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1 Introduction and conclusions

Strings on AdSs have a rich dynamics. Even when restricting to the most supersymmetric
backgrounds, which preserve 16 Killing spinors, the geometry is more varied than in higher
dimensions. We have two geometries: AdS3 x S? x T# and AdS3 x S x S? x S!. The latter
is actually a one-parameter family of inequivalent geometries, which can be labelled by the
ratio of the curvature radii of the two spheres. In the limit when one of the two spheres
becomes flat, we find AdSs x S x R3 x S! which is closely related to AdSz x S® x T in the
sector without winding and momentum on the flat coordinates. All these geometries can
be supported by a mixture of Ramond-Ramond (R-R) and Neveu-Schwarz-Neveu-Schwarz
(NS-NS) three-form fluxes, see, e.g. [1] for a review.

Some of these backgrounds are directly accessible from a world-sheet perspective. In
particular, for pure NS-NS backgrounds, the AdS3 factor can be described by a Wess-
Zumino-Witten (WZW) model based on s[(2, R) [2-9] that is explicitly solvable. The situa-
tion for mixed (or pure R-R) flux is more complicated, but there exists the hybrid formalism
of [10] that gives an explicit description away from the pure WZW point, see also [11-18]
for further developments. On the other hand, the pure R-R and mixed-flux backgrounds
are known to be classically integrable fields theories [19-21]. This raises the hope of de-
scribing their quantum spectrum by the techniques that proved remarkably successful for
strings on AdSs x S° and AdS,; x CP3, see refs. [22-24] for reviews. Indeed an integrable
world-sheet, S-matrix was found for pure R-R backgrounds on AdSz x S x 83 x S! [25]
and AdS3 x S* x T [26, 27], and later was generalized to mixed-flux backgrounds [28-30].
However, not all the dressing factors have been computed and a closed set of equations for
the finite-size spectrum is lacking.!

Some quantitative progress can be achieved by perturbatively quantizing the theory
around a free point, i.e. by considering the string non-linear sigma model at large tension.
It is well known that in the Penrose limit [33-36] we recover a free light-cone Hamiltonian
which for these backgrounds was already discussed in refs. [19, 36], see also [37-39]. We
can also compute perturbatively the corrections to these free theories; this was done for the
purpose of computing the world-sheet S matrix up to one [40, 41] and two loops [42, 43].

In this paper we study a family of inequivalent Penrose limits of AdS3 x S x 82 x S! in
detail. As we will explain below (and as was observed already in refs. [19, 37-39]), geodesics
on AdSz x S x S? are described by three parameters, one of which can be eliminated by the

LA complication of these backgrounds is the presence of massless excitations, which makes the usual
finite-size wrapping effects [31] much stronger here [32].



null condition. Of the resulting two-parameter family, only those having the same angular
momenta along the two three-sphere are supersymmetric [19];> however, the whole two
parameter family yields a consistent Penrose limit — though the spectrum of excitations
around the “plane-wave” geometry does not need to be supersymmetric for generic choices
of (non-BPS) geodesic.

Our main aim is to obtain this “plane-wave” spectrum for generic fluxes and geodesics.
For pure NS-NS backgrounds we shall also compare our results with the WZW result,
extending the analysis of [44] to these more general cases. In the Green-Schwarz description
of the string spectrum, states are obtained by acting with free oscillators (subject only to
the level-matching constraint). This is to be compared to the WZW approach in which we
need different “spectrally flowed” sectors in order to produce the whole spectrum. While
of course a matching is expected, it is nonetheless quite instructive to see how this comes
about, and how the different “flowed sectors” are identified with states of the Green-Schwarz
(GS) description.

Since our Penrose limits are generically taken around non-BPS geodesics, the resulting
theories are typically non-supersymmetric. In particular, most of the degeneracies of the
plane-wave spectrum are lifted, and the resulting spectrum is not just fixed by supersym-
metry. In the most general case, our light-cone Hamiltonian depends on four parameters:
two describe the original background (i.e. the relative curvature of the two three-spheres
and the mixture of R-R/NS-NS fluxes) while two describe the geodesic chosen for the Pen-
rose limit (i.e. how fast it is spinning and the relative speed on the two-three spheres). This
wealth of parameters will allow for a precision-spectroscopy comparison of new proposals
for computing the spectrum of strings on AdSs backgrounds, see e.g. [45, 46].

This paper is organised as follows. In section 2 we describe the different Penrose limits
of AdS3 x $? x $3 x S with mixed background fluxes. In section 3 we derive the light-
cone Hamiltonian for bosons and fermions in the Green-Schwarz formalism. After briefly
reviewing the N’ = 1 WZW construction for this background in section 4, we expand it
in the near-plane wave limit in section 5. Finally we compare these findings with the GS
results in section 6. There are four appendices to which we have relegated a number of
technical considerations.

2 Penrose limits of AdS; x S® x 8% x S!

In this section we shall review how to obtain the plane-wave background from a Penrose
limit [33-36] of AdS3 geometries. We shall consider both the cases with Ramond-Ramond
(R-R) and Neveu-Schwarz-Neveu-Schwarz (NS-NS) three-form fluxes. The resulting metric
will take the form

ds® = gudatds” = 2dxtdr™ — Aijxixj(d:c+)2 + dz;dz; , (2.1)

+

where 2% are light-cone coordinates, while A% will be a constant matrix (that will depend

on our choice of background fluxes and of the geodesic).

2In contrast, the null condition for a geodesic on AdSs x S* x T? that sits at a fixed point in T*
automatically implies that it is BPS.



2.1 The AdS; x S? x 8% x S! background
Let us begin by writing the metric of AdS3 x S x $3 x S! as

ds® = G dX"dX" = R*dsiyg, + R} ds§§ + R3 dsgg +dsZi (2.2)

In order for string theory to be critical,® the radius R of AdS3 and the radii of the two
three-spheres Ri, Ro must satisfy

1 1 1
- = 55+ =35 - (2.3)
R*> R? R3
It is convenient to parameterize this relation as
R? 9 R? .9
— =a=cos’p, — =1—a=sin“p. (2.4)
Ry R3

We shall use the conventions of [30], in which the metric on AdS3 and S? is given by

44 X2+ x2\? 4 2
dsdas, = — <12> dt* + oo (dX? +dX3),
2

4- X7 X3 4- X2
4— X3 X3\’ ?
dsgs = | 5% | dO*+ | ——5 5 | (dX3+dX3
°s (4+X§+X§ A 44 X2+ X2 (dX5 + dX5). (2.5)

4- X2 Xx2\° 4 2
dsgs = | — 55 | @+ | ——5—5 | (X5 +dX§
°s3 <4+X§+X§ U irxrrxe) WX TAXG),
ds3, = dXsdXs,
where ¢, ¢ and ¢ are isometric coordinates. This background solves the supergravity equa-

tions and in fact has 16 Killing spinors when it is supported by a mixture of R-R and
NS-NS 3-form fluxes?

