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1. Introduction

The aim of this paper is providing an explicit representation of higher order terms for the formal Taylor
expansion of Mather’s S-function (or minimal average action) for symplectic and outer billiards. In par-
ticular, we write these new coeflicients in terms of the affine curvature and length of the boundary of the
billiard table. In the specific case of symplectic billiards, the corresponding Mather’s S-function is related to
the maximal area of polygons inscribed in the billiard table. Conversely, for outer billiards, such a function
corresponds to the minimal area of circumscribed polygons. These areas are special cases (i.e. for periodic
billiard trajectories of winding number = 1) of the corresponding marked area spectrum invariants for
symplectic and outer billiards. In order to state our main theorem, we need some preliminaries.

1.1. Twist maps and Mather’s B-function

Let S x (a,b) be the annulus, where S = R/Z and we allow that @ = —oo and/or b = +oo. Given a
diffeomorphism

®: S x (a,b) — S' x (a,b),
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we denote by

QS:[RX (aab)%RX (a'ab)7 (x()yyO)*_)(Ihyl)

a lift of ® to the universal cover. Then ¢ is a diffeomorphism and ¢(x+1,y) = ¢(z,y) + (1,0). We assume —
if a (resp. b) is finite — that ¢ extends continuously to R x {a} (resp. R x {b}) by a rotation of fixed angle:

QS(LU(], a) = (xo + Pa;s a) (resp. ¢(:C0, b) = (xo + Pb, b)) (1'1)

Once fixed the lift, the numbers p,, pp are unique. The choice of p, (resp. pp) if a = —oco (resp. b = +00)
depends on the dynamics at infinity. For example, in the case of outer billiards where b = +o0, it is natural
to set pp = 1/2, we refer to the beginning of Section 1.3 for details.

The next definition of monotone twist map is well consolidated in literature, we refer e.g. to [14, Page 2].

Definition 1.1. A monotone twist map ¢ : R x (a,b) — R x (a,b), (zo,y0) — (x1,y1) is a diffeomorphism
satisfying:

(1) ¢(xo + 1,50) = ¢(x0,%0) + (1,0).

(2) ¢ preserves orientations and the boundaries of R x (a, b).
(3) ¢ extends to the boundaries by rotation, as in (1.1).
(4)

4) ¢ satisfies a monotone twist condition, that is

8.’)&‘1

—— > 0. 1.2
0 (1.2)

(5) ¢ is exact symplectic; this means that there exists a generating function S € C?(R x R;R) for ¢ such
that

yldl‘l - yodl‘o = dS(l‘o,l‘l). (13)

Clearly, S(xo + 1,21 + 1) = S(xo,21) and, due to the twist condition, the domain of S is the strip
{(zo,z1) : pa+x0 <21 < 09+ pp}. Moreover, equality (1.3) reads

1.4
Yo = —S1(xo,21) (14)

{yl = SQ(£07$1)

and the twist condition (1.2) becomes S12 < 0. As a consequence of the monotone twist condition and (1.4),
{(2i,¥:) }icz is an orbit of ¢ if and only if So(x;—1,x;) = y; = —S1(x;, xi41) for all i € Z. Equivalently, the
corresponding bi-infinite sequence x := {x;};cz is a so-called critical configuration of the action functional:

Z S(ZL’Z, l’i+1).
i€Z

We say that a critical configuration = of ¢ is minimal if every finite segment of z minimizes the action
functional with fixed end points (we refer to [14, Page 7] for details). For a twist map ¢ generated by S, we
finally introduce the rotation number and the Mather’s S-function (or minimal average action).

Definition 1.2. The rotation number of an orbit {(x;,y;)}icz of ¢ is

. e
p:= lim —
i—+oo 1

if such a limit exists.
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In view of the celebrated Aubry-Mather theory (see e.g. [3]), a monotone twist map possesses minimal
orbits for every rotation number p inside the so-called twist interval (pq, pp)-

Definition 1.3. The Mather’s S-function of ¢ is 8 : (pa, pp) — R with

B(p) := lim — Z S(xi, zip1)

where {x;};cz is any minimal configuration of ¢ with rotation number p.

Clearly, all these facts remain true if we consider a monotone twist map on {(xg,z1) : ue(zo) < 21 <
up(xo)}. A relevant class of monotone twist maps are planar billiard maps. The study of such systems goes
back to G.D. Birkhoff [7], who introduced the so-called Birkhoff billiard map, where the reflection rule is
“angle of incidence = angle of reflection”. In the setting of planar billiards, the rotation number of a periodic
trajectory is the rational

m _ winding number € (0 1
n  number of reflections T2l

we refer to [14, Page 40] for details.

