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1. Description of the results

We consider a (n+ 1+ m)-dimensional vector-field N which, expressed in local coordinates (I, y, 1) € P =
I XY XxT™ (where | C R™, Y C R are open and connected; T = R/(27Z) is the standard torus), has the form

N(Ly) =v(Ly)dy +w(ly)dy . (1)
The motion equations of N )
I=0
y=v(Ly)
¥ =w(ly)
can be integrated in cascade:
I(t) =1

y(t) = n(107t) .
Y(t) = 1o +/ w(To,n(To,t'))dt’

to
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with n(Ip,-) being the general solution of the one-dimensional equation ¢(t) = wv(Ip,y). This formula
shows that along the solutions of N the coordinates I (“actions”) remain constant, while the motion of
the coordinates 1) (“angles”) is coupled with the motion of the “driving” coordinate y. We assume that v is
suitably far from vanishing (for the problem considered in the paper |v| has a positive lower bound). It is to
be noted that, without further assumptions on the function v (like, for example, of being “small”; or having
a stationary point) nothing prevents to the y coordinate to move fast. For this reason — with slight abuse
due to the fact that fastness may nowise occur — we refer to the solutions in (2) as fast driven system. The
main risk of such kind of system is that the solution ¢(t) = (I(¢), y(t), ¥ (t)) of N in (2) leaves the domain P
at a finite time. It is then convenient to define the exit time from P under N, or, more in general, the exit
time from a given W C P under the vector-field X, and denote it as t2>" | the (possibly infinite) first time
that ¢(t) leaves W.
Let us now replace the vector-field N(I,y) with a new vector-field of the form

X(Ly,¢) = N(Ly) + P(Ly,v) (3)

where the “perturbation”

P = Pi(Ly,)dl+ Py(1,y,¥)dy + Ps(Ly,)dy

is, in some sense, “small” (see the next section for precise statements). Let tX:" be the exit time from
W under X, and let € be a uniform upper bound for the absolute value of P, on W. Then, one has a
linear-in-time a-priori bound for the variations of I, as follows

1(t) —10)| <et Vit: |t|<tZW  WCP. (4)

We are interested in improving the bound (4). To the readers who are familiar with Kolmogorov—Arnold—
Moser (KAM) or Nekhorossev theories, this kind of problems is well known: see [3,24,38,44], or [11,22,25,29,47]
for applications to realistic models. Those are theories originally formulated for Hamiltonian vector-fields
(next extended to more general ODEs), hence, in particular, with n = m and the coordinate y absent. In
those cases the unperturbed motions of the coordinates (I,)) are

It) =1, () =1v0+w(o)t (5)

and the properties of the motions after the perturbing term is switched on depend on the arithmetic
properties of the frequency vector w(Ip). Under suitable non-commensurability assumptions of w(Iy) (referred
to as “Diophantine conditions”), KAM theory ensures the possibility of continuing the unperturbed motions
(5) for all times. Conversely, if w(I) satisfies, on an open set, an analytic property known as “steepness”
(which is satisfied, e.g., if w does not vanish and moreover if it is the gradient of a convex function),
Nekhorossev theory allows to infer — for all orbits — a bound as in (4), with e C/e replacing € and
tX W = e/ Eb, with suitable a, b, C > 0. It is to be remarked that in the Nekhorossev regime the
exponential scale of ;" is an intrinsic consequence of steepness, responsible of a process known as “capture
in resonance”. In the case considered in the paper such phenomenon does not seem to exist and hence the
exit time tgfgw has no reason to be long. Nevertheless, motivated by an application to celestial mechanics
described below, we are interested with replacing € in (4) with a smaller number. We shall prove the following

result (note that steepness conditions are not needed here).

Theorem A. Let X = N + P be real-analytic, where N is as in (1), with v # 0. Under suitable “smallness”
assumptions involving w, dw, Ov and P, the bound in (4) holds with e=C/<" replacing e, with a suitable a,
C > 0.
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A quantitative statement of Theorem A is given in Theorem 2.1. In addition, in view of our application,
we also discuss a version to the case when analyticity in ¢ fails; this is Theorem 2.2.

To describe how we shall use Theorem A (more precisely, Theorem 2.2), we make a digression on the
three-body problem and the renormalizable integrability of the simply averaged Newtonian potential [40].
The Hamiltonian governing the motions of a three-body problem in the plane where the masses are 1, p and
kappa, is (see, e.g., [18])

lIylI* W IyIP - s K :
Ha, = (1 — - :
) B I == e
where y, y' € R?%; x, x’ € R?, with x # 0 # x’ and x # x/, are impulse-position coordinates; || - || denotes

the Euclidean norm and the gravity constant has been chosen equal to 1, by a proper choice of the units
system. We rescale

2
69 = ), X))

multiply the Hamiltonian by 1+"“ and obtain

’ ’ ||Y||2 1 ||y,||2 « B ’

e e Rl el = N ) R )

with

w1+ k) @21+ R) K k(14 )

Tarw s P RAr ) T Tre P e

In order to simplify the analysis a little bit, we introduce a main assumption. The Hamiltonian Hg, in (6)

includes the Keplerian term
lyl> 1 1

- = 7

2 1%l 242 (™)

We assume that this term is “leading” in the Hamiltonian. By averaging theory, this assumption allows us
to replace (at the cost of a small error) Hs;, by its f-average

— 1
where ¢ is the mean anomaly associated to (7), and*
ly'1I? 8
H=——-aU-— 9
2 Y ¥

with

27
U= i/ de
2 Jo I —x(0)]

being the “simply” averaged Newtonian potential”. We recall that the mean anomaly ¢ is defined as the area
spanned by x on the Keplerian ellipse generated by (7) relatively to the perihelion P of the ellipse, in 27
units. From now on we focus on the motions of the averaged Hamiltonian (9), bypassing any quantitative
statement concerning the averaging procedure, as this would lead much beyond the purposes of the paper.”

1 Remark that y(¢) has vanishing f-average so that the last term in (6) does not survive.

2 Here, “simply” is used as opposed to the more familiar “doubly” averaged Newtonian potential, most often encountered in
the literature; e.g. [14,15,18,27,39].

3 As we consider a region in phase space close where x’ is very close to the instantaneous Keplerian orbit of x, quantifying
the values of the mass parameters and the distance which allow for the averaging procedure is a delicate (even though crucial)
question, which, by its nature, demands careful use of regularisations. Due to the non-trivial underlying analysis, we choose to
limit ourselves to point out that the renormalizable integrability of the Newtonian potential has a nontrivial dynamical impact
on the simply averaged three-body problem, which explain the existence of the motions herewith discussed, which would not be
justified otherwise.
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Neglecting the first term in (8), which is an inessential additive constant for H and reabsorbing the constant
0 with a time change, we are led to look at the Hamiltonian H in (9). We denote as E the Keplerian ellipse
generated by Hamiltonian (7), for negative values of the energy. Without loss of generality, assume E is not a
circle and* A = 1. Remark that, as the mean anomaly ¢ is averaged out, we lose any information concerning
the position of x on E, so we shall only need two couples of coordinates for determining the shape of E and
the vectors y’, x’. These are:

e the “Delaunay couple” (G, g), where G is the Euclidean length of x X y and g detects the perihelion. We
remark that g is measured with respect to x’ (instead of with respect to a fixed direction), as the SO(2)
reduction we use a rotating frame which moves with x’ (compare the formulae in (66) below);

e the “radial-polar couple” (R,r), where r := ||x/|| and R := T‘;f”/

Using the coordinates above, the Hamiltonian in (9) becomes

R?  (C—G)?

H(R,G,I‘,g):7+ /8

5 aU(r,G,g) — T (10)
where C = ||[x xy+x’ xy’|| is the total angular momentum of the system, and we have assumed xxy || x’' xy’,
so that ||x' xy'||=C—|xxy||=C-G.

The Hamiltonian (10) is now wearing 2 degrees-of-freedom. As the energy is conserved, its motions evolve
on the 3-dimensional manifolds M, = {H = c}. On each of such manifolds the evolution is associated to a
3-dimensional vector-field X, given by the velocity field of some triple of coordinates on M.. As an example,
one can take the triple (r, G, g), even though a more convenient choice will be done below. To describe the
motions we are looking for, we need to recall a remarkable property of the function U, pointed out in [40].
First of all, one has to note that U is integrable, as it is a function of (r, G,g) only. But the main point is
that there exists a function F of two arguments such that

U(r,G,g) = F(E(I‘, G,g),r) (11)

where
E(r,G,g) = G®+ 11— G2 cosg. (12)

The function E is referred to as Euler integral, and we express (11) by saying that U is renormalizable
integrability via the Euler integral. Such circumstance implies that the level sets of E, namely the curves

G?+1rv1—-G2cosg =& (13)

are also level sets of U. On the other hand, the phase portrait of (13) keeping r fixed is completely explicit
and has been studied in [41]. We recall it now. Let us fix (by periodicity of g) the strip [—m, 7] x [—1,1]. For
0<r<lorl<r<2itincludes two minima (+m,0) on the g-axis; two symmetric maxima on the G-axis
and one saddle point at (0,0). When r > 2 the saddle point disappears and (0,0) turns to be a maximum.
The phase portrait includes two separatrices when 0 < r < 1 or 1 < r < 2; one separatrix if r > 2. These are
the level sets
{So(r):{gzr}, O<r<l1l,l<r<?2
Sir)={€=1}, 0<r<l,1l<r<2,r>2

with Sp(r) being the separatrix through the saddle; Si(r) the level set through circular orbits. Rotational
motions in between Sy(r) and S1(r), do exist only for 0 < r < 1. The minima and the maxima are surrounded
by librational motions and different motions (librations about different equilibria or rotations) are separated
by So(r) and S;(r). All of this is represented in Fig. 1.

4 We can do this as the Hamiltonian Hgj, rescale by a factor 72 as (y',y) — 87 (y’,y) and (x',x) = B2(x',x).

4
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(a) (b) (c)

Fig. 2. Logs of the level surfaces of E in the space (g,G,r). (a) 0 <r<1; (b) 1<r<2; (c)r>2

In Fig. 2 the same level sets are drawn in the 3-dimensional space (r,G,g). The spatial visualisation
turns out to be useful for the purposes of the paper, as the coordinate r, which stays fixed under E, is
instead moving under H, due to its dependence on R; see (10). We denote as Sy the union of all the Sp(r)
with 0 <r < 2. It is to be noted that, while E is perfectly defined along Sy, U is not so. Indeed, as

So(r):{(G,g): G?4+1y1—-G2cosg=r1, -1<CG<1, gET} 0<r<2 (14)

we have” U(r, G, g) = oo for (G, g) € Sp(r), for all 0 <r < 2.

The natural question now raises whether any of the £-levels in Fig. 2 is an “approximate” invariant
manifold for the Hamiltonian H in (10). In [42] and [16] a positive answer has been given for case r > 2,
corresponding to panels (c). In this paper, we want to focus on motions close to Sy with r in a left
neighbourhood of 2 (panels (b)). Such portion of phase space is denoted as C. By the discussion above,
motions in C are to be understood as “quasi-collisional”.

To state our result, we denote as r5(A) the value of r such that the area encircled by Sp(rs(A4)) is A. Then
the set {3 A: r =r15(A)} corresponds to Sy. We prove:

5 Rewriting (14) as
Q2
T 1-VI-o G2cosg

tells us that (G,g) € So(r) if and only if x’ occupies in the ellipse E the position with true anomaly v = 7 — g.

r

5
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Theorem B. Inside the region C there exists an open set W such that along any motion with initial datum
in W, for all t with |t| <tX:W the ratio between the absolute variations of the Euler integral E from time 0
to time t, for all |t| < tX:W, and the a-priori bound et (where € := |Py|__, with Py being the action component
of the vector-field) does not exceed C’e‘LS/C, provided that the initial value of v is e~1 away from r4(A), with
L > 0 sufficiently large.