1 1
COs” sim- @
and ) )
— _ 2 3 3
H =dB =2qR <V01(Ad83) +— SDvol(sl) + (pVol(SQ)) . (2.7)

Here 0 < ¢ < 1 describes the ratio between R-R and NS-NS flux, with ¢ = 0 corresponding
to pure R-R and ¢ = 1 to pure NS-NS flux, respectively. The 16 Killing spinors close on
the superisometry algebra 9(2,1;a)r, & 0(2,1; ) g [47], where the labels L and R stand for
left and right, and refer to the chirality in the dual CFTy. Each copy of 9(2,1;«) has as
a bosonic subalgebra su(1,1) & su(2); @ su(2)2, so that the global isometry is so(2,2) &
50(4); ®s0(4)2. The (2, 1; ), algebra is characterized by the BPS bound [48, 49]

j > cos®p ji +sin® ¢ j (2.8)

where j is the lowest weight of su(1,1)z, while j; and jo are the spins of su(2);; @
s5u(2)ar. A similar formula holds for 9(2, 1; &) g, where the corresponding quantum numbers

are (ja j17j2)'

3Equivalently, this follows from demanding that the background preserves supersymmetry.
4The explicit form of the Kalb-Ramond field B is given in appendix B.



2.1.1 The AdS; x S? x T limit

As an aside we mention that in the limit ¢ — 0, equation (2.2) reduces to the metric
of AdSz x S% x T*. Geometrically, this corresponds to one of the radii of the three-
spheres going to infinity so that we are left with four flat coordinates. From the point
of view of representation theory, this is captured by a suitable contraction of the algebra
9(2,1;a)? into psu(1,1|2)? for a — 0. Most of the formulae that we will derive below will
admit a smooth o — 0 limit, and thus our results also apply to the plane-wave limit of
AdS; x 3 x T

2.2 Null geodesics

We are interested in studying null geodesics of AdSz x S3 x S? x S!. The geodesic equation
Xt4+TH XYX* =0 (2.9)

is solved by a constant motion along the isometric directions t, ¢, . Let

t(r) = 270/% T, o(1) = 27To/i12 T, W(T) = 27r0/i22 T, Xi(r) =0, (2.10)
R R R

where 7 is the affine parameter.® We have also chosen the normalization so that A, .J; and
Jo are the energy and angular momenta around the three-spheres, respectively; this follows
from Noether’s theorem, using the form of the Lagrangian

1 L
L=—g,X'X" . (2.11)

4o/

The condition for this class of geodesics to be null is

2 2
1= (cos goi) + (sincpf) ; (2.12)
which is solved by _
Jy=ASEY g, = AT (2.13)
Ccos p sin ¢

where w is a free parameter.> The BPS bound of 9(2, 1; ) requires
A—cos’p J —sin®p Jy >0, (2.14)
which holds true for any w,

A —cos® o Jy —sin?p Jo = A(1 — cos(p —w)) >0 . (2.15)

°In this equation we make explicit the string tension 1/(27a’); the dimensionful parameter o’ should
not be confused with the dimensionless geometric parameter « of 9(2, 1; ). We will often suppress factors
of 2ma/.

Since J1, J2, A > 0 we should always take the positive roots of cos®w,cos? @, etc.; to streamline our
notation we drop the resulting absolute values and assume, without loss of generality, that cosw cos¢ > 0
and sinwsiny > 0.



We note that among the one-parameter family of geodesics (2.13), there is only one which
saturates the BPS bound. This happens when w = ¢ [19], and the corresponding solutions
preserve one quarter of the supersymmetry and have

A=J1=Js. (2.16)
Indeed all protected states of AdS3 x S x S? x S! satisfy eq. (2.16) [50, 51]. Because of this,
the geodesic in eq. (2.13) at generic w is a supergravity state that is typically not BPS.
2.3 The Penrose limit

We will now see how to obtain a plane-wave background (2.1) from the Penrose limit
around the geodesics of section 2.2. We introduce light-cone coordinates adapted to the
geodesic given by (2.10) and (2.13) by defining X* and X7 via

1

¢ | = | cospcosw % COS pCcosw — Cos psinw X 1. (2.17)
: . . . . 7
(& sin ¢ sin w % sinpsinw  singcosw X

We also rescale the transverse coordinates (except for the X® coordinate on S') by the
radii of the respective spheres, i.e. we define

€1,2
X19=—"", X34 = , X556 = , 2.18
1,2 R 34 = o/ 56 = T, (2.18)
and set B .
Xt=ot, x =2 Xx'=2, 2.19
x 9 R2 ) R ( )
Expanding for large R, the metric in (2.2) reduces to the form (2.1), i.e.
ds? = 2dxtde™ — Ajjwiri(da™)? + dryde; i,j=1,...8, (2.20)
where A;; is the mass-squared matrix for the eight transverse coordinates,”
. 2
AZ] - dla'g(/j‘l{7/1’l{7 Mgnu’ga Nga ,ug) :U’Zvu?l) ) (221)
with
=1, b = cospcosw, ug:sincpsinw, b =0. (2.22)

Notice that we have two directions with A;; = 0, which will result in massless modes in
the Green-Schwarz string formulation [19]. One is the flat direction corresponding to the
S! factor, while the other is the linear combination of (¢, ) on S* x S3 that is orthogonal
to the light-cone geodesic. The 3-form fluxes (2.6) and (2.7) reduce to

F=2\1-¢? (d.%'+ A dxy A dzg + (cospcosw) dz™ Adrs Adry

+ (singsinw) dot A das A dag) | (2.23)
H=2q (aluchr A dxy A dxg + (cos g cosw) dx™ Adxs A dzy
+ (singsinw) dzt A das A dag) (2.24)

"The superscript b in the masses ! indicates that these will be the masses of the bosonic string excita-
tions. Later we will also introduce Green-Schwarz fermions with mass p! .



In the following, 7 and =~ will play the role of light-cone coordinates. The conserved

charges associated to the light-cone coordinates follow from the change of coordinates and
eq. (2.13)8

Py = /dap+ = —(A = (cospcosw) J; — (sinpsinw) Jo), (2.25)
1
P = /dap_ = TR?(A + (cos pcosw) Ji + (sinpsinw) Jo) . (2.26)

The momentum P, plays a special role: it defines the light-cone Hamiltonian H, whose
density H is given by

H=—p,, H:/do—H. (2.27)

On the other hand, using (2.13) and keeping track of the factors of 2wa/, the momentum
P_ reduces to

P =2rd % : (2.28)
which parameterizes how fast the string is spinning along the chosen geodesic, cf. eq. (2.10),
where small (large) values of P_ correspond to slowly (rapidly) spinning geodesics. Since
we are interested in configurations with finite momenta, we will from now on assume that
A, J; and J scale as R? in the Penrose limit, but in such a way that H remains finite and
P_ is a free parameter. One can easily verify that this is consistent with (2.13); in fact, if
J1, Jo are as in (2.13), H = p4 = 0, as p4 is the momentum transverse to the geodesic.
Note that the ground-state energy in light-cone gauge will receive quantum corrections,
unless the ground state is BPS.

2.3.1 Penrose limit of AdS; x S? x T*

Again, as an aside, we note that for AdSz x S3 x T?, i.e. for ¢ — 0, the null condition (2.12)
for the geodesics is simply that J; = A. The null geodesic then runs along AdSs x S3,
and it is automatically BPS. In fact, it preserves one half, rather than one quarter, of the
Killing spinors. This leads to the same metric as in eq. (2.1), where the masses in the
matrix A;; now take the values

(2.29)

wo
Il
=
NG~
Il
(e

W=ph=1, p

3 The Green-Schwarz action

In this section we will outline the computation of the Green-Schwarz action for strings
moving in the plane-wave background described in section 2. We shall study the case of
generic (mixed) flux, parametrised by 0 < g < 1, see the discussion below eq. (2.7).

