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Abstract. Soft constraints are very flexible and expressive. However,
they also are very complex to handle. For this reason, it may reasonable
in several cases to pass to an abstract version of a given soft problem,
and then to bring some useful information from the abstract problem to
the concrete one. This will hopefully make the search for a solution, or
for an optimal solution, of the concrete problem, faster.
In this paper we review the main concepts and properties of our abstrac-
tion framework for soft constraints, and we show how it can be used to
import constraint propagation algorithms from the abstract scenario to
the concrete one. This may be useful when we don’t have any (or any
efficient) propagation algorithm in the concrete setting.

1 Introduction

Soft constraints allow to model faithfully many real-life problems, especially
those which possess features like preferences, uncertainties, costs, levels of im-
portance, and absence of solutions. Formally, a soft constraint problem (SCSP)
is just like a classical constraint problem (CSP), except that each assignment
of values to variables in the constraints is associated to an element taken from
a set (usually ordered). These elements will then directly represent the desired
features, since they can be interpreted as levels of preference, or costs, or levels
of certainty, or many other criteria.

SCSPs are more expressive than classical CSPs, but they are also more diffi-
cult to process and to solve. For these reasons, it may be reasonable to work on
a simplified version of the given problem, trying however to not loose too much
information. We propose to define this simplified version by means of the notion
of abstraction, which takes an SCSP and returns a new one which is simpler to
solve. Here, as in many other works on abstraction [11, 10], “simpler” may mean
many things, like the fact that a certain solution algorithm finds a solution, or an
optimal solution, in a fewer number of steps, or also that the abstracted problem
can be processed by a machinery which is not available in the concrete context.



Once we get the abstracted version of a given problem, we 1) process the
abstracted version; 2) bring back to the original problem some (or possibly all)
of the information derived in the abstract context; and 3) continue the solution
process on the transformed problem, which is a concrete problem equivalent to
the given one. All this process has the main aim of finding an optimal solution,
or an approximation of it, for the original SCSP, within the resource bounds we
have. The hope is that, by following the above three steps, we get to the final
goal faster than just solving the original problem.

In particular, we can prove the following:

– If the abstraction satisfies a certain property, all optimal solutions of the
concrete SCSP are also optimal in the corresponding abstract SCSP. Thus,
in order to find an optimal solution of the concrete problem, we could find
all the optimal solutions of the abstract problem, and then just check their
optimality on the concrete SCSP.

– Given any optimal solution of the abstract problem, we can find upper and
lower bounds for an optimal solution for the concrete problem. If we are
satisfied with these bounds, we could just take the optimal solution of the
abstract problem as a reasonable approximation of an optimal solution for
the concrete problem.

– If we apply some constraint propagation technique over the abstract problem,
say P , obtaining a new abstract problem, say P ′, some of the information in
P ′ can be inserted into P , obtaining a new concrete problem which is closer
to its solution and thus easier to solve. This however can be done only if
the semiring operation which describes how to combine constraints on the
concrete side is idempotent.

– If instead this operation is not idempotent, still we can bring back some in-
formation from the abstract side. In particular, we can bring back the incon-
sistencies (that is, tuples with associated the worst element of the semiring),
since we are sure that these same tuples are inconsistent also in the concrete
SCSP.

In both the last two cases, the new concrete problem is easier to solve, in the
sense, for example, that a branch-and-bound algorithm would explore a smaller
(or equal) search tree before finding an optimal solution.

In this paper we show how to use this abstraction framework, and its prop-
erties, to import constraint propagation algorithms from the abstract scenario
to the concrete one. More precisely, we show how to construct propagation rules
for the concrete problem from propagation rules for the abstract problem. This
may be useful when we don’t have any (or any efficient) propagation algorithm
in the concrete setting.

The only other abstraction scheme for soft constraint problems we are aware
of is the one in [12], where valued CSPs [17] are abstracted in order to produce
good lower bounds for the optimal solutions. The concept of valued CSPs is sim-
ilar to our notion of SCSPs. In fact, in valued CSPs, the goal is to minimize the
value associated to a complete assignment. In valued CSPs, each constraint has



one associated element, not one for each tuple of domain values of its variables.
However, our notion of soft CSPs and that in valued CSPs are just different
formalizations of the same idea, since one can pass from one formalization to
the other one without changing the solutions, provided that the partial order is
total [3]. However, our abstraction scheme is different from the one in [12]. In
fact, we are not only interested in finding good lower bounds for the optimum,
but also in finding the exact optimal solutions in a shorter time. Moreover, we
don’t define ad hoc abstraction functions but we follow the classical abstraction
scheme devised in [6], with Galois insertions to relate the concrete and the ab-
stract domain, and locally correct functions on the abstract side. We think that
this is important in that it allows to inherit many properties which have already
been proven for the classical case. It is however worth noticing that our no-
tion of an order-preserving abstraction is related to their concept of aggregation
compatibility, although generalized to deal with partial orders.

