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Abstract

We prove that the hydrodynamic pressure p associated to the velocity u € C?(),6 < (0, 1),
of an inviscid incompressible fluid in a bounded and simply connected domain  C R? with
crt boundary satisfies p € C?(Q) for 6 < % and p € Ccl2-1(Q) for 6 > % Moreover,
when 9Q € C3T, we prove that an almost double Holder regularity p € C>’~(£2) holds
even for 6 < % This extends and improves the recent result of Bardos and Titi (Philos Trans
R Soc A, 2022) obtained in the planar case to every dimension d > 2 and it also doubles
the pressure regularity. Differently from Bardos and Titi (2022), we do not introduce a new
boundary condition for the pressure, but instead work with the natural one. In the boundary-
free case of the d-dimensional torus, we show that the double regularity of the pressure
can be actually achieved under the weaker assumption that the divergence of the velocity is
sufficiently regular, thus not necessarily zero.

Mathematics Subject Classification 76B03 - 35D30 - 35J15 - 35J25

1 Introduction

Letd > 2 and let 2 C R? be a bounded and simply connected domain of class C2. The time
evolution in 2 of an incompressible inviscid fluid is described by the Euler equations
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ou+diviu®@u)+Vp=0 inQ2x(0,7T)
divu =0 inQx (0,7) (1.1)
u-n=0 ondx(0,7T)

where u: Q x (0,T) - R? and p: Q2 x (0,T) — R are the velocity of the fluid and its
hydrodynamic pressure respectively and n: 32 — R? the outward unit normal to 2. The
boundary condition u(-, t) - n = 0 on 92 is the usual no-flow condition, which prohibits the
fluid to escape from the spatial domain €2, being it always tangential to the boundary.

1.1 The pressure equation

In this article, we focus on the pressure p. Taking the divergence of the first equation in (1.1),
we get

—Ap(-,t) =divdivu(-, 1) @ u(-, 1)) in Q (1.2)

for all t € (0, T'). Being interested in the spatial regularity of p, from now on we will fix a
time slice # and consider the vector field u (-, ¢). Thus, for simplicity, we will drop the explicit
time dependence and we will just write # = u(x). In particular, our results can be applied
for every fixed ¢-time slice.

Inabounded domain €2, we clearly need to complement the (interior) elliptic equation (1.2)
with an appropriate boundary condition, which in the case of tangential boundary condition
takes the form

opp =uQ®u:Vn onof2, (1.3)

where we implicitly assumed the normal n to be extended to a C! vector field in a neighbor-
hood of €2 in order to compute its gradient. Note that this makes sense if the domain is of
class C2.

The Neumann-type boundary condition (1.3) can be obtained if we scalar multiply by n
the first equation in (1.1). Indeed, since u is divergence-free and tangential to the boundary,
at least in the case in which the velocity is regular enough, we can compute

p=Vp-n=—diviu®u) -n=—0;(ujuj)n; = —u;0; (u;)n;
= —u;0;(ujn;) +ujujon;=—u-Vu-n)+u®u:vn (1.4)
=uQ®u:Vn.
Here and in the rest of the paper, we adopt the Einstein summation convention with repeated
indexes. In the last equality in the above chain, we used that d<2 is a level set of the scalar

function u - n, and thus V(u - n)|3q is parallel to n. Thus, at least in the regular setting, the
pressure p solves

{—Ap:dwdw(u@u) in (1.5)

opp=u®u:Vn on 9€2.

In order to deal with u € C? (Q),ﬁwe need to interpret (1.5) in the weak sense, that is, we
consider a scalar function p € C%(Q) such that

—/ pA(pdx—i—/ p8,,¢dx=[u®u:H<pdx, foraH(peCZ(ﬁ), (1.6)
Q b} Q
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where we denoted by H¢ the Hessian matrix of the scalar function ¢. Relation (1.6) is
obtained as usual by multiplying the first equation in (1.5) by the test function ¢ and then
integrating by parts.

Atthis point one may wonder if the pressure p coming from the Euler equations solves (1.5)
only if the velocity is regular enough, say u(f) € C'(Q). Indeed the latter regularity has
been crucially used in order to derive the boundary condition in (1.4). However, it can
be easily shown that the weak formulation of the pressure equation (1.6) can be always
derived whenever u, p € C°(Q). Indeed, if the uniformly continuous couple (i, p) weakly
solves (1.1), then

T
/ (/(u.wn’—i-nu@u:le—i-npdivw)dx—n/
0 Q

pv -ndx)dt =0
a0

whenever n € C°((0, 7)) and ¢ € Cl(Q: RY). In particular, choosing ¥ = V¢, we get

that
T
f n</ (u®u:H(p—|—pA<p)dx—/ pa,,(pdx>dt=0
0 Q a0

for all ¢ € C%(), so that, for any fixed time slice ¢ € (0, T), the couple (u(¢), p(¢)) must
solve (1.6).

1.2 Regularity of the pressure

From the heuristic standard elliptic regularity theory applied to the Neumann problem (1.5),

one is tempted to say that the pressure p has (at least) the same Holder regularity of u up

to the boundary. However, as noticed in [3], this regularity property does not directly come
from any known elliptic regularity result. Moreover, it is also known [10, 23, 34] that, if 2
is either the whole space R4 or the d-dimensional torus T¢ (i.e., no boundary is involved),
then the pressure enjoys the following regularity properties
26 ; 1

pE {21,20—1 g(%)<<99<<21 (1.7)

Moreover, as observed in [12], in the critical case § = %, the pressure p is log-Lipschitz,
namely

|p(x1) — p(x2)| = Clx1 — x2| |log |x1 — x|

for all x1, xp € Q, with |[x; — x2| < % Similar results can be also shown in the classes of
Besov and Sobolev solutions, see [11].

The regularity in (1.7) basically means that p is twice as regular as u. Thus, even in
a bounded domain €2, by a standard localization argument, one immediately gets that the
pressure still enjoys an interior double regularity property.

On the other hand, in the recent work [3], the authors proved that, in the 2-dimensional
case, the pressure satisfies p € C?(R), thus providing the 6-Hélder regularity of the pressure
up to the boundary.
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1.3 Main results

The aim of this work is to extend the boundary regularity of the pressure to every dimension
d > 2 and to show that the 26-Holder regularity known for domains without boundary, still
holds in setting considered in this work. Note that, when 6 > %, in order to hope for a
regularity property p € C?~1(Q), we are forced to require that 9<2 is of class C>2~!. In
particular, this implies that Vi € C??~1, so that also the Neumann boundary data satisfies

UQu:Vne Cmin{@,Z@—l} — CZG_I.

In a bounded domain with a C? boundary this would clearly not be possible in general, since
in this case the Neumann boundary condition # ® u : Vi € C is inconsistent with the fact
that p has Holder continuous first derivatives up to the boundary.

Our main result reads as follows.

Theorem 1.1 (Regularity of the pressure) Let d > 2 and let @ C RY be a bounded simply
connected open set with boundary of class C*>2, for some a > 0. Let 6 € (0, 1) and let
u € C%(Q) be a weakly divergence-free vector field such that u - n|yq = 0. Then, there exists
a unique zero-average solution p € C°(Q) of (1.6) with the following regularity properties.

1) If6 e (0, %] then p € C? () and there exists a constant C > 0 such that
IPlicoy < Cllullcollullco -

(ii) If 6 € (%, 1), then p € CLMN@20=1 Q) and there exists a constant C > 0 such that

Ipllcrminte26-1 gy < ClitlFg -
In particular, if 2 is of class C* =", then p € CH2~1(Q).

The stability estimate in (i) clearly indicates that only one of the two vectors u in the
right-hand side is used to transfer the C? regularity to p. In fact, we expect that the other
vector could be exploited in a better way in order to double the regularity of the pressure.

The assumption on the C>* smoothness of 92 for some (arbitrary small) & > 0 is just
technical. Indeed, this regularity is only needed to provide a suitable approximation for the
vector field u and to prove the asymptotic estimates for the Green-Neumann function, see
Lemma 2.1 and Theorem C.1 below. We believe that this assumption might not be sharp,
since the C? smoothness of the boundary of the domain (at least heuristically) seems to be
sufficient for proving (i).