A. Sorrentino in [15] gave an explicit representation of the coefficients of (formal) Taylor expansion at
zero of Mather’s S-function associated to Birkhoff billiards. More recently, J. Zhang in [18] got (locally)
an explicit formula for this function via a Birkhoff normal form. Moreover, M. Bialy in [5] obtained an
explicit formula for Mather’s S-function for ellipses by using a non-standard generating function (involving
the support function) of the billiard problem.

1.2. Symplectic billiards
Let C be a strictly-convex planar domain with smooth boundary 0C and fixed orientation. Moreover,

throughout the paper, we suppose that C has everywhere positive curvature. Since C is strictly-convex,
for every point x € 0C' there exists a unique point z* such that

T,0C =T,-0C.
We refer to

P:={(z,y) €0C x0C: z<y<z*}
as the (open, positive) phase-space and we define the symplectic billiard map as follows (see [1, Page 5]):
o:P =P, (z,y) — (y,2)

where z is the unique point satisfying

z—x € T,0C.
We refer to Fig. 1. We notice that ® is continuous and can be continuously extended to P so that

O(x,x) = (x,x) and O(x,2*) = (2, x)
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y

Fig. 1. The symplectic billiard map reflection.

and therefore the twist interval is (0, 1/2). Moreover, see [1, Section 2] for exhaustive details, the symplectic
billiard map turns out to be a twist map with generating function S(z,y) = w(z,y) where w is the area
form

w:P =R, (z,y) = w(z,y),

with dynamics given by

. 0
(y,Z) :(I)(;Ij,y) iff a_y [w<x7y>+w<y7z)] =0.
We refer also to [4] for recent advances on symplectic billiards.

Definition 1.4. The marked area spectrum for the symplectic billiard is the map

1
MAL(C) : Qm(o,i) SR

that associates to any m/n in lowest terms the maximal area of the periodic trajectories having rotation
number m/n.

We refer to [14, Sections 3.1 and 3.2] for an exhaustive treatment of the marked length spectrum and
corresponding invariants for the Birkhoff billiard map. Clearly, periodic symplectic billiard maximal trajec-
tories (with winding number = 1) correspond to convex polygons realizing the maximal (inscribed) area. We
call them best approximating polygons inscribed in C. More precisely, let P¢ the set of all convex polygons
with at most n vertices that are inscribed in C'. We define

§(C,PL) :=inf{d(C,P,): P, € P.} (1.5)

where 6(C, P,,) := Area(C A P,) is the area of the symmetric difference of sets C' and P,,. Then:

1 2 1 2 -
— | =—MAC)| -] =— (A C)—0o(C,P;)) . 1.6
5(5) = 2MA(0) (3) = -2 (areatc) - 5(.P)) (1.6
We underline that the sign minus in the above equality comes from the use of the generating function
—w(z,y); in fact — according to Definition 1.3 — the Mather’s S-function is defined by using minimal,
instead of maximal, trajectories.
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(4)

Fig. 2. The outer billiard map reflection.

1.83. Outer billiards

For the same planar domain C as in Section 1.2, we finally briefly introduce the outer billiard map, which
is defined on the exterior of OC' as follows. A point A is mapped to ®(A) iff the segment joining A and ®(A)
is tangent to OC exactly at its middle point and has positive orientation at the tangent point. We refer to
Fig. 2. The natural phase-space for the outer billiard map is the cylinder S* x (0, +00). We notice that ® is
continuous and can be continuously extended to S! x [0, +00) by fixing S x {0}. We set p = 1/2 at 400 so
that the twist interval is (0,1/2). Moreover — we refer e.g. to [6] — also such a ® satisfies the twist condition,
with the area of the curvilinear triangle of vertices x, ®(A) and y (see Fig. 2 again) as a generating function.
In view all these facts, the marked area spectrum for the outer billiard map is defined as follows.

Definition 1.5. The marked area spectrum for the outer billiard is the map

1
MAL(C) : QN (0, 5) SR
that associates to any m/n in lowest terms the minimal area of the periodic trajectories having rotation
number m/n.

We notice that periodic outer billiard minimal trajectories (with winding number = 1) correspond to
convex polygons realizing the minimal (circumscribed) area, the so-called best approximating circumscribed
polygons. Analogously to the previous section, we denote by P the set of circumscribed convex polygons
with at most n vertices and

5(C,PE) :=1inf{6(C,P,) : P, € PS} (1.7)

where §(C, P,,) := Area(C A P,) is the area of the symmetric difference of C' and P,, as in (1.5). Conse-
quently:

3 <1> _ % (MAO(C) (%) _ Area(C’)) _ %5(0,795). (1.8)

n
We conclude by recalling that in [13] D.E. McClure and R.A. Vitale study circumscribed (resp. inscribed)
polygons for which D(C, P,,) is minimal, where D(C, P,,) denotes different “distances” between C and P,,
including — besides the area of the symmetric difference — the Hausdorff distance and the difference of the
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perimeters of C' and P,. In such a paper, see Theorems 1 and 5, they prove that inf{D(C,P,) : P, €
Pt = O(1/n?) (resp. inf{D(C,P,) : P, € P.} = O(1/n?)) when n — +oo for all considered measures
D. Moreover, see [13, Theorems 2, 3, 6 and 7] sequences of polygons are explicitly constructed giving
asymptotically efficient approximations of C.