The proof of Theorem B, fully given in the next section, relies on a careful choice of coordinates (A4, y, 1)
on M., where y is diffeomorphic to r, while (A,v) are the action—angle coordinates of E(r,-,-), such that
the associated vector-field has the form in (3) with n = m = 1. The diffeomorphism r — y allows X, to keep
its regularity upon Sy.

Before switching to proofs, we recall how the theme of collisions in N-body problems (with N > 3) has
been treated so far. As the literature in the field in countless, by no means we claim completeness. In the late
1890s H. Poincaré [43] conjectured the existence of special solutions in a model of the three-body problem
usually referred to as planar, circular, restricted three-body problem (PCRTBP). According to Poincaré’s
conjecture, when one of the primaries has a small mass pu, the orbit of an infinitesimal body approaching a
close encounter with the small primary consists of two Keplerian arcs glueing so as to form a cusp. These
solutions were named by him second species solutions, and their existence has been next proved in [4-8,26,30].
In the early 1900s, J. Chazy classified all the possible final motions of the three-body problem, including
the possibility of collisions [12]. The study was reconsidered in [1,2]. After the advent of KAM theory, the
existence of almost-collisional quasi-periodic orbits was proven [13,17,48]. The papers [19,20,31-34,45,46]
deal with rare occurrence of collisions or the existence of chaos in the proximity of collisions. In [23] it is
proved that for PCRTBP there exists an open set in phase space of fixed measure, where the set of initial
points which lead to collision is O(u®) dense with some 0 < o < 1. In [28] it is proved that, after collision
regularisation, PCRTBP is integrable in a neighbourhood of collisions. In [9,10] the result has been recently
extended to the spatial version, often denoted SCRTBP.

2. A Normal Form Theorem for fast driven systems

In Sections 2.1-2.4 we state and prove a Normal Form Theorem (NFT) for real-analytic systems. For
the purpose of the paper, in Section 2.5 we generalise the result, allowing the dependence on the angular
coordinate 1 to be just C** (¢, € N), rather than holomorphic. In all cases, we limit to the case n = m = 1.
Generalisations to n, m > 1 are straightforward.

2.1. Weighted norms

Let us consider a 3-dimensional vector-field
Ly, 1) €EPros =l x Yy x Ty = X = (X1, X0, X3) € C?

where | C R, Y C R are open and connected; T = R/(27Z), which has the form (3). As usual, if A C R and
r, s > 0, the symbols A,, T, denote the complex r, s-neighbourhoods of A, T:

A= Brlw), Te={d=v1+itha: 1 €T, ¢y €R, |tho| < s},
T€EA
with B,(z) being the complex ball centred at z with radius . We assume each X; to be holomorphic in
P s, meaning the it has a finite weighted norm defined below. If this holds, we simply write X & (9?7073.

For functions f: (L y,¢) € I, x Yo x Ty = C, we write f € O, 5, if f is holomorphic in P, , ;. We let

£l =" sup [fe@y)le™* w=(r05) (15)
kez \rxYo
6
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where
F=> fuly)e*?
kez
is the Fourier series associated to f relatively to the i-coordinate. For 1-independent functions or vector-
fields we simply write || - |-
For vector-fields X : (I, y,%) € I, x Yo x Ts — X = (X1, Xo, X3) € C3, we write X € Ofﬁ,s if X; € Org,s
for i =1, 2, 3. We define the weighted norms

WX =" w; M IXiu

where w = (wy, wa, ws) € Ri are the weights. The weighted norm affords the following properties.

e Monotonicity:
IXHE < WXNe,  Ixne’ <Xy vu<o, w<w (16)
where u <« means u; < u} for i =1, 2, 3.
o Homogeneity:
IXNeY = XNy Va>o0. (17)

2.2. The Normal Form Theorem

We now state the main result of this section. Observe that the nature of the system does not give rise to
any non-resonance condition or ultraviolet cut-off. We name Normal Form Theorem the following

Theorem 2.1 (NFT). Let u = (r,0,s); X =N+ P € O} and let w= (p, 7, t) € R%.. Put

Q = 3diam(Y,)

v

r,o

and’ assume that for some p € N, so € Ry, the following inequalities are satisfied:

r - P8 .
0<p<8, 0<7<e g 0< <10 (18)
and
X = diam(Y,) [ 9yv]| 1 (19)
52 v r,o
o 1s Oyw T
01 = 2e’2diam(Y,) || —— n <1 (20)
v r,o
0 = adiam(Y,) | 22 2 <1
U T
. 81&) P
05 == 8diam(Y,) ||— n <1 (21)
diam(Y,) ||w s w 1
n? = max{() ‘f , 27 62‘2Q2(|||P|||u)2} <= (22)
t Vllr,o p
Then, with

Uy = (Tuy Ouy Si)y, T =T —8p, 0x=0—8e27, s,=5—10t
there exists a real-analytic change of coordinates @, such that X, = &, X € (’)i’* and X, = N + Py, with

IPIIE, < 2~ @Dy

6 diam(A) denotes diameter of the set .A.
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Remark 2.1 (Proof of Theorem A). Theorem 2.1 immediately implies Theorem A, with C' = min{2-7Q~?2
2
e 2209%log?2, t/diamY,}, a = 2, provided that o = W is of “order one” with respect to €. The

mentioned “smallness assumptions” correspond to conditions (18)-(21) and H“’ H < (IPIw)2.
2.3. The step lemma

We denote as

ey =" Ly (23)
the formal Lie series associated to Y, where
V. X|=JxY —Jy X, (Jz)ij=0;Z
denotes Lie brackets of two vector-fields, with
Ly =1[Y,]
being the Lie operator.

u’

Lemma 2.1. Let X = N+ P € O3, withu = (r,0,s), N as in (36), s1, s3 > 0. Assume

diam(Y, <1, diam(Y,) ’ Oyv <1 (24)
S1 N S92 v ro
and that P is so small that
. 1
QIPIE <1 Q = 3diam(Y,) |- , w=(p,T,1t) (25)
T,

Let py, Ty, t. be defined via

1 1 1 1
— L dtam(y,) |2 ( ~ e diam(y,) || 2 )
Px 1Y UVl \ T U o t
1
— diam(Y <H81w + e®2diam(Y,) O Oy > -
v T,0 v T, t
1 —S2 1
= — diam(Y,) % -
Tx v ro t
t, =1 (26)
and assume
Wy = (Puy Ty )€R3_, u*:(7’72;)*,0727*,3735172@)GR%_. (27)

Then there exists Y € O3, such that X = e“v X € O3 and X; = N + Py, with

_2Q (IPIw)?

NP < g
ol = TP

In the next section, we shall use Lemma 2.1 in the following “simplified” form.

8
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Lemma 2.2 (Step Lemma). If (24), (25) and (27) are replaced with

2 %2 diam(Y,) || 2 % <1
. 311} P
4d Yo) || — =<1
iam(Y,) o |l 7= (29)
sdiam(Y,) |24 2 <1
| t
diam(Y,) ’g <1, diam(Y,) ’ Oyv <1 (30)
t v llro So Vol
r i il
O<p<47 O<7‘<46 , O<t<5 (31)
2Q1PI <1 (32)
then Xy =N+ P, € (’)i+ and
NP4, < 8e2QIPIY)? . (33)

with
uy = (r —4p,0 —47e’2, s — 5t).

Proof. The inequality in (30) guarantees that one can take s; = ¢, while the inequalities in (29) and (31)

imply
1 1 1 e 52
—>—, =
D 2p Ta 2T

whence, as t, = t,
wy < 2e%2w, Uy > uy > 0.

Then (33) is implied by (28), monotonicity and homogeneity (16)—(17), and the inequality in (32). O

To prove Lemma 2.1, we look for a change of coordinates which conjugates the vector-field X = N+ P to
a new vector-field X, = N, + P;, where P, depends on the coordinates I at higher orders. The procedure
we follow is reminiscent of classical techniques of normal form theory, where one chooses the transformation
so that X, = e“v X, with the operator e“Y being defined as in (23). As in the classical case, Y will be
chosen as the solution of a certain “homological equation” which allows to eliminate the first order terms
depending on v of P. However, as stated in Lemma 2.1, differently from the classical situation, one can take
N = N,, which is another way of saying that it is possible to choose Y such in a way to solve

Ly[Y]=P (34)

regardless P has vanishing average or not — or, in other words, that also the resonant terms of the perturbing
term will be killed. Note also that no “ultraviolet cut-off” is used. Eq. (34) is precisely what is discussed in
Lemma 2.3 and Proposition 2.1.

Fix yo € Y; v, w: I x Y = R, with v # 0. We define, formally, the operators F, ., and G, ., as acting on
functions g : I X Y x T — R as

vyg (Ln,w + [ ‘Z((IIjZ/))dn’> ;

Fould Ly, 0) = /

Yo U(I7n)
, o oy (@)
Go o)Ly ) /y g (I,T],’L/) + fyn 2’((11::7’,))617)') e fy o) ) -
v,w 9\ Y, = n
o v(I,n)

9
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Observe that, when existing, F, ., Gy, send zero-average functions to zero-average functions.
The existence F,, o, Gy, is established by the following

Lemma 2.3. If inequalities (24) hold, then

}—v,w ’ gv,w : Or,a,s — Or,a,sfsl

and
||~Fv,w[g]||r,g,sfsl S diam(YJ) - ) Hgv,w[g]”r,a,sfsl S 682 dia‘m(YO‘) -
Vllro,s Vllr,o,s
The proof of Lemma 2.3 is obvious from the definitions (35).
Proposition 2.1. Let
N = (O,U(I,y),UJ(I,y)), Z = (Zl(Ivva)ﬂZQ(I’va)vz3(I’va)) (36)
belong to O} , . and assume (24). Then the “homological equation”
LyY]=2Z (37)
has a solution Y € O, » o35, verifying
T 1 T,
Iy s S*’tgfsl < diam(Y,) ‘v |||Z|||£’g§ (38)
wWith Py, Tx, tx as in (26).
Proof. We expand Y; and Z; along the Fourier basis
YLy, ) =Y Yixye ZiLy ) => ZixLye*, j=1,23
kez kez
Using
Ly]Y]=[N,Y]=JyN —JyY
where (Jz);; = 0;Z; are the Jacobian matrices, we rewrite (37) as
Z1rk(Ly) =v(L,y)0y Y1k + ikw(L y) Y1k
Zoxk(Ly) = v(l,y)0y Yo + (ikw(l,y) — Oyv(L, y)) Y2, — Oro(L,y) Y1k
Zsk(Ly) =v(L,y)0y Y3k + ikw(L y)Ys x — O1w(l,y) Y1k — Oyw(L y) Yo . (39)
Regarding (39) as equations for Y} j, we find the solutions
Yy n w(l,n’)
Vi = / M ik [ Sy’ dn
)
n ikw(L,n")—dyvdn’) . 4
Py LD EL DA (S
vo o(l,m)
Y3,k _ /y ng(I 77)+810J(I n)Y1k+ayUJ(I 77 }ék 1k:fn w((IIZ)) 77 dn
Yo v(IL,m)

multiplying by e*¥ and summing over k € Z we find

Yl = fmw[Zl]

10
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Yv2 = gv,w [ZQ] + gv,w[alv Yl] )

}/3 — ]:v,w[ZB] + ]:'u,w[a[w Yl] + ]:v,w[ayw sz] . (40)
Then, by Lemma 2.3,
. 1
HY1||7“,<7,$—81 < dlam(YJ) ; ”Zl |7‘,o'7s
5 1s 50 1s 1 O
1V2|lr0.5—25; < €°2diam(Y,) ||= ||ZQHT,O_7S_31 + e*2diam(Y,)? || - == HZ1||T7U,S
o o r,o
1 1 19)
HY3||T,O',87351 < diam(Yg) "U i, HZ3||T,¢7,5—231 + es2diam(Yg)2 ; . zw o ||ZQ||T,U,S—51
1 0 0
+ diam(Y,)? || = <‘ ow + e*2diam(Y,,) av i ) 1Z11l, 5
v r,o v r,o v r,o v r,o 77

Multiplying the inequalities above by p; !, 7.1, t7

*

! respectively and taking the sum, we find (38), with

1 1 1 0 0 15) 1
- = — +e*2diam(Y,) O — + diam(Y,) (‘ aw + e*2diam(Y,) av Skl ) —
p P v r,o Tx r,o v r,o v r,o by
1 52 0, 1

=9 e”2diam(Y,) o —

T Tw v, t.