Actually, as noticed in [3] in the planar case d = 2, the approximation of the velocity field
can be performed in a C? domain by using the stream function of u, which plays the role of
a potential. In the case d > 2, we do not know how to provide an appropriate corresponding
d-dimensional version of the stream-function approach. We refer the reader to Sect. 2.3 below
for a precise discussion about the issue of the boundary regularity of the domain together
with a possible strategy to solve it.

The approach used in [3] is based on a suitable geodesic parametrization of the boundary
(together with the aforementioned regularization of u) which, in turn, strongly relies on the
2-dimensional structure.

Our approach is different and follows the main idea of [10]. Indeed, we rewrite p as a
singular integral operator applied to a suitable data of the form (1 — a) ® u, where a is a
d-dimensional vector needed to desingularize the kernel. More precisely, we can state the
following result.
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Proposition 1.2 (Representation formula) Let d > 2 and let Q C R? be a bounded simply
connected open set of class C2. Let u € C®(Q) N CHQ) be such that divu = 0 and
u - nlaq = 0. If p is a weak solution of (1.5), then

1
px)—— [ p(y)dy= / Byiy; GO, ) (ui(y) —ui(x))uj(y)dy (1.8)
12 Jo Q

forall x € Q, where G = G(x, y) is the Green—Neumann function on 2.

Note that the right-hand side of (1.8) makes sense since the singularity of the kernel
y B> dy,y,G(x,y) aty = x can be resolved by the term u; (y) — u; (x).

We also remark that looking at weak solutions in the sense of (1.6) plays a crucial role in
our approach, since in this way there is no need to introduce any other boundary condition
apart from the natural one as in (1.5). This is in fact different from what happens in [3], where
the authors need to define and deal with a specific notion of trace of the normal derivative of
the pressure 9, p at the boundary of €.

We apply Proposition 1.2 to the regular approximation of u € C?(2) given by the approx-
imation Lemma 2.1. We then show that the corresponding Holder norm of p is uniformly
bounded by the norm of u, thus getting the regularity estimates claimed in Theorem 1.1 for
the solution p of (1.6).

Moreover, despite the fact that we are not able to quadratically desingularize the kernel by
using the representation formula (1.8) above, we propose an abstract interpolation argument
which shows that an almost double regularity holds even for 8 < % However, this abstract
approach requires more regularity on the domain 2.

Theorem 1.3 (Almost double regularity for 9Q € C>%) Let d > 2 and let @ C R? be a
bounded simply connected open set with boundary of class C>%, for some a > 0. Let & > 0,
0 e (O, %) and u € C%(Q) be a weakly divergence-free vector field such that u - n|aq = 0.
Then, there exists a constant C > 0 such that the unique zero-average solution p of (1.6)
enjoys the estimate

I1pllc2o-e(gy < Cllullgn - (1.9)

The proof of the previous theorem is based on the abstract interpolation result given in
[11, Theorem 3.5] together with the §-Holder regularity we obtained in Theorem 1.1 (i).
The assumption on the C3* regularity of the domain is needed in order to apply the abstract
interpolation [11, Theorem 3.5], because we must guarantee that p € C>*(2) whenever
u € C1*(). Note that this condition is indeed true by classical Schauder’s estimates applied
to the problem (1.5) whenever the boundary datum satisfies u @ u: Vn € CL2(3Q), which,
in turn, requires that Vo € C1%(32) and thus 3Q € C>“. The general heuristic reason
behind the validity of the estimate (1.9) lies in the fact that, once the single 6-regularity
estimate given by Theorem 1.1(i) is established (and we underline that this regularity is not
a direct consequence of the classical Schauder’s estimates), the structure of the right-hand
side

divdiv(u ® u) = div(u - Vu) = (9;u;)(d;u;)

always upgrades the regularity to a (almost) double one, if the domain is regular enough
to properly apply Schauder’s theory. The ¢-loss in (1.9) is a consequence of the failure of
Schauder’s estimates in the integer spaces C¥ ().

Last but not least, we show that the quadratic desingularisation of the kernel allowing for
the double regularity result (1.7) on the d-dimensional torus T¢ holds even if divu # 0,

@ Springer



85 Page6of31 L. De Rosa et al.

provided that div u is suitably regular. In more precise terms, we can prove the following
result.

Theorem 1.4 (Double regularity on T9 for general divu) Let 0 € (0,1) and u € c?(T9).
The unique zero-average solution p € C?(T?) of the problem

— Ap =divdiviu Q u) inT¢ (1.10)
enjoys the following regularity properties.

(a) If0 € (O, %) and divu € L4(T9) for some q € [%, +oo], then p € C*(T%) and
there exists a constant C > 0 such that

1Pl ray = € (12 cgay + iVl ) -

(b) If6 € (%, 1) and divu € CH~Y(T?), then p € CV2~1(T?) and there exists a constant
C > 0 such that

1plleraom ey = € (NalZo gy + 1 divael s s gy )

1.4 Holder solutions and turbulence

Holder-continuous weak solutions to the Euler equations have attracted a lot of interest in the
last decades, mainly because of their natural connection with the K41 Theory of Turbulence
[26] and the related Onsager’s conjecture on anomalous energy dissipation. Indeed, in 1949,
the theoretical physicist Onsager [30], while considering solutions u € L*° ([0, T']; C (T4)y),
conjectured that 6 = % may be the threshold for the existence of inviscid fluid flows exhibit-
ing an anomalous dissipation of the kinetic energy. He in fact claimed—and actually even
mathematically motivated—that kinetic energy dissipation would only happen in the range
0 < % while for 6 > % the existence of such badly behaved solutions would not be possible
due to some intrinsic rigidity properties of the equations. We refer the interested reader to
[8, 9, 13, 16, 17, 20, 24] and references therein for a complete overview about the proof
of Onsager’s conjecture, and to [21] for a detailed account on the modern theory of fully
developed turbulence.

Everything that has been discussed above is known to be true in the absence of boundaries.
If a physical boundary is present, then the mathematical (and also physical) description of
turbulence becomes much more intricate, due to the non-trivial effects made by the boundary
itself [2, 4, 31, 32]. The energy conservation analogous to [13] in the case of a bounded
domain was proved in [2], where the Holder regularity of the pressure plays a crucial role,
see [2, Proposition 2.1] for instance. However, such a regularity does not easily come as a
consequence of the usual Schauder boundary regularity theory for elliptic PDEs. For this
reason, we believe that this article gives a solid proof of the pressure regularity which, to our
knowledge, is not otherwise precisely traceable in the current mathematical literature.

1.5 Organization of the paper

The paper is organized as follows. In Sect.2, we prove an approximation result for the
velocity, see Lemma 2.1. Section3 is dedicated to the proof of the representation formula
given in Proposition 1.2. The proof of our main result Theorem 1.1 can be found in Sect. 4.
The proof of the almost double regularity of Theorem 1.3 is the content of Sect.5 while
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Theorem 1.4 for non-zero divergence is proved in Sect. 6. We then end the paper with three
appendices. In Appendix A, we collect all the technical results we need on Schauder regularity
theory. In Appendix B we recall an useful result about interpolation of bilinear operators. In
Appendix C, we provide a proof of some estimates on the Green—Neumann function.

2 Approximation of the velocity and reduction to the regular case
2.1 Holder norms

We begin with the definition of the norms we are going to use throughout the paper. In
the following, we let Ngo = NU {0}, k € Np, 0 € (0,1) and 8 € Ng be a multi-index. Let
Q c R%andlet f: Q@ — R” form e N. We introduce the usual Holder norms as follows. The
supremum norm is denoted by || | co(q) = supyeq | .f (x)]. We define the Holder seminorms
as

[f]ck(g) = \%i)li ||Dﬂf||c0(g) s

Ulewo, = max sup 2@ = DO
@ IBI=k x yeQ, x#y lx — y|0

The Holder norms are then given by

k
Ifllckey = Y _[flcic):
j=0

||f||ckv9(52) = ||f||ck(sz) + [f]ckﬁ(gz)-

In order to shorten the notation, for k = 0 we simply write C? () instead of C%? ().

2.2 Approximation of the velocity

Now we provide the regular approximation of the velocity u that remains divergence-free
and tangential to the boundary. These two constraints are both important in order to get the
representation formula (1.8).

Lemma 2.1 (Approximation of the velocity) Let d > 2 and let @ C RY be a bounded and
simply connected domain of class C* for some a > 0. Let 6 € (0, 1) and let u € C?(Q) be
such that divu = 0 and u - n|yq = 0. Then, there exists a family (U)o C C®(Q)NC1(Q)
such that u® — u in CO(Q) as ¢ — 07, divu® = 0 and u® - n|yq = 0 forall ¢ > 0, and

sup [[u®[lcoq) < Cllullcog)
e>0
for some constant C > 0.