1.4. Main result

S. Marvizi and R. Melrose’s theory, first stated and proved for Birkhoff billiards [11, Theorem 3.2], applies
both to symplectic and outer billiards (see [1, Section 2.5] and [16, Section 8] respectively). It assures that
the corresponding dynamics equals to the time-one flow of a Hamiltonian vector field composed with a
smooth map fixing pointwise the boundary of the phase-space at all orders. We refer to [9, Section 2.1] for
a detailed proof in the general case of (strongly) billiard-like maps. As an outcome, this result gives the
following expansion at p = 0 of the corresponding minimal average function

B(p) ~ Bip+ B3p> + Bsp® + Brp” + ...

in terms of odd powers of p. It is well-known — see e.g. [11, Section 7] again — that for usual billiards the
sequence {fx} can be interpreted as a spectrum of a differential operator, see also Remark 2.11 in [1]. The
question is open for symplectic and outer billiards. Coefficients £, ..., 85 are known. We refer e.g. to [10]
for detailed computations: Theorem 1 for the symplectic case and Theorem 2 for the outer one. Moreover,
we suggest [2] for a recent discussion on this topic. The main result of the present paper, stated in the next
theorem, is providing coefficients 57 both in the symplectic and outer case.

Theorem 1.6. Let C be a strictly-convex planar domain with smooth boundary OC. Suppose that OC has
everywhere positive curvature. Denote by k(s) the affine curvature of OC with affine parameter s. Let A be
the affine length of the boundary.

(a) The formal Taylor expansion at p = 0 of Mather’s B-function for the symplectic billiard map has
coefficients:

Bar =0 for all k
p1 = —2Area(C)

23
b=
M /
Bs = —a/k;(s)ds
0
9N / A5 r :
__ 2
Br = e /k (s)ds + 55 /k(s)ds
0 0

(b) The formal Taylor expansion at p =0 of Mather’s B-function for the outer billiard map has coefficients:

Bar =0 for all k
B1=0
)\3

By =22
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A '
=55 /k(s)ds
0
421)\ S /
/ T /k:(s)ds
0 0

As a straightforward consequence, in Corollary 5.2 we point out that the two coefficients 5 and 57 allow

to recognize an ellipse among all strictly-convex planar domains, both for symplectic and outer billiards.
There are several — highly non trivial — questions about the structure of the formal expansion of coefficients
Ban+1 as h — +oo (we use only here the index h in order to avoid confusions with the affine curvature k).
In the case of Birkhoff billiards, these problems have been discussed in different papers; we refer to [11,
Theorem 5.19], [12, Conjecture 1] and [17, Conjecture 1.2]. Moreover, we observe that — according to the
fact that the generating function is the length — from the explicit coefficients given in [15, Theorem 1.3],
it arises that the derivative’s degree of the standard curvature involved in the expression of the Bop41’s
increases as h — +o00. In the symplectic and outer cases, our computations suggest that for h > 4 the terms

h—1
Ban+1 may depend on the affine curvature through fo/\ kh=1(s)ds and (fOA k(s)ds) even if the technique
to obtain the (7’s should be refined for higher orders.

Acknowledgments

We are thankful to Misha Bialy and Alfonso Sorrentino for the interesting and useful discussions on
mathematical billiards. We are grateful to the referees for careful reading and suggestions.

2. Preliminaries of affine differential geometry

Since the dynamics of symplectic and outer billiards — defined in Sections 1.2 and 1.3 respectively — are
invariant with respect to affine transformations, we use the affine arc length to parametrize C'.
We recall that the affine arc length and the affine length are given respectively by

t
S(t)Z/K%(T)dT 0<t<li
0

and

!
A= /K%
0

where ¢ and [ are the ordinary arc length parameter and ordinary length respectively and x(t) is the curvature
of C. In the following, let z(s) be an affine arc length parametrization of C. We denote by z(*) the i-th
derivative of x and we omit the dependence on s. Then we have (see [8, Section 3]):

w(z®, @) =1, w(@® z®)) =0 (2.1)
and
k(s) = w(x®, z®) (2.2)

is called the affine curvature of C.
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The next lemma, which is a straightforward consequence of formulae (2.1) and (2.2), will be very useful
through the paper.

