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ABSTRACT

Eccentric mergers are a signature of the dynamical formation channel of binary black holes (BBHs) in dense stellar environments
and hierarchical triple systems. Here, we investigate the formation of eccentric mergers via binary-single interactions by means of
2.5 x 10° direct N-body simulations. Our simulations include post-Newtonian terms up to the 2.5th order and model the typical
environment of young (YSCs), globular (GCs), and nuclear star clusters (NSCs). Around 0.6% (1%) of our mergers in NSCs (GCs)
have an eccentricity >0.1 when the emitted gravitational wave frequency is 10 Hz in the source frame, while in YSCs this fraction
rises to 1.6%. Approximately ~63% of these mergers are produced by chaotic, resonant interactions where temporary binaries are
continuously formed and destroyed, while ~31% arise from an almost direct collision of two black holes (BHs). Lastly, ~6% of
these eccentric mergers occur in temporary hierarchical triples. We find that binaries undergoing a flyby generally develop smaller tilt
angles with respect to exchanges. This result challenges the idea that perfectly isotropic spin orientations are produced by dynamics.
The environment dramatically affects BH retention: 0%, 3.1%, and 19.9% of all the remnant BHs remain in YSCs, GCs, and NSCs,
respectively. The fraction of massive BHs also depends on the host cluster properties, with pair-instability (60 < Mgy/Me < 100) and
intermediate-mass (Mgy > 100 M) BHs accounting for approximately ~44% and 1.6% of the mergers in YSCs, ~33% and 0.7% in
GCs, and ~28% and 0.4% in NSCs, respectively.
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1. Introduction

Binary-single encounters dominate the interactions between
black holes (BHs) in the core of star clusters (Heggie 1975;
Hut & Bahcall 1983; Hut 1983, 1993; Banerjee et al. 2010).
In this region, BHs form a dynamically decoupled sub-core
where they can mostly interact via binary-single scatter due
to the large cross-section of this process (e.g. Breen & Heggie
2013a,b; Samsing et al. 2014). This springs from star clusters’
tendency to evolve towards energy equipartition (Spitzer 1969;
Trenti & van der Marel 2013; Spera et al. 2016; Bianchini et al.
2016), combined with dynamical friction acting on the
most massive bodies of the cluster (Meylan & Heggie 1997,
Fregeau et al. 2002; Giirkan et al. 2004).

Most binary black holes (BBHs) in star clusters belong to
the family of hard binaries; that is, binary systems with a bind-
ing energy larger than the average star kinetic energy of the
cluster. Since hard binaries statistically tend to get harder dur-
ing binary-single encounters (Heggie 1975), BBHs tend to pro-
gressively decrease their semi-major axis, or even increase their
total mass if a dynamical exchange with a single BH takes place
(Hills & Fullerton 1980). Three-body interactions' between BHs
are therefore a key mechanism to speed up the merger before

! Hereafter, we will use the terms three-body interactions and binary-

single encounters as synonyms.

gravitational wave (GW) emission becomes efficient. These
dynamical encounters not only efficiently produce BBH mergers
(e.g. Sigurdsson & Phinney 1995; Portegies Zwart & McMillan
2000; Banerjee et al. 2010; Tanikawa 2013; Ziosi et al. 2014,
Morscher et al. 2015; Rodriguez et al. 2015, 2016a,b; Mapelli
2016; Samsingetal. 2017, 2018a; Samsing & Ilan 2018;
Trani et al. 2019, 2021; Dall’ Amico et al. 2021) and BH-neutron
star mergers (e.g. Clausen et al. 2013; Arca Sedda 2020, 2021),
but they may also cause eccentric mergers (Giiltekin et al.
2006; Samsing et al. 2014, 2018b; Samsing & Ramirez-Ruiz
2017; Samsing 2018; Rodriguez et al. 2018; Zevin et al. 2019;
Arca Sedda et al. 2021; Trani et al. 2022; Codazzo et al. 2023).
These are mergers in which the coalescence time of the binary is
shorter than the timescale it takes for GW emission to circularise
the orbit, such that the binary can merge with a non-zero eccen-
tricity in the LIGO-Virgo sensitivity band (Abbott et al. 2019).
In dynamical interactions, the energy exchange between the bod-
ies can excite the eccentricity of a BBH and even induce it to
merge. This is particularly true for three-body interactions, in
which the system can evolve into a chaotic regime with tem-
porary binaries that are continuously created and destroyed. In
this unstable triple configuration, the single BH can perturb
the temporary binary and induce it to merge rapidly enough
that GWs are not sufficient to completely circularise the orbit
(Samsing et al. 2014).
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Isolated binaries, on the other hand, struggle to produce
BBHs with a non-negligible eccentricity at merger. Tidal
effects, mass transfer episodes, and common envelope events
usually circularise the orbit of a binary star even before
it evolves into a BBH (Hurley et al. 2002). Even if super-
nova kicks can increase the eccentricity of the system, GWs
efficiently circularise the orbits by the merger time (Peters
1964). Eccentric mergers are therefore commonly associ-
ated with BBHs formed in a dynamically active environ-
ment. Eccentricity, if detected in the waveform of a merger,
might be used as a tool to infer the dynamical origin of
a BBH (Amaro-Seoane & Chen 2016; Chen & Amaro-Seoane
2017; Gayathri et al. 2022; Romero-Shaw et al. 2020, 2021;
Zevin et al. 2021).

How often are these eccentric mergers produced by dynam-
ical interactions? And in which environment should we expect
them to be more frequent? Here, we aim to address these ques-
tions via direct N-body simulations of three-body encounters
between BBHs and BHs. We performed three different sets of
binary-single scattering experiments, each with different initial
conditions appositely set to reproduce the properties of a class
of star clusters: young star clusters (YSCs), globular clusters
(GCs), and nuclear star clusters (NSCs). Our goal is to inves-
tigate the effect of the cluster properties on the interactions and
to derive the influence that the hosting environment has on the
outcomes and production of eccentric BBH mergers.

Three-body interactions are the fundamental mechanism at
the base of hierarchical mergers; in other words, the process
in which two BHs merge and their merger remnant collides
with other BHs of the cluster, giving rise to multiple genera-
tions of BBHs (Miller & Hamilton 2002; Gerosa & Berti 2017,
Fishbach et al. 2017; Rodriguez etal. 2019; Antonini et al.
2019; Doctor et al. 2020; Arca Sedda et al. 2023; Mapelli et al.
2021; Gerosa & Fishbach 2021; Atallah et al. 2023). Here, we
discuss the impact of three-body recoil velocities on hierarchical
mergers, and how this effect, combined with relativistic kicks
and star cluster evaporation, could dynamically eject the BHs
from the cluster.

2. Methods
2.1. Direct N-body simulations

Three-body encounters are chaotic processes (Poincaré 1892;
Valtonen & Karttunen 2006). Due to this nature, the orbits of
the interacting bodies are highly unpredictable, and no general
analytical solutions are known to exist. Potentially, even a per-
turbation of the Planck-scale order applied to the initial condi-
tions can exponentially grow and lead to different final configu-
rations of the system (Samsing & Ilan 2018; Manwadkar et al.
2020; Boekholt et al. 2020, 2021; Portegies Zwart et al. 2022;
Parischewsky et al. 2023). Therefore, the most convenient
approach to studying the three-body problem from the perspec-
tive of BBH mergers is to use a numerical integrator over a
large set of interactions and derive the statistical properties of
the encounters.

