violates (4.2.23). On the other hand, the discussion of the following subsection 4.3.2 shows that
T. < g2M2, which implies that

2

. M,
Mo S Tlog = (if g < 1) (4.2.24)
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Since in the emergent string limit we must hence have 7T, < Te|w,>2, one may modify (4.2.23)

into the following upper bound
A26(0) < Af s (0) = min {To(€) | € € C§ " ue>2} (4.2.25)

which should hold for either definition of stringy species one decides to adopt. The bound
(4.2.25) is clearly weaker than (4.2.23) since by definition A2, > A2

max — max*

4.3 String theory models

In order to make the general discussion of section 4.1 less abstract, we now describe two large
classes of string theory models, namely the heterotic and F-theory models in the large volume
regime. These have the advantage that can be described quite explicitly in our general frame-
work, and will allow us to provide a few concrete examples thereof to better illustrate and
check our main points. As in [64, 65], our general claims also apply to other string theory
models or perturbative regimes — e.g. type I, type IIA and M-theory — which are however either
very similar/dual to the heterotic and F-theory cases, or admit a less explicit EFT description.
Hence, for concreteness and clarity, in this section we focus on the F-theory and heterotic ones,

while we will encounter again the ITA and M-theory models in section 4.5.1.

4.3.1 F-theory/type IIB models

An important large class of examples is provided by the F-theory compactifications — see e.g.
[110, 198] for reviews. An F-theory model corresponds to a type IIB compactification on a
Kahler space X in presence of 7-branes. The space X can be regarded as the base of an
elliptically fibered Calabi-Yau four-fold, whose fiber’s complex structure can be identified with
the type IIB axio-dilaton. In particular, this requires the base X to have an effective anti-
canonical divisor K x.'? In the following we will for simplicity assume that the Calabi-Yau
four-fold elliptically fibred over X has vanishing third Betti number, b3 = 0, so to avoid technical

complications associated with moduli of the M-theory gauge three-form.

These models admit a natural perturbative regime corresponding to the large volume limit. Let
us pick a basis of divisors D* € H4(X,Z) of X and a dual basis of two-cycles ¥, € Ha(X,Z),
such that D*- %, =0y, a =1,...,b2(X). The Kéhler moduli v, are obtained by expanding the
(Einstein frame) Kihler form J of X in the Poincaré dual basis [D?%] € H%(X,Z):

J = vg[ D] & Vg = J. (4.3.1)
Ya

12We adopt the quite common usage of denoting holomorphic line bundles and corresponding divisors by the
same symbol.
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The corresponding saxions s* are then defined as follows:
a 1 abc
s = K pve, (4.3.2)

where we have introduced the triple intersection numbers k¢ = D® . D?. D¢. Hence in this
case N = by(X).

As discussed in [64], one can identify the saxionic cone with the cone Movy(X) generated by

movable curves.'? We can then write
s =53, € Ax ~ Movy(X). (4.3.3)

Note that the string charge vectors e can be identified with curves e = %Y, and, in particular,

the EFT string charges correspond to movable curves
C}SEFT ~ MOV1 (X)Z . (4.3.4)

Physically, EFT strings are realized by D3-branes wrapping movable curves.

The constants C, appearing in the Gauss-Bonnet term admit a nice geometrical interpretation
[65]:
Co=6Kx-%,. (4.3.5)

In particular, the pairing appearing in (4.2.14) corresponds to the intersection number
(C,e) =6Kx - Xe (4.3.6)

Recalling that K y is an effective divisor, the bound is (4.2.14) always satisfied, since movable
curves can be precisely characterized as those curves that have non-negative intersection with
all effective divisors [115]. In order to test the stronger bound (4.2.18), which is expected to
hold up to subleading corrections in 1/N < 1, let us focus on the large class of models with

toric X — for more details see [199]. Then the anti-canonical divisor is given by
Kx= Y D (4.3.7)
Ietoric div.

where the sum is over the set of all toric divisors Dy, I = 1,..., N + 3. Each toric divisor is
effective, and in fact generate the whole cone of effective divisors. So any movable curve X has

strictly positive intersection number with at least one toric divisor Dj, and then

Kx-Ye>1. (4.3.8)

13Movable curves and get their names from the fact that they can freely explore the entire internal space.
Below we will also encounter movable divisor, which enjoy the same property.
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Combined with (4.3.7), this implies that
(C,e) > 6, Ve € C§"" . (4.3.9)

We then see that, in this large class of models, in the saxionic convex hull the bound (4.2.18)

is realized in a quite stronger form:

~v(s) > & (4.3.10)

«

In order to describe the corresponding contribution EFT Kéhler potential, it is convenient to

use the dual saxionic formulation
3vg

la=—ror,
k(J, J, J)

(4.3.11)

where k(J,J,J) = J-J-J = K%y, vpve. The dual saxionic cone Py can then be identified
with an ‘extended’ Kéhler cone K(X )ext obtained by gluing different spaces connected by flop

transitions, in which curves collapse or blow-up:

Px =Kea(X) = |J £(X). (4.3.12)

X'~X

Here X’ ~ X means that X’ can be obtained from X by a chain of flops (which may be also
trivial, corresponding to X’ = X). Hence £ € Py if there exists one chamber of Kexi(X),
associated with a compactification space X’ ~ X, in which £ = £, D* is a nef R-divisor, that is

LeK(X).M
At large volume, the kinetic potential F(¢) takes the form (4.1.4):

Fu(l) = log K(£,£,8). (4.3.13)

Hence P(f) = (£, £,£), which is clearly homogeneous as in (4.1.6), with n = 3.

If one can take Sen’s orientifold limit, the space X can be regarded as the Zs-orientifold quotient
of a Calabi-Yau three-fold X. A new saxion § = e~ % appears, detected by D(—1)-instantons,
where ¢ is the standard type IIB dilaton, so that we now have N = ba(X)+1. The corresponding
dual saxion is

(= %e% (4.3.14)

In the perturbative regime described by the dual saxions ¢; = (2, {,), the leading contribution

to the Kéahler potential is given by

F =logl + Fi(l) = log + log k(£, 2, ) (4.3.15)

14 In the following we will often focus spaces X which are toric or orientifold quotients of Calabi-Yau three-
folds. In this case (X )ext can be identified with the space of the so-called movable divisors. Hence we can write
£ =, D" € Px ~ Mov'(X). This identification can actually hold more generically — see [64] for more details.
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and can then be written as in (4.1.4) with P = {x(£, €, £), which has homogeneity n = 4.1°

Model 1: P3

For illustrative purposes, it is useful to describe a couple of simple explicit models (though with
a small number of (s)axions) and their relevant energy scales. The first and easiest example is
when X = P3.

In this case, the set of effective divisors Eff 1(X ) is spanned by a single element, the hyperplane
class H. The saxionic cone is also one-dimensional and spanned by the curve ¥ = H2. The only

saxion of this model encodes the volume of the hyperplane divisor and has a Kéhler potential

given by
K = -3logs, (4.3.16)
and a corresponding dual saxion £ = % The condition for the inside the saxionic cone is

extremely simple, being s >0 < ¢ > 0.

The single relevant curve leads to a single elementary EFT string and a set of string charges
CE'T = {e = eX = eH?|e € Z>o}. The tension of this elementary string, that represents a
w = 2 EFT string limit, is given by 7 = M2 /.

The anti-canonical divisor in this setting is just K x = 4H and, by using (4.4.3) and (4.3.5), it
yields
v(s) = 47s. (4.3.17)

This is manifestly positive in the saxionic cone and we have also v(s)| A, = %r, stricter than
(4.2.18) with N = 1.

The bound (4.2.23) then reduces to

3M?
2s

A2, (0) < M2t = (4.3.18)

For generic values of the complex structure and 7-brane moduli, the species scale should cor-
respond to the ten-dimensional Planck scale converted to the four-dimensional Einstein-frame.
This is given the general formula

ME

2 2
Age = W(X) My

k(L 2, 8)

4.3.19
3 ? ( )

where V(X) = £x(J, J,J) is the internal volume measured in Planck units units and we have

151n fact, the saxionic and dual saxionic cones are expected to receive corrections coming from higher derivative
terms. This type of effect has been discussed in some detail for heterotic models in [65] and we will encounter
it in subsection 4.3.2 — see e.g. (4.3.28). In particular, if we choose £y so that £oMg gives the tension of lightest
D7-string, we generically have ¢y = 0+ c*4q, where ¢* € Q accounts for possible world-volume curvature/bundle
corrections. This means that in (4.3.15) we should set [ = Lo —c*L,, which induces also a shift s* — §% = s%+c%s°
in the Kahler potential.
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used (4.3.11).'° In this simple case we have £ = ¢H and this general formula reduces to
A2, = Mlgﬂg/\/g We then see that (4.3.18) is satisfied if £ < 3 or equivalently s > 1. It is also
interesting to observe that the bound (4.2.21) becomes A2 < A;[—f = M?2¢/3, which is basically
equivalent to (4.3.18).

Model 2: P! fibration over P2

This model has already been discussed in [64], which we can then follow. The internal space X

is a P! fibration over P2, and the fibration is specified by the integer n > 0.

The cone of effective divisors, which can be identified with the cone of BPS instanton charges
C1,'" is simplicial and is generated by two effective divisors E', E?: E' is the divisor obtained
by restricting the P! fibration over P! C P2, while E? corresponds to a global section of the P!
fibration. One can then identify a basis of nef divisors D! = E' and D? = E? + nE', which
generate the Kahler cone: J = v1 D' 4+ vy, D?, with v1,2 > 0. The triple intersection numbers are
given by the coefficients of the formal object Z(X) = (D')2D? + nD'(D?)? + n?(D?)3. Hence,
by using the expansion £ = ¢,D“ the kinetic potential (4.3.13) becomes

Fi = logk (£, £,€) = log (3(10s + 3nl1(3 + n*(3) (4.3.20)

In this model the dual saxionic cone coincides with the Kahler cone: Py = {€ = (D' +0,D? |6y >

0,02 > 0}. The corresponding saxions are

- 601 + 3ns 2 3(01 + nly)?
603 4 6nlily + 20203 60249 + 60l 63 4+ 20203

(4.3.21)

The (Mori) cone of effective curves is generated by ¥ = E!' - E? and ¥y = (E')?, which are
dual to the nef divisors D D® .Y, = ¢g. The cone of movable curves is instead generated
by $i=D'-D? =3 +nY and ¥y = (DY)? = %5, which are dual to the effective divisors
E* E*. f]b = oy. If we use the expansion s = sIY) 4§23y = 5121 + (52 — 7181)22. Hence the
saxionic cone is A = {s = s%%,|s! > 0, 52 > ns'}. One can also invert the relation between

saxions and dual saxions:

61: ) £2:

352 — nsl 3 (\/872 —Vs? - n51>
’ g / (4.3.22)
2((s?)2 — (8% — nsl)i] 2

16 More precisely, we use conventions in which the d-dimensional Planck length l(a) appears in the Einstein-
frame d-dimensional Einstein-Hilbert term through the combination 27rl(2;)d [ d%z\/=gR. Then V(X)l?m) is the
internal compactification volume and (4.3.19) is the conversion to four dimensions of the ten-dimensional energy-
squared 27/ 1(210). Note that in four dimensions we can also introduce the alternative Planck length Ip = M 1 so
that 1?4) = 47l%. In the checks of the asymptotic behaviour of the species scale we will often drop the 27 factors
which are irrelevant for our purposes.

1"The fundamental instantons correspond to Euclidean D3-branes wrapping effective divisors.
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As in our general discussion, we can characterize the boundaries of Py in terms of tensionless
strings. The set of EFT string charges is CE'™ = {e = e!X; + €2Xs(e!, %) € Z2, el >0, €2 >
ne?} is generated by $1 =31 +nYy and 39 = ¥y, which have tensions 7'21 = M2({1 + nts)
and 7'22 = Mp2€2. We notice that 7’22 vanish at 5 = 0, while 7'21 vanish at the tip £1 = o = 0.
These are infinite distance boundary components of Px. On the other hand, on the boundary
component £; = 0 no EFT string tension vanishes. This is instead characterized by the vanishing
of the tension Ty, = M2¢; associated with the non-EFT string charge Y1, which together with
Y9 generates the set of BPS charges Cg. This implies that, even if the saxionic convex hull is
simply given by A, = {s! > é, s?2 —nst > é}, the corresponding dual saxionic convex hull Pa

is more complicated — see figure 4.1.
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(a) Saxionic convex hull A,. (b) Dual saxionic convex hull P,,.

Figure 4.1: Saxionic convex hull A, and dual saxionic convex hull P, for the F-theory model
2. The plot has been drawn with the reference values a« = 1/10 and n = 3. The hatched area
in figure 4.1a is outside the saxionic cone A.

Remember that the GB term is identified by the anti-canonical divisor — see (4.3.5). In the

present examples, it is given by
Kx = (3—-n)D'+2D? = (3+n)E' + 2E?. (4.3.23)
From (4.4.3) and (4.3.5) we get

v(s) =7 [(3 —n)s' +2s7] , (4.3.24)

which is positive since s > ns’. We then see that v(s)[5 > *—

(4.2.18) with N = 2. It is for instance sufficient to take o < & and n > 1 to get v(s)|a, > 188.

, which is stronger than

Now let us turn our attention to the relevant energy scales at play. It is easy to check that K ~
— log 0 asymptotically along the EFT string flow associated with e(;) = S, while K ~ —3log o
along the EFT string flow associated with e() = 3. Hence, only e(y) should have w =1, as
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one can explicitly check [64], and the corresponding string obtained by wrapping a D3 on I
is indeed dual to a fundamental heterotic superstring via F-theory/heterotic duality. We can
then distinguish two regimes set by the elementary EFT string tensions 7y = M2(0y + nts)
and T, = Ty = M?2ly. Note that T, < 7T(1) for any value of the saxions assuming n > 0. Hence
the upper bound (4.2.23) is given by

A2 =T, = M2l;. (4.3.25)

If o < ¢; and hence T < 7(y) should indeed correspond to the tension of a weakly coupled
critical string, which then determines the species scale, so that (4.2.23) is satisfied and actually

saturated.

If instead 7. =~ 7y, there should not exist a controlled dual weakly couple string theory
description. Since 7(1)/7. = n + £1/f2 > n, this regime can be reached only if n ~ O(1) and
¢1/0y < 1. Furthermore, the weakly-coupled EFT description requires that Ty S M2, which
implies that £y < % In this regime the species scale could be identified with the ten-dimensional
Planck scale 1/1(1) as measured by the four-dimensional observer. By combining (4.3.19) and

(4.3.20) we then get

1
A = M \/E%Ez + nl 03 + §n2€§’ < M2ey, (4.3.26)

where in the second step we have used ¢ <

~

ly <2 and n ~ O(1), and we have neglected an
O(1) overall constant. The result is compatible with the bound (4.2.23). Other regimes can
be better studied through the dual heterotic M-theory description, which will be discussed in
subsection (4.3.2) and will confirm that Aqq is still bounded by (B.3.13).

Let us also discuss the bound (4.2.21) for this model. By recalling (4.3.24) and (4.3.21) we get

2rM2 202 _ 4l5(303 4 3nlyly + n2l3) Ve (4.3.27)
v(s)  (3—mn)st +2s2 602+ (3+n)(6¢102 +3nl3) " e

If for instance fo < 1, then this upper bound reduces to 2M?2/s, which is then close to (B.3.13).

If instead one considers a limit ¢; < ¢5 then (4.3.27) is well approximated by 3%2/” M2, which

is again of the same order of (B.3.13). A similar discussion can be carried out for the model

where X is P! fibration over the Hirzebruch surface F,, and is presented in appendix B.3.1.

4.3.2 Heterotic models

Our second class of models is given by Eg x Eg heterotic compactifications on Calabi-Yau spaces,
and their M-theory counterpart, at large volume. (The SO(32) case is completely analogous.)
As discussed in [65], the relevant saxionic cone is affected by higher derivative terms. Here we

summarize only the necessary information.
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The saxions are s' = (s, 5?), which include the Kéhler moduli s* of the Calabi-Yau compacti-

fication space X. Hence N = by(X) + 1. These are obtained by expanding the (string frame)

Kahler form J = s?[D,] in a basis Poincaré dual to a basis of divisors D,, a = 1,...,ba(X).
The remaining saxion s combines the dilaton and the Kihler moduli:

0 1 —2¢ a/ b_c 1 a

5" = 66 Kapests’s® + FPas” (4.3.28)

where kgpe = Dy - Dp - D, and

e = — / a [)\(Eg) _ ;CZ(X)] ez, (4.3.20)

where F; and E5 denote the two FEg internal bundles, and

AE) = —ﬁ (F A F). (4.3.30)

Note that the tadpole cancellation condition imposes the topological constraint A(Ey)+A(E2) =
c2(X). One could also include NS5/M5-branes wrapping internal curves (see [65]), but here for

simplicity we will not do that. The saxionic cone is given by

A= {s = (59,59 ’ 5D, € K(X), >0, s> pasa} , (4.3.31)

and the Gauss-Bonnet coupling (4.1.13) takes the form

1
v(s)=m (230 — paS” + 6nasa> , (4.3.32)

where

ny = 1 / e (X). (4.3.33)

Let us also recall that in the M-theory realization [142, 143], the Calabi-Yau X three-fold is
fibered over an interval, representing the 11-th M-theory direction. Then s® and s® — p,s® can
be interpreted as the volume of X, as measured by a Euclidean M5-brane, at the two endpoints
of this interval [65].

For simplicity, we will henceforth assume that p,s® > 0. In this case the saxionic cone reduces

to

A= {s = (s, 59 } 5D, € K(X), s¥ > pasa} , (4.3.34)

and the Gauss-Bonnet coupling (4.3.35) becomes

V(s)=m [2(30 — Pas®) + (Pa + éna)sa} : (4.3.35)

The Kéhler potential can be obtained by dimensionally reducing the heterotic M-theory [143],
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taking into account the deformations discussed in [149] — see also [138] — and using the above

parametrization:

1
K = —log(s" — ipasa) —logk(s,s,s), (4.3.36)
where k(s, s, 8) = Kaps%ss¢. Hence

1 3Kapes’s® Pa
bo= e, b= —2 - : 4.3.37
DT ) T 26(sis8) 4G — ipye) 337

The dual saxionic cone is then given
1
P = {(ﬁo, EaEa) € RZO X HQ(X, R)‘ (ﬁa + iﬁopQ)E“ € ’Pféet} , (4338)

where X% is the basis of curves dual to D, (Dg - X = 6%), and P2* € Ho(X,R) is the Poincaré
dual of the closure of the image of K(X) under the map J — $J A J. Note that P is a
sub-cone of the cone Mov;(X) introduced in (4.3.3).

The saxionic convex hull is now given by

A, = {s = (so,s“Da) ‘ s*D, € /@a(X), s0 > <; —i—pas“)} . (4.3.39)

where Ko (X) is the Kéhler convex hull defined as in the generic saxionic case, which is contained
in the stretched Kahler cone introduced in [44]. We then see that

2 1.,
Y(s)a, =7 [a + (pa + éna)s \,CQ(X)} : (4.3.40)

For concreteness, consider for instance the models with A(E2) = 0. In this case p, = ng,
which satisfies the above condition p,s® > 0 since nes® = 1 [, ea(X) A J > 0 [150]. By
applying the same arguments that led us to (4.2.18), we expect (n45%) k., (x) 2 ba(X)/a, where
ba(X) = N — 1. Hence we should have

(2T, (54 7TN)m
7(3)‘Aa =T <a + gnas ’ICQ(X)> > T . (4341)

Note that is lower bound is stronger than (4.2.18). We numerically tested this bound against a
set of explicit Calabi-Yau compactifications with CYtools [48]. The result is reported in figure
4.2, in which we plot the value of a7y(s) evaluated at the tip of stretched Kéahler cone against
ba(X) = N — 1. Such values clearly satisfy the lower bound in (4.3.41). Since the Kahler sector
of the saxionic convex hull A, is contained in the stretched Kihler cone, also ()| A, satisfies
this bound. Hence the plot confirms how (4.3.41) provides a good, if not conservative lower

bound of the scaling with respect to V.
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Figure 4.2: Value of ay(s) at the tip of the stretched Kéhler cone as a function of be(X) =
N — 1 in an explicit set of Calabi-Yau compactifications analyzed with CYtools [48]. The
set consists of 71908 Calabi-Yau manifolds with bo(X) ranging from 2 to 491, with up to
100 polytopes per fixed ba(X) and with 25 triangulations per polytope obtained with the
random triangulation fast method. The quantity n,s® of equation (4.3.35) has been ob-
tained with the second_chern_class method and evaluated at the tip of the stretched Kéhler
cone. The black line refers to the lower bound of equation (4.3.41).

