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Chapter 1

Introduction

The minimum time problem is classical in control theory. Given a nonempty
closed target S and a control system

yt) = f(t,y@), u®) ae.
u(t) € U a.e. (1.0.1)
y(0) = =z,

where the function f: R x RY x ¢ — R¥ is smooth enough and the control
set U is a compact nonempty subset of RM for each admissible control
u(+) € Uyg, i.e. u(-) is measurable and takes value in U, there exists a unique
solution y®™*(-) of (1.0.1) which is the trajectory starting from = under the
control u(-). The minimum time needed to steer z to S, regarded as a
function of z, is called the minimum time function and is denoted by

Ts(x) :=inf {Os(x,u) | u(-) € Uaa},

where Os(z,u) := inf {t > 0| y™"(t) € S}. In general, Ts € [0,00]. The
controllable set R consists of all points * € RY such that Ts(z) is finite.
The regularity of the minimum time function is related on one hand to the
controllability properties of system (1.0.1), on the other one to the regularity
of the target and of the dynamics, together with suitable relations between
them.

Such topics were studied by several authors (see, e.g., [11, 12, 16, 17,
20, 21, 23, 29, 65] and reference therein) under different viewpoints. In par-
ticular, it is well known that in general the minimum time function 7 is
not everywhere differentiable. It is also well known that suitable controlla-
bility conditions imply the Holder continuity of T' (see, e.g., [11, Chapter
IV] and references therein). However, the latter fact does not provide in-
formation on differentiability. In a 1995 paper (see [20] and also Chapter
8 in the book [21]), Cannarsa and Sinestrari found a connection between
the control system and the target which actually implies the semiconcavity
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(or the semiconvexity) of T. Semiconcave functions are — essentially — C2-
perturbations of concave functions and therefore inherit several regularity
properties from convexity. Several features of semiconcavity were thoroughly
studied (see Chapters 3, 4, 5 in [21] and references therein), thus providing
a rich set of information on the structure of the minimum time function and
suggesting semiconcavity/semiconvexity as a good regularity class for such
value functions. The main result in [20] shows that if the target satisfies a
uniform internal ball condition (see Definition 2.2.2 below) and the control
system is smooth enough, then 7' is semiconcave, provided a strong control-
lability assumption, called Petrov condition, holds. A partially symmetric
result, contained in [20], states that if the target is convex and the control
system is linear, then T is semiconvex, provided, again, Petrov condition
holds. The latter requires that the minimized Hamiltonian at all boundary
points of S, computed along unit normal vectors, be bounded away from
zero locally uniformly, i.e., for all R > 0 there exists p > 0 such that for all
x € bdryS N B(0, R),

min (f(2,u),¢) <~ for all ¢ € Ns(a), | =1. (10.2)

It is well known that Petrov condition is equivalent to the local Lipschitz
continuity of T' (see, e.g., [21, Section 8.2]).

In an entirely different setting, a class of sets which includes both convex
and C2-sets was studied independently by several authors (including Federer
[39], Canino [14], Clarke, Stern and Wolenski [26], Poliquin, Rockafellar and
Thibault [53]) under different names, for example sets with positive reach
[39], w-convex sets [14], proximally smooth sets [26], and proz-regular sets
[53]. Such sets, which in this thesis will be called sets with positive reach,
are characterized by a strong external sphere condition (see Definition 2.2.1
below): every normal vector must be realized by a locally uniform ball.
By observing that a convex set satisfies the same type of external sphere
condition with an arbitrarily large radius, it is natural to expect that sets
with positive reach enjoy locally several properties that convex sets enjoy
globally. In particular, this holds for the metric projection, which is unique
in a neighborhood of a set with positive reach K. This fact is used in
proving all the regularity properties which are satisfied by sets with posi-
tive reach (see, e.g., [39, Section 4]). Semiconcave functions and sets with
positive reach, through the hypograph, are linked together (see, e.g., Theo-
rem 5.2 in [26], where semiconvex functions are called lower—C?): a locally
Lipschitz function is semiconcave if and only if its hypograph has positive
reach. Of course an entirely symmetric characterization for semiconvex func-
tions can be expressed using the epigraph. Trying to generalize to functions
whose hypo/epigraph has positive reach some regularity properties enjoyed
by semiconcave/convexity functions was therefore a natural challenge. Some
results on this line were obtained in [27, 28], including the a.e. twice differ-



entiability (see Theorem 2.2.2 below) together some results on the structure
of singularities.

