REALISATION FUNCTORS IN TILTING THEORY
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ABSTRACT. Derived equivalences and t-structures are closely related. We use realisation functors associ-
ated to t-structures in triangulated categories to establish a derived Morita theory for abelian categories
with a projective generator or an injective cogenerator. For this purpose we develop a theory of (non-
compact, or large) tilting and cotilting objects that generalises the preceding notions in the literature.
Within the scope of derived Morita theory for rings we show that, under some assumptions, the realisation
functor is a derived tensor product. This fact allows us to approach a problem by Rickard on the shape
of derived equivalences. Finally, we apply the techniques of this new derived Morita theory to show that
a recollement of derived categories is a derived version of a recollement of abelian categories if and only
if there are tilting or cotilting t-structures glueing to a tilting or a cotilting t-structure. As a further
application, we answer a question by Xi on a standard form for recollements of derived module categories
for finite dimensional hereditary algebras.
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1. INTRODUCTION

1.1. Motivation. Derived categories, equivalences between them and the associated derived invariants
are central objects of study in modern representation theory and algebraic geometry. In representation
theory, the results of Rickard ([71]) and Keller ([47]) on a derived Morita theory for rings show that
compact tilting complexes guarantee the existence of derived equivalences and vice-versa. Some derived
equivalences can even be described as a derived tensor product with a complex of bimodules ([72]). In
algebraic geometry, derived equivalences between coherent sheaves of smooth projective varieties all have
a standard form: Fourier-Mukai transforms ([66]). In both settings, there is a concern with the existence
and the shape of derived equivalences. In this paper we propose a unifying approach to the study of derived
equivalences of abelian categories: they should be regarded as realisation functors of certain t-structures.
In doing so, we are in particular able to establish a derived Morita theory for abelian categories with a
projective generator or an injective cogenerator. This is done in terms of a non-compact or large tilting
theory, extending and, in some sense, further clarifying the classical cases mentioned above.
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In representation theory, there are some motivating predecessors of the non-compact tilting theory that
we develop in this paper: large tilting and cotilting modules over rings ([4,29,30,77]) and large silting
complexes ([8,78]). Such non-compact counterparts of the classical theory were largely motivated by
the search of properties that are difficult to obtain in the compact world, namely within the realm of
approximation theory. However, contrary to the compact case ([37,47,71]), these non-compact objects
lack a certain derived flavour: their endomorphism rings are not derived equivalent to the original ring;
they are usually too big ([12,14,23]). Here is where our approach to derived equivalences, inspired by that
of [77], comes to rescue: instead of considering endomorphism rings, one should consider the hearts of the
naturally associated t-structures. The corresponding realisation functors then yield derived equivalences.

1.2. The main results in context. A large class of t-structures can be generated from the concept
of silting object, which was first defined in [50]. In the bounded derived category of finitely generated
modules over a finite dimensional algebra, compact silting objects classify bounded t-structures whose
heart is a module category ([48,51]). Compact silting objects were also considered in abstract triangulated
categories ([1,17,40,43]) and, more recently, non-compact silting objects and their associated t-structures
were studied in derived module categories ([8,78]). We introduce a common generalisation of these notions
for arbitrary triangulated categories (see also [65] for parallel work by Nicolds, Saorin and Zvonareva
on this topic). We also introduce the dual notion of a cosilting object, the 2-term version of which is
independently dealt with in [19].

Among silting and cosilting objects, tilting and cotilting objects play a special role: they are the ones
providing derived equivalences. Indeed, we show (see Proposition 5.1) that realisation functors associated
with silting or cosilting t-structures are fully faithful (and, thus, equivalences with their essential images)
if and only if the t-structures are in fact tilting or cotilting. As a consequence of this fact we are then
able to establish a derived Morita theory for abelian categories with a projective generator or an injective
cogenerator. We refer to Definitions 3.15 and 4.15, as well as to the examples thereafter, for the meaning of
restrictable equivalence and bounded (co)tilting (these are conditions that allow restrictions to the setting
of bounded derived categories).

Theorem A (5.3) Let &/ and % be abelian categories such that D(«7) is TR5 (respectively, TR5*) and
P has a projective generator (respectively, an injective cogenerator). Consider the following statements.

(i) There is a restrictable triangle equivalence ®: D(#B) — D().
(i) There is a bounded tilting (respectively, cotilting) object M in D(&/) such that Hpy = B.
(iii) There is a triangle equivalence ¢: D*(%) — D().

Then we have (1)=(ii)=(iii). Moreover, if B has a projective generator and o/ = Mod-R, for a ring
R, then we also have (iil)=(ii).

Note that, in particular, Theorem A provides a derived Morita theory for Grothendieck abelian cat-
egories, thus covering derived equivalences between not only module categories but also categories of
quasicoherent sheaves or certain functor categories, for example. Again, this result stresses that in order
to have a derived equivalence arising from a possibly non-compact tilting object, one should look to its
heart rather than to its endomorphism ring. In the compact case it so happens that both provide the same
information about the derived category but as shown in [12] and [23], for example, the endomorphism ring
of a large tilting module will, in general, provide a recollement rather than a derived equivalence.

It is often easier to know about the existence of a derived equivalence rather than a concrete expression
(or shape, for short) for such a functor. Realisation functors satisfy certain naturality properties (see
Theorem 3.13, recalling [15, Lemma A7.1]) that contribute to the problem of comparing different equiva-
lence functors and establishing a standard form. Although this problem was solved in algebraic geometry
(every equivalence between derived categories of coherent sheaves between two smooth projective varieties
is a Fourier-Mukai transform - see [66]), in representation theory it is wide open. For algebras which are
projective over a commutative ring, Rickard showed that for every equivalence between derived module
categories, there is one of standard type, i.e. one that is the derived tensor product with a complex of
bimodules ([72]). It remains a question whether every derived equivalence is of standard type, as conjec-
tured by Rickard. There are indications that this should hold. Recently, it was shown in [24] and [25] that
derived equivalences between certain finite dimensional algebras (including piecewise hereditary algebras
and some Frobenius algebras of radical square zero) are indeed of standard type. In this paper, we prove
that all these derived equivalences are, in essence, realisation functors associated to tilting or cotilting
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objects. Although realisation functors are not unique, we provide new criteria for an equivalence to be of
standard type and we show that some realisation functors are of standard type.

Theorem B (5.13) Let A and B be K-algebras which are projective over a commutative ring K. Let T
be a compact tilting object in D(A) such that Endp(ay(T) =2 B. Then the functor realy is an equivalence
of standard type. Moreover, a triangle equivalence ¢: D*(B) — DY(A) is of standard type if and only if
¢ admits an f-lifting ®: DFb(B) — DFb(A) to the filtered bounded derived categories.

Finally, we discuss recollements and equivalences between them using, once again, realisation functors.
Recollements of abelian or triangulated categories are specially well-behaved decompositions (in particular,
short exact sequences) of the underlying category. Recollements of abelian categories are well-understood
([32]), especially if all terms are categories of modules over a ring ([70]). The same cannot be said about
recollements of derived categories, even in the case where all categories are derived module categories. A
natural question (formulated by Xi for derived module categories) is whether every recollement of derived
categories is equivalent to a derived version of a recollement of abelian categories. This is not true in
general as shown by a counterexample in [7]. In this paper, we use realisation functors to provide a
criterion for such an equivalence of recollements to exist in terms of the glueing of tilting t-structures.
A different criterion for recollements of derived categories of rings has been independently obtained in
[7]. In the case of a recollement by derived module categories for algebras which are projective over a
commutative ring, we prove the following result, which can be thought of as a statement about glueing
derived equivalences.

Theorem C (6.14) Let A, B and C be K-algebras over a commutative ring K and assume that A is
projective as a K-module. Suppose there is a recollement R of the form

R D(B) - D(A) ! D(C)
\/ \_/

The following statements are equivalent.

(i) There is a K-algebra S, projective over K, and an idempotent element e of S such that the
canonical ring epimorphism S — S/SeS is homological and the associated recollement of D(S)
by derived module categories is equivalent to R.

(ii) There are compact tilting objects V in D(A), U in D(B) and W in D(C) such that the associated
tilting t-structures in D(B) and D(C) glue along R to the associated tilting t-structure in D(A)
and such that the K-algebra Endp(4)(V') is projective over K.

1.3. Structure of the paper. This paper is organised, roughly, in a sequential way. Sections 3 and 4
are independent of each other, but they are both essential for Section 5. Section 6 uses results from all
preceding sections. In order to facilitate the understanding of the later sections (where our main results
lie) we include in the beginning of each section an informal overview of its results, for the reader that
might wish to skip some of the earlier material.

We begin in Section 2 with some preliminaries on t-structures, recollements and the relation between
the two: glueing. These are the well-known concepts that we will use throughout the paper. Section 3
discusses some technical but necessary issues regarding the construction of realisation functors, combining
the approach of [16] as well as that presented in [15, Appendix]. We explore at length all the necessary
properties for the later sections, including some proofs (or sketches of proof) of older results not available
or hard to find in the literature. The results in this section are then used throughout sections 5 and 6,
where we apply these properties to study equivalences between derived categories of abelian categories or,
more generally, between recollements of derived categories. We also show that the realisation functor of the
standard t-structure is, as expected, the identity functor. In Section 4 we develop our generalised notion
of silting and cosilting objects in triangulated categories and we study the properties of the associated
hearts. We introduce the notion of bounded silting and bounded cosilting objects, preparing ground
for a discussion regarding the relation between derived equivalences at the bounded level and at the
unbounded level. This is a recurrent issue throughout the paper, related with the fact that a realisation
functor has as domain a bounded derived category. In Section 5, we focus on derived equivalences
between certain types of abelian categories, both on their existence and on their shape, in the spirit of the
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above paragraphs. Examples related with the representation theory of infinite quivers and with derived
equivalences in algebraic geometry are also discussed. Finally, in Section 6 we study recollements of
unbounded derived categories: methods to generate them and equivalences between them. We provide
criteria in a rather general framework for a recollement of derived categories to be the derived version of
a recollement of abelian categories. At the end, as an application, we show that this is always the case for
derived categories of hereditary finite dimensional algebras.

This paper also includes an appendix by Ester Cabezuelo Ferndandez and Olaf M. Schnitirer. It discusses
a detailed proof for the fact that the realisation functor built as in [15, Appendix] is indeed a triangle
functor. For this purpose, however, it seems necessary to consider an extra axiom, as first proposed in
[74], for filtered enhancements of triangulated categories. We refer to Remark 3.10 and to Appendix A for
a detailed discussion.
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2. PRELIMINARIES: T-STRUCTURES, RECOLLEMENTS AND GLUEING

2.1. Conventions and notation. In this paper we consider only abelian categories with the property
that the derived category has Hom-sets. In most contexts, however, the derived categories occurring here
come from abelian categories with either enough injectives or enough projectives - and these will have
Hom-sets. Given an abelian category <7, we denote by D(&) its derived category. If A is a unitary ring,
we denote by Mod-A the category of right A-modules and by D(A) its derived category. Right bounded,
left bounded or bounded derived categories are denoted as usual by D~, DT and D?, respectively. For any
triangulated category T, we denote by [1] its suspension functor.

For a category &, we denote by Ob ¥ its class of objects. The word subcategory, unless otherwise stated,
stands for a full and strict subcategory. For an additive functor F': &/ — 2% between additive categories
the essential image of F is the subcategory of % given by ImF = {B € # | B = F(A) for some A € &/}
and the kernel of F' is the subcategory of o/ given by Ker FF = {4 € &/ | F(A) = 0}. If F is a right
exact (respectively, left exact) functor between abelian categories, we denote its left derived functor by
LF (respectively, RF). If F is exact, its derived functor will often be also denoted by F.

2.2. t-structures. We begin with recalling the definition of the key notion of this paper.

Definition 2.1. [16] A t-structure in a triangulated category T is a pair T = (T<Y T=9) of full subcat-
egories such that, for TS" := T<°[—n] and T=" := T=[—n] (n € Z), we have:
(i) Homg(T=% T=1) =0, i.e. Homg(X,Y) =0 for all X in T<Y and Y in T=1;
(ii) T<0 C T<! and T=! C T=Y;
(iii) For every object X in T there are Y in T<?, Z in TZ! and a triangle Y — X — Z — Y[1].
The subcategories T<?, TZ0 and H(T) := T N T= are called, respectively, the aisle, the coaisle and
the heart of T.

It follows from [16] that the heart of a t-structure T in T is an abelian category with the exact structure
induced by the triangles of T lying in H(T). Furthermore, there is a cohomological functor (i.e. a
functor sending triangles in T to long exact sequences in H(T)) defined by:

HY: T — H(T), X — HY(X) = r20750(X) = 7=0720(X),

where 7=0: T — T<0 and 72%: T — T=° are the truncation functors (i.e. the right and left adjoins,
respectively, of the inclusions of T<? and T=° in T). Similarly, one can define functors 7", 72" and
HP := (r="72")[n], for any integer n. The triangle in Definition 2.1(iii) can be expressed functorially as

rox Lo x Ty (r2ox
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where the maps f and g come, respectively, from the counit and unit of the relevant adjunctions. In
particular, it follows that if f = 0 (respectively, g = 0), then 7S°X = 0 (respectively, 721X = 0). Note
also that the aisle T<? determines the t-structure (T=! = Ker Homg(T<%, —), see also [50]).

Example 2.2. For an abelian category o7, there is a standard t-structure D, := (]D)éo,]D)éO) in its
derived category D(«) defined by the complex cohomology functors (H, for all ¢ in Z) as follows:

DS = {X € D(«) | H)(X) = 0,¥i > 0}, D= :={X € D(«) | H)(X) = 0,Vi < 0}.

The heart of this t-structure consists of the complexes with cohomologies concentrated in degree zero and,
thus, it is equivalent to /. Moreover, the associated cohomology functors coincides with the complex
cohomologies. Note also that the standard t-structure restricts to the (right, left) bounded derived category
D®(«7). Throughout we fix the notation in this example for the standard t-structure, although the subscript
7 will be omitted whenever & is fixed.

A t-structure T = (T<% T=%) in T is said to be nondegenerate if N,,cz0b T<" = 0 = N,,cz0b T="
and bounded if U,,cz0b TS" = Ob T = U,ez0b TZ". Given an abelian category <7, it is easy to see
that the standard t-structure is nondegenerate in both D?(.7) and D(.<7), but bounded only in D®(.%7).

For functors between triangulated categories endowed with t-structures there is a natural notion of (left,
right) exactness. Given two triangulated categories T and V endowed with t-structures T = (T<% T=9)
and V = (V=0 V=20) respectively, a functor a: T — V is said to be left t-exact if o(T=") C V=0,
right t-exact if o(T<") C V=0 and t-exact if it is both left and right t-exact. As an example, consider
two abelian categories &/ and % and a functor F: &/ — . If F is exact, then its derived functor
is t-exact with respect to the standard t-structures in D(<7) and D(#). If &/ has enough projectives
(respectively, injectives) and F' is right (respectively, left) exact, then the left derived functor LF' is right
t-exact (respectively, the right derived functor RF is left t-exact).

2.3. Recollements. Recall first that a diagram of the form

0—=U—sT7-2ov o0

is said to be a short exact sequence of triangulated (respectively, abelian) categories if the functor i is
fully faithful, i(U) is a thick subcategory of 7, i.e. a triangulated subcategory closed under summands
(respectively, a Serre subcategory in the abelian case, i.e. a subcategory closed under extensions,
subobjects and quotients) and if ¢ induces an equivalence T/i(U) = V. Note that, in this case, Imi = Kerg
and q is essentially surjective.

Recollements are particularly well-behaved short exact sequences. Recollements of both abelian and
triangulated categories appeared in [16], but the properties of recollements of abelian categories were only
explored later, for example in [32].

Definition 2.3. Let U, T and V be triangulated (respectively, abelian) categories. A recollement of T
by U and V is a diagram of triangle (respectively, additive) functors

i* It
u‘/;\‘jmv

satisfying the following conditions:
(i) (i*,i.,4") and (ji, 5%, j.) are adjoint triples;
(ii) The functors iy, ji, and j, are fully faithful;
(iii) Imi, = Kerj*.

Generally, we will use the symbols U, T and V to denote triangulated categories (and we write Ry, (U, T, V)
for the recollement in Definition 2.3) and the symbols %, &/ and € to denote abelian categories (and we
write Rap(%, 7, %) for the analogous recollement to the one in Definition 2.3). Observe that it follows
easily from the definition of recollement that the compositions i*j; and i'j, are identically zero and that
the units Id — ‘i, and Id — j*j; and the counits i*i, — Id and j*j, — Id of the adjunctions are
natural isomorphisms (where the identity functors are defined in the obvious categories). Moreover, it can
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also be shown (see, for example, [16] and [69]) that for a recollement of triangulated categories Ry, (U, T, V),
for every object X in 7, the remaining units and the counits of the adjunctions induce triangles

G X —= X — 0" X — 55" X[1] and i.i'X — X — j,5* X —4,i' X[1].

Similarly, for a recollement of abelian categories Ryp(Z, o7, €), for every object X in &7, the remaining
units and counits of the adjunctions induce exact sequences:

X - X =" X >0 and 0 —> 00X —= X <> "X

with Ker f and Coker g lying in i,.# (see, for example, [32] and [69] for details).

A useful tool to produce recollements of module categories or of derived module categories is the concept
of ring epimorphsim, i.e. an epimorphism in the category of (unital) rings. It is well-known (see [34,35])
that ring epimorphisms with domain R (up to the natural notion of equivalence) are in bijection with
bireflective subcategories of Mod-R, i.e. full subcategories of Mod-R whose inclusion functor admits
both left and right adjoints. In order for the (exact) restriction of scalars functor to induce a fully faithful
functor on the derived level, however, one needs to require more from a ring epimorphism.

Theorem 2.4. [35, Theorem 4.4][64, Section 4] Let A be a ring and f: A — B a ring homomorphism.
The following are equivalent.
(i) The derived functor fi.: D(B) — D(A) is fully faithful.
(ii) The map f is a ring epimorphism and, for any i > 0, we have Tor?(B, B)=0.
(iii) For any i >0, and any B-modules M and N, we have Extsy (M, N) = Ext'y(M, N).

We say that a ring epimorphism is homological if the above equivalent conditions are satisfied. Note
that while ring epimorphisms do not always give rise to recollements of module categories (see [70]), a
homological ring epimorphism always gives rise to a recollement of triangulated categories (see [64]).

Example 2.5. Let A be a ring, e an idempotent element of A and f: A — A/AeA the associated ring
epimorphism. There is a recollement of Mod-A, as in the diagram below, which is said to be induced by
the idempotent element e.

—®aA/AeA —®caceA
* H eA,—
Mod-A/AeA . Mod-A Homaled, 7). Mod-eAe.
Hom 4 (A/AeA,—) Home a.(Ae,—)

Moreover, if Tori' (A/AeA, AJAeA) = 0 for all i > 0 (i.e. f is a homological ring epimorphism), it follows
from [27] that there is a recollement of triangulated categories:

—®]E4A/AeA —®H€‘A€€A
/f—*\ R Hom a (e A, —
_—

D(A/Acd) —L . D(a) ) D(eAe). (2.1)
\_/\/

RHomy (A/AeA,—) R Homeac(Ae,—)

Definition 2.6. We say that a recollement of a derived module category by derived module categories is
stratifying if it is of the form (2.1).

We study recollements up to the following notion of equivalence (see also [70]). Throughout the paper,
a diagram of functors is said to be commutative if it commutes up to natural equivalence of functors.

Definition 2.7. Two recollements of triangulated categories R (U, T, V) and R (U, T’, V') are equiva-
lent, if there are triangle equivalence functors F': T — 7’ and G: V — V' such that the diagram below
commutes, i.e. there is a natural equivalence of functors Gj* = j*'F.

gy

Flﬁ '—“lG

TV

An equivalence of recollements of abelian categories is defined analogously.
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Note that the commutativity (up to natural equivalences) of the above diagram is equivalent to the
commutativity of the six diagrams associated to the six functors of the recollements (see [70, Lemma 4.2]
for more details on the abelian case; the triangulated case is analogous, see [68]).

2.4. Glueing. Example 2.5 shows how sometimes it is possible to build a recollement of triangulated
categories from a recollement of abelian categories. In this subsection we recall from [16] a procedure in
the opposite direction, using t-structures.

Theorem 2.8. [16] Let Ry, (U, T, V) be a recollement of triangulated categories of the form (2.3). Suppose
that U = (U0, U02%) and V = (V=0,V20) are t-structures in U and V, respectively. Then there is a
t-structure T = (T<Y, TZ°) in T defined by

T = {X € T| j*(X) € V=" and i*(X) € U=},

Convesely, given a t-structure T = (T<°, TZ°) in T, T is obtained as above from t-structures U and V in
U and V, respectively, if and only if jij*T<C C T<C. In that case, U and V are uniquely determined by
U = (#*T<Y,i'T=%) and V = (j*T<0, j*T29), the functors i, and j* are t-exact and their left (respectively,
right) adjoints are right (respectively, left) t-exact. Moreover, the recollement of triangulated categories
R (U, T, V) induces a recollement of abelian categories of the corresponding hearts Ry (FH(U), H(T), H(V)).