Energy scales in heterotic models

Finally, let us consider the heterotic models discussed in section 4.3.2. By discretizing (4.3.34)
one gets C§"", which is generated by e, = (1,0) and vectors of the form (e®p,, De), where
De = €D, are generators of the cone of nef divisors. By looking at the behavior of (4.3.36)
under the corresponding EFT string flows we can check that K ~ —logo under the e, flow,
consistently with the fact that e, indeed represents a critical heterotic string. On the other
hand, under the flow of the EFT string charges (e“p,, De) we have K ~ —nlog o, with integer
n = 2,3,4 determined by the self-intersections of De. Indeed these strings have scaling weights
w =2 or w = 3 [65]. These EFT strings have tensions
M? 3M2e%

x — M2€ = = — 1 5
7 o 2(s9 — ppst) (s, s, 8) (w=1)

3k(e, s, s e
Tp. = Mg(eaga + €e"palo) = ( H( ) T pla ) Mlg (w=2,3),
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where we have used (4.3.37). By recalling (4.3.28) one can immediately see that in the limit
59 > 1, with s® fixed within (4.3.39), corresponds to the weak string coupling limit g = e® < 1,
and that in this limit 7, < Tp,, for any nef Do. Hence in this regime A2 =T, and the the

max

bound (4.2.23) is saturated, since 7 corresponds to the critical string tension.

On the other hand, in the strong string coupling regime €2? > 1 the determination of A2
depends on the constants p,. For simplicity, suppose that e*p, > 0 for any e® identifying a nef
divisor e*D,. This is for instance the case if [ co(X) is strictly positive for any nef divisor
D — see e.g. [200] — and we assume that A(E2) = 0, so that ep, = e*n, = %J‘De c2(X) > 0.
In this case tension 7, is just slightly smaller than any 7p,, hence we again have A2 = T,.
One can then check (4.2.23) in different regimes. Consider first the M-theory supergravity
regime. Since the internal six-dimensional M-theory and string frame ITA metrics are related
by ds?,(X) = ef%ds%Aist, this requires § = e~ % s to be large enough — for instance we may
require that § € Ko. In this case the species scale Aqe should coincide with the M-theory
Planck scale 1/l(11y (see footnote 16) as measured by the four-dimensional Einstein observer,
that is:

1
63 M2
AZ = 1 sy . (4.3.43)
47'('(80 - §pa5a) 3 K‘(Sa S, S) 3
Hence .
A2 :
1121ax — o M = 27[-@% . (4.3.44)
A2 6(s” — 5pas?)

2

“ax = Tx with the tension of an open

This formula can be more directly derived by identifying A
M2-branes stretching along the M-theory interval, which has length l(11)62¢/ 3. It is then clear
that the bound (4.2.23) is satisfied if e? > 1. Tt is also interesting to check (4.2.23) in other
limits. These are discussed in appendix B.3.3, together with examples with p,e® = 0, in both

N =1 and N = 2 supersymmetry.

4.4 SO(4)-symmetric configurations

In this section we show that the broad class of models described by the 2-derivative action
(4.1.1), or equivalently (2.2.6), admits sub-extremal and extremal wormhole configurations with
SO(4) symmetry, after continuation to Euclidean space. These solutions can be considered as
generalizations of the ones provided in the seminal paper [201] and encompass several other
generalizations already appeared in the literature. In Section 4.4.2 we derive the equations of
motion associated to our SO(4)-symmetric ansatz and of the on-shell action for sub-extremal
wormbholes. This part of our work is not new but serves to set the stage for the original results
presented in the subsequent sections. Extremal solutions are discussed in Section 4.4.3 and
their relation with fundamental instantons is clarified. A curious BPS bound on the on-shell
action of sub-extremal wormholes, together with a possible solution of the associated puzzle, is

briefly commented upon in Section 4.4.4.
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4.4.1 Euclidean action

When discussing non-perturbative effects such as wormholes we have to pass to the Euclidean
formulation. The way in which one identifies charged saddles in the axions-saxions Fuclidean
action has been clarified in [6] (see also [14]) and involves a continuation to imaginary axion
fields as well as the introduction of boundary terms. No such subtleties appear if one works

with the dual formulation, which is what we do. One just has to Wick rotate (2.2.6), giving

1 1
S:—2M§/ \/§R—2M§/ Vh(K — K)
M oM

: (4.4.1)

1 -
~M? TAl; A xdl; + ——
t35 P/MQ A * ]+2M§

/ GIHzi N *Hs

M

where the Hawking-Gibbons term has been written explicitly. As already anticipated in Section
4.1, our analysis also aims at investigating the impact of the semi-topological operators in
(4.4.1). The Pontryagin operator turns out to be trivial on the SO(4)-invariant solutions that
we will be studying.'® We therefore focus on the Gauss-Bonnet term. Rotating to Euclidean

signature, this reads

Sen=- [ Vi) Ben— [ Vhr(5)(@-Qu). (44.2)
M oM
where we included the appropriate boundary term and we approximated vio (see (4.1.11)) as

Cis' = —(C,s) (4.4.3)

o3

v(s) =

consistently with the bound (4.2.18). In (4.4.2) we regard s’ as functions of the dual saxions ¢; as
defined by (2.2.8). In this dual formulation the presence of accidental axionic shift symmetries is
encoded in the Bianchi identity dHs = 0. This is in general broken by the Pontryagin operator
(4.1.9), which we just argued that will be ignored, or (4.1.10) (see for instance section 3.2 of
[65]) as well as non-perturbative effects. ' Because in our work gauge fields are assumed to

have trivial backgrounds, the interaction in (4.1.9) can be safely ignored as well.

4.4.2 Effective one-dimensional action and equations of motion

In deriving the relevant equations of motion we will follow the approach of [14], but will work

with the formulation in terms of gauge two-forms By; and dual linear multiplets.

8 Because of the axion-dependent coefficient in (4.1.10), it is not fully topological and actually affects the
equations of motion. However here we will treat the higher-dimensional operators as perturbations and estimate
their effect by evaluating them on the leading order solution. It is in this sense that the Pontryagin operator can
be neglected.

19The Bianchi identity dHs = 0 can also be broken by field-strengths of gauge three-forms. As discussed in
[67], in N = 1 supersymmetry this effect is dual to the presence of special multi-branched superpotentials which
are often realized in flux compactifications [202]. In this section we assume that such superpotential terms are
not present.
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We are looking for Euclidean wormholes preserving SO(4) rotational symmetry. This means

that we can restrict the metric to take the form

1
ds? = 5 [eQA(’J)dp2 + e2Ba0?| | (4.4.4)
MP
Here p € I is an arbitrary dimensionless radial coordinate taking values in some interval I C R,
to be defined below, and dQ? is the line element of a three-sphere of unit radius, which has
volume 272. One can of course remove the arbitrariness of p by gauge-fixing eA®) or B A

particularly convenient choice is given by
e =p=Mr (4.4.5)

where r represents the radius of the three-sphere. This gauge fixing corresponds to the following
line element

ds? = 24 ar? 4 12402, (4.4.6)

Note that, however, in this case r can smoothly parametrize only half wormhole.”’ Another

useful parametrization is discussed below, but for the moment we keep p arbitrary.

In addition to the metric, we will allow the fields ¢;, H3; appearing in (4.4.1) to have non-trivial
profiles. By SO(4) symmetry the (dual) saxions can only depend on the radial coordinate:
¢; = l;(p), or equivalently s* = s?(p). Instead the field-strengths Hs3; must necessarily take the
form
1
7'[31‘ = %qi VOISS , (4.4.7)

with ¢; constants. Observing that J,; = Mggijdai = xH3; corresponds to the 1-form current
associated to the axion shift symmetry, the quantities ¢; are to be interpreted as the wormhole

charges
1
— 3. =q €7Z. 4.4.8
o /5'3 Hdz qi S ( )

Charge quantization can be either seen as a consequence of the axion periodicity (2.1.1) (i.e.
the momentum conjugate to a periodic variable is quantized) or, in the dual language, to the

quantization of the Hg; field-strengths.

The SO(4) symmetry ensures that our ansatz can be regarded as a consistent truncation of the

20This issue is avoided if instead we use the ‘geodesic’ radial coordinate x defined by Mpdyx = e?*dp. With
this coordinate the metric takes the form ds? = dy? + MP_262B<X)dQ2, corresponding to the gauge-fixing e? = 1
and the identification p = xMp.
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full theory. Inserting it in eq. (4.4.1), the action reduces to

dB\”
Slansats = — 67T2/Id,0 [6A+B + (dp) SB-A

+67% [*P],,

(4.4.9)
de; de; _3B i
/dp|:3B A 2gzgd d +€A 3Bg2jqiqj:| )
Extremizing (4.4.9) with respect to A we have the constraint
de; dt; dB\?
GB 2A 2gz] d d gz] ¢iqj = 67T <dp> €6B—2A _ 67T2 64B. (4'4'10)

The equations of motion for ¢; are derived from the second line of (4.4.9) and will be shown
shortly. The variation of (4.4.9) with respect to B is on the other hand redundant once the

former two conditions are satisfied, and hence will not be discussed.

To write the field equations for ¢; it is convenient to introduce [14] a ‘proper’ radial coordinate
7 such that .
dr = +—eA738dp, (4.4.11)
T

where the two signs correspond to the two possible relative orientations between 7 and p. With
this notation the second line of (4.4.9) resembles the action for a particle with non-canonical

kinetic term moving in a non-trivial potential:

. / [ G (0) iy — Vi(0) (4.4.12)

with ¢; = df . The potential is

1 .. 1
Vq(g) = —§gw (€) q:q; = —§Hq||2 (4.4.13)

where we have introduced the norm defined by the metric (2.2.7):
lall® = G(0) qiq; - (4.4.14)
The (dimensionless) particle energy

E=-GU(0) 6il; + Vy(0) (4.4.15)

N | =

is thus manifestly conserved. From (4.4.12) — or equivalently (4.4.9) — we may now obtain the

equations of motion for ¢;

gij% _ 9%
dr 851

Fil; = §Jmk (Qij _ gjgk) 7 (4.4.16)
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where Déj /dr is the Levi-Civita covariant derivative associated with the metric Gy ; we have
used (2.2.7) and the shorthand notation 7% = 92F/0¢;0¢;, Fii* = 93F 0;00;0¢k. In addition

the dual saxions ¢; satisfy appropriate boundary conditions, which we assume to be Dirichlet.?!

We are interested in asymptotically flat wormhole configurations manifesting a Euclidean “time-
reversal” symmetry.?? Namely, the dual saxions flow from some asymptotic value £, at infinity
(p = —o0) to some value £, at the neck of the wormhole (p = 0), and then go back to the
asymptotic value €5, (p = +00). The analogy with the point particle makes it clear that
the saxionic flow can be interpreted as a scattering process, in which the particle climbs the
potential (4.4.13) until it reaches the turning point £, at which it stops and then rolls down
back to its original position. Since Vq < 0 the saxions can bounce only if £ = —|E| < 0. We

will however be a bit more general and consider
E=—-|E| <0. (4.4.17)

The cases E = 0 and E < 0 are usually referred to as extremal and sub-extremal (non-
supersymmetric) solutions — see for instance the review papers [203-205]. In this section we
will concentrate on these cases, and not consider super-extremal wormholes, which have F > 0

and a singular geometry.

Inserting (4.4.15) in the constraint (4.4.10), and writing the result in the gauge (4.4.5) we get

1
A= — (4.4.18)

where )
Bl Jal?
3mIME 6m2ME’

Lt = (4.4.19)

with ||q||2 = ||q||?(¢+). Hence the metric takes the form

ds? = dr? + r2d02, (4.4.20)

LA

Tt

with 7 € [L, ) and L can be identified with the minimal S? radius 7. = L. In the second
equality in (4.4.19) we used the fact that at the turning point, the wormhole throat, the particle
stops /; = 0 and E reduces to Vq(€+). We see that the wormhole minimal S® radius is controlled

by the charge vector norm ||q|| at such radius.

By using (4.4.18) in (4.4.11) (in the gauge (4.4.5)) one gets a differential relation between r and

7, which can be easily integrated. For sub-extremal (E < 0) wormholes we will impose that

2In presence of low-energy supersymmetry breaking, the asymptotic values £oo may ultimately be determined
by an hypothetical stabilizing potential for the saxions. We will come back to this in the conclusions.

22The Euclidean time-reversal symmetry ensures that by cutting these solutions at the minimal radius one
gets half-wormholes which, once analytically continued back to a Lorentzian spacetime, describe the nucleation
or absorption of a baby universe, with real boundary values of the fields and of their time derivatives [201].
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7. = 0 at the turning point /., that is
T =0 & re=1L. (4.4.21)

Then (4.4.11), with 4+/— sign for positive/negative 7, integrates to

1 m . (L?
T=T= i%TELQ [2 — arcsin <r2>} (4.4.22)

A

or similarly L?/r? = cos (27rM13L27'). This in particular implies that e =24 as a function of 7 is

given by e~24 = sin? (27TMF2,L2T). The maximal extension of the 7 interval is

1

e o Foo = 00, (4.4.23)

IT| < Too =
where cos (27TM§L27'OO) = 0. In particular, the region 0 < 7 < 7, parametrizes the first half-
wormhole, while the interval —7,, < 7 < 0 parametrizes the second half-wormhole. In other

words, the particle takes a proper time 7., to make half of its journey.

The particle interpretation also suggests a simple characterization of regular wormholes. The
point particle is at rest at 7 = 0 and starts rolling down the potential Vq. If it reaches 7
remaining inside the perturbative dual saxionic domain, then the corresponding trajectory de-
scribes an everywhere regular on-shell wormhole. Whenever along its path the particle exits the
allowed domain, the solution develops a singularity and should either be somehow regularized

or discarded.

Finally, the on-shell wormhole action can be obtained by plugging (4.4.10) into (4.4.9), using
the gauge (4.4.5) and the explicit solution (4.4.18). Alternatively, we can use the traced Einstein

equation

g 1
Rx1=GY <d€z A *dgj - W,H:M A *H3j> (4‘4‘24)
P

in (4.4.1), observing that the Gibbons-Hawking boundary term vanishes for the metric (B.1.1).

In either case, we obtain the wormhole action

Sly = 27T/d7' lall? = Mg/g THs i N xHs . (4.4.25)
Considering only half of the domain, we finally arrive at the on-shell action for half-wormhole:

S|hw = 27r/ dr ||lall*. (4.4.26)
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The latter can also be written using (4.4.13), (4.4.19), and (4.4.23) in an alternative form:

Slhw = —471'/ dr Vy
" T (4.4.27)
=3 M2L? + 4r / dr (E - V).

The first term coincides with what one would find for a purely axionic theory, where the dual
saxions are essentially ‘frozen’ at £, = £o.?3 The second contribution can be identified with

the integrated ‘kinetic’ energy of the dual saxions, see (4.4.15), and is hence always positive.

We remind the reader that the results obtained in this section relies on the assumption that
a truncation of the action at the 2-derivative level is justified. This requires L > 1/A, where
A is an appropriate UV cutoff. While the agnostic EFT physicist would just impose on A the
upper bound in (4.2.1), the discussion of Section 4.2.3 implies that A should in fact satisfy
much stronger upper bounds. The most conservative bound would be A < m,, since the tower
scale m, represents the highest possible energy at which our four-dimensional EFT makes sense.
However, in principle a wormhole with L < m; ! could still make sense in a weakly-coupled
higher-dimensional EFT. This is certainly not possible if L=! exceeds the scale Aqg. So, we
will conservatively impose the bound

L* > A2 (4.4.28)

as the most fundamental consistency condition. We will come back to this point later on. Note
that, in any case, once a wormhole solution exists these bounds can be always satisfied by

picking a large enough charge ||q||.

4.4.3 Extremal wormholes and fundamental BPS instantons

So far in this section we have not really exploited supersymmetry, and what we have found
would hold even if the kinetic matrices of ¢; and H3; were different from each other (see for
instance the recent work [208]). On the other hand supersymmetry forces such matrices to
be identical, see (4.4.1), and this allows for a particularly simple class of extremal E = 0

configurations.

Indeed, given the form of the potential (4.4.13), we see that taking b; = q; obviously satisfies
(4.4.15) with E = 0 (another possible choice is /; = —¢g; and can be viewed as being associated
to conjugate charges). The equations of motion (4.4.16) are manifestly solved as well. The

condition can be easily integrated to €(7) = £(7o) + Q(7oc — 7). The throat radius (4.4.19)

23Up to a different convention for the Planck scale, our semi-wormhole action agrees with the one first derived
in [201]. We also agree with [7] provided no Gibbons-Hawking term is added at the wormhole throat (recall
we are interested in 1/2 of the wormhole action and in such a calculation the Gibbons-Hawking term does not
contribute to the on-shell action because the geometry of a full wormhole is asymptotically flat). We also agree
with the result shown in eq.(12) of [203], up to a typo in the last equality. The expression for half a wormhole
presented in [206, 207], however, includes a 1/2 in front and restricts the integration over half wormhole, and
thus effectively corresponds to the action of a fourth of a wormhole.
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tends to zero as £ — 0 and so the wormhole metric (4.4.6) becomes flat in the extremal limit,

i.e. in the gauge (4.4.5) we have ¢?4 = 1.

In the present case, it is more convenient introduce a new proper radial coordinate
T=Too— T, (4.4.29)

which has opposite orientation with respect to 7 and is such that r = oo corresponds to 7o, = 0,
while » = 0 corresponds to 74« = Too. This is motivated by the fact that in the extremal solution
r = 0 corresponds to a singular point, which is then moved to infinite 7-distance, and this

simplifies our presentation. By solving (4.4.11) one then obtains

1
= ————— 4.4.30
T 2w M2r? (4.4.:30)
and
N q
L(r) = L =l + — . 4.4.31
()=t = bt (1.4.31)

The nature of the singularity will be explored shortly. For the moment let us point out a suggest-

ive coincidence. By recalling (2.2.4), one can easily derive the identity G¥¢;q; = G¥ qil = —q;§

— in this section ¢; = C}fg. Thus, paying attention to the relation (4.4.29), the on-shell action

(4.4.26) of our extremal solution reads

7/\-* .. 7/;* . . .
S| hw-extr. = 271/ d7GYqiq = —277/ dr ¢;$8" = 2mq;st, — 2mq;s., . (4.4.32)
7 2

oo [ee]

This action reminds us of that of a BPS instanton but differs from it because of the term
—2mg;st. Yet, inspecting (4.4.31) we see that the dual saxions diverge as r» — 0. If the Kihler
potential is as in (4.1.3), this implies that s, — 0 in this limit. So, apparently, the two actions do
in fact coincide. This coincidence suggests that perhaps one should view extremal wormholes
as low energy manifestations of fundamental BPS instantons. But this interpretation, as it

stands, is a bit naive. We will now support it with a more precise argument.

The singularity at » = 0 indicates that the expression (4.4.31) is not fully reliable. From
a genuinely EFT perspective, that solution should be interpreted as viable only in a region
r > 1/A outside the origin, and the singularity should be regularized by some local counterterm
placed around r = 0. So the integral in (4.4.32) should be limited to the region r > 1/A, hence

giving the on-shell contribution
Stutkc = 27qi(sh — ), (4.4.33)

with sj\ = s'(r = A7'), and should be supplemented by a cutoff dependent localized term

S{(\)C contributing to the total action. Such a localized term cannot be determined by sole
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considerations of the low energy observer. ** Fortunately we have crucial information about
the UV. The analysis presented in appendix E of [64] shows that fundamental BPS instantons
appear precisely in this way in the EFT: the introduction of a fundamental BPS instanton at

r ~ 1/A is captured by the addition of a localized term
Sise = 2mgish = 2m(q, 81) - (4.4.34)

This acts as a magnetic source for the potentials By ; and leads to the solution (4.4.31). Hence

the complete on-shell action, including the localized term, exactly reproduces the expression
Sops = SE i + SN = 2mgist, = 2m(q, S50 (4.4.35)

familiar from Section 4.2.1. Note that for fixed s’  the dependence of s} and then of S

loc

A is dictated by the dual saxionic flow (4.4.31). This can be interpreted as an RG-flow of S,

as discussed in the same context but for strings and membranes in [51, 64]. This flow has an

on

IR-fixed point which is given by 27¢;s’_, and of course coincides with (4.4.35), which is RG-flow

invariant.

This observation strongly supports our conclusion that a subclass of fundamental BPS instan-
tons can admit a description within the EFT in terms of extremal wormholes. As in [64], we
will refer to such instantons as EFT instantons. Note also that all BPS instantons are mutu-
ally BPS and the derivation described in [64] makes it clear that multiple non-coincident EFT
instantons admit an extremal multi-center wormhole description. In fact, there exists a more
concrete criterion to distinguish EFT instanton from BPS but non-EFT ones [64]. We now
revisit this criterion and present a refinement of its interpretation based on the discussion of
Sections 2.2.1 and 4.2.3.

According to the discussion of Section 4.2.1, a BPS instanton must have charge q € C;. But
EFT instantons must satisfy an additional requirement: the corresponding extremal wormhole
profile (4.4.31) must lie within the perturbative regime along the radial trajectory all the way
down to 7 = A~1. As observed in Section 4.2.1, in the perturbative models in which the Kéhler
potential can be approximated by the form (4.1.3), P has conical shape. Since (4.4.31) describes
a straight dual saxionic line generated by q, we conclude that any q € P potentially identifies
an EFT instanton. As in [64], we therefore define the set of charges of the EFT instantons as

CFFT=PNC. (4.4.36)

In general P may be non-convex, and hence the trajectory (4.4.31) may not be completely
contained in P for any €., € P. However, if q is in the interior of P the solution certainly exists

if £ is chosen to be proportional to q, and hence by continuity also for nearby choices of £.