Here, we used the direct N-body code ARWV to sim-
ulate three different sets of three-body interactions, for a
total of 2.5 x 10° simulations between a BBH and a single
BH. Each of our three sets of simulations was initialised
with different initial conditions, designed to reproduce the
properties of three-body encounters that take place inside

2 The data underlying this article are available at the following Zenodo
link: https://zenodo.org/records/7684085
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YSCs, GCs, and NSCs. ARWV is an algorithmic regulari-
sation direct N-body code (Mikkola & Aarseth 1989, 1993;
Arca-Sedda & Capuzzo-Dolcetta  2019;  Chassonnery et al.
2019; Chassonnery & Capuzzo-Dolcetta 2021) that solves
the equations of motion of the interacting bodies with post-
Newtonian corrections up to the 2.5 order (Mikkola & Merritt
2008; Memmesheimer et al. 2004).

We integrated each system with ARWYV for a minimum time
of 10° yr. We stopped the integration at this time only if at least
one merger took place, or if the three-body encounter was over. If
none of these two conditions was satisfied (e.g. the three bodies
were still interacting), we carried on the integration with ARWV
for a longer time. We stopped the simulation if at least one of
the two aforementioned conditions was fulfilled, or if the time
reached a maximum of 1 Myr. Figure 1 shows three examples of
our three-body simulations computed with ARWV.

Most BBH mergers did not take place during the simulation
with ARWV. Therefore, we evolved the remaining binary popu-
lation according to Peters (1964):

da 64 G3mimj(m,-+mj)
dt 5 Sad(1-e) h@),

de 304 G’mymj(m;+m;j)

a1 T SA(-e)yn £2(e). )
where
73 37
ﬁ(e)=(1+ ﬂe2+%e4)
121
Lma=@+§ﬁ8) )

Here, G is the gravity constant, ¢ the speed of light, m; the
primary mass, m; the secondary mass, a the semi-major axis,
and e the orbital eccentricity. We assumed that two BHs merge
when their mutual distance is less than the sum of their inner-
most stable circular orbits for non-spinning BHs; that is, when
r<6Gm;+m j)/cz. All the binaries that survive after the end
of the three-body integration with ARW are long-lived and cir-
cularise their orbit through GW emission, unaffected by external
perturbations. Hence, we can treat them with the simplified for-
malism described in Eq. (1), without the need for a more com-
putationally expensive post-Newtonian formalism.

When two BHs merged, we implemented the relativistic fit-
ting equations reported in Lousto et al. (2012) to compute the
relativistic kick exerted on the BH remnant by the anisotropic
GW emission at merger. These are:

Vkick = (U2, + U2 + 200, + COS @ + vﬁ)l/z, 3)
where
1-
tn = AP o (1+ B *
772
=H —— - 5
L d+q) LYln ‘ZXzHl (5)
1 2
1= Tag) [Via+ VaS)+ Vs S+ VesSi] (6)
1L — gxail cos(éa — ¢). (7

Here, ¢ = my/m; with my < my, n = g(1 + ¢) 2, A
12 x 10*kms ', B = —0.93, H = 6.9 x 10°kms ™', V;,
3678kms~!, V4 = 2481kms™!, Vg = 1792kms™!, and V¢
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Fig. 1. Trajectories of three eccentric mergers triggered by a three-body interaction in NSCs (left- and right-hand panels) and GCs (central panel).
In the three panels, the systems are centred in the centre of mass of the initial BBH, while the position at which the merger takes place is marked
with a white star. The trajectories of the primary and secondary BH of the initial BBH (with mass m; and m,), and the intruder (m3) are reported
in red, blue, and grey, respectively. The incoming direction of the intruder is shown with an arrow. The insets in the left-hand and central panels
display a close-up view of the merger region. In the left-hand and central panels, the initial binary is shown edge-on, while in the right-hand panel
the view is face-on. The initial coalescence time of these BBHs, i.e. the coalescence time of the initial binary at the beginning of the interaction, is

longer than the Hubble time.

1506 kms~!. The equations incorporate the components of the
dimensionless spin parameter vectors, y, and x,, relative to the
primary and secondary BHs. Specifically, 1 and y are the pri-
mary and secondary dimensionless spin components parallel to
the orbital angular momentum of the binary, while y, and y,
are the perpendicular spin components lying in the orbital plane.
Furthermore, S is the component parallel to the orbital angular
momentum of the vector S = 2 (y,+¢* x,)/(1+q)*. Moreover, ¢,
is the angle between the direction of the infall at merger and the
in-plane component of the vector A = (m; +m,)? (i +ax)/(1+
q), while ¢ is the phase of the binary. For further details, we refer
to Lousto et al. (2012). Finally, we computed the mass of the BH
remnant and the magnitude of its spin with the fitting equations
presented by Jiménez-Forteza et al. (2017).

2.2. Initial conditions

Simulating a three-body interaction with spinning BHs requires
21 initial parameters for each simulation. Since covering a 21-
dimension parameter space with direct N-body simulations is
computationally prohibitive, we initialised three different sets of
5 x 10%, 10°, and 10° simulations for YSCs, GCs, and NSCs,
respectively. Table 1 reports all the initial conditions, the distri-
bution used to generate each of them, and the interval in which
the parameters are sampled. We initialised the properties of
each encounter with the same procedure as in Dall’ Amico et al.
(2021), except for the masses, semi-major axis, and initial
intruder velocity. Here, we summarise the main features of our
initial conditions.

We assumed that the initial BH mass distribution does not
change if the cluster is young, globular, or nuclear (Mapelli et al.
2021), and sampled the mass of all our single and binary BHs
from a catalogue of synthetic BHs generated with the popula-
tion synthesis code MOBSE (Mapelli et al. 2017; Giacobbo et al.
2018; Giacobbo & Mapelli 2018). With this method, our pop-
ulation is composed of first-generation BHs produced by the
evolution of binary stars at metallicity Z = 0.1 Zg, with Zy =
0.02. MOBSE implements up-to-date wind models for mas-
sive stars (Vink et al. 2001; Chen et al. 2015), the core-collapse
supernova models by Fryer et al. (2012) and the (pulsational)

Table 1. Initial conditions.

