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Estimation for finite population parameters in
two phase sampling

Giancarlo Diana Chiara Tommasi

Riassunto

In questo lavoro si propone un approccio generale per la stima di un generico
parametro di una popolazione finita, nell’ambito del campionamento doppio.
I molti stimatori per la media e per il rapporto di due medie presenti in
letteratura, cosi come le poche proposte per la stima della varianza, possono
essere visti come casi particolari di una classe generale di stimatori. Si for-
nisce, al primo ordine di approssimazione, il limite inferiore della varianza
degli stimatori in detta classe e si mostra come esista almeno uno stimatore
di tipo regressione a catena che raggiunge tale limite e che & percid ottimale
nella classe.

1 Introduction

The estimation of a parameter of interest when at least one auxiliary variable
is available, was widley discussed. It is well known that if there are not in-
formation about the population characteristics of the auxiliary variable then
a double sampling scheme may be used. Several estimators were proposed
to estimate the population mean and the ratio of two means, while only few
papers concern the population variance. For instance, the population mean
estimation is treated, among others, by Srivastava et al. (1990), Singh and
Singh (1991), Upadhyaya et al. (1992), Tracy and Singh (1999) and Singh
and Espejo (2000). While Chand (1975), Srivastava et al. (1988,1989), Khare
(1991), Singh et al. (1994), Singh and Singh (1994), Prasad et al. (1996) are
some of the authors who deal with the estimation of ratio of two means. On
the other hand, only Singh (1991) and Gupta et al. (1992) work about the
population variance in a two-phase sampling.

In this paper we propose a general approach for estimating a finite population
parameter in double sampling. Specifically, in Section 2 we give a general



class of estimators which includes all the previously quoted estimators. Fur-
thermore, we provide the minimum attainable MSE for the estimators in this
class, at the first order of approximation. We call it the minimum variance
bound, since MSE and variance are the same at this order of approximation.
We provide also a regression type estimator which reaches this minimum
and we call it the “best” estimator in the class, even if any other estimator
which is equivalent to the best estimator at the first order of approxima-
tion is optimum as well. All the results of Section 2 are valid whatever the
parameter of interest and the used sampling scheme. The other sections
specify such general results to the usually considered parameters of interest,
i.e. the population mean, the ratio or product of two means and the popu-
lation variance. These subjects, which are discussed exhaustively in Diana
and Tommasi (2001, 2002a, 2002b), are here unified. In fact, in Section 4
and 5 we show that to estimate the ratio or product of two means and the
variance is equivalent to estimate a mean, at least approximatively. There-
fore, a central role is played by the mean case, which is discussed in Section
3, then the other parameter estimators follow from that one.

Finally in Section 6 we show that some proposed estimators may be not op-
timal in the general class. Anyway, some examples of estimators which are
optimal are also given.

2 A general class of estimators

Let U = {1,...,%,..., N} be a finite population and U; be the value of an
observable variable U, for the i-th population unit. Then, the population
mean and variance of U are U = YN, U;/N and S§ = V(U) = ¥, (Ui —
UY/(N - 1).

Denoting the study variable by Y or Y;, 5 = 0,1, the interest is usually
in estimating one of the following population parameters, Y, R = Y, /Y,
P =YY, and Si. Let Ty be any one of such population parameters.
Assuming that two auxiliary variables, X and Z, are related with Y or Y,
j = 0,1, but no information about the population parameters of X are
available, then estimation of 7y can be based on double sampling. Thus,
we assume that a preliminary large sample of n’ (n’ < N) units is drawn
by some sampling scheme. At this phase only X and Z are measured. As
a second step, a sub-sample of size n (n < n') is drawn from the first one.
Without loss of generality, at this phase all the variables Y or Y;, 5 = 0,1,
X and Z are observed.