24Gince A/Mp < 1 the dual saxion displacement is quite small and the requirement that the dual saxions are
contained in our perturbative domain is easily ensured.
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For the same reason, for any q € Cf'"", one can judiciously adjust £ in order to get a sensible

extremal solution. On the other hand, as will be shortly discussed in detail, if a BPS instanton
charge q is not EFT, specifically if q € C; — C;"", then the solution (4.4.17) breaks down at

finite radial distance.

Consider the evolution of the tension (2.2.3) along the extremal wormhole flow (4.4.31):

(q,€)
o2mr2’

Te(r) = T2 + (4.4.37)

where T2° = Te({o). Eq. (4.4.37) gives some important information about the consistency of
the solution. We first note that the semiclassical description requires the (fixed) EFT cutoff
A to be smaller than the (field dependent) scale Aqq, i.e. A < Aqe. Now, while the EFT
does not have direct information on Aqq, the upper bound (4.2.23) tells us that A should at
least satisfy the non-trivial condition A < Apax. In particular, it should certainly hold in the
unperturbed vacuum, that is, one must impose that A < A, .. Consider now (4.4.37), where
q € Cr while e € C§"". This implies that (q,e) > 0 and thus the tension (4.4.37) of EFT
strings can never decrease along the extremal wormhole flow. We then arrive at the following
important conclusion: if the asymptotic vacuum satisfies A < AS, . then the condition A < Apax
automatically holds along the entire flow, regardless of whether q is EFT or not. Furthermore,
while Apax cannot generically be identified with Aqq, we expect these scales to have a similar
behavior, in the sense that an increasing Apax should correspond to an increasing Aqg (though
possibly with a different rate). This reasoning then leads to the conclusion that the stronger
consistency condition A < Aqgg holds everywhere as well. Let us now separately discuss the two

cases corresponding to EFT and non-EFT BPS charges.

Suppose first that q € Cf*". As already argued above, this implies that (by possibly adjusting
L) the flow is entirely contained in P. On the other hand, since (q,e) > 0 for any BPS
(non-necessarily EFT) string charge e € Cg, the tension (4.4.37) generically grows and formally
diverges as r — 0. Recalling that weakly and strongly coupled regions are detected by small
and large elementary EFT string tensions (in Planck units), this suggests that the solution
could exit the perturbative domain as one approaches the instanton. Fortunately, this is not
necessarily the case, since the flow must stop at 74 = A~! and as argued above we necessarily
have A < AZy,. We conclude that

—~

3;NA§Q? (4.4.38)

Since we are assuming that the asymptotic vacuum is in the perturbative regime, we know that
T < M and A%, < A, < Mp. We then conclude that if (q,e) is not too large, that is if

max

2 M3
(q,e) < —— | (4.4.39)
(AZ)?
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then 7o < M2 and the EFT remains weakly coupled along the entire flow (up to r5). Since
AZ, < Mp and we are assuming that the string charge is elementary, we conclude that (4.4.39)
can indeed be satisfied for q small enough. Note also that we can always decompose a large
charge instanton into smaller ones and separate them into a controlled extremal multi-wormhole

solution.

Let us now consider an elementary BPS but non-EFT instanton charge q € Ci—C;*". As already

noticed in [64], in this case there must exists a BPS but non-EFT string charge e € Cs — C§*"

> _ l(ae)l
crit T 27w

and becomes negative for r < rqit. Now, as recalled in Section 2.2.1, the vanishing of a non-

such that (q,e) < 0. This means the corresponding tension (4.4.37) vanishes at r

EFT string tension signals the presence of strongly-coupled finite distance boundary. The key
point is that elementary non-EFT strings are not directly linked to the quantum gravity aspects
of the theory. In particular, their tension can be arbitrarily small compared to the Planck mass
or the species scale, hence implying that along the extremal non-EFT wormhole one enters a
strongly coupled region, and hence loses control, well before reaching the minimal allowed length
scale Agé.% This fits well with the idea that non-EFT BPS instantons are not gravitational
in nature, but are rather associated with some strongly coupled non-gravitational sector with

possible tensionless strings as in [97, 151].

We will see how, on the other hand, not only are EFT instanton charges q € Cf"" associated

with controlled extremal wormholes, but also with smooth sub-extremal deformations thereof.

4.4.4 A non-standard BPS bound

Given the underlying supersymmetric structure of our EFT, one expects some kind of BPS
bound relating the action of the (non-BPS) wormhole on-shell action and the BPS instanton
action (4.4.35). Take any EFT instanton of charges q € C;'"" and consider a sub-extremal
wormhole carrying the same charges. Recalling (4.4.15), we observe that the extremality bound
(4.4.17) is equivalent to ||q||? > ||€]|?>. Employing (2.2.7) and (2.2.8) we then have

lall® > lallliél] > [a:674;] = a5, (4.4.40)

which is saturated only in the extremal BPS instanton case: £ = q. The action (4.4.26) is

Too )
q; / dr él
0

where we have again adopted the convention (4.4.21). The bound involves in a crucial way

therefore subject to the following bound:

Too )
Slhw > 27T/ dr |qiél} > 27
0

= |Spps — 27(q, 54)|, (4.4.41)

the neck contribution (q, s.). In the EFT instanton case, as we have seen in the previous

25 A probably more precise way of identifying the exit from a weakly-coupled phase is provided by the violation

of the EFT condition T¢ > A?, which then leads to the critical radius r2;, = %. We then see that for

by taking A? closer to 7&° we have an arbitrarily large reris.
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section, that contribution is actually absent once one takes into account the counterterm induced
by the insertion of the fundamental instanton at the singularity. On the other hand, in the
sub-extremal wormhole case there is no singularity and no need for a local counterterm. A
large enough (q, s,) in that case may indicate that S|n, < Sgps, which would contradict the
expectation that supersymmetric solutions saturate inequalities like (4.4.41). This puzzling
relation has indeed been observed in some explicit wormhole solutions (see e.g. [14]) and will

be encountered in the following section.

Perhaps the claim that sub-extremal wormholes can have actions smaller than the BPS solutions
is a bit rushed, though. Other contributions, beyond the 2-derivative approximation, may not
always be negligible. For example the Gauss-Bonnet term (4.4.2) contributes to the wormhole
action. It does not however affect the (flat) BPS solution. Hence, once Gauss-Bonnet is taken
into account one may recover a more familiar inequality of the type Sgps < (S 4+ SGB)|hw
despite of S|nw < Spps. This is particularly relevant for EFTs with many axions, where we
have seen that Sgp has a large coefficient. We may provide a suggestive perturbative argument
in favor of the plausibility of our resolution of the puzzle. If we are allowed to treat the Gauss-
Bonnet as a perturbation, at leading non-trivial order its effect on the equations of motion
can be neglected when evaluating the on-shell action. Within this approximation (S + SgB)|hw
is simply obtained by plugging in the leading order solution. The Gauss-Bonnet density of a
(leading-order) wormhole is negative definite, Eqg|wn = —3L8/(27%r12), whereas the boundary
term in (4.4.2) identically vanishes because of the flat asymptotic condition. Denoting by vmin
the minimum value attained by 7(s) along the saxions flow, we find that the Gauss-Bonnet

action of a semi-wormbhole satisfies a lower bound
SaBlhw = —/ V97(s) Eglwn > —’Ymin/ V9 EcB = Ymin - (4.4.42)
M M

Restricting our considerations to the controllable domain A, we thus identify a sizable contri-

bution Sgp|hw > N7/(6c) that can conceivably result in Sgps < (S + SaB)|hw- We will see

that this in fact happens for some of the explicit wormhole solutions we find in Section 4.5.1.

4.5 Wormbholes in the N = 1 axiverse

Having introduced all the necessary machinery, we are finally ready to analyze explicit sub-
extremal (non-supersymmetric) wormhole configurations. In Section 4.5.1 we introduce novel
solutions involving an arbitrary number of axions and saxions. Crucial to their existence is the
homogeneity of the function P in eq. (4.1.4). In Section 4.5.3 we will discuss a particularly

interesting subclass of these solutions. We will then draw some general lessons in Section 4.5.2.
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4.5.1 The homogeneous solution

Let us now restrict our focus on the large class of models characterized by a Kéhler potential
determined by the dual saxion kinetic function (4.1.4) (or equivalently (4.1.3)). We would like
to show that, under rather general conditions, the set of EFT instanton charges (4.4.36) admits
a corresponding set of wormhole configurations, no matter how complicated P(s) or P(£) are,
as long as they are homogeneous functions. In a certain sense, our result can be considered as a
four-dimensional generalization of the string theory solutions found in [209], which also applies

to many more string models.

The sharpest statements can be made for wormhole charges q belonging to the interior of the
set (4.4.36), that is to
Cwu =CiNIntP C 7. (4.5.1)

Since P is conical, the whole ‘ray’ generated by q is contained in P. It is then natural to

consider homogeneous wormhole configurations with
L) =1{(1)q. (4.5.2)

Note that the condition £ € P simply reads £ > 0. Inserting the ansatz (4.5.2) into (4.4.12)

leads to e , .
27T/d7'[4€2<d7_) —|—@}7 (4.5.3)

where we used the identity G¥(q)qiq; = 5, which follows from degree-n homogeneity of P.

Furthermore, one can verify that the homogeneity of P guarantees that the equations of motion
(4.4.16) for ¢; coincide with those derived from the effective action in eq. (4.5.3). What we

have found is therefore a consistent multi-saxion wormhole with axionic charges q.

We have basically reduced the problem to a simple axion-dilaton model with kinetic function

F =nlog/ (4.5.4)

and (effective) unit charge, as the ones studied in refs. [201, 209]. Similar results also follow.

In particular, since the reduced effective potential is

V(l) = —ﬁ , (4.5.5)

the wormhole radius (4.4.19) and the maximal proper time (4.4.23) are given respectively by

n T /3 -
A= ——— = = \[e . 4.5.6
127202 M4 i (4.5.6)

We note in particular that L explicitly depends on ll, but not on q. The explicit profile g(r)

can be obtained by integrating directly (4.4.15) in our reduced one-saxion model. Imposing the
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boundary conditions #(,) = £, and df/dr(r.) = 0 fixes completely the solution:

i(r) = 0, cos (;) =0, cos (gﬁg@) : (4.5.7)

where the asymptotic value is implicitly determined by

loo = I cos (;T 3) . (4.5.8)

n

Since by definition ¢ must be positive, eq. (4.5.7) describes a completely smooth wormhole if
and only if
n>3. (4.5.9)

This represents a lower bound on the coefficient of the scalar kinetic term first identified in
[201, 209] for the case of simple dilatonic models, and then generalized in [14]. In all string
theory models we are aware of, n is an integer taking values from 1 to 7 — see subsection 4.5.5.
We hence have a wormhole regular everywhere only in models with n = 4,5,6,7. Note that the
wormhole corresponding to n < 3 become singular at finite distance from the wormhole throat,
while the limit case n = 3 is singular only at spatial infinity. We will further investigate this

case below in Section 4.5.3.

Our homogeneous solution can equivalently be expressed in terms of saxionic fields. These move

along a straight line as well. Indeed from (2.2.8) and (4.1.6) we get

sY(1) = ==, (4.5.10)

where F'(q) = 0F/0¢;(q) is a charge dependent constant. Homogeneity also implies that

n

(q,8) = % (4.5.11)
Because s' increases as we move away from the wormhole throat, the most constraining perturb-
ative requirement on our solution comes from the internal region. In particular, by repeating
the same argument leading to (4.2.18) with g now playing the role of C, we get the lower bound
(q, 8+) > cqN/a, where cq > 1 is some g-dependent constant scaling as cyq = kcq. In terms of
g, this reads

~ ~ nao
14 </, < . 4.5.12
()<l g (45.12)
By applying this upper bound to (4.5.6), we get
oo G N _ ¢ 1 (4.5.13)

“ anmV/3M2 T anmV/3 (Asp,prT)?
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Hence for moderately small « and/or moderately large q, L™*

is automatically smaller than
low-energy length scale Ag, prr introduced in (4.2.1). While this is already reassuring, from
the discussion of Section 4.2.3 it is clear that L~! should actually be smaller than microscopic

species scale Aqg < Agp EFT-

We can get more information about this point from the tension of EFT strings. By applying

the general formula (2.2.3) to the present case, we get
Te(r) = M U(7)(q,e€) . (4.5.14)

Notice that (q,e) > 0 for any EFT (or even non-EFT) BPS string charge e, since q € Cyy — see
(4.5.1). Recalling (4.2.23), we then get the following 7-dependent upper bound on the species

scale
Adax(T) = M U(7) min (q,e). (4.5.15)
e€CEFT
This increases monotonically as one approaches the wormhole throat, A%, < Apax(7) < Al .«
with
* T /3
Aﬁax = Amax Co8S <2 TL) ’ (4516)

which signals a similar behavior of the species scale Aqq (7). Notice also that cos <g\/%> 2> 0.2

for n > 4. Hence A* .. is of the same order of A%

ax s €xceeding it at most by a factor of 5.

As already mentioned, a semiclassical wormhole configuration can make sense only if its throat’s
radius is larger than A5, and hence than A L. On the other hand, the actual four-dimensional
EFT cutoff A must be in principle smaller than the tower scale m,. If m, is associated with
a KK tower, it can in turn be much smaller than Aqg, and precisely in this case we may also

26 Hence the wormhole solution that we have

have a large hierarchy between Aqgq and Apax.
described, and in particular the formula (4.5.6), is actually reliable only if L > m;!. Notice
that, in fact, it is always possible to get a wormhole satisfying this condition by simply rescaling
q — kq and 0 — k=17 for large enough k, since L? — kL? while the saxionic profile and hence
all the microscopic energy scales do note change. However, if m, is a KK tower scale, it may
be interesting to consider also wormholes of smaller charges. These may be better described by
a higher dimensional configuration with a corrected throat radius L' = L + AL, which would
still make sense at the semiclassical level.?” In such a case, on purely dimensional grounds, we
would expect the correction AL to be set by m; ! and to make L’ larger than L. This reasoning
leads to the conclusion that a condition of the form

LA, >1 (4.5.17)

max

26 Assuming the ESC [70], the only other possibility is that m. corresponds to the microscopic critical string
scale, and then coincides with Aqe = Amax.
270f course, here we are assuming that the wormhole survives the higher dimensional UV completion.
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already provides a quite non-trivial criterion for the validity of a semiclassical wormhole con-
figuration. In particular, in case of a hierarchy between Age and Ap.x we expect a corres-
ponding significant correction AL which can help in realizing the actual semiclassical condition

L'A%. > 1. Hence in the following we will just focus on (4.5.17).

Now, from (4.5.6) and (4.5.15) we get the relation

(LAY )% = 1\/E min (q,e). (4.5.18)

21\ 3 eccEFT

*
max?

Notice that any explicit dependence on ? has disappeared from LA which instead depends

*

max > 1 then translates into the condition

linearly only on q. The condition LA
(q,e) >2r Ve e C§"", (4.5.19)

which is basically always satisfied. This conclusion provides an important and non-trivial
consistency check on the universal reliability of our homogeneous wormhole solutions, even for

small charges q.

Having assessed the validity of our solution, we can finally discuss the on-shell action. Observing
that [|q||* =

5770 €d: (4.4.26) is easily computed:
nmw T /3 n ™ /3
S’hw = Z tan (2 \/2) = 6W2M§L2\/gtan <2 n)
. T /3
= 27 sin (2 \/2) (q, Soo) -

The equivalent expression shown at the end of the first line serves as a consistency check of our

(4.5.20)

result. In the regime n — oo and 0y ~ v/n the saxion profile flattens while L stays finite, and
consistently the on-shell action becomes the same as the purely-axionic scenario, as seen in the
second line of (4.4.27). Yet, we should assign no physical meaning to this mathematical check
because in such a limit the corresponding solution has ¢; > 1 and is therefore well outside
the regime of validity of our perturbative analysis. Indeed, so far string theory realizations
have only allowed for n < 7. Scenarios with n < 3 have divergent actions, as expected by the
considerations above. We will clarify the physics of the limiting case n = 3 below in Sections
4.5.3 and 4.5.4.

Sticking for now to the controllable solutions with n > 3, we observe that the last line of
(4.5.20), where the relation (4.5.11) was used, implies S|nw < Seps, explicitly realizing the
puzzling possibility mentioned in subsection 4.4.4. The impact of the Gauss-Bonnet term on
this inequality is quantified in Appendix B.4. It is found that — in the approximation discussed in

Section 4.4.4 — the more conventional inequality (S+SGB)|nw > Sees is recovered for n = 4,5, 6.
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What we infer from this simple exercise is that small actions for non-supersymmetric solutions
like the one of this subsection do not necessarily indicate that such configurations are more
important than the supersymmetric ones, as one may have feared. In fact, corrections to those

solutions from higher order terms cannot always be neglected.

4.5.2 Non-homogeneous generalization

Coming back to these wormholes solutions, we observe that s, or equivalently s, can be freely
chosen to be any point of the ray in P generated by q. This means that we can always choose
s, such that the entire trajectory lies in the perturbative region A, (or Aa). This property
actually comes from the more general scaling symmetry of the wormhole equations. Namely, if
£(7) is a solution of the equations of motion then £'(7) = M(%) (A > 0) is a solution too, which
starts from £, = M\, (at 7 = 0) and arrives in £, = M, (at 7., = Aoo). The corresponding
saxionic flow is s'(7) = $s(%), which shows that we can always make such a rescaling in order
to ensure that the flow is inside A, (or A,). We would then like to use this property to identify
more general wormhole solutions corresponding to an EFT instanton charge q € Cwy. In order
to understand this possibility, it is useful to discuss some properties of the metric G;; and the

potential V.

First of all, the saxionic metric admits as particular geodesics the radial direction. This ‘iso-
tropy’ is broken by the presence of the potential V(¢), which in fact identifies q as preferred
direction. Indeed, if we restrict along the q direction as in (4.5.2), we get gij%%? = %

we see that along the radial direction identified by q the ‘force’ associated with V4 is directed

. Hence

along —q. The sign can be understood by noticing that Vg(\) = %Vq(f) and then, since
Vq is negative definite, it decreases as one moves radially towards the tip of P. Correspond-
ingly, Vq(As) = A2Vq(s) and then Vg (s) decreases as we move radially away from the tip of the

saxionic cone A.

We can say something more about the shape of the potential V. Take a particular point 0

along the ray in P generated by q and the corresponding point § along the ray generated by

Slp=q = %%—Jz(q),% and consider the saxionic plane S; passing through it and ‘orthogonal’ to q:

S; = {s S A‘(q, sy =(q, .§>} . (4.5.21)

By using again the homogeneity, one can easily show that V4 (5) = —% g, 8)|* = —% g, s)|? s, -
On the other hand |(q, s)|* < [|la||?[|€]|> = —nVq(s). We deduce that

Val8) > Va(s)ls, (4.5.22)

2By %—’Z(q) we mean the saxionic vector with components s* = 9Z(q). Since q belongs to P, then by definition

ar;
27 (q) belongs to A.
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and then the potential restricted to Ss has an absolute maximum at £. Hence Vq(s) is neg-
ative definite and has a hill shape with crest decreasing along s|g—q (which belongs to A) or,

correspondingly, Vq(¢) has hill shape with crest decreasing —q.

It is now clear why, if we start from a point s, at rest along the ray identified by s|p—q, the
point is radially driven away from the tip of the cone P along the hill’s crest down to the point
Soo- This is precisely the saxionic counterpart of the radial solution described above and, as

already discussed, we can rescale it in order to make it lie inside A,,.

Suppose now to slightly move s, away from the the ray generated by s|s—q. The potential will
drive it further away the radial direction, but if the s, is close enough to the initial position one
should still get a sensible wormhole solution, ending at some s, inside A.. The perturbative
results of Appendix B.2 confirm this qualitative idea. Combining this observation with the above
scaling symmetry, we then expect to be able to fine-tune the initial value s, to reach any final
point S, inside A,. This is certainly true in the case of a diagonal metric (which corresponds
to a completely factorized of the form P(s) = (s1)™(s?)"2(s3)" ..., with ny +ng + ... > 3),
which is a case already discussed in the literature — see for instance [14]. More generically, if
the metric factorizes into decoupled saxionic sub-sectors (corresponding to a factorization of
P(s)), then one can clearly construct non-radial solutions by freely combining radial solutions
in each subsector — see appendix B.5 for more details. The above argument strongly suggest
that this property holds also for more general models, with non-factorizable P(s). We will

provide further support for this claim in subsection 4.5.5.