Property Initial distribution Interval
my, mp, m3  Population synthesis [5,60] M,
a Log-normal distribution [max(de;j, dgw), Ghard]
e Thermal distribution [0, 1]

f Hut & Bahcall (1983) [—m, m]
Voo Maxwellian distribution -

b Uniform in b2 [0, bmaxl
D 10%a -

7/ Uniform [0, 27]
6 Uniform in cos 8 [-1, 1]
¢ Uniform [0, 27]
X1, X2, x3 Maxwellian distribution [0, 1]
X1-X2, X3 Isotropic spin orientation -

Notes. Column 1: initial conditions: mass of the primary and secondary
BH in the initial binary (m, and m,), mass of the single BH (m3), semi-
major axis (a), orbital eccentricity (e), orbital phase of the binary (f),
initial relative velocity between the single BH and the BBH (v, ), impact
parameter (b), initial distance (D) of the intruder from the binary centre
of mass, three directional angles of the interaction (¥, 6, and ¢), spin
magnitude (v, y2, and y3), and direction of the three BHs (x, x,, and
X3)- Column 2: the distribution that we used to sample the initial con-
ditions. For the masses, we used the output of the population synthesis
code MOBSE (Mapelli et al. 2017; Giacobbo et al. 2018). Column 3: the
interval that we considered for each distribution.

pair-instability supernova treatment presented in Mapelli et al.
(2020). We adopted the rapid core-collapse supernova model
by Fryer et al. (2012). With this choice, our BH mass spectrum
ranges between 5 and 60 M, BHs.

The semi-major axis, a, of the initial binaries was sampled
from a log-normal distribution as

_(oga — )’
20'12
og

®)

1
pla) = exp
Olog V21 [

with limits [max(ae;, dgw), dharal, Where
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Here, anaq is the limit for a binary to be considered hard (Heggie
1975), ae; is the maximum semi-major axis for ejection by three-
body encounters, and agy, is the limit below which the semi-
major axis shrinking by the emission of GWs becomes dominant
with respect to dynamical hardening. In the above equations, m,
is the average mass of a star in the cluster, o the typical 3D
velocity dispersion of the cluster, vese ~ 20 the escape veloc-
ity, p. the star cluster core density, and & ~ 3 a numerically
calibrated constant (Hills 1983; Quinlan 1996). The mean of the
log-normal distribution of the semi-major axes was computed
as the average of the logarithmic limits, such that it resulted in
Hiog /AUy = 2.42, 1.22, 0.42 in the cases of YSCs, GCs, and
NSCs, respectively. The dispersion was derived from the simula-
tions of Di Carlo et al. (2019, 2020), and set as 0jog (a/av) = 0.92
in all three samples of simulations, as was already done in
Dall’ Amico et al. (2021). With this prescription, all our BBHs
are hard binaries for which GW emission is negligible if com-
pared to hardening, but at the same time their semi-major axis
is large enough such that previous interactions did not lead to a
dynamical ejection of the binary from the cluster.

We assumed that the BHs were in thermal equilibrium
with the rest of the cluster core so that the initial veloc-
ity at infinity, v, of the single BH with respect to the cen-
tre of mass of the binary could be sampled from a Maxwell-
Boltzmann distribution (Heggie 1975). For the three sets of sim-
ulations, we assumed a 3D velocity dispersion of 5, 20, and
50kms~! in the cases of YSCs (Portegies Zwart et al. 2010),
GCs (Pryor & Meylan 1993), and NSCs (Neumayer et al. 2020),
respectively.

We set the initial distance of the single BH from the centre of
mass of the binary as D = 10° a. This guaranteed that the BBH
had not been perturbed by the intruder before the beginning of
the integration.

The impact parameter, b, of the interaction was sampled
from a uniform probability distribution proportional to b?
(Hut & Bahcall 1983) in the range [0, bpax], with by, defined
as

bmax -

V2G(mi +my +m3)a

Voo

12)

This is the maximum impact parameter for a strong three-body
interaction with a hard binary derived by Sigurdsson & Phinney
(1993). As v, and a change between YSCs, GCs, and NSCs, the
impact parameter in these three environments will also be differ-
ent. Equation (12) assumes strong gravitational focusing, that is,
G (my + my + m3)/(2 b) > 1, and a minimum intruder-binary
star distance, r, = a. In Appendix A, we discuss the impact of
this assumption on our results.

LIGO-Virgo observations favour a population of low-spin
BHs (Abbott et al. 2023). Therefore, we extracted the magni-
tude of the dimensionless spin, y, of each BH from a Maxwell-
Boltzmann distribution with root mean square o, = 0.1 and
truncated to y = 1. Furthermore, we isotropically sampled the
spin directions, accounting for the fact that dynamical encoun-
ters randomise them (Rodriguez et al. 2016c¢).
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3. Results
3.1. Outcomes

We divided the outcomes of the interactions into five classes, as a
function of the system configuration at 1 Myr since the beginning
of the simulation. We classified each simulation as follows:

— Flyby: the final binary has the same components as the initial
binary. If the encounter hardens it enough, this binary may
merge during or after the simulation.

— Exch13: the three-body interaction ends with a binary com-
posed of the primary BH of the initial binary and the intruder
(m; — m3). If this exchanged binary merges during the simu-
lation, we still classify the interaction as an exch13 event.

— Exch23: the three-body interaction ends with a binary com-
posed of the secondary BH of the initial binary and the
intruder (my — ms3). If this exchanged binary merges during
the simulation, we still classify the interaction as an exch23
event.

— Ionisation: the encounter splits the initial binary, resulting in
three single BHs.

— Triple: the system is still in an unstable triple configuration
at the end of the simulation.

The upper panel of Fig. 2 classifies the end states of our binary-
single scattering experiments. Flybys are the most frequent end
state in all three cluster types, followed by exchanges. This
result is expected, since these encounters generally have a larger
impact parameter, b, than the semi-major axis of the initial
binary, a: if b > a the intruder sees the binary as a point-like
object, and the interaction evolves into a flyby.

In YSCs, the number of ionisations is lower with respect to
both GCs and NSCs. Vice versa, exchanges are more common
in YSCs than in both GCs and NSCs. This happens because
the typical dispersion velocities of YSCs are around Skms™!,
much smaller than GCs and NSCs, where the intruder can likely
have a velocity higher than the critical velocity required to break
up the binary system (Hut & Bahcall 1983). At 1 Myr, unstable
triples are much more numerous in YSCs than in GCs, while we
find no triple systems in NSCs at the end of our simulations. In
YSCs, the encounter takes place later than in more dense clus-
ters, since the interparticle distance is much larger while the dis-
persion velocity is lower. The intruder takes more time to reach
the binary and the interaction begins at later times in the simu-
lation, resulting in several systems that at 1 Myr are still in an
unstable triple configuration.

3.2. BBH mergers

We find that 0.2%, 2.4%, and 11.8% of the simulations produce
BBHs that merge within a Hubble time (13.8 Gyr) in YSCs,
GCs, and NSCs, respectively. Of these mergers, 14.8%, 4.6%,
and 4% take place in the first Myr of integration with ARWV.
These results, which are also reported in Table 2, imply that the
denser and more massive the cluster is, the larger the fraction
of mergers produced via three-body interactions. This happens
because the minimum binding energy of a hard binary is higher
in more massive clusters. As a result, BBHs in NSCs are con-
sistently closer to the GW regime than in YSCs, making it more
likely for a single interaction to push them into the GW emis-
sion regime. The lower panel of Fig. 2 classifies these merg-
ers by their formation channel: flyby, exch13, or exch23, and
second-generation mergers (i.e., mergers that occur between the
remnant of a previous merger and the third BH). The bar plot
shows that flybys account for ~53% of all our encounters, but
~61-64% of the BBH mergers. Hence, flybys are more efficient
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Fig. 2. Upper panel: percentage of different interaction outcomes for each cluster type. From left to right: (i) flyby events, (ii) exchanges in
which the intruder replaces the secondary BH, (iii) exchanges in which the intruder replaces the primary BH, (iv) ionisations, and (v) unstable
triples. Lower panel: percentage of BBH mergers. From left to right: (i) BBH mergers occurring after a flyby, (ii) an exchange interaction with the
secondary BH replaced by the intruder, (iii) an exchange with the primary BH replaced by the intruder, and (iv) second-generation BBH mergers.
In both the upper and lower panels, the colours mark the cluster type in which the interaction takes place.

in inducing mergers than, for example, exch23 events, which in
turn are ~11% of the outcomes but account only for ~7% of the
mergers. This happens because exchanges usually produce new
BBHs with a larger total mass but also with a larger semi-major
axis than BBHs involved in flyby events.