Another abstraction framework for constraints can be found in [5]. However,
it only deals with classical “crisp” constraints, and it aims at abstracting the
domains of the variables, while maintaining the same constraint combination
operator.

The paper is organized as follows. Section 2 summarizes the main notions on
soft constraints and soft constraint propagation. Then, Sections 3 and 4 describe
how to abstract soft constraints, and Section 5 summarizes the main properties
of our approach. Then, Section 6 shows the relationship between abstraction and
local consistency, and finally Section 7 concludes the paper and gives some hints
about possible lines of future work.

A longer, more detailed, and completely formal description of our approach to
soft constraint abstraction has appeared in [2]. Here we summarize the approach
by giving a more informal description and providing several examples, and we
focus on the relationship between abstraction and local consistency.

2 Soft constraints

A soft constraint [4] is just a classical constraint where each instantiation of
its variables has an associated value from a partially ordered set. Combining
constraints will then have to take into account such additional values, and thus
the formalism has also to provide suitable operations for combination (×) and
comparison (+) of tuples of values and constraints. This is why this formalization
is based on the concept of semiring, which is just a set plus two operations
satisfying certain properties: 〈A, +,×,0,1〉.

If we consider the relation ≤S over A defined as a ≤S b iff a + b = b, then we
have that:

– ≤S is a partial order;
– + and × are monotone on ≤S ;
– 0 is its minimum and 1 its maximum;
– 〈A,≤S〉 is a complete lattice and + is its lub.



Moreover, if × is idempotent, then 〈A,≤S〉 is a complete distributive lattice
and × is its glb. Informally, the relation ≤S gives us a way to compare (some of
the) tuples of values and constraints. In fact, when we have a ≤S b, we will say
that b is better than a.

Given a c-semiring S = 〈A, +,×,0,1〉, a finite set D (the domain of the
variables), and an ordered set of variables V , a constraint is a pair 〈def, con〉
where con ⊆ V and def : D|con| → A. Therefore, a constraint specifies a set
of variables (the ones in con), and assigns to each tuple of values of D of these
variables an element of the semiring set A. This element can then be interpreted
in several ways: as a level of preference, or as a cost, or as a probability, etc. The
correct way to interpret such elements depends on the choice of the semiring
operations.

Constraints can be compared by looking at the semiring values associated to
the same tuples: Consider two constraints c1 = 〈def1, con〉 and c2 = 〈def2, con〉,
with |con| = k. Then c1 ⊑S c2 if for all k-tuples t, def1(t) ≤S def2(t). The
relation ⊑S is a partial order. In the following we will also use the obvious
extension of this relation to sets of constraints, and also to problems (seen as
sets of constraints).

Note that a classical CSP is a SCSP where the chosen c-semiring is: SCSP =
〈{false, true},∨,∧, false, true〉. Fuzzy CSPs [8, 15, 16] can instead be modeled
in the SCSP framework by choosing the c-semiring: SFCSP = 〈[0, 1], max, min, 0, 1〉.

Given two constraints c1 = 〈def1, con1〉 and c2 = 〈def2, con2〉, their com-

bination c1 ⊗ c2 is the constraint 〈def, con〉 defined by con = con1 ∪ con2 and
def(t) = def1(t ↓con

con1
) × def2(t ↓con

con2
). In words, combining two constraints

means building a new constraint involving all the variables of the original ones,
and which associates to each tuple of domain values for such variables a semiring
element which is obtained by multiplying the elements associated by the original
constraints to the appropriate subtuples.

Given a constraint c = 〈def, con〉 and a subset I of V , the projection of c

over I, written c ⇓I , is the constraint 〈def ′, con′〉 where con′ = con ∩ I and
def ′(t′) =

∑
t/t↓con

I∩con
=t′ def(t). Informally, projecting means eliminating some

variables. This is done by associating to each tuple over the remaining variables
a semiring element which is the sum of the elements associated by the original
constraint to all the extensions of this tuple over the eliminated variables.