This provides further support to the main claim of this section: if the perturbative regime
is described by a Kihler potential (4.1.3) (or a kinetic potential (4.1.4)) associated with a
homogeneous function P(s) (or P(£)) of degree n > 3, then for each q € Cyy there exists a

corresponding smooth wormhole solution. Some comments are in order.

e The existence of the wormholes does not depend on the overall sign of q. Hence a wormhole

exists also for —q € Cywy. We will refer to it as anti-wormhole.

e The condition (4.5.1) excludes the cases in which q € Cf"" belongs to the boundary of
P. However, some boundary regions P’ C OP|gn. qist. are at finite distance in field space
and can correspond to a restricted perturbative regime. In these cases, we can apply the

same construction to this restricted perturbative regime.

e If instead a q € C;"" belongs to an infinite distance boundary OPlint. gist., then the ho-
mogeneous ansatz (4.5.2) does not make sense. However, the arguments of this section
suggest that if we move £, slightly away from the unphysical homogeneous direction, in-
side P, than a wormhole may still exists. In particular, this is certainly true if P can
be factorized into two subcones, e.g. P = P(q) X P(z), with block-diagonal metric with

corresponding factorized homogeneous polynomials P = P, Py, with at least one of degree

> 4 and q contained in it.
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We can summarize the above conclusions on the more general wormholes as follows. First, it is

natural to extend of the set (4.5.1) of wormhole charges as follows:
Cot = Cr N (IntP U OP|gin. dist.) = Cwu U (Cr N OP|gin. dist.) (4.5.23)

Second, if q € C& and P(¢) restricted to the ray (4.5.2) is homogeneous of degree ng > 4, then
there should still exists wormhole solutions approaching any s., € P. Moreover, there could
exist regular wormholes also for q € OP|int qist., under some additional conditions. Finally,
the critical nq = 3 case is in fact quite interesting too, as we will be discuss in the following

subsection.

4.5.3 Marginally degenerate case

It is instructing to more quantitatively discuss how the homogeneous wormholes with n < 3
fail to be globally well defined. This will highlight how the ‘marginally’ degenerate case n = 3

can, and in fact is, physically relevant.

We start by rewriting the universal solution (4.5.7) in terms of the three-sphere radius r. This
can be more easily done by passing through the alternative proper parameter 7 introduced in
(4.4.29). Indeed, from (4.4.22) and (4.4.23) we get the relation

1 L2\ 2 L?
7= CTSVETR arcsin (72> = % arcsin <7’2) (4.5.24)

By using it in (4.5.7) we get

i(r) = I, cos [\/i <72T — arcsin (fj))

This more manifestly shows that if n < 3 then £ (r) vanishes, and then the solution degenerates,

(4.5.25)

at the radius
L

a0 vl

We will assume that in any physically sensible theory n is an integer, as clearly indicated by all

(4.5.26)

string theory models n. Hence we have basically three possibilities: n = 1,2,3. From (4.5.26)
one gets rdegln—1 ~ 1.27L and rgeg|n—2 ~ 1.88L.

Physically, at these degeneration points the theory reaches the infinite distant tip £ = 0 of the
dual saxionic cone. This means that all BPS string tensions (2.2.3) and Apax defined in (4.2.23)
vanish. Note that all the other relevant four-dimensional energy scales A < m, < Aqgg vanish
as well. Hence, for n = 1,2 already at rqe; ~ L the solution ceases to make any sense. This
clearly indicates that the charges q € CZX% with ng = 1,2 can only be regarded as charges of

fundamental BPS instantons of the type discussed in Section 4.4.3.
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The story is very different for the n = 3 case. First of all, in this case 7qeg|ln—=3 ~ 00. So,
in fact, the solution is everywhere well defined and degenerates only asymptotically at spatial
infinity. Moreover, for n = 3 the profile (4.5.25) assumes a particularly simple form. Indeed

(4.5.6) implies that
= (4.5.27)

and (4.5.25) reduces to

i(r) = %Mlgﬂ S e = W‘l&?' (4.5.28)
We then see that, as a function of r, the dual saxionic profile is identical to extremal BPS profile
(4.4.31), with vanishing (and hence degenerate) asymptotic saxionic value €, = 0. The only
difference with the extremal case is in the metric, which has non vanishing warping (4.4.18),
and in the radial range r € [L,00) (if we restrict to only half wormhole). This means that,
even if the two solutions are not exactly identical, at a distance moderately larger then L they
do not look much different. Already at a radius r > 10L, the two solutions differ by a relative
error of order O(10~%)! The degeneration £ — 0 is of course again associated to an infinite field
distance limit, but now it corresponds to infinite radius limit r — oo. In particular, all BPS

string tensions (2.2.3) and A2, decrease as r—2. This is in fact what one would have guessed

max

just from dimensional analysis, if we regard r~! as and energy scale.?’

These considerations become particularly important if the wormhole solution is relevant only
up to some infra-red length scale rig > L. For instance, as one moves to large distances some
low supersymmetry-breaking scale Agg might become relevant, and stabilize the saxions to some
finite value at a distance rg ~ 1/Ags. Or one may be interested in studying the wormhole
contributions to the EFT with low sliding cutoff A < 1/L, as we will do in in Section 4.5.4. In
such a case, one ‘integrates-out the wormhole’ only up to a distance rig = Ao = 1/A, and so
the behavior of the wormhole solution at larger distances does not matter [5, 6, 209]. In the

following, we will focus on the latter Wilsonian interpretation of the IR cutoff.

As an example, in the low energy effective action defined at A < L1 the contribution of the
half-wormbhole is represented by the insertion of the localized operator obtained by cutting-off
the on-shell action (4.4.26) at the proper time 7p = 7o — TA, With 75 corresponding to 7
through (4.5.24). This gives

S = ;” sin <”TA> = 27(q, sp)V/1 — L*A% = 2n(q, sa)[1 + O(2)] ., (4.5.29)

A 2 Too

where in the second step we have used (4.5.11) (with n = 3) and (4.5.24), and we have introduced

29From the saxionic viewpoint, (4.5.10) tells us that the flow may be regarded as a sort of EFT string flow.
So (4.2.19) suggests that m?2 should generically decrease faster than A2, as r. However we again regard the
species scale, rather than the tower scale, as the relevant one in the present setting. This is supported by the
‘fake’ BPS-ness of the n = 3 wormholes, which suggests a protection mechanism.
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the expansion parameter
en =LA < 1 = In = eplsy . (4.5.30)

For instance, we can take rp = 10L, and hence ey = 1072. We then see that, up to 0(612\)
corrections, the cut-off on-shell action (4.5.37) is precisely the localized operator (4.4.34) ac-
counting for the insertion of a BPS fundamental instanton! This confirms the above observation

that, from far away, the n = 3 wormhole looks like a fundamental BPS instanton.

We can also study the effect of slightly moving £, away from the choice (4.5.2). The general non-
perturbative arguments of Section 4.5.2 and the perturbative results of Appendix B.2 clearly
indicate that a tiny displacement of £, transversal to q evolves to a large relative deviation

along as we go to infinite radial distance.

A~

As in Appendix B.2, let us consider a small deformation ¢;(r) — ¢;(7) = £;(r) + §¢;(r) of the

dual saxionic flow. We can set
Sti(r) =) fi(r) ,  filr) <1, (4.5.31)

with f;(r) representing the relative small deformations. Only transversal deformations are
relevant, and one can impose the transversality condition (B.2.6) on the initial deformations

fxi, so that the wormhole radius L receives only second order corrections in f,; — see (B.2.7).

By using (4.4.29) and (4.5.24) in (B.2.8) (with n = 3), one gets the relative deviation:

filr) =g fu . glr)=1+ ; —1 [;r — arcsin (g)] , (4.5.32)

which clearly diverges for » — co. However, for fixed large radius r > rp > L we have

7T7“2

_ 2
9(r) = 513 [1+0(&X)] - (4.5.33)
and then the perturbative solution can still make sense up to this radius if f,; is slightly smaller
than L2 /r2. In particular, since r > rp we necessarily have f,; < ex and thus L? can be

identified with (4.5.27) up to O(€%) corrections.

By plugging (4.5.28) and (4.5.32) in (B.2.2), we get the absolute deviation

AGETN» szz(”

T AM2L?

(4.5.34)

[14—0(6?\)] for r > rp .

Hence §/4;(r) is asymptotically constant and then, for r > rj, the complete perturbed solution
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can be written as

£(r) = £(r) +6€(7) = L(q+g(7) )
: (4.5.35)
- W‘lgr? 00 [14+0(&)]  with 06y = 4Mf§L2 .

This clearly shows that, up to O(e3) corrections, the perturbed solution still has the BPS form
(4.4.31), but with a non-vanishing constant term 0£€,, which must be sufficiently small but

otherwise completely arbitrary.

In the assumed approximation scheme, the cut-off on-shell action (4.4.26) is still given by
(4.5.37). Indeed, by using the second expansion in (4.5.35) and the transversality condition
(B.2.6), one can easily check that

lall®(8) = llall*(e) [1 + O(e})] - (4.5.36)

Correspondingly, (q, 8) = (q, s)[1+ O(€% )], where &' are the saxions corresponding to ?;, as can
be verified by using the saxionic expansion §' = s' — g(r)G¥ (£) f.; associated to (4.5.35) and
(B.2.6). We conclude that the perturbed solution still has BPS-like cut-off action

Slhw = 27(q, $A)[1 + O(€2)]. (4.5.37)

In the following Subsection we will provide numerical non-perturbative evidence that this con-

clusion holds also for larger deformations of the homogeneous solution.

It is also interesting to evaluate the contribution of the GB term to the on-shell action. Consider

first the homogeneous case. The matching procedure amounts to computing (see Appendix B.4)

7C; F(q) /gcA 2 2C;Fi(q) 3
S = — dz cos®r = ———2[1+0
|GB, h 57, ; 397 | (ex)]

(4.5.38)
2 ~
= G 1+ O]
where xp = § — arcsiney. We see that compared to the leading order action (4.5.37) the

GB contribution is O(ep) subleading. If we consider the perturbed solution (4.5.35), we must
impose fi; < ep and hence their correction to the GB contribution is always negligible. So, the

corresponding GB correction is simply given by (4.5.38) with § instead of s.

Finally, being (4.5.38) of order O(ep), for sufficiently small €5 it always overwhelms a possible
negative O(€3) correction in (4.5.37), giving an overall positive correction to the BPS on-shell

action 2m(q, §5).
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4.5.4 Marginally degenerate wormholes and BPS instantons

We would like now to explore in more depth the singular case n = 3. As a preliminary step,
though, we note that, quite suggestively, sending n — 3% and 7, « 1/(n — 3) — oo with £u
(or equivalently so) held fixed one recovers from (4.5.7) the same solution as in (4.4.31). In
addition, the on-shell action becomes the BPS one, as seen in the second line of (4.5.20). 3
This intriguing result suggests a correlation between homogeneous wormholes with n = 3 and
BPS instantons with £, o< q. However, since the curvature length tends to zero (or equivalently
S« — 0) this limit is not fully under control physically. We thus need to look at this limit a bit

more carefully.

With the boundary condition #(7s) = o kept fixed, the singular homogeneous solution (4.5.7)
with n = 3 becomes progressively larger and larger as we approach the wormhole throat,
and eventually we reach a scale at which the EFT cannot be trusted anymore. We should
confine our considerations to distances r > 1/A > /N /(4w Mp) away from the throat. For any
r > L > 1/A the proper time in the + branch of (4.4.22) approximates to

1 1
AM2L? 27 M2r?

(L+0(L*/r?)). (4.5.39)

T =

Hence, at a time 7 = 7o, — A7 our solution (4.5.7) can be written as

U(r) =L, [COS (TZO) cos (?T> e (7«;0) s (yﬂ (4.5.40)

= Voo + AT] {1 + O(AT/Z*)Q}

where the correction can be ignored since

A Too —T L2
_ *© == (1 L?/r? 1. 4.5.41
N N > (1+0(L?/r?) < (4.5.41)

Eq. (4.5.40) exactly reproduces the form of a BPS instantons with £, x q, see eq. (4.4.31),
up to small corrections of order L*/r*. In other words, within the EFT the latter configuration
is in fact indistinguishable from a homogeneous wormhole with n = 3. The difference, if any,

must appear at scales as close as < 1/A to the throat, and is not visible at large distances.

The apparent loss of calculability in the far UV is just a red-herring. There is an alternative
way to confirm that homogeneous n = 3 wormholes are actually BPS instantons and that
avoids curvature singularities in the UV. Rather than fixing the asymptotic value of the field
and letting l, grow as we approach the throat, as done so far, we now fix L to some reliable
value and instead introduce an arbitrary IR cutoff 1/rg < 1/L. Restricting the integration to

the domain L < r < rr, and keeping n arbitrary for the moment, the on-shell action for half

30Tf we instead kept £. (hence L) finite we would have obtained a divergent s.. as well as a divergent action.
We will come back to this alternative perspective below.
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a wormhole becomes

2
S|hw = %r tan T(ZIR) = 7;71 tan (\/iarctan \/ 72—5” - ) . (4.5.42)

* *

For any finite curvature length L (and hence 57*), we see that this expression diverges as rig /L —
oo if n = 3, and only in that case 3'. But the solution at least does not develop any curvature
singularity. One may superficially think that the IR divergence indicates that the associated
wormhole configuration has no physical impact semi-classically, but this is not true [5]: at scales
larger than a matching scale 7y > L (rp < rr) the effect of the wormhole is captured by a
local operator of the form Ce?>™@2a) [6], with ay = a(7y) and a finite coefficient C. One can
compute the latter coefficient by matching the IR theory valid at r > rj, where the geometry
is essentially flat, with our earlier description of the wormhole. The result is approximately
C o e~ (Slw=54) [5] where Sy is the action evaluated with the IR description at lengths r > 7y
for configurations with axionic charges ¢; equal to those of the wormhole. In both cases one
observes the same IR divergence regulated by our IR cutoff rr, because IR divergences are
insensitive to the UV. As a result S|nw — Sa is finite and approximately equal to our earlier

result (4.5.42) with rig replaced by the matching scale ra [5]. For n = 3 one obtains:

3w i T(rA) o T(rp)
=T sin — —or —-AZ
C 7 7. 2m(q,s) sin 7.

_ e~2mlas)[1+owt /)] (4.5.43)

where we used (4.5.7) to write £5 = £(14) = £, cos(tr//,) as well as the relation n/l = 2(q,s).
The conclusion of this exercise is that the effect of a n = 3 wormhole is parametrized at energies
below 1/rp by adding to the action of the IR EFT a term 27i{q, ta) localized at the matching
scale. Because we have argued earlier in Section 4.4.3 that BPS instantons are described exactly
in the same way, we are lead to conjecture that singular homogeneous wormholes with n = 3

are the low energy manifestation of a class of BPS instantons.

4.5.5 Examples in string theory models

Let us now discuss some possible realizations of the above wormholes in string theory models.

Consider the F-theory models discussed in subsection 4.3.1. In this case case, we recall that the
set Cr of BPS instanton charges can be identified with the cone of effective divisors. In order
to identify the possible wormhole configurations, we must identify the set (4.4.36) of possible
EFT instanton charges. Recalling the discussion around (4.3.12), we immediately conclude that
q = ¢oD* € C[*" is a nef divisor in some space X’ ~ X. In the following we will for simplicity
take q = ¢, D® to be nef already in X. Note also that we will mostly focus on toric models,
or orientifold quotients of Calabi-Yau three-folds, in which the comments of footnote (14) hold

and then q = ¢,D® € C;'"" can be regarded as movable divisors.

3'When n < 3 the solution develops a singularity at a small distance from the throat. We will not consider
these cases in the following.
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Since the £,-sector alone has n = 3, in order to get everywhere regular wormhole solutions we
are led to focus on Sen’s weak coupling limit, in which we have the additional dual saxion é,
so that we can pass to n = 4 by turning on a corresponding charge ¢ > 0.*? In this case we
know that there certainly exists the family of homogeneous wormholes for any wormhole charge
vector (¢,q) € Cwn — see 4.5.1 — which means that ¢ > 0 and that q = ¢,D® represents an
ample divisor in X. In these wormholes the dual saxions have a profile of the form /() = ¢ /()
and £(7) = £y(T)D* = q (1), where (1) is as in (4.5.7) with n = 4.

According to the general argument, we also expect that there exist other wormhole solutions
whose initial position (@*, £.) is non-aligned but sufficiently closed to the radial direction identi-
fied by the charge vector (¢, q). Since the scaling discussed below (4.5.20) identifies equivalent

classes of solutions, it is convenient to rephrase our statement in terms of the vector

()
i)

(1) = 24(7)D*

, (4.5.44)

which characterizes wormholes that are not equivalent under scaling symmetry. Note that the
universal solution corresponds to the constant profile (1) = q (hence with z, = - = q),
while other equivalence classes of solutions correspond to any other profile &(7) completely
contained in Px and with x, # q. Not only do we expect to find admissible solutions for any
x, in a sufficiently small neighborhood of q, but we also expect that we can tune x, in this
neighborhood to get any o, € Px. Note also that by the scaling symmetry, for any admissible
solution &(7), we can always find a non-empty subset of corresponding flows (£(7), (7)) that

lie inside the a-saxionic convex hull.

We can more explicitly test our expectation by considering the simple models described in
subsections 4.3.1 and in the appendices B.3.1, in which x(7) should belong to R2>0 and R?;O
respectively. Consider first the model of subsection 4.3.1. Ignoring for the moment the sector
associated with the dilaton (4.3.14), the cone of BPS instanton charges is generated by the
effective divisors E' and E2. Hence, in the basis of nef divisors D', D? the components of a
BPS instanton charge q = ¢; D' + ¢2D? € Cr must satisfy ¢ + ngz > 0 and ¢o > 0. On the
other hand, q belongs to the subset C;'*" of EFT instanton charges only if ¢g; > 0 and g2 > 0.
For instance the charge vector q = E?, which corresponds to (qi,q2) = (—n,1), is BPS but
not EFT. Including back the dilaton, according to our general claim there should exist a large
family of wormhole solutions for charges in the set (4.5.1), that is §, ¢', ¢* > 0, in addition to the
corresponding homogeneous wormholes which certainly exist. One can numerically integrate the
equations (4.4.16) for different choices of the twisting constant n > 0 (the case n = 0 reducing
to a trivial factorized one), charges ¢, ¢', ¢> > 0 and initial values (41, Z+2). The results confirm
our expectations, as for instance exemplified in figures 4.3 and 4.4. In particular, the plots show

how, even if the allowed throat values (x.1,x.2) are confined to a sharp specific sub-region, the

32This is just the simplest choice but, for instance, we may also turn on charges corresponding to the (s)axionic
sector appearing in some asymptotic region of the complex structure moduli space.
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Figure 4.3: Sample x(7) trajectories with initial condition @, displaced from the homogeneous
solution, indicated by a star in the plot. The gray region is an interpolation of the red x,
acceptable domain of figure 4.4a. Small displacements around the star lead to completely
different trajectories in a manner resembling the behavior of an unstable system.

corresponding asymptotic values (o1, Too2) spread all over R2>0, as predicted by our general
arguments. Recalling that the boundary ¢; = 0 is at finite distance, we also expect to find
wormhole solutions for charges ¢,¢> > 0 and ¢' = 0 around the homogeneous solution. This
is indeed what we find, as shown in the plots of Fig. 4.5. Almost surprisingly, we also find
solutions with ¢,¢' > 0 and ¢> = 0 where no homogeneous solution is in principle possible.
A closer inspection of the plots reveals however how these solutions do not form a dense open
set around the would-be homogeneous solution, but rather belong to the class of “accidental”

solutions as for the ones of Fig. 4.4.

It is also interesting to explicitly check the correspondence between fundamental instantons
and n = 3 wormholes of section 4.5.3 beyond the homogeneous and perturbative regime. We
can do this by keeping only the ¢, sector, which is described by a n = 3 Kahler potential, and
performing the usual numerical scan. Following the cut-off procedure outlined in section 4.5.3,
we can test the equivalence by comparing the complete numerical action of the solutions to the
associated BPS value (4.4.34). As on general grounds we expect all the solutions to degenerate
at most at r = oo, identifying valid solutions is somehow ambiguous. We therefore employ
the empirical criterion that the dual saxions must degenerate at distances at least greater than
ra, where we assume that they will then be stabilized by some mechanism within the low-
energy EFT. The result of the scan is reported in the plots of Fig. 4.6, where we both show
the usual spread in the asymptotic values associated to deformations around the homogeneous
solutions and the comparison between the complete and the BPS action. In the neighbourhood
of the homogeneous solutions the actions coincide up to O(e3), exactly as predicted by (4.5.37).

Interestingly, a new region around ¢; = 0 also appears. This is not surprising as it closely
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(b) Corresponding asymptotic values o =
(a) Scanned throat values x, = x|,—y. T r—oo-

Figure 4.4: Numerical scan obtained by integrating the equations of motion with charge vector
q = (1,1,1) in the F-theory model 2 with random initial conditions for the dual saxions. The
first plot contains the allowed throat points x, identified by the scan: all the points in the box
has been randomly scanned, but we just show the ones that lead to acceptable solutions, i.e.
with z1, x5 > 0 all along their trajectory. The shape of the domains of acceptable solutions are
clearly distinguished and visible and have been indicated with different colors. The black star
denotes the point corresponding to the radial solution and the red dots in its neighborhood
can be identified with the solutions predicted by our general arguments, while the blue set
on the left represents “accidental” solutions, not predicted by our argument. The second plot
shows the asymptotic values x, associated to the acceptable solutions. We can again clearly
distinguish two sets of points, corresponding to the two disjoint sets of the first plot: the set
corresponding to the red neighborhood of the black star in the first plot, which is spread out
all over R2>0, as predicted by our general argument; the set corresponding to the accidental
solutions, which identifies the blue thin denser cone which is visible in the second plot.

resemble the situation of Figs. 4.4, 4.5. This time the agreement between the complete and
BPS action is roughly of O(ex).

