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Riassunto

In questa tesi si studia la dipendenza degli autovalori per equazioni di Maxwell
stazionarie in cavita elettromagnetiche che fungono da conduttori perfetti in re-
lazione a perturbazioni del dominio e del parametro di permittivita. Sfruttando
una tecnica generale sviluppata da P.D. Lamberti e M. Lanza de Cristoforis si
provano risultati di analiticita per la dipendenza delle funzioni simmetriche di
autovalori di molteplicita arbitraria; si dimostrano inoltre risultati alla Rellich-Nagy
che descrivono il fenomeno di biforcazione corrispondente, e si applicano ad alcuni
problemi di ottimizzazione di forma e di permittivita. In particolare, si mostra
che le palle sono forme critiche per perturbazioni isovolumetriche ed isoperimet-
riche del dominio. Inoltre, nell’ipotesi che una certa disuguaglianza di Gaffney
uniforme valga, si provano risultati di stabilita per 'operatore curl curl assumendo
restrizioni piuttosto deboli sulla robustezza delle perturbazioni. Si studia anche la
validita della disuguaglianza di Gaffney, sfruttando risultati di V.G. Maz’ya e T.O.
Shaposhnikova che si basano sui moltiplicatori di Sobolev.

La tesi € organizzata come segue. Il Capitolo 1 ¢ dedicato ad alcuni preliminari.
Si introducono spazi funzionali idonei e si fanno alcune considerazioni riguardo
la disuguaglianza di Gaffney. Nel Capitolo 2 si considera il problema di Maxwell
elettrico in una cavita elettromagnetica che funge da conduttore perfetto, e dove
sia la permittivita elettrica che la permeabilita magnetica sono state normalizzate.
Si studia la dipendenza degli autovalori da perturbazioni di forma del dominio. In-
nanzitutto, si provano risultati di analiticita con conseguenti formule alla Hadamard
per le funzioni elementari simmetriche degli autovalori. Dopodiché, si fornisce una
caratterizzazione dei domini critici sotto il vincolo di volume o perimetro fissato, e
si dimostra che le palle sono domini critici per entrambi i vincoli. Per concludere, si
espongono formule note per gli autovalori e le autofunzioni nella palla, e si mostra
che nella palla il primo autovalore ha molteplicita 3. Il Capitolo 3 é dedicato allo
studio della stabilita spettrale del problema di Maxwell elettrico. Nella prima parte
si introduce la trasformata di Piola di atlante e si sviluppano alcuni strumenti
tecnici che servono a provare che, nell’ipotesi di una disuguaglianza di Gaffney uni-
forme, si ha la stabilita spettrale per famiglie di domini perturbati che convergono
ad un dominio limite in una certa maniera. Nella seconda parte si tratta il caso
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critico e, usando strumenti propri della teoria dell’omogeneizzazione, si mostra
che la stabilita spettrale € ancora da aspettarsi quando la frontiera del dominio
é soggetta ad una perturbazione di tipo oscillatorio. Nel Capitolo 4 si studia
il comportamento qualitativo degli autovalori del problema di Maxwell elettrico
rispetto a perturbazioni del parametro di permittivita. Dapprima si prova che i
singoli autovalori sono localmente Lipschitziani, e se ne dimostra la dipendenza
continua anche rispetto alla topologia debole*. In seguito, si prova che le funzioni
elementari simmetriche degli autovalori dipendono in modo reale analitico dal
parametro di permittivita, e si espongono formule per le loro derivate. Sfruttando
tali formule, da un lato si esamina I'ottimizzazione delle funzioni simmetriche sotto
un vincolo idoneo sulla permittivita e si dimostra che esse non ammettono alcun
punto di massimo o minimo locale vincolato. Dall’altro lato, si mostra che per
una permittivita generica tutti gli autovalori sono semplici. Infine, il Capitolo
5 € un’appendice dove vengono raccolti alcuni risultati noti in letteratura e che
sono usati nel resto della tesi. In particolar modo, essa contiene una dimostrazione
dettagliata di una decomposizione vettoriale di M.Sh. Birman e M.Z. Solomyak,
ed un’esposizione di lemmi tecnici e teoremi di regolarita per il Laplaciano con
condizioni al bordo di Dirichlet ripresi dalla monografia di V.G. Maz’ya e T.O.
Shaposhnikova riguardante i moltiplicatori di Sobolev. Questi sono gli strumenti
principali usati in una dimostrazione della disuguaglianza di Gaffney inserita nel
Capitolo 1. Nell’appendice si fa un’attenta descrizione di tutte le costanti in gioco,
e si giustifica la validita di disuguaglianze di Gaffney uniformi usate nel Capitolo 3.



Abstract

In this thesis we study the dependence of eigenvalues for stationary Maxwell’s
equations in perfectly conducting electromagnetic cavities upon perturbation of the
domain and of the permittivity parameter. Using a general technique developed
by P.D. Lamberti and M. Lanza de Cristoforis we provide analyticity results for
the dependence of the elementary symmetric functions of eigenvalues of arbitrary
multiplicity, as well as Rellich-Nagy-type results describing the corresponding
bifurcation phenomenon, and we apply them to certain shape and permittivity
optimization problems. In particular, we show that for isovolumetric or isoperimetric
perturbations, balls are critical shapes. Moreover, under the validity of a uniform
Gaffney inequality, we prove stability results for the curl curl operator imposing
weak restrictions on the strength of the perturbations. We also analyse the
validity of the Gaffney inequality, for which we exploit results of V. Maz’ya and T.
Shaposhnikova based on Sobolev multipliers.

The thesis is organized as follows. Chapter 1 is dedicated to notation and some
preliminaries. We introduce suitable function spaces and make some considerations
about the Gaffney inequality. In Chapter 2 we consider the electric Maxwell
problem in a cavity with perfect conductor boundary conditions, where both the
electric permittivity and magnetic permeability have been normalized. We study
the dependence of its eigenvalues upon variation of the shape of the cavity. First,
we provide analyticity results with the appropriate Hadamard formulas for the
elementary symmetric functions of the eigenvalues. We then characterize critical
domains for such functions under constraint of fixed volume or fixed perimeter,
and show that balls are critical shapes. Finally we provide known formulas for the
eigenpairs in the case of a ball, showing that the first eigenvalue has multiplicity
three. Chapter 3 is devoted to the study of the spectral stability the electric
Maxwell problem. In the first part we introduce the Atlas Piola transform and
develop some useful technical tools to show that, under the validity of a uniform
Gaffney inequality, there occurs spectral stability for families of perturbed domains
converging to a limit domain in a certain way. In the second part we treat the
critical threshold case, and using machinery from homogenization theory we show
that if a uniform Gaffney inequality holds, the spectral stability is still expected
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when the boundary of a domain undergoes a perturbation of oscillatory type. In
Chapter 4 we study the qualitative behaviour of the eigenvalues of the electric
Maxwell problem upon perturbation of the permittivity parameter. We first
prove the local Lipschitz continuity of single eigenvalues and we show that they
depend continuously with respect to the weak™ topology. Then, we prove that
the elementary symmetric functions of the eigenvalues depend real-analytically on
the permittivity and provide formulas for their derivatives. Making use of these
formulas we first consider the optimization of the symmetric functions under a
suitable constraint on the permittivity and we show that they do not admit any point
of local minimum or maximum. Second, we show that for a generic permittivity
all the eigenvalues are simple. Finally, Chapter 5 is an appendix including known
results that are used in the rest of the thesis. Precisely, it contains a detailed proof
of a vector decomposition by M.Sh. Birman and M.Z. Solomyak, and an exposition
of technical lemmas and theorems on the regularity for the Dirichlet Laplacian
taken from the monograph by V.G. Maz’ya and T.O. Shaposhnikova on Sobolev
multipliers. These are the main tools used for a proof of the Gaffney inequality
presented in Chapter 1. We make a careful description of all the constants involved,
and we justify the validity of uniform Gaffney inequalities used in Chapter 3.



Introduction

Maxwell’s equations are a fundamental cornerstone of physics, and the foundation
of the classical theory of electromagnetism. They provide a mathematical model to
comprehend the behaviour and evolution of electromagnetic phenomena, describing
how the electric and magnetic field are generated and interact with each other.
They read as follows

0B
e +curl E=0 (Faraday’s Law of Induction),

D
88_15 —curl H = —J (Ampére’s Law),

divD =p (Gauss’s Electric Law),
divB=0 (Gauss’s Magnetic Law).

Here E and D denote the electric field and the electric displacement, while H and
B denote the magnetic field and the magnetic flux density. Moreover, J is the
current density and p stands for the charge density of the medium.

Under the assumption that the vector fields admit a Fourier transform in the
time variable, or even if they behave periodically with respect to time with the
same frequency w, the above system simplifies into the following form, known as
the “time-harmonic Maxwell’s equations"

—iwB 4 curl E =0,
iwD+curlH =0cF + J,,
div D = p,
divB =0, (0.0.1)

which describes how the spatial parts (F, H) of electromagnetic waves behave if
they are oscillating at frequency 5=. Here we have also made the assumption that
J = oF + J. (Ohm’s Law in a linear approximation), where J, is the external
current density and o the conductivity of the medium. The fields D and B are also
called the electric induction and magnetic induction respectively.

vii
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The quantities D, E, B, H are linked by the following “constitutive relations":
D =c¢F, B = uH. (0.0.2)

The above identities, which specify the response of bound charge and current to the
applied fields, are physically reasonable if we ignore ferro-electric and ferro-magnetic
media and if the fields are relatively small. Here € denotes the electric permittivity
of the medium. It measures how easily charged particles can flow through a
material, and is associated with the alignment of bound molecules electric dipole
moments within the medium. Analogously, i denotes the magnetic permeability
of the medium. It measures how easily a magnetic field can pass through it and
relates to the orientation of bound magnetic particles within the material. Note
that from a mathematical point of view, the constitutive relations allow us to obtain
a well-posed system of differential equations, as system (0.0.1) is undetermined.

For a large class of real-world materials, in particular for linear anisotropic
dielectric media (the physical properties of these materials depend both on the
on the point and the direction taken at that point), the permittivity and the
permeability are modelled by second-rank tensors and are represented by 3 x 3-
matrix valued maps. In the special case the quantities ¢ and p are scalar, the
material is called isotropic. If the material is also homogeneous, then € and p are
constants. For further details on the physical aspect of Maxwell’s equations we
mention the text book [71]|, while for an introduction to modern mathematical
methods in the theory of electromagnetism we refer to the extensive monographs
[31, 74, 99, 106].

Depending on the physical model under consideration, various boundary con-
ditions, radiation conditions at infinity and field continuity conditions can be
coupled with Maxwell’s differential equations. Therefore, various boundary value
problems can be formulated, and can be tackled using integral methods and tools
and techniques proper of potential theory, harmonic analysis, calculus of variations,
functional analysis etc. Among them, of great importance is the one related to
the perfectly conducting cavity, which models cases where the electric resistivity is
negligible (for example in superconductors). The study of electromagnetic cavities
has not only a pure interest for mathematicians and physicists, but has also several
applications from an engineering point of view: for example in the design of cavity
resonators or shielding structures for electronic circuits. We refer to [66, Ch. 10|
for a detailed introduction to this field of investigation. We cite the well-known
papers [38, 39, 40] by Costabel and Dauge, as well as the more recent papers
6, 16, 27, 37, 83, 101, 114].

In our mathematical setting cavities are understood as bounded connected open
sets (domains) in the Euclidean space R?, and they are thought filled by a material
which in general is inhomogeneous and anisotropic. The eigenfrequency problem in
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a bounded domain  in R? consists in finding two non-zero eigenfields £, H and a
non-zero eigenfrequency w > 0 (also called angular frequency or pulsation) such
that the following coupled system of differential equations is satisfied:

curl B —iwp H =0, curl H +iwe E=0 in Q. (0.0.3)

We assume that € (the electric permittivity) and p (the magnetic permeability) are
represented by positive definite symmetric 3 x 3 matrices which depend on x € ()
and whose entries are in L>(Q2). In particular, since e and pH are both curls,
then necessarily

diveE =0, divpH =0 in 2.

Note that if we use the constitutive relations (0.0.2), system (0.0.3) corresponds to
the time-harmonic Maxwell’s equations (0.0.1) if we further assume that we are in
a region free of charges (p = 0) and external currents (J. = 0).

If the boundary of the cavity €2 represents perfectly conducting walls then we
couple the Maxwell differential system with the following boundary conditions

vxE=0, v-pH=0 on 02, (0.0.4)

where v denotes the outer unit normal vector to the boundary of Q2. In other words,
the electric field is normal at the boundary while the magnetic field is tangential.

The cavity resonator problem is to find non-zero frequencies w and non-zero
electromagnetic fields (E, H) such that

curl F —iwpH =0 in €2,
curl H +iweE =0 in ,
diveE =0 and divpuH =0 in ,
vxE=0andv-uH =0 on 0.

(0.0.5)

Applying the curl operator to the first two equations in (0.0.5) we get
curl p leurl E = w?E, curle 'ewrl H = w?uH in Q.

Hence, setting A = w? > 0, we are presented with the two following eigenproblems:

eteurlpteurl E=)\E  inQ,
(electric Maxwell) < diveFE = 0 in Q, (0.0.6)
vx E=0 on 0,



and

plteurle teurl H = AH  in Q,

divpH =0 in

(magnetic Maxwell) wH s (0.0.7)
v-uH =0 on 02,
vxeleurl H=0 on 0f2.

Note that solutions of (0.0.6) automatically satisfy the condition v - curl E = 0
on 052, hence we have omitted it (cf. Lemma 1.3.5). Moreover, for A # 0 the
conditions of null divergence can also be omitted, but we conveniently leave it since
it will be useful for clarity purposes. It is straightforward to see that the electric
and the magnetic problems give rise to the same eigenvalues (see also [41, Lemma
2.1] and [115]), hence the term Mazwell eigenvalues. Finally, note that in general a
monotonicity principle with respect to inclusion is not expected for the Maxwell
eigenvalues (see Remark 2.1.7 and Counterexample 2.1.8).

In the first part of the thesis, our goal is to make a qualitative analysis of the
Maxwell eigenvalues upon variation of the domain €). Since we are interested in
the dependence upon the shape of the cavity, we simplify the problem with the
normalization € = y = 1 to obtain the following Maxwell electric eigenproblem:

curlcurl E = A\ E in €,
divE =0 in €, (0.0.8)
vx E=0 on 0f).

It is readily seen that the eigenvalues of (0.0.8) can be arranged in a non-decreasing,
divergent sequence

where each eigenvalue is repeated according to its multiplicity (that is, the dimension
of the corresponding eigenspace). We study the dependence of A, [Q2] on the shape
of €2, and we aim at proving analyticity results for all eigenvalues, both simple and
multiple, and we address an optimization problem concerning the role of balls in
isovolumetric or isoperimetric domain perturbations.

We point out that the behaviour of the spectrum of problem (0.0.8) upon
domain perturbation is not much discussed in the literature. We are aware only of
the paper [72] by S. Jimbo which provides a Hadamard-type formula for the shape
derivative of simple eigenvalues and quotes the book [70] by K. Hirakawa where an
analogous but different formula is provided on the base of heuristic computations.
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We also quote the recent papers [64, 65, 69| concerning the use of domain derivatives
in inverse electromagnetic scattering.

On the contrary, the amount of scientific works concerning domain perturbations
for other type of differential operators arising in elasticity theory, is vast and
these types of issues have been largely investigated in the literature. We cite
the classical book [68] by D. Henry, and [19, 67] for more information about
the variational approach. We also mention the monograph [47] by Dalla Riva,
Lanza de Cristoforis and Musolino for a functional analytic approach to stability
problem. In particular, it appears that for classical boundary value problems
involving rotational invariant operators, a kind of principle holds, namely, all
simple eitgenvalues and the elementary symmetric functions of multiple eigenvalues
depend real analytically on the domain, and balls are corresponding critical domains
with respect to isovolumetric and isoperimetric domain perturbations, see [22].
In this thesis we prove that the eigenvalue problem (0.0.8) obeys this principle,
proving the analytic dependence and providing appropriate Hadamard-type formulas
(see Theorem 2.3.5). From that, we show in Theorem 2.4.10 that an open set
is a critical domain, under the volume constraint Vol(§2) = constant, for the
elementary symmetric functions of the eigenvalues bifurcating from an eigenvalue A
of multiplicity m if and only if the following extra boundary condition is satisfied:

i (|E<l>|2 - |H<l>|2) — ¢ on 09, (0.0.9)

=1

where ¢ is a constant, £, [ = 1,...m, is an orthonormal basis in (L?(£2))® of the
(electric) eigenspace associated with A, and H® = —icurl E® /v/X is the magnetic
field associated with E® (cf. (0.0.3)). Similarly, in the case of isoperimetric domain
perturbations and perimeter constraint Per({2) = constant, the extra boundary
condition reads

Em: (1BOF — [HO12) = M on 00, (0.0.10)

=1

where ¢ is a constant and H is the mean curvature of 92 (the sum of the principal
curvatures). We then prove in Theorem 2.4.13 that both conditions (0.0.9) and
(0.0.10) are satisfied if € is a ball. Note that this does not say that the ball is an
extremizer among isovolumetric or isoperimetric shapes, since criticality is a more
general property. It would be interesting to characterise all domains for which the
above conditions are satisfied.

We remark that using the elementary symmetric functions of multiple eigenvalue,
rather than the eigenvalues themselves, is quite natural since domain perturba-
tions typically split the multiplicities of the eigenvalues and produce bifurcation
phenomena responsible for corner points in the corresponding diagrams. Moreover,
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we believe that in the specific case of Maxwell equations, being able to deal with
multiple eigenvalues is quite important since all eigenvalues of the Maxwell system
in a ball are multiple.

We want to stress that our method is based on the theoretical results obtained
in [78], which concerns the case of general families of compact self-adjoint operators
in Hilbert spaces with variable inner product, and which was applied for the case
of the Laplace operator with Dirichlet and Neumann boundary conditions in [79]
and [80] respectively. The same method was further adopted in other works such
as |21, 22, 24, 81, 87|. In particular we mention the work [20] by Buoso, where the
author proves shape differentiability results for second order elliptic systems with
constant coefficients satisfying the Legendre-Hadamard conditions, providing also
optimality conditions within the class of isovolumetric shape perturbations. We
also mention the paper [23] where the Reissner-Mindlin system is studied.

Here we consider a class of open sets ®(€2) identified by a class of diffeomorphisms
® defined on a fixed reference domain 2. Then our problem is set on ®(2) and
pulled-back to € by means of the covariant Piola transform associated with ®(cf.
(2.2.3)). This allows to recast the problem on € and to reduce it to the study of a
curl-div problem with parameters depending on ®, the eigenvalues of which are
exactly \,[®(€2)]. Then, passing to the analysis of the corresponding resolvents
defined in (L?(€2))® (with an appropriate equivalent inner product depending on @)
we can prove our analyticity results for the maps ® — A, [®(2)] and study their
critical points under volume constraint Vol (®(2)) = const. or perimeter constraint
Per ®(2) = const.

We also note that the families of compact self-adjoint operators under consider-
ation are obtained by following the method of [39] which consists in adding the
penalty term —7V div F in the eigenvalue equation of (0.0.8), depending on an
arbitrary positive number 7. Then it is enough to observe that the eigenvalues of
the penalized problem are given by the union of the eigenvalues of problem (0.0.8)
and the eigenvalues of the Dirichlet Laplacian —A in , multiplied by 7, see [40,
Theorem 1.1]. In particular, it follows that our analyticity result regarding problem
(0.0.8) yields (in the case of regular domains) also the analyticity result proved in
[79] for the eigenvalues of the Dirichlet Laplacian.

Besides the results described above, we would like to highlight two by-pass
products of our analysis. First, in Theorem 2.3.17 we prove a Rellich-Nagy-type
result describing the bifurcation phenomenon mentioned above. Namely, given an
eigenvalue A of multiplicity m, say A =\, = --- = A\, 1m_1, and a perturbation of
Q of the form ®.(Q) with ®.(x) = x + €V (z) for all x € Q where V is a ! vector
field defined on €2, we prove that the set of right derivatives at € = 0 of A, 44[®c(2)]
for all k =0,...,m — 1 (which coincides with the set of left derivatives, although
each right and left derivative may be different) are given by the eigenvalues of the



xiil

matrix (M; ;)i j=1,. m where
M;; = / (AE@ -BEY) — curl BV «curlE(j)) V-vdo, (0.0.11)
o0

and E® i =1,...m, is a (real) orthonormal basis in (L?(2))* of the (electric)
eigenspace associated with A. In particular, if A, is a simple eigenvalue we get the
Hadamard formula

d

i)‘n[@e(gﬂ

:/ (/\|E|2—|cur1E|2)V-ud0:)\/ (B> = [H*)V -vdo,
o0N

o0
(0.0.12)
where E is an eigenvector normalized in (L?(Q))® and H = —icurl E/v/X as above.
Second, by using these formulas we prove a Rellich-Pohozaev formula for the
Maxwell eigenvalues, namely any eigenvalue A can be represented by the formula

e=0

1
)\25/ (Jewl Ef — |cwl H?) z - v do, (0.0.13)
o0

where F is any (electric) eigenvector associated with A normalized in (L?*(2))? and
H = —icurl B/ VX (see Theorem 2.3.19). In particular, we have the identity

/ (|H)? = |E*) z - vdo = 2. (0.0.14)
o0

We note that our formulas are proved under the assumption that the eigenvectors
under consideration are of class H? (which means that they have square summable
derivatives up to the second order) and that this assumption is satisfied if the
corresponding domain is sufficiently regular, for example of class C*! (see [5, 113]).

We then focus on the study of the spectral stability for problem (0.0.8). Given
a fixed domain Q, we consider a family {€}.~¢ of perturbed domains converging to
2 as € = 0. The convergence of (2. to 2 will be described by means of a fixed atlas
A, that is a finite collection of rotated parallelepipeds V;, 7 = 1,...,s covering
the domains under consideration and such that if V; touches the boundaries of the
domains then 2NV, and Q. NV} are given by the subgraphs of two functions g;, g ;
in two variables, say & = (z1,x3). Thus the convergence of €, to €2 is understood
in terms of the convergence of g ; to g; as € — 0.

Since we are dealing with a differential operator of the second order, it is not
surprising that if g.; converges uniformly to g; together with its first and second
derivatives as ¢ — 0 (in which case one talks of C?-convergence) then we have
spectral stability of the curlcurl operator, which means that the eigenvalues and
eigenfunctions of problem (0.0.8) in €, converge to those in € as e — 0. It is also
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not surprising that if g. ; converges uniformly to g; together with its first derivatives
and

sup sup |D?g. ;(Z)| # oo (0.0.15)

e>0 zeR2
then we have spectral stability again. These results are also immediate consequences
of the results of the present thesis. The main question here is whether it is possible
to relax condition (0.0.15). For example, if we assume that g ; is of the form

9ej = €"b;(T/e) (0.0.16)

where a > 0 and b; is a fixed C? function, condition (0.0.15) is encoded by the
inequality a > 2. In this model case, the question is whether one can get spectral
stability for a < 2. Note that a profile of the form (0.0.16) is typical in the
study of boundary homogenization problems and thin domains, see for example
[9, 10, 11, 12, 28, 30, 53, 54, 55].

This problem was solved for the biharmonic operator with intermediate boundary
conditions (modelling an elastic hinged plate) in [11] where condition (0.0.15) is
relaxed by introducing a suitable notion of weighted convergence which allows to
prove spectral stability for & > 3/2 in the model problem above. That condition is
analogous to the one we use in (3.1.15). Namely we assume that for all € > 0 there
exists k. > 0 such that

@) re> max [lge; = gill g

(7) limk, = 0;
e—0

max;—1, || D%(ge; — 9i)||; oo rurr
(ZZZ) lim j s J J ||L (W)

3/2—
e—0 /ie/ 18|

=0 forall 3eN’with|8] <2.

(0.0.17)

It is remarkable that the threshold 3/2 is sharp since for o < 3/2 spectral stability
does not occur for the probelm discussed in [11] (in particular, it is proved in [11]
that for o < 3/2 a degeneration phenomenon occurs and for o = 3/2 a strange
term in the limit appears, as in many homogenization problems). An analogous
trichotomy is found in [54] for the biharmonic operator subject to certain Steklov
type boundary conditions. We also mention the paper [91| where a Babushka-
type paradox, appearing in homogenization theory when thin circular plates are
approximated by regular polygons, is studied on plates with convex holes.

We would like to point out that, throughout the whole thesis, a fundamental
result we use in order to guarantee the validity of a number of facts is the celebrated
Gaffney (or Gaffney-Friedrichs) inequality. In its standard form in the Euclidean
space R? it reads

[ull (s < € <||u||L2(Q)3 +lleurlul| 12 (g)s +[|div u||L2(Q)> (0.0.18)
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for all vector fields u € L*(Q)® with distributional curlu € L*(Q)? and divu €
L?(Q), and such that they are normal to the boundary of Q, namely v x u = 0 on
08 (v is the outer unit normal to ). The Gaffney inequality traces back to the
seminal works of Gaffney [58, 59, 60] and Friedrichs [57], and it is classical that it
holds for domains of class C?, or even piecewise C'!-boundaries (see |14, 15]). As
we will show, the regularity of the boundary can be significantly weakened in order
to include boundaries of class C1# with 8 > 1/2 (see also |56, 102]).

In this thesis, specifically in Theorem 3.2.30, we prove that the relaxed con-
vergence (0.0.17) guarantees the spectral stability of the curlcurl operator for
problem (0.0.8). Our result requires that the Gaffney inequality (0.0.18) holds for
all domains €2, with a constant C independent of € > 0. Again, if one does not
assume the validity of the uniform bound (0.0.15), then proving that a uniform
Gaffney inequality holds is highly non-trivial. Here we manage to do this, by
exploting the approach of [92, Ch. 14| based on the use of Sobolev multipliers and
the notion of domains of class M / ?(8). In particular, if we assume that

Vgei(%) = Ve, ()] < M|z - gI° (0.0.19)

for all z,y € R?, with 8 € [1/2,1] and M independent of ¢, and we also assume that
the sup-norms of functions |V, ;| are sufficienlty small, then our domains belong
to the class M; /2 (0) with 0 small enough. This allows to apply [92, Thm. 14.5.1]
which guarantees the validity of a uniform H?-a priori estimate for the Dirichlet
Laplacian which, in turn, is equivalent to the uniform Gaffney inequality.

In conclusion, the convergence of the domains €2, to € in the sense of (0.0.17)
combined with the validity of (0.0.19) and the smallness of the gradients of the
profile functions g. ; guarantees the spectral stability of the curlcurl operator for
problem (0.0.8). Note that, in principle, since € is of class C! one may think of
choosing from the very beginning an atlas which guarantees that the gradients of
the profile functions are as small as required (indeed, it is enough to adapt the
atlas to the tangent planes of a sufficiently big number of boundary points of 2).
Then the convergence in the sense of (0.0.17) would imply the smallness of the
gradients of the profile functions of €2, as well.

By setting f = a— 1, we deduce that a uniform Gaffney inequality holds for the
model example provided by (0.0.16) if a > 3/2. Moreover, if a > 3/2 then spectral
stability occurs for the same example since in this case also the convergence (0.0.17)
occurs.

The case o < 3/2 is more involved. In Section 3.4 of the thesis we also study
the threshold case a = 3/2 for the model example (0.0.16), managing to show
that, still under the validity of a uniform Gaffney inequality, there still occurs
the spectral stability. Moreover, we prove an analogous result for the magnetic
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counterpart of (0.0.8), namely for the following problem

curlcurl H =\ H in €,

divH =0 in Q,

(0.0.20)
v-H=0 on 052,
vxcurl H=0 on 0f).

In order to achieve these results we make a fundamental use of techniques from
homogenization theory. In particular, we exploit the so-called unfolding method,
introduced by Cioranescu, Damlamian and Griso in [34] (see also [35, 48]), which
is in turn based on the two-scale convergence, one of the first methods developed
in order to study homogenization and multi-scale problems. For a general reading
on homogenization theory we refer to the monograph [36]. We also mention the
survey work by Vainikko [111] where fundamental concepts about the convergence
of operators are summarized, and the paper 9] where these concepts are applied to
study the spectral behaviour of the biharmonic operator subject to homogeneous
boundary conditions of Neumann type on dumbell domains.

We note that if o < 3/2 one cannot expect a uniform Gaffney inequalities to
hold, in particular because the regularity assumptions C1# for any 8 > 1/2 is
optimal for the validity of the Gaffney inequality itself, see [56, 102].

Finally, in the last part of this thesis we consider the following problem

curlcurl E = A\e E in €Q,
diveE =0 in Q, (0.0.21)
vx E=0 on 0,

involving a non-unitary permittivity parameter €. To a certain extent, this study is
inspired by the papers [76, 82| where the authors investigate the behaviour of the
eigenvalues of the Laplacian and of a general elliptic operators upon perturbations
of mass density.

Again, it is readily seen that the spectrum of problem (0.0.21) is discrete and
made of (e-dependent) eigenvalues that can be arranged in an infinite, divergent
sequence

O<)\1[€] S)\Q[g] <-.- S)\n[g] < /‘—FOO,

where each eigenvalue is repeated in accordance with its multiplicity. Here we
consider permittivities € as symmetric matrix-valued functions whose entries are in
W1e(Q). Moreover we assume that there exist a positive constant m. > 0 such
that

eC-C 2> m€’<|2
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for all ¢ € R? and almost all € Q. In Theorem 4.2.11 we prove that the eigenvalues
Anlg] are locally Lipschitz continuous with respect to the parameter . Moreover,
we show that they depend continuously also with respect to the weak* topology on
Whoo(Q) induced by its ambient space L>(2)?, see Theorem 4.3.6.

At this point we pass to consider higher regularity properties. Again, we
follow the approach by Lamberti and Lanza de Cristoforis in |78, 79|, and consider
the elementary symmetric functions of the eigenvalues, since in general multiple
eigenvalues may present bifurcation phenomena when the parameters are perturbed.
We prove an analyticity result for those functions of the eigenvalues, and provide an
explicit formula for their (Fréchet) differential with respect to € (see Theorem 4.4.7).
We also consider the case of one-parameter families of perturbations of £ and prove
in Theorem 4.4.11 a Rellich-Nagy-type theorem which describes the bifurcation
phenomenon of multiple eigenvalues, showing that all the branches of the eigenvalues
splitting from a multiple eigenvalue of multiplicity m can be described by m real
analytic functions of the scalar parameter of the family of perturbations, and
provide formulas for their right and left derivatives.

As a first application of the above result, we consider a constrained optimization
problem for the symmetric functions of the eigenvalues. Inspired by the analogous
optimization problem for the eigenvalues of the Dirichlet Laplacian with mass
density modeling a vibrating membrane with fixed mass (see [82]), we prove that
the symmetric functions of Maxwell’s eigenvalues have no critical points under the
constraint that the integral of the permittivity is constant (cf. Theorem 4.5.1).

Finally, as a second application, in Section 4.6 we show that all the eigenvalues
of problem (0.0.21) are simple for a generic permittivity. That is, in few words,
given any permittivity ¢ it is always possible to find a small perturbation &, as
close to ¢ as desired, such that the eigenvalues {\;[]},en are all simple.

The thesis is organized as follows. Chapter 1 is dedicated to notation and
some preliminaries. We introduce the appropriate function spaces suitable for the
study of problems (0.0.8) and (0.0.21), and we make some considerations about the
Gaffney inequality, presenting two known proofs. One is more direct and exploits
L?-estimates for first-order derivatives involving the curvature tensor 8. The other
one makes use of a special decomposition of vector fields, developed by Birman
and Solomyak in [17], paired with regularity results for the Dirichlet Laplacian.

In Chapter 2 we consider problem (0.0.8) and study the dependence of its
eigenvalues upon variation of the shape . In the same spirit of [79], we provide
analyticity results with the appropriate Hadamard formulas for the elementary
symmetric functions of the eigenvalues. We then characterize critical domains for
such functions under constraint of fixed volume or fixed perimeter, and show that
balls are critical shapes. Then we provide known formulas for the eigenpairs in the
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case € is a ball, showing that the first eigenvalue has multiplicity three.

Chapter 3 is devoted to the study of the spectral stability of eigenvalues and
eigenfunctions of problem (0.0.8). In the first part we introduce what we call “Atlas
Piola transform" and develop some useful technical tools to show that, under the
validity of a uniform Gaffney inequality, there occurs spectral stability for families
of perturbed domains converging in the sense of (0.0.17). In the second part we
treat the case with a = 3/2, and using machinery from homogenization theory
we show that if a uniform Gaffney inequality holds, the spectral stability is still
expected when the boundary of a domain undergoes a perturbation of oscillatory
type.

In Chapter 4 we study the qualitative behaviour of the eigenvalues of prob-
lem (0.0.21) upon perturbation of the permittivity parameter £. We first prove
the local Lipschitz continuity of the single eigenvalues. We also show that they
depend continuously with respect to the weak* topology on W1°°(2). Then, using
techniques adapted from [79], we prove that the elementary symmetric functions of
the eigenvalues depend real-analytically on € and provide formulas for their deriva-
tives. Making use of these formulas we then prove a result concerning permittivity
optimization, and the generic simplicity of the spectrum of problem (0.0.21).

Finally, Chapter 5 is an appendix including known results that are used in
the rest of the thesis. Precisely, it contains a detailed proof of the Birman and
Solomyak [17] vector decomposition, and an exposition of technical lemmas and
theorems on the regularity for the Dirichlet Laplacian taken from the monograph
[92] . These are the main tools used in the second proof of the Gaffney inequality
present in Chapter 1. In this appendix we pay attention to the constants involved
and make a careful description of all the quantities they depend on, ultimately
allowing us to justify the uniform Gaffney inequalities used in Chapter 3.

The results in Chapter 2 on the qualitative analysis of the Maxwell eigenvalues
upon domain perturbation have been published in [84] in collaboration with Prof.
Pier Domenico Lamberti. The spectral stability results for « > 3/2 present in
Chapter 3 is included in the paper [85], also in collaboration with Prof. Pier
Domenico Lamberti, and is currently submitted for publication in an international
scientific journal. Finally, part of the results of Chapter 4 will be published in the
forthcoming paper [90] in collaboration with Dr. Paolo Luzzini.
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Chapter 1

Preliminaries

In this chapter we set the notation and introduce some known results which will
be useful in the sequel

Let N > 2 be a natural number. If X is any Hilbert space of scalar functions
with inner product (-, )y, by X" we denote the Hilbert space of vector-valued
functions whose components belong to X', endowed with inner product

N

(u, v)an = Z(Wﬂh‘)x

i=1

for all u = (uy,...,uy),v = (vi,...,vy) € XN. Moreover, the Banach spaces
we introduce shall be interpreted as vector spaces over the field of real numbers
R, since we will deal with self-adjoint operators. In this sense, e.g., if 2 is a
measurable subset of R? and L?*(Q) is the standard Lebesgue space of square
integrable real-valued functions, the space L*(2)? is endowed with the following
inner product

(U, v) 23 = / u-vdr = /(ulvl + ugvg + ugvs) dx Yu,v € L*(Q)>.
Q Q

Let © be an open set in RY. Let K € Nand 1 < p < oo. By WkP(Q) we denote
the standard Sobolev spaces of functions in LP(2) possessing weak derivatives in
LP(2) up to the order k € N. We denote the space W*?2(Q) also by H*(2). If in
addition Q C RY is bounded and of class C*, by H'/2(9)) we denote the trace
space of H*(Q).

As usual, we use the same symbol to denote weak and classical derivatives.
Also, the terms weak and distributional will be interchangeable.

We define D(£2) to be the linear space of infinitely (smooth) differentiable
functions with compact support in 2. We shall often denote it also by C°(12).

3
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Then we set )
D) = {¢lo: v € DRY)},

which is the space of smooth compactly supported functions restricted to €2.

In this thesis we will repeatedly need to consider the (boundary) regularity
of the set 2. This means that {2 can be described in a neighbourhood of any
point of its boundary as the subgraph of a sufficiently regular function g defined
in a local system of orthogonal coordinates. The regularity of €2 depends on
the regularity of the function g. Following [26] and [54], we find convenient to
introduce the notion of atlas. Given a set V' C RY and a parameter p > 0, we write
V,: ={z €V :d(z,0V) > p}, where d(z,S) is the Euclidean distance from z to
the set S.

Definition 1.0.1. Let N > 2 be a natural number. Let p > 0,s,8 € N, s’ < s
and {V;}5_, be a family of bounded open cuboids (i.e. rotations of rectangle
parallelepipeds in RY) and {r; }5-1 be a family of rotations in RY. We say that 4 =
(p,5,8 {Vi}5o1, {r;}5=1) is an atlas in RY with parameters p, s, ', {V;}5_,, {r;}21,
briefly an atlas in R™.

A bounded domain Q in RV is said to be of class C%7(A) with k € N, v € [0, 1]
and M > 0 if it satisfies the following conditions:

(i) @ U= (V)), and (Vj), N F#0;
(i) V;NoQ#Bfor j=1,...,8 and V;NOQ =0 for & +1 < j < s;
(iii) for 7 =1,...,s we have
rj(V}):{mGRN:aij<$i<bij,i:1,...,N},
for j =1,...,s we have
r;(V;NQ) = {x:(f,xz\;) eRY : 7€ Wj,an; <xN<gj(f)},
where T = (x1, x2),

W; = {i’eRN*l,&ij <@ <bi]-,z':1,---,N—1}

and the functions g; € C*Y(W;) for any j = 1,...,s". Moreover, for j =
1,...,¢
anj +p < gi(T) <bnj—p

for all z € WJ



1.1. The diwv operator )

(iv)
| D%g;(T) — D%g;(7)]

sup [|[D%g;|| L.y + sup sup A <M
|| <k ’ ) |a|=k z,yEW; ‘x - y"y
TAY

forj=1,...,5.

We say that Q is of class C*7(A) if it is of class C%77(A) for some M > 0; we say
that © is of class C*7 if it is of class C*7(A) for some atlas A.

We shall often use the terminology “Lipschitz continuous" (or simply Lipschitz)
instead of “of class C%1".

In the following sections we will introduce some useful tools, spaces and known
results; we will mainly follow Chapters 2 and 3 of [62]. More details can also be
found in [31], [49], [62], [106].

From now on, unless otherwise specified, the set {2 is assumed to be a bounded
open set in R3.

1.1 The div operator

If v = (v1, v2,v3) is a smooth vector field defined in 2, then the divergence of v is
the (smooth) scalar function defined in €2 as follows

3

ov

dive = )
=1

Using integration by parts we can define the more general notion of weak (or

distributional) divergence for a more generic vector field, in the same way one

can define the standard weak derivatives when dealing with Sobolev spaces. Let

v € L}, .(Q)% we say that the vector field v has a weak divergence if there exists a
1 () such that the following integration by parts formula

function g € L,
/U-Vgpdx:—/g(pd:r;
Q Q

holds for all ¢ € D(2). The function g is called the weak divergence of v, and it is
denoted by divwv. Thus we can write

/U-Vgpdx——/divvgodx for all ¢ € D(9).
Q Q

Obviously, the weak divergence is uniquely defined up to sets of zero measure.
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We can now introduce the space of square integrable vector fields with distribu-
tional divergence in L?(2), namely

H(div,Q) := {v € L*(Q)* : there exists dive € L*(Q)}.

This space becomes a Hilbert space when endowed with the following inner product:
(U, V)div == / u-vdr + / divu divedzr for all u,v € H(div, Q).
Q Q

The norm associated with the inner product is denoted by ||u||m(aiv,0) and it is
defined as follows

9 ) 9 1/2
lell iy = (1l zgye +lldivelfag ) -
The following theorem provides a density result for the space H(div, ).

Theorem 1.1.1 ([62, Thm. 2.4]|). Let Q be a Lipschitz open set in R® (not

necessarily bounded). Then the space D(Q)? is dense in H(div, ).

We also introduce the subspace Hy(div, () defined as the closure in H(div, Q)
of smooth compactly supported vector fields, namely

Hy(div, Q) := D(Q)3Hdv2),

In order to better characterize the above defined space, we need to introduce the
concept of normal trace for vector fields in H(div, ). By =, we denote the normal
trace operator, which for smooth vector fields p € D(Q)? is defined by v, := v+ p|q.
The following theorem allows us to define the normal trace for general vector fields
in H(div, Q).

Theorem 1.1.2. Let Q be a bounded Lipschitz open set in R®. The mapping v,
can be extended by continuity to a linear continuous mapping, still denoted ~,, from
H(div, Q) to H=Y2(0Q). Moreover, the following Green’s formula

/v -Vdr + / dive pdr = (7,0, ¥)aq (1.1.3)
Q Q

holds for allv € H(div,Q) and ¢ € H'(Q). Here (-, -)oq denotes the pairing between
H=Y2(0Q) and HY?(08Y), which in the case v € H(Q)® reads

(Vnv, p)aa = (V- v, 0)aq = /m(v -v) @do.
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Proof. To see the validity of the extension one can look up the proof of Thm. 2.5
of [62].

Formula (1.1.3) is easily deduced from the standard Gauss theorem for smooth
functions and using the density of D(Q) in H'(€2) together with Theorem 1.1.1. [

For the sake of simplicity and to avoid confusion, we denote the normal compo-
nent y,v of v by v - v|sq. Moreover, the notation for the restriction to 0€2 of the
function shall be often omitted, since it will be clear from the context.

If 2 is a bounded Lipschitz open set in R?, it turns out that the space Hy(div, 2)
is exactly the kernel in H (div, 2) of the normal trace v, (see e.g. (62, Thm. 2.6|),
so that we can write

Hy(div, Q) = {v € H(div,Q) 1 v,0 = v - v|gg = 0} .

1.1.1 The case of non-unitary permittivity

Let € = (£4(2))1<ij<3, © € 2 be a symmetric positive definite 3 x 3 real matrix-
valued function, and let m., M, > 0 be two positive constants such that

me|¢|* < e(x)¢- ¢ < MLI¢P (1.1.4)

for all (z,¢) € Q x R®. By (1.1.4) it follows that the standard inner product of
L*(92)? and

/ eu-vdr for all u,v € L*(Q)?
Q

give rise to equivalent norms in L?()3.

A vector field v € L} (Q)? has a weak e-divergence if there exists a function in

Li.(2), denoted by div(ev), such that

/ eu-Vodr = —/ div(ev)pdz for all ¢ € D(Q2)°.
Q Q

The set H(dive, () is defined to be the space of all vector fields in L*(Q)? with
weak e-divergence in L?(Q)? and is endowed with the following inner product

(U, V) give == / eu - vdr + / div(eu) div(ev) dx for all u,v € H(dive, ),
Q Q

which makes it a Hilbert space.
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1.2 The curl operator

Given a smooth vector field v = (vy, va,v3) defined in €, the curl (or rotor) of v is
the (smooth) vector field defined in €2 by

curl v = (9@3 _ 802 c%l _ 81)3 802 _ 81}1
o 81’2 8x3’ al’3 81’1’ 8:61 8@ )

Using a more compact notation, the k-th component of the curl of v can be written
as follows

3 3
ov;
(curlv)k = E a—?&jk = E 8Z'Uj fijka (121)

ij=1 ij=1
for any k£ = 1,2, 3, where &;;;, is the Levi-Civita symbol defined by

+1 if (i, 7, k) is an even permutation of (1,2, 3),
Cijr =14 —1 if (i, 7, k) is an odd permutation of (1,2, 3),
0 ifi=y4, orj=k, ori==k.