In several control problems, controllability assumptions weaker than
Petrov condition hold, and therefore the minimum time function is not lo-
cally Lipschitz. A natural question therefore is trying to understand whether
the structure of the minimum time function remains unchanged if in the
above setting the controllability assumptions are weakened. In other words
it is natural to investigate whether the hypograph/epigraph of T" has posi-
tive reach if T is supposed to be only continuous.

This thesis has been inspired by the above question. It is divided into
two parts. The first one is devoted to the analysis of the minimum time
function. The second one is motivated by the first part, and contains results
on the regularity of merely continuous functions.

Part I: On the structure of the minimum time function

This part is dedicated to two types of regularity of the minimum time
function T'. More precisely, we will study in Chapter 3 semiconcavity type
results for 7. We first assume that the nonlinear control system is (es-
sentially) C2, the target S satisfies an internal sphere condition, and T is
continuous, and study the hypograph of T in the complement of S. Since
the internal sphere property is closed with respect to the union operator,
one can see intuitively that the reachable set R, which is the set of points
reachable from § in time less than ¢, inherits such property from S. By
combining this fact and the Hamiltonian function, a regularity result on the
hypograph of T can be obtained. The corresponding theorem is as follows:

Theorem 1.0.1 Under the above assumptions, the hypograph of T satisfies
an external sphere condition.

From this theorem, we obtain that if 7" is Lipschitz then T is semiconcave (see
[50]). However, here the situation is more complicated than in the Lipschitz
case: the main results depend on the pointedness of the normal cone to the
hypograph. Indeed, from a representation of generalized supergradient of
T, we prove that

Theorem 1.0.2 Together with the above assumptions, if the normal cone
to the hypograph is pointed in the complement of S, then the hypograph of
T has positive reach.

In the last section of this chapter, we also prove Theorem 1.0.1 for a class
of differential inclusions taken from [22]. Moreover, in the spirit of [17] we
finally extend this result to arbitrary target S.

The next chapter is devoted to semiconvexity type results for T'. For a
linear control system and a convex target, the result is contained in [29].
However, for a nonlinear control system, one has to face the difficulty that
the convexity (even the external sphere property) of the reachable set R’
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can be easily broken after any small time ¢ (see example 4.3 in [20]). This
is quite natural since the union of convex sets usually has inner corners or
even cusps. Moreover, the ”external normal regularity” of the reachable set
is also related to the uniqueness of the optimal trajectory from a point to
the target S. Hence, finding a class of nonlinear control systems such that
the convexity (or the external sphere property) of R! still holds up to small
time t is a natural problem.

This chapter is first devoted to a result of this type. Indeed, we assume
that the target is the origin and the linear part of the nonlinear control sys-
tem at the origin is normal (see the definition in Theorem 1.0.3 below) and
study the reachable set Rt. More precisely, for ¢ > 0 small the normality
of the linearization together with a further condition on the Taylor develop-
ment at 0 of the nonlinear control system yields the strict convexity of the
reachable set R! corresponding to the linear nonautonomous systems which
are obtained by linearizing the nonlinear control system along the optimal
trajectories. Therefore, it is reasonable to conjecture that the convexity of
the reachable set, for ¢ > 0 small, still holds also for a suitable nonlinear
control system. For this approach, the main preliminary result is as follows:

Theorem 1.0.3 Consider the linear control system
& = Az + Bu, (1.0.3)

where A € Mxn, B € Myxa, M < N and u = (uy,ua,...,upr) € RM,
luj| <1 forj=1,2,..,M.
Assume that (1.0.8) is normal, i.e., for every column b;, j =1,2,...,M
of B,
rank [bj, Abj, ..., AN "1b;] = N.

Then for all T > 0 there exists a constant v > 0, depending only on
N,M, A, B,T such that for all z,y € R”, for all { € Ngr(z), it holds

(CGy—a) <=y 1<l Ny — 2™ (1.0.4)

However, the exponent of strict convexity of R% is N as in (1.0.4), while
the exponent of the perturbative term appearing from the linearization is 2.
Therefore, this approach is effective only in the two dimensional case (see
Theorem 4.3.1). On the basis of the preceding result, we will prove that
the epigraph of T in a neighborhood of 0 has positive reach (see Theorem
4.3.3). This will require proving that all points close enough to the origin
are indeed optimal.