The model described in the appendix B.3.1 can be analyzed in the same way. In this case, in
addition to the dilaton (4.3.14), we have a three-dimensional vector £ = {1 D! + (,D? + ¢3D3
that takes values in the Kéhler cone. So, with focus on this sector, any q € C;’*" can be
identified with the generic nef divisor q = ¢; D' + ¢2D? + ¢3 D3, with q1,q2,93 > 0. Again,
the set C1 of BPS instanton charges is larger, and is generated by the effective divisors. In
particular, if n, h > 0, the generators E' and E? identify BPS instanton charges (q1, g2, q3) =
(1,—n,0) and (q1,q2,93) = (—h,0,1), respectively, which do not belong to C;*". As in the
previous model, including the dilaton, we expect that for any choice of charges in Cywy, that
is 4, q%, ¢%, ¢> > 0, there should exist a large family of wormhole solutions reaching all possible
asymptotic values (ZTool, Too2, Too3) € R3,. By numerically integrating (4.4.16) with initial
conditions (1, Tx2,T«3) € R?;O, one gets another clear confirmation of our expectation as

evident from the plots in figure 4.7.
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(a) Throat values x, = x|,—, of solutions with (b) Asymptotic values o, = @|r=co of solu-
charge vector q = (1,0, 1). tions with charge vector q = (1,0, 1).
20

0.5

Z|r—co of solu-

(d) Asymptotic values o, =
(c¢) Throat values ®, = @|,—, of solutions with tions with charge vector q = (1,1,0).
charge vector q = (1,1, 0).

Figure 4.5: Same scan as in Figure 4.4 but with charges q = (1,0,1) and q = (1,1,0), as
indicated in the captions of the plots. While the solution with vanishing ¢ charge is expected,
the one with vanishing /5 charge is apparently surprising as the point ¢ = 0 is at infinite
distance. Indeed, a closer look at 4.5c¢ reveals how getting closer to the point associated to
the homogeneous solution (indicated as star in the plot) the domain shrinks so that the the
homogeneous solution is never actually reached, confirming that f5 , = 0 never delivers a valid
configuration. This is a completely different behavior with respect to figure 4.5a, where the
homogeneous solution has a “dense” neighbourhood of valid solutions.
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Figure 4.6: Numerical scan obtained by integrating the equations of motion with charge vector
q = (1,1) in the F-theory model 2 without the dilaton and with random initial conditions
for the dual saxions. The left panel compares the allowed throat values of z, = /1 /627* to
the asymtpotic values xp = ¢1 5/¢2 5 found by the scan, where acceptable solutions have been
identified as the ones in which the dual saxions degenerate at a distance greater than ry = 10L
from the throat. The black star denotes the point corresponding to the radial solution and
the red dots in its neighborhood can be identified with the solutions predicted by the general
perturbative argument, while the set on the left represents the usual accidental solutions. In
this case, the set of points around the homogeneous solution is significantly more restricted
compared to the accidental solutions one. The second plot shows the ratio Sy /Spps associated
to the acceptable solutions, where Sy is obtained by cutting off the integration up to ry as
outlined in the main text and Sppg is given by (4.4.34) . Around the homogeneous solution the
two actions are compatible up to O(e3) terms as predicted by (4.5.37), while in the accidental
region the deviation is slightly bigger (but still below O(ey)).
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Figure 4.7: Numerical scan obtained by integrating the equations of motion with charge vector
q = (1,1,1,1) in the P! over F,, F-theory model with random initial conditions for the dual
saxions. As in figure 4.4, the first plot contains the acceptable throat points x, identified by
the scan. The shape of the domain of acceptable solutions is clearly visible and generates a
dense set around the homogeneous solution, indicated as a black ball connected by dashed gray

lines for clarity. The second plot shows the asymptotic values @, associated to the acceptable

solutions, that as predicted by our general argument spreads all over Rio
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Chapter 5

Conclusions

In this thesis we have presented the results of two main lines of work linked by the use of certain

axionic, or EFT strings, previously introduced in [34, 51], as the main tools.

In Chapter 3 we provided a number of quantum gravity constraints on the effective action
of an N/ = 1 supergravity theory in four dimensions. The constraints arise, modulo certain
assumptions, by demanding the consistent cancellation of the gauge and gravitational anomalies
induced by inflow from the bulk on the worldsheet of the EFT strings. This logic is generally
in the spirit of the analysis of [36, 37, 39, 49, 77-79] treating effective theories with more

supersymmetry or in a larger number of dimensions.

Our derivation of the anomaly inflow and hence the quantum gravity bounds is valid for theories
in which the gauge and gravity sector couple in a standard way to the axionic sector of the
supergravity as in (2.1.11) and (2.1.19). For theories with this property, we have derived
the positivity bounds and quantization conditions (3.2.3), (3.2.4) and (3.2.6) on the axionic
couplings and furthermore argued for the bound (3.2.26) on the rank of the gauge sector coupling
to the EFT strings. These bounds indeed rule out many supergravity theories as quantum
gravity theories which would otherwise seem perfectly consistent, as we have demonstrated in

simple settings in Section 3.3.1.

At a technical level the derivation of the bounds rests on the fact that the worldsheet theory of
the EFT strings can be assumed to be weakly coupled. This is a consequence of the backreaction
of the strings on the supergravity background in four dimensions [34, 51] and distinguishes
EFT strings from intrinsically strongly coupled strings. At the same time, the class of EFT
strings cannot be decoupled from the gravitational sector, and in this sense are similar to
the supergravity strings in higher dimensions [36, 39]. This makes them ideal candidates to

constrain the quantum gravity effective action.
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Our derivations furthermore rest on the assumption, specified around (3.1.26), that the spec-
trum of the weakly coupled NLSM obeys a certain minimality principle: The ny Fermi mul-
tiplets charged under the group of transverse rotations, U(1)y, are all assumed to participate
in the lifting of a subset of the nc chiral multiplets in such a way that at best the difference
nc — ny of remaining unobstructed chiral multiplets can contribute to the worldsheet anom-
alies via a Green-Schwarz type coupling. This assumption is natural in concrete string theory
realizations of the effective theory. As one of the classes studied in more detail in this paper, we
have analyzed EFT strings in F-theory compactifications by wrapping D3-branes on movable
curves on the base of the elliptic Calabi-Yau four-fold. In this context, we have seen that the
difference nc — ny is a topological index; in the geometric subsector it corresponds precisely to
the number of unobstructed geometric moduli which enter the NLSM. In fact, the minimality
principle is manifestly satisfied for EFT strings obtained from D3-branes wrapping movable
curves of genus g = 0, as in this case ny = 0. If the cone of movable curves is generated by
rational curves, our assumptions are thus indeed realised. Incidentally, for Fano 3-folds this is
the case (see e.g. [210] and references therein), and it is tempting to speculate if this pattern
generalises to non-Fano base spaces of Calabi-Yau fourfolds with minimal holonomy. More
generally, it would be important to better understand the validity of our working assumption

(3.1.26) independently of concrete realizations in string theory.

In full generality, the quantum gravity bounds depend not only on the axionic couplings C' and
C appearing in the four-dimensional effective field theory, (2.1.11) and (2.1.19), but also on
a contribution to the worldsheet anomalies encoded in the quantity C as defined in (3.1.11).
We propose that such contributions should be present only for EFT strings whose backreaction
probes a five-dimensional substructure of the theory. Examples of such EFT strings can arise
in the heterotic theory, for strings obtained by dimensional reduction of heterotic 5-branes
along nef divisors with non-vanishing triple self-intersection on the Calabi-Yau threefold. In
a general setting, the appearance of the coupling C could be used to deduce an underlying
five-dimensional structure of the four-dimensional effective theory whenever a comparison of
our bounds with the four-dimensional effective action implies that C' # 0. We believe that this

interesting effect deserves further investigation.

The bounds on the rank of the gauge algebra in their general form (3.2.26) are oftentimes rather
conservative. In the context of minimally supersymmetric F-theory on elliptic fibrations with
a smooth base, we have proposed a sharper bound, (3.3.36), based on a detailed understanding
of the NLSM massless fields in this case. On the other hand, the more general bound (3.2.26)
can in fact be saturated for instance in heterotic orbifolds (and therefore also their F-theory
duals, which necessarily involve a non-smooth base) and is hence to be regarded as the more
general bound. Irrespective of this, it would be very important to verify if the sharper bound
(3.3.36) indeed withstands scrutiny in F-theory on smooth three-fold bases, as our preliminary
analysis in a handful of examples is currently suggesting. We believe that the analysis of EFT

strings adds a fruitful new line of investigation to the active program [84-93] of constraining the
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possible effective field theories which can be obtained in F-theory. An important achievement
would be to establish a universal bound on the rank of the gauge group in this class of minimally
supersymmetric compactifications, as was possible for the abelian subsector in six dimensions
in [37]. In view of (3.3.36), this challenge can be re-phrased as the task of finding a universal
bound for the intersection product between a curve in the interior of the movable cone Mov; (X)
and the anti-canonical class K x on all possible three-fold base spaces X over which an elliptic

Calabi-Yau can be constructed.

Finally our focus in concrete string realizations has been on strings probing the Kéahler sector
e.g. of F-theory or heterotic compactifications. By contrast, the sector of EFT strings probing
the complex structure sector of these theories is far less understood. We leave an investigation

of this sector of EFT strings as a challenge for future work.

In Chapter 4 we presented a detailed study of a class of homogeneous multi-saxionic wormhole
solutions in N = 1 effective theories of gravity coming from String Theory compactifications,
their non-homogeneous generalizations and begin to discuss their physical consequences on the
low energy action. In doing so, we also delved into the topic of the energy scale of validity of

such solutions and hence into the notion of species scale in our context.

The concept of EFT strings guided us in our inquiry, providing both a consistency bound on the
coefficient of the relevant higher derivative correction to the on-shell action of the wormholes,
the Gauss-Bonnet term, derived in Section 4.2.2 on the results of Chapter 3, an upper bound
on the species scale through their tension and an organising principle for such bound in the
neighbourhood of various infinite distance limits, as shown in Section 4.2.3. The issue of the
energy cut-off is particularly important when dealing with geometric configurations controlled
by a length scale, in this case the size of the wormhole throat, to assess their validity in the
EFT regime and for this we dedicated resources to it in our discussion. We proposed the
square of the corresponding EFT string tension as an upper bound on the scale of strongly
coupled gravitational effects and motivated it both in EFT string infinite distance limits and
the asymptotic region around them. This proposal was at the core motivated by the Emergent
String Conjecture [70] together with the Scaling Weight Conjecture of [34], which imply that
such a scale can be either the mass of the excitations of a fundamental string (for which a
perturbative quantum description can be achieved and the bound is expected to be saturated)
or of an extended object (for which a perturbative description cannot be achieved anyway).

Several checks in explicit F-theory and heterotic compactifications confirmed our proposal.

We have described and analysed a wide class of Euclidean wormholes which are characterized by
homogeneous dual saxion profiles and delved into their extensions thanks to both perturbative
and numerical tools. The dual framework is specifically suited for simplifying the exploration
of their features. We have proved the existence of such controlled solutions whenever the
configuration carries an instanton charge in a peculiar subset of the dual of the set of possible

EFT string charges. This both confirms and widens their role as the charges associated to
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perturbatively controlled regimes. It has already been proposed that EFT string charges are
in biunivocal correspondence with weakly coupled asymptotic regimes in [34] and [35], but
this result might point to them and BPS string charges in general being also crucial for the
understanding of geometric configurations which can be described consistently within the EFT
approximation. Such general statement is clearly outside the scope of our discussion, but it is

nevertheless an intriguing possibility.

The existence of the above solutions is granted by the specific form of the kinetic term of the dual
saxions, controlled by a Kaler potential generated by a homogeneous intersection polynomial
of degree 3 or greater. This condition is automatically satisfied in F-theory models when the
axio-dilaton is taken into account. The marginal case of degree 3 is not without meaning:
thanks to it leading to solutions which are well-defined everywhere outside infinity we were able
to highlight an interesting connection to extremal BPS instantons. The study of the physical
consequences of such wormholes in the marginal cases allowed us to entertain this possibility
and propose that such wormholes might be seen as the low energy effective realizations of
extremal instantons of the UV complete theory. It would be interesting to gather additional

evidence for such claims in future work.

Finally we should stress that all of our discussion is based on the assumptions that we are in a
minimal supersymmetric setting and that the saxions involved get a potential only through the
effective one induced by the non-vanishing flux of the 2-form field on the compact patches of
the wormhole. A possible future line of research, beyond the scopes of this thesis, is represented
by the addition to the framework of the effects coming from supersymmetry breaking and an
explicit potential, and check whether either of those are enough to change substantially our

conclusions and proposals.
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Appendix A

A.1 Conventions for 2d anomalies

Here we summarise our conventions for the computation of the two-dimensional gauge and
gravitational anomalies — see for instance [211] for a review and references to the original

literature.

The notion of positive and negative chirality fermions along the two-dimensional worldsheet of

the string is induced from the four-dimensional bulk theory by identifying the two-dimensional

chirality matrix v, with —T,? = —(03),15, using the notation introduced in Section 3.1.3. In

Yo = <_01 2) (A.1.1)

and a two-dimensional Dirac spinor decomposes as

W
= . Al
(%) e

In order to be compatible with the terminology adopted in several related works, we will refer

matrix notation,

to the negative (positive) chirality spinors ¢_ (¢4 ) as left-moving (right-moving). (Admittedly,
this may be confusing, since on-shell ¢+ depends only on y¥F = 3* F y'.)

The variation of the quantum effective action can be written as
6T = (6gange + OLorentz)I = 27 / Y, (A.1.3)
where the polynomial Iél) obeys the descent relations
n=arl”, 51 =ar®V. (A.1.4)

In 2n dimensions, the anomaly polynomial 5,2 associated with a complex positive-chirality

Weyl fermion transforming in a representation r of the gauge group is given by the following
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general formula:

Iopy2 = [A(M) chy(—F)]2nt2 (A.15)

where A(M) is the Dirac genus of the manifold M and ch(—F') the Chern character:

tr R% +

AM) =1+ 12(47)2 (474

1 1
—trR* + —(tr R*)?| + ...
[360 PR g (TR
(A.1.6)
1 , 1 1 )
chy(—F') = try exp —%F =dimr — %trrF%— mtrrF + ...
In two dimensions, the gauge and gravitational anomaly generated by a single complex Weyl

fermion with positive chirality (i.e. a right-moving fermion) is therefore encoded in

Iy = tr R? . (A.1.7)
Notice that in this form the possibility of mixed abelian anomalies is automatically taken into

consideration. In fact, if the gauge group G can be written as a direct product as in (2.1.5),
the field strength has the form F' =) , F'a + ) ; F; and we obtain

dimr
I, = — tr, F? tr R?
4= g I T g ™
1 dimr
= —tr, F F F F tr R?
g 2t LNt 2 g (A18)

1 A B Urp) o dimr
= S APFANF tr F £
87T2Zi:q’ G Fa B+;zk: Tonz W7+ Tog2 I

where q;-A denotes the U(1) 4 charge of the i-th component of the representation r and we have
decomposed r = ), ri of r into G representations ri. In the second line we have used the
trace tr = ﬁ try introduced in section 2.1.1. A negative chirality (i.e. left-moving) complex
fermion contributes with the opposite sign. Taking this into account and summing over all the

possible contributions of (0,2) scalar and Fermi chiral multiplets, one gets (3.2.1) and (3.2.8).

A.2 Weakly coupled NLSMs on EFT strings

In this appendix we provide some non-trivial evidence that the NLSM supported on EFT strings

can be treated as weakly coupled.

A.2.1 EFT strings in F-theory models

Consider an F-theory model of the type described in Section 3.3.2 and focus on the EFT strings
corresponding to D3-branes wrapping movable curves. Note that by the EFT Completeness

Conjecture the movable curves should admit an effective representative, which is furthermore
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expected to be generically smooth. The geometric moduli space Mgeom of such a movable
curve Y C X should provide part of the target space Myrsn of the NLSM model supported
by the EFT string. Other possible directions along Mysu are represented by SL(2, Z)-twisted
‘Wilson lines’, which are part of the chiral fields ®®) in the language of Section 3.3.2. By
appropriately tuning the initial value of the moduli, the NLSM should remain weakly coupled

along the EFT string flow. In this appendix we more explicitly check these expectations.

If we introduce some complex coordinates Z¢ on X, cpI on Mgeom and ¢ along 3, then the moduli
space corresponds to a family of local embeddings ¢ + Z*((;p). A first-order infinitesimal
deformation of ¥ corresponds to an element of T Mgeom|s ~ H O(NY), where N = TX|x/TX.
By introducing a basis w; of H(NX) we can regard these elements as vectors w; = wjlaz-

describing the deformations of the local embedding:

67" = wh(¢; 0)0p! (A.2.1)

The IIB Einstein frame spacetime metric takes the form

ds? = e*4ds? + (2ds% (A.2.2)

2 p2
with e24 = fgf;, where the dimensionless quantity Vx is the volume of X in string units (i.e.

measured by d§%, which we also take to be dimensionless).
Along the D3-brane world-volume W x ¥, where W is a two-dimensional world-sheet in the ex-
ternal directions, we can use coordinates ¢4 = (6, u®), where u® = u®(¢, ) are real coordinates
along ¥. The complete embedding is then defined by X*(o), Z*((; ¢(0)), and we can consider
¢! (o) as NLSM fields. The metric hqp induced on W x ¥ splits as follows:

ds?|wxs =hapdeAde? = hopdo®do” + 2haado®dub + (hgpdu®du®

_ [e%hw +2023i5(2, 2)ui Dap' 050" ] do®do” (A.2.3)
+ 202 [§i7(Z, Z)wiBap! 9y 27 + c.c.] do®dul + €2 hypdu®du®

where hog = g(X)0,X"03X" is the pull-back to the EFT string world-sheet of the four-
dimensional Einstein frame metric, and hap = Gi7(Z, 7)0,Z'0yZ7 + c.c.. Then

det(hap) = (2 det [eQAhag + 2 (g,.lj(z, Z) wf,wjj@agolaﬁﬁj + c.c.)} det(hap) (A.2.4)

where
935 = 9ig — 9ir i 0270, 2" (A.2.5)

is the projection of the metric in the orthogonal directions, in the sense that g%Vi = g%f/i =0

if Vi9; € TD and gilj_vif/i = §;;VV7 if Vi9; € T3. Neglecting the flux contributions, the
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D3-action becomes

2 ~
Sp3 = —7T /W Ed‘*{\/—det hap + ...
S X

2 = .z - R
= —TZ/ d?od®uy [ —det |hag + Vs (gz#_(z, 2) wii-0np 0507 + c.c.) det(hap) + ... .
VZ % ’7’E J J
(A.2.6)
Here we have introduced the volume Vx of ¥ in string units, and the string tension
2me2AVs,

We could now tune the bulk moduli so that, at energies £ < A < m,, we can expand the
square root appearing in the second line of (A.2.6). We now argue that the validity of this
property is preserved, or even improved, along the flow (2.2.9) generated by the EFT string.

Indeed, we can make the identifications

5 62A

sL

where L is a length scale (in string units) associated with the directions orthogonal to . For
instance, we may identify L‘i ~ Vp, where D is some effective divisor with D -3 > 1. This
implies that L? scales as /o along the EFT string flow (2.2.9) and m, can be identified with

the lightest KK scale. Hence
27TVE ~ 1 1 Al
T i = mif 90i7 -

(A.2.9)

If we pick local inertial coordinates ¢ in which hn,g ~ 1,8, at energy scales of order E the

second term under the square root in the second line of (A.2.6) is of order E?/m? < 1.

We can then expand the square root, getting
Sps ~ —Tg/ d%o\/—det hos — / A%0\/— det has G (0, @) P00 9507 + ... (A.2.10)
w W

The first term is the standard contribution of the universal sector. The leading correction to

takes the form of an NLSM, with target space metric
Gy = 27r/ d*u/det hy, g5 (Z, Z) win?,. (A.2.11)
b

It remains to investigate the scaling of this target space metric along the EFT flow, which
depends also on the scaling of hs. This can be understood by using the classification of possible
EFT string flows provided in [71]. By adopting the terminology of this reference, one can

distinguish three main cases labelled by an integer ¢ = 0,1,2. These are associated with
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so-called quasi-primitive EFT strings, which form the building blocks of EFT string limits;

generalisations beyond these quasi-primitive limits are then possible along the lines of [71].