The solution of a SCSP problem P = 〈C, con〉 is the constraint Sol(P ) =
(
⊗

C) ⇓con: we combine all constraints, and then project over the variables
in con. In this way we get the constraint over con which is “induced” by the
entire SCSP. Optimal solutions are those solutions which have the best semiring
element among those associated to solutions. The set of optimal solutions of an
SCSP P will be written as Opt(P ). In the following, we will sometimes call “a
solution” one tuple of domain values for all the problem’s variables (over con),
plus its associated semiring element.

Figure 1 shows an example of fuzzy CSP and its solutions.



a b b ... min(1,1) = 1

a b a ... min(1,1) = 1

a a b ... min(0,0.1) = 0

a a a ... min(0,0.3) = 0

Solutions:

x

b a a ... min(0.5,0.3) = 0.3
a b b ... 1

a b a ... 1

Best solutions:

b b b ... min(0.7,1) = 0.7

b b a ... min(0.7,1) = 0.7

b a b ... min(0.5,0.1) = 0.1b b ... 1

y z

b a ... 1

a b ... 0.1

a a ... 0.3

b b ... 0.7

b a ... 0.5

a b ... 1

a a ... 0

Fig. 1. A fuzzy CSP and its solutions.

Consider two problems P1 and P2. Then P1 ⊑P P2 if Sol(P1) ⊑S Sol(P2). If
P1 ⊑P P2 and P2 ⊑P P1, then they have the same solution, thus we say that
they are equivalent and we write P1 ≡ P2.

SCSP problems can be solved by extending and adapting the technique usu-
ally used for classical CSPs. For example, to find the best solution we could
employ a branch-and-bound search algorithm (instead of the classical backtrack-
ing), and also the successfully used propagation techniques, like arc-consistency
[13], can be generalized to be used for SCSPs. The detailed formal definition of
propagation algorithms (sometimes called also local consistency algorithms) for
SCSPs can be found in [4]. For the purpose of this paper, what is important
to say is that a propagation rule is a function which, taken an SCSP, solves a
subproblem of it. It is possible to show that propagation rules are idempotent,
monotone, and intensive functions (over the partial order of problems) which
do not change the solution set. Given a set of propagation rules, a local con-
sistency algorithm consists of applying them in any order until stability. It is
possible to prove that local consistency algorithms defined in this way have the
following properties if the multiplicative operation of the semiring is idempotent:
equivalence, termination, and uniqueness of the result.

Thus we can notice that the generalization of local consistency from classi-
cal CSPs to SCSPs concerns the fact that, instead of deleting values or tuples,
obtaining local consistency in SCSPs means changing the semiring values associ-
ated to some tuples or domain elements. The change always brings these values
towards the worst value of the semiring, that is, the 0. Thus, it is obvious that,
given an SCSP problem P and the problem P ′ obtained by applying some local
consistency algorithm to P , we must have P ′ ⊑S P .

3 Abstraction

The main idea [1, 6, 7] is to relate the concrete and the abstract scenarios by a
pair of functions, the abstraction function α and the concretization function γ,
which form a Galois connection.

Let (C,⊑) and (A,≤) be two posets (the concrete and the abstract domain).
A Galois connection 〈α, γ〉 : (C,⊑) ⇋ (A,≤) is a pair of maps α : C → A and
γ : A → C such that



1. α and γ are monotonic,
2. for each x ∈ C, x ⊑ γ(α(x)) and
3. for each y ∈ A, α(γ(y)) ≤ y.

Moreover, a Galois insertion (of A in C) 〈α, γ〉 : (C,⊑) ⇋ (A,≤) is a Galois
connection where γ · α is the identity over A, that is, IdA.

An example of a Galois insertion can be seen in Figure 2. Here, the concrete
lattice is 〈[0, 1],≤〉, and the abstract one is 〈{0, 1},≤〉. Function α maps all real
numbers in [0, 0.5] into 0, and all other integers (in (0.5, 1]) into 1. Function γ

maps 0 into 0.5 and 1 into 1.

1

0.5

}
}

0

abstract latticeconcrete lattice

0

1

γ

α

α

γ

Fig. 2. A Galois insertion.