If Tx and Tz are kx 1 and I x 1 vectors of population parameters of X and Z
and tx, t%y and iz, t/, are the corresponding first and second phase unbiased



estimates, then the proposed class of estimators is defined as
Ty =g (ty,tT) . (1)

T
where ty is an approximatively unbiased estimate of Ty, t= (t}}, iR, 17 )
and function g is such that

a.g:S — IR where S € IR“";”“ is a convex and bounded set wlzx‘ich
contains the point (Ty, 7’1‘) , where T = E(t) = (1%, 7%, T%, iy -

b. It is a continuous and bounded function in S.

c. Its first and second partial derivatives are continuous and bounded in S.

ag(tY1 tT)
A
Y (ty Ty, TT)

be the partial derivative of g with respect to ¢y and

dg(tv,t")
ot

4. g(ty,TT) =ly.
Let

G0 e ) —
(tY :tT )=(TY :TT)

be the 2(k + I) vector of the partial derivatives of g with respect to each
component of £. Specifically, gx and gx: are the k x 1 vectors of the partial
derivatives of g with respect to the elements of {x and t'y, while gz and gz
are | x 1 vectors defined in the same way but with respect to ¢z and .
From point (d), we have that g(Ty,T7) = Ty and go = 1. Thus, expanding
Ty at the point (Ty,TT) in a second order Taylor’s series we have

Ty ty+ (=T g =ty + (tx - Tx) 0%+ (tz — Tz) 9z
+ (tx —Tx)Tgx + (t7 — Tz) gz (2)

Since the population parameters of X are unknown, we have to impose the
following constraint, gx = —gx. For computational convenience, it is useful
to change parameterization and to rewrite equation (2) as

Ty 2ty + (v —t) gv + (8 — T2)" §z (3)

T T
where ¢}, = (t’,'-’(' w ) and ty = (t&,tg) are the first and second phase

T
sample estimates of Ty, = (7;{1“ 1T ) , t; is the first phase sample estimate



of Tz, gv = (9%,9%)" and jz = (9z + gz).

The first order approximation for MSE(7Y) is given by
MSE(Ty) = S, + g5 Syt  9v + §3Su,6,32 + 2 (97 Stys, + 7Sy, (4)
where
S2, =E((ty —Tv)"], Sue, =EB|tv —)tv — )7,

Suy, = B |(ty — To)tz — T2)"],  Seyt, = B[ty — Ty)(tv —t4)]
and
Styt, = E [ty — Ty)(tz — Tz)].

Minimizing (4) with respect to gv and gz we obtain the optimum values

g:f = _St_vltv Stytv and g} = _StTZIt'Z Styt’z7 (5)
and replacing them in (4) we get the minimum first order approximation of
MSE(-), denoted by MSE*(-). It is the minimum variance bound for all the
estimators based on the auxiliary vector ¢ and has a simple form,

MSE*(Ty) =S8, (1— 92 — hray) » (6)
where . .
S g Sty v Suy Sty U
pty,U T St2
Y

denotes the multiple correlation coefficient between ¢y and any one random
vector U.

Finally, replacing ¢} and g% in (3) we get an optimum estimator. We will
treat such estimator in a special way since, for all the estimation problems
that will be considered, it has a nice interpretation: it is a regression type
estimator. We will call it “the best” estimator in the class g, but any other
estimator which reaches the minimum variance bound (6) is optimum as well.

All the results of this section are valid whatever the used sampling scheme
and the involved auxiliary statistics. The computations can be further devel-
oped if the sampling scheme is specified and all the sample quantities (both
of interest and auxiliary) are sample means, at least at the first order of
approximation. For this reason, the estimation of a finite population mean
plays a central role. This case is treated in the next section and then the
obtained results are used in Sections 4 and 5, where the estimation of ratio
and product of two population means and the estimation of the population



variance are dealt with. It will be seen that the sample estimates of such pa-

rameters may be approximated by sample means, at least at the first order
of approximation.

From now on, we assume that both the first and the second phase samples
are drawn by a simple random sample without replacement (SRSWOR).

3 Estimation of a finite population mean

In this section we consider the estimation of Y, the population mean of Y,
thus £y = 7, the second phase sample mean of Y.