Similarly to what we have done for the divergence, we can define the weak (or
distributional) curl for a generic vector field. Given v € L},.(2)3, we say that that
the vector field v has a weak curl if there exists a vector field w € L}, (Q2)? such
that the following integration by parts formula

/v-curlgpdx:/w-cpdx
Q Q

holds for all ¢ € D(Q)3. The vector field w is called the weak curl of v, and it is
denoted by curlv. Thus we can write

/v-curlcpdx:/curlv-gpdx for all p € D(Q)>.
Q Q

Again, the weak curl is uniquely defined up to sets of zero measure.
We now introduce the space H(curl, ), containing all vector fields in L?*(Q2)?
with distributional curl in L?(£2)3:

H(curl, Q) := {v € L*(Q) : there exists curlv € L*(Q)*} .

If we endow it with the following inner product
(U, V) eurl 1= / u-vdr + / curlu - curlvdz  for all u,v, € H(curl, Q)
Q Q

it becomes a Hilbert space, and the associated norm is

/
2 2
il eanney = (Il +llewrlullaeys )

Similarly to the case of the divergence, we also have the following density result.
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Theorem 1.2.2 ([62, Thm. 2.10]). Let Q be a Lipschitz open set in R (not

necessarily bounded). Then the space D(Q)? is dense in H(curl, Q).

We define the space
Hy(curl, Q) := D(Q)3H (cul)

to be the closure in H(curl, Q) of smooth compactly supported vector fields. A
useful characterization of this space is given by the following lemma.

Lemma 1.2.3 (|62, Lemma 2.4|). Let Q be a bounded Lipschitz open set in R3. If
a vector field v € H(curl, §2) is such that

/v-curlcpdx:/curlv-godx for all ¢ € D(Q)3,
Q 0

then v € Hy(curl, 2).

Remark 1.2.4. Assume () is an arbitrary open set in R?. Consider the densely
defined unbounded operator A : D(A) = Hy(curl,Q) C L*(Q)3 — L*(Q)3, Av =
curlv for any v € D(A). It is easy to see that the adjoint A* has domain D(A*) =
H(curl,Q) C L*(Q)? and it is such that A*v = curlv for any v € D(A*). At this
point, observing that A** = A since A is closed, one realizes that Hy(curl, Q) is
exactly composed by those vector fields v € H(curl, ) such that

/v-curludx:/curlv-udx for all uw € H(curl, Q).
Q Q

Thus, Lemma 1.2.3 holds for any open set such that D(Q)? is dense in H (curl, Q2).
However, for our purposes it is enough to assume that €2 has a Lipschitz boundary.

The following proposition provides another characterization of the space Hy(curl, )
and is analogous to the well-known characterization of the Sobolev space H} () (see
e.g., |18, Prop. 9.18]). We include here two proofs: one makes use of Lemma 1.2.3,
while the other one is based directly on the argument in [18, Prop. 9.18]. By v° we
denote the extension-by-zero of a vector field v, that is

v if x e,
0 ifzeR*\Q.

Proposition 1.2.5. Let Q be a bounded open set of class C*' and u € H(curl, Q).
Then the following are equivalent:

(i) u € Hy(curl, Q2);
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(i) the function

0 u if x €€,
u =
0 ifzeR3\Q,

belongs to H(curl, R?).

In this case curl(u®) = (curlu)®.

Proof. The implication (i)=-(ii) is trivial and does not need any regularity re-
quirement on the boundary of Q. Indeed, if u € Hy(curl, §2) then there exists a
sequence of (C°(Q))? functions that converges strongly in H(curl, Q) to . Then
the same sequence converges strongly to the function «° in H(curl, R?), hence
u’ € H(curl, R?).

The other implication is more involved. We first present a rather simple
argument which exploits Lemma 1.2.3. Suppose that u° belongs to H(curl, R%).
Hence, there exists w € L?(R?)? such that

/ u-curl pdr = / w - pdr for all ¢ € D(R?)?. (1.2.6)
Q R3

Since it holds in particular for all test functions ¢ € D(€2)?, then necessarily
w = curlu on Q. On the other hand, since we can take any p € D(R?\ Q)?, we see
that w = 0 outside Q. Thus we can rewrite (1.2.6) as follows

/ u - curl pdr = / curlu - pdx for all ¢ € D(Q)?. (1.2.7)
Q Q

By Lemma 1.2.3 it follows that u € Hy(curl, 2).
It is worthy to note that in the above argument the difficulty is hidden in the
proof of Lemma 1.2.3. O]

Alternative proof of Proposition 1.2.5. The second argument which we propose
here to prove the implication (ii)=-(i) is adapted from the proof of Proposition 9.18
of [18]. Set

R? == {2z = (7,23) € R* x R: 23 < 0},

Q = {:U = (i’,xg) eR3: ‘j| < 1,|x3] < 1}

and Q_ := Q NR3. By using a standard partition of unity and passing to local
charts one is reduced to solve the following problem. Let u € L*(Q_)? be such that
the function
o Ju itz e, x3 <O,
. 0 ifxze@, x3>0,



1.2. The curl operator 11

belongs to H (curl, Q); prove that

fu € Hy(curl,Q) for all € C°(Q). (1.2.8)

Indeed, following the notation used in Definition 1.0.1, let {1/;}3_, denote a partition
of unity associated with the open cover {V;}_; of Q. Write u as

S S
U = E uwp; = g uj,
i=1 =1

with u; = uw; € H(curl,2). Then for every j = 1,...,s we flatten the part
of the boundary of {2 that affects 1;, i.e. the one relative to the cuboid V,
through the local coordinate chart. Namely, we first straighten up the cuboid
V; using the rotation 7;, to get the new cuboid r;(V;) and write r;(V; N Q) =
{z = (z,25) € R®: T € Wj,a3; < x3 < g;(Z)}. We assume without loss of general-

ity that as; +p < 0, bs; —p > 0, and g; is a non-negative function of class C%*(W;).
We can then define a diffeomorphism of class C%! that flattens the boundary, for

example ®; : 7;(V; N Q) — r;(V; NQ), ;(x) = (T, x5 — hj(T, x3)), with

0, if lag; — @3] < p or |bs; — x3| < p,

xz3—(az;+p)

2
h;(z,z3) = 9;(Z) (m) . ifagy+p <aws < g;i(T),

2
_ ba:—p)—2x . _
9;() (%) . if gi(Z) < w3 < bsj — p.

Flattening of the boundary.

We can then work with the push-forward u; of u; under the covariant Piola
transform associated with the diffeomorphism ®; o r; (cf. (2.2.3)). Observe that
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a; € H(curl,r;(V; N Q)) since ®; or; is of class C%! (see Theorem 2.2.4 and
Remark 2.2.8). Moreover, note that the push-forward of the extension-by-zero
ug of u; is exactly the extension-by-zero of the push-forward @; of u;, and thus
belongs to H (curl, R? by hypothesis. Hence, supposing that we managed to prove
(1.2.8), we have that @; € Hy(curl,r;(V; N €;)), and thus we find a sequence of
functions in C°(r;(V; N $2;))? approximating @; in H(curl, (r;(V; N Q;)). Then,
pulling back these sequence via the covariant Piola transform, we get a sequence
{¢}nen C H(curl, Q) of functions approximating u; in H (curl, Q), with compact
support in €2 (to be precise in V; N 2). We can do this for every j =1,...,s and
finally, setting ¢, :== > _; ¢J for all n € N, we get that ¢, € H(curl, Q) with compact
support in € and

S
H(curl,Q2)
j=1

Since C°(Q)? is dense in H(curl, ) (see Theorem 1.2.2) and ¢, has compact
support in , the limit (1.2.9) is sufficient to guarantee that u € Hy(curl, Q).

Let us prove (1.2.8). If p € C>°(R?) is a mollifier and f € H(curl, R?), denoting
with p the vector field (p, p, p), we have that p * f € C*(R3)> N H(curl, R*) with
curl(p x f) = p * curl f. We introduce now a sequence {p,}nen C C°(R?) of
mollifiers such that

1 1
supp p, C {x€R3 - <3< ——}.
n 2n

For example we can set p,(z) = n®p(nx), where the kernel of mollification p is such
that suppp C {z € R®: -1 < a3 < —1/2}.

Let 3 be in C%°(Q). By hypothesis u° € H(curl, Q), and obviously curlu® =
(curlw)®. By an approximation argument (using Theorem 1.2.2), it is not difficult
to see that the vector field Su’ belongs to H(curl, Q) as well, with curl(fu®) =
V3 x u® + B(curlu)®. Note that since supp(3) CC @, then fu’ extended by
0 outside @ belongs to H(curl,R®). We have that p, * fu’ € C®(R3)® with
curl(p,, * (Bu®)) = p, * curl(Bu) for all n € N. Since Bu’ and curl(Bu’) are in
L*(R3)3) then p, * (Bu®) — Bu® in L?(R3)? and curl(p, * (Bu®)) — curl(Bu®) in
L*(R?)? (see, e.g., [18, Thm. 4.22]). Hence p, x (Bu’) — Bu’ in H(curl, R?).
Moreover

supp(py, * Bu”) C supp p,, + supp(Bu’) CC Q-

for n large enough. It follows that for n large enough

pax (Bu0) € C(Q_)°

and thus Bu® € Hy(curl, Q). O
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In order to further characterize the space Hy(curl, 2), we need to introduce
the tangential trace of a vector field in R3. By -, we denote the tangential trace
operator which for smooth vector fields ¢ € D(Q)? is defined by v, ¢ := v X ¢|aq.
We have the following theorem.

Theorem 1.2.10 (|62, Thm. 2.11]). Let Q be a bounded Lipschitz open set in R3.
The mapping v, can be extended by continuity to a linear and continuous mapping,
still denoted by y,, from H(curl,Q) to H=Y/2(99)%. Moreover, the following Green’s
formula holds

/ curlv - pdxr — / v-curl pdr = (v, p)aq (1.2.11)
Q Q

for allv € H(curl,Q) and ¢ € H(Q)*. Here (-, )sq denotes the pairing between
H=2(Q)? and H'?(Q)3, which in the case v € H'(Q)? reads

(v, )aa = (V X v, p)an = /fm(y X u) - pdo.
For an easier reading, we shall denote v, v by v X v|sq, often omitting the
restriction notation.
Therefore, in the case €2 is a bounded a Lipschitz open set in R3, by Lemma 1.2.3
and Theorem 1.2.10 one can deduce that Hy(curl, 2) is the kernel in H(curl, §2) of
the map 7; (cf. [62, Thm. 2.12]), i.e.

Hy(curl, Q) = Ker(y;) = {u € H(curl, Q) : 53 v = v X v|pq = 0} .

Proposition 1.2.12. Let Q) be a bounded open set in R3. The following statements
hold.

(i) Ifv e H(curl,Q), then curlv € H(div,Q) and divcurlv =0 a.e. in Q.

(ii) If g € H(Q), then Vq € H(curl,Q) and curl Vg = 0 a.e. in Q. Moreover, if
q € H}(), then Vq € Hy(curl, Q).

Proof. Let us begin with the first point. Let ¢ € D(£2) be a test function. Then,
using formula (1.2.11) we get

/ curlv - Vo dr = / v-curl(Vep)dr =0,

Q Q

where the last equality if trivial since the curl of a gradient is always zero. Hence,
by definition, there exists the distributional divergence of curlv, and it is equal to
ZEerTo.
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Now let us move to the second statement. Let now ¢ be a test function in
D(Q)3. Then, using formula (1.1.3) we get

/Vq-curlgpdx:—/qdivcurlgpd;ﬂ:O,
Q Q

where the last equality is due to the fact that the divergence of a curl is always
zero. Thus we can conclude that there exists the distributional curl of V¢, which
is equal to zero in 2.

Note that in both cases we have used results (formulas (1.1.3) and (1.2.11)) that
require {2 to be Lipschitz. This is not a problem since ¢ is compactly supported in
Q.

Finally, if ¢ € H}(Q), then there exist a sequence of smooth functions {®, }nen
with compact support in  such that ¢, — ¢ in H'(Q) as n — co. Hence in
particular Vi, — Vq in L*(Q)? as n — oo. Since curl Vip,, = 0 for all n € N, we
have that the sequence of compactly supported vector fields {V¢, },en converges
to Vq in H(curl, 2), hence by definition Vq € Hy(curl, 2). O

If  is a bounded Lipschitz domain in R?, its boundary 9§ can be decomposed
into a finite number of connected components, which we denote by I';, 0 <17 < [,
with T’y being the boundary of the only unbounded connected component of R3\ €.
Hence

I
00 =| |1 (1.2.13)
=0

Theorem 1.2.14 ([62, Thm. 3.4]). Let Q be a bounded Lipschitz domain in R3.
For 0 <1 < I we denote by 1r, the indicator function for I';. A wector field
v e L*(Q)? satisfies

divo=01nQ, (yv,1r)eq=0 for0<i<]I
if and only if there exists a vector potential ¢ € H'(Q)? such that
v = curl ¢.
Furthermore, this vector potential can be taken divergence-free, i.e. such that

dive = 0 in Q.

1.3 The spaces Xy and X

Unless otherwise indicated, in this section we assume €2 to be a bounded open set
in R? of class C%.



1.3. The spaces Xy and X+

We introduce the spaces
Xy (92) := Hy(curl, Q) N H(div, ),

and
X1(Q) := H(curl, Q) N Hy(div, §2),

or more explicitely

Xx(Q) = {u e L*(Q)? : curlu € L*(Q)%, divu € L*(2) and v X ulspq = 0},
and

X+(Q) = {u e L*(Q)* : curlu € L*(Q)?,divu € L*(Q) and v - ulpo =0} .

Both spaces are endowed with the following inner product

(u,v)x ::/u'vdx—i-/curlwcurlvd:c—i-/divu div v dz,
0 0 Q

for all u,v € H(curl,Q) N H(div,2). The associated norm is

1/2
2 2 . 2
Jullx = (HUHL2(Q)3 +HCUT1U”L2(Q)3 +||leU||L2(Q)> )

and it will be denoted ||u||xy(@) or ||u||x) depending on which space we are

dealing with.

Under more regularity assumptions on €2, we have density results also for these

spaces.

Theorem 1.3.1 ([7, Lemmas 2.10 and 2.13]). Let Q be a bounded domain set in
R3 of class CV1. Then the space H'(Q)? N Xy(2) is dense in the space Xy(2), and

the space H*(2)3 N X1(Q) is dense in X(Q).

Following Section 1.1.1, we consider symmetric positive definite 3 x 3 real

matrix-valued functions e such that (1.1.4) holds, and introduce the space
X(Q) :== H(curl, Q) N H(dive, Q).

We endow it with inner product

{(u,v) xe 1= / eu-vdr + / curlu - curlv + / div(eu) div(ev)dx
Q Q 0

for all u,v € X5(9).
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Finally, we set
Xy(div 0,9) := {u € X(R2) : divu = 0 in Q}

and
Xi(dive0,Q) :=={u € X(Q) : div(eu) = 0 in Q}.

A key difference between the spaces H' ()% and H (curl, 2) is that the embedding
of H(curl,Q) or H(div,Q) into L?(2)? is not compact. Hence, the determination
of suitable spaces that are compactly embedded in L?*(Q2)% is an important issue.

If Q is sufficiently regular, say of class C'!, the spaces Xy(Q) and X () are
continuously embedded into the space H'(€2)? of vector fields with components
in the standard Sobolev space H'(2). On the other hand, since H'(2) is com-
pactly embedded into L?(2), it follows that also Xy(2) and X, () are compactly
embedded into L2(2)3.

We note that the compactness of the embeddings holds under weaker assump-
tions on the regularity of €). Indeed for a very large class of sets, for example for
bounded domains satisfying the “restricted cone property" (see Definition 1.1 of
[113]), the spaces Xy(2) and X;(€2) are compactly embedded in L?(Q)3.

The proof of following theorem can be found in [62, Lemma 3.4, Theorem 3.7|.

Theorem 1.3.2. The following statements hold.

(i) If Q is a bounded, simply connected open set in R of class C%' and O has
only one connected component then there exists C' > 0 such that

[ull 2 < Clleurlu|f2qys
for all u € X(div0,9), and
HU”LQ(Q)B S C (chrluHLz(Q)g =+ HleU”Lz(Q)) s
for all u € Xy(Q). Moreover, the embedding X(2) C L*(Q2)? is compact.

(ii) If Q2 is a bounded open set in R® of class CY' then Xy(2) is continuously
embedded into H'(Q)?, and there exists C > 0 such that the Gaffney inequality

holds for all u € Xx(R). In particular, the embedding X« (Q)) C L*(Q)? is
compact.

A completely analogous result holds if we replace X(€2) by X(€2) in Theo-
rem 1.3.2 (see [62, Lemma 3.6, Thm. 3.8]). Point (ii) of the above statement is
particularly important for the study of boundary value problems for Maxwell’s
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equations, and it will be discussed in the next section which focuses on the Gaffney
inequality.

As one can expect, vector fields whose tangential and normal traces vanish, are
null on the boundary.

Lemma 1.3.4 (|62, Lemma 2.5]). Let Q be a bounded open set in R3 of class C%*.
The following equality holds algebraically and topologically:

H(Q)? = Hy(curl, Q) N Hy(div, Q).
At some point, we shall also need the following

Lemma 1.3.5. Let Q be a bounded open set in R? of class C*' and u € Hy(curl, Q).
Then the normal trace of curlu exists and it is zero.

Proof. By point (i) of Proposition 1.2.12 we have that curlu € H(div,Q) and
divecurlu = 0 in Q. Hence, by Theorem 1.1.2, its normal trace ~,(curlu) exists
and belongs to H~1/2(05).

By integrating by parts using formulas (1.1.3) and (1.2.11), we get

/ (V~curlu)g0da:/ (V~cur1u)goda—/divcurlugodx
o0 ) Q

:/curlu-Vgodx:/u-cuergpd:v—i—/ (v xu)-Veodo =0,
Q Q 09

for all ¢ € H?(2), where in the right-hand side of the first equality we have added
the term — [, div curlu ¢ dz, which is zero. Note that curl Vi = 0 in Q (see point
(ii) of Proposition 1.2.12) and [,,(v x u) - Vo do = 0 because u € Hy(curl, ) and
thus has zero tangential trace. Hence by a standard approximation argument, we
deduce that

/ (v-curlu) pdo =0 for all ¢ € H' (),
o0

which proves that the normal trace of curlu is zero. O

A useful tool when dealing with vector fields is the celebrated Helmholtz
decomposition, where any vector field in L?(2)? can be decomposed in the sum of
a gradient (scalar potential) and a curl (vector potential).

Proposition 1.3.6 (|62, Coroll. 3.4]). Let Q be a bounded Lipschitz domain in R3.
Then every vector field v € L*(Q)3 can be orthogonally decomposed (in L*(2)3) as
follows

v = Vq+ curl ¢,
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where g € H'(Q)/R is the unique solution of
/ Vq-Vndr = / v-Vndr for alln € H(Q)
Q Q

and ¢ € H*(Q)3 is such that curl ¢ € Hy(div, Q) and div ¢ = 0.
We also have this more specific decomposition.

Proposition 1.3.7. Let Q be a bounded Lipschitz domain in R? whose boundary has
only one connected component. Then every function v € X(2) can be orthogonally
decomposed as follows

v = Vq+ curl ¢,

where the orthogonality is with respect to the inner product of L?*(Q)3. Here
q€ H}Q), ¢ € HY(Q)3 with dive = 0, and they are such that both Vq and curl ¢
belong to Xy (Q).

Proof. Let v € Xy(€Q). Let ¢ € H}() be the (weak) solution to the following
Dirichlet problem

Aq =dive € L*(Q), in Q,

q=0, on 0f),

which in weak form reads as
—/ Vq-Veodr = / divopdr for all p € D(Q).
Q Q

It is standard to see that Vg € X () and div V¢ = divv. Set now w := v — Vq.
By Proposition 1.2.12, we have that w € Xy(Q) with divw = 0 and curlw = curlw.
Finally, by Theorem 1.2.14 there exists a divergence-free vector field ¢ € H'(Q2)?
such that w = curl ¢, hence the proof is concluded. O

1.4 The Gaffney inequality

In this section we focus on the celebrated Gaffney (or Gaffney-Friedrichs) inequality,
which was introduced in Theorem 1.3.2. The set €2 is assumed to be a bounded set
in R3, with boundary of class at least C%!.

The inequality states that there exists a constant C' > 0 dependingon ) such
that

[l g1y < C (HU||L2(Q)3 +lewrlufl 12 +||diVU||L2(Q)> (1.4.1)

for all vector fields u € L*(Q2)® with distributional curlu € L*(Q)? and divu €
L?(€), and having either vanishing tangential trace or vanishing normal trace on the
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boundary 0€2. These estimates were proved, in the more general cases of Riemannian
manifolds, first by Gaffney (see [58, 59, 60]) for manifolds without boundary, and
by Friedrichs [57] for manifolds with boundary. We also recommend the book [108]
by Schwarz , especially Section 2.1, and the papers [5, 45, 97, 101, 107].

We also mention the paper [38] by Costabel, where it is shown that if a vector
field u has square integrable divergence and curl and is such that either the normal
or the tangential component of u is square integrable over the boundary, then it
belongs to the Sobolev space H'/? on the domain. In particular one recovers the
compact embedding into L? of solution to Maxwell’s equations (see also |7, Prop.
3.7]).

For the general case of a Gaffney inequality involving non-unitary permittivity
parameters ¢ we refer to Prokhorov and Filonov [102, Thm. 1.1].

There exists a very close relation between Gaffney-type inequalities and a priori
estimates for the Laplacian. Indeed, on bounded Lipschitz sets of R? the two
notions are equivalent.

We will focus on the case of vector fields with vanishing tangential trace: in
this case we need to consider the Poisson problem for the Laplacian with Dirichlet
boundary conditions. One of the two implications (namely, the validity of the
Gaffney inequality implies the validity of the a priori estimate) is quite standard.
The other one is a bit more involved and relies on a method by Birman and
Solomyak [17].

In particular, as we shall see, the regularity assumptions on €2 in Theorem 1.3.2
part (ii) can be relaxed since the inequality holds for domains of class C"* with
a €]1/2,1], but some care is required.

Before doing so, following [7], we present a direct proof of the Gaffney inequality
under the assumption of C1! regularity of the boundary. The idea is to explicitly
write down the difference between the L?-norm of the whole gradient and the
L?-norms of the curl and the divergence, and estimate it via the curvature tensor
of the boundary.

1.4.1 Direct proof

In this section, we will assume €2 to be a bounded domain in R? of class C11.

Following Section 3.1 of [63], we introduce the curvature tensor B, which is
nothing but the second fundamental form relative to the surface 9€). In the notation
of Definition 1.0.1, the form B coincides with the Hessian matrix of the local profile
function of the boundary. Indeed, let P € 02 and let g be the function locally
describing 02 around P, so that there exists a cuboid V' such that in the rotated
coordinates

VNQ={z=@yx) €V:iyn<g@®},
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with g(0) = P and Vg(0) = 0 (i.e. the new coordinates are chosen in such a way
that the hyperplane yy = 0 is tangent to J€2 at P). Then B is the bilinear form
that coincides with

for all (,n tangent vectors to 02 at P. Note that this makes sense since we have
assumed ) to be of class C™!, hence the second derivatives exist for almost all
P € 09.

It is worthy to note that if Q has C'Y! boundary, or equivalently the outer unit
normal v is C%!-regular, then

tr8 = —divy = —2H

a.e. on 0f), where H is the mean curvature of ). Moreover, observe that if €2 is
CU! then the form 9B is uniformly bounded on 9€; in other words there exists a
constant C' > 0 independent of P € 02 such that

B(C, )| < CI¢Inl
for all ¢, € RN~1. We then have the following theorem.

Theorem 1.4.2 (|63, Thm. 3.1.1.1]). Let Q a bounded open set in R* of class C*'.
Then for all v € H*(Q)3

N 0v; Ov;
divol? do — / L2 dx

=2 / v Vilv ) do - / (B (v v1) + (t0B) (v - v)?) do,

where v; and V; denote the projection on the tangent hyperplane to 0 of v and
the gradient operator respectively, namely

vp=v—(v-v)rv=rvx(vxXv), th:Vf—%y.

From the previous theorem it is not difficult to deduce the following

Lemma 1.4.3. Let Q C R3 be a bounded open set of class C*t. Then
D0l s = leurl ol +Idiv ol + [ (B) (- 0ds (1)

for all v e HY(Q)3 N Xy ().
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We can finally prove

Theorem 1.4.5 (|7, Thm 2.12|). Let Q C R? be a bounded open set of class C*L.
Then the Gaffney inequality (1.4.1) holds for all u € X(£2).
Moreover, if ) is also convex, the stronger inequality

HDU“i?(Q)?’ < ||cur1v||iQ(Q)3 +||diVU||i2(Q)3
holds for all v € X(2).

Proof. Let v € H(2)?> N Xy(92). Since under the assumptions for §2, the curvature
tensor B is bounded, using [63, Thm. 1.5.1.10] we get that

2 ~ 2
1DV || 72(q)sxs + Ellvl L2 qys -

N | —

/8 (6) (v 0o < el <

hence from (1.4.4) we recover the Gaffney inequality (1.4.1) for all v € H'(Q)* N
Xx(9).

From this, to deduce the validity for all v € X(2), one just needs to use the
density result of Theorem 1.3.1.

Finally, if Q) is convex, it is sufficient to observe that the mean curvature H is
non-negative. [l

Using the same ideas, these results can be adapted to the case of X.(2) for
vector fields with vanishing normal trace. Further details can be found in |7, Thm.
2.9].

1.4.2 Necessary condition for the validity of the Gaffney in-
equality
Recall that in general the permittivity tensor ¢ is represented by a symmetric

3 x 3 real matrix-valued function. We also assume that there exist two constants
me, M, > 0 for which

m.|¢|* < ()¢ - ¢ < M.|¢)?
for all (z,() € Q x R3.

In this section we will show that for any open set Q C R?, the H2-regularity of
the solution to the following classical elliptic problem

{_ div(eVw) = f € L*(Q) inQ, (1.4.6)

w=20 on 0f)
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is a necessary condition for the validity of the Gaffney inequality. The above
problem has to be interpreted in the following weak variational sense:

/(5Vw) -Vodr = / fodx for all p € Hj(Q), (1.4.7)
Q Q

in the unknown w € H}(Q).
Define

D(e) :={w € Hy(Q) : 3f € L*(2) such that w satisfies (1.1.7) Vo € Hj(Q)}
and
X5(Q) := Hy(curl, Q) N H(dive, Q).

Of course, when ¢ = I3 is the 3 x 3 identity matrix we recover the standard Dirichlet
Laplacian, and the space Xy(€2).
We have the following

Proposition 1.4.8. Let Q be a bounded Lipschitz open set in R®. Suppose that
XE(Q) € HY(Q)? and there exists a constant C = C(Q) > 0 such that
HUHHI(Q)B <C (HU”L2(9)3 +chr1uHL2(Q)3 +||diV(5U)HL2(Q)> (1.4.9)

for allu € X5(). Then () C H*(RY), and if w is a solution of problem (1.4.6)
with datum f, we have

HwHH2(Q)3 < O||f||L2(Q) ) (1.4.10)
where C' > 0 1s a constant depending only on € and ).

Proof. Consider a solution w € ®(e) to problem (1.4.6), and take u = Vw. Then,
by definition, v € H(dive,Q) and div(eu) = f. Moreover, recalling Proposi-
tion 1.2.12, we have that u also belongs to Hy(curl,2) and curlu = 0. Thus
u € X5(Q). Hence using inequality (1.4.9) we have that v = Vw is in H'(Q2)® and

19l s < € (1900 2+ x@)) (1.4.11)

Moreover, using Holder ([18, Thm. 4.6]) and Poincaré (|18, Coroll. 9.19|) in-
equalities, and denoting with ¢p = ¢p(2) > 0 the Poincaré constant, we have
that

e Vol gy < / V- Vude = / Fwds <[ fll el 2

< CPHfHL2(Q)va||L2(Q) ’

which in turn implies that
cp
IVwl| 2y < EI!fHLz(Q). (1.4.12)

Finally, combining (1.4.11) and (1.4.12) we obtain (1.4.10). O
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The converse statement, that is the sufficiency of the H?-regularity for the valid-
ity of the Gaffney inequality, is not so obvious. Some notable work in this direction
has been done by Saranen in [107] in the case of bounded convex domains, and by
Birman and Solomyak in [17] for regions with Lipschitz continuous boundaries. We
also note the work by Filonov and Prokhorov [102]|, where the authors prove the
validity of the more general Gaffney inequality (1.4.9) involving the permittivity
parameter for a large class of domains, which includes convex domains or in general
domains satisfying the exterior ball condition, with the additional assumptions of &
to be in W3(Q).

Following the approach of [17], we will present now a proof in the case of unitary
permittivity ¢ = I[3. Then, we will draw our attention to some results of Maz’ya
and Shaposhnikova in [92] concerning the regularity of elliptic problems. We will
see that in domains with C*/2t9-Hélder continuous boundary the H?-regularity for
solutions of the Dirichlet Laplacian is valid, and a consequent a priori estimate
holds. In this regard, an interesting read is [56], where it is shown that the exponent
3/2 is in some sense sharp for the argument presented by Birman and Solomyak in
[17] when dealing with the Gaffney inequality by means of the Dirichlet Laplacian.

1.4.3 H?-regularity approach

Let © be a bounded Lipschitz open set in R3. Following [17] we introduce the
spaces

HL Q) = X (Q)n H'(Q)?

and
EQ):={Vy:pec H)Q),Ape L*(Q)}.

The following theorem was proved by Birman and Solomyak in [17]: it allows
to split a vector field in Xy(2) in a “good part” in H1(€), and a “bad part” in
E(Q) (not necessarily divergence-free, thus we cannot really talk about the theorem
below as a Helmholtz decomposition). Note that E(Q) C H(div,(2). A detailed
proof can be found in the appendix of the thesis.

Theorem 1.4.13 ([17, Thm. 4.1]). Let Q be a bounded Lipschitz open set in R3.
Then there exist two linear continuous operators P and Q)

P:Xy(Q)— (Hé(Q), | - ||H1(Q)3) ’ Q: Xx(Q) = <E(Q)’ |- HH(div,Q)) )

such that uw = Pu+ Qu for any u € Xy(Q). In particular there exists a constant
Cpgs > 0 such that

1Pull7 g +11Qul 72y +I1div Qull72q) < Crslullyy o) (1.4.14)
for all u € Xy ().
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Then we can state the following

Theorem 1.4.15. Let Q be a bounded domain in R® of class C5' (A). Then the
Gaffney inequality (1.4.1) holds for allu € Xy(Q2) and a constant C' > 0 independent
of u if and only if (the weak, variational) solutions ¢ € H}(2) to the Poisson

problem
_ASO = f’ n Qa
{ =0, on 99, (1.4.16)
satisfy the a priori estimate
[l < C~YHf”L?(Q) (1.4.17)

for all f € L*(Q) and a constant C' > 0 independent of f. In particular, the

constants C' and C depend on each other, M and A.

Proof. One implication was already proved in Proposition 1.4.8.

Conversely, assume now that the a priori estimate (1.4.17) holds, and let
u € Xx(Q). Let P and @ be the two operators introduced by Theorem 1.4.13. A
careful inspection of the proof of Theorem 1.4.13 reveals that C'zg depends only on
M, A. By definition, Qu = V¢ with ¢ € H}(Q) and Ap € L*(2). Since we have
assumed that (1.4.17) holds, then

el rziy < ClAG|| 120y = O div Qullr2(0) < COBs|lull xx ()

Thus, since ||Qu|g1(q)s is obviously controlled by ||¢|| g2(q), by (1.4.14) we deduce
that

[ull @ < [1Pulla@p + 1Qulla@p < Cllullxx@),
for all v € X(€2), and (1.4.1) is proved. O

Example 1.4.18. Let N > 2. Let Q be a bounded domain in R of class C! such
that around a boundary point (identified here with the origin) is described by the
subgraph xx < ¢g(Z) of the C! function defined by

g(x1, ..., xn_1) = |x1]/ log |x1]

It is proved in [92, §14.6.1| that for this domain the a priori estimate (1.4.17) does
not hold. Thus, by Theorem 1.4.15 it follows that not even the Gaffney inequality
holds for this domain for N = 3.

Theorem 1.4.15 highlights the importance of proving the a priori estimate
(1.4.17) and getting information on the constant C. We do this by following the
approach of Maz’ya and Shaposhnikova [92] and using the notion of domains €2
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with boundaries 99 of class M2 (0). We re-formulate the definition in Maz’ya and
Shaposhnikova [92, § 14.3.1] by using the atlas classes. Here we can treat the
general case of domains in RY with N > 2.

Note that in this section, following [92| we find it convenient to assume directly
that the functions g; describing the boundary of 2 as in Definition 1.0.1 are

extended to the whole of R¥~! and belong to the corresponding function spaces
defined on RV,

Definition 1.4.19. Let A be an atlas in RY and § > 0. We say that a bounded
domain € in RY is of class M2 (8, A) if  is of class C%!(A) and the gradients Vg;
of the functions g; describing the boundary of €2 as in Definition 1.0.1 belong to

the space MW,"*(R¥~1) of Sobolev multipliers with

IVg; <9 (1.4.20)

HMW21/2(]RN—1
for all j =1,...s". We say that a bounded domain © in RY is of class M?(d) if it
is of class M2 (4, A) for some atlas A.

Recall that MW, *(RY"1) = {f € W12 (RN 1)« fo e W *(RY 1) for all p €
1/2 my N—
WQ/ (RN 1>} and that ||f||MW21/2(]RN*1) = Sup{||f¢||w2l/2(RN—l) : HSDHW21/2(RN71) -
1}, where W,/*(R¥~1) denotes the standard Sobolev space with fractional order of

smoothness 1/2 and index of summability 2 (for simplicity, in (1.4.20) we use the
the same symbol for the norm of a vector field).

Remark 1.4.21. We note that by [92, Thm. 4.1.1], there exists ¢ > 0 depending
only on N such that the functions g; in Definition 1.4.19 satisfy the estimate

IVgilloo < c||ng||MW21/2(RN71) < ¢d, see also [92, Thm. 14.6.4]. Thus if Q is of

class M2 (5, A) then it is also of class C%(A) with M = ¢d.
The following theorem is a reformulation of [92, Thm. 14.5.1]

Theorem 1.4.22. Let A be an atlas in RY. If Q is a bounded domain of class
M%(é, A) for some & sufficiently small (depending only on N ) then the a priori
estimate (1.4.17) holds for some constant C depending only on N and A.

By [92, Corollaries 14.6.1, 14.6.2] it is possible to prove the following the-
orem based on the condition (1.4.25) from [92, (14.6.9)] . Here, by a refine-
ment of an atlas A = (p,s, s, {V;};_1,{rj}}=1), we mean an atlas of the type
“2( :~ (ﬁv 57 5/’{%}5:17{@'}?:1) Where ﬁ S P, S S §7 3, S ‘§,7 U§:1‘7j = Ujszl‘/}7
{75521 € {rj};=1, which can be thought as an atlas constructed from A by replac-
ing each cuboid V; = r;(W,x]an,;, b ;[) by a finite number of cuboids of the form

—~

Vii=r;(Wjixlan, bn;]), L =1,...m;, where W; = U;ZI/V]»J.
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Theorem 1.4.23. Let A be an atlas in RY and let Q be a bounded domain of class
CJ?/’; (A). Let w be a (non-decreasing) modulus of continuity for the gradients Vg;
of the functions g; describing the boundary of 2, that is

Vg;(7) = Vg;(m)] <w(lz —7l) (1.4.24)

for all z,5 € RN=L. Assume that there exists D > 0 such that the function w
satisfies the following condition'

/Ooo (@)th <D. (1.4.25)

Then there exists C' > 0 depending only on N, A, D such that if M < C9 then,
possibly replacing the atlas A with a refinement of A, Q is of class of class M%(.A, J).

Proof. We begin with the case N > 3. By [92, Cor. 14.6.1] there exists ¢ > 0
depending only on N such that if x = (Z, g;(Z)) € 09 is any point of the boundary
represented in local charts by a profile function g; and the following inequality

. 1 D3/2(95, Bp) || 2
hm( sup R 0B 4 Vgl ey ) < €0 (1.4.26)
=0\ ECB,(z) |E|2v=1

is satisfied, then, possibly replacing the atlas A with a refinement of its, €2 is of
class M2 (5, A). Here |E| denotes the N — 1-dimensional Lebesgue measure of the
set F,

1/2
Daja(gy. B,)(7) = ( / ()W@—v%(g)\%—mng) |
B,(z

and B,(z) the ball in R¥~! of radius p and centre . We refer to [92, §14.7.2] for
the local characterization of the boundaries of domains of class M2 (8, A).
We have

2 — _ —
[ [ wa@-va@re - s [ [ 8By
E JB,(z) E J B,(z) 1z — 9|

2R - P
:/ / w_(|]<L[|)dhd:L‘:O'N_2|E|/ W(t)
eJB,0 |b 0

t
Here o,, denotes the m-dimensional measure of the m-dimensional unit sphere.
Thus

2
dt S UN_2D|E(1427)

1D3/2(95, Bp) |l 12(m) <

1
N—2 UN_QD)1/2|E|2(N—1) _ O(pl/Q)7
’E’m

IHere only the integrability at zero really matters and one could consider integrals defined in
a neigborhhood of zero.
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hence
1 D3/2(95, Bp)ll 22 ()

|E|7vD

< ¢4, (1.4.28)

provided p is sufficiently small. Thus, inequality (1.4.26) follows if we assume
directly that ||Vg;||r~s,) < cd.

In the case N = 2, by 92, Cor. 14.6.1| it suffices to replace (1.4.26) by the
following inequality

1im( sup ||D3/2(gj>Bp)||L2(E)|10g|E||1/2+||v9j||L°°(Bp(w))) <co  (1.4.29)
PO\ ECB,(z)

and use the same argument as above. O

By combining Theorems 1.4.22 and 1.4.23, we deduce the validity of the following
result

Corollary 1.4.30. Under the same assumptions of Theorem 1.4.23, there exists
C > 0 depending only on N, A, D such that if M < C~! then the a priori estimate
(1.4.17) holds.

Finally, by Theorem 1.4.15 and Corollary 1.4.30 we deduce the following result
ensuring the validity of uniform Gaffney inequality that can be used in our spectral
stability results.

Corollary 1.4.31. Under the same assumptions of Theorem 1.4.25, there exists
C > 0 depending only on N, A, D such that if M < C~! then the Gaffney inequality
(1.4.1) holds.
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Chapter 2

Shape perturbation

In this chapter we study the dependence of the eigenvalues of the electric Maxwell
problem (2.1.1) upon the variation of the domain 2. The main theorem is The-
orem 2.3.5, which provides a real-analytic result for the elementary symmetric
functions of the eigenvalues as well as formulas for their Hadamard derivatives.
Then, we prove a Rellich-Nagy-type theorem (see Theorem 2.3.17) and a Rellich-
Pohozaev formula for the eigenvalues (cf. Theorem 2.3.19) . In Theorem 2.4.10
we provide a characterization for critical domains under the constraint of fixed
volume and fixed perimeter, and in Theorem 2.4.13 we show that balls satisfy both
conditions. Finally, in Section 2.5 we provide known formulas for the eigenvalues
and eigenvectors of problem (2.1.1) in the case  is a ball, showing that the first
Maxwell eigenvalue in the ball has multiplicity 3.
Note that in the present chapter we consider row vectors.

2.1 Main problem

Let 2 be a bounded Lipschitz domain (connected open set) in R*. Consider the
following boundary value problem for the curl curl operator subject to electric
boundary conditions:

curlcurlu = A,  in €,
divu = 0, in Q, (2.1.1)
vxu=0, on 0f).

Using formula (1.2.11), it is easy to see that the weak formulation of problem
(2.1.1) is

/ curlu - curlp dr = )\/ u-pdr, forall p € Xy(div0,Q), (2.1.2)
Q Q

29
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in the unknowns u € Xy(div0,2) and A € R. Observe that A > 0, as one can see
by testing u in equation (2.1.2).

Since for our purposes we prefer to work in the space Xy (2) rather than in the
space Xy (div 0, 2), following [39, 40|, we introduce a penalty term in the equation
and we replace problem (2.1.2) with the problem

/curlu-curlgpdw—i—T/divudiwpdaz: )\/u-godx, for all p € Xx(9), (2.1.3)
Q Q Q

in the unknowns u € X(2) and A € R. Here 7 > 0 is any fixed positive real
number.

Since the eigenvalues A of (2.1.1) coincide with the square of the angular
frequency w > 0 appearing in the time-harmonic Maxwell system (0.0.3), we are
interested only in the positive eigenvalues. Still, the zero eigenspace Ky(2) of
problem (2.1.3) (and problem (2.1.2)) has an interest of its own. It is composed by
all those vector fields in X(€2) whose curl and divergence vanish in 2, namely

Ky (Q) = {u e Xu(Q) : curlu = 0 and Q,divu = 0,in Q} .

Note that in literature a vector field which is both irrotational (i.e. curl-free) and
solenoidal (i.e. divergence-free) is called a Laplacian vector field, due to the vector
calculus identity

Av = Vdive — curl curl v,

where A denotes the vector Laplacian. Therefore, K(€2) is the set of all Laplacian
vector fields whose tangential trace vanish on the boundary of (2.

Since €2 is a bounded Lipschitz domain then its boundary 02 can be decomposed
into a finite number of connected components, which we will denote by I';, 0 <7 < I,
with Ty being the boundary of the only unbounded connected component of R\ Q.

Hence ,
o= |r;.
i=0

In this case, Proposition 3.18 of 7] provides a characterization of the space Ky(2):
it has dimension exactly equal to I, and it is spanned by gradients of the harmonic
functions which are zero on I'y and constant on the components I';,1 < ¢ < [I.
In particular, if the domain 2 is such that the boundary has only one connected
component, the kernel Ky(£2) becomes trivial and the bilinear form on the left
hand-side of formula (2.1.3) is coercive on Xy(2), becoming equivalent to the
standard inner product of Xy(12).

A similar result exists for the case of Laplacian vector fields with vanishing
normal trace. For example one can look at Proposition 3.14 of [7], where a
characterization of the set

K. (Q) := {u € X:(Q) : curlu = 0 and dive =0 in Q}
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in terms of gradients of harmonic functions, satisfying Neumann-type boundary
conditions on 0f2, is given. In this case, the dimension of the space coincides with
the first Betti number of the set €2, and the space K. (€2) itself is isomorphic to the
first cohomolgy space of €. The vector fields in Ky (€2) and K(2) are also known
as Dirichlet fields and Neumann fields, respectively. For more general details on
these kernels we refer to Chapter IX-A, Section 3 of [49].