In the proof of Lemma 2.1, we exploit the following extension result for Holder continuous
solenoidal vector fields, see [25, Section 5].

Lemma 2.2 (Extensionlemma) Let Q be a bounded and simply connected domain of class C*
and let 8 € (0,1). If u € C?(Q) is such that divu = 0, then there exists ii € C? (RY) with
compact support such that it|q = u, divii = 0 in RY, and

lillco ey < Cllullco
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for some constant C > 0.

Proofof Lemma 2.1 Let i be the extension given by Lemma 2.2 and consider the mollification
U := U * p. for some approximation of the unity (po¢).~0. Notice that #® does not satisfy
the required boundary condition in general. Hence, we modify it by considering the solution
¢® (unique up to constants) of the system

Ap? =0 in Q
Op@® =1iig-n ondQ.

Notice that, since div ii, = 0, the compatibility condition

0=/ ﬁg~n=/divﬁg
Ele} Q

is satisfied, and thus the previous boundary value problem admits a solution.

Since Q is of class C*%, we have n € C!? and thus, by Schauder boundary regular-
ity theory (see [29]) we get ¢ € C®(Q) N C>¥(Q) C C>®(Q) N C*(). Moreover, by
Theorem A.2, we also get

IVelico) = Cllie - nlicoag) < Cllitellcomay < Cllillcomey < Cllullcogy. (2.1

where in the last inequality we used the continuity of the extension operator given by
Lemma 2.2.

We now define u® := u, — V¢?® for all ¢ > 0. Note that, by definition, u® € C°°(Q2) N
Cl(Q), divu® = 0in Q and u® -n = 0 on 9 for all & > 0. It remains to check the
convergence u® — u in CO(Q) ase — 0.

We first note that i, — & in C°(RY) as ¢ — 0%, which implies u#, — u in C%(Q) as
e — 0%, because ii|g = u. We are thus to show that V¢* — 0in C%(Q) as ¢ — 0F.
By (2.1), we know that the family (¢®).~¢ is bounded in C LO(Q). Therefore, we can find
a subsequence &x — 0 and a limit function ¢ € C1?(Q) such that % — ¢ in C'(Q) as
k — 4-o0. Finally, since i, - n — 0 in CO(B Q) as ¢ — 07T, the limit function ¢ solves

Ap=0 inQ
opp =0 onadQ.

As a consequence, ¢ must be a constant function on  and thus Vg — V¢ = 0 uniformly
on Q as k — +o0. From (2.1), we also get the (uniform in &) continuity estimate

lufllicoe) < lliellcoy + IVE licoq) < Cllullce(q)s

concluding the proof. O

Remark 2.3 Notice that, in the previous proof, ¢° € C>%(£), which implies the stronger
conclusion u® € C1¥(£) NC>® (). It follows that, actually, div div(u® Q@ u®) = aiu; dju; €
C*(R2), and thus the Neumann boundary problem for the pressure precisely falls in the
standard Schauder’s theory with Holder continuous data. We however preferred to formulate
Lemma 2.1 by claiming that u® € C'($) only, since this is the minimal assumption needed
to run the rest of the proof.

2.3 A possible strategy to get approximation in the C? case

In the proof of Lemma 2.1, the regularity 9€2 € C?® is only used to deduce that ¢¢ € C2(Q),
which in turn implies that u® € C1(Q).
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It is clear that, in order to get an approximation (u°), C C'($2) with the properties given
in Lemma 2.1, one is forced to ensure that Vo € C 1 () which, in turn, is a consequence of
standard Schauder’s boundary regularity estimate provided that € is of class C>* for some
a > 0, see [22, Theorem 6.30] for instance.

Thus, to prove the same approximation under the weaker assumption that  is of class C2
only, one has to follow a different approach. Below we propose a possible strategy which we
believe could be helpful for further developments in this direction.

The idea is to write » € C?(2) in terms of a potential with some precise properties. Let
us assume the existence of a d x d matrix A such that

Aech?(Q), AT =—A, Ao =0, divA=u. (2.2)

Note that the latter condition is clearly compatible with the divergence-free constraint on u,
since divdiv A = 0 whenever A is skew-symmetric.

In order to regularize A, one may proceed as follows. In the interior of €2, one can simply
mollify the potential A. At the boundary €2, one first reduces to the case 2 is the half-space
{x e R :x; > 0} through local charts, and then extend the local expression of A forx; < 0
in an odd-symmetric way. Let us now call such a local extension A. At least in a local chart,
one can mollify A with a radial smooth convolution kernel, getting a new potential A,. Since
A was odd with respect to x; = 0 (in each local system of coordinates), from Alyq = 0
we get As lx,=0 = 0. All in all, via a suitable smooth partition of the unity subordinated to
the local boundary charts and the interior, one can go back to the original coordinates in €2
and just glue all those local potentials together, getting a new d X d matrix A® in (an open
neighborhood of)  such that

Af € CHQ), (AHT =A%, Ay =0, (2.3)

the first property being a consequence of the fact that the domain € is of class C2.
At this point, one can define

ut =divA® e C1(Q)

and we claim that the family (1%).~( provides the desired approximation. By construction,
we clearly have that u® — u in C%Q) ase — 0T and ||”8||C9(Q) < Cllull¢s (g for some
constant C > 0 which does not depend on ¢ > 0. In addition, from (2.3), one immediately
gets that divu® = 0. Finally, one also gets u® - n = 0 on 9% thanks to the following
straightforward computation
n-divA® =n; 8jA§i = niajinj = —niafjn_,- = —n-divA® ondQ,

where we used that A? is skew-symmetric and that 92 is a level set for A, so that 9 jA;i =
ajin ; for some suitable constants a?i, being VAfj laq parallel to n for all i, j.

At the present moment, we do not know how to provide a potential A asin (2.2) in a general
d-dimensional domain 2 of class C2. Having in mind the closely related works [6, 7], the
existence of such a potential seems quite delicate and this is why we instead decided to rely
on the the simpler argument leading to Lemma 2.1. Nonetheless, in the planar case d = 2,
one can overcome the problem and provide the suitable approximation (#¢).~o by simply
relying on the well-known stream function ¥ e C'-? (Q) vanishing on <2, see [3, Lemma 1]
for the details.
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3 Proof of Proposition 1.2

In this section, we prove Propositio& 1.2, that is, we establish the representation formula (1.8).
To this aim, let u € C®(2) N C'(Q) be such that divu = 0 and u - nlagqg = 0andlet p be a
weak solution of (1.5). We start by rewriting the right-hand side of (1.5) as

divdiv(u ® u) = 9 (uiuj) = dju; duj = 9;(u; — u;(x)) Guj = 0;j (i — ui(x))uj),

where x € € is any given point. It is well known (see [33, Theorem 3.39] for instance) that
p can be represented via the formula

1
px)—— [ p(ydy = / G(x,y) i ((ui —ui(x))uj)dy
12l Jo Q
+/ G(x,y)ujujojn;do(y), 3.1
aQ
where G = G(x, y) is the Green—Neumann function on 2 as defined in Appendix C and do

is the surface measure on 9%2.
Integrating by parts the first term in the above representation, we get

/Q G, ) (i = i (0) () dy = /d o G008 — i)y us) ni do ()
— /Q Ay, G(x, ¥) 0 ((uj —ui(x))uj)dy
=/ G(x,y)u;dju;n;do(y)
FYe!
— /aQ 3y, G(x, y) ((ui —ui(x))uj)n;jdy
+/Qay,y,G(x,y) (i —ui(x)ujdy
= _/ Gx,y)u®u:Vndo(y)
Flo!

+/Qa)’iij(xsy) (Wi —uij(x))u;dy,
(3.2)

where in the last equality we used thatu -n = 0and ((v - V)u) -n = —u®@u : Vnon 0%, as
already done to recover the boundary condition in (1.4). Thus, by combining (3.1) with (3.2),
we obtain

1
p(x)— = [ p(y)dy= / By, y; GO, y) i —ui(x))ujdy
12 Jo Q

proving the desired representation formula (1.8).