We explain how to build the recollement R,,(H(U),H(T),H(V)) from Ry (U, T,V), as stated in the
theorem. Consider the cohomological functors HY: U —s H(U), H%: T — H(T), HY: V — H(V), and
the full embeddings ey: H(U) — U, er: H(T) — T, ey: H(V) — V associated with the t-structures
U, T and V, respectively. Then the recollement R,,(H(U), H(T), H(V)) is given by

T=" = {X € T| j*(X) € V=0 and (X) € U=},

where the functors are defined as follows:

I* =HY oi* oer
I*:H%Oi*OEU

1 -
I'=H}oi' oer

J*:H'Oﬂ‘oj!OEV
J*=HYyoj*oer

J. =Hpoj.oey.

In other words, we have the following diagram:

U T v Rtr<u7r‘T7 V)
HY eu HE €T HY v HY c
I* Jy
H(U) - H(T) FH(V) Rab(3(U), H(T), H(V))
~_ - o~

where the functors in the lower recollement are defined using the vertical functors as described above. A
recollement obtained in this way will be called a recollement of hearts.

3. REALISATION FUNCTORS

Given a t-structure in a triangulated category T with heart J{, it is natural to ask how does the
(bounded) derived category of H compare with T. In [16], a functor between these two categories is
built under some assumptions on the category T and the t-structure on it: the realisation functor. We
consider the more general approach from [15] that allows the construction of the realisation functor for
t-structures in any triangulated category that admits an f-category over it. We survey this construction
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and the relevant associated notions in some detail, as we will need a deeper understanding of this functor
later in this text. We refer to [49] for a different approach to the realisation functor. Here is an informal
overview of this section.

Subsection 3.1: f-categories

e We review the definition of a filtered enhancement of a triangulated category, motivated by the
example of filtered derived categories (Example 3.2).

e We recall how to lift a t-structure from a triangulated category to a filtered enhancement (Propo-
sition 3.3). This is an important step towards the construction of realisation functors.

e We show that given a triangulated category with a filtered enhancement, there are compatible
filtered enhancements on any thick subcategory and on any Verdier quotient (Proposition 3.8).
This results is useful for the use of realisation functors in the context of recollements (Section 6).

Subsection 3.2: Realisation functors and their properties

o We recall with some detail the construction and basic properties of realisation functors (Theorem
3.11) which will be used throughout the paper.

e We discuss a result of Beilinson concerning commutative diagrams of functors involving realisation
functors (Theorem 3.13). This is particularly relevant for the study of the shape of derived
equivalences in Subsection 5.2 and for the construction of equivalences of recollements in Section 6.

Subsection 3.3: Examples of realisation functors

e We show that the realisation functor of the standard t-structure in a derived category (built with
respect to the filtered derived category) is essentially an identity functor (Proposition 3.14).

e Given a triangle equivalence ¢ between the bounded derived categories of two abelian categories,
we show that ¢ is naturally equivalent to a realisation functor composed with the derived functor
of an exact equivalence of abelian categories (Proposition 3.17).

3.1. f-categories. The key idea for constructing a realisation functor in [16] was that of using the so-
called filtered derived category. However, as it was observed in [15], we only need the abstract properties
of such categories for this construction - giving rise to the notion of an f-category. For a detailed survey
on f-categories, we refer to [74].

Definition 3.1. An f-category is a triangulated category X endowed with an autoequivalence s: X — X
(called f-shift), a natural transformation a: Idxy — s and two full triangulated subcategories X(> 0) and
X(< 0) such that, for X(> n) := s"X(> 0) and X(< n) := s"X(<L 0), we have

(1) Homa:(X(= 1),X(< 0)) = 0;

(ii) For every object X in X, there are Y in X(> 1), Z in X(< 0) and a triangle in X:

Y X Z Y[1);

(i) Ob X = UpezOb X(> n) = UpezOb X(< n);
(iv) X(> 1) CX(>0) and X(< —1) C X(<0);
(v) ax = s(ay-1x) for all X in X;

(vi) For any X € X(> 1) and Y € X(<0), Homx (ay, X) and Homy (Y, ax) are isomorphisms.
Given a triangulated category T, an f-category over T (or an f-enhancement of 7) is a pair (X, 6)
where X is an f-category and 0: T — X (> 0) N X(< 0) is an equivalence of triangulated categories.

For an f-category X, we write the whole data as (X, X(> 0),X(< 0),s: X = X,a: Idy — s), although
we write just X when the remaining data is fixed. Let (X, ) denote an f-category over T. Note that for any
n in Z, the pair (X(> n+1),X(< n)) is a stable t-structure, i.e. a t-structure whose aisle is a triangulated
subcategory. In particular, there are truncation functors o,: X — X(> n) and o<, : X — X(< n),
which are triangle functors. We define the following further triangle functors

gry = 0*1s*”a§n02n: X — 7.

There are standard f-categories over a large class of triangulated categories: (bounded) derived cat-
egories of abelian categories. These are the so-called filtered derived categories. In the following
example we build the filtered derived category of the unbounded derived category of an abelian category.
The bounded setting is entirely analogous.
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Example 3.2. [42] Given an abelian category &7, consider the (additive) category CF(%7) of complexes
of objects in &/ endowed with a finite decreasing filtration. The objects in CF(/) are, thus, pairs (X, F),
where X lies in the category of complexes C(«7) and F is a filtration of X as follows:

X=FX2F 1 X2OF, X2 ---2DFN_ 1 XDFRX=0,

with a < b integers. The morphisms in CF(&/) are morphisms of complexes respecting the filtration, i.e.
given two filtered complexes (X, F') and (Y, G) a morphism f: (X, F) — (Y, G) in CF(«/) is a sequence of
chain maps (..., Fof, Fatr1f, .-, Fof,...), with F; f: F;X — G,;Y compatible with the inclusion maps of
the filtrations F and G. There are natural functors gri: CF(«/) — C(&/) associating to a filtered complex
(X, F) its i-th graded component gréx(X) := F; X/F;11X. A morphism ¢ in CF() is said to be a filtered
quasi-isomorphism if F; f is a quasi-isomorphism, for all ¢ in Z (see [42] for further equivalent definitions
of filtered quasi-isomorphisms). The filtered derived category DF(&) of an abelian category <7 is the
localisation of CF(«7) on filtered quasi-isomorphisms. Moreover, one can also define the filtered homotopy
category KF(&) of o/, where the objects are the same as in CF(%7) but the morphisms are equivalences
classes of morphisms in CF(«) modulo filtered homotopy (two morphisms f, f': (X,F) — (Y,G) in
CF(&) are homotopic, if there is a homotopy from f to f’ compatible with the filtrations). The filtered
derived category can also obtained as the localisation of KF(%7) on filtered quasi-isomorphisms.

Note that there is a natural fully faithful functor £: D(«/) — DF(&/) sending an object X in D()
to the pair (X,0), where 0 indicates the trivial filtration X = Fy(X) 2 F1X = 0. The filtered derived
category comes naturally equipped with an autoequivalence s: DF(%/) — DF(&) corresponding to the
shift on filtration, i.e. s(X,F) = (X,H), where G;X = F;_1X. Also, there is a natural transformation
a: Idpf(ey — s such that for any object X, ax is induced by the inclusion maps of F;1X into F; X, for
all i in Z. Finally, consider DF(7)(> 0) (respectively, DF(.27)(< 0)) to be the full subcategory of DF (&)
spanned by filtered complexes whose non-trivial graded components are in non-negative (respectively,
non-positive) degrees. It follows that DF(«7) is an f-category over D(&7). There is also a natural functor
w: DF(&/) — D(&7), the forgetful functor. Note also that the functors gr® defined at the level of complexes
induce triangle functors from DF(«/) — D(/) and, as the notation suggests, these are the analogues in
this setting of the gr-functors defined in the general context of f-categories.

We summarise some useful facts about f-categories over a triangulated category.

Proposition 3.3. [15,74] If (X, 0) is an f-category over a triangulated category T, then:

(i) there is an exact functor w: X — T, unique up to natural equivalence, such that:
e its restriction to X(> 0) is right adjoint to the functor T — X(> 0) induced by 0;
o its restriction to X(< 0) is left adjoint to the functor T — X (< 0) induced by 6;
o for any X in X, the map w(ax): wX — wsX is an isomorphism;
o for any X in X(<0) and Y in X(> 0), w induces an isomorphism between Homx (X,Y) and
Homg (wX,wY).
(ii) given a t-structure T = (T<,TZ0) in T, there is a unique t-structure X = (X=0,X29) in X such
that 0 is a t-exact functor and sX=0 C X==1. Moreover, the t-structure X can be described by

XS0 ={X eX|gh(X)eT="} and X2 ={X € X | grh(X) € T="}
and the heart H(X) is equivalent to the category €°(H(T)) of chain complexes over H(T).

Remark 3.4. We point out how to build the functor yielding an equivalence between H(X) and C*(H(T))
(see [15]). There is a cohomological functor which we will, abusively, denote by HY: X — C(H(T)).
Given an object X in X, define H}(X) to be a complex whose i-th component is H%(gri.X). In order to
define the differential d': H%(gry, X) — HE (grif ' X) consider the triangle in T given by

gt
w0§i+102i+1X HngileO'ZiX HWUSiUZiX —_— (wUSiJrlo'ZiJrlX)[l} .

Now, the properties of w listed above insure that, for any n in Z, we have wo<,0>, X = griy X. It then
follows that we can define d* as Hi(d%), for any i in Z. This defines the functor H} and it can be seen
that this functor yields an exact equivalence between H(X) and C?(H(T)) as wanted (see [16] for a proof
in the case of filtered derived categories; the statement for f-categories is available without proof in [15]
since the arguments are analogous). The abuse of notation here is justified by the fact that indeed HY can
be regarded as a cohomological functor associated with the t-structure X in X (see [15]).
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The functor w in the proposition will be called the f-forgetful functor, as motivated by the actual
forgetful functor in the case of filtered derived categories. Note that the existence of f-enhancements of
triangulated categories is not a priori guaranteed - although conjectured (see [21]).

We turn now to functors between f-categories.

Definition 3.5. Let (X,X(>0),X(<0),s,«) and (Y,9(>0),9(<0),t,8) be two f-categories. An f-
functor between the f-categories X and Y is a triangle functor F': X — Y such that:

(i) F(X(= 0)) € Y(= 0) and F(X(< 0)) € Y(< 0);

(ii) F's =2tF and F(ax) = Bp(x), for all X in X.
The f-categories X and Y are equivalent, if there is an f-functor F': X — Z which is a triangle equivalence.
If (X,0) and (Y,7n) are f-categories over triangulated categories T and U, respectively and ¢: T — U is a
triangle functor, we say that ¢ lifts to the f-categories (X, 0) and (Y, ) if there is an f-functor ®: X — Y
such that ®6 = n¢. When the f-categories are fixed, we will just say that ¢ admits an f-lifting.

Example 3.6. Given triangulated categories T and U and a triangle equivalence ¢: T — U, if (X, 0) is
an f-category over 7, then (X,0¢!) is an f-category over U and, hence, Idy is an f-lifting of ¢.

We will show that given an exact sequence of triangulated categories
0—U—T—T/U—0

and an f-category over T, there are induced f-categories over the thick subcategory U and over the Verdier
quotient T/U, improving on [79, Proposition 2.7]. We say that a thick subcategory Y of an f-category
X is an f-subcategory if Y is an f-category with the induced f-structure, i.e. Y(< 0) = X(< 0)NY,
Y= 0) = X(> 0)NY and both s: Y — Y and a: Idy — s are the restrictions of the corresponding
functor /natural transformation in X.

Lemma 3.7. Let Y be a thick f-subcategory of an f-category X. Then the Verdier quotient X/Y has a
natural f-category structure induced by the one in X.

Proof. Since Y is a thick subcategory, there is a short exact sequence of triangulated categories

0 T N, 0. (3.1)

Set Z = X/Y and consider the full triangulated subcategories Z(> 0) = p(X(> 0)) and Z(< 0) = p(X(<L 0)).
From the sequence (3.1), one can easily observe that the functor s: X — X induces a functor sg: Z — Z.
It is obvious that sz is essentially surjective. It is also fully faithful (and hence an autoequivalence of Z)
since its action on morphisms can be described by applying s to a roof in Z. Non-trivial roofs will remain
non-trivial due to the fact that s restricts as an autoequivalence to Y (since Y is an f-subcategory). We
also obtain an induced natural transformation v: Idg — sz of triangulated functors. Indeed, using the
calculus of fractions available for morphisms in Z, it is easy to check that defining v, (x) := p(ax), for any
X in X, yields the wanted natural transformation.

Since (Y(> 1), Y(< 0)) is a stable t-structure in Y, from [44, Proposition 1.5] we get that (Z(> 1), Z(< 0))
is a stable t-structure in Z, thus proving the properties (i) and (ii) of Definition 3.1. Clearly we have
Ob Z = Upez0b Z(> n) = U,ez0b Z(< n) since the same relation holds for objects in X. Also, we have

2(2 1) = s2(p(X(= 0)) = p(s(X(= 0))) = p(X(= 1)) € p(X(= 0)) = 2(> 0)
and similarly we get that Z(< —1) C Z(< 0). For condition (v), observe that, for any X in X, we have
Tp(x) = Plax) = ps(as-1x) = s2(Yps—1(x)) = 52(Vs -1 (p(x)))-

It remains to prove condition (vi) of Definition 3.1. Let X be an object in X(> 1) and ¥ an object in
X(< 0). We will show that Homz (vy,(y),p(X)) is an isomorphism. The proof that Homz (p(Y'), vp(x)) is
an isomorphism is analogous. Let f: p(Y) — p(X) be a morphism in Z, represented by a roof of the form

K
7N
Y X
with cone(c) in Y. We want to show that f admits a unique preimage under the map Homz (v,(y), p(X)).

In order to do that, we first compose f with an isomorphism and write the composition as a roof in a
convenient way that will allow us to use axiom (vi) of the f-category X.
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(1) Applying the triangle functor o1 to the triangle induced by the map ¢ and using the fact that
Y lies in X(< 0), it follows that o>1 K lies in Y. Consider the composition of the natural map
051K — K withd: K — X, and denote by g: X — X its mapping cone. It is clear that p(g)
is an isomorphism in Z. Moreover, using the fact that Homg (s2p(Y), p(g9)) and Homz (p(Y), p(g))
are isomorphisms, the map f admits a unique preimage under Homg (v, vy, p(X)) if and only if
f=p(g) o f admits a unique preimage under Homz (7v,(y, p(X)).

(2) SinceY = 0<¢Y, c factors through the natural map K — 0<oK and the cone of o<c is precisely
o<ocone(c), which lies in Y since Y is an f-subcategory of X. By construction of g, also god factors
through the natural map K — o<oK (via a map h: 0<gK — X). It then can be checked that
f:p(Y) — p(X) is equivalent to the following roof.

Now, from axiom (vi) of the f-category X there is a unique morphism m: s(c<oK) — X such that
h =moay_,kx and then, the morphism szp(Y) — p(X) of Z represented by the fraction m o s(o<oc) ™
is a preimage of f by the map Homz(vp(y),p(Y)). Using the uniqueness of m and the description of

morphisms in Z as roofs, it easily follows that this preimage is unique, finishing the proof. O

We are now ready to show how an f-category over a triangulated category T induces f-categories over
thick subcategories or over Verdier quotients. Recall that given two triangulated subcategories U and V
of a triangulated category 7T, one denotes by U *V the subcategory of T formed by the objects T" such that
there are objects U in U, V in V and a triangle

U—T—V-—U[].

It is not always true that U * V is a triangulated subcategory of T. In fact, U * V is triangulated if and
only if Homg y v (7(U), (V) = 0, where 7: T — T/(UNV) is the quotient functor ([45, Theorem A]).

Proposition 3.8. Let 0 — U B, N T/U — 0 be an exact sequence of triangulated categories and
(X,0) be an f-category over T. Then (X,0) induces f-category structures over U and T/U.

Proof. We assume without loss of generality (by Example 3.6) that U is a thick subcategory of T, i is the
embedding functor (and we identify U with ¢(U)) and ¢ is the natural projection to the Verdier quotient.
Recall from [79, Proposition 2.2] that the f-category (X,6) induces an f-category Y over U defined by
Y={X e X |gri(X) e Ufor all n € Z}. It is easy to check that Y is a thick subcategory of X (since U is
a thick subcategory of T) and that it is an f-subcategory of X. Moreover, (Y, 0)y() is an f-category over U
since we have a commutative diagram as follows, where the vertical arrows are the natural inclusions.

m
U——Y(=0)NY(< 0)——

.

T—=5%X(>0)NX(<0)—s=X
0

By Lemma 3.7, Z := X/Y is an f-category. It remains to show that X/Y is indeed an f-category over
T/U. Tt is clear that # induces a functor 6: T/U — X/Y and a commutative diagram between exact
sequences of triangulated categories as follows.

q

0 U—L>T T/U 0 (3.2)

T

0 y—Lox—Lsx/y 0.
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The functors @ and 6|y are obviously fully faithful and we claim that so is §. Using [52, Lemma 4.7.1], it
is enough to show that any map f: Y — 6(T) in X, with Y in Y and T in T, factors through an object of

o) = Y(> 0)NY(< 0) = X(> 0) N X(< 0) NY = O(T) N Y.

Since 0(T) lies in X(< 0) N X(> 0), we may assume without loss of generality that Y lies in Y(< 0)
(this follows from the triangle in Definition 3.1(ii) and the orthogonality relation between Y(> 1) and
X(< 0)). By Proposition 3.3(i), the restriction of the f-forgetful functor w to X(< 0) is left adjoint to
the inclusion of T (by #) in X(< 0). Thus, considering the unit of the adjunction, ny: Y — Ow(Y),
we get that f = G(f) o ny, where f: w(Y) — T is the map corresponding to f under the isomorphism
Homy (Y, 6(T)) = Homg(w(Y),T). We now show that w(Y) lies in U. We do this by induction on the
graded length of Y, i.e. on n > 0 such that Y lies in X(> —n) N X(< 0) (such n always exists by
Definition 3.1(iii) and by our assumption that Y lies in X(< 0)). If Y lies in X(> 0), then Y =2 0gr’Y and
w(Y) = 071(Y) = gr°(Y) lies in U, by definition of Y. Suppose now that the result is valid for objects
with graded length n — 1 and let Y lie in Y(> —n). Then there is a triangle

Y =05_nY — 05y 1Y — s"0gr "TH(Y) — (0>_,Y)[1].

Applying the triangle functor w to it, since ws"@gr "t1(Y) = gr—"+1(Y) lies in U and, by induction
hypothesis, so does wo>_n41Y, it follows that w(Y") lies in U, as wanted.

It remains to show that the essential image of 6 is Z(> 0) N Z(< 0). By the commutativity of (3.2) and
since @ is fully faithful, it suffices to prove that Z(> 0) N Z(< 0) = p(X(> 0) N X(<L 0)). We first show
that Z(>0) = (X(> 0)*Y)/Y = p(X(> 0) *Y) (dual arguments also show that Z(< 0) = (Y*X(<0))/Y =
p(Y * X (<L 0))). Note that X(> 0)NY = Y(> 0). Using [45, Theorem A], it is then enough to prove that
Homx /y(>0) (m(X(> 0)),7(Y)) = 0, where 7: X — X/Y(> 0) is the Verdier quotient functor. Consider an
element in Homy /y (>0 (7(X),n(Y’)), with X in X(> 0) and Y in Y, represented by a roof

K
N
X Y
with f € Homy(K,Y), g € Homy (K, X) and cone(g) in Y(> 0). Since both X and cone(g) lie in X(> 0),
it follows that also K lies in X(> 0). Hence, it follows that f must factor through the natural map

0>0Y — Y. In particular, the roof is equivalent to the zero morphism in X/Y(> 0), as wanted. Thus we
may rewrite the intersection Z(< 0) N Z(> 0) as follows

Z(<0)NZ(= 0) = p(Y* X(< 0)) N p(X(= 0) * Y) = p((4 * X(< 0)) N (X(= 0) x ),

where the last equality follows from [45, Lemma 2.4(i)(a)]. Finally, we finish the proof by showing that
the last term above equals p(X(< 0) N X(> 0)). Observe first that given an object X in X(> 0) x Y, it
follows that o<_1 X lies in Y. In fact, by the assumption on X there is a triangle

xt.ox Y X'[1]

with X’ in X(> 0) and YV in Y. Applying to it the triangle functor o<_1, since o<_1 X’ = 0 we get that
0<-1X = 0<_1Y. Since Y is an f-subcategory of X, it then follows that o<_1 X lies in Y. Analogously,
one can show that given X in Y % X(< 0), 01X lies in Y. Hence for any object X in the intersection
(Y*2X(<0))N(X(>0)*Y), both 0<_1X and o>1 X lie in Y and, thus, p(X) = p(dgr®(X)), showing that
p((Y*X(< 0)) N (X(> 0) *Y)) is contained in p(X(< 0) N X(> 0)). Since the other inclusion is trivial
(because X(< 0)NX(>0) C (Y*X(<0))N(X(>0)+*Y)), we have finished the proof. O

Corollary 3.9. Let 0 — U SAANY, JEUN T/U — 0 be an exact sequence of triangulated categories and
(X,0) be an f-category over T. Then the functors i and q admit f-liftings for suitable choices of f-categories
over U and T/U.