Part II: The regularity of a class of continuous functions

Since verifying that a set has positive reach is often demanding, finding
sufficient conditions for this property appears of some interest. In [49], a
class of sets which are characterized by an external sphere condition (at each



point on the boundary, there exists one proximal normal vector realized by a
locally uniform ball) is considered. The authors proved that if a set satisfies
this condition and is wedged (this concept was introduced by Rockafellar in
[54]) then it has positive reach. This results was later generalized in [50]
by the same authors to investigate the relationships among functions whose
hypograph satisfies an external sphere condition, the functions with posi-
tive reach hypograph and semiconcave functions. Wedgedness of a set C' is
equivalent to the pointedness of the Clarke normal cone to C', i.e. the normal
cone does not contain lines (see [25] and [58]). Moreover, the pointedness
assumption for the proximal normal cone to the hypograph of the minimum
time function 7' appears pivotal in our result [19] (mentioned in the first
part) for computing generalized gradients of 7" and then for proving that
the hypograph of T has positive reach.

Several counterexamples (see. e.g, [49]), though, show that the external
sphere condition is in general weaker than positive reach. In particular, in
Example 2 in Section 6 of Chapter 3, we constructed a minimum time func-
tion with a constant dynamics and a C! target such that its hypograph
satisfies an external sphere condition but has not positive reach everywhere.
On the other hand, the pointedness assumption for the normal cone to the
hypograph of a continuous function is hard to verify since it is related to
the representation formula for its generalized supergradient (this problem is
studied in [30]). Therefore, the problem of understanding whether some con-
cavity features are preserved under the external sphere condition appears
natural. In Chapter 5 an answer to this question is provided. Our main
result reads -essentially- as follows

Theorem 1.0.4 Let Q C RY be open and let f : Q — R be continuous.
Assume that the hypograph of f satisfies the weak external sphere condition.
Then there exists a closed set I' with zero Lebesque measure such that the
hypograph of the restricted function fo\r has positive reach.

Consequently, a function satisfying the assumption of the above theorem
enjoys several regularity properties inherited by functions whose hypograph
has positive reach. Therefore, using Theorem 1.0.1 and Theorem 1.0.4 the
pointedness assumption of the hypograph of T" in Chapter 3 is removed and
the a.e. twice differentiability of T" for a class of differential inclusions is also
obtained.

In general, however, sets with null Lebesgue measure can be very irreg-
ular and possess almost no structure. A natural question is then that of
investigating the properties of the singular set X(f) for special classes of a.e.
differentiable functions f.

When f is convex or concave, the properties of ¥(f) were first investi-
gated in [36] and then developed in [64], [63], [61], [62], [2] and [3]. The basic
approach in such papers is that of estimating the size of ¥(f). We mention
here a result which is essentially due to L. Zajicek and was later extended
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to semiconcave functions by G. Alberti, L. Ambrosio and P. Cannarsa [1].
By 0 f(z) we denote here the Fréchet supergradient of f at z.

Theorem 1.0.5 ([1]) Let f be locally semiconcave. Then, for any k =
1,...,N the singular set X*(f) := {x € Q|dim 07 f(x) = k} is countably
(N — k)-rectifiable. In particular, 3(f) is countably (N — 1)-rectifiable and
YN (u) is at most countable.

The result also holds for the case of a continuous function f which has the
hypograph with positive reach (see in [27]). Therefore, at the end we will
study in Chapter 6 the rectifiability of the zero Lebesgue measure set I'.
The corresponding result is Theorem 1.0.4.



Chapter 2

Premilinary

2.1 Nonsmooth analysis and geometric measure
theory

2.1.1 Nonsmooth analysis

We quickly review in this subsection some basic concepts from nonsmooth
analysis. Standard references are in [25, 44, 58].

Let 2 € Q and v € RY. We say that v is a prozimal normal to Q at x
(and we will denote this fact by v € Né;(x)) if there exists 0 = o(v,z) > 0
such that

(vy—z) <oly—z|* foralyeQ; (2.1.1)

equivalently v € Ng (x) if and only if there exists A > 0 such that mg(z +
Av) = {x}. We say that the proximal normal v is realized by a ball of radius
p > 0 if p is the supremum of all A such that 7g(z + Av) = {z}. In this case
the best constant o such that (2.1.1) holds true is ||v]| /(2p). The following
further concepts of normal vectors will be used (see [25, Chapter I] and [58,
Chapter VI]). Let 7 € Q and v € RY. We say that:

1. v is a Fréchet normal (or Bouligand normal) to K at x (v € N(g(x))
if
i o

) < 0;

lim sup(v, —
Q3>y—z Hy - .%'H

2. v is a limiting, or Mordukhovich, normal to Q at x (v € Né’(x)) if
v €{w|lw = limw,, w, € Ng(xn), Ty — T}

and is a Clarke normal (v € Ng(x)) ifve @N(s(x). It is well known
that Ng(x) is convex.