For some systems that produce a BBH merger, we find that
the initial binary would have merged within a Hubble time even
without the interaction. These are binaries that, if evolved as an
unperturbed binary, would have produced a BBH merger with-
out undergoing any three-body encounter. These systems are
1.6%, 11.4%, and 45.0% of the BBH mergers in YSCs, GCs,
and NSCs respectively. Even for these systems, the interaction
has efficiently sped up the merger. This can be seen in Fig. 3,
which shows the coalescence time of the unperturbed binaries (if
the three-body interaction would not have taken place), and the
coalescence time resulting from the three-body simulation. For
instance, all the BBH mergers that take place during the simula-
tion with ARWV within the first 1 Myr rapidly merge solely as a
consequence of the three-body interaction.

Finally, in a few cases, we find the formation of second-
generation BBH mergers. In these simulations, two BHs merge
during the three-body interaction, and their remnant forms a new
BBH with the remaining BH, which in turn is able to reach coa-
lescence in less than a Hubble time. We find the same percent-
age of second-generation mergers in GCs and NSCs, while no
second-generation systems form in YSCs via three-body interac-
tions (Fig. 2).

Despite the three simulation sets being initialised with the
same BH mass spectrum, the total mass of the BBH mergers
produced in YSCs, GCs, and NSCs differ, as is shown by Fig. 4.

Table 2. Percentage of peculiar events in YSCs, GCs, and NSCs.

Event PYSC pucs  prsc
Merger 0.2 24 11.8
Merger teoa < 1 Myr 14.8 4.6 4.0
PIBH 443 333 277
IMBH 1.6 0.7 04
Merger with ejop; > 0.1 1.6 1 0.6
Merger with ey, > 0.1 9 1.8 0.9
Retained BH remnants 0 3.1 19.9

Notes. Line 1: percentage of BBH mergers over all the three-body sim-
ulations. Line 2: percentage of BBH mergers that take place during the
three-body simulation with ARWV over all the BBH mergers. Line 3:
percentage of pair-instability BHs produced by the merger. Line 4: per-
centage of intermediate-mass BHs (IMBHs) produced by the merger.
Line 5: percentage of BBH mergers with an eccentricity at a GW fre-
quency of 10Hz ejgy, > 0.1 with respect to all BBH mergers. Line 6:
percentage of BBH mergers with an eccentricity at a GW frequency of
1Hz ey, > 0.1 with respect to all BBH mergers. Line 7: percentage of
BHs produced by BBH mergers that happen before star cluster evapo-
ration and are retained inside the cluster after the three-body interaction
and the GW recoil.

This difference in the mass of BBH mergers is clearly an effect
of the environment.

Mergers by dynamical exchange are slightly favoured in
GCs and NSCs with respect to YSCs (Fig. 2). Since exchanges
typically take place when the intruder is more massive than at
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Fig. 3. Distribution of coalescence times for unperturbed initial bina-
ries (filled histograms), and for the same initial binaries perturbed by
the three-body interaction (unfilled histograms). The upper, central, and
lower panels show the cases of YSCs, GCs, and NSCs, respectively.

least one of the two binary components, we should expect more
massive BBH mergers in GCs and NSCs. Nevertheless, Fig. 4
shows that YSCs are more likely to produce massive mergers
via three-body encounters than the other two sets of simulations.
This happens because in YSCs only the most massive systems
are able to merge within a Hubble time. In GCs and NSCs,
given the larger velocity dispersions, the hard-soft boundary is
shifted towards the lower semi-major axis (see Eq. (9)). There-
fore, GW emission can also be efficient for relatively low-mass
BBHs (Eq. (1)). In YSCs, instead, given the larger semi-major
axis at formation, mergers are more biased towards the most
massive BBHs. In this way, NSCs and GCs are more efficient
in the production of BBH mergers with low-mass components
than YSCs. This is further confirmed if we look at the percentage
of massive BH remnants produced by these mergers in Table 2:
pair-instability BHs, defined as BHs with mass in the range
60—-100 M, are 44.3%, 33.3%, and 27.7% over all the mergers
produced in YSCs, GCs, and NSCs, respectively. Intermediate-
mass BHs (IMBHs, i.e. BHs with a mass >10% M) are 1.6%,
0.7%, and 0.4% over all the mergers in YSCs, GCs, and NSCs,
respectively. The most massive remnant produced by a merger
is ~110 My, in all three sets. In YSCs and GCs, the most mas-
sive remnants are produced by a flyby event, while in the NSC
case the most massive remnant is produced by the merger of a
second-generation BBH.

Pair-instability BHs and IMBHs form mainly via flybys,
because these are the most frequent type of interaction among
our simulations. Exch13 are the events most likely to cre-
ate a BBH more massive than the initial binary. On the other
hand, exch23 tend to produce less massive binaries than the
initial ones. Nevertheless, the latter have a minor impact on
the total mass distribution in Fig. 4 because they are rare
events, representing only ~7% of all mergers (Fig. 2). Finally,
mergers of second-generation binaries are rare even among
pair-instability BHs and IMBHs: they represent 0.25% and 0%
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Fig. 4. Total mass of the BBH mergers in YSCs (blue), GCs (orange),
and NSCs (purple).

of pair-instability BHs and IMBHs in GCs, and 0.12% and 4%
in NSCs, respectively.

3.3. Eccentric mergers

Figure 5 shows the eccentricity of the BBH when the emitted
GW frequency is 10Hz in the source frame (hereafter, ejop,)
as a function of the coalescence time from the beginning of the
simulation. All three sets present two distinct families of mergers
regarding their eccentricity. In the first one, and also the most
common one, the mergers follow the relation, 7.y (e), of Eq. (1),
such that ejop, decreases as the coalescence time of the binary
increases. In these systems, the dynamical encounter ends before
the merger takes place. This allows the BBH resulting from the
interaction to evolve unperturbed up to the merger, such that the
eccentricity evolution is ruled only by the angular momentum
loss by GW emission®.