8The sign in the definition of A (relative to J; and Js) is a consequence of the signature of Minkowski
space.



3.1 The bosonic action

The bosonic part of the action is”

1
Sp = 5 /dadT (7aBgMN8aﬂsM(9,3$N + EagBMNaa$M86$N> ) (3.1)

where the determinant of the world-sheet metric ¥*# has been set to —1. Notice that for
point-like strings, this action reduces to (2.11). To obtain the Hamiltonian it is convenient
to work directly in first order formalism, introducing the conjugate momenta
(583 /
PMm = SiM = —’YTﬁgMNang — BMNHJN, (3.2)
where we denote with a prime and a dot the derivative with respect to the world-sheet
coordinates o and T, respectively. The action can be rewritten in the form [22, 24, 29, 30]

TO 1
Sp = /dO’dT (pMa'cM + 7?01 + 5 02) ) (3.3)
8l 2y

with
Cl = pMiM ’
A , e (3.4)
Co = g™V pupn + gunt™ N + 2gMN By epart™ + MY By Byt it
The Virasoro constraints amount to the equations of motion for the auxiliary fields v,

For the bosonic action they are equivalent to setting C; = 0 and Cy = 0.

3.2 The fermionic action

The Green-Schwarz action for AdSs backgrounds can be written explicitly up to quartic
order in the fermions [52-54], and it reads

S = /dadTE = /dadT (LB + Lyin + Lwz) , (3.5)

where Sp = f Lp has been defined in subsection 3.1, and
Lan = =101 (5 Da + ol FEy + 5ol H ) 0, (3.6
Ly = +ieP0;01 E,, <5JKD5 + %agKFEB + ;U{KH5> O . (3.7)

Here we have only kept the terms that are quadratic in the fermions as the higher order
terms will not be important in the plane-wave limit. The indices «, 8 € {1,0} are world-
sheet indices, while I, J, K € {1,2}. For the vielbeins EuA we have

9
E,LLAEZIBT}AB = Guv Ea = aaX“Euy E# = Z EHAUABFB s (38)
A=0

while the fluxes are defined by
F = FABCFABC ’ Ha = 8aXuHu ) H/J, = ;LABFAB . (39)
More technical details about (3.6) and (3.7) can be found in appendix B.

9Here we suppressed a factor of 1/(2wa’) in front of the action.



3.3 (Gauge fixing and kappa-symmetry fixing

The gamma matrices associated to the light-cone directions x+ and 2~ are

1
rt=-=- (cosw I'? 4 sinw IV +Ft> ,
2 (3.10)
I = <cosw I'? +sinw ¥ — Ft) ,

where our gamma matrix conventions are spelled out in appendix A. We note that, despite
the involved form of the light-cone directions, I'* still satisfy the familiar identities

T2 =0, T+ T =1. (3.11)
We fix light-cone gauge and kappa symmetry by setting

T =kT, p_ =k, ', =0, (3.12)
where x and x’ are two positive constants. This is called uniform light-cone gauge because
the momentum density p_ along the string is constant [55-57]. We should mention that

the choice of p_ determines the size r of the world-sheet after gauge-fixing. In particular
we have, in the Penrose limit,

R2

where we have reinstated the factor of 2ma’ for future convenience. In what follows we find

A ‘a
2na — = P_ :/ dop_=rp_, (3.13)
0

it convenient to set

et =71, p =1, I'e; =0, (3.14)

so that the world-sheet length equals

A
r=P_ =2nd i (3.15)

As described in appendix C, eq. (3.5) simplifies drastically for the plane-wave background
described in section 2. The resulting world-sheet Hamiltonian is quadratic in the fields,

H=H +H1, (3.16)
where

1 o / /
H =2 (pipi + Zii + Ajjziz;) + quf (vad1 — x15)

2
+ qug(azﬁfg — .733i'4) + q,u,g(xﬁal:5 — x5j:6) , (3.17)
4
M= "[i61(iG0s; — qbh;) — i625(iG6r; — qB3;) + 1] (61761 — B;62)] (3.18)
j=1
and
#  1+cos(¢p—w) 5 1+cos(¢p+w)
Wy =5 > Wy = ————F5
2 2 (3.19)
5 1—cos(¢p+w) 5 1—cos(¢p—w)
Hy = ——— = ———y

The parameter g labels again the ratio of background fluxes. We should mention that the
fermionic masses [L{ e ,uf: differ in general from the bosonic masses p?,. .., u4 defined
in (2.22), and coincide only for BPS geodesics, i.e. for w = ¢.



3.4 Mode expansion

The eight real coordinates z1, ..., rs enjoy an s0(2)®* symmetry. The Hamiltonian (3.17)
can be diagonalised by introducing complex coordinates for each s0(2) doublet, yielding four
complex bosons We introduce for each complex boson a pair of creation and annihilation
1, T 7’7:t 3 A 10
operators a;;~ ' and a,, with¢=1,...,4 and

[, gt t] = 69 6, [t a1 =0 (3.20)

Then the Hamiltonian takes the form

/ doH’ = ZZ[ abtabt 4o (uf)afg_Taff}

1= lnEZ

+Z [w Y ) +er )|

n>0

(3.21)

where the terms in the second line arise from normal ordering. Here, uf are the bosonic
masses defined in eq. (2.22), and the dispersion relation is

(3.22)

2mn

We can think of the quantity p = = as the world-sheet momentum p, subject to the
free-particle quantization condition exp(ipr) = 1; thus we can also write the dispersion
relation as

wy (1) = V112 + 2qup + p* . (3.23)

The fermionic Hamiltonian (3.18) can be diagonalised introducing creation and anni-
hilation operators b5 and bs* with i = 1,...,4 and

where the explicit mode expansion is again given in appendix C. Then eq. (3.18) reduces to

Hf:/ da?-{,f—ZZ[ (Do vit 4w (] )bl To% }

i=1 neZ

—;[WZ""Z ;(uzf))},

n>0

(3.25)

where the dispersion relation is the same as the one defined in eq. (3.22), but the fermionic
masses are now given by (3.19).

10T he explicit mode-expansion of the complex bosons can be found in appendix C.



3.5 Dispersion relation and ¢ — 1 limit

The plane-wave dispersion relation (3.22) has the same form for bosons and fermions, even
if for w # ¢ the mass-spectrum of the excitations is not supersymmetric, u? # sz . For
0 < ¢ < 1 the dispersion we find is consistent with the one required by supersymme-
try [25, 29, 30, 58], which takes the form®!!

W () = £/ (gp £ 0)? + 4(1 — )R sin?(p/2h) (3.26)

where h is the string tension. In the near-plane-wave limit the momentum is small relative
to the tension, and we can approximate 4h?sin?(p/2h) = p?, where p is the momentum
from above, see eq. (3.23).