Following Diana and Tommasi (2001, 2002a, 2002b), henceforth two param-
eter vectors Tx = (X, S%)T and Tz = (Z,S%)T will be considered. Thus,
denoting the first and second phase sample means and variances of any vari-
able U, by @, sZ and T, s?, the general class (1) is defined as

7, =9(@:t"), | (7)
where t = (Z, s%,%,5%, %, 52,7, 52)" and equation (3) becomes

g = 5+l t'v)T gv + (ty — Tz)T 9z, (8)

where 1y = (8%, 50 P, — (7 a2 2 S nd i = (V.2

For a better interpretation of the results, it is convenient to define a random
vector V = (XT, ZT)T where, for any variable U, U = (U,éy)T and &y =
(U - U)Z. In addition, let us denote the population covariance between any
two variables U; and U, as Cov(Uy,Uy) = YN | (Uy; —U,) (U —Us) /(N —1).
Replacing in equation (4) the following expected values (which are valid up
to terms of order O(n~1!))

el 208 1
S, = (; * 'Kf) S M (; - ;) Svv,

s (5-) 5o S (3-3) 3
and pus 2

S, = (=) S
where



with
V(X) Cov(X,dx)

St.2= | Corlae %) V(5 |, s2e=| ¥ COV(Z'JZ)]'

Cov(z,Z)  V(dz)

Sz [Cov(X ,Z) Cov(X, 6z)] ¥ 0 e
Cov(dx,Z) Cov(dx,0z)]’ X T EX20
and
Cov(Y, X)
e SY,)'(] i COV(Y, 6}{)
Svv = [SY,Z | Cov(Y,2) |’
Cov(Y,dz)
the first order approximation for MSE(7,) is
tos 36 it 4 1 bk laioa o) s .
wseig,) = (5 - g) s+ (5 -57) dsvvaw + (5= ) dESai
1-) =4 L Bixg
+ o[(5- ) dsw + (5 - ) il ©)

Minimizing equation (9) with respect to gy and gz, the “best” values gj, and
g% (ch. 5) are the partial regression coefficients of Y on V' and Z, respectively,
that is

g gy,)qsx,z 5y
X Y,5x|X,Z P | e l ALY
gv [ * ] —SVV SYV == ! X|- 2 and 9z __SZZSY)Z_— .
gz Y,Z|X 6z 1 0z|Z
Yrszlx—xz

The minimum first order approximation of MSE(:) is

pe ! 1 | AT -
MSE*(yg) = 312/ [(; — _]V) (1 o p?,’z) =+ (‘; n,) (1 = pYV)]
where p.. denotes the correlation coefficient between the specified variables,
Le.

T = T —1
2 SYZSZZSYZ 2 __SY,VSV,VSY,V

Pyz— Sz and Pyyv = 532/

Up to terms of O(n™1), MSE*( ) is the minimum variance bound for all the
estimators based on the auxiliary vector ¢, which summarizes the first and
second phase sample means and variances of X and Z.

Replacing ¢} and g% in (8) we get the following chain regression type esti-
mator

= o ey 2 2 - =i
Ureg = T— Dvxisn,2 i A8+ By sx|X,2 (sx—sx) — Py,z1% 52 (z—-7)

— Bysyz.z (55—5%) — Bz (7 —Z) — Braziz (52— 5%), (10)



whose bias is of order n~'. Expression (10) shows that the construction of
Treg 18 based on two steps. At the first step a regression type estimator for the
unknown first phase sample mean of Y is provided. Of course, this estimator
is based on X and Z conditionally to the first phase sample. Then such
estimator is improved through another regression type estimator which uses
the first phase sample information about Z. Actually, a similar interpretation
was provided by Sahoo and Sahoo (1999) in a less general context.

We call 7., the “best” estimator in the class g but any other estimator which
is equivalent to ,,,, at the first order of approximation, is optimum as well.

Remark 1. Usually the partial regression coefficients of Y on V or Z are
unknown but replacing suitable estimates of such coefficients in (10) we get a
new estimator which is equivalent to 7,.,, at the first order of approximation.

4 Estimation for ratio and product of two pop-
ulation means

This section is devoted to the estimation of ratio or product of two popu-
‘lation means, i.e. R =Y,/Y; or P =Y,Y,. Only the ratio estimation is
developed in an exhaustive way since the results for the product case follow
in a straightforward way and are briefly given at the end of this section.
Thus, at first let us consider Ty = R. In this case, ty = R = 3,/7, and the
general class (1) becomes

Ry=g(R,{). (11)

Expanding R at the point (Yo, Y) in a second order Taylor’s series, we have

- Yo
RR(1+=2_-ZL)=R(1+d
(+Y0 Yl) (1+4),

where d is the second phase sample mean of D = Y;/Y, —Y; /Y. Thus, with
the same notation of the previous section, equation (3) becomes

n . T ‘
Ry = R+(tv—ty) gv+(t;—Tz) §z (12)
T,
> R(L+d)+ (tv —ty) v+ (2 —Tz) §z-

Since R can be considered as a convenient sample mean (at the first order of
approximation), we can use all the results of the previous section replacing
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Y with R(1 + D). Specifically, Syv becomes RSpy, S¢ becomes R2S%,