Let f : RY — R U {+oco} be a lower semicontinuous function. By using

epi(f) = {(z.8)[¢ = f(z)} and hypo(f) := {(z,&)[¢ < f(z)} one can
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define some concepts of generalized differential for f at x € dom(f) = {z €
RY| f(z) < +oo}. Let x € dom(f), v € RY. We say that:

1. v is a prozimal subgradient of f at x (v € 9Opf(x)) if (v,—1) €
Nel;(f)(x,f(x)); equivalently (see [25, Theorem 1.2.5]), v € dpf(x)
iff there exist o, 7 > 0 such that for all y € B(z,n) Ndom (f), it holds

Fy) = f(@) + (v,y —2) — o |ly — =|*; (2.1.2)

2. v is a proximal supergradient of f at x (v € OF f(x)) if (—v,1) €
N}Zpo(f)(x,f(x)); equivalently v € 97 f(x) iff —v € dp(—f)(x), i.e., iff
there exist o, 7 > 0 such that for all y € B(z,n) Ndom (f), it holds

Fy) < f@) + (vy —2) + o lly — =] (2.1.3)

3. v is a Fréchet subgradient of f at x (v € Ipf(z)) if (v,—1) €
Ni;l.(f)(x,f(x)), ie.,

g W) = [ (@) = (v,y — )

> 0;
y—e ly — =]

jutil I

4. v is a Fréchet supergradient of f at x (v € OF f(x)) if (—v,1) €
N]Z,po(f)(fﬂa f(x));

5. v is a limiting subgradient of f at x (v € Irf(x)) if (v, —1) €
NEy (@ ()

6. v is a limiting supergradient of f at x (v € Of(x)) if (—v,1) €
NhLyPO(f) (@, f(x)).

7. v is a Clarke generalized gradient of f at x (v € df(x)) if (v,—1) €
Ng)i(f) (x, f(z)). We recall that if f is Lipschitz continuous in a neigh-
borhood of x, thenv € 9f(x) if and only if v € e@6{(| ¢ = lim D f(z;), x; €
dom(Df),x; — xz} (see [25, Theorem 8.1]).

It follows readily from the definitions that the inclusions
N§(z) € N§(z) € N§(x) € NG (x)

hold, together with their analogues for the sub- and supergradient. More-
over, if a vector v belongs to both the Fréchet sub- and supergradient of f
at x, then f is Fréchet differentiable at  and D f(x) = v.

For a not necessarily Lipschitz function f, the horizon subgradient O f
plays an important role. This is defined as

Oso f () = {v € RN | (0,0) € Ny (@, f(2))},
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and is clearly a closed convex cone. In particular, if f is not locally Lipschitz
in a neighborhood of z, then df(z) may be represented using O, namely
(see [44, Prop. 2.6] or [58, Theorem 8.49])

Of(xz) =cl (codLf(x) + coOxf(x)). (2.1.4)

Finally, we also consider a notion of prozimal horizon supergradient, namely
the convex cone

0% f(z) = {v € RN | (—0,0) € Nj_ o5y, f())}-

2.1.2 Geometric measure theory

We just introduce in this subsection some definitions needed our results. For
basic concepts of geometric measure theory we refer to [5, 37].

Let £ > 0 and A C RY be fixed. The k-dimensional Hausdorff measure
of A is defined as

where for any § > 0 we set

HE(A) := inf {Z(diam AN AC UAi’ diam A4; < 5} .

icl i€l
The Hausdorff dimension of A is
H-dim(A) := inf{k > 0 | H*(A) = 0} = sup{k >0 | H*(A) = 0} .

It is well known (see e.g. [40, 46]) that H* is a Borel measure on RY; HO is
the counting measure. Moreover, if k € Nand S is a k—d'}cmensional Lipschitz
surface, then the surface measure of S coincides with i—ka LS.