The second family of mergers is composed by systems that
do not follow the relation of Eq. (1), but rather reach the merger
with ejgn, > 1073 in a relatively short time during the simula-
tion with ARWYV, while the dynamical interaction is still ongoing.
Some of these systems even have ejoy, > 0.1 (insets of Fig. 5).
In the following, we refer to the mergers with ejgp, > 0.1 sim-
ply as eccentric mergers. These are 1.6%, 1%, and 0.6% of all
the mergers in YSCs, GCs, and NSCs, respectively (Table 2).
Although YSCs exhibit a larger fraction of eccentric mergers,
the only two eccentric events occurring in YSCs both have
eronz ~ 0.1. Conversely, eccentric events in GCs and NSCs span
eccentricities up to and beyond ejoy, = 0.9. We can divide these
eccentric mergers as a function of the type of interaction that
triggered the coalescence:

— Chaotic mergers are the product of three-body interactions
in which temporary binaries with brand-new orbital param-
eters are continuously formed and destroyed. If the eccen-
tricity of these temporary binaries is sufficiently high, and
their lifetime is longer than the perturbation timescale of the
outer body, a nearly radial merger can be triggered. These are
the most common interactions to produce eccentric merg-
ers, accounting for ~63% of all the eccentric events with
ejonz > 0.1 in GCs and NSCs. The left-hand panel of Fig. 1
shows one of these interactions and the subsequent eccentric
merger.

3 After 1 Myr all the mergers are forced to follow Eq. (1), since we
assumed no further dynamical interactions after the first encounter. This
choice is discussed more in detail in Sect. 4.2.
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Fig. 5. Orbital eccentricity at 10 Hz (ejoy,) as a function of the coalescence time (z.,,) of BBH mergers in YSCs (left), GCs (centre), and NSCs
(right). Different colours indicate mergers through flybys and the two families of exchanges. The yellow stars show second-generation BBH
mergers. The empty black dots highlight the BBH progenitors of second-generation mergers. The dashed vertical line divides the plot into two
regions: up to 1 Myr we evolve the systems with ARWYV, above 1 Myr all the dynamical interactions are concluded, and with Eq. (1) we stop the
ARWYV integration and evolve the remaining BBHs. The three insets show a zoom for mergers with ey, > 0.1. We note that some of the points at

eon, ~ 1 overlap.

— Prompt mergers are the second most common event to cause
eccentric mergers, representing ~31% of all these events in
GCs and NSCs. The right-hand panel of Fig. 1 shows an
example of an eccentric merger that follows a prompt inter-
action. These mergers typically follow flyby events in which
the intruder significantly extracts angular momentum from
the binary, driving the two components into a nearly radial
orbit and inducing a prompt merger. This is for example
the case of the two eccentric mergers in the YSC set. We
also call prompt mergers simulations in which the intruder
tangentially intersects the orbital plane of the binary and
approaches one of the two components with an almost anti-
parallel velocity, such that they rapidly merge in a nearly
head-on collision (as the simulation in the right-hand panel
of Fig. 1 demonstrates). This is the case of the most eccentric
mergers in our simulations. In NSCs, five head-on collisions
trigger a merger, with ejop, ~ 1 (right-hand panel of Fig. 5),
while in GCs the maximum value of ejyy, is 0.87 (central
panel Fig. 5).

Temporary triple mergers take place when the system
evolves as a hierarchical triple. Stable triple systems can-
not form from three isolated unbound bodies (Naoz 2016);
however, temporary stable hierarchical triples can be cre-
ated via three-body interactions. In this configuration, the
intruder sets in an outer orbit, perturbing the initial binary
and causing it to merge rapidly enough that GW emission
does not efficiently circularise the binary’s orbit. This is the
case for the system shown in the central panel of Fig. 1.
The merger occurs only if the system remains stable for a
sufficient period of time for the perturbations to be effec-
tive. Binary systems involved in chaotic mergers exhibit
considerably shorter lifespans than those within temporary
triple systems. In contrast, temporary triple systems can sur-
vive for several orbital periods of the third body, which has
enough time to orbit around the inner binary perturbing it.
We define an eccentric merger as a temporary triple merger
if the merger event involves the inner binary and if the outer
orbiting third body is able to carry out at least two complete
stable orbits with approximately the same period around the
inner binary. If these conditions are not met, we define the

merger as a chaotic merger. Due to the low stability of these

systems, temporary triple mergers are responsible only for

~6% of the eccentric mergers in GCs and NSCs.

Even if flybys are the most common formation path of BBH
mergers in our simulations (lower panel of Fig. 2), eccentric
mergers come in almost the same proportion from flybys and
exchanges in both GCs and NSCs. Hence, eccentric mergers are
more likely to form from exchanges. No second-generation BBH
mergers belong to eccentric mergers. With our assumption of no
further dynamical interactions beyond 1 Myr, second-generation
binaries, after their formation, circularise their orbits before
reaching coalescence. On the other hand, all the mergers that
give birth to one of the two BHs that compose second-generation
binaries are eccentric mergers. We refer to these systems as BBH
progenitors of second-generation mergers. In the GC scenario,
the progenitor systems of the two second-generation BBHs are
both eccentric mergers with an eccentricity of 0.82 and 0.67,
respectively, with the first being an almost head-on collision in a
prompt event, and the latter coming from a chaotic merger. This
is also true for the NSC case, in which all the nine progenitors
have ejop, > 0.1, four of which merge in a head-on collision
with ejop, ~ 1.

Finally, Fig. 6 shows the same systems as Fig. 5 but with
the eccentricity computed at the GW frequency of 1Hz in the
source frame. This frequency is the predicted lower limit in the
sensitivity band of the Einstein Telescope (Punturo et al. 2010;
Maggiore et al. 2020). In this regime, eccentric mergers con-
stitute 0.9%, 1.8%, and 9% of all mergers in NSCs, GCs, and
YSCs, respectively (Table 2). This is because, at lower frequen-
cies, the two BHs are at a larger orbital separation and GWs still
have to efficiently circularise the orbit, such that more systems
have higher eccentricities.

3.4. Dynamical ejections

Our BBHs can escape from the cluster as a consequence of
dynamical recoil. Three-body interactions with hard binaries
tend to reduce the binary internal energy and convert it into
kinetic energy of the system. This induces a recoil velocity, vy,
both on the binary and the single object. If this velocity is larger
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Fig. 6. Same as Fig. 5 but with the orbital eccentricity computed at 1 Hz (e} u,).

than the escape velocity, ves, of the cluster, both the binary
and the single object are dynamically ejected from the cluster
(Heggie 1975; Hills 1975; Sigurdsson & Phinney 1993).

This has major implications for BBH mergers: on the one
hand, the energy exchange speeds the merger up, reducing the
semi-major axis and thus the coalescence time, f..,; On the other
hand, it might also kick out the binary from the cluster, prevent-
ing further encounters. If the ejection happens before the binary
merges, the BH remnant produced by the coalescence will not
be able to dynamically interact with other bodies of the cluster
and produce new binaries. This may strongly affect the efficiency
of the hierarchical merger mechanism by which repeated BH
mergers produce massive BHs (e.g. Miller & Hamilton 2002;
Mapelli et al. 2021). Figure 7 shows the impact of these dynam-
ical ejections on BBH mergers. Here, we assume that all the
mergers that take place during the three-body encounter merge
inside the cluster. Therefore, the plots report only the BBH merg-
ers that take place after 10 yr and for which the three-body
interaction is concluded. These recoil velocities span from less
than 1kms™ up to ~40kms~! in YSCs, ~200km s~ in GCs,
and ~400kms~! in NSCs. These differences are, once again,
explained by the large binding energy of the binaries in GCs
and NSCs, which translates into larger recoil kicks. In YSCs, for
example, the BBHs have a larger semi-major axis than binaries
in more dense clusters and the recoil velocities are lower.