It is obvious that the solutions of problem (2.1.2) are the divergence free
solutions of (2.1.3). On the other hand, it is also not difficult to see that the
solutions of problem (2.1.3) which are not divergence free are given by the vector
fields u = V f of the gradients of the solutions f to the Helmohltz equation with
Dirichlet boundary conditions, that is

— =2 in
{fiJZ), a on%’Q. (2.1.4)

In fact, we have the following result from [40]

Lemma 2.1.5. Let Q be a bounded domain in R?® of class C%'. A wvector field u €
Xn(Q) is a solution of problem (2.1.3) with divu = 0 if and only if u € Xy(div 0, Q)
is a solution of problem (2.1.2). Moreover, a vector field u € X(Q2) with divu # 0
is a solution of problem (2.1.3) if and only if u = V f where f € H}(Q) is a solution
of problem (2.1.4). In particular, the set of eigenvalues of problem (2.1.3) are given
by the union of the set of eigenvalues of problem (2.1.2) and the set of eigenvalues
of the Dirichlet Laplacian in € multiplied by 7.

In view of the previous lemma, in order to distinguish the solutions arising
from the original Maxwell system from the spurious solutions associated with the
Helmohltz equation, we give the following definition.

Definition 2.1.6. We say that a couple (u, A) in Xy(Q2) xR is a (electric) Maxwell
eigenpair if A # 0 and (u, \) is an eigenpair of equation (2.1.3) with divu = 0
in , in which case u is called a (electric) Maxwell eigenvector and A a Maxwell
eigenvalue.

A first important remark on the Maxwell eigenvalues is the following one.

Remark 2.1.7. In general there is no monotonicity principle with respect to
inclusion for the Maxwell eigenvalues.

The following example shows that in general one should not expect a mono-
tonicity principle with respect to inclusion for the Maxwell eigenvalues. Here we
consider rectangular parallelepipeds.
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Counterexample 2.1.8. Let (1, /05,03 > 0 be three positive real numbers and
consider the following rectangular parallelepiped

Q.= (0,61) X (0,62) X (0,63)

The Maxwell eigenvalues in {2 are given by

klﬂ' 2 i ]{3271' 2 i ]{3371' 2
61 62 63 ’
counted one time for all integers ki, ko, k3 > 0 with exactly one index j € {1, 2,3}

such that k; = 0, and counted twice for all integers ky, ko, ks > 1 (see [41] for more
details, especially Theorem 3.6 and Section 6).

The smallest eigenvalue A, is given by the case ki, ko, k3 > 0 with k; = 0 for
the index j € {1,2, 3} corresponding to the smallest side ¢; of the parallelepiped
Q). Without loss of generality we can suppose that ¢; > ¢ > 3. In this case \; is
given by k1 = ky = 1 and k3 = 0, and it is equal to

1 1
ne ()

If we consider the halved parallelepiped
Q= (0,6,/2) x (0,05/2) x (0,43/2),

which is obviously contained in 2, and denote the smallest Maxwell eigenvalue in
Q2 by A1, then
1 1 9
>\ =4 <€2 €_> ™,

which is strictly larger than A;.

Now we consider a parallelepiped Q and, with a slight abuse of notation, by
E,,z = 1,2,3 we denote both its sides and their respective length. We suppose
that Q C (), with El > ¢, and Ez = {5. Note that this is always possible, and one
can modify the parallelepiped Q in order to tweak the length of the bigger side
(1 as close as desired to V03 + 3, and making (5 small enough to guarantee the
inclusion of € in Q (see Figure 2.1).
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Figure 2.1: The parallelepipeds Q (in gray) and © (in red).

Then the smallest Maxwell eigenvalue \; in € is equal to

~ 1 1
A = - — 2
1 <€12+£22>7T ,

which is strictly smaller than A;. o
We have thus found two subsets €2, €2 C  such that

5\1 </\1 <5\1.

We note that for the second Maxwell eigenvalues Ay and 5\2 in Q and Q respec-
tively, we have that

1 1 1 1 ~
)\: vy vy 2 = = 2:)\
: (e%*eg)” <<€f+e§>” .

provided (5 is small enough.

Remark 2.1.9. In this chapter, it will be understood that the value of 7 in (2.1.3)
is fixed. It is important to note that in applying our results one is free to choose
7 > 0 in order to avoid the overlapping of Maxwell and Helmholtz eigenvalues.
In fact, since the set of eigenvalues of problem (2.1.3) are given by the union of
the set of eigenvalues of problem (2.1.2) and the set of eigenvalues of the Dirichlet
Laplacian in €2 multiplied by 7, one cannot exclude that a Maxwell eigenvalue
could coincide with an eigenvalue of the Dirichlet Laplacian multiplied by some
7 €]0,00[. However, if A is a fixed Maxwell eigenvalue it is possible to choose
7 €]0, 0o[ such that A # 79 for all eigenvalues ) of the Dirichlet Laplacian, in other
words one can choose 7 in order to avoid ‘resonance’. It is also useful to recall that
the eigenvalues of the Dirichlet Laplacian depend with continuity upon sufficiently
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regular perturbations of €2, as those considered in this thesis (see e.g., [79]), hence
it is possible to avoid ‘resonance’ around a fixed Maxwell eigenvalue A(£2), possibly
multiple, and all those eigenvalues bifurcating from it when € is slightly perturbed.
This can obviously be done also to avoid resonances for a finite subset of of Maxwell
eigenvalues.

We now describe a standard procedure that allows us to recast the eigenvalue
problem (2.1.3) as an eigenvalue problem for a compact self-adjoint operator in
Hilbert space. We consider the operator 7" from Xy(£2) to its dual (Xy(£2))" defined
by the pairing

< Tu,p >=Tu)[¢] = T]p]u] := / curlu - curlyp dx—i-T/ divudivp dz, (2.1.10)
Q Q

for all u, ¢ € Xy(9). Then, we consider the map J from L?(Q2)3 to (Xx(Q2))" defined
by the pairing

< Jup>= )= [ u- oo,
Q
for all u € L*(2)? and ¢ € X(Q2). Note that the operator J is essentially the

standard inner product (-,-) 2 of L*(Q)?. Moreover, observe that by the Riesz
Theorem the operator 7"+ J is a homeomorphism from X(£2) to its dual.

Lemma 2.1.11. Let Q be a bounded Lipschitz domain in R®. The operator S from
L3(Q)3 to itself defined by

Su=1o(T+J) " oJ

where ¢ denotes the embedding of Xy(Q) into L*(Q)3, is a non-negative self-adjoint
operator in L*(2)3. Moreover, X is an eigenvalue of problem (2.1.3) if and only if
= (A+1)7! is an eigenvalue of the operator S, the eigenfunctions being the same.

Proof. Let u,p € L*(2)?. We want to show that

(Su, ) 20)3 = (U, SP) L2(02)3-

Using the natural symmetry present in the definition of the operators T" and J we
have that

(Su, )20 = J¢] [(T +J) " o J[u]]

(T+J)o(T+J) " old)lp [T+J "o Jul]
= (T + ) [(T +J) o] [(T+ J)" o J[ul]
(T +J) (T + J) o J[u]] (T +J) o J[y]]
Ju] (T + )" o Jle]] = (u, S¢) 2.
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Hence S is self-adjoint.
To see that S is non-negative, if u € L*(2)3\{0} then the function (T+J) o J[u]
is not zero, and consequently by the above formula we have that

(Su,w)p2p = (T+J)[(T+ ) o JW]] [(T+J) o] >0.  (2.1.12)

This actually proves that S is positive-definite.

Finally, suppose that A is an eigenvalue of problem (2.1.3) with associated
eigenfunction u € X (€2). This exactly means that T'[u] = AJ[u]. Hence (A+1)Su =
u, meaning that u is an eigenfunction of S with associated eigenvalue y = (A+1)7'.
Viceversa, if Su = pu, by the same reasoning one deduces that T'[u] = AJ[u], with
A= pu~' — 1. Observe that p cannot be zero by formula (2.1.12). O

If the space Xy(f2) is compactly embedded into L*(2)3, that is, ¢ is a compact
map, then the operator S is compact, hence the spectrum o(S) of S can be
represented as o(S) = {0} U {pn () }neny where 1,(Q2), n € N is a decreasing
sequence of positive eigenvalues of finite multiplicity, which converges to zero.
Accordingly, the eigenvalues of problem (2.1.3) are given by the sequence A, (£2),
n € N defined by \,(2) = u;*(€2) — 1. As customary, we agree to repeat each
eigenvalue in the sequence as many times as its multiplicity. Thus, we have the
following result where formula (2.1.14) can be proved by applying the classical
Min-Max Principle (see, e.g., Section 4.5 of [50]) to the operator S.

Theorem 2.1.13. Let Q be a bounded Lipschitz domain in R® such that the
embedding X«(2) C L*() is compact. The eigenvalues of problem (2.1.3) have
finite multiplicity and are given by a divergent sequence A\,(2), n € N which can be
represented by means of the following min-maz formula:

Jo (eurluf? + 7|divu|?) dz

A (Q2) = i 2.1.14
)= min, mex [P dz (2.1.14)
dimV=n

2.2 Domain transplantation

Given a bounded Lipschitz domain € in R?, we consider problem (2.1.3) on a class
of domains ®(2) obtained as diffeomorphic images of 2. Namely, we consider the
family of diffeomorphisms

Aq = {CD € CM(Q,R?) : @ is injective, det D®(z) # 0 Vz € ﬁ} : (2.2.1)

Here CY1(Q,R?) is the Banach space of C'! functions from Q to R® endowed
with its standard norm defined by ||®||ci1 = || ®||oc + [|[VP|leo + |[VP|o1 for all
® € OV, R3), where | - o1 denotes the Lipschitz seminorm. We first make some
observations regarding this set of admissible diffeomorphisms and their properties.
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Lemma 2.2.2. Let Q be a bounded domain in R®. Then the following statements
hold:

(i) If Qs sufficiently reqular, say of class C, then the set Aq defined in (2.2.1)
is open in CH1(Q, R?).

(il) If ® € Aq, then ®(Q) is a bounded domain in R*, such that 0P(Q) = ®(0N) =
00(Q), and ©(Q) is the interior of ®(Q2). The map ® is a homeomorphism
of Q onto ().

(iii) Letk € N, a € [0,1]. Let Q be of class C** and ® € C**(Q,R3) N Aq. Then
®(Q) is of class CF.

For more details on this type of diffeomorphisms and for a proof of the lemma
as well, one can consult [78], [79] and [86].

In order to study problem (2.1.3) on ®(€2), it is convenient to pull it back to €2
by means of a change of variables. As is known, in order to transform the curl in
a natural way and preserve the boundary conditions in (2.1.1), it is necessary to
pull back any vector field v defined on ®(£2) to the vector field v defined on 2 by
means of the covariant Piola transform (see e.g., [98]) defined by

u(z) = ((vo®)D®) (z), forall z € Q. (2.2.3)

By setting
y=®(x), forall xz e

equality (2.2.3) can be rewritten in the form
o(y) = (u(DB) ) 0 8V (y) = (o 8V D@ )(y). y € D).

Note that in the sequel we shall often use the following notation

8ui . 8vb

:axj(x) and - Oyi(y) = 5 =(v).

djui(z)

Then we have the following known result, which can be found for example in
|98, Corollary 3.58]. For the convenience of the reader, we include a proof (which
differs from that of [98, Corollary 3.58]). Note that the assumption ® € C™! can
be relaxed, but some care is required, see Remark 2.2.8.

Theorem 2.2.4. Let Q be a bounded domain in R® and ® € Aq. Then a function
v belongs to H(curl, ®(Q2)) (Ho(curl, (), respectively), if and only if the function
u defined by (2.2.3) belongs to H(curl, Q) (Hy(curl, Q2), respectively), in which case

curl, u(z) (D@($))T

(curly v(y)) 0 & = —— (D2(x))

(2.2.5)
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Proof. Assume for the time being that u is a vector field of class C%!. The chain
rule yields

ov Ol (u; o ) oY
by = AL L
Ya Ya
ou; 8<I>(-*1) a@(fl) 82<D(*1)
— " (p1 J i (P ¢ .
axj< (y)) i (y) i (y) + uq( (y)) D00 (y)

Note that summation symbols are omitted here and in the sequel. Recall that the
c-component of the curl of v is given by

[curly v(y)} .= 9,0(y) Eabe »

where &, is the Levi-Civita symbol defined by

+1 if (a, b, c) is an even permutation of (1,2, 3),
Eabe = § —1 if (a, b, c) is an odd permutation of (1,2, 3),
0 ifa=b, orb=c, ora=c.

Then
[eurl, v(y)], = 0;u:(® 1 (y)) 9,05 () A8 (y) Eate
+ (D (1)) 3,098 () Eane.

Since &pe = —E&pae We have that for all i =1,2,3
3
> 9,019 (y) e = 0.
a,b=1

Thus
T G

[curly v(y) (Dcp(—l) (y)) } = [curly v(y)}c 62 (y)

k

= <curlx u(q)(’l)))kdet (DCI)(’I)(y)> ,

where we have used the fact that 0, F; 0, F; 0. F, &ape = &jir, det (DF), for any vector
field F of class C', which follows from the definition of determinant of a 3 x 3
matrix.
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Therefore

curl, v(y) = curl, u(®V(y)) (DQ)(l)(y))_T det <D<I>(’1)(y)) ,

and formula (2.2.5) follows.

We now prove the validity of formula (2.2.5) in the weak sense. We begin with
proving that if v € H(curl, ®(€2)) then the distributional curl of the function u
defined above belongs to L?(2)? and satisfies formula (2.2.5). To do so, it suffices
to prove that for

/Qu (curlp)’dx = /gz(curlyv(y))(@(x)) (Dq)(:v))fT det D®(z)” () dx, (2.2.6)

for all p € C°(Q2). Following formula (2.2.3), we define a function ¢ on ®(2) by
setting

p(z) = (Y 0 ®)DP) (). (2.2.7)
By formula (2.2.5) we get

curl,p(x) = (curl, ¥ (y))(®(z)) (D(I)(x))fT det D®(x)

and this implies that

/Q u (curlp)? da u (D®(x)) - (curl, ¥ (y))" (®(x)) det D®(z) dx

v(®(x))(curl, ¥(y))" (®(x)) det DP(x) dx
v(y)(curl, ¥(y)) sgn(det DO (y)) dy

(curl, v(y))w " sgn(det DY (y)) dy
_ /Q (curl, v())(®(2)) (DB(x)) T det DB(x)" () d,

as required. In the same way, one can prove that if u € H(curl,Q2) then the
distributional curl of the function v belongs to L?(®(Q2))3, which completes the
first part of the proof.

In order to prove that v belongs to Hy(curl, ®(€2)) if and only u belongs to
Ho(curl,€2) one can use the definition of these spaces and smooth vector fields
compactly supported in , for which formula (2.2.5) is valid, and conclude by
density arguments. O
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Remark 2.2.8. Theorem 2.2.4 holds also under weaker assumptions on the diffeo-
morphism ®. Namely, assume that ® € C'(Q, R?) is injective and that det D®(z)
is different from zero for all z € Q. Then the thesis of Theorem 2.2.4 holds. Indeed,
given any smooth domain U with U C €, one can find an approximating sequence
®,,, n € N of smooth functions converging to ® in C'(U,R?). This can be done
by using standard mollifiers. Then, since the set of functions C'(U,R?®) which
are injective and such that det D®(x) # 0 Vo € U, is an open set in C'(U,R?)
(cfr., |86, Lemma 5.2|), it follows that ®,, € Ay for all n sufficiently large, hence
Theorem 2.2.4 is applicable to ®,,. Passing to the limit as n — oo we get the
validity of formula (2.2.5) in U, and since U is arbitrary, formula (2.2.5) holds also
in the whole of ). The preservation of the spaces easily follows by formula (2.2.5)
itself and changing variables in integrals.

Formula (2.2.5) also suggests that the regularity assumptions could be further
relaxed to include the case of bi-Lipschitz transformations as in the case of the
classical chain rule for functions in the Sobolev space (see e.g., [105, p. 23]).
However, we shall not discuss this issue here.

Remark 2.2.9. The fact that v belongs to Hy(curl, ®(€2)) if and only if the
function u defined by (2.2.3) belongs to Hy(curl, 2) as stated in Theorem 2.2.4 has
an immediate explanation by using traces in the classical sense as follows. It is not
difficult to realise that the unit outer normals to 92 and 0P (§2) satisfy the relation
V@Q(D(I))fl

Voo (D®)~!|

Then, using the fact that aM x bM = det(M)(a x b)(M)~! for all vectors a,b € R?
and for all invertible matrices M € GL3(R), we immediately deduce that

U X Vpgry = 0 on 00(Q2) if and only if u x v, = 0 on 052, (2.2.10)

l/aq>(Q) od =+

for all vector fields admitting boundary values in the classical sense.

In order to transplant problem (2.1.3) from ®(£2) to 2 we also need a formula
for the transformation of the divergence under the action of the pull-back operator
defined in (2.2.3). Note that in this case we need to assume more regularity on
the pulled-back function because the covariant Piola transform does not behave
well for the divergence, contrary to the curl, and consequently the formula for the
transformed divergence is more involved. Namely, we will need the function to
have square integrable first order partial derivatives.

Theorem 2.2.11. Let Q be a bounded domain in R? and ® € Aq. Then a function
v belongs to HY(®(Q))? if and only if the function u defined by (2.2.3) belongs to
HY(Q)3, in which case

_ div, [u(x)(Dq)(:v))*l(D@(a:))*T det(DCI)(x))]

(div, v) o d(x) = D3]] L (2:2.12)
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Proof. The first part of the statement is standard and can be proved by using the
chain rule and changing variables in integrals. We now provide a proof of formula
(2.2.12) in the same spirit of the one carried out for the curl. To simplify notation,

we set M = D®Y | so that 0, = M, ,0;, where M, , = 8@571)/8%. Note that
M, = ka 1 M;, kam(M_l)a,k simply because M;, = (MM*M~T);,. Since

vy = (uj 0 )6’ = (uj o ®Y)M;, we have that

div, v = v, = 8;[<uj o ®(’1)> M; )
= J,l(u; 0 (I)(_l))Mijk,m(M_l)a,k]
= O [(u; 0 ®1)(,, 057 (3,01 (9kPa) 0 BV
= 0,[Pr Qra] = (a;Pk)Qk‘a + P(9,Qka)

where we have set P, = 3% (u; 0 ®CD) (9, <I> b )(8/ )det '(D2Y) and

J,m=1

Qra = ((0x®,) 0 @) det(DP(Y).

We claim that 32°_, 9 Qra = 0. Indeed, if by C' we denote the cofactor matrix
of M, we have that (see [93], p.12)

3
1
E Z ganm gkijMi,nMj,m )
hJ=
hence
1
o ((M*)akdeumﬂ*”)) = 0,(Cha) = 500 Eanm i Min M )
szg jm (a/ i n) ganm + ganm i,n (a/ 7, m) gkzj
Moreover

3 3 3 3
Z ganm a;Mi,n: Z ganm 87/1Mi,a: Z gnam a(;Mi,n: - Z fanm 8(/1Mzn

a,n=1 a,n=1 a,n=1 a,n=1

Thus Zan 1 &anm O, M, , = 0. Similarly Zam 1 &anm 0, M 1, = 0 and the claim is
proved.
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Then
divy v = (8, P)Qra = det (DO (M) 10, Py
— det ( ) )M o[04 Py 0 ®)] 0 DD
= det ( ) 0i(P o ®)] o o1
(w000 (@, )@, )
— (D(I) ) 0®| od
det (Dc1><—1>)
) [uj ((ch)*l(D@)*T)jidet(D(I))] .
- det(D®) °¢
) [(u(D(I))‘l(DdD)‘T)Z,det(D(ID)} .
- det(D®) °®
B d-ivw [u(D®)"H(D®)~" det(D®)] B
- det(DD) o
hence formula (2.2.12) is proved. O

From now on until the end of the chapter, we assume €2 to be a bounded domain
in R3 of class C'!, unless explicitly stated otherwise. Recall that thanks to the
Gaffney inequality (cf. Theorem 1.3.2),under these assumptions the space Xy(€2) is
continuously embedded into H'(€)?. Moreover, by Statement (iii) of Lemma 2.2.2,
if ® € Aq, then ®(Q) is also of class C'1.

We fix ® € Ag and consider equation (2.1.3) on ®(Q2), that is

/ curlv - curly dy

2 (2.2.13)

+ T/ dive divy dx = )\/ v-1pdr for all ¥ € Xy (P(Q)),
() ()

in the unknowns v € Xy (®(€2)) and A € R. Let u be the function defined in Q by
formula (2.2.3) and, analogously, ¢ the function defined by (2.2.7). By changing
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variables in (2.2.13) and using Theorem 2.2.4 and Theorem 2.2.11 we get

/ curlu (D®)T D®(curl o)
Q

[det(D®)] !
div, (w(D®)"H(D®)~T det(D®))div, (p(D®) " (D®) T det(DP)) p
+T/n |det(D®)| *
—)\/u(Dq))l(DCI))TcpT\det D®|dx . (2.2.14)

By construction we have that v € X (®(€)) is a solution to (2.2.13) associated
with an eigenvalue A if and only if u = (vo ®)DP € X () is a solution to (2.2.14),
the eigenvalue being the same. Thus, instead of studying problem (2.2.13) in the
varying domain ®(2), we can study problem (2.2.14) where the unknown u € X(2)
and the test functions ¢ € X(Q2) are defined on the fixed domain 2.

It is clear that the natural L2-space for problem (2.2.14) is the usual L?-space
endowed with the inner product (-, )¢ defined by

(u, Pl = /Qu(Dé)_l(DqD)_Tgonet D®|dzx, (2.2.15)

for all u,p € L*(Q2)?, which is equivalent to the usual one (cf. Theorem 3.18 of
[79]). We denote by L2() the space L*(Q2)? endowed with inner product (2.2.15).
As we have done for equation (2.1.3) we recast problem (2.2.14) as a problem for
a compact self-adjoint operator. To do so, we consider the operator Ty from the
space X () to its dual by setting (Tpu, ) equal to the left-hand side of equation
(2.2.14). In the same way, we define the operator Jp from L3(Q) to the dual of
Xn(Q) by setting (Jou, ¢) equal to the right-hand side of equation (2.2.14) divided
by A. Obviously, the operator Jg can be also interpreted as a coercive bilinear form
from L%(Q)3 x L*(Q2)? to R, equivalent to the inner product (-,-)g of L%(2). We
will often use the notation Ts[u|[¢] and Jo[u][p] instead of (Teu, ) and (Jou, )
respectively.

We have the following result, whose proof can be carried out in a similar way
to that one of Lemma 2.1.11.

Lemma 2.2.16. Let Q be a bounded domain in R®. The operator Sg from L3 ()
to itself defined by
Seu=10(Tp +Js) ' oJs

where v denotes the embedding of Xx(Q) into L3(Q), is a non-negative self-adjoint
operator in L3(Q). Moreover, \ is an eigenvalue of problem (2.2.14) if and only
if = (X\+1)"! is an eigenvalue of the operator S, the eigenfunctions being the
same.
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Clearly, if the space Xy () is compactly embedded into L*(€2)? then the operator
Se is compact and its spectrum is given by 0(Ss) = {0} U {5, (®P) }nen where

pn[ @] = (Aa[®] + 1)
and A\, [®] := A\, (P(£2)) are the eigenvalues of problem (2.2.13).

2.3 Analyticity results and Hadamard-type formu-
las

Given a finite non-empty set of indices F' C N, we consider
Ag[F]: = {<I> € Aq 1 \j[@] # N[D], Vj € Fl EN\F}
and the elementary symmetric functions of the corresponding eigenvalues

Apo@ = D N [@]- (@), s=1,...[F]. (2.3.1)

jl """" jSeF
1<-<Js

It is also convenient to consider

Apsf@] = > (n[@]+1) - (Au[0] + 1), (2.3.2)

for all ® € Ag[F] and to note that

Aps[®] = Z(_U#k CT__;) Ap[®], (2.3.3)

k=0

where we have set Apg = Agg = 1.
Finally, we set

Oq[F]: = {® € Ag[F] : \;[®] have a common value A\p[®] Vj € F}.

Then, we can state the main theorem of this chapter, the proof of which is also
based on Lemma 2.3.7 below. Concerning the assumption on the summability of
the second order derivatives of the eigenvectors, we include the following remark.

Remark 2.3.4. If Q is of class C*! (which means that locally at the boundary
Q can be described by the subgraphs of functions of class C? with Lipschitz
continuous second order derivatives), hence in particular if 2 is of class C?, then
the eigenvectors of problem (2.1.2) belong to the standard Sobolev space H?(f2) of
functions in L*(Q) with weak derivatives up to the second order in L*(Q2). See e.g.,
[112] or the more recent paper [5].
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Theorem 2.3.5. Let Q be a bounded domain in R? of class C1t. Let F be a finite
non-empty subset of N. Then Aq[F)] is an open set in CY'(Q,R3) and Ap,|®]
depends real-analytically on ® € Ag[F].

Suppose in addition that ® € Oq[F] is fized. Assume that Ap[®] is a Mazwell
eigenvalue and EW, ... EWD € X(div0, ®(Q)) is an orthonormal basis of Mazwell
eigenvectors for the corresponding eigenspace, where the orthonormality is taken in

L3(®(2))3, and assume that those eigenvectors belong to H*(®(Q)). Then for any
s € {1, e ,]F|}, we have

d|p—i(Aps)[V] = (|F| -1

s—1
|F|

JENCTS

2

2 -
—‘curlE(l)‘ > ((\Il o d(-1)y. u) do

(2.3.6)
for all ¥ € CHHQ,R3).

Proof. Recall that p1;[®] = (A\;[®] +1)71, j € N, are the eigenvalues of the operator
Se, hence the set Ag[F] coincides with the set {® € Aq : p;[®] # [P, Vj € F,l €
N\ F}. Moreover, Sg is a compact self-adjoint operator in L3 (). Since both the
operator Sg and the inner product (-, -)¢ defined in (2.2.15) depend real-analytically
on @, being obtained by compositions and inversions of real-analytic maps (such
as linear and multilinear continuous maps), we can apply the general result [79,
Thm. 2.30]. Thus, the set {® € Aq : p;[®] # w[®], Vj € F,l € N\ F} is open in
CH1(Q,R?) as required, and the functions

MF,S[(I)]: = ' Z Hijy [(I)] s [QD],

depend real-analytically on ® € Ag[F]. Since
_ Mpyr (9]

Ap,[®] = —1.... |F
F: [ ] MFJF'[@] ) S b 7| ’7

we deduce that A rs|®| depend real-analytically on ® € Aq[F]. Finally, by formula
(2.3.3) we conclude that Ap¢[®] depend real-analytically on ¢ € Ag[F].

We now prove formula (2.3.6). We set 4 = (EW 0 ®)D® for all I = 1,. .., |F|
and we observe that @), [ € 1,...,|F| is an orthonormal basis in Lé(Q) of the

eigenspace associated with the eigenvalue pup[®] := (Ap[®] + 1)~! of the operator
Sg. By applying [79, Thm. 2.30], we have that
[Fl =1 ST o 207 G
dlg_5Mp s[V] = Ar[®]+ 1) Y " (dlg_g Sa[¥][a®], a")s,

s—1
=1



2.3.  Analyticity results and Hadamard-type formulas 45

where we recall that (-, )3 is the inner product of L2 (Q2) (cf. (2.2.15)). Therefore,
by Lemma 2.3.7

d|g_5(Aps) (V) ) )

= {d|o—s Mr|r|—s [P][V]ME p| [®] — MEp|—s [P] d| g Mrr [P][V]}
C(Ap[®] + 1)2F

B |F| -1 = erior [(IFN\(IF] =1

=1L h ey (T (0 7])

|F|
- (Ap[®] + 1)””'”] (Ar[®] + 12 (d]ys Se[W][a®], a")s

= (\p[®] 4+ 1)} (|F| _ 1)

s—1
|F]

S ]2 2 5
: Z/ <)\F[¢>]‘E(l)‘ —‘curlE(l)‘ ) ((\IJ o (V). V) do.
=1 J0%(Q)

Thus, using (2.3.3), we get
dlg_5(Ars)[Y]

3O (TS ()

izl/a@(m (AF@]’E@)Q et B 2) ((¥od).v) do
- (|§|_—11) ki: (8 5 1) (A[®] + 1) (=1)*7+!

:Zl/%(m (Aol 20 et 20 ) (w0 60 0)
= ('Z'__ll) (O[]

,i/a@(m (AF[‘E’E@)Q ~ e B¢ 2) ((wod)) do

which proves formula (2.3.6). O

Lemma 2.3.7. Let Q be a bounded domain in R® of class C*' and P e Ag. Let
v, € Xy(div0,®($2)) be two Mazwell eigenvectors associated with a Mazwell
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eigenvalue \. Assume that v, € H*(®(Q)). Let it = (# 0 ®)D®, p = (i 0 &) DP.
Then

(dlg—gSe[V][a], P)g

=(\+ 1)_2/ <cur117 ceurlw — \ - w) ((\I/ o V). l/) do , (2:38)
ad(Q)

for all ¥ € CHH(Q,R3).

Proof. To shorten our notation, we set Yo = Tp+.Jg. Since Jg[u] = (A1) [al,
Jelol = AN+ 1)"1T4[p] (cf. Lemma 2.2.16), and T is symmetric, we have that

(dlo—5Sa[¥][a], 2)5
= (105" o dly_gJa[V][a], )g + (10 dlgg T3 [¥] 0 J[a], &)
— Jal@] [0 T5" o dly_g ol WI[al] + 5[] [+ 0 dlg_g X5 [¥] o J5lil]
= (O + )79
: [T; o dly_gJo [ W)[i] = T3 0 dly_g Te[¥] 0 T3 o J@[a]]
=(A+1)7"'Ts
(05" o dlog oW = T3 0 dly_g Ta[¥] 0 15" 0 (A1) T[] [¢]
= O+ )7 (Al JalWI[[E] — A+ 1) dlag Yol V][]
= O+ )7 (A + 1) dlgg JolWI[a[F] — (A + 1) g Ta W][a][2])
= (A4 1)72 (Ndly_g T [ WI[][5] — dly_s To[W][a7]) (2:3.9)

We begin by computing the second term in the right-hand side of (2.3.9). Obviously,
we have that

d|g_pTo[V][u][]
. ~ N(®,a,p)
= 14 (d| o35GV 1)1 d d|e_z — Ty | [,
/chr u( ’<1>—c1> <I>[ ]) (Cur 90) T+ T |q>_<1>< Q‘det(D¢)| :c)[ ]
(DCI>)TD<I> - 5 N
h h t Gp = ————— and N (P =N(®,a)N(P th
where we have set Gg |det(D(I>)‘ an ( ,U,SO) ( ! ( »90) W1

N(@®,7) = div, (n(ch)—l(ch)—T det(D<I>)>
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for any vector field . To shorten our notation, we also set ( = ¥ o o(-Y. By a
change of variables one can see that

/ curl @ d|y_gGa[¥] (curl ¢)* do =
Q

/ _(DV)'D® + (D))" DY
= [ curlu -
Q |det(D®)|

B / curl o (D&))TDé d|¢:(§‘det(D<I>)| (V]
“ (det(D@)2

= / curl ¥ <DQ + (DC)T> (curl®)” dy — / curl ¥ (curl @) div(¢) dy.
()

(curl @) dx

(curl )T dx

2(Q)
Now by standard calculus we have

([N@a) gy [ 4 N@+ )
dlp—g ( o }det(D‘bH d > ] = /Q dt<|det(D((i)+t\I/)|> t=0

:/ 4N(®+10,1,3)|,_, |det(DP)| — N (D, @, §) d|g_g|det(DD)|[¥]
a (det(D®))>

dx

:/Q<%(N(<i)+t\p,a)}t:0N(<i>,¢>
+N (D, a)i(zv@ +10,9)

dt ‘t:O

- / div, (0) divy(w) div,(¢) dy = 0.
B(Q)

) |det DO| ™" dur

Here we have used the fact that

N, a)@)  dive [P(2)(DB (@) (DD ()" det( DB(x))]

det(D®(z)) det(D®(z))

and

N@,a))  dive |@(@) (D) (D)) T det(DD(x)

det(D(z)) det(D(z))
= div, 9(®(z)) = 0.
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We conclude that

s To[W][a][5] = /

curl o (DC + (DC)T> (curl w)” dy
b(Q)

(2.3.10)
— / curl & (curl )" div(¢) dy.
()

We now compute the first term in the right-hand side of (2.3.9). We claim that

dlo_sJa[V][T)[P] = — /@ o 0y (Dg + DgT> W’ dy + [D o o’ div(dy, (2.3.11)

where we recall that ¢ = U o &Y. Indeed, it is easy to see that
[[d|¢:&>(det(D<I>))[\IJH ° <i><—1>] det DB = div (xp o <i><—1>) . (2.3.12)
Moreover, since
Jo|t][p] = /QaRQ ¢"|det D®| de,

where Ry = (D®)~'(D®)~7, then

dlp—gJo[V][a][P]
7 =T ~ ~T (2.3.13)
= / udlq,:(chp[‘If] © \det DCI)‘ dx + / uRé v d’¢:§>‘det DCI)‘ [\Ij] dr
& Q
Note that
[d]g_sRa[¥]] 0 V= — DOV [D(\If 0o ) H(D(Vo @(—n))ﬂ (DHD)T.
(2.3.14)

Therefore by equalities (2.3.12), (2.3.13), (2.3.14) and a change of variables, equality
(2.3.11) follows.

We now consider the first term in the right-hand side of (2.3.11). By integrating
by parts we obtain that

- v ) @t = — G NAYTY _ SR NOAYTIP
/é(sz)v(DCHDO )i dy /&m) {010 2y /&>(Q) 0i(0:Gy)w; dy

— [ @uncd+ [ @ Odiv@ydy - [ (@ Q)@ -v)do
() 2(Q) 0%d(Q
+ /&)(Q)(w () div(0) dy + /‘f(ﬂ)(a w;)0;¢; dy — / () do
- /é(m(@jf}i)wj(i dy+/&>m (0;w;)0;¢; dy—i—/<I> (0 - ¢)div(w) dy

+ /@(9)(@ - () div(v) dy — 2/@@(9)(@ -0)(¢ - v) do,
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where we have used the fact that © X v = 0 = w X v hence

on 0®(Q). Now, since

3
2(8]171)71;]@ — (8117])@](’@ = curl v - (’lIJ X C)

2,j=1

and
3

Z(azw]>@z<] — (8]71)2)131(] = curlw - (17 X C),

ij=1

we deduce that

/ (0;0:)w;¢; dy +/ (Ow;)0:C; dy
() ()
- [ @wigas [ @l - [ @)
B(Q) &) * (@)
() ()
:/ Cuﬂ{,.(@xg)dy+/ curlojz-(f;xg)dy%—/ V(v-w)-(dy.
$(Q) d(Q) (Q)

Thus, since for any triple of vectors a, b, c € R® we have that a-(bxc) = b-(cxa) =
c-(axb), we get

- / 5 (D¢ + (DO ) " dy
2(Q)

:/ ﬁ-((xcurluﬁ)dy%—/ 71'1-(C><curlz7)dy+/ V(0-w)-(dy
&(Q) 3(Q) (Q)

-l—/ (@-Q)divwdy+/ (@-C)divf)dy—Z/ (0-w)(¢ - v)do.
() () ad(N)
Since v and w satisfy the equation in (2.1.3) on ®(f), we have
/ 0+ (¢ x curlw) dy
d(Q)

3 [ culeus (¢ xcurlw)dy A7 [ Vdiva (¢ x curl) dy
() (Q)
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=\ / (curlw - curl @) div(¢) dy + A~ ! / curl D¢ (curl @) dy
() Q)

— At / curl oD (curlw) ¢F dy — \7'r Vdivd - (¢ x curld) dy
d(Q) B(Q)
+ A7 / (¢ -v)(curl@ - curl 5) do — A~ / (¢ - curld)(v - curlw) do,
b () ad(Q)
(2.3.15)
where, in order to compute the boundary integrals, we have used the following
formula

(v x curl?) - (¢ X curlw)

= &jrvi(curl 0)k&im G (curl @), = (010km — 0jmOr)v;G(curl 0) g (curl @),

= (¢-v)(curlw - curl 9) — (v - curlw)(¢ - curl v).

Note that the last boundary term in formula (2.3.15) vanishes by Lemma 1.3.5.
Then

~ 3 [b N 7 (DC n (DC)T> W7 dy

= —2/ (curlw - curl 0) div ¢ dy + / curl w (DC + (DC)T> (curl )" dy
d(Q) i)

(@)

—/ V(curlw - curld) - (dy —7 [ Vdivo - (¢ x curlw) dy
()

- T/ Vdivw - (¢ x curld) aly+2/~ (¢ - v)(curlw - curl 0) do
2%(Q)

+)\/ V(v ~)-Cdy—f—/\[i(m(w-g)divf)dy—i—/\[ (0-()divwdy

()

—2/\/ (5 @)(C - v)do

8%(Q)

= —/ (curlw - curl ©) div ¢ dy + / curl w <DC + (DC)T> (curl 9)” dy
B(Q) (Q)

—7'/ Vdiv@-({xeurlﬁ))dy—T/ Vdivw - (¢ x curlv) dy
&(Q) (Q)

3()

_5‘/&(9)(5'@)diVCdvaS\é(m(u?.g)divﬂdy+5\/ (- ¢) diva dy

— 5\/ (0-w)(¢-v)do+ / (curlw - curl 0)(¢ - v) do. (2.3.16)
% (Q) 0%(Q)
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Hence, by (2.3.9), (2.3.10) and (2.3.16) we get
(A + 1)*(dlg—aSa[¥][a], )5
Y ~ T\ T 3 ~ ~T -
_ AA(Q)U(DC—F(DC) )w dy+)\[ 5T div(¢) dy

d(Q)

- / curl o (DC + (DC)T> (curl®)” dy + / curl ¥(curl w)” div(¢) dy
() P

d(Q)

:/ (Curlﬁ-curlw—:\ﬁ~2b> (C-v)do
od(Q)
—T/ Vdivﬁ-((xcurlw)dy—T/ Vdivw - (¢ x curlv) dy
&(Q) &(Q)
+ A / (- ¢) div(D) dy 4+ A / (0 - ¢) div(w) dy
() ()
:/ (Curlﬁ-curlw—:\17~zb) (¢-v)do,
8%(Q)

and the proof is complete. O]

In the case of domain perturbations depending real analytically on one scalar
parameter, it is possible to prove a Rellich-Nagy-type theorem and describe all
the eigenvalues splitting from a multiple eigenvalue of multiplicity m by means
of m real-analytic functions. One can also check 73] for more details, specifically
Theorem 3.9.

Theorem 2.3.17. Let  be a bounded domain in RN of class C*. Let ® € Aq
and {® }ecr C Aq be a family depending real-analytically on € such that & = .
Assume that \ 18 a Mazwell eigenvalue on <I>( ) of multiplicity m, X = A, (D] =

= Mgm_1|®] for some n € N and that EV ... EM™ ¢ X(div0,®(Q)) is
an orthonormal basis of the eigenspace of A, the orthonormality bemg taken in
L2(®(Q))®. Moreover, assume that E®) € H2( (Q)) forallk =1,.

Then there exists an open interval [ containing zero cmd m  real-
analytic functions gy, ..., gm defined on I such that {\,[®c], ..., A\psm_1[P]} =
{g1(€), ..., gm(e)} coincide for all e € I.

Furthermore, the derivatives ¢1(0), ..., g..(0) of the functions g1, ..., gm at zero
coincide with the eigenvalues of the matrix

/ <5\ EWD.EY —curl EO . curlE(j)> (-vdo (2.3.18)
8B (Q) .

where ¢ = &y o @V, and dy denotes the derivative at zero of the map € — ®..
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Proof. First of all, we note that by our assumptions, A does not coincide with any
of the eigenvalues of the Dirichlet Laplacian in €2 multiplied by 7, see Remark 2.1.9,
and by the well-known continuity of the eigenvalues of the Dirichlet Laplacian, this
implies that for all € in a sufficiently small neighbourhood of zero, the eigenvalues
{A[P], -+ s Anam—1[Pc]} satisfy the same property. By applying |79, Theorem 2.27,
Corollary 2.28| to the family of operators Sg, we deduce that there exists an open
interval I containing zero and m real-analytic functions gy, ..., g, from I to R such
that {(1 + M@)oy (14 M1 [@)) 7 = {G1(e), ..., gm(€)} for all € € T;
moreover, the derivatives of those functions at zero are given by the eigenvalues of

the matrix . ' ‘
({dlo—sSoldo)@,aP)

where 4*) = (E® o ®)D® for all k = 1,...,m. The proof follows by setting

1
gr(€) == = —1,k=1,...,m, and using Lemma 2.3.7. O
Jr(€)

We conclude this section by proving an immediate consequence of our results,
namely the Rellich-Pohozaev identity for Maxwell eigenvalues.

Theorem 2.3.19 (Rellich-Pohozaev Identity). Let Q2 be a bounded domain in R?
of class C¥1. Let X be a Mazwell eigenvalue and E € X (div,0,9Q) a corresponding
non-trivial eigenvector normalized in L*()3. Assume that E € H*(2). Then

A= 1/ (|culrlE|2 - )\|E|2> (x-v)do.
2 Jaq

Proof. Assume that A = A\, () = -+ = \in_1(Q) is a Maxwell eigenvalue with
multiplicity m (with the understanding that the corresponding m-dimensional
eigenspace is made of Maxwell eigenvectors, see Remark 2.1.9). We consider a
family of dilations (1+¢€)$2 of © which can viewed as a family of diffeomorphisms ®, =
Id+ eld, e € R, where Id denotes the identity map. It is obvious that A, ;[®.] =
(1+ €>_2 Aforalli=0,...,m — 1. In particular, the domain perturbation under
consideration preserves the multiplicity of A and the matrix (2.3.18) is a multiple
of the identity. By differentiating with respect to € and applying Theorem 2.3.17
with ( = Id we obtain

i/\n[@e] = /asz </\|E(x)’2 - ’curlE(x)’Q) (z-v(z)) do(x), (2.3.20)

de

e=0
where the given normalized eigenvector E is serving as an element of the orthonormal
basis of the eigenspace. If we differentiate the equality \,[®.] = (1 4 €)X with
respect to €, we obtain

- % ((1 +e) A) Y (2.3.21)
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By combining (2.3.20) and (2.3.21) we conclude. O

2.4 Criticality for symmetric functions of the eigen-
values

In this section we apply the previous results in order to find a characterization of
critical points, thus including maxima or minima, for the symmetric function of
the eigenvalues, upon volume or perimeter constraint for the perturbed domains.
We denote by V[®] the measure of ®(£2), that is

V[P]: :/ dx = /|detD<I>| dx, (2.4.1)
o(Q) %
and by P[®] the perimeter of ®(2) that is
P[D] ::/ daz/ |V(D®) 7| |det D®| do . (2.4.2)
29(Q) 00

We are interested in extremum problems of the type

min  Apg[®] or max Ap[®], (2.4.3)
V[®]=const. V[®]=const.

as well as problems of the type

min = Apg[®] or max Aps[P]. (2.4.4)
P[®]=const. P[®]=const.