Consider a Galois insertion from (C,⊑) to (A,≤). Then, if ⊑ is a total order,
also ≤ is so.

Most of the times it is useful, and required, that the abstract operators show
a certain relationship with the corresponding concrete ones. This relationship is
called local correctness. Let f : Cn → C be an operator over the concrete lattice,
and assume that f̃ is its abstract counterpart. Then f̃ is locally correct w.r.t. f

if ∀x1, . . . , xn ∈ C.f(x1, . . . , xn) ⊑ γ(f̃(α(x1), . . . , α(xn))).

4 Abstracting soft CSPs

The main idea is very simple: we just want to pass, via the abstraction, from
an SCSP P over a certain semiring S to another SCSP P̃ over the semiring S̃,
where the lattices associated to S̃ and S are related by a Galois insertion as
shown above.

Consider the concrete SCSP problem P = 〈C, con〉 over semiring S, where

– S = 〈A, +,×, 0, 1〉 and
– C = {c0, . . . , cn} with ci = 〈coni, defi〉 and defi : D|coni| → A;

we define an abstract SCSP problem P̃ = 〈C̃, con〉 over the semiring S̃, where



– S̃ = 〈Ã, +̃, ×̃, 0̃, 1̃〉;
– C̃ = {c̃0, . . . , c̃n} with c̃i = 〈coni, ˜defi〉 and ˜defi : D|coni| → Ã;
– if L = 〈A,≤〉 is the lattice associated to S and L̃ = 〈Ã, ≤̃〉 the lattice

associated to S̃, then there is a Galois insertion 〈α, γ〉 such that α : L → L̃;
– ×̃ is locally correct with respect to ×.

Notice that the kind of abstraction we consider in this paper does not change
the structure of the SCSP problem. The only thing that is changed is the semir-
ing.

Notice also that, given two problems over two different semirings, there may
exist zero, one, or also many abstractions (that is, a Galois insertion between
the two semirings) between them. This means that given a concrete problem
over S and an abstract semiring S̄, there may be several ways to abstract such
a problem over S̄.

Example 1. As an example, consider any SCSP over the semiring for optimiza-
tion 〈R− ∪ {−∞}, max, +,−∞, 0〉 and suppose we want to abstract it onto the
semiring for fuzzy reasoning 〈[0, 1], max, min, 0, 1〉. In other words, instead of
computing the maximum of the sum of all costs (which are negative reals), we
just want to compute the maximum of their minimum vale, and we want to nor-
malize the costs over [0..1]. Notice that the abstract problem has an idempotent
× operator (which is the min). This means that in the abstract framework we
can perform local consistency over the problem in order to find inconsistencies.

Example 2. Another example is the abstraction from the fuzzy semiring to the
classical one:

SCSP = 〈{0, 1},∨,∧, 0, 1〉.

Here function α maps each element of [0, 1] into either 0 or 1. For example, one
could map all the elements in [0, x] onto 0, and all those in (x, 1] onto 1, for some
fixed x. Figure 2 represents this example with x = 0.5.

An important property of our notion of abstraction is that the composition
of two abstractions is still an abstraction. This allows to build a complex ab-
straction by defining several simpler abstractions to be composed.

5 Properties of the abstraction

We will now summarize the main results about the relationship between a con-
crete problem and an abstraction of it.

Let us consider the scheme depicted in Figure 3. Here and in the following
pictures, the left box contains the lattice of concrete problems, and the right
one the lattice of abstract problems. The partial order in each of these lattices is
shown via dashed lines. Connections between the two lattices, via the abstraction
and concretization functions, is shown via directed arrows. In the following, we
will call S = 〈A, +,×,0,1〉 the concrete semiring and S̃ = 〈Ã, +̃, ×̃, 0̃, 1̃〉 the



abstract problemsconcrete problems

P

α
γ

α

γ( (P))α
α (P) = P

~

Fig. 3. The concrete and the abstract problem.

abstract one. Thus we will always consider a Galois insertion 〈α, γ〉 : 〈A,≤S〉 ⇋

〈Ã,≤S̃〉.

In Figure 3, P is the starting SCSP problem. Then with the mapping α we
get P̃ = α(P ), which is an abstraction of P . By applying the mapping γ to P̃ ,
we get the problem γ(α(P )). Let us first notice that these two problems (P and
γ(α(P ))) are related by a precise property:

P ⊑S γ(α(P )).