The case ¢ = 1 is quite special since then the exact dispersion relation (3.26) simplifies
to the linear expression, which becomes in the plane-wave limit

G =~ [P (3.21)

The modulus signals that the world-sheet theory is chiral, i.e. it distinguishes between left-
and right-movers on the world-sheet. A left-moving mode is one which has dw®/dp > 0,
which happens when n > $%. To illustrate this point, let us consider the contribution

of a complex bosonic mode of mass p to the Hamiltonian. Suppressing the explicit u

pr
o

Zw+ +Ta++ngagTa
n
:Z(%Tn+u) +T++Z( 27rn_ )aﬂaf{

dependence and setting v = we get for the Hamiltonian

n>—v ) n—v 2 (328)
+Z(%—u) fa, +Z( 2mn )a;*a;
n>v
:Zuﬁ +Ta++2w a a —i—Zw ala; +ZwﬁdﬁT&%_7
n>—v n>v n>v n>-—v
where in the last line we have changed variables to 7 = —n and set @ = aF,. Thus the

complex boson of the GS description has split into two “left” (i.e. holomorphic) real bosons
+

a*, and two “right” (i.e. anti-holomorphic) real bosons @*. Furthermore, their creation
operators are shifted by +v. This shift was already observed by Maldacena and Ooguri [3],
and, as we will see below, is closely related to the spectral flow. Indeed, loosely speaking
the spectral flow parameter w is the integer part of v. Here we have tacitly assumed that

v = 2 ¢ N; otherwise there are zero modes that require more care.

"This can also be found from studying dionic giant magnons [59, 60]. Note that we have absorbed
a factor of the tension into the definition of the momentum, i.e. eq. (3.26) leads to the usual dispersion
relation by replacing p — hp.

,10,



3.6 Ground-state energy
It is worth noticing that the normal ordering constant

4 4

Eo =33 [wnr ) + i () = i () = o ()| + 3 [k = (3.29)

i=1 n>0 =1

does not vanish; this is due to the fact that the bosonic and fermionic masses, see eqs. (2.22)
and (3.19), are different. The resulting shift of the ground state energy is finite, as can be
seen by observing that

(u)” = 243 (u])?. (3.30)

4
=1 i=1

1

For pure NS-NS flux, i.e. ¢ = 1, the summand of the first sum in eq. (3.29) is independent
of n, and & can be readily computed. In particular, if the masses pu; satisfy pu; < 27”, we
find the simple expression

4
& = Z (uf — uf) = cospcosw + sinpsinw — 1 = cos(p —w) — 1. (3.31)

i=1

This will play an important role below for the comparison with the WZW spectrum.

4 The WZW description

String theory on AdSs x S* x S3 x S! with pure NS-NS flux can be described by a WZW
model based on the N' =1 affine algebras s[(2); ® s(2)y, ® su(2)g, ®u(l) [49, 51, 61]; our
conventions for the relevant algebras are described in appendix D. The levels k, ki, ko are
all positive integers, and are proportional to the radius squared of the corresponding space,
e.g. ko' = R?, and similarly for the 3-spheres. In terms of our previous parametrization,
see eq. (2.4), we therefore have

azﬁzcos?go, 1—a:£:sin2cp. (4.1)

k1 ko
The fermions can be decoupled from the Kac-Moody currents as explained e.g. in ref. [7].
The levels of the resulting s[(2) and su(2) affine algebras are then shifted by +2 and —2,
respectively. We will denote the (decoupled) holomorphic currents for sl(2); by K¢, and
where I = 1,2 and a € {+, —,3}. The corresponding
fermions will be denoted by %, and Xl_’ff, respectively. We finally have an uncharged boson

for the two su(2)y, algebras by J"¢,
Quy, together with an uncharged fermion 7,, coming from the u(1) factor. The corresponding
anti-holomorphic fields will be denoted by a tilde.

The fermions are either half-integer moded (NS sector) or integer moded (R sector).
In the unflowed sector — there are also spectrally flowed sectors that will be explained in
more detail below — the representations of the affine algebras are conventional (Virasoro)
highest weight representations generated from a ground state |jo; jo,1;jo,2). Here jo labels
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a lowest weight state of s[(2), while jo; and jo2 are the spins with respect to the two su(2)
algebras, i.e.

K, |05 do,15Jo2) =0, JE% 503 do.1; Jo2) = 0, n>0,
Wy 4o Jo,1i Jo2) =0, X203 jo.1; Jo2) = 0, r>0, (4.2)
K 1jo; Jo.1s Jo2) =0, Jo " |jos doa; do2) =0 .

The ground state representation is the same for left- and right-movers, and jy satisfies the

Maldacena-Ooguri bound [3]
1 kE+1
Z < - - 4.3
5 <Jo< =5, (4.3)

while unitarity requires for the su(2) spins

kr—2
0<jor < =5 (4.4)

The level matching condition is Neg = Neg, where

N — % NS sector
Neg = (4.5)
N R sector,

and N is the total number operator. The spacetime energy and angular momenta are
given by
A=j+j, Ji=ji+n, Ja=j2+e, (4.6)

where j is the s[(2) lowest weight of the relevant state, and similarly for the su(2) spins.
These quantum numbers differ in general from those of the ground states, and we define

Jj=Jo+4j, Jr = Jo,1 — 6Jr NS sector (4.7)

j=jo+08j+s—3, J1 = jog — 6jr — s+ % R sector. '
Thus ¢ counts the number of sl(2) modes with a = 4+ minus those with a = —, while
djr counts the number of su(2); currents with @ = — minus those with a = 4. In the R

sector, s, $1,52 € {0,1} label the different ground states under the action of the fermionic
zero-modes, see e.g. [7]. Physical states are annihilated by the positive super Virasoro
modes, and obey the mass-shell condition

Jjo(Jo—1)  Joi(Jo1+1)  Jo2(jo2+1)
- + +
k kl k2

+ Neg =0 (4.8)

Finally, the GSO projection requires that we have an odd number of fermionic excitations
modes in the NS sector. (In the R sector, the GSO projection depends on whether we
consider type ITA or type IIB string theory, but as we will see below, this does not affect
the spacetime charges of the states.)

4.1 Low-lying states

In order to illustrate the construction of the spectrum, let us review briefly the structure
of some of the low-lying states in the unflowed sector (including the BPS states).
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4.1.1 NS sector

The GSO projection requires an odd number of fermions. Since they are half-integer
moded, this is equivalent to Neg € N. The lowest lying states occur at level Neg = 0. We
can solve the mass-shell condition (4.8) for jy as a function of jo 1 and jo 2, obeying (4.4).
For each solution in the interval (4.3), we then have a physical state.

The physical states also have to be annihilated by the positive super Virasoro modes,
and this leads to the following eight excitations

¥ G0 do1; Jo2) s Y~ [Jos Jo,13 Jo,2)
2 2

XI_I 705 Jo,15 Jo,2) » X]_E 703 Jo,15 Jo,2) 5 (4.9)
2 2

n_1 703 40,13 Jo,2) s -1 703 Jo,15 Jo,2)

where 7 is a certain linear combination of the 3-modes 93 and '3 with I = 1,2. The state
Y~ |josjo — 1;jo — 1) has j = j1 = jo and is the only BPS state in the unflowed NS sector.
2

4.1.2 R sector

In the R sector the different fermionic ground states are parameterized by the quantum
numbers s, s1, s2, s3 € {0, 1}, see [7] for a careful discussion. Here s arises from AdSs, while
51,2 are associated with S:{’Q, and s3 is the quantum number associated to the fermionic zero
modes 1y and 7jg. The value of s3 does not have an effect on the spacetime charges (4.6),
and hence we can always adjust sg € {0,1} so as to satisfy the GSO projection. At level
Neg = 0 we then find eight states, corresponding to the eight possible choices of (s, s1, s2).
We can label them as

190570,1550,2) (5.5, 50) - (4.10)

The state |jo; jo — 1570 — 1>(0’070) has j = j1 = jo and is the only BPS state arising in the
unflowed R sector [51].