Proof. By construction of the f-categories (Y,6y) and (Z, 6) in the proof of Proposition 3.8, we get that
i and j admit f-lifitings, namely the f-functors j and p in the diagram (3.2) above. O

Remark 3.10. Recall from [61, Definition 2.4] that a morphism of triangles (a, b, ¢) is said to be middling
good if it can be completed to a commutative 3 x 3 diagram (in the sense of [16, Lemma 1.1.11]) in which
all rows and all columns are triangles. In [74], the following extra axiom for f-categories is proposed.
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(fcat7) For any morphism f: X — Y in X, the triple Ay := (s, 00>1(f), v o f, @y (y, 0 7<0(f))
is a middling good morphism of triangles.

Although we have not made use of this axiom so far, we will implicitly make use of it in the next subsection

(see Remark 3.12(ii) and the Appendix to this paper). At this point it is worth noting the following facts.

e Filtered derived categories, as discussed in Example 3.2 satisfy axiom (vii). This is proved in
[74, Lemma 7.4].

e In the context of Lemma 3.7, if X satisfies axiom (fcat7), then so does Z := X/Y. Note that
if a morphism of triangles is middling good, then so is its composition with an isomorphism
of triangles. Hence, given f: X — Y in Z, we may assume without loss of generality that
f =np(f"), where p is the Verdier quotient functor. Since X satisfies axiom (vii), the morphism
Ay is middling good. As a consequence p(Ay/) is middling good. Finally, using the t-exactness
of p and the compatibility of p with the the functor s and the natural transformations o and -,
we conclude that p(Ay) = Ay (see the proof of Lemma 3.7 for notation and details).

From now on, we will assume f-categories to satisfy this new axiom.

3.2. Realisation functors and their properties. We are now ready to build realisation functors. Let
T be a triangulated category and T = (T<?, T=%) a t-structure in T. Suppose that (X,6) is an f-category
over J. By Proposition 3.3, there is a t-structure X in X defined by

XS0={XeX|gh(X)eTs"foralln € Z} and X2 ={X € X | grx(X) € T=" for all n € Z};

whose heart H(X) is equivalent to C®(3(T)). Let G: C*(H(T)) — H(X) denote the inverse of that
equivalence (described in Remark 3.4). The realisation functor of T with respect to the f-category (X, 0)
is then obtained as follows. Moreover, we collect the first properties of the functor real%C . These were first
proved in [16] and restated in a more general setting in [79]. Our statement differs to that in [79] only
on the class of triangulated categories we consider - see Remark 3.12(i). We also include a sketch for the
proof of the theorem for the convenience of the reader.

Theorem 3.11. [16, Section 3.1][15, Appendix][79, Theorem 1.1] Let T be a triangulated category and
(X,0) an f-category over T with f-forgetful functor w: X — T. Let T be a t-structure in T, X the
corresponding induced t-structure on X and G: CP*(H(T)) — H(X) the exact equivalence of abelian cat-
egories described in the paragraph above. Let Q: CP(H(T)) — DY(H(T)) be the natural localisation
functor. Then there is a unique functor, called the realisation functor of T with respect to (X,0),
realy : DY(H(T)) — T such that the following diagram naturally commutes

Ch(H(T)) —> Db(3H(T))

|

H(X)

""I?C(X)i

T

x
realy

Furthermore, real%: DY(H(T)) — T is a triangle functor and satisfies the following properties.

(i) Hiy = Hi o realy, for all i € Z. In particular, realy acts as the identity functor on H(T) and it is
t-exact with respect to the standard t-structure in D*(H(T)) and T in T.
(ii) The functor realy induces isomorphisms Homps (3¢ (X, Y[n]) = Homg (X, Y[n]) for any X and
Y in H(T) and forn < 1.
(iii) The following statements are equivalent.
(a) The functor real is fully faithful;
(b) The functor realy induces isomorphisms Hompe 3¢(m)) (X, Y [n]) = Homg(X,Y[n]), for all
n > 2 and for all X and Y in H(T).
(c) (Ef) Given objects X andY in H(T), n > 2 and a morphism f: X — Y[n] in T, there is
an object Z in H(T) and an epimorphism in H(T), g: Z — X, such that fg = 0.
(d) (CoEf): Given objects X andY in H(T), n > 2 and a morphism f: X — Y[n] in T, there
is an object Z in H(T) and a monomorphism in H(T), g: Y — Z, such that g[n]f = 0.
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(iv) The essential image of realy is contained in

70 .= | J T T

n,mez
and it coincides with it whenever real% is fully faithful.

Proof. For the existence of the functor real> and for property (i) we refer to [15, Appendix A.5, A.6].
Property (ii) is clear for n < 0. For n = 1, the statement boils down to show that the Yoneda extension
group Extéc(T)(X, Y) in H(T) coincides with Homg (X, Y[1]), which is a well-known fact about hearts of
t-structures (see [16, Remark 3.1.17(ii)]).

For part (iii), we prove in detail the most delicate implication: (c)== (b) (the implication (d)= (b)
is analogous). Assuming the condition (Ef) we show the isomorphism in (b) by induction on n > 1 (for
n =1, (b) holds by statement (ii)). Let X and Y be objects in H(T), n > 2 and consider the induced map
realy (X, Y[n]): Homps (3¢(m)) (X, Y[n]) — Homg (X, Y'[n]). First we prove surjectivity. Let f: X — Y[n]
be a map in TJ. By assumption there is an epimorphism ¢g: Z — X in H(T) such that fog =0in T. Let
K be the kernel of g in H(T) and consider the triangle induced by g in T:

g h

K Z X

K[1].

Since g o f = 0, there is u: K[1] — Y'[n] such that uwo h = f. By induction hypothesis, there is v’ in
Hompe (5¢(m)) (K[1], Y[4]) such that realy (u/) = u. By (ii), there is also h’ in Hompe (5¢(m)) (X, K[1]) such that
realy (h') = h and, thus, we have that real (u/oh') = woh = f. To prove the injectivity of realy (X, Y [n]),
let @ be an element in Homps g¢()) (X, Y[n]) such that realy () = 0. Since a can be thought of as an
Yoneda extension (of degree n) between X and Y, it represents an exact sequence in H(T) of the form

0 Y A, A, A, s x 0.

It is easy to check that ao 8 = 0. Let L denote the kernel of 3 and consider the triangle in D®(H(T)):

B v pl1]

An X

L[1] Ap[1].

Then there is §: L[1] — Y[n] such that a = § o y. Now, we have that 0 = realy (o) = real (§) o reald (v)
and, hence, there is a map e: A,[1] — Y[n] in T such that reali* (§) = eoreali (p[1]). Since reali¥ (A;[1],Yi])
is surjective, by induction hypothesis, it follows that there is a map €': A;[1] — Y[i] in D®(H(T)) such
that realy (¢/) = e. Now, reali (¢/ o p[1]) = real (§) which, since realy (L[1],Y[i]) is injective by induction
hypothesis, implies that € o p[1] = §. Hence, we have a« = d oy =€ o p[1] oy = 0 since p[1] oy = 0.

With regards to the remaining implications of (iii): it is clear that (a) implies (b) and the converse
follows from a dévissage argument (see our proof of Theorem 6.9 for such an argument). The fact that
(a) implies (c) or (d) can easily be observed from properties of Yoneda extensions (in fact the proof that
(a) implies (c) is essentially contained in the above paragraph). Finally, regarding property (iv), since
realy is t-exact and the standard t-structure in D?(H(T)) is bounded, it follows easily that the Im(realy)
is contained in T(T), If real%C is fully faithful, it can be proved by induction on ! = b — a (with b > a) that
T<P N T2 lies in its essential image (see the proof of [16, Proposition 3.1.16]). g

Remark 3.12. (i) In [79] the above result is stated for triangulated subcategories of the derived
category of an abelian category. This restriction is only to ensure that the triangulated category
considered admits an f-enhancement, but the arguments carry through in the more general setting
here considered.

(ii) Although the claim that real% is a triangle functor is implicit in [15, Appendix], the only proof
of this fact that the authors are aware of is due to E. Cabezuelo Fernandez and O. Schniirer and
it makes use of the axiom (vii) in Remark 3.10 (see the Appendix to this paper for details)

One further property of realisation functors that is particularly useful in our applications is that they
behave naturally in certain contexts. The following theorem was presented in [15] without proof.

Theorem 3.13. [15, Lemma A7.1] Let (X,0) and (Y,n) be f-categories over triangulated categories T
and U, respectively, and let ¢ : T — WU be a triangle functor. Suppose that ¢ is t-exact with respect to
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t-structures T and U in T and U, respectively. If ¢ admits an f-lifting, then there is a commutative diagram

o*(o(m) 4 D4 (3¢(1)
real¥ realy
L,

J———U

where D®(¢°) is the derived functor of the exact functor ¢°: H(T) — H(U), induced by Pl3(T)-

Proof. Let ®: X — Y be an f-lifting of ¢ and let X and Y be the t-structures in X and Y compatible with
T and U as in Proposition 3.3(ii). Since @ is an f-lifting of ¢ (and, in particular, an f-functor), we have

P(gry (X)) A0 s o050 (X))

17 @lxz0nx(<0)5 " T<no>n(X)
n_lt_nq)(aﬁnazn(X))

N0 <05, P(X)

griy(®(X)).

Using this fact, since ¢ is t-exact (with respect to T and U), we get that ® is also t-exact (with respect to
X and Y), inducing an exact functor ®°: H(X) — H(Y). This yields the following diagram of functors.

1R 1R R I

X
realy

J————U

In order to prove the theorem, it is enough to check the commutativity of all the internal diagrams.
Diagrams (1), (2), (3) and (4) commute by construction of the functors involved. Diagram (5) commutes
using again above property that ¢gry = gry® and Remark 3.4.

Finally, let us prove in detail the commutativity of diagram (6). We first show that (6) naturally
commutes for objects in X(< 0), i.e. that there is a natural equivalence p°: wyy(<0)P|x(<0) — Pwx|x(<0)-
To simplify the notation we write the upperscript < 0 to denote the restriction of the functors to X(< 0)
or to Y(< 0) (depending on the domain of the functor). Consider the unit of the adjunction (w%o, 0) and
denote it by ¢: Idy (<o) — ij%o. We define ;0 as the following natural composition

<0 5<0
< wy ©=7(9)
wy—o‘lﬁo

w&o@soﬁw;co i>wy§0n¢w§0 = qi)wg%o.

Note that we use the fact that ® is an f-lifting of ¢ in order to get a natural equivalence ®<°0 = n¢. We
also use that wygo is a left inverse to 7. Consider now the subcategory of X(< 0) formed by all the objects
X such that uS is an isomorphism. It is easy to see that this subcategory is triangulated and it contains
sT(X(L0)NX(> 0)) = s"9(T) for any n < 0. Since every object in X(< 0) can be obtained as a finite
extension of such objects, it follows that p° is a natural equivalence. Now, given n > 0, we define natural
transformations p™: wyjy(<n)Px(<n) — Pwx|x(<n)- If X lies in X(< n) then s7"X lies in X(< 0) and,
hence, we may define ™ := p®s=™. It is clear that u" is also a natural equivalence. Thus, we have a
family of natural equivalences (4™),>0. It follows from Definition 3.1(iii) and (iv) that in order to define a
natural equivalence p: wy® — ¢wy, it is enough to show that, for any m > n and for any X in X(< n),
% is naturally isomorphic to p'g (note that p™ = p™s" ™). Let X lie in X(< n) and consider the map

Ut wyP(s"TMX) — Py (s"TX).
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Using property (iii) in Definition 3.1, we define the following composition of natural morphisms

sn—m+1lx F—1x

a[;’m] cognmmx X nemt o O X.
By the naturality of a, we get a commutative diagram as follows
wyd(s" X)) et pwyx (s ™mX)
w@(a&?”’”)l lmx(a[;f’"])
wy (X) . P (X)
Since @ is an f-functor, ®(s"~™X) is naturally isomorphic to t"~1®(X) and ®(all™) = ﬁgl(’;)]. By

Proposition 3.3(i) it follows that the vertical maps are isomorphisms, as wanted.

3.3. Examples of realisation functors. We begin with the simplest realisation functor: the one asso-
ciated to the standard t-structure in a derived category and with respect to the filtered derived category.

Proposition 3.14. Let &7 be an abelian category. Then the realisation functor associated to the standard
t-structure in D(&) with respect to the filtered derived category of < is naturally equivalent to the inclusion
functor of D¥() in D(<7).

Proof. Going through the construction of the realisation functor for the standard t-structure, we show that
it acts as the identity both on objects and on morphisms. From Proposition 3.3 (ii), there is a t-structure
in the filtered derived category DF (<) compatible with the standard t-structure in D(&), whose heart is

oF = {(X,F) € DF() | gr's(X) € of[—i] Vi € Z}

and the equivalence between &/F and C(.<7) (as in Remark 3.4) is given by assigning to (X, F) in &/F the
complex (gri,(X),d"), where d': grin(X) — gr'ii ' (X) is defined by the canonical triangle in D®(7)

i d’ ' i
gre (X)[-1] ——grif '(X) —= FiX/F; 0 X — grip(X).

Note that this makes sense since the map d* in the above triangle is indeed a map in /[—i— 1], by definition
of o/F. In order to compute the realisation functor, one needs to describe an inverse of this equivalence
of abelian categories. Given a complex Y = (Y% d') in C?(<7) consider a filtration on Y defined by the
stupid truncations, i.e. for any integer n define

FY = (- 0 yn @yt 4 e

It is easy to see that, in fact, the object (Y, F') belongs to «/F. This assignment clearly gives rise to a
functor G: C*(«/) — &/F which can easily be checked to be the wanted inverse functor. Consider now the
composition C?(&) — &/F — DF(«/) — D() of G and the forgetful functor w: DF(&/) — D(&). It
is clear that this composition sends a complex Y to itself as an object of the derived category - and similarly
for morphisms. Hence, the realisation functor, being the universal functor induced by the localisation of
C’(7) at the quasi-isomorphisms, is naturally equivalent to the inclusion functor of D?(.<7) in D(&7). O

In the above proposition, if we restrict the codomain to D®(.<7), the realisation functor is then naturally
equivalent to Idps (). Throughout the paper we will restrict the codomain of the realisation functor from
unbounded derived categories to bounded ones whenever possible and convenient without further mention.

A recurrent problem when dealing with realisation functors is that, as they are defined, their domain is a
bounded (rather than unbounded) derived category. In order to also discuss functors defined in unbounded
derived categories, we need the following notion.

Definition 3.15. Let &/ and % be abelian categories. An equivalence ®: D(&/) — D(Z) is said to be
restrictable if, by restriction, it induces an equivalence ¢ : D’(&/) — D?(%). In this case we also say
that ¢ is extendable. In other words, the equivalences ® and ¢ are, respectively, restrictable or extendable
if there is a commutative diagram as follows, where the vertical arrows are the natural inclusions.

Db (/) — > DY (%)

L

D(«/) —2~ D(&)
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Example 3.16. (i) Let o and £ be abelian categories and ®: D(«/) — D(%) a triangle equiva-
lence. Then @ is restrictable if and only if D(%)*™ = D?(#), where T := (®(D=C), &(D=0)) (for
further equivalent conditions on the t-structure, see Lemma 4.14). In fact, since ®|pu () is fully
faithful, the objects in Im ®|pv () are precisely those which can be obtained as finite extensions
in D(A) of shifts of objects in H(T) = ®(&7) - and this is precisely the subcategory D(2)(T).

(ii) Equivalences of standard type between bounded derived categories of rings are extendable ([46]).

The next proposition shows that equivalences of unbounded or bounded derived categories do not differ
much from suitably chosen realisation functors. By this we mean that the difference between a derived
equivalence and our choice of realisation functor is a trivial derived equivalence, i.e. the derived functor
of an exact equivalence of abelian categories.

Proposition 3.17. Let &7 and # be abelian categories. The following statements hold.

(i) Let ¢: D*(o7) — D¥(2B) be a triangle equivalence and let T be the t-structure (qb(ID)éO),qb(ID);O))
in DY(A). Then there is an f-category (X,0) over DY(2) such that ¢ = real¥ o D?(¢°), for the
exact equivalence of abelian categories ¢V: o — ¢(o7), induced by ¢.

(ii) Let ®: D(o/) — D(Z) be a triangle equivalence and let T be the t-structure (qb(]D);O), qb(]D)io)) in
D(2). Then there is an f-category (X,0) over D(Z) such that ®° := ®pb () = realy o D?(®°),
for the exact equivalence of abelian categories ®°: o/ — ®(/), induced by ®. In particular, if
Im(real}) = D(2B)"™ = D¥(B), then ® is a restrictable equivalence.

In both cases, real% is fully faithful, thus inducing an equivalence between D°(27) and its essential image.

Proof. (i) Consider the filtered bounded derived category DF’() as an f-category over D’(«7) and let
(X, ) be an f-category over D?(2) defined by X = DF’(.7) and 6 = 6'¢~!, where ' is the natural inclusion
of D’(«7) in DF®(«7) (see Example 3.6). This choice of f-categories over D?(«7) and D?(%) guarantees,
trivially, that the identity functor on DFb(% ) is an f-lifting of ¢. Now, the functor ¢ is t-exact with respect
to the standard t-structure in D?(.7) and the t-structure T in D®(%) (T was chosen for this purpose) and,
thus, H(T) = ¢(«7). Then Theorem 3.13 shows that real¥ oD?(¢0) = qboreal]gF(d), where realBF(d) denotes
the realisation of the standard t-structure in D’(«/) with respect to the filtered derived category of 7.
Since by Proposition 3.14, realBF(d) is naturally equivalent to Idps (), we get that ¢ = real% o Db(¢?).

(ii) Consider the f-category (X, 8) := (DF(&/),0'®~1) over D(#), where now ¢’ is the unbounded version
of the functor stated in part (i). Then the first statement can be proved analogously to (i). The second
statement, follows from Example 3.16(i).

Finally, note that in the above cases, since both ¢ and D?(¢°) (respectively, ® and D*(®°)) are fully
faithful, then so is real% , finishing the proof. O

The above statement is not particularly surprising. Given a derived category, any equivalence with
another derived category yields an obvious new f-enhancement. The proposition translates this in terms of
functors. The motto could be studying derived equivalence functors corresponds to studying f-enhancements.
If, however, we want to study realisation functors with respect to fixed f-categories (for example, filtered
derived categories), the problem resides then on the f-lifting property, as we will see in Section 5.

4. SILTING AND COSILTING t-STRUCTURES

We will now discuss a class of t-structures arising from certain objects (called silting or cosilting) in
a triangulated category. Within this class, it will be possible to characterise exactly which associated
realisation functors yield derived equivalences (see Section 5). These t-structures have appeared in the
literature in various incarnations ([1,8,50,65,78]). In this section we provide a general definition which
covers, up to our knowledge, all the examples of silting complexes appearing in the literature, including
non-compact ones. Furthermore, we introduce the dual notion of cosilting. Later, we specify to tilting and
cotilting objects, observing how they can provide derived equivalences even when they are not compact.

In this section, T will denote a triangulated category. Given an object X in T, we will denote by Add(X)
(respectively, Prod(X)) the full subcategory of T consiting of all objects which are summands of a direct
sum (respectively, of a direct product) of X. Note that without further assumptions, the category T might
not admit arbitrary (set-indexed) coproducts or products of an object X. We will say that a triangulated
category is TR5 if it has set-indexed coproducts and TR5* if it has set-indexed products. Recall from
[62, Proposition 1.2.1] that, in a TR5 (respectively, TR5*) triangulated category, coproducts (respectively,
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products) of triangles are again triangles. Given an object X in T and an interval I of integers, we consider
the following orthogonal subcategories of T

Xt ={Y €T | Homg(X,Y[i]) =0,Vic I}, X ={Y €T | Homg(Y,X[i]) =0,Vi € I}.

If the interval I is unbounded, we often replace it by symbols such as > n, < n, > n, < n, # n (with
n € Z) with the obvious associated meaning. We say that an object X generates T if X2 = 0 and it
cogenerates T if 72X = 0. Recall also that an object X in a TR5 triangulated category is said to be
compact if Homg (X, —) commutes with coproducts. Here is an informal overview of this section.

Subsection 4.1: (Co)Silting objects in triangulated categories
e We introduce the notion of silting (respectively, cosilting) objects in a triangulated category and
list some examples and properties. In particular, we see in Proposition 4.3 that the hearts of the
associated t-structures have a projective generator (respectively, an injective cogenerator).
Subsection 4.2: Bounded (co)silting objects
e We show that silting objects in derived categories of Grothendieck categories admit a more familiar
description (Proposition 4.13).
e We define bounded (co)silting objects through the requirement that their associated t-structures
restrict to bounded derived categories. This is necessary for the applications in Sections 5 and 6.
e We prove that bounded silting objects in D(R), for a ring R, lie in K®(Proj-R) (Proposition 4.17).