4 Proof of Theorem 1.1

In this section, we prove Theorem 1.1, dealing with the two cases 6 < % and 6 > % separately.
We remark that, since in Theorem 1.1 the pressure is assumed to have zero average, we just
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need to prove a bound on the seminorm [ p]co - This is in fact a simple consequence of the
Poincare-type inequality

||f||c0(g2) = C[f]cﬁ(gz)

valid for all f: @ — R such that [, f(x)dx = 0, where C > 0 is a constant depending
on 6 and <2 only.

We start by noticing that, for every fixed ¢ > 0, by the classical theory there exists a unique

zero average solution p¢ € C1*() to (1.5), with right-hand side given by the approximation
u® of Lemma 2.1 in place of u.
In the case § < %, as a consequence of the estimates on the Green—Neumann function
established in Appendix C, we show that such p? satisfies the estimate in (i) of Theorem 1.1
uniformly with respect to & > 0. Therefore, since c?(Q)is compactly embedded in cY(Q),
up to subsequences as ¢ — 0T, we get the existence of limit function p still satisfying the
estimate in Theorem 1.1 (i) which is also a weak solution of (1.5) in the sense of (1.6).

In the case 6 > % we notice that the normal derivative of the pressure on the boundary is
a well-defined C?°~! function. Thus, we can just extend u to the whole space R? and then
exploit the double regularity proved in [10, Proposition 3.1] together with some standard
Schauder regularity estimates.

4.1 Case O < %
In order to keep the notation short, we write u in place of the approximation u® given by

Lemma 2.1, that is, we have u € Cl(ﬁ) NC>®(Q),divu =0inQandu -n =0 on 0L2.
Since we assumed that the pressure is average-free, by Proposition 1.2, we can write

p(x) Z/Qay,-y,-G(x,y) (i (y) —ui(x)) uj(y)dy

for any given x € Q. Now let x1,x2 € 2, x := % and A := |x; — x2|. Since by [10] we
already know that p € C? in the interior of €, we can just focus on the case in which one
between the two points, say x7 is close to d€2. Without loss of generality, up to possibly enlarge
the constants appearing in the final estimate, we can assume that A < ¢ for some Ao > 0
so small that such that B(x, 19) N 92 is the graph of a C%® function. In addition, possibly
choosing A9 > 0 smaller, we can assume that, for all A < Aq, the intersection B(x, \)NQisa
simply connected open set with Lipschitz boundary (so that, in the following computations,
the Divergence Theorem always applies). We start by writing

p(x1) — p(x2) = /Q Byiy; Gxr, y) (ui(y) —ui(x1)) uj(y)dy
- /Q Oy,y; G(x2, y) (i (y) —ui(x2)) uj(y)dy = A+ B,
where
A= ./;sz(;,x) Ayiy; GOxr, y) (i (y) —ui(x1)) uj(y)dy

—/ o0y G, y) (i (y) —ui(x2)) uj(y)dy
QNB(F,1)
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and

B = f By GCx1, ) i (y) — s (r0)) u; (y) dy
Q\B(X,%)

_ / dyy; G(x2, y) (i (y) — ui (x2)) uj(y) dy.
Q\B(x,1)

We start by estimating the terms in A. We provide the detailed computations for the case
d > 3, then case d = 2 being similar with minor differences due to the different expression
of the Newtonian potential and, consequently, of the Green—Neumann function.

By using the Green—Neumann function estimates in (C.2), we can bound

‘ / Byrn; G ik, ¥) (s () — s (v0)) (v dy
QNB(E)

dy

< Nl gocen / &
~ Cco© co(Q _
@ QnBG. Xk — y1d—?

fork =1, 2. Since

/ s / s
QnBE L Xk — Y|4~ B(x,20) 1 Xk — |97

JAL S A7 flull o lullcogy- (4.1)

To handle the terms in B, we write

we get

B = / (ay,-ij(xh y) - 8yiij(x27 )’)) (ul(y) - ui(xl)) uj(y) dy
Q\B(F,1)

+ / D1y, G (2, ¥) (r (12) — i (x1) 4 (y) dy
Q\BGE.L)
=: B + B».

Since

|x1 — x2]

|93y, (Gx1, y) = Gx2, )| S = [+t

thanks to (C.3), we can estimate Bj as

1
|B1] < Allullco o) llullco / =T 4y
) T
Since
dy
1 dy 5 )\0_1,
/Q\B()Z,A) |X — y|d+1-0
we conclude that
B S A’ ||u||c9(9)||u||c0(9)~ (4.2)

We are thus left to estimate B,. To this aim, we integrate by parts another time to further
desingularize the Green—Neumann kernel (otherwise, we would only obtain a logarithmic
C? regularity). By the Divergence Theorem, we can write
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By = — / 8,,G (x2, ¥) (i (x2) — i (x1)) 14 () dy
Q\B(E,2)

+ / 0y, G(x2,y) (ui(x2) —ui(x1)uj(y)ni(y)do(y),
J(Q\B(x,1))

where o stands for the (d — 1)-dimensional Hausdorff measure on the boundary. Now, since
u is divergence-free, the first integral in B, vanishes. Moreover, we can decompose

3(Q\ B(X, 1)) = (32 \ B(%, 1) U (RN IB(F, 1)),
where the two sets on the right-hand side are disjoint. The integral on 92\ B(x, A) vanishes
because u - n = 0 on 9$2. We hence have to estimate

B, =/ 0y, G, y) i (x2) —ui(xi) uj(y)nj(y)do(y).
QNIB(x,A)

By using (C.2), we get

do(y)

|Ba| < 27 ||u||ce<m||u||co<m/ ST

QnIBG,L) X2 —

Since |x, — y| 2 A whenever y € dB(x, 1), we can bound

d 1
/ W< L oeBEa <,
QnaBEL) 12 — A
so that
[B2| < A ||M||c9(§z)||u||c0(gz)- (4.3)

Gathering (4.1), (4.2) and (4.3) and recalling that A = |x; — x2|, we finally obtain that

Ip(x1) = px2)| S llullco gy llullcoggy 11 — x2”

as soon as |x; — x3| < Ag. The proof of Theorem 1.1 (i) is thus complete.

4.2 Case 0 > }

Let i € C?(R?) be the divergence-free and compactly supported extension of u given by
Lemma 2.2. We let p be the unique potential-theoretic solution of

—Ap =divdiv(i @ ii) inRY.
Then, by [10, Proposition 3.1], we get
1Al cr20-1 @y < ClliliZo gay < Cllullgsq,- (4.4)

In particular, the normal derivative d, p is of class C¥-1 on 9$2. Now, the function
g:==p—p+ f pdx
Q

satisfies the compatibility condition |. 90 Ong do = 0 by the definition and is thus the unique
(zero-average) solution of

—Ag=0 in Q

g =uQ®u:Vn—09o,p onad.
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Note that the Neumann boundary datum satisfies
UQu:Vn—,p e cmime20-1 G0y,

since u € C?(Q) ¢ C¥~1(Q) and Vi € C¥(9), because 2 is of class C>%. Thus, from
Theorem A.2, we get

gl crminte2o-11 gy < C (Il @ ullco gy + 180 Pllc2o-150)) < C||u||2c9(Q)7 4.5)

where in the last inequality we also used (4.4). Rewriting
P=q+p-— / pdx
Q
and exploiting (4.4) and (4.5), we hence get that

||p||c]4min{a,2€—])(g2) < ||q||cl.min(a,29—l}(9) + ||ﬁ||cl.29—1(9) < C||M||C(-)(Q),

concluding the proof of Theorem 1.1 (ii).