Lemma 2.1. The following relations hold:
we® ™) =~k w@® W) =k, wa®, ) =2k (2.3)
and
w(@® ™)y =k w@®,20) = k" —k? wE@W,2®) = —38" + k2. (2.4)
Proof. By deriving the second equality in (2.1) and taking into account (2.2) we have that w(z(, ) = —k.
Similarly, from (2.2) we get w(z®,2(*)) = k’. Moreover, by deriving the first identity of (2.3) we obtain the

third one. In order to obtain the relations in (2.4) it is enough to recall that (3 = —k2() and to derive
the identities in (2.3). O

3. Asymptotic expansion for §(C, P?.)

We gather in this section all the technical results in order to prove point (a) of Theorem 1.6.
We begin with a refinement of Lemma 1 in [10].

Proposition 3.1. For 0 <r < s <\, let F(r,s) be the area of the region between the arc {x(t) : r <t < s},
and the line segment with end points x(r) and x(s). Then

s—r)3 (s—1r)° s—r)8 s—r)7 s—r)7
F(r,s):%<( 3!) | =] ) k(r)—L ) K'(r) — (7.5!) k:”(r)—i—( o ) k:2(7")+0((8—r)7)>

uniformly for all0 <r <s<Xas(s—r)—0.

Proof. Without loss of generality, we assume r = 0. The area of the region of C' bounded by the segment
[(0),z(s)] is given by

F(s) := F(0,s) = %/w(m(t) — 2(0), 2V (t))dt. (3.1)
0

We consider the Taylor expansion of the function inside the integral and we have

" — Nz (0), 2"
wla(t) —x(0),20W)=>"| > (h = d)e j,h(,o)’ ©) th+o(t™). (3.2)
= i h)

By Lemma 2.1 and formula (3.2) we get

o a(t) =20 (0) = 5 = Bt - 0 (EO O o1 o

and the statement follows after integration on 0 <t <s. 0O

The remaining of this section is devoted to characterize the affine lengths of the n arcs in which 9C is
divided by the vertices of a best approximating polygon P, inscribed in C.
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Proposition 3.2. For n > 3 let P, € P! be a best approzimating polygon inscribed in C. Let x(s,;),
1=1,...,n, be the ordered vertices of P, and

Anyi = Sn,i — Sn,i—1-

s

Then

1
)\n,i+1 = >\n,i + %k/(sn,z)Aiﬂ + el(sn,ia An,z) (33)

n,isAn,i . .
61(5)\’5 ) = 0 uniformly in i.
n

where lim,, s
Proof. Since P, is a best approximating polygon, its vertices satisfy:
w (x(sm_l) — x(sn,i+1),m(1)(s,L7i)) =0 fori=1,..,n (3.4)
To study (3.4), we assume s, ; = 0 and consider the equivalent equation:
z(s) — x(t) + hz™ (0) = 0 for some h € R.

Excluding the trivial solution ¢ = s, we obtain (up to rename h):

M + haM(0) = 0. (3.5)
Let us define
G(s,t) = w

and extend it, smoothly, to s = t by setting G(s, s) = 2(1)(s). Thus we have

z(s) —x =z ) sk —tk
G(s,t) = 8L =20 _ 5 “D( ! )+o<<st>m1>

_ ] _
s—t — k! s—t

and s =t =0, h = —1 is a solution for (3.5). In order to apply the Implicit Function Theorem to solve (3.5)
for h and t in terms of s, we compute the Jacobian matrix of G(s,t) + hzM(0) in s =t =0, h = —1:

e
Jh,t (G(Sa t) + h:L'(l)(O)) |s=t=0,h=—1 = ((E(l)(O), 2(0)) .

Since det.J, ; = 3, it is possible to solve (3.5) and find h(s) and ¢(s). Deriving we get

d

e (G(s, t(s)) + h(s)x(l)(o)) = 0,G(s,t(s)) + 0G(s,t(s))t' (s) + 1’ (s)x™M (0) = 0. (3.6)

Since for s = 0, t(0) = 0, we have

20 | 200y + w(0) (0) ~ 0,

and therefore we get t'(0) = —1.



10 L. Baracco et al. / J. Math. Anal. Appl. 537 (2024) 128353

In order to obtain the higher order derivatives of ¢ in 0 it is enough to argue in the same way that is
deriving (3.6) again and taking into account Lemma 2.1. In such a way we get

1
t(s) = —s + —k'(0)s* + o(s%).
30
The previous expansion written for general s, ; # 0 gives immediately formula (3.3). O
The next proposition is a refinement of Lemma 2 in [10].