4.1. (Co)Silting objects in triangulated categories. We begin with the key notions for this section.

Definition 4.1. An object M in a triangulated category T is called:

silting if (M+>°, M+<0) is a t-structure in T and M € M+>°;

cosilting if (+<0M,1>0M) is a t-structure in T and M € +>0M;

tilting if it is silting and Add(M) C M1#o;

cotilting if it is cosilting and Prod(M) C +#0 M.

We say that a t-structure is silting (respectively, cosilting, tilting or cotilting) if it arises as above from a
silting (respectively, cosilting, tilting or cotilting) object.

Note that, in parallel work [65], silting objects are defined in an equivalent way.

It is clear from the definition that an object M is silting in T if and only if M is cosilting in the opposite
category T°P. Hence, as we will see, many facts about silting can easily be dually stated for cosilting. A
first easy observation, for example, is that if M is silting, then Add(M) lies in M*>° and, dually, if M is
cosilting, then Prod(M) lies in +>° M.

Recall that an object X in an abelian category & is a generator (respectively, a cogenerator)
if Homg (X, —) (respectively, Homg(—, X)) is a faithful functor. It is well-known (see, for example,
[76, Propositions IV.6.3 and IV.6.5]) that a projective (respectively, injective) object X is a generator
(respectively, cogenerator) if and only if Hom g (X,Y") # 0 (respectively, Hom (Y, X) # 0) for all Y in 7.
If &7 is cocomplete, then G is a generator if and only if every object in &7 is isomorphic to a quotient of
a coproduct of copies of G ([76, Proposition 1V.6.2]).

Example 4.2. The following span some expected classes of examples.

(i) Let T be a TR5 triangulated category. Then it follows from [1, Corollary 4.7] that any silting
object in the sense of Aihara and Iyama in [1] is silting according to our definition. In fact,
our definition of silting is motivated by that result. In particular, any tilting object in a TR5
triangulated category, as defined in [17] is tilting according to our definition.

(ii) Let o/ be an abelian category. If o/ has a projective generator P, then P is a silting (in fact,
tilting) object in D(&/) and the associated silting t-structure is the standard one. If & has an
injective cogenerator E, then E is a cosilting (in fact, cotilting) object in D(.«7) and the associated
cosilting t-structure is also the standard one. For a proof, see Lemma 4.10 and Remark 4.11.

(iii) Let &7 be an abelian category with a projective generator P (respectively, an injective cogenerator
E) and T a triangulated category. If ®: D(«/) — T is a triangle equivalence, then ®(P) is a
tilting object in T (respectively, ®(F) is a cotilting object in T).

(iv) Let & be a Grothendieck category. Then any 1-tilting object T' in & in the sense of [28] is a tilting
object in D(&) according to our definition. It is easy to check that the t-structure associated to
T is the HRS-tilt ([38, Proposition 2.1]) corresponding to the torsion pair (Gen(T),T°) in o/
(see [8, Theorem 4.9] for an analogous argument when &/ = Mod-R, for a ring R).
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(v) Let A be aring. It follows from [8, Proposition 4.2] that any silting complex M in D(A) following
the definition in [8,78] is silting according to our definition. This includes, in particular, any
compact tilting complex, as originally defined by Rickard in [71].

(vi) Let A be a ring. Then it is shown in [77, Theorem 4.5] that any (large) n-cotilting module is
cotilting according to our definition. Moreover, it is also shown in [13] that any (large) n-tilting
module is tilting according to our definition. For commutative rings, t-structures for tilting and
cotilting modules were considered in [9].

(vii) Let A be a finite dimensional algebra over a field K. Given a compact object M in D(A), there
is a natural equivalence Homg (Hompa)(M, —),K) = Hompsy(—,vM) of contravariant functors
between D(A) and the category of abelian groups, where v := — ®% Homg (A, K) is the Nakayama
functor (see [54] for more details). Using this equivalence, it is easy to show that if M is a compact
silting object in D(A), then v M is a cosilting object in D(A). Compact silting objects over finite
dimensional algebras were the first ones to be studied, already in [50] and later in [48] and [51],
among others.

Given a silting or a cosilting object M in T, we denote by T,; the associated silting or cosilting t-
structure and by ;s its heart. Note that if M is silting, then {3, = M= and if M is cosilting, then
Hpr = t#° M. Given such a t-structure, we denote by H’;: T — H the associated cohomology functors

and by TAS/[" and TAZ/[" the corresponding truncation functors, for all n € Z.

Proposition 4.3. Let T be a triangulated category. If M is a silting (respectively, cosilting) object in
T, then M is a generator (respectively, cogenerator) of T, Tas is a nondegenerate t-structure in T and
HY, (M) is a projective generator (respectively, injective cogenerator) in Hay.

Proof. Assume first that M is silting. Given Y in T, consider the canonical triangle

TAS/[_lY —Y —— TAZ/[OY — (Tﬁ_lY)[l] .
If Y lies in M*2, it follows by applying Homg(M, —) to the triangle and its rotations that ¥ = 0 and,
hence, M is a generator in J. From this fact, it easily follows that the t-structure Tj; is nondegenerate.
In fact, if an object X lies in M-1>°[k] for all k € Z, then Homg (M, X[k + 1]) = 0 for all k € Z and, thus,
X = 0; similarly, if an object X lies in M+<¢[k] for all k € Z, we get that X = 0, as wanted.

Now we show that HS, (M) is projective in Hyy, i.e. that ExtécM(H?\/[(M),X) =0, for any X in Hy,.
From Theorem 3.11(ii), we have that Extj, (H3,(M), X) = Homg(H}, (M), X[1]). Since X lies in M+>0,
we have that Homg (M, X[1]) = 0 and, since X[1] lies in M*<0[1] and (75, ' M)[1] in M+>°[2], we conclude
that Homq((75 " M)[1], X[1]) = 0. Using the above triangle for Y = M, where 75.0(M) = H%, (M), it
follows that Homg(HS, (M), X[1]) = 0, as wanted.

To show that a projective object in Hjs is a generator, it is enough to show that it has non-zero
morphisms to any object in Hys. Since Hyr = M+#0 and M generates T, we have Homg (M, X) # 0
for any non-zero X in Hj,s. Therefore, using again the above triangle for Y = M, we can conclude that
Homq (H9, (M), X) =2 Homg (M, X) # 0, showing that H%, (M) is a projective generator.

If M is cosilting, for any Y in 7 we may again consider the above triangle and apply the dual arguments
to those in the previous paragraphs to see that M is a cogenerator in T, T, is nondegenerate and H?W(M ) is
an injective cogenerator of Hs. Note that since M is cosilting, for Y = M we have TAS/IO (M) =HY,(M). O

Remark 4.4. From [16, Proposition 1.3.7] (see also [36, Theorem IV.4.11]), since silting t-structures are
nondegenerate, they can be cohomologically described, i.e. for a silting object M in T, we have

M0 ={X e T|HY,(X) =0,k >0}  M*<0={X cT|H(X)=0,VEk<0}.
Dually, cosilting t-structures are nondegenerate and can also be, therefore, cohomologically described.

With further assumptions on 7 we can say more about hearts of silting and cosilting t-structures. We
say that a t-structure in a TR5 (respectively, TR5*) triangulated category is smashing (respectively,
cosmashing) if its coaisle (respectively, its aisle) is closed under coproducts (respectively, products).

Lemma 4.5. Let T be a triangulated category and M an object in 7T.
(i) [67, Propositions 3.2 and 3.3] If T is TR5 (respectively, TR5%), then the heart of any t-structure in
T has set-indexed coproducts (respectively, products). Furthermore, if the t-structure is smashing
(respectively, cosmashing), then coproducts (respectively, products) are exact in the heart.
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(i1) If T is TR5 and M is a silting object of T, then the following statements hold.

(a) Add(M) = M=o 1o (M+>0]1]);

(b) If T is also TR5*, (M+>0, M+<°) is a cosmashing t-structure and products are exact in Hyy.
(iii) If T is TR5* and M s a cosilting object of T, then the following statements hold.

(a) Prod(M) = +>0M N (>0 M[—-1])*o;

(b) If T is also TR5, (+<0M,~>9M) is a smashing t-structure and coproducts are exact in Hyy.

Proof. Statement (i) was proved in [67, Propositions 3.2 and 3.3]. Recall that in a TR5 (respectively, TR5*)
triangulated category, given a family of objects (X;);er, for some set I, in the heart H of a t-structure
(T=0,T=9), their coproduct (respectively, their product) in H is given by 7=°][,.; X; (respectively,
7=9T];c; Xi), where the coproduct [;.; X; (respectively, the product [],.; X;) is taken in T.

We now prove (ii) (the arguments for (iii) are dual). The proof of (ii)(a) essentially mimics that of
[8, Lemma 4.5], as follows. Let M be a silting object in T. It is clear that Add(M) C M+>onLo(ML>0[1]).
Conversely, let X lie in M+>0 0 +o(M+>0[1]) and let I be the set Homs(M, X). Consider the triangle

K MO s X Y5 K],

where w is the universal map from M to X. We show that v = 0 and, thus, w splits. Since Homg (M, u)
is surjective and Homq (M, MD[1]) = 0, it follows that Homqy (M, K[1]) = 0. Similarly, we have that, for
all i > 1, Homg(M, K[i]) = 0. Thus, K lies in M+>°. Since X lies in Lo(M1>0[1]), it follows that v = 0.
Finally, to prove (ii)(b), it suffices to note that M->¢ is closed under products whenever they exist. [

Definition 4.6. Let T be a triangulated category and M and N silting (respectively, cosilting) objects of
TJ. We say that M and N are equivalent if they yield the same silting (respectively, cosilting) t-structure.

By Lemma 4.5, two silting (respectively, cosilting) objects M and N in a TR5 (respectively, TR5%)
triangulated category are equivalent if and only if Add(M) = Add(N) (respectively, Prod(M) = Prod(NV)).

The following corollary brings us to the more familiar setting of compact tilting objects, where the
endomorphism ring of a fixed tilting object plays an important role (see also [17, Corollary 4.2] and
[40, Theorem 1.3]).

Corollary 4.7. Let T be a TR triangulated category and M a silting object which is equivalent to a
compact one. Then the heart Hyy is equivalent to Mod-Endg (HY, (M)).

Proof. From Proposition 4.3, H(I)V[(M ) is a projective generator of Hys. Since equivalent silting objects
yield the same t-structure, assume without loss of generality that M is compact. Using the triangle

T M —— M —— H}, (M) — (3, 'M)[1]

it is easy to see that there is an isomorphism of functors Homgc,, (HS, (M), —) = Homg (M, —)|3¢a; - Since
M is compact, the coaisle M*<0 is closed under coproducts. By the proof of Lemma 4.5(i), coproducts in
H s coincide with coproducts in T and, thus, both functors above commute with coproducts. This shows
that H, (M) is small in ;. The result then follows by classical Morita theory. d

One may ask for another way of describing the (co)aisle of a (co)silting t-structure in terms of the given
(co)silting object M. We will see that there is a smallest (co)aisle containing M and that it coincides
with the (co)aisle of the (co)silting t-structure. For that, recall that a subcategory of a triangulated
category is said to be suspended (respectively, cosuspended) if it is closed under extensions and positive
(respectively, negative) iterations of the suspension functor. Regarding these subcategories, one has the
following useful lemma coming from [2].

Lemma 4.8. [2, Lemma 3.1] Let T be a triangulated category. Let X be an object in T and 8 be the
smallest suspended (respectively, cosuspended) subcategory containing X and closed under summands and
all existing coproducts (respectively, products). Then §+0 = X1<o (respectively, 108 = +<0 X ).

Proof. The proof in [2, Lemma 3.1] does not depend on the existence of arbitrary coproducts. Also, the
arguments can easily be dualised to obtain the cosuspended case. O

The smallest aisle of a triangulated category T containing an object X, denoted by aisle(X), is known to
exist whenever T is the derived category of a Grothendieck abelian category or whenever X is a compact
object ([2, Theorems 3.4 and A.1]). We show that it also exists for a silting object in any triangulated
category (the dual statement about the smallest coaisle containing a cosilting object also holds).
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Proposition 4.9. Let M be a silting (respectively, cosilting) object in a triangulated category T. Then the
smallest aisle (respectively, coaisle) containing M ezists and it coincides with M+>° (respectively, ~>°M ).

Proof. Let us prove the silting case (the cosilting case can be proved dually). Let M be a silting object
and let 8§ denote the smallest suspended subcategory of T containing M and closed under summands and
existing coproducts. Let V be an aisle containing M (which exists since M1>° is an aisle where M lies).
Then certainly we have that V O 8 since aisles are suspended, closed under summands and existing sums.
Hence, we also have 1o (V+0) D Lo(810). But in this inclusion, the left-hand side coincides with V since V
is an aisle and the right-hand side clearly contains 10 (M*<0) (it in fact coincides with it by Lemma 4.8).
Since M is silting, M+>0 = Lo(M1<0) and, thus, V contains M+>°, showing that M~>0 is indeed the
smallest aisle containing M. |

4.2. Bounded (co)silting objects. We will now discuss examples of silting and cosilting objects in
derived categories of abelian categories. As suggested by Example 4.2, a good assumption on the underlying
abelian category o7 is the presence of a generator or a cogenerator. Particularly well-behaved examples of
abelian categories with a generator (and a cogenerator) are Grothendieck abelian categories. An abelian
category & is said to be Grothendieck if it is a cocomplete abelian category with exact direct limits and
a generator. It is well-known that if &7 is Grothendieck, D(7) is both TR5 and TR5* (see also Remark
6.7). Moreover, o has an injective cogenerator and it also follows from [3, Theorem 5.4] that every object
in D(«) admits a homotopically injective coresolution.

We begin by collecting some useful observations that clarify the relation between the existence of a gen-
erator (or cogenerator) in an abelian category &/ and the standard t-structure in D(%7). The assumptions
in the lemma include the particular case when 7 is Grothendieck.

Lemma 4.10. Let o/ be an abelian category with a generator G. Suppose that every object in D(&)
admits a homotopically injective coresolution or that G is a projective object in <. Then we have:
(i) For any object X in D(«/) and any i € Z, if Homp (G, X[i]) = 0 then Hj(X) = 0;
(it) If D(&7) is TRS, the smallest aisle of D(&7) containing G exists and coincides with the standard
aisle D=0,
(i4i) Consider the following statements:
(a) G is projective in o ;
(b) For any object X in D(</) and any i € Z, Hy(X) = 0 if and only if Homp)(G, X[i]) = 0;
(c) G is a silting object in D();
(d) G is a tilting object in D(<7).
Then (a)=(b)==(c)<=(d). If, furthermore, D(<7) is TRS, then the statements are equivalent.

Proof. (i) Assume that H)(X) # 0. We will construct a non-trivial map from G to X[i]. By our hypothesis
on D(&), without loss of generality we may assume that X = (X7, d’) ez is a complex of injective objects
in o/ or that G is projective in /. Thus, we have Homp(y)(G, X[i]) = Homg(u) (G, X[i]). Denote by
q: Kerd® —s H{(X) the natural projection map. Since G is a generator and Hj(X) # 0, Hom (G, q) # 0
and, thus, there is a map f: G — Kerd® such that qgo f # 0, i.e. f does not factor through the natural
inclusion k: Imdi~! — Kerd®. Consider the following diagram

Imdi-1 —* 5 Kerdi < G

2 ),

xi-? Ji—2 4i-1 i di i+l

where m and p are the obviously induced maps. Then it is clear that the map mo f lies in Homg ) (G, X[i])
and it is non-zero by the choice of f.

(ii) Let 8 denote the smallest suspended subcategory of D(.%7) containing G and closed under coproducts.
If aisle(G) exists, it contains 8 and, since G lies in D=?, it is also contained in D=C. Hence, if one shows that
§ = D=0 the statement follows. By Lemma 4.8, it follows that 8§10 = G*<0. It is clear that DZ! C G*=o,
On the other hand, given X in G1=o, it follows from (i) that H}(X) = 0 for all i < 0. Hence, we have
that D=1 O G*<0 and +0(810) = D=0 as wanted.

(iii) (a)==(b): Assume that G is projective and suppose that Hj(X) = 0 (which, following the notation
of the diagram above, is equivalent to k: Imd‘~! — Kerd’ being an isomorphism). Let g: G — X[i] be
a map in D(«). Since G is projective, this is also a map in K () and, therefore, d'g = 0, i.e. g induces
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amap §: G — Kerd®. Since k: Imd*~! — Kerd’ is an isomorphism by assumption, § factors through
k. This factorisation yields a homotopy, thus showing that g = 0, as wanted.

(b)==(c): From (b) it is clear that we have the equality (G+>°,G+<0) = (D=°,D2°), thus showing
that (G+>°, G+<0) is a t-structure. Since G lies in D=, then it also lies in G+>°, showing that it is silting.

(c)<=>(d): Objects of &7 do not admit negative self-extensions. In particular, G lies in G1<°. Therefore,
G is silting if and only if it is tilting.

When D() is TR5, we can also prove (d)==(a): If G is a tilting object in D(&/), then (G+>°, G+<0)
is a t-structure and G lies in H, where it is projective (Proposition 4.3). From Proposition 4.9 and item
(ii) above, we have that G1>° = aisle(G) = D=". Hence, the associated tilting t-structure is the standard
one and Hg = &7, showing that G is projective in . (]

Remark 4.11. Note that if &/ has an injective cogenerator E, then one can argue as in (iii) above to
show that E is a cotilting object in D(«7) and that for any object X in D(«/) and any i € Z, Hy(X) =0
if and only if Homp . (X, E[—i]) = 0, i.e. the associated cotilting t-structure is the standard one.

The above lemma and the intrinsic properties of tilting t-structures yield the following corollary.

Corollary 4.12. Let <7 be an abelian category such that D(<7) is TR5 and TR5*. If o/ has a projective
generator (respectively, an injective cogenerator), then <7 has exact products (respectively, coproducts). In
particular, if o/ is a Grothendieck abelian category with a projective generator, then </ has exact products.

Proof. From Lemma 4.10, the projective generator G is a tilting object in D(«) whose associated tilting
t-structure is the standard one. From Lemma 4.5(ii)(b) it then follows that Hg = o has exact products.
The dual statement follows from Remark 4.11 and Lemma 4.5(iii)(b). O

As mentioned earlier, if &7 is a Grothendieck category, the smallest aisle of D(27) containing an object
always exists ([2, Theorem 3.4]). Using this fact, silting objects become easier to describe. This description
covers the previous definitions of silting objects occurring in the literature ([1,8,48,50,51,78]).

Proposition 4.13. Let o/ be a Grothendieck category and M an object in D(of). Then M is silting if
and only if the following three conditions hold:
(i) Homp g (M, M[k]) =0, for all k > 0;
(ii) M generates D(f);
(iii) M=*>° is closed under coproducts.

Proof. If M is silting, it follows from Proposition 4.3 that M is a generator and, thus, it satisfies the
listed conditions. Conversely, suppose M satisfies (i), (ii) and (iii). Since & is a Grothendieck category,
it follows from [2, Theorem 3.4] that aisle(M) coincides with the smallest subcategory containing M and
closed under positive shifts, extensions and coproducts. As a consequence, and by assumption on M1>0,
we have that aisle(M)1to = M1<o (by Lemma 4.8) and aisle(M) C M*>°. We will show the reverse
inclusion, thus proving that M is silting. Let X be an object in M1>° and consider a triangle

Y X Z Y1

such that Y lies in aisle(M) and Z lies in aisle(M)1o = ML<o. We show that Z = 0. Note that
Homp () (M, Z[k]) = 0, for all £ < 0. Let k < 0 and consider a map f: M[k] — Z. Since aisle(M) C
M=>0 (and, thus, Homp . (M[k], Y[1]) = 0), it follows that there is f: M[k] — X which, by assumption
on X, must vanish. Therefore, f = 0 and since M generates D(«7), we get that Z = 0. From the above
triangle we infer that X lies in aisle(M). O

This proposition shows, in particular, that the compact silting (and tilting) complexes in derived module
categories that appear abundantly in the literature fit in our definition. We will now explore in more detail
the connection between the (not necessarily compact) silting complexes defined in [8,78] and silting objects
as defined here. For this purpose we need the notion of a bounded (co)silting object, which will play an
important role in the coming sections. This concept is defined via a property of the associated t-structure.

Lemma 4.14. Let o/ be an abelian category and let T = (T<°,T=%) be a t-structure in D(<7) with heart
H. Then the following are equivalent.
(i) The full subcategory D(<7)’" of D() with objects Ob D(./)*(™) = |
with DY (7).
(ii) TNDY(&) := (T<° N DY(&7), T2 N D¥ (7)) is a bounded t-structure in D*(a7) and H C D?(7).

S Ob T=PNTZ™ coincides
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If o7 is Grothendieck, then the above conditions are furthermore equivalent to the following ones.
(iii) There are integers n < m such that DS" C T<0 C D™,
(iv) Ob D™ (&) = U,z Ob T=C[n] and Ob D* (&) = [J,,c;, Ob T="[n].