5 Proof of Theorem 1.3

The goal is to apply Theorem B.1. For notational convenience, we set
o) ={uec’ Q) :divu =0andu - nlyg = 0}

and similarly C}-? ($2). We define the bilinear operator T = T (u, v) which maps every couple
of vector fields u, v € C g (2) to the unique zero-average solution of

{—AT(u,v) =divdiviu ® v) in 5.1)

T, v) =u®uv:Vn on 0€2,

which, as for (1.6), in the weak formulation reads as

—/ T (u,v) A(pdx—i—/ T (u, v) 8n<pdx=/ u®uv:Hepdx, foraH(/JeCz(ﬁ).
Q Q Q
(5.2)

Let ¢, 6 and « be as in the statement of Theorem 1.3. Let 8 > 0 be sufficiently small such
that 8 < min{«, 0, €}. By the very same proof of Theorem 1.1(i), we get

1T (u, Vics) < Clullcoyliviicsy < Cllulles@)llvlics@)- (5.3)
Moreover, if v € C;’ﬁ (£2), we can rewrite
divdiv(u ® v) = div(u - Vv),
which, together with Theorem A.2, gives

1T @, V)licrs) < Cllulles@)llvlicrsg)- 54

Sinceu ® v: Hp = v®u : Hyp, by looking at the weak formulation (5.2) we get that the
bilinear operator 7" = T (u, v) is symmetric, so that

17 (v, “)“Clvﬁ(g) = C||”||cﬁ(sz)||v||clvﬂ(9)- (5.5)
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Now, if both u, v € C(l,”g(Q), we can write
divdiv(u ® v) = dju;0;v;
and thus, by classical Schauder’s estimates, we can infer
T (u, U)||c2~/3(gz) =< C||H||Cl-f3(gz)||U||Cl-ﬂ(gz)- (5.6)

Notice that, in order to obtain (5.6), we need to have g < «, from which Vi € C12(3Q) C
C'#(3$2) and thus the Neumann boundary datum in (5.1) enjoys

u®v:Vne Cl’ﬁ(aﬁ).

Consequently, by putting (5.3), (5.4), (5.5) and (5.6) all together, we can apply Theorem B.1
with X1 = C2(Q), Xo = c2P(Q), v1 = c£(Q) and V> = C2P(Q), getting

IT @, wll(c@).c2r@), . < cnuni (5.7)

@’ @)

as soon as 6 > f. We refer to Appendix B for the precise definition of the interpolation
spaces used above, and to the classical monographs [5, 28] for more general discussions
about linear interpolation.

Now recall that the Besov space Bz.q (see for instance [5] for the precise definition)
coincides with the usual Holder space whenever p = g = oo and y is not an integer. Thus,
by [5, Theorem 6.4.5], it holds

(cP(@), c*F (), . =C"F (),

1
2

which in particular also shows the hypothesis (B.1) in Theorem B.1 is satisfied. Moreover,
again by [5, Theorem 6.4.5], we deduce that

(cP (@), c*P (@) = C*F(Q). (5.8)

6—p,00

We underline that [5, Theorem 6.4.5] is stated in the whole space R4, from which (5.8) easily
follows by the existence of a linear extension operator which is also continuous between
Holder spaces. Similarly, we have

(Cct), crP () =C(Q). (5.9)

6—pB,00
Finally, by plugging (5.8) and (5.9) into (5.7), we obtain
1T, W)l c20-p () < Clltl o g

from which (1.9) follows since 8 < ¢.

6 Proof of Theorem 1.4

In this section, we prove Theorem 1.4. To keep the notation short, we set g = divu and we
let f be the unique zero-average solution of the problem

Af =g inT

We hence set v = V f. We can now deal with the two cases 6 < % and 6 > % separately.
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6.1 The case 0 < %

Without loss of generality, we can assume that ¢ < 4o00. Since g € L9 (T¢), by the standard
Calderén—Zygmund theory we have

lvllwiacray < CligllLa(Tey (6.1)

. . . . . . . 2d d .
which, in combination with the usual Sobolev embedding, being g > =55 > 155, gives

lvllco(ray < Clivliwracrey < Cligllpacray- (6.2)
Now, rewriting
UuQu=w—-—v)Qu—-v)+uUu—v)Qv+v®uU—v)+vQRUV,
we can decompose the pressure as
p=p1+p2+p3,
where the p;’s are the unique zero-average solutions of

—Ap; =divdiv(w ® w),
—Apy =2div((w - V)v),
—Ap3z =divdiv(v ® v),

where we set w = u — v. Notice that, by definition of v, we have divw = 0 and, thanks
to (6.2), w € C?(T9).

We now estimate the C2Y norm of each pi, i = 1,2, 3, separately. First, by [10, Theo-
rem 1.1], we have

Ip1lcmry = Clwloggey = € (Nal2a gy + 1000 pa))
= € (Nul2ogpay + 181300
(6.3)
thanks to (6.2). Moreover, again by standard Calderon—Zygmund estimates, we can infer
lp2llwiacrey < Cll(w - Vvl g (pay < Cllwllco epayllvllwiacpey
2 2
< € (Il g, + 18123y
which, together with the Sobolev embedding wha(rdy ¢ ¢*(T?) valid for q > ﬁ,
gives
Ip2llcarsy < Cllp2llwracrey = € (1l gy + 18120 pay) - (6.4)
Finally, in a similar way, we have

<Cllvev|

2 2
WI‘%(T") = WI‘%(Td) < C||v||wl,q(Td) < C”g”Lq('ﬂ‘d)

lpsll

which, again in combination with the Sobolev embedding w3 (T9) ¢ €% (T9) valid for
q > %, leads to

IP3llcancray < Cllpall g pay < CENLg ey 6.5)
Combining (6.3), (6.4) and (6.5) all together, we complete the proof of Theorem 1.4 (a).
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6.2 The case O > %

By standard Schauder estimates, we infer that

lvllcrae-1(pay < Cligllc2o-1(pay- (6.6)

We now split p = p; + pa2 + p3 exactly as in the previous case and estimate the Holder norm
of each piece separately. First, by [10, Theorem 1.1], together with (6.6), we can bound

11t ey < € (el iy + 10020y ) = € (Nl gy + 1812201y ) -
Moreover, again by standard Schauder estimates, we have
||p2||cl,29—1('[[*d) <C|(w- V)U”CZ@—I(T(]) < C“U)”CZH—I(Ta’)||U||C1,29—1('[[*d)
< € (Nul2o oy + 18120130 ) -

where the last inequality follows from the embedding C? (T¢) ¢ C2~!(T?). Finally, once
again by Schauder estimates, we can write

2 2
||P3||Cll9—1('11'd) = C”vucl,%)—l('ﬂ*d) = C||g||C2971(Td)-

The validity of Theorem 1.4 (b) then follows by combining the above estimates and the proof
is complete.
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Appendix A: Schauder regularity estimates

A.1 Elliptic regularity estimates

For the reader’s convenience, below we state some well-known elliptic regularity estimates
that are used throughout the paper.

We start with the following local regularity estimates. For the proofs, we refer the reader
to [22, Theorem 4.15 and Theorem 6.26].
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Theorem A.1 (Local estimates) Let o« € (0, 1), f € C¥(B(0,2)) and g € C*(I'(0,2)),
where

0,2 =3BT(0,2)N{xg; =0}, B0,2)=B(0,2)N{x; > 0}.
(1) If Au = f in B(0, 2), then
lullc2opo.1y) < Ca (el B0.2)) + I fllcaB0.2))) - (A.1)

where Cy > 0 is a dimensional constant.
(ii) Let A € CH¥(B(0,2); RY*?) be a uniformly elliptic matrix with

At £ =g EeRY V>0,

and let b € CH(I(0,2); RY) be such that b(x) - eg # 0 forall x € T'(0,2). Ifu €
C2%(B(0,2) UT(0, 2)) is a solution of

div(AVu) = f in BT(0,2)
b-Vu=g onT(0,2),

then

lc2agp+0.1y) < C (lullos+0,2)) + I fllcesr0,2)) + €l crar.ay) . (A2)
where the constant C > 0 depends on v > 0 and the C'* norms of A and b only.
The following result can be seen as a ‘one-derivative-less’ counterpart of the Schauder

estimates for the Poisson problem with Neumann boundary condition established in [29].
We also refer the reader to [27, Section 4] for more general results in this direction.

Theorem A.2 (Global estimates with Neumann boundary condition) Let « € (0, 1) and
let @ C R? be a bounded simply connected open set of class C'%. Let g € C%(dR),
F € C¥(; RY) be such that

—f gdd(x):/ F-ndo(x).
00 aQ

There exists a solution u € CY% () (unique up to an additive constant) of the problem

—Au=divF inQ
o =g on 0Q2.

Moreover, every solution of this problem verifies the estimate

1
u— — udx
12 Ja

<CWd, o, Q) (lgllcepe) + IIFllce) -
Cl.zx(Q)

Proof From [35, Theorem 1.2 and Corollary 1.5] we get a solution u € CL*(Q) such that

lullcre@y < C (||g||C°‘(3Q) + 1 Fllce) + ||”||CO(Q)) .