Notice that this implies that, if a tuple in γ(α(P )) has semiring value 0, then
it must have value 0 also in P . This holds also for the solutions, whose semiring
value is obtained by combining the semiring values of several tuples. Therefore,
by passing from P to γ(α(P )), no new inconsistencies are introduced. However,
it is possible that some inconsistencies are forgotten.

Example 3. Consider the abstraction from the fuzzy to the classical semiring, as
described in Figure 2. Then, if we call P the fuzzy problem in Figure 1, Figure 4
shows the concrete problem P , the abstract problem α(P ), and its concretization
γ(α(P )). It is easy too see that, for each tuple in each constraint, the associated
semiring value in P is lower than or equal to that in γ(α(P )).

If the abstraction preserves the semiring ordering (that is, applying the ab-
straction function and then combining gives elements which are in the same
ordering as the elements obtained by combining only), then the abstraction is
called order-preserving, and in this case there is also an interesting relationship
between the set of optimal solutions of P and that of α(P ). In fact,

if a certain tuple is optimal in P , then this same tuple is also optimal in

α(P ).

Example 4. Consider again the previous example. The optimal solutions in P

are the tuples 〈a, b, a〉 and 〈a, b, b〉. It is easy to see that these tuples are also
optimal in α(P ). In fact, this is a classical constraint problem where the solutions
are tuples 〈a, b, a〉, 〈a, b, b〉, 〈b, b, a〉, and 〈b, b, b〉.



x y z

a a
a b 
b a
b b

a a
a b 
b a
b b

... 1

... 0.5 ... 1
... 1

... 0 ... 0.3
... 0.1

... 0.7

x y z

a a
a b 
b a
b b

a a
a b 
b a
b b

... 1
... 1
... 1

... 0

... 0

... 1

... 0

... 0

γ(α( P)

p)α(

x y z

a a
a b 
b a
b b

a a
a b 
b a
b b

α

γ)

P

... 0.5

... 1

... 0.5

... 1

... 0.5

... 0.5

... 1

... 1

Fig. 4. An example of the abstraction fuzzy-classical.

Thus, if we want to find an optimal solution of the concrete problem, we could
find all the optimal solutions of the abstract problem, and then use them on the
concrete side to find an optimal solution for the concrete problem. Assuming
that working on the abstract side is easier than on the concrete side, this method
could help us find an optimal solution of the concrete problem by looking at just
a subset of tuples in the concrete problem.

Another important property, which holds for any abstraction, concerns com-
puting bounds that approximate an optimal solution of a concrete problem. In
fact, any optimal solution, say t, of the abstract problem, say with value ṽ, can
be used to obtain both an upper and a lower bound of an optimum in P . In fact,
we can prove that

there is an optimal solution in P with value between γ(ṽ) and the value

of t in P .

Thus, if we think that approximating the optimal value with a value within
these two bounds is satisfactory, we can take t as an approximation of an opti-
mal solution of P . Notice that this theorem does not need the order-preserving
property in the abstraction, thus any abstraction can exploit its result.

Example 5. Consider again the previous example. Now take any optimal solution
of α(P ), for example tuple 〈b, b, b〉. Then the above result states that there exists
an optimal solution of P with semiring value v between the value of this tuple
in P , which is 0.7, and γ(1) = 1. In fact, there are optimal solutions with value
1 in P .

Consider now what we can do on the abstract problem, α(P ). One possibility
is to apply an abstract function f̃ , which can be, for example, a local consistency



algorithm (like arc-consistency or path-consistency [14]) or also a solution algo-
rithm. In the following, we will consider functions f̃ which are always intensive,
that is, which bring the given problem closer to the bottom of the lattice. Also,
functions f̃ will always be locally correct with respect to any function fsol which
solves the concrete problem. We will call such a property solution-correctness.
We will also need the notion of safeness of a function, which just means that it
maintains all the solutions. It is easy to see that any local consistency algorithm,
as defined in [4], can be seen as a safe, intensive, and solution-correct function.

From f̃(α(P )), applying the concretization function γ, we get γ(f̃(α(P ))),
which therefore is again over the concrete semiring (the same as P ). If f̃ is safe,
solution-correct, and intensive, and × is idempotent, we have that

Sol(P ) = Sol(P ⊗ γ(f̃(α(P )))).

Figure 5 describes such a situation.