4.2 Spectral flow

Because of the Maldacena-Ooguri bound (4.3), the spacetime spectrum arising from the
unflowed sector leads to states with a finite maximal energy. In order to overcome this
unphysical feature, it was argued in [3] that the spectrum must also contain the spectrally
flowed images of these representations.!? Spectral flow is an outer automorphism of the
affine algebra s((2), see appendix D for the explicit description, and hence relates in general
inequivalent representations to one another. For su(2); one can also define a spectral flow
automorphism, but this does not lead to new representations. However, it is sometimes
convenient to flow also in the su(2);, factors, as we shall do below.

Since spectral flow shifts the eigenvalues of the Cartan generators, see eq. (D.3), we
have now instead of (4.7)

j=5 4 o445, jlzlﬁ%+j07l—5j] NS sector

411
J=" g tdjts—5.  gr="3+jor—0jr—si+3  Rsector. e

2The significance of spectral flow was first noticed in [62] based on modular invariance arguments.
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The spectral flow also affects the eigenvalue of Ly, see eq. (D.3), and hence the mass-shell
condition, eq. (4.8), becomes in the spectrally flowed NS sector

io(Cio — 1 , L~k j0,1(Jo,1 +1 . Lk
_Jolo—1) w(jo + 65) — ~w* + joaljo1+1) +wi(jo1 — 0j1) + - (wr)?
L 4 k1 4

_ ok
+ +wa(o2 = 0j2) + F(w2)* + Neg =0, (4.12)

ks

and in the spectrally flowed R sector

o(Jo — 1 . . k j0,1(Jo,1 +1 . .
—‘m(JOk)—w(jo+5j+s—§)—4w2+‘m’l(‘710€’ll)+w1(j0,1—5j1—81+§)
k j0,2(Jo2 +1 . ‘ k
+ Zl(wl)Z + ]0’2(]2;22> + wo (]072 —0jo— Sso+ %) + ZQ(UJQ)Q + Neg =0 . (4.13)

Furthermore, the level matching condition now becomes in the NS sector

Negg — woj — w1077 — w20jo = N — wdj — w1671 — w2072 , (4.14)

where N.g and N are the number operators before spectral flow. Similarly in the R
sector we have

Neff_Neff:w((sj+3_5j_§)

. ~ ~ _ ~ ~ (4.15)
+ wi (071 + s1— 01 — 81) + wa(dj2 + s2 — 0J2 — S2) .

In the R sector the GSO projection can still be satisfied using (if necessary) the action of
the fermionic zero modes 79 and 7jy, while in the NS sector it reads [7, 63]
w + w1 + w2

Neg + ———5—— €N. (4.16)

The construction of the BPS states in the spectrally flowed sectors is quite involved for
AdS3 x S% x S3 x St and we refer the reader to [51, 64] for a detailed explanation.

5 Plane-wave limit of the WZW spectrum

In this subsection we study the plane-wave limit of the WZW model for AdS3 x S x 3 x S!,
generalising the analysis of [44] for AdS3xS3xT*. We will consider the limit in which both
the levels k, ki, ko are large (so that we are in the supergravity regime), as well as the
charges A, Ji, Jo (as dictated by the Penrose limit, see section 2.3). Note that it follows
from (2.13) that all these charges scale then as k ~ R2.

Since we are interested in states that are obtained from the ground states by a finite
number of creation operators, the actual eigenvalues of the states differ only by a finite
(and hence small) amount from those of the ground states. Since the ground states have
the same spin for left- and right-movers — this is true both for the s[(2,R) lowest weight,
as well as for the two su(2) spins — all spins scale the same way for left- and right-movers,
i.e. j ~ jand j; ~ Js; this is also required by the form of the geodesic (2.10).
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In the Penrose limit, i.e. up to subleading corrections in 1/k, it follows from

eq. (2.28) that
A 4ryj
P =r=21d— = —.
r o ?
Note that the Maldacena-Ooguri bound, eq. (4.3), implies that P_ < 27, but as mentioned
above, the spectrum also contains spectrally flowed sectors that effectively shift up the

(5.1)

spin. Indeed, in the sector with spectral flow w we have
2rw SrS2m(w+1) . (5.2)

Note that the different ‘sectors’ are also visible from the viewpoint of the plane-wave
dispersion relation (3.22): at ¢ = 1, i.e. for pure NS-NS flux, it can vanish when r = P_ =0
mod 27. As P_ crosses such a value, it is necessary to adjust the definition of positive-
and negative-energy modes in the light-cone Hamiltonian. As a consequence, the spectrum
is composed of different sectors depending on “how fast” the geodesic is spinning, cf.
section 3.5.

It is therefore convenient to discuss the WZW spectrum separately for the case where
the geodesic is slowly spinning, so that w = 0 and we can use the formulae for the “un-
flowed” spectrum; and the case where the geodesic is rapidly spinning, where we will need
the more general formulae of section 4.2.

5.1 Slowly spinning geodesics (unflowed sector)

In the following we shall analyse the spacetime spectrum of string theory for large level k,
as well as for large spins j,77.'> Since we are interested in the Penrose limit of a specific
null geodesic, we have in addition, see eq. (2.13),

. CcoSw .sinw

Ji~J R Rl Braal (5.3)
cos sin
so that
32 cos® p + j3 sin® p ~ 2, J1 cospcosw + jo sinpsinw ~ j . (5.4)
This will further simplify our expressions.
5.1.1 R sector
Let us begin by studying the R sector. We start from the mass-shell formula (4.8)
. 1 . 2 . 2 .
Jo=g5F \/kNeff + (Jox +3)” cos?p + (Joz +3)” sin® v, (5.5)

which we rewrite, using (4.7), as

j=406j+s+ []% cos2<p+j§ sin2<p+l<:Neﬁr +251(071 + s1) 0082g0+2j2(5j2 + s9) sin2g0
1

+ (01 + 51) + (672 + 52)% |~ (5.6)

13In the unflowed sector corresponding to slowly spinning strings, we have however always % < %
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The holomorphic contribution to the light-cone Hamiltonian H = —P, is then, see
eq. (2.25),
Hp =7 —jicospcosw — jasinpsinw . (5.7)

For large k and large charges j, j1, jo, the leading term of the square root in (5.6) is
j? cos® o + j2 sin® o ~ 52 . (5.8)

Taking this combination out of the square root and expanding the remaining terms to
leading order, we then obtain,

27N,
Hy = §j + 54 —teff

+ (841 + s1) cospcosw + (62 + s2) sinpsinw, (5.9)

where we have written ]“2\[—.95 — 2mNegr

r )

see eq. (5.1).

Essentially the same formula also holds for the anti-holomorphic contribution Hpg.
Note that since 67 and §j; can take both positive and negative values, one may worry that
the Hamiltonian (5.9) is not bounded from below. However this is not the case, as can be
checked directly; in fact, even before taking the Penrose limit, the non-linear WZW energy
is also bounded from below [65], and this therefore also remains true in the Penrose limit.