PD,X6x,2
9v=—RSyy Spy=—R PpsxixZ|  and §z=—RS;5Sp7=R ﬁD’ZIJZ] )
' D,Z|X 5z y i D,6z|Z
Bps.1%,2
where
Cov(D, X)
_[Spx] _ | Cov(D,éx)
Spy = [SD,Z’] ~ | Cov(D, Z)
Cov(D,dz)

With such changes formula (9) provides the minimum first order approxima-
tion of MSE(R,),

MSE*(B;) = RS} [(ni - %) (1-p2z) + (i— - %) (1- p%,v)}
= wsw ()5} [(— )b + (= )b

where MSE' ( ) (N —n)/(nN)R?S} is the first order approximation of

the MSE of the standard estimator R and p? by is the multiple correlation
coefficient between D and any one random vector U.

Replacing g; and g% in equation (12) we get the best estimator in the
class (11). Unfortunately g} and §% are not known since they depend on the
population ratio R and on the likely unknown regressmn coefficients of D on
V and Z. However, using suitable estimates of g}, and §% in equation (12) we
get a chain regression type estimator which is equivalent to the best estimator
(at the first order of approximation) and thus reaches MSE*( g). Let us

denote it as R,eg. For giving the expression of B,,eg we need to introduce
more notation. Let U; and U, be any two auxiliary variables (where U can
be a random vector) and let us denote the partial regression coefficient of
Y; on U; given U, as By, v, 5 = 0,1. If ﬂD U1|U; 18 a suitable estimate of

Bouvs = Bounius/Yo — Brunus/Y 1, then Ry is given by
Ry = R [ /31) X|6x,2 € —7) - /31) 6x|XZ(SX Sx) Bp,z1%,52 (Z-7)
- lBD,le)?,Z (Sz_sz) — B, 216 (Z - —-) " ﬁD,«SzIZ (5'3 - S%)] :

Remark. If the interest is in the population product P = Y Yl all the
results of this section are still valid. It is enough to replace R and R with P
and P respectively, where now P = 7,7, = P(d—1) with D = Y,/Y,+Y1/Y 1.



5 Estimation of a finite population variance

In this section the estimation of the population variance, 8% = YL —
Y)?/(N — 1), is considered. Thus ty = s% = >, (Y: —%)?/(n — 1) and the
general class (1) becomes

‘§12/ = (s§’7tT) . (13)
Setting 0y = (Y —Y)?, s% is the sample mean of dy except for terms of order

n~!. In fact i
et ~2 — 2| v 22
Sy—n—_l [SY—(y—‘?) ] = Sy,

where § = "%, dyi/n. Thus, with the same notation for tv, ty, tz, t;, gv
and §z used in Sections 3 and 4, equation (3) is now

~ 4

8 = sht(tv—t) ov+(tz—Tz) §z (14)
T .

H+tv—t) gv+ (2 —Tz) gz

Replacing Y with dy, we can use again all the results of Section 3. Now, Syv
_becomes S;, v, S} becomes S7 ,

IR

'65Y,x|5x,2 ﬂ
*:_S—l S Bse ﬂ5Y,5x|X»Z and a* :——S':l- S; 5= I:/;Y,lez] )
gv i by ,Z|X 5z e 22 vt Sy 52|12
ﬁsY)SZIX:Z
where

COV(&y, X )
S5 21 _ | Cov(dy,dx)
Ssyv = [55:,2] ~ | Cov(dy, 2)
COV(Jy, 52)

With such changes, from (9) we have the minimum first order approximation
of MSE(52),

~ 1 3 T 1
2oy a2 2 2
Mser (39) = 5% (- 7) (=) + (5 - ) (0= Fiw)
where p, ;; is the multiple correlation coefficient between dy and any one
random vector U.
Replacing g} and §% in equation (14) we get the best estimator in the
class (13),

a2 D St Sy 2 2 e
Sregy = Sy— lB&y,XI&x,Z(a; i) Bsy 6x1X,Z (sx—sx) ¥ /35y,zp‘(,5z(z ~Z)

o ﬁsy,szp?,z(szz_sg) — Bsy,2152 (-Z, T 7) — Psy 3212 (Sg = ‘S%)v



As in the previous cases, when gj and g% are unknown we can replace them
with suitable estimates, without efficiency lost.