1 1

t ot

We recognise that, under conditions (27), p., Tx, t.« in (26) solve the equations above. [

Lemma 2.4. Letw<u<ugy; Y € O3

ug’

W e Ofb. Then

Ly WO < WY I W0 4 W0, WY Q0=+

Uu—w

Proof. One has

Iy WO = I JwY — Jy Wi v+

U—w U—w

< NI Y IO gy Wi vt

Now, (JwY); = WY1 + 0,W; Y5 + 0, W, Y3, so, using Cauchy inequalities,

H(JWY)Z'Hufw < ||81Wi||ufw||ylllufw + HayWiHuwaY2”ufw + ||6wWi||ufw||Y3Hu7w
<0 WillulYillu—w + w3 HIWillullYallu—w + w5 HWillull Y3l lu—w
=Y 15— Wil

wl

11
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Similarly,
1Ty W )illumw < VIOV g -

Taking the ug — u 4+ w-weighted norms, the thesis follows. [

Lemma 2.5. Let0<w<u€R3, Y €03 W e O2. Then

u+tw?

< 3RV IE,) S I, -

u+w

WLy (W

u—w —

Proof. We apply Lemma 2.4 with W replaced by E?l[W], u replaced by u — (i — 1)w/k, w replaced by
w/k and, finally, ug = u-+w. With II- I = Il -lI})_;w, 0 < i < &, so that [I- g = Il - I3} and |- = - I3

w
U—15- u—w?
k

1 wHw . w+w/k
ey = )
< WY W RS e e e etk

u+w
Hence, de-homogenizating,

k w i—1 w k2 w i—1 w
mlllyllli WLy = W, + mlllylllu+wlllﬁy (W1l
k‘2

1 i—1
< o 3 i
| (1 + T 1) WY I ML [T

k ,
3 w <
) llllﬁy[W]Illz <k

Eliminating the common factor kL_H and iterating k times from ¢ = k, by Stirling, we get

k
\ 1
ek W, < k¥ (1 + k) (Y ne.,) " e,

k
<RIV IY ) MW,

u+w
<3FRL (YY) IV,

u-+w

as claimed. O

Proposition 2.2. Let0<w<u,Y € O3

u+tw?
q=3IYly , <1.
Then the Lie series €Y defines an operator

Ly Oi — O;”;_w

and its tails

oy = Y Er
el k!
verify N
5w, < 7=y vweo.

Proof of Lemma 2.1. We look for Y such that X, := e“Y X has the desired properties.

Y X =Y (N+P)=N+P+LyN+e5Y N +e5¥P
=N+P—LyNY + P,

12
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with Py = e, SYN + eh £Y P. We choose Y so that the homological equation

LyY =P
is satisfied. By Proposition 2.1, this equation has a solution Y € (97, 0,5—3s; verifying
1
q=3NY5 35, < 3diam(Y, ) ’v PG = QUPIL < 1.
r,o

By Proposition 2.2, the Lie series e“Y defines an operator

ey i W e Oy, = O,

and its tails e5Y verify

qm
g LU e

(QuPI)™
< U W
ST _qup IV o,

IN

&

for all W € O3

. tw, - 10 particular, eXY is well defined on 02 C O3

Usx F+Wx

hence P, € O3 . The bounds on
P, are obtained as follows. Using the homological equation, one finds

oo k+1
L w ‘CY N
lles N2 = 1S 2
< (k4 1)]

pan s

<§:(k+1 b+ ‘u

-5 il

<§;mcw ;

. % (41)
The bound 5 PR < _Quru)® (42)

T 1 =QIPIY
is even more straightforward. 0O

2.4. Proof of the Normal Form Theorem

The proof of NFT is obtained — following [44] — via iterate applications of the Step Lemma. At the base
step, we let”
X=Xo=N+F, w=wy:=(p7,t), u=ugy:=(ro,s)

with Xo =N+ F € (930. We let

v

Qo = 3diam(Y,)

r,o

7 With slight abuse of notations, here and during the proof of Theorem 2.2, the sub-fix j will denote the value of a given
quantity at the jth step of the iteration.

13



Q. Chen and G. Pinzari Nonlinear Analysis 208 (2021) 112306

Conditions (29)—(32) are implied by the assumptions (20)—(22). We then conjugate Xo to X1 = N + P; €
O3, where

uy = (r—4p,0 —4re’2, s = 5t) =: (r1,01,51) -

Then we have

1
P < 8e*2Qo (IPIIE0)” < S NPl - (43)
We assume, inductively, that, for some 1 < j < p, we have
X;=N+PeO; , WP <270V )Pe (44)
where
uj = (rj, 05, 8;5) (45)
with

ry=r1 — 43 — 1)15;, ;= o1 —de2(j — 1)%, s; =81 —5(j — 1);;.
The case j = 1 trivially reduces to the identity || P; |||3{) =P |||$P. We aim to apply Lemma 2.2 with v = u;
as in (45) and
w:wl::@, v1<ji<p.
Conditions (29)-(31) are easily seen to be implied by (20), (19), (18) and the first condition in (22) combined
with the inequality pn? < 1, implied by the choice of p. We check condition (32). By homogeneity,

2
WP = pIPIILD < plPLILY < 8pe*2Qo (IPolIL)

whence, using

< Qo

rj,aj

. 1
Qj = 3diam(Y,,) HU

we see that condition (32) is met:
Al P et s2()2 wp)?
2Q;I1P;II,} < 16pe™ Qg (IPoly0)”™ < 1.

Then the Iterative Lemma can be applied and we get X;11 = N + Pj; € 03 with

Uj+1?

2 2
1Pl < 8e2Q; (WPNEr) < 8e2Qo (WPNE!)

Uj1 =

Using homogeneity again to the extreme sides of this inequality and combining it with (44), (43) and (22),
we get

2
IP; 41122, < Spes2Qo (IR < 8pe2Qoll PR I 10
; 2 1
< 64pe2Q3 (IROU0)* WP IED < SIP, 10

<277 PIY

After p iterations,

IPpalle, , < 27PIPLIEY < 27 PF R le

so we can take X, = Xpy1, Pe = Ppt1, U = Uppq. O

14
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2.5. A generalisation when the dependence on 1 is smooth

Definition 2.1. We denote Ci,z*v with w = (r, o), the class of vector-fields
Ly, ) : Pui=l, x Yo xT—= X =(X,X2,X3)€C®  u=(r,0)

where each X; € C, s, , meaning that X; is C* in P :=1x Y x T, X,(-,-,9) is holomorphic in I, x Y, for
each fixed ¥ in T.

In this section we generalise Theorem 2.1 to the case that X € Cf;, ¢, - We use techniques going back to J.
Nash and J. Moser [35-37].
First of all, we need a different definition of norms® and, especially, smoothing operators.

1. Generalised weighted norms. We let

u

WX, = w [ Xillue,  0<L<L, (46)

where w = (w1, way, w3) € Ri where, if f: P, =1, XY, xT — C, then

fll =~ sup _If1 Hf||u,e1=012g§€{\\6£f||u} u=(r0). (47)

rXYq X

Clearly, the class O2 _  defined in Section 2.1 is a proper subset of Cié*

r,0,8

Observe that the norms (46) still verify monotonicity and homogeneity in (16) and (17).
2. Smoothing. We call smoothing a family of operators
TK: feC%g* —)TKfEC%g* N K eN

verifying the following. Let Rx = I — Tx. There exist ¢ > 0, § > 0 such that for all f € C,4,, for all K,
0<j<t<d,

o | Tk fllue < co KETD|| flly; YOS LA,
o R fllug < co K7D fllue VO <L,

As an example, as suggested in [3], one can take

Ti fLy, )= Y fuly)e™

kEZ k| <K
which, with the definitions (46)—(47), verifies the inequalities above with 6 = 2.

We name Generalised Normal Form Theorem (GNFT) the following

Theorem 2.2 (GNFT). Letu = (r,0); X =N+ P € CS,Z*’ p, £, K € § and let wg = (p,T, COK%H) € Ri
and assume that for some s1, sg € Ry, the following inequalities are satisfied. Put

1
Q :=3etdiam(Y,) ||— (48)
v r,o
then assume:
r .0
0<p<§, O<7’<632§ (49)

8 The series in (15) is in general diverging when f € Cy 0. .

15
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and
X = max {dlam(Yg) HE ) diam(Yo) || 90 } <1 (50)
S1 U llr,o S92 [ ro
6y == 2es152diam(Y,) % o K'or <1
0o = 4e°tdiam(Y,) @ 2 <1
Ul T
51 1: 81(.0 146
05 == 8etdiam(Y,) ||—|| K ™p<1 (51)
0 =2t eRQIPIYE < (52)
VP
Then, with

Uy = (Tuy,0%), Tx:=7—8p, 0x=0—8e™27

there exists a real-analytic change of coordinates @, such that X, = &, X € CS*,Z* and X, = N + Py, with
IPEK < max {2 CFIPIEK | 20 KT4OWPILE ) VO E<E,,
The result generalising Lemma 2.1 is

Lemma 2.6. Let X =N+ P € (337@*, with u = (r,0), N as in (36), ¢, K € N. Assume (24) and that P is

so small that
1 1
y WK = (Pa T, COK1+5> (53)

QIPNEE <1 Q = 3e’tdiam(Y,) .

r,o

Let py, T« be defined via

1 1 51 0

— = - — diam(Y,) ‘81“ (e —e2sadiam(Y,) || 22 e K1+5>

P p v r,o T r,o

9] 0
— diam(Y,) <esl | e** 1752 diam(Y,) o it > co K1H°
v ro v r,o v r,o

1 82 0

—= ¢ — — e diam(Y,) S| BN (54)
assume

w*:(p*,T*)eRi, u*:(r—Qp*,a—QT*)eRf_

and put

. 1
Wx K = (w*,w .

Then there ezists Y € TgC3 o, such that X, = e“v X € Cy. 4, and Xy = N + Py, with

U*+m*f

w K 2
w*7K<2Q(umu )

WP < T2 g rpgme +e KT TUPLYE  vose<t (55)

The simplified form of Lemma 2.6, corresponding to Lemma 2.2, is

16
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Lemma 2.7 (Generalised Step Lemma). Assume (24) and replace (53) and (54) with

Oy

2 es1t52diam(Y,) co K'r <1

v

4e*tdiam(Y,)
v

O

8 e1diam(Y,) coK'p<1

T,o

0<,0<£7 0<T<%€_S2

2QM PG <1

then Xy = N+ P, € C2+7Z* and

IPLIEE < 8e*2QUIPIYK)? + c K~“H P

with
ug = (r —4p, o0 — 4re®?).

=

Proof. The inequalities in (56) guarantee

1 1 1 e %2
— 25, — 2
Px  2p Tx 2T
whence
wy g < 2e2wg Us > ugp > 0.
Then (59) is implied by (55), monotonicity and homogeneity and the inequality in (58).

O

Let now F,,, and G, , be as in (35). First of all, observe that F,, o, G, ., take T C, ¢, to itself. Moreover,

generalising Lemma 2.3,

Lemma 2.8. If inequalities (24) hold, then

]:v,wy gv,w : Cu,f* — Cu,f*

and
170 wlg]llro < e*Ldiam(Y,)

i

r,o

Proposition 2.3. Let
N = (0,v(Ly),w(Ly)),

belong to C;j’,z* and assume (24). Then the “homological equation”

LylY]=Z

1
v

has a solution' Y € C,, ¢, verifying

Y 15 < e*tdiam(Y,) nzng™*

u

17

P ||gv,w [g]”r,a < esl+82 diam(Y(,)

u=(r,o)

v

‘ 9

r,o

Z = (Zl(I7yaw)7 Z2(17y7¢)7 Z3(I>yaw))

(60)
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with py, Tx, te defined via

1 1 0 81 0 1
— = — — diam(Yy,) av (e —e*1r52djam(Y,) Chud )
P« P u N T ut
. |0 . 10) 1
— diam(Y,) (e‘sl bl | e**1752diam(Y,) O Clad ) -
1 —9%2 0 1
— =7 e“ldiam(Y,) Gl 2
Tx T v, t
te =1
and provided that
2
(p*vT*) € R+ .
In particular, if Z € TKC;?E* for some K € N, then also Y € TKCE;,@*-
Proof. The solution (40) satisfies
S$1 33 1
Wil < e*tdiam(Yo) ||~ (1 Z1ll,,
1 1
[Y2|lu < e *2diam(Y,) ‘ =~ 1Z2l, + e*1F*2diam (Yo )* || - o 1241,
1 1 19)
1¥s[lu < etdiam(Y,) || ~|| [ Zsll, + €21 2diam(Y,)? | = || |22 (|2
v “ v v “
u u u
1 0 . 0
+ diam(Y,)? ||~ (6281 TN 4 e3s1+s2diam(Y,) ‘3”’ it ) 124,

1

Nonlinear Analysis 208 (2021) 112306

(61)

(62)

Multiplying the inequalities above by p; 1, 7.1, ;! respectively and taking the sum, we find (60), with

11 awll 1
S = — +ertrdiam(Y,) | 20| —
PP v |,
0 9 )
+ diam(Y) <e$1 Do)y ortsagiam(y, ) || 2| |2 > 1
v u v “ v w t*
1 52 9 1
- =S petediam(y,) (22| -
T T v ||, t,
1 1
t ot

We recognise that, under conditions (62), p., T, t« in (61) solve the equations above. Observe that if
Z € TKCiZ*, then also Y € TKCS,Z*7 as Fywy Oyw doso. O

Lemma 2.9.

Then

ug %’

uU—w u—w

up —utw w - ug—u+w _
Ly [0 5 <Y M5, W I 55 W0 S Y g s

Proof. By Cauchy inequalities, the definitions (46)—(47) and the smoothing properties,

”(JWY)Z'”ufw < HaIWiHufwuylnufw + ”ayWi”ufw”YQHufw + ||8¢Wi||uwaY3”ufw
< w1_1||Wi||u||Y1Hu—w + w2_1||Wi||U||Y2”u—w + HWZ’HHJHYZ’)”u—w

< W Wil Vi llumw + w3 HIWillullYallu—w + co K2 Willul| Y3 u—w

= NY I 5 Wil

w

18

Letup > u>w € RE x {0}; Y € TxC3 , W € TxC3, . Put w := (wl,wg, ﬁ)
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Similarly,
1Ty W)illumw < WL Y g -

Taking the vy — u + wi-weighted norms, the thesis follows. [

Lemma 2.10. LetO<w<u € Rﬁ_ x {0}, wg = (wl,wg, W) Y € TKC,HW 0 WE TKCS,K*- Then

Iy WIIEE, < 37nl (Y I1VE,) " IWIYE, .

u—w —

Proof. The proof copies the one of Lemma 2.5, up to invoke Lemma 2.9 at the place of Lemma 2.4 and
hence replace the w’s “up” with wg. O

Proposition 2.4. Let0<w <u € Rf_ x {0}, wg = (wl,wg, W) Y e TKCu+w 0

q=3IYl,%, <1.

u-+w

Then the Lie series e~ defines an operator

ey 1 TgC, — TkC3

u—w,ls

and its tails n
L Y
o= 2

k>m

ver Z:fy
e ¥ L[/ b < — t[ wai \Y LL S TKC ¢

Proof of Lemma 2.6. All the remarks before Lemma 2.3 continue holding also in this case, except for the
fact that, differently from Lemma 2.1 here we need a “ultraviolet cut-off” of the perturbing term. Namely,
we split

EYX =eXY (N+P)=N+P+LyN+es¥N+ef¥P
— N+TgP —LyY + Py

with P, = eQYN + e Y P+ RgP. We choose Y so that the homological equation
LNY =TgP

is satisfied. By Proposition 2.3, this equation has a solution Y € TKCEJ* verifying

‘1

v

with wy = (ps, 7w, tx) asin (61). As t, =t = OK11+57Welet

q = 3IIYII* < 3e*diam(Y,) IPIE% = QIPIGE <1.

u

A~

w*vK = Wy, Wy = (,0*,7'*)
with (p«,7) as in (54). By Proposition 2.4, the Lie series e“Y defines an operator

Ly .

W € TgCuytivy b — TrCu, e,

and its tails esY verify

W K (QIIIPIII Ky I
=1 qupee 1 o
19
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. In particular, ey is well defined on TKCu e, C TKcu*-i-'w R hence P, € Cu* R

for all W € TKCu .,
The bounds on Py are obtalned as follows. The terms |||€2YN |||w* K and IIIefYPIIIu: K are treated quite

similarly as (41) and (42):

_ QPnie)”
= 1= QIPIYF

Q (NPIYx)?

Ne5Y Njfus® < 222" 2
2 1L-QIPIYE "

ey Pl
Moreover, here we have the term Ry P, which is obviously bounded as
IRk Pllus™ < cK—e+5umw* K< e K PIts . O

We are finally ready for the

Proof of Theorem 2.2. Analogously as in the proof of NFT, we proceed by iterate applications of the
Generalised Step Lemma. At the base step, we let

1
X=Xo=N+PF, wy=wr:= (p,T,W>, ug = (r,0)

with Xo=N+ P, € Cio,e*- We let

1
Qo = 3e°tdiam(Y,) ||
v
ug
Conditions (56)—(58) are implied by the assumptions (48)—(52). We then conjugate Xy to X1 = N + P; €
CSM*, where

up = (r—4p,0 —4re’?) =: (r1,01).

Then we have
2 _
NP < 8e°2Qq (IPolI0)” + co KNP L0

ug,l *

If 8e%2Q)g (IIIPO IIIWO) co K= Pyl ,, the proof finishes here. So, we assume the opposite inequality,

= ug,l?
which gives )
P < 16e*2Qo (|||Po|||$g) §|||P0||| . (63)
We assume, inductively, that, for some 1 < j < p, we have
X;=N+PeCl,, PRI <270 )P0 (64)
where
uj = (rj,05) (65)
with

. P s9( T
rj=r—4(J—-1)—, o0j=01—4e"2(j—-1)—
ji=n—AG =17, = =17

The case j = 1 is trivially true because it is the identity || Py IIIZj’l0 = I~ |||;”{). We aim to apply Lemma 2.7
with v = u; as in (65) and
w=wy = -2 V1<j<p.
p
Conditions (56) and (57) correspond to (50)—(51), while (58) is implied by (52). We check condition (58).
By homogeneity,

2
Il-P; |||ZJj1 = pllP; |||$]Q < pllPLIY < 16pe®2Qo (IIIPOIIIZ(?)
whence, using

< Qo

’l‘]',O‘j

. 1
Qj = 3diam(Y,,) HU

20
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we see that condition (32) is met:
2
2Q;I1P; 11 < 32pe”2Q (NPoll?)” < 1.

Then the Iterative Lemma can be applied and we get X; 11 = N+ Pj; € cs with

i1l
2 2
1Pz, < 8e2Q; (P E) < 8e2Qo (NP L)
Using homogeneity again to the extreme sides of this inequality and combining it with (64), (63) and (52),

we get

Uj41 — 1

2
NP1 l%°, , < 8pe*2Qq (”'Pj lllﬂf) < 8pe®2 Qoll Pyl NP5 Y
2s 2 wg 2 w, 1 w
< 128pe®2 Q3 (IRl9) NP0 < SHP I

< 277N Py I .

After p iterations,

— —(p+1
IPpalle,, < 27PNPUIEY < 27 PFI Rl

so we can take X, = X1, Pr = Ppy1, Uy = upy1. U
3. Symplectic tools

In this section we describe various sets of canonical coordinates that are needed to our application. We
remark that during the proof of Theorem B, we shall not use any of such sets completely, but rather a “mix”
of action—angle and regularising coordinates, described below.

3.1. Starting coordinates

We begin with the coordinates

C=|xxy+x xy|

. i
G =[x xyl T=olhx) +y
y % g=ax(x,P)+m (66)
R==—— il
x| r = [|x']|
A=+/a ¢ = mean anomaly of x in E
where:
1 0
ei=[0],j= |1] isa orthonormal frame in R? x {0} and k = i x j (“x” denoting, as usual, the
0 0

“skew-product”);

e after fixing a set of values of (y,x) where the Kepler Hamiltonian (7) takes negative values, E denotes
the elliptic orbit with initial values (yo, %) in such set;

e ¢ is the semi-major axis of E;

e P, with ||P|| = 1, the direction of the perihelion of E, assuming E is not a circle;

e / is the mean anomaly of x on E, defined, mod 27, as the area of the elliptic sector spanned from P to
x, normalised to 2;

e oy (u,v) is the oriented angle from u to v relatively to the positive orientation established by w, if u,
v and w € R?\ {0}, with u, v 1 w.

21
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The canonical® character of the coordinates (66) has been discussed, in a more general setting, in [40]. The
shifts 7 and 7 in (66) serve only to be consistent with the spatial coordinates of [40].

3.2. Energy-time coordinates

We now describe the “energy-time” change of coordinates

Qet (R,&,1,7) = (R,G,1,8) = (R+ p(&,1,7), G(E,1,7), 1, Z(E,1,7)) (67)
which integrates the function E(r, G,g) in (12), where £ (“energy”) denotes the generic level-set of E, while
7 is its conjugated (“time”) coordinate. The domain of the coordinates (67) is

2

ReR, 0<r<2, —r<8<1—|—rz, reR, £¢r1}. (68)

The extremal values of £ are taken to be the minimum and the maximum of the function E for 0 <r < 2.
The values r and 1 have been excluded because they correspond, in the (g, G)-plane, to the curves Sp(r) and
S1(r) in Fig. 1, where periodic motions do not exist.