In the three simulation sets, the most likely population of
ejected mergers is the one produced by exch23 events. The
marginal plots of Fig. 7 and Table 3 show that these BBHs gen-
erally have larger recoil velocities with respect to the other two
families of mergers. The fraction of BBH mergers ejected after
the three-body interaction is 6% in NSCs, 18% in GCs, and 18%
in YSCs. In YSCs, we must also keep into account the evapora-
tion of the cluster; that is, when the cluster dissolves because of
stellar mass loss and tidal stripping (Spitzer 1987; Heggie & Hut
2003; Binney & Tremaine 2008). Due to evaporation, most of
the BBH mergers in YSCs happen in the field even without being
dynamically ejected (e.g. Rastello et al. 2021; Torniamenti et al.
2022). If we assume a typical evaporation time, fevsp ~ 1Gyr
for a YSC* (Torniamenti et al. 2022), 48% of the BBH mergers
happen inside the cluster and 5% take place in the field because

4 This evaporation timescale refers to YSCs with mass ~10* My, and
must be considered as an upper limit. Processes like galactic perturba-
tions and encounters with giant molecular clouds might, in principle,
accelerate the disruption of the cluster (e.g. Gieles et al. 2006).
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of dynamical recoil, while the remaining 47% occur in the field
because of cluster evaporation. Finally, all the eccentric merg-
ers in GCs and NSCs merge inside the cluster. They are mostly
the product of chaotic interactions that take place over a short
timescale and rapidly lead to the merger of two of the three BHs.

GWs emitted from a spiraling BBH are generally irradiated
anisotropically due to the asymmetry of the system. This induces
linear momentum transfer on the remnant BH produced by the
merger, which translates into a relativistic kick that might accel-
erate the remnant even up to a few thousand of kms~! (Fitchett
1983; Maggiore 2018). Figure 8 shows this relativistic kick pro-
duced by all the BBH mergers in our three sets of simulations.
All three distributions peak at ~200 km s~!, with velocities that
are approximately one order of magnitude higher than the ones
reported in Fig. 7. Hence, GW recoils are more efficient in eject-
ing BHs from their parent cluster than three-body recoils. Due to
GW kicks, only 3.6% and 21.2% of the BH remnants are retained
in GCs and NSCs, respectively. This fraction drops to 0 in YSCs.

We can now count the overall fraction of BH remnants
retained by the cluster for which (1) the relativistic recoil is
below the escape velocity of the cluster, (2) the BBH progenitor
is not ejected after a three-body interaction, and (3) the binary
is able to merge inside the cluster before its evaporation. This
fraction is 0% for YSCs, 3.1% for GCs, and 19.9% for NSCs
(Table 2). Finally, all the second-generation BH remnants in GCs
and NSCs are kicked out of the cluster due to GW recoils.

3.5. Orbital plane tilt

Figure 9 shows the tilt angle, i, defined as the angle between
the orbital plane of the initial binary and the orbital plane of
the final binary left after the three-body interaction. These dis-
tributions show that three-body interactions are capable of induc-
ing large tilt angles in the BBH population, in good agreement
with what was found by Trani et al. (2021, see also Banerjee et al.
2023). The magnitude of the tilt depends on the outcome of the
interaction. Binaries that underwent a flyby generally experi-
ence smaller tilt angles with respect to exchanges, with the dis-
tribution peaking at ~15° for the former and ~90° for the lat-
ter. Since there is no strong correlation between the initial angle,
6 (Sect. 2.2), of the interaction and the outcome, the distribu-
tions of Fig. 9 are a direct product of the interactions. This means
that flybys statistically induce small perturbations in the orbital
plane of the initial binary if compared to exchanges. Exchanges,
on the other hand, favour the production of more massive
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Fig. 7. BBH mergers that take place after the three-body interactions
in YSCs, GCs, and NSCs (from top to bottom). All the mergers that
take place during the three-body interaction, i.e. <10° yr, are assumed
to merge inside the cluster. The x axis reports the recoil velocity caused
by the energy exchange in the three-body encounter. The y axis shows
the coalescence time of the binary from the beginning of the simulation.
Different outcomes are shown with different markers and colours. In the
YSCs case, the horizontal dashed line reports the typical evaporation
time of a YSC. The vertical dashed line in all the plots shows the escape
velocity of the cluster. Distributions of the recoil velocities are displayed
as marginal histograms. The colour legend is the same as the scatter
plot.

newborn binaries with an orbital plane likely tilted with respect
to the original one. This implies that the orientation of spins in
dynamically assembled BBHs might not be perfectly isotropic.

Notes. Median recoil kicks of three-body interactions in the YSC, GC,
and NSC cases. The values refer to the distributions of the marginal
plots in Fig. 7 and are reported for the three different types of BH cou-
ples that merge after a three-body encounter.

Our finding is consistent with Bouffanais et al. (2019), who
assumes an isotropic spin orientation for exchanges, but nearly
aligned spins for flybys, which are less perturbed by the encounter.

4. Discussion and caveats
4.1. Merger rate density of eccentric mergers

In Sect. 3.3, we derived the fraction of eccentric mergers in YSCs,
GCs, and NSCs; that is, those that have ejoy, > 0.1. Through
semi-analytical simulations, Mapelli et al. (2022) were able to
derive the merger rate density of BBH mergers in YSCs, GCs, and
NSCs. They find Rysc = 3.0Gpc? yr!, Rgc = 4.4 Gpc 3 yr !,
and Rysc = 1.3Gpc™3 yr~! in their fiducial model. These rates
refer to first-generation BBH mergers. Since our first-generation
BHs are drawn from the same population as Mapelli et al. (2022),
we combined these rates with the fraction of eccentric mergers
produced by three-body interactions in our three simulation sets.
In this way, we find the following rates of eccentric mergers as
a function of the type of cluster: ~2 x 1073 Gpc™3 yr~! in YSCs,
~4 %1072 Gpc~3 yr~!'in GCs,and ~8 x 1072 Gpc = yr~! in NSCs.
These rates represent a rough estimate, since a more realistic
evaluation requires taking into account the possible differences
between the coalescence times of our eccentric mergers and the
BBH merger population of Mapelli et al. (2022).

4.2. Single versus multiple three-body interactions

Oureccentric mergers (Fig. 5) qualitatively match the properties of
eccentric mergers simulated by Samsing & Ramirez-Ruiz (2017)
and Zevin et al. (2019). For example, Samsing & Ramirez-Ruiz
(2017) and Samsing et al. (2018a) find that ~1% of all the mergers
by binary-single encounters in GCs are eccentric mergers, which
is in excellent agreement with the fraction of eccentric events
that we find in this work. On the other hand, Samsing (2018) and
Rodriguez et al. (2018) find a fraction of eccentric mergers ~5
times higher than the one we find in our simulations. This differ-
ence is a consequence of our choice to simulate one single inter-
action for each binary.