In limits of type ¢ = 0, X can be regarded as a P! fibration over a base two-fold B, and ¥
can be identified with the P! fiber. This EFT string is dual to a heterotic fundamental string
moving in a Calabi-Yau which is elliptically fibered over B. In the dual heterotic description it
is clear that an EFT string flow is compatible with a weakly coupled regime — see section 3.1.3.
This can also be understood from the F-theory viewpoint, at least if we focus on the geometric
moduli space Mgeom. Indeed, any vertical divisor in X has vanishing intersection with > and
then, asymptotically, does not scale with o. On the other hand, the base volume scales like o.
This implies that hy scales like %, and then that G;; does not scale. This is consistent with

the identification of G; 7 with the string frame metric of base B in the dual heterotic description.

In the case ¢ = 1, X can be identified with the fibration of a surface S over a P! base, and ¥
is a movable curve inside the S fibre with (X -X)g > 1. In this case S -3 = 0 and then the
volume of S does not scale. Consider now the effective divisor Dy of X obtained by fibering X
- or in fact any curve in the fiber S with non-vanishing intersection with ¥ - over the base P!.
Hence ¥ - Dy = (¥ -X)g > 1 and the volume of Dy, scales as o along the EFT string flow. The
analysis of [71] shows that Vi is constant and the base P! volume scales as o. From (A.2.11)

we see that in this case G scales as 0. Note that this case corresponds to w = 2.

Finally, consider the case ¢ = 2. This case describes a homogeneous decompactification. Hence,

Vs ~ /o and gf-j ~ /o and then G;j scales as 0. Also in this case the scaling weight is w = 2.

In summary, we have found that
Gy~ oGy (A.2.12)

Hence, if w = 1 we can either choose the NLSM to be weakly coupled or even exactly quantize
it, as in perturbative superstring theory, since g5 = e? is automatically driven to zero. If w > 1,
the EFT string does not uplift to a critical string but the corresponding flow automatically
drives the bulk moduli to a large distance limit in which the Mgeom sector of the NLSM is
weakly coupled. By applying similar scaling arguments to the complete DBI-action, one can

extend these conclusions to the twisted Wilson-line sector as well.

A.2.2 EFT strings in heterotic models

We now consider the EFT strings of the heterotic models discussed in Section 3.3.3.

Take first an EFT string that uplifts to a heterotic F1 string. Its flow is compatible with a
weak coupling regime, since along it the (string frame) Ké&hler moduli do not change, while the
ten-dimensional string coupling goes to zero [34]. Hence one may even exactly quantize it in

superstring perturbation theory.

Let us then turn to an EFT string corresponding to an NS5-brane wrapping a nef divisor

D C X. In this case g5 can increase along the EFT string flow — see [34] and below — and
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then it is convenient to uplift the model to an HW M-theory compactification on I x X, with
I = S'/Zs. The NS5-brane uplifts to an M5-brane wrapping {§} x D C I x X and, as discussed
in section 3.3.3, may require the insertion of open M2-branes. The M5’s geometric moduli space
can be identified with I x M p, where M p is the moduli space of D C X. Any nef divisor D is
expected to be automatically effective, as conjectured in [39]. One can more precisely describe

Mp as in [39, 118], but we will not need such a description.

We will focus on the NLSM description of the M5’s geometric moduli space I x M p, proceeding
as for the D3-branes discussed in Appendix A.2.1. We introduce some complex coordinates z* on
X, ol on Mp and ¢ along D. Mp describes a family of local embeddings ¢ +— Z%((; ) and
a first-order infinitesimal deformation of D corresponds to an element of TM|p ~ H°(ND),
where ND = TX|p/TD ~ Ox(D)|p. The elements of a basis w; = wd; of H*(ND) describe
the deformations of the local embedding as in (A.2.1).

As in section 3.3.3, we set the M-theory Planck length ¢y, = /s and parametrize I = S'/Zy by
a coordinate y ~ y + 2, with y ~ —y. We can then restrict to y € [0, 1] with y = 0,1 hosting

the ten-dimensional Eg gauge sectors. The eleven dimensional M-theory metric takes the form

dsty = e21ds + 2, (4% + e 7 dy?) (A.2.13)
with
2 M2 %
24 _ Lullpe 7 (A.2.14)
4Vx

where Vy is the volume of X in eleven-dimensional Planck units. We can identify e? with the
heterotic string coupling and e% with the length of the HW interval. Here we are neglecting
subleading backreaction effects due to non-trivial gauge bundles or G4 field strength, and to

bulk M5-branes, since they will not be relevant in the following.

An M5-brane has world-volume I' = W x {y = Y} x D, on which we introduce adapted real
coordinates €4 = (0%, u®) (where u® = u%(¢,()). The embedding is defined by X*(¢),Y (o),
Z(¢; (o)), and we can consider X*(c),Y (o), ¢! (o) as NLSM fields. By repeating the same
steps followed in Appendix A.2.1, the geometrical sector supported by the M5-brane is described

by the effective action

Sns = — = [ d%¢\/—det g|s + (flux terms)
r

Tp

-1/ det hap + (flux terms).

271V L o ]
S— /d6§ —det{hag+ L (R oy o + (352, 2) w}wjjf)wgofﬁggo‘]—i—c.c.)]}
r
(A.2.15)
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Here we have introduced the projection of the Calabi-Yau metric to the orthogonal directions

'_

05 = 97 — Gy h7 0: 2797 2", (A.2.16)

<

the world-sheet metric hog = g (X)0a X#0 X", the induced metric By = Gi5(2,2)0, 2" 0p 77 +
c.c. along D, the volume Vp of D in eleven-dimensional Planck units, and the EFT string

tension: .
2re? AV
2
Gy

Tp = (A.2.17)
We now note that the combination appearing in front of (9Y)? in (A.2.15) is given by

~ 4¢
2rVpes o 46 oy 1
— =/

Tp

(A.2.18)

m2’
where m, is the KK mass along I. As in the D3 case of Appendix A.2.1, we can write
95 = L% 90i;» (A.2.19)

where L is identified with the length scale (in eleven dimensional Planck units) of the directions
in X transversal to D, and gOLij is at most of order O(1). By introducing the corresponding KK

scale myx = e/(fy L), we obtain the relation

27TVD ~1 1 ~l
T 9i7 = m%KQOij' (A.2.20)

We can then expand the square root appearing in (A.2.15), since the second term appear-

ing therein is at most of order (’)(%, nfTQ), which is small in the EFT regime £ < A <
* KK

min{m., mgx }.

Hence, the leading contribution to the world-sheet action splits into a standard universal term
and a NLSM term:

—Tp | d20/=det hog — me s / d2o/— det hap h*P9,Y 05Y

— [ @o\/=det hap h°PG,7(0, 2)0a’ 052” + ...

(A.2.21)

with
G = 27T/Dd4u\/det hp gé(z, Z)w}wj. (A.2.22)
Note also that G; 7 approximately scales like Vx under a deformation of the internal space.

We can now discuss the scaling behaviour of the NLSM terms along the possible EFT string
flows, following the classification of [34]. In order to lighten the discussion, we will assume that

there are no background Mb5-branes. Their inclusion can be treated similarly.
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As a preliminary step, we observe that combining (3.3.68) and (3.3.82a) (plus the absence of
background Mb5s) we get

1 1
¥ = 5e*wn(s, s,8)+ §pa5“, (A.2.23)
and then ( ) )
2 K(s,8,8 ~ ) a
eV = ——"""7" and Vi =8 — =pgs®. A.2.24
GRS A N
Furthermore, recalling (A.2.14) we can rewrite the microscopic mass scales m, and mgx as
follows:
M3e 2 302 Mze 59 65 M2
m2 = 2P P , om2 o= RS P (A.2.25)

AnVyx  27K(s,s,s) AnL3Vx  4rI2 [k(s,s,s)| 3V
Consider now an EFT string with charge vector e = (e%,e%). Without loss of generality, we
can assume that p,e® > 0, since the case p,e® < 0 can be recovered by applying the symmetry
(3.3.83). We will actually restrict to the case p,e® > 0, in which the EFT string detects the
perturbative gauge sector.

From (3.3.90) we see that De = €*D, must be nef and furthermore we must impose that

e > p.e*. We will then make the minimal choice e = pye®, since the extension of the

a

following discussion to the case € > p,e® is immediate. Note in particular that the condition

e¥ = pye® forces the internal volume Vx to asymptotically scale like

- 1
Vyx ~ ipaeaa, (A.2.26)

under any EFT string flow of this class. This implies that G; 7 asymptotically scales like o too,
guaranteeing the weak-coupling description of the corresponding NLSM sector. These effects
are induced by the inclusion of the higher derivative corrections and of the corresponding
deformation (3.3.90) of the saxionic cone identified in [34], which was not taken into account
in that paper. Hence, the discussion of [34] actually holds only if p,e* = 0, and we now revisit

the three cases considered therein in the more general case p,e® > 0.

Case 1: k(e,e,e) >0

The first of (A.2.24) implies that ¢?¢ ~ %02 asymptotically along the EFT string flow
(2.2.9). We then see that the two NLSM terms appearing in (A.2.21) scale like 0%/ and
o respectively, hence naturally guaranteeing the weakly-coupled description. Furthermore,
note that the length of the HW interval scales like 0%7 while the Calabi-Yau characteristic
length scales like o%. Hence the EFT string backreaction generates a hierarchy and induces an
intermediate decompactification to five dimensions. Furthermore L2 ~ o'/3 and from (A.2.25)
we get the asymptotic scalings m?2 ~ M1%J*3 and m2, ~ Mlgafz, hence confirming the scaling

weight w = 3 found in [34], but microscopically realizing it in a different way.
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Case 2: k(e,e,e) =0 but k(e e, €) > 0 for some € € Nefy(X)

In this case X can be realised as the T2 fibration over a two-fold B and the divisor De is
‘vertical’. Along the flow both e?? and G, scale like o. This implies that the two NLSM terms
appearing in (A.2.21) scale like ¢%/% and o respectively, again justifying the weak-coupling

assumption.

Note also that the effective curve C = D? is a multiple of the T2 fibre and has constant string
frame volume vol(C) = k(e, e, s) = k(e, e, sp). In the M-theory frame, ;(;l(C) = e_%m(e, e, so)
and then C shrinks to zero-size as e 2%/3 ~ ¢=1/3. This implies that the M-theory base volume
\7(;1(B) should diverge like /3. Hence, the corresponding length goes like o'/3, as the length
of the HW interval. This means that the EFT string flow induces again a hierarchy of compac-
tification scales, so that the configuration could be described by first reducing M-theory theory
to nine dimensions along a T2 fibre, and then by further compactifying along B x I. Further-
more L2 ~ 02/3 and (A.2.25) gives the asymptotic scalings m2 ~ M3o—2 and m2, ~ Mzo =2,
confirming the scaling weight w = 2 found in [34], but again microscopically realizing it in a

different way.

Case 3: k(e,e,e) =0 for any € € Nefy(X)

In this case e?? does not scale asymptotically along the EFT string flow, while as in the above
cases Gy scales like o, again allowing for a weakly-coupled NLSM description. The internal
space X can be regarded as a T* or K3-fibration over P'. The divisor De is a multiple of the
fibre and has constant string-frame volume %n(e, S0, 8p). Hence VDe = %6_%%0(6, S0, So) is also
constant. Since Vy diverges as o, the volume of the P! base should also diverge like o, so
that Li ~ 0. We then see that the EFT string flow induces a decompactification along the
P! base, while the other directions do not decompactify. In this case we get a scaling weight
which is different from the one obtained in [34]. Indeed (A.2.25) now gives m? ~ Mao~1 and
m2, ~ Mlga_Q, corresponding to a scaling weight w = 2, which is different from the value

w = 1 found in [34].

In conclusion, in all cases a weakly-coupled NLSM description is allowed, if not even favored,
by the EFT string flow.

A.3 Derivation of heterotic (s)axionic couplings

In this section, we recall the derivation of the threshold corrections to the (s)axionic couplings
in both the Fg x Eg and the SO(32) heterotic string models in order to obtain the expression
that we used in this thesis to check the validity of the EFT string constraints.
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A.3.1 FEs5x Eg models

We begin by reviewing the derivation of the threshold corrections to the (s)axionic couplings in
heterotic Fg x Eg string models, referring to [138] and references therein for further details. Let
us denote the two heterotic Fg field strengths by F} and F5 respectively. Our conventions for
the traces are the same ones as described after (2.1.7) and in Footnote 1. Similarly, we denote

the ten-dimensional curvature two-form by R.
These objects enter the Bianchi identity
2

15
dHs = — 16:‘1’2 [tl"(F1 VAN Fl) + tl"(FQ VAN FQ) + tl"(R/\ R)] + 62(54(F) s (A31)

where T' = R* x C with C = |, C* denotes the overall world-volume of a set of NS5-branes,
labelled by k, wrapped on irreducible internal curves C*¥ C X.

We can now split F} 2 and R into external and internal contributions: Fyo = Fy2 + Fl,g and
R = R+ R. For simplicity, we assume that the possible non-trivial internal gauge bundles
associated with 13’172 correspond to semi-simple sub-algebras of eg. This leads to the following

cohomological condition for the tadpole of the internal contribution,

AME1) + A(E2) = co(X) — [C], (A.3.2)
where we have defined
MNE) = — 161%2 (B AF). (A.3.3)

We are interested in the higher curvature terms originating from the 10-dimensional Green-
Schwarz counterterm [212, 213]

1
ASgs = EQ/BQ A lg, (A.3.4)

S

written in terms of the anomaly polynomial

1 1
Iy = T02EnF 2(tr F2)2 4 2(tr F2)? — 2tr Fl tr F 4 (tr F3 4-tr F) tr R +-tr R + i R2)2] ,
T

(A.3.5)

and from the following two terms associated with the background NS5-branes,

1
s — T /M4 a® (tr F24trFy +tr RQ) ,

(A.3.6)

1
@) ~k 2 2
S = T6m gk /M4a (tr F{ — tr Fy) .

Here we are using a compact notation in which the wedge product is implicit, which we will
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often adopt also in the following. Furthermore we have introduced the intersection numbers

Ga = /Wa =D,-C, (A37)
C

and the NS5 axions defined as

at= | B, (A.3.8)
Cck

where l’;”; is the self-dual gauge two-form living on the k-th NS5-brane wrapping the curve
C*. The derivation of the corrections to the heterotic action from the 5-branes is particularly
elegant in the framework of heterotic M-theory, where they can be attributed to the M5-brane

sector. For further details on the derivation, we refer to [138].

Under our assumptions on the internal bundles, we can split the field strengths as

trF2 =tr F2 +tr F2, tr Ff = tr F2 4+ tr F2,
) (A.3.9)
trR?=trR?>+trR?>, trR*'=0.

Taking this into account and expanding the perturbative heterotic B-field as By = f2a%w,, we

arrive at the total threshold corrections for the gauge sector,
1 .1 3 1 -
~ & (a+2paa“8qaa“ 2zkjak> tr(Fy A FY)

(A.3.10)
1 .1 1 1 &
% ( —2paaa—|—8qaaa+2§a>tr(F2/\F2).
and the gravitational sector,
- — 12a + nga® — gqaaa tr(RAR). (A.3.11)
967 2
Here we have introduced the quantized constants
1
Pa = —/ wa A [)\(EQ) - 2CQ(X):| , (A.3.12a)
X
1
Ng = = / we A c2(X) . (A.3.12Db)
2 Jx
After replacing @ with a” defined as
. 1 3 1 .
a=a — ipaa“ + gqaaa + 3 zk: ak (A.3.13)
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we can rewrite (A.3.10) and (A.3.11) in the form

1 1 1
~%x a tr(Fl/\Fl)—Sﬂ/ (a — paa® + 2qaa + E a >tr Ky N Fy), (A.3.14)
and
1
~96n (12@ — 6pga” + nqa” + 3gqa” +6§ a )tr RAR), (A.3.15)

respectively. We finally perform another shift, this time of the M5-brane axions, redefining

1 1
a*=d"— — [ By=d" - -mka® with mF = D, -C*. (A.3.16)
Note that, taking into account that
k
(A.3.16) implies that
1
dah=>"a"- 0o (A.3.18)
k k
The saxionic counterpart of this redefinition reads
=k R
8" =s" = 5mgs”. (A.3.19)

To understand the meaning of this linear redefinition, we may observe that it can be interpreted
as a shift of what we mean by ‘zero-position’ of the background M5-branes on the HW interval
and that the chiral fields t* that contain the axions and saxions correspond to the chiral fields
—27iA, in [138]. Hence, by adapting their (41) we identify

gk = )\k/ J =X mkFs®  (no sum over k), (A.3.20)
Yk

where A\* represents the position of the M5 along the HW interval — denoted as A, in [138].

Now, as illustrated in Figure 2 therein, the values \¥ = —1 and Ne =1 5 correspond to placmg
the k-th M5 on the left and right HW wall, respectively. That is, we can identify \F = ¥ — %,

where §* is the coordinate we used on the orbifold circle, with the property of being 0 on the left
HW wall and 1 on the right one. In combination with (A.3.20), this implies that s* introduced

in (A.3.19) corresponds microscopically to

k= Qk/ J = gkm’;s“ (no sum over k). (A.3.21)
Yk
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In terms of new M5 axions a” introduced in (A.3.16), the axionic couplings take their final form

1 1
~ % a tr(Fl/\Fl)—S/(a — paa® —|—Za>tr Fy AN Fy),

(A.3.22)
1
~ % (12@ — 6pga® + nga® —i—GZk:a)trR/\R)
The corresponding saxionic couplings then follow by supersymmetry:
1/ tr(Fy A «Fy) 1/ +Z tr(Fy A «Fy) |
s°tr - — sV — pas S T
T % 1 1 3 Pa 2 2
(A.3.23)
1
~ 56n (125 — 6pas® + ngs® +GZ )trR/\*R)

A.3.2 SO(32) models

The SO(32) heterotic string models can be treated in a similar way to the Eg x Eg string. First,
recall the form of the Ig polynomial in the Green-Schwarz term needed for anomaly cancellation

in this setting [212, 213]. Adapting it to our conventions, this is given by

1

Jo— — —
® 7 192(27)3

1
StrF!+ w F2tr R+ tr R + (o R2)2} , (A.3.24)
We proceed by splitting F' and R in their internal and external components, according to the

KK ansatz. This gives us

tr F? = trF2+trﬁ’2,
A (A.3.25)
trR2=trR2+trR?>, trR'=0.

In general, contrary to the Eg x Eg case, different breaking patterns for SO(32) will result in
different corrections to the 4d kinetic terms (see e.g. [214]). Here, for simplicity we assume an
internal gauge bundle such that tr F* = 0. This choice leads to

~ ~ 1 ~
Iy = tr F2 4 0 B2 (o B 4 0 B2) + (00 R + 32)2}

192(27)3 [(

~ ~ 1 ~
[t]rFQtJrR2 —tr R? <—‘51"F2 — 2trR2>]

1

192(27)3
, (A.3.26)

_ [tr F?cy(X) — tr R? <>\(E) - 202(X)>}
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where we ignored the terms that will not contribute to the 4d couplings we are interested in
and the last steps are to be meant cohomologically and in absence of NS5-branes, having taken
into account the tadpole condition A\(EF) = ca2(X).

Expanding the By gauge two-form in the Green-Schwarz counterterm (A.3.4), we obtain the

corrections to the axion couplings in absence of NS5-branes

1 1 1
B P Tl Y o / (126 + nga®) tr(R A R) . (A.3.27)
8 6 967
If we now replace a with
1
a=a-— 6naaa, (A.3.28)
we obtain the contribution
! Otr(FAF) ! /(120+3 “tr(R A R) (A.3.29)
—— [ atr - — a nga®) tr . 3.
8 967

By supersymmetry, the saxionic couplings are then given by

1 1
3 /s° tr(F A#F) = oo /(1250 + 3n45") tr(R A %R) . (A.3.30)
We expect the gravitational couplings to be invariant under a transition that replaces some of
gauge bundle by NS5-branes; the changes in the above computation due to the modification of
the Bianchi identify should be counter-balanced by additional terms from NS5-branes. These
are hard to compute directly in the heterotic frame, but are S-dual to curvature terms in the

Chern-Simons actions of D5-branes in Type I string theory [215].

A.4 M5 instantons in Fg x Eg heterotic models

In this appendix we discuss the structure of the saxionic cone (3.3.88) in terms of the Euclidean

M5-brane instantons.

We start by considering a process in which the first four-dimensional gauge sector forms an
elementary anti-self-dual BPS instanton of unit charge, —16% [ tr(Fy A Fi) = 1 — see Footnote
1. This instanton contributes to the amplitudes by an exponential factor 2mit® — g=2ms® g2mia®
By a small instanton transition, this gauge instanton can be continuously deformed into an M5-
brane instanton wrapping X at § = 0. Hence, by holomorphy, the M5-instanton contribution
to the amplitudes should still be weighted by e2mit? — g=2ms? g2mia” a1 then its Euclidean action
should be given by 27s?. By repeating the same argument with the second HW wall and taking
into account (3.3.80), we conclude that an M5-brane instanton at § = 1 should have Euclidean
action 27(s” — p,s® + qu5%). At first sight, these results may be puzzling, and one may naively
be worried that if (pg — gq)s® > 0 the M5 instanton on the first HW wall could slip to the

second wall, and vice versa if (p, — gq)$® < 0. But this would clearly appear in tension with
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the assumed BPS-ness of the M5 instanton, as we would expect that either the Mb-instantons
are stuck at the HW walls, or that their on-shell action should not change as we move them

along the y direction.