Removing the [lullco(q) from the right-hand side of the previous estimate is a standard
contradiction argument, see for instance [29, First proof of Theorem 4.1]. O

We also recall some local Calderén—Zygmund type estimates for Neumann elliptic prob-
lems.
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Theorem A.3 (Local L? regularity estimates) Let p € (1,400), p € (1,2] and f €
LP(B(0,2)).

(1) If —Au = f in B(0, 2) then
lullw2r 0.1y < CW, p) (lullLeso.p) + 1fILrB©.p)) - (A.3)
(ii) Let A € CH*(B(0,2); R¥*?) be a uniformly elliptic matrix with
Ag-5=vlE> §eR v>0,
and let b € CY*(T'(0,2); RY) be such that b(x) - eq # 0 for all x € T'(0,2). Let
g e Wlf%’p(F(O, 2). Ifu € W2P(B(0, 2)) is a solution of

div(AVu) = £ in B*(0,2)
b-Vu=g onT(0,2),

then

lullwzr o1y < CW, p,v) (”u“LP(B(O,p)) + 1S lLr 1) + ”g“W"%"”(r(o,p))) .
(A4)
Proof For the proof of (i), we refer to [22, Theorem 9.11]. To prove (ii) in the case g = 0,
one can first use an extension procedure as in [22, Theorem 9.13], where the same estimate
is derived for Dirichlet boundary conditions. The general case can be reduced to the case
g = 0 by considering u — G instead of u, where G € W>P(B*(0, 2)) satisfies 8,G = g
and |G llw2.rg+0.2)) < Cd, PIgllwi-1/p.0r0,2))- o

We will also need the following global L? regularity estimate. For the proof, we refer the
reader to [1].

Theorem A.4 (Global L” regularity estimates) Let @ C R be a C>% bounded domain for
some a € (0, 1). Let p € (1, +00) and let f € LP(2) be such that div f € LY(Q). Ifuisa
weak solution of

1
—Au=div f — — div fdx inQ
! 12| Jo ! (A.5)
0pyu =0 on 082,
then
lullwiry < Clp, Q) (I fller +1). (A.6)

The following consequence of Theorem A.4 will be of particular importance in the proof
of the pointwise estimates for the Neumann—Green function in Appendix C below. For the
proof, we refer to [19, Lemma 1].

Corollary A.5 (Global LP* regularity estimates) Let @ C R? be a C>® domain for some
a € (0,1). Let p € (1, 400) and f € LP-*°(Q). If u is a weak solution of

{—Au =div f — ﬁ(divf, 1) inQ

0pu =0 on 092,
then

IVullLroo) < C(p, Q) (I fllLree@) + 1) (A7)
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A.2 An interpolation inequality

We close this section with the following simple interpolation inequality. Although we need
to apply Lemma A.6 only to the ball or to (a smooth regularization of) the half-ball, we state
it in the general case.

LemmaA.6 (Interpolation) Let Q@ C R? be a bounded connected open set of class C>% for
some o € (0, 1). There exists a constant C > 0, depending on Q only, with the following
property. If f € C>%(Q) and k € {0, 1,2}, then

k 1 k

[k = CIA N G 1 llaa - (A8)

Appendix B: Abstract bilinear interpolation

Here we recall a particular case of the abstract bilinear interpolation theorem from [11,
Theorem 3.5]. We start by defining the basic notions in order to state the result, while we
refer the reader to [5, 28] for a detailed overview about Interpolation Theory.

Let (X, - |lx) and (Y, | - |ly) be two real Banach spaces. The couple (X, Y) is said
to be an interpolation couple if both X and Y are continuously embedded in a topological
Hausdorff vector space. Moreover, we recall the definition of the K -function, by introducing
the following notation. Given x € X + Y we denote Q(x) = {(a,b) e X xY :a+b =
x} C X x Y, and for all r > 0 we define

K@, x, X,Y) = inf{||a||x +tlblly : (a.b) € Q(x)}.
Consequently, for any 6 € (0, 1), we set
X.YV)oo={xreX+¥sttt"K(t,x)e L0, 00]},
which turns out to be a Banach space when endowed with the norm
-6
”x”(X,Y)@,oQ = H() K(.’x)”Loo([O,OO]) .

Theorem B.1 (Bilinear interpolation from [11, Theorem 3.5]) Let (X1, X»2) and (Y1, Y») be
two interpolation couples. Let T be a bilinear operator satisfying

1T (a1, a2)lly, < Cllaillx, llazllx,.
1T (b1, b2)lly, < Clibilix, 10211x,,

and

1T (@ D)llvi vy,  +HITG Ollryay, = Cllallx, 18]x,, (B.1)

,00

[S]
[S]

for some constant C > 0 independent of a, ay,a> € X and b, by, by € X». Then, for any
0 € (0, 1), there holds

1T G ) o 20 < CUX IR, )0 o

forall x € (X1, X2)6,00-
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Appendix C: Pointwise estimates on the Green-Neumann function

In this section, we establish some estimates on the Green—Neumann function on a sufficiently
regular domain © C R? for d > 2 we need in the paper. Basically, these estimates assert
that the behavior of Green—Neumann function is comparable to that of the corresponding
Newtonian potential

1
—— —— ford >3
b = | oafd =D = 0 )

—— log |x| ford =2
27

with x € R?, x # 0.
On a bounded connected open set @ C R? of class C!, the Green—Neumann function
G = G(x,Yy) (see [18, Chapter 3]) is a solution of

—AG(x, ) =8¢ — & inQ
9,G(x, -)=0 on 9%,

whenever x € €2, where as usual §, denotes the Dirac measure at x. Possibly replacing
G(x, y) with G(x, y) — v(x), where

1
=— [ G, y)dy,
v(x) IQIfsz (x, y)dy

it is not restrictive to assume that G is a symmetric function, see [18, Chapter 3, Lemma 7.1]
for the proof of this statement. We refer the reader to [18, Chapter 3, Section 7] for more
details on the main properties of the Green—Neumann function.

The main estimates on the Green—Neumann function G we use in this paper are gathered
in the following result.

Theorem C.1 (Pointwise estimates of the Green function) Let Q@ € RY, d > 2, be a bounded
connected open set of class C>* for some a € (0, 1). There exists a constant C > 0,
depending on Q2 only, with the following properties.

G Ifp € Ng is such that |B| < 2, then

C(Q,B)
p
10y G(x, )| < P (C2)
forall x,y € Q.
(i) Ifx1,x2 € Q % := *22 and h := |x| — x2|, then
Ch
|3yl.ij(xl,y)—3yiij(xz,y)| = W (C3)

forally e Q\B(x,h)andi,j=1,...,d.

The proofs of (i) and (ii) are very similar and follow the simple argument outlined in
[19], which we readapt to the Neumann boundary case. To keep this article short, we prove
Theorem C.1 for d > 3 only. The proof of Theorem C.1 for d = 2 follows the same strategy
with the usual minor adaptations depending on the different expression of the Newtonian
potential (C.1).
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Proof of Theorem C.1 For ro > 0, we let
Q= {x € Q:dist(x, 0Q) < ro}.

By compactness, we can cover 2 with balls of radius (. This yields a finite covering of the
set 2,

{B(ck,ro):creQ, k=1,...,K}

depending on the chosen rp. Possibly choosing a smaller r if needed, one can ensure that,
foreachk =1, ..., K, there exists a C 2""—diffeomorphism

&y U — B(cy, 16r9) N 2, U, C R open,
such that
@, () =0,  BT(0,8r0) C Ux € BT(0, 32r9).
Without loss of generality, we can further assume that

_ [P (x) — Pr(y)] -

3 5
4 — x — y| — 4

forall x,y € U, x # y.
Now let x, y € 2 and set r = |x — y|. In the following, we assume that r < ro/2. This
condition will be removed in the last part of the proof.
Proof of (i) for r < ro/2. We distinguish two cases.
Case 1 B(y, r/34) C Q. Since the function

Ur =9, ) =G, ) —¢px —)

solves

1
AV, = — in B(y, r/34),
¥ 2 y.r/

the function

¥ (z) == Yx(y +rz/68), forz e B(0,2),
solves
AV, = C(Q)r? in B(0,2),

where C(£2) > 0 is a constant depending on €2 only (that may change from line to line in
what follows). We now distinguish two subcases, 8 = 0 and |8| > 1.