Proposition 3.3. Under the same assumption of the previous proposition, it holds

A
A A2 A3 A 1
0

uniformly in i as n — oo.

Proof. Through the whole proof, we assume that s, o = 0. By a standard comparison argument of difference
equations, we first prove that

A 1
Mi=—+0 <—3> uniformly in ¢ as n — o (3.8)
n n

Let D be a constant such that D > % max |k'| and consider the two difference equations
Un,itl = Un,i (1 - DU?L’Z') s Vn,i+1 = Vn,i (1 + DVS’J . (39)

In view of Lemma 2 in [10], A,,; = < for some uniform constant ¢, (that is |c,| uniformly bounded in n).

By taking the first terms of (3.9) both equal to =, it clearly holds
Un,,i < )\n,i < Vn,i, 1= ]., ey N

Moreover, the sequence V,, ; is increasing and V;, ,, is uniformly bounded. In fact, let £ > 1 be the largest
integer such that V,, , < 2% If k < n, then we should have V;, 11 > 2% and therefore

2 2e,\ )" AN A
o <1+D<ﬁ> ) <& <1+D<ﬁ> ) —2< <1+D(ﬁ> )
n n n n n n
Since the last term tends to 1, this contradicts the fact that & < n.
With an analogous argument, it follows that the sequence v, ; is decreasing and v,, ,, is uniformly bounded.

Therefore, up to rename the constant D, we have

D i—1 D i—1
)\n,l (1 - E) < )\n,i < An,l (1 + E) .

Summing for i =1,...,n, we get
1—(1-L)" 1—(14+2)" n
An,1 (D ) <A< A ( D”3> =S Mi—5 <A< Ai—p
s 3 wz =3z
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so that A\, 1 = % + O (#), which corresponds to formula (3.8). Such a formula immediately gives s, ; =

% + O (#) and therefore — up to renaming the function ¢; — expansion (3.3) of Proposition 3.2 can be

equivalently written as

1 , A U;Lli I Uy
R . - LA = J 1
Un,it1 = Un,g 30k ( n ) PERRI ( n’ n (3.10)

where u, ; = n A, ;. Let u, be the solution of the Cauchy problem (corresponding to (3.10)):

(3.11)

and set uy, (i) == u, (2).

The second part of the proof is devoted to establish the next estimate:

(i) — s = 0 ( ! ) (3.12)

n2

uniformly in ¢ =1,...,n as n — oo.
; i+1)A . . .
% and % via separation of variables, we get

*% <un(zl+ 13 unii)?’) B 30§\n2 {k <(i +n1))\> —k <12)] ’

(un(i+1)) 7 = anQ {k (%) iy (“ t;”)] +un(i)?,

By integrating (3.11) between

that is

implying

(i + 1) = un (i) (1 + ﬁ {k (%) s (“ tj”ﬂ un(i)?’)_l/g
— (i) (1 n 30)1\712 {k <(i +nm> s (%)} un(i)g) 10 (%)
— uni)+ 301n3 % (%) un (i)t + 0 (%) .

Taking into account the previous formula and the difference equation (3.10), we immediately have

1 j 1
Un,i+1 — Un(i+ 1) = Un; — un (i) + 4 <E> (u:lz,i —un(i)!) +o ($> .

30n3 n

Equivalently, 2z, ; := un,; — un (i) solves

Zn,i+l = Zn,i + 307,;3 K <E> Zn,i +o0 (m) (313)

where C,, ; > 0 are constants uniformly bounded in i for n — co. As in the first part of the proof, let E be

a constant such that F > C;di

max |k’| (for every i and n) and consider the difference equation



12

L. Baracco et al. / J. Math. Anal. Appl. 537 (2024) 128353

FE Cn
Zn,iJrl = Znyi <1 + 3) + 3
n n

with ¢, = o(1) and Z,; = 0. Comparing the z,;+1’s in (3.13) with the terms Z, ;41 of the previous

difference equation, for every i = 1,...,n, we get
i .
1 ) 1

which corresponds to (3.12).
We finally make explicit the term of order 3 in formula (3.7). By integrating (3.11) between 2 and @,

o)

we have
Un (i + 1) = up (1) <1+W1n2 [k (%) —k( -
[ (552) =+ ()] ) o (55).

1
n

_ un(l) <1 + 3002

1>.