It is convenient to recall the following lemma from [77|, where H = divr denotes
the mean curvature of {2, that is, the sum of the principal curvatures.

Lemma 2.4.5. Let Q be a bounded domain in RY of class C%'. Then the maps
V, P from Aq to R defined in (2.4.1),(2.4.2) are real-analytic. Moreover, the
differentials of V and P at any point & € Aq are given by the formulas

dly_oV[®][7] = /8 gy OB () do (2.4.6)

and

d|p_3 P[®][V] = - H(z) (o &Y (2)) - v(z)do, (2.4.7)

for all ¥ € CY1(Q,R?).
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For a €]0, +00[, we set
Vie) :={® € Aq:V(®)=a}, Pla):={®ecAg:P(®)=a}.

Keeping in mind the Lagrange Multiplier Theorem (which holds also in infinite
dimensional spaces), we note that if ® € Aq[F] is a minimizer/maximizer in (2.4.3)
or (2.4.4) respectively, then it is a critical point for the function ® — Ap [®] under

the constraint ® € V(&) or the constraint ® € P(3) respectively, where & = V()
and 5 = P(®), which means that

Kerd|s_gV[P] C Kerd|y_5Ars|P], (2.4.8)

or
Kerd|,_;P[®] C Kerd|o_gArs[P], (2.4.9)

respectively. .
The following theorem provides a characterization of those points ® € Aq[F]
satisfying (2.4.8) or (2.4.9).

Theorem 2.4.10. Let Q be a bounded domain in RN of class C*'. Let F be a
non-empty finite subset of N and & €)0,+oo[. The following statements hold:

(i) Assume that ® € Oq[F] NV(a) is such that \; (D] are Mazwell eigenvalues
with common value A\p[®] for all j € F. Assume that EM . BIF) ¢
Xy (div 0, ®(2)) is an orthonormal basis of the eigenspace corresponding to

Ar[®] and that those eigenvectors belong to H*(P(Q)).

For s = 1,...,|F| the function ® is a critical point for Aps with volume
constraint ® € V(&) (that is, condition (2.4.8) is satisfied) if and only if there
exists a constant ¢ € R such that

|F|

3 (AF[@]‘EU)‘Q _

curl BV

2) =c, on 09(Q). (2.4.11)

(i) Assume that ® € Og[F] N P(@&) is such that A\;[®] are Mazwell eigenvalues
with common value \p[®| for all j € F. Assume that ED ... EF) ¢
X (div 0, ®(Q)) is an orthonormal basis of the eigenspace corresponding to
Ap[®] and that those eigenvectors belong to H*(®(Q)). For s =1,... |F| the
function ® is a critical point for Ap, with perimeter constraint ® € P(&)
(that is, condition (2.4.9) is satisfied) if and only if there exists a constant

¢ € R such that

i (AF[@]’E(Z))Q _ ’CurlE(l)f) = cH, on 0P(Q). (2.4.12)
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Proof. Tt suffices to observe that by standard linear algebra condition (2.4.8) or
condition (2.4.9) is satisfied if and only if there exists a constant [ € R such
that d|o_s Ars[P] = 1d|p_gV[P] or d|o_5Ars[P] = ld|s_gP[P] respectively . By
formulas (2.3.6), (2.4.6), (2.4.7) and the Fundamental Lemma of the Calculus of
Variations, we conclude. O

In the next theorem, we show that balls are critical domains.

Theorem 2.4.13. Let Q be a bounded domain in R® of class C*'. Let d e Ag be
such that ®(§2) is a ball. Let X be a Mazwell eigenvalue in ®(S2) with an eigenspace
of dimension m in Xx(div0, ®(S2)). Assume that A\, 1[P(2)] < A\, [®(Q)] =--- =

)\n+m_~1[<~l>(ﬂ)] < A @(Q)] for somen € N, and let F' = {n,...,n+m — 1}.

Then ® is both a critical point for Ap, with volume constraint ® € V(V(®)) and a
critical point for Ag s with perimeter constraint & € P(P(®)), for all s =1,... |F]|.

Proof. Conditions (2.4.11) and (2.4.12) are satisfied thanks to Lemma 2.4.14 below.
[

We highlight the fact that the proof of the next lemma is based on the rotational
invariance of the curlcurl operator which means that for any orthogonal matrix
A € O3(R) we have

curl curl(E(Az)A) = ((curl curl E)(Az)) A

where E' is any vector filed defined on a radially symmetric domain, an eigenvector
in our case, see below. We refer e.g., to [20, Definition 3| for the a definition of
rotational invariance for a large class of partial differential operators. We also
note that a similar method has been used in |23, Lemma 5.3, Theorem 5.4] for the
Reissner-Mindlin system.

Lemma 2.4.14. Let B be a ball in R® centered at zero. Let X be a Mazwell eigen-
value in B with an eigenspace of dimension m in X (div 0, B) and let EM, ... E™
be a corresponding orthonormal basis. Then, the functions

Z’E(Z)r, z:‘curlE(l)’2
1=1 =1

are radial.

Proof. Let E be an eigenvector of problem (2.1.1) with eigenvalue A. Take an
orthogonal matrix A € O3(R) and consider the vector field u defined by u = (EoA)A.
Then the Jacobian matrix Du of u is

Du(x) = ATDE(Az) A.
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Note that in this proof, for simplicity, we denote by Az the row vector (AzT)T
which is identified with the image of x via the linear transformation associated
with the matrix A. Thus

divu (z) = Tr(Du(z)) = Tr(ATDE(Az) A) = Tr(DE(x)) = div E (Az) .

Moreover, we have that

0 Ou; 0
= D O ) = a—%[Ark(&Ej)(Ax)Aji]
= Ark(ﬁsarEj)(Ax)AskAﬂ = (&Q&Ej)(Ax)émAji = azEj(AZL’)Aﬂ

— [AE(Az) A]

Au,(x)

Therefore the vector laplacian of u satisfies
Au(z) = AE(Ax) A.
Finally, we get that
curl curlu(z) = Ddivu(z) — Au(z) = [(Ddiv E)(Az) — (AE)(Az)] A
= [(curlcurl E)(Az)] A = AE(Az)A = Mu(z).

This proves that if E®_ ... E( is an orthonormal basis of the eigenspace asso-
ciated with the eigenvalue A, then {u(j) =(EWoA)A:j=1,... ,m} is another

-----

-----

7j=1 7j=1 7j=1
=> [ D _RuAEY > R[AJE™
j=1 =1 h=1
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2
which proves that ", E(l)’ is a radial function.

Note that curlu') = Z Rji[A] curl EV. By formula (2.2.5) we have that

curlu AT
l1FoA= ——
e det A
Thus
Z‘curlE D oA = Z <curlE o A) (curlE o A)
7=1
m m 2
_ () AT . (4) AT — ()
—Z<curluj A > (Curluj A ) det —Z‘curluj
j=1 J=1
:Z ZR [A] curl EO ZRJ;L ] curl B¢
j=1 \ I=1 h=1
:Z(;”‘ curl EW . curl EW = Z curlE(l) ,
=1 =1
which proves that )", | curl EO? is also a radial function. O

2.5 Maxwell eigenfunctions on the ball

Throughout this section, by B we denote the ball in R? of radius R > 0 centred
at zero. We use the spherical coordinates (p, 8, ) € [0, R] x [0, 7] x [0, 27] where
6 is the polar angle (# = 0 at the north pole) and ¢ is the azimuthal angle. It is
also convenient to use the standard local orthonormal base (p, 6, ) canonically
associated with (p, 0, ¢), namely

p = (sinf cos ¢, sin O sin ¢, cos )
6 = (cos B cos p, cos O sin ¢, — sin )
@ = (—sing, cos ,0).

The eigenpairs (A, u) of problem (2.1.1) in B can be expressed in terms of

the Riccati Bessel functions v, and the spherical harmonics Y. Recall that

= /% J,,1(2), where J, 1 denote the Bessel functions of the first kind and
half—lnteger order and that the fzunctlons 1, satisfy the differential equation

2f(2) + (22 —n(n+1))f(z) = 0.
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Recall also that the spherical harmonics Y,"(0, ¢), with |m| < n, are eigenfunctions
of the Laplace-Beltrami operator Ag2 on the unit sphere S?, namely

A" +n(n+1)Y," = 0.

For more details on these functions we refer to [1].
It it known (see e.g. |41, §8] or [66]) that the eigenpairs (A, u) of problem (2.1.1)
in B are given by the union of the two families

{Fons cwrl Y™ (0, 000 (kanp) B}, A(kr)?s curleutl [V (0, 0) o (krp) AL}
(2.5.1)

where n, h,l € N, m € Z with |m| < n. Here k,, h € N denote the positive zeros
of the function k +— ¢, (kR), arranged in increasing order and k!, | € N denote
the positive zeros of the function k — ¢/ (kR), arranged in the same way.

Now, we compute explicitly the eigenvectors in (2.5.1). Recalling the formula
curl(¢gp) = Vg x p we have that

curl(Y," (6, ©)Vn (knnp) P)

- % (SlIlleap ( ( )) ¢n< nhp)é - 89 (Ynm(9790)) ¢n( nhp) )

(2.5.2)

Observe that the vector in (2.5.2) is zero if and only if n = 0. Similarly, using the
formula curlcurl(gp) = V(8,9) — pA(})p and the fact that

—pAY (0, 0)n(k p)/p) = KV, (0, 0)vhu(k p),
see [41], we have that

curl curl[Y;" (0, ) (K7, 0) ]
1
= (kp)?Y, (0, ) [Un(kp) + Unlkiyp)] B+ —k‘;l@a (Y0, ) ¥, (Kiyp)B

1 PN | (n—|—1) .
ik, (V6.) %(ksmp)w:;(T (0, )n(Kup)p
+ ks (Y70, 0)) ¥ (krup)@ + 9 ki, (Y (0,)) %(k"m)w)
(2.5.3)

Again, this vector is zero if and only if n = 0. Then, we are ready to prove
the following theorem. Recall that the Riccati-Bessel function v, is given by
wl( ) _ sinz — COS 2.
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Theorem 2.5.4. The first Mazwell eigenvalue in a ball of radius R centred at
zero is (ky,)* where ki, is the first positive zero of the derivative of the rescaled
Riccati-Bessel function k — | (RE). Its multiplicity is three and the corresponding
Electric eigenspace is generated by the three Electric fields

1 /2 / ~ / m e 2)
B 0,6,0) =+ (2000010 + Ko (1716.0) U1 (K108
] (2.5.5)
gkt (7(0.9) Wi (K, )
form = —1,0,1. The associated magnetic fields are given by
H™(p,0,0) = —k#wrlE(m)(p, 0,¢)
3 | H (2.5.6)
= % (m@o (Y7"(0,9)) ©1(K110)8 — 0o (Y™ (0, 0)) wl(k’/up)@) :

Proof. Recall that 1, (z) = zj,(z) where j, are the spherical Bessel functions of
the first kind. Due to the above observations, we need to find the smallest positive
number zZ > 0 such that there exists n > 1 with either ¢,,(2) = 0 or ¥/, (2) = 0;
the first eigenvalue would then be (z/R)?. Observe that the positive zeros of 1,
coincide with the zeros of j,,. First, we recall a useful result about the zeros of the
spherical Bessel functions and their derivatives. Denote by a, , and by a;, , the s-th
positive zero of the function 7, and j/ respectively, for all n € N; then we have the
following interlacing relations:

Ap1 < Apy11 < Ap2 < Gpy12 < Qg < -

and
! ! ! ! /
Apg < Opygq < Opo < lpygo <3 <---

For a proof of these relations we refer to [89]. From this we can easily deduce that
for each s € N, the sequences {an}ne; and {a;, ,}o2, are strictly monotonically
increasing.

Observe that since the functions 1, are smooth and v,,(0) = 0 for all n € N,
the number Z we are looking for is the first positive zero of ¢/, for some n € N. We
claim that it is the first positive zero of the function

COS 2 . sin z
+sinz — —
z

Ui(z) =
ie. Z~2.7440.01. To prove this, note that

Un(2) = Jn(2) + 24 (2). (2.5.7)
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Since

-y U (2
AT L em ey I\ 2 )
then j,(0) = 0 and j,(2) > 0 for all n € N and for all z between zero and a,, ;. Then
by (2.5.7), we have that ¢,(2) > 0 for all z €]0, a;, ,[. Due to the monotonicity of
the sequence a;, |, n € N, it is then sufficient to prove that z €]0, a5 [, because in
this way the first positive zero of all other functions ¢/ ,n > 2, will be necessarily
larger. Since aj; ~ 3.34 £ 0.01, the claim is proved, and the first eigenvalue is
kj, = (z/R)?, where Z is the first positive zero of the function ¢}. The eigenvectors
and their curls are computed by using formulas (2.5.2) and (2.5.3) above and it is
easily seen that the multiplicity is three.

[



Chapter 3

Stability

In this chapter we study the spectral stability for the electric Maxwell problem. Note
that we will actually study the more general (penalized) problem (3.0.1), already
introduced in its weak formulation in the previous chapter. In Definition 3.1.12
we introduce the “Atlas Piola transform" and in Theorem 3.1.16 we prove some
properties. In Section 3.2 we prove the main result, concerning the spectral stability
(cf. Theorem 3.2.30). Then, in Section 3.3 we show that under the hypotheses on
the domains involved and on their rate of convergence (cf. (3.1.15)), a uniform
Gaffney inequality is valid, which in turn justifies the previous result on spectral
stability. Finally, in Section 3.4 we study the critical threshold case o = 3/2, which
is not covered by the previous theorems. Here o stands for the rate of oscillation
of the perturbed boundary (see also (3.3.3)). We prove a stability result for the
electric case (see Theorem 3.4.57) and, for the sake of completeness, we also provide
an analogous result for the magnetic case (see Theorem 3.4.109).

Consider the following penalized boundary value problem for the curl curl
operator subject to electric boundary conditions:

curl curlu — 7Vdivu = Au,  in €,
divu = 0, on 012, (3.0.1)
vXxu=0, on 0,

where 7 > 0 is any fixed positive real number.
The weak formulation of problem (3.0.1) is the following (cf. (2.1.3)):

/curlu-curlgpd:v+7‘/divudivgpdx:)\/u-goda:, for all ¢ € Xx(€2), (3.0.2)
Q Q Q

in the unknowns u € X(2) and A € R.
As we have done in the previous chapter, we recast the eigenvalue problems
under consideration in the form of eigenvalue problems for compact self-adjoint

61
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operators and this can be done by passing to the analysis of the corresponding
resolvent operators. Hence we recall the following operator T from X (£2) to its

dual (X (€2))
<Tu,p >= /chrlu -curlp dz + 7‘/9divu divpdzr for all u,p € Xy(Q),
and the map J from L*(Q)3 to (Xx(Q))
< Ju,p >= /Qu ~pdr forall u € L*(Q)*, ¢ € Xu(9).
Observe that the operator 7'+ J is a homeomorphism from Xy(Q2) to its dual by

the Riesz Theorem. Then we have the following (cf. (2.1.11))

Lemma 3.0.3. IfQ is a bounded domain in R® such that the embedding v of X«(Q)
into L*(Q)3 is compact , then the operator Sq from L*(Q)3 to itself defined by

Squ:=1o0(T+J)  olJ

is a non-negative compact self-adjoint operator in L*(2)3 whose eigenvalues j are
related to the eigenvalues \ of problem (3.0.2) by the equality pn = (X + 1)7L.

By the previous lemma and standard spectral theory it follows that the eigen-
values of problem (3.0.2) can be represented by the sequence A\, (€2), n € N defined
by \(Q) = p,;1(2) — 1. Moreover, the classical Min-Max Principle yields the
following variational representation

Jo, (kurlu|? + 7|divu|?) dz

A () = 1 3.04
(&) Vcn)q(an(Q) ugxl/e\t?o} Jo [ul? dx ( )
dimV=n

3.1 A Piola-type approximation of the identity

As we have seen in Chapter 2, given two domains {2 and Q) in R? and a diffeomor-
phism ® : Q — Q of class C'!, the standard way to pull-back vector fields from

Xn(€) to Xx(€2) consists in using the (covariant) Piola transform defined by
u(z) = ((vo®)DP) (z), forall e Q, (3.1.1)

for all v € Xy(€2). By Theorem 2.2.4 we have that v € Hy(curl, Q) if and only if
u € Hy(curl, ), in which case we have

curlu (D®)"

(curlv) o @ = det (DD)

(3.1.2)
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Moreover, note that by Theorem 2.2.11, for functions u,v in H' we also have

, _ div [u(D®)"H(D®)"" det(DP)]
(dive) o ® = dot (D) )

(3.1.3)

and in this case v € X(Q) N H'(Q)? if and only if v € X(Q) N H'(Q2)3. Unfortu-
nately, given two domains Q and Q, in general it is not possible to define explicitly a
diffeomorphism between Q and Q (even if it is known a priori that the two domains
are diffeomorphic). Nevertheless, it is important for our purposes to define an
operator which allows to pass from X(Q) to X, () as the Piola transform does.
This can be done by assuming that  and Q belongs to the same atlas class and
using a partition of unity in order to paste together Piola transforms defined locally,
as described in the following. Note that the specific choice of local Piola transforms
reflects our need for a transformation close to the identity.

Let A be a fixed atlas in R® and let 2, Q be two domains of class C'(A). Let
gj, g; be the profile functions of 2 and Q as in Definition 1.0.1.Assume that k > 0

is such that

k> max 13; — gilloo, and §; —k >as;+p, Vj=1,...,5" (3.1.4)
7j=1,..., s’
For any j =1,...,s we set
G =g —k (3.1.5)

and we define the map h; : r;(QNV;) = R

( ) 0, lf CL3j S Z3 S gj(f), ( )
hi(Z,23) =4 . o mem N (316
: 5:(2) - 5(0) (5255 )+ i 55(@) < 25 < 55(2),

and the map

q)j ’Ih(@ﬂ%) %Tj(QﬂV}), @j(i’,fﬁg) = ((Z’,ZL’g—h]‘(f7l’3)). (317)
Note that ®; coincides with the identity map on the set

Kj = {(.f,l’g) c VVjX]agj,bgj[ saz; <13 < gj<i’>} . (318)

Finally, if &' +1 < j < s we define ®; : r;(V;) — r;(V;) to be the identity map.
Observe that since h; € C(r;(Q2 N V;)), then ®; is of class C1!, and so is the
following map

V0NV, NV, Pyi=rlodjory. (3.1.9)
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An easy computation shows that if

3 .
k>— max [g; - gjlle (3.1.10)
o j=1

for some constant o €]0, 1] then
0<1—a<det(DU;(z)) <1+a foranyzec QN (3.1.11)

Let {1;}5-, be a C*-partition of unity associated with the open cover {V;}i_,
of the compact set Us_,(V;), that is 0 < +; <1, supp(y;) C Vj forall j =1,... s,

and 7 ¢ = 1 in U5_,(V}),, in particular also in QU Q. Note that this is a
partition of unity is independent of €2, ) in the atlas class under consideration.

Since for any ¢ € Xy(2) we have ¢ = > 7°_| ¢; where ¢; := 1;, then it is
natural to give the following (note that here we consider open sets of class C'?
hence the spaces X are embedded into H').

Definition 3.1.12. Let A be an atlas in R and 2, be two domains of class
Ch'(A). Assume that k > 0 satisfies (3.1.4), and {¢;}5_, is a partition of unity as
above. The Atlas Piola transform from Q to Q, with parameters A, k, and {v;}

is the map from Xy (€2) to Xy (€2) defined by

s
=0

Poi=Y &+ Y. (3.1.13)
j=1

Jj=s'+1

for all p € X(Q2), where

(3.1.14)

N (p; 0 U () DV, (x), if z€QNVj,
Qj(z) = . N
0, if z € Q\Vj,

forany j=1,...,5".

This Atlas Piola transform will be used in the following for a family €2.,e > 0
of domains of class C™'(A), converging in some sense to a domain  of class
CU1(A). In this case, Q. will play the role of the domain Q and the corresponding
transformation will allow us to pass from X () to X (£).

Given a family of domains €, € > 0, and a fixed domain €, all of class C*1(A),
we shall denote by g, ; and g; the corresponding profile functions (defined on W) of
Q. and 2 respectively, as in Definition 1.0.1. Following [11, 54|, we use a notion of
convergence for the open sets ). to €2, which is expressed in terms of convergence
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of the the profile functions g, ; to g;. Namely, we assume that for any e > 0 there
exists k. > 0 such that for any j € {1,...,s'}

(1) Ke> jirllax ng,j - ngLOO(Wj);

(i1) 11_1% ke = 0;
..... Dﬂ(ge,j -

3/2—
e—0 /435/ 18]

Hlanzl s

gj)HLoo(Wj)

=0 forall 8N with |g] <2.
(3.1.15)

Note that if every function g.; converges to g; uniformly together with the first
order derivatives and

sup sup |D?g.;(Z)| < oo

e>0 zeR2
is satisfied (in particular, if the second order derivatives of g.; converge uniformly
to those of g;), then conditions (3.1.15) are fulfilled, see [11].
We now fix a partition of unity {1;}3_, associated with the covering of cuboids
of the atlas A as above, and independent of ). and €2. We also choose k = 6x, and
we denote by P, the Atlas Piola transform from 2 to Q. (with parameters A, k,
{¥j};=1 ). Note that conditions (3.1.4), (3.1.10) (3.1.11) are satisfied with o = 1/2
if € is sufficiently small.

In the following, we shall denote by gc ;, hej, Pej, Kcj, Yej, Pe; all quantities
defined in (3.1.5), (3.1.6), (3.1.7), (3.1.8), (3.1.9), (3.1.14) respectively, with Q = Q,
and k£ = 6k..

Then we can prove the following theorem. We note that in the proof, some
technical issues related to pasting together functions defined in different charts are
treated in the spirit of the arguments used in [54] for the Sobolev spaces H?().

Theorem 3.1.16. Let Q. ¢ > 0, and Q be bounded domains of class C1(A).
Assume that Q. converges to Q0 as € — 0 in the sense of (3.1.15). Let P, be the
Atlas Piola transform from Q to Q. defined for e sufficiently small as above. Then
the following statements hold:

(i) for any e > 0 the function P. maps Xx(Q2) to Xx () with continuity;
(i) for any compact set KC contained in S there exists ex > 0 such that
(Peg)(z) = p(x), Yz ek (3.1.17)
for all € €]0, ex[ and p € X (Q);
(iii) the limit
[Pet |y 0) P [l xy () - (3.1.18)
holds for all ¢ € X\(£2);
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(iv) the limit
IPep = @l x(@na) =5 0 (3.1.19)

holds for all ¢ € X\(Q2).

Proof. Let ¢ € Xy(Q2) be fixed. Note that  is of class C'! hence the Gaffney
inequality holds and ¢ € H'(Q2)?. Moreover, ¢; € Xy(Q2) N H'()? for all j =
1,...,s hence @, ; belongs to Xy(Q) N H'(Q)? for all j =1,...,s". It follows that
P.p € Xy (Q). The continuity of the operator P, will be addressed at the end of
the proof.

Let us proceed and prove (ii). For any fixed compact set K contained in €,
since g.; converges uniformly to g;, we have

Kn V; C ’I“j_l(KEJ‘)

for all j = 1,...,s and e sufficiently small; this, combined with the fact that
®, ; coincides with the identity on K. ;, it follows that ¢.; = ¢; on K for all €
sufficiently small and (3.1.17) follows.

We now prove statement (iii). We have to prove the following limiting relations:

lim/ 1P| :/m?, (3.1.20)
e—0 Q. Q

lim/ lcurl P.p|? = /|curlg0|2, (3.1.21)
e—0 Q. Q
lim/ |div Peg|” = /|diw\2. (3.1.22)
e—0 Q. Q
We begin by proving (3.1.20). To see this, it just suffices to show that
m | @ej- Pen = / ©j * Ph, (3.1.23)
e—0 Q. Q
and
[ @cj-pi = / i pi (3.1.24)
=0 Ja, Q

for any j,h € {1,...,s'} and i € {s' +1,...,s}. We will only show (3.1.23), since
the computations to prove (3.1.24) are similar. We will first see that

2

<p€7j

= 0. (3.1.25)

lim
0 J@nvi)\ry (Ko )

Notice that for any j € {1,...,s'} we have ’(Q nv;) \r;l(KE,j)‘ — 0 as € goes to
= ‘WDq)eJ

0. Moreover, if w € R? is a vector, then |wDWV,; < Clw| for some
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C > 0 independent of ¢, since

1 0 0

D, ; = 0 1 0
_Ohey _Ohey q _ Ohey
o1 0z Oz3

and the first derivatives of h.; are all bounded due to the hypothesis on the
functions g. ; (see also (3.1.40)). Note that here and in what follows, by ¢ we denote
a constant independent of € which may vary from line to line. Then by using also
(3.1.11), we have

/mmvj)\rjl(K )

€J

‘8567]“2 W= /(Q AV (K. (o5 0 qj@j)queJF W
VNP5

e,j)

c/ ‘SOjO‘Pe,dey
(QeNV)\r; M (Ke j)
|2

IN

dx

|5
@OVi)\r; (Ke;) |det(DW ;) o \1’51)‘

Sc/ ‘goj{de—>O.
(QOV)\r (Ko ) =0

€,J

By (3.1.25) we deduce that

im [ 12 = [ o (3.1.26)

Indeed, since W, ; is the identity on rj_l(ng) C QN Q,, using (3.1.25) yields

2 2
[ el = | +
Q. N (Ke) (QenV)\ry (Ko )

Pe.j
2J €,J
Observe now that

/ Dej " Peh = / Pej * Peh
Qe ng‘/jmvh

= / ) Qbe,j : @67’1 +/ 9567j : @E,h'
r (K g)nry N (Ken) (QNV;NVI\(r; H (Ke )0y, H(Ken))

J

~ 2 2 2
Pei o0 mv_“/)j‘ :/Q\%‘\ :
J

(3.1.27)
It is obvious that
lim Bes Bon = lim 5o — / s-on. (3.1.28)
0 YK )y (Ken) 0 H (Ke )y (Ken) Q
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Here and in the following we will make use of the identity

Qe VO Vi) (15 (Key) N1 (Kep)) =

B K B (3.1.29)
[(QenV; N V) \ i (K ) U [ (Keg) \ry (Ben)) N VA
Observe that by (3.1.25), (3.1.26) we get
/ @e,j : Qz)e,h
(QenV;AVi\r; (Ko )
1 1 (3.1.30)
2 : 2 :
<(/ 2al’) ([ Jeal?) —po
(QenVi)\r7 H(Ke j) QN =0
and
/ @e,j : ()be,h
(7 H(Ke p)\ry, H(Ken))NVa
(3.1.31)

N

1
2
S (/ L ‘@e,jf) (/ }@e,hlZ) — 0.
N (Ke ) (QenVi)\ry L (Ken) =0

Hence, by formula (3.1.29), we see that the second term of the sum in (3.1.27)
vanishes as € goes to zero, hence we deduce the validity of (3.1.23) from (3.1.27)
and (3.1.28).

We now prove (3.1.21). Again, we need to check that

lim [ curl@, ;- curl @), = / curl p; - curl ¢y, (3.1.32)
e—0 Q. Q

for any j,h € {1,...,s'}. Note that

_ Ohej 0 0

1 O .
DOV =———| 0 1-%u gfoal Y
N det(D® ;) Ohe,; on" ] 7

and recall that V. ; = Tj_l o @, ; or;. Moreover, by (3.1.2) we have
curl @ ; = (curlp; o U, ;) (DV. ;)" det D(¥,;) on Q.NV; (3.1.33)

so that

|curl e j| < c‘curl wjoW;|.
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Then, with computations analogous to those performed above, we get
lim |ewl g ;|* = 0. (3.1.34)
0 @)\ (K )

It is also obvious that

P_% ke, ’curl@ﬁj}2 = /Q|curlg0j‘2 (3.1.35)

and thus

11_{1%/ ‘curlgpw /‘curhpj : (3.1.36)

By using the same argument above, formula (3.1.29) together with the new identities
(3.1.34), (3.1.35) and (3.1.36), we obtain (%.1.32) .
Finally, we prove (3.1.22). To do so, we need to prove that

lim [ div @ div e, = / div o; div ¢y, (3.1.37)
e—0 Q. Q
for any j,h € {1,...,s'}. Here and in the rest of the proof, the vectors under consid-
cration will be represented as follows: ¢; = (¢, @7, ¢3) and ¥ ; = (V! ;, W2, W3 ).
Since ¢ € Xy(€2) and the Gaffney inequality holds on €2, it follows that ¢ €
H*(Q)3. Thus, recalling that ¢, ;(x) = (¢j 0 V. ;(z)) DV, ;(x) for all z € Q. NV}, it
is possible to apply the chain rule and obtain that

3
o e} ove,; OV, 2‘1’2"- :
i) = 3 (GGG s g G wan,

m,n,i=1 m,i=1_ Z .,
N TV

ty;gA type B
(3.1.38)
where the terms in the first sum are called of type A and the others are called
terms of type B.
Recall that h.; are the functions in (3.1.6) used to define the diffeomorphisms

®. ;. We note that by the Leibniz rule we have

D% j(x) = Z (3) D7 (ge,j (Z) — g, (f)) D™ (gj?f; %;fg@)

for all v = (z, z3) € W;x]asj, bs;[ with g ;(z) < x5 < g.;(x). Moreover by standard
calculus

3
Do [ %3~ 9ed (z) < € <_° (3.1.39)
9ed@ — 93 @) ) |~ [gn(@) — s (@)1 = fehT B
€, €J |ge,] ({L‘) gev] ([E)’ Fre




70 Chapter 3. Stability

Therefore

D(ge; —
Dbyl <e S 1279 = 99l (3.1.40)

Ia\ Ivl
0<y<a

for all e > 0 sufficiently small. It follows by the definitions of U, ;, ®. ;, by (3.1.40)
and part (7ii) of condition (3.1.15), that for all m,7=1,2,3

o*um.
‘ 83626,] = o(k'?), ase— 0. (3.1.41)
bollLee(©enyy)
We claim that
lim |divg.;|* = 0. (3.1.42)

0 _
0 J @V (e )

To prove that, we analyse first the terms of type A in (3.1.38). By changing
variables in integrals we get:

/ (9<p;” G\IISJ 8\1!2’}]. 0
Qv (Ko 0T || O | | O
2
o™
Sc/ L oW, ;| dy
QV)\r () | On
2 (3.1.43)

/ Oy 1
c g dx
@)\ (ke ) | OTn ‘det(D\If@j)O\IJE’j

2

Hom
c/ 7 dz — 0.
@)\ (Ko ) | On €0

IA

We now consider the terms of type B. By setting n;(z) := @;(r;'(2)) and recalling
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(3.1.41) we have that

/ nw,) S0 g
(W) L] dy
@ity Oxf
0>y 2
it [ fetw)
i L= (QeNV5) (ng‘/j)\’r‘j (Ke,5)

_ 2 1
e 0<K/6 1)/ ) |(10j| (71) dl’
@)\ (Key) ‘det(D\I'67j) o W

€7j
_ 2
< o(s7) / lo;(2)|? da
(QOV)\r; H(Ke,5)
_ 2
—ol) [ ny(2)|" d=
i (QANV)\ K j

. 9;(2) 9
= o(k, )/ / |77j(2,23)| dzs | dz
Wi\ e, (2)

€]
< 0(5;1) W ‘gj(z) - Qe,j(5)|H77j(57 ')”ioo(ag].’gj(z))s dz
J

(3.1.44)

<ok )|g; — geijL‘x’(Wj) /W I (2, ')||§{1(a3j,gj(z))3 az
J

< o(k ") ’feHnjHiﬂ(rj(mVj))?’ o 0.

Here we have used the following one dimensional embedding estimate for functions
in Sobolev space (see e.g., Burenkov [25]):

”f”LOO(a,b) < C||f||H1(a,b)

for all f € H'(a,b), where the constant ¢ = ¢(d) is uniformly bounded for|b — a| > d.
We conclude that (3.1.42) holds.

Using (3.1.42), the fact that ¥, in r;l(Km-) coincides with the identity and
that

QN V) \r;(Ke;)| = 0 as € goes to 0, we deduce that

lim |div g.;|* = /|div ol (3.1.45)
) Q

e—0 T‘;l(Ky'

and
P_r)%/ge}divcﬁgjf :/Q]diwjf. (3.1.46)
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With (3.1.42), (3.1.45) and (3.1.46) in mind, in order to prove (3.1.37), it suffices
to reproduce the same argument used before starting from (3.1.27) combined with
formula (3.1.29). We omit the details. Thus statement (iii) is proved.

The proof of statement (iv) follows by the same considerations above. First
of all, for any j =1,..., s the function @, ; coincides with ¢; on r]-’l(Kq). Thus

77777777

[P — @l x @) < [P — ¢llxu,

j=1,...,s

This combined with by the limiting relations (3.1.25), (3.1.34) and (3.1.42) yields
the validity of statement (iv).

We finish by proving the continuity of the operator P, : X (Q2) — Xy (£2), where
e > 0 is fixed. In order to do that we will show that if a sequence {¢ fren C Xx(9)
converges to ¢ in Xy(€), then {Pewy fren converges to Pep in X (£2,) as k goes to
infinity. This in turn boils down to show that

A QeV)\ry (Ko )

Pepr, — Pep, curl Popp —— curl Pep,  div Pepr —— divPep
k—oo k—o0 k—o0

in L?(2,)®. We will prove only the first limit since the other limiting relations can
be proved in the same way.
Consider

s s 2
/ |P690k - P590|2dl‘ = / Z ((@k)e,j - @e,j) + Z ((@k)] - 90]) dr
Qe Qe l iy j=s'+1
< 252/ (Br)ej — Peg| da + 25 > / |(pr); — 5] .
j=1 VS j=s'41 7 S
(3.1.47)

By changing variables in the integral we have that

/ |(Br)es — 95‘2d93 - /
Q. Q.

soA\<¢k>j—wj\2dx,

2

dx

(((gak)j — ;)0 q’eu‘) DV

where C' > 0 is independent of k& € N. Moreover, since 0 <; <1,

2 2
[l =il do= [ lou=oPlusf do <llow = ol 20
Qe Qe — 00

for any j = 1,...,s. Hence we proved that the right-hand side of (3.1.47) goes to
0 as k goes to infinity.
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The cases for the curl and the divergence are similar: one just needs to make use
of formulas (3.1.33), (3.1.38) and remember that thanks to the Gaffney inequality,
which holds in €2, the sequence ¢}, converges to ¢ in H'(2)3. We skip the details.

O

3.2 Spectral stability

Let Q, € > 0, and Q be bounded domains of class C!'(A). For simplicity, it is
convenient to set 0y = . In this section, we prove that if €2, converges to (2
as € — 0 in the sense of (3.1.15), and a uniform Gaffney inequality holds on the
domains €2, then we have spectral stability for the curlcurl operator defined on the
domains {2, with respect to the reference domain 2. By uniform Gaffney inequality,
we mean that the spaces Xy (€)) are embedded into H'(€2.)® and there exists a
positive constant C' independent of € such that

[ull s < Cllullxy@.) (3.2.1)

for all u € Xy(€2) and € > 0. (Note that by Theorem 1.3.2, for every ¢ > 0 there
exists a positive constant C, possibly depending on €, such that (3.2.1) holds, but
here we need a constant independent of ¢).

To do so, for any € > 0, we denote by S. the operator Sg, from L?(€,) to itself
defined in Lemma 3.0.3. Recall that if f. € L?*(Q)? is the datum of the following
Poisson problem

curl curlv, — 7V divu. + v = f, in Q,
divv, = 0, on 0f1,, (3.2.2)
ve X v =20, on 02,

then the unique solution v, € X(€),) is precisely S.f., that is v. = Scf.. Recall
that 7 is a fixed positive constant (one could normalise it by setting 7 = 1 but we
prefer to keep it as it is also with reference to other papers where it is important to
have the possibility to use different values of 7, see for example Remark 2.1.9). In
this section we prove that S. compactly converges to Sy as € — 0, and this implies
spectra stability. This has to be understood in the following sense.

We denote by F = {E .} the family of the extension-by-zero operators
E.: L*(Q)% — L?(Q.)? defined by

0, if x € Q.NC,
E.p= = 3.2.3
L {o, ifzeQ\Q, (323)

for all p € L*(Q)3. Note that under our assumptions we have that for all p € L?(Q2)3

lim{| Eepl| 20,5 = 121l L2



74 Chapter 3. Stability

since ’Q \ (Q2:N Q){ — 0 as € goes to 0. We recall the following definition from
[111], see also [8] and [29].

Definition 3.2.4. Let u. € L*(€.), for € > 0, be a family of functions. We say

that u. FE-converges to ug € L*(2) as ¢ — 0 and we write u, Ly wg if

||u€ — EEUOHLZ(Qe) — 0, as ¢ —0.

We also say that S. E-converges to Sy as € — 0 and we write S, LE, S if for any
family of functions f. € L*(€), we have

L5 f = St 5 Sefe.

Finally, we say that S. E-compact converges to Sy as € — 0 and we write
S, =N So if S, LN So and for any family of functions f. € L(£2,), with [ fellL2(y =1
and any sequence of positive numbers ¢, with €, — 0, there exists a subsequence
en, and u € L*(Q) such that S, fn, LN

The following theorem from [111, Thm. 6.3] holds.

Theorem 3.2.5. If S, <, So then the eigenvalues of the operator S. converge to the
eigenvalues of the operator Sy, and the eigenfunctions of the operator S. E-converge
to the eigenfunctions of the operator Sy as € — 0.

If we denote by p,(€), n € N the sequence of eigenvalues of S, and by u,(€),
n € N a corresponding orthonormal sequence of eigenfunctions, then the stability of
eigenvalues and eigenfunctions stated above has to be interpreted in the following
sense:

(i) For every n € N we have p,,(€) = 1,,(0) as € — 0.

(ii) For any sequence ¢, k € N, converging to zero there exists an orthonormal
sequence of eigenfunctions u,(0), n € N in L?(Q)3 associated with u,(0),

n € N such that, possibly passing to a subsequence of €, u,(€) EN U, (0).

(iii) Given m eigenvalues (1, (0),. .., fnim—1(0) with

Mn(o) 7é ﬂn—l(o) and l’m-i-m—l(o) 7& Mn+m(0)

and corresponding orthonormal eigenfunctions u,(0), ..., Un+m—1(0), there
exist m orthonormal generalized eigenfunctions (i.e. linear combinations
of eigenfunctions) v, (€), ..., Vyrm—_1(€) associated with g, (€), ..., tnrm—1(€)

such that vy, ;(€) EN Up14(0) for alli =0,1,...,m — 1.
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Recall that u is an eigenvalue of S, if and only if A = p~! is an eigenvalue of
the problem

curlcurlv, — 7V divo, + ve = A\ve, in €,
divo, = 0, on 0S), (3.2.6)
ve X v =0, on 0f),.

and that the corresponding eigenfunctions are the same. Note that the eigenvalues
of (3.2.6) differ from those of (3.0.1) just by a translation. Thus, studying the
stability of eigenvalues and eigenfunctions of the problem (3.2.6) or (3.0.1), is
equivalent to studying the spectral stability of the family of operators S.. To do
so, we recall that the weak formulation of problem (3.2.2) reads as follows: find
ve € Xx(£2¢) such that

/ Ve - ndx +/ curlv, - curlndx + T/ divu.divndr = / ferndx  (3.2.7)

for all n € Xy ().
Suppose that for every ¢ > 0 we have that HfEHLQ(QE)?, < C for some C' > 0.

Then, setting 1 = v, in (3.2.7) and observing that [, f - vedr < %f96|f€|2 dx +

%fﬂe|v€|2 dx, we get

1 1
-/ 02 dx+/ lcurl v, ? dx+7/ div v do < -/ o da.
2 Ja. Q. Q. 2 Ja.

This in turn implies that for all € > 0

/
2 2 . 2
el gy = (Ioelae + leurdvelFagg, o + 1div vl )

< ellfll g,y = O(1).

In order to prove the E-convergence of the operators Se, it is necessary to
consider the limit of functions v.. We note that if Q C €, for all ¢ > 0 then it
would suffice to consider the restriction of v, to €2 and pass to the weak limit in Q.
Otherwise, it is convenient to extend functions v. to the whole of R3. To do so, we
observe that by the uniform Gaffney inequality combined with inequality (3.2.8) it
follows that ||vc||f1(q,)s is uniformly bounded. Moreover, the domains €2, belongs

(3.2.8)

to the same Lipschitz class C’g/’[l(A) for some M > 0 hence the functions v, can be
extended to the whole of R?* with a uniformly bounded norm, see e.g., [25]. Thus,
in the sequel we shall directly make the following assumption:

%eﬂ%Wﬁnxﬂm,wymmmmp¢m. (3.2.9)
€>
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Thus the family {v|q}eso is bounded in H (curl; Q) N H (div; Q) and we can extract
a sequence {v., |q}nen, with €, — 0 as n goes to oo, such that

Ve o — v weakly in H (curl; Q) N H (div; ) (3.2.10)
n—oo
for some v € H(curl; Q) N H(div; ). It turns out that v preserves the boundary
conditions as the following lemma clarifies.

Lemma 3.2.11. Assume that for some €, > 0 with €, — 0, there exists v €
H(curl, Q) N H(div, Q) such that {v,|q}nen weakly converges to v in H(curl, ) N
H(div, Q). Then v € X(2).

Proof. To prove that v € X(£2) we just need to make sure that v € Hy(curl, ).
Since v, € Hp(curl,€2,) for all n € N, by Proposition 1.2.5 we know that the
extension-by-zero in of v, belongs to H(curl, R?) for all n € N. By the reflexivity

of H(curl,R?) and the boundedness of the sequence {Ugn}neN’ we deduce that

possibly passing to a subsequence, there exists a function o € H/(curl, R3) such
that v0 — 0 weakly in H(curl,R®) as n goes to co. It suffices to show that o = v".
Since v is equal to zero outside of €, , it is clear that o = 0 a.e. in R®\ Q.
Moreover, since v, |q — v, 0 in H(curl,2), we have that v = ¢ a.e. in §2. Thus the
extension by zero of v to the whole of R3 is precisely © and belongs to H(curl, R3).