Subcase 1.1 8 = 0. Let pg > %, such that W>P0 < L%, Using the W>? regularity
estimate (A.3) applied to v, with exponent pg and p € (1, 2) sufficiently close to 1; followed

by the Sobolev embedding W71 (B(0, p)) < LP(B(0, p)) where - e (i +2, 1) to

obtain
17 lw2 sy < €@ po. o) (I0llLm s, +1)

< Cd, po, p) (||1/~fx||w2~p1 (B©O.p) T 1) .
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We are now in a position to iterate this application of Theorem A.3, constructing a decreasing
sequence p, > 1. One only needs to iterate theses estimates n = n(d) times so that p, €
(1, ddfz) and therefore

19l w2 ooy < €@ po. o) (Il so.m) +1) -

We choose p = p(d) such that p"* < 2. Now observe that, because p, < %, thereise > 0
such that W ’%_S(B(O, 2)) < LP»(B(0, 2)). Using this and the inequalit
h that W' g q y
\2 < C@|Vy ,
IVl 1oy = CONVIN

we arrive at

I1¥xllw2.r0(B0.1)) < Cd; Po, p) <|IVWX||L‘I%I'OO(B(O,2)) + 1) .

Using the Sobolev embedding W2ZPo(B(0, 1)) — L%(B(0, 1)) and undoing the scaling,
we finally have

1
1Vxll Lo (B(y,r/68)) < C(d) (rdj”V%”Lﬂlm(Q) + 1) . (C4)
Since [|[Vé(x — )|l « . < oo, it follows that
La-T°(Q)

VUl e g < CH VGGt

Observe that

—AG(x, )=divf— & inQ
3pG(x,)=0 on <2,

with f(y) = Ly)d € L%’OO, so that Corollary A.S yields

dwglx—y|

VG(x, - <Cd 100 L),
hence

Ve Ildef_flm(m <Cd) < +o0. (C.5)

Combining the above inequality with (C.4), we obtain

C(d)
Il r/ssy = 7=

which ends the proof.

Subcase 1.2 |§| > 1. By the elliptic regularity estimate (A.1) in Theorem A.1, it follows
that

1alcecao.ny = Ca (IWll@oa) + C@)r2). (€6)

Note that, by the zero-order estimates on G, that is, by (C.2) for 8 = 0, one has

Cc(Q C(Q
()] = 160, 2l + 160 =9 < _(Z|j_2 <5

@ Springer



85 Page24o0f31 L. De Rosa et al.

Bla, IGT/__I_Q

AT BY.Sr/17)
/ B().Z/,l,]\\
i N

Y = d;l(a)

Fig. 1 Some balls appearing in the analysis. The goal is to estimate the function ¥ on the shaded ball

for all z € B(y, r/34), so that
C(Q2)

19x Nl oo (B0,2)) < e (C.7)
The above inequality, combined with (C.6), gives
5 C()
||Wx||c2~a(3(0,1)) < 1"17_2 (C.8)

Interpolating (C.7) and (C.8) using (A.8), one obtains [Vx]cisi(p(o.1)) < S22 that is

C()
[WxlcitiB(y,r68)) = vy

which is enough to conclude.

Case2 B(y,r/34) N3 # &. Letus pick any pointa € B(y, r/34) N dS2. We observe that,
since r < rg/2, there holds that y € B(cg, rg) for some 1 < k < K that we fix. Because
|y —al| <r/34, we have

B(a,r/17) N C B(ck,ro +r/17) C B(ck, 2rp).
Note that ¥ := d:']:l(a) € BT(0, 4ry), so that BT (Y, 8r/17) C BT (0, 8ryp) C Ui. We also
note that B(y,r/34) N2 C B(a,r/17) N Q C & (B(Y, 2r/17)). In Fig. 1 we have drawn

some balls appearing in the analysis.
We are now ready to start the proof. Since

{Al//x =g =C in B(y,r/2)NQ
OnYx = —0n¢p(x —-) onB(y,r/2)NaQ,

the function 0, := 6 o ®; satisfies

div(A(2) VO, (2)) = C in BT(Y,8r/17)
b(z) - VO (z) = =0,¢(x — Dk(-)) onI(Y,8r/17),

where the matrix A and the vector b depend only on the C>¢ diffeomorphism @y, in particular
A and b does not depend on r. Note that by our premiliminary remarks we can ensure
that B4 (Y, 8r/17) C Uy. Let us set A(z) = A(Y + 4rz/17) and b(z) = b(Y + 4rz/17)
which are also of class C¢ uniformly in » (and y) since r < ro/2, which is fixed. Letting
Oy = 0c(Y +4r - /17) and § := —rd,¢(x — ®x(Y + 4r - /17)), we can write

div(AVé,) = Cr? in B1(0,2)
b-Vo, =3 on I'(0, 2).
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We now again distinguish two subcases, § = 0 and |8 > 1.

Subcase 2.1 8 = 0. We start with an application of the W2 P regularity estimate (A.4) applied
to Oy, p € (1,2) and pg > %, which, in turn, is such that we have the Sobolev embedding
W2P0(B(0, p)) < L®(B(0, p)). This writes

[|6x ||W2vl70(3+(0’1)) <CW,p) <||9x||LPO(B+(O,p)) + ||g||W17%,pO(B+(O,p)) + 1) . (CY

Observe that
gl |
w

< |lg ) < ellyn o .
R 0 = & 1lw1.roB+0,p)) = I18NlLP0B+(0.p)) T IVE&llLPo(B+0.p))

We have
V&l ros+0.py) < P2V — DY +4r - /1) [ Lo 5+ 0,2))
< C@TIIVRHG — M sy
where we used that
O (BT (Y, 8r/17)) C B(a, 16r/17) C B(y,33r/34) N Q2 (C.10)

and the properties of @ as well as a scaling change of variable. Now since |x — z| > 57 for
any z € B(y, 33r/34) and that V2 (x —2)| < €D we finally obtain that

lx—z|4”

) folts)
IVEllLros+©,0)) < o

and similarly the same estimate holds for || gl 170 5+ (0,p)). SO that ultimately we get

C(2)
TR0 (B 0.0y 142

el
w

Importantly our computations do not depend on the value of pg. For this reason we are in a
position to iterate (C.9) sufficiently many time just as we did in Subcase 1.1. and obtain

~ ~ 1
||0x||w2:p0(5+((),1)) = C(Q) <||0x||Ll’n (B+(0,2)) T rdj + 1) )

where n = n(d) is chosen so that p, € (1, ﬁ) (note that we also need to chose p such
that p" < 2). Using the Sobolev embedding Wl’%78(3+(0, 2)) < LP"(B*(0,2)) and
the embedding L/TI’OO(B+(O, 2)) < Ld‘fll*g(B"'(O, 2)), one finally obtains that

1
d + == +1

O w2 <c@)(|Ive .
Il x||W2PO(B+((),1)) < C( )<|| x”Lﬁ‘w(B*(O,Z))) ) )

Going back to the original variables and undoing the scaling we get

C()
d <
=T+ 0,2)) ~ rd2

VO, | A
L L

il s
7= Q)

and thanks to the L 7T bound on Y given by (C.5) we arrive at

~ C(R2)
||9x||w2.!’0(3+((),1)) =< PR (C.11)
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To conclude, observe that
Ixll Lo B(y,r38n2) < 1¥xllLoB@,r/17)0Q)
< CEDNOx Lo (B+(v,2r/17)
< CON0xll o (5+0.1/2))-

which combined with the Sobolev embedding W2 P0 < L and (C.11) provides us with
the desired estimate

)
Il @orpane) = —7—-

Subcase 2.2 || > 1. An application of (A.2) to O yields
16l c2a 3+ 0.1) < C(R) <||9:c||L°°(B+(0,2)) + 1€ | cop+0.2)) + ||g||clvu(r(o,2))> .
Note that |Cr?||ca(p+0,2)) < Cr?. Then, using that
O (BT (Y, 8r/17)) C B(a, 16r/17) C B(y,33r/34) N Q2

and also that @ is a C%¢ diffeomorphism, it follows that

i Q)
10x 1l oo (B+(0,2)) = 10x | Loo(B+(v,8r/17)) < C Vx| Lo (B(y.33r/34)) < a2

(C.12)

where in the last step we have used the zero-order estimate. Similarly, to estimate g, by
rescaling and using that ® is a C>¢ diffeomorphism, one obtains