Moreover, by formula (3.12), up 41 = un(t + 1)+ 0 (#) or equivalently (since A, ; =
Up(i+1)
Anitr = ===+ o3

Plugging the previous expression of u, (i + 1) (in terms of w,(1) = n A, 1) into formula above, we obtain
A 3.3 1
)l e ()

1 (i+1)A
n,i = An 1 -
Anit1 /\,1[4—30/\”2(16( - ) k(
+ 0 () for some uniform constant (see formula (3.8)), we have

In more detail, since A\, 1 = % + 75
A A3 (i+1)A A en 1
Mgl = — k — k|- — — .
S n+30n3( ( n n +n3+0 n3
Summing for ¢ = 0,...,n — 1, we conclude that
/\—nil/\ et N (GEDAY (M) e (L
N — il 30n3 — n n n2 n2 /)’
that is
A3 (i+ 1)\
n=—— — k|- 1
o= 2 (00 6 (3)) e
=0
and the limit for n — oo leads to
A
)\2
en = —%/k(s) —k(0)ds.

Plugging the expression for e,, into formula (3.14), we finally obtain (for n — o0):

(3.14)
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A
AA2 N (i 1) 1
Anit1 = 0T 500 /k(s)ds e ( n ) o (ﬁ) ’
0

which equals to (3.7). O

4. Asymptotic expansion for §(C, PZ)

In this section, analogously to the previous one, we collect the technical results in order to prove point
(b) of Theorem 1.6.
The next result is analogous of Proposition 3.1 for circumscribed polygons.

Proposition 4.1. For 0 < r < s < \, let H(r,s) be the area of the region between the tangents in x(r) and
x(s) and the arc {z(t) : r <t < s}. Then

s—r)3  (s—7r)°
H(r,s):( 24) +(2'5!) k(r) +

3(s—r
6!

)6 / (S )7 1
E'(r) + T E"(r) +
uniformly for all0 <r <s<Xas(s—7)—0.

Proof. Without loss of generality, we assume 7 = 0. Consider the vertex P of the polygon P, € PS whose
edges are tangent to C in x(0) and z(s):

P =x(s) + t12'(s) = z(0) + t22'(0) = w(2'(0), z(0) — z(s)) = tyw(x’(0),2'(s))

so we get

Taking M, N, L, J € N large enough in order to approximate the above quantity at order 7, we obtain

1 M 2P (0)sh1—1 - N 2(h2) () gh2 L w(z' (0 ’l.(hg) 0))shs—1 -

me ha=1 hg=2
7@ (0), a0t N
. (g_; (1) +o(s )) =
1 [ & w(@™(0), 2D (0)s™ 4 L)ttt
2 mz—lj—i-h—l_m j!(h = 1)! +o(s™) < h3Z:2 I +o(s )) .
(@ (0), a0t N
. (g_:z (1) +o(s )) =

2 4! 5! 5! 6! 27 -

(182 CHO) 4 BH(O) 5 K(0) g, KA(0) g +0(86)> (1 FO) 5 2K(0)
2 4! 5!
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O FOs o) (1 KO RO B0 )

6! 6! 3’ 4l 51 5!
_3k:;!(0) e k26(!0) e 0(35)> (1 . ké(!))SQ . 21250) N 3l~cg!(0) o k:25(!0) G k2(60) G 0(54)) _
= % (is‘o’ + iig)!)f + 0(57)) .

By difference of areas and taking into account the result of Proposition 3.1 for F(0, s), we get

15 Kk0O) 5 K(0) s K'(0) , 17k*(0) ; 7
HO.) =5+ o5 P on® T T e o el o

The next two results correspond to Propositions 3.2 and 3.3 in the case of circumscribed best approxi-
mating polygons.

Proposition 4.2. For n > 3 let P, € PS be a best approzimating polygon circumscribed to C. Let x(sp i),
i=1,...,n, be the ordered tangency points of the edges of P, to C and

/\n,i = S8n,i — Sn,i—1-
Then

8
Anjitl = Ani — gk/(sn,i))\fhi + €2(Sn i, Anyi) (4.2)

52(37L‘i7>\n,i)
5

where limy, s = 0 uniformly in i.

Proof. If (sp1), z(sp2) and x(s,3), 0 < s,,; < A, are three successive tangent points of P, to C, the
corresponding vertices of P,, are

oJ(x/(sn,l)v x(sml) - x(sn@))

w(@'(sn,3), 2(sn,3) = ¥(sn2))
w('(sn,1), 7' (sn.2)) '

w(@'(sn,3), 7' (8n,2))

P =x(sp,2)+2 (sn,2) , Q = 2(sn,2)+2'(sn,2)

Since P, is a best approximating circumscribed polygon, we have

w(@'(sn1), 2(sn1) = 2(sn2)) _  w(@(5n.3), 2(sn.3) = 2(sn2))

w('(8n,1), 2" ($n,2)) w(2'(8n,3), 2" ($n,2))

Setting s, 2 = 0, we define the function

The proof can be concluded as the one of Proposition 3.2, by solving G(s) = —G(t) and applying the
Implicit Function Theorem. 0O