Using Proposition 1.2.5 again, we see that v € Hy(curl, §2). O

Lemma 3.2.12. Assume that condition (3.1.15) and the uniform Gaffney inequality
(3.2.1) hold. For any € > 0 let f. € L*(Q)*. Suppose that supeol| fell j2(q.)s # 00
and that the extension-by-zero of the functions f. converge weakly in L*(Q2)3 to
some function f € L*(Q)? as e — 0. For all e > 0, let v. :== S.f. the (unique)
weak solution in Xy(Q) of (3.2.7) with datum f.. Assume (3.2.9) and suppose
that ve — v weakly in H(curl, Q) N H(div, Q) to some v € H(curl, Q) N H(div, ).
Then v = Syf.

Proof. First of all, we note that by Lemma 3.2.11 the function v belongs to Xy(12).
Define for u,w € H(curl, Q) N H(div, )

Qa. (u, w) ::/ u-wdx—I—/ Curlu-curlwdx+7/ divu - divw dz,
Qe Qe Qe

which is equivalent to the inner product of the space H(curl, Q) N H(div, Q). The
square of the induced norm will be denoted by Qg (-). Note that since v, is the
solution with datum f., then we have that

QQE<U€>77) :/Q fe /i
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for all n € X ().
Let ¢ be any function in X(€2) and let P.p the Atlas Piola trasform of .
Since Py € Xy(£2), we deduce that

QQs <U€7P690) - / fe : 7)590 (3213)
Qe
for all ¢ > 0. We now show that
lim/ fe - Pep = / f-o (3.2.14)
e—0 Q. Q
and
lim Qq, (v, Pep) = Qa(v, ¢) (3.2.15)
In order to prove the first limit, it suffices to prove that
| tevw— [ 1w (3:2.16)
QeNV; € QNv;

for any j =1,..., ¢, where ¢ is defined in (3.1.14) (with Q replaced by Q,), since

it is obvious that
/ ferpj — / fo; (3.2.17)
QeﬂV e—0

for any j =5 +1,...,s. We have that

/ fe-sbe,g:/ fe-goj+/ fe* P (3.2.18)
2NV; r (Ke) (QenVi)\r; H (Ke,g)
Obviously
lim fe-pi= [ (3.2.19)
€— T;1(K€7j) onv;

since the extension-by-zero of the functions f. weakly converge to f in L?(Q)3,
Pl fll 20 < o0 and [N V) \ 17 (Ke,)

goes to 0 as € — 0. Meanwhile

1
2

2
<l | [ 2l ) 0
() (Qem‘/}')\"’j_l(Ke,j) e—0
(3.2.20)

/ fe ’ ¢e,j
(QEQ‘G)\T‘;I(Ke )

5]

by (3.1.25) and the hypothesis that sup .| fe[[2(q,ys # 00- From (3.2.18), (3.2.19)
and (3.2.20) we immediately deduce (3.2.16). Hence we have proved (3.2.14).
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Let us now focus on (3.2.15). We write

QQE (Uﬁ Pe(p) = QQJWQ (Uea 7)590) + QQE\Q (vev PESD)
= Qﬂeﬁﬂ (Ueu ,PGSO - 90) + Qﬂéﬂﬂ(vea 90) + QQG\Q (Ueu ,PE()O)
= QQ(Uev 90) - QQ\Qe (Uev 90) + QQGOQ(UG Pep — ‘P) + QQE\Q(UG 73590)(3.2.21)

By the weak convergence of v, to v we have that

Qa(ve, p) = Qa(v, ), ase— 0. (3.2.22)

By the Cauchy-Schwarz inequality and Theorem 3.1.16, (iv) we get that

Qo.r0(Ve, Pep—¢) < (Qa,na(v ) (Qa.na(Pep—9))/* = 0, ase— 0. (3.2.23)

Similarly,
Qova. (Ve, ©) < (Qava, (V)2 (Qana. (9))? = 0 as € — 0. (3.2.24)
Finally,
Qa0 (e, Pep) < (Qona(ve) 2 (Qana(Pep))'/? = 0 as e — 0, (3.2.25)

since by (3.1.25), (3.1.34) and (3.1.42) it follows that Qo \o(Pep) — 0 as € — 0.
By combining (3.2.22)-(3.2.25), we deduce that limit (3.2.15) holds.

In conclusion, by using the limiting relations (3.2.14) and (3.2.15) in equation
(3.2.13) we conclude that

Qa(v, ¢) Z/Qf'SO

which means exactly that v is the solution in Xy (€2) of the given problem with
datum f € L?*(Q2), as required.
O]

Remark 3.2.26. A careful inspection of the proof of Lemma 3.2.12 reveals that
the uniform Gaffney inequality has been used only to prove the limiting relations
(3.2.22) and (3.2.24) since the functions v, are required here to be defined on 2
and to have uniformly bounded norms. This problem does not occur if 2 C €2, in
which case only the Gaffney inequality in €2 is necessary. However, the uniform
Gaffney inequality will be used in an essential way in the following statements also
in the particular case €2 C €,

In the next lemma we prove that S, F-converges to Sy as € — 0.
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Lemma 3.2.27. Assume that condition (3.1.15) and the uniform Gaffney inequality
(3.2.1) hold. Let f. € L*(£2)3,e > 0 be such that f. i()) f e L*Q)? for some
€E—
function f € L*(Q)®. Set v. :== S.f. and v := Sof. Then v, io> v, hence
%

€
EE

S — Sp.
e—0

Proof. Since f. i()) fy then || fel[ 20,06 < C for all € > 0 sufficiently small and
€— €

consequently ||ve[| v, (o,) is uniformly bounded with respect to €, as shown in (3.2.8).
By the uniform Gaffney inequality it follows that also ||v.]| 1o, 18 uniformly
bounded. In particular

1%”7)6HL2(QE\Q)3 =0

because |QE \ Q‘ — 0 as € goes to 0. This can be proved using the same argument
used for (3.1.44) as follows:

/ |v€($)‘2dx: /
(QenVi)\r ™ (Ke,5) r (QeNV)\Ke

/ ( /ge,]’(f)
W Ge,j(2)

J

2
Ve © Tj_l(z)‘ dz

2
Ve © rj_l(i, z3)’ d23> dz

2
< 9ei(2) = 9e (2 ’errfl Z,- H dz
W.j‘ i(2) i )| J (%) L (as;,9¢,5(2))?
2
S e'_Ae' oo UEOT'—I’Z'H 4z
|g,y Ge,j |L (Wj)/wj J (z,°) H1(azj,9¢,5(2))3
2
< Keflveory! 0.
Hl(Tj(QemV'j))3 e—0

Hence to prove that v, i{)) v we just have to show that
€E—>

lim[|vele = v|[ 12y = 0. (3.2.28)

Recall that {v/|o} € H'(2)? is bounded in H'-norm. Select now a sequence
{ve, }nen from the family. By the compact embedding of H'(2)? into L?*(Q)3
we have that, up to choosing a subsequence, v, |q — v* strongly in L*(Q2)3 and
Ve, |o — v* weakly in H'(Q)? for some v* € H'(Q)3. By Lemma 3.2.12 we have
that v* = Sof = v € Xx(€2). This shows that for any extracted sequence of the

0.

family {ve|q — v}es0, there exist a subsequence such that ‘ Ve, lo — v‘

—
L2(Q)3 k=00

Thus we can conclude that [|v.|q — UHLZ(Q)3 — 0, which is exactly (3.2.28). O
e—
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Remark 3.2.29. The hypothesis of Lemma 3.2.27 concerning the functions f. can
be weakened to only require that || f||;2(,)» are uniformly bounded and that the
extension-by-zero of f. (restricted to Q) Weakly converges to f in L2(2)3 as € goes
to 0, as it can be easily seen from the proof, which is a weaker assumption than

femf

Finally we can state and prove the main theorem of this chapter.

Theorem 3.2.30. Let A be an atlas and {Q}eso be a family of bounded domains
of class CYY(A) converging to a bounded domain Q of class C*(A) as e — 0, in
the sense that condition (3.1.15) holds. Suppose that the uniform Gaffney inequality

(3.2.1) holds. Then S, N So as € — 0. In particular, spectral stability occurs:
the eigenvalues of the operator S. converge to the eigenvalues of the operator Sy,
and the eigenfunctions of the operator S. E-converge to the eigenfunctions of the
operator Sy as € — 0.

Proof. By Lemma 3.2.27 we have that S, —> S. Now, suppose that we are given a

family of data { fc}eo such that [| fell 12 s < 1 for all € > 0, and extract a sequence
{fe, }nen from it. We have to show that we can always find a subsequence €,, — 0
and a function v € L?(2)? such that

Je L. (3.2.31)

6"’“ k—o00

Possibly passing to a subsequence, we can find a function f to which the restriction
to Q of the extension-by-zero of {f., }.en weakly converge in L?(€Q)3. Setting
v := Sy f, we can apply Lemma 3.2.27 and Remark 3.2.29 to find out that (3.2.31)
holds.

Finally, the spectral stability is a consequence of the compact convergence of
compact operators as stated in Theorem 3.2.5. O

3.3 Uniform Gaffney Inequalities and applications
to families of oscillating boundaries

In this section we want to apply the results regarding the Gaffney inequality pre-
sented in Section 1.4 of Chapter 1. It is clear that in order to apply Theorem 1.4.23
and Corollaries 1.4.30, 1.4.31, it suffices to assume that the gradients Vg; of the
functions g; describing the boundary of a domain 2 as in Definition 1.0.1 are of
class C%F with 8 €]1/2,1], that is

Vg(z) = Vg;(9)| < K|z —g)° (3.3.1)
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for some positive constant K and all z,y € W;, and that the functions g; have
sufficiently small Lipschitz constants. As we have already mentioned, in principle,
the second condition is not a big obstruction to the application of these results,
since for a domain of class C'! one can find a sufficiently refined atlas, adapted to
the tangent planes of a finite number of boundary points, such that the C* norms,
hence the Lipschitz constants, of the profile functions g; are arbitrarily close to
zero. Thus, we can apply our results to uniform classes of domains of class C'#
since condition (1.4.25) would be satisfied exactly because 5 > 1/2 (as we have
said, here what matters is the behaviour of the modulus of continuity w(t) for ¢
close to zero and one can assume directly that w(t) is constant for ¢ big enough).

Thus, we can prove the following result. Note that here the domains (). are
assumed to be of class C' and that they belong to the uniform class Cp2°(A) with
K > 0 fixed, which in particular implies the validity of (3.3.1) for all functions
ge; and all € > 0. (Recall that the operators S. are defined in the beginning of
Section 3.2.)

Theorem 3.3.2. Let A be an atlas and {Q}eso be a family of bounded domains
of class CYY(A) converging to a bounded domain Q of class C*(A) as e — 0, in
the sense that condition (3.1.15) holds. Suppose that Q is of class C5; (A) with
M small enough as in Corollary 1./.31. Suppose also that all domains 2. are of
class C}P(A) with the same parameters 3 €]1/2,1] and L > 0. Then the uniform

Gaffney inequality (3.2.1) holds provided € is small enough. Moreover, S, % s
as € = 0. In particular, spectral stability occurs: the eigenvalues of the operator
S converge to the eigenvalues of the operator Sy, and the eigenfunctions of the
operator S. E-converge to the eigenfunctions of the operator Sy as € — 0.

Proof. Since Q. converges to {2 as € — 0 in the sense that condition (3.1.15) holds,
it follows that the gradients of the functions g.; describing the boundary of €2,
converge uniformly to the gradients of the functions g; describing the boundary
of 2. Thus, €. is of class C’gf (A) provided e is small enough. By the discussion
above, Corollary 1.4.31 is applicable and the uniform Gaffney inequality (3.2.1)
holds provided € is small enough. Then the last part of the statement follows by
Theorem 3.2.30. O

A prototype for the classes of domains under discussion is given by domains
designed by profile functions often used in homogenization theory, in particular in
the study of thin domains. Namely, assume that one of the profile functions g ;,
call it g, is of the form

g.(T) = €*b(T/¢) (3.3.3)

for some function b of class CVH(RY~!) and a > 0, and assume that the gradient
of b is bounded. If wy; is a (non-decreasing) modulus of continuity of Vb then we
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have

90,0 = V)] = € Va/e) ~ Ti(a/e)] < o 1),

hence the function w to be considered in (1.4.24) is given by w(t) = € twyy(t/€).
Observe that

s (@ydt e (M)th S (w%(s)fds- (3:3.4)

Moreover, since b is assumed to be of class C1'!) we have that wyy(t) < ct for ¢ in a
neighborhhood of zero. Thus, if @ > 3/2 and ¢, is any fixed positive constant, it

follows that that )
sup 62"‘_3/ (—WW(S)) ds # . (3.3.5)
0

€€]0,¢e0] S

Since the gradient of g. is arbitrarily close to zero for e sufficiently small, we
have that Theorem 1.4.23 and Corollaries 1.4.30, 1.4.31 are applicable and the
Gaffney inequality (3.2.1) holds for all e sufficiently small, with a constant C' > 0
independent of €. The same arguments can be applied to families of profile functions
of the type

9¢(z) = €*b(z/€)1p(T)
where b is as above and % is a fixed C1'! function with bounded gradient. Thus, we

can state the following stability result concerning a local perturbation of a domain
Q.

Theorem 3.3.6. Let W be a bounded open rectangle in R?, b € C(R?) with
bounded gradient, b > 0, and ¢ € CLY (W), a €]3/2,2]. Assume that Q and S,
e > 0 are domains of class C*' in R? satisfying the following condition:

i) QN (Wx]—-1,1)) ={(z,23) eR3: 2€ W, -1 < w3 <0};

(i) QeN(Wx]=1,1)) = {(z,23) e R?: T € W, —1 < 23 < ®b(T/e)(T)} where
b € CY1(R?) has bounded gradient, and v € CH(W);

(iil) Q\ (Wx]—=1,1]) = Q2. \ (Wx] = 1,1]);

Then the family {Qc}eso converges to Q in the sense that condition (3.1.15) holds.

Moreover, the uniform Gaffney inequality (3.2.1) holds and S, S Sase—0. In
particular, spectral stability occurs: the eigenvalues of the operator S, converge
to the eigenvalues of the operator Sy, and the eigenfunctions of the operator S,
E-converge to the eigenfunctions of the operator Sy as € — 0.
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Proof. By assumptions, the domains 2 and €2, belong to the same atlas class
CH1(A) for a suitable atlas A, and W] — 1,1[ is one of the local charts of A. In
particular, the profile functions describing the boundaries of €2 and €2, in that chart
are given by ¢(z) = 0 and g. = €*b(z/€)y(z) for all z € W.

As in the proof of [11, Thm. 7.4|, if & €]3/2, [ is fixed then one can easily
check that conditions (3.1.15) are satisfied with k. = €?¢/3. By 1.4.31 and the
discussion above, it follows that the Gaffney inequality (1.4.1) holds with a constant
C independent of €, provided e is sufficiently small. To complete the proof it suffices
to apply Theorem 3.2.30. O

3.4 Critical case

It is clear that condition (3.3.5) is satisfied also in the case a = 3/2. Thus the
uniform Gaffney inequality (3.2.1) holds also in the case @ = 3/2 in Theorem 3.3.6.
However, in this case the convergence of . to € in the sense of (3.1.15) is not
guaranteed hence we cannot directly deduce that we have spectral stability. Thus,
another method has to be used in the analysis of the stability problem for ov = 3/2.
For example, in the case of non-constant periodic functions b one could use the
unfolding method as in [30], adopted also in [10, 11, 53, 54]: in those papers,
polyharmonic operators with various boundary conditions are addressed, and for
a = 3/2 we have spectral instability in the sense that the limiting problem differs
from the given problem in {2 by a strange term appearing in the boundary conditions
(as often happens in homogenization problems).

In this last section we plan to do that for the curlcurl operator, and as one
can see from Theorems 3.4.57 and 3.4.109 a preliminary analysis would indicate
that no strange limit appears in the limiting problem for & = 3/2. On the other
hand, at the moment we are not able to formulate any conjecture for the case
a < 3/2 although, on the base of the results of [30] concerning the Navier-Stokes
system, a degeneration phenomenon (to Dirichlet boundary conditions) could not

be excluded.

We will follow Section 8 of [11]. The variables in R?® will be denoted in
the following way: = = (z1,29,23) = (Z,23) € R® where T = (z1,13) € R?
denotes the projection in the first two variables. To simplify the exposition, we
restrict ourselves to particular family of domains with oscillating boundaries; in
particular we assume the domain Q C R? to be of the form Q = Wx] —1,0[, where
W = {:E ER?:aq) <2 <bj,ay <29 < bg} is a rectangle in R?. We denote by g, g,
the upper boundary profile functions for €2, (2. respectively, that is

Qe ={(T,23) e Wx] = 1,0[: =1 < z3 < g.(2) } .



84 Chapter 3. Stability

Obviously ¢ = 0 in W, while we set
9:(Z) := €¥%b(T/€) (3.4.1)

for all z € W, where b € C*(R?) is a Y-periodic non-negative fixed function. Note
that since b > 0 then Q2 C Q. for any ¢ > 0. We denote by I' and I', the upper
boundaries of €2 and ). respectively, namely

D:=Wx{0} and T.:={(T,23):T€W,z3=0(7)}.

For the sake of clarity, we will use v, to denote the outer unit normal to €2, in T,.

We define Y := (—1,1) x (=1, 1) to be the basic cell in R?, and we consider the

cell C* := ek + €Y for any k € Z? and any € > 0. We set

W, = U Crcw,

’CGIV[/,E

where Iy, = {k€Z?:CFCW}. Observe that W. ¢ W. Finally, for any
0<e<1 we set

K.:=Wx]—1,—[CQ and Q.:=W.x]—¢0[CQ. (3.4.2)

In order to prove our results, we will make use of the unfolding operator
introduced in [35]. We recall some of its properties in what follows.

Definition 3.4.3. Let u be a real-valued function defined on 2. For any ¢ >
0 sufficiently small the unfolding u of u is the real-valued function defined on

W, x Yx] — 1/e,0] by

€

w(Z,y,y3) == u <5VJ + eg,eyg) , (3.4.4)

for all (z,9,ys3) € W, x Y x] — 1/€,0[, where |Z| denotes the integer part of the

vector £ with respect to the unit cell Y, meaning that EJ = k € Z? if and only if
T € Ck.

We recall a useful lemma that will be used later in computations.

Lemma 3.4.5 (Lemma 8.7 of [11]). Let t € [—1,0] be fixred. Then

/ u(r)de = e/ u(z,y) dzdy (3.4.6)
We x]t,0[ WexY x]t/e,0

for all uw € L*(Q) and € > 0 sufficiently small.
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We also introduce some function spaces that will be useful in what follows
and later on. We say that a function u belongs to the space W2 (Y x

Pery loc

(—00,0)) if u € WL (R? x (—o0,0)) and moreover u is Y-periodic in the first two

variables 4 € R2. There will be no notational difference when writing a function in

Wll;ezry’loc(Y X (—00,0)) or its restriction to Y X (—o0,0). We also introduce the set
w172 (Y X (_0070)) 3:{”& < WLQ (Y X (_0070)) :

Pery ,loc Pery ,loc

||D’yu||L2(Y><(—oo,0)) < oo for all |y =1}.

For the sake of simplicity, we will always omit the vectorial notation for these
spaces, and whether we are dealing with a scalar function or a vector field will be
clear from the context.

Similarly, we say that a vector field u belongs to the space X pery 10c(Y X (—00,0))
if u € Hype(curl, R?x (—00,0))NHjo(div, R?x (—00, 0)) and moreover u is Y -periodic
in the first two variables § € R% Again, there will be no notational difference
when writing a function in Xpe,, joc(Y X (—00,0)) or its restriction to Y x (—o0,0).
Finally we set

Tpery (Y X (—00,0)) :={u € Xpery toc(Y X (—00,0)) :
||Cur1u||L2(Yx(—oo,0))3 =||diVu||L2(Yx(—oo,0)) < OO}'
The following lemma is directly inspired by [11, Lemma 8.9].

Lemma 3.4.7. Let v. € H'(Q)? with [vell s < M for all € > 0, for some
M > 0. Let V. be defined by

Vi(2.y) = (2, ) - /Y 6.(7,5,0)dp (3.4.8)

for (z,y) € W.xY x (—1/€,0). Then there exists © € L*(W, wllj’gry (Y x (—00,0)))
such that

N S 2
2 SYC R Dyo in L*(W x Y x (d,0)) for anyd < 0.  (3.4.9)
In addition, if dive, = 0 in €2, then

div,0 =0 in W xY x (—00,0). (3.4.10)

Moreover, for any v € H*(Q)3

(vo@o)la — v(,0) in L*(W x Y x (—1,0)).
€e—
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Proof. Observe that D, V. = D,0.. By Lemma 3.4.5 and the chain rule we have

that

D,V.|” — 2
/ 13’/2 dxdy = / e|Dv.| dzxdy
WexY x(—1/¢,0)| € WexY x(—1/€,0)
:/ |DUE|2dx§/|Dve|2dx§M2
Wex(—1,0) Q

for all € > 0, hence‘ Dly—/‘f is uniformly bounded with respect to e.

€ L2(W XY x(—00,0))

Moreover, we can apply the Poincaré-Wirtinger inequality to V., so that we obtain
that for any d < 0 there exists a constant Cy > 0 such that

Ve Dy Ve

c1/2 €1/2

<y

L2(W XY x(d,0))

< CyM
L2(W XY x(d,0))

for all € > 0. Then we can conclude that there exists a function © defined on
W xY x (d,0), admitting weak first order derivatives in the variable y, with
0 € L*(W xY x (d,0)) for any d < 0, Do € L*(W x Y x (—00,0)), such that
(3.4.9) holds. Moreover, since divv, = 0 in €2 for all € > 0, by (3.4.4) we deduce
that div, 0.(Z, ¥, y3) = E(m(f, ¥,y3) = 0, which together with (3.4.9) proves that

divy,o0 =0 in W xY X (—o00,0).

For the proof of the Y-periodicity of v with respect to the variables ¢ and the
last statement of the Lemma 3.4.7, we refer to Lemma 4.3 of [30] (in particular the
argument in Step 3). O

Lemma 3.4.11 ([30, Lemma 4.3]). Let v, be a bounded sequence in H'(Q,)* such
that v, - ve = 0 on I'c and suppose that their restrictions to ) weakly converge in
HY(Q)? to some v € H'(Q)? as € — 0. Then the third component vz of v vanishes
onT.

Moreover, let o : W XY x (—00,0) — R? be the weak limit in L*(W XY x (d,0))
for any d < 0, of the sequence of functions

0(Z,y) — [y 0(Z,5,0) dy

€1/2 )

introduced in Lemma 5.4.7. Then
03(z,7,0) = Vb(y) - (v1(Z,0),v2(z,0))  for a.e. (z,5) €W xY.  (3.4.12)

Remark 3.4.13. Observe that the sign in formula (3.4.12) is different from the
one in formula (4.11) of [30] since in the latter the authors consider supergraphs,
while we consider subgraphs.
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We define the transformation @, from €2, to €2 with O (7, x3) = (T,x3—h (T, x3))
for all (z,z3) € Q, where
0, i —1 <5< —e

hﬁ(i7x3): — T3+e€ 3 . -
9:(T) (ﬁ%) , i —e <z < g.(T).

Observe that ®, coincides with the identity in K., where K. was defined in (3.4.2).
Moreover

1 0 0
po.=| 0 1 o |. (3.4.14)
_Ohe _Ohe | _ Oh
o1 Oz Ox3

By standard calculus one can easily deduce the following

Lemma 3.4.15. The map ®. is a diffeomorphism of class C* and for all € > 0
sufficiently small

2
€

0331-

€

83:103:]-

1/2

— 9

< 06_1/2

— Y

|he| < 663/2,

where ¢ > 0 is a constant independent of €.
We also recall the following technical lemma from [11].

Lemma 3.4.16 (|11, Lemma 8.27]). For ally € Y x (=1,0) and i,j = 1,2, 3, the

. h 2h
functions he(z,y), gggi (z,y) and aiia;j (Z,y) are independent of & € W. Moreover,
s~ 3/2 ahe _ 1/2
he(Z,y) = O(e”7), %(x,y) =0(e/?) as e — 0 and
172 0%he (@) (ys +1)°)

foralli,j =1,2,3, uniformly iny € Y x (—1,0).

3.4.1 Electric case

From now on until the end of this section we will assume that there holds a uniform
Gaffney inequality, that is Xy(Q2) C H'(Q.)? for all € > 0 and

HuHHl(QE)f“ < CHUHXN(QE) for all u € Xy(€),
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where C' > 0 is independent of € > 0.
Recall the controvariant Piola pull-back transform associated with the diffeo-
morphism @, that is for any function ¢ € Xy ()

This defines a map
P Xx(Q) = Xi(Qe).

For all € > 0 let v, be the unique weak solution to

curl curlv, — Vdivo, + v, = f, in Qe,
dive, = 0, in 0€2, (3.4.19)
v X v =0, on o),

that is v. € Xy(€2) and

/QE ve-wdx—l—/ﬂe cur1v€~cur11/zdx+/ﬂs div(v,) div(¢) dz = /Qe fe-dx (3.4.20)

for all ¥ € X(2). Note that contrary to (3.2.6), here we have set 7 =1 for the
sake of simplicity.

Again, under the assumption that || fe|| ;2 s < C' for every € > 0, we have that
the norms in Xy (€2) of the functions v, are bounded (cf. (3.2.8)). Moreover, since
by hypothesis there holds a uniform Gaffney inequality, also the H'(£2.)3-norms
are bounded. Thus in particular the restrictions of the functions v, to Q (which is
a subset of ), for any € > 0) are bounded in H'(Q2)3. Denote by v € H'(Q)? their
weak limit in H'(Q)3.

Let now ¢ € X(£2) be a fixed test function. Note that since €2 is convex (it is
a parallelepiped in R?), there holds the Gaffney inequality and thus in particular
o € H'(Q)? (see, e.g., [107]). Since P.p € Xy(Q), then we have that

/ vE-Pegodx—l—/ curlv€~cur1736<pdx—|—/ div v, dingpdxz/ fePepd.

(3.4.21)
Since the first two integrals of the left-hand side of (3.4.21) only involve first order
derivatives of the function h, (cf. (3.1.2)), using Lemma 3.4.15 it is easy to see that

/ Ve Pepdr — | v-pdx and / curlve-curl Pepde — | curlv-curl p dz.
Q. e—0 Q Q. e—0 Q

We now focus on the last term in the left hand-side of (3.4.21). We can write it in
the following way

/ div o, div P dr = / divv, divP.pdr + / div v, divP.pdx
b R\ K (3.4.22)

—|—/ div v, divP.pdz.
Ke
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As in (3.1.38), we compute

3 3
. 8 m 8 ®€ n6 (PE m 82 ®€ m

m,n,i=1 o Z
_ 23: 0o () A2 @I _ 51 (3.4.23)
B m,n,i=1 Oy ‘ Ox; ox; &6/_5 ’

~~ type B
type A

We call the first addends of type A, the last addends of type B. We will first show
that

/ div ve div Pep de — 0. (3.4.24)
Q\Q e—0

Indeed

2
(/ div v, div P.p d$> < C/ |div 73690\2 dx
Q0\Q Q\Q

00, (D), AP |
Pm (@e)n O(De) +/ oa(@
Q\Q

@l’n ¢ 8@ @l’z

m,n,i=1 E\Q
3 D 2 ,
<C / Z(D,) da:+Ce_1/ 03(P)| dx
mznzl a0\0| 0Ty QE\Q| ()
2
<C Z / Oom d:z:+C’e_1/ lps]? da.
v Jedaae) | Otn B.(0.\Q)

Observe that
D (Q\ Q) = {(Z,25 — he(T,23)) : T € W,0 < 23 < g:(T) }
C {(i,z T €W, —g.(T) < 23 < 0} (3.4.25)
C {(f,zg) T EeW, =€y < 23 < 0} ,

where by =|[b(-) . Thus we have that |®.(Q, \ Q)| — 0 as € goes to 0, hence

||L°°(W)

Opm

2
/@E(Qé\n) O0xy

Moreover, by the one dimensional embedding estimate for Sobolev functions, we
have that

dz — 0. (3.4.26)

e—0

< C’H(p

H‘P HLoo( 1,0) Hi{l(_Lo)’
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for almost every x € W. Thus

_ _ _ 2 _
€ 1/ |os|* da < € 163/2[’0/ HSO(x")HLoo(fl,o) dz
D (Q\Q) w
_ 2 _
< 061/2/‘/‘/“90(1‘7 .)HHl(—LO) dr < 061/2||§0||§{1(Q)5 j 0.

We now study the second term in the right-hand side of (3.4.22). To begin, recall
that Q. = W, x (—¢,0) and write

/ div v, divP.odr = / div ve div Pep dr + / div v, divPep dx.
Q\Ke € Q\(K€UQ€)

(3.4.27)
Using the same argument as before, we can show that

2
/ div v, div Py dx
Q\(KUQe)

3

<c /
Z D (Q\(KUQe))

m,n=1

OPm
ox,,

2
dZB—I—CE_l/ o3| dux.
P (Q\(KUQo))

Since @ (2 \ (K. UQ.)) C D(2\ K.) C Q\ K., it is clear that

/{;e(Q\(KeUQe))

Again using the one dimensional embedding for Sobolev functions and observing
that, in this case, the diameter of the set ®.(Q2\ (K. U Q.)) in the direction z3 is
O(€), we deduce that

2

de — 0.
e—0

Opm
ox,,

e—0

_ 2 2
e / al? dz < CllP o, (1.0y — O
D (Q\(KUQe))

where the last limit is a consequence of the fact that [\ (/I/TZ X (—=1,0))| = 0 as e
goes to 0. Thus we proved that

/ div v, div P.p dx — 0. (3.4.28)
O\(KeUQe) 0

We now study the first term in the right hand side of (3.4.27).
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Lemma 3.4.29. Let © € L*(W, w]lj’gw(Y X (—00,0))) be as in Lemma 3./.7. Then

/ div o divPepdr — — / / div, o A, (b(7)(ys +1)°) dy ¢3(,0) dz.
; =0 Y x(~1,0)

(3.4.30)
Proof. From (3.4.23) we write

/ div v, div Py dx

0P O(Pe)p A(Pe)m .
Z / div v, <8xn (®) o B, dx — /EdlvvE 03(P) Ah, dx.

m,n,i=1

The first order derivatives of ®. are bounded in L*-norm, as one can see using
Lemma 3.4.15. Moreover, observing that ®.(Q.) C Q\ K. = W x (—¢,0), it is easy
to see that

2 2
/ dive, [ 2m (@) 0 2n 0@ 4 ) Oem
. al’n axz al‘z ®.(Qc) 8xn

Using Lemma 3.4.5 we get

de — 0.
e—0

—

—/ div ve p3(P.) Ah.dx = —e/ / div v, 03(Pe(z)) Ah, dydz
Qe e JYx(=1,0)

div, 0. ——
e 1% (@) Ah, dyds
cJYx(-1,0 €

d —_ 11—
_ / / W?{”E 03(D(x)) €2 Ah, dyda.
e JY x(=1,0) €2
(3.4.31)

Applying Lemma 3.4.7 we have that there exists 0 € L? (W, wpz (Y x (—00,0) ))

div, ¥

such that in particular —f— — div, @ in L*(W x Y x (—1,0)) as € goes to 0.
€2
Moreover, from (3.4.17) we have that ez Ah.(Z, y) — A, (b(y)(ys + 1)*) uniformly
e—
iny €Y x(—1,0). Again using Lemma 3.4.7 |, we get

p3(Pc()) — 3(7,0)

e—0

in L*(W x Y x (—1,0)). Then it follows that

/ div v, div Pep dx — / / div, o A, (b(7)(ys + 1)*) dy ¢3(z,0) dz.
€ Y x(—1,0)

]
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We have thus proved the following theorem.

Theorem 3.4.32. Let f. € L*(2)3, ¢ > 0 be a family of functions and let [ €
L*(Q)3 be their weak limit in L*(Q). Let v € Xn(Q) N HY(Q)? be the (unique)
solution of (3.4.20) corrisponding to the Poisson datum f. for every e > 0. Then,
possibly passing to a subsequence, there exist v € H(Q)? and © € L*(W, w}g’gry(Y X
(—00,0))) such that v o — v weakly in H'(Q)3, v|q — v strongly in L*(Q)? and

/ (v- @+ curlv - curlp + dive div @) dx
Q

[ i, (s 1) duesta 0 e = [ 5o
w JY x(-1,0) Q
(3.4.33)

for all ¢ € X\(9).

We now want to characterize the function v via a weak microscopic problem.
To do so we proceed as in Section 8.4 of [11].

— 3
Take n € (C’OO(W XY x (—oo, O])) a function periodic in Y with support

contained in C' x Y x [d, 0] for some compact set C C W and d € (—o0,0), and
such that 7,(z,y,0) = n2(Z,y,0) = 0 for all (z,y) € W x Y. Set

ne(x) := %y ( o _>

€ €

for all e > 0 and 2 € W X (—00,0]. Observe that 7. is admissible for sufficiently
small €, and its (controvariant) Piola transform can thus be used as test function in
the weak formulation (3.4.20) of the problem under consideration. Thus, we write

/ (Ve - Pene + curl v, - curl Py + div o, div Pene) do = ferPnedx. (3.4.34)

Qe
One can see that

/ Ve » Pene dx — 0,/ curl v, - curl Pon. de — 0 and / fe - Pnedr — 0.
Q. e—0 Q. e—0 Q. e—0

(3.4.35)
We now consider the term with the divergence and write

/ div v, div Py dx = / div v, div P, dx + / div v, div Pene dz. (3.4.36)
€ QN\Q Q
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It is easy to see that
/ div v, div Py de — 0. (3.4.37)
Q\Q e—0

Additionally, the next lemma gives us the limit of the second term in the right-hand
side of (3.4.36).

Lemma 3.4.38. There holds the following limit

/ div ve div Pene dov — div, 0(z,y) div, n(z,y) dzdy.  (3.4.39)
Q

=0 JWxy x(—00,0)

Proof. Due to the Y-periodicity of 7 we have that
5 (= _ 172 T - -1 z _ NG (=
7)6776<x7y) =€ nje E +€yayay3_€ he € E +6y7€y3 che(xay)
Note that since

7 €32b(7) (y3+1)° ;
he | € \\zJ + ey, eys | = (El/Qb(?j)j‘l)3 ’ if —1< ys <0,
€ 0, if —1/e <ys < —1,

we have that

x
Y €

DB | e th, ({ J + €, ey3> — 0 uniformly on W x Y x (—o0,0] (3.4.40)
e—

for all || < 2. Observe that

1 0 0
D®(,y) = 0 1 0
—e 1O (zy) —e e (z,y) 15 (T,y)
Hence, from (3.4.40) we deduce that
_ 9 —
D®,(z,y) — Iy and — D®(7,y) — Oy (3.4.41)

e—0 Y e—0

uniformly in W x Y x (—o0, 0], for all i = 1,2, 3. Since 1 is smooth and compactly
supported, it is Lipschitz continuous together with its derivatives, and thus

T o _ T _ _
(D™n) E{EJ + €, ys — € he (e {EJ +ey,eys> —Dn(z,y) 0
L2(W.xY x(—00,0))
(3.4.42)
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for any |y| <1 (see also (8.51) in [11]). Consider

0 —
8_%7)6776(I7 y)

T T —
n 6\‘ J + 6177 g; Ys — 6_1h€ (E \‘EJ + €g7 6?J3> D(I)€(j7 y)

€

T T 0 —
+ 61/277 € \‘_J + Egv gv Ys — E_lhs (E \‘_J + 6@7 6y3> a D(I)e(ja y)
€ € Yy

Then, using (3.4.41) and (3.4.42) and the chain rule, we can see that for alli = 1,2, 3

1/2_ =
.7)6775(337 y) j ayl

in L?(W x Y x (—o00,0)). At this point, using Lemma 3.4.5, Lemma 3.4.7 and
(3.4.43) we conclude that

(z,y) (3.4.43)

div, O, div, Pene
cl/2 c1/2

lim divve div P dr = lim dzdy

0 JW.x(~1,0) 0 JW.xY x(~1/e,0)
= / div, 0(z,y) div, n(z,y) dzdy.
W XY X (—00,0)
Finally, we observe that the function 7. is zero outside W. x (—1,0)) for € small

enough, by the definition of W, and the fact that 7.(z, z3) = €2 (z,Z,)=0if
z ¢ C, C compact subset of W. Hence trivially

/ div v div(Pen.) — 0.
O\(Wex(~1,0)) =0

]

Theorem 3.4.44. Let © € L*(W, w};iry(Y X (—00,0))) be the function from Theo-
rem 3./.52. Then

/ div, 9(z,y) divyn(z,y) =0, (3.4.45)
W XY X (—0,0)

for allm € L* (W, xpery (Y x (—00,0))) such that m(z,4,0) = ne(Z,y,0) = 0 for all
(Z,y) € W xY. Moreover, we have that

v x (0(z,7,0) x v) = (=Vb(7) v3(,0),0) (3.4.46)
for a.e. (z,y) € W xY.
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Proof. In the case the test function 7 is smooth, one can take the limit in equation
(3.4.34) and combine (3.4.34)-(3.4.39). Then reasoning with an approximation
argument one can recover the general case for a generic function in L?(W, 2 pey, (Y X
(—00,0))) satisfying the same boundary conditions.

Now we turn to prove formula (3.4.46). We have that v, x v. = 0 on I'; for all
e > 0. Writing the cross product explicitly we get (for the sake of simplicity in the
next formulas we put the index denoting the vector component at the top)

2,3 _ 32 3 _ 2 ,
o vl —viv: =0 <= (0,07,—v.) L vg
o V!l 1P =0 = (—030,0!) Ly, (3.4.47)
o V-1l =0 = (v -v},0) L.

Note that this analysis is justified since by hypothesis for every € > 0 the vector
field v. belongs to H'(Q.)? and thus it can be traced as a function in L?(99,)?
defined on the boundary. Let v € H'(Q)?3 be the function of Theorem 3.4.32, which
is the weak limit in H*(2)? of the functions v.. Thus, in particular, we have that
(ve)ilo — v; in HY(Q) for i = 1,2,3, and so we can apply Lemma 3.4.11 to each of
the three vector fields in (3.4.47) to get that

v1(2,0) = v5(2,0) =0 a.e. in W, (3.4.48)

thus v x v =0 on I', and

o Uy(7,y,0) =—=Vb(y) - (0,v3)(z,0) = —%(g)vg(:ﬁ,o),
o 01(2.5.0) = Vb(G) - (—vs,0)(,0) = _5_;1@@3@,0),

for a.e. (Z,y) € W x Y. Therefore
(01(2,7,0),02(Z,7,0)) = —Vb(y) v3(Z,0) a.e. on W x Y.
Observing that v = (0,0,1) on I, we recover that

v x (0(z,7,0) x v) = (—=Vb(y) v3(z,0),0) a.e. on W xY.

We also have the following
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Lemma 3.4.49. There exists a solution v € L*(W, Zper, (Y X (—00,0))) to the
following problem:

/ div, 9(z,y) div,n(z,y) =0, (3.4.50)
W XY X (—00,0)

for all n € L*(W,xpery, (Y X (—00,0))) with m(z,9,0) = n2(z,5,0) = 0 for all
(z,9) € W x Y, such that

v x (0(z,7,0) x v) = (=Vb(7) v3(,0),0)
on W xY.

Proof. Consider a function u € w};iry(Y X (—00,0)) such that u(y,0) = —b(y) on
Y and

/ Vu- V=0 (3.4.51)
Y X (—00,0)

for all ¢ € w};iry(Y X (—00,0)) such that ¢(y,0) =0 for all y € Y. Its existence
can be proved using the same argument in |11, Lemma 8.65|. In particular, testing
against functions ¢ € CX(Y x (—o00,0)) one can see that u is harmonic. Then the
gradient Vu belongs to Xpery 10c(Y X (—00,0)) and both its curl and divergence
vanish. Considering

0(2,y) = Vu(y) vs(z, 0),
we observe that 0 € L*(W, Zpery, (Y x (—00,0))) is such that

div, 0(z,y) = Au(y) v3(z,0) =0
inY x(—o00,0). Hence 0 satisfies equation (3.4.50) trivially. Moreover, the boundary
condition is also trivially satisfied. m

Remark 3.4.52. Let us now consider the difference w := v — v, with v being
the function from Theorem 3.4.32 and v the function from Lemma 3.4.49. It is
obvious that w € L*(W, Zper, (Y x (—00,0))) satisfies (3.4.50), and moreover it
can be tested against itself since it has null tangential trace on W x Y x {0}. We
immediately deduce that divy,w =01in W x Y x (—00,0). Thus

0(z,y) = Vu(y) v3(z,0) + curl, g(z,y)
for some function g, whose regularity is such that it guarantees the above sum to

be in L*(W, w};ﬁw (Y x (—00,0))), and with u € wllg’gw(Y X (—00,0)) the function
satisfying (3.4.51).
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Lemma 3.4.53. Let u € w}g’gry(Y X (—00,0)) be the solution of (3.4.51), and v,v
be as in Theorem 5.4.52. Then 0(Z,y) = Vu(y) vs(Z, 0)+curl, g(Z,y) for almost all
(z,y) € W x Y x (—00,0), with g such that curl, g € L*(W,xper, (Y X (—00,0))).

Moreover, the second integral in the left-hand side of (3.4.33) vanishes, that is

- / / div, & A, (b(7)(ys + 1)*) dy 3(z,0) dz = 0. (3.4.54)
W JY x(-1,0)

Proof. The explicit form of ¢ is explained by remark (3.4.52), and thus the first
part of the theorem is proved.
Using the fact that 0(z,y) = —Vu(y) vs(z, 0) + curl, g(Z,y) one can see that

- / / div, 6(z,y) A, (0(G)(ys +1)*) dy (%, 0) dz
o (3.4.55)
- /W/Y o Au(y) Ay (b(7)(ys + 1)%) dyvs(Z,0) 3(z,0)dT = 0,

since u is harmonic. O
Before stating the main theorem, we make the following remark.

Remark 3.4.56. Formula (3.4.48) effectively state that the limit function v €
H'(92)? of Theorem 3.4.32 is such that v x v = 0 on the upper profile I" of .

Theorem 3.4.57. Let f. € L*(2)3, e > 0 be a family of functions and let f €
L*(Q)3 be their weak limit in L*(Q). Let v. € Xy(Q) N HY(Q)? be the (unique)
solution of (3.4.20) corrisponding to the Poisson datum f. for every e > 0. Then,
possibly passing to a subsequence, there exist v € HY(Q)? with v x v =0 on T such
that ve|o — v weakly in H*(Q)3, v|q — v strongly in L*(2)® and

/(v-gp+curlv-cur1<,0+divv divgp)d:r;:/f-god:v (3.4.58)
0 0

for all p € Xx(Q).
Proof. Use Theorem 3.4.32 and Lemma 3.4.53. O

3.4.2 Magnetic case

In this final section of the chapter, for the sake of completeness, we study the
magnetic case for the threshold critical case of & = 3/2, which has an interest on
its own.