6 A partial use of the auxiliary variables

In the previous sections the whole auxiliary vector t=(, s%,z, s%,T, 52,7, s’é‘)T
was assumed to be known. Sometimes only some of those auxiliary quantities
are available (or some information are ignored). For insta.nce, if we have only
the first phase information about Z, ¢ becomes tg = (%, s%,T, 5%, 7, 5% T
For the case of the population mean estimation, g}, = g% = —(Bv,xj6x» Py;sx|x) "

and thus the best estimator is
To=T— By, xiox (T — )~ Brsxix (5k —5%) By (7 — Z)~Prsz12(s2 — 5%)

and

s =5t [(3 - 5) - o)+ (5~ 2) (- 40)]-

In the same way, all the results of Sections 3, 4 and 5 can be easily adapted
to any specific choice of vector ¢.

Choosing different auxiliary quantities we may have several general classes of
estimators. However, at least when T 48 Vs R or Sy, the best choice is to
use the whole vector ¢ since the more the used auxxhary information the more
efficient the estimates. This follows from the expression of MSE* (Ty) which
depends on the multiple correlation coefficients. In general, if t = (t7,t,)7
is a m x 1 random vector, where ¢_ is the (m — 1) x 1 vector got removing
the last variable ¢,, from £, then the square multiple correlation coefficient of
any one variable U with ¢ is

P2U,t = PZU,t_ e sz,(tm-t_)a

where p7; ;. ., ) is the semi-partial correlation coefficient between U and i,
given &_.
Using this argument we have

MSE* (Ty2) > MSE* (Tys) > ... > MSE*(Tys) ,

where Tyz is 7y based on the simplest auxiliary vector ¢, = (Z, 'z")T, ;298
on tz = (T,E’,E’)T and so on up to f’yg where the whole vector of auxiliary
quantities is considered. However, when competitive estimators are based
on auxiliary vectors of the same size but involving different statistics, this



general result is useless and specific comparisons are necessary. For instance,
we could be interested in the convenience of using information about Z in
terms of 2’ or s72. If we use auxiliary vector ¢; then the best estimator for
the population mean is

g3reg :y—ﬂYX(f_Tl)_ﬁYZ(y_-Z)

and

MSE* (3,) = 52 [(% 4 -1%,-) (v a)ot (1 — l) (it X)] 447 (15)

1w .
Otherwise, using t; = (%, 7, s2)", we get
FSreg b .BYX(E_EJ) = /'3Y5Z(sg i S.ZZ)

and
e = ¢ (- ) (1= bue) + (7= 57) =k 09

Comparing (15) with (16) we have that the knowledge of 7' is preferable to
s% if p¥z > p¥5,, which is usually true when Y and Z are strongly related.
For the mean case, as well as for ratio and product of two means, many
different estimators based on a two phase sampling were proposed. On the
other hand few proposals are available for the variance estimation. It is easily
proved that only some of these estimators are equivalent to the best estimator
while others are less efficient. A simple way to verify if a specific estimator
is optimum is through the comparison of its second order Taylor’s expansion
with equation (3). If these developments are essentially the same, then the
proposed estimator is optimum as well. For instance Singh and Espejo (2000)
propose the following class of estimators for the population mean,

;gG :-g_*_ﬁYX[G(—iI;?-",v)w:w) _-f]S

where u = Z/Z, v = Z/Z, w = s%/S%, ¢ = s%/S% and G is a general
function with some regularity properties. This estimator is not optimal, in
fact its second order Taylor’s expansion is given by

Ui e le- gl (s%_sg) +oy(Z-7)+as (SIZZ_S%) + ay (7'—7)

with suitable values for oy, i = 1,...,4, got minimizing MSE(7s) (up to
terms of O(n™')). The best estimator when the auxiliary vector is {5 =
(Z,7,7,%, 52,5%) follows from (8) setting ty = (Z,%, s3)T, t}, = (T, Z, s2)7,