Proof. (i)==(ii): We first observe that (T<" N D(&)*™ T=° N D(=)*™M) is always a t-structure in
D(=)*™M). In fact, given an object X in D(=/)*™) it is clear that its truncations with respect to T,
TTSOX and TTZIX, lie, respectively, in U,ezT<" and in U,ezTZ". Each of these unions forms a tri-
angulated subcategory of D(&7). Since X lies in both, it follows that so do its truncations. Hence,
(T<° N D(&)*™, T20 N D(=7)"™) is indeed a t-structure and (ii) then follows immediately from (i).

(ii)==(i): Note that every object in T<" NT=™ can be obtained by a finite sequence of extensions in
D(«7) of objects in H (such sequences are often represented by Postnikov towers - see also [20, Lemma
2.3]). Since X lies in D®(.7) then so does every object in T<" N TZ™. Hence D(/)*™) is contained in
D®(«7). The converse inclusion also holds since T N D?(.%7) is a bounded t-structure in D?(.7).

Suppose now that o is a Grothendieck category with a generator G and an injective cogenerator F.

(ii)==(iii): By assumption, G lies in T<* for some integer k. By Lemma 4.10, we have that aisle(G) =
D=Y and, thus, D<? C T<*. Since, by assumption, E lies in T=* for some integer ¢ and T=* is closed under
negative shifts, using Remark 4.11 we see that D=0 = +<0 p O L<o(T2%) = Lo(T=+1) a5 wanted.

(iii)==-(iv): This is obvious.

(iv)==(ii): In order to see that the t-structure T restricts to D’(7) we only need to show (as in
(i)==(ii)) that given an object X in D?(&/), its truncations with respect to T also lie in D®(<7). Consider
the truncation triangle with respect to T given as follows

70X — X — 721X — = (70X)[1).

ne”Z

By assumption, T<" C D~ (&) and, thus, 7<°X lies in D~ (7). Since D~ (&) is a triangulated subcategory
and X lies in D?(«/), we have that also 721X lies in D™(&/). Again by assumption, we also have that
721X lies in T2 C D* (&) and, thus, in D~ (&) N DT (&) = D’(&/). Since D’(&/) is triangulated, also
759X lies in Db(«/). Hence T N D’(&/) is a t-structure in D%(«7). Finally, it is clear from (iv) that
T N D*(«7) is bounded and that H(T) = T<0 N T=° ¢ D~ (&) N D* (&) = D¥(«7), proving (ii). O

Definition 4.15. Let & be an abelian category. A silting (respectively, cosilting) object in D(/) is said
to be bounded if the associated t-structure satisfies the equivalent conditions (i) and (ii) of Lemma 4.14.

Remark 4.16. (i) If o is an abelian category, any bounded tilting and bounded cotilting objects

in D(«7) lie in D®(.«7) since they lie in their own associated hearts.

(ii) If & is a Grothendieck category and M is a bounded silting object in D(%7), then M lies in
D®(«7). From (iii) of Lemma 4.14, it is clear that there are integers n < m such that M lies in
D<™ and DS" C M+>°. For E and injective cogenerator of <7, since E[—n] lies in D", we have
that Hompa)(M, E[-n + k]) = 0 for all £ > 0. In particular, it follows from Remark 4.11 that
M lies in D2"*! proving that M is a cohomologically bounded object.

(iii) If & is a Grothendieck category with a projective generator G, then the dual arguments to the
above example show that bounded cosilting objects also lie in D®(.<7).

We will see that, in the derived category of modules over a ring A, bounded silting objects are not
only cohomologically bounded but they must also lie in K®(Proj-A). Hence, they coincide with the silting
complexes of [8,78]. Analogously, bounded cosilting objects in D(A) must lie in K®(Inj{A)). This can be
shown using dual arguments to those in [8, Lemma 4.5] - we leave that to the reader.

Proposition 4.17. Let A be a ring. Then a silting (respectively, cosilting) object is bounded in D(A) if
and only if it lies in K®(Proj-A) (respectively, K°(Inj-A)).

Proof. By Lemma 4.14, the aisle of the silting t-structure associated to a bounded silting object in D(A)
lies between shifts of the standard aisle. It then follows from Lemma 4.5(ii)(a) and [8, Lemma 4.5] that
bounded silting objects lie in K®(Proj-A). For the converse see [78, Lemma 4.1 and Proposition 4.2]. O

We finish this section with an example of an unbounded silting object in the context of quiver rep-
resentations of infinite quivers. Let K be a field. Given a (possibly infinite) locally finite quiver @ (i.e.
every vertex has only finitely many adjacent arrows), consider the path category of @ to be the category
whose objects are the vertices of () and whose morphisms between two vertices ¢ and j are elements of
the K-vector space spanned by the paths between ¢ and j. We denote it by K@. Consider the associated
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category of functors M(KQ) := ((KQ)°?, Mod-K), which is called the category of right modules over KQ.
If Q is finite, M(KQ) is equivalent to usual category of right modules over the path algebra, Mod-K@Q).
Still, even when @ is infinite, M(KQ) is well-known to be a Grothendieck category (see, for example, [31]).
Given a vertex  of (), we consider the projective object P, = Homgg(z, —) in M(KQ).

Example 4.18. Let @ be the linearly oriented quiver of type A, i.e. the quiver
1 2 3 4 5
Consider the derived category D(M(KQ)). We show, using Proposition 4.13, that

M := @ Pi[i]

ieN

is a silting object but not a bounded silting object. Since €, P; is a projective generator of M(KQ)
(see [31, Theorem 5.35]), it is clear that M generates D(M(KQ)). Furthermore, it is easy to see that
Homp (k) (M, Mli]) = 0 for all i > 0. It remains to check that M~>° is closed under coproducts in
M(KQ). First note that each P; is compact in D(&) (see also [47, Section 4.2]). Now, given a family
(X)) aea of objects in M+>0, for any k > 0, we have

Homp (@) (M, @D Xa[K]) = [ [ €D Homoexay) (Pilil, Xa[k]) = 0.
A€A iEN AEA
This shows that M is a silting object in M(KQ@). Since M(KQ) is a Grothendieck category, it follows from
Remark 4.16(ii) that any bounded silting object in D(M(KQ)) must lie in D*(M(KQ)). Hence M is not
a bounded silting object.

5. DERIVED EQUIVALENCES

In this section we will combine contents of Sections 3 and 4 in order to discuss derived equivalences
arising from realisation functors associated to tilting or cotilting t-structures. We will also reinterpret in
terms of realisation functors a problem by Rickard on the shape of derived equivalences ([72]).

We will often consider the unbounded derived category of a heart of the form JHj;, for some silting
or cosilting object M in a triangulated category J. No set-theoretical problems arise here, since from
[73, Theorem 1], the category D(Hys) exists (i.e. it has Hom-sets) when Hj,s has coproducts and enough
projectives or when J{y; has products and enough injectives. From Proposition 4.3 and Lemma 4.5, this
includes the silting and cosilting cases, respectively, which are the focus of our approach.

In our discussion of derived equivalences, we will frequently interchange between considerations on
bounded and unbounded derived categories. The reasons for this are already apparent in previous sections.
While the unbounded derived category is a better setting for categorical constructions as it often admits
products and coproducts (see also Section 6 for more advantages of working in the unbounded setting), it
is in the bounded setting that we come across the current tools to build realisation functors. We believe
that this obstacle can be overcome with a different approach to the construction of realisation functors,
but this falls outside of the scope of this paper.

When realisation functors are considered with respect to filtered derived categories, we will omit in the
notation of the functor the superscript referring to the f-category. Also for simplicity, the subscript of the
functor indicative of a (silting) t-structure will be replaced by the silting or cosilting object that uniquely
determines it. Here is an informal overview of this section.

Subsection 5.1: Tilting and cotilting equivalences

e We show that a realisation functor associated to a (co)silting t-structure is fully faithful if and
only if it actually comes from a (co)tilting t-structure (Proposition 5.1).

e We state a derived Morita theory for abelian categories with a projective generator or an injective
cogenerator (Theorem 5.3).

e We show the invariance of finite global dimension under tilting or cotilting derived equivalences
of abelian categories.

Subsection 5.2: Standard forms

e We prove that the existence of a derived equivalence of standard type between K-algebras (projec-
tive over a commutative ring K) forces the associated realisation functor to be also an equivalence
of standard type. Moreover, we provide an equivalent condition for a derived equivalence between
such K-algebras to be of standard type (Theorem 5.13).
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e We show that Fourier-Mukai transforms in algebraic geometry are equivalent to some realisation
functors (Proposition 5.17). In particular, we observe that Fourier-Mukai transforms can be
thought of as cotilting equivalences.

5.1. Tilting and cotilting equivalences. We begin by discussing realisation functors associated to
silting or cosilting objects.

Proposition 5.1. Let (X,0) be an f-category over a TRS5 (respectively, TR5*) triangulated category T.
For a silting (respectively, cosilting) object M in T, the realisation functor realy,: DY(Hyy) — T is fully
faithful if and only if M is a tilting (respectively, cotilting) object.

Proof. We show the statement for silting/tilting objects, using the condition (Ef) of Theorem 3.11. The
cosilting/cotilting case is entirely dual (using the condition (CoEf) of Theorem 3.11).

Let M be a tilting object in T. We only need to show that condition (Ef) holds for Hj;. Take X and
Y in Hjp; and a morphism g: X — Y[n] in T, for some n > 2. By Proposition 4.3, M is a generator in
Hs and, thus, there is an epimorphism h: M) — X in Hpy, for some set I. Note that, Hy, admits
coproducts and that, since Add(M) is contained in the heart, coproducts of M in H s coincide with those
in T (see Lemma 4.5). Since Y lies in M1>0 it is clear that g o h = 0 and, thus, we have (Ef).

Conversely, suppose that realy; is fully faithful (i.e. we assume condition (Ef)). We show that, for any
set I, Tﬁ_l(M(I)) = 0, thus proving that Add(M) is contained in H ;. Consider the canonical triangle

HY, (M) 1] ——= 7™ MO —— M) —— H, (M D)

and the canonical morphism Tfj_l(M(I)) — TEI_:LTAS/[_IM(I) = H (MD)[1]. Let g be the morphism
between H}, (M D)[—1] and Hy (M(D)[1] obtained as the composition of the two morphisms above. Now,
by condition (Ef), there is an object C' in (3; and an epimorphism h: C' — H9, (M) such that the
composition g[1] o h: C — HY,(MD) — Hy} (MD)[2] is zero. Now, the arguments in the proof of
Proposition 4.3 can also show that HY, (M(I)) is a projective object in Hj; and, thus, the epimorphism h
splits in H,r. This proves that g[1] (and hence g) is the zero map. Since Homg (M, Hy/ (M D)[1]) = 0, we
conclude that the canonical map TISVI*l(M(I)) — Hy (M D)[1] must also be the zero map and, therefore,
Hy/ (M) =0 (see Subsection 2.1). This shows that TAS[Q(M(”) & TZ\S/fl(M(I)) and we can repeat the
argument by considering the canonical map 75 2(M1)) — Hy2(MD)[2]. Tt follows by induction that
Hﬁ\/I(TAS/fl(M(”)) = 0 for all i < —1. Since the t-structure induced by M is nondegenerate (see Remark
4.4), it follows that 75, ' (MD) = 0 and, thus, M) = HY, (M D). 0

The following corollary is a non-compact analogue of [17, Theorem II1.4.3].

Corollary 5.2. Let & be an abelian category such that D(<7) is TRS (respectively, TR5*) and let M
be a bounded silting (respectively, cosilting) object in D(<7). Then the functor realys: DY(Hys) — D(&)
induces an equivalence between DY(Hpy) and Db(7) if and only if M is tilting (respectively, cotilting).

Proof. If M is a bounded (co)silting object, then the essential image of realy; lies in D?(.%7) (see Lemma
4.14) and the image coincides with D®(.7) whenever real); is fully faithful (see Theorem 3.11). The result
then follows from Proposition 5.1. O

Given a bounded silting or cosilting object M in the derived category of an abelian category, we will
keep the notation realy; for the induced functor with codomain the bounded derived category. We are now
able to discuss a derived Morita theory for abelian categories with a projective generator or an injective
cogenerator (Theorem A in the introduction). The proof of the following theorem is a simple application
of the above proposition and corollary.

Theorem 5.3. Let & and B be abelian categories such that D(&) is TRS (respectively, TR5*) and #
has a projective generator (respectively, an injective cogenerator). Consider the following statements.
(i) There is a restrictable triangle equivalence ®: D(#) — D().
(i) There is a bounded tilting (respectively, cotilting) object M in D(<?) such that Hys = A.
(iii) There is a triangle equivalence ¢: D*(B) — D(&).
Then we have (1)=>(ii)=(iii). Moreover, if B has a projective generator and of = Mod-R, for a ring
R, then we also have (iii)=-(ii).
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Proof. Let o be such that D(&/) is TR5 and assume that 2 has a projective generator P (the proof for
2 with an injective cogenerator is entirely dual). By Lemma 4.10(iii), P is a tilting object in D(#) and
the associated tilting t-structure is the standard one. It is then clear that P is a bounded tilting object.

(i)==(ii): Denote by M the object ®(P). Clearly, M is a tilting object in D(7) (see Example 4.2(iii))
and the associated tilting t-structure is the image by ® of the standard t-structure in D(Z#). Hence, we
have Hys = ZB. Moreover, M is a bounded tilting object since ® is a restrictable equivalence (recall
Definition 3.15).

(ii)==(iii): This follows from Proposition 5.1 and Corollary 5.2.

Suppose now that o/ = Mod-R, for a ring R, and % has a projective generator.

(iii)==(ii): Denote by M the object ¢(P). It follows directly by the arguments in [71, Proposition
6.2] that ¢ induces an equivalence between K®(Proj-%) and K®(Proj-R). It is, however, clear that ¢ also
induces an equivalence between K°(Proj-%) = K®(Add(P)) and the smallest thick subcategory of D’(R)
containing Add(M) (denoted by thick(Add(M))). Therefore, we conclude that M is an object of D’(R)
such that Homps gy (M, M[k]) = 0 for all k # 0 and thick(Add(M)) = Kb(Proj-R). It then follows from
[8, Proposition 4.2] that M is indeed a tilting object in D(R). Finally, M is a bounded tilting object as a
consequence of Proposition 4.17. O

Example 5.4. (i) Note that the equivalence between (ii) and (iii) in Theorem 5.3 recovers Rickard’s
derived Morita theory for rings ([71, Theorem 6.4]). For this purpose it is enough to recall from
Corollary 4.7 that compact tilting objects yield hearts which are module categories.

(ii) Let R be a ring and T be a large n-tilting (respectively, n-cotilting) R-module (see Exam-
ple 4.2(vi)). Note that by Proposition 4.17, T' is a bounded tilting (respectively, cotilting) object
in D(R). Then, by Theorem 5.3 it follows that there is a triangle equivalence between D®(Hr)
and D’(R). In the n-cotilting case, this is a bounded version of [77, Theorem 5.21].

(iii) Since Grothendieck categories have injective cogenerators and their derived categories are TR5*,
the above theorem covers a derived Morita theory for Grothendieck categories. Indeed, if the
unbounded derived categories of two Grothendieck categories are equivalent via a restrictable
equivalence, then one of them is the heart of a t-structure associated to a bounded cotilting
object in the derived category of the other. Moreover, the realisation functor associated to this
bounded cotilting object yields an equivalence of bounded derived categories.

Remark 5.5. Let &/ and 4 be as in Theorem 5.3.

(i) If o/ has exact coproducts, then there is a triangle equivalence ¢: D*(%) — D®(&7) if and only if
there is a tilting object M in D®(.7) such that H,; = %. One direction is clear from the proof of
(i)==(ii) above. For the converse, note that since &/ has exact coproducts, Add(M) is contained
in D?(.7) and, therefore, the associated realisation functor yields an equivalence as in the proof
of Proposition 5.1. The dual result follows analogously. Note, however, that the relation between
(co)silting objects in D®(.e7) and bounded silting objects in D(.¢7) is not clear. The problem here
lies in extending t-structures from bounded to unbounded derived categories.

(ii) As discussed at the end of Section 3, the question of whether (iii) implies (i) remains in general
open. We will see, however, that in some cases we can guarantee the extendability of realisation
functors (see Theorem 5.13 and Remark 5.14).

We now briefly discuss an application of the above theorem to representation theory of infinite quivers,
proving a version of APR-tilting in this setting. Recall the notation set up before Example 4.18. The
intuition from the theory of finite dimensional algebras leads us to think that the BGP-reflection functors
on sources and sinks should provide derived equivalences. For infinite quivers, this cannot be achieved
through the endomorphism ring of a tilting object (the reflected category cannot be regarded as a unital
ring), but rather through the heart of a tilting object. We refer to [11] for a detailed discussion of reflection
functors and derived equivalences in the setting of infinite quivers.

Let @ be a quiver (possibly infinite) with no loops nor cycles. We assume that @ is locally finite, i.e.
that each vertex has only finitely many incoming and outgoing arrows. For a source k in @, define pu(Q)
to be the quiver obtained from @ by reversing the direction of every arrow starting in k and keeping the
remaining vertices and arrows as in Q. We show the following fact (compare with [11, Theorem 3.19]).

Proposition 5.6. If k is a source of a locally finite quiver Q, then there is a triangle equivalence between

D*(M(KQ)) and D*(M(Ky(Q)))-
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Proof. Let Qo be the set of vertices in @ and let I := {i € Q¢ | Homgg(k,7) # 0}. Let Ry denote the set
of arrows from k to some vertex in I. Since @ is locally finite, Ry, is finite. For an arrow « in K@, denote
by t(a) the target of a. Consider the naturally induced map

¢: P — P Piw)
aERy
and let C' denote its cokernel in M(KQ). Note that ¢ is a left Add(®,.;P;)-approximation of Py, i.e. any
map from P} to an object in Add(®,.,P;) must factor through ¢. We will check that T := C @& (®;21 ;)
is a bounded tilting object in D(M(KQ)). Since ¢ is a monomorphism and the sum of all indecomposable
projectives is a generator in D(M(KQ)), it is easy to check that also T is a generator of D(M(KQ)).
Since T is a a direct sum of finitely presented objects, it is clear that 71> is closed under coproducts.
Furthermore, since T' has projective dimension 1, it only remains to show that Ext%V[(KQ)(T ,T)=0,ie. to
check that
Ext(ko)(C. C) = 0 = Extiyo) (C. D F)).
itk
The first equality follows from applying Homy(xg)(—, C') to the short exact sequence defined by ¢, using
the projectivity of Py and the fact that ¢ is a left Add(@ ;. P;)-approximation. The second one follows
from applying Homyqkq)(—, © 21 P;) to the same sequence and using, once again, the approximation
properties of ¢. It can also be checked that the object T' is a bounded tilting object (the associated
t-structure is the HRS-tilt with respect to the torsion pair (741, 7°) in M(KQ) - see Example 4.2(iv)).
Then the realisation functor
realy: D*(Hr) — DP(M(KQ))

is an equivalence. It remains to show that M(Kux(Q)) is equivalent to Hp. An equivalence ¢ from
Kpux(Q) to Hy can be defined by setting ¢(P;) = P;, for all j # k and (P;) = C. By definition of C, the
Hom-spaces are preserved and i extends to the whole category since it is defined on a projective generator.
Since T' is a projective generator in the heart, the functor so defined is an equivalence, as wanted. |

Theorem 5.3 leads us to discuss a derived invariant which is well-understood for rings: the finiteness of
global dimension. This invariant generalises to the setting of abelian categories with a projective generator
or an injective cogenerator. Recall that an abelian category <7 has finite global dimension if there is
a positive integer n such that the Yoneda Ext functor Ext?,(—, —) is identically zero. Whenever &7 has a
projective generator or an injective cogenerator, the following is a well-known lemma, which we prove for
convenience of the reader.

Lemma 5.7. Let </ be a cocomplete (respectively, complete) abelian category with a projective generator
P (respectively, an injective cogenerator E). The following statements are equivalent.

(i) < has finite global dimension;

(ii) The smallest thick subcategory of D(&/) containing Add(P) (respectively, Prod(E)) is Db(7).

Proof. We discuss the case of &/ with a projective generator; the injective cogenerator case is dual.

(i)==(ii): Note that D”(/) is the smallest thick subcategory containing /. So it suffices to show
that any object in &/ lies in the smallest thick subcategory containing Add(P), which is K®(Add(P)). Let
X be an object of & and consider a projective resolution of X: (Q°,d")i<¢. Let f be an epimorphism
PU) — Kerd™™, yielding an exact sequence of projective objects

dO

f d-" QO X

P Q™"

which must then split at some point by (1). Thus, X admits a finite projective resolution, as wanted.
(ii)==(i): Since K’(Add(P)) = Db(«), it follows that every object of &/ admits a finite projective
resolution. Since Yoneda Ext-groups can be computed by projective resolutions in the first component
(see, for example, [36, I11.6.14]) it only remains to show that there is a uniform choice of integer n for all
objects in 7. Suppose that this is not the case, i.e. that for any n in N, there is an object X,, in &/ with
projective dimension greater or equal than n. Since & is cocomplete, considering the coproduct of the
family (X, )nen would yield an object of infinite projective dimension, contradicting our assumption. [

Proposition 5.8. Let o be an abelian category with a projective generator (respectively, injective cogen-
erator) and suppose that D(<7) is TRS (respectively, TR5*). Let T be a t-structure in D(<7) satsifying the
equivalent conditions of Lemma 4.1/ and suppose that the realisation functor realp: D*(H(T)) — D(&)
1s fully faithful.
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(i) If & has finite global dimension, then so does H(T).
(i) If T = (M+>0, M+<0) for a bounded tilting (respectively, cotilting) object M in D(<7), then the
following are equivalent:
(a) < has finite global dimension;
(b) Hpr has finite global dimension;
(c) The smallest thick subcategory of D(27) containing Add(M) (respectively, Prod(M) ) is D*(<7).