As we will see in Theorem 3.4.109, even the magnetic case seems to be stable
at the threshold of v = 3/2, analogously to Theorem 3.4.57.
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We will suppose the validity uniform Gaffney (magnetic) inequality, that is
X:(Q) € HY(Q,)? for all € > 0, and there exists C' > 0 (independent of ¢) such
that

HU/HHl(QE)g < CHUHXT(m) for all u € X(£2). (3.4.59)

Let {f.}eso € L?(2)? be a family of data such that [ fellp2gs < C for all e > 0,
for some C' > 0, and let f € L*(Q)? its weak limit in L?*(Q2)?, namely f o — f
weakly in L?(2)? as € — 0. The magnetic Mazwell Poisson problem reads

curl curlv, = f, in Qe,
divo. =0, in .,
Ve v =0, on 0f),, (3.4.60)
ve x curlv, =0, on 0f2,.
Its weak formulation is
/ curlv, - curlypde = [ fo-dx  for all ¢ € X, (div0,€,) (3.4.61)
€ QE
in the unknown v, € X;(div 0, €,).
We will not study problem (3.4.61) but instead the following:
/ Ve - 1/de—|—/ curlv, - curly dx + / div v, divy dx
Qe Qe QE (3462)

= fe-dx forall ¥ € X1(Q,),
Qe
in the unknown v, € X5(€,).

In the magnetic case the appropriate push-back for the vector fields is not the
controvariant Piola transform (cf. (3.4.18)), as it does not preserve the magnetic
boundary condition of being tangent to the boundary. Instead, we consider the
so-called covariant Piola transform 2. : X1(Q) — X:(€.), associated with the
diffeomorphism ®,, defined by

P = (po®)(DP.) " det DO, = (¢ 0 ®,)cof po, ,

where cof pg, denotes the cofactor matrix of D®..

We now fix a generic vector field ¢ € X (€2). Observe that by the Gaffney
inequality, which holds also in 2 since it is convex (see e.g. [107]), we have that
p € H'(Q)3. Since Z.p € X+(Q) we have that

/ Ve - Popdr + / curl v, - curl Z.pdx + / div v, div Z.p dx
QE Qe

Qe

:/ - Pepdr for all € Xo(Q).
Qe
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Note that in the following until the end of the chapter, vectors will always be
understood to be row vectors. If v is a vector in R? we denote its coordinate entries
by v(®, thus writing v = (v, v(® v®). In the case the vector is made of a more
complex expression we will use the subscript notation together with the use of
round brackets, e.g. (v X w); with v, w vectors in R? or (v M); with M a 3 x 3
matrix.

Using the Levi-Civita symbols (and the Einstein notation for sums), if F' =
(F, F@ | F®) is a vector field then (curl F), = % &ijk» and that if M isa 3 x 3
matrix then Z

1
(COfM>Sj - 5 555253 5jj2j3 M82j2 M83j3‘

Using the chain rule for the derivatives, we can write the curl of & ¢ explicitly in
the following way
(s) (h) 5@ (52) 9 (s3)
0p o, 0P 0P OPe
Oxy, Ox; Oxj, Oxj,
20l gal®
< Ox;0xj, Oxjy

As in the electric case, since |[fel| 2, < C for all € > 0, using a similar
argument to the one used to prove (3.2.8) and the validity of the uniform inequality
(3.4.59), we can see that the norms in H'(€.)? of the functions v, are bounded for
every € > 0. Hence, let v € H'(Q)3 be the weak limit in H'(Q2)? of the functions
Ve|lo. Observe that thanks to Lemma 3.4.11 the function v is such that v-v =0 on
the upper profile T.

Lemma 3.4.64. We have the following limits:

1
(Curl @d@)(k) :§€ijk:€85283£jj2j3
(3.4.63)

+ 5ijk§58253€jj2j3 90(8) od

fer Pepdr — / f-edr; (3.4.65)
Q. e—0 Q
/ divo, - div Z.podx — [ dive - div pdx; (3.4.66)
Q. e—0 Q
/ curlv, - curl Z.pde — | curlv - curl p dz, (3.4.67)
K. e—0 Q
/ curlv, - curl Zep dv — 0. (3.4.68)
QE\Q e—0

Proof. The proof of limits (3.4.65) and (3.4.67) is easy and left to the reader. To
see limit (3.4.66) one needs to observe that the divergence is transformed via the
covariant Piola transform in the following way

div Z.p = (divp) o @, det DD,
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which is an expression that involves only first order derivatives of ®., and use
Lemma 3.4.15. We will only prove limit (3.4.68) in details. Proceeding similarly
to the electric case, by Holder’s inequality, formula (3.4.63) and Lemma 3.4.15 we
have that

2
(/ curl v, - curl Z.p dx) <Jlcurl UE||iQ(QE\Q)3 / lcurl Zo|* da
0\ 0\

1 2
<c /
Q\Q

9 90" 9ol o)
5&%658283@12]’3

o®,

d
Oxy, Ox; Ox;, Oxj, v

2

3.4.69
" (3.4.69)

020 9ol

C 17kS8825387 527 (&) (bC a.. 9.
+ §ijhSssasalijaia P © Oxi0x;, Oxj,

Q\Q

< C’/ |Dp o @ | dx + Ce_l/ lp o @ |* da
Q\Q AQ

< C’/ |Dy|? dx + C’e_l/ o] d.
B (Q\Q) D (Q2:\0)

Observe that

D (Q\ Q) = {(Z,25 — he(T,23)) : T € W,0 < 23 < g.(T) }
C{(Z,23): 2 €W, —g.(T) < 23 <0}
C {(f,z;;) 1T E VV,—€3/2b0 < 23 < 0},

where by = ||b(- . Thus we have that |®. (€ \ )| — 0 as € goes to 0, hence

M e o
/ D2 dz — 0. (3.4.70)
@6(96\9) e—0

Moreover, by the one dimensional embedding estimate for Sobolev functions, we
have that

lo@ Mz o1y < Cllet@ Mizzs 1y
for almost every € W. Thus

_ _ _ 2 _
Ce 1/ || da < Ce 153/2b0/ HQO(x")HLoo(—l,o) dx
D (2:\Q) w
_ 2 _
< 0P [ ol sy < Ol 0.

and the proof is concluded. O]



3.4. Critical case 101

Recall that @, := /V[Z x (—¢,0). We study the following integrals

/ curlv.-curl Z.pdx = / curl v.-curl Z.p dr+ / curl v.-curl Z.p dzx.
O\K.

c Q\(KeUQe)
(3.4.71)
By the same argument used in (3.4.69), we get

2
/ curl v, - curl Z.p dx
O\ (KUQe)

< C/ |Dyl|? d:z:+C’e_1/ o] d.
D (Q\(KUQ:)) P (Q\(KUQo))

Since ¢ (2 \ (K. UQ.)) C P(2\ K.) C Q\ K., it is clear that

/ |Dy|* dz — 0.
D (Q\(KUQL)) =0

Again using the one dimensional embedding for Sobolev functions and observing
that in this case the diameter of the set ®.(Q2\ (K. U Q,)) in the direction x3 is
less or equal than e, we have that

_ 2 2
! / o2 dr < Cllol o e (1.0 — 0
D (Q\(KUQo))

e—0

where the last limit is a consequence of the fact that [\ (/VIZ x (—=1,0))| - 0 as e
goes to 0. Thus we proved that

/ curlv, - curl Z.p dr — 0. (3.4.72)
Q\(KeUQe) 0

We now study
/ curl v, - curl Z.p dzx.

The terms of the first type in the sum of the right-hand side of (3.4.63) go to 0 as
€ goes to 0, since they involve only derivatives of ®, of the first order. Thus we
focus on the terms of the second type. Before doing so, we present the following
lemma, which sums up Lemma 3.4.7 and Lemma 3.4.11 applied to the magnetic

case. Recall also that we are under the assumption that the uniform inequality
(3.4.59) is valid.
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Lemma 3.4.73. For all e > 0 let v. € X1(Q) be the (unique) solution of (3.4.62),
and suppose that ve|q v weakly in H'(Q)3. Then the third component v©® of v
€E—>

vanishes on I'. Moreover, if by V. we denote the following vector field
Ve(z,y) = 0(2,y) — / 0c(%,5,0)dy  for (,y) € We x Y x (=1/¢,0),
Y

then there exists © € L*(W, wjl;gry (Y x (—00,0))) such that

D D,
Ve — ¥ and yVe _ Do 4Dme2(W><Y><(d0))f0ranyd<0,

1/2 e—0 1/2 51/2 e—0

and the following relation holds
0 (3)(i‘7g70) = T

Moreover, for any u € H(Q)3

(uo ®)|q — u(z,0) in L*(W x Y x (—1,0)).
e—

By definition (3.4.4), Lemma 3.4.5, Lemma 3.4.16, Lemma 3.4.73, and observing
that by formula (3.4.14)

020 0 0.
535233 _553253 63236533'3—7
ox 8%2 0%3 8%3%2

we get that
02} 82(1)(52) 8(1)(33)
li - abkSi EE (&) q)e — - d
61_{% . (9 5 bk‘fjkf 2835]]2]3 ¥ 6@8@2 8:Ej3 T
1200 ©
:_llm/ / (‘5_ —_— f;y éabkgi'kgs?)s 5“8 (705 Oq)e jay
i [ (T ) G (7.9)

Phe _
: 61/289303:. (z, y)> dzdy

9o 0*b(§) (ys +1)°]
= T (8) (7 3
o T L, O a 3 $3s3 253 d.fl?d

/VV/Yx( 1,0) Ya (Z,y) ¢7(2,0) Dy 0y, Eavkijins3ss i 1.
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. 3
Furthermore, since Zj:1 &ijkEjjass = OissOkjs — 0ijoOksy, We have that

oo L OPb()) (s +1)°
- ay (l’,y) SO(S) (:an) [ (ga/;(gz ) ] fabk&jk‘f&SssSijSi&
a 7 J2
_ 90" [b(7)(ys + 1)°]

- (jv y) £abk ()0(8) (57 0) £k33

Ya Oy 0y;

~ (b) 2(p(7 3
a;y ) (?ﬁy: H oz, 060
= (curl, 8(z,y) x @(2,0)), Ay [b(7)(ys + 1)°]

~ (curl, 2(2.9) DY[b(@) (s +1)°] x 9(2.0))

where D; denotes the Hessian matrix with respect to the variable y = (y,y3). We
have thus proved the following

Lemma 3.4.74. Let © € L*(W, wllg’gry (Y x (—00,0))) be as in Lemma 3.4.75, and
set

M :Y x [=1,0] = Symy(R), M(y) := A[b(y)(ys + 1)°] Is — D*[b(y)(ys + 1)°].
(3.4.75)
Then

lim [ curlv, - curl Zepdr = / / (curl, 9(z, y) M (y) x ¢(z, O))3 dzdy.
=0 Jo. w Jy x(-1,0)
(3.4.76)
The next theorem is a consequence of (3.4.72) and Lemmas 3.4.64 and 3.4.74.

Theorem 3.4.77. Let f. € L*(Q2)%,¢ > 0 be a family of functions weakly con-
verging in L*(Q)3 to f € L*(Q)3. Let v. € X+(Q) N HY(Q)? be the solution of
(3.4.62) corresponding to the Poisson datum f. for every ¢ > 0. Then, possi-
bly passing to a subsequence, there exists v € H'(Q)? with v-v =0 on T, and
b€ LX(W,wp2. (Y x(—00,0))) such that v, — v weakly in H'(Q)?, v, — v strongly

ery

in L*(Q)? and
/ (v +dive dive + curlv - curl p) dx
Q

+ /I/V/Yx(l,o) (curly o(z,y) M(y) x ¢(z,0)), dzdy = /Qf - pdr
(3.4.78)

for all p € X1(Q), with M € C(Y x [—1,0],Syms(R)) being the matriz-valued
function defined in (3.4.75).
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We now want to characterize the function ¢ introduced in Lemrgla 3.4.73.
Proceeding as in 11, Section 8.4], we take n € C'*> (W X Y x| — o0, 0]) periodic

in Y with compact support contained in C' x_? X kl, 0], for some compact C' C W
and d < 0, and such that 7 (z,7,0) = 0in W x Y. Set

ne(z) = €'/ (j: E’E) '
€ €

Observe that for € > 0 small enough the function 7. is admissible, and thus we can
consider Z1. € X1(€) as a test function in (3.4.62), yielding

/ Ve Pene d:p+/ curl v, -curl &, da:—l—/ div v, div Zn. dx :/ fer Penede.
Q. Q. Q. Qe

(3.4.79)
Due to the presence of the factor €/? it is not difficult to see that

/ Ve + Pne dv — 0,/ div v, div Zn. dv — 0,/ fer Pnedr — 0.
Q. e—0 Q. e—0 Q. e—0

(3.4.80)
Moreover, there holds the following
Lemma 3.4.81. We have that
/ curlv, - curl .. de — 0 (3.4.82)
QS\Q e—0
and
/ curl v - curl o, de — curl, 0(z,y) - curl, n(z, y) dzdy. (3.4.83)
Q =0 JWxy x(—00,0)
Proof. Recalling formula (3.4.63) and using Lemma 3.4.15 we get
2
/ curlv, - curl . de | < C / |curl @5776]2 dx
Q\Q Q\Q
2
1 on® a0 5ol gl
<C o Si7kSss2538772] q)e d
= [)e\g 2£]k€ 2 35]32]3 th © axz axJQ axjg T
9200 9o | (3.4.84)

dx

e /
Q\Q

<C |Dn. o @) da:+Cel/ 7e 0 O |* da
0A\Q Q\Q

< C/ |Dn.|? dx + Ce_l/ ne|? de.
B (Q\Q) D (Q\Q)

) )
5@jk5552535332]3 Ne € 8w,~8xj2 8Ij3
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The rate of convergence for the domain of integration is |®.(€2 \ Q)| = O(e%/?) (cf.
(3.4.25)). Since ||| ooy < C€'/? and | Dne| oo () < Ce™/2, both integrals in the
above sum go to 0 as € goes to 0. Thus we have proved (3.4.82).

We now prove (3.4.83). Due to the Y-periodicity of 7 we have that

ﬁene(ia y) = 61/277 € \‘EJ + 6@7 ga Y3 — E_lhs (6 \‘EJ + egv 6y3> COfD(bs (j:7 y)

From (3.4.41) we get that

—

cof pp, — I3 and
e—0

cof po, — Oy, (3.4.85)
e—0

7

uniformly in W x Y x (—o0,0], for all i = 1,2, 3. Since 7 is smooth and compactly
supported, it is Lipschitz continuous together with its derivatives, and thus

e—0
L2(W.xY x(—00,0))

(3.4.86)

(Dvn) € \‘gJ + Egv ga Ys — Eilhe <€ {%J + Ega 63/3) - D’yn(‘fu y) —0

for any |y| <1 (cf. formula (8.51) of [11]). Consider

a/\

i Pne(z,y)

= 61/2f n {EJ +€y,9,ys — € 'he (6 {EJ + €y, €y3> cof pe, (Z,y)

T z 0 ——
+ePn | e H + €y, 7, ys — € he (e M + €y, ey3> 5y ot (@:9).

From (3.4.85), (3.4.86) and using the chain rule we have that for all i = 1,2,3

0 —— on
-12 9 _
€ By, 3”&76(%9) E} Em

() (3.4.87)

in L2 (W x Y x (—00,0)). By Lemma 3.4.5, Lemma 3.4.73 and (3.4.87) we get

) _
curl, 0, curl, .
cl/2 cl/2

lim curlv, - curl & dx = lim dzdy

€0 JW. x(~1,0) €0 JW.xY x(~1/e,0)

= / curl, 9(Z,y) - curl, n(z,y) dzdy.
W XY X (—00,0)
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Finally, by the definition of W€ and the fact that 1 has compact support in the
first two variables, it is not difficult to see that

/ curl v, - curl .. dv — 0,
Q\(Wex (~1,0)) 0

which concludes the proof.
[

Recall that a vector field u belongs to the space Xpery 1oc(Y X (—00,0)) if
u € Hige(curl, R? x (—00,0)) N Hyoe(div, R? x (—00, 0)) and moreover u is Y -periodic
in the first two variables 4 € R2. There will be no notational difference when
writing a function in Xpepy joe(Y X (—00,0)) or its restriction to Y x (—o0,0). Then

xPery(Y X (—O0,0)) :{U € XPery,loc(Y X (_OO?O)) :

HCUI’IUHLQ(YX(,OQ())P 7HdiquL2(Y><(*0070)) < OO}

Theorem 3.4.88. Let 0 € L*(W, wjlg’gry(Y X (—00,0))) be the function introduced
m Lemma 3./.73. Then

/ curl, 0(z,y) - curl, n(z,y) dzdy = 0 (3.4.89)
W XY X (—00,0)

for all n € L2 W,z (Y x (—00,0))) such that n®(z,7,0) = 0 in W x Y.
Moreover
0b 0b

o3 (:f, Y, 0) = —a—yl(y)v(l)(a—:7 0) _ 3_y2<g)v(2)<j7 0)’ (3'4'9())

where v s the function introduced in Theorem 5.4.77.

Proof. To see (3.4.89), in the case of smooth test functions, one simply takes the
limit in equation (3.4.79) and using limits (3.4.80)-(3.4.83). To get the general
case, one can reason via an approximation argument.

The boundary condition (3.4.90) is a direct consequence of Lemma 3.4.11. [

We now want to describe the function ¢ in a more explicit way, separating the
variables z and y. The natural microscopic problem related to (3.4.89) is described
in the following lemma.

Lemma 3.4.91. Assume that the function b introduced in (3.4.1) is of class C3.
Then, fori = 1,2 there exist vector fields Vi(y) € xper, (Y X (—00,0))) satisfying

/ curl V; - curlndy = 0 (3.4.92)
Y x(—00,0)
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for all g € xper, (Y x (—00,0))) such that n®(y,0) = 0 on Y, together with the
boundary condition

0b

Vw0 =~

(4) forallyeY. (3.4.93)

Moreover, if there are two solutions V; and V; of (3.4.92), (3.4.93) then V;—V; = Vq
for some q € W;’;Y’loc(Y X (—00,0)).

Finally, if V; is of class W;’EQTY (Y x (d,0)) for some d <0, then curlcurl V; =0
in (Y x (d,0)) and it satisfies the boundary condition

(v x curl V;)(y,0) =0 onY.

Proof. We provide an explicit solution of problem (3.4.92)—(3.4.93), assuming b to
be of class C3. Consider the function defined by

wily) = LG ys+1)%, —1<y3 <0,
z 0’ —00 < Y3 S _17

and take its gradient V;(y) := Vu;(y). Clearly curl V; = 0 and thus it trivially solves
(3.4.92), and its third component on Y x {0} coincides with —8’9—;(37). Moreover its
divergence is well defined and it is equal to

A (2@ + 1Y), 1< <0,
07 —00 < Y3 S _17

which is clearly square summable over the whole semi-infinite strip, since it is equal
to zero if y3 < —1. Thus V; belongs to & per, (Y X (—00,0))).

To see uniqueness, suppose V € pe (Y X (—00,0))) satisfies (3.4.92) and
the boundary condition V®)(g,0) = 0. Testing V against itself in (3.4.92) yields
curl V' = 0. Hence by the Poincaré’s Lemma we can conclude that V = Vq for
some scalar potential function g € W}wa,loc(Y X (—00,0)). O
Remark 3.4.94. Consider the vector field —88—;1@) é3. Then obviously it satisfies
condition (3.4.93) for i = 1. Let r < 0 and introduce a smooth cut-off function
pr 1] —00,0] = R such that 0 < p, <1 and

{pr(Z)
PT(Z)

1, for 5 <z<0,
0, forz<r.
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Consider now the modified vector field —pr(yg)aa—;(g) és. It belongs to xpey (Y X
(—00,0))) and again it satisfies (3.4.93) for ¢ = 1, with curl equal to

curl (<) () és) = = () () ) G

s o (3.4.95)
. ~ D2 e+ - @)és ).
pr(ys) ( gy, D+ g5 0) z)
Thus we can use n(y) = Vi — pr(yg)aa—i(gj) é3 as a test function in (3.4.92). Hence

/ curl Vi - curl V5 dy
Y X (—00,0)

—/ (y3) curl Vi(y) - [ — &b (y)e +a—2b(7)é d
Y (r0) prids W 0y20y1 T gy, | Y

and

/ |curl Va|*dy
Y X (—00,0)
0%b 0?b

== r ].V * - y)e —I— y)e d .
/Y X(Tﬁo)p(ys) curl Va(y) ( Dyadn; D) aylayl(y)62> y

Analogously, using V5 — pr(yg)aa—i(gj) é3 we find out that

/ curl Vi - curl V dy
Y X (—00,0)

[ nw Vit I e+ =L (1 | d
= . ur | —=—=—®)é1 + =——=—(9)é :
Yx(r,O)p v 2 0120ys v 0y, 0y viex |4V

and

/ |curl Vi|*dy
Y X (—00,0)

[ nlw Vit I e+ =L (1 | d
== r ur . — e _— e .
Yx(r,O)p v 1 0y20y2 v 0y, 0y vyex |4V

Passing to the limits for » — 0~ in the above equalities we find out that all the
expressions on the left are null.
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Remark 3.4.96. If p; € W52

Pery (Y X (—00,0)) is a solution to the following Neu-
mann problem

A i = 0, inY X (— 70 )
PR (=00,0) (3.4.97)
6_111 = oy onY x {0},
then V; :== Vp; € xpe,, (Y X (—00,0))) is a solution of
curl V; = 0, inY x (—o0,0),
divV; =0, inY x (—o0,0), (3.4.98)
Viov=—gr, onY x {0},
hence it trivially solves (3.4.92), (3.4.93).
Lemma 3.4.99. Let V|, V5 be as in Lemma 5.4.91. Then
/ (curl Vi(y) M (y)), dy = / }cuerl(y)‘2 dy, (3.4.100)
Y x(~1,0) ¥ x (—00,0)
/ (curl Va(y) M (y)), dy = —/ ‘cuerg(y)’Zdy, (3.4.101)
Y x(—1,0) Y X (—00,0)
and
—/ (curl Vi (y) M = / cuerQ( )M(y))2 dy
YAEL0) - (3.4.102)
= / cur1V1 y) - curl Va(y)dy.
Y x(—
Moreover for both 1 = 1,2
/ (curl Vi(y) M(y)), dy = 0. (3.4.103)
Y x(—00,0)

Proof. Let é; = (1,0,0),é5 = (0,1,0),é3 = (0,0, 1) be the standard unit coordinate
vectors in R3. Define

VD@ (ys + 1) x &1, if (7,y3) € Y x [-1,0),
) = {0, i (5, 95) € ¥ ] — 00, 1),

_ e x V(@) (ys+1)°], i (7,y3) €Y x [-1,0),
mly) = {o, if (7,3) € Y x] — 00, —1),
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and

[ < V@ D ) €7 x 1,0,
Y 0, if (g,y3) € Y x| — o0, —1).

(Y x (—00,0])® are such that 77(-3)(?], 0) = —aa—;(gj) for

The vector fields n; € Ch i

j=1,2and 77§3) = 0. Moreover, computing their curl we find out that

ery

_élM(y)a if (gay?)) €Y x [_170)7
0, if (7, y5) € Y x] — 00, —1),

curlmy(y) = {

curlmy (y) = {éQM(y)> if (y,y3) €Y x [-1,0),

0, if (g,y3) € Yx] —o00,—1),
and
+ésM(y), if (g,y3) € Y x [—1,0),

curl =
() {o, if (7, 45) € Y x] — 00, —1)

Setting 1, = V; —n; for j = 1,2 and 73 = 13, we have that ﬁf’)(_, 0) = 0 for all
j =1,2,3, hence we can test them in (3.4.92). Recalling that M (y) is symmetric
for all y € Y x [—1,0], we obtain the desired equalities. O

Remark 3.4.104. The last two equalities (3.4.103) are superfluous for our purpose.
We now have all the ingredients to prove the next theorem.

Lemma 3.4.105. Let Vi, V5 be as in Lemma 5.4.91. Let v,v be the functions
defined in Lemma 3.4.73. Then there exist a scalar function q harmonic in y such
that

5(z,y) = Vi(y)o(z,0) + Va(y)o®(2,0) + V,q(Z,y) (3.4.106)

for almost all (Z,y) € W XY x (—00,0).
Moreover, the second integral in the left-hand side of (3.4.78) is equal to

/ / (curly, 6(z,y) M(y) x ¢(z,0)), didy = —/ v(Z,0)M - p(z,0) dz,
W JY x(-1,0) w
(3.4.107)

where M 1s a constant symmetric matriz defined as follows

fo(—1,())|CUF1 V1|2 dy fo(—LO) curl Vi - curl Vo dy 0O
M = fo(—l,o) curl V1 - curl V3 fYX(_LO)\curl Vol dy 0
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Proof. The function ¢ satisfies problem (3.4.89) together with the boundary condi-
tion (3.4.90). Arguing as in the proof of Lemma 3.4.91, and observing that the vector
field V3 (y)vM(Z, 0)+Va(y)v® (z, 0) also satisfies the two conditions (3.4.89),(3.4.90),
we immediately deduce that the curl in y of the difference vanish in W x Y x (00, 0),
and using Poincaré’s Lemma we have that the function v is of the type described
in (3.4.106). Hence curl, 9(Z,y) = curl Vi (y)vW(z, 0) + curl Va(y)v@(z, 0) and so

/ / (curly'f}(:i',y) M(y) x <p(.7?,0))3 dzdy
w Jy x(—1,0)

_ ( / curl Vi (y) M(y) dy x / vz, 0)6(%, 0) d:?:)
Y x(~1,0) w 5

( / curl Va(y) M(y) dy x / U(Q)(i’,O)gp(i:,O)d:E)
Y x(-1, 3

w

+

1,0)
_ (curl Vi(y)M(y)), dy / o (z,0)0®)(z,0) dz
Y x(—1,0) w

—/ (curl Vi(y) M (y)), dy/ vV (z,0)pV(z,0) dz
Y x(—1,0) w
+ / (curl Va(y) M(y)), dy / v®(z,0)0?) (2, 0) d

Y x(~1,0) w

_ / (curl Va(y) M(»)), dy / @ (z,0)0M (2, 0) dz
Y x(—1,0) 0%

= —/ |cur1V1|2dy/ v (z,0)pV(z,0) dz
Y x(—1,0) w

—/ |curl V| dy/ @(z,0)p?(z,0) dz
Y x(~1,0)

v
w
— / curl Vi - curl V, dy/ <’U(1)(Q_J, 0)p@(,0) 4+ v (z,0)pM (z, O)) dz,
Y x(~1,0) w

where in the last equality we used (3.4.100), (3.4.101) and (3.4.102). Computing
v(Z,0) 9 - p and integrating in Z over W we conclude. O

We have thus proved that

fﬂe (Ve - dx + curlv, - curl Pep da + divo, dive)de = [ fo- Pepde

leﬁo lﬁﬁo

Jo (- p+curlv-curlp +dive dive)de — [LoM-pdo = [, f-edz.
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This means that the problem that the limit function v of Theorem 3.4.77 satisfies
is

curl curlv = f, in €2,
dive =0, in €,
Vv =0, on O, (3.4.108)

v x curlv +vIM =0, on I
Then we can state the following theorem.

Theorem 3.4.109. Let f. € L*(2.)3, e > 0 be a family of functions weakly con-
verging in L?(2)3 to f € L*(Q)%. Let v, € X+(Q) N HY(Q)? be the (unique) solution
of (3.4.62) corresponding to the Poisson datum f. for every e > 0. Then, possibly
passing to a subsequence, there exists v € H'(Q)? withv-v =0 on T, such that
ve — v weakly in H'(Q)3, v — v strongly in L*(Q)* and

/(v-<,0—|—divvdiv<p+curlv-curlgp)dx:/f-godx
Q Q

for all ¢ € X1(Q).

Proof. One just needs to observe that the matrix 91 is null, since the microscopic
solutions V;, i = 1,2 in the proof of Lemma 3.4.91, since they are gradients, are
irrotational (see also Remark 3.4.94 and Remark 3.4.96). O



Chapter 4

Permittivity perturbation

In this chapter we study the dependence of the eigenvalues of the electric Maxwell
problem (4.1.1) upon the variation of the permittivity parameter. Note that the
permeability p has been normalized. We show the local Lipschitz continuity of
single eigenvalues (see Theorem 4.2.11), as well as their continuity with respect
to the weak™® topology (see Theorem 4.3.6) . Then, in Section 4.4, we prove an
analyticity result for the elementary symmetric functions of the eigenvalues and
provide formulas for the derivatives. We use such formulas to prove a Rellich-
Nagy-type result (see Theorem 4.4.11), and to study a constrained permittivity
optimization problem (see Theorem 4.5.1). Finally, in Section 4.6 we prove the
generic simplicity of the spectrum of problem (4.1.1).

4.1 Some preliminaries

For the sake of simplicity and to ease the notation, in the present chapter we
consider column vectors. In particular, given a 3 x 3 matrix M and a vector v € R3
the matrix-vector product is indicated as Mv.

Let © be a bounded domain of R3. In this chapter we study the following
eigenvalue problem

curlcurlu = Aeu in Q,
div(eu) =0 in €, (4.1.1)
vxu=0 on 0f),

upon variation of the permittivity parameter e.
We denote by L>*(02)3*% and W1>(Q)3*3 the spaces of real matrix-valued
functions M = (Mi')1<z'j<3 : QO — R¥3 whose components are in L>({2) and

113
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Whee(Q), respectively. We endow these spaces with the norms

M s = s M
and
[0 ms = 185 V- (112

Moreover, for the sake of simplicity and to ease the notation, we will often write
L>(Q) and WH>(Q) respectively instead of L>(Q)**? and W1 (Q)3*3 whenever
it is clear from the context if we are referring to scalar or matrix-valued functions.
Let M € L°°(Q)%*3. In this sequel we will exploit the following trivial inequali-
ties:
M- | < BIIM |l oy S

and
| M| < 3 M|| oo o €]

for all ¢ € R? and a.e. in Q. Here || denotes the standard Euclidean vector norm
in R?, namely |¢[> = 37, ¢?. Throughout this chapter, unless otherwise specified,
we will assume the following:

Q) is a bounded domain of R? of class C"!. (4.1.3)

In order to study the eigenvalue problem (4.1.1), we first need to specify where
we take the parameter €. Therefore we introduce the following set of admissible
permittivities
€= {5 € Wh>(Q) N Symy(Q) :

Je>0s.t. e(z)C-C > el(? foraa. z e, forall ¢ € R3},
(4.1.4)

endowed with the norm defined in (4.1.2). Here Sym4(£2) denotes the set of (3 x 3)-
symmetric matrix-valued functions in 2. Given ¢ € &£, we denote by m. > 0 the
greatest positive constant that guarantees the coercivity condition in the above
definition, that is

m. 1= max {c >0:e(@)C-C>cl¢f foraa. xeQ, forall ¢ e R3}. (4.1.5)

Observe that the set € is open in Wh*(Q) N Sym4(2). This is implied by the
continuity of the map

(&N lzoeqey) = Ry, € > me.
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Indeed let £1, &5 € &. Since |(e2 — 1) (- (| < 3|lea — »31||LC,O(Q)|C|2 a.e. in €, then

e2¢ (=a(-(+(E2—-e)( = (mel — 3[lez —€1HLoo(Q)>|C|2~

Hence me, > m., — 3|le2 — 1| (q). Exchanging the role of ¢, and €, one can show
that m., < m., + 3|lea — €1||p~(q), thus

|m€2 - ms1| < 3H52 - 51||Loo(Q) , (416)
which ensures the (Lipschitz) continuity of the map defined above.

Let ¢ € £&. We denote by L%(Q2) the space L?(Q2)® endowed with the inner
product

(u,v). = Jo|u][v] == /Qeu cvdr  Yu,v € L*(Q)°. (4.1.7)

Note that the above inner product induces a norm equivalent to the standard
L?-norm since

m5/|u|2dx < / cuuds < 3H5||LOO(Q)/\U|2dx vu € L2(Q)
Q Q Q
Recall from Chapter 1 the space

X3(92) = Hy(curl, Q) N H(dive, Q)

equipped with inner product

(u,v) x5 () = / eu-vdr + / curlw - curlvdz + / div(eu) div(ev) dx
Q Q Q

for all u,v € X5(€2). Recall from Chapter 1 the following closed linear subspace of
X:(9Q)

X5(dive0,Q) = {u € X(Q) : div (cu) = 0}
= {ue L*(Q)°: curlu € L*(Q)?, div(eu) = 0,v x ulpo =0} .

If e € £ and assumption (4.1.3) is valid, the space X&(2) is continuously embedded
into H*(Q2)® and there holds the following Gaffney inequality

el < Ce (ullzzioy +llenrl gy + I diveul2a) ) = Collullxge (4.18)

for all u € X5(Q2), where C. > 0 is a constant independent of u € X(€2) but
possibly depending on . In Section 1.4 we showed a complete proof in the particular



116 Chapter 4. Permittivity perturbation

case ¢ = 1. For this more general case involving a non-unitary permittivity € we
refer to Prokhorov and Filonov [102, Thm. 1.1].

It is easy to realize that the weak formulation of problem (4.1.1) is

/ curlu - curlvde = )\/ eu-vdx Vo € X(dive0, ), (4.1.9)
Q Q

in the unknowns A € R (the eigenvalues) and v € X5(dive0, Q) (the eigenvectors).
The eigenvalues of problem (4.1.9) are non-negative, as one can easily see by testing
the eigenfunction u against itself.

Analogously to Chapter 2, for our purposes it is convenient to work in the
space X5(€2) rather than XZ(dive0,2). Hence, again, following Costabel [39] and
Costabel and Dauge [40], we consider the following eigenvalue problem which
presents an additional penalty term:

/ curlu - curlv dzx + 7'/ div(eu) div(ev) dzr = O'/ cu-vdr Yv e XL (Q),
Q Q

N (4.1.10)
in the unknowns v € Xg(f2) and o € R. Here 7 > 0 is any fixed positive real number.
Solutions of problem (4.1.9) will then corresponds to solutions u of (4.1.10) with
diveu = 0 in Q (see also Theorem 4.1.15 below). Observe that also the eigenvalues
o of problem (4.1.10) are non-negative. We will only consider positive eigenvalues
(cf. also Definition 4.1.19) and forget about the zero eigenvalue. In any case, to be
thorough, the zero eigenspace K5(€2) of problem (4.1.10) (and of problem (4.1.9))
is composed of those curl-free vector fields which are normal to the boundary and
such that diveu = 0 in €2, namely

K{(Q)={ueL*(Q)’ :curlu=0inQ, diveu=0in Q, v x u =0 on 9N} .

Slightly modifying the proof of |7, Prop. 3.18|, we can deduce that if m € N is the
number of connected components of the boundary of €, then dimg K5(2) = m — 1.
In particular, if 092 has only one connected component, Kg(€2) = {0}.

Via a standard procedure, we can convert problem (4.1.10) into an eigenvalue
problem for a compact self-adjoint operator. Recall the map J. defined in (4.1.7),
which is nothing but the bilinear form corresponding to the inner product of L?(9).
Obviously J. can be thought as an operator acting from L?(£2) to (X5(€2))". We
define the operator T, from XZ5(Q) to (X5(2)) by

T [u][v] :z/gu-v d:c+/ curlu-curlvdx+7‘/ div(eu) div(ev)dz VYu,v € X(Q).
0 Q Q
(4.1.11)



4.1. Some preliminaries 117

Observe that by the Riesz Theorem, 7. is a homeomorphism from X3(Q2) to its
dual and can thus be inverted. We can therefore define the operator S., acting
from L2(Q) to itself, by setting

S, =0T ol : L2(Q) — L), (4.1.12)
where ¢, denotes the embedding of X5(2) into L?(£2). We then have the following

Lemma 4.1.13. Let ¢ € £. Then the operator S- is a self-adjoint operator from
L2(Q) to itself. Moreover, o is an eigenvalue of problem (4.1.10) if and only if
p=(o+ 1) is an eigenvalue of the operator S., the eigenvectors being the same.

The proof is completely analogous to the one of Lemma 2.1.11, thus we skip it.
If the space X5(Q) is compactly embedded into L?(2)3, which is true under our
assumptions on ¢ and (2, the operator S, is compact and its spectrum consists of
{0} U{ ptn frnen with u,, being a decreasing sequence composed of positive eigenvalues
of S; of finite multiplicity converging to zero. Accordingly, by Lemma 4.1.13, the
spectrum of problem (4.1.10) is composed possibly by zero and by e-dependent
positive eigenvalues of finite multiplicity which can be arranged in an increasing
sequence

0<oe] <omle] <+ <aule] <+ N +oo.

Here each eigenvalue is repeated in accordance with its multiplicity. Note that the
zero eigenvalue (whose multiplicity is fixed and depending only on the geometry of
2) is present only if the boundary 92 has more than one connected component.

By the min-max formula every eigenvalue can be variationally characterized as
follows

clel= min max fQ]curlu|2dx+Tfﬂ|div(5u)|2dx
; :

V;CX5(Q), ueVj, Joeu-udz
dimVj=j u#0

(4.1.14)

Moreover, we have the following lemma whose proof, which we present here for the
sake of completeness, is a minor adaptation of the one of [40, Thm 1.1].

Lemma 4.1.15. Let Q be as in (4.1.3). Let e € €. Then the eigenpairs (o,u) €
R x X5(Q2) of problem (4.1.10) are spanned by the following two disjoint families:

i) the pairs (A, u) € R x X(dive0, Q) solutions of problem (4.1.9);

i) the pairs (Tp, Vf) where (p, f) € R x Hy(Q) is an eigenpair of the problem

(4.1.16)

—div(eVf) =pf inQ,
f=0 on Of).
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In particular, the set of eigenvalues of problem (4.1.10) are given by the union of
the set of eigenvalues of problem (4.1.9) and the set of eigenvalues of the operator
div(eV-) with Dirichlet boundary conditions in Q multiplied by T.

Proof. Tt is easily seen that if (A, u) € R x X5(dive0, Q) is an eigenpair of problem
(4.1.9), then it is an eigenpair of problem (4.1.10). Moreover, if u = V f, where
f € H}(Q) is a solution of problem (4.1.16), then u is in X5(2) and solves (4.1.10)
with o = 7p.
Conversely, suppose that (o,u) € R x X5(Q) is an eigenpair of problem (4.1.10).
If
p:=div(eu) =0,

then clearly u € Xg(dive0, 2) and solves (4.1.9). Suppose now that p # 0. We set
H(Q,div(eV:)) := {u € Hy(Q) : div(eVu) € L*(Q)}.

Then for all v € H}(Q,div(eV+)), by taking Vi as test functions in (4.1.10) we
get

/QTP div(eVe)) dz = a/ﬂeu-wda: — —U/ﬂp@[)dm,
thus
/p (7 div(eVY) + o¢) dz = 0. (4.1.17)
Q

Necessarily o/7 belongs to the spectrum of the operator — div(¢V-) with Dirichlet
boundary conditions, because if not we could find a ¢ such that div(e V) + %1& =p,
hence from (4.1.17) we would get p = 0, which is a contradiction. From the
Fredholm alternative we deduce that p belongs to the associated eigenspace, thus
p € H}(Q,div(eV+)) and

div(eVp) + %p = 0. (4.1.18)

Now, we define the field
wi=u+ ng € X(Q).

If w =0 then u = —Z Vp, and recalling (4.1.18) one deduces that (o, u) is of the

o

form in ii). Therefore, suppose that w # 0. Observe that w satisfies
div(ew) = p+ L div(eVp) =0 and curlw = curlu.
o

Hence for any v € Xg(9)

/curlw-curlvda::/(asu-v—fp div(sv))dxz/(05u+T€Vp)-vdx
Q Q

Q
:a/sw-vd:v.
Q
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Thus the pair (o, w) belongs to the family in i) and o is a multiple eigenvalue of
(4.1.10). In this case we can split the eigenspace corresponding to ¢ according to
the two families in i) and ii). O

In view of the previous lemma, we introduce the following definition valid for
the present chapter, which is analogous to Definition 2.1.6.

Definition 4.1.19. Let Q be as in (4.1.3). Let € € £. An eigenvalue o of problem
(4.1.10) is said to be a Mazwell eigenvalue if o # 0 and there exists u € X5 (dive0, ),
u # 0, such that (o, u) is an eigenpair of problem (4.1.9). In this case, we say that
u is a Mazwell eigenvector. We denote the set of Maxwell eigenvalues by:

0<Xife] < Xgle] <o < Mfe] < - oo,

where we repeat the eigenvalues in accordance with their (Maxwell) multiplicity, i.e.
the dimension of the space generated by the corresponding Maxwell eigenvectors.

We stress that the introduction of problem (4.1.10) is of technical nature, but
in this chapter we are mostly interested in the behavior of Maxwell eigenvalues.
Accordingly, we will focus more on the behaviour of {\;[¢]};en C {o[¢]};en than on
the behaviour of all {o[¢]};en. Note also that the Maxwell eigenvalues {\;[e]}jen
do not depend upon the choice of the parameter 7 > 0 introduced with the penalty
term in (4.1.10), meaning that different values of 7 provide exactly the same
Maxwell spectrum.

4.2 Locally Lipschitz continuity of the eigenvalues

We first focus on the continuity of the eigenvalues o;[¢] of problem (4.1.10), which
in particular implies the continuity of the Maxwell eigenvalues A;[g]. For the sake
of simplicity, in this section we will fix 7 = 1. Note that the results presented below
remain valid independently of the value of 7 > 0.

We find it convenient to recall the space

H{(Q) ={ue H(Q)®:vxu=0ondQ} (4.2.1)

endowed with the usual H'-norm, first introduced in Section 1.4.3. Note that in
view of the Gaffney inequality (4.1.8), valid under our assumptions (4.1.3), for every
e € € the spaces X5(2) and H.(Q) coincide as sets, and their respective norms are
equivalent. Hence one can use the space H}(f2) for the variational characterization
of the eigenvalues: the benefit lies in the fact that in this way we do not have to
deal with Hilbert spaces that may depend on the permittivity parameter ¢, allowing
us to compare Rayleigh quotients relative to different permittivities. The trick of
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identifying the spaces X&(Q) and HL () will be used several times throughout this
chapter.

Hence, instead of formula (4.1.14), we will make use of the following min-max
formula

. 2
o= min el det foldivew] de

V;CHL(Q), u€Vj, Joeu-ude
dim Vj=j u#0

(4.2.2)

in order to prove our continuity result. Before doing so, we first prove a locally
uniform Gaffney inequality, that can be obtained exploiting the standard inequality
(4.1.8) for a fixed permittivity.