5.1.2 NS sector

The analysis in the unflowed NS sector is essentially the same. Again, we rewrite the
mass-shell formula (4.8) in terms of the “true spins” j, j; (rather than the spins jo, jo,r of
the ground state), using eq. (4.7)

1
j=0j+ L+ [(jl + 01+ 1) cos? o+ (jo+ 0ja + 1) sin? o+ kNeﬁ] . (5.10)

In the Penrose limit, the holomorphic part of the light-cone Hamiltonian H = — Py then

becomes

Hy = 27 Neg

+ 67+ 2+ (651 + 1) cospcosw + (62 + 1) sinpsinw, (5.11)

and similarly for Hgz. We note that, due to the GSO projection, at least one fermion has
to act on the ground state.

5.2 Rapidly-spinning geodesics (flowed sector)

Fast spinning solutions are characterised by the condition that j > %, so that they come
from sectors with spectral flow w > 0, see eq. (5.2). It is convenient to spectrally flow also
in the two su(2) sectors, where the relevant spectral flows are determined by

2rwy < cospcosw r S 2m(wy + 1), (5.12)
2wy < sinpsinw r < 27(we + 1) . '

In particular, this guarantees that Jj; is of order one, and hence we can proceed very
similarly as in the unflowed sector. We shall again first deal with the R sector.
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5.2.1 R sector

Using eq. (4.11), the mass-shell condition (4.13) in the spectrally flowed R sector can be
rewritten in terms of the “true spins” j, j; as

k(Negt — w(6j + 5) — w1 (841 + 51) — wa(0j2 + 82)) — (j — 65 — 5)°
+(j1 + 641 4 s1)% cos® @ + (jo + 62 + s2)° sin® p = 0, (5.13)

which can be solved for j to give

j=0j+s+ [(j1 + 071 +51)2 0032g0+ (jo + 972 +82)2 sin2<p

1

+ k(N — w(8j + 8) — w1 (671 + 51) — wo (6o + s2))|° . (5.14)

The leading terms in the large k£ and large charge limit are the quadratic charge terms in
the first line of the square root. Proceeding as in the unflowed sector we therefore find in
the Penrose limit

27 (Negp — w(0j + 8) — w1 (dj1 + s1) — w2 (dj2 + s2))

H; = " +0j+s

+ (841 + s1) cospcosw + (0j2 + s2) sinpsinw . (5.15)

Again one can convince oneself that the Hamiltonian is bounded from below, as must be

the case.

5.2.2 NS sector

In the NS flowed sector the analysis works completely similarly. Using now (4.11) we find
from the spectrally flowed mass-shell condition in the NS sector

) o1 ) ) 2 . . 2 .
j:5j+§+[(j1+5]1+%) 0082(p+(]2+5]2+%) sin? o

1

w - ’LU(S] — w15j1 — wgéjz)] ° . (5.16)

+k(Neff— 5

The holomorphic contribution to the Hamiltonian in the Penrose limit then becomes

Neft — 3(w + w1 + we) — wdj — w1dj1 — wadja .

HL:27T +(5j+%

,
+ (041 4+ 3) cospcosw + (672 + 3) sinpsinw . (5.17)

6 Comparison of the spectra at g =1

Now we have everything at our disposal to compare the Hamiltonian in the Penrose limit of
the WZW spectrum that we have just derived, see egs. (5.9), (5.11), (5.15), and (5.17), with
the one that was obtained from the GS formulation at ¢ = 1 in section 3, see eqs. (3.21)
and (3.25). As we shall see, this is quite straightforward for the bosonic excitations, but
requires a little more work for states that involve fermions.
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WZW mode | GS mode | Plane-wave energy shift
K=, ap! 2mn 4
JE,T ai’ﬂ 2”7" =+ cos pcosw
J%j a,?;’ﬂ 2”7” + sinpsinw
al_n, a2_n a?,jﬂ 2”7"
Kar aé’H 1
J&’_ ag’H COS (P COS W
Jg’f ag’H sin ¢ sin w
o aé’“ 0

Table 1. Identification of the bosonic modes in the holomorphic sector. The modes of the left-
moving currents with n > 0 are related to GS oscillators with n > 0.

We shall first consider the states at the lowest level, Nog = 0, before discussing system-
atically the general case. The GS Hamiltonian H of egs. (3.21) and (3.25), splits naturally
into a holomorphic and an anti-holomorphic part

H=H;+ Hp, (6.1)

and it is hence sufficient to compare (and match) the spectrum for the holomorphic (and
the anti-holomorphic) part separately. For r < 27 (corresponding to the unflowed sector in
the WZW model) the holomorphic part of the GS Hamiltonian at ¢ = 1 can be written as

o (E i)
4 2mn =t i,—
(e cw)

—1 4+ cospcosw + sin @ sinw
+Zulbzﬂbz++z#b 1+Tz+ ¥ > ' .

27m

bZ +sz+ + ‘

2
a ’+TCLZ’+ +) mn Mf

The anti-holomorphic part has essentially the same form, except that the sums run instead
over n < 0, and that the zero mode part only involves the a;~ and b0 generators (instead
of aé’+ and bé’+).

The bosonic oscillators can now be identified straightforwardly, and for the holomorphic
sector we have written out the details in table 1; a similar identification also applies to the

anti-holomorphic generators.

6.1 The identification of the fermions

The identification for the fermions is a bit more involved, reflecting the usual difficulty in
relating the NS-R formulation (as in the WZW model) to the GS formulation. In order to
understand how things work out, it is instructive to describe first the lowest lying states
systematically. They arise from the unflowed sector of the WZW model at level Nog = 0.
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WZW state GS state Hy, Z
(s,s1,52) = (0,0,0) bg’ﬂ |0) 0 uféyfézfé
(s,s1,82) = (0,0,1) bg’H |0) sin @ sinw u_%y_%z%
(s,s1,52) =(0,1,0) bg’H |0) COS ( COS W uféy%zf%
(s,s1,82) = (0,1,1) bé’ﬂ |0) sin @ sin w + cos p cosw u_%y%z%
(s,81,82) = (1,0,0) bg’Hbg’Hbé’H |0) 1 u%y_%z_%
(s,s1,52) = (1,0,1) btl)’Hbg’Hbé’H |0) 1 +sinpsinw uiy "33
(s,s1,82) = (1,1,0) b(l)’Hbg’JrTbé’H |0) 1 + cos ¢ cosw u%yéz_%
(s,s1,82) = (1,1,1) b(l)’J”Ll)g”LTl)g’JFT |0) | 14 sing@sinw + cos ¢ cosw u%y%z%

Table 2. Low-lying states in the R sector. In the left column we describe the states in terms of
the fermionic zero-modes in the WZW language. In the second column, we describe them in term
of GS fermionic oscillators; note that R sector states correspond to an odd number of GS fermions.
In the remaining two columns we write the contribution to the (holomorphic) Hamiltonian and to
the partition function that is described below.

6.1.1 Level Neg=0

WZW states at level Neg = 0 correspond to GS states built acting only with fermionic zero-
modes. More precisely the NS sector states will be identified with the GS states involving
an even number of GS zero modes, while the R sector states will come from an odd number
of GS zero-modes.