Let k € N; we say that A C RY is countably k-rectifiable if

ACNU[OJSZ'

i=1

where S; are suitable Lipschitz k-dimensional surfaces and N is a HE-
negligible set. We say that A is k-rectifiable if it is countably k-rectifiable
and H*(A) < co.
Any countably k-rectifiable set A satisfies H-dim(A) = k. It is well known
that, if f: A € R¥ — R¥ is Lipschitz continuous, then f(A) is countably
k-rectifiable; if A is bounded, then f(A) is k-rectifiable.

In what follows, given A C RY we define its e-neighborhood (A), by

(A). :={x € RV | there exists y € A such that ||z —y|| < €}.
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Let K denote the set of closed subsets of S¥~1 ¢ R¥: for A,B € K we
introduce the Hausdorff distance dy (A, B) by

dy(A,B) =inf{e >0 | A C (B)c and B C (4)}.

It turns out (see e.g. [6]) that (IC,dy) is a complete compact metric space.

2.2 Positive reach and external sphere condition

2.2.1 Positive reach

The concept of reach originates from the unique nearest point property.
More precisely, the reach of a subset @ of RY is the largest r (possibly co)
such that if x € RY and the distance , dg(z), from z to @ smaller than 7,
then ) contains a unique point, mg(x), nearest to x.

Let @ € RY be closed. We denote by dQ the topological boundary of
Q, and, for z € RV,

do(z) = mf{|ly—z| |yeQ} (the distance of x from Q)
mo(z) = {y € Q| |ly— z| = dg(x)}(the metric projections of z into Q).

Moreover, we set
Unp(Q) = {z € RY : 7mg(z) is a singleton}.
If x € @ then

reach(xz,Q) = sup{r | B(z,r) C Unp(Q)}
where B(z,r) ={y | |ly — z| < r}.
Also
reach(Q) = inf{reach(Q,x) | z € Q}.

Remark 2.2.1 The function reach(Q,-) is continuous in Q. Moreover if
reach(Q) > 0 then Q is closed.

If reach(Q) > 0 we say that @) has positive reach. Moreover, a set with
positive reach can be alternatively defined as follow (see in [14, 35]).

Definition 2.2.1 Let Q C RN be closed. We say that Q has positive reach
if there exists a continuous function ¢ : QQ — [0,00) be continuous such that
forall z,y € Q,v € N(g(x), the inequality

(v,y =) < o) oll o - y|*

holds, i.e. v € Ng(x) is realized by a ball of radius ﬁ(m).
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Remark 2.2.2 If a set Q) has positive reach then the function ¢(-) in the
definition (2.2.1) can be replaced by m

Proof. The proof can be found in [39, Theorem 4.8 (7)]. O

It is therefore clear that every closed and convex set has positive reach,
with reach(Q) = oo, and every closed set with a C!-boundary has positive
reach, with reach(Q) = L/2, where L is the Lipschitz constant of a suitable
parametrization of Q. Some properties of the distance from a set with
positive reach ) and the metric projection onto @) are important features of
this class of sets.

Theorem 2.2.1 Let Q C RY be a set with positive reach. Then there exists
an open set U D K such that

(1) dg € CVN(U\ Q) and Ddg(y) = L5

for every y e U\ Q;

(2) mg : U — @ is a locally Lipschitz single-valued map. In particular,
the function mg : {x € RY | d(z,Q) < %h(@} — @ is Lipschitz with
Lipschitz ratio 2.

Moreover,
(3) Q has finite perimeter in R (provided it is compact);
(4) for every x € Q, Ng(x) = N(g(x);
(5) the set valued map Ng(-) has closed graph in 0Q x RY.

Proof. The proof of (1) and (2) can be found in [14, Proposition 2.6, 2.9,
Remark 2.10] or in [39, §4]. The proof of (3) is in [27, §5], while (4) and (5)
can be found in several papers, including [53]. O

Remark 2.2.3 Conditions (1) and (2) in Theorem 2.2.1 are actually equiv-
alent to positive reach, as it is proved, e.g., in [39, §4]. Examples of finite
dimensional sets with positive reach can be found, e.g., in [39].

We also give here Lemma 3.1 in [32] which concerns an estimate of the excess
of the convex hull of a set with positive reach @) over @ .