The key point is that in presence of a non-vanishing G4 flux along X, the Euclidean M5-branes
sitting at intermediate positions yg; € (0, 1) are not isolated but must be rather connected to one
of the HW walls by open Euclidean M2-branes. Indeed recall that, in general, if the boundary
of one or more open M2-branes contains a two-cycle 3 supported on the M5 world-volume, they
contribute as follows to the Bianchi identity of the M5 self-dual three-form Has:

dHz = 1;2°Gylus — 64(D). (A.4.1)
This implies the cohomological constraint
6P [Gallvs = [32]. (A.4.2)

In other words, if [G4]us is non-trivial in cohomology, then the M5-brane must host a homolo-

gically non-trivial component ¥ of the M2 boundary, fixed by (A.4.2).

In the present setting, (3.3.86b) implies that the constants p, defined in (3.3.76) can be altern-
atively identified with
Pa = i lim Gy, (A.4.3)
g%/{ y=17 J{y}xD,
and then measure the flux quanta of G4 close to the second HW wall. As we move to the left

and we cross a given subset of background Mb-branes, the G4 flux quanta change to

1 L.
3 G4 =pa — Z mk = ey hm+ G4 =Da—qa- (A.4.4)
k|gk >y M Y=07 J{yIx D,

Combined with (A.4.2), this implies that

1
J= / J A Gy = pas® — mFs®. (A.4.5)
/Z G Jiymsyxx 2

kg% >yps

In our setting, BPS Euclidean M2-branes extend along the HW interval and wrap an effective
(possibly reducible) curve C C X. Considering BPS Euclidean M2-branes ending on the M5-
instanton from the left or from the right (in the y direction), we can then identify their boundary
with ¥ = C or ¥ = —C, respectively. Since we necessarily have [,.J >0, (A.4.2) and (A.4.5)
imply that these open M2-branes should end on the Mb-instanton from the left if p,s® —
Zklz}k>yE5 m’js“ is positive, and from the right if it is negative. Note that mﬁs“ = fck J>0
and then the combination p,s® — Zk|§k>yEs mkFs® increases as the M5 instanton crosses the
background M5-branes from the left.
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Consider for example the case in which (pg — g4)s® > 0. In this case an isolated M5 instanton
sitting on the first HW wall can be moved away from it to a more general position ygs > 0,
but this process will generate Euclidean M2-branes stretching between the HW wall, the M5
instanton and the intermediate background M5-branes. Figure 3.1 in Section 3.3.3 illustrates the
case with a single background M5-brane wrapping the curve Cy; ~ ¢, X% (where X - Dy = §3)
at § < ygs, and the open Euclidean M2-branes wrapping the curves Cg, ~ (ps — ¢qa)%* and
ClL, ~ poX® respectively. The total action does not change from the initial value 27s%, but is

the sum of the contributions of the different Euclidean branes.

Let us order the background M5-branes so that §* < §¥*1. We can write the contribution to

the total instanton action coming from the open M2-branes as

Sinst — o [yE5 <pa - Z ml;) st — Z sk] . (A.4.6)

Elg*>yps klg* <yps

Hence, the contribution to the instanton action coming from the M5 at ygs must be given by

Sli\ﬁlit = gmst ﬁ;t =27 [50 — Yes (pa - Z ml;) s* + Z Sk] ) (A.4.7)
k|gk >yrs kl9*k <ygs

It is easy to check that Siant and Sﬁ? are continuous in ygs; and that, as expected, the latter
reduces to 2m(s? — pas® + >, s) in the limit ygps; — 1.

Note that, on the other hand, if (pg — ¢4)s®* > 0 an isolated M5 instanton sitting on the second
HW cannot move from it, since it would require the presence of open M2-branes ending on it
from the left. If instead p,s® < 0 the role of the two HW walls is inverted: an isolated M5
instanton on the first HW will remain stuck on it, while an isolated M5 instanton on the second
HW will be free to move away from it, forming a composite M5/M2 instanton. Indeed, this is

expected from the Zg symmetry (3.3.83).

There could also be intermediate cases in which p,s® > 0 and (p, — ¢4)s* < 0. In these
cases the isolated M5 instantons sitting in both HW walls should be trapped, while there
could be composite mobile M5/M2 instantons. It would be interesting to study better the
transitions between these various possibilities as we move in the Kéhler cone, and in particular
the connection with the bundle stability walls. But for the purposes of the present thesis, we
just need to observe that the positivity of the M5-brane action (A.4.7) is guaranteed if we
impose the conditions s® > 0 and s° — p,s® + >k sk > 0.
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Appendix B

B.1 Basic considerations on wormholes and their regime of

validity
B.1.1 2-derivative solution and estimation of the cut-off

Within a two-derivative approximation, explicit wormhole solutions have been known since the
seminal work [201]. Extensions with several axions, or their dual two-forms, or axions plus

additional scalars have subsequently been constructed by many authors [5-7].

In the absence of scalar potentials, wormholes are built out of two asymptotically flat Euclidean
geometries glued together at the point of maximal curvature, the wormhole throat. In the two-

derivative approximation, the metric of half a wormhole, or semi-wormholes, is

ds? = dr? + r2d02, (B.1.1)

_ L

r4

where r € [L,00) and the characteristic length scale L is determined in terms of the wormhole
charges and the fundamental parameters of the theory. For example, purely axionic solutions
have Lt = ¢;(f72)¥q; /(247 M?2), with (f?);; the axions’ decay constants, ¢; the axionic charges,
and Mp the reduced Planck scale. While model-dependent, L always increases in the regime of

large wormhole charge.

We have argued below eq. (4.0.4) that a measure of the strength of wormholes in the semi-
classical approximation is provided by 1/2 of the wormhole action. Given the symmetry of
such a configuration, to obtain Sy /2 we might as well decide to compute the action of a semi-
wormhole. The explicit result in the case of purely axionic solutions is Syn/2 = 373 M2L2. !

Superficially, one might think these wormhole solutions have validity in the regime 22 M2L? >>

1Up to a different convention for the Planck scale, our semi-wormhole action agrees with the one first derived
in [201]. We also agree with [7] provided no Gibbons-Hawking term is added at the wormhole throat (recall
we are interested in 1/2 of the wormhole action and in such a calculation the Gibbons-Hawking term does not
contribute to the on-shell action because the geometry of a full wormhole is asymptotically flat). We also agree
with the result shown in eq.(12) of [203], up to a typo in the last equality. The expression for half a wormhole
presented in [206, 207], however, includes a 1/2 in front and restricts the integration over half wormhole, and
thus effectively corresponds to the action of a fourth of a wormhole.
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1 of large action, or equivalently large charge or small axion decay constants. But in fact this

is in general a very optimistic bound.

The truncation at the two-derivative level is justified only if interactions of higher dimensions
lead to small corrections. One expects the latter operators to be suppressed by inverse powers
of the cutoff A, via an expansion of the form 9?/A2. Observing that the maximal gradient in
the leading order wormhole solutions is set by 9% ~ 1/L?, we see that to retain perturbative
control on our analysis it is necessary to impose (AL)? > 1. On purely dimensional grounds,
the action of a wormhole at the 2-derivative level scales as Sy, ~ 272M2L2. Reliable solutions
of the truncated action must thus satisfy [201]

M2
Sn = 212 =2 (B.1.2)

A2
The effective field theory has no information on A, but one can identify an upper bound on
such a quantity requiring a well defined perturbative expansion. In a perturbative effective field
theory with N light degrees of freedom, the physical cutoff must necessarily be smaller than

the low-energy species scale

A? < A2 _ l1om*My

eap = — (B.1.3)

The reason is that the effective coupling of matter to gravity, namely g]%FT = p?/M? with
p?> < A? the typical momentum transfer, must satisfy g%FTN /167% < 1 in order to retain
perturbative control. This consistency requirement translates into (B.1.3). We call Ajgw—sp the
low-energy species scale to distinguish it from the species scale that contains information about
the tower of states beyond the 4-dimensional effective field theory, which we discuss in Section
4.2.3.

The low-energy species scale Ajyw_gp is not a physical mass, but rather the highest possible
energy at which the effective field theory can be treated perturbatively. The true regime of
validity of the effective field theory is instead determined by the first physical threshold beyond
the effective theory, i.e. the mass of the first excited state. It is the latter that we must identify
with the UV cutoff A. According to the estimate (B.1.2) we therefore anticipate that, in a
theory with N > 1 low-energy degrees of freedom, reliable wormhole solutions should have

actions that scale at least as Sy > N, and their impact should be suppressed by

e own/2 < o ME/NY o ~ON), (B.1.4)

We will provide evidence of this scaling in various ways in the rest of this thesis.
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B.1.2 The Gauss-Bonnet correction

Our estimate (B.1.4) of the wormhole action was based on dimensional grounds and the implicit
assumption that the uncontrollable higher derivative terms can modify the wormhole configur-
ation. There are potentially two exceptions to this expectation: the Gauss-Bonnet operator

Eqg (RapeaB! ~ 4R R + B?) (B.1.5)

= 3272

g Being total derivatives, they do not alter

and the Pontryagin operator Fp = eodf R, be
the equations of motion and therefore do not affect the wormhole solution. Furthermore, their
coefficients are a priori unconstrained by our perturbative considerations because they do not

describe graviton vertices. Let us therefore analyze them in some detail.

Consider the Gauss-Bonnet term first. Despite it being a total derivative, and similarly to the
Einstein-Hilbert term, its variational problem is not well posed unless an appropriate Hawking-
Gibbons term @ is included. Subtracting the flat space contribution at the boundary so as to

have a vanishing action in Euclidean space, the complete Gauss-Bonnet term reads

Scp = —w/M ﬁEGB—v/aM VR(Q — Qo). (B.1.6)

with v an unknown coefficient. After the boundary term @ is included the Gauss-Bonnet term

acquires topological significance. More precisely, [216]
X(M) = bo(M) = b1(M) + ba(M) — bg(M) — ba(M)

= /M V9EaB + /aM VhQ (B.1.7)

is the Euler number (or characteristic), which counts the alternating sum of the ranks of the
homology groups of M: by = dim Hy(M). Viewing Euclidean space E4 as a ball with asymp-
totic S boundary, we get x(E4) = 1, a value entirely determined by the boundary term. 2 As
a result eq.(B.1.6) becomes

Sap = = [x(M) = x(Eq)] = —y[x(M) —1]. (B.1.8)

This expression reproduces the topological contribution considered in [201]. A configuration of
nwh wormholes have topology characterized by x(M) — 1 = —nyy,. In practice, this reveals the

effective field theory contains a non-perturbative coupling

e~ Mwh (B.1.9)

2We may adopt an alternatively asymptotic compactification prescription for the asymptotically flat space
which would give different x(M) and x(E4). For instance, adding just one asymptotic point, E4 becomes S* and

we would get x(E4) = 2. Nevertheless, the combination x(M) — x(E4), and hence SéEB), does not change.
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suppressing wormhole insertions (provided v > 0). Knowledge of the coefficient 7 of the Gauss-

Bonnet term offers another, independent, rationale to quantify the impact of wormholes.

When discussing wormholes, on the other hand, the Pontryagin term is always irrelevant because
of topological considerations. To start, Fp = ecdef RY, beaCd = 0 on the simplest wormhole
solution (B.1.1). Yet, even allowing potential corrections beyond the two-derivative approxim-
ation, the topological structure of an arbitrary wormhole configuration is such that the integral

[ V9Ep is exactly zero. We can therefore safely ignore this term in our discussion.

B.2 Perturbative deviation from homogeneous solution

Writing ¢; = f? + 84;, where fg = ¢;/, and expanding the action (4.4.12) up to quadratic order

in the fluctuation, we have

ij 1 .. 4 = . 3 52
b5 = [ dr GY(q) 5 § 8ol — 5 L0tidl; + = (2~ 7 ) ety

= 7T/d7' g“(‘l) {Mé;%j + [1 — sin? (i)] M;jgj}

Since we are only interested in the equations of motion for §¢;, we have ignored all boundary

(B.2.1)

terms. By setting
5t = 0f;, (B.2.2)

after one integration by parts and discarding again boundary terms, this quadratic action can

be rewritten as

y .. 9
02S = 7T/d7' g”(q) {flf] + @fzfj} . (B.2.3)
The equations of motion for f; are
a2 2
= fi= B.2.4
f EQf 02 cos? (Zl)f ( )

From (B.2.2) and (4.5.7) it is easy to see that the initial condition 6¢;(0) = 0 corresponds to

f,(O) = 0. The general solution of (B.2.4) satisfying this initial condition is®

T T - T T T
(7)) = [y |1+ = tan <~—)} & 0 = *ﬁ*{cos <~—)—|—~—sin <~—>} , B.2.5
fir) = fa|1+ 7 tan (2 o= fu )+ (7 (B.2:5)
where f,; = f;(0) is the integration constant representing the value of f;(7) at the throat. We
emphasize that the relative fluctuations f;(7), rather then 6¢;(7), must be small in order for

the perturbative expansion to make sense. This certainly requires that f,; < 1, and that the

3The most general solution of (B.2.4) contains also a term proportional to tan (ZL)’ which however violates

the initial condition f;(0) = 0.
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fi(7) remains small along the flow.

As a consistency check, if we choose fi; = fxg; the solution (B.2.5) coincides with the first order
term appearing in the f, < 1 expansion of (4.5.7) with b, — 0. = !7*(1 + f*), as expected. This
also implies that without loss of generality we can impose some transversality condition on f,;,

as for instance

G(q) fuiqj = 0. (B.2.6)

This condition is useful because it implies that the deformation changes the wormhole radius

(4.4.19) only to second order in fy;:
. 6 i
L* = Ly (1+6) with 6= —G I(Q) fuifuj (B.2.7)

Recalling (4.4.23), this implies 7, is only modified by second order corrections too. Hence, to

first order, we can still use (4.5.6) to express /. in terms of Too, getting

T /3 T T /3T

We see that the deviation grows towards 7 = 7, with maximum relative gain reading

fooi 7T\/§ 7T\/§
=1+ —y/— —/— | =~ .37,4.29,3.24, 2. B.2.
T + 5\ tan 5\ {00,7.37,4.29,3.24,2.70} (B.2.9)

forn = 3,4,5,6,7. For n > 4 the perturbative expansion makes sense everywhere for sufficiently

fi(T) = fu

small f.;. For instance, f;(7) < 0.1 can be guaranteed along the entire wormhole by choosing
fif < 0.014 for n = 3, or f < 0.03 for n = 6. On the other hand, the general arguments
of Section 4.5.2 suggest that in a complete non-perturbative treatment it is sufficient to pick
moderately larger f to allow for a much larger range of f>°, as confirmed by the numerical
evidence of Figs. 4.3, 4.4, 4.5, 4.6.

As expected, if n = 3 the solution (B.2.8) diverges at infinite radial distance and thus, for
any arbitrarily small initial values fy;, the perturbative expansion breaks down at some finite
radius. Nevertheless, as discussed in Section 4.5.3, it can still make sense in presence of some
type of IR cutoff.

B.3 Other tests of the species scale bound

B.3.1 Another model: P! fibration over F,,

Another class of simple models is obtained by choosing X to be a P! fibration over the
Hirzebruch surface F,,, which in turn can be described as a P' fibration over P!, specified

by the integer n > 0. This model has been recently discussed in a closely related framework
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by [71], to which we refer for more details. For our purposes it is sufficient to restrict to a P*
fibration over IF,, specified a single non-negative integers h € ZZO,A‘ and to identify the relevant

cones of divisors and curves and their intersection numbers.

The cone of effective divisors is simplicial and is generated by three effective divisors E®¢,
a = 1,2,3. These three effective divisors can be roughly regarded as twisted products of the
possible pairs of the three P!'’s involved in the geometry. We can also introduce a basis of nef

divisors D®, with respect to which
E'=D'—nD?, E?=D? E3=D3-hD". (B.3.1)

The divisors D® generate all the other nef divisors, as well as the Kahler cone. Hence, by using
these divisors in the expansion (4.3.1) the Kéhler cone corresponds to v, ve,v3 > 0. The triple

intersections are given by the coefficients of
Z(X) = D'D*D? + n(D")2D? 4+ hnD'(D?)? + hD*(D?)? + h*n(D3)3. (B.3.2)
By using the expansion £ = ¢, D®, the kinetic potential (4.3.13) becomes

Fi = log r(£,€,£) = log (6010203 + 3ndTls + 3hnt103 + 3hlal3 + h*nl3) . (B.3.3)

The condition that J belongs to the Kéahler cone is equivalent to ¢, > 0. In order to understand

. . . . . abe .
the complete (dual) saxionic domain, we have to consider the saxions s* = 32';([ ﬁ”f)c, which

identify the R-effective curves:

302
=88, = ———— B.3.4
ST T ke, 6, 0) (B.34)
where Y, are effective curves
SWw=FE?.FE |, S,=F'-E |, Y3=F'-FE?, (B.3.5)

which generate the whole cone of effective curves Eff;(X) and are dual to the nef divisors D':
D% - %, = d0y. On the other hand, the saxionic cone can be identified with the cone of movable

curves — see (4.3.3) — which is generated by the (effective) movable curves
$1=D%D=%,4+hY;, 3p=D'"-D3=n%+N9+hnYs, 33=D'-D?=35, (B.3.6)

which are dual to the effective divisors E%: 3, - E® = 6%, Hence, if we use the expansion

s = 5%%,, the saxionic cone is defined by the positivity conditions 5 > 0. By using (B.3.1)

4 Following [124], the P' fibration can be defined in terms of a line bundle 7 = hdi + pd2, where d1,ds
are elementary nef divisors over F,. In particular, their intersection numbers are given by the coefficients of
Z(F,) = ndi + did2. In the notation of [71], our integers (h,p) correspond to (s,t). Here we are restricting to
fibrations with p = 0.
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and (B.3.4) we can compute the components §* = E% - s = %, getting
2 2
gl — 60903 7 82— 3(25153 + h€3) 7 B 3(26152 + nﬁl) . (B.3.7)
2k(£,2,8) 2k(£,2, ) 2k(£,2,8)

The saxionic cone condition §% > 0 is clearly satisfied if ¢, > 0.°

The Pk boundaries can again be characterized in terms of tensionless string limits. The set
Cg™™ of EFT string charges is generated by the movable curves (B.3.6) and hence, in the basis

Y4, we identify the following corresponding tensions:
7-21 = Mg(el + h€3> 5 7};2 = Mg(n& + 62 + hnﬁg) y 7-23 = MF2,£3 . (B.3.8)

We then see that, assuming n,h > 0, 7’23 = 0 on the two-dimensional boundary component
{€s = 0}, Tg, = 0 on the one dimensional boundary component {{; = {3 = 0}, while 7, =0
at the tip {¢1 = ¢ = ¢3 = 0}. These boundary components are at infinite distance. On the
other hand, the BPS but non-EFT strings of charges ¥; and ¥y have tensions Ty, = M§£1
and Ts, = MEEQ, which vanish on the boundaries ¢; = 0 and ¢ = 0, respectively, which are
at finite field distance (if ¢35 > 0). More precisely, they correspond to the finite distance A
boundaries 52 = 0 and 3! = 0, respectively, while £3 — 0 corresponds to the infinite distance
limit 8% — oco. Viceversa, a limit 32 — 0 (with 3!, %) fixed corresponds to a limit o — co. So,
as in subsection 4.3.1, while the saxionic convex hull is simply given by A, = {5 > é}, its

dual saxionic counterpart P, is more complicated — see figure B.1.

The anti-canonical divisor is

Kx =2E%+ (2+h)E' + (2 + n + nh)E?

(B.3.9)
=2D3% + (2—h)D* + (2 —n)D?.
Hence from (4.4.3) and (4.3.5) we get
v(s) = 7 [28° + (2+ h)F + (2 + n+nh)F?] . (B.3.10)
Hence (64n+htnh)
e n n
Y(s)la, = - , (B.3.11)

which is again stronger than (4.2.18) with N = 3. If for instance n,h > 1 and a < 1—10, we get
the lower bound 7(s)[ > 282.

®Note that, if we consider fibrations of the kind described in footnote 4 with p > 0, in general the image of
the cone {¢, > 0} under the map (B.3.7) does not cover the entire saxionic cone A — see [71] — as discussed in
general in Section 4.3.1. This issue is absent if we set p = 0.
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Figure B.1: Dual saxionic convex hull P, for the F-theory model P! over F,,. The plot has been
drawn with the reference value a = 1/10. Note that the valid region is the red one (as opposed
to figure 4.1b where the valid region is the one not colored).