Proof. First note that if D(«7) is TR5 (respectively, TR5*), then &7 is cocomplete (respectively, complete),
by Lemma 4.5. Assume now that D(«7) is TR5 and that &/ has a projective generator P (the other
statement follows by dualising the arguments).

(i) Since T satisfies the equivalent conditions of Lemma 4.14, one may consider the induced functor
realy: DY(H(T)) — DP(«/) which is, by assumption, a triangle equivalence (see also Theorem 3.11).
Since H(T) lies in D?(«7) and & has finite global dimension, H(T) is contained in the smallest thick
subcategory generated by P, i.e. in K’(Add(P)) (see Lemma 5.7). Hence, for any objects X and Y in
H(T), Extgery(X,Y) = Homp()(X, Y [n]) must vanish for n > 0 (as before, we identify X and Y with
their images under realr, since this functor acts as the identity on H(T) by definition).

Suppose now that H(T) does not have finite global dimension, i.e. that there are sequences of objects
(Xi)ieny and (Y;)ien in H(T) such that Extii(T)(Xi, Y;) # 0. By Lemma 4.5, the heart 3(T) is a cocomplete
abelian category and the coproducts in H(T), here denoted with the symbol &, are computed by using
the truncation TTZO on the coproduct available in D(47), here denoted with the symbol []. We will show

that Ext=". (B X;, PY;) #0, for all n € N, thus reaching a contradiction with the previous paragraph.
i€EN  ieN

J(T)
Note that, since TTEO is left adjoint to the inclusion of the coaisle in D(«7), we have that

Extgggm(@ X, @PY:) = Homp (] [ X, P Yi[= n]) = [ [ Homp ) (X, P Vi[> n))

€N i€N €N €N €N ieN

for any n in N. The heart H(T) admits finite products and they coincide with finite coproducts - and
these biproducts indeed coincide with those of D(%7) (since both T<? and T=° are closed under finite
biproducts). Thus, if we write, for some integer n,

Pri=v.x P v

i€N i€N\{n}

since Homp (o) (X5, —[> n]) commutes with products and since by assumption Homp ) (Xy, Y [> n]) # 0,
we get that Homp ) (X, @ Yi[> n]) # 0.
ieN

(ii) (a)==(b): This follows directly from (i).

(b)=>(a): Let N = real;;(P). Then N is a tilting object in D(Jy;) whose heart is equivalent to 7.
Since, by assumption, H s has finite global dimension, we can apply the statement (a)=—- (b) exchanging
the roles of & and Hy,.

(b)<=(c): This statement follows from a combined application of (i) and Lemma 5.7, since M is a
projective generator of Hys (see Proposition 4.3). |

5.2. Standard forms. So far, our discussion of derived equivalences has mostly been concerned with
their existence. We would like now to discuss their shape, i.e. their explicit description as functors. Our
approach is in part motivated by Proposition 3.17. In the context of derived equivalences of rings, this
problem was addressed in [72] for algebras over a commutative ring K, which are projective as K-modules
(for simplicity, we will call such algebras projective K-algebras). Therein, a partial answer to the problem
is presented through the concept of equivalences of standard type. In this subsection we will often refer to
tilting complezes in the original version of the concept, as defined in [71]. Note, however, that these are
precisely the compact tilting objects in the derived category of a ring, following Definition 4.1.

Remark 5.9. As seen in Corollary 4.7, given a compact silting object M, there is an equivalence of
abelian categories Homgc,, (HS, (M), —): Hy — Mod-Endg(H Y, (M)). In what follows, we identify these
two categories without mention to the equivalence functor. In particular, given a tilting complex T in the
derived category of a ring A, the realisation functor realy will be regarded, via this identification, as a
functor D’(Endp(4)(T)) — DP(A).
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Definition 5.10. Let K be a commutative ring and let A and B be projective K-algebras. We say that
an equivalence ¢: D*(B) —» DY(A) is of standard type if there is a complex of B-A-bimodules such
that ¢ is naturally equivalent to — ®% X. Such an object X is called a two-sided tilting complex.

Example 5.11. Let K be a commutative ring and A and B two projective K-algebras. Any exact
equivalence F': Mod-B — Mod-A is a tensor product with a bimodule. Hence, its derived functor is a
standard equivalence of derived categories.

The two-sided tilting complex X in the above definition, when seen as an object in D?(A), is a tilting
complex T := X 4. It is known that, in the derived category of B-A-bimodules, X can be chosen such
that both X4 and g X are complexes of projective modules and such that X 4 is still isomorphic to T" in
D(A) ([81, Proposition 6.4.4]). Moreover, Rickard proved in [72] the following result on the existence of
equivalences of standard type (see also [46, Theorem)]).

Theorem 5.12. [72, Corollary 3.5] Let K be a commutative ring and A and B two projective K-algebras.
If DY(B) is triangle equivalent to D°(A), then there is a two-sided tilting complexr X4 and a derived
equivalence of standard type — @% X : D*(B) — Db(A).

Motivated by Proposition 3.17, we have the following result (Theorem B in the introduction).

Theorem 5.13. Let K be a commutative ring, A and B projective K-algebras and T a compact tilting
object in D(A) such that Endpay(T) = B. Then the functor realy is an equivalence of standard type.
Moreover, a triangle equivalence 1): D(B) — DP(A) is of standard type if and only if ¥ admits an
f-lifting ©: DF®(B) — DF®(A) to the filtered bounded derived categories.

Proof. Since T is a compact tilting object with endomorphism ring B, it follows from classical derived
Morita theory ([71]) that D?(B) is equivalent to D*(A). From Theorem 5.12, there is a two-sided tilting
complex 5 X4 (such that X4 = T) and an equivalence of standard type ¢ := — ®% X: D(B) — D’(A).
We first show that ¢ admits an f-lifting to the filtered bounded derived categories and then argue with
Theorem 3.13 to prove that realr is of standard type.

As mentioned above, the two-sided tilting complex X can be chosen such that gX is a complex of
projective B-modules. It is then easy to check that given a monomorphism f: Y — Z in the category of
complexes C*(B), f®pX is still a monomorphism. Then, for an object (Y, F) in CFb(B), there is an obvious
filtration F'®p X on the complex Y ®p X induced by F, ie. (F®pX),Y®pX :=F,Y ®p X. It follows
that there is a functor ¢»: CF’(B) — CF®(A) such that (Y, F) = (Y®p X, F®p X). Again, since —®@pX
is an exact functor between the categories of complexes, the functor ¢ sends filtered quasi-isomorphisms
in CF®(B) to filtered quasi-isomorphisms in CF’(A), thus inducing a functor ®: DF?(B) — DF?(A). The
functor @ is clearly an f-functor and it is an f-lifting of ¢ to the filtered bounded derived categories.

Now, from Theorem 3.13 and Proposition 3.14, it follows that ¢ = realp o D(¢"), where ¢° is the
induced exact functor of abelian categories ¢°: Mod-B — ¢(Mod-B). Identifying ¢(Mod-B) with a
module category Mod-B’, Example 5.11 yields that D?(¢) is a derived equivalence of standard type. Since
the inverse of a derived equivalence of standard type and the composition of two derived equivalences of
stardard type are both of standard type ([72, Proposition 4.1]) the claim follows.

It remains to show that any triangle equivalence : D*(B) — D’(A) admitting an f-lifting to the
filtered bounded derived categories is of standard type. Indeed, under this assumption, from Theorem
3.13 and Proposition 3.14, we have that 1 = realy gy o Db(x). Since, as shown in the above paragraphs,
both realyp) and D?(1°) are equivalences of standard type, it follows from [72, Proposition 4.1] that the
composition v is of standard type. (Il

Remark 5.14. Note that if the conditions in the above theorem are satisfied, then realy is in fact an
extendable equivalence (see Definition 3.15). This follows from the fact that derived equivalences of
standard type are extendable ([47]).

There is another setting where a suitable notion of standard derived equivalences exists: derived cat-
egories of coherent sheaves. We recall the definition of a Fourier-Mukai transform. For the rest of this
section, let K be an algebraically closed field of characteristic zero. Given a smooth projective variety X
over K, we denote by D’(coh(X)) the bounded derived category of coherent sheaves over X.

Definition 5.15. Let X and Y be smooth projective varieties over K and let q: X x Y — X and
p: X xY — Y be the natural projections. For any object P in D’(coh(X x Y)) we define the Fourier-
Mukai transform with kernel P as the functor © p: D®(coh(X)) — D®(coh(Y")) which sends an object
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Z to 0p(Z) := Rp.(q¢*Z @Y% P), where p, and ¢* represent, respectively, the (left exact) direct image
and the (exact) pullback functors defined on coherent sheaves.

Note that the functor ¢* is exact since ¢ is a flat morphism (see also [41, Chapter 5]). The following
theorem of Orlov provides a standard form for equivalences between derived categories of coherent sheaves.

Theorem 5.16. [66] Let X and Y be two smooth projective varieties over K. Any fully faithful triangle
functor F: D¥(coh(X)) — D®(coh(Y)) admiting left and right adjoints is naturally equivalent to a Fourier-
Mukai transform ©p, for an object P in D?(coh(X x Y)), unique up to isomorphism.

Proposition 5.17. Let 6p: D’(coh(X)) — D’(coh(Y)) be a Fourier-Mukai transform between two
smooth projective varieties X and Y over K. Then 0p is naturally equivalent to realy o D®(0%), where
T = (0p(D=),0p(D=")).

Proof. The technique employed here is analogous to the ones before. First we observe that 6p lifts to the
filtered bounded derived categories of X and Y. This follows from the fact that p is the composition of
functors that admit f-liftings. In fact, since Rp, and ¢* are derived functors of functors between abelian
categories, if follows that they admit f-liftings to the filtered bounded derived categories of coherent sheaves
of X and Y (see [15, Example A2]). Moreover, also the derived tensor functor admits an f-lifting. Indeed,
since X is projective and smooth, any object in D?(coh(X)) is isomorphic to a perfect complex, i.e. to a
complex of locally free sheaves. In particular, we may assume without loss of generality that P is such a
complex. It is then easy to check that tensoring with P is an exact functor in the category of complexes of
coherent sheaves and, hence, it induces a functor between categories of filtered complexes. The argument
then follows analogously to the proof of Theorem 5.13, using Theorem 3.13 and Proposition 3.14. |

Finally, we remark that the t-structure T in the above proposition is, in fact, the restriction to
D%(coh(X)) of a cotilting t-structure in D(Qcoh(X)), the unbounded derived category of quasicoherent
sheaves over X. The functor fp can be extended to a functor © p: D(Qcoh(X)) — D(Qcoh(Y")), by using
the same formula and this extension still has both left and right adjoints (which are again Fourier-Mukai
transforms, see [59] and [10, Section 2.2 and 3.1]). Hence, ©p preserves coproducts. Since the varieties
are smooth, the compact objects in D(Qcoh(X)) are precisely those in D’(coh(X)). Thus, ©p is a coprod-
uct preserving triangle functor between compactly generated triangulated categories which restricts to an
equivalence on compact objects. By [75, Lemma 3.3], this means that also ©p is a triangle equivalence. If
E is an injective cogenerator of Qcoh(X), then the t-structure T in the proof of the above proposition is
the restriction to D?(coh(X)) of the t-structure associated to the cotilting object © p(E). Informally, one
may then say that Fourier-Mukai transforms are cotilting equivalences.

6. RECOLLEMENTS OF DERIVED CATEGORIES

Let R be aring and e an idempotent element of R. As observed in [27], the recollement of the module cat-
egory Mod-R induced by the idempotent element e (see Example 2.5) always induces a recollement of trian-
gulated categories Ry, (Ker D(e(—)), D(Mod-R), D(Mod-eRe)), where D(e(—)): D(Mod-R) — D(Mod-eRe)
is the derived functor induced by the exact functor e(—): Mod-R — Mod-eRe. It also follows from [27]
that Ker D(e(—)) is triangle equivalent with D(Mod-R/ReR) if and only if the natural map R — R/ReR
is a homological ring epimorphism. In this section we generalise this result, investigating when do rec-
ollements of abelian categories Rap(#, o7, %) induce recollements of the associated unbounded derived
categories Ry, (D(#),D(«7),D(¥)). Moreover, we will discuss when is a recollement of derived categories
equivalent to a derived version of a recollement of abelian categories. This is intimately related with
glueing tilting objects. Here is an informal overview of this section.

Subsection 6.1: Homological embeddings

e We prove in a rather general context that fully faithful functors between abelian categories pre-
serving Yoneda extensions yield fully faithful derived functors between unbounded derived cate-
gories (Theorem 6.9).

e We present equivalent conditions for a recollement of abelian categories to induce a recollement of
unbounded derived categories, generalising the analogous result for rings in [27] (Theorem 6.10).

Subsection 6.2: Glueing tilting and equivalences of recollements
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e Under some technical assumptions, we give an equivalent condition (in terms of glueing tilting
t-structures) for a recollement of derived categories to be equivalent to the derived version of a
recollement of abelian categories (Theorem 6.13).

e We specialise Theorem 6.13 to recollements of derived categories of certain K-algebras, where all
the technical conditions are automatically satisfied (Corollary 6.14). This statement reflects the
main idea of this section, relating equivalences of recollements with glueing of tilting t-structures.

e We apply the above results to recollements of derived module categories of finite dimensional
hereditary K-algebras, over a field K, answering a question posed by Xi (Theorem 6.17).

6.1. Homological embeddings. In this section we will study exact fully faithful functors between abelian
categories whose derived functors are fully faithful. Examples of these are well-known in representation
theory: a ring epimorphism induces a fully faithful restriction of scalars functor, and its derived functor
is fully faithful if and only if some homological conditions are satisfied (see Theorem 2.4).

To build recollements of triangulated categories, we will often need to ensure the existence of adjoint
pairs. A powerful tool for this purpose is Brown representability. Recall that a TR5 triangulated category
T satisfies Brown representability if every cohomological functor H: T7°° — Mod-Z which sends
coproducts to products is representable (i.e. H = Homg(—, X) for some X in 7).

Theorem 6.1. [62, Theorem 8.4.4] Let T and V be TR5 triangulated categories and suppose that T satisfies
Brown representability. Then any coproduct-preserving functor F: T — V has a right adjoint.

There are many examples of triangulated categories satisfying Brown representability, in particular
some derived categories of abelian categories. The following concept will be used to provide examples (we
refer to [48, Section 2| for the terminology Milnor colimit and Milnor limit).

Definition 6.2. The derived category D(7) of an abelian category < is left-complete if D(<) is TR5*
and any object X is isomorphic to a Milnor limit of its standard truncations (727X Jn<o With respect to
the canonical maps 21X — 127X, for n < 0.

Remark 6.3. (i) We can dually define the notion of a right-complete derived category. It is,
however, easy to see that any TR5 derived category D(&) is right-complete. This follows from
[60, Remark 24 and Lemma 64(iii)] since, for any complex X, there is a quasi-isomorphism in
K(&7) between the Milnor colimit of (1="X),,>¢ and the direct limit of the same system in C()
(which is isomorphic to X).

(ii) Note that right and left-completeness can analogously be defined in any triangulated category T
endowed with a t-structure T, in which case we say that 7 is right or left-complete with respect
to T. Given a triangle equivalence ¢: D(&/) — D(48), then D(&) is right or left-complete if and
only if D(Z) is left or right-complete with respect to the t-structure ¢(Do) = (¢(D), p(DZ)).

Example 6.4. Let o/ be an abelian category.

(i) If & has a projective generator and D(&7) is TR5*, then D(7) is left-complete. In fact, it follows
from [60, Remark 27 and Lemma 67(i)] that, for any complex X, there is a quasi-isomorphism in
K(&) between the inverse limit of (727X ), <o in the category of complexes (which is isomorphic
to X) and the Milnor limit of the same system.

(ii) In particular, as a consequence of Lemma 4.5(i) and 4.3, if D(«7) is TR5 (respectively, TR5%)
and M is a silting object in D(«7), then D(Hy,) is right-complete (respectively, left-complete).

(iii) Assume that &7 has an injective cogenerator and finite global dimension. If D(&/) is TR5* and
M is a cotilting object in D(«7), then D(H ) is left-complete (in particular, so is D(<7)). This
follows from Hp; having finite global dimension (Proposition 5.8(ii)) and from [39, Theorem 1.3].

(iv) If o is a Grothendieck category, then D(7) is right-complete but not always left-complete ([63]).
However, from item (ii) above, D(R) is left-complete for any ring R, and from [39, Remark 3.3],
D(Qcoh(X)) is left-complete for any separated quasi-compact scheme X.

The next theorem recalls two examples of categories satisfying Brown representability.

Theorem 6.5. Let o/ be an abelian category.
(i) [33, Theorem 3.1] If <7 is Grothendieck, then D(<f) satisfies Brown representability.
(i) [58, Theorem 1.1] If o/ has an injective cogenerator and D(ef) is left-complete, then D(f)°P
satisfies Brown representability.
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Given a TR5 (respectively, TR5*) triangulated category, we say that a triangulated subcategory is
localising (respectively, colocalising) if it is coproduct-closed (respectively, product-closed), i.e. if the
inclusion functor commutes with coproducts (respectively, products). The following result is well-known,
still we present a proof for convenience of the reader.

Lemma 6.6. Let o7 be a Grothendieck abelian category.
(i) [33, Proposition 3.3] If X is a localising subcategory of D(</) and of C X, then X = D(<7).
(ii) Assume that D(&) is left-complete. If Y is a colocalising subcategory of D(</) and o/ C'Y, then
Y=D).

Proof. (i) This statement can also be shown using [2, Theorem 5.7]. Let G be a generator of &. It
suffices to prove that the smallest localising subcategory £ of D(&/) containing G is the whole derived
category. By [2, Theorem 5.7], the inclusion of £ in D(%7) has a right adjoint and, thus, the pair (£, L")
is a (stable) t-structure in D(«7). It remains to show that £1 = 0. Now, if X lies in £+, then we have
Homp () (G, X[i]) = 0 for all 7 in Z, which from Lemma 4.10(i) implies that X = 0.

(ii) This proof is essentially contained in [18, Applications 2.4 and 2.4’]. We prove that the smallest
colocalising subcategory C containing the injective objects of &7 is D(&7). Clearly any bounded complex
of injective objects lies in €. Now every bounded below complex of injective objects lies in € is an inverse
limit of bounded complexes in the category C(&/), where the maps in the inverse system are identities
componentwise. This implies that every bounded below complex of injective objects is a Milnor limit of
bounded ones (see for example [60, Proposition 85]) and, therefore, every such complex lies in €. Finally,
since every bounded below complex in D(&) is quasi-isomorphic to a bounded below complex of injective
objects, and since D(7) is left-complete, we conclude that € = D(«7). |

Remark 6.7. By [62, Proposition 8.4.6], a triangulated category satisfying Brown representability is
TR5*. Hence, as mentioned before, the derived category of a Grothendieck category is TR5*. Moreover,
from [39, Theorem 1.3], if products in a Grothendieck category 7 have finite homological dimension (i.e.
the n-th right derived functor vanishes for some n > 0), then D(/) is left-complete. In particular, this is
satisfied if the Grothendieck category has finite global dimension (see also Example 6.4).

We now recall the definition of a homological embedding of abelian categories (see [69]).

Definition 6.8. An exact functor i: & — &/ between abelian categories is called a homological
embedding, if the map i% y-: Exti(X,Y) — Extg, (i(X),i(Y)) is an isomorphism of the abelian groups
of Yoneda extensions, for all X,Y in 4 and for all n > 0.

As mentioned earlier, homological ring epimorphisms are examples of homological embeddings. In
that case, by Theorem 2.4, the derived functor f.: D(B) — D(A) is fully faithful. Our next theorem
generalises this statement for homological embeddings i: & — &7 of abelian categories. Note that we do
not assume Z to be a Serre subcategory of &7 (compare [80, Theorem 2.1] and [39, Theorem 1.5]).

Theorem 6.9. Let &7 be an abelian category such that D(<7) is TR5 and TR5* and let B be a Grothendieck
category such that D(9AB) is left-complete. If i: B — o is an exact full embedding such that the derived
functori: D(#B) — D() preserves products and coproducts, then the following statements are equivalent.

(i) The functor i: B — o is a homological embedding.
(i) The derived functor i: D(B) — D(&f) is fully faithful.