Lemma 2.2.1 Let Q be a set with positive reach and let © € coQ) and
dg(z) < reach(Q). Then

N+1

. — tit; 2
2 reach le sz x]H

|z = mq ()]

where t; > 0, ZNH ti=1, x;, € Q, and:c—z:NHtacZ
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Proof. From Remark 2.2.2, we have for each i =1,..., N + 1,

1
< = mo(a), 7~ ma(w) >< gy e — (@)l i~ ma(a)

so that
N+1 N+1

x —7g(x)
<z —-mg(z Zt:ﬂl—ﬂ'Q _H Zt”xz—ﬂ'Q z)|?.

2 reach

Recalling that x = ZNHt ;x;, we thus obtain

N+1

[l = mq(z)]] < Z ti ||l — mo(x)|| . (2.2.1)

2 Teach

Putting I = ZNH t; |zi — x|, from an elementary computation taking into
account the condition ) ;' N+l ti(x — ;) = 0, we obtain, for all v € RY,

N+1
> tillzi—v))? = [lz —o* + 1. (2.2.2)

Now we compute I. Taking v = z; in (2.2.2), we have

N+1

2 2
> tillwi—a|? = e — 2?4+ 1.
i=1

Thus we obtain both

N+1
2 2
> tillw — a5 =t | — ayl|* + 51
=1
and
N+1N+1 N+1 N+1
2 2

SO titillw — gl =Dyl — gl + Y 1.
j=1 i=1 j=1 j=1

From ZNHt =land I = ZNHt | — x;||*, we obtain

N+1 N+1

Z > titi i — ).

] 1 =1
Using this expression in (2.2.2) with 7g(z) in place of v, we obtain

N+1 N+1N+1

2
> tillzi = m(@)l|* = o — mq(«) Z > tti llai — ]
i=1

]111
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Thus
1 | N+IN+1
2 2
[ — 7o (x)| < m(”x —mQ(@)|I” + B ; ; tjti |l xi — ;]| )
Since ||z — mg(x)|| = dg(z) < reach(Q), the proof is concluded. O

In both optimal control and partial differential equations theory, semi-
concave functions play an important role (see, e.g., [11, 21]). Let Q ¢ RY
be open: a function f : {2 — R is said to be semiconcave if for every x € Q)
and every ¢ > 0 there exists a constant C' > 0 such that

f(z) = C ||lz||* is concave in B(z, ).

Semiconcave functions are therefore locally Lipschitz. Moreover, thanks to
Theorem 5.2 in [26], the hypograph of such functions has positive reach.
More in general, upper semicontinuous functions which have hypograph with
positive reach (or l.s.c. functions which have epigraph with positive reach)
enjoy several of the regularity properties, except Lipschitz continuity, that
semiconcave functions satisfy. Such functions identify the class which we
want to show that our minimum time belongs to. To this aim, we state a
result which collects the main properties.

Theorem 2.2.2 Let Q C RY be open, and let f : Q — RU{+oo} be proper,
upper semicontinuous, and such that hypo(f) has positive reach. Then there
exists a sequence of sets Qp, C Q such that Qy, is compact in dom(f) and

(1) the union of Q, covers LN -almost all dom(f);

(2) forallz €, Q, there exist § = 6(x) > 0, L = L(x) > 0 such that f is
Lipschitz on B(x,d) with ratio L, and hence semiconcave on B(x,?).

Consequently,

(8) [ is a.e. Fréchet differentiable and admits a second order Taylor ex-
pansion around a.e. point of its domain.

Moreover, the set of points where the graph of f is nonsmooth has small
Hausdorff dimension. More precisely, for every k =1,..., N, the set

{z € intdom(f) | Dim(d f(z)) is > k}
is countably HN"F-rectifiable.

This result is essentially Theorem 5.1 in [27].
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2.2.2 External sphere condition

Definition 2.2.2 Let Q C RY be closed and let 6(-) : 9Q — (0,00]. We
say that Q satisfies the 0(-)-external sphere condition if and only if for every
x € 0Q), there exists a vector v, # 0 such that v, € Ng(:c) is realized by a
ball of radius 0(x), i.e.,

Vg 1 9

forally € Q.

Moreover, denote ' by the closure of the complement of Q, we also say
that the set @) satisfies the 6(-)-internal sphere condition if Q)" satisfies the
0(-)-external sphere condition.

In general, a set which satisfies an 6(-)-external sphere condition doesn’t
have positive reach (see. e.g, [49]). However, under a wedgedness assumption
these two concepts are equivalent in [49]. The wedgedness assumption was
first introduced by Rockafellar in [54].