B.3.2 Energy scales in the P! over F,, model

In the F-theory model of P! fibration over [F,, of the previous section B.3.1 we have seen that
we have the following set of EFT string tensions, each associated to a generator of the cone of

movable curves
Ts, = MJ(Lo+ hls),  Tg, = ME(nly+lo+ hnls), Ty = Mils. (B.3.12)

It is clear that, assuming n, h > 0, ’7%3 is always the lowest of the three in the controlled regime
and can thus be identified with the upper bound (4.2.23)

A2 =T, =M. (B.3.13)

If /3 < 41,05 and hence T, < ’7'21,7'22, we know the limit corresponds to the weakly coupling
limit of a critical string in the dual heterotic frame, whose tension given by 7, can be seen as

the species scale, so that (4.2.23) is satisfied and saturated.

This time we have two different regimes to look at, the one with 7, ~ Til and the one with
T =~ Tg,, and check (4.2.23).
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In the first case, T, ~ 7‘21, we should have Tzl/’ﬁk ~ 1, but also

Ts, 4
=—~+h>h. B.3.14
T {3 * ( )

Hence, this is possible only if h ~ O(1) and ¢1/¢3 < 1. We must also remember that to be sure
to be in a weakly coupled EFT description we have to impose 7'21 , ’7’22 < M?2. In this situation
these are {1 + hls < 1 and nfy +ls+ hnls < 1, therefore they imply /5 < lenv 0 < % and /5 < 1.

Thanks to these upper bounds, we can see that the square of the 10-dimensional Planck scale,

given by

1
A2QG = Mg \/2@15253 + nﬁ%ég + hnﬁlﬁg + h£2£§ -+ §h2n€§ y (B.3.15)

is indeed constrained from above or at best of the same order of 7, neglecting an irrelevant
O(1) factor.

In the second case, T, ~ 7'22, we can repeat the same line of reasoning. We must have 7'22 [T =~
1, but we know that
5 bl
2=n—+-=-+hn>hn. B.3.16
T by L3 ( )
Hence, we need h,n ~ O(1), together with ¢1/¢3 < 1/n and ¢2/¢3 < 1. We have again the same
conditions as before the EFT control, i.e. T¢ 1,7'22 < M2, giving us £3 < lenv /1 < % and /5 < 1.

Therefore, we can even in this case bound from above the scale (B.3.15) with 7, up to a O(1)

factor, confirming our conjecture of section 4.2.3 also in this example.

B.3.3 N =2 models in 4d Type ITA

Let us recall some generalities that will be useful for computing and comparing the species scale

in various models and EFT string limits, in particular the case of N = 2 models in 4d in type

ITA and the heterotic models with p,e® = 0. The universal saxion s°

is given by
SO - é672¢,€(87 S, S) = 672¢VX7 (B317)

where ¢ is the 10d dilaton and Vx is the volume of the Calabi-Yau X in string units as seen

from the 10d string frame metric, that reads
ds? = e*4ds? + (2ds% (B.3.18)

with

o BME M

= = gt (B.3.19)

fixed by taking ds? to be the 4d Einstein frame metric. We can distinguish from the start the
two notable cases of infinite distance limits: the one where the s is taken to diverge along the

flow of o as s°(0) = s} + o with the Kéhler saxions, and hence Vy, kept fixed, that is a weakly
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string coupling limit as we can see from (B.3.17); and the ones where instead we keep s° fixed,

that will represent strong coupling limits.

In the first case of weak coupling, that is of 10d dilaton becoming small, the EFT string limit
represents a 10-dimensional fundamental string becoming tensionless, and its corresponding

tension measured from the 4d Einstein frame is

_ 2me24

M2
=" :

= M2ty = 550 (B.3.20)

It is easy to see that the square of the mass scale of the lightest KK tower is proportional to

such tension. In fact, it is given by

9 e24 2T,
m* = = bl
R2  27R2

(B.3.21)

with R? being the largest compactification length-scale measured in the string frame. But, since
in this infinite distance limit we keep these length scale fixed, this will scale with o exactly like
the tension, realizing the w = 1 situation of [64]. In this case the quantum gravity species scale

is just the string scale and no other check is needed.

In the second class of cases, the EFT string comes from NS5-branes wrapped on internal 4-cycles
that are nef divisors. The tension associated to an EFT string from the divisor e = [D] = e*[D,]

is given by
3M2k(e, s, 8)

= MZ2e*, =
Te P& ta 2k(s, s, 8)

(B.3.22)
Keeping s fixed has the effect of making e?? diverge as k(s, s, s), as we can see from (B.3.17).
New light degrees of freedom can appear from strong string coupling effect, in particular the
scale m, is now given by the KK scale along the circle S! that is becoming large in the type IIA
to M-theory limit, or equivalently the mass of the D0-branes. Taking into account the Einstein

frame rescaling, we have
) 2A —2¢ M2
m?="0 0 - My (B.3.23)
2 K(s, s, s)

It is interesting also to look at the mass of the states coming from D2-branes wrapped on a

2-cycle C that might become relevant in the problem of evaluating the scales of the setting

9 2A —2¢V2 3M2V2
mpy =T € = 2w e (B.3.24)

4 K(s,s,s)

Which towers of states should be considered in computing the quantum gravity scale depends
on the intersection properties of the nef divisor associated to the charge e and the associated
saxion flow s = sy + eos. As remarked in [64] and [70], these can be divided into three

possibilities.
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Case 1: k(e,e,e) >0

2
In this case we obtain x(s, s, s) ~ (e, e, e)o® and k(e, s, s) ~ k(e, e, e)o?, hence To ~ 3;‘?’ and

2
m2 ~ _3Mp Therefore it is a w = 3 EFT string limit. The KK mass scale is mx g = J (eA Y.
s(Vx)®6

* r(e,ee)o3”
and it is parametrically higher than m,. The same occurs for mps for any internal 2-cycle. We

can compute the quantum gravity scale using only the KK species coming from the tower of
V3ME

3/k(eee)o

DO-branes with mass my. If we do that, we get A2QG ~ , that is manifestly less than

Te.
Case 2: k(e,e,e) =0 but k(e e, €) > 0 for some € € Nefy(X)

In this limit, the CY base X can be seen as a T? fibration over a twofold, with the non-

trivial curve C = e - e being a multiple of the T2 fiber. We have r(s, s, s) ~ 3x(e, e, sg)o?

2

2
and k(e,s,s) ~ 2k(e, e, sp)o, hence Te ~ % and m?2 ~ realizing a w = 2 EFT

* 5(6,6750)0'2’
string limit. The volume of C in the string frame is constant along this flow, indeed we have

k(e,e,s) = (e, e, sp). Therefore the CY KK scale comes from the 4-dimensional base of the
2

fibration becoming large, that scales as m%{ K =~ i‘ﬁ—g, again rmtch heavier than m,. But this

Mgk(e,e,s0)

o2 , the same rate of m..

time the mass of the wrapped D2-branes is given by m%Q ~
The evaluation of the species scale must be performed by taking into account both those towers
as multiplicative species, as described by [217]. The result is a A2QG scaling exactly like Te and
being strictly lower than it if we consider the 2O(l) factor coming from the actual number of

A

QG
msmpsa "’

states below Aqq not being just NpoNp2 =
Case 3: k(e,e,e) =0 for any € &€ Nefz(X)

In this case we have e - e = 0 and in this limit the CY can be seen as a K3 or 7 fibration over
a Pl. We have r(s, s,8) ~ 3k(e, sg, so)o and «(e, s,8) = (e, 80, 80). Hence m? scales like the
tension and this is a w = 1 EFT string limit. There exist a dual description in which this is

0

a tensionless critical string limit. Thus, like in the case where s’ was not fixed, the quantum

gravity species scale will be automatically given by the string scale.

B.3.4 EFT string limits in heterotic models

Consider an EFT string in a heterotic setting with charge vector e = (e, ). We must have
e? > p.e? to have a good EFT string charge and we will make the minimal choice €® = p,e® > 0

in this section. With p, # 0, the definition of the universal saxion has to be changed as
0 1 —2¢ 1 a
s =ge k(s,s,s) + SPas” (B.3.25)

and we can define Vx = s¥ — %pasa-

Notice that, with the choice e’ = p,e® > 0, we have
Vy ~ %paeaa for any asymptotic EFT string limit of the class that we want to study. Again we
can divide these EFT string limits according to the triple intersection number of the associated

nef divisor D,.
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Case 1: k(e,e,e) >0

5(67676)
3pae®

In this case we obtain x(s, s,s) ~ r(e, e,e)o® and k(e, s, 8) ~ (e, e, e)o?, hence e2? ~

Tp. =~ 5% £ and m2 ~ MZ2o~3. Therefore it is a w = 3 EFT string limit. The KK mass scale
goes like my g ~ M2o~! and it is parametrically higher than m,. Also mps is parametrically
higher for any internal 2-cycle. We can hence compute the quantum gravity scale using only
the KK species coming from the tower of DO-branes with mass m,. If we do that, we get

A%G ~ MTE’, that is asymptotically less than or equal to Tp,.
Case 2: k(e,e,e) =0 but k(e e, €) > 0 for some € € Nefz(X)

In this limit, the CY base X can be seen as a T? fibration over a twofold, with the non-trivial

curve C = e - e being a multiple of the T2 fiber. We have r(s,s,s) ~ 3k(e, e, s¢)o? and

k(e,s,s) ~ 2k(e, e, sg)o, hence Tp, ~ 2];/[%’. The volume of C in the string frame is constant
along this flow, indeed we have (e, e, s) = k(e, e, sg). The DO-brane mass and CY KK scalings
have been computed in detail in [65] and are given by m?2 ~ m%(K ~ ]‘f—f’, corresponding to a
w = 2 EFT string limit. Asin the N = 2 case, the presence of two or more mass towers becoming

2

massless with the same scaling ~ 07 is enough to ensure the species scale is asymptotically

lower to or equal to Tp,.
Case 3: r(e,e,e') =0 for any € € Nefy(X)

In this case we have e - e = 0 and in this limit the CY can be seen as a K3 or T fibration
over a P'. We have (s, s, 8) ~ 3k(e, so, 80)0 and (e, s, s) = (e, 8o, 8g), moreover the dilaton
is constant along the flow in this particular limit. m?2 here scales like the tension but this is
not a w = 1 EFT string limit as one could naively think. Indeed the detailed analysis in [65]
shows that in this case we have m%( K~ Aj—f, thus this is actually a w = 2 EFT string limit.
What is becoming large is the P! base of the K3 or T fibration, thus there will be two separate
KK towers of states becoming massless with the same scaling for mg . The calculation of the
species scale is analogous to the one in B.3.3, hence again a species scale asymptotically lower

than or equal to the square root of the EFT string tension.

B.4 GB correction to on-shell action

In this appendix we show that discuss the GB term contribution to the on-shell effective action
of the homogeneous wormholes is proportional to the BPS on-shell action (4.4.35), up to a
coefficient dependent on n and q. More precisely, this additional contribution gives we are

working in PT
CiF 2 3
Sl = ~CF(@) / 2 g5 (B.41)
0 coS

b e ()
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Combining it with (4.5.20), we get

(S + S6B)|hw = 27 Bnq (@ Ss0) » (B.4.2)

5 i z 3
By, q =sin W\/g + GiF'(a) cos W\/g /2 dg—2 L , (B.4.3)
2V n 8n 2V n/l Jo oS (\/Ex)

where the second term comes from the GB term. Notice that F*(Aq) = %]—"i(q), which shows
that Fi(q) and hence the GB contribution is smaller for larger charges and fixed asymptotic

with

Seo, as expected. In order to get an idea on (B.4.2), let us assume that C e C*" and pick
charges ¢; = %C’Z (which would for instance be allowed by the quantization conditions in the
F-theory models), so that C;F*(q) = 3n. With this specific choice Byq =~ 1.036, Bs q ~ 1.032,
Bg,q ~ 1.015 and B7 q ~ 0.993. So we see that for n = 4,5,6 the GB term is already sufficient
to make (S + SgB)|nw larger than the BPS action. On the one hand, this clearly shows how
higher-derivative terms can drastically change the relation between the on-shell half~-wormhole
action and the corresponding BPS action. On the other hand, one should not take (B.4.2) too
seriously, since there could be other additional terms coming from other four-derivative terms

involving the saxions.

In the marginally degenerate case n = 3, by adopting the n — 3(1+ %) regularization described
in Section 4.5.3, the equation (B.4.3) gives the following leading contributions

TCiFi(q)

T + O(e?) (B.4.4)

Bypgq=1+

B.5 Universal wormholes with factorized metrics

In this appendix we study more in detail the possible restrictions on the throat value £, imposed
by the global existence of the wormhole solution. A similar discussion in a slightly different
context and conventions can be found in [218]. Assuming a Kéhler potential of the form (4.1.3),

we already know that the allowed £, form a cone.

If we have multiple decoupled sectors one can get larger families of explicit wormhole solutions.
Suppose
f(ﬁ(l),ﬁm) = f(l)(g(l)) + f(g) (6(2)) . (B.5.1)

In this case the equations of motion for the saxions in the two sectors are completely decoupled.

Furthermore q = (q'¥,q®) and

Va(0) = Vi), (€0) + V.5 (£2) (B.5.2)
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From (4.4.23) it follows that

1 1 1
)2 = 02 + e (B.5.3)
)

This shows that the total 7o is generically smaller than both 75 and 7).

Hence, the flow
in the two sectors must roll along a shorter path in order to completely traverse the entire

wormbhole, and this can help the existence of a global solution.

Consider now the particular case in which F takes the form (4.1.4). In the first sector we can

restrict to a profile £ (7) = q 0™ (1), as in section 4.5.1. In particular

- - 3
5(1)(7_) _ g}(:) cos (;r\/; 77(-1)> (B.5.4)

where n; is the degrees of P®(£1)) and

3 -~
oI /25 B.5.5

The profile (B.5.4) is everywhere regular only if 7.8 > \/7731 Too, Which by (B.5.3) becomes

MW\ 2 _
<T°°) S 3-m (B.5.6)

TS ny

By using (B.5.5) and the more general (4.4.23) for the second sector, we get the condition

bt 2 3— ni
1)
(@) > T (B.5.7)

q®
Hence, if n; < 3, for fixed £ the initial value o defining the flow in the first sector is not

arbitrary, but must satisfy the lower bound (B.5.7).

Of course, this is not sufficient to guarantee the existence of an admissible profile in the second

sector too, which similarly depends on £\ too. These mutual constraints become more explicit

if we assume that FO takes the form (4.1.4) and we restrict to a profile £2(7) = q®® (1),

too. By inverting the roles of the two sectors in (B.5.7), one then gets the the condition for
r

the global existence of the second profile. Taking into account (4.5.5), we conclude that the

wormhole is globally well defined if and only if /" and ¢{?:

~ 2 ~ 2
&(:) 3 — ni gf) 3 — no
<&2) > - , 7 > . (B.5.8)

Note that these conditions identify a (possibly empty) cone. If we choose 0 = 0P as in the
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universal solutions of section 4.5.1, the conditions (B.5.8) reduce to
n=n;+ng >3, (B.5.9)

as expected. This necessary condition must actually hold more generically, as can be seen
by taking the product of the two conditions (B.5.8), and is equivalent to requiring that the
right-hand sides of (B.5.8) are smaller than 1. As another consistency checks, if nj,ne > 3,
they are always satisfied. On the other hand, (B.5.8) is generically non-trivial. If for instance
ni1 = no = 2, then we get the cone identified by gfkl) < \/igf) and gf) < \/ﬁﬁl). If instead for
instance ny = 1 and no = 3, then they reduce to !75}) > \/ggf).

Note, however,that these constraints on gil) and gf) do not restrict ESO) and ES@ Let us set

o
Ty = big) (B.5.10)

so that (B.5.8) correspond to x2 > 3= o+ and xg > 3= 2. One can obtain the relation

~ s 3
EQO) cos <2 nﬁ—ngzﬁ)
Too = = = Ty . (B.5.11)
Bfo) s 3x2
cos (5 n1+n2:pz)
Hence, assuming that ni,ne < 3, for 22 — M we have 7o, — 0, while for 1/22 — 3= ”2 we

have x,, — oco. Hence, all the possible asymptotlc values can be obtained.

It is also interesting to observe that in the critical case n = n; + ng = 3, the bounds (B.5.8)
become z, < 1 and z, > 1, respectively. Hence, we can at best saturate and only marginally

violate them by picking ¢ = /).

This marginal violation is still physically acceptable, since
the degeneration happens at infinite spatial distance. On the other hand, if we choose IS % 2,
one of the two bounds is necessarily non-marginally violated (while the other is satisfied), hence
giving a non-physical configuration. This would suggest that the only marginally sensible
configuration is the one with " = ¢ and then ¢ (7) = £®(7) for any 7 € (0, 7oo). Consider,

however, a slightly regularized choice, in which n = 3 + € and n; < 3, so that no =3 +¢ —ny.

The bound (B.5.8) can now be written as 22 > 3)?’”735 and 22 < o and then identifies a
finite allowed interval for x, of order € around 1. Note, however, that this infinitesimal interval
for x, maps to the infinite interval zo, € (0,00) at spatial infinity. By taking the limit € — 0

we then gets flows with £V (1) # £@) (1) even if £V = /).

This discussion can be readily generalized to the case of a higher number of sectors of the form
(4.1.4): F(IW U@, ) =37, Flay(€'). In particular, the existence bounds (B.5.8) become

5 <z Z E“’) . (B.5.12)
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Multiplying them by n, and summing over their index a, we get again the necessary condition
Y aNa > 3.
b £

As above, we can define z%° = 0 and try to repeat the previous discussion to see whether
b

all the possible asymptotic values % can be reached from allowed initial conditions. Let us

assume N decoupled sectors and focus on z2V. If we have n, < 3 there will be a non-trivial

lower bound on 22V, similarly if ny < 3 there will be an upper bound on it as well.
5 < (22N)? < M. (B.5.13)
> bz w(28N) 72+ ny 3= pzaw(2WV) 72 —ny
For this to be well defined we need to impose
3—ng Ng
:> np 2 iny+ne >3 (B.5.14
Zb#a np(2PN) 2 + ny 3 Zb# ng(20N) = Z N+ng >3 ( )

b#a
Notice that these bounds identify an open set around 1 that degenerates into just z2V = 1
when the condition above saturates the inequality. If N > 3, a single 2%V < 1 with b # a is

enough to ensure the set is non-degenerate.

The asymptotic value of (2%V)? is given by

2 (= 3
(waN)Q _ ( aN)Q Ccos (2 \/na+(ng)2 > nb(xllN)z)

o.9] * .
2( 3
€08 (2 \/ na (2N 24 nb(wiN)2>

Tos 2 ?;L;?;QN)_Q, the asymp-

totic value will go to zero, provided that the argument of the cosine at denominator does not

(B.5.15)

As (x2V)2 approaches the saturation of its bound, that is (z2V)2 —

go to m/2 as well. This can happen if we have

M2+ ()72 > 3. (B.5.16)
b#a

Therefore, in the considered limit, when

an(l'i]v)_ >3—ng=ng+ny+ Z ny(22N)72 > 3, (B.5.17)
b#a b#a,N

and this can be satisfied if we have N > 4 and if we are allowed to take at least one of the
(x®V)=2 > 1, and it could be marginally violated in the case N = 3 with ny = no = ng = 1.

Indeed, the bound on the generic %Y allows us to choose it equal to 1 — e < 1 when N >4 in
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the saturation limit of 22V

3 na nb nC
G < e eyt L e
Feb (B.5.18)
- (be)Q > 3—na—nb

Detapn ()2 40y

Being all the ns positive integers, it is clear the lower bound on %V is a number strictly lower

than 1. The same argument can be repeated for each 22V to conclude that we can reach any

(@, XYy € 0 N,

oo

The opposite saturation limit would be when the argument of the cosine at denominator goes to

7/2, that is (z¢V)2 — 3_2#;11@21\,)_2. In this limit the asymptotic value (z%¥)? will diverge,
provided that the argument of the cosine at numerator does not vanish. But, again as above,

this condition amounts to

3
— <1l= ny(x?¥)2 >3 —n, —ny, (B.5.19)
Mo Gy =2 Lba M0(72) b;a,:zv ’

exactly as in (B.5.17). Hence, we are again sure this can be done if we have at least one 22N = 1,

and notice that in this case we are not allowed to take it strictly lower than 1. Since all this
discussion was done for a generic 2%V, this means we are sure to be able to explore all the

asymptotic values 2% € (0,00) by starting from the allowed initial conditions.

We are left with the question about the behavior of the 22 with b # a when 2% — co. For
each of them, it is still true that the argument in the cosine at denominator is approaching 7 /2,
so we have to check what the argument at numerator is doing in the same saturation regime.

In particular it will be given by

(b)
Too ™ 3 ™
oo _ T - : B.5.20
w2 \/”b + (222 (na (@) 72 + s v (@) 2+ ) 2208 ( )

*

therefore whether 2%V will be finite or infinite in this limit depends on whether %V is, re-

spectively, equal to or greater than 1. One might worry that taking each 2% > 1 risks to be
inconsistent with the condition (B.5.17), and hence that the region where all the asymptotic
values become big is not accessible. However, there is no problem for N > 4. Indeed, in this
situation we can always satisfy such condition by taking z%V = 1+ €; and ¢V = 1 + €5, with
b,c # a, N, such that ny(z2V)~2 + n.(zeNV)=2 > 1.
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