[g]cl,w(rw—((),z)) = C7’2+a[8n¢(x - q)k('))]Clv”‘(I‘(Y,Sr/W))
< CrPt 9, (x — INete(B(y,33r39n0Q)
2
< Crot¥g(x — )l craB(y.33r 34009 -
Now, we observe that
o (x — lc2a(B(y,33r 30ynan) = 1@ = IllLeB(y,33r/3Hn90)

+ o (x = Ic2a(p(y,33r/39M09)

C(Q2)
e ) + [P (x — Ic2epiy,33r30N00)-

Moreover, we have

0:0md(x — 21) — 0;9md(r — 22| = <Dy — 1y
10j0m@(x —21) — 3j0m¢ (x Zz)l_mlm 221",

for all z;,z0 € B(y,33r/34) and all j,m € {l,...,d}, which is obtained by explicit

computations on ¢ (x — z) = |xfil\{i)*2 . Gathering all these estimates, it follows that

- C
(16 ||C2-a(3+(0,1)) =< 7}"1_2' (C.13)

Interpolating (C.13) with (C.12) exploiting (A.8) on a smooth domain U (0, 1) such that
BT(0,1/2) c U*(0,1) c B*(0, 1), we obtain

. i c©)
[Qx]clﬁ\(3+(oy1/2)) =< [gx]c\ﬁl(U-%—((),l)) =< YR
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Also, note that ||6, oo (B+(0,1/2)) < fd‘—?;, so that we can finally write

[‘/’x]c\ﬂ\(B(y,r/34)mQ) = [Wx]c\ﬁ\(s(a,r/n)mg) = C(Q)||9x||c\ﬁ|(B+(Y,2r/17))
C(Q) - -
= W[ex]c\ﬁ\(m(o,l/z)) + C D0 | Lo (B+(0,1/2))
()
= pd=2+1817

which is sufficient to conclude the proof.

Proof of (ii) for r < ro/2. Let us denote [x; — x2| = h and r := |x — y|. Let gy, x, :=
Y(x1, ) — ¥ (x2, -). Since (C.3) is true for ¢ in place of G (by direct computations), the proof
of (C.3) directly follows from the inequality

h
[&x1,x:21c2(B(y,r/68)N0) = prEsE (C.14)

for some global constant ¢ > 0. As in the proof of (i), we distinguish between the case where
y is far from the boundary or close to it.
We can assume that 7 < 7. Indeed, if 7 > 57, then we can just apply the triangle

34
inequality and (i) to obtain
[0;0jg(x1,y) — 0;0;8(x2, )| < 10;0j8(x1, ¥)| + 10;0;8(x2, ¥)|

1 1
< C(Q)( + )
[xi —yl4  |x2—yld

C(R2) h
<= =@

As in the proof of (i), we distinguish two cases.
Case 1 B(y,r/34) C Q. The function gy, ., satisfies the equation

Augxs =0 in By, r/34),
therefore the function g(z) := gy, x, (y + rz/68) satisfies
Ag =0 1in B(0,2),
so that, using the interior Schauder estimates (A.1) on g, one has
18Nl c2ag0.1y) < CEDNENLe(B0.2))-
Assuming the estimate
8x1.x2 1o (B(y.r/34)) < C(Q)%a (C.15)

it follows that

i h
I18lz>B0.2) = CE) 5

so that

~ C(Q)h
gl c2ep0,1)) < a1 (C.16)

Interpolating (C.15) and (C.16) using (A.8) and then undoing the scaling, one obtains the
estimate (C.14). Therefore the proof of (C.3) boils down to the proof of (C.15).
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Case2 B(y,r/34)N o2 # . Letus fix | <k < K suchthat y € B(ck, o). The argument
follows the same line as in (i), so that we should only sketch the argument below. The equation
satisfied by gy,,x, on B(y,r/2) N Qis

Agxyxy =0 inB(y, r/2)NQ
angxl,xg:8n¢(x2_')_3n¢(xl_') lnB(}’,’"/z)ﬂaQ

Leta € B(y,r/34)NdQand set Y = CIDk_l(a). The function 6 := gy, x, (Px (Y +4r - /17))
satisfies the equation

div(AVO) =0 in BT(0,2)
b-VO=G inI'(0, 2),

where A is some uniformly elliptic matrix and b a vector both with C'** norms independent
of r, and

G =1 (@np(x2 — Qp(Y +4r - /17)) — 0 (x1 — O (Y +4r - /17))) .
In particular, an application of (A.2) yields
101l c2a g+ 0.1y < C) (101l 2o8+(0,2)) + IGllcrar0.2))) -
Observe that, by rescaling and using that ®; is a C>¢ diffeomorphism, one has
[Gleraro.2)) = 210 (X2 — B (-) — dnp (X1 — Pr(D]eta(s+ v 8r/17))

< CE@r8,¢ (x2 =) = 3up (1 = )l L (Bla16r/1700)
< CE@rdu¢ (x2 — ) = 9up (1 = 1) 1By 337/39)02) -

By explicit computations on ¢ and by recalling that 2 < 57, one has

h
[n (x2 =) = b (¥t = eresy 33 pynae) < €D G

so that
h
[G]Cl,a(r(o,z)) < C(Q)rdi—l
Similarly, one can estimate
h
G llzeo(reo,2)) < C(Q)rdﬁ,
so that we finally have
h
IGlicreo.2)) < C(Q)rdﬁ~
Similarly, we have

101 oo B+ 0,1y) < C()8xy 32 L2 (B(y,33r 30)N%) -

Assuming the validity of the bound
h
lgxy xz llLoe (B(y, 33r/34) N Q) < C(Q)rd—_l, (C.17)
the above inequalities lead to the estimate

h
101l c2.e(B+0,1)) = C(Q)Tl—l . (C.18)
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Fig.2 Construction of the path y (¢)

Interpolating the rescaled version of (C.17) with (C.18) using Lemma A.6, any following
the same arguments as in the proof of (i), one obtains (C.14), provided that (C.1
Proof of (C.15) and (C.17). We need to prove that the function ¥ (x, -) = ¥, satisfies

h
[ (x1,2) — ¥(x2,2)] < C(Q)rd—71 forall z € QN B(y, 33r/34).

First, let us observe that, by the triangle inequality, one has

1 h
@1, 2) = ¥, I = [Y (s D+ Y, 9] = CE) T = CO)

as soon as r < C(2)h. Therefore, we can assume that » > 3 h. Note that, since ¥ (x, z) —
W (x2, z) is a difference, we can assume that x; and x; are either both in the same ball of
radius rg of the chosen covering of €, or in two different but neighboring balls. Hence, we
can assume that x1, xo € B(cg, ro) for some k. We first explain how to construct a path
y:[0,1] — N B(x, h) joining x] to x. Recall that & : Uy — B(ck, 16rg) N Qis a
diffeomorphism such that de_] (B(x, h)) is contained in the convex set BT (0, 8r¢) C Uk.
Therefore, we can set X ; = <I>,(_1 (x;) for j = 1, 2 and define the path

y (1) = Op((1 — )X +1X2),

t € [0, 1], which has length less than 2|x| — x3| since @y is a diffeomorphism, see Fig. 2. Also,
again because @y is a diffeomorphism, we have that |x" — y| > r/3 for all x’ € y ([0, 1]),
being r > 3h according to our initial assumption.

We can now start the proof by observing that, by the Mean Value Theorem,

1
Y02 — Y. 2) =/0 Ve (r(0).2) - ¥ () di
and thus

[V (x1,2) — ¥ (x2, 2)| < C(Q)Ix1 — x2[IVxG (-, D) Lo (B 1)) -

Because of the symmetry G(x, z) = G(z, x) we see that VG (x, z) = V,G(z, x), so that
by (i) we have the uniform bound

C(€2) C(€2)
_Z|d—1 - yd—1

IV:G(x', )| <
X’

for all z € B(y, 33r/34) and x’" € y ([0, 1]), which finally gives (C.19).

To conclude the proof, we are thus left to prove (i) and (ii) for r > ro/2. In this case, one
can write all the estimates in the proofs of (i) and of (ii) with r( instead of  and end up with
bounds in terms of negative powers of rg, which are then bounded by negative powers of r
up to enlarging the constants. O
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Remark C.2 One may wonder if the estimates on ¥, = ¥ (x, -) given in the above proof are
optimal. In fact, the argument presented above should be interpreted as a scaling obstruction
for a larger growth than |x — - |~4+2~18! for ¢/,. Since this bound has the same order of the
one that can be computed for the Newtonian potential, this is enough to conclude.
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