Finally, an argument analogous to the proof of Proposition 3.3 gives the next precise characterization of
the Ay ;’s.
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Proposition 4.3. Under the same assumption of the previous proposition, it holds

A
A 8 8 A3 (i) 1
A== 20 [psyas + 22k (2 -
Toon 5!n3/ ()8+5 (n>+0(n3>
0

uniformly in i as n — co.
5. Proof of Theorem 1.6

We finally state and prove the higher order terms of §(C,P!) and §(C,PS) defined in Sections 1.2 and
1.3 respectively. This theorem is a refinement of Theorem 1 and Theorem 2 in [10]. In view of equalities
(1.6) and (1.8), the proof of Theorem 1.6 is a straightforward application of this result.

Theorem 5.1. Let C be a strictly-convex planar domain with smooth boundary 0C. Suppose that OC has
everywhere positive curvature. Denote by k(s) the affine curvature of OC with affine parameter s. Let \ be
the affine length of the boundary.

(a) The formal expansion of 6(C,P:) at n — oo is given by

A A A
5(C,PL) —a2—2+a %/k d3+ ag/kz(s)ds+b6 /k(s)ds +o(i>
0 0 0

with coefficients

1, 9 1

——3 = —— = — = —
a2 = 3 =" N W=y b= geEd

12

(b) The formal expansion of 6(C,P5) at n — oo is given by

A A A
1 1
o(C,P; )—ag—2 +ay —4/k: ds+— ag/kz(s)ds—i-bg /k:(s)ds +0(—>
0 0 0

with coefficients

1 421 1
3 4 6 5
as 24)\ o 2.5!)\ , as

Proof. Theorem 1 in [10] establishes that

as n — 0o. We determine

LA 1M
: 6 i
nh_}rrolon o(C,P;) — B2t Sind /k(s)ds . (5.1)
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By means of Proposition 3.1, we get

; Iy DD 35 )\77” AT
5(0,7»;):52[ B S ) = T (1) — S () + SR () + 0N )
Ie=[1 /A A\ A 3 \6 1\

-5 o\ )\”i__ _ﬂk n,i ___k/ n,i) — _k” n,i
2i_1[3! (”+< ’ n)) 51 F(na) = Gipeh (8na) = 75y ek (ond)

1 A7 1
+ ﬁka(sn i) +o (n7>}

We compute (5.1) by dividing the limit in four terms. We stress that > . ; A,; = A, so that > (A,

A/n) = 0.
We first consider

11T\ AT 13
23! Z@:l {E B (A””' B 5)} T 1202
1< [N a2 A A A2 A2 1 A3
——122[713‘3—”2 (Anvi‘5>+35 <W7) _(A’“’_E> TR

A
I~ | 1 A 1 AS L, (X 2 X5 /A 1
- — 2| [ k(s)d — L2 (L) - =k (2 [ k(s)d —
12~ |50 /<S)S 900 n7 (n> 900 n? (n>/ (8)s+0<n7)
0
And the corresponding limit gives:

A A
6 "N 5 6 . 6 .
.oon 1 A 1 A A 2 A A 1
i = Z 900 n7 /’“@ds T S00m7" <z)‘@ﬁ’“<z)/’“<s>d”0<ﬁ)
0

= 0

A
6 2 5
_ _ - . 2
- 900)\ /k )ds — - 900)\ /k;(s)ds (5.2)
0

Second, we compute the limit:

i=1
n Sn,i+1 n
= lim — A2 S| —k(sni)Ani + k(s)d + n’ > —k(sni)Ani | An X
- nl—>ngo 2.5l n v Sn,i)An,i s)as 2.5 o Sni)An,i i vl
The limit of the first summand is zero, in fact:
1 n Sn,itl 1 n Smiitl
nh_{{.lo 2—/\4712 Z —k(8n,i)An,i + / k(s)ds || = n11_>n;o ﬁ)\‘lnz ; / (k(s) — k(sn,i)) ds

=1
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Sn,it1

— i 1 4,2 - / ) ) 1" ) (S_SVL,Z')Z 32
= nh_}n;o : 5!/\ n g 1 / (K" (Sn,i)(s = Sni) + k" (Sn,i) 5 +o((s —sn,i)°) | ds
= Sn.i
)\3 ;
4 2 / " n,t

where, in the last equality, we dropped o((s — s, ;)?) because after integration and summation it gives a
negligible term. Now — again by Proposition 3.3 — the above limit equals to

n—oo 2 - 5!