More specifically, in the R sector at level Neg = 0 the WZW Hamiltonian in eq. (5.9)
simplifies to

Hp, = s+ s1cospcosw + sasinpsinw . (6.3)

Here s, s1 and ss take the values {0, 1}, and the resulting eight states have been tabulated
in table 2, together with the GS states to which they correspond.
In the NS sector, the WZW Hamiltonian of eq. (5.11) simplifies to

Hp =67+ % + (61 + %) cos pcosw + (072 + %) sinpsinw . (6.4)

There are again 8 states, and as explained in table 3, they can be identified with GS states
built by applying an even number of fermionic zero-modes.

6.1.2 The general case

At higher level, an explicit identification as above becomes cumbersome, but we can demon-
strate that the spectra match by considering the generating function (with suitable chemical
potentials). More specifically, let us define in the WZW model

Z(qu,y1,92) = Y d(N, . ju, jo) g~ uld=90) yr=Ion) emio2) (6.5)
N.j.j1.j2
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WZW state GS state Hy Z
¢:l |j0;j0,1;j0,2> |O> —1+cosg0cos2w+sin<psinw u_l
2
Clehied | BRI | S |,
2
XQ_FI ’j03j0,1§j0,2> bg,+Tbé,+T ‘O> 1+cos<pcoso2.zfsingosinw L1
2
<n7%’ ﬁ,%> |]'0;j071;j072> <bg’+Tbg’+T, b(l)’+Tbé’+T> |0> 1+cos<pcos;)+singosinw 9
XZ_E |]'0;j071;j072> bé,+Tb3,+T |0> 1+cos<pcosw2+3 sin psinw 5
2
Xl_,z |j0;j071;j072> b(l),—Hng,—i-T |0> l+3cosgocoszw+singosinw y
2
¥ os do,1s Jo,2) by e Te3 T 0) Stcospcosutsingsing |y
2

Table 3. Low-lying states in the NS sector. In the left column we describe the states in terms of
the fermionic modes in the WZW language. In the second column, we describe them in terms of the
GS fermionic zero-modes; note that NS sector states correspond to an even number of GS fermions.
In the remaining two columns we write the contribution to the (holomorphic) Hamiltonian and to
the partition function described below.

where d(N, 7, j1,j2) is the multiplicity of states with N = Neg and spins j, j1 and jo; as

we are interested in the plane-wave limit, it makes sense to subtract out the spins of the

ground states, i.e. jo and jo 7. In the following we shall only keep track of the states that

are generated by the fermions; the contribution of the bosons matches directly, see table 1.
In the NS sector we then find

1 o0
Zns =1 [H<1+uqn%><l S E) (L4 ) x

n=1

x(1+y1¢" ) (1497 ¢ 2) (L4120 2) (1445 ¢"2) (6.6)
o0
~JI0—wg -t (- )
n=1
n—= —1 n—1 n—2 —1 n—1
X(1=1mq¢" 2)1—y; ¢" 2)(1—y2q"2)(1—yy ¢" 2)|,

where the difference of the two terms implements the GSO projection, while the R sector
contribution is

[e. 9]

1ol leo—3 3y ~5 3 n 1 2
Zr=q2(u2 +u2)(y, >+ i)y, * +v3) [J(A+ug) (1+u ") (144" x
n=1
x(T+pd")(I+y ¢ +yd") 1+ q") . (6.7)

It follows from the abstruse identity, see e.g. ([66], Chapter 21), that

Zns + Zr = Zas, (6.8)
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where A
1 S .
Zes =2 [[(z2 +2 %) [J+za) A+, (6.9)

and the z; are defined as

. e
21 =U2Yi Yy, 22 =U2Y{ Yy 7y 1
L1 L1 (6.10)
Z3=U2Yy Yy , 24 =U2Y1 “Yy

In order to compare the WZW spectrum with that obtained from the GS formalism
we now expand the WZW spectrum according to its Hy, eigenvalues, i.e. we consider

Z(q _ 627ri7—’ U= 627TZ'/.I,Z{T’ Y = 627ri,u12"r7 Yo = 627ri,ug7> _ Zd(H)€2ﬂiTH, (611)
H

where d(H) is now the multiplicity of states with H;, = H; here we have used the form
of the light-cone Hamiltonian in the unflowed sector, see eq. (5.9) and (5.11). It now
follows from the specific form of the bosonic and fermionic mass eigenvalues, see egs. (2.22)
and (3.19), that with these chemical potentials, the z; parameters defined in (6.11) equal

2= 2T (6.12)

Thus the right-hand-side of the abstruse identity (6.8) gives directly the GS spectrum.
This proves the matching of the spectrum in the unflowed sector. Since the light-cone
Hamiltonian of the flowed sectors have essentially the same form as in the unflowed sector,
cf. egs. (5.15) and (5.9) or egs. (5.17) and (5.11), the argument goes through also for the
flowed sectors.
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A Conventions

For the indices we adopt the following notation. The world-sheet coordinates o and 7 are
denoted by «, 3; we reserve u, v, p, ... for spacetime coordinate and capital letters A, B, . ..
for tangent space coordinates. Finally, I, J, K € {1,2} label rows and columns of Pauli
matrices.

Essentially following the conventions of [30], we define the three-dimensional gamma
matrices for AdS; and S? as

ryt:_i0—3’ 71:(717 72:0—27
73:0-17 74:‘72’ 7¢:U37 (Al)
V=0, V=02, V=03,
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The resulting ten-dimensional Gamma matrices are
M=400007 Ix1, A=1t1,2,
M=t @0 eIey*®l, A=344,
FA:+O'1®U3®H®H®’7A7 A:5,6,’¢J,
M= -0,RI0IxIx1.

The metric on the tangent space is

NAB = dlag(—l, 17 17 ]-7 ]-7 17 17 17 17 1) :
For light-cone tangent space coordinates we have

Nyt =n-—— =0, ny— =1, n"t=n =0, nto=

B Details of the Green-Schwarz action

The Kalb-Ramond field is given by

4 2
B= ekt S (X1dXs — XodX1) A dt
(4 - X7 - X3)
4qR?
Kl 5 (ngX4 — X4dX3) A do
(4+ X3+ X3)
4qR}

+

(X5dX6 — X6dX5) Ady .
(4+ X2+ x2)*

The fermions 0~I are defined as
N e
6 = 5 61 5 O,
i [1-ad \/ﬂ
92 - 9 01 + 9 02 )

(A.3)

(A.4)

(B.1)

(B.2)

where 0] are 32-components spinors and § = y/1 — ¢2. Following once more the conventions

of [30], the conjugation of spinors is defined as

é:QtT, T=—109®09 R 09X 02 R 02 .
Moreover,
9
Eo = 0uX"E,, E,=>_ E/nasl”,
A=0
F:FABCFABCa Ha:aaXMH,ua HH: uABFAB .

Finally, the covariant derivative is defined as
1
Do = o+ 706X 4, 4, =wpasl"?,

where w is the spin connection.
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C Gauge-fixed Green-Schwarz action in plane-wave background

For the plane-wave background defined in section 2 the vielbeins EMA are

Aijl'il'j
2 9

1=1,...,8,

+ - _ + - _
Ef=1, ES=-— Et=0, E - =1.

EiA:57?47 AZI,,S

They satisfy
EMAEVBT’AB — g,LLI/ .