If, in addition, D(&) is left-complete, then the statements (i) and (ii) are also equivalent to:
(#ii) The derived functor i induces a triangle equivalence between D(9B) and the full subcategory D g ()
of D(&7), whose objects are complexes of objects in o/ with cohomologies in i(A).
Proof. (i)==(ii): Let Y € D(#). We define the following full subcategory of D(£):
MY = {X S D(%) | axy: HomD(gg)(XUC],Y) i) HomD(d)(z(X[k}),z(Y)),Vk S Z}

where ax y is the natural map of abelian groups induced by the functor i: D(#) — D(&/). We show
that My is a localising subcategory of D(#). First, it is clear that My is closed under shifts. For K and
M in My and a triangle A in D(%) of the form

(A) K L M K[1],
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consider the triangle i(A) in D(<). Applying to A and i(A) the cohomological functors Homp () (—,Y")
and Homp () (—,i(Y)), respectively, we obtain a commutative diagram with exact rows as follows:

> HomD(@) (M[/{Z],Y) —_— HomD(@)(L[kZ],Y> —_— HomD(@)(K[kz],Y) —_—

%iuM.Y J(OZL,Y > | OK)Y

-+ > Homp(a) (i(M[K]), i(Y')) = Homp(e) (i(L[K]), i(Y')) = Homp ) (i(K[K]), i(Y)) = - -

Hence, the map «ay y is an isomorphism and the object L lies in My. Let (X;)icr, be a family of objects
in My. We show that [],.; X; lies in My, concluding that My is localising in 8. Since, by assumption,
the derived functor i: D(#) — D(&) preserves coproducts, the following diagram commutes.

AN X,;,Y

HomD(@)(HieI X, Y) ————— HomD(&Y)(HieI i(X:),i(Y))

| ]

[Tax; v

[L;e; Homp(z) (X, Y) —— [L;e; Homp(ar) (i(X3),i(Y))

Then the map ajj x, vy is an isomorphism and My is a localising subcategory of D(#). In particular, for
every B in £ the subcategory Mp is localising in D(#) and £ C Mp since the functor i: # — o is a
homological embedding. Then from Lemma 6.6(i) we get that Mp = D(%) for every B in A.

Let X be an object in D(%) and consider the full subcategory of D(%):

xM={Y €D(B) | ax,y: Homp(z) (X, Y [k]) — Homp(.s) (i(X),i(Y[k])),Vk € Z}.

Then, dually to the argument above, it follows that xM is a colocalising subcategory of D(%). Since, for
any B in % we have Mp = D(#) it follows that # C xM for any X in D(%). Since D(#) is left-complete,
Lemma 6.6(ii) shows that xM = D(Z). Hence, the derived functor i: D(#) — D(&) is fully faithful.

(il)=(i): Suppose that i: D(#) — D(«) is fully faithful and let X and Y be objects in & and n > 0.
Then we have the following chain of natural isomorphisms:

Ext(X,Y) = Homp(g) (X, Y[n]) = Homp ) (i(X),i(Y)[n]) = Ext}, (i(X),i(Y))

thus showing that the functor i: &/ — % is a homological embedding.

Assume now that also D(&) is left-complete. Note that it is also right-complete by Remark 6.3(i).

(iii)==-(ii): This is clear.

(ii)==(iii): Assume that the derived functor ¢ is fully faithful, i.e. that ¢ induces a triangle equivalence
between D(#) and X := Im<. It is clear that X is a full extension-closed subcategory of Dg(<7). First
observe that i(4) lies in X and, hence, so does D%(<7), since every object in D%(7) can be obtained as
a finite extension of objects in i(#). Since D(«7) is both left and right-complete, every object in D (),
X can be expressed as a Milnor limit of a Milnor colimit of bounded complexes with cohomologies in
i(#) (since standard truncations respect the cohomologies). Since D(#) is TR5 and TR5* and ¢ preserves
products and coproducts, X is closed under Milnor limits and Milnor colimits, thus finishing the proof. [

Motivated by Example 2.5, the following result gives necessary and sufficient conditions for certain rec-
ollements of abelian categories to induce recollements of unbounded derived categories. The key ingredient
of the proof is the equivalence between Dg(2) and D(%) established in Theorem 6.9.

Theorem 6.10. Let Ry, (B, o, €) be a recollement of abelian categories as in (2.3). Suppose that B is a
Grothendieck category such that D(A) is left-complete and suppose that D(«7) is TRS and left-complete.
The following statements are equivalent.
(i) The functor i.: B — < is a homological embedding and i.: D(#B) — D(&) commutes with
products and coproducts.
(i) There is a recollement of triangulated categories

D(%) D) D(%). (6.1)
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Proof. (i)=>(ii): From the recollement R.,(#,</,%) we have the exact sequence of abelian categories
0 — B — o/ — ¥ —> 0. Since the quotient functor &/ — % has a right (or left) adjoint, it
follows that 0 — Dg(«/) — D(«/) — D(¥) — 0 is an exact sequence of triangulated categories,
where Dg(47) is the full subcategory of D(%/) consisting of complexes whose cohomology lie in 4. (%)
(see, for instance, [53, Lemma 5.9]). The functor i.: & — & is a homological embedding, thus from
Theorem 6.9 the derived functor i.: D(#) — D(&) is fully faithful and Dg(<) is equivalent to D(£).
This implies that 0 — D(#) — D(«/) — D(%) — 0 is an exact sequence of triangulated categories.
Since both D(#) and D(2)°? satisfy Brown representability (Theorem 6.5) and i, preserves both products
and coproducts, it follows from Theorem 6.1 that i,: D(#) — D(&) has both a left and a right adjoint.
On the other hand, by [26, Theorem 2.1], we obtain that the derived functor j*: D(&/) — D(%) admits
a left and right adjoint and, therefore, we get a recollement of triangulated categories as wanted.
(ii)=>(i): Since (D(#),D(«),D(¥)) is a recollement, the functor i,: D(#B) — D(«) is fully faithful.
Then, by Theorem 6.9 we infer that i,: # — <7 is a homological embedding. Since the abelian category
Z# is Grothendieck, it follows that the derived category D(#) is TR5 and TR5*. Hence, the functor
ix: D(#) — D(&) preserves coproducts and products since it is both a left and a right adjoint. O

Remark 6.11. Note that, in the above theorem, we do not describe explicitly how to obtain the adjoints
of i, and j* in the recollement of derived categories. If, however, we assume some further conditions for
the abelian categories &/ and €, we can say more about these functors. In particular:

e If o7 is Grothendieck, then i' is the right derived functor of the right adjoint of the inclusion
functor Z — 7. If, furthermore, o/ has enough projectives, then i* is the left derived functor
of the left adjoint of the inclusion functor & — 7.

e If ¥ is Grothendieck, then j, is the right derived functor of the right adjoint of the quotient
functor & — €. If, furthermore, ¥ has enough projectives, then j is the left derived functor
of the left adjoint of the quotient functor &/ — €.

Note also that, as a consequence of Theorem 6.10, we obtain the result of [27] for recollements of derived
module categories, already mentioned in Example 2.5. More concretely, we have that given a ring A and
an idempotent element e of A, the ring epimorphism f: A — A/AeA is homological if and only if there
is a recollement of triangulated categories of the form (2.1).

6.2. Glueing tilting and equivalences of recollements. Our aim in this subsection is to identify which
recollements of derived categories are equivalent to derived versions of recollements of abelian categories.
We will provide an answer to this question in terms of the glueing of (co)tilting t-structures.

We begin with two useful properties of derived recollements. On one hand, we discuss the glueing
of standard t-structures along such a recollement, motivating a necessary condition towards our answer
(Theorem 6.13) to the proposed problem. On the other hand, we restate in this context the exact sequence
(3.1) of f-categories (see Proposition 3.8) for filtered derived categories, which we use to prove a corollary
of the main theorem (Corollary 6.15).

Lemma 6.12. Let R, (B, o/, €) be a recollement of abelian categories as in (2.3). Suppose that B is a
Grothendieck category such that D(Z) is left-complete and suppose that D(&/) is TRS and left-complete.
If the functor iy: B — o is a homological embedding and i,: D(B) — D(o/) commutes with products
and coproducts, then the following statements hold.
(i) The standard t-structures in D(#B) and D(€) glue to the standard t-structure in D(<7) along the
recollement (6.1).
(ii) The f-categories over D(AB) and D(€) induced by the filtered derived category DF(<f) over D(&)
coincide, respectively, with the filtered derived categories DF(%) and DF(€). In particular, there
is an exact sequence of filtered derived categories:

0—— DF(%) — DF(,Q{) — DF(%) —0.

Proof. (i) From Theorem 6.10 we get a recollement of derived categories Ry (D(%),D(%/),D(2A)), see
diagram (6.1). Since i,: D(#) — D(&) and j*: D(«/) — D(¥) are the derived functors of the
underlying exact functors i.: #Z — & and j*: o/ — €, respectively, it follows that the derived
functors i, and j* are t-exact with respect to the standard t-structures. Hence, the triangle functor
i*: D(&/) — D(%) in the recollement diagram (6.1) is right t-exact with respect to the standard t-
structure. Then clearly we have ]D)E{O C{X eD(&)|j(X) € ]D)%O and i*(X) € D%O}. Similarly, we get
that ]DE{O C{X eD(#) | j*(X) e ]D)%O and i'(X) € D%O}. We infer that these t-structures coincide.
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(ii) From Theorem 6.10, there is an exact sequence of derived categories

%

0 D(%) D(«/) —— D(¢) — 0. (6.2)

For an object (X, F') in DF(#), where F' is a finite filtration of X, it follows from the exactness of
ix: B — o that i.(X) has an induced filtration i, (F) and (i.(X), i.(F)) lies in DF (7). Also, it is easy
to see that gr}’ p (1+(X)) = 14(grx(X)) and, thus, it lies in i, (D(Z#)). Hence, i, induces a functor

if : DF(#) — Y := {(X,F) € DF(«) | griz(X) € i,(D(B)) for all n € Z}

and one can check, using the exactness of i,: % — &7, that if is an f-functor (see Definition 3.5).

We show that ¥ is an equivalence. An easy induction argument shows that " is essentially surjective.
In fact, since i, is a fully faithful triangle functor, i,(D(%)) is a triangulated subcategory. Hence, given
(Z,L) in Y, each L, Z lies in i,(D(%)), since L, Z is a finite extension of its grk-components, with k& > n.
From the fact that i, : & — & induces a fully faithful exact functor between the categories of complexes,
it then follows that (Z, L) can be identified with an object in DF(Z#). We show that if is faithful. Let
f:(X,F) — (Y,G) be a morphism in DF(%) such that it (f) = 0. Let f be represented by a roof:

)

N
(X, F) (Y,G)

where c is a filtered quasi-isomorphism in KF(£). It is easy to see that the morphism f = do ¢! can be
written as a sequence of roofs (..., Lodo (Lec) ™, Lorido (Lay1c)™t, ... ) in K(%) (see also Example 3.2).
Hence, it follows from the faithfulness of i,: D(%) — D(&) that f = 0. It remains to show that il is
full. Let f:if(X,F) — if(Y,G) be a morphism in Y. The map f can be represented by a roof similar
to the one above, where the maps ¢ and d now lie in KF(%7). We claim that the middle object (Z, L) lies
in the image of the functor iF. The map c is a filtered quasi-isomorphism, i.e, for all k£ in Z the maps
Lic: LiZ — (i F)ki«(X) are quasi-isomorphisms in K(«7). Equivalently, the complexes gr;(Z) and
gt p(i+X) are quasi-isomorphic ([42, V.1.2]) and, thus, (Z, L) also lies in the image of i'. Writing f as a
sequence of roofs as before, the fullness of i,.: D(#) — D(&) guarantees that each component of f lies in
1+(D(%)). Finally, it can be checked (using the faithfulness of i,: D(#) — D(<7)) that the preimages of
each component of f under i, form a compatible sequence of morphisms in D(4), i.e. there is a morphism
in DF(%) which is a preimage of f under if.

We now show that the quotient f-category DF(&/)/Y is equivalent to DF(%). The exact functor
j*: @/ — € clearly defines a functor jf: DF(e/) — DF(%) which factors uniquely through DF(<7)/Y.
Hence, we get a functor ¢: DF(«/)/Y — DF(%). Conversely, since j.: € — & is left exact, it induces
a functor KF(¢) — KF(«), which we also denote by j.. Consider the composition

J*

KF(¢) —— KF(«/) — DF(«/) —— DF(«)/Y ,

where the last two functors are the obvious localisation functors. We claim that it sends filtered acyclic
complexes to zero, hence yielding a functor ¢: DF(¢) — DF(%7)/Y. Let (j«(X),j«(F)) be an object
in DF(«7) where (X, F) is acyclic in KF(%). It suffices to show that gr} ) (j«(X)) lies in i,(D(#)) for
all integers n. From the exact sequence (6.2) this is equivalent to show that j*(gr} ) (j«(X))) = 0 for
all integers n. Using the adjoint pair (5%, j.) at the level of homotopy categories and since the counit
J¥jx — Idk(¥) is a natural equivalence we derive that j*(gr;.’*(F)(j* (X))) = gr(X) which is acyclic, thus
zero in D(%), proving the claim. Finally, using the counit of the adjunction induced by (j*, j.) at the level
of filtered complexes, one can check that ¢ and i are quasi-inverse f-functors, thus finishing the proof. [

We now prove the main theorem of this section.



REALISATION FUNCTORS IN TILTING THEORY 36

Theorem 6.13. Let o/, B and € be abelian categories whose derived categories are TRS and TR5*.
Suppose furthermore that B is a Grothendieck category. Let R be a recollement of the form

R D(A) D(&) ! D(%). (6.3)
\_/ \_/

Then the following statements are equivalent.

(i) There are abelian categories U, V and W with a projective generator (respectively, an injective
cogenerator) and a recollement of abelian categories

I* Jy
I J

such that
e U is a Grothendieck category and D(U) is left-complete;
e The derived category D(V) is TR5 and left-complete;
e I, is a homological embedding and I.: D(U) — D(V) preserve products and coproducts;
e The associated derived recollement is equivalent to R via restrictable equivalences.
(ii) There are bounded tilting (respectively, cotilting) objects V in D(&7), U in D(A) and W in D(¥)
such that
o Hy is a Grothendieck category and D(Hy ) is left-complete;
e The derived category D(Hy ) and left-complete;
e there is an f-category (X, 0) over D(&) such that the realisation functor real‘gﬁ is an extendable
equivalence;
e the associated tilting t-structures in D(Z) and D(%€) glue along R to the associated tilting
t-structure in D(<).

Proof. Once again, the tilting and cotilting cases are dual to each other. We prove the tilting case.
(i)=(ii): From Theorem 6.10, we conclude that the recollement of abelian categories Rap (U, V, W) can
be derived. By assumption, there is an equivalence of recollements as follows:

D(V) I D(W) (6.4)

where ®, ¥ and O are restrictable equivalences. Therefore, by Theorem 5.3, there are bounded tilting
objects V, U and W in D(&7), D(#) and D(%), respectively, such that Hy =V, Hy = U and Hy = W.

Since the top recollement is derived from an abelian recollement, it follows from Lemma 6.12(i) that
the standard t-structures in D(U) and D(W) glue to the standard t-structure in D(W). Furthermore, the
standard t-structures in the top recollement are sent to the the tilting t-structures generated by V, U and
W in the bottom recollement. Hence, it follows from the commutativity of the diagram (6.4) that the
glueing of the t-structures generated by U and W is the t-structure generated by V. The assumption that
U is Grothendieck then translates into the fact that Hy is Grothendieck (since they are equivalent abelian
categories). Also the left-completeness properties required in (i) imply the left-completeness properties of
(ii). Finally, observe from Proposition 3.17(ii) that there is a choice of an f-category (X,8) over D(«7)
such that U 2 realis o D?(WY), where W’ is the restriction of ¥ to D*(V) and ¥°: V — (V) = Hy is
the naturally induced exact functor. Hence, real%ﬁ is an extendable equivalence.
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(ii)=>(i): First, from Theorem 2.8, there is a recollement of hearts of the form

HY 3" HY i
Hy Hy Hw .
HY ! HY

Note that there is a slight abuse of notation here: each of the functors in the recollement is in fact a triple
composition - we are omitting the embedding of each heart in the corresponding triangulated category.
Set I, := H(‘)/i* and J* := H?,Vj* and keep the same notations for the corresponding derived functors.
Consider the f-category (X, ) over D(<7) and the realisation functor reali which, by assumption, is an
extendable equivalence. Let (Y, &) and (Z,7n) be the induced f-categories over D(#) and D(%), respectively,
so that 7, and j* admit f-liftings (Proposition 3.8 and Corollary 3.9). Since i, and j* are t-exact functors
for the fixed t-structures (Theorem 2.8), it follows from Theorem 3.13 that we have commutative diagrams

DY (Hy) — > Db(Hy) D(3y) > Db (Hw) (6.5)
lrealg ireal‘gg lreal‘gf ireal‘%‘,
D(#) —— D() D(e/) — = D(%).

From the left diagram we show that the functor I, is a homological embedding. Let X and Y be objects
in Hy. Since realg is fully faithful (see Proposition 5.1) and acts as the identity on X and Y[n] for any
n, it follows that Exty. (X,Y) = Hompgc,)(X, Y [n]) = Homp(4) (X, Y[n]). Now, since i, is fully faithful,
we get that Extfy, (X,Y) = Homp(u)(ixX,i.Y[n]). On the other hand, since reals is fully faithful (again
by Proposition 5.1) and acts as the identity on HYi, X =i, X and (H%4.Y)[n] = i.Y[n], it follows that

Extf, (HY 1. X, HY4,Y) = Hompgc,) (i:.X, i Y [n]) = Homp ) (i X, .Y [n]),

thus showing that I, is a homological embedding.

By assumption the functor real‘jﬁ is extendable, that is, there is a restrictable equivalence, denoted by
Real, between D(Hy) and D(«7) that restricts to reali-. In particular, D(Hy/) is TR5. Since all the other
completeness properties required in Theorem 6.10 are also satisfied by assumption, the proof of that same
theorem yields an exact sequence of triangulated categories:

0 — D(Hy) —== D(Hy) ——= D(Hy) —= 0.

Consider now the composition F := j*Reali:I,: D(Hy) — D(%). Note that by the commutativity of
(6.5), the image of D’(Hy) under F is zero. Since F is, by construction, t-exact with respect to the standard
t-structure in D(H ) and the tilting t-structure generated by W in D(%), we have F(H} (X)) = Hi, (F(X))
for any object X in D(Hy). But Hi(X) lies in D*(H) and, hence, we conclude that Hi, (F(X)) = 0 for
all ¢ € Z. Since tilting t-structures are nondegenerate (see Remark 4.4) it follows that F' =2 0. Hence the
functor Realis induces a functor ®: D(Hy) — D(«7) such that i,® = Reali-I,. As a consequence, Realy;
also induces a functor ©: D(Hy) — D(%) such that ©.J* = j*Realss.

It remains to show that ® (and, thus, ©) are (restrictable) triangle equivalences. Let ®° denote the
restriction of ® to D*(Hy ). Since, by diagram (6.5), in the bounded setting we have i,®® = real‘jﬁl* =
i*real%, it follows from the fully faithfulness of i, that Pb = real?}. Therefore, since U is a bounded tilting
object, we get from Corollary 5.2 that the essential image of ®° is D’(%). By the relation i,® = Real‘gfl*
we get that @ is fully faithful and therefore we can consider the essential image Im ® as a full subcategory
of D(#). Then, since by assumption D(Hy ) is TRS, it follows that Im ® is a localising subcategory of
D(4). Moreover, Im ® contains D?(%) and thus, from Lemma 6.6(i), since % is Grothendieck, it follows
that Im ® = D(#). We infer that the functor ® is an equivalence, as wanted. Note that, similarly to the
arguments above, it can also be seen that O 2 real,.

Finally, observe that ® and Real‘jg preserve products and coproducts since they are equivalences. Since
also i, : D(#) — D(&) preserves products and coproducts, it follows that so does I,.: D(Hy) — D(Hy ).
Hence, by Theorem 6.10, the functor I, induces indeed a recollement of unbounded derived categories. [
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The following result (Theorem C in the introduction) is a consequence of the above theorem and it
provides necessary and sufficient conditions for a recollement of derived module categories to be equiva-
lent to a stratifying recollement (recall Definition 2.6). In this case almost all technical assumptions of
Theorem 6.13 are automatically satisfied. In order to guarantee the extendability of a realisation functor,
we assume the ring in the middle of the recollement to be a projective K-algebra over a commutative ring
K. The statement reads then as follows.

Corollary 6.14. Let A, B and C be rings. Assume that A is a projective K-algebra over a commutative
ring K. Suppose there is a recollement R of the form

R D(B) - D(A) ’ D(C). (6.6)
\/ \_/

Then the following are equivalent.

(i) The recollement R is equivalent to a stratifying recollement of a projective K-algebra S.

(ii) There are compact tilting objects V in D(A), U in D(B) and W in D(C) such that the associated
tilting t-structures in D(B) and D(C) glue along R to the associated tilting t-structure in D(A)
and such that Endpa)(V') is a projective K-algebra.