Let C C RY be a cone (i.e., if 2 € C and A > 0, then Az € C'). We say
that C' is wedged if C N (—C) = {0}. In [55, Corollary 18.7.1, p. 169] it is
proved that

if C' is closed, convex, and wedged, (22.3)
then it is the closed convex hull of its exposed rays. o

We recall (see [55, p.163]) that an exposed ray R*v of a convex cone C' is
defined by the property that there exists a linear functional A which is zero
on it and is such that if h(p) =0 and p € C then p € RTv.

Theorem 2.2.3 Let Q satisfy the 0(-)-external sphere condition. Assume
that the Clarke normal cone Ng(x) is wedged at every x € Q) then QQ has
positive reach.

To end up this subsection, we expose here the relationships among functions
whose hypograph satisfies an external sphere condition, the functions with
positive reach hypograph and semiconcave functions (see in [50]).

Theorem 2.2.4 Let f: Q C RY — R be Lipschitz. Then f is semiconcave
if and only if the hypograph of f satisfies a 6(-)-external sphere condition.

Proof. The proof is based on Theorem 2.2.3 under remark that Clarke
normal cones to hypo(f) at every point on graph(f) are wedged. O
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2.3 Control theory

2.3.1 Control systems

We just consider here autonomous control systems, namely, f(z,u) does not
depend on t; this is done for the sake of simplicity since the results we present
can be easily extended to the nonautonomous case. Standard references are
in [11, 21, 13].

Definition 2.3.1 A control system consists of a pair (f,U), where U C RN
is a closed set and f: RN x U is a continuous function. The set U is called
the control set, while f is called the dynamics of the system. The state
equation associated with the system is

y(t) = f(y(t),u(t)), te[0,+00) a.e.
u(-) € Uaa, (2.3.1)
y(0) = z,

where Unq the set of admissible controls, i.e., the measurable functions u :
R — R™, such that u(t) € U a.e.

Two basic assumptions of the control systems are

(H1) The control set U is nonempty and compact.
(H2) The function f satisfies:
1f(y,u) = fz,w)| < Llly — 2| Va,y € RY Vu e,
for a positive constant L.

Under the assumption (H2), for any u(-) € Uaq, there is a unique Carathéodory
solution of (2.3.1) denoted by y**(-). The solution y®*(-) is called the tra-
jectory starting from x associated with the control u(-). The attainable set
A(T) from z in time 7" is thus defined by

AT (@) = {y" (1) | t < T, ul") € Uaa} (2.32)

Observe that assumption (H1) and (H2), together with the continuity of
[, imply
If (@, w)l <C+Ljz|, zeRYuel,

where C' = max{||f(0,u)|| | w € U}. Therefore, the set A7 (x) is bounded for
all z € RY and T < co. An upper bound of norm of points in the attainable
set AT () can be found in the Appendix.

The set AT (z) is in general not closed. However, by standard results,

Remark 2.3.1 A (x) is compact if f(z,U) is convex for every z € RY.

Proof. The proof is based on Filippov’s Lemma and the compactness prop-
erty for the trajectories for the control system (see Theorem 7.1.5 and The-
orem 7.1.6 in [21]). O
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2.3.2 Minimum time function

Together with the system 2.3.1, we consider a closed nonempty set S € RY,
which is called the target.
We first set T'(z) = 0 for all z € S. For a fixed z € RV \ S, we define

O(xz,u) :=min {t > 0| y""(t) € S}.

Of course, 0(x,u) € (0,+0o0], and 6(z,w) is the time taken for the trajectory
y®U(-) to reach S, provided 0(x,u) < 4o0o. The minimum time T(x) to
reach § from z is defined by

T(x):=inf {0(z,u) | u(-) € Uaa}- (2.3.3)

Equivalently,
T(x):=inf {t >0]| A(x) NS # o}

Remark 2.3.2 If f(z,U) is convex for every z € RV then
T(x) := min {0(z,u) | u(-) € Uaq}- (2.3.4)

Proof. This is a consequence of Remark 2.3.1. O

A minimizing control in (2.3.4), say u(-), is called an optimal control.
The trajectory y™%(-) associated with @() is called an optimal trajectory.

We finally give in this subsection a result which one can see intuitively
from the definition of the minimum time function:

Theorem 2.3.1 (Dynamic Programming Principle) Assume that the con-
trol system satisfies (H1) and (H2). