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Part I

A X I O N S A N D A L P S





1
I N T RO D U C T I O N

In 1977 Roberto Peccei and Helen Quinn published the paper “CP conservation in
the presence of instantons” [1]. In this ground-breaking paper, the authors proposed
an innovative and original solution to the problem of the CP conservation in the
strong sector of the Standard Model (SM), one of the most compelling challenges
of particle physics. The QCD Lagrangian a priori contains a topological term com-
monly called the “θ-term”:

LQCD ⊃
θ̃QCD
32π2 TrGµνG̃µν , (1.1)

where Gµν is the gluon field strength tensor and G̃µν = εµναβGαβ/2 is its dual.
The parameter θ̃QCD in Eq. 1.1 is the bare quantity due to SU(3) gauge group, but
another source of CP violation can arise from the eletroweak (EW) sector due to the
mass of the quarks. The physical parameter we will refer to from now on is:

θQCD = θ̃QCD + arg detMuMd , (1.2)

where Mu and Md are the quark mass matrices.
In abelian gauge theories this term is usually not considered because it is equiv-

alent to a total derivative, but in this case it must be taken into account due to the
particular structure of the SU(3) vacuum [2]. The θ-term violates CP and, as a di-
rect consequence, it should give rise to an electric dipole moment (EDM) for the
neutron [3]. The expression for the EDM is [3]:

dn ≈ 3.6× 10−16 θQCD e cm , (1.3)

where e is the charge of the electron. Experimentally, the static dipole moment is
constrained to be |dn| < 3.0 × 10−26 e cm (90% C.L.) [4], which implies that
θQCD ≤ 10−10. This tension represents a true fine-tuning problem since θQCD,
which is a fundamental parameter of the theory, is expected to be O(1) and there is
no justification for its smallness within the SM.

The solution developed by Peccei and Quinn is based on the idea that if an unnat-
urally small parameter of a theory is promoted to be a dynamical field, then it can
be naturally driven to the experimental value by a symmetry breaking potential. This
basic concept is the core of the axion solution to the strong-CP problem. The name
“axion” is due to Frank Wilczek, who named the field after an American laundry
detergent using the axial anomaly to clean up the mess of CP violation in the strong
sector. In this framework, the axion field, generated as a Goldstone boson of an extra
global group, called U(1)PQ, exploits the instanton QCD potential to naturally drive
the CP-violating term to zero.

The consequences sprung from this single idea were incredible. Immediately after
the publication of the first paper, the idea was developed by Wilczek and Weinberg,
creating a framework for the axion mechanism to take place consistently within the
SM, known as the Peccei-Quinn-Weinberg-Wilczek model (PQWW) [5,6]. With the
introduction of a second Higgs doublet, the model provides a clean realisation of the
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axion mechanism. In this context, the instantonic QCD potential plays a fundamental
role in the solution of the strong-CP problem because it is necessary to drive the ax-
ion field to the CP-conserving minimum. However, this potential is non-perturbative
and the presence of the quark masses explicitly breaks the residual shift-symmetry
associated to the axion field (as a Goldstone boson). The explicit breaking is respon-
sible for the mass of the axion ma which is correlated to the U(1)PQ breaking scale
by the relation:

mafa ≈ mπfπ (1.4)

where mπ and fπ are the mass and the decay constant of the pions. The dynamics
of the PQWW model, connected with the scale fa, is bound to be at the EW scale
and, unfortunately, it was ruled out by the so called “beam-dump” experiments [7] in
the late ’80. At the same time, other implementations of the axion mechanism were
developed trying to avoid the existing experimental bounds. The two most famous
are the Kim-Shifman-Vainshtein-Zakharov model (KSVZ) [8, 9], characterised by a
PQ dynamics is associated to a heavy fermionic sector plus an extra scalar singlet,
and the Dine-Fishler-Srednicki-Zhitnitsky model [10,11], where PQWW is equipped
with an extra scalar singlet coupled to SM fermions. In these two models the PQ
breaking scale fa is not bound to be at the EW scale so the experimental constraints
can be avoided. Moreover, the coupling of the axion with SM particles is always pro-
portional to the inverse of fa and, as a consequence, the large value of fa required
to avoid experimental bounds is translated into a very weak coupling. Indeed, these
models are usually referred to as “invisible axions”. A clarification is necessary at
this point: KSVZ and DFSZ are not the only possibilities to have an invisible axion
compatible with experiments and observations. Models with a higher degree of com-
plexity are widely studied in current literature and they can involve the presence of
extra SU(N) colour groups or extra massless fermions living at the PQ breaking
scale (see for example [12, 13]). As it will be clear in the next chapter, KSVZ and
DFSZ are nowadays considered more like two categories of specific axion models,
depending whether the PQ dynamics is mainly associated to an extra fermionic sector
or directly to the SM quarks.

Finally, in its invisible realisation, the axion is a great dark matter (DM) candidate.
It is a stable particle which interacts very weakly with the ordinary matter and it
can easily reproduce the current DM abundance of our universe through vacuum
re-alignment (see [14] for more details). A general summary of the most important
experimental and observational bounds on the axion parameter space can be found
in Fig. 1.1.

Besides the solution of the strong-CP problem, the axion mechanism can be used
in many other applications. One of the most famous is the so called “Natural Infla-
tion” [15], where the scalar field driving our universe through the inflationary era is
the axion itself. The word “natural” refers to the mass of the Higgs boson, which is
naturally driven to its experimental value (well below the Plank scale) the same way
the CP-violating term in the QCD Lagrangian is driven to zero.

The axion mechanism and all its features have a wide field of applications in par-
ticle physics and the previous examples are just hints at the zoology of models. As a
consequence, QCD axions are just a small subgroup of a larger category that includes
models where the solution of the strong-CP problem is not mandatory anymore. That
is why it is convenient use the expression “Axion-Like Particles” (ALP), which ad-
dresses the whole category. In this context, QCD axions are ALPs that solve the
strong-CP problem. The direct consequence is that the relation of Eq. (1.4) does not
hold anymore so ma and fa can be considered independent parameters.
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However, not all that glisters is gold, and the even the axion mechanism has its
pros and cons. To avoid experimental bounds, the PQ breaking scale fa can be a
priori very large, well above the EW scale. In the specific case of the QCD axion,
astrophysical observations bound the scale to be at least of the order of 108 GeV
[16, 17]. The presence of an extra scalar sector at the scale fa, responsible for the
symmetry breaking, can be troublesome. If not taken care of properly, it can create a
tension with the scalar potential of the Higgs field worsening the hierarchy problem.
Moreover, the presence of a “wanna-be fundamental” new symmetry at such a large
scale is difficult to justify. Indeed, because of its global nature, the U(1)PQ cannot
be included in a quantum gravity contest, where all the symmetries must be local
(see [18] for a detailed discussion).

These are just two examples of the open debates around the axion/ALP world,
which are still taking the time of the scientific community nowadays. However, the
main problem has not been mentioned yet: fourty-two years after the famous Peccei
and Quinn article, there are no experimental proofs of the existence of axions or
ALPs. After PQWW model was ruled out, the experimental quest for axions and
ALPs took many different roads. Concerning axion dark matter, where the scale fa
is so large that the axion field is almost decoupled from the SM, the search is still
going on with experiments like CAST [19] and ADMX [20]. On the ALP side, where
the scale fa can be much lower, collider experiments can contribute to the cause.
While in the low-energy regime required for DM cavity experiments the (almost)
only relevant coupling of the axion is the one with photons, in colliders, where the
energy at disposal is much higher, the coupling with the heavy gauge bosons becomes
relevant triggering, for example, searches for mono-W and mono-Z final states [17,
21]. Currently, the increased sensitivity of flavour experiments, like Belle-II [22] and
LHCb [23], opens new channels where to look for ALPs. The hermeticity of the
detectors and the high event production rate make this kind of experiments suitable
to search for such elusive particles.

In this context, ALPs are long to be a closed topic in particle physics, both from
a theoretical and an experimental point of view. As mentioned above, they can arise
in many different areas of particle physics and touching every of these fields in one
single work would be unrealistic. However, given that all ALP models have their
roots in that paper of 1977, a general way to approach the problem can be found.
This idea of moving from a general phenomenological perspective on ALPs to the
peculiarity of specific models is the guideline of this thesis work. In the remainder
of part i a detailed introduction to the axion mechanism will be presented. Even if
QCD axion is not specifically the central topic of this work, the functioning of the ax-
ion mechanism is fundamental to understand the dynamics related to the whole ALP
category. In part ii an effective field theory (EFT) approach is adopted to deal with
experimental searches for ALPs. We focused on how B-factories can be a suitable en-
vironment where to search for ALPs associated to a dynamics around the TeV scale.
Starting from an effective theory, we will discuss how ALP searches can be consis-
tently performed at these facilities taking into account their peculiarities: axion-like
particles are not just simple pseudo-scalars and should not be treated as they were. In
particular, the focus of our work will be in the interplay between the ALP coupling
with photons and with b-quarks, which in principles can play an important role in the
interpretation of the result of B-factories. In part iii the discussion is shifted to model
building. In chapter 7, we investigate the possibility for an axion/ALP to arise in a
composite Higgs scenario. In particular, the Minimal Linear σ Model [24] is chosen
due to the extra fermionic sector which makes it suitable for an KSVZ-like axion. In
chapter 8 the scalar sector of this set up is studied analytically (where possible) and
numerically to see how the presence of the extra scalar field associated to the axion
mechanism can affect the SM Higgs sector and its dynamics. Finally, in chapter 9 a
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Figure 2: Axion and ALP coupling to photons vs. its mass (adapted from Refs. [2, 3,
26, 27]). Colored regions are: generic prediction for the QCD axion, exploiting Eqs. (7)
and (9), which relate its mass with its coupling to photons (yellow), experimentally ex-
cluded regions (dark green), constraints from astronomical observations (gray) or from
astrophysical or cosmological arguments (blue), and sensitivity of planned experiments
(light green). Shown in red are boundaries where axions and ALPs can account for all the
cold dark matter produced either thermally or non-thermally by the vacuum-realignment
mechanism.

2.3. Hotspots in axion and other WISPs parameter space from theory

The masses and couplings of axions and other WISPs to light standard
model particles appearing in the low energy effective Lagrangians (6), (10),
and (11) can only be predicted in terms of more fundamental parameters if
an ultraviolet completion of the low energy theory is specified. The most
satisfactory ultraviolet completions are arguably the ones which are moti-
vated by other issues in particles physics, such as for example the unification
of fundamental forces, with string theory being perhaps the most ambitious
project.

9

Figure 1.1: The figure, taken from [25], represents the axion parameter space, with the mass ma on the
horizontal axis and the effective coupling to photons on the vertical one. Colored regions
are: generic prediction for the QCD axion, relating its mass with its coupling to photons
(yellow), experimentally excluded regions (dark green), constraints from astronomical ob-
servations (grey) or from astrophysical or cosmological arguments (blue), and sensitivity
of planned experiments(light green). Shown in red are boundaries where axions and ALPs
can account for all the cold dark matter produced either thermally or non-thermally by the
vacuum realignment mechanism.

phenomenologically viable solution, where the PQ scale coincide with the composit-
ness one, is presented and discussed. Lowering the value of fa to the TeV region
forces us to discard the QCD axion option, remaining within a more general ALP
frame. At the end of this chapter the analysis tools discussed in part ii will be used
to bound the ALP parameter space of the model, closing the circle.

The intention of the author is to shed some light on specific aspects that can appar-
ently seem secondary, but that can still play an important role in terms of consistency.
In times when the evidence of new physics, if there is any, is anything but manifest,
it is fundamental to understand properly what we already have.



2
A X I O N S O L U T I O N T O T H E
S T RO N G – C P P RO B L E M

As anticipated in the introduction, the strong CP problem is one of the most com-
pelling challenges of particle physics and it was approached with different perspec-
tives along the years. In the remainder of the chapter the axion solution to the strong-
CP problem will be discussed in details, following the approach of [26]. After dis-
cussing briefly the origin of the problem, the different implementations and the most
peculiar aspects of the axion mechanism will be revised. Although most of the work
of this thesis is about ALPs which does not explicitly QCD axions, understanding
the underlying mechanism is fundamental to contextualise properly every discussion
about the topic.

2.1 T H E S T RU C T U R E O F T H E VAC U U M

A brief discussion on the peculiarity of the QCD vacuum structure is necessary to
understand the CP-violation puzzle in the strong sector. However, the complexity of
the topic is well beyond the scope of this work, so just a brief general introduction to
the problem will be discussed here. The approach of [27] will be adopted.

Quantum field theories depend on the Euclidean functional integral, where the
field configurations of the finite Euclidean action dominate the path integrals. These
dominant contributions to the semi-classical approximation are known as instantons.
In general, the action for a field theory with a gauge group G (G = SU(N), for
definiteness) in a 4-D Euclidean space is:

S =
1

4g2
G

∫
d4xTr [FµνFµν ] . (2.1)

For the action S to be finite, every possible field configuration must have a proper
behaviour at the boundaries, namely F ∼ O(1/r3) as r →∞. The gauge field then
must be of the form:

Aµ = g∂µg
−1 +O(1/r2) , (2.2)

for some gauge transformation g(x), which is a function mapping G to the vari-
ables of the Euclidean space. A gauge transformation must not alter the asymptotic
behaviour in the radial variable r and, to do so, g(x) must map G only to the an-
gular variables. Therefore, the field configurations are defined up to a mapping of
G to the space-time boundary, which in this case is topologically equivalent to the
three-dimensional hypersphere, S3.

The key point of the situation can be summed up by the following question: how
many different mappings are there, and how can they be classified? An important
result in [28] states that only the SU(2) subgroups of our G need to be considered.
SU(2) is topologically S3, so we can consider the trivial mapping:

g(1)(x) = (x4 + ix · σ) /r , (2.3)

7
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where σ1,2,3 are the Pauli matrices. It is also proven that all mappings from S3 to S3

are homotopic to a family of mappings

g(ν)(x) =
[
g(1)(x)

]ν
, (2.4)

where ν is an integer called winding number. A simple example is necessary to better
understand this statement. Suppose to have a U(1) group and to wrap its elements
around a circle S1. The trivial mapping in this case would be:

g(1)(θ) = eiθ , (2.5)

where the dependence is just on θ because U(1) has one angular variable. All the
mappings on the circle S1 can be obtained simply elevating g(1)(θ) to an integer
power:

g(ν)(θ) =
[
g(1)(θ)

]ν
= eiνθ . (2.6)

The winding number ν labels the representations of U(1) as number of laps around
the circle S1 in the form eiνθ, where θ is the only angular variable1.

Finally, it is possible to show that the winding number of a field configuration is
given by the integral

ν =
1

32π2

∫
d4xTr

[
Fµν F̃

µν
]

, (2.7)

where F̃ is the dual field strength as defined below Eq. (1.1). Therefore, the winding
number is a topological invariant of the field configuration and, as a consequence,
it provides directly a finite contribution to the Euclidean action proportional to the
θ-term.

For a general SU(N) group, different values of ν represent different possible
vacuum states. The vacuum state of the theory will be a superposition of all these
states:

|θ〉 =
∑
ν

eiνθ|ν〉 , (2.8)

such that

〈θ|eHT |θ〉 ∝
∫

[dA] e−Seiνθ . (2.9)

By definition, the θ-vacua are topologically distinct, therefore transitions between
them are forbidden as they involve discontinuous changes in the gauge field boundary
conditions. The energy of the vacuum state is estimated in [27] to be

E(θ) ∝ e−S0 cos(θ) , (2.10)

where S0 = 8π2/g2
G is the one-instanton action. This result will be extremely useful

in the computation of the axion non-perturbative potential needed to solve the strong-
CP problem in 2.4.

1 The U(1) gauge theory has no instantons in 3 + 1 dimensions. U(1) is topologically equivalent to the
circle S1 which, when wrapped around the hypersphere S3 can always be continuously deformed to a
point: the trivial mapping
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2.2 T H E P Q S O L U T I O N

There are many ways to approach the strong-CP problem. A massless up quark can
be a simple solution: if mu = 0 then also detMuMd = 0, and θQCD can be simply
removed with a chiral field redefinition. However, this solution is almost ruled out
by the measurements of light quarks’ masses and the scientific community by now
agrees on their massive nature (mu,md ∼ O(MeV)) [29].

A very elegant solution to the strong-CP problem is provided by the QCD axion
mechanism, proposed in 1977 by Peccei and Quinn [1]. The idea is to promote θQCD
to be a dynamical field which would naturally drive the θ-term to zero via QCD non-
perturbative effects. This field is the axion. The requirement for the axion mechanism
to work are:

• a global, chiral U(1)PQ symmetry spontaneously broken at the scale fa. The
axion is the wanna-be Goldstone boson of this symmetry breaking;

• a coupling between the field a and the gluon field strength in the form:

La ⊃
1

32π2
Ca
fa

TrGµνG̃µν , (2.11)

where C is the color anomaly factor (discussed in 2.3);

• a shift symmetry for the field a: a → a′ = a+ const.. This symmetry can be
violated only by QCD non-perturbative effects;

• a potential VNP (a) minimised for Ca/fa = 0.

With these ingredients the solution of the strong-CP problem is easily achieved:
θQCD is absorbed by a redefinition of a through the shift symmetry(

Ca
fa

+ θQCD

)
TrGµνG̃µν

shift−→ Ca′

fa
TrGµνG̃µν . (2.12)

At this point, the potential generated by non-perturbative effects of QCD, drives
naturally the field to a zero vacuum expectation value (C〈a〉/fa = 0), erasing dy-
namically the CP-violation induced by the θ-term. A theorem of Vafa and Witten
[30] guarantees that the instanton QCD potential is minimised at the CP-conserving
value. A residual interaction between the axion and the gluons is mantained, giv-
ing birth to a rich phenomenology. The pseudo-scalar nature of the axion ensures
CP-conservation of these residual interactions.

Summing up, the axion mechanism provides an effective solution to the strong-CP
problem. The dynamics takes place at two (in principle different) energy scales: the
U(1)PQ scale fa and the QCD scale ΛQCD. As the energy falls below fa, U(1)PQ
breaks spontaneously generating the axion as a Goldstone boson; at this point the
axion is massless and it enforces the shift symmetry. Approaching ΛQCD, the in-
stanton non-perturbative potential grows, driving the axion field to its CP conserving
minimum and solving the strong-CP problem. The non-perturbative potential vio-
lates explicitly the shift symmetry generating a small mass for the axion.

The whole axion mechanism is at this point largely model-independent. However,
the discussion on how the mechanism is realised, the field content and the symmetry
breaking patterns is still an open topic. In the following sections, three general types
of QCD axions model will be presented.
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2.2.1 PQWW

The Peccei-Quinn-Weinberg-Wilczek model [1, 5, 6] introduces a single additional
complex scalar field, ϕ, to the SM as a second Higgs doublet. One Higgs field will
give a mass to the up-type quarks, while the other to the down-type. As a conse-
quence, the representation of ϕ in SU(2)L × U(1)Y is fixed. The Lagrangian is
equipped with the global U(1)PQ, which acts as a chiral rotation (i.e. proportional
to γ5). These chiral rotations shift the angular part of ϕ by a constant. The PQ field
now is coupled to the SM via the Yukawa interactions, which give the mass to the
SM fermions. The PQ charges of the fermions are fixed by the invariance of these
terms under U(1)PQ.

The new field ϕ, like the Higgs, requires a symmetry breaking potential:

V (ϕ) = λ

(
|ϕ|2 − f2

a

2

)2
, (2.13)

and takes a vacuum expectation value 〈ϕ〉 = fa/
√

2. The field ϕ is co-responsible
for the mass generation of the fermions, therefore the symmetry breaking must take
place at the EW phase transition, as the standard Higgs doublet. This forces fa to be
approximately 250 GeV. The angular degree of freedom appears as 〈ϕ〉eia/fa after
the kinetic term is canonically normalised. The relevant terms in the Yukawa sector
then take the form:

Ly ⊃ −
v√
2

(
Yu uLe

ia/fauR + Yd dLe
ia/fadR + h.c.

)
, (2.14)

where Yu, Yd are the matrices of the Yukawa coefficients and v = 246 GeV is the
EW vev. Expanding in powers of 1/fa the quark coupling is:

Ly ∼ mq

(
a

fa

)
q iγ5 q , (2.15)

where we identified mq = yqv/
√

2. The chiral anomaly, which will be discussed
treated in 2.3, induces 1-loop couplings to the gauge bosons ∝ a/faGG̃ and ∝
a/fa FF̃ , where F is the EM field strength. The coupling with the gluon is the
desired term and leads to the PQ solution to the strong-CP problem.

For any axion models, the axion couplings are proportional to 1/fa. In the PQWW
fa is forced to be at the EW scale, meaning that the axion coupling with SM particle
is rather important. For this reason, the PQWW set-up is ruled out by beam-dump
experiments [7]. One way to avoid these experimental bounds is to untie fa from the
EW scale. The decay constant is thus a free parameter of these models and it can
be large enough such that they can be avoided. These categories of axion models,
characterised by a large value of fa which makes the axion very light, stable and
weakly coupled, are called Invisible Axion Models. The two most famous types are
the KSVZ and DFSZ.

2.2.2 KSVZ

The Kim-Shifman-Vainshtein-Zakharov model [8, 9] introduces a heavy quark dou-
blet QL, QR, triplet of SU(3)C . The PQ scalar field ϕ is now a complex SM singlet.
The two new fields interact via the PQ-invariant Yukawa term, which provides the
heavy quark mass:

LY = −λQ ϕQLQR , (2.16)
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where the Yukawa coupling λQ is a free parameter in the model. The U(1)PQ
charges are fixed in order to make the Lagrangian invariant. The potential is the
same of Eq. 2.13 and the symmetry breaking pattern makes the axion arise as a Gold-
stone boson. A peculiarity of the this model is that no SM field is charged under
U(1)PQ; all the PQ dynamics lives in the BSM sector. Nevertheless, at the quantum
level, chiral rotations on Q affect the GG̃ term via the chiral anomaly:

L → L+ 1
32π2

a

fa
GG̃ . (2.17)

In the simple KSVZ model the value of the color anomaly is equal to unity (just the
one heavy quark Q runs into the loop).

At low energies (below the PQ breaking), ϕ takes a vev and, as a consequence,
the quark Q obtains a mass proportional to λQfa. At this point, the field Q can be
integrated out. The coupling of the axion to GG̃ acts as a “memory” of the chiral
rotation applied at high energy. At the level of EFT, the induced topological term is
the only reminiscence of the PQ dynamics. Besides the axion-gluon coupling, usually
the coupling with the photons is present in this type of models. It can be calculated
via loops through the EM anomaly and it depends on the EM charge of the extra
quark field.

2.2.3 DFSZ

In the Dine-Fishler-Srednicki-Zhitnitsky model [10, 11] the axion is coupled to the
SM via the Higgs sector. As in the PQWW model, two Higgs doublets (Hu, Hd) are
required and of top of them the complex scalar ϕ is introduced as a SM singlet. The
global U(1)PQ is imposed and spontaneously broken by the potential of Eq. (2.13).
The field ϕ and the Higgs doublets interact via the potential:

V = λH ϕ
2HuHd . (2.18)

When the PQ symmetry is broken and ϕ acquires a vev, the parameters in the po-
tential and the coupling constant λH must be chosen in order to keep the Higgs
field light, consistent with the observed 125 GeV SM Higgs [31, 32], and the EW
vev, v =

√
〈Hu〉2 + 〈Hd〉2. The Higgs provides the masses to the SM fermions, as

usual, trough the Yukawa couplings:

LY ⊃ Yu qLuRHu + h.c. . (2.19)

Therefore, the SM fields must be charged under U(1)PQ for this term to be invariant
under the PQ symmetry. After the EW symmetry breaking, the Higgs is replaced
by its vev, inducing the usual axial coupling between the axion and the SM fermions
from the mass term, the same of Eq. (2.15). At this point, the main difference between
KSVZ and DFSZ is that in the DFSZ the GG̃ is induced by a light SM quarks loops
at low energies, rather than via the integration of the heavy degrees of freedom Q. In
the DFSZ model all of the standard model quarks are charged under the PQ symmetry
and, as a consequence, the color anomaly factor is larger (C = 6).

The fermion loop induces, in the same way, the coupling with the photons. In this
model there is freedom on choosing whether it is Hu or Hd that give mass to leptons
via Hu,d lLeR. As the axion-photon coupling is the sum of quark and lepton loops,
different values of their PQ charge give different contribution to the EM anomaly,
and thus to the coupling.
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These are two good illustrations on how a UV complete axion model can be built.
However, these are not the only possibilities. Models where the PQ charge is dis-
tributed between the SM fields and the BSM sector are common in literature: an
example of this approach is thoroughly described in part iii of this work.

2.3 Q UA R K M A S S E S A N D T H E C H I R A L A N O M A LY

A key role in the axion mechanism is played by the chiral anomaly [33], which is
strictly connected with CP violation in the quark mass term. A simple example is the
best way to explain the interplay between these two apparently different topics. Let’s
suppose to have a single quark splitted in its chiral components qL, qR. The mass
term is in general:

LM = qLMqR + qRM
†qL . (2.20)

The mass matrix can be a priori complex, generating a source of CP violation, and
it can be parametrised as M ≡ meiα, where m is the absolute value of the fermion
mass and α is the CP-violating phase. The Lagrangian of Eq. (2.20) takes the form:

LM = mqq + imαqγ5q+O(α2) , (2.21)

where we expanded for small α and regrouped the chiralities of q. The second piece is
CP-violating and in principle it can be reabsorbed by an axial U(1) field redefinition
of q. The rotations of U(1)A are:

qL → eiβqL ,
qR → e−iβqR ,

(2.22)

where β is the parameter of the transformation. It is easy to check that the CP-
violating term is cancelled if β = α/2. However, the U(1)A group is anomalous,
so this symmetry is not conserved at quantum level. The anomalous contribution de-
riving from the transformation in Eq. (2.22) can be computed via loop or with the
Fujikawa method [34]. In any case, the four-divergence of the axial current is propor-
tional to the GG̃ term, and the additional term in the Lagragian due to the anomaly
is:

L → L+ α

32π2 TrGµνG̃µν , (2.23)

where the relation β = α/2 is imposed. The anomalous behaviour of U(1)A does
not allow the CP-violating phase to be completely removed from the theory if a
quark mass term is included. CP-violation effects, proportional to the parameter α,
is always present in the Lagrangian either in the form of Eq. (2.20) or of Eq. (2.23).
For the sake of completeness, in the case of more than one quark field, like the SM,
the CP-violating phase is proportional to arg detM , explaining the expression of
Eq. (1.2).

In spite of that, this duality is a fundamental feature for the axion mechanism. The
group U(1)PQ acts on the Lagrangian as a chiral rotation where the angle is pro-
portional to the axion field α = a/fa. As a consequence, the GG̃ term is generated
whenever a field redefinition of this kind is performed on a quark mass term. In the
computation of the axial anomaly, theGG̃ term is always proportional to a numerical
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factor, the anomaly factor, which depends on the specific model. In the case of the
PQ symmetry the colour anomaly is given by [35]:

Cδab = 2β TrTaTb , (2.24)

for the trasformation of Eq. (2.22). The trace is all over the fermions of the theory,
and Ta are the generators of the SU(3)c representations of the fermions.

2.4 I N S TA N T O N S A N D T H E A X I O N P OT E N T I A L

Even though the topological term in Eq. (1.1) does not affect the classical equation of
motion, it does affect the vacuum structure and, as a consequence, the vacuum energy
depends on θQCD. This is because of the presence of instantons in the so called θ-
vacua configuration of QCD [27], discussed in 2.1. These happens because the group
of the space-time boundary, onto which SU(3)c is mapped, allows for topologically
distinct field configurations. A many-vacua structure emerges from this situation,
each one labelled by a value of θQCD. The vacuum energy is [36]:

Evac ∝ cos (θQCD) . (2.25)

The different θ-vacua are topological distinct, so any transition between two different
vacuum states is not allowed. On the other hand, introducing a field that couples to
GG̃, as the axion does, means that the vacuum energy now depends on the linear
combination Evac(θQCD + Ca/fa). Through the shift symmetry of the axion, the
contribution of θQCD can be reabsorbed:

Evac ∝ cos
(
Ca
fa

)
. (2.26)

The vacuum energy now depends on a dynamical field and it can be interpreted as a
non-perturbative potential for the axion. The dynamics of a sends it to one of these
vacua, which is the essence of the PQ mechanism.

The Goldstone boson nature of the axion forces it to be massless. However, when
the energy approaches ΛQCD the instantonic potential becomes important, explicitly
breaking the shift symmetry and generating a small mass for the axion. The process
can be easily sketched using the single quark approach of 2.3. The relevant terms in
the Lagrangian are:

mqq +
1

32π2
Ca
fa

TrGG̃ . (2.27)

Applying a U(1)PQ chiral rotation of angle α = Ca/fa and expanding the exponen-
tial in sines and cosines we get:

L ⊃ m cos
(
Ca
fa

)
qq + im sin

(
Ca
fa

)
qγ5q . (2.28)

If the energy is below ΛQCD the quark bi-linear condensates to 〈qq〉. Remembering
that for almost every viable axion model the condition fa � ΛQCD is verified, the
wanna-be potential in Eq. (2.28) can be expended in powers of 1/fa:

m 〈qq〉 cos
(
Ca
fa

)
' 1

2
m〈qq〉
f2
a

a2 + . . . (2.29)
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where the first term of the expansion is the mass term for the axion. In any case, a
general expression commonly used for the axion potential is:

VNP (a) = muΛ3
QCD

[
1− cos

(
Ca
fa

)]
(2.30)

where a constant shift is applied such the the minimum of the potential is in zero.
In the general QCD case, this mass can be calculated in chiral perturbation theory

[5, 6]:

m2
a =

m2
πf

2
π

( faC )
2

mumd

(mu +md)2

{
1 + m2

π

m2
η

[
−1 +O

(
1− mπ

mη

)]}
, (2.31)

where mπ , fπ are the masses and the decay constant of the pion, mu, md are the
masses of the up and down quarks and mη is the mass of the η meson. It is straight
forward from Eq. (2.31) to see that, for the QCD axion, a particularly strict relation
occurs between the mass ma and the scale fa:

mafa ∼ mπfπ . (2.32)

The mass and the scale are strongly correlated for QCD axions, the larger is fa, the
smaller is ma. Putting some numbers into Eq. (2.31) a general formula for the value
of ma is obtained:

ma ≈ 6× 10−6 eV
(

1012 GeV
fa/C

)
. (2.33)

This statement is completely general and in principle valid for any of the particular
QCD models discussed.

2.5 C O U P L I N G T O T H E S M

The couplings of the axion with the SM fields depend on the model and on the PQ
charge assignment. Nevertheless, a structure of the interaction terms can be outlined.
A general expression for the interactions between the field a and the SM can be find
in [37]:

Lint =
∂µa

2fa

caHHH†i←→D µH +
1
2
∑
f

caffψfγ
µγ5ψf

+

− a

fa

{
cagg

g2
3

32π2GG̃+ caWW
g2

32π2WW̃ + caBB
g′2

32π2BB̃

}
,

(2.34)

where H is the Higgs doublet, ψf are the SM fermions and g3, g and g′ are the
coupling constants of SU(3)c, SU(2)L and U(1)Y . As expected, the PQ invariant
couplings contain only derivatives of a to preserve the shift symmetry. They depend
on the model-dependent values of the PQ charges included in the coefficients caff ,
caHH assigned to the fields. On the other hand, the non derivative couplings of aGG̃
form violate the PQ symmetry in the U(1)PQ anomaly framework.

Given the extraordinary adaptability of the QCD axion to be a dark matter candi-
date, usually its interaction are studied from a low-energy EFT approach. The most
interesting coupling, from a phenomenologically point of view, is the one with the
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photon, generated through the electromagnetic anomaly. In the effective approach,
this coupling is usually parametrised as:

Laγγ = −
gaγγ

4 aFµν F̃
µν , (2.35)

where gaγγ is the effective coefficient, it has mass-dimension −1 and is proportional
to 1/fa. To link the EFT term with its PQ invariant origin it is convenient to define:

gaγγ =
αem

2π
caγγ
fa

, (2.36)

where αem is the EM coupling constant and caγγ is a dimensionless parameter that
depends on the specific model. The factor αem/2π in front of the coefficient is the
reminiscence of the “1-loop” origin of this coupling. As a consequence, even though
the coefficient caγ can be ofO(1), the effective coupling of the axion with the photon
(and in general with the SM vector bosons) is always suppressed by a loop factor.
The dimensionless coupling receives contributions from above the U(1)PQ breaking
scale, via the EM anomaly, and below it by mixing with the longitudinal component
of the Z-boson [35]:

caγγ =
E
C
− 2

3 ·
4 +mu/md

1 +mu/md
, (2.37)

where E = 2TrnPQQEM is the EM anomaly.
Here the difference between KSVZ and DFSZ is manifest. In KSVZ only the

heavy quark Q has a PQ charge, so the value of caγγ depends on the EM charge
assigned to Q. Introducing more than one heavy field can induce model dependence.
On the other hand, in DFSZ models all the SM fermions carry a PQ charge. The
model dependence here is due to the lepton PQ charges, i.e. whether Hu or Hd gives
mass to the leptons. If Hu is responsible for lepton masses, caγγ also depends on the
ratio of Higgs vevs, tan β = 〈Hu〉/〈Hd〉. Anyway, there is a canonical set-up, for
both KSVZ and DFSZ, which represents the simplest case of a QCD axion solving
the strong-CP problem. For KSVZ it consists in a single, EM neutral heavy quark Q.
For DFSZ theHd doublet gives mass to the leptons, allowing for a SU(5) unification.
In this two situation the value of the coefficient is:

caγγ = −1.92 (KSVZ) ; caγγ = 0.75 (DFSZ) . (2.38)

This brief discussion on the axion-photon coupling is useful to understand the
interplay between the different energy scales involved in the axion mechanism. The
relation between what is fundamental and what is effective will have a key role in all
the remainder of this work. The general EFT Lagrangian, which can be associated
both to a QCD axion or, more generally, to an axion-like particle, will be treated
separately in the next chapter.





3
A X I O N L I K E PA RT I C L E S
( A L P S )

In the previous chapter the we discussed axion mechanism as a solution to the strong-
CP problem. Although it represents an elegant and promising way to solve this long-
standing problem of the SM, the requirements for it to take place strongly constrain
the parameter space. In particular, to solve the strong-CP problem, the PQ scale
fa of a KSVZ or DFSZ model must satisfy the condition of Eq. (2.32). Given that
astrophysical observations force fa to be at least of the order of 109 GeV, the axion
must be very light, of O(µeV). Such a large value of fa can be avoided if a greater
degree of complexity is introduced in the complete model, like a larger dark group
or a more complicated PQ dynamics (see [12, 13] as an example). Nevertheless, as
it was briefly discusses in the introduction, the axion mechanism has been applied to
many different areas of particle physics which go beyond the simple solution to the
strong-CP problem. Without this requirement, the model is much less constrained
and the allowed parameter space widens up. In what follows, some of this interesting
situations will be discussed togheter with the general, low-energy, effective approach
commonly used for ALP studies.

3.1 M OT I VAT I O N F O R A L P S E A R C H E S

An interesting application where an ALP/axion can be an explanation for the flavour
puzzle in the matter sector of the SM is the Axiflavon [38], or Flaxion [39]. The idea
is to promote one of the residual U(1), generated by the flavour group of the SM, to
be the PQ symmetry. At this point, in a similar way of the DFSZ model, the PQ field
ϕ is coupled to SM fermions:

LY = −ydij
( ϕ
M

)ndij
QiHdR − yuij

( ϕ
M

)nuij
QiH̃uR + . . . (3.1)

where yd,u
ij are the Yukawa matrices, nd,u

ij are the PQ charges necessary to make the
Lagrangian invariant, M is the scale of validity of the model and the dots stand for
the leptonic sector. After the spontaneous breaking of U(1)PQ, the field ϕ takes a
vev 〈ϕ〉 and the ALP/axion is generated as the angular variable eia/fa . The masses
of the fermions generated by the EW symmetry breaking in this contest are:

md
ij = ydij

(
〈ϕ〉
M

)ndij
v; mu

ij = yuij

(
〈ϕ〉
M

)nuij
v , (3.2)

where v = 246 GeV is the EW vev. The masses of the SM fermions depend on the
PQ charge assignment, with the charge of the top quark conventionally set to zero,
and the large difference between them can be explained even with O(1) Yukawa
couplings. Finally, as for DFSZ, the residual interaction with the field a can be in
principle used to solve the strong-CP problem.

17
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In [40] the ALP works as a portal between the SM and dark matter. The dark
matter candidate χ is a Dirac fermion with mass mDM which interacts with the SM
fermions via a pseudoscalar a. The interaction Lagrangian is very simple:

Lint = −i
gaχχ

2 aχγ5χ− i
∑
f

gaff
2 fγ5f . (3.3)

The field a can be an ALP in this scenario. This simple model can fit the gamma-ray
energy burst from the center of the galaxy observed by the FERMI-LAT telescope
[41].

A third possible field of application is the long-standing g− 2 of the muon. In [42]
the discrepancy between the SM model prediction and the data can be explained by
an ALP coupled both to photon and to fermions, with interaction terms of the form
of Eq. (2.34). The interesting result is that an ALP is a good candidate to solve the
(g− 2)µ problem at the price of a relatively large coupling with photons.

Axion-like particles became a topic of great interest in the particle physics com-
munity even though the solution of the strong-CP problem is no more a mandatory
condition. The possible applications are many, as we saw in the previous examples.
Nevertheless, in every model containing ALPs the form of the interaction terms is
usually very similar and this is due to a similar symmetry structure from where they
arise and to the effective approach commonly used for the analysis.

3.2 E F T L AG R A N G I A N F O R A L P S

The scale of the fundamental dynamics of the axion mechanism for simple KSVZ
or DFSZ is bounded by observations to be extremely large. As a consequence, it
is impossible by now to test directly these energies because they are way beyond
the reach of any possible experiment. A viable way to prove experimentally these
models is to study the low energy (EW scale and below) processes involving the
axion. Therefore, it is useful to adopt an effective approach, which will be valid even
in the ALP case, where the scale fa is not bound to be so large (but still larger than
the EW scale). The dimension-five effective Lagrangian describing ALP interactions,
above the electroweak symmetry breaking scale, can be generically written as [43]:

δLeff =
1
2 (∂

µa) (∂µa)−
m2
a

2 a2 − gaBB
4 aBµνB̃µν −

gaWW

4 aWµνW̃µν

−
gagg

4 aGµνa G̃aµν −
∂µa

2
∑
f

gaff fγ
µγ5f ,

(3.4)

where Ṽ µν = 1
2 ε

µναβVαβ , gaff and gaV V denote the ALP effective couplings to
fermions and to the SM gauge bosons, V ∈ {g,B,W}, respectively. The dependence
on the scale is absorbed in the effective coupling:

gaV V =
αV
2π

caV V
fa

, gaff =
caff
fa

; (3.5)

where caV V are the adimensional coefficients. The same argument holds for fermionic
couplings. If the ultraviolet completion of Eq. (3.4) is not specified, the ALP cou-
plings are independent parameters, which can be of the same order of magnitude and
which should be simultaneously considered in phenomenological analyses.
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Figure 4. Left panel: Limits on a coupling to two hypercharge bosons. Right panel: Limits

on a coupling only to photons. The new LEP limits from 2 and 3 photon signatures are shaded

in green and enclosed by dashed and solid black lines, respectively. The future FCC-ee limit is

indicated by the red solid line. Our projected LHC sensitivity for 13 TeV and 100 fb�1 by the

blue line (only applicable to the coupling to hypercharge bosons). The rest of the figure is adapted

from [1, 3, 24–30].

particles have a definite energy given by the collider energy and for the measurements we

consider this was (nearly) mZ .

Aside from the di↵erence in production the analysis follows along similar lines as in

the previous subsection. To obtain the limits in this case we have simply rescaled the limits

with the appropriate lower ALP production cross section.

The resulting limits are shown in light green Fig. 4(b). Again the solid line indicates

the Z ! 3� measurement and the dashed one the Z ! 2� limit. As above we see that the

two photon measurement extends the reach to low masses. In the overlapping region our

limits are slightly weaker than those of [28] which also used data based on more integrated

luminosity at energies o↵ the Z-peak (since the production via photons is always o↵-shell

there is no special benefit in Z-peak data).

3 ALPs at LHC and Future Colliders

3.1 Future electron-positron machines

Let us first consider the sensitivity of future lepton colliders such as ILC [48, 49], CEPC [50],

and FCC-ee [51, 52]. For these the analysis that one can perform is exactly as in the

previous section and limits can be obtained for both the pure photon and the hyperacharge

coupling in Eq. (1.1).

Indeed with at FCC-ee running at the Z-peak we can hope for about 107 times as

many Z-bosons as were produced with LEP-I running at the Z-peak. Naively, we can scale

the improvement in the branching ratio as
p

NZ . We therefore expect that the branching

ratios could be improved by a factor 103�105. Accordingly the limits on the couplings are

– 6 –

Figure 3.1: The figure, taken from [16], gives a general overview on the bounds of the ALP parameter
space, where just the coupling with photons is considered.

Below the EW symmetry breaking the relevant couplings for collider studies are
the following:

δLeff =
1
2 (∂

µa) (∂µa)−
m2
a

2 a2 −
gaγγ

4 aFµν F̃µν −
gagg

4 aGµνG̃µν+

− gaWW

4 aWµνW̃µν −
gaZZ

4 aZµνZ̃µν −
gaZγ

4 aZµν F̃µν+

+
∂µa

2
∑
f

gaff fγ
µγ5f ,

(3.6)

where gaγγ = c2
W gaBB + s2

W gaWW , gaZZ = s2
W gaBB + c2

W gaWW and gaZγ =
2cW sW (gaWW − gaBB). This effective Lagrangian is widely used to study pro-
cesses involving axions or ALPs in the energy range relevant for collider searches.

For low-energy experiments such as direct detection, besides the ubiquitous axion-
photon coupling, the focus is shifted to the couplings with nucleons and electrons:

δLeff =
1
2 (∂

µa) (∂µa)−
m2
a

2 a2 −
gaγγ

4 aFµν F̃µν +
gaNN

2 ∂µa
(
Nγµγ5N

)
+

+
gaee

2 ∂µa (eγ
µγ5e)−

i

2 gd aNσµνγ5NF
µν ,

(3.7)

where σµν = i
2 [γµ, γν ], and N is a nucleon (proton or neutron). While the coupling

gaγγ is the usual effective axion photon coupling, the situation is a bit different for
the other coefficients. The coupling gd, which parametrises the axion-gluon coupling
that generates an electric dipole moment (EDM) for a nucleon, has mass-dimension
−2 and is proportional to 1/fa [44]. The couplings gaee and gaNN represent the
axial coupling of the ALP with electrons and nucleons, which can be tested in “direct
detection-like” experiments.

Nevertheless, the experimental search for axions and ALPs is long to be concluded.
In Fig. 3.1 some general experimental constraints on the effective ALP coupling with
photons are depicted. Reminding that gaγγ ∝ 1/fa, once the model is specified,
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bounds on the PQ scale can be obtained. The allowed parameter space for ma > 1
GeV is of particular interest because it can be accessible by collider experiments
while the down-left part can be explored both by cosmological and astrophysical
observation and by precision axion dark matter experiments, such ADMX [20] and
CAST [19].
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B - FAC T O R I E S

Light pseudoscalar particles naturally arise in many extensions of the Standard Model
(SM), including the ones endowed with an approximate global symmetry sponta-
neously broken at a given scale, fa. Sharing a common nature with the QCD ax-
ion [1,5,6], (pseudo) Nambu-Goldstone bosons are generically referred to as Axion-
Like Particles (ALPs). The ALP mass ma can, in general, be much lighter than the
symmetry breaking scale fa, as it is paradigmatically exemplified in the KSVZ and
DFSZ invisible axion models [8–11]. Therefore, it may be not inconceivable that the
first hint of new physics at (or above) the TeV scale could be the discovery of a light
pseudoscalar state.

The ALP parameter space has been intensively explored in several terrestrial fa-
cilities, covering a wide energy range [16, 17, 21, 43, 45–47], as well as by many
astrophysical and cosmological probes [48–50]. The synergy of these experimental
searches allows to access several orders of magnitude in ALP masses and couplings,
cf. e.g. Ref. [51] and references therein. While astrophysics and cosmology impose
severe constraints on ALPs in the sub-KeV mass range, the most efficient probes
of weakly-coupled particles in the MeV-GeV range come from experiments acting
on the precision frontier [52]. Fixed-target facilities such as NA62 [53] and the pro-
posed SHiP experiment [54] can be very effective to constrain long-lived particles.
Furthermore, the rich ongoing research program in the B-physics experiments at
LHCb [55, 56] and the B-factories [22, 57] offers several possibilities to probe yet
unexplored ALP parameter space.

The main goal of this chapter is to re-examine existing BaBar and Belle flavor-
conserving constraints on ALPs, and to identify the most promising experimental
searches to be performed at the forthcoming Belle-II experiment. While there have
been several studies discussing signatures of ALPs at B-factories [23, 58–60], many
clarifications are still needed. Firstly, the resonant contributions to the ALP produc-
tion, via the e+e− → Υ(nS)→ aγ process, have been overlooked before. As will be
shown, these effects can induce numerically significant corrections to experimental
searches performed at

√
s = mΥ(nS), with n = 1, 2, 3. Another improvement con-

cerns the theoretical expression for the Υ→ γa branching fraction. Previous studies
estimate this quantity by considering either the ALP coupling to b-quarks [61], or to
gauge bosons [59]. In this chapter, it will be shown that the simultaneous presence
of both interactions, as expected in the most general framework, gives rise to new
interesting phenomenological features.

In order to assess the limits on ALP couplings, one should specify not only the
ALP production mechanism, but also its decay products. In this paper, it will be
assumed that the ALP does not decay into visible particles. Such a scenario can
be easily achieved by assuming a sufficiently large ALP coupling to a stable dark
sector, as motivated by several dark matter models. The conclusions related to ALP
production are, however, general and they can also be applied to the reinterpretation
of experimental searches with visible decays in the detector, as will be discussed in
the following.

23
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4.1 B - F AC T O R I E S

B-factories are particle collider experiments designed and built to study the physics
of the B mesons at the intensity frontier. Originally, the target of these experiments
was to measure the CP violating phase in the B0 −B0 system, which was expected
to be significantly larger than in the Kaons decay. The idea was to study the decay
of the B0B̄0 mesons into the same final state: an asymmetry between the two decay
rates would be directly proportional to che CP violating phase in the CKM matrix.
The so called “golden observable” is the CP asymmetry between B0 → J/ψK0

s

and B0 → J/ψK0
s . At the B-factories, neutral B mesons are produced in pairs at a

center of mass energy corresponding to the Υ(4S), which decays almost 100% into
a BB pair.

To reach the sufficient sensitivity and precision to measure such an effect of CP
violation both the colliders and the detector had to satisfy some technical require-
ments:

• High Luminosity: due to a relatively branching fraction for theB0 → J/ψK0
s

andB0 → J/ψK0
s (around 0.04%), tens of millions ofBB pairs are required.

For an e+e− collider operating at the Υ(4S), this means an integrated lumi-
nosity of ∼ 30 fb−1 or more.

• Boosted B0B0 pairs: the propagation in time of the B mesons decays is
fundamental to measure the CP violation effect. As a consequence, the BB
pair must be boosted to ensure a sufficient decey length in the laboratory frame.
This is achieved thanks to the asymmetric colliders, where the center od mass
frame is boosted by a factor of β ∼ 0.5 with respect to the lab frame.

• High-resolution and large-coverage detector: the interesting decays consid-
ered and their flavour dependence require precision in the particle type identifi-
cation and the ability to reconstruct displaced vertices with an extremely high
accuracy. Moreover, hermeticity is fundamental to avoid misidentification of
events and loss of signal.

Moreover, a sophisticated data acquisition system was necessary to handle the huge
event rate associated with the available luminosities, precision tracking and and ver-
texing devices in addition to software and storage technologies required to deal with
those large samples. These requirements were fulfilled for the first time at the end
of the ‘90s by the two machines: PEP-II at SLAC in Stanford (USA), and KEKB at
the KEK facility in Tsukuba (Japan). They were able to produce routinely more than
one million BB meson pairs per day. Two different detectors were designed for the
two experiments: BaBar for PEP-II and Belle for KEKB [57].

All these features make B-factories suitable also to search for new physics on top
of SM precision measurements. In particular, the high luminosity of the machine and
the hermeticity of the detector are very important to study elusives particles such as
ALPs. For this reason, Babar and Belle collaborations decided to acquire data also at
different energies (Υ(nS) with n = 1, 2, 3). In the following chapter, these data will
be very useful to our analysis to set bounds on the ALP parameter space.

Regarding the future, the scientific community is waiting for the beginning of the
data taking of Belle-II [22] experiment, an update of the Belle detector and of the
KEKB collider (now SUPER KEKB). The new machine will be able to provide an
even larger luminosity that will probably reach the 50 ab−1 at the end of the data tak-
ing and, on top of this, the new detector is designed to improve even more the cover-
age and the sensibility. Differently from the previous two experiments, Belle-II will
exploit the BB system to search for new physics, especially regarding the so called
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“B-anomalies” and the Lepton Flavour Universality Violation (LFUV) [62–78], al-
ready spotted by BaBar, Belle and LHCb but still below the significance threshold.
For this reason, the machine will not run at resonances below the Υ(4S): as it will
be discussed in the following, this will have an impact on the type of searches for
ALPs one can perform at B-factories.

4.2 A L P E F F E C T I V E L AG R A N G I A N

The dimension-five effective Lagrangian describing ALP interactions, above the elec-
troweak symmetry breaking scale, is the one of Eq. 3.4:

δLeff =
1
2 (∂

µa) (∂µa)−
m2
a

2 a2 − gaBB
4 aBµνB̃µν −

gaWW

4 aWµνW̃µν

−
gagg

4 aGµνa G̃aµν −
∂µa

2
∑
f

gaff fγ
µγ5f ,

(4.1)

where Ṽ µν = 1
2 ε

µναβVαβ , gaff and gaV V denote the ALP effective couplings to
fermions and to the SM gauge bosons, V ∈ {g,B,W}, respectively. The dependence
on the scale is, as usual, hidden inside the effective coupling:

gaV V =
αV
2π

caV V
fa

, (4.2)

where caV V are the adimensional coefficients. The same argument holds for fermionic
couplings. The ALP massma and the scale fa are assumed to be independent param-
eters, in contrast to the QCD-axion paradigm, which is characterised by the relation
ma fa ≈ mπ fπ [79]. Moreover, if the ultraviolet completion of Eq. (4.1) is not
specified, the ALP couplings to gauge bosons and fermions are described by inde-
pendent parameters, which can be of the same order of magnitude and which should,
therefore, be simultaneously considered in phenomenological analyses.

At the energy-scales relevant atB-factories, the ALP interactions with theZ boson
can be safely neglected, due to the Fermi constant suppression. Furthermore, the
ALP couplings to the top-quark and W± boson are relevant only to the study of
flavor-changing neutral currents observables, which are complementary to the probes
discussed here – see e.g. Refs. [80–83] for a recent discussion. The only relevant
couplings in Eq. (4.1) at low-energies are

δLeff ⊃
1
2 (∂

µa) (∂µa)−
m2
a

2 a2

−
gaγγ

4 aFµν F̃µν −
gagg

4 aGµνa G̃aµν −
∂µa

2
∑
f

gaff fγ
µγ5f ,

(4.3)

where gaγγ = gaBB cos2 θW + gaWW sin2 θW . The couplings relevant to ALP
production are {gaγγ , gabb}, while the other couplings only contribute to the ALP
branching fractions.

Light pseudoscalar particles can also act as portals to a light dark sector [40, 84].
In this case, to describe these additional interactions, new couplings are customarily
introduced. By assuming, for instance, an extra light and neutral dark fermion state
χ, the following term should be considered in the effective Lagrangian:

δLeff ⊃ −gaχχ
∂µa

2 χγµγ5χ , (4.4)
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where gaχχ denotes a generic coupling, which can induce a sizable ALP decay into
invisible final states, as will be considered in the following.

In the remained of this paper, caii ≡ ceff
aii(µ = mb) will be assumed, and the ALP

mass will be taken in the rangema ∈ (0.1− 10) GeV, for whichB-factories provide
some of the most stringent bounds on its couplings.

4.3 B - F AC T O R I E S P RO B E S O F I N V I S I B L E A L P S

In this Section, the potential of B-factories to probe ALP couplings in the e+e− →
γa channel will be discussed. Two main scenarios are typically considered in the
literature, depending on the relative strength of the ALP coupling to SM and dark
sector particles: either |gaχχ| � |gaSM|, or |gaχχ| � |gaSM|. In the first case, for
ma values in the GeV range, the ALP would typically decay in the detector, leaving
the signatures γa(→ jj) [85, 86], γa(→ γγ) [87–89] and γa(→ ``) [90–92], with
` = {e,µ, τ}. This scenario is dubbed the visible ALP. If, however, the coupling to
the dark sector gaχχ is large, in comparison to the SM couplings, then the ALP will
decay predominantly into an invisible channel, providing the mono-γ plus missing
energy signature. This scenario will be referred to as the invisible ALP, 1 which also
covers the possibility of a sufficiently long-lived ALP that does not decay in the
detector.

In this chapter, the invisible ALP scenario will be considered for the sake of illus-
tration. The main goal will be (i) to revisit the theoretical expressions available in
the literature, including ALP coupling to bottom quarks, as well as previously unac-
counted experimental uncertainties, and (ii) to propose an optimal strategy for future
ALP analyses. Even though the main focus will be the minimalistic invisible ALP
scenario, most of the observations that will be made in this paper can be translated
mutatis mutandis to the visible case. After explaining the strategy for the invisible
ALP case, some results on possible ALP decay channels will be shown in the follow-
ing chapter.

N O N - R E S O N A N T A L P P R O D U C T I O N : The most straightforward way of pro-
ducing ALPs in e+e− facilities is via the non-resonant process e+e− → γa, as
illustrated in Fig. 4.1. If the ALP does not decay inside the detector, as assumed
throughout the chapter, this process would result in an energetic γ plus missing en-
ergy. The differential cross-section for this process, keeping explicit the ALP mass
dependence, can be expressed as [42](

dσ(s)
d cos θγ

)
NR

=
αem
128 g2

aγγ (3 + cos 2θγ)
(

1− m2
a

s

)3
, (4.5)

where s = E2
cm, and θγ is the angle of photon emission with respect to the collision

axis, in the center-of-mass frame. In this expression, the contributions coming from
the exchange of an off-shell Z boson, which are also induced by caWW in Eq. (4.1),
have been neglected, since they are suppressed, at low-energies, by s/m2

Z � 1. The
integrated cross-section then gives:

σNR(s) =
αem
24 g2

aγγ

(
1− m2

a

s

)3
. (4.6)

While the non-resonant contribution to ALP production given above is unavoidable
in any experiment relying on e+e− collisions [58], the situation at B-factories is
more intricate since these experiments operate at specific Υ(nS) resonances. There-
fore, it is crucial to account for the resonantly enhanced contributions, which can be

1 The invisible ALP case should not be confused with the traditional invisible QCD axion [8–11].
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numerically significant, as will be shown in the following. Taking into account the
resonant enhancement of this process will require some assumptions on the calcula-
tion of the non-perturbative contributions due to the hadronic nature of the Υ(nS)
meson.

e−

e+

γ
γ

a

caγγ

Figure 4.1: Non-resonant contribution to the process e+e− → γa produced via the effective
coupling gaγγ defined in Eq. (4.3).

R E S O N A N T A L P P R O D U C T I O N : Vector quarkonia can produce significant
resonant contributions to the mono-γ channel, e+e− → Υ→ γa, since they are very
narrow particles coupled to the electromagnetic current. Assuming a fixed center-of-
mass energy

√
s ≈ mΥ, as is the case at B-factories, and using the Breit-Wigner

approximation, one finds for the resonant cross-section

σR(s) = σpeak
m2

ΥΓ2
Υ

(s−m2
Υ)

2 +m2
ΥΓ2

Υ
B(Υ→ γa) , (4.7)

where mΥ and ΓΥ are the mass and width of a specific Υ resonance, and σpeak is the
peak cross-section defined as

σpeak =
12πB(Υ→ ee)

m2
Υ

, (4.8)

with B(Υ → ee) being the leptonic branching fraction, experimentally determined
for the different Υ(nS) resonances [29]. The effective couplings defined in Eq. (4.3)
appear, instead, in the B(Υ → γa) branching fraction, as illustrated in Fig. 4.2,
which will be computed in full generality in Secs. 4.3.1 and 4.3.2.

γ

a

Υ

b

b̄

b
γ∗ γ

a

Υ

b

b̄
γ

a

Υ

b

b̄

b
caγγ

cabb

cabb

Figure 4.2: Contributions to the Υ(nS)→ γa decays from the effective couplings introduced
in the Lagrangian or Eq. ((4.3)).

R E S O N A N T V S N O N - R E S O N A N T: Naively, one would expect that the reso-
nant cross-section (Eq. (4.7)) clearly dominates over the non-resonant one (Eq. (4.6))
for the very narrow Υ(1S), Υ(2S) and Υ(3S) resonances, since ΓΥ/mΥ � 1. Nev-
ertheless, this turns out to not be the case at B-factories, since these experiments
are intrinsically limited by the energy spread of the e+e− beam, which is of order
σW ≈ 5 MeV at current facilities. 2 This value is considerably larger than the width
of these resonances, which therefore cannot be fully resolved atB-factories. The only
exception is the Υ(4S) resonance, for which ΓΥ(4S) = 20.5 MeV [95]. Therefore,

2 More specifically, the energy spread was σW = 5.5 MeV at BaBar (PEP) [29] and σW = 5.24 MeV at
Belle (KEKB) [93], and it is expected to be σW = 5.45 MeV at Belle-II (SuperKEKB) [94].
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one should expect a sizable reduction of the estimation in Eq. (4.7) for the lightest
quarkonia resonances, due to this intrinsic experimental uncertainty.

To account for the beam-energy uncertainties in Eq. (4.7), the procedure presented
in Ref. [96] has been adopted by performing a convolution of σR(s) with a Gaussian
distribution, with spread σW ,

〈σR(s)〉vis =

∫
dq σR(q

2)√
2πσW

exp
[
− (q−

√
s)2

2σ2
W

]
. (4.9)

At the very narrow Υ(nS) resonances, with n = 1, 2, 3, one finds ΓΥ � σW , in
such a way that the previous expression can be simplified by writing [96]

〈σR(m
2
Υ)〉vis = ρ σpeak B(Υ→ γa) , (4.10)

where the parameter ρ, defined as

ρ =

√
π

8
ΓΥ

σW
, (4.11)

accounts for the cross-section suppression at the peak due to the finite beam-energy
spread. These effects will be quantified in the following in two scenarios: (i) ALP
with predominant couplings to photons, |gaγγ | � |gabb|, and (ii) the general case
with both gaγγ and gabb nonzero.

4.3.1 The Photo-Philic Scenario: |gaγγ | � |gabb|

The scenario most commonly considered in the literature is the one with predominant
ALP couplings to photons [59]. In this case, by neglecting gabb, the first diagram in
Fig. (4.2) leads to

B(Υ→ γa)
∣∣∣
gabb=0

=
m2

Υ
32παem

g2
aγγ

(
1− m2

a

m2
Υ

)3
B(Υ→ ee) , (4.12)

which agrees with Ref. [58] in the massless ALP limit. Note that this expression does
not require assumptions on hadronic uncertainties, since the hadronic matrix element
appearing in this computation, namely 〈0|b̄γµb|Υ(p)〉, also enters the process Υ →
ee which has been accurately measured experimentally [29]. Alternatively, B(Υ →
ee) can be expressed in terms of the Υ decay constant, defined as

〈0|b̄γµb|Υ(p)〉 ≡ mΥ fΥ ε
µ(p) , (4.13)

which encapsulates the QCD dynamics of this process and which has been indepen-
dently computed, for the lighter Υ resonances, by means of numerical simulations of
QCD on the lattice [97–99]. The previous definition allows to recast Eq. (4.12) in the
more convenient form,

B(Υ→ γa)
∣∣∣
gabb=0

=
αem

216 ΓΥ
mΥf

2
Υ g

2
aγγ

(
1− m2

a

m2
Υ

)3
. (4.14)

The Lattice QCD (LQCD) determinations of fΥ(nS) are summarized in Tab. 4.1
along with the values extracted from the experimentally determined B(Υ(nS) →
e+e−) [29], showing a reasonable agreement.

In Table 4.2, Eq. (4.12) is combined with Eqs. (4.6) and (4.10) to estimate the reso-
nant and non-resonant cross-section, for each Υ resonance, along with the peak cross-
section σpeak and the suppression parameter ρ. This computation has been performed
with the Belle-II (KEKB) energy-spread for illustration, which is similar to the ones
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Υ(nS) f latt.
Υ (MeV) fexp.

Υ (MeV)

Υ(1S) 680(14) 659(17)

Υ(2S) 494(15) 468(27)

Υ(3S) 539(84) 405(26)

Υ(4S) – 349(23)

Table 4.1: Υ(nS) decay constants computed by means of numerical lattice simulations [97–
99] or determined experimentally from B(Υ(nS)→ e+e−) [29].

Υ(nS) mΥ [GeV] ΓΥ [keV] σpeak [nb] ρ 〈σR(m
2
Υ)〉vis/σNR

Υ(1S) 9.460 54.02 3.9(18)× 103 6.1× 10−3 0.53(5)

Υ(2S) 10.023 31.98 2.8(2)× 103 3.7× 10−3 0.21(3)

Υ(3S) 10.355 20.32 3.0(3)× 103 2.3× 10−3 0.16(3)

Υ(4S) 10.580 20.5× 103 2.10(10) 0.83 3.0(3)× 10−5

Table 4.2: Estimated visible cross-section at Belle-II for e+e− → Υ → γa compared to the
non-resonant one, e+e− → γ∗ → γa. Here, vanishing ALP couplings with b-
quarks have been assumed, cabb = 0. Experimental inputs are taken from Ref. [29].
Belle-II machine parameter have been considered [94], namely σW = 5.45 MeV
for the beam-energy spread.

from BaBar (PEP) and Belle (KEK). From this table, one learns that even though the
peak cross-section is large for the Υ(nS) resonances (n = 1, 2, 3), the beam-energy
uncertainties entail a considerable suppression of the visible cross-section. These ef-
fects are milder for the Υ(4S) resonance, but in turn the cross-section at the peak
is much smaller in this case. The final results are summarized in the last column of
Table 4.2, which shows that the effective resonant cross-section is smaller than the
non-resonant one, but it still contributes with numerically significant effects. For the
(very) narrow resonances Υ(nS) (n = 1, 2, 3), the resonant contribution amounts
to corrections between 20% and 50% to the non-resonant one, which should be in-
cluded when reinterpreting experimental searches. 3 On the other hand, for the Υ(4S)
resonance, the resonant contribution turns out to be negligible, due to its larger width,
as expected.

4.3.2 The General case:gaγγ 6= 0 and gabb 6= 0

The previous discussion implies that the resonant contributions are not only impor-
tant to correctly assess limits on the ALP coupling to photons, gaγγ , but they also
open the window to probe the ALP coupling to b-quarks, gabb, cf. Fig. 4.2. The si-
multaneous presence of these contributions gives rise to a rich phenomenology which
will be discussed in the following.

Firstly, the hadronic matrix element needed to estimate the gabb contribution to
B(Υ → γa) is far more intricate than the one given in Eq. (4.13), since this is a
QCD-structure dependent emission, as depicted in the last two diagrams in Fig. (4.2).
This contribution was first computed by Wilczek for a SM-like Higgs by using a non-

3 Interference effects between the non-resonant and resonant caγγ terms turn out to be negligible due to
the small width of the Υ(nS) resonances.



30 A L P P RO D U C T I O N @ B - F AC T O R I E S

relativistic approximation [5, 100], see also Ref. [101–104]. 4 By using a similar
approach, the total B(Υ→ γa) branching fraction reads

B(Υ→ γa) =
αem

216 ΓΥ
mΥf

2
Υ

(
1− m2

a

m2
Υ

) [
gaγγ

(
1− m2

a

m2
Υ

)
− 2 gabb

]2

.

(4.15)

This expression includes, the most general gaγγ and gabb contributions, as well as
their interference. Note, however, that the computation of the gabb contributions are
done within a first approximation that considerably simplifies the QCD structure-
dependent emission of this decay. If a new physics signal is indeed observed in such
observable, a more accurate theoretical calculation would be needed to fully assess
the (non-perturbative) effects associated to the last two diagrams in Fig. 4.2.

Eq. (4.15) shows that the gaγγ and gabb couplings can induce comparable contri-
butions to the non-resonant cross-section in Eq. (4.7). Often, in QCD axion models
such as DFSZ, the fermionic coupling of the axion are tree-level while the bosonic
is generated by the axial anomaly, and as a consequence should be suppressed by
a loop factor. However, once a more general ALP scenario is considered, from a
purely effective point of view the situation is no more so clear. The magnitude of
the effective couplings are highly dependent on the underlying UV model and they
cannot be determined in the EFT, so in principle they should be considered of the
same order. For example, for a general KSVZ-like model, the axion coupling with
photons is proportional to the number of heavy extra fermions, which can be very
large, increasing significantly the relative weight of gaγγ . Depending on the relative
sign of these two couplings, they can interfere destructively or constructively, as will
be illustrated with a concrete example in Chap. 5. Finally, note that Eq. (4.15) shows
a different dependence on ma and {gaγγ , gabb} than the non-resonant cross-section
in Eq. (4.6). A comparison between 〈σR〉vis and 〈σNR〉vis ≈ σNR is postponed to
Chap. 5 where a concrete scenario will be considered.

4.4 S U M M A RY O F E X P E R I M E N TA L S E A R C H E S

From the previous discussion, one learns that the non-resonant cross-section, via the
coupling gaγγ , is the largest one, but it can be of the same order of the resonant
one, cf. Tab. 4.2. Moreover, the latter searches have the advantage of being sensitive
to both gaγγ and gabb couplings. Based on these observations, ALP searches at B-
factories can be classified in the following three categories:

• Resonant searches: Excited quarkonia states Υ(nS) (with n > 1) can decay
into lighter Υ(nS) resonances via pion emission, as for example Υ(2S) →
Υ(1S) π+π− and Υ(3S) → Υ(1S) π+π−. By exploiting the kinematics of
these processes one can reconstruct the Υ(1S) meson and then study its de-
cay into a specific final state, which can, for instance, be the invisible Υ de-
cay [106], or the Υ decay into photon and a light (pseudo)scalar particle [87,
88]. These searches are dubbed resonant, since they allow to directly probe
B(Υ → γa) in a model-independent way, regardless of the non-resonant con-
tribution from Fig. 4.1. In other words, reported limits on B(Υ(1S) → γa)
can be used to constrain both gaγγ and gabb via Eq. (4.15). Searches along
these lines have been performed, for instance, by BaBar [87] and, more re-
cently, by Belle [88], under the assumption that the ALP does not decay into
visible particles inside the detector.

4 Compatible results have also been obtained in Ref. [105] for small pseudoscalar masses by using a QCD
sum-rules approach.
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• Mixed (non-)resonant searches: Alternatively, experimental searches could
be performed at Υ(nS) (with n = 1, 2, 3) without identifying the Υ decay
from a secondary vertex. Example of such experimental searches are the ones
performed at

√
s = mΥ(3S) [89], where limits on B(Υ(3S)→ γa)×B(a→

inv) are extracted from the total e+e− → γa(→ inv) cross-section. From the
above discussion, however, it is clear that this method is probing both resonant
(Eq. (4.10)) and non-resonant (Eq. (4.6)) cross-sections and therefore model-
independent limits on B(Υ(3S) → γa) could not be extracted from these
experimental results. The only scenarios for which such limits can be derived
are the ones with |gaγγ | � |gabb|, as predicted in models with an extended
Higgs sector [107–109], since the non-resonant cross-section vanishes in this
case.

In the most general ALP scenario, instead, the limits on {gaγγ , gabb} can be
obtained from Ref. [89] via a rescaling factor,

〈σR(s) + σNR(s)〉vis
〈σR〉vis

≈ 1 + σNR

〈σR〉vis
, (4.16)

which accounts for the non-resonant contributions (Eq. (4.9)) that have been
overlooked experimentally in the total cross-section. For instance, in the case
where gabb = 0, one obtains constraints on gaγγ which are a factor of ≈ 3
more stringent than the estimation that overlooks the latter effects, cf. Table 4.2.
Note, also, that similar effects have also been overlooked in reinterpretations
of other experimental limits, as for example the ones on B(Υ(3S) → γa)×
B(a → hadrons) [85] to constrain the product of ALP couplings to photons
and gluons [23].

The reinterpretation described above, for the results from Ref. [89] and simi-
lar searches, has a possible caveat related to the treatment of the background.
In these experimental analyses, the background is determined by considering
an independent data sample collected outside the resonance region, typically
≈ 30 MeV below mΥ(3S). While this strategy allows for a robust determina-
tion of the SM background in scenarios with gaγγ = 0, this is not an efficient
method if gaγγ is non-negligible. In the latter case, the background sample
also receives contributions from the non-resonant diagram in Fig. 4.1, which
turns out to be the dominant effect. For that reason, it is important that fu-
ture experimental searches determine the background without relying on off-
resonance samples, as performed, for instance, in dark photon searches [110].
Furthermore, it would be helpful to also report the limits on the e+e− → γa

cross-section instead of the Υ(nS) branching fraction, as these results contain
the full information on both resonant and non-resonant contributions.

• Non-resonant searches: The resonant cross-section is negligible at the Υ(4S)
resonance, as can be seen from Table 4.2, since its mass lies just above the
BB production threshold. Therefore, experimental searches at the Υ(4S) res-
onance can only probe the gaγγ coupling via the non-resonant ALP produc-
tion illustrated in Fig. 4.1. To our knowledge, no such ALP search has been
performed yet at B-factories. For the future, this type of search could exploit
the large luminosity collected at Υ(4S) Belle-II, providing the most stringent
limits on gaγγ for a GeV ALP mass. See Ref. [59] for a recent discussion on
Belle-II prospects.

In summary, ALP production receives both resonant and non-resonant contribu-
tions at B-factories. The interplay between these production mechanisms allows
to classify three complementary experimental strategies: (i) resonant searches of
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Υ → γa, from which one could infer bounds on gabb and gaγγ , (ii) mixed (non-
)resonant searches which are sensitive to a different combination of gabb and gaγγ ,
and (iii) non-resonant searches which depend solely on gaγγ . Before deriving con-
straints on the ALP couplings from existing BaBar and Belle data, it is important
to stress once again that the conclusions outlined above are general and that they
apply, for instance, to searches for ALP decaying into visible particles, such as
hadrons [85, 86], µµ [90, 91] and ττ [92].



5
C O N S T R A I N I N G T H E A L P
PA R A M E T E R S PAC E

In this Chapter, constraints on the ALP parameter space are derived from existing
BaBar and Belle data, and prospects for the Belle-II experiment are discussed. The
arguments explained in the previous Chapter will be used to compute the bounds on
the parameter space in a consistent and robust way. In the first Section, the invisible
ALP scenario will be considered, by assuming that B(a→ inv) = 1, or equivalently,
that the ALP does not decay inside the detector, while in the second Section, the
possibility for the ALP to decay into a visible final state will be taken into account.

5.1 T H E I N V I S I B L E A L P S C E N A R I O

Firstly, separate constraints on gaγγ and gabb are derived by assuming that the other
Wilson coefficient vanishes. These couplings are subject to the limits on B(Υ(1S)→
γa)×B(a → inv) reported by BaBar [87] and Belle [88], in which the quarkonia
state is produced via the Υ(2S) → Υ(1S)π+π− decay, cf. discussion in Sec. 4.4.
Limits on B(Υ(3S) → γa) × B(a → inv) reported by BaBar [89] are also con-
sidered by including the non-resonant contribution overlooked in the experimental
analysis, cf. Eq. (4.16). These constraints are combined in Fig. 5.1 to constrain
gaγγ and gabb as a function of the ALP mass. While the limits on gabb from the
different experimental searches turn out to be similar, the recast described above of
Υ(3S) data provides the most stringent limit on gaγγ . For comparison, the limits
obtained by neglecting the non-resonant contribution are also depicted in the same
plot by the dashed-dotted line, which turn out to be weaker, as expected. It should be
stressed that this reinterpretation is not strictly correct due to the background treat-
ment in Ref. [89], but it can be seen as the expected sensitivity of such searches if the
background is determined without relying on off-resonance samples, as discussed in
Sec. 4.4.

Next, the allowed parameter space in the plane {gaγγ , gabb} when both couplings
are simultaneously considered is shown in Fig. 5.2. To this purpose, two fixed values
ofma are taken, namely 1 GeV (left panel) and 7 GeV (right panel), and gabb/gaγγ >
0 is assumed, in such a way that both couplings interfere destructively in Eq. (4.15).
In this case, it can be seen from Fig. 5.2 that the Υ(1S) constraints have an uncon-
strained direction that cannot be resolved by only relying on resonant ALP searches. 1

The combination of couplings that lead to this cancellation depends on the ALP
mass, especially for ma values near the kinematical threshold, as depicted in the
right panel of Fig. 5.2. BaBar results obtained at the Υ(3S) resonance, which is not
reconstructed, depicts a different sensitivity to {gaγγ , gabb}, as shown by the blue
regions in the same plot. While a cancellation between gaγγ and gabb is possible for
resonant cross-section, this cannot occur for the non-resonant one (4.6), which de-
pends only on the gaγγ coupling. The combination of these complementary searches
allows one to corner the ALP parameter space as depicted in Fig. 5.2. Moreover,
projections for searches performed at Belle-II, operating at the Υ(4S) resonance, as

1 A similar observation has been recently made for ALP produced in the rare decays K+ → π+a and
B → K(∗)a, for which the top-quark and W loops can interfere destructively [83].
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Figure 5.1: Upper limits on gabb (left panel) and gaγγ (right panel) as a function ofma for the
invisible ALP scenario. Experimental limits on B(Υ(nS) → γA)×B(a → inv)
obtained by BaBar [87, 89] and Belle [88] are considered. For the constraint on
gaγγ obtained from data collected at Υ(3S) resonance [89], the reinterpretation
of BaBar limits that neglects the non-resonant ALP production (blue dashed-dotted
line) is also considered, along with the rescaled limit that accounts for both reso-
nant and non-resonant ALP production (solid blue line), cf. Eq. (4.16). The latter
results provide the most stringent limits on the ALP photon coupling from searches
at B-factories.

computed in Ref. [59], are displayed in the same plot for an expected luminosity of
20 fb−1.

Before concluding, comments on studies providing similar constraints on ALP
couplings are needed. The authors of Ref. [59] have performed a reinterpretation of
the BaBar dark-photon search in the e+e− → γ+ inv channel [110]. The constraints
on gaγγ they obtain, by only considering the non-resonant process from Fig. 4.1, are
a factor of ≈ 2 better than the limits derived in this paper. Nonetheless, such reinter-
pretation should be performed with caution for two reasons. Firstly, the kinematical
distribution of this process is different for ALPs and dark photons scenarios, as can
be inferred from the comparison between Eq. (4.6) with the expressions given in
Ref. [111]. Therefore, to translate the dark photon constraints into limits on ALP
couplings, one should correct for the different detector efficiencies for the two cases.
Another important issue is the fact that the dark photon analysis from Ref. [110]
combine off-resonance data with data collected at the Υ(2S), Υ(3S) and Υ(4S) res-
onances. While the photons accompanied by dark photons cannot be produced via
Υ(nS) decays, this is not the case for ALPs, as discussed above. Therefore, it is im-
portant to account for the resonant ALP production estimated in Tab. 4.2, which is
different for each data set considered by BaBar and which can amount to corrections
of O(50%) to the total cross-section.
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Figure 5.2: Excluded {gaγγ , gabb} parameter space for the invisible ALP scenario when two
couplings are simultaneously present. Belle constraints [88] at Υ(1S) (green line)
and our recast of BaBar constraints [89] at Υ(3S) (blue line) are superimposed
for the illustrative cases with ma = 1 GeV (left panel) and ma = 7 GeV (right
panel). Projections for Belle-II sensitivity are depicted by the dashed lines. See
text for details.
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C O N C L U S I O N S

In this part, ALP production in association with photons atB-factories is revisited. In
particular, the contributions to the e+e− → γa cross section are derived, assuming
generic non-vanishing ALP couplings with both photons and b-quarks. The produc-
tion of ALPs can proceed through the non-resonant channel, e+e− → γa, as well as
the resonant one, e+e− → Υ(nS) → γa, which has the unique potential to probe
the ALP coupling to b-quarks. After computing the relevant cross-sections and ac-
counting for the effects stemming from the beam-energy uncertainty at B-factories,
three distinct and complementary experimental searches have been identified:

i) Resonant searches that exploit decays such as Υ(2S)→ Υ(1S) π+π− and/or
Υ(3S) → Υ(1S) π+π− to directly probe the Υ(1S) decays [87, 88], which
turn out to be equally sensitive to ALP couplings to photons and bottom quarks,
as shown in Eq. (4.15);

ii) Mixed (non-)resonant searches that use, instead, the primarly produced Υ(nS)
resonance, with n = 1, 2, 3, as in the analysis performed in Ref. [89]. These
searches can probe both resonant and non-resonant ALP production, and hence
are more sensitive to the ALP coupling to photons than to the one with b-
quarks, cf. Sec. 4.4;

iii) Non-resonant searches, as the ones performed at
√
s = mΥ(4S), that can pro-

vide information only on the ALP coupling to photons, cf. Table 4.2. Note, in
particular, that neither Babar or Belle have reported such an analysis thus far.

Previous phenomenological analyses overlooked the distinction between these types
of experimental searches and the optimal experimental strategies have also been dis-
cussed.

To illustrate the phenomenological implications of the effects mentioned above,
the scenario with an ALP decaying into invisible final states has been considered.
Constraints on the parameter space {ma; gaγγ , gabb} have been derived from ex-
isting BaBar and Belle data, and projections for Belle-II have been discussed. In
particular, constraints from resonant searches have a flat direction due to possible
cancellations between gaγγ and gabb contributions in B(Υ(1S) → γa). These flat
directions, however, can be removed by existing mixed (non-)resonant searches per-
formed at

√
s = mΥ(3S), due to the interplay between resonant and non-resonant

contributions described above. In the future, the Belle-II experiment has the great
opportunity to perform a first search at

√
s = mΥ(4S), probing solely the gaγγ cou-

pling, and providing a complementary piece of information to the aforementioned
constraints.
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7
T H E M I N I M A L A X I O N
M LσM

The so-called Composite Higgs (CH) models provide an elegant solution to the
Electroweak (EW) Hierarchy Problem. First introduced in the middle of the ’80s
[112–114], now they are experiencing a revival of interest with a more economical
symmetry content [115–117]. The Minimal Composite Higgs Model (MCHM) [115]
is based on the non-linear realisation of the SO(5)/SO(4) spontaneous breaking, re-
lying on a not well identified strong dynamics. The four Nambu-Goldstone bosons
(GBs), arising from the global symmetry breaking, can be identified with the three
longitudinal components of the SM gauge bosons and the Higgs. The Higgs field
gains a mass term thanks to the gauging of the SM group and to the interactions with
the SM fermions.

A general drawback of these CH models is represented by their effective formu-
lation: the generality of the effective approach comes together with a limited range
of validity in energy. Refs. [118–120] attempted to improve this aspect, providing a
renormalisable description of the scalar sector. Following the treatment done in Ref.
[24], the Minimal SO(5)/SO(4) Linear σ model (MLσM) is constructed extend-
ing the SM spectrum by the introduction of an EW singlet scalar field σ and a set of
vector-like fermions in the singlet and in the fundamental representations of SO(5).
In the limit of large mass the σ field is integrated out and the the model falls back onto
the usual effective non-linear description of the MCHM [115,118,121–123], that rep-
resents a specific realisation of the so-called Higgs Effective Field Theory [124–144]
Lagrangian describing the most general Higgs couplings to SM gauge bosons and
fermions, which preserve the SM gauge symmetry.

The presence of a set of heavy extra fermions makes the MLσM an optimal frame-
work where to look for a solution to the strong CP problem. A realisation of the
KSVZ axion mechanism [8, 9] can be provided by extending the scalar spectrum
with an additional scalar field s, SO(5) and EW singlet, and by enlarging the sym-
metry content with an extra Peccei-Quinn U(1)PQ [1]. The angular component of
the extra scalar smay indeed represent an axion. This idea has been firstly developed
in Ref. [145] and this class of models will be dubbed Axion Minimal Linear σ Model
(AMLσM). Even in this simple setup, the choice of the PQ charge assignment is not
unique and different choices lead to physically distinct Lagrangians.

The aim of the following sections is to illustrate in details the minimal AMLσM
and to analyse the phenomenological features. After introducing the full Lagrangian
of the model, a "minimal" scenario will be identified by imposing some strong phys-
ical requirements and a "minimality" criteria in terms of number of parameters enter-
ing in the Lagrangian.

7.1 F I E L D C O N T E N T A N D L AG R A N G I A N

The MLσM based on the linear SO(5)/SO(4) symmetry breaking realisation has
been analysed in Ref. [24]. In this class of minimal models, an additional U(1)X is
introduced in order to ensure the correct hypercharge assignment. The field content
of the original MLσM is the following:

41
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1. The four SM gauge bosons associated to the SM gauge symmetry.

2. A real scalar field φ in the fundamental representation of SO(5), which in-
cludes the three longitudinal components of the SM gauge bosons πi, i =
1, 2, 3, the Higgs field h and the additional complex scalar field σ, singlet
under the SM gauge group:

φ = (π1, π2, π3, h, σ)T u.g.−−→ φ = (0, 0, 0, h, σ)T (7.1)

where the last expression holds when selecting the unitary gauge, which will
be used throughout the next sections.

3. Exotic vector fermions coupled directly to the SO(5) scalar sector through
SO(5) invariant proto-Yukawa interactions. These fermions transform either
in the fundamental of SO(5), and they will be labelled as ψ, or in the singlet
representation of SO(5), dubbed χ. For both types of fermions, two distinct
U(1)X assignments are considered, 2/3 and −1/3. They are necessary to
induce mass terms for both the SM up and the down quark sectors.

4. SM fermions, which do not couple directly to the Higgs field. SM fermion
masses are originated through SM–exotic fermion interactions in the spirit
of the fermion partial compositeness mechanism [146–149]. SM fermions do
not come embedded in a complete representation of SO(5), leading to a soft
explicit SO(5) symmetry breaking. Although the whole SM fermion sector
could be considered, only the top and bottom quarks will be retained in what
follows. This simplification does not have relevant consequences on the results
presented here and the three generation setup can be easily included.

The AMLσM includes, in addition to the previous content:

5. A complex scalar field s, singlet under the global SO(5) × U(1)X and the
SM gauge group. Adopting an exponential notation,

s ≡ r√
2
eia/fa (7.2)

the degrees of freedom are defined as the radial component r and the angular
one a, to be later identified with the physical axion. Following the philoso-
phy adopted in Ref. [24] any direct coupling between the scalar s and the SM
fermions is not introduced, as it will be discussed in more details in the follow-
ing.

The complete renormalisable Lagrangian for the AMLσM can be written as the
sum of three terms describing respectively the pure gauge, fermionic and scalar sec-
tors,

L = Lg +Lf +Ls . (7.3)

The explicit expression for each piece will be detailed in the following subsections.

7.1.1 The Gauge Lagragian

The first piece of the Lagrangian, Lg, contains the SM gauge kinetic and the θ-term,

Lg = −1
4G

a,µνGaµν −
1
4W

a,µνW a
µν −

1
4B

µνBµν +
αs
8π θG

a,µνG̃aµν (7.4)

with the indices summed over SU(3)c or SU(2)L, and

G̃µν ≡
1
2εµνρσG

ρσ (with ε1230 = +1) (7.5)

The introduction of the axion can provide a natural explanation for the vanishing of
the QCD-θ term.
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7.1.2 The Fermionic Lagrangian

According to the spectrum and symmetries described in the previous section, the
fermionic part of the renormalisable Lagrangian in agreement with Ref. [145], al-
though with a slightly different notation, reads

Lf = qLi /D qL + tRi /D tR + bRi /D bR

+ ψ [i /D−M5]ψ + χ [i /D−M1]χ −
[
y1 ψL φχR + y2 ψR φχL + h.c.

]
−
[
z1 χR χL s+ z̃1 χR χL s

∗ + z5 ψR ψL s+ z̃5 ψR ψL s
∗ + h.c.

]
+
[
Λ1 (qL∆2×5)ψR + Λ2 ψL (∆5×1tR) + Λ3 χLtR + h.c.

]
+ ψ
′ [
i /D−M ′5

]
ψ′ + χ′

[
i /D−M ′1

]
χ′ −

[
y′1 ψ

′
L φχ

′
R + y′2 ψ

′
R φχ

′
L + h.c.

]
−
[
z′1 χ

′
R χ
′
L s+ z̃′1 χ

′
R χ
′
L s
∗ + z′5 ψ

′
R ψ
′
L s+ z̃′5 ψ

′
R ψ
′
L s
∗ + h.c.

]
+
[

Λ′1
(
qL∆′2×5

)
ψ′R + Λ′2 ψ

′
L

(
∆′5×1bR

)
+ Λ′3 χ

′
LbR + h.c.

]
.

(7.6)

The first line shows the kinetic terms for the 3rd generation SM quarks, being qL
the left-handed (LH) SU(2)L doublet and tR and bR the right-handed (RH) singlet
counterparts. The second line contains the kinetic and mass terms for the exotic vec-
tor fermions, ψ and χ (with U(1)X charge 2/3). The direct mass terms for the heavy
fermions are denoted by M1,5 respectively for the fermions in the singlet and funda-
mental representations. The proto-Yukawa couplings between the heavy fermions
and the real scalar quintuplet field φ are also included in the second line. The third
line displays the Yukawa-like couplings of the exotic fermions with the complex
scalar singlet s. Two different type of couplings, z and z̃, have been introduced re-
flecting the freedom in choosing the PQ charges of s and of the fermionic bilinears.
The fourth line contains the interactions between the top quark and exotic fermions
with U(1)X charge equal to 2/3.

While, the second and third lines of the Lagrangian explicitly preserve SO(5), the
partial compositeness terms in the fourth line, proportional to Λ1,2, explicitly break
the global SO(5) symmetry. The combinations Λ1∆2×5 and Λ2∆5×1 could play
the role of spurions [150–154] that formally ensure the SO(5)×U(1)X invariance
of the operators. The exotic fermion spinors can be decomposed under the SU(2)L
quantum numbers as follows:

ψ ∼ (K, Q, T5) , χ ∼ T1 , (7.7)

where K and Q are doublets and T1,5 singlets of SU(2)L. The resulting interactions
preserve the gauge EW symmetry, with the hypercharge defined as

Y = Σ(3)
R +X , (7.8)

with Σ(3)
R the third component of the global SU(2)R (1/2 for K and −1/2 for Q)

and X the U(1)X charge of the spinor.
The last three lines describe the sector associated to the bottom quark. The ex-

otic vector fermions, ψ′ and χ′ have U(1)X charge −1/3 in order to allow the
direct partial compositness coupling with the bottom. Their decomposition in terms
of SU(2)L representations, reads

ψ′ ∼
(
Q′, K ′, B′5

)
, χ′ ∼ B′1 , (7.9)

being Q′ and K ′ doublets of SU(2)L (with Σ(3)
R component 1/2 and −1/2 respec-

tively) and B′1,5 singlets of SU(2)L.
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SO(5)×U(1)X SU(3)C × SU(2)L ×U(1)Y Qem

K = (3, 2, 7/6) 5/3, 2/3

ψ (5, 2/3) Q = (3, 2, 1/6) 2/3,−1/3

T5 = (3, 1, 2/3) 2/3

χ (1, 2/3) T1 = (3, 1, 2/3) 2/3

Q′ = (3, 2, 1/6) 2/3,−1/3

ψ′ (5, −1/3) K ′ = (3, 2,−5/6) −1/3,−4/3

B5 = (3, 1,−1/3) −1/3

χ′ (1, −1/3) B1 = (3, 1,−1/3) −1/3

Table 7.1: Decomposition of the exotic fermions and their transformation properties under the
SM gauge symmetry.

A summary of the decomposition of the exotic fermions and their transformation
properties under the SM gauge symmetry can be found in Tab. 7.1.

The Lagrangian in Eq. (7.6) can be rewritten for later convenience in terms of
fermionic vectors regrouping all the spinors components ordered accordingly of their
electric charge,

Ψ =
(
Ku, T , B ,K ′d

)
, (7.10)

with

T =
(
t, Qu, Kd, T5, T1, Q′u

)
, B =

(
b, Q′d, K ′u, B′5, B′1, Qd

)
.

(7.11)

The fermion mass terms in Eq. (7.6) can then be written as

LM = −ΨLMf (h,σ, r)ΨR , (7.12)

where the field dependent fermion mass matrix Mf is a 14 × 14 block diagonal
matrix,

Mf (h,σ, r) = diag
(
M5(r), MT (h,σ, r), MB(h,σ, r), M ′5(r)

)
. (7.13)

For the top sector one has explicitly

MT (h,σ, r) =



0 Λ1 0 0 0 Λ′1
0 M5(r) 0 0 y1

h√
2 0

0 0 M5(r) 0 y1
h√
2 0

Λ2 0 M5(r) y1σ 0
Λ3 y2

h√
2 y2

h√
2 y2σ M1(r) 0

0 0 0 0 0 M ′5(r)


, (7.14)

with

M1(r) =M1 + (z1 + z̃1) r , M5(r) =M5 + (z5 + z̃5) r . (7.15)



7.1 F I E L D C O N T E N T A N D L AG R A N G I A N 45

The corresponding matrix for the bottom sector,MB(h,σ, r) can be obtained from
Eqs. (7.14) and (7.15) by substituting the unprimed couplings with the corresponding
primed ones.

All the possible couplings invariant under the SM gauge group and SO(5) ×
U(1)X global symmetry that can be constructed under the previous assumptions are
included in Eqs. (7.6), (7.14), and (7.15). However, it is fundamental to notice that
the Lagrangian actually describing the AMLσM can be defined only after the adop-
tion of a specific PQ charge assignment, because not all the terms are simultaneously
allowed. Indeed, only one between Mi, zi and z̃i (and corresponding primed) terms
are allowed once a specific PQ charge assignment for the fermions is chosen, impos-
ing a non-vanishing charge for the complex scalar s. This means that exotic fermions
can gain a mass term either directly (Mi) or through the Yukawa-like coupling with
s (zi or z̃i) once the scalar field develops a VEV. Moreover, as the scalar quintuplet
φ does not transform under the PQ symmetry, the fermion PQ charge assignment
determines the presence (or absence) of the proto-Yukawa interactions (yi).

Finally, taking a look at the interactions between exotic and SM fermions, in fourth
and seventh lines of Eq. (7.6), if only the exotic fermions have non-vanishing charges,
then these operators can be forbidden. This issue will be discussed in the next sec-
tions, where the conditions that lead to the minimal AMLσM charge assignment is
studied.

7.1.3 The Scalar Lagrangian

The scalar part of the Lagrangian introduced in Eq. (7.3), describing scalar-gauge
and scalar-scalar interactions, reads as follows:

Ls =
1
2 (Dµφ)

T (Dµφ) + (∂µs
∗)(∂µs)− V (φ, s) , (7.16)

where the SU(2)L ×U(1)Y covariant derivative of the quintuple φ is given by

Dµφ =
(
∂µ + igΣ(i)

L W i
µ + ig′Σ(3)

R Bµ

)
φ , (7.17)

and ΣiL and ΣiR denote respectively the generators of the SU(2)L × SU(2)R ∼
SO(4)′ subgroup of SO(5), rotated with respect to the SO(4) group preserved from
the spontaneous breaking.

It is useful for later convenience to write the scalar Lagrangian in Eq. (7.16) in the
unitary gauge, making use of Eqs. (7.1) and (7.2):

Ls =
1
2 (∂µh)(∂

µh) +
1
2 (∂µσ)(∂

µσ) +
h2

4

[
g2W+

µ W
−µ +

g2 + g′2

2 ZµZ
µ

]
+

+
1
2 (∂µr)(∂

µr) +
r2

2f2
a
(∂µa)(∂

µa)− V (h,σ, r) ,

(7.18)

The kinetic term of the axion field a will be canonically normalised as soon as the
field r gets a VEV after the U(1)PQ spontaneous symmetry breaking, identifying:

fa ≡ vr (7.19)

The scalar potential V (φ, s) can then be written as:

V (φ, s) = V SSB(φ, s) + V CW(φ, s) + V c.t.(φ, s) . (7.20)
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The first part, V SSB(φ, s), describes the most general potential built with φ and s,
invariant under SO(5)×U(1)PQ symmetry, broken spontaneously to SO(4):

V SSB(φ, s) = λ(φTφ− f2)2 + λs(2 s∗s− f2
s )

2− 2λsφ (s∗s)
(
φTφ

)
, (7.21)

where λ, λs and λsφ are the dimensionless quartic coefficients and the sign in front
of λsφ has been chosen negative for future convenience. Notice that λsφ plays the
role of portal between the SO(5) and the PQ sectors: if λsφ ∼ O(1) then the
SO(5)/SO(4) and PQ breaking mechanisms would be linked and they would occur
at similar scales; this would represent a possible tension between the naturalness of
the AMLσM, which requires f not so much larger than EW scale v = 246 GeV, in
order to reduce the typical fine-tuning in CH models, and the experimental data on
the axion sector, which suggests very high values of fs. As a consequence, values of
λsφ smaller than 1 are favoured in the AMLσM.

The expression of V SSB in the exponential notation will be useful in the following
sections:

V SSB(h,σ, r) = λ(h2 + σ2− f2)2 + λs(r
2− f2

s )
2−λsφ r2 (h2 + σ2) . (7.22)

When the scalar fields h, σ and r take a non trivial VEV, repectively vh, vσ and
vr, the spontaneous symmetry breaking for the EW, the global SO(5) and the PQ
symmetry, is realised.

The second term V CW(φ, s) is the Coleman-Weinberg (CW) one-loop potential
that provides an explicit and dynamical breaking of the original symmetries. Its form
depends on the explicit structure of the fermionic and bosonic Lagrangians, in par-
ticular on the symmetry breaking terms, and it will be outlined in the following sub-
section.

Finally, the term V c.t.(φ, s), includes all the couplings that need to be introduced
at tree-level in order to cancel the divergences potentially arising from the one-loop
CW potential, in order to have a renormalisable theory.

7.1.4 The Coleman-Weinberg Potential

Explicit dynamical breaking of the tree-level symmetries can be introduced at one-
loop level through the CW mechanism [155]. Indeed, the presence of SO(5) break-
ing couplings in both the fermionic and the gauge sectors generates SO(5) breaking
terms at one-loop level in the potential. Explicit U(1)PQ breaking contributions may
also be generated, depending on the fermion PQ charge assignment.

We compute the one-loop fermionic contributions to the potential from the field
dependent fermion mass matrix Mf (h, σ, r) in Eq. (7.13), using the usual CW
expression:

V CW
f = − 1

64π2

(
Tr
[
MfM†f

]
Λ2 −Tr

[(
MfM†f

)2
]

log
(

Λ2

µ2

)
+

+Tr
[(
MfM†f

)2
log
(
MfM†f
µ2

)]
− 1

2Tr
[(
MfM†f

)2
])

,
(7.23)

where Λ is the ultraviolet (UV) cutoff scale while µ is a generic renormalisation
scale. The two terms in the first line are divergent, quadratically and logarithmically
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respectively, while those in the second line are finite. For the model under discussion
the possible divergent contributions are

Tr
[
MfM†f

]
= c0 + c1(s

∗s) + c2 (φ
Tφ) ,

Tr
[(
MfM†f

)2
]
= d0 + d1 (s

∗s) + d2 (φ
Tφ) + d3 (s

∗s)2+

+ d4 (φ
Tφ)2 + d5 (φ

Tφ)(s∗s) + d̃1σ+ d̃2h
2+

+ d̂1σ(s+ s∗) + d̂2(φ
Tφ)(s+ s∗) + d̂3(φ

Tφ)(ss+ s∗s∗) .
(7.24)

The terms in Eq. (7.24) are already present in the tree level potential V SSB in Eq. (7.22)
and therefore the quadratic divergences can be absorbed by a redefinition of the ini-
tial Lagrangian parameters. This is not the case for the logarithmic divergent term
that contains five new couplings, denoted with d̃1,2 and d̂1,2,3 in Eq. (7.24). The ones
proportional to d̃1,2 and d̂1 are SO(5) breaking terms, while the ones proportional
to d̂2,3 are SO(5) preserving. On the other side, d̂1,2,3 terms also explicitly break the
PQ symmetry. If in a specific setup these terms were not vanishing, renormalisability
of the model would then require the introduction of the corresponding structure in
the tree-level potential.

The expressions for the top sector CW coefficients that provide an explicit break-
ing of the SO(5) and/or of the PQ symmetries are:

d̃1 = 4(y1M1 + y2M5)Λ2Λ3

d̃2 = y2
2Λ2

1 − 2 y2
1Λ2

2

d̂1 = 2 y1(z1 + z̃1)Λ2Λ3 + 2 y2(z5 + z̃5)Λ2Λ3

d̂2 = 2 y1y2(z1 + z̃1)M5 + 2 y1y2(z5 + z̃5)M1

d̂3 = 2 y1y2 (z1z5 + z̃1z̃5) .

(7.25)

Similar contributions for the bottom sector are obtained by replaing the unprimed
couplings in Eq.(7.25) with the corresponding primed ones. As stated before, assum-
ing a specific PQ charge assignment forbids some of the couplings in the Lagrangian
and consequently the corresponding CW coefficients vanish, as it will be explicitly
discussed in the next section.

In a similar way the one-loop gauge boson contributions to the CW potential can
be calculated through the CW formula given in Eq. (7.23) just replacing the fermion
mass matrixMf with the gauge boson oneMg:

V CWg = − 1
64π2

(
Tr
[
M2

g

]
Λ2 − tr

[(
M2

g

)2] log
(

Λ2

µ2

)
+ . . .

)
. (7.26)

The quadratic and logarithmic divergent terms are

Tr
[
M2

g

]
= ã1h

2 Tr
[(
M2

g

)2]
= b0 + b̃1 h

4 , (7.27)

with

ã1 =
1
8
(
g2 + g′2

)
b̃1 =

1
64

[
2 g4 +

(
g2 + g′2

)2] , (7.28)

both explicitly breaking the global SO(5) symmetry.
The two divergences associated to ã1 and d̃2 ask for the introduction of an h2 term

in the tree-level scalar potential, in order to ensure the renormalisability of the model,
while the divergence proportional to the b̃1 coefficient requires an additional h4 term.
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7.2 M I N I M A L I T Y C O N D I T I O N S

There is a large zoology of possible U(1)PQ charges that can be assigned to the spec-
trum discussed in the previous sections (see Ref. [145] for details on more general
charge assignments). However, one single minimal scenario can be identified after
requiring a few strong physical conditions. The requirements are the following:

1. Mass terms for the SM quarks are originated at tree-level. Generalising the
result in Ref. [24], the leading order (LO) contribution to the third generation
quark masses is given by

mt =
y1Λ1Λ3vh

M1(vr)M5(vr)− y1y2(v2
h + v2

σ)
+

− y1y2Λ1Λ2vhvσ
M1(vr)M2

5 (vr)− y1y2M5(vr)(v2
h + v2

σ)
,

(7.29)

and similarly for the bottom mass. In this expression, M1,5(vr) refers to the
definitions in Eq. (7.14) replacing the dependence on r with its VEV, vr. In
order for this expression not to be vanishing, the conditions y1 6= 0 and Λ1 6=
0 should hold simultaneously. Then, either Λ3 6= 0 or y2 6= 0 ∧ Λ2 6= 0
should be verified, depending on whether the leading or sub-leading term in
the v/M expansion is retained.

2. The dynamics that generate the partial-composite operators in the fourth line
of Eq. (7.6) are associated only to the SO(5)/SO(4) breaking sector. This
implies that the scales f and fs are distinct and independent.1

In a completely generic model a third condition can be also considered:

3. No PQ explicit breaking is generated at one-loop from the CW potential. This
condition is satisfied by imposing d̂i = 0, for i = 1, 2, 3 (and the equivalent
ones for the bottom sector).

This condition prevents the arising of large contributions to the axion mass, and it is
automatically verified in the class of AMLσM constructions defined in Eq. (7.6), as
it will be explicitly shown in the following.

If one requires additionally to solve the strong CP problem à la KSVZ a fourth
condition is necessary:

4. The complex scalar field s needs to couple to at least one of the exotic fermions
(not necessarily to all of them) and the net contribution to the QCD-θ term of
the colour anomaly needs to be different from zero.

This last condition, when satisfied, implies condition 3 and therefore for a QCD axion
no PQ explicit breaking contributions arise in the scalar potential, besides those due
to non-perturbative QCD effects.

The model identified with the PQ charge assignments in Tab. 7.2 satisfies all the
previous requirements: using the freedom to fix one of the charges, i.e. the charge of
the complex scalar singlet ns = 1, the two cases shown in the table are physically
equivalent. This model is contained within the classes of constructions presented in
Ref. [145].

The model presents a series of interesting features. No PQ charge is assigned to
the SM particles and neither to the exotic fermions ψR and χL. The Yukawa-like
terms proportional to y1,2 are invariant under U(1)PQ, while the term proportional

1 The discussion the case where the SO(5)/SO(4) and PQ symmetry breaking occur at the same scale is
deferred to chap. 9
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nqL ntR nψL nψR nχL nχR y1 y2 Λ1 Λ2 Λ3 M5 M1 z1, z̃5 z̃1, z5

0 0 +1 0 0 +1 3 3 3 7 3 7 7 3 7

0 0 −1 0 0 −1 3 3 3 7 3 7 7 7 3

Table 7.2: On the left-side, the PQ charge assignments where ni refers to the i field, con-
ventionally fixing the PQ charge of the complex scalar field s, ns = 1. On the
right-side, the parameters entering the fermionic Lagrangian, together with the in-
formation on whether they are compatible (3) or not (7) with the PQ symmetry.
This assignment can be trivially extended to the bottom sector.

to Λ2 is not and then it cannot be introduced in the Lagrangian. In consequence,
the subleading contribution to the SM fermion masses is identically zero and the
top mass is given only by the leading term in Eq. (7.29) (similarly for the bottom
mass). The Dirac mass terms M1,5 are also forbidden and then the exotic fermions
ψ and χ receive mass of the order z5vr (or z̃5vr depending on the specific sign of
the PQ charge) and z1vr (or z̃1vr), once r develops VEV. As vr is typically expected
to be of the order of fs, these fermions decouple from the spectrum when fs � f .
Finally, condition 2 implies that the couplings Λi are neither promoted to spurions
nor substituted by a dynamical field (i.e. s or s∗).

Accordingly to the charge assignment in Tab. 7.2, the PQ-breaking terms in the
fermionic CW potential, d̂i, are vanishing, while the SO(5) breaking terms are

d̃1 = 0 , d̃2 = y2
2Λ2

1 . (7.30)

In consequence, in this scenario, only a log-divergent SO(5) breaking contribution
to the h-mass term arises from the fermionic part of the CW potential, while no σ
tadpole contribution is generated. This is different from the analysis performed in
Ref. [24], where the only SO(5) symmetry breaking terms considered have been the
σ tadpole and the h2 terms. To obtain a viable SO(5) and EW spontaneous symme-
try breaking at least two different SO(5) breaking terms are necessary. Additional
unavoidable sources of SO(5) breaking comes from the gauge sector, as shown in
Eq. (7.26). The minimal counter-term potential required at tree-level by renormalis-
ability of the theory, once the charge assignment has been chosen, is then given in
the unitary gauge by

V c.t.(h,σ) = −βf2h2 + γh4 . (7.31)

Other values for the PQ charges are possible by varying the explicit value of ns,
but they lead to the same physical model presented above, at least for what con-
cerns the SO(5)/SO(4) phenomenology and the analysis of the scalar potential.
The physical dependence on the explicit value of ns, and then of those of the ex-
otic fermions, can be found in the couplings between the axion and the gauge field
strengths, whose coefficients are determined by the chiral anomaly (see Refs. [38,39,
50, 156–163] for other studies where the axion couplings are modified with respect
to those in the original KSVZ model).

The coefficients of the axion couplings with the gauge boson field strengths in the
physical basis read

δL ⊃− αs
8π

a

fa
caggG

a
µνG̃

aµν − αem
8π

a

fa
caγγFµν F̃

µν − αem
8π

a

fa
caZZZµνZ̃

µν+

− αem
8π

a

fa
caγZFµνZ̃

µν − αem
8π

a

fa
caWWW

+
µνW̃

−µν .

(7.32)
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The values of the coefficients are reported in Tab. 7.3 for the PQ scenario under
consideration2. It will be useful for the future discussion to introduce the notation of
the effective couplings

gagg ≡
αs
2π

cagg
fa

gi ≡
αem

2π
ci
fa

, (7.33)

where i = {aγγ, aZZ, aγZ, aWW}.

cagg caγγ caZZ caγZ caWW

8 112/3 49.3 17.8 108.1

Table 7.3: The coefficients of the axion couplings to the gauge boson field strengths in the
physical basis are reported, where the normalisation is defined in Eq. (7.32).

The charge assignment in Tab. 7.2 corresponds to the minimal setup between all
the possible AMLσM constructions, where the minimality refers to the number of
new parameters introduced with respect to the MLσM. The number of parameters
in the fermionic Lagrangian is the same, while in the scalar potential only three
additional parameters are considered, corresponding to the PQ sector (fs, λs and
λsφ), and in particular only two SO(5) breaking terms are present (corresponding to
β and γ). The PQ charges also represent degrees of freedom and the minimal model
in Tab. 7.2 is determined by fixing ns. Indeed, conditions 1 and 2 impose that the
difference between the charges of the LH and RH components of the SM fermions is
vanishing, nqL − ntR = 0, and in consequence it is always possible to redefine the
whole set of PQ charges such that nqL = ntR = 0.

It is worth mentioning that an alternative charge assignment can be found satis-
fying to the conditions 1-4, but this scenario is not minimal in terms of number of
parameters. In this case, the charges are such that ntR = nχL = nχR = nψL =
nψR ∓ ns = nqL ∓ ns, where the “−” or “+” refer to the presence of z5 or z̃5 terms
in the Lagrangian, respectively. As discussed in Ref. [145], SM fermions transform
under the PQ symmetry differently from the minimal AMLσM in Tab. 7.2. In this
particular set-up the Dirac mass term M1 is allowed in the Lagrangian, while the ψ
fermions receive mass from the Yukawa-like term proportional to z5 (or z̃5). More-
over, the terms proportional to Λ1,2,3 and y1 are allowed, while the one with y2 is
forbidden. As a consequence, the term d̃1 in Eq. (7.25) is not vanishing and then we
need to add a σ tadpole into the counter term potential V c.t.(h,σ). The number of
SO(5) breaking parameters is now increased by one unit with respect to the minimal
case discussed above. For this reason, this second scenario is not considered in what
follows.

2 In the present discussion, only one fermion generation has been considered. Once extending this study
to the realistic case of three generations, the values reported in Tab. 7.3 will be modified: for example,
assuming that the same charges will be adopted for all the fermion generations, the numerical values in
the table will be multiplied by a factor 3.



8
T H E S C A L A R S E C T O R

As constructed in the previous chapter, the tree-level renormalisable scalar potential
of the minimal AMLσM is

V (h,σ, r) = λ(h2 +σ2−f2)2−βf2h2 +γh4 +λs(r
2−f2

s )
2−λsφ r2 (h2 +σ2) .

(8.1)

When f2 > 0 and f2
s > 0, the minimum of the potential allows for the SO(5),

U(1)PQ and EW spontaneous symmetry breaking with non-vanishing VEVs,

v2
h =

β

2γ f
2

v2
σ =

(
1−

λ2
sφ

4λλs

)−1{
f2
[(

1− β

2γ

)
+

β

2γ
λ2
sφ

4λλs

]
+
f2
s

2
λsφ
λ

}

v2
r =

(
1−

λ2
sφ

4λλs

)−1{
f2
s +

f2

2
λsφ
λs

}
≡ f2

a ,

(8.2)

where the condition vr ≡ fa is imposed to have canonically normalised axion ki-
netic term, see Eqs. (7.18) and (7.19). For sake of definiteness we will indicate in
the following with ĥ, σ̂ and r̂ the physical fields after SSB breaking. Assuming all
parameters non-vanishing, the following conditions on the parameters must be im-
posed:

(i) λ > 0 and λs > 0 in order to have a potential bounded from below.

(ii) β and γ should have the same sign in order to guarantee a positive v2
h value.

Following the sign convention adopted in Eq. (8.1), when both parameters
are positive, the explicit symmetry breaking terms sum “constructively” to the
quadratic and quartic terms in the potential in the broken phase, and a larger
parameter space is allowed. Moreover, the ratio β/2γ < 1 leads to vh < f ,
corresponding to the expected ordering in the symmetry breaking scales.

(iii) λsφ should satisfy the following condition:

λ2
sφ < 4λλs (8.3)

in order to enforce positive v2
σ and v2

r values. For negative λsφ values, addi-
tional constraints could be enforced depending on the values of the other param-
eters. The sign convention chosen in Eq. (8.1) guarantees that no cancellation
in v2

σ and v2
r occurs for λsφ > 0.

After the SSB of the two symmetry groups, mass eigenvalues and eigenstates can be
identified. While the general case can be studied only numerically (sect. 8.2), simple
analytical expressions can be obtained in some specific limit cases:

1. Integrating out the heaviest scalar dof, whose largest component is the radial
scalar field r, and studying the LO terms of the Lagrangian;

2. Assuming fs ∼ f , expanding perturbatively in the small β and λsφ parame-
ters.

These two cases will be discussed in the following section.

51



52 T H E S C A L A R S E C T O R

8.1 A P P ROX I M AT E S O L U T I O N S

8.1.1 Integrating Out The Heaviest Scalar Field

A clear hierarchy between the three mass scalar eigenstates is achievable for large
values of λs and/or fs: the mass of the heaviest scalar dof receives a LO contribution
proportional to

m3 ∝
√

8λsfs . (8.4)

With increasing values of λs and/or fs, the mixing of ĥ and σ̂ to the heaviest scalar
dof, in this region of the parameter space, tend to vanish and the only relevant con-
stituent is the radial component, r̂. From the expression in Eq. (8.4), one can foresee
two different ways for integrating out the heaviest dof, either taking the limit λs � 1
or taking fs � f ∼ √scm, being

√
scm the typical centre of mass energy scale

at LHC. These two cases represent two physically different scenarios that must be
discussed separately.

The case for λs � 1, with fs of the same order of f , corresponds to the U(1)PQ
non-linear spontaneous symmetry breaking framework1: this is the traditional axion
framework where the only component of s in the low-energy spectrum is the axion,
while r̂ is integrated out. As the Yukawa-like couplings of the exotic fermions do not
depend on λs, the decoupling of r̂ does not have any impact on the spectrum of the
exotic fermions, that depends exclusively of the specific value chosen for fs. One
can then consider in detail the two limiting cases: fs ∼ f or fs � f . Notice that
in the second scenario, when fs is much larger than any other mass scale, the exotic
fermion sector decouples at the same time as the heavier scalar dof.

Considering the scalar sector, integrating out the r̂ component, leads to an effective
scalar potential that, at LO in the appropriate expansion parameter, reads

V LOR (h,σ) = λR(h
2 + σ2 − f2

R)
2 − βRf2

Rh
2 + γh4 , (8.5)

in terms of conveniently renormalised couplings:

λR = kλλ , βR =
kλ
kf
β , f2

R =
kf
kλ
f2 . (8.6)

The finite renormalisation constants kλ and kf are going to be different in the two
limiting cases as it will be detailed in the following paragraphs.

The minimum of the effective scalar potential in Eq. (8.5) corresponds to the fol-
lowing VEVs for the lighter dofs ĥ and σ̂:

v2
h =

βR
2γ f

2
R , v2

σ = f2
R

(
1− βR

2γ

)
, (8.7)

satisfying to

v2
h + v2

σ = f2
R . (8.8)

The restrictions on the parameters that follow from Eq. (8.2) hold for the expressions
just obtained: βR/γ needs to be positive in order to guarantee v2

h > 0; fR is required
to be larger than vh to ensure v2

σ > 0. Moreover, if vσ > vh then the field ĥ is the
largest component of the mass eigenstate interpreted as the physical Higgs particle.

From Eq. (8.5) and using the relations of Eq. (8.7) one derives the following mass
matrix:

M2
s = 8λR

(
(1 + γ/λR)v2

h vhvσ

vhvσ v2
σ

)
, (8.9)

1 In the case where an UV strong interacting dynamics is responsible of the largeness of λs, new resonances
are expected at the scale . 4πfs (see the naive dimensional analysis [164]).
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that can be diagonalised by performing an SO(2) rotation,

diag
(
m2

1, m2
2
)
= U(ϑ)TM2

sU(ϑ) with U(ϑ) =

(
cosϑ sinϑ
− sinϑ cosϑ

)
.

(8.10)

The expressions for the masses and the mixing obtained from the LO potential of
Eq. (8.5) are given by

m2
1,2 = 4λR

[(
1 + γ

λR

)
v2
h + v2

σ ±

±

√(
1 + γ

λR

)2
v4
h + 2

(
1− γ

λR

)
v2
hv

2
σ + v4

σ

 (8.11a)

tan 2ϑ =
2vhvσ

v2
σ − (1 + γ/λR)v2

h

. (8.11b)

The positivity of the two mass square eigenvalues is guaranteed imposing that both
the trace and the determinant of the mass matrix in Eq. (8.9) are positive: this leads
to

λR > 0 , γ > 0 , βR > 0 , (8.12)

where the last condition follows from the requirement that γ and βR should have
the same sign in order to guarantee a positively defined v2

h value, as discussed below
Eq. (8.2).

The two limits λs � 1 and fs � f ∼ √scm will be described in details in what
follows, focusing on the scalar sector.

T H E L A R G E P Q Q UA RT I C C O U P L I N G : for λs in the strongly interacting
regime, the radial component r can be expanded in inverse powers of λs (see Ref. [120]
for a similar analysis): at the NLO, one has

r = fs +
1
λs
r1 . (8.13)

Solving the Equations Of Motion (EOMs) perturbatively allows to determine r1:

r1 =
λsφ
4fs

(
h2 + σ2)+ 1

8f3
s
(∂µa) (∂

µa) . (8.14)

The effective Lagrangian at the NLO reads

Ls =
1
2 (∂µh)(∂

µh) +
1
2 (∂µσ)(∂

µσ)− h2

4 Tr (VµVµ) + (8.15)

+
1
2 (∂µa)(∂

µa)− λR
(
h2 + σ2 − f2

R

)2
+ βRf

2
Rh

2 − γh4 + δLNLO
s

(8.16)

with λR, βR and f2
R defined as in Eq. (8.6) with

kλ = 1 , kf =

(
1 + 1

2
λsφ
λ

f2
s

f2

)
, (8.17)

and where the NLO correcting term is given by

δLNLO
s =

4
λs
f2
s r

2
1 =

λ2
sφ

4λs

[
(h2 + σ2) +

1
2f2
s
(∂µa) (∂

µa)

]2
. (8.18)
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In this scenario, fR is the new effective SO(5)/SO(4) breaking scale, while the
SO(5) quartic coupling λ = λR remains unchanged. The positivity of f2

R translates
into a constraint on the couplings λsφ:

λsφ > −2λf
2

f2
s

, (8.19)

where λ, f2 and f2
s are all positive (see the discussion at the beginning of Chap. 8).

The value λsφ = 0 is special: λsφ represents the portal between the SO(5) and
the PQ sectors, and therefore once it is vanishing the two sectors are completely
decoupled.

An interesting limit that will be used to compare with the numerical analysis, is
when λs � λR & 1 and small β, for which the expressions in Eqs. (8.11a) and
(8.11b), reduce to

m2
1 = 4βf2

(
1− β

2γ

)
m2

2 = 8λf2
(

1 + β2

4γλ

)
+ 4λsφf2

s

(8.20)

with the mixing angle defined as

tan 2ϑ =

(
1− β

γ

)−1
√

2β
γ

(
1− β

2γ

)
. (8.21)

T H E L A R G E P Q S S B S C A L E : In the limit fs � f ∼ √scm, being λs in
either the perturbative or strongly interacting regimes, a similar expansion as in the
previous subsection can be performed on the field r, adopting as new dimensionless
expanding parameter f/fs. Within this setup r at NLO reads

r = fs +
f

fs
r1 . (8.22)

Solving the EOMs in this case, one gets

r1 =
λsφ

4λsf
(
h2 + σ2) . (8.23)

Once replacing these expressions in Eq. (7.18), the effective Lagrangian in Eq. (8.16)
is obtained with

δLNLO
s =

λsφ
4λs

(
h2 + σ2)
f2
s

[
(∂µa) (∂

µa) +
λ2
sφ

4λs
(
h2 + σ2)2]+

+
λ2
sφ

32λ2
sf

2
s
∂µ
(
h2 + σ2) ∂µ (h2 + σ2) ,

(8.24)

and λR and f2
R defined in Eq. (8.6), with kλ and kf explicitly given by

kλ =

(
1− 1

4
λ2
sφ

λλs

)
, kf =

(
1 + 1

2
λsφ
λ

f2
s

f2

)
. (8.25)

An increasing value of fs corresponds to an increasing value of fR. However, caution
is necessary in the case when λsφ is exactly vanishing, as the SO(5) and PQ sectors
are decoupled: in this specific case fR = f and the SO(5) SSB sector is not affected
by the integration out of the radial dof r.
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Differently from the previous case, here also a new renormalised quartic couplings
λR 6= λ is introduced. To ensure a potential bounded from below both f2

R and λR
need to be positive, leading to the following constraints on λsφ,

λsφ > −2λf
2

f2
s

∧ λ2
sφ < 4λλs . (8.26)

In the case under discussion, the explicit values for the two lightest mass eigen-
values and for their mixing in Eqs. (8.11a) and (8.11b), assuming for simplicity
λ2
sφ � λλs, simplify to

m2
1 = 4βf2

(
1− β

γ

λ

λsφ

f2

f2
s

)
, m2

2 = 4λsφf2
s

(
1 + 2 λ

λsφ

f2

f2
s

)
(8.27)

with the mixing angle given by

tan 2ϑ = 2

√
β

γ

λ

λsφ

f

fs
. (8.28)

8.1.2 The Small Couplings Case: β, λsφ � 1

For fs ∼ f ∼
√
scm, all the three scalar dofs are retained in the low energy spectrum

and in general a stronger mixing between the three eigenstates is expected, compared
to the previous setups. Complete analytical expression for the masses and mixings
cannot be written in particularly elegant and condensed form. Nevertheless, simple
analytic results can be obtained under the assumption that β, λsφ � 1, which are
natural conditions in the AMLσM. The first condition comes from the requirement
that vh coincides with the EW scale v, defined by v ≡ 2MW/g = 246 GeV, and
it is much smaller than the SO(5) SSB scale, i.e. vh < f . The smallness of λsφ
follows, instead, from the assumption that the SO(5) and PQ sectors are determined
by two distinct dynamics and therefore the two breaking mechanisms have to occur
independently. A large λsφ would indicate, instead, a unique origin for the two sym-
metry breaking mechanisms and would mean the impossibility of disentangling the
two sectors.

Expanding the expressions for the generic VEVs found in Eq. (8.2) for small β
and λsφ, it leads to the following simplified expressions:

v2
h =

β

2γ f
2

v2
σ =

(
1− β

2γ

)
f2 +

λsφ
λ

f2
s

2 + O
(
β2,βλsφ,λ2

sφ

)
v2
r = f2

s +
λsφ
λs

f2

2 + O
(
β2,βλsφ,λ2

sφ

)
,

(8.29)

where in the brackets the dependence on β and λsφ of the higher order corrections is
reported. The scalar squared mass matrix is given by the following expression

M2
s = 2

 4(γ + λ)v2
h 4λvhvσ −2λsφvhvr

4λvhvσ 2λ(v2
h + 3v2

σ − f2)− λsφv2
r −2λsφvσvr

−2λsφvhvr −2λsφvσvr −λsφ(v2
h + v2

σ) + 6λsv2
r − 2λsf2

s


that can be diagonalised with an orthogonal transformation,

diag
(
m2

1, m2
2, m2

3
)
= U(ϑ12,ϑ23)

TM2
sU(ϑ12,ϑ23) (8.30)
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with

U(ϑ12,ϑ23) = U(ϑ12)U(ϑ23) , (8.31)

the product of a rotation in the 12 sector and in the 23 sector respectively, of angles
ϑ12 and ϑ23. The resulting mass eigenvalues read

m2
1 =4βf2

(
1− β

2γ

)
+O

(
β3,β2λsφ

)
m2

2 =8λf2
(

1 + 1
2
λsφ
λ

f2
s

f2

)
+O

(
β2,βλsφ,λ2

sφ

)
m2

3 =8λsf2
s

(
1 + 1

2
λsφ
λs

f2

f2
s

)
+O

(
βλsφ,λ2

sφ

)
,

(8.32)

while the mixing angles are given by

tan 2ϑ12 =

√
2β
γ

(
1 + O(β,λsφ)

)
, tan 2ϑ23 =

ffs

λsf2
s − λf2 λsφ

(
1 + O(β,λsφ)

)
.

(8.33)

As for Eq. (8.29), only the first two relevant terms in the expansion are reported in
the expressions in Eqs. (8.32), while the powers in β and λsφ of the expected next
order terms are shown in the brackets. Instead, in the formula for the mixing angles
in Eq. (8.33), only the first term is indicated. Notice that, once considering the next
order terms in the masses expressions, a rotation in the 13 sector is also necessary to
exactly diagonalise the squared mass matrix.

8.2 T H E N U M E R I C A L A N A LY S I S

This section provides the numerical analysis on the parameter space of the scalar
potential. The analytic results of the specific cases presented in the previous section
will be used to discuss the numerical outcome. To this aim, a more general notation
with respect to the one previously adopted is introduced. The scalar mass matrixMs

is real and can be diagonalised by an orthogonal transformation,

diag(m2
1,m2

2,m2
3) = U(ϑ12,ϑ23,ϑ13)

TM2
s U(ϑ12,ϑ23,ϑ13) , (8.34)

where U(ϑ12,ϑ23,ϑ13) ≡ U(ϑ23)U(ϑ13)U(ϑ12) is the product of three rotations
in the 23, 13, and 12 sectors respectively, of angles ϑ23, ϑ13 and ϑ12. The scalar mass
eigenstates ϕ1, ϕ2, and ϕ3 are defined byϕ1

ϕ2

ϕ3

 = U(ϑ12,ϑ23,ϑ13)
T

ĥσ̂
r̂

 (8.35)

in terms of the three physical shifts around the vacua. Unless explicitly indicated,
in the analysis that follows, ϕ1 will be identified with the Higgs particle and the
deviations of its couplings from the SM predicted values are interesting observables
at colliders. The ϕ1 couplings to the SM gauge bosons can be computed from the
couplings of ĥ, as σ̂ and r̂ are singlets under the SM gauge group. The composition
of ĥ in terms of ϕi is explicitly given by

ĥ = c12c13ϕ1 + c13s12ϕ2 + s13ϕ3 ≡ C1ϕ1 +C2ϕ2 +C3ϕ3 , (8.36)
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where cij and sij stand for cos θij and sin θij , and the coefficients Ci in the last
equality were introduced for shortness. The couplings with the SM gauge bosons
can be written as

g2

4 (ĥ+ vh)
2W+

µ W
−µ = m2

W

(
C1
ϕ1
vh

+C2
ϕ2
vh

+C3
ϕ3
vh

+ 1
)2

W+
µ W

−µ ,

g2 + g′2

8 (ĥ+ vh)
2ZµZ

µ =
m2
Z

2

(
C1
ϕ1
vh

+C2
ϕ2
vh

+C3
ϕ3
vh

+ 1
)2

ZµZ
µ .

(8.37)

Finally, the ϕ1 couplings to the longitudinal components of W and Z are modified
with respect to the SM predictions for the Higgs particle by factor of C1.

To have a clear comparison with CHM predictions, one can write the expression
for the C1 parameter obtained integrating out all the scalar dofs of our model, but the
physical Higgs. The fastest way to obtain such a result is to start from Eq. (8.11b)
and expanding it for λR � 1, giving

C1 ' 1− 1
2
v2
h

v2
σ
≡ 1− ξ

2 , (8.38)

The last term on the right-hand side introduces the parameter ξ, that customary de-
fines the tension between the EW and the composite scales. This parameter often
appears in CHMs to quantify the level of non-linearity of the model. The expres-
sion in Eq. (8.38) agrees with previous MCHM results present in literature, see for
example Ref. [165]. Therefore, the corresponding bounds on ξ, as the ones from
Refs. [122, 166],

ξ . 0.18 @ 2σ , (8.39)

strictly apply to the model presented here only in the MCHM limit, i.e. when all the
scalar fields, but the Higgs, are extremely massive and can be safely integrated out.
If this is not the case, the coefficient C1 is a complicate function of all the scales and
parameters effectively present in the model.

8.2.1 The Scalar Potential Parameter Space

The parameter space of the scalar sector is spanned by seven independent parameters:
five dimensionless coefficients λ, λs, β, γ, λsφ, and two scales f and fs. By using
the known experimental values of the Higgs VEV, vh = v ≡ 246 GeV, and mass
m1 = mh ≡ 125 GeV, two of these coefficients can be rewritten in terms of the
remaining five. The adopted procedure for the numerical analysis is to express γ as
function of β and f , by inverting the v2

h expression in Eq. (8.2):

γ =

(
f

vh

)2 β

2 . (8.40)

and then extract β, in terms of the remaining five parameters, by numerically solving
the equation m1(β,λ,λs,λsφ, f , fs) = mh. Consequently, predictions for all the
remaining observables can be obtained by choosing values for (λ,λs,λsφ, f , fs).

In Fig. 8.1 the bounds on the |C1| parameter in the (fs, f) plane for λ = λs =
1 and λsφ = 0.1 are shown. The dark green region corresponds to |C1| < 0.90,
while the light green one to 0.90 < |C1| < 0.95. In the white region |C1| > 0.95.
From this plot one can have an order of magnitude comparison with present/future
experimental bound on the Higgs-gauge boson interaction. The following bounds on
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Figure 8.1: C1 contours in the (fs, f ) plane, for λ = λs = 1 and λsφ = 0.1. The dark green region
corresponds to |C1| < 0.90, while the light green one to 0.90 < |C1| < 0.95. In the white
region |C1| > 0.95. The two red curves correspond to values for the next to lightest scalar
m2 = 1 TeV and m2 = 2 TeV respectively, being the Higgs mass fixed to the reference
value mh = 125 GeV.

hZZ and hWW couplings are obtained by [167], using the so called κ-framework2:

|κZ | = 0.89 + 0.09− 0.08 @ 1σ
|κW | = 1.00 + 0.00− 0.05 @ 1σ

The expressions in Eq. (8.37) enforce the relation κZ = κW = C1.
Fig. 8.1 gives the idea of the interplay between the two scales f and fs for fixed

values of the remaining parameters. For fs = 1 TeV, LHC can already start to ex-
clude values of f . 0.7 TeV. However, for the larger value fs = 3 TeV, even values
of f ≈ 0.5 TeV will lie outside LHC exclusion reach and no precise bound sepa-
rately on f or fs can be inferred from the sole measurement of the Higgs couplings
to gauge bosons, for most of the parameter space. Only when λ,λs � 1 are taken,
the extra scalar dofs decouple and the CHM relation of Eq. (8.38) can be exploited.
These results are compatible with the ones of Ref. [24], where a detailed study on
the allowed range for f has been performed in the context of the MLσM. For com-
pleteness in Fig. 8.1 also the curves corresponding to two values of the mass of the
next to lightest scalar, m2 = 1 TeV and m2 = 2 TeV, have been shown.

In the following analysis the value f = 2 TeV was chosen as benchmark. We stud-
ied the parameter space for the remaining four variable, λ,λs,λsφ, fs, plotting the
behaviour of the scalar mass eigenvalues mi and of the mixing coefficients squared
C2
i .
In Fig. 8.2, the masses m2 and m3 are shown as a function of λsφ (upper left), or

λ = λs (upper right), or λ (lower). The mass m1 is fixed at mh, while the scale f
is taken at 2 TeV. Three distinct values for fs are considered, fs = 1 TeV, 103 TeV,
106 TeV, and are shown in the same plot spanning a different region of the parameter
space. In the plot in the upper left, the values for λ and λs are taken to be equal to 10;
in the plot in the upper right, λsφ = 0.1; in the lower plot, λsφ = 0.1 and λs = 10.

2 Notice that in the κ-framework one assumes that there are no new particles contributing to the ggH
production or H → γγ decay loops.
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Figure 8.2: The profiles of the scalar masses m2 and m3 as a function of λsφ (upper left), λ = λs
(upper right), and λ (lower). The other parameters are chosen at fixed values: f = 2 TeV;
fs = 1 TeV, 103 TeV, 106 TeV; λ = λs = 10 (upper left); λsφ = 0.1 (upper right);
λs = 10 and λsφ = 0.1 (lower). The red-dashed line represents the heaviest dof with mass
m3, while the blue-continue line the next-to-heaviest dof with mass m2. The lightest dof is
identified with the Higgs particle with mass m1 = mh. The red area is excluded from the
constraint in Eq. (8.3).

All these plots present features discussed in the different limiting cases of the
previous section. In the three plots, the lines corresponding to fs = 103 TeV and
fs = 106 TeV represent the expressions for the masses in Eq. (8.27). In the upper left
plot, the red-dashed line represents the heaviest dof with a constant mass according
with Eq. (8.4). The blue-continue line corresponds to the second heaviest dof and it
shows an increasing behaviour with a constant slope, corresponding to the expression
for m2

2 that in first approximation is proportional to λsφ. In the upper right plot,
the red area is excluded according to Eq. (8.3): close to this region, the analytic
expressions do not closely follow the numerical results, as it appears in the behaviour
of the red-dashed line that increases with a constant slope according to Eq. (8.4) only
for λ = λs & 0.1. The blue-continue line is almost constant, as expected from
the expression of m2

2 in Eq. (8.27), except for the region with small λ = λs. In
the lower plot, both the red-dashed and the blue-continue lines are horizontal, as
expected having fixed both λs and λsφ.

When fs = 1 TeV, the numerical results agree with the analytic expressions in
Eqs. (8.20) and (8.32). In the upper left plot, the red-dashed and the blue-continue
lines are exchanged with respect to the lines for fs = 103 TeV and fs = 106 TeV:
this agrees with Eq. (8.32), as indeed for f > fs the heaviest dof is ϕ2 and the next-
to-heaviest is ϕ3. Furthermore, the two lines are almost horizontal as the dependence
on λsφ only enters at higher orders. In the upper right plot, both the lines increase
with a constant slope, as expected from Eq. (8.32), except for small values of λ = λs,
that is close to the excluded region. In the lower plot, the red-dashed line is almost
horizontal, according to m2

3 in Eq. (8.32), while the blue-continue line increases
with λ, as shown by the expression for m2

2. For λ = 2.5 the two lines cross and
ϕ2 becomes the heaviest dof. The same conclusions are expected by analysing the
expressions in Eq. (8.20), where ϕ3 is integrated out: the comparison is however
more difficult as m2

2 depends explicitly on β and γ, which are only numerically
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Figure 8.3: The profiles of the coefficients squared C2
1 , C2

2 and C2
3 , as a function of λ = λs. The other

parameters are chosen at fixed values: f = 2 TeV; λsφ = 0.1; fs = 1 TeV on the left and
fs = 3 TeV on the right. The green-dot-dashed line describesC2

1 , the blue-continue lineC2
2

and the red-dashed line C2
3 . The red area is excluded from the constraint in Eq. (8.3).

computed in terms of λ,λs,λsφ, fs. Moreover, when λ > 2.5, ϕ2 should also be
integrated out from the low-energy spectrum as its mass reaches the value of the one
of ϕ3, and not consistent description is expected for these values of λ.

The mixing coefficientsC1,C2 andC3 are shown in Fig. 8.3: the green-dot-dashed
line describes C2

1 , the blue-continue line C2
2 and the red-dashed line C2

3 . Both plots
clearly show that the largest component to ĥ is ϕ1, that is identified to the physical
Higgs particle. The contaminations from ϕ2 and ϕ3 are much smaller and at the
level of ∼ 1% at most. This is a typical feature in almost all the parameter space,
and in particular for fs � f , whose corresponding plots are very similar to the
one in Fig. 8.3 on the right. The only important difference between the two plots
shown is the exchange behaviour between C2

2 and C2
3 : as far as fs > f the largest

contamination is given by ϕ2, while for f < fs it is given by ϕ3, as it is confirmed
by Eq. (8.33).

The results on the mixing coefficients can be compared to the ones for the equiva-
lent quantities in the MLσM: in the latter, only two scalar states are present and then
only one mixing can be defined, that is between ĥ and σ̂; for increasing masses of
ϕ2, which almost coincides with σ̂, the sibling of C2

2 asymptotically approaches the
ratio v2/f2 and a benchmark value of 0.06 has been taken in the phenomenological
analysis. From Fig. (8.3), the maximal value thatC2

2 (orC2
3 ) can take is of 0.015: this

means that some differences are expected between the two models when discussing
the EW precision observables (EWPO) and the impact of the exotic fermions.

In a tiny region of the parameter space, ϕ2 can be lighter than ϕ1, with m1 still
fixed at the value mh. This is consistent with the results in Ref. [24]. Although this
possibility is experimentally viable, from the theoretical perspective it is not appeal-
ing as m2 < m1 requires λsφ . 10−7, corresponding to a highly tuned situation.
Similarly, mixing parameters larger than the typical values shown in Fig. 8.3, for
example C2

2 ∼ 0.1, can only be achieved for λsφ . 10−4, another tuned region
of the parameter space. Another possibility for relatively large mixing parameters is
for f ∼ 100 GeV and fs . 1 TeV, that is very unlikely as it would correspond to
the case with the EWSB occurring before the SO(5)/SO(4) symmetry breaking. In
consequence, only the case with ϕ2 heavier than ϕ1 and values of λsφ & 0.01 will
be considered in the following.

8.2.2 Collider Phenomenology and Exotic Fermions

Within a specific CH model setup, defined by a coset, the Higgs couplings to fermions
depend on the kind of exotic fermions that enrich the spectrum and the chosen sym-
metry representations. A recent review on the SO(5)/SO(4) context has been pre-



8.2 T H E N U M E R I C A L A N A LY S I S 61

sented in Ref. [122] and the impact at colliders of different realisations has been
analysed in Ref. [168]. The MLσM, and therefore also the AMLσM, seems an in-
terpolation between the so-called MCHM4 and MCHM5 scenarios considered in
Ref. [168], once only the physical Higgs is retained in the low-energy theory. Typical
observables of interest at colliders are the EWPO, the Zbb̄ coupling, couplings of the
scalar dofs to gluons and photons [118, 119], and the interactions with fermions. As
they have been studied for the MLσM in Refs. [24,120], the aim of this section is to
extend those results to the AMLσM.

E W P O : Deviations to the SM predictions for the T and S parameters [169] (or
equivalently ε1 and ε3 [170]) are expected to be relevant. In the MLσM, the mixing
between ĥ and σ̂ can reach relatively large values, ∼ 0.1, and important scalar con-
tributions to T and S are indeed expected. However, these contributions can always
be compensated, in some allowed region of the parameters space, by including the
exotic fermion contributions.

In the AMLσM, for the benchmark values chosen in the previous section, the
values of the scalar sector mixing parameters result very small, see Fig. 8.3, and
then the contributions to T and S are expected to be much less relevant. For smaller
values of f consistent with Fig. 8.1, the ĥ-σ̂ mixing slightly increases, and then
larger contributions to T and S are expected. In addition, relevant contributions to the
EWPO from the fermionic sector can also be present. However, exactly as happens in
the MLσM case, it is always possible to avoid the T and S bounds in a non negligible
part of the full (fermionic + bosonic) parameter space.

Zbb C O U P L I N G : The modification of the Z couplings to bb̄ is a very interesting
observable to test a model. The most relevant contributions arise from the top-partner
fermion, while the ones from the heavier scalar dofs turn out to be negligible. The
top-partner induces deviations from the SM prediction of this coupling only at the
one-loop level, and the effect of these contributions is soften with respect to those
to the EWPO previously discussed. This result holds for both the MLσM and the
AMLσM. As illustrated in Ref. [24], it is easy to accommodate the experimental
measure of the Zbb̄ coupling in a large part of the parameter space, and therefore no
relevant constraint can be deduced from this observable.

G AU G E B O S O N S A N D σ P R O D U C T I O N AT C O L L I D E R S : As in the SM,
no tree level ĥgg and ĥγγ couplings are present in the AMLσM. However, effec-
tive interactions with gluons and with photons may arise at the one-loop level. In
consequence, all the three scalar mass eigenstates, ϕ1,2,3, do couple with gluons and
photons, with their interactions weighted by the corresponding mixing coefficients
C2
i , according to Eq. (8.36).
As worked out in details in Ref. [24], the Higgs coupling with two gluons, ϕ1gg,

is mainly due to the top contribution, as the bottom one is negligible and the exotic
fermion ones almost cancel out (due to their vector-like nature). On the other hand,
the ϕ2gg and ϕ3gg couplings are suppressed by C2

2 and C2
3 respectively, and there-

fore are typically at least 10−2 smaller than ϕ1gg. Moreover, as the top quark is
lighter than ϕ2 and ϕ3, its contribution to their couplings is also suppressed, and the
dominant terms arise from the exotic fermion sector.

The couplings to photons receive relevant contributions not only from loops of
top quark and of exotic fermions, but also from loops of massive gauge bosons. The
latter are the dominant ones in the case of the physical Higgs particle, i.e. for ϕ1γγ,
while they are suppressed by C2

2 and C2
3 for the heavier scalar dofs and the most

relevant contributions to ϕ2γγ and ϕ3γγ are those from the exotic fermions.
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These results impact on the production mechanisms of the heavier dofs at collider,
that are gluon fusion or vector boson fusion. From Fig. 8.2, the masses for ϕ2 and
ϕ3 are typically larger than the TeV scale, within the whole range of values for f
and fs shown in Fig. 8.1. The lowest mass values are then potentially testable at
colliders, although it strongly depends on the couplings with gluons and the massive
gauge bosons. Ref. [24] concluded that, in the presence of only two scalar dofs, the
heaviest one would be constrained only for masses lower than 0.6 TeV and mixing
coefficient C2

2 > 0.1. Extending this result to the three scalar dofs described in the
AMLσM and considering the results presented in Fig. 8.2, the present LHC data and
the future prospects (LHC run-2 with total luminosity of 3ab−1) will not be able to
put any relevant bound, or in other words the heavier scalar dofs have production
cross sections too small to lead to any signal in the present and future run of LHC.

I M PAC T O F T H E E X OT I C F E R M I O N S : The exotic fermion masses partially
depend on a distinct set of parameters with respect to those entering the scalar po-
tential. While this is particularly true for the MLσM, where two arbitrary mass pa-
rameters M (′)

1,5 are introduced in the Lagrangian, in the minimal AMLσM the exotic

fermion masses are controlled by fs, through the parameters z(′)1,5 (and/or z̃(′)1,5). The
largeness of fs corresponds to large masses for these exotic fermions, consistent with
the fermion partial compositeness mechanism. Direct detections would be probably
very unlikely, while their effect would manifest in deviations from the SM predic-
tions of SM field couplings. In Ref. [24], the exotic fermions have been integrated
out and the induced low-energy operators have been identified. The mayor expected
effects consist in decorrelations between observables that are instead correlated in the
SM, and the appearance of anomalous couplings: these effects are very much typical
of the HEFT setup, where the EWSB is non-linearly realised and the Higgs originates
as a GB. For an overview of these analyses see Refs. [131–133, 139, 142, 171, 172].

Besides the effects discussed above, it is worth to mention the possibility to inves-
tigate the Higgs nature through the physics of the longitudinal components of the SM
massive gauge bosons. As the MLσM and AMLσM deal with the same symmetry of
the SM, no additional effects are expected with respect to the analyses carried out in
Refs. [173–177].

8.3 Q C D A X I O N O R A X I O N - L I K E - PA RT I C L E ?

The nature of the field a is necessarily linked to the origin of its mass term (as a GB
it should be massless unless U(1)PQ is explicitly broken, as it happens in any axion
model). There are two distinct contributions to the axion mass (gravitational and/or
Planck-scale sources [178–181] will not be discussed here). The first is due to purely
QCD effects (axion mixing with neutral pions), which is estimated to be [9,182,183]

ma ∼ 6 µeV
(

1012 GeV
fa/cagg

)
, (8.41)

for values of fa typically taken to be larger than 106 GeV. The second is due to
the extra fermions that couple to the axion, such as in the KSVZ invisible axion
model [8, 9]:

ma =

√
Z

1 + Z

α2
s

π2
fπ
fa
mπ ln

(
m2
ψ

mumd

)
, (8.42)

where Z ' mu/md and fπ ∼ 94 MeV is the pion decay constant and mψ is the
generic mass of the exotic fermions.
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In Sect. 8.2.1, three values for fs have been considered: fs = 1 TeV, fs =
103 TeV and fs = 106 TeV. Eq. (7.19) links the axion scale fa to the VEV of the
radial component of s, and as a consequence fa ' fs in first approximation. The
corresponding induced axion mass belongs to the window from tens of meV to the
keV. For this range of values, the strongest constraints on fa come from the axion
coupling to two photons gaγγ : specifying the value of caγγ for the minimal AMLσM
charge assignment as reported in Tab. 7.3, one gets

fs & 3.7× 108 GeV . (8.43)

As a consequence, a QCD axion consistent with all the present data can only be gen-
erated in the minimal AMLσM if the scale fs, associated to the PQ breaking, is of the
order of 108 GeV or larger. As discussed in Ref. [145], the resulting axion falls into
the category of the so-called invisible axions [8–11], as such a large fs scale strongly
suppresses all the couplings with SM fermions and gauge bosons, preventing any
possible detection at colliders or at low-energy (flavour) experiments.

The difference with respect to the traditional invisible axion models resides partly
in the axion couplings to photons and gluons, and in the EWSB sector. As underlined
in Ref. [145], adding a KSVZ axion to the MLσM narrows the range of possible val-
ues that the ratio caγγ/cagg may take: the minimal AMLσM presented here provides
a very sharp prediction for this ratio,

caγγ
cagg

=
14
3 . (8.44)

Moreover, in the minimal AMLσM with fs & 108 GeV the low-energy theory is
not exactly the SM, but the EWSB mechanism is non-linearly realised and the Higgs
particle originates as a GB. This model may be confirmed, or excluded, by a precise
measure of caγγ/cagg and by a dedicated analysis of the EW sector. In particular,
this case corresponds to the scenario where only the physical Higgs remains in the
low-energy spectrum, while the other two scalar dofs are very heavy. In consequence,
only indirect searches on Higgs couplings or the physics associated to the longitudi-
nal components of the SM gauge bosons may have the potential to constrain the
minimal AMLσM.

For much lighter values of the fs scale, instead, the astrophysical bounds on gaγγ
coupling can be satisfied only assuming that the axion mass and its characteristic
scale fs are not correlated. This corresponds to the ALP scenario: differently from
the QCD axion, an ALP has a mass which is independent from its characteristic scale
fs, due to additional sources of soft shift symmetry breaking with respect to those
in Eqs. (8.41) and (8.42), and does not necessarily solve the strong CP problem3. As
an example, a benchmark point that passes all the previous bounds corresponds to
a 1 GeV axion with fs ∼ 200 TeV. The most sensitive observables for this particle
are its couplings with two W ’s, two Z’s and Zγ than can be analysed in collider
searches.

By increasing the axion mass, its decay length decreases and this may open up to
another class of observables: if the axion decays inside the detector, then it would
not show up as missing energy, but as a couple of gauge bosons, as discussed in
Refs. [17, 43, 81]. The distance travelled by the axion after being produced may be
casted as follows [43],

d ≈ 104

c2i

(
MeV
ma

)4( fs
GeV

)2( |pa|
GeV

)
m , (8.45)

3 In the ALP scenario, a solution to the Strong CP problem is not guaranteed and therefore the condition 4
is not required. An additional scenario satisfying conditions 1, 2, and 3, can be considered: in this case,
nqL = nψL

= nψR
= nχR = ntR ± ns = nχL ± ns (with the “+” or “−” are associated to the

presence of the z1 or z̃1 terms in the Lagrangian, respectively), and the induced renormalisable scalar
potential turns out to be the same as in Eq. (8.1).
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where ci are the couplings in Tab. 7.3 and the typical momentum considered is &
100 GeV. For the selected benchmark considered, ma ∼ 1 GeV and fs ∼ 200 TeV,
the decay length is of tens of meters for decays into two photons. This axion can
therefore avoid detection at colliders, although for a slightly larger masses this is not
guaranteed.

For this value of fs, the heaviest scalar dofs, despite being much smaller than in
the previous scenario, are expected to have so large masses and so small couplings
that will be very unlikely to detect any signal at present or even future LHC runs.
Instead, the model can be tested through deviations from the SM predictions of the
Higgs couplings or through pure gauge boson observables.

Finally, the difference with respect to the previous scenario is mainly that a mas-
sive axion is likely to give signals at colliders, due to the present sensitivity on its
couplings with massive gauge bosons.

8.3.1 The Fine-Tuning Problem

The presence of different scales in the scalar potential leads to a fine-tuning problem
in the model. As already mentioned, the parameter ξ measures the tension between
the EW scale and the SO(5) SSB scale, as shown in Eq. (8.38). In models where
axions or ALPs are dynamically originated, a new scale fs is present and typically
much larger than the EW scale. Once the scalar field s develops a VEV, the scale
f receives a contribution proportional to

√
λsφfs, as can be read in Eq. (7.21). This

leads to f ≈ fs � v, or λsφ � 1: this represents two sides of the same fine-tuning
problem.

In the ALP model presented here fs ∼ 200 TeV and therefore a value of λsφ .
10−4 would be necessary to not modify, excessively, the scale f . In generic AMLσM,
much larger values for fs are typically necessary to pass the different experimental
bounds on the axion/ALP couplings and then a much stronger fine-tuning on λsφ
has to be invoked. In the next chapter (based on Ref. [184]) an ALP model in the
MLσM will be presented where the fine-tuning problem is solved, but at the price of
renouncing to one of the assumptions listed in Sect. 7.2.
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A suggestive mechanism to protect the Higgs mass from radiative corrections arises
when the Higgs field belongs to the Nambu Goldstone Boson (GB) sector of a model
equipped with a global symmetry G spontaneously broken, by an unknown strongly
interacting dynamics, to a subgroup H. In the Composite Higgs (CH) framework,
the Standard Model (SM) GBs and the Higgs field parametrise (some of) the coset
G/H coordinates and are forced to be strictly massless [112–114,148]. The gauging
of the SM symmetries and the introduction of fermionic Yukawa couplings introduce
an explicit breaking of G, leading to a non-vanishing mass term for the Higgs and to
the spontaneous breaking of the electroweak (EW) symmetry.

The Minimal Linear σ-Model (MLσM) is a renormalisable model that represents
a convenient and well-defined framework that, at need, by integrating out the extra
scalar degree of freedom (dof) σ, matches the usual effective non-linear MCHM [115,
121–123] Lagrangian, or the more generalHiggs Effective Field Theory Lagrangian [124–
143, 172].

As it was shown in the previous chapter, the MLσM provides an optimal frame-
work where to look for an Axion solution to the strong CP problem or, more gen-
erally, for an ALP. By extending the MLσM spectrum with an additional complex
scalar field s, singlet under SM and SO(5) symmetries, and by supplementing it
with an additional global Abelian symmetry à la Peccei-Quinn (PQ) [1], U(1)PQ, an
axion or ALP can be introduced. Such a framework has been dubbed Axion-MLσM
(AMLσM) [145, 185].

The tree-level renormalisable scalar potential associated to the AMLσM, describ-
ing the spontaneous SO(5)/SO(4) and PQ symmetry breaking, reported in Eq.
(7.21), reads:

V (φ, s) = λ(φTφ− f2)2 + λs(2s∗s− f2
s )

2− 2λsφ(s∗s)(φTφ) + . . . , (9.1)

As in the previous chapter, we parametrise the complex scalar singlet s, in the PQ
symmetry broken phase, with an exponential notation,

s =
vr + r√

2
ei a/fa , (9.2)

with r the radial component field and a the pseudoscalar field, to be identified with
the axion or ALP dof. The axion (or ALP) decay constant fa ≡ 〈r〉 ≡ vr is typically
of the order of the PQ breaking scale fs and may undergo strong constraints arising
from the experimental limits on the pseudoscalar coupling to photons. In the case
of a being the QCD axion, with mass ma < 10 eV, the bound1 on the scale fa
is [16, 17, 189]

fa & |gaγγ | × 107 GeV , (9.3)

1 This analysis [186] shows a preferred region of the parameter space gaγγ × gaee, being the latter the
effective coupling of the axion with two electrons. When interpreted in terms of the DFSZ [10, 11] or
KSVZ [8, 9] axion models, the best fit point is in the border of the perturbative unitarity of the Yukawas,
while the fit is inconclusive at more than 2σ. This region will be tested by future ARIADNE [187] and
IAXO [188] experiments.

65
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which corresponds to the value of Eq. (8.43) in the specific charge assignment of
tab. 7.2. For masses 10 eV < ma < 0.1 GeV the bounds become even stronger [49].
As it was explained in Sect. 8.3.1, the bound in Eq. (9.3) strongly crashes with the
requirement of a natural EW scale. Indeed, either the coupling λsφ in Eq. (9.1) is un-
naturally set to 0, or the “effective” SO(5)/SO(4) breaking scale, labelled fR, runs
to the highest scale, fR ≈ fs ≈ fa, reintroducing a strong fine-tuning between the
EW and the CH scale, ξ = v2/f2

R � 1. This suggests that the AMLσM framework
is “natural” only if fs, and therefore fa, are at the TeV scale.

To escape the constraint in Eq. (9.3), two approaches can be outlined. The first is
still to rely on the QCD axion paradigm, as the solution to the strong CP problem:
in this case a specific (ad hoc) choice of the PQ charges can be identified such that
the aγγ coupling is vanishing [190] and consequently the astrophysical constraints
are automatically avoided. The second approach consists in abandoning, partially
or completely, the QCD ansatz and considering, instead, an ALP particle: then the
inverse proportionality relation between the QCD axion mass and its decay constant
does not hold anymore and a mass larger than 0.1 GeV can be achieved, relaxing the
astrophysics bounds on the aγγ coupling, fa & |gaγγ | GeV.

In Chap. 7 and 8, a minimal ALP scenario in the AMLσM framework has been
considered, assuming that the PQ dynamics does not intervene in the explicit break-
ing of the SO(5) symmetry, i.e. the two scales f and fs are independent. The
scale f can be taken in the TeV range and the phenomenology associated to the
SO(5)/SO(4) sector turns out to be very similar to the one described in the origi-
nal MLσM in Ref. [24]; the scale fa, and therefore fs, can also be taken in the TeV
range, opening the possibility to test this model both at colliders and at B-factories.
Moreover, no fine-tuning between the two scales f and fs is necessary in this model.
However, in this chapter, the mechanisms behind the PQ and the SO(5) symmetry
breaking are instead identified assuming fs = f around the TeV scale (the possibil-
ity of fs ≈ f has already been considered in Ref. [145], where however only the
QCD axion scenario has been investigated, with fs ≈ f � TeV). This is obtained
by replacing the scales appearing in the SO(5) explicit breaking terms with the sin-
glet scalar s: once this field develops a VEV, these terms break SO(5) spontaneously
and not explicitly, thus linking f with fs. In this context, where SO(5) is dynami-
cally broken, alternative constructions with respect to the ALP solution considered in
Ref. [185] can be considered. Moreover, these AMLσM realisations can be testable
at colliders and flavour factories.

9.1 B U I L D I N G T H E A M LσM W I T H A S I N G L E S C A L E f

The construction of the model follows exactly the same approach of Chap. 7. In
the single-scale scenario (fs ≡ f ) the Lagrangian is almost identical to the one in
Sect. 7.1, where the only relevant differences can be found in the fermionic part:

Lf = qLi /D qL + tRi /D tR + bRi /D bR

+ ψ [i /D−M5]ψ + χ [i /D−M1]χ −
[
y1 ψL φχR + y2 ψR φχL + h.c.

]
−
[
z1 χR χL s+ z̃1 χR χL s

∗ + z5 ψR ψL s+ z̃5 ψR ψL s
∗ + h.c.

]
+
[(

Λ1 + k1s+ k̃1s
∗) (qL∆2×5)ψR +

(
Λ2 + k2s+ k̃2s

∗) ψL (∆5×1tR) +

+
(

Λ3 + k3s+ k̃3s
∗) χLtR + h.c.

]
+ ...

(9.4)

where the dots stand for the “primed” part relative to the bottom sector. Unlike
Eq. (7.6), now the dimensionful parameters Λi, associated with the SO(5) soft-
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breaking terms responsible for the partial-compositness mechanism, are allowed to
be generate after the spontaneous breaking of the PQ symmetry, like the masses of
the exotic fermions:

Λi(vr) ≡ Λi + (ki + k̃i)vr ,
Mi(vr) ≡Mi + (zi + z̃i)vr .

(9.5)

With the exotic fermions acquiring masses larger than the EW scale, a fermionic
Seesaw mechanism provides the masses for the SM fermions [146,147]and the Lead-
ing Order (LO) contribution reads:

mt =
y1 Λ1(vr)Λ3(vr) vh

M1(vr)M5(vr)− y1 y2 (v2
h + v2

σ)
+

− y1 y2 Λ1(vr)Λ2(vr) vh vσ
M1(vr)M2

5 (vr)− y1 y2M5(vr) (v2
r + v2

σ)
,

(9.6)

where vh, vσ and vr are the VEVs of the physical field h, σ and r, satisfying to
v2
h + v2

σ = f2. The same argument about the simultaneous presence of Mi, zi or z̃i
of Sect.( 7.1.2) still holds in this case, generalised to Λi, ki and k̃i.

Once the fermionic Lagrangian is fully determined, the computation of the 1-loop
contributions to the scalar potential is straightforward: the Coleman-Weinberg (CW)
formula [155] allows to extract the divergences generated at 1-loop with internal
fermion and gauge boson lines. In general, several divergent contributions arise at
one loop that cannot be re-absorbed in the tree-level SO(5) invariant scalar potential
in Eq. (9.1). In consequence, to have a renormalisable Lagrangian, consistent with a
viable EW symmetry breaking, the corresponding terms need to be added to the tree-
level scalar potential. As two is the minimum number of explicit SO(5) breaking
terms needed to have a viable EW breaking sector, constructions with only two extra
parameters in Eq. (9.1) have been dubbed “minimal”.

9.2 V I A B L E , N AT U R A L A N D M I N I M A L

A proper model should be viable, natural and minimal. In order to build an AMLσM
satisfying these three features, the following guiding conditions are required (see
Sect. (7.2) for a more detailed discussion): i) third generation SM fermion masses
are generated at LO and therefore the expression in Eq. (9.6) must not vanish; ii) no
large hierarchy is present between the SO(5) and U(1)PQ breaking scales; iii) the
model depends on the minimal possible number of parameters.

In order to identify the PQ charge assignments compatible with these three require-
ments, it is useful to introduce the following five PQ charges differences: for the top
sector,

∆y1 ≡ nψL − nχR
∆Λ1 ≡ nqL − nψR ∆Λ3 ≡ nχL − ntR
∆χ ≡ nχL − nχR ∆ψ ≡ nψL − nψR .

(9.7)

Similar quantities can be defined for the bottom sector by replacing the unprimed
fields with the primed ones.

Condition i) is satisfied by requiring that none among y1, Λ1(vr), Λ3(vr),M1(vr)
and M5(vr) is vanishing. Alternative possibilities with non-vanishing Λ2(vr) turn
out to be non-minimal. In terms of the quantities defined above, this corresponds to

∆y1 = 0 , ∆Λ1 = {0, ±ns} , ∆Λ3 = {0, ±ns} ,
∆χ = {0, ±ns} , ∆ψ = {0, ±ns} .
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Conditions on PQ charges y1 y2 Λ1 k1 k̃1 k̃3 z̃1 M5 z5 z̃5 ∆ψ ∆χ ∆t

M1 nψL = nχR = nψR = nχL − ns = nqL = ntR − 2ns X X X X X 0 ns −2ns

M2 nψL = nχR = nψR = nχL − ns = nqL + ns = ntR − 2ns X X X X X 0 ns −3ns

M3 nψL = nχR = nψR + ns = nχL − ns = nqL + 2ns = ntR − 2ns X X X X X ns ns −4ns

M4 nψL = nχR = nψR + ns = nχL − ns = nqL + ns = ntR − 2ns X X X X X ns ns −3ns

M5 nψL = nχR = nψR + ns = nχL − ns = nqL = ntR − 2ns X X X X X ns ns −2ns

M6 nψL = nχR = nψR − ns = nχL − ns = nqL − ns = ntR − 2ns X X X X X X −ns ns −ns

M7 nψL = nχR = nψR = nχL − ns = nqL − ns = ntR − 2ns X X X X X 0 ns −ns

Table 9.1: List of the viable, natural and minimal AMLσM realisations, defined by the condi-
tions on the PQ charges of the fermion fields written in terms of the charge ns of the
PQ scalar field. The constants allowed in the Lagrangian are indicated with “X”,
while all the remaining Lagrangian parameters that are not listed in this table are
not allowed for symmetry reasons. On the right side, the corresponding values for
∆ψ , ∆χ and ∆t are listed.

Whenever one of these quantities vanishes, the corresponding allowed term in the
Lagrangian is the constant one: i.e. y1, Λi and Mi. On the other hand, if any of the
charge differences is equal to −ns (+ns), the corresponding term, allowed in the
Lagrangian, is proportional to s (s∗). As an example, ∆χ = 0 means that χL and χR
transform under U(1)PQ with the same charge and therefore the term M1χRχL is
invariant under U(1)PQ and should be kept in the Lagrangian. If, instead, ∆χ = −ns,
then the z1 χR χL s term is the invariant one. There are 34 = 81 possible different
configurations compatible with condition i) for a single fermion sector, while any
value different from 0 or ±ns leads to vanishing SM fermion masses.

The naturalness requirement, condition ii), is satisfied only if all the scales in the
Lagrangian, except for M1 and Λ3, are in the TeV range. The SO(5) and U(1)PQ
breaking scales f and fs need to satisfy to this condition in order to avoid large fine-
tunings in the tree-level scalar potential. For the other quantities, such asM5, Λ1 and
Λ2, the reason resides in the fact that they correct the scalar potential parameters at
one-loop. If these parameters are much larger than the TeV, large fine-tunings would
be necessary in order to guarantee a viable EW VEV.M1 and Λ3 evade this condition
because they do not enter the CW contributions: as already pointed out in Ref. [145],
they only need to satisfy Λ3/M1 ∼ 1 in order to provide a viable value for the mass
of third generation SM quarks – see Eq. (9.6) – assuming natural Yukawa couplings
yi.

The minimality condition iii) only concerns the number of parameters that enter
the scalar potential once considering the 1-loop contributions. Two divergent terms,
proportional to h2 and h4, arise from the CW potential induced by the gauge bosons:
these divergences are independent of the specific PQ charge assignment and there-
fore the corresponding terms necessarily enter the final scalar potential. Minimal
constructions are those where the fermionic CW potential does not introduce any
additional divergence that cannot be absorbed by a redefinition of the parameters in
Eq. (9.1) or of h2 or h4 as discussed in the previous chapter.

Out of the 81 possible AMLσM constructions, only seven satisfy to all three con-
ditions and they are listed in Tab. (9.1), defined by the PQ charges of the fermion
fields, written as a function of the charge ns of the PQ scalar field. In the same table,
the parameters entering the Lagrangian are explicitly reported. On the right side, the
corresponding values for ∆ψ , ∆χ and

∆t ≡ nqL − ntR (9.8)

are listed, as they will be relevant in the phenomenological section that follows. A sib-
ling for each configuration can be found by replacing ns → −ns, k̃3 → k3, z1 → z̃1,
k1 ↔ k̃1 and z5 ↔ z̃5. A charge assignment and its own sibling, for a given fermion
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sector, are completely equivalent. All the remaining Lagrangian parameters that are
not listed in this table are not allowed for symmetry reasons. Similar considerations
hold for the bottom quark sector, in terms of the PQ charge differences ∆ψ′ , ∆χ′ and

∆b ≡ nqL − nbR . (9.9)

The top and bottom sectors are not completely independent as qL enters simulta-
neously in the quantities of Eqs. (9.8) and (9.9). The values listed in Tab. (9.1) hold
simultaneously for the top and bottom sector, with an extra freedom of a global sign
difference between the two. In what follows, the notationM+

i has been adopted for
the same charge case, defined by ∆ψ = ∆ψ′ , ∆χ = ∆χ′ and ∆t = ∆b, whileM−i
for the opposite charge case, where ∆ψ = −∆ψ′ , ∆χ = −∆χ′ and ∆t = −∆b.

The scalar potential associated to all the models listed in Tab. (9.1) has already
been thoroughly studied in Chap. (8), together with the phenomenology associated
to the exotic fermions and scalar fields. As a consequence, the next section will only
focus on the ALP phenomenology.

9.3 T H E A L P P H E N O M E N O L O G Y

Performing fermion field redefinitions, the Lagrangian in Eq. (7.6) can be rewritten
such that the axion or ALP has only derivative couplings with fermions. In particular,
these models predict that the axion or ALP couples to both top and bottom quarks:
these interactions can be written as

La ⊃ −caψψ′
∂µa

2fa
ψ̄γµγ5ψ

′ , (9.10)

where the couplings caψψ′ depends on the specific model considered and can be read
in Tab. (9.2).

catt cabb

M+
1 2ns 2ns

M−1 2ns −2ns

M+
2 3ns 3ns

M−2 3ns −3ns

M+
3 4ns 4ns

M−3 4ns −4ns

M+
4 3ns 3ns

M−4 3ns −3ns

M+
5 2ns 2ns

M−5 2ns −2ns

M+
6 ns ns

M−6 ns −ns

M+
7 ns ns

M−7 ns −ns

Table 9.2: Values of the coefficients caψψ′ in terms of the charge ns for the top and bottom
quarks.
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Moreover, at the quantum level, the derivative of the axial current is non-vanishing,
giving rise to the following effective axion-gauge boson couplings: in the physical
basis for the gauge bosons,

δLeff
a ⊃−

αs
8π cagg

a

fa
GaµνG̃

aµν − αem
8π caγγ

a

fa
Fµν F̃

µν+

− αem
8π caZZ

a

fa
ZµνZ̃

µν − αem
8π caγZ

a

fa
FµνZ̃

µν+

− αem
8π caWW

a

fa
W+
µνW̃

−µν ,

(9.11)

where X̃µν ≡ εµνρσXρσ/2 and the convention ε1230 = +1 is used. The mass
independent anomaly contributions to the coefficients cai are explicitly reported in
App. (A.2), in terms of the PQ fermionic charges, while in Tab. (9.3) the anoma-
lous coefficients for the seven models summarised in Tab. (9.1) are listed.2 These
coefficients include the contributions of all the fermions that do couple with a.

cagg caγγ caZZ caγZ caWW

M+
1 −2ns −10

3 ns −1
3nst

2
θ −

3ns
t2
θ

2
3nstθ −

6ns
tθ

−6ns
s2
θ

M−1 0 −2ns −2nst2θ 4nstθ 0

M+
2 −4ns −20

3 ns −13
6 nst

2
θ −

9ns
2t2
θ

13
3 nstθ −

9ns
tθ

−9ns
s2
θ

M−2 0 −4ns −4nst2θ 8nstθ 0

M+
3 4ns 92

3 ns
74
3 nst

2
θ +

6ns
t2
θ

−148
3 nstθ +

12ns
tθ

12ns
s2
θ

M−3 0 4ns 4nst2θ −8nstθ 0

M+
4 6ns 34ns 53

2 nst
2
θ +

15ns
2t2
θ

−53nstθ + 15ns
tθ

15ns
s2
θ

M−4 0 6ns 6nst2θ −12nstθ 0

M+
5 8ns 112

3 ns
85
3 nst

2
θ +

9ns
t2
θ

−170
3 nstθ +

18ns
tθ

18ns
s2
θ

M−5 0 8ns 8nst2θ −16nstθ 0

M+
6 −10ns −122

3 ns −163
6 nst

2
θ −

27ns
2t2
θ

163
3 nstθ − 27ns

tθ
−27ns

s2
θ

M−6 0 −10ns −10nst2θ 20nstθ 0

M+
7 0 0 3

2nst
2
θ −

3ns
2t2
θ

−3nstθ − 3ns
tθ

−3ns
s2
θ

M−7 0 0 0 0 0

Table 9.3: Values of the coefficients cai in terms of the charge ns. tθ and sθ stand for the
tangent and the sine of the Weinberg angle respectively.

It is now possible to discuss the phenomenological features of the seven AMLσM
constructions presented. Firstly, all models, butM±7 , have a non-vanishing coupling
between the ALP and two photons. As a consequence, the strong bound present
on this coupling - reported in Eq. (9.3) - translates into a constraint on the scale
fa that should be much larger than the EW scale, introducing a strong Hierarchy
problem in the scalar potential (tree and loop level [191]). In order to avoid this fine-
tuning problem, ma & 0.1 GeV has to be considered for all the modelsM±1−6. As a

2 Only one generation of SM fermions has been considered here, consistently with the formulation of the
AMLσM presented in the previous section. Once extending this study to the realistic case of three genera-
tions, the values reported in Tab. (9.3) has to be modified: for example, assuming that the same charges will
be adopted for all the fermion generations, the numerical values in the table would have to be multiplied
by a factor 3.
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drawback, none of these ALP models provide a solution to the Strong CP problem:
such a large mass would correspond to an explicit breaking of the shift symmetry,
perturbing the QCD potential and preventing the classical solution of the QCD axion
models [1, 5, 6, 8–11].

On the other hand, having fa in the TeV region opens the possibility of direct
searches of ALP signatures at present and future experimental facilities [17, 163,
185]. An ALP with mass ma ∼ 1 GeV will be considered in the following as an
illustration.

For an ALP with a mass in the GeV region several constraints are present on its
couplings to gauge bosons. Assuming that the ALP does not decay within the detec-
tor and therefore is treated as missing energy in data analyses, there are bounds from
collider searches. In particular LEP data [192, 193] has been used to constrain ALP
coupling to two photons [21] once the axion is produced through a virtual photon:
the corresponding bound on the scale fa reads

fa
|caγγ |

& 1 GeV . (9.12)

This bound may be improved by two order of magnitudes with dedicated analyses
based on data from BaBar and from Belle-II [21, 59, 81]. Moreover, a similar sensi-
tivity may be obtained considering the Υ(nS)→ γ + inv. decay [59, 194].

Studies on mono-W and mono-Z present LHC data [43] lead to

fa
|caWW |

& 0.7 GeV , fa
|caZZ |

& 1.4 GeV , (9.13)

while LEP data [192, 193] on the radiative Z decays has been used to infer a bound
on aγZ one [59]:

fa
|caγZ |

& 18 GeV . (9.14)

Future LHC sensitivity prospects on mono-W and mono-Z considering an integrated
luminosity of 3000 fb−1 improve the first two bounds of an order of magnitude [43].

On the other side, rare meson decays provide strong constraints on the ALP cou-
pling to two W ’s. In the case of an invisible ALP, the most stringent bounds arise
from Belle limits on B(B → Kνν̄) [195]. By assuming that only caWW contributes,
it leads to

fa
|caWW |

& 10 GeV . (9.15)

Belle-II expected sensitivity improves this bound of approximately one order of mag-
nitude [81, 196].

Finally, considering the ALP coupling to top and bottom quarks, B and Υ decays
provide interesting bounds. Once considering that B+ → K+a proceeds only via
a loop diagram containing the catt coupling, the bound that can be extracted from
Belle data [195] for ma ≈ 1 GeV reads [83]

fa
|catt|

& 200 TeV , (9.16)

while Belle-II may improve this bound of a factor of 5. In general, both caWW and
catt contribute to this decay and may exist part of the parameter space where a can-
cellation take place, relaxing the bounds in Eqs. (9.15) and (9.16). As discussed in
Ref. [83], this cancellation is possible only if both caWW and catt are loop-induced:
this is not the case in the models discussed here, where catt is at tree-level.
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Finally, data from BaBar [87,89] and Belle [88] on Υ(ns)→ γ + inv. put bounds
on fa/|cabb|, but they are sub-dominant with respect to the previous bound from B

decays, reaching a sensitivity of a few TeV [194]: for 10 keV . ma . 5 GeV,

fa
|cabb|

& 2.5 TeV , (9.17)

Also for Υ(ns) → γ + inv., in general, the branching ratio would depend on both
cabb and caγγ : however, in the models considered here, caγγ is weighed by loop
factors and then its contribution is negligible with respect to the one proportional
to cabb (for the generic analysis see Ref. [194]). For heavier ALPs, there are only
very weak bounds from colliders or B-factories, that would allow fa/|cabb| to be in
the TeV range. On the other side, for lighter masses, ma . 10 keV, much stronger
bounds from stellar cooling data [197] are obtained:

fa
|catt|

& 1.2× 106 TeV for the top

fa
|cabb|

& 6.1× 102 TeV for the bottom .
(9.18)

These constraints have been derived translating the existing bounds on axion cou-
pling to electrons into constraints on the axion emission occurring via a top or bottom
loop.

When the ALP decays within the detector, other observables need to be considered.
Focussing on the radiative ALP decay, LEP data [192,193] on the radiative Z decays
can again be used to infer a bound on aγZ coupling [59]:

fa
|caγZ |

& 1.8 GeV , (9.19)

under the assumption that B(a→ γγ) = 1. These bounds may be improved by two
order of magnitude with dedicated analyses both at B-factories and at LHC [21, 59,
81].

Although a decays dominantly into photons in the models considered here (caγγ >
cagg), the coupling with gluons can provide interesting phenomenology and can be
bounded considering the BaBar results on the branching ratio of Υ(2s, 3s)→ γa(→
jj) [198]: for ma = 1 GeV,

fa
|cagg|

& 80 GeV . (9.20)

This bound is expected to reach values of 0.2 TeV at Belle-II [23].
Finally, considering the ALP coupling with bottom quarks, data on b → sg or

b → sqq from CLEO collaboration [199] allows to put bound on fa/|cabb| [61]: for
0.4 GeV . ma . 4.8 GeV,

fa
|cabb|

& 2 TeV . (9.21)

On the other side, B± → K± a(→ 2γ) decay, that could be studied at Belle-
II, may be extremely useful to improve on these bound and will work as a test for
the models presented here. Assuming that Belle-II reached a sensitivity of 10−6 on
B(B → Kγγ), strong bound can be inferred to aWW and att couplings: values of
fa as large as |caWW | × 60 GeV and |catt| × 300 TeV could be probed.

To understand which bounds apply to the models listed above, the ALP decay
length must be considered. The general formula is given by Eq. (8.45). For an ALP
of ma ∼ 1 GeV, fa ∼ 1 TeV and typical momentum |pa| ∼ 100 GeV, the traveling
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distance before decaying into two photons (the dominant channel as |caγγ | � |cagg|)
is around 1/c2aγγ m, that is in the interval 1 mm− 0.1 m for ns = 1, depending on
the specific value of caγγ reported in Tab. 9.3. Therefore, all the ALPs described
in the modelsM±1−6 decay within the detector and the bounds in Eqs. (9.19)–(9.21)
apply. The modelsM±7 , instead, predict vanishing ALP couplings with both photons
and gluons and therefore these ALPs are stable at tree level for masses up to ∼
10 GeV: for these models the bounds in Eqs. (9.12)-(9.17) apply.

Considering the explicit values of the axion coupling, taking ns = 1, the strongest
bounds on fa for each modelM±1−6 read as follow:

M±1 −→ fa & 4 TeV , M±2 −→ fa & 6 TeV ,
M±3 −→ fa & 8 TeV , M±4 −→ fa & 6 TeV ,
M±5 −→ fa & 4 TeV , M±6 −→ fa & 2 TeV .

(9.22)

For all these cases, fa can be in the TeV range, where the SO(5) breaking mecha-
nism is expected to occur.

On the other side, to summarise the most relevant constraints forM±7 , the plots
in Fig. 9.1 are shown. As can be seen, pretty strong constraints are present for ma .
4.8 GeV: in this case, fa & 200 TeV and therefore a mild tuning is present in the
scalar potential of the models M±7 . For masses larger than this value, but up to
10 GeV the constraints are milder and fa ∼ O(1) TeV, avoiding any tuning in the
scalar potential. The plots in Fig. 9.1 are computed taking into account the discussion
of part ii for what concerns the bounds from the Υ meson decay.

Finally, it is possible to comment a posteriori on the assumed value for ma. The
ALP Lagrangian is written as an expansion in inverse powers of fa, and for the EFT
description to be meaningful, the ALP should be lighter than fa. The benchmark
scenario of ma = 1 GeV enters in this range of values.
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Figure 9.1: Exclusions regions for the modelsM±7 . The blue region corresponds to the bound
from B+ → K+a in Eq. (9.16). The red region to the bound from Υ(ns) →
γ + inv. in Eq. (9.17). The green region to the collider bound from the radiative Z
decay in Eq. (9.14). The latter does not apply to theM−7 model because ALP only
couples at tree level to bottom and top quarks.
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C O N C L U S I O N S

The AMLσM [145] represents a class of models that extend the MLσM [24] by the
introduction of a complex scalar singlet, that allows to supplement the SO(5) and
EW symmetries with an extra U(1)PQ.

The spectrum of the AMLσM encodes: i) the SM gauge bosons and fermions; ii)
three real scalar dofs, one of them, the Higgs particle, being the only uneaten GB
of the SO(5)/SO(4) breaking; iii) two types of vectorial exotic fermions respec-
tively in the fundamental and in the singlet representation of SO(5); iv) the PQ GB
originated by the spontaneous breaking of the U(1)PQ symmetry. The scale f of the
SO(5)/SO(4) breaking is expected to be in the TeV region, in order to solve the
Higgs hierarchy problem, while the PQ–breaking scale, fs, is in principle indepen-
dent from f , spanning over a large range of values.

A detailed analysis of the scalar potential and its minima has been presented. The
appearance of possible SO(5) and PQ explicit breaking terms arising from 1-loop
fermionic and gauge contributions has been extensively discussed. The type and num-
ber of the additional terms required by renormalisability depends on the PQ charges
assigned to the fields of the model.

A minimal AMLσM has been identified by introducing few general requirements
with the intent to minimize the number of parameters in the whole Lagrangian. In
particular, the parameter space of the minimal AMLσM scalar sector is determined
by 7 parameters. Two of them can be fixed by identifying one scalar dof with the
physical Higgs particle and its VEV with the EW scale. The remaining free param-
eters correspond to: the quartic couplings λ and λs that control the linearity of the
EWSB and the PQ symmetry breaking mechanisms, respectively; the scales f and
fs related to the symmetry breaking; the mixed quartic coupling λsφ that represents
the portal between the EW and PQ sectors. Simplified analytical expressions can be
obtained for the scalar sector by integrating out the highest mass dof, either in the
strongly interacting regime, λs � 1, keeping free the scales fs and f either in the
perturbative regime, λs . 1, but assuming instead a large hierarchy between the
scales, fs � f . Interesting analytical expression for the scalar sector in the regime
fs ∼ f can be obtained also in the limit β,λsφ � 1.

The analytical and numerical analysis of the parameter space points out that for
f , fs & 1 TeV the heavier scalar dofs are unlikely to give signals at the present and
future LHC run, while only the non-linearity of the EWSB mechanism would lead
to interesting deviations from the SM predictions in Higgs and gauge boson sectors.

The analysis of the PQ GB phenomenology reveals two possible scenarios: a light
QCD axion or a heavy ALP. In the first case, the axion mass is expected in the range
[meV, keV] and the strong bounds present on the axion coupling to two photons
require that its characteristic scale fa ∼ fs must be larger than 105 TeV, strongly
suppressing all its interactions. This model represents a minimal invisible axion con-
struction, where the EWSB mechanism is non-linearly realised and the physical
Higgs particle arises as a GB. As can be realised from Eqs. (8.6)-(8.25), invisible
axion models are, in general, strongly fine-tuned. In fact, the typical SO(5)/SO(4)
breaking scale of the effective theory obtained integrating out the heavy degrees of
freedom “naturally runs” to the highest scale, fR ∼ fs, reintroducing the EW hier-
archy problem, ξ � 1. Alternatively, the tuning λsφ = 0 can be introduced: this is,
however, rather unnatural as no symmetry protects it.
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In the second scenario, the ALP typically has a much larger mass, independent
from the value of its characteristic scale. The benchmark ma = 1 GeV and fs =
200 TeV has been considered for concreteness. Such an ALP would be free from
the strong bounds on aγγ and it is likely to be detected at LHC, the best sensitivity
being on the aWW and aZZ couplings, while no signals are expected in flavour
observables such as meson decays.

From the numerical analysis of the scalar potential it comes out clearly that the
strong bounds on axion/ALP couplings to photons and electrons imply very high val-
ues for the PQ breaking scale fa. This represents the origin of a hierarchy problem
present in most of the axion models: the quartic coupling in the potential between the
Higgs field and the complex scalar field, associated to the axion, can be hardly ever
prevented by symmetry arguments. As a consequence, avoiding fine-tuning among
parameters, any other energy scale tends to be close to fa. To try to solve this prob-
lem, differently from the first version of the AMLσM, the SO(5) breaking scale
and the PQ one are taken to be equal (fs ≡ f ). After adding this condition to the
minimality requirements, seven possible scenarios have been identified.

For ALPs with masses larger than 10 MeV, the aforementioned astrophysical bounds
on couplings to photons and electrons are avoided. For concreteness, a mass of 1 GeV
has been considered. This value is within the expected range of values for an ALP,
that naturally has a mass larger than ΛQCD but smaller then fa. In six of the models,
the ALP decays within the detector and the most relevant bounds come from CLEO:
they can be translated into constraints of the scale of the ALP, fa & 2 ÷ 8 TeV.
For the seventh model, the ALP does not decay and the strongest constraints arise
from B+ → K+a decay, the radiative Υ decay and collider analysis on radiative
Z decay: in this case, for ALP with masses up to 4.5 GeV, fa = f ∼ 200 TeV,
while for larger masses up to ∼ 10 GeV much weaker bounds are present and
fa = f ∼ O(1) TeV. Therefore, in all the realisations presented, the PQ and SO(5)
breaking scales can satisfy to fa = f ≈ O(1) TeV and then these models have the
possibilities to be tested soon both at colliders and at Belle-II (the only exception is
M±7 and for ALP masses up to ∼ 4.8 GeV). In conclusion, these are testable and
natural AMLσM, free from any fine-tuning in the scalar potential, and where the
typical hierarchy problem that affects axion and ALP models is avoided.
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The scope of this thesis work is to investigate some particular aspects of ALP models,
both from an experimental and theoretical point of view. In part i the axion mecha-
nism and its peculiarities are revised, integrating with a more general perspective
on ALPs and on the different effective approaches commonly used in this context. In
part ii we revisited the production of ALPs at B-factories via the process e+e− → γa.
To this purpose, the relevant cross-section is computed via an effective Lagrangian,
described in chap. 3, with simultaneous ALP couplings to b-quarks and photons. The
interference between the two decay channels for the Υ meson is computed for the first
time. We noticed that this interference can be destructive, creating an unconstrained
flat-direction in the parameter space. While the non-resonant contribution is always
dominant, the resonant contribution is shown to be relevant for experiments operating
at
√
s = mΥ(nS), with n = 1, 2, 3. On the other side, only the non-resonant com-

ponent of the cross-section is relevant at the Υ(4S) resonance. These effects imply
that the experimental searches performed at different Υ resonances can be sensitive
to complementary combinations of ALP couplings. To show this result, constraints
from existing Babar and Belle data on ALPs decaying into invisible final states are
computed, and the prospects for the Belle-II experiment are discussed.

In part iii we focus on a specific model-building case, creating an environment
where an axion/ALP can arise consistently from a composite Higgs scenario. The
minimal SO(5)/SO(4) linear σ model is extended including an additional com-
plex scalar field, singlet under the global SO(5) and the SM gauge symmetries. This
scalar field creates the conditions to generate a KSVZ-like axion, providing a so-
lution to the strong-CP problem, or an ALP. Different choices for the PQ charges
are possible and lead to physically distinct Lagrangians. For consistency reasons,
we studied the scalar potential describing SO(5) → SO(4), electroweak and PQ
symmetry breaking. A single minimal scenario is identified and the associated scalar
potential is minimised including counter-terms needed to ensure one-loop renormal-
izability. In the allowed parameter space, we illustrated some phenomenological fea-
tures of the scalar degrees of freedom, of the exotic fermions and of the axion/ALP.
We noticed that, in this framework, an axion model consistent with the experimental
bounds would require a scale larger than ∼ 108 GeV. However, from the analysis of
the potential clearly emerges that such a large scale unavoidably affects the Higgs
potential. Therefore, within this context, every QCD axion model of this type is fine-
tuned. A possible way-out is described at the end of part iii. Considering just ALPs, a
viable and natural solution can be identified in the case where the PQ breaking scale
and the compositeness scale coincide (fs ≈ f ). The parameter space of the model is
bounded using the prescriptions discussed in part ii.

11.1 F U T U R E P RO S P E C T S

The phenomenological study of more general scenarios, where the ALP can decay
visibly into SM particles as well as displaced vertices, is the target of future works.
Concerning B-factories, we are considering both the cases of ALP production via
Υ(nS) decay and rare mesons decay such B → Ka and K → πa. The most inter-
esting final state is the 3γ, where the ALP disintegrates into two photos, and the first
data about this final state are soon to be revealed by the Belle-II collaboration. Many
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other possible final states can be introduced, letting the ALP decay for example into a
pair of leptons or into two jets, and the interplay between these different searches can
be useful to tighten the allowed parameter space. However, including all these new
couplings means adding more free parameters to our model and, as a consequence,
some assumptions on the underlying UV structure must be considered. On a mid-
term perspective, the target is to enlarge the analysis to collider experiments, such
as LHCb, CMS and ATLAS. Even though the couplings with the SM model vector
bosons are widely studied at the LHC, the coupling with fermions and the interplay
between them is still an unexplored field.

I had the possibility to contribute to some other projects during my PhD. One is
the paper “Setting Limits on EFT: the case of Dark Matter” [200], whose target is
to develop a new statistical tool to study effective field theories at collider, where
the energy cut-off of the model is unknown. Now I am currently collaborating for a
project called “the flavour of the invisible universe”, whose target is to study how a
lepto-quark can act as a portal to a dark sector and how it impacts the cosmological
and astrophysical observables like the relic density or the gamma ray bursts. These
topic were intentionally left outside this work because of their incompatibility with
the main topic of the thesis.
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A X I O N L AG R A N G I A N

The axion or ALP Lagrangian in the basis where axion-fermion couplings are only
derivative is given by

La = −∂µa2fa

[
∆ψψ̄γ

µψ+∆χχ̄γµχ+∆ψ′ ψ̄′γ
µψ′+∆χ′ χ̄′γ

µχ′+∆tt̄γµt+∆bb̄γ
µb
]

.

(A.1)

The axion or ALP couplings with gauge bosons arise due to the anomalous nature
of the PQ symmetry. They can be read out in the following effective Lagrangian that
encodes the traditional 1-loop contributions of all the fermions:

δLeff
a ⊃−

αs
8π

[
5
(

∆ψ + ∆ψ′
)
+ ∆χ + ∆χ′ + ∆t + ∆b

]
GµνG̃

µν+

− αem
8π

[
6∆ψ

(
1 + 2

(
Y 2
K + Y 2

Q

)
+ Y 2

T5

)
+ 6∆ψ′

(
1 + 2

(
Y 2
K′ + Y 2

Q′
)
+ Y 2

B5

)
+

+ 6
(

∆χY 2
T1 + ∆χ′Y

2
B1

)
+ 6
(

∆tY 2
tR + ∆bY

2
bR

)]
Fµν F̃

µν+

− αem
8π

6
sin2 θW

[
2
(

∆ψ + ∆ψ′
)
+

∆t + ∆b
4

]
W+
µνW̃

−µν+

− αem
8π

[
6∆ψ

(
1

tan2 θW
+ tan2 θW

(
2
(
Y 2
K + Y 2

Q

)
+ Y 2

T5

))
+ 6∆χ tan2 θWY 2

T1+

+ 6∆ψ′
(

1
tan2 θW

+ tan2 θW
(
2
(
Y 2
K′ + Y 2

Q′
)
+ Y 2

B5

))
+ 6∆χ′ tan2 θWY 2

B1+

+ 3 ∆t + ∆b
4

(
1

tan2 θW
− tan2 θW

)
+ 6 tan2 θW

(
∆tY 2

t + ∆bY
2
b

)]
Zµν Z̃

µν+

− αem
8π

[
12∆ψ

(
1

tan θW
− tan θW

(
2
(
Y 2
K + Y 2

Q

)
+ Y 2

T5

))
− 12 tan θW∆χY 2

T1+

+ 12∆ψ′
(

1
tan θW

− tan θW
(
2
(
Y 2
K′ + Y 2

Q′
)
+ Y 2

B5

))
− 12 tan θW∆χ′Y

2
B1+

+ 3 ∆t + ∆b
2

(
1

tan θW
+ tan θW

)
− 12 tan θW

(
∆tY 2

t + ∆bY
2
b

)]
Fµν Z̃

µν .

(A.2)

In the previous expression, ∆f are defined in Eqs. (9.7), (9.8) and (9.9), while nf is
the PQ charge of the generic field f that are reported for simplicity in Tab. A.1.
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M+
1 nψL

= nχR = nψR
= nχL − ns = nqL = ntR − 2ns=nψ′

L
= nχ′

R
= nψ′

R
= nχ′

L
− ns = nbR

− 2ns

M−1 nψL
= nχR = nψR

= nχL − ns = nqL = ntR − 2ns = nψ′
L
= nχ′

R
= nψ′

R
= nχ′

L
+ ns = nbR

+ 2ns

M+
2 nψL

= nχR = nψR
= nχL − ns = nqL + ns = ntR − 2ns = nψ′

L
= nχ′

R
= nψ′

R
= nχ′

L
− ns = nqL + ns = nbR

− 2ns

M−2 nψL
= nχR = nψR

= nχL − ns = nqL + ns = ntR − 2ns = nψ′
L
+ 2ns = nχ′

R
+ 2ns = nψ′

R
+ 2ns = nχ′

L
+ 3ns = nbR

+ 4ns

M+
3 nψL

= nχR = nψR
+ ns = nχL − ns = nqL + 2ns = ntR − 2ns = nψ′

L
= nχ′

R
= nψ′

R
+ ns = nχ′

L
− ns = nbR

− 2ns

M−3 nψL
= nχR = nψR

+ ns = nχL − ns = nqL + 2ns = ntR − 2ns = nψ′
L
+ 4ns = nχ′

R
+ 4ns = nψ′

R
+ 3ns = nχ′

L
+ 5ns = nbR

+ 6ns

M+
4 nψL

= nχR = nψR
+ ns = nχL − ns = nqL + ns = ntR − 2ns = nψ′

L
= nχ′

R
= nψ′

R
+ ns = nχ′

L
− ns = nbR

− 2ns

M−4 nψL
= nχR = nψR

+ ns = nχL − ns = nqL + ns = ntR − 2ns = nψ′
L
+ 2ns = nχR + 2ns = nψR

+ ns = nχL + 3ns = nbR
+ 4ns

M+
5 nψL

= nχR = nψR
+ ns = nχL − ns = nqL = ntR − 2ns = nψ′

L
= nχ′

R
= nψ′

R
+ ns = nχ′

L
− ns = nbR

− 2ns

M−5 nψL
= nχR = nψR

+ ns = nχL − ns = nqL = ntR − 2ns = nψ′
L
= nχ′

R
= nψ′

R
− ns = nχ′

L
+ ns = nbR

+ 2ns

M+
6 nψL

= nχR = nψR
− ns = nχL − ns = nqL − ns = ntR − 2ns = nψ′

L
= nχ′

R
= nψ′

R
− ns = nχ′

L
− ns = nbR

− 2ns

M−6 nψL
= nχR = nψR

− ns = nχL − ns = nqL − ns = ntR − 2ns = nψ′
L
− 2ns = nχ′

R
− 2ns = nψ′

R
− ns = nχ′

L
− ns = nbR

M+
7 nψL

= nχR = nψR
= nχL − ns = nqL − ns = ntR − 2ns = nψ′

L
= nχ′

R
= nψ′

R
= nχ′

L
− ns = nbR

− 2ns

M−7 nψL
= nχR = nψR

= nχL − ns = nqL − ns = ntR − 2ns = nψ′
L
− 2ns = nχ′

R
− 2ns = nψ′

R
− 2ns = nχ′

L
− ns = nbR

Table A.1: Definition of all the models in terms of the PQ charges of the fields as a function of
ns.



B
Υ (nS ) D E C AY

In this appendix the full computation of the Υ(nS)→ γa branching ratio in Eq. (4.15)
is presented. The starting point is the effective Lagrangian in Eq. (4.3), using the re-
sults in [58, 100] as benchmarks for everything that concerns assumptions and tech-
niques. The computation will be split into three sections: the first and the second
will regard the single channels, proportional to gaγγ and gabb alone, while in the last
section the interference term between the two contribution will be computed.

B.1 P H OT O N I C C H A N N E L

In this section the contribution to the Υ(nS) → γa branching ratio due to the ALP-
photon coupling will be presented (diagram in Fig. B.1).

The amplitude of the process is the following:

iMγγ =
e

3 〈0|bγρb|Υ(p)〉
(
−iη

ρν

q2

)
i gaγγ εµναβq

µεβ(k)kα , (B.1)

where p,q,k are respectively the momenta of the Υ meson (for momentum-energy
conservation q ≡ p), the internal photon and the external photon. The anti-symmetric
tensor is conventionally defined by ε1230 = +1. The expression inside the bra-ket
contains the non-perturbative QCD part of the amplitude and can be parametrised as:

〈0|bγρb|Υ(p)〉 ≡ mΥfΥeρ(p) , (B.2)

where fΥ is the Υ decay constant and eµ(p) is the polarisation vector (not to confuse
with the polarisation εβ(k) of the outgoing photon). After this parametrisation, the
amplitude takes the form:

iMγγ =
e

3fΥmΥ
fΥmΥ

q2 gaγγ εµναβq
µeν(q)kαεβ(k) . (B.3)

After averaging on the initial state and summing on the possible final states the result
is:

1
3 |Mγγ |

2
=

1
3
e2

9

(
fΥmΥ

q2

)2
g2
aγγ εµναβεµ′ν′α′β′q

µkαqµ
′
kα
′×

×
(
−ηββ′

)(
−ηνν′ + qνqν

′

q2

)

= − 2
27e

2
(
fΥmΥ

q2

)2
g2
aγγ q

µkαqµ
′
kα
′
(δαα′δµµ′ − δαµ′δµα′) ,

(B.4)

where we enforced the anti-simmetry of the Levi-Civita tensor εµναβqµqν = 0 and
the contraction between two completely anti-symmetric tensors

εβναµε
βν
α′µ′ = −2

(
δαα′δµµ′ − δαµ′δµα′

)
. (B.5)

The expression for the amplitude is obtained contracting the indices:

1
3 |Mγγ |

2
=

2
27e

2
(
fΥmΥ

q2

)2
g2
aγγ (q · k)2 , (B.6)
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Figure B.1: Diagrams of the photon channel of the process Υ(nS)→ γa.

reminding that k2 = 0 and q2 = m2
Υ. In the rest frame of the Υ(nS) meson

q · k =
m2

Υ −m
2
a

2 , (B.7)

so the expression of partial decay width is:

Γ(Υ→ γa)bos =
1

16πm3
Υ

(
m2

Υ −m
2
a

) 1
3 |Mγγ |

2

=
αem

216mΥf
2
Υ g

2
aγγ

(
1− m2

a

m2
Υ

)3
.

(B.8)

B.2 F E R M I O N I C C H A N N E L

The diagrams in Fig. B.2 represent the fermionic channel for the decay of the Υ me-
son. Differently from the previous case, some quite strong assumptions are required
to deal with the non-perturbative QCD part of the amplitude. The expression is a bit
more complicated:

iMbb = 2e3mb gabb ε
β(k)〈0|b(p2)γ5

/p1 − /k +mb

(p1 − k)2 −m2
b

γβb(p1)|Υ(p)〉 (B.9)

where the presence of two diagrams is represented by the factor of 2 in the front.
The first assumption consists in considering a non-relativistic framework, so that

the momenta of the two b quarks are approximately half of the momentum of the Υ
and mΥ is twice the mass of the b quark:

p1 = p2 '
p

2 , mΥ ' 2mb . (B.10)

The approximate amplitude reads:

iMbb = −
e

3mΥ gabb ε
β(k)

(p
2 − k

)ν
p · k

〈0|b(p2)γ5γνγβb|Υ(p)〉 . (B.11)

The term in Eq. (B.9) proportional to the quark mass vanishes for parity reasons. A
dedicated discussion is necessary to treat the non-perturbative part. A useful property
of the gamma matrices is the following:

γ5γνγβ = γ5ηνβ +
1
2ενβαρσ

αρ . (B.12)

Again, for parity reasons, the term proportional to γ5 is forbidden so, after replacing
the expression of Eq. (B.12) into the non-perturbative term, we get:

1
2 〈0|bσ

αρb|Υ(p)〉 ≡ 1
2f

T
Υ (eα(p)pρ − eρ(p)pα) , (B.13)

where eα(p) is the polarisation vector of the Υ meson and fTΥ is the tensorial decay
constant. Within the non-relativistic approach considered here, it is reasonable to
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Figure B.2: Diagrams of the fermionic channel of the process Υ(nS)→ γa.

consider fTΥ ' fΥ. However, for a more precise computation, fTΥ should be properly
evaluated on the lattice. The final form of the amplitude is:

iMbb = −
e

6mΥfΥ gabb ε
β(k)

(p
2 − k

)ν
p · k (eα(p)pρ − eρ(p)pα) ενβαρ . (B.14)

Squaring the amplitude and using the anti-symmetric properties of the Levi-Civita
tensor one gets:

Mbb =
e2

9 m
2
Υf

2
Υ g

2
abb

1
(p · q)2 p

νpν
′
(p

2 − k
)α (p

2 − k
)α′
×

× εβ(k)εβ′(k)eµ(p)eµ′(p)εµναβεµ′ν′α′β′ ,
(B.15)

The computation is similar to the previous case, so, averaging and summing:

1
3 |Mbb|

2
=

2
27e

2m2
Υf

2
Υ g

2
abb . (B.16)

In the Υ rest frame the fermionic partial decay width is:

Γ(Υ→ γa)ferm =
αem

54 mΥf
2
Υ g

2
abb

(
1− m2

a

m2
Υ

)
(B.17)

B.3 I N T E R F E R E N C E T E R M

The last piece to complete the computation of the branching ratio in Eq. (4.15) is
the interference between the two channels. The starting point is the combination of
Eq. (B.3) and Eq. (B.14). The interference amplitude is:

M2
int =M

†
bbMγγ +M†γγMbb =

=
e2

9 mΥf
2
Υ gaγγ gabb

qµ

q2 k
α

(p
2 − k

)α′
p · k

εµ′ν′α′β′εµναβ×

× εβ(k)εβ′(k)eν(q)
(
eµ
′
(p)pν

′ − eν′(p)pµ′
)

.

(B.18)

Remembering that q ≡ p, q2 = m2
Υ and using the anti-symmetric properties of

the tensor structure we get:

M2
int =

e2

9 f
2
Υ gaγγ gabb p

µkα
(p

2 − k
)α′

p · k
×

× εµ′ν′α′β′εµναβ2εβ(k)εβ′(k)eν(p)eµ′(p)pν′ .
(B.19)

The computation here is very similar to the previous cases, so the averaged ampli-
tude is:

1
3M

2
int = −

4
27e

2f2
Υ gaγγ gabb p · k . (B.20)
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The last step consists in putting together the three amplitude components:

|Mtot|2 = |Mγγ |2 + |Mbb|2 +M†bbMγγ +M†γγMbb . (B.21)

After averaging and summing:

1
3 |Mtot|

2
=
e2

54f
2
Υm

2
Υ

[
4 g2

abb − 4 gaγγ gabb
(

1− m2
a

m2
Υ

)
+ g2

aγγ

(
1− m2

a

m2
Υ

)2]

=
e2

54f
2
Υm

2
Υ

[
gaγγ

(
1− m2

a

m2
Υ

)
− 2 gabb

]2
,

(B.22)

where we moved into the Υ rest frame. The formula in Eq. (4.15) now is obtained
simply by plugging the amplitude into the decay width formula:

Γ(Υ→ γa)tot =
1

16πm3
Υ
(m2

Υ −m
2
a)

1
3 |Mtot|

2

=
αem

216mΥf
2
Υ

(
1− m2

a

m2
Υ

)[
gaγγ

(
1− m2

a

m2
Υ

)
− 2 gabb

]2
.

(B.23)
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