Proof. We use the fact that a recollement of module categories is equivalent to a recollement induced by an
idempotent element ([70, Theorem 5.3]). This corollary then becomes a direct application of Theorem 6.13,
provided we show that in this setting the additional technical assumptions of the theorem are automatically
satisfied. First note that both derived module categories and their duals satisfy Brown representability
(they are left-complete derived categories of a Grothendieck category, see Example 6.4(v) and Theorem
6.5). Note, furthermore, that every equivalence between derived module categories is restrictable (this
follows from Example 3.16(i)). Since we assume that the algebra A is projective over K, it also follows that
the realisation functor of the compact tilting object V' with respect to DF(A) is an extendable equivalence
since it is an equivalence of standard type (see Theorem 5.13). Finally, observe that the compactness of
the tilting objects is used to produce hearts which are module categories (see Corollary 4.7). (]

In the next result we show, using Lemma 6.12(ii), that we can be more specific about the shape of
equivalences between two stratifying recollements (compare with [57, Theorem 3.5]).

Corollary 6.15. Let K be a commutative ring, A and B projective K-algebras and e and u idempotents
in A and B respectively such that A/AeA, eAe, B/BuB and uBu are also projective K-algebras. Suppose
that f: A— A/AeA and g: B — B/BuB are homological ring epimorphisms, and denote by Ry and R,
the induced recollements of unbounded derived module categories. The following statements are equivalent.

(i) There is an equivalence of recollements from Ry to Ry with all equivalences being extensions to
unbounded derived categories of equivalences of standard type between bounded derived categories.
(ii) There are compact tilting objects V in D(B), U in D(B/BuB) and W in D(uBu) such that

EndD(B)(V) = A7 EndD(B/BuB)(U) = A/AGA7 EndD(uBu)(W) = eAe

and the associated tilting t-structures in D(B/BuB) and D(uBu) glue along Ry to the associated
tilting t-structure in D(A).

Proof. Following the proof of the Theorem 6.13, we see that the choice of the f-categories for the realisation
functors that yield the equivalence of recollements is the one provided by Proposition 3.8. We start
with the recollement induced by ¢ and, thus, with a recollement of abelian categories coming from a
homological embedding. In this setting, Lemma 6.12(ii) shows that if we chose the f-category over D(B)
to be the filtered derived category DF(B), then the induced f-categories over D(B/BuB) and D(uBu)
are, respectively, the filtered derived categories DF(B/BuB) and DF(uBu). The result then follows from
the fact that the equivalences built in the proof of Theorem 6.13 are extensions of realisation functors of
compact tilting objects with respect to filtered derived categories. These realisation functors are, therefore,
derived equivalences of standard type by Theorem 5.13, finishing the proof. (]

At this point we cannot prove with our techniques that the simple formulation of Corollary 6.14 holds
for arbitrary rings (compare with [7]). The main obstacle there is the existence of an extension of the
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realisation functor. In Corollary 6.15, the problem occurring is that we do not know whether an extension
of an equivalence of bounded derived categories to an equivalence of unbounded derived categories is
unique. Although we know that equivalences of standard type are extendable, we do not know whether
the extensions obtained in the proof of Theorem 6.13 coincide with the expected derived tensor product.

If, however, we turn our attention to recollements of bounded derived categories, we can formulate an
analogue of Corollary 6.14 even with more general assumptions.

Corollary 6.16. Let o/,  and € be abelian categories with a projective generator and such that their
unbounded derived categories are TRS and TR5*. Suppose that there is a recollement of bounded derived
categories:

i* g
RY: Db () - Db (o) ! Db (%).
\—/ \_/
i T«

Assume that the global dimension of &/ or € is finite. The following statements are equivalent.

(i) The recollement R? is equivalent to the restriction of a stratifying recollement to bounded derived
categories.

(i1) There are compact tilting objects V in D(<7), U in D(AB) and W in D(€) such that the associated
tilting t-structures in D(%B) and D(€) glue along R® to the associated tilting t-structure in D(A).

Proof. Note that (i)=>(ii) follows as in the proof of Theorem 6.13. Conversely, following the arguments
in the proof of Theorem 6.13, it easily follows that the induced fully faithful functor Hy — Hy is
homological. Since all the hearts are module categories (the tilting objects are compact, see Corollary 4.7),
it follows from [70] that the recollement of hearts is equivalent to one induced by a homological ring
epimorphism f: S — S/SeS, where S is Morita equivalent to Endp() (V). Since &/ or € have finite
global dimension, then so does S or eSe (see Proposition 5.8). In any of these two cases, it follows from
[69, Theorem 7.2] that f: S — S/SeS induces a recollement of bounded derived categories. It remains
to show that this recollement is equivalent to R®. However, this follows from the same arguments used in
the proof of Theorem 6.13, omitting the issues related to the extendability of the realisation functors. [

We finish with an application of the above results to recollements of derived module categories of finite
dimensional hereditary K-algebras, over a field K.

Theorem 6.17. Let A be a finite dimensional hereditary K-algebra over a field K. Then any recollement
of D(A) by derived module categories is equivalent to a stratifying one.

Proof. Let R be a recollement of D(A) of the form

D(B) - D(4) D(0O)

It follows from the assignments in [55, Theorem 8.1] (see also [5, Corollary 3.3]) for hereditary rings that R is
equivalent to a recollement induced by a homological ring epimorphism. Moreover, this equivalence changes
only the functors between D(B) and D(A), leaving the functors between D(A) and D(C') unchanged. Thus,
without loss of generality, we assume i, = f, for some homological ring epimorphism f: A — B.

Now, since A is a finite dimensional algebra of finite global dimension, the recollement R fits in an
infinite ladder (see [6, Proposition 3.7]). In particular, the functors i* and j (respectively, i* and j,) admit
left (respectively, right) adjoints and there is a recollement

R D(C) D(4) — D(B)

Applying once again the result quoted in the first paragraph, there is a recollement of D(A) equivalent to
R, which is induced by a homological ring epimorphism (and the functors between D(A) and D(B) remain
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unchanged). Thus, without loss of generality, once again we assume that j1 = g, for some homological
ring epimorphism g: A — C.

Denote by T the glueing of the standard t-structures in D(C) and D(B) along R. We check that T
is a tilting t-structure in D(A). The standard t-structures in D(C') and D(B) admit left adjacent co-t-
structures (see [21] for the definition). These co-t-structures, when glued along R, yield a left adjacent
co-t-structure to T (see [56, Remark 2.6]). Note that, since A has finite global dimension, then so do B
and C ([6, Proposition 2.14]) and, hence, R restricts to a recollement of D*(A) ([6, Corollary 4.10]). Since
the standard t-structures are bounded, then T restricts to a bounded t-structure in D’(A) and therefore
Lemma 4.14(iii) implies that T is an intermediate t-structure. From [8, Theorem 4.6], any intermediate
t-structure that admits a left adjacent co-t-structure is a (bounded) silting t-structure and, thus, there is
a bounded silting object T' such that T = Tr.

Since A is a finite dimensional K-algebra, then so are B and C ([6, Lemma 2.10(b)]). It follows that the
recollements R and R,, also restrict to the level of bounded derived categories of finitely generated modules
(see, for example, [6, Theorem 4.4]). From [56], T is then compact and it can be computed explicitly.
More precisely, following the terminology of [56], T' is the glued silting object of B and C' along R,,. From
[56, Theorem 4.5], T' is tilting if and only if the following conditions hold:

(i) Homp(c(C, j# f. B[k]) = 0, for all k < —1;
(ii) Homp(c)(i# f«B,C[k]) = 0, for all k < 0;
(iii) Homp(cy(j# f B, j# f.B[k]) = 0, for all k < —1.

We start by analysing the object j# f,B. Since j# is the left adjoint of j; = g, we conclude that j# is
naturally equivalent to — ®%5 C. Since C has projective dimension at most 1 as an A-module and f,B
is an A-module, it follows that j# f.B is a 2-term complex in D(C) with cohomologies concentrated in
degrees 0 and —1. From this property, it is then obvious that conditions (i), (ii) and (iii) are satisfied and,
thus, the glued object from C' and B along R, is tilting. The result then follows from Corollary 6.14. [

Remark 6.18. (i) Starting with an arbitrary recollement R of D(A) by derived module categories as
in Theorem 6.17, in general one needs to change all three terms by non-trivial derived equivalences
in order to obtain a stratifying recollement. In the above proof, we change the left hand side to a
derived equivalent ring that induces R via a homological ring epimorphism of A. Then we change
the right hand side (i.e. the left hand side of R,) in the same way. Finally, we change the middle
term by considering the derived equivalence given by the tilting object obtained by glueing.

(ii) In the proof of the above theorem we use the fact that we can restrict the recollement R and
R, to recollements of D*(A) and of D®(mod-A). It is then not difficult to see that the proof of
the above theorem yields that, for A a finite dimensional hereditary K-algebra, any recollement
of D¥(A) (or of D*(mod-A)) by bounded derived categories D?(B) and D®(C) (respectively, by
D®(mod-B) and D’(mod-C)) is the restriction to D*(S) (respectively D?(mod-S)) of a stratifying
recollement of a finite dimensional K-algebra S derived equivalent to A.

APPENDIX A. ON BEILINSON’S REALIZATION FUNCTOR (BY ESTER CABEZUELO FERNANDEZ AND
OLAF M. SCHNURER')

Given a t-structure with heart © on a triangulated category T, a classical problem is the construction
of a t-exact, and hence in particular triangulated, functor D*(Q) — T extending the inclusion © — T (up
to isomorphism). Such a functor is called a realization functor.

Beilinson claims in [15, Appendix] that a realization functor exists if T admits a filtered triangulated
category. Following Beilinson’s hints, it is possible to construct a functor D*(Q) — T which is (isomorphic
to) the identity on ©. This functor is compatible with the shift functor on the source category and the
suspension functor on its target. However, we could not prove that it is triangulated. To us, it seems
unavoidable to impose an additional axiom on the filtered triangulated category to ensure this. This axiom
says that a certain family of morphisms of triangles can be completed to a 3 x 3-diagram of triangles (see
Appendix A.1).

Interestingly, the same additional axiom was used in the context of weight structures (or co-t-structures)
in [74] to ensure the existence of a strong weight complex functor under suitable assumptions. Motivated

IMathematisches Institut, Universitat Bonn, Endenicher Allee 60, 53115 Bonn, Germany. E-mail addresses: es-
ter.cabezuelo@gmail.com, olaf.schnuerer@math.uni-bonn.de
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by these two instances and our failed efforts to do without this axiom, we strongly believe that this axiom
should be added to the definition of a filtered triangulated category.

In this appendix we explain how the additional axiom is used in order to show that the realization
functor is triangulated, under the assumption that it is already constructed as a functor. Full details will
appear in the master thesis [22] and presumably in a subsequent publication.

A.1. The additional axiom. We restate the additional axiom (fcat7) from [74, 7.2]. We use notation
and basic facts about filtered triangulated categories from this article.

Let (7,7(< 0),7(> 0),s,a) be a filtered triangulated category. The additional axiom we need is the
following condition which expresses a certain compatibility between the o-truncation triangles and the
morphism «: id3 — s of triangulated functors.

(fcat7) For any morphism f: X — Y in T the morphism

s(gy) s(kY) s(vy)
s(0>1Y) - s(Y) - s(o<oY) - [1]s(0>1Y)
a021(y)00>1(f)T ayofT a”SO(Y)OU@(f)T [1](a«721(Y)00>1(f))T
1 ko vo
o>1X Ix X - 00X ————[l]o>1 X.

of triangles can be extended to a 3 x 3-diagram of triangles. In other words, this morphism of
triangles is middling-good in Neeman’s terminology [61, Def. 2.4].

A.2. The realization functor is triangulated. Let (5’, ‘j'(g 0),T(> 0), s,) be a filtered triangulated
category over a triangulated category T, i.e. we are given an equivalence T =5 T( [0]) = T(<0)NT(>0)
of triangulated categories.

Recall from [74, Prop. 6.9] the functor

¢ (T, [1]s™Y) = (CY(T7),%) (A1)

of additive categories with translation (we use the notation [1] for suspension in T and X for the shift of
a complex): on objects X € T there is a given isomorphism
c(1]s7HX)) = Be(X). (A.2)
Now assume that T is endowed with a t-structure (T<° T29). Then there is a compatible t-structure
(T=0,729) on T, as claimed in [15]. It is uniquely characterized by the fact that the given equivalence
T =5 T([0]) is t-exact and that s(T<°) = T<~1. This implies that s(T=°) = T=~1.
If we denote the hearts of these t-structures by © and Q, respectively, the functor (A.1) restricts to an
equivalence
c: 05 C(Q) (A.3)

of abelian categories, as claimed in [15]. Note that the heart © is stable under [1]s~1. Moreover, it is

stable under the functors o>, and o<y, and these functors (together with the transformations o>, — id
and id — 0<,) correspond to the brutal truncation functors on C*(Q).
Consider the diagram

CH(©) — DY(Q)

CliN g _‘real

v Fe g

of categories where ¢~ is a quasi-inverse to the equivalence ¢, the upper horizontal arrow is the localization
with respect to all quasi-isomorphisms, D®(Q) is the bounded derived category of ©, and the arrows
in the lower row are the inclusion functor and the triangulated functor “forget the filtration” w (see
[74, Prop. 6.6]). All functors are functors of categories with translation. It can be shown that the dotted
arrow exists uniquely as a functor of categories with translation such that the diagram is commutative, as
claimed in [15]. This functor is the realization functor. Its restriction to © is isomorphic to the inclusion
0 -7

1

Remark A.l. If we assume that T = T([0]) and choose w and ¢! wisely, then the restriction of the
realization functor to © is the inclusion of © into 7.
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If f/: X’ — Y’ is a morphism in C*(Q), let

, 1
x Ly —>(O) cone(f") O s

be the usual mapping cone sequence where the cone cone(f’) is given by cone(f’)" = Y™ @ X"+ with

differential [g _fd].

Our main result, Theorem A.3, will be an easy consequence of the following technical proposition.

Proposition A.2. Keep the above assumptions and assume that T satisfies axiom (feat?). Let f: X =Y
be a morphism in Q. Complete the morphism foa = foas,1x: s X =Y to a triangle

sTIX Ly 8 7 sy (A.4)
in T. Then there is an isomorphism m such that the diagram

(V) —22 o oz — M ysix)

o(Y) (), con:j(icN( ) &:A;j;)

in C*(Q) is commutative.

Before giving the proof, we remind the reader of the definition of the functor (A.1) on the subcategory
T([-1,0]). Given an object A € T([—1,0]), consider the diagram

[-1]so<_1A (A.5)
[—1]0’S,1A UZ()A A O’S,LA.

Its lower row is obtained by rotation from the obvious o-truncation triangle of A. The dotted arrow
exists uniquely such that the diagram is commutative, and ¢(A) is the dotted arrow viewed as a complex
concentrated in degrees —1,0. This construction is clearly functorial.

Proof. Let a < b be integers such that X and Y are objects of %([a,b]). We prove the proposition by
induction over b — a.

Base case a = b. Without loss of generality we can assume that a = b = 0. B

We claim that the conclusion of the proposition is even true for all morphisms f: X — Y in T([0]).
Note that [1]s~1X € T([~1]). Hence Z € T([~1,0]) and the triangle (A.4) identifies in a unique way with
the triangle in (A.5) for A = Z. Hence f identifies with the dotted arrow and ¢(Z) with the complex

(-~-—>O—>X1>Y—>0—>~--).

Similarly, the triangle 0 — Y 1, ¥ — 0 identifies with the triangle (A.5) for A =Y, and hence ¢(Y')
with Y viewed as a complex in degree zero; the triangle s™1X — 0 — [1]s71X % [1]s~1X identifies with
the triangle (A.5) for A = [1]s71 X, and hence ¢([1]s71X) with X viewed as a complex in degree —1, and

this identification coincides with (A.2).

It is easy to see that the morphisms ¢(Y) A9, e(Z) 0N c([1]s71X) correspond under these identifi-

cations to the obvious morphisms
0-Y)=» (X Ly)> (X >0

of complexes concentrated in degrees —1, 0. This proves the base case of our induction.

Induction step. Assume now that f: X — Y is a morphism in T([a, b])NQ. Without loss of generality
we can assume that a < 1 < b. By induction, we already know the conclusion of the proposition for the
morphisms o>2 f and o<; f.
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Axiom (fcat7) applied to the morphism s~'f: s71X — s~'Y shows that the following morphism of
triangles is middling-good.

1 S(gifly) _1 5("3271)/) _1 5(”271)/) 1
s(o>1871Y) s(s7Y) s$(o<os™Y) —————[1]s(o>157'Y) (A.6)
aoZI(s—ly)O‘7>l($1f)T as_lyoslfT aago(-ﬁ—ly)00<o(slf)T [1](a621(5_1y)00>1(slf))T
9.- k2 vl
0'218_1X %1)(. sTiX X JS()S_lX X [1]0’218_1X

We claim that this morphism of triangles is isomorphic to the following morphism of triangles.

2 kl ’Ul
o59Y e Y Y oY i [1os2Y (A.7)
”>2(f>°asl<v>2<X>>T fwsle a<1(f)°a51(0<1(y>)T [1](“>2(f>°°‘s1<a>2<x»>T
871 2 871 k}l 871 ’Ul
s~ (2X) W) -1x )L o 1ge1 X) ) 1] (052X)

This is straightforward to prove: The two lower triangles in (A.6) and (A.7) are uniquely isomorphic by a
morphism of triangles whose middle component is the identity. This isomorphism of triangles is functorial
in X. Hence f: X — Y yields a morphism between these isomorphisms of triangles; in other words, we
obtain a commutative square whose vertices are triangles and whose arrows are morphisms of triangles,
two of them being isomorphisms. Applying the morphism « of triangulated functors to this square yields
our claim.

Hence also the morphism (A.7) of triangles is middling-good, say it fits into the following 3 x 3-diagram
whose right-most column we do not draw.

s s X) — O ety g ) (A8)
b
A Z B
o20Y o Y Ky oY
722(f)00~1(05,(x)) foa,—1x o<1(f)oa, 10y (v))
571(022)() > Ho%) sT1X ) sfl(ang)

In the following we will only need that all rows can be extended to triangles, that all columns are triangles,
and that the diagram is commutative.

Now we use the assumption that X and Y are objects of the heart Q. If we ignore the bottom row of
this diagram, we obtain a 3 x 3-diagram of nine objects that are easily seen to be objects of the heart Q.
More precisly, we obtain a commutative 3 x 3-diagram in the abelian category © all of whose rows and
columns are short exact sequences since they come from triangles.

Using induction (and the isomorphism (A.2) and the fact that the functors o>,, o<, correspond to
the brutal truncations), the image of this diagram under the equivalence ¢ in (A.3) is isomorphic to the
commutative diagram (A.9) below of short exact sequences in C®(Q) where we use the following notation:
f': X' = Y’ is the image of f: X — Y under the functor ¢, and fL,: XL, — Y, and fL,: X, — Y.,
are the brutal truncations of f. - - - - - N

£XL, X' £XL, (A.9)
(01 )T T (0 I)T
cone(f’ZQ) M cone(f’gl)

)| T |

Y, Y’ Y4,
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The horizontal arrows in top and bottom row are the usual morphisms from brutal truncation.

We need to see that there is an isomorphism M — cone(f’) such that the middle column of our diagram
is identified with the obvious part of the usual mapping cone sequence of f’.

In degree one, diagram (A.9) looks as follows.

id

X" X" 0

d | |

X/2 Ml Y/l
T T o
0 Y/ d Y/

The epimorphism in the middle column of this diagram is split by the monomorphism in its middle row. We
obtain an isomorphism M* = Y'' @ X'2 such that the four arrows ending and starting at M* correspond
to the obvious inclusions and projections.

In degrees n # 1 it is even simpler to find similar isomorphisms M™ = Y'™ @& X'": the right column of
diagram (A.9) is zero in degrees n > 1, and its left column is zero in degrees n < 1.

In this way we obtain an isomorphism M = Y’ @ XX’ of graded objects in © such that all morphisms
starting and ending in M correspond to the obvious inclusions and projections. An easy computation shows
that the differential of M has the form [g f d] modulo this isomorphism. This proves the proposition. [

Theorem A.3. Keep the above assumptions and assume that T satisfies axziom (fcat?). Then the realiza-
tion functor real: D(Q) — T is triangulated.

Proof. Let f: X — Y be a morphism in T, and fit f o « into a triangle (A.4). Consider the sequence

xLy%zmhnstx (A.10)

in O. Its image under ¢ is the first row in the following commutative diagram in C®(Q) obtained from
Proposition A.2.

e(x) Lo o(v) —2 s o(2) s ()51 x)
e(f) () mlN (01) (A.Z)J’N
o(X) () cone(c(f)) De(X).

Since any triangle in D?(Q) is isomorphic to the image of mapping cone sequence in C*(Q), the equiva-
lence (A.3) and our description of the realization functor real show that it is enough to see that the functor
“forget the filtration” w maps the sequence (A.10) in D to a triangle in 7. But this is easy to see. First,
the functor w is triangulated and hence maps the triangle (A.4) to a triangle in T. Second, w(«) is an
isomorphism, by the very definition of w. This proves the theorem. O
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