The functions é(& r,-), g(&,r,-) and p(€,r,-) appearing in (67) are, respectively, 27, periodic, 27,
periodic, 27, quasi-periodic, meaning that they satisfy

G(& 1,7+ 2j1,) = G(E, 1, 7)
Per : g(g,r,7+2j7p):§(5,r,T) VreR, VjeZ (69)
p(& v, 7+ 2j1,) = p(E,1,7) + 2jp(E, 1, 7p)

with 7, = 7,(€, 1) the period, defined below. Note that one can find a unique splitting
p(€,r,7) =B(E,x)T + p(€, 1, 7) (70)
such that p(€,r,) is 27,-periodic. It is obtained taking

B(&,r) = 7 (E,7) ) Tp(E,1) T

The transformation (67) turns to satisfy also the following “half-parity” symmetry:

ﬁ(gaLT) = ;0(571",7') -

é(gv r, T) = é(ga I, 77—)
P1/2 : g(garvT):2ﬂ_§(gara _T) v —Tp <T<Tp. (72)
p(& v, 1) =—p(&,1,—T)
In addition, when —r < £ < r, one has the following “quarter-parity”

G(ga T, T) =-G (55 I, Tp — T)
Piyy: g€, 1) =¢8(& 1,7 —T) VO<7<T,. (73)
p(57r77—) = p(67r77—p) - p(gvran - T)
The change (67) will be constructed using, as generating function, a solution of the Hamilton—Jacobi
equation

E(r,G,068) = G2 +1v/1 — G2 cos (DgSet) = £. (74)

We choose the solution

V O‘+(61r) _ F2
7T\/Oé+(5,1")—/ cos ! Ldlﬂ—i—’Rr —r<é<1
G

Vot (Er) . -T2 r2
T — P
/G rv1—17? -~

SH(R,E,1,G) =

9 Namely, the change of coordinate (66) satisfies Z?=1 (dy; A dx; + dy, Adx}) = dC Ady+ dG Adg + dR Adr + dA A dE.
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where we denote as
ai(&r)zg—%:ﬁ:r 1+2 ¢ (75)
the real roots of

2
x2—2(5—r2>33+52—r2:0 (76)

Note that the equation in (76) has always a positive real root all r, £ as in (68), so ay (€, 1) is positive. S
generates the following equations

= —cos™! 757(;2
&= v1— G2

Vot (Er) dr
T:—i—/N

G VI?—a(En)(ap(E,r) - T7?) (77)

Vot (Er) 2

R:R—1/~ (€ - [F)dr =R+ p,1,7)

raeErnn VI —a (Ex)(ap(Er) - T?)
r=r

The equations for g and r are immediate. We check the equation for 7. Letting, for short, o(&,r) :=
a4 (€,r), we have

7=0:5%(R,E,1,Q)

o(€,r) 2
- w0go(E,r) — Ogo(E,1)g4+(E, 1) — -/G g cos™* %dlﬂ -1<€&<1
B o (&:r) 4 €- I 2
—aga(g,r)g+(5,r)—/(} agCOS ﬁdf ]-SSS]-—'_Z

o(€,r) & — [v2
= — Oe cos™! ————dTI’
/G ¢ rv1—1?

/\/a+(57r) dr
Germ V(2 —a_(E1)(as (1) - T7?)
where, by (75),

., E—o0o(& ) . r r2 mo—rsé<l
— 1 > _ —1 . - 1 o _ 2
g+(8,1) = o8 — oz 0 Sl Vg £ 0 1g5§1+rZ

Observe that (g4, o) are the coordinates of the point where E reaches its maximum on each level set (Fig. 1).

(78)

The equation for R is analogous.
Egs. (77) define the segment of the transformation (67) with 0 < 7 < 7,, where

at (&) dr
(€, 1) = -0
o /wr) VI7 o En)esEn) ) (79)

is the half-period, with
B(E.) {—\/a+(5,r) if a_(&,r)<0
) T =

a_(&r) if a_(&1r)>0.
The transformation is prolonged to —7, < 7 < 0 choosing the solution

S, = —2rG — S&
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of (74). It can be checked that this choice provides the symmetry relation described in (72). Considering
next the functions Si¥ = S& + 2kX(E,r), where % solves'

0e X = 1p(E,1),  0X = p(€,1,7(E,1))

one obtains the extension of the transformation to 7 € R verifying (69).

Observe that quarter period symmetry (67), holding in the case —r < £ < r, is an immediate consequence
of the definitions (77).

The coordinates (R, &, 1, 7) are referred to as energy—time coordinates.

The regularity of the functions 6(5, r,7), p(€,r,7), B(E,r) and 7, (€, ), which are relevant for the paper,
is studied in detail in Section 4. Their holomorphy is not discussed.

3.3. Action—angle coordinates

We look at the transformation

(baa : (R*aA#ﬂr*?SD*) — (R7€7r’7—)
defined by equations
A* = A(ga I‘)
T
x« = T ——F5
14 Tp(E,1) (81)
Ty =T

R =R+ B(E,1)T
with B(&,r) as in (71), 7(€,1) as in (79) and A(&,r) the “action function”, defined as

1 Ver@En g2

ay(Er)— — cos” " ————=dI’ —-r<€&<l1
A(E,r) = : T Ja(E ) V117
’ 1 pVar(En £—17? 2
1—— cost ———drI 1<€éE<L<14+ —
@ /ﬂw,r) rV1—17? -4

with a4 (€,r) and (&, 1) being defined in (75), (80).

Geometrically, A(E, 1) represents the area of the region encircled by the level curves of E in Fig. 1 in the
former case, the area of its complement in the second case, divided by 2.

The canonical character of the transformation (81) is recognised looking at the generating function

Saa(Ra &, 1y, 90*) - @*A(ga I‘*) + Rr. (82)

and using the following relations (compare the formulae in (77) and (79))

1 (Vo@D (€ —I%)dr
A (€, r) = ——
0= sen V(P —a_(E1)(as (1) - I7?)
= %p(é’,r, Tp)
1 [VorEn ar
Ag(E,1r) = —
fEn =5 /ms,r) VIE—a_@n)(asEr) —17)
= %Tp(g,r) (83)

10 The existence of the function X(&,r) follows from the arguments of the next section: compare the formula in (83).
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which allow us to rewrite (81) as the transformation generated by (82):

A=A, 1)
T
Pr= e
Ag(€,1)
Iy =T (84)
B A (1)
R+ _R+7Ag(5,r)T'

The coordinates (R, Ay, 14, s) are referred to as action—angle coordinates.

Remark 3.1. We conclude this section observing a non-negligible advantage while using action—angle
coordinates compared to energy—time — besides the obvious one of dealing with a constant period. It is
the law that relates R to R, which is (see (67), (70) and (81))

R =Ru+ pu(AuTu, 04) s With  pu(Au, 1, 04) = P 0 Paa(Au; T, 9) (85)

where p is as in (70). Here p.(Ax, s, @«) is a periodic function because so is the function p. This benefit is
evident comparing with the corresponding formula with energy—time coordinates:

R=R+B(&,1)r+ p(€,1,T)

which would include the uncomfortable linear term B(E,r)r. Incidentally, such term would unnecessarily
complicate the computations we are going to present in Section 6.

3.4. Regularising coordinates

In this section we define the regularising coordinates. First of all we rewrite Sp(r) in (14) in terms of
(Ax, o)
Solrs) = {(A*,@*) DA = A, pn € R} 0<r1, <2

with As(r,) being the limiting value of A(€,r,) when £ = r,:

A/ Tx(2—rx

)
cos™ ! dlI' 0<r, <1

1 r, — I'?
V(2 — 1) — ;/0

Au(r,) = r.V/1—12
1/\/“(2—“) L r,—1I7?

1—— cos” —————dTI’ 1<r, <2

T Jo reV1— I'?

We observe that the function As(r.) is continuous in [0,2] (in particular, As(17) = As(17)), with

and increases smoothly between those two values, as it results from the analysis of its derivative. Indeed,

letting, for short, og(rs) := 1/r4(2 — r4) and proceeding analogously as (78), we get
1 [ools) r, — I'?
Al(ry) = —f/ O, cos™t ———drI’
( ) ™ Jo ryvV1— r2

1 [0l rdr

. Jo Voot )2 — T2

1 2-1.
== T vo<r <2 (86)

T s

25



Q. Chen and G. Pinzari Nonlinear Analysis 208 (2021) 112306

We denote as A, — r5(A,) the inverse function
rg = A" (87)
and we define two different changes of coordinates

Eo (Ya Ak uk k) = (Ray Ayt n) k= %1

rg *
via the formulae
R, = Yjervr
A, = A,
r, = —ke FVk 4 rs(Ag)
Pr = or + Yie™rl(Ay)

The transformations (88) are canonical, being generated by

Y Ty A — Ty
ng(Yk,Ak,r*,gp*) = —Flog %

App. .
2 + Ak

The coordinates (Y, Ak, Yk, pr) with k = +1 are called regularising coordinates.

4. A deeper insight into energy—time coordinates

In this section we study the functions G(&,r,7), p(€,1,7), B(E,r) and 7p(€, 1), described in Section 3.2.
We prove that (N}(E, r,7), p(€,r,7) are C* provided that (£,r) vary in a compact subset set of (68) and we
study the behaviour of B(£,r) and 7,,(€, 1) closely to Sp(r).

It reveals to be useful to perform this study via suitable other functions é(/@, ), p(k,0), A(x) and Tp(x),
which we now define. We rewrite

~ g T, (k(E
G(E,r,7) =0(E,1)G(K(E,1),0(E,1,7)) , Tp(E1) = M (89)
o(&,r)
and < <
p(E,1,7) = —TT + @ﬁ(ﬁ(ary 0, 1,7)  0<0<Ty(k) (90)
where (changing, in the integrals in (77), the integration variable I' = o) é(,‘i, ) is the unique solution of
1
/ de =0, 0<0<Ty(k) (91)
Gr0) /(1= &)(E% — k)
plr,0) = / 1 X 0<0<Tp(w) (92)
’ a0y /(1= E2)(E2 = k) -
and To(s) 0 )
N olk <K<
To(k) = {QTO(I{) k<0 (93)
with

_ [ d§ where o VE 0<r<]
)= [ T e Gole) = s o

The function p(k, 0) in (92) is further split as

Pk, 0) = A(K)0 + j(r, 0) (95)
where (/{ T (ﬁ))
Ar) =2 Tl 0 = 5l 6) — AGY (96)
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Finally, o(€,r), (€,r) and 6(E,r, ) are given by

2 2
o(&,1) = \/mz\/z:—gﬂm

2 .2
W(E,r) = a_(&r) E%—r

ar(E,1) 2
+&) (5—§4qw1+f—5)
r2 12
0, r,7) =71 575+r 1+Zf<5'. (97)

The periodicity of j(k,-) (see Eq. (100)), the uniqueness of the splitting (70) and the formulae in (90) and
(95) imply that A(x) and j(k,6) are related to B(E,r) and p(&,r,7) in (70) via

B(E,r) = —§ + U(%’T)QA(H) AT = U((‘i,r)

p(r(E,1),0(E,r,7)). (98)

In view of relations (89), (93) and (98), we focus on the functions G(k, ), p(x,6), A(x) and Ty(x). The
proofs of the following statements are postponed at the end of the section.
Let us denote Gi;(k,0) == 9'T G(k,0), pi;(k,0) = 8;ngp”(/<;, 0).

K67
Proposition 4.1. Let 0 # k < 1 fized. The functions éij(li, ) and p;j(k,-) are continuous for all 6 € R.
This immediately implies
Corollary 4.1. Let K C R a compact set, with 0, 1 ¢ K. Then G, pare C*(KxT).
Concerning Ty(k), we have

Proposition 4.2. Let 0 # k < 1, and let Ty(k) be as in (94). Then one can find two real numbers C*, R*,
S* and two functions R(k), S(k) verifying

R(O0)=1=8(0), 0<R(k)<R*, 0<Sk)<S" Vre(-11)

such that
R(k) " S(k)

o TR ==5. V0#r<l

Ty(k) = —
In particular,

R*

R* . -1 S*i -2
To(k)| < =5 tog |wl| + €™, IT(0) < 5 |s]  ITEG < ||

Finally, as for A(k), we have
Proposition 4.3. Let 0 # k < 1, and let A(k) be as in (96). Then one can find C* > 0 such that

|A(r)| < C , AR <Ok

-1
logl| AW < s

’—1

‘—2
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Proof of Propositions 4.1-4.3. Relations (69), (72) and (73) provide

C(k, 0 +2jT,) =C(k,0) YOER, j€Z VYO#r<]1

G(r, —0) = G(x,0) VO<O<T(k) YO#r<1 (99)
Gk, Ty —0) = —G(k,0) Y0<O<Ty(k) Vr<O.