(C.3)

The gauge fixing-choice (3.14), together with the definition of the conjugate momenta (3.2),

implies for the world-sheet metric

—-10
af )

The fermions 0; are defined as

01

DN |

+e—im/4 sing 014
+ein/4 sing 013
—eim/4 cos% th2
tetin/4 cos% 011
—eim/4 cos%y 011
—etin/4 cosy 012
+etim/4 sin 013
—etin/4 sin 014

—€+i7r/4 Sin% (924
—€+i7r/4 sin% (923
tetin/4 cos¥ 022
teim/4 cos o1
—etim/4 cosy
t+eim/4 cosy 99
—eim/4 sing o3
+e—im/4 sing oy

where 6; is the complex conjugate

+ein/4 cos%y 014
—e~im/4 cos% 013
—eim/4 sing 012
—€+i7r/4 sin% 911
+€_i7r/4 Sil’l% éll
*6+i7r/4 Sin% élg
—etin/4 cos 013
—etin/4 cos 014

—etin/4 cos® by
+etin/4 cos% O3
+6+i7r/4 sin% 922
—e~im/4 sing 91
+etin/4 sin 091
+e~im/4 sing 99
teim/4 cos%y 0o
+ein/4 cos%y 0oy

O O O o o o o o

O O O o o o oo

O O O O o o o o

o O O o o o o o

(C.4)

(C.5)

of Or; for i = 1,...,4. One can easily verify that

egs. (C.5) and (C.6) are in agreement with the choice of kappa symmetry fixing (3.14).

C.1 Bosonic Hamiltonian

Exploiting (2.27) the explicit form of the light-cone bosonic Hamiltonian can be found by

solving the quadratic equation Co = 0, where Cy has been defined in (3.4). In the chosen

gauge-fixing (3.14), for the plane-wave background we find

1 1, , 1 /
Hy = §pipi + §$sz + §Az’j$i$]’ + By .
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Since the only non-vanishing components of the Kalb-Ramond field are

Bi1=qxa, Biy = —qu1,
B3 =qx4 cosp cosw, Biy= —qr3 cosp cosw, (C.8)
Bis = que sinp sinw, Byg= —qxs sing sinw,

we recover (3.17). The complex coordinates x;,X; with ¢ = 1,...,4 have been (implicitly)

introduced in subsection 3.4 and can be expanded in modes according to
ai’JrJr + 2 ai’f — 2
n jw T r—i2mn o n w42
WnT=1570 4 e  Wn T, , (C.9)

%
NG (\/wa+ Vwn
pho= 3= S (Viewal T - fagre i) (o)
\/F nez

Xq

+

n

where we have used the short-hand notation w = wi(u?). The fields x; obey periodic

boundary conditions
xi(1,0) =xi(1,0 + 1) (C.11)

and canonical commutation relations
[Xi(Ta U)»M;(T» J/)] = 2656(0 - OJ) ) (012)
that are in turn equivalent to (3.20).

C.2 Fermionic Hamiltonian

The expressions in (3.6) and (3.7) simplify drastically for the choice of gauge and kappa
symmetry made in (3.14). In fact, we find

ET =" + (.C'Ci — %AUCUZ.IJJ) 't + :Z'JZ'FZ', (013)
Ey =2 TH 4ol (C.14)
$, oI (C.15)

Exploiting (3.11) we obtain

Liin = i0,TT (God” + qol7)0, + i0,00,6;

i o (C.16)
= ielwr*og" 054010,
where
It =112 4 (cos pcosw) I 4 (sin psinw) %6, (C.17)
and -
Lwy = 2‘010'{‘]1175'(,9] = iqémg‘]l“*aj + i(jé}O’{Jrfet] . (0.18)

According to the definitions (3.10), (C.5) and (C.6) we find that L = Ly, +Lwz reduces to

4 4
L= [i01i(61; — iG0a; + qb1;) + 102 (0o + iG0ri — qb2:)] — > pd (01361; — i) , (C.19)
i=1 i—1
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where M{,,ug,,ug,pf; have been defined in (3.19). The fermionic fields 6y;,62; can be ex-
panded in modes following, e.g. [29]

T
—iZ _ +
e 4 g s 4 o —_ s27n f ; it 27,
eli — : § ( n_bz, Tezwnﬂ- 1= o n biz—l—e twp THIETR O ’
n

Vor " ;

w
L ! (C.20)
elz g+ - -+ - 27n fﬁ . .= - 27n
‘922, - ( n bz,—l—e—zwn THIE 0 n bz,—Tezwn T—i= o ’
VT 7;2 wit " Wn, "
where we have used the short-hand notation w} = w? (u{ ) and similarly for f¥ and g
defined as
= ,u:l:q%T"—i—wff L Tqn (C.21)
n 2 ’ 9n = Tf7:Lt : .
They satisfy
=0 gEe=—gt. ()P ) =wn (C.22)

Note that for pure NS-NS flux (C.21) reduces to

2mn 2mn _ 2mn 2mn
fa = +u‘@(+u>, fn = —M’G)(—M),
r r r r
(C.23)
2mn 2mn _ 2mn 2mn
Gn = +u‘@<——u), n = —u‘@<—+u>,
r r r r

where O(x) is the Heaviside step function. Finally, the fermionic fields obey the anticom-

{00i(7,0), 015(7,0")} = 350
{02i(7,0), 025(7,0") } = 6i;6(

mutation relations

/ p—
ne 7 (C.24)
T, O o—

that are equivalent to (3.24).

D Superconformal affine algebras and spectral flow automorphism

The N =1 affine algebra 5[(2),(:) is characterised by the commutation relations

K K] =~ 2K 4 (K K] = £KE (KK = — o
[Krina wff'] = :Fl/’;:-m [K?m wrﬂ = :l:w'r:‘t—i-m [/Ci, i = :':2wgn+r (D.1)
_ k
{Q)[)j,lﬂs } = kér,fs {ﬂ’fﬂ?} = _557",73 .

Similarly, for the 5u(2)§;) superconformal affine algebra we have

/

k
[jnJ@r?jr:] = 2'-77§L+n + klm(sm,—n [jrgnﬂjni] = j:jnﬂz:—&-n [jngwjr?] = *mém,—n

2
(TE ] = FXEm (T3 xE =+, [TExTl=+23..  (D2)
_ K’
XX =Kén—s 33} = 50 -
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In each case one can define decoupled bosonic currents commuting with the fermions. These
decoupled currents then have levels k and k' that are shifted by +2 and —2, respectively,
see [7] for a detailed description of this construction. The A/ = 1 supersymmetric affine
algebra is in fact A/ = 1 superconformal since the generators of the N' = 1 superconformal
algebra can be constructed out of the currents and fermions. (For the stress-energy tensor
this is just the Sugawara construction applied to the decoupled bosonic currents together
with the usual free field formula for the fermions, see e.g. [7] for a detailed exposition.)

For any w,w’ € Z, the spectral flow automorphism of 5[(2)1(:) and 5u(2)$) is defined
by replacing the original unhatted generators by the hatted expressions defined by

>+ + 7+ +
ICn = Kn:Fw ’ jn = jn:tw’ ’

3 5k 73 5 K

,Cn:]Cn+§w5n,07 jn :jn‘i‘?'w 571,07

. k R k'

L= —wk3 - Zw25n,0 , LM =L T3+ 1 w’26n70 , (D.3)
w? - 1/}1%7 )AC??: = X?a

= + == +

Y = wr?w ) Xr = Xptw! -

It is straightforward to verify that this map defines indeed an automorphism of the two
superconformal affine algebras, i.e. that the hatted generators satisfy the same commutation
and anti-commutation relations as the original generators.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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