(P)α

f(~ (P))α

f(~

f(~xO

P

f_sol(P)

γ
α

α

γ
α

γ( (P))α

(P)))αγ(

(P))αγ(P

x idempotent

concrete problems abstract problems

Fig. 5. The general abstraction scheme, with × idempotent.

The statement above does not say anything about the power of f̃ , which could
make many modifications to α(P ), or it could also not modify anything. In this
last case, γ(f̃(α(P ))) = γ(α(P )) ⊒ P (see Figure 6), so P ⊗ γ(f̃(α(P ))) = P ,
which means that we have not gained anything in abstracting P . However, we
can always use the relationship between P and α(P ) to find an approximation
of the optimal solutions and of the inconsistencies of P .

Example 6. Figure 7 uses the abstraction in Figure 2 and shows a concrete prob-
lem and the result of the construction of Figure 5 over it.

If instead × is not idempotent, then we can prove something weaker. Figure
8 shows this situation. With respect to Figure 5, we can see that the possible
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Fig. 6. The scheme when f̃ does not modify anything.
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Fig. 7. An example with × idempotent.



non-idempotence of × changes the partial order relationship on the concrete
side. In particular, we don’t have the problem P ⊗γ(f̃(α(P ))) any more, nor the
problem fsol(P ), since these problems would not have the same solutions as P

and thus are not interesting to us. We have instead a new problem P ′, which is
constructed in such a way to “insert” the inconsistencies of γ(f̃(α(P ))) into P .
P ′ is obviously lower than P in the concrete partial order, since it is the same
as P with the exception of some more 0’s, but the most important point is that
it has the same solutions as P .

(P)α

f(~ (P))α

f(~P

γ
α

α

γ
α

γ( (P))α

(P)))αγ(

x not idempotent

concrete problems abstract problems

P’

Fig. 8. The scheme when × is not idempotent.

Example 7. Consider the abstraction from the semiring S = 〈Z−∪{−∞}, max, +,−∞, 0〉
to the semiring S′ = 〈Z− ∪ {−∞}, max, min,−∞, 0〉, where α and γ are the
identity. This means that we perform the abstraction just to change the multi-
plicative operation, which is min instead of +. Then Figure 9 shows a concrete
problem over S, and the construction shown in Figure 8 over it.

Summarizing, the above theorems can give us several hints on how to use the
abstraction scheme to make the solution of P easier: If × is idempotent, then
we can replace P with P ⊗ γ(α(f̃(P ))), and get the same solutions. If instead ×
is not idempotent, we can replace P with P ′. In any case, the point in passing
from P to P ⊗ γ(α(f̃(P ))) (or P ′) is that the new problem should be easier to
solve than P , since the semiring values of its tuples are more explicit, that is,
closer to the values of these tuples in a completely solved problem.

6 Abstraction vs. local consistency

It is now interesting to consider the relationship between our abstraction frame-
work and the concept of local consistency.
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Fig. 9. An example with × is not idempotent.

In fact, it is possible to show that, given an abstraction 〈α, γ〉 between semir-
ings S and S̄ and any propagation rule r in S̄, the function γ(r(α(P ))) ⊗ P is a
propagation rule for problem P over S. This can be convenient when S does not
have any, or any efficient, propagation algorithms. In fact, in such cases, we can
resort to the propagation algorithms of S̄ to perform propagation also over S.

Notice however that, when S has a non-idempotent multiplicative operator,
function γ(r(α(P ))) ⊗P could change the solution of P . To avoid this problem,
we just have to follow the same reasoning as in the previous section, that is, to
replace such a function with a function with just inserts into P the inconsistencies
of γ(r(α(P )). We will denote such a function by using a different combination
operator: ⊗0. Thus the function to be used in these cases is γ(r(α(P )) ⊗0 P .
Notice that ⊗0 is a non-commutative operator, since it inserts into the right
operand the zeros of the left operand.

This results however hold only when the abstraction is order-preserving. We
recall that this means that applying the abstraction function and then combining
gives elements which are in the same ordering as the elements obtained by com-
bining only. In particular, if two abstract elements α(x) and α(y) are ordered,
then also x and y are ordered as well, and in the same direction.

Theorem 1. Given an order-preserving abstraction 〈α, γ〉 between semiring S

and S̄, assume that S has an idempotent multiplicative operation and consider

any propagation rule r in S̄ and any problem P over S. Then the function

f(P ) = γ(r(α(P ))) ⊗ P is a propagation rule for P .