Pk, 0 4 25T,) = p(k,6), VOeR, jeZ VYO0#r<]1

ok, —0) = —p(k,0) VO<O<Thk) VO#£r<1 (100)
p(k, T, —0) = —p(k, 0) V0<6<Tyk) Vr<O.

The following lemmata are obvious

Lemma 4.1. Let g(k,-) verify (99) with T,(k) = m for all k and Ty as in (93). Then the functions

gij (K, 0) = B’Zféjg(n, 0) are continuous on R if and only if they are continuous in [0, Ty] and verify
no further condition if j€2N, 0<k<l
9ij(k, 5) =0 if je2N, Kk <0 (101)
9ij(£,0) =0=g;j(r,m) if jE2N+1, 0<kr<1
9ij(k,0) =0 if je2N+1, k<0

Lemma 4.2. Let g(k,-) verify (100) with Tp(k) = 7 for all k and Ty as in (93). Then g;;(k,-), where
gij (K, 0) = ' g(k,0), are continuous on R if and only if they are continuous in [0, To(k)] and verify

niﬁjg
9ij(k,0) = gi(k,m) =0 if j€2N, 0<kr<l
9ij(8,0) = gij(k, 5) =0 if j€2N k<0 (102)
no further condition if je2N+1

Proof of Proposition 4.1. (i) The function G(k, -) is C*(R) for all 0 # < 1 [21]. Then so is the function
g(k,-), where g(k,0) = G(k, TI’T(H)H) Then (101) hold true for g(x,0) with ¢« = 0. Hence, the derivatives
gij (K, 0), which exist for all 0 # x < 1, also verify (101). Then g;;(k, -) are continuous for all 0 # x < 1 and
so are the éij(li, ).

(ii) We check conditions (102) for the function g(k,0) = p(k, Tpim)G), in the case 7 = 0. Using (92), (91)
and (96), we get, for 0 < k < 1,

o o N p(k, T,
9(%,0) = pr.0) =0 glr.m) = . Ty(o) = (. Ty) — D22V o, (103)
P
while, for k < 0,
e B ™ . N p(r,To)
9(5,0) = (5,00 =0, g (r.5) = il To(w)) = s, To) = P52 T = 0. (104)

The identities (103) and (104) still hold replacing g with any g;0(%, 8), with ¢ € N, therefore, any g;o(%, 0)
satisfies (102). Let us now consider the case j # 0. Again by (92), (91) and (96),

po(r,6) = G(r,0)* — Alx) (105)

so, for any j # 0,
pig (1, 0) = 9127 (G, 0)%)
Then the p;;(k,-) with j # 0 are continuous because so is éij(n, ). O
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Proof of Proposition 4.2. The function Ty(x) in (94) is studied in detail in Appendix A. Combining
Lemma A.1 and Proposition A.1 and taking the x-primitive of such relations, one obtains Proposition 4.2.

Proof of Proposition 4.3.

L Ee,
AR) = 7 /G s

L) 1 R
To(k) 2 (k= Al ))2/£T0(/<a)
Rix)  ARWR()

2To(k) 2kTo(kK)

and

_ THe) L) T (R)
- 2To(k) (1 = Ar)) (TO(K))Q + (k= Alx)) To(k)
R(k R(k)? S(k
- _4/{T(0() ) B A(K))4/€27(10()H)2 (k= Al) 4"52;02“) -

5. The function F(&,r)

In this section we study the function F(&,r) in (11). Specifically, we aim to prove the following

Proposition 5.1. F(&,r) is well defined and smooth for all (E,r) with0 <r <2 and —vr < € <1+ %,
E # r. Moreover, therezem'sts a number C' > 0 and a neighbourhood O of 0 € R such that, for all0 <1 < 2
and all -r < € < 1+rz such that & —r € O,

F(E,1)| < Clog|€ —1|7", |0, F(E, 1) <ClE—1|7", |02,FE, )| <ClE—1|2. 106
, &,

To prove Proposition 5.1 we need an analytic representation of the function F, which we proceed to
provide. In terms of the coordinates (66), the function U in (10) is given by (recall we have fixed 4 = 1)

1 2w
UGG = 5- |
(1—v1—G2cos§)d¢

\/(1 —v1—G?cos&)? +2r<(cos§ —v1—G?)cosg — Gsinfsing) +12

where £ is the eccentric anomaly. By [40], U remains constant along the level curves, at r fixed, of the
function E(r,-,-) in (12). Therefore, the function F(E,r) which realises (11) is nothing else than the value
that U(r, -, -) takes at a chosen fixed point (Go(&,r),go(€,1)) of the level set £ in Fig. 1. For the purposes'
of the paper, we choose such point to be the point where the £-level curve attains its maximum. It follows
from the discussion in Section 3.2 that the coordinates of such point are

Gi(&,1) = Va4 (€ )

(107)

T —r<é<l1 (108)
2

g =
g+( ,I‘) 1§g§1+rz

1 Compare (109) with the simpler formula proposed in [42], however valid only for values of £ in the interval [—r,r).
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where a (€,r) is as in (75). Replacing (108) into (107), we obtain

1 [ (1 —le(&,r)| cos&)dE
27 Jo V(1 —Te(€,1)]cos€)2 + 25(E,1)r(cos € — [e(E,1)]) + 12

F(&r) = (109)
with
r 2 -1 —r<é<l1
Er)==—4/1+——-&, E,r) = si E,r)) = 2

e(&,r) 5 1 s(€,r) = sign (e(€,1)) Hol<e<i4 rZ
To study the regularity of F, it turns to be useful to rewrite the integral (109) as twice the integral on the
half period [0, 7] and next to make two subsequent changes of variable. The first time, with z = s(&,r) cos z.
It gives the following formula, which will be used below.

1t (1 —e(€,1)2)dz
F(&, 1) = 1 V1= 22 \/ 1—e(€,1)2)2 +21(z — e(E,1)) +12 (110)
We denote as 2
ze(&,1) = e(f:1) Ly V(= 2¢(€,1))(1 — e(€,1)?) (a11)

e(€, r) e(€,1)?
the roots of the polynomial under the square root, which, as we shall see below, are real under conditions (68).

As a second change, we let z = This leads to write F(&,r) as

1162 2
2(1 —e(&,1)) 1+e(&r) .
) = e DV T D =D (1—6(5,1”)]0(“(5’”)
2D (el (112

where jgeta(k) is the elliptic integral

N A dt
Jja(K) '7/0 e \/(1+t2)(1+m2) (113)

and (3, k are taken to be

z_(E,r)—1
14+2_(& 1)’

(L+24(&1)(2- (1) = 1)
(1 + Z*(gﬂr))(ZJr(gJ) - 1) '

The elliptic integrals jg(x) in (113) are studied in Appendix A: compare Proposition A.1.

B(E,r) = k(€ 1) =

In terms of (e,r), the inequalities in (68) become

e, 2, ee [—1, %} \{0, r— 1} C [-1,1] (114)

where {e = —1} corresponds to the minimum level {€ = —r}; {e = r — 1} corresponds to the separatrix
level Sy(r); {e = O} corresponds to the separatrix level Si(r) and, finally, {e = 5} corresponds to maximum
level {€ =1+ % } It is so evident that the discriminant in (111) is not negative under conditions (114), s

z4 (€, 1) are real under (68), as claimed. In addition, one can easily verify that,for any (r,e) as (114), it is
e? + e —r < 0. This implies

e(&,1)% +e(&,1) —r . Vr(r —2e(€,1))(1 — e(€,1)?2)

a+F1= (€ 1) (E.1)?

<0 Ve#r-—1.

Moreover, since

2
2 (Er) <2 (E1) Vr#£0, EA1+—,

S EF T, (E1)#(2,2) (115)
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we have
B(E,r) >0 V (E,r)asin (115)
and
0<k(€r)<l V(&r)asin (115) and E#r—1.

Combining these informations with the formu;a in (112) and with Proposition A.1, we conclude that
F(&,r)issmooth forallr #0, E#1, E#1+ 5, £# £r, (€,1) # (2,2) and that (106) holds. However,
the representation in (110) allows to extend regularity for F(€,r) to the domain 0 <r <2, —r<& <1+ %,
€ #r, as claimed. 0O

6. Proof of theorem B

In this section we state and prove a more precise statement of Theorem B, which is Theorem 6.1.
The framework is as follows:

e fix an energy level ¢;
e change the time via

% =e 2 p=41 (116)

where t' is the new time and ¢ the old one. The new time ¢’ is soon renamed ¢;
e look at the ODE
Ohgr = XM (gi; c)

for the triple ¢x = (Ak, yr, ) where Ay, yr are as in (88), while 1) = @, with ¢, as in (81) in Py, where
Pk(€—7€+aL—7L+a§) = {(Akvykﬂ/’) 1- 26+ < Ak < 1—2e_ ) L_ +2§ < kyk < L+ - 2£a

weT}

with £ < (L4 — L_)/4. Observe that

e the projection of Py in the plane (g, G) in Fig. 1 is an inner region of Sy(r) and r varies in a e-left
neighbourhood of 2;

e the projection of P_ in the plane (g, G) in Fig. 1 is an outer region of Sy(r) and r varies in a e-left
neighbourhood of 2;

e the boundary of P, includes Sy if L1 = oo; it has a positive distance from it if L < +o0.

We shall prove

Theorem 6.1. There exist a graph Gy, C Pr(e—,eq4,L_, Ly ,&) and a number L, > 1 such that for any
L_ > L, there existe_, ey, Ly, &, an open neighbourhood Wy, D Gy, such that along any orbit q(t) such that
qr(0) € W, ,

|A(qr(t)) — A(gr(0))] < Coee P~ t Vi1 |t] < tex
where teyx is the first t such that q(t) ¢ Wy and € is an upper bound for ||Py|lw, (with Py being the first
component of P).

Proof. For definiteness, from now on we discuss the case k = +1 (outer orbits). The case k = —1 (inner
orbits) is pretty similar. We neglect to write the sub-fix “+1” everywhere. As the proof is long and technical,
we divide it in paragraphs. We shall take

G={(Aybo(Ay) 1-20, SA<1-2 , L +2<y<L,—2%}CP

with e_, e4, L_, Ly, ¥ to be chosen below.
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Step 1. The wvector-field X. As v is one of the action—angle coordinates, while A, y are two among the
reqularising coordinates, we need the expressions of the Hamiltonian (10) written in terms of those two
sets. The Hamiltonian (10) written in action-angle coordinates is

* * A* *y Wk 2 - * A*7 *y Wk 2
Haa(R*,A*,I‘*,@*) — (R +p ( 7r SO )) +aF*(A*,r*)+ (C G ( r SO )) _ ﬁ
2 2r2 Ty
where
G*(A*,T*yw*) =Go ¢aa(A*7r*aS0*)7 F*(A*7r*> =Fo ¢aa(A*ar*) (117)

with ¢aa as in (81), while G(&,1,7), F(E,1) as in (67), (11), respectively, p, is as in (85). The Hamilto-
nian (10) written in regularising coordinates is

YeY + pu(A,15(A,y), 00 (Y, A, y, 2
Hrg(KA7y7g0) = ( p ( ( 2) SO ( SD))) +O[F*(A,I'O(A,y))

+ (C—G*(A,I'O(A,y),@O(Y,A,y,gﬁ)))z o B
2r,(A,y)? ro(A4,y)

where 1,(A4,y), po(Y, A, y, ) are the right hand sides of the equations for r,, ¢, in (83), with k = +1.
Taking the p,-projection of Hamilton equation of H,,, and the (A, y)-projection of Hamilton equation of

H,,, changing the time as prescribed in (116) and reducing the energy via
R* + p*(A’ rO(A’ y)? ,(/J) = Yey + p* (Aa rO (A7 y)7 1/J> = y(A7 y7 ’(/}7 C)

with

V(A y,4;¢) = jE\/2 (C ~af (A o4 ) - = G*2iféz(£;y)7w))2 - ro(fhy)>

we find that the evolution for the triple ¢ = (A4, y, ) during the time ¢ is governed by the vector-field

—2y C- G*(Aa To (Aa y), 1/1)
To (Aa y>2

(118)

G*,3(Aa To (Aa y)v ¢) - 672yp*,3(A7 I'O(A, y)a 1/))

Xi1(A,y,b5c) =e
x Y(A,y,9;¢)

Xa(A, g ws0) = —e V=S G 4 (4, 0 (4)
Fe (14 pos(A ol Ay ), DA V(A y, 5 0)

X3(A,y,50) = ae F, 1(A,10(4,y) —e S Gr(‘?Ary(é v),¥)
e (A, 1o(A, ), )V (A, y, ¥50)

where we have used the notation, for f = p., G, F,,

G*,l(A, ro(Aa y), 7/])

fl(A7r*7¢) = aAf(A,I‘*,'(/J) 5 fs(A,r*J/J) = albf(Aar*vw) .