* T s i T
v = gv=—(By.x\2:Br.z1xsz Prozix.z) and jz = 5 =— (Bv.z162: Brsaiz) -
It is given by

Toreg = U+ Prxiz (@ —T) —Praixs, (Z—7) — Brsxz (53 —53)
- ﬁY,ZIJZ (EI = 7) = ﬂY,5zIZ (s’z2 — S%) s

The difference in the coefficient of the term (Z —Z') shows that 7 cannot
be optimal. Another example is given by the following class of estimators

Table 1: Classes of estimators for the population mean whose optimal esti-
mator is equivalent to the best one. :

Vector ¢ Classes of estimators Author(s)
te=(z,7,%,7)" Yok =7+d1(T—T)+de(Z—Z) +d3(z'~Z) Mishra, Rout '97
Yara=1 (ﬂ, .5 %) Ahmed et al. '98
t=(z,7 T Trs =9+ PBrx [E'f (Ez"’% —‘] Tracy, Singh 99
4=51§’?13’ ~ = g3 - y
7 Grs=v+bx[f (7.3 %) -7 Tracy, Singh '99
Usks =Y (%’)al(;—'z—r)a’ Srivastava et al. '90
ts = (,7,2)° Uss=h %% f2(@,7)) Sahoo, Sahoo '93
Ussmu =7+ PBrx[® +d(Z -7) - 7] Sahoo et al. '94
ySS e fl (f2 (y) -"‘E) 15,1?) Sahoo, Sahoo '99
- =\ 2
ty = (z,7)" Tl (d1+d2”?+d3 (E;) ) , Y3 ,d;=1 Singh, Gangele '99

for ratio of two population means, proposed by Prasad et al. (1996)

b= Rl =0
= Tl w w -—Z— s
No estimator in that class can be optimal in the general class defined by
vector t3 = (Z,7,7)7, since it is not equivalent to the best estimator. As a
matter of fact, the second order Taylor’s expansion of R,

& 1 w 1l—w
=R+R=(Z-T)+R—(Z —2),
R, 5 (Fc Tt Brpr B =7
depends on only one unknown parameter while equation (12) depends on two
parameters and thus minimizing the corresponding MSE*(:)’s, with respect
to the unknown parameters, a lowest value will be got in the latter case.



Table 2: Classes of estimators for ratio of two population means, whose
optimal estimator is equivalent to the best one.

Vector ¢ Classes of (or) estimators Author(s)
- f(R, 3.3 :5') Ahmed '97

5 o — Yo Paxiz (F—1F —Bxa(® -Z2)}—Buax(?-2) g : .
Rss——_l_ﬂlx'z B —Piae 2] PuanG—2) Singh, Singh '97

Rss = f(R, 3, %% Singh, Singh '94
tu_(a—:’sg(’z’&)T f( x)
Rys=Rf(Z, 543) Singh, Singh '94
Rspxs =R (%r)al1 (-Z-)az Srivastava et al. '88
Bs=f(R %,%) Singh et al. '94
L=(0220) Rpss=R 2"’“,;—@ ?;"32-@:21 Prasad et al. '96
o Ghal-MEZ)Y . T ofle) geoniia s
Rgs 7,—Bux E-2(2/7)3]’ a= 5_1((%}%;); Singh, Singh 97
Rics =Rao (§)™ +(1-a0) (£)"]  Khare, Srivastava ‘98
Re=Rf(%) Khare 91
ts = (z,7)" o, Buas
Rgs = To+Box (F'—Z) Singh, Singh 97

h+B1x (T -7)

Table 3: Classes of estimators for the population variance, whose optimal
estimator is equivalent to the best one.

Vector ¢ Classes of estimators Author(s)
te=(%, 8%, %, 8%, 7 827 oy =6 (F a(%)ﬁ(%)ﬂy(%)‘# Gupta et al. '92
t{=(%,9%,%,5% i 82 =352 h(%, :;) Singh '91
ts = (2,7,2)° Sore = (31 (2) Gupta et al. 92

a

2 2 2\B
th = (s%,5%2,52,)" 8ou =% (%) (8) Gupta et al. '92




On the other hand, the same argument proves that other proposed es-
timators are equivalent to the best ones and so they are optimal. Some
examples for mean, ratio of two means and variance, are provided in Table
1, Table 2 and Table 3, respectively.
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