Assuming a single dynamical encounter per binary is par-
ticularly well founded in YSCs, since three-body interactions
between BHs are expected to happen with a frequency of ~1
per cluster (Di Carlo et al. 2019). In more dense clusters, it is
more likely for a BBH to experience multiple interactions dur-
ing its lifetime. However, as we presented in Sect. 3.3 and in
Fig. 5, all the eccentric mergers take place while the dynam-
ical interaction is still ongoing, meaning that in our simula-
tions the typical timescale for an eccentric three-body merger
is smaller compared to the timescale of a three-body interaction.
Our results imply that even one single three-body encounter in
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Fig. 8. Distribution of the relativistic recoil kick of the remnants pro-
duced by the BBH mergers in YSCs, GCs, and NSCs. The dashed verti-
cal lines represent the escape velocities of the three types of star clusters.

a BBH lifetime is sufficient to speed up the merger and to pro-
duce an eccentric event in the LIGO-Virgo band. Nevertheless,
the masses, eccentricities, and fraction of ejected BHs reported
in this work must be interpreted as lower limits, since further
interactions might produce more massive and eccentric merg-
ers and more dynamical ejections. This is especially true for all
the mergers that take place after 1 Myr in our simulations. The
effects of multiple three-body interactions on the BBH popula-
tion are going to be presented in a future paper.

Finally, our work does not consider the special case of an
active galactic nucleus (AGN) disc. In AGN discs, eccentric
mergers can be significantly boosted if binary-single scatters
occur with small mutual inclinations (of less than a few degrees).
This ultimately leads to a relatively flat distribution of the spin-
tilt angle in eccentric mergers (Samsing et al. 2022), which is
very different from the one we find here for NSCs. The reason
for this difference is that three-body interactions in star clusters
require completely distinct initial conditions with respect to the
AGN case. We will include AGN discs in forthcoming studies.

5. Summary

In this work, we have presented the results of 2.5 10° three-body
simulations performed via direct N-body integration with the
ARWYV code (Mikkola & Aarseth 1989; Chassonnery et al. 2019).
Our simulations incorporate post-Newtonian corrections up to the
2.5th order and adopt initial conditions that mimic the properties
of YSCs, GCs, and NSCs. With this approach, we aim to investi-
gate the influence of the host environment on: (1) the outcomes
of three-body encounters, (2) the populations of BBH mergers
produced through interactions, and (3) the production of BBH
mergers with non-negligible eccentricities in the LIGO-Virgo fre-
quency range. Our results can be summarised as follows:

— We divide the outcomes into flybys, exchanges in which the
primary or the secondary BH component is replaced by the
intruder, ionisations, and triples. Flybys dominate the inter-
actions in all the simulation sets, accounting for approxi-
mately ~53% of all the outcomes. YSCs differ from GCs
and NSCs, with fewer ionisations (around ~5% compared to
~14% for GCs and NSCs) but more exchanges (about ~41%
compared to ~33% for GCs and NSCs), and also a non-zero
number of systems that are in an unstable triple configuration
at the end of the simulation.

— Three-body interactions in GCs and NSCs produce a higher
number of mergers compared to YSCs. Approximately 2.4%
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Fig. 9. Tilt angle distributions of the BBH orbital plane in NSCs at the
end of the simulation with respect to the initial binary orbital plane.
Unfilled histograms are flybys (red), exch13 (blue), and exch23 (grey).
The filled histogram (yellow) shows the total distribution. We do not
show GCs and YSCs because they have exactly the same behaviour.

and 11.8% of the simulations in GCs and NSCs, respectively,
lead to a BBH merger within a Hubble time, compared to
the 0.2% of the simulations in YSCs. Flybys are the most
effective pathway to produce mergers as they significantly
decrease the coalescence time. Of the three types of clus-
ters we considered, YSCs are less efficient at producing low-
mass BBH mergers than both GCs and NSCs.

— Pair-instability BH remnants (60—100 M) are ~44%,
~33%, and ~28% of all the mergers produced in YSCs, GCs,
and NSCs, while IMBHs (>100 M) are 1.6%, 0.7%, and
0.4%, respectively. Finally, we find second-generation BBH
mergers only in GCs and NSCs, accounting for 0.08% of all
mergers in both sets.

— The percentage of BBH mergers with an orbital eccentricity
higher than 0.1 at a GW frequency of 10Hz in the source
frame (ejoy; > 0.1) is 1.6%, 1%, and 0.6% in YSCs, GCs,
and NSCs, respectively. We additionally investigated the per-
centage of BBH mergers with an eccentricity exceeding 0.1
at a GW frequency of 1 Hz in the source frame. This fre-
quency corresponds to the lower boundary of the sensitivity
band of the Einstein Telescope. We find that 9% of all the
BBH mergers in YSCs are eccentric in this frequency range,
while this fraction drops to 1.8% for mergers in GCs and
0.9% for mergers in NSCs.

— In both GCs and NSCs, the most frequent interactions
leading to eccentric mergers are chaotic exchange events,
accounting for approximately 63% of all eccentric mergers.
These involve the creation and destruction of several tempo-
rary binaries before the merger takes place. Prompt interac-
tions, including flybys in which the intruder extracts enough
angular momentum from the binary to cause a radial merger,
and head-on collisions between the intruder and one of
the binary components, account for approximately 31% of
eccentric events. Finally, BBH mergers in temporary sta-
ble hierarchical triples contribute to approximately 6% of
all eccentric mergers in GCs and NSCs. In our simulations,
all the progenitors of second-generation BBHs are eccentric
mergers in both GCs and NSCs.

— The percentage of remnant BHs that are not expelled from the
cluster is 0% for YSCs, 3.1% for GCs, and 19.9% for NSCs.
These are BHs that are not dynamically ejected from the clus-
ter by the three-body and GW relativistic recoil kicks, and
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for which the progenitor BBHs merge before the evaporation
of the star cluster. In YSCs, ~50% of the BBH mergers take
place in the field after the cluster has evaporated. Relativis-
tic recoil kicks due to anisotropic GW emission are the pri-
mary cause of dynamical ejections, with typical velocities that
exceed 100 km s~!. This strongly affects hierarchical mergers.

— Three-body interactions alter the inclination of the original
orbital plane, causing tilt angles that are not isotropically dis-
tributed, but that rather depend on the interaction outcome.
Exchanges tend to produce new binary systems that have an
isotropically oriented orbital plane with respect to the orig-
inal one, while flybys usually result in relatively minor per-
turbations of ~15° on the orbital plane. This result chal-
lenges the idea that dynamics produces perfectly isotropic spin
orientations.