Step 2. Splitting the vector-field. We write
X(A,y,450) = N(A,y;0) + P(A, y,¥5¢)
with
Nl (Aa Y3 C) =0
Na(A,y;¢) = v(A,y:¢) = e /2(c — aF. (A, ro(A, 1))

N3(A,y;¢) = w(A,y;¢) == aeF, 1(A,1o(4,y))
32
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hence,
p =T G*r(o,?ioy(;h y),v) s (Ao (A, 1), 1) — e p 5(A, ra (A, ), )V (A, y, 5 )
= e vC™ G,;(ozzl;ij;l,y)a ) Cos(A, 1o (A, ), W) (A) + ey (A, 1o(A, y), ) (A)
YAy, ie) e (J’(A v 150) = \/2(c — aFL (A ro(4, y)))) (119)
PSSt ) G (A rol( A, ),) + € s (A, oA, ), 6)V(Ay g, 50

The application of NFT relies on the smallness of the perturbing term P. In the case in point, the “greatest”
term of P is the component P, and precisely p, 3. This function is not uniformly small. For this reason,
we need to look at its zeros and localise around them. The localisation (described in detail below) carries
the holomorphic perturbation P to a perturbatlon P which is smaller, but no longer holomorphic. We shall
apply GNFT to the new vector-field X =N+P.

Step 3. Localisation about non-trivial zeros of p. 3. The following lemma gives an insight on the term py 3,
appearing in (119). It will be proved in Appendix B.

Lemma 6.1. For any As(ri) < A< 1 (0 < A< Ag(ry)) there exists 0 < ¥, (A 1) <7 (0 < (A1) <
7/2) such that p. 3(A, 14, Y (A, 14)) = 0 (and py 3(A, 14, 7= (A, 1)) = 0). Moreover, there exists C > 0 such
that, for any § > 0 one can find a neighbourhood Vi (A, r.;8) of ¥« (A,rs) (and a neighbourhood V'(A,ry;0)
of m — . (A, 1)) such that

0* (A7 r*)

ps3(A,1,9) < C 5 Ve V(A r,;d).

o (A,14)

Ty

<|p*,3(A,r*,¢)| <C § Ve Vi(Ar.8) UV (A r.:0) > (120)

‘We now let
VYo(A,y) = Vu(A,1(A,y)) , Vo(A,y;6) = Vi(A,1(A,y);0) .

For definiteness, from now on, we focus on orbits with initial datum (Ag, yo, o) such that 1y is close to
1¥o(Ao, yo). The symmetrical cases can be similarly treated.

Let Wo(A,y;9) C Vo(A,y;6) an open set and let g(A,y,-) be a C°, 2m-periodic function such that, in
each period [1)o(A,y) — 7, 1o (A, y) + ) satisfies

=1 Ve Wo(d,y;d)
9(A,y,4;0) =0 Vo € [tho(A,y) — 7, 0o (A, y) + ) \ Vo(A,y36) (121)
€(0,1) Ve Vo(Ay;d)\ Wo(A,y;9)
The function g is chosen so that
sup [|gflue < 1. (122)
0<l<lx
As an example, one can take g(4,y,¥;0) = x(¢ — (4, y)), with
1 0] <a
fe e_ (G—a)c(b—e) d¢
0) — -tV a<0<b
x(0) = f: e 0=a)(=0) g¢
0 0>0b
x(—0) < —a
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with 0 < a < b so small that B,(¢¥o(4,y)) C Wo(A,y;0), Be(vo(4,y)) C Vo(A,y;6). If ¢ € (0,1) is
sufficiently small (depending on /,), then (122) is met.

Let
P(A,y,1;8) = g(A,y,1;0) P(A,y, ) . (123)
We let
X =N + P
and
Pg_,g =A._ X Yg X T, (124)

where A=[1—-2e,,1—2e_|,Y=[L_+2¢ Ly —2¢ and e_ < ey, £ are sufficiently small, and u = (e_, &).
By construction, X and P € Cgm. In particular, P € Ciﬁz*, for all ¢, € N. Below, we shall fix a suitably
large /,.

Step 4. Bounds. The following uniform bounds follow rather directly from the definitions. Their proof is

deferred to Appendix B, in order not to interrupt the flow.

1 Ly Ly Li—L_
oot ‘@w co o <y

v, oL? v, L_./e_ v, L=

Hg - CeL+—L_ dDaw e2Ly—L— % e2Ly—2L_ (125)
vl =7 g3 0ol T a2 vill,T L
1Pyl < Ce 2L~ max{\C|L+./5+, Liey, 5«/6+\/O¢L+}
|Pallu < Cem = max{|CILy =5, Lo, [SRov/aLy, (alo) ™3 max{|CP, &2, 8} }

E_ \/E— E_

1Ps|w < Ce2E- max{\C|—V;+7 ii Ljﬂ/ah} (126)

Here C' is a number not depending on L_, Ly, & ¢_, €4, ¢, |C|, B, @ and the norms are meant as in
Section 2.5, in the domain (124). Remark that the validity of (126) is subject to condition

L_ > Ca max{|c], [CI%,e+. B} (127)

which will be verified below.

Step 5. Application of GNFT and conclusion. Fix s1, so > 0. Define

S (-l S
P=T6 T7° 167 “ET\16" 16 Kt

so that (49) is satisfied. With these choices, as a consequence of the bounds in (125)—(126), one has

€L+7L, 1 6L+7L,
x < C(Ly — L_)max —(1+C 72

3/2 7
SlLf/ 52

2Ly —2L_

s e
el < Ce 1(L+ - L—)€K1+6 L3/2
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el —L-

n<Cer1™2(L, — L )——— max{e*L*ajlmax{|C|L+,/e , Lyeg, 5./5_5_\/01[14_} ,
al?

_ fe € € _1
e’2¢ 1max{|C\LJr i, L+i, i(s\/aLJr,(aL,) 2 max{|C|?, e, ﬂ}},

e_L—Kl'Hsmax{\C|—';+7 ii, ';Jr\/ozLJr}} (128)

We now discuss inequalities (49)—(52) and (127). We choose s;, L, e+ and K to be the following functions
of Land &, with0< ¢ <1< L:

_1
L =L ey—cil22, Ly=L+10¢, s =Ci6L7%, s3=016, K= (‘31>1+a
VL

with 0 < g <1< C; and 0 < ¢_ < ¢4 < 1 suitably fixed, so as to have K > 0. A more stringent relation
between ¢ and L will be specified below. We take

|C| < ciL?e™?t ) B<elte ™, §< e L3/2e L

In view of (128), it is immediate to check that there exist suitable numbers 0 < ¢; < 1 < € depending only
on ¢, ¢y, c— and « such that inequalities (49)—(51) and (127) are satisfied and

n < CQL7%

An application of GNFT conjugates X=N +15 to a new vector-field )?* =N +ﬁ*, with the first component
of the vector P, being bounded as

o~ ~ 3 ~ o~ w
1Putllun < - NPIEK < 2o max {2722 PR | 2c0 KON PIYS |
Using (122), (123), that P vanishes outside V5, the chain rule and the holomorphy of P(A,y, ),
o w o y
PGS < 2°0Py, Il < 2° 7 WP Iz Vo<

where Py,),(A,y,v) denotes the restriction of P(A,y,-) on (V;)s, while s is the analyticity radius of
P(A,y,-). We take s so small that
Py, M 5 < 201 Py, Ml &

Then we have

1Pl < 25 max {2725 o 28015~ K40} gy
< 26 272 Py, WK < 20 2720 Q)
where we have used the inequality
co 2 s RS < gl (129)

which will be discussed below. On the other hand, analogous techniques as the ones used to obtain (126)
provide
ce < ||Priv]l. <, cLie b <Ql< CL3e L.

with € := CL3€ 4 and 0 <c< 1. SO,
P, < (327 36
*1|uxy = ©3
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which is what we wanted to prove. It remains to discuss (129). By Stirling and provided that ¢ > 24, (129)

3y ¢
Kot (400\/27r€2> B—

is implied by

esvVK

These inequalities are satisfied by choosing ¢, ¢, and £ to be related to L such in a way that

1 e20? 5
<27T 640(%)
2

64
S22 03 1. O
e“o

emax{[ch?’} +1,[28) +1,

o=l (2)”

CRediT authorship contribution statement

+1}, by >0

Qinbo Chen: Formal analysis, Writing - review & editing. Gabriella Pinzari: Conceptualization,
Methodology, Formal analysis, Writing - original draft, Writing - review & editing, Supervision, Project
administration, Funding acquisition.

Acknowledgements
The authors are indebted to the anonymous Reviewers for their helpful suggestions. This research is

supported by the ERC project 677793 Stable and Chaotic Motions in the Planetary Problem. Figs. 1 and 2
have been produced with MATHEMATICA

Appendix A. The elliptic integrals Ty (k) and jg(x)

The functions Tp(x) in (94) and jg(k) in (113) are complete elliptic integrals. We use this appendix to
store some useful material concerning such functions.
First of all, in the definition of Ty(x), we change the integration variable, letting & — %, so as to rewrite

1
Go(x) d€
To(k) = / 0#k<1 (130)
L V(E@-D0-ne)
with Go(k) as in (94). Next, we look at the complex-valued function
+o0 dé
g(k) = k€ R\ {0,1} (131)

1 V(€ -1 - ke

which is easily related to To(k) and jo(k):

Lemma A.1. Let0# k< 1. Then

g(k) if k<O

Tolx) = {jo(ﬁ) =Rg(k) if 0<r<l1 (132)

Proof. We have only to prove that Ty(k) = jo(k) when 0 < k < 1, as the other relations are immediate,
from (130) and (131). We write

_ +oo B 1 B “+oo dg
Ty(x) = /O /0 /f T (133)
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We deform the integration path of the first integral at right hand side stretching the real path & € [0, +00)
to the purely imaginary line z = iy, with y € [0, +00), so that

(134)

5 = = 5 5 jo(k)
o VE-D0-r8) Jo 2+ +ry?)
Combining this with the observation that, for 0 < x < 1, Ty(k) and jo(k) are real while the two latter
integrals in (133) are purely imaginary, we have Ty(k) = jo(x), as claimed. O

Remark A.1. It follows from the proof of Lemma A.1 (compare (133)—(134)) that, in the sense of complex

integrals,
1 “+o00 dg
= v .
/0 +/j; NGEET) 0, 0<r<l1 (135)

This identity can be also directly checked, using proper changes of coordinate combined with cuts of the

complex plane, in order to make the square roots single-valued in a neighbourhood of the real axis.