Proposition 4.2.3. Let Q be as in (4.1.3). Let € € €. Then there exist two
constants 0, Cg > 0 such that

e < Co ({eu whraoys + lleurlulZays + N diveulfag))  (4.2.4)
for all w € HY(Q) and for all € € € with ||e — ||y < 9.
Proof. First of all, we observe that if £ € £ then by Lemma 4.7.1 we have that
div(éu) = tr(éDu) + (divé) - u, (4.2.5)

where tr(-) denotes the trace operator, and if £ = (é(1)| £@)| é(?’)> with £*) denoting
the k-th column, then div ¢ is the vector field defined by

divé = (dive®, dive®, dive®) .
Moreover, if M is a 3 x 3 matrix then the following inequalities

[ 0(E@)M)] < 92l oy 1M, (426)

[div £(2)] < 3V3IE ]y rmqoy (427

hold for a.e. x € Q, where |M| denotes the matrix norm |M| := max; ; |M,;]|.

Now we fix v € HL(Q) and € € £. From (4.1.8) we know that the Gaffney
inequality holds for £, that is there exists a constant Cz > 0 independent of u such
that

oy < Ce ((Ewuhraap + | cwrlullaeys + || divauldagy ) - (4.28)
Moreover

|tr(éDu)? — tr(eDu)?| =

tr ((+¢)Du) tr ((€ — €) Du)) ‘

<9 |E+ 6||L<>o(Q)||6~ - 5HL°°(Q) | Dul?
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and
‘(divé cu)® — (dive - u)Q‘ < ’(div(é —¢)-u) (div(é +e) - u)’
< (3\/5)2 €+ €HW1’°°(Q)”‘§ - EHWLOO(Q) Jul?,
We also have that
Q}tr(éDu) divé-u —tr(eDu) dive - u|

< 2|tr(Du) div(é —€) - u| + 2tr ((€ — €)Du) dive - u’

<2-9-3V3 ([Ellyroea) +1E = el ) 1€ = llyromey 2l [Dul
< 543 ([Ellyr.m @ 1€ = el ) IE =l iy (el + 1Dul).
Thus

[l div(en

[div(ew) 72 0|

)Hi?(ﬂ) _|

<543 (Hg”WLOO(Q) +lg - 8”le°°((2) +le+ 8||WLw(Q)> (4.2.9)

€ = ellwrocq) (/ |u|2dx—i—/ |Du|2dx> :
Q Q

Furthermore, we have that
. ~ 2
| (Bu, u) 1203 — (eu, u) r2()e| < 3|16 — ell oo (o lltll 22(q)s - (4.2.10)

Therefore, making use of (4.2.9) and (4.2.10) in (4.2.8) we obtain that

2
[l s

< C: <<5u, u) [2()3 +HCUI‘1UH%2(Q)3 +||div 6UH2L2(Q)>
+ <C§ 54v/3 (”‘é:HWl’O"(Q) +€ = ellwrooqy €+ €||W1»°°(Q)> + 3)

. 2
e = 5||WL°°(Q)||U||Hl(Q)3

< Cs <<5Ua u>L2(Q)3 +HCUT1U||3;2(Q)3 +||div 5“”%2(9))
- ~ ~ 2
+ <052 -54v/3 <||8||W1»°°(Q) +lle - 5||WL°°(Q)> + 3) 1€ = llyr.oo oy llull 7 gs -

Hence, taking § > 0 small enough such that for all ¢ € £ with || — e[[100) < 0
we have that

1= (e 108V5 ([Ellunmoy +1E —ellrmie) +3) 16 = 2lhyamgay > 0
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Hence we get that formula (4.2.4) holds with
Cs

Cg = .
1-0 (Cg 108v/3 (||5||W1,OO(Q) + 5) + 3)

]

We are now ready to show that the eigenvalues o;[e] of problem (4.1.10) are
locally Lipschitz continuous in .

Theorem 4.2.11. Let Q be as in (4.1.3). Let j € N and €1 € £. Then there exist
two constants 6,C' > 0 such that

|ojle1] = ojle]| < Cller — eallyre o (4.2.12)
for all e; € € such that|le; — e2[[y1.00 () < 0.

Proof. For the sake of simplicity in this proof, given ¢ € £ and u € HL(Q) we set

Ru) ::/|curlu|2dx, D.[u] ::/\div(eu)|2d:c.
Q 0

Let be 6 > 0 be as in Proposition 4.2.3 with € = ;. Let €5 € £ be such that
le1 — e2|lwr.o(@) < 9 and recall that m.,, m., denote the constants associated with
the coercivity of &1, &5 respectively (see (4.1.5)). Fix u € HL(2). Then

Rlu] + D, [u]  Rlu] + D, [u]
fﬂelu-udx fgezu-udx
_ Rlu]| [, (g2 — e1)u - wdz| +|D., [u] [;,e2u- ude — Dey[u] [, e1u - udz|
- (Joeru-udz)([,eau - ud)
3lle2 — e1ll @ RIu] folul” dz
T (Joeru-udr)(f,eu - ud)
N |D., [u] [;, e2u-u dz—D¢, [u] [, eru-u da+D., [u] [, e1u-u do—De,[u] [ eru-u da
(Joeru-udz)([,eu - ud)
< 3ller — eollwre(@) Rlu] + D, [u] N | D2, [u] = D, [u]]

(4.2.13)

me, Joeru-ude Joe2u - udz

We now focus on the second term in the right hand side of the above inequality.
Arguing in the same way as in inequality (4.2.9) we deduce that there exist a
constant C' > 0 not depending on &1, €5 and u such that

D] = Dl < O (e~ s =2alemgo [ 1P [ |Dulas).
=54 Q Q
(4.2.14)
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Moreover, thanks to the locally uniform Gaffney inequality (4.2.4) there exists a
constant Cg > 0 such that for i = 1,2

/ |Duldz < Cg/ (siw-u+ | curlul® + | div(g;u)]?) de.
Q Q

Using the above inequality with ¢ = 2 we get
Jo, | Dul?dx

<, <1+ Rlu] +Ds2[u1>
Joeau-udr — ’

JoEau - udze

which applied to (4.2.14) yields

}Dgl [u] — D, [U”
fQ ol - udx sC 2%{ {Hginwlm(ﬂ)} ler — eallwre (o) (4.2.15)
D.
LC, (1 . M)
Me,y fQ gou - udxr

Thus it follows from (4.2.13) and (4.2.15) that

Rlu] + D, [u] (1 _gllee— 51||W1m(m>

Joe1u - ude me,

Rlu] + D, [ul
< T Teal?]
- fQ U - udx

1
+ C{EEI%C {||5i”wl,oo(9)}||€1 — 62||W1»°°(Q) (m + Cg) .

€2

(1+CoCmas fledlunmia et = 2y ) (4216)

Eventually taking a smaller 6 > 0, and taking the appropriate supremum and
infimum in (4.2.16), the min-max formula (4.2.2) yields

73lex) + Cg C max (il (e } 05[]

3
ojler] — ojlea] < (
€2
1
+C£I:1%}2( {||5z‘||wl,oo(g)} m—az-f-cg llex —82||W1,oo(Q).
(4.2.17)

Exchanging the role of £; and e9, we can therefore get the inequality (4.2.12) but
with a constant possibly depending also on &5, that can be taken as follows

Cley) = 3max{@,@} (4.2.18)

Me, me,

1
som{lednn} (Coms {olel) - { -+ ).
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In order to finish the proof, it only remains to show that this constant can be
chosen uniform in €5. Up to taking a smaller §, we note that by (4.1.6) the constant
me, is uniformly bounded away from zero in e5. Indeed by (4.1.6) one has that

Mey > Mgy, — 30.

Moreover, jles] is also locally uniformly bounded in e5. Indeed, from (4.2.5),
(4.2.6) and (4.2.7) it is not difficult to see that there exists a constant C’ > 0 not
depending on &, such that for all u € H}(Q) one has

/‘div(€2u)|2dl’ < C/H€2H12/V1,oo(g)/ (’u|2 + ‘DUP) dx.
Q Q

Then, applying the standard Gaffney inequality (with unitary permittivity, cf.
(1.4.1)), which we know it is valid under our assumptions and involves a geometric
constant, we get that, possibly changing the value of C" > 0, for all u € HL(Q)

/‘div(sgu)fdm < C'H82||%V1,oo(9)/ (Jul* + | curluf® + | div u|?) dz.
Q Q

Hence, using the min-max formula (4.2.2) for o;[es] we have that

lul2dz + [, ]di 2
ojle2) = min maxf9|cur ul*dr + [, | div(eyu)|*d

V,CHL(Q), ueV;, Joe2u-udz

dimVj=j u#0
Jo | curlul?da + [, | divul*dx 1
Jo [uf?dx

2

€2 ;
1)”wa min  max
Mg, V;CHY(Q), u€Vj,
dimV;=j u#0

< (C"+

2
€ 1,00
= (C'+1) HQHW—(Q)(%[H?’] 1)

Mg,

2
(11l (@) + )

<(C"+1) 5

(oj[I3] + 1),

where o;[I3] is the j-th eigenvalue of problem (4.1.10) with unitary permittivity.
Accordingly, the constant C(e5) defined in (4.2.18) is bounded above by a constant
independent of e, for all €5 € &€ such that ||e; — & ||w1.00(q) < . Thus the inequality
(4.2.12) is proved.

[

4.3 Weak™* continuity of the Maxwell eigenvalues

It turns out that the Maxwell eigenvalues \;[e] depends with continuity on € not
only with respect to the strong topology of W1°(2), but also with respect to its
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weak* topology. Here we prove it only for scalar permittivities, but we plan to
address the more general case of matrix-valued ¢ in the future.

Let «, B, be positive real numbers and assume that 0 < o < 3. We introduce
the class of admissible permittivities

Aapr = {5 € W'*°(Q) : ¢ is scalar,a < e(z) < 8 a.e. in , Vel ooy < 7} :

(4.3.1)
Observe that A, 5, C €. If € € A, g, with a slight abuse of notation, by € we
denote both the scalar function e(z) and the matrix-valued function e(x)I3. Before
proceeding any further, we first prove the following lemma.

Lemma 4.3.2. Let Q2 be as in (4.1.3), and let ¢ € Ay .. Then there exists a
constant C' > 0, depending on o, B and 7, such that

ajle] < C(oy[ls] +1)

for each j € N. Here o;[l3] is the j-th eigenvalue of problem (4.1.10) with unitary
permattivity.

Proof. Let u € X(92). Since the Gaffney inequality (4.1.8) holds, then divu €
L?*(Q) and by formula (4.7.6) we have that

div(eu) = edivu+ Ve - u

a.e. in ). Thus it is not difficult to see that
/Q | div(ew)|?de < 2\|s|y§w,m(m/g (\u|2 +\divu|2> dz.

Hence, using the min-max formula (4.2.2) we get

ul2dx + [-leurlul® dz + [ |divul? do
oile] < max{1,2|e|[}100(y} min max Jo lul Jol | Jol |
! WEEON, (@), ey, o [, [ul?dz
dim V;=j u#0

< O (oy[l3] + 1),

with C' depending on «, § and 7. m

We consider W>((Q2) as a subspace of L>(Q2)*. The inclusion is interpreted by
identifying a function f € WH*°(Q) as the quadruple (f, 01 f,dxf,0sf) = (f,Vf) €
LY Q) x LY(2)? = L*>°(Q)*. Then we endow W1>(Q) with the topology induced by
L>(Q)*, where we consider the weak* topology on L>(2)*, the (topological) dual
space of L'(Q)*. We call this topology the (induced) weak* topology on W1>((Q).



126 Chapter 4. Permittivity perturbation

Note that the subspace W1*°(Q) is sequentially weakly* closed in L>(Q)*.
Indeed it is not difficult to see that if f € W1°°(Q) converges weakly* in L>(2)*
to some quadruple (f,f) € L>=(2)?, that is

/fkgdm+/ka-hd:r—>/fgdx—|—/f-hda:
Q Q k=00 Jo Q

for all (g,h) € L*(Q)*, then f € WH>(Q) with f being the (weak) gradient of f.
Sequential weak® closedness is sufficient for our purposes, since we will work with
bounded sets in W1°°(Q) (cf. definition (4.3.1)), that is bounded sets in L>(Q)%,
which are metrizable with respect to the weak™ topology due to the fact that
LY(Q)* is separable (see e.g. [94, Thm. 2.6.23]). Hence in the sequel the notions of
sequentially weakly* closed and weakly* closed coincide. We are thus motivated to
give the following

Definition 4.3.3. We say that a sequence of (scalar) functions f;, € W (Q)
weakly* converges to a function f € WH>(Q), denoting it by f —* f, if

/fkgdx+/ka~hdxﬁ/fgdx—i—/Vf'hdcc for all (g,h) € L*(Q)*.
Q Q - Ja Q
(4.3.4)

In particular (4.3.4) implies that f;, converges weakly* to f in L>°(f2), and V f;,
converges weakly* to Vf in L>(Q2)3.

Remark 4.3.5. Observe that if {f;}reny C WH*(Q) is such that f —* f, then
the sequence is bounded in W*(Q). Since Q C R? is bounded, then W () is
contained in W?(Q) for any p > 1. Taking p > 3 and observing that under our
assumptions (4.1.3) on © we can use the Rellich-Kondrachov embedding theorem

(see, e.g., |2, Thm. 6.3]), we have that we can also assume that f;, — f strongly in
L>(92).

We can now state the main result of this section. The following theorem
is inspired by [67, Thm. 9.1.3], which deals with the eigenvalues of a Dirichlet
Laplacian problem where a density function parameter models the study of non-
homogeneous membranes. The proof is in the same spirit of that one of 82,
Thm. 3.1], where the authors prove a similar result for general elliptic operators of
arbitrary order subject to homogeneous boundary conditions, upon variation of
the mass density. We also refer to the works by Cox and McLaughlin [43, 44| for
further details.

Theorem 4.3.6. Let Q) be a bounded domain of R? of class C*'. For all j € N,
the map € — \j[e] from Aq g to R is weakly* continuous for all j € N, where ;]
is the j-th Mazwell eigenvalue of problem (4.1.10).
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Proof. Let {ex}ren C Anp- We need to show that if e —=* & in Wh(Q) as
k — oo (in the sense of (4.3.4)), then \;lex] — Aj[e] for all j € N.

Observe that for any j € N, thanks to Lemma 4.3.2, we have that the sequence
{\;ler] tren is bounded in R. Let L; := supgen{Ajler]} < 0o so that

Ajlek]) < L; for all k € N. (4.3.7)

Let u;[ex] be the Maxwell eigenfunctions associated with the the Maxwell eigenvalues
Ajlex). In particular, their e;-divergence is null, hence the weak formulation (4.1.10)
reads as follows:

/ curlujleg] - curlv de = Aj[eg] / epugleg] -vdr  for allv e XF(Q). (4.3.8)
0 0

Assume that the eigenfunctions {u;[x]}jen form an L2 (©)-orthonormal sequence,

that is they are such that J., [u;[ei]][wler]] = [, erujler] - wler] do = 05 for all
J,1 € N. Thus
2 1 2 1
/Q\uj[gk]\ dr < E/ng|uj[gk}| dr <~ (4.3.9)
and
/ leurl w[e][* dz = Aylea / e lulenlPdr < I, (4.3.10)
Q Q
for all k € N.

Observe that by Remark 4.7.5 for any k € N the Maxwell eigenvectors u;[e]
also belong to X(£2) and
diV(&kUj[&?k]) — Veg - Uj[é-fk] _Vsk : Uj[&?k]

divu;leg] = = : 4.3.11
e = = (4:3.11)

In particular

Ve, 2oo 3 2
/Q‘divuj[sk]}2dx < HL%/{Juj[sk]lzdx < % < 00
for all £ € N, hence the sequence {u;[ex]}ren is bounded in X (€2). It follows that,
possibly passing to a subsequence, there exists @; € X(12) such that u;le;] weakly
converges to i, as k — 0o in Xy(Q), and by (4.3.7) there exists A; € R such that
Ajlex] = Aj as k — oo. Moreover, since the embedding of Xy(Q) into L?(2)? is
compact (see e.g. [113]) we can also assume that u;[ex] — @; strongly in L*(Q)? as
k — oo.
Now, observing that by Remark 4.7.5 also the test functions v € X3*(£2) belongs
to Xx(2) (cf. also (4.3.11)), passing to the limit in (4.3.8) we get that

/ curl @; - curlv dz = \; / euj-vdr for all v e Xy(Q). (4.3.12)
Q Q
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The limit in the left-hand side is obvious since u;[ex] — @; weakly in X(2) as
k — oo. In order to see the limit in the right-hand side, one computes

/Q(skuj[sk] —euy) - pdr| < ‘/ﬂsk(uj[sk] —uj) - pdr|+ /Q(gk —e)uj - pdr

<Nl oy llsles] = 5|10l 2 +] JICEELRE

The first term of the sum goes to 0 as k — oo since u;[ey| converges to u; strongly
in L*(Q2)3, while the second term goes to 0 since gy, —=* ¢ and @; - ¢ € L'(Q).

Furthermore, we have that div(ew;) = 0. Indeed fix any n € C2°(Q2). Then for
all ke N

/ e ujlex] - Vndx = 0.
Q

since div(egu;lex]) = 0. Taking the limit as k¥ — oo and reasoning as above, we get

that
/8ﬂj : Vn = 0,
Q

which means exactly that div(ea;) = 0 in Q. Therefore from (4.3.12) it follows that
u; is a Maxwell eigenfunction of problem (4.1.10) corresponding to the Maxwell
eigenvalue 5\]._

Observe that since J.[i;][w;] = &;; for all j,1 € N, then {),},ey is a divergent
sequence.

In order to prove that \; = \[g] for all j € N, we assume by contradiction
that there exists a Maxwell eigenfunction u € X5(2) of problem (4.1.10), with
div(eti) = 0, corresponding to a Maxwell eigenvalue ), such that it is orthogonal in
L%(Q) to all the @;, j € N, namely that (u,u;). = J.[u][u;] = 0 for all j € N.

Before proceeding any further, we make a clarification. In the sequel, we fix
7 > 0 big enough so that the first j eigenvalues of problem (4.1.10) are all of pure
Maxwell type, i.e. without resonances with eigenfunctions deriving from problem
(4.1.16) (cf. also Remark 2.1.9). This is done in order to avoid complications in
the argument that follows, especially in the use of Theorem 4.7.14. The aim is to
get a contradiction: in particular we show that inequality (4.3.19), which does not
depend on 7, holds for every j € N. This is achieved by fixing the value of 7 > 0
depending on 7 € N on every iteration.

Assume that @ is such that ||| ;2o = 1/(A+1). By Theorem 4.7.14 we get

that
1 1

TANE] D) 2
for all u € X3*(Q2) and j,k € N. Here T; is the operator defined in (4.1.11) and
P;_, ., denotes the orthogonal projection in L?k (Q) of u onto the linear span of
uifex],s - w1 [ex]

T, [u][u] —Hu — P

|
J=Llek L2, ()

(4.3.13)
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Note that by Remark 4.7.5 the limit function u € X () also belongs to X ()
for any k € N. Since ¢, —* ¢ as k — oo then

/ ept - uder —— | eu-udw. (4.3.14)
Q

k—o0 0

Moreover we also have that

/Q ((div(ﬁkﬂ))Q - (div(aa))2> do = /Q (div(era))* dz — 0. (4.3.15)

k—o0

To see the limit above, thanks to formula (4.7.6) we just need to see that

/ ((ex diva)® — (ediva)?) do —0, (4.3.16)
Q —00
/ (e diva Veg -u —ediva Ve - u) dz — 0, (4.3.17)
Q —00
and
/ (Ver-u)* = (Ve - u)?) do —0. (4.3.18)
o) — 00

We will only show limit (4.3.18), since the other two limits are similar. We have
that

/Q (Ve -u)* — (Ve-u)?) da < / (V(er+e)-u) (Ve -u— Ve -u)de

Q

< C’/V(ek—e)-mmdx — 0,
Q k—o0

since ¢ —=* ¢ as k — oo and the vector field @|u| is in L'(Q)3. Here C' > 0 is a
constant depending on 7.
Limits (4.3.14) and (4.3.15) show that T, [u][u] — T.[u][u]. Hence, putting
—00

u = in (4.3.13) and passing to the limit as £ — oo we get that for all j € N

1 1 1
< cTalla] =l e = ————— < 0. 4.3.19
s D) S 2 e = ~55 (4.3.19)

Indeed from the fact that ey —* €, u;[ex] = @; strongly in L*(Q)? as k — oo, and
that (u, u;). = 0 for all ¢ € N, we get that (u,w;[ex])e, — 0 and thus
—00

— 0.

||'P]_17€kﬂ‘

Inequality (4.3.19) in turn implies that the sequence {A;};en is bounded, hence the
contradiction. Therefore necessarily A\; = A;[e] for every j € N and the theorem is
proved. O
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4.4 Analiticity and the s-derivative

In the previous section we have showed that the eigenvalues o[¢] of the modified
problem (4.1.10), and then in particular the Maxwell eigenvalues \;[¢], are locally
Lipschitz continuous in £. Here instead we are interested in proving higher regularity
properties. More in detail we plan to show that the eigenvalues depend analytically
upon € when the permittivity varies in a specific (open) subset of the admissible
set £. We also provide an explicit formula for their e-derivative, which will be
useful later on to prove Theorem 4.5.1 and in Section 4.6 to prove the generic
simplicity of the Maxwell spectrum. As already mentioned in the introduction,
if we consider a multiple eigenvalue, a perturbation of the permittivity can in
principle split the eigenvalue into different eigenvalues of lower multiplicity and
thus the corresponding branches can have a corner at the splitting point. In this
case we will not even have differentiability. Our strategy in order to bypass this
problem is to consider the symmetric functions of multiple eigenvalues. This point
of view has been first introduced by Lamberti and Lanza de Cristoforis in [79] and
later successfully adopted in many other works (see, e.g., |21, 23, 84, 81, 87]).
Recall that

0<ofeg] <ole] <+ <aule] <+ A +o0.

are the eigenvalues of problem (4.1.10), while instead
0 < Mfe] S Nofe] <o SN [e] <00 7 oo

are the subset of Maxwell eigenvalues of problem (4.1.10) (see Definition 4.1.19).
Also recall that, by Lemma 4.1.13, {0[¢]}jen coincide with the reciprocal minus
one of the eigenvalues of the operator S. defined in (4.1.12). In order to obtain an
explicit formula for the derivatives of the Maxwell eigenvalues with respect to the
permittivity € we need the following technical lemma.

Lemma 4.4.1. Let Q be as in (4.1.3). Let & € € and 4,0 € Xg(dive0, Q) be two
Mazwell eigenvectors associated with a Mazwell eigenvalue N\ with permittivity €.
Then

(]S, B)e = M3+ 1)72 / 7t B de (442)

for all n € WhH> (Q) N Sym4 ().

Proof. Under our assumptions on 2, the space X&(2) coincides with the space
HL(Q) introduced in (4.2.1) and their norm are equivalent thanks to the Gaffney
inequality (4.1.8). Then, it is easily seen that the compact self-adjoint operator
S. in L*()?3 is obtained by compositions and inversions of real-analytic maps in &
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(such as linear and multilinear continuous maps). As a consequence S. depends
real analytically upon ¢. .
~ Let now n € W' (Q) N Symy(Q2). Since Jefa] = (X + 1) 'T:[a], J.[0] =
(A + 1)7'T¢[7], and S: is symmetric, we have that
(d]e=zSc[n][u), v)s
= (te 0 T=" o d|ece Je[n)[@], D)e + (e 0 d|o=eT7 0] © Je[a], )2
= Je[0] [t 0 T o dlece J[0)[a]] + J:[0] [e 0 d|.=sT7 ] o Je[d]]
A+ 1)) [T o dle—s e [n)[a] — T o d]eeTe[n] o T o J[u]]

=0+
= O+ )T T o dlece ][] - T2 o dleesTefn] 0 T3 o (A1) 7' Te(a)| 5]
=0+

€

17 (dleme ] [][6] = (3 + 1) dl—2T 0] a][5])

(4.4.3)
Moreover, by standard calculus,
dle—e (i) = [ it ds (1.4.4)
Q
and
d|e=cT.[n][u][v] = / na - vdx +/ (div(a) div(no) + div(na) div(Ev)) da.
Q Q
(4.4.5)
Since div(éa) = 0 = div(é0) in Q, using (4.4.3), (4.4.4) and (4.4.5), we get
(4.4.2). O

Following [79], given a finite set of indices F' C N, we consider those permittivi-
ties € € £ for which Maxwell eigenvalues with indices in ' do not coincide with
Maxwell eigenvalues with indices outiside F'. We then introduce the following sets:

[Fl:={e€&: \le] £ N[e] Vj € F,le N\ F} (4.4.6)
and
O[F] := {e € E[F] : \j[e] have a common value Ap[e] for all j € F'}.
Lete €& [ |. The elementary symmetric function of degree s € {1,...,|F|} of the

Maxwell eigenvalues with indexes in F' is defined by

Ardel = 30 Ml Al

J1yenJs€F
J1<<Js

In the following theorem we show that the maps € — Ap[e] are real analytical on
E[F| and we compute their Fréchet derivatives with respect to .
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Theorem 4.4.7. Let Q be as in (4.1.3). Let F be a finite subset of N and
se€{l,...,|F|}. Then E[F] is open in W1 (Q) N Sym4(Q) and the elementary
symmetric function Aps depend real analytically upon € € E[F].

Moreover, if {F\, ..., F,} is a partition of F' and € € (,_, O[F] is such that for
each k =1,...,n the Mazwell eigenvalues \;[E] assume the common value \p, [€]
for all j € Fy, then the differential of the function Aps at the point € are given by
the formula

d|c=cApsin] = — ch Z /QnE(l) - EW dx, (4.4.8)

k=1 IcF,

for all n € WhH> (Q) N Sym4 (), where

w= ¥ (" oner TP owes @

0<sn<|Fnl
S$1+...+sp,=s

and for each k =1,...,n, {EO}cp, is an orthonormal basis in L2(Q) of Mazwell
eigenvectors for the eigenspace associated with A, [€].
Proof. Let € € £. As we have already pointed out, Maxwell eigenvalues are
independent on the choice of the parameter 7 > 0 in (4.1.10). Thus, to avoid
problems of different enumeration between Maxwell eigenvalues and the eigenvalues
of S., we can fix 7 big enough such that all the Maxwell eigenvalues {\;[€]};cr
are strictly smaller than any other eigenvalue of (4.1.10) which is not a Maxwell
eigenvalue (i.e. an eigenvalue belonging to the family ii) in Theorem 4.1.15). In
this way 0[] = \;[¢] for all j € F.

The eigenvalues f1; of the operator S, and the eigenvalues o; of (4.1.10) satisfy
ptj = (0j + 1)7'. Then the sets E[F] and {e € € : p;[e] # ule] Vj € F,1 e N\ F}
coincide locally around €. By Lemma 4.1.13, S, is a compact self-adjoint operator
acting on L?(2). Furthermore, as already pointed out in the proof of Lemma 4.4.1,
the operator S. depends real analytically on . In the same way one shows that also
the inner product (-, -). on L*(€)® depends real analytically on €. Therefore, by the
abstract result of Lamberti and Lanza de Cristoforis [79, Thm. 2.30], we have that
the set {e € & : pyle] # pule] Vj € F,l € N\ F} is open in W™ (Q) N Sym,(Q2)
and that the function

Mpdel =" > el pile)
.71 7777 jsE.F
n<--<ygs

depend real analytically on e € E[F]. From this, to infer the real analyticity of the
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functions Aps on ¢ € E[F], one can just observe that if we set
Apslel = Y Oyl + 1) (L[] + 1),
jl 7777 jseF
11<--<Js
then we have
A Mp |F|—s[€]
Arpgle .
ol M, r([e]
and by elementary combinatorics
. Fl—k\ «
AF,S[‘g] = Z(_1)8k<|5|_ k )AF,k[€]7 (4410)

k=0

where we have set Apg = 1. Then we can deduce that locally around & the maps
Ars[e] are real analytic and accordingly the analyticity part of the statement follows

since € is arbitrary.

Next, we turn to prove formula (4.4.8). We start by the case n = 1, that is
Fy = F and € € O[F]. Let n € W (Q) N Sym;(Q). By |79, Thm. 2.30] we get

that

[Fl =1

et = (171 ) Ol 4 017 S e S.BIIEYL B

leF

Moreover, by using formula (4.4.2) of Lemma 4.4.1, we have that

d|5:€AF,s [77]

= (d|e—eMpp1—s N Mpr| [E] = Mppi—s [6] d)ece M, p [1]) (Ar[E] + 1))

- <(| R Y R R G | (A YR 1)8*1-2'”)

) (/\F[é] + 1)2‘F‘ Z<d|8:€ Sa[n] [E(Z)]’ E(l)>é

leF

= xetael + 0 (1) S [0 50

s—1
leF
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Finally, recalling (4.4.10), we get

dleeeNr 0]
ST S oW e [ ) oy RTLN-0

k=1 leF

- (" ke (3 ) or s ey S [aE0 B

T S T

leF

Next we consider the case n > 2. By means of a continuity argument, one
can easily see that there exists an open neighborhood W of ¢ in £[F] such that
W C NiZ; E[F%]. Thus

Apglel = Y [ ARl

0<s1<|Fi| k=1

0<sn<|F|

s1+...+sp,=s
Differentiating the above equality at the point £ and using formula (4.4.8) with
n =1 to each function Ap, s, , one can see that formula (4.4.8) holds true for any
n € N. O

We conclude this section by studying the case of one-parametric families of
permittivities. Using Lemma 4.4.1 and classical analytic perturbation theory we can
recover a Rellich-Nagy-type theorem which allows us to describe all the eigenvalues
splitting from a multiple eigenvalue of multiplicity m by means of m real-analytic
functions. For classical results in analytic perturbation theory we refer to the
seminal works of Rellich [103] and Nagy [109]. More up do date formulations can
be found in Chow and Hale [33, Theorem 5.2, p. 487|, Kato |73, Theorem 3.9, p.
393|, Lamberti and Lanza de Cristoforis |79, Theorem 2.27|, Rellich [104, Theorem
1, p. 33].

Theorem 4.4.11. Let 2 be as in (4.1.3). Let € € £ and let {e;}1er C € be a
family depending real analytically on t and such that g = £. Let \ be a Mazwell
eigenvalue of multiplicity m € N and EV, ..., E™) a corresponding orthonormal
basis of Mazwell eigenvectors in L2(Q) with ¢ = &. Let A = M\,[E] = -+ = Apsm1[€]
for some n € N. Then there exist an open interval I C R containing zero and m
real-analytic functions gy, ..., Gm from I to R such that

Onleds oo st e} = L), o gm(®)) Vi L
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Moreover, the deriatives g1(0), ..., g, (0) of the functions g1, ..., gm at zero coin-
cide with the eigenvalues of the matrix

(_; / e B0 . BU) dm) |
Q i,j=1,...m

where £y denotes the derivative at t = 0 of the map t — &;.

Proof. Again, we can assume that 7 is big enough such that A is strictly smaller
than any eigenvalue of (4.1.10) which is not a Maxwell eigenvalue. By applying [79,
Thm. 2.27, Cor. 2.28| to the operator S. defined in (4.1.12) we get that there exist

an open interval I of R containing zero and m real-analytic functions hy, ..., h,,
from I to R such that {(A\,[g;] + 171 .o Agmled + )7 = {ha(t), ..., ()}
for all t € I. Furthermore, the derivatives at zero of the functions h;,i =1,...,m

coincide with the eigenvalues of the matrix
({dleeS:120] O, ED): ) .
ij=1,...,m

By continuity we have that, eventually further restricting the interval I, the
functions h; are away from zero for all t € I. Then, setting

1
9:(t) ")
we have that {\,[ed], ..., Adrm—1led)} = {91(2),. .., gm(t)}. Finally, noticing that

d

dt
we deduce that the derivatives at zero of the functions g; coincide with the eigen-
values of the matrix

_O\ + 1>2 <<d‘€:§S€[éO]E(i),E(j)>§) = (_5\/ £o E@ . pl) dx) ,
Q i,j=1,....,m

< d
gi(t)‘tzo == _()\ + 1)2%hi(t)’t:0,

ij=L1,...m

where this last equality is justified by Lemma 4.4.1. O]

4.5 Non-existence of critical permittivities

In this section we consider the problem of finding those densities which maximize
or either minimize the symmetric functions of Maxwell eigenvalues under a suitable
constraint of the permittivities. Let Q be as in (4.1.3) and M a real symmetric
positive definite 3 x 3 matrix. We introduce

LM::{EGE:/sdx:M},
Q
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where by [, e dz we mean the (3 x 3)-matrix defined by

(/€d$) 3—/6@'(1]) VZ,j = 1,2,3.
Q ij Q

In the following Theorem 4.5.1 we show that the symmetric functions of Maxwell
eigenvalues do not admit points of local extremum under the constraint ¢ € L.
Note that Theorem 4.5.1 is in the same spirit of the analog optimization problem
for the eigenvalues of the Dirichlet Laplacian with mass constraint, that is for a
vibrating membrane with a fixed total mass (see Lamberti [76]). Further results on
the optimization of the eigenvalues of the Dirichlet Laplacian and of more general
elliptic operators with respect to the mass density can be found in Cox [42], Cox
and McLaughlin [43, 44|, Henrot [67], Krein [75], and Lamberti and Provenzano
[82].

Theorem 4.5.1. Let Q2 be as in (4.1.3). Let F be a finite subset of N. Let
se{l,...,|F|}. Let M be a real symmetric positive definite 3 x 3 matriz. Then
the map from E[F|N Ly to R which takes € to Apsle] has no points of local minimum
OT MATIMUM.

Proof. Let Z be the map from £ to the set of symmetric 3 x 3 matrices defined by
Tle] :_/5dx Veel.
Q

We proceed by contradiction. Assume that there exists a local minimum or
maximum € € . Clearly, there exists n € N and a partition {F},..., F,} of F
such that & € (;_, O[F]. Since ¢ is a local extremum, it is a critical point for the
function Ap[e] subject to the constraint

TIle] = M.

This implies the existence of a Langrange multiplier, which means that there exists
a matrix N € R3*3 such that

d|5:gAF,5 =—"Tr (d|€:51 N) .

(see, e.g., Deimling [51, Thm. 26.1|). By formula (4.4.8) for the differential of Ag
we have that

n ~ ~ 1 ~
U] . @ - 1,00
E Ck E /QnE EYdr = 0] /QTr (nN) dr  Vne W5 ()N Syms(Q),

k=1 leFy
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where for each k = 1,...,n, {EW}cp, € X5(Q)? is an orthonormal basis in L2(9)
of Maxwell eigenvectors for the eigenspace associated with Ap, [¢]. Moreover, by
the Gaffney inequality (4.1.8), we also have that {ED},cp, € HY(Q)3. Recall that
¢k, k =1,...,n, are the constants defined in (4.4.9). Since 7 is arbitrary, one can
easily see that there exist three constants ay, as, az > 0 such that

Sad (BN =a;  aeinQ j=123 (45.2)

k=1 IEF,

In particular, since E® are not null being eigenvectors, (4.5.2) implies that the
three constants aq, as, a3 cannot all be zero. We also note that since the vectors
EW® are in H'(Q)? they can be traced on the boundary as vector fields in L?(9Q)3.
Furthermore, on 0f2 they are parallel to the outer unit normal v, hence there exist
scalar functions A' € L?(09) such that

EW = Ay on 0f),

that is

EY = Aly; on 09 for j =1,2,3. (4.5.3)
Then, by using (4.5.3) in (4.5.2) we obtain that

(v;)? z”: Ck Z(Al)2 = zn:ck Z (Ej(l))z = a, on 0f2

k=1 leF}, k=1 leFy

for j = 1,2,3. Taking the square root we deduce that

[NIES

@) | Y e Y (Al(x)) = (V&) 105 on Q. (4.5.4)
k=1 leFy

Define now the vector

3
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Observe that since the three constants ay, as, asz are not all zero, by (4.5.4) the
vector B is constant and different from zero. In particular this implies that for
almost every x € 0f) the vector

(sign (v;(z))y; (f))j:m,s

must point in the same direction of ( /aj) . Since () is bounded and of
j=12,3

class C*! (in particular it is C'), it is not difficult to see that this leads to a

contradiction. O

4.6 Simplicity of the spectrum for generic permit-
tivities

The issue of understanding if the eigenvalues of a parameter dependent problem
can be made all simple by an arbitrarily small perturbation of the parameter is a
natural question and has been already investigated by several authors for different
problems. For example, Albert [4] proved the generic simplicity of the spectrum of
an elliptic operator with respect to the perturbation of the zeroth order term.

Moreover, the generic simplicity of the spectrum has been also considered
with respect to the domain perturbation in various papers. We mention, e.g,
Micheletti [95, 96] for the Laplacian and for a general elliptic operator and Ortega
and Zuazua [100] and Chitour, Kateb and Long [32] for the Stokes system in two
and three dimension, respectively. Finally, we also mention the more recent paper
by Dabrowski [46] where the authors analyze the Laplacian with different boundary
conditions and consider also singular perturbations of the domain.

A first step, as we will show in the next proposition, we prove that it is always
possible to find a small perturbation of the permittivity that splits a multiple
Maxwell eigenvalue into simple eigenvalues.

Proposition 4.6.1. Let Q be as in (4.1.3). Let £ € £, X a Mazwell eigenvalue
of multiplicity m € N and ED ... E™ q corresponding orthonormal basis of
Mazwell eigenvectors in L2(Q) with e = &. Let A = M\[é] = -+ = Apym—1[E] for
some n € N. Define
Em i =E+ 1N vt € R,

for all n € WH> (Q) N Sym,(Q), nllwroo@ < 1. Then for all T > 0 there exist
n € WH (Q) N Symy(Q) with |[nlly1.0q) < 1, and t €10, T such that &, € € and
the eigenvalues \y[Erpl, - .., Apm—1[€ry] are all simple.

Proof. We will prove that there exist n € W (Q) N Sym,(2) with 17llroe@) <1
and ¢ > 0 as small as desired such that the eigenvalues \,[€;,], ..., Apm—1[€L,] are
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not all equal. Then, repeating the same argument for the eigenvalues that have still
a multiplicity strictly greater than one, in a finite number of steps we are done. Note
that by the continuity of the eigenvalues with respect to permittivity variations
and by choosing ¢ small enough we can avoid that the eigenvalues splitting from a
multiple eigenvalue could overlap or switch position with other eigenvalues.

Hence, suppose by contradiction that there exists 7" > 0 such that for all
n € W (Q)NSym;(Q) with(|n[|yy1.0(q) < 1and forallt € ]0, 77, all the eigenvalues
M€l - s Antm—1[Ery] coincide. As a consequence, all the right derivatives at
t = 0 of the branches coincide. Then, if we fix n and use Theorem 4.4.11, we get
that all the eigenvalues of the matrix

M = (-X/UE@)-E(ﬁ da:) (4.6.2)
Q ij=1,...m

coincide. Since the above matrix is a real symmetric matrix with only one eigenvalue,
it is a scalar matrix. In other words, there exists u[n] € R such that

M = un]| L, (4.6.3)
where I,,, denotes the (m x m)-identity matrix. For h = 1,2, 3 we set
M = 1€l lw.00 () € €
with 0 # £ € C}(Q) arbitrary and ey, the (3 x 3)-matrix with (h, h)-entry equal to

1 and zeros elsewhere. By (4.6.2), (4.6.3) and using the above defined 7, we can
recover that for all £ € CH(Q)

LgEgi>Egj) dv=0 Vi,je{l,....m}i#j, Vh=123,
and
/Qg ((E,(j>)2 - (E}(j))2> de=0 Vije{l,...,m}, Vh=1,23.
By the fundamental lemma of calculus of variations we get that a.e. in 2

BB =0 Vije{l...m}i#j Vh=123,

and

(B = (B2 =0 Wije{l,...om}, Vh=123

The above relations clearly implies that E; = 0 for all i € {1,...,m}, which is a
contradiction since they are not identically zero, being eigenfunctions. O]
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Remark 4.6.4. The constraint |||y, < 1 in the above proposition can be
replaced by [[1]|y1.00(q) < ¢ for any 6 > 0.

Remark 4.6.5. The argument we have used to split a multiple eigenvalue into
several eigenvalues of lower multiplicity uses that 7 is a general symmetric matrix
and not a scalar matrix. However, noticing in which way 7, is defined, one can
easily realize that such an argument still works if 1 varies in the class of diagonal
matrices. Instead, in the case that we restrict ourselves to scalar matrices, what
we can recover by arguing in the same way is that

EY.EW =0 Vije{l,....m},i+#j.

and A ,
IEO2 —|EYPP=0 Vi,je{l,...,m}.

This does not immediately lead to a contradiction. Thus, it would be interesting
to investigate wether it is still possible to split the whole spectrum when the
permittivies are scalar.

We are now ready to show that the whole Maxwell spectrum is generically
simple with respect to the permittivity. We note that our proof is inspired by the
methods of Albert [4]

Theorem 4.6.6. Let 2 be as in (4.1.3). Let £ € € and let 6 > 0 be small enough
such that
E+neé

for all m € Wh> (Q) N Symgy () with ||n|lwre) < 0. Let
By == {n € W"*(Q) N Syms(Q) : [n|lwrec) <6}
and
B, :={n € By : the first n Mazwell eigenvalues with ¢ = € + 1 are simple}

forn € N. Then

B = ﬂ B, ={n € By : all the Mazwell eigenvalues with ¢ = € +n are simple}
neN

18 dense in By.

Proof. The proof follows by applying the Baire’s Lemma in the complete metric
space By. In order to do this, we have to show that

i) B, is open in By for all n € N,
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ii) B,y is dense in B, for all n € N.

Statement i) follows from the continuity of the eigenvalues with respect to the
permittivity parameter. Next we prove statement ii) by contradiction. Assume
that B, is not dense in B,, for some n € N. Then there exists n € B,, \ B,41 and
a neighborhood U of 1 in By such that

UC B, \ Bni1-
Since n € By, \ By41 then
e the first n Maxwell eigenvalues of (Ps,) are simple,

e the (n+ 1)-th Maxwell eigenvalue of (Pz,) has multiplicity & for some k € N,
k> 2.

Moreover, we note that for all p € U C B, \ B,;1 we have:

e the first n Maxwell eigenvalues of (Ps;,) are simple,

e the (n + 1)-th Maxwell eigenvalue of (Pz;,) is not simple.
By Proposition 4.6.1 there exist p € W () N Symy(Q) with ||p]|wre() < 1 and
t > 0 arbitrarily small such that n 4+ ¢p € U and all the Maxwell eigenvalues of

(Pziy4ep) with indices from (n + 1) to (n + k) are simple, therefore we deduce that
in particular n + tp € B,,1. This is a contradiction since U C By, \ By1- O

4.7 Useful facts

In the present section we collect some technical results that we exploited in this
chapter.