The second term clearly converges to a constant times fo’\ k" (s)ds which is 0. Also the first term converges
to 0, and to see this it is sufficient to rewrite the summation as

n Sn,i+1

lim LAS 3 / (K (sni) — K ())ds (5.3)

n—oo 4 - bl
i=1

Sn.i

and then use the Taylor expansion of k'(s) around s, ;. Therefore, it remains to compute

2

m S k(s I A A A0 Ak2 d L /\k d 5.4
Jm 5 D s (M= ) = g [ s+ | [esas) 6
0 0

where, the last equality, is a straightforward application of Proposition 3.3.
By arguing as in (5.3), we obtain that the third term (of order 6) in the expansion of (5.1) does not give
contribution:

ot & 1 A7, 1A7 oA 1 Y
lim — )~ {—_—Wk (sn,i) + 5 =k (sm)} = lim —Z [—7.5'>\mk (Sn.i) + 7')\ml~c (Sn.i)

= .L)\G/lf(s)ds. (5.5)

The coefficients of point (a) of the theorem are obtained by summing up (5.2), (5.4) and (5.5). From (5.1),
we immediately obtain that the term of order 5 has zero coefficient. This fact follows also from S. Marvizi
and R. Melrose’s theory, as recalled in Section 1.4.

Point (b) can be proved in the same way. O

As pointed out in [1, Theorem 6], in the symplectic billiard case, the first two coefficients $; and 53 make
it possible to distinguish an ellipse. In fact, the inequality

383 < —2m
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equals to the affine isoperimetric inequality
A3 < 87T2A’/‘€CL(C),

which always holds for every strictly-convex closed curve C and it is an equality only for ellipses. This is
not the case of outer billiards, since $; = 0. However, in the next corollary we underline that coefficients S5
and f7 — even if not geometrically significant — allow to fix an ellipse, also in the outer billiard case.

Corollary 5.2. Same assumptions of Theorem 1.6. The coefficients 85 and B7 recognize an ellipse. In par-
ticular:

(a) For symplectic billiards, one always has the inequality
42X%87 < 51(B5)?, (5.6)

with equality if and only if OC is an ellipse.
(b) For outer billiards, one always has the inequality

A3y > 170(Bs5)?, (5.7)

with equality if and only if OC is an ellipse.

Proof. By Cauchy-Schwartz inequality, it holds

2 2

/kz(s)ds < A]kQ(s)ds,

0

with equality if and only if k(s) is constant (that is, C is an ellipse). As a consequence, in the symplectic
billiard case, we get

2 A

A
9 1 N 5
<=+ —= )N | [ks)ds | == | [ k(s)ds | = —=(B5)°
BL( 5.7!+15'5!> / (s)ds 7l / (s)ds 12 %)
0
which gives the result of point (a). Point (b) is obtained analogously. O
6. Ellipses and circles
In the case of circles and ellipses, all coefficients of the Mather’s S-function — both for symplectic and
outer billiards — can be easily obtained directly. In particular, by the affine equivariance of both maps, it
is sufficient to consider the case of circular tables. In this final section, we compute these coefficients for
circles (and therefore for ellipses) and check their consistency with the 8;’s of Theorem 1.6.

6.1. Symplectic billiards

For a disc centered in 0 with radius R, the generating function is twice the area of the triangle x0y:
w(z,y) = 2Area(z0y)

and periodic orbits of rotation number % (n > 3) correspond to inscribed regular polygons with n edges.



19

L. Baracco et al. / J. Math. Anal. Appl. 537 (2024) 128353

P(A)

Fig. 3. The outer billiard in circles.

= 1 is obtained by applying the affine transformation

b

2
L)
pl

2
The generating function for an ellipse 24 +

a/R 0
( 0 b/R),sothat

w(z,y) = absin (2—7T> .
n

As a consequence, from Definition 1.3 of Mather’s S-function, it follows
1 e8] 1 k41 9 2k+1
n pors 2k+ 1)\ n
Since the affine length and curvature of the ellipse (and circle, for a = b = R) are respectively A = 27(ab)/3
and k = (ab)~2/3, the above coefficients are consistent with the ones of point (a) of Theorem 1.6.

6.2. Outer billiards
For the circular table of boundary z3 4+ 23 = R?, periodic orbits of rotation number 1 (n > 3) correspond

to circumscribed regular polygons with n edges and the generating function is the area:
T T
R? [tan (Z) - Z]
n n

2
%2 = 1 results:

of the gray region in Fig. 3. Therefore, the generating function for an ellipse i—; +3
w(z,y) =ab [tan (z) - z}
n n

and the corresponding Mather’s S-function is
o] (_1)k—14k(4k _ 1)B2k (Z)Zk—l

ab) (2k)! n

k=2
(the Bay’s are the Bernoulli numbers), whose coefficients are consistent with the ones of point (b) of Theo-

rem 1.6.
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