The advantage of looking at ¢g(x) instead of Ty(k) is that the integration path in (131) is x-independent,
and this turns to be useful when taking x-derivatives. The main result at this respect in this section is the
following

Proposition A.1.

o Let k € R\ {0,1} and let g(x) be as in (131). There exist two positive real numbers R, S and two
complex numbers
Ry if k<0
R(k), S(k)e{C if 0<rn<l1
Ry if k> 1
with
RR(O0)=RS(0) =1, 0<RR(k)<R, 0<RS(k) <SS Vere(-1,1)
such that _
S(x)
4K
o Let f>0; 0 < r <1, jsg(k) asin (113). There exist two positive numbers Ry and Si € R and two real
functions Rg(k), Sg(k) satisfying

g (k) =— - g (k) =+ VrkeR\{0,1}.

1if =0
Ro(0) =550 = {015 = ¢
0<Rg(k) <Ry, 0<8s(k) <S8 V>0 Vke(01) (136)
such that
) Rs(k . Sk
Jp(k) = — gl({) ]I@/(H):—‘r% VO<k<l.

Proof. We prove the first statement. We distinguish two cases.

Case 1: kK < 0 or K > 1. The integral takes real values when k < 0; purely imaginary ones when x > 1:
+o0 d§
1 \/ —1)(1 - k€2)
. d

—11 \/ —15552—1) K>1
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when k > 1.

The function under the integral is bounded above by when k < 0; by

1
min{1,/[x[}y/€4-1 o
Both such bounds are integrable. Then it is possible to derive under the integral, and we obtain
I 2d,
- £ k<0
’ 2 \/ —1)(1 — k€?)3
9(K) =9 . 4o )
i &2de
- K>1
2 1 \/ — 1 K‘,§2 — 1)
and N .
3 ° d
Z 5 5 5 K< O
9"(k) = IR GREEl
3 ) +oo f4d€

1) @ e _1p

We change variable 1 — k€2 = 1 when k < 0, k€2 — 1 = 1 when & > 1 and rewrite

—1
4|I€| —1+ n—1+r)n dy w<0
!
g'(x) .
/ _on+1
4|/<a| m+1—-r)n
and
3 /+oo 77—1
— - 1)y ————————d k<0
" 8|/{‘2 1-k { ) (n—1+rK)n° !
g'(k) = 3 oo +1
. n
——i +1))/ ——---+d k>1
8| /R—l I Gr =
so we take
n—1
_ —1+f~£ CESEYL A
R(k) = .
7/ n+1 o1
2 m+1—r)n® di
and
3 +oo ,'7_1
— - 0
— 2/1_5(77 ) m—1+mmp T

Observe that, if —1 < k <0,

. 1 —+00 7771 1 —+00 7771
0§§RR:<::7/ J—t g g—/ S
W=3 )l  No—irner?=3) -2

— 3 [t n—1
0 <RS(k gf/ — 1)y ————=dn.
(k) < 3 1 (n—1) e

and
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Case 2: 0 < k < 1. We split g(x) into its real and imaginary parts. Using (132) and (135), we obtain

/\F Foo de¢
—1(1—,@52 \/ — 1)(1 — K€2)

_ dy ;
_+/0 \/(z/2+1)(1+f-@@/2)Jr /0 \/(1752)(171%2)

Notice that also in this case, the functions under the integrals may be bounded by integrable functions:

WQH) for the former; \/1%? \/11—7»@ in the latter. Again, we can derive under the integral, and obtain
/ ydy / f2d§
V@2 + D1+ ky?) V(- — KE2)3

y'dy / £hdg
\/y +1)(1 + ry?) VI —€2)(1 — k€2)5

Then, letting 1 + xky? = 7 in the first respective integrals, and 1 — k€2 = 7 in the second ones,

1 [T n—1 i [t 1—n
"(k) = —— —_—  — — 1 4
=" ) Va-1zor 4%/1K\/(77—1+f€)n3 "
3 [t n—1 3. 1-n
" 2 ) — 2 1— S S
00 =+g [ -0 e gt [ (= [
and we can take
1/+°° n—1 1/1 1—n
== L —— — 1T _dy
2 /; m=1+rn> 2 i\ (n—1+r)n3
~ 3 [t [ n-1 3.1 -
S(k) == -1 7+4/ 1— d
(%) 2/1 (n=1) —1+mp 2 1_n( " —1+mp

Notice now that

and

and

and

and
_ 1 [T n—1 1/+°° 3
0<RR(k) = = < Z 2 =1
() 2 )1 m=1+r)n>~ 2/ 1
and
— 3 [T n—1 3 [T s
0<RS(k) = = - = 3 =1
() 2/1 RN e A

forall 0 < k < 1.
The proof for jg(x) is completely analogous to the case 2 above (with the difference that we do not have
the imaginary part in that case). One finds

and

which verify (136). O
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Appendix B. Technicalities
In this section of the appendix we prove the bounds in (125), (126) and Lemma 6.1.

Proof of (125). We let
5*(14*,1"*) =C&o ¢aa(A*,1"*) , 50(1479) =&, 0 ¢rg(Avy) = 5*(A,rO(A,y))
Bi(As,1y) =B o daa(As,1s) ;. Bo(Ay) =By odrg(A,y) = B.(A,15(4,y))
Tp(As1i) =T 0 Gaa(Ai,1i) , Tpo(A,y) = Tp w0 drg(A,y) =Ty (A, 16(A,y))
Fo(A,y) == F.odg(Ay) = Fu(Aro(4,y)) = F(E(4,9),10(4,y))
Fiio(A,y) =Fai0dg(Ay) =Fui(A ro(4,y)) (137)

(with F, Ty, B as in (117), (93)—(94), (81)) so as to write, more rapidly,

v(A,y;0) = e V/2(c— aFo(Ay)) , w(A y;c) = ae ?F.1.(A,y)

and
1— e? %__QM %__1_9 8’!/F°(A7y)
v /2(c—aFy(A,y)) ’ v 2c—aF,(Ay)’ v 2c—al,(Ay)’
w o —y F*,l,o(Avy) aAw o —y 8AF*,1,0(A;Z/)
— =ue y =
v V2(c — aFo(A,y)) v 2(c— aFs(A,y))
8_1;7(*) — _9qe Y F*J,o(Aay) ae Y ayF*J,o(Aay) (138)
v V2(c — aF,(A,y)) V2(c — aF,(A,y))

We evaluate the right hand sides of (138), by means of the chain rule:

Fe(Es,1o) O2F (E0,10)04E0 + O2,FYL(A)  DeTydaEo + BTl (A)
F*,l,o = = 8AF*,1,0 = = - = FS
TP70 Tpvo T}32,O
O2F(E0,10)0,E0 — ¢ VOLF  0eTyd,E — e 90T,
ay]-:lk,l,o = ~ - = FS
TP7° Tp2,o

0aFo = Fe(Eo,16)04E + Fr(Eo,1o)ri(A) ,  OyFo =Fe(Eo,10)0yE — e VF (€, 1o)

where we have neglected to write the arguments (e.g., Fg(E(A4,y),10(4,y)), etc.) and where, again by the
chain'? rule, )

——— — 1L (A)B.(A,y), 0,E =e YBs(A,y)

TP7O(A7 y) Y

As a result of the discussions in Sections 4, 5 and Appendix A, the functions F, T}, and B in (137) verify

04&o =

Clog ||~ < [FI, [Ty, [1/B] < Clog sl ™, C'[n™" < |06, 108, Tpl, 10.,5] < Cll ™
C'|r|"* < |02 ,F|, |0F Ty|, 102 ,B] < Cls|
with K = O(€ — 1) = O(e™Y) so that
C'L- < [Ful, Tyol, [Bol < CLy

C/eL_ < |85,rF(507r0)|7 ‘aS,er(gO7rO)|7 |85’YB(507I'0)| < CeL+
C'e*t= <02, F(Eo,vo)| s |07, Tp(Eorro)l, |02, B(Eos10)| < Celr (139)

2 Use 0a,E. = 557 0 haa = T and 9 &l = — 595 0 $an = —Bu.(A.,1.), implied by (84).

P
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Finally, using (86)—(87), one has

1 rs(A)
1"; A = =T s
(4) AL | ) 2 — 15(A)
h

whence / o

(A < — (140)

=

and collecting the bounds above into (138), we find (125).

Proof of (126). We use some results from Section 4. Taking in count (89), (90), (96) and (97) and letting
U*(A7 r*) =00 ¢aa(A7 r*) ) K:*(Av r*) =kKO ¢aa(A7 r*)
T o(Ar) = ou(A, 1) R o (Arr,) = RUS(AT))
7r

we have that

Gu(A,14,7) = O'*(A,I‘*)é(li*(A,r*),T *(A,I‘*)lli) (141)
pelAres) = T e (A0, By (A, )0) (142)

By the chain rule

G*,S (A, Ty, 7/}) = a?l)G*(Aa Ty, 1/1)
= Ox (A7 r*)awé(/i* (Av r*)? Tp,* (Aa T*W)

= 0. (A, 1) T (A, 1) G (ka (A, 12), Tp o (A, 12)0) (143)
Similarly,
ou(Ar) 1
Pi3(A e ) = ——T5 W (A, 1) p3 (ke (A, 14), T ,*(Aar*)w) (144)
By the definitions in (121)-(123), if
Pre= U {4 x {u)} x Va(A,5:0)
(Ay)EA_ XY¢
then

H'Pi||Pg75 < ‘lPZ(Aaya¢)|‘E€ ¢

so we proceed to uniformly upper bound the |P;| in ’Fv’s’g.
e By Proposition 4.1,
|G(Ka9)|7 ‘G3(K79)‘ < ¢

e By (141), (143) and (139),
Gu(A (A, ), 8)] < OVET . [Gua(Ara(A,), )| < Ly /2T (145)

e Both the inequalities in (145) hold (with the same proof) if r, (A4, y) is replaced by a generic r € Qr.(4, ).
Then,

|G*,1(Aa rO(Aa y)a 1/})| S C\éi_j

e Similarly, by (142), |p«(4,rs,9)| < /21, hence

R

|p*,1(Aa rO(Aa y)7¢)| S C
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e The function Y(A,y, v;c) defined in (118) verifies

VI <CyvalLy

having used the simplifying assumption (127).
e By Lemma 6.1,
|p*’3(A, rO(A7 y)7 "/))| <C./fe16

e Recall (140).
e Using the previous bounds into (119) and writing the last term in the definition of P, as

(C—Gx(Aro(Ay) ) B
210 (A,y)?2 o (A,y)

V(A y,030) + 1/2(c — aF.(A,ro(4,1)))

e Y

we obtain, for ||P;[l5 o the bounds at the right hand sides of (126).

Proof of Lemma 6.1. Recall (144) and the expression of pp(k,6) in Eq. (105). Equation
po(r,0) = G(5,0)* = A(x) =0 (146)
has a unique solution
0 < 0.(k) < To(k)

if and only if
Go(rk)? < A(k) < 1.

On the other hand, it is immediate to check that such inequality holds for all 0 £ k < 1. Indeed, if 0 < k < 1,

then Go(x)? = k and we have
2 dg

1
Sk —
h< Alw) = T OENE g
I e

If k < 0, then Go(k)? = 0 and we have

‘[1 ¢2de
0 \/ﬁ
0 < A(r) = YEEZD
/3
Jo (1-€2)(2—x)

As a consequence of the formula (146), combined with the continuity of G(x, ), we find V (x;6) C (0, To(k))
(and V'(k;96) C (0,To(k)) when k < 0) such that

(01
T (k)

|73k, 0)| < V0 € V() (v 0 Viko)U V’(n;é))

which implies (120), after using (144). O
Appendix C. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.na.2021.
112306.
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