Lemma 4.7.1. Let Q be an open Lipschitz subset of R® of finite measure. Let
u € HY(Q)? and let € be a matriz-valued function in W1>° (Q) N Sym,(Q2). Then
there exists div(eu) € L*(Q) and

div(eu) = tr(eDu) + dive - u (4.7.2)

a.e. in ). Here above if ¢ = (5(1)|5(2)|5(3)>, with €® denoting the k-th column of

the matriz €, then div e is the vector defined as

dive = <div W dive®? div 5(3)> .
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Proof. By density there exists a sequence of smooth vector functions v, € C°(R?)3
such that 1, — v in H'(2)? as n — +o00. Moreover, although the Meyers-Serrin
theorem is not valid for the space W1, we have that for any matrix ¢ € WH>(Q)
there exists a sequence {e; }ren C C™(0)33 N W1°(Q) such that

and
[ Dek|l ooy = [1DE| oo ) » Dey(x) — De(x) for ae. x € Q (4.7.4)

as k — oo.
For any k,n € N the vector field 1, belongs to C°°(2)?, hence the equality

div(egn) = tr(e,Diby,) + divey - ¥y,

is valid in Q by standard calculus. Therefore if ¢ € C'2°(Q2) is any test function, we
have that

/ exthn - Vodr = — /(tr(skan) +divey - ,) pdz.
Q Q

As k — +o0, from (4.7.3) we get that the left-hand side goes to [, & 1,- Vi d, while
thanks to (4.7.3), (4.7.4) and the dominated convergence theorem, the right-hand
side goes to — [, (tr(eDipy,) + dive - 4,) ¢ dx. Hence

/ e, - Vodr = — / (tr(eDwy,) + dive - y,) pdz.
Q Q

Taking the limit for n — oo we get

/5u~Vg0dx:—/(tr(gDu)+dive~u)g0d:c.
Q Q

The above formula holds for all ¢ € C2°(Q2), and by definition of weak e-divergence
formula (4.7.2) is valid. O

Remark 4.7.5. Note that in the case that the matrix-valued permittivity parame-
ter ¢ is scalar, the function u can be taken in H(div,(2) and formula (4.7.2) reads
as follows

div(eu) = edivu + Ve - u. (4.7.6)
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4.7.1 Auchmuty principle

The following part is an adaptation to problem (4.1.10) of arguments from [13].
It is worthy to note that for these results we would only require X&(€2) to be
compactly embedded in L?(€2), with possibly less assumptions on the permittivity
parameter ¢ and on the set Q. Nonetheless, we will assume ¢ to be in £ (defined in
(4.1.4)) and Q to be a bounded domain of R? of class C*! (as in (4.1.3)).

Define f: X5(Q) — R as follows

flu) = %Ts[u][u] = %/Qeu-udx—l—%/Q\curlu\zdx—i-g/g!div(au)fdx, (4.7.7)

where T. is the operator defined in (4.1.11), equivalent to the inner product of
X:(92). Let M > 1 be a natural number and suppose o4[¢], ..., on|e] are the first
M eigenvalues of (4.1.10) (repeated according to their multiplicity) with wy, ..., uy,
the corresponding orthonormal eigenfunctions (where the orthonormality is taken
in L(Q)). Let Py be the orthogonal projection (with respect to the inner product
in L2(Q2)) of X5(Q2) onto the subspace spanned by {uy, ..., uy}, that is

M
Pyu = Z(u, ui)eu;  for all u € X(Q).

i=1

Define fpry1 @ X5(Q2) — R as follows
Farea(w) = fu) =||(I - Par)ul| gy - (4.7.8)

Remark 4.7.9. If ¢ € X2(Q) is an eigenfunction of (4.1.10) with eigenvalue Gle],
then

Tlajlv] = (le] + 1) Je[u][v]
for all v € X5(€2), where J. is defined in (4.1.7). Thus

. 1+0ale], . .
S (a) = 9 HUHig(Q) —H([ - PM)UHLg(Q) : (4.7.10)

Lemma 4.7.11. The functional fyr1 is weakly lower semi-continuous and coercive
on X&(Q). It is Gateauz-differentiable on X5(2) \ {0} and

(D fure(w), v) = Tfulle] ~[|(7 ~ Pa)u 3 gy JoL(T = Par)l[(Z = Par)o] (47.12)

for all v € X5(Q).
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Proof. Since ||(I — PM)uHLg(Q) <llull 2y <lul x50 then

fara(w) 1 Tfulfu]

> - —1— +oo  as [|ul|ye g — +00,
[elxem = 2 Tl o e

i.e. faryq is coercive. A
It is not difficult to see that the functional f = %Te is strictly convex, that is
for any u,v € X5(£2),u # v, we have that
~fu+tv F(u) + f(v
j(152) < f i)

Moreover, since f is strongly continuous on X5(€2), it is also weakly lower semi-
continuous. Additionally, the embedding ¢. : X5(Q2) — L2(Q) is compact, therefore
the L2norm is sequentially weakly continuous on X&(€2). Since the orthogonal
projection P, is also weakly continuous, we have that fy;,, is sequentially weakly
lower semi-continuous, which in turn implies the weakly lower semi-continuity
because fj;y1 is coercive.

Finally, the Gateaux derivative is just a simple computation; we omit the
details. O

In the sequel we shall also need the following

Corollary 4.7.13. Let u € (uq,... ,uM&g(Q) be in the orthogonal space in L?(Q)
of the span of {us, ..., up}. Suppose moreover that u is a non-zero critical point
of fuyr on X5(Q). Then 4 solves problem (4.1.10) with associated eigenvalue
ole] = ||aHZgI(Q) - L

Proof. If 0 # @ € XZ(Q) is a critical point of fy1 then (D farq1(a),v) = 0
for all v € X5(Q2). By formula (4.7.12) and the fact that @ is L*-orthogonal to
u;, i =1,..., M, which in turns implies that Pyu = 0 and J.[a][Pyv] = 0 for any
v € X5(Q), we see that 4 solves problem (4.1.10) with o[e] = H@HZgl(Q) — 1. O

We can finally prove the following theorem. (cf. also [13, Thm. 7.4]).

Theorem 4.7.14 (Auchmuty Principle). The functional furi1 defined in (4.7.8)
attains its minimum —3(opi1[e] +1)71 on X5(Q), where onia(e] is the (M +1)-th
eigenvalue of problem (4.1.10). This minimum is attained at “uprq where upiq

is a solution of (4.1.10) corresponding to the eigenvalue opriq(e] and such that
[unrellp2i) = (Onsale] + .

Proof. Since X5() is reflexive, its bounded subsets are weakly pre-compact. Hence,
by Lemma 4.7.11 we have that fj/;; attains a finite minimum on Xg(12).
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Observe that fir41(0) = 0. We complete the orthonormal set of eigenfunctions
U, ..., uy to a LZ-orthonormal basis {u;}ien C X5(Q2). Now, for any u € X5(Q)
write u = Pyu + w, where

Pyu = Z Jelu[u) u; and w = (I — Py)u = Z Je[u] [ug)u; -

i=M+1

Observe that w € (uy,...,u M)fg(m, thus the vector fields Py;u and w are orthogonal
in L2(Q), i.e. Jo[Pyu][w] = 0. Moreover, observe that for all i =1,..., M

/ curlu; - curlv dx + / div(ew;) div(ev) dx = o;[e] Je[u;][v] for all v € XZ(Q).
Q Q
(4.7.15)

Since for all t = 1,..., M we have that J.[u;][w] = 0 then, setting v = w in (4.7.15),
we see that [, curlu; - curlw dz + [, div(eu;) div(ev) de = 0. Hence

/ curl Ppyu - curlw dx + / div(e Ppru) div(ev) dx = 0.
0 0

Therefore T.[u][u] = T.[Pyu|[Pyu] + Te[w][w] and

Faroa () = S Tefullu] = ol oy 2 Telwlfe] = ol gz = faria ().

Thus the minimum of fj;,; occurs in the orthogonal space (uy, ... ,uM>i§(Q). If
€ (ug,... ’uM>i_§(Q) is a non-zero critical point of fy;,1, by Corollary 4.7.13 one
has that @ is an eigenfunction of problem (4.1.10) associated to the eigenvalue
ole] = H"lHZgl(Q) — 1. Hence, observing that Py = 0 and using (4.7.10) we get that

. L . 1 B
frga (@) = —§||U||Lg(9) = —5(0[5] +1)7h <0

The last inequality is justified because the eigenvalues o[e| are non-negative. In
particular fy/41 is minimized when o[e] is the smallest eigenvalue of problem (4.1.10)
corresponding to an eigenfunction @ which is orthogonal to u, ..., u,s, that is when
ole] = oar1[e], and in this case & = L1 with||@ari]| o) = (Oara[e]l+1) 71 O
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Chapter 5

Appendix

The present chapter is divided as follows. Section 5.1 contains the detailed proof
of the vector decomposition from [17]. Meanwhile, Section 5.2 contains regularity
results for the Laplace operator subject to Dirichlet boundary conditions taken
from the monograph [92].

We make a careful tracking of all the constants involved in Theorem 5.1.3 and
Theorem 5.2.39.

5.1 Birman and Solomyak’s decomposition of Xy

Recall that
Hi(Q) = Xu(Q) N HY(Q)?

and

EQ)={Ve:pe H)Q),Ape L*(N)}.

Define also

VH(Q) = {Vi: ¢ € H(Q)},

and denote by J(€2) the orthogonal space of VH}(Q) in L?(Q)3, so that we can
write

L2(Q) = VHY(Q) B2 J ().

It is straightforward to see that J(2) is the set of divergence-free vector fields,
namely

J(Q) = {u € H(div,Q) : divu = 0} .

Remark 5.1.1. By Proposition 1.3.7 it follows that if €2 is a bounded Lipschitz
subset of R* whose boundary has only one connected component, the following
decomposition

Xe(Q) = E(Q) @12 (Xn(2) N T()).

147
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holds. In other words, it is possible to split any vector field @ € X(2) as follows
u=Vq+u,

where u € Xy(div0,9Q) and ¢ € H}(2) is the (weak) solution to the following
problem

5.1.2
=0, on 0f). ( )

{Aq =diva, in ,
Theorem 5.1.3 (|17, Thm. 4.1]). Let Q be a bounded Lipschitz open set in R3.
Then there exist two linear continuous operators P and @)

PiXu(@) = (X, 1 lmpe) s @ X = (B@), Il -

such that u = Pu + Qu for any u € X\(R2). In particular there exist a constant
Cpgs > 0 such that

1Pull310) +1Qullz2 () +I1div Quil 20y < Casllull iy o) (5.1.4)
for all u € X(92).

Proof. We shall prove the theorem only for the case {2 homeomorphic to a ball;
the general case of a bounded Lipschitz open set in R? can be then recovered by
means of a partition of unity.

We will first prove it for u € X(§2) with divu = 0. Therefore, take any
u € Xx(2) N H(div0,Q), and let f = curlu. Then f € J(Q2); in order to see this
we just need to show that for any ¢ € Hj(Q), [, f - Vi dz = 0. In particular this
implies that f € H(div, ) and div f = 0. We will actually show a stronger result,
i.e. that the vector field f is in the orthogonal of VH!(Q) in L*(Q2). Indeed, let
v € HY(Q). Then Vi € H(curl, Q) with curl Vi) = 0, so that

/f~V¢dx:/curlu-V¢dx:—/u~curlvwdx+/ (v xu) - Vipdx =0,
Q Q Q o9

(5.1.5)
where we recall that the boundary integral in the above formula is zero due to the
electric boundary condition the vector field u € Xy(2) satisfies. Therefore, not
only f is a divergence-free vector field, but also the normal trace v, f of f is zero on
the boundary 0€2. To see this, by (5.1.5) and the fact that div f = 0, we get that

/m<f'V)1/de=/BQ(curlu-u)wda:/chrlwvwd:c—i-/Qdivcurluz/}da::()
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for any ¢ € H'(Q). Since HY2(09) is dense in L%(05), we can conclude that
Y f = 0. Thus the function u solves the following problem:

curlu = f, in €,
divu = 0, in Q, (5.1.6)
uxv=0, on 0f).

The function w is uniquely characterized by (5.1.6), since the homogenous problem
(i.e. with f = 0) has only zero as a solution, due to the fact 2 is homeomorphic
to a ball. Indeed, suppose that u solves (5.1.6) with f = 0. Then curlu = 0 in €2,
and so u = Vn for some n € H'(Q2) (see e.g. Th.2.9 of [62]). Since divu = 0 in €,
then 7 is a harmonic function, and due to the boundary condition u x v = 0, n
must be constant on the boundary 0f2, which has only one connected component
because we assumed {2 homeomorphic to a ball. Hence 7 is constant in all of €2,
and consequently u = 0.

Let now B be an open ball such that Q C B, and extend f by zero to the whole
B. Then we still have that f € J(B), where f is the extension-by-zero of f. Indeed
for any test function ¢ € H}(B) we have that v € H'(), thus by (5.1.5)

/Bf-sz/Qf-V@bzo-

Hence f € H(div, B) with div f = 0.
Recall the Newtonian potential N'g € L?(R?) of a square integrable function
g € L*(R?), namely
1 9(y)
N = dy.
g(z) =~ Mk
It is such that —ANg = g. We then use a particular solution in H*(2)* of the
system curlw = f,divw = 0 as the curl of the (vector) Newtonian potential of f,
that is

w(z) = curl N f (z) = icurl/B |xf(_y;| dy. (5.1.7)

Since w is a curl, then it is obviously divergence free. Moreover w is a divergence-free
vector field, as shown below:

AW N [ (S0, AW
d“(/B|x—y|dy>‘/Bd x(m—m)*";/jg oo gp T

v | i, QL) dy

i=1 v =y

- 1 ~ 1
= — [ (di _ - 4 : dy =
/B< v, = y+/aB(f oy =0
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where the last passage is justified because divf = 0 in B and f = 0 on dB.
Recalling that A = — curl curl +V div, then one can see

curlw = —ANf = f.
Then in particular curlw = f in €2 and

||w||H1(B)3 < CN||f||L2(Q)3 ) (5.1.8)

where we can choose the constant Cs in a way that does not depend on €2, but
just on the fixed ball B containing € (the operator N is a bounded linear operator
from L?(R3) to H?*(R3): for these and other properties of the Newtonian potential
one can see [61]). Since curlw = f = 0in A = B\ Q, whose fundamental group
is trivial, there exists a function ®4 € H?(A) such that w = V&, in A (see e.g.
Thm. 2.9 of [62]). Moreover, we can choose ®4 such that [, 4 = 0. Since the
boundary of € is Lipschitz, there exists a continuous linear extension operator
E: H*(A) — H?*(B). Set

O :=FEdy. (5.1.9)

Moreover, we have that v, (w—V®) = 0 on 9. To see this it suffices to show that
/ curl(w — V®) - zdx = /(w — V) - curl zdx (5.1.10)
Q Q

for all z € H*(Q2)3. In order to see that, consider compact set K such that
) C K C B and consider a smooth function ¢ € C°(B) such that supp( C K
and ( =1 in Q. Define 2 := (z. It is obvious that 2 = z in  and that 2 € H}(B).
Thus, since both w and ® are actually defined on B, with w = V® in A, we proceed
as follows:

/(w—V@)-curlzdx:/(w—vq))-curlédx
Q B
:/curl(w—vq>)~2dﬁc+/ (w—V®)-(vx2z)do
B OB
:/Curl(w—V(I))~£’dx
B
:/curl(w—V<I>)-zd3:.
Q

Observe that (see remark after the proof)

IV®] 1o < CllF Il 2o (5.1.11)
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Now let ¢ € H}(Q2) be a function defined by the equation

/V<,0~V77dw:—/A<I)77d:1: for all n € Hy(Q),
Q Q

that is, ¢ is the (unique) weak solution of

(5.1.12)

Ap = Ad, in Q,
p =0, on 0f).

Then w — V& + Vo solves (5.1.6): the electric boundary condition to have null
tangential trace is verified because (5.1.10) holds and the fact that ¢ is null at the
boundary. Therefore w — V® + Vo is equal to u, and we have that u = Pu + Qu
with Pu=w — V® and Qu = V. Finally, using (5.1.8) and (5.1.11) we have that
(5.1.4) is valid. Indeed

1Pull 110y <I1wllgraaye IVl 1 ys < (Car + OV fll2gays -
Moreover Vo = u — Pu and Ay = A®, so that

Vel 2y <llull 2y FIIPull 2 <l 2 + (Cn + O fll 20y

and 3
[1A¢] 120) = 1AR| 120y < Cll fl L2 -

Remebering that f = curlu, we get (5.1.4). We have thus proved the theorem in
the case of u € X(div 0, 2).

If now we take a generic 4 € X(€2), as said in Remark 5.1.1 it is possible to
write @ = Vg + u with u € X(div0,Q) and g € H}(2) such that Vq € H(div,Q),
since {2 is homeomorphic to a ball and thus its boundary has only one connected
component. Observe that curl & = curlu and diva = Aq. Then @ = Pu+ Qu+ Vg,
thus @ = Pu + Qu = Pu + Qu, where Qu = Qu + Vq. We now have that

1@l 2 ys <Ml 2y FIIPull 2y <l L2 + (Car + O ffeurlalf] 2 g0 -
Moreover
[div Q][ 120y < |div Qull 120y +|divall 2 iq) < Cllewrlal| 2 q)s +[|div @l 2, -
Therefore we recover (5.1.4) also in the general case of & € Xy(Q2). O

Remark 5.1.13 (Regarding inequality (5.1.11)). Let Cys be a positive constant
such that N[l 2 q) < Cull fll 2 for all f € L?(Q), where N is the Newtonian
potential of f. Since the fundamental group for A is trivial and curlw = 0 in A,
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there exists @4 € H?(A) such that w = V®, in A. Moreover we can choose ® 4

such that [ 1 P4 = 0. Hence, denoting with Cg the operator norm of the extension
E: H*(A) — H?*(B), we get

IVl 1 q)p IVl ipy SIPlim) < Crll®allpza)
< CpeplVOallyap = Crcpllwll g ays (5.1.14)
< Cpop Cnl|fll p2ays -

Here cp is the constant of the Poincaré-Wirtinger inequality (see, e.g., [88, Thm.
13.27]), that we can apply since A is a bounded connected open set with Lipschitz
boundary. Thus the constant C' in (5.1.11) is such that C'= Cgcp Cyr.

Remark 5.1.15. Since 0A = 0QU OB is Lipschitz, the extension operator F from
H?*(A) to H?*(B) exists, and it is just the restriction to B composed with the usual
extension operator E : H?(A) — H%*(R?). Moreover, we have that

1Eg|| 2@y < Cullgllgaay  for all g € H*(R?) (5.1.16)

where the constant C'r depends only on the Lipschitz character of the boundary of
2. See [25] for more details.

Remark 5.1.17. As one can see from the proof in Theorem 5.1.3 and the previous
remarks, the constant C'gg of (5.1.4) depends on the Newtonian constant Cys in
(5.1.8), the constant Cg in (5.1.16), and on the Poincaré constant cp of the set €.
We can therefore conclude that Cgg depends on the Lipschitz character of 02 and
on the Lebesgue measure of 2.

5.2 More details on the regularity of elliptic bound-
ary value problems

In this section we restrict our attention on some aspects of the regularity theory
for solutions of the Poisson problem for the Laplacian with Dirichlet boundary
conditions. We will present in detail results taken from the monograph [92] by
Maz’ya and Shaposhnikova which are useful for our purposes, specifically for
Section 1.4.3 and Section 3.3.

We will work in RY with N > 2. For the sake of simplicity, we will often omit
R in the notation of function spaces or norms, as it will be clear from the context.
In general, if S is a Banach space of functions defined on R”Y, by S;,. we denote
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the space of functions (defined on R") that belong to S whenever multiplied by a
smooth compactly supported function, namely

Sioe = {u ‘nue S for all j € C;?O(RN)} .

Let V be an open set of RY, p € [1,00) and [ > 0 be a non-integer. Define

1/p
(D |VZ]U ~ Vu)l”
plu |I . |N+p{l} Y, )

where [I], {l} denote the integer and fractional parts of [ respectively, and V, stands
for the gradient of order k € NU {0}. The fractional Sobolev space W(V') is the

space of functions in W' (V) with the finite norm

||U||W,g(v) ::”UHW,W(V) +HDpvluHLP(V)

By multiplier multiplier acting from one function space S; into another Sy we
mean a function which defines a bounded linear mapping of .S; into Sy by point-wise
multiplication. In the next definition we will give the precise notion of a multiplier
acting in pairs of fractional Sobolev spaces.

Definition 5.2.1. A function v defined on V belongs to M (W (V) — WL(V)) if
yu € WL(V) for all w € W)*(V'), where m > 1 > 0 and p € [1,00). The norm in
MW" (V) — W]) is defined as the norm of the operator of multiplication

M artwge vy = 590 vl el <13
We will use the notation MW/ (V) instead of M(W}(V) — Wi(V)).

Remark 5.2.2. Observe that the case m < [ is not interesting since, under these
circumstances, M (W, (V) — W.(V))) = {0}. To see this, suppose m < [ and let
v e MW (V) — WL(V)). Then

itxq

H“Ye nHWé(V)

— el 7

||7||M(W;n(V)—>W;(V))

where ¢t > 0 and 7 is an arbitrary non-zero function in C°(V'). Therefore

o (M0l
HVHM(W;L(V)ﬁW;}(V)) > ¢! (— +o(1)

171l Loy

as t — +00, and this is possible only if v = 0.
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We introduce the notion of Besov space B} (cf. also Definition 5.2.54). Let
| = k + o where a € (0,1] and £ is a non-negative integer. Set

Apu(z) == u(x + h) — u(x) (5.2.3)
and
AP u(z) == ApAyu(z) = u(z + 2h) — 2u(z + h) + u(z). (5.2.4)
Define U
(©,u)(z) = ( /R N‘A?vku(x)‘p |h|‘N‘p°‘dh) , (5.2.5)

where V}, stands for the gradient of order & € NU{0}. Then, the space BL(R") is
defined as the completion of C°(RY) with respect to the norm

ull gy vy = ngvlu’HLP(RN) +lull @y - (5.2.6)

Note that for {I} > 0, the spaces BL(R") and W/'(R") have the same elements
and their norms are equivalent since

22D, u <®,u< (242D, u. (5.2.7)
See also [92, Ch.4]

As in the case of fractional Sobolev spaces, we introduce the space of multipliers
acting between Besov spaces.

Definition 5.2.8. A function v defined on R" belongs to M(B]' — B:f)) if yu € B]lg
for all u € B}, where m > 1 > 0 and p € [1,00). The norm in M(B]" — B}) is
defined as the norm of the operator of multiplication

sty = s {Ilyull sy <l < 1}

If m =1, we denote the space M (B!, — Bl) simply by M B!,

A useful characterization of multipliers in pairs of Besov spaces is given by the
next theorem. Note that here and in the sequel, two values are a and b are called
equivalent (a ~ b) if there exist positive constants ¢ and C, depending only on
m, l,p, N (and analogous parameters), such that

ca <b<(Chb.

Theorem 5.2.9 (|92, Thm. 4.1.1]). Let Il > 0 and p € (1,00). A function
belongs to MB; if and only if v € BIZJ D17 € M(Bllo — LP), and v € L*>. The
equivalence relation

Joer

HQPWHL

, P(E)

~SUp ————— T ||Vl 5.2.10
|’7”M(B§,—>B;,) p [CpJ(E)]l/p I ||L ( )

holds, where E is an arbitrary compact set in RY. The equivalence relation (5.2.10)
remains valid if the condition d(E) < 1 is added, where d(F) is the diameter of E.
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For the definition of (p,!)-capacity C,,;(E) of a compact set £ C RY one can
see section 1.2.2 of [92]. We only observe that it is equivalent to the following
quantity

inf {Hu”’;ﬂ tu € C(RY),u>1on E} .

5.2.1 Regularity of the Dirichlet laplacian

In the present section we will mainly follow Chapter 14 of [92]. Much of the results
in [92] are more general than the ones we present here, in the sense that they deal
with a more general class of operators arising from elliptic boundary value problem
in a bounded domain. Here we are mainly interested in the Poisson problem for
the Laplace operator subject to Dirichlet boundary conditions.

In the following we consider 2 to be a bounded domain in RY. The Poisson
problem for the Dirichlet Laplacian with datum f € L?(2) reads as follows

{—Au =f, inQ,

(5.2.11)
u =0, on 0f).

A function u € H}(Q) is a (weak) solution of (5.2.11) if

/Vu-Vvdx:/fvdx
Q Q

for all v € H}(Q). It is a standard fact that if the boundary of Q is sufficiently
smooth (say of class C?), the solution u belongs to H?*(Q)NH} () and the following
a priori estimate

[ull o) < ¢ (IIAuHLz(Q) +||u||L1(Q)) (5.2.12)

holds, where ¢ > 0 is a constant depending only on 2. We refer to Section 6.3.2 of
[52] or to Section 5.3.3 of the monograph [110] for further details. Observe that
since the solution to (5.2.11) is unique, then the last norm on the right-hand side
of (5.2.12) can be omitted (see e.g. [52, Thm. 6, §6.2|), yielding

[ull g2y < cllAull g -
See also the following remark.

Remark 5.2.13 (cf. |54, Lemma 1]). If Q is bounded domain in RY, then for any
u € H*(Q)NHY(Q)

1 1
lull 1y <1912 Null p2q) < Pl [ AU] L2 »

where cp denotes the Poincaré constant (see, e.g., [88, Thm. 13.27]).
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It turns out that the H?regularity for solutions of (5.2.11) and the consequent
a priori estimate (5.2.12) is valid for a larger class of domains than those with
boundary of class C? (see Theorems 5.2.16 and 5.2.39).

In what follows we will deal with parameters [, p, with [ > 2 a natural number
and p € (1,00). The parameter [ stands for the order of the differential operator
while p denotes the order of integrability. For problem (5.2.11) one has that [ = 2
and p = 2.

Moreover, to ease the notation and to be more clear, we will denote the multiplier
norm of a function «y by ||v; V||MW]£ instead of ||7||MW})(V).

The following definition can be found in Section 14.3.1 of [92|. Recall also
Definition 1.4.19.

Definition 5.2.14 (Class Mllfl/p(é)). Let © be a bounded domain in RY and

6> 0. If p(l—1) < N we say that 0Q belongs to the class M,ﬁfl/p(é) if for each point
O € 09 there exists a coordinate y := x; for some j € {1,...,n}, a neighbourhood
U and a special Lipschitz domain of the form

G = {z: (7,9) :xGRN‘l,y>sO(x)}
such that UNQ =U NG and

Ve € MWEUP RN with HV@;RNAHMWFFI <6 (5.2.15)

Note that the class M} /?(§) is contained in the class C%' of Lipschitz domains.
Moreover, observe that if 992 € M;f,_l/p(é) for some § > 0 then 0% € Wé_l/p, ie. it
can be locally described by a function in W, “/P(R¥=1). This is because

MWII)—I—l/pGRN—l) - Wl—l—l/P(RN—l)'

p,loc

The next theorem concerns the H2-regularity for the solutions of (5.2.11). It is a
particular case of [92, Thm. 14.5.3]. Observe that ifl = p =2thenl—1—1/p = 3/2.

Theorem 5.2.16. Let Q be a bounded domain in R® such that 0 € MS/Q((S) for
some 6 >0, and let f € L*(Q2). Then the solution u € H}(Q) of (5.2.11) belongs
to HY(Q) N H2(Q).

Note that the index 3/2 is somewhat sharp, as the following proposition shows.
It is a particular case of |92, Theorem 14.6.3].
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Proposition 5.2.17. Let Q be a bounded domain in R3 such that 9 € C*. Assume
the normal to 0S) satisfies the Dini condition, namely

1
t
/ wdt<oo,
0

t

where w is the modulus of continuity of the normal. If, for a function f € CX(Q),
there exists a solution v € H*(X) N HI () of the problem

—Au=f, inf,
u =0, on OS2,

then 002 € W23/2.

For our purposes we are interested in a better understanding of the validity of
(5.2.12). In Theorem 5.2.39 we will eventually see that a sufficient condition for

the a priori estimate to hold is that the boundary 9Q belongs to the class M / %(0)
for a sufficiently small § > 0. We first need to introduce some machinery.

In the sequel we write a generic point in RY as (z,y) with z € R ! and y > 0.

Definition 5.2.18 (see section 9.4.1 of [92]). Let p € (1,00),l > 1, and let U,V
be open subsets of RY. A quasi-isometric mapping s : U — V is called a (p, 1)-
diffeomorphism if all elements of its Jacobi matrix ds¢ belong to the space of
multipliers MW= (U). By ||9s; U||MW1171 we denote the sum of the norms of the

elements of 3¢ in MW/ (U).

Let ¢ : RY=! — R be a Lipschitz function with Lipschitz constant L > 0. Given
a function ¢ € C°(RY1) such that ¢ > 0 and [y, ((¢) dt = 1, we introduce the
operator T by the formula

(To)(x,y) = / C(t)p(x +ty)dt, y>0. (5.2.19)

RN-1
The function T is an extension of ¢ onto RY.

Lemma 5.2.20 ([92, Thm. 8.7.2]). Suppose Vo € MW, "VP(RN-1). Then
V(Ty) € MW HRY) and

HV(T@;RJEHMW};I =a

vgp;RN—lu (5.2.21)

MwLimYr

where ¢ > 0 is a constant depending only on l,p and N.
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Let
G:{(:v,y)GRN:xGRN_l,y>g0(:E)}, (5.2.22)

and let K be a sufficiently large constant depending on L. We define the mapping
ANRY = G, AMEm) = (2,y) = (& K+ (Te)(En), (5.2.23)

with € € R¥~! and > 0. The codomain of X is G provided K is large enough.
Indeed we need to check that

Kn+ (Te)(&n) —»(§) > 0.
Since ¢ is Lipschitz with constant L then

(& +1tn) — (&) > —Lnlt|.

Hence

K+ (To)(E,n) — ol€) = Kn + / () (0(€ + tn) — p(€) dt

RN-1

> (K—L/RN_I ()t dt) n>0

provided that K > L [,y C(¢)[t] dt > 0.
The following lemma also explains why we need the constant K to be sufficiently
larger than L.

Lemma 5.2.24 ([92, Lemma 9.4.5]). For any & € RY the mapping
ag Ry =R, ae(n) =y = Kn+(Te)(&n)

18 one to one, and the inverse is Lipschitz. Moreover the Lipschitz constant of agl
is not greater than (K — L)~ and

ag ' (y) — ag (y)| < eL(K — cL)7Y|& — &llga-1 . (5.2.25)

where ¢ > 0 s a constant depending on N.
With the previous lemma one can prove the following one.

Lemma 5.2.26 (|92, Lemma 9.4.6]). Let | > 2 be an integer and p € (1,00).
Further, let G be as in (5.2.22) with ¢ a Lipschitz function defined on RN~1

such that Vo € MWL ""VP(RN=1). Then the mapping A defined in (5.2.23) is a
(p, 1)-diffeomorphism of ]Rf onto G, whose Jacobi matrixz O\ is given by

In_q 0
o\ = , 5.2.27
(Vg(TQO) K + 3(;;@)) ( )

where Iy_y is the identity (N — 1) x (N — 1) matriz.
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Lemma 5.2.28 (|92, Lemma 9.4.2|). If 3¢ is a (p,l)-diffeomorphism, then »~' is
also a (p,l)-diffeomorphism.

From now on we set [ = p = 2, focusing our attention to problem (5.2.11).
Observe that the if Q belongs to the class M, / ?(5), then its profile function ¢ is

such that Vo € MW;Q(]RN‘I). By the Lemma 5.2.26 and Lemma 5.2.28 we have
that A and A™! are both (2, 2)-diffeomorphisms, hence O\ € My (RY).
Let S be the differential operator characterized by the following relation

Svi=[Awo A ] oA, (5.2.29)

The differential operator S is the transformation of the Laplacian A under the
change of variables given by A. It operates on functions v defined on RJI and gives
back a function still defined on RY.

Lemma 5.2.30 (Lemma 14.4.8 of [92]). For all v € (H* N H})(RY)

s~ s, <ol o]

U;RJI’

: (5.2.31)

MW} H?

where ¢y is a continuous function of the norm of OX in MW, (Rf) independent of
v.

If the Lipschitz constant L of the function ¢ is small enough, then we can put
K =1 in the definition (5.2.23). Consequently the Jacobian matrix A of A is

0
Tn_ :
O\ = A ‘ , (5.2.32)
0
A(Te) A(Te) A(Te)
061 T 08N-a 1+ on
Moreover we have that
Iy —onRY| || V(TeiRY||
‘ N + MW3 (TSO) + MW3
and by Lemma 5.2.20 we also have that
V(Te)RY < ||V RV 5.2.33
with ¢; > 0 depending only on N. Hence the following inequality
N A . N-1
HI[N — O\ RY HMW% < é|ver HMW? (5.2.34)

holds, where ¢ > 0 is a dimensional constant.
From Lemmas 14.4.4 and 14.4.5 of [92] one can deduce the next result. See also
[92, Coroll. 14.4.2].
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Lemma 5.2.35. The map X : Rf — G 1is bi-Lipschitz and there exists a constant
¢ > 0 such that

HUOA;RfHLZ < Gle, [ooX 6], < e uwrY|| (5.2.36)
for alluw € L*(G),v € L*(RY),
Huo A;MHW < &w; Gl e (5.2.37)
for allu € H*(G) N HY(G), and
loo A6, < ouirY| (5.2.38)

for allv e H*(RY) N H(RY). The constant ¢ depends only N and on the MW,/
multiplier norm of Vi in a continuous way.

Finally, we can prove the main theorem about the a priori estimate (5.2.12).

Theorem 5.2.39 (|92, Thm. 14.5.1]). If 92 belongs to the class M§/2((5) for some
0 sufficientyl small (depending only on N ), then

lll gy < Cor (180l oy +lltlaey (5.2.40)

for all w € H*(Q2) N HY(Q). Here Cyy > 0 is a constant that depends on N,§ and
on a suitable atlas of 2.

Proof. Let O € 0. By the M;’/Z(é) condition there exists a coordinate y := x;
for some j € {1,...,n}, a neighbourhood U and a special Lipschitz domain
G={z=(z,y): 2 € R""y > p(x)} such that UNQ =UNG and

o

< 0. 5.2.41
Mw,? T ( )

In particular we have that the Lipschitz constant of the profile function ¢ is small
(see Theorem 5.2.9). Thus we can put K = 1 in the definition (5.2.23) of the
mapping A, and consequently inequality (5.2.34) holds.

It is a standard result (see e.g. [3] or Section 5.3.3 of [110]) that for all
v € H*(RY) with support in B; NRY, where B; denotes the open unit ball in R,
there exists a constant c4py > 0 depending on N such that

RN N
HU7R+ HH2 S CADN“AU,R+‘

(5.2.42)

2’
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Choose now a smooth compactly supported function o € C°(U). Let u be a
function in H%(2) N H(2) and set v := ou o \. Note that v belongs to H2(RY) N
H}(RY) precisely because u € H*(2) N Hj(2) and A is a (2, 2)-diffeomorphism,
thus its Jacobian matrix entries are multipliers in MW.,}. Moreover, choosing
the localizing function o appropriately, we have that suppv C B; N RY. By
Lemma 5.2.35 we have that

low, U N Q| < c‘

(5.2.43)

V; R H ECADN‘

Moreover, recalling that Sv = [A(voA™H)]o\ (see (5.2.29)) and using Lemma 5.2.30
together with inequality (5.2.34) we get

], <], +fe— ], <fsons] o

|
H?2

(5.2.44)

where in the last passage we again made use of Lemma 5.2.35. Combining (5.2.43)
and (5.2.44) yields

o162 < e (|0 U 0]+ eséslow U ND,),

from which we get that

¢2capn
loull gz < —||A(ow)

5.2.45
~ 1—¢%capnec2 O ( )

The last passage is justified if § is small enough so that é2capy c ¢6 < 1.

We have thus obtained the (local) a priori inequality (5.2.45). To conclude,
we consider sufficiently small neighbourhoods U;,7 = 1,...,s that generate a
(finite) open covering of 2, and take a partition of unity {0j}j=1,..s subject to that
open cover. Denoting u; := o;u we have that u = Zj uj. We have that for any
j=1,...,s we have that (5.2.45) holds. Moreover

AUJ' = (AO’j)U + VO'j : VU+Uj(AU),

thus
8% | 20y < € (1800 a0y + sy (5.2.46)

for any j =1,...,s, where C' = sup,c S}HUJHCQ . Hence

,,,,,

~2
[ e <ZH%HH2<Q<Z AN | A

1—C2capneacd

(5.2.47)
C¢*capn

s (180l 0y + 0l a))

- 1- 6QCADN Co 65
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Finally, it remains to apply Proposition 5.2.50 with 7 > 0 such that

1-— EQCADN Co co
T <

sC 62CADN
to obtain

1

2 CADN

—1
— 980 — CTS) (HAUHLQ(Q) + C(T)HUHLl(Q)) :

(5.2.48)
0

lull oy < 5C (

Remark 5.2.49. Taking a closer look at the constants appearing in the inequal-
ity (5.2.47), we have that the constant c4py and the constant ¢ (from (5.2.34))
are dimensional. The constant C' and the parameter s (the number of cuboids
composing a suitable open covering of €2) depend on the atlas associated to €2
(cf. Definition 1.0.1). Finally, the constants ¢ and ¢ depends on the dimension

N and are continuous functions of the M I/Vz1 /2 multiplier norm of Vi, hence they
eventually depend on ¢ (cf. Definition 5.2.14).

The detailed analysis done until now is what ultimately motivated Defini-
tion 1.4.19 and effectively proves Theorem 1.4.22.

Proposition 5.2.50. Let k, N € N be natural numbers and p € [1, N). Let Q be a
bounded Lipschitz set in RN . Then for every T > 0 there exists ¢(T) > 0 such that

HfHWk*Lp(Q) < THf”W’M?(Q) + C(T)HfHLl(Q)
for any function f € W*P(Q).

Proof. Let 7 > 0 and suppose by contradiction that there exists a sequence

{fi}ien € WEP(Q) such that
HfjHkal’P(Q) = T”fj”kaP(Q) +ijJ'HL1(Q) :

We can directly assume that ||fj||Wk_17p(Q) =1 for all 7 € N. Hence HfjHW,W(Q) <

771, thus by the Rellich-Kondrachov embedding theorem (see, e.g., |2, Thm. 6.3])
we can extract a subsequence that converges to some f strongly in W5=12(Q). In
particular ||f||Wk_1,p(Q) = 1. At the same time, since HfJ'HLl(Q) <j lforalljeN,

we have that f; — 0 in L'(Q). Thus necessarily f = 0, a contradiction. O
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5.2.2 The condition MS/Q(é)

Let Q be a bounded Lipschitz domain in RY. In this last section we briefly
focus on a local characterization of the class Mllo_l/ P(5), ultimately deducing a

simpler sufficient condition for the inclusion of the boundary 0 into M} /? (0) (cf.

(5.2.56)). These results, presented in their general form, are taken from Section
14.6.3 of [92].

Note that by Theorem 5.2.9 and by (5.2.7), the multiplier norm of V¢ in
MWL YP(RN=1) s equivalent to

HDPvl—l/P "DHLP(E)

sup
serv-1 [Cpi1-1/p(E)]'P
d(E)<1

TNVl poo -1y -

The following theorem gives a local characterization of the class M!=Y/7(5).

Theorem 5.2.51 ([92, Thm. 14.6.4]). Let p(I — 1) < N. The class My "/"(8) has
the following equivalent description. For any point O € 0S) there exists a neigh-
bourhood U and a special Lipschitz domain G = {z = (z,y) :z € RV "1y > go(:c)}
such that UNQ =UNG and

’ < HDl—l/P(% BP)HLP(E
11m u
o0 \ peh,  [Cot11p(B)17P

IVl sy | < 6. (5.2.52)

Here B, denotes the ball in RN~ centred in O and of radius p, ¢ > 0 is a constant
which depends only on l,p, N. The term D;_y,,(¢; B,), with j > 2 a natural
number, has the following definition

V—10(x) — leSO(Z/dey) l/p'

By |I - y|N+p—2

Dj_1p(¢; B,)(x) := (

Using Theorem 5.2.51 and properties of the capacity Cp,(e) (see [92, §9.6.1])
we get the following result.

Corollary 5.2.53 (|92, Coroll. 14.6.1]). The following statements hold.
(i) If p(I—1) < N and

HDl—l/p(S"? BP)HLP E
lim | su ( )—1— Vol e < co,
0 \5cs, | IVeli~s,

then 092 € M) /(5).
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(i) If p(l—1) = N and

p—0

) p=1
lim (;gngDz—l/p@o;Bp)IILp(E)IlogIEI\ p +HWHMBP>) <es,

then 00 € My, "/7(5).

Here |E| denotes the N — 1-dimensional Lebesque measure of the set E, and ¢ > 0
is the same constant of Theorem 5.2.51.

Recall that [ > 2 is an integer and p € (1,00). We now want to give a final
characterization of the class M), L1/ (6) in terms of Besov spaces B ,. Note that the

spaces Bl introduced in (5.2.6) coincide with Bl Recall the notlon Ay, introduced
in (5.2. 3) and that Vj denotes the gradient of order k e NU{0}.

Definition 5.2.54. Let u > 0 be such that its fractional part {u} > 0 is positive,
and let ¢,0 > 1. By BY,(R") we denote the space of functions in R having finite
norm

1
_ O BN g )
lull g2 ey = ( / ARV [ [ dh) g gy -
If 6 = oo, we define the space B;OO(RN ) of functions in RY with the norm
— —{n}
il vy = S0 11| A0V gl oy el

For more details on Besov spaces (and thus fractional Sobolev spaces) we refer
to [88, §17].

We say that the boundary of the bounded Lipschitz domain €2 belongs to Bl \/p
if for any point of 0f) there exists a neighbourhood in which 9 is spe(:lﬁed in
Cartesian coordinates by a functions ¢ satisfying (cf. Definition 5.2.54)

p/q
/ (/ IVi_ip(z + h) — V()| dx) |h|>"NPdh < 0.
RN—I RN—l

Corollary 5.2.55 (|92, Coroll. 14.6.2]). Let p(l — 1) < N and let Q be a bounded
Lipschitz domain with 0S) € Bl 1/p, where

q € [pln—1)/p(l —1)—,00] ifp(l—1) <N
and
q € (p,oo] ifp(l—1)=N.
Further, let OS2 be locally defined in Cartesian coordinates by y = p(x), where ¢ is

a function with a Lipschitz constant les than cd. Here ¢ > 0 is the same constant
of Theorem 5.2.51. Then 8 € ML '/7(5).
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Setting ¢ = oo in Corollary 5.2.55 we obtain a simple sufficient condition for

the inclusion in the class M,l,_l/ P(§), that is the integrability at zero of the following

integral
(0
/ (_”l tl“) dt < oo, (5.2.56)
0

where w;_; is the modulus of continuity of V;_;¢. From this, it is not difficult to
see that bounded Lipschitz domains of class C'*# with 8 > 1/2 are in the class
MS/ ?(8) for any & > 0 , and therefore they are such that Theorems 5.2.16 and
5.2.39 both hold.

Condition (5.2.56) is what we use in Theorem 1.4.23, and, via Corollary 1.4.30
and Corollary 1.4.31, ultimately what we need in order to justify the results in
Section 3.3 regarding families of oscillating boundaries.
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