— We estimate the merger rate density of eccentric
BBH mergers to be ~2x1073Gpc3yr! for YSCs,
~4 x 1072 Gpc =3 yr~! for GCs, and ~8 x 1072 Gpc =3 yr~! for
NSCs. These rates must be regarded as lower limits, as we
only considered a single three-body interaction per binary
in our simulations. Additional dynamical interactions during
the lifetime of these binaries may lead to an increase in the
number of eccentric mergers.
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Appendix A: Impact of the maximum impact
parameter

Three-body scatterings are computationally advantageous with
respect to full star cluster simulations. The price to pay is that the
results depend on the choice of initial parameters, which must
convey information about the properties of the host star clus-
ters and their binary systems. For example, to compute the upper
limit of the impact parameter, b, (eq. 12), we assumed that the
distance of closest approach, rp, is equal to the semi-major axis,
a, of the binary system and that the strong gravitational focusing
limit is valid, or in other words that G (m| +m,+m3)/ (v?x, b) > 1.
These assumptions ensure that the majority of our three-body
interactions are classified as hard encounters, where significant
energy exchange occurs between the single and binary BHs.
How critical is this assumption, and what are the effects on our
results if we change this prescription? If we relax this hypoth-
esis, the upper limit of the distribution takes the more general
form

G(ml +my + m3)

2
p Veo

2
bmax

=r [1+2 (A.1)

The distance of closest approach is typically defined as r, = ka,
with k assumed as an arbitrary constant. To study how the strong
gravitational focus approximation impacts our results, we ran
5 x 10* additional three-body interactions initialised as the main
NSC set, but with impact parameters generated according to
eq. A.1,withk =1, 2, 3,4, 5.

Figure A.1 shows the cumulative distribution function of the
impact parameter if we consider by,,x computed as in eq. 12 or
eq. A.1, with various choices for k in the NSC case. By cal-
culating b, from eq. 12, it is more likely to generate inter-
actions where the impact parameter favours closer encounters
compared to the sample generated with eq. A.1. The difference
between the distributions is marginal with k = 1, but it gradu-
ally grows with increasing k. For example, there is a probabil-
ity of approximately 34% for a simulation that has an impact
parameter < 10 AU in our fiducial model, while this probability
decreases to 23% for k = 1 and drops to 5% for k = 5.

1.0 —— bax EQ.7 (SGF)
bmax EQ.8, k=1
0.8 bmax EQ.8, k=2
bmax EQ.8, k=3
bmax Eq.8, k=4
0.6 b _
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[a)]
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0.2
0.0
1072 1071 10° 10! 102 103
b [AU]

Fig. A.1. Cumulative distribution function of the impact parameter
computed assuming b, from eq. 12, and from eq. A.1 with k =
1,2,3,4,5.

The probability of drawing an impact parameter, b > 10> AU
is < 0.1% in our fiducial model, while this fraction rises to 3%
and 4%, respectively, in the cases of k = 4 and k = 5 with

eq. A.1. Assuming large values of k produces a non-negligible
fraction of simulations where the impact parameter is of the
same order of magnitude as the interparticle distance in the core
of a NSC. In these simulations, the single BH is likely to interact
with other members of the star cluster before reaching the target
binary, and the simulated interaction may not occur.

Figure A.2 shows the outcomes of three-body interactions
and BBH mergers as a function of the assumed bp,x. The sim-
ulation sets with larger values of by, result in fewer exchanges
and ionisations while favouring more flybys, with this effect
becoming more pronounced with larger values of k. For instance,
in the cases of k = 4 and k = 5, almost eight to nine sim-
ulations out of ten evolve as a flyby. In contrast, our fiducial
model produces flybys in almost 50% of cases. This happens
because, when the strong gravitational focus approximation is
not assumed, interactions with larger impact parameters become
more common. In such encounters, the single BH is more likely
to perceive the binary system as a point-like object, leading more
frequently to weaker energy exchanges between the binary and
the single object. It also disfavours exchanges, which require
closer passages between the single BH and one of the two binary
components.

The lower panel of Fig. A.2 shows that the choice of b,y
also affects the percentage of mergers, even if less dramatically
than the percentage of flybys, exchanges, and ionisations. The
dependence of the percentage of BBH mergers on the choice of
bmax 1s further shown in Fig. A.3. The fraction of BBH mergers
decreases only by 1.7% from our fiducial model to the simulation
set with k = 5. This plot also shows that the merger fraction
linearly decreases with k as Prere = @ k+3, with @ = —0.38+0.09
and 8 =11.83 £ 0.31.

BBH mergers are less affected by the choice of by« because
both Egs. 12 and A.1 encode the distribution of our semi-major
axis, which shapes the overall impact parameter distribution
through the by,.x dependence on a. In our approach, we sam-
ple a in a way that ensures that all our binaries are hard, while
also being sufficiently large to prevent efficient GW emission.

Different approaches are assumed in the literature to sam-
ple the parameter space of close encounters. For example,
Hut & Bahcall (1983) and Zevin et al. (2019) computed bpqx
as eq. A.1 and set k = 1 with arbitrary fixed values for a.
Samsing et al. (2014) chose k = 5 to ensure the sampling of dis-
tant interactions, but at the same time they kept the semi-major
axis fixed at 1073 AU, which corresponds to very hard binaries,
close to the merger. Quinlan (1996), on the other hand, fixed a
but varied the k parameter.

Here, we adopted a physically motivated semi-major axis
distribution, ranging from the limit between hard and soft bina-
ries down to the threshold for efficient GW decay. Moreover,
in our models we aim to fully explore the parameter space for
hard encounters. The price that we pay is that we do not con-
sider encounters with large k. Their effect is shown in figs. A.2
and A.3, for completeness.

Finally, fig. A.4 shows the relative total energy variation of
the binaries, dE/E = |Eg, — Ein| / |Efinl, where Eg, and Ej, are
the total binary energy at the beginning and end of the simula-
tion, respectively. The peak of the distribution shifts from larger
to lower values of the relative total binary energy variation, when
k increases. For instance, the distributions for our fiducial model
and for eq. A.1 with k£ = 1 peak more than one order of mag-
nitude above the distributions obtained for k = 4 and k = 5.
In the former, only 2.6% and 2.7% of the binary systems yield
dE/E < 1072, while this number increases to 20% and 31% for
the latter.
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Fig. A.2. Same as Fig. 2 but assuming eq. A.1 for the choice of b,x. The plot shows the outcome of the three-body simulations (upper panel) and
the formation channel of the BBH mergers (lower panel) for the main NSC set initialised with eq. 12 (dark red, fiducial model) and the smaller
NSC sets initialised with eq. A.1 assuming k = 1 (orange), 2 (yellow), 3 (light green), 4 (dark green), and 5 (blue).

15.0 m— SGF k=3 . k=5
' k=1 e k=4 a=-0.38+0.09 1034
. k=2 === B=11.83%0.31
o 12.5
o
= | B Wm--- e
gl0.0 X * - ==
£ s : 104
s " a 3 e 2
O s0 - =
(O]
a 1014
2.5
0.0 1-SGF 1 2 3 4 5
k 100+

) . 105 103 10! 101 103
Fig. A.3. Percentage of BBH mergers over all the simulated encounters dEJE
in NSCs, where b,,x was computed with eq. 12 and eq. A.1, assuming

k=1,2,3,4,5. The bar COIPUTS are the same as in Figs. A.1 and A2.  Fig, A.4. Histograms of the normalised variation in the binary total
The dashed grey line is the linear fit to the percentage of mergers as a  energy with respect to the final binary total energy as a function of byyy.
function of the k parameter. The colours are the same as in Figs. A.1, A.2, and A.3.
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