Proof. By definition, a propagation rule is an intensive, monotone, and idempo-
tent function which takes a problem and returns an equivalent problem over the



same semiring. Since ⊗ is intensive, also f is so. Moreover, by monotonicity of
γ, r, α, and ⊗, also f is monotone.

For proving idempotence of f , we need the order-preserving property of the
abstraction. In fact, consider what happens when applying function f to P :
some tuple values in α(P ), say v̄ = α(v), will not be changed by r, while others
will receive a lower value, say v̄′ = r(v̄). By order-preservation, the new tuples
values in the concrete semiring (that is, γ(r(α(v)))× v), are equal or lower than
the original values. Let us now apply function f again. Function α will bring
these new concrete values to either v̄ (if we start from v) or v̄′ (if we start from
γ(r(α(v)))). In any case, r will bring such values to v̄′, for Lemma 1 (see below).
Thus f is idempotent. Finally, f returns an equivalent problem by the theorem
depicted in Figure 5.

Lemma 1. Consider any SCSP P over S and any propagation rule r for P ,

with r(P ) = P ′. Then, taken any SCSP P ′′ such that P ′ ≤S P ′′ ≤S P , we have

r(P ′′) = P ′.

Proof. Any rule r solves a subproblem 〈C, con〉 and changes the values of the
tuples connecting the variables in con. Thus the result of applying r is a new
constraint over con: (C ⊗ Ccon) ⇓con, where Ccon is the original constraint con-
necting the variables in con. This can also be written as Ccon ⊗ C ⇓con. Let
us now take any C′′

con such that (Ccon ⊗ C ⇓con) ≤S C′′
con ≤S Ccon. We can

now multiply all these three constraints by C ⇓con, obtaining: (Ccon ⊗ C ⇓con

⊗C ⇓con) ≤S (C′′
con ⊗ C ⇓con) ≤S (Ccon ⊗ C ⇓con). By idempotence of ⊗, we

get: (Ccon⊗C ⇓con) ≤S (C′′
con ⊗C ⇓con) ≤S (Ccon⊗C ⇓con). Thus we have that

(Ccon ⊗ C ⇓con) = (C′′
con ⊗ C ⇓con).

We can now prove a similar result for the case of a non-idempotent multi-
plicative operation in the concrete semiring. However, as noted above, we cannot
combine the new problem with the old one, but we can just insert the zeroes of
the new problem into the new one.

Theorem 2. Given an order-preserving abstraction 〈α, γ〉 between semiring S

and S̄, assume that S has a non-idempotent multiplicative operation and consider

any propagation rule r in S̄ and any problem P over S. Then the function

f(P ) = γ(r(α(P )))⊗0 P is a propagation rule for P , where ⊗0 inserts the zeroes

of its left operand into the right one.

The proof of this theorem is similar to the previous one, and for the equiva-
lence it refers also to the theorem depicted in Figure 8.

By taking several propagation rules in the abstract semiring, we can thus
obtain an equal number of propagation rules over the concrete semiring. This
set of rules can then be used to perform constraint propagation over a concrete
problem. Notice however that, while an idempotent multiplicative operation in
the concrete semiring allows us to use such rules until stability, with all the
desired properties (equivalence, uniqueness, and termination), in the case of a
non-idempotent multiplicative operation we can just apply the various propaga-
tion rules once each to insert several zeroes into the original problem (with the
same properties as above).



7 Conclusions and future work

In this paper we have presented a framework for abstracting soft constraints,
and we have shown how to use it to import propagation rules from the abstract
setting to the concrete one.

An experimental phase is necessary to check the real practical value of our
proposal. We plan to perform such a phase within the clp(fd,S) system devel-
oped at INRIA [9], which can already solve soft constraints in the classical way
(branch-and-bound plus propagation via partial arc-consistency).

Another line for future research concerns the generalization of our approach
to include also domain and topological abstractions, as already considered for
classical CSPs.

We also plan to investigate the relationship of our notion of abstraction with
several other existing notions currently used in constraint solving. For example, it
seems to us that many versions of intelligent backtracking search could be easily
modeled via soft constraints, by associating to each constraint some information
about the variables responsible for the failure. Then, it should be possible to
define suitable abstractions between the more complex of these frameworks and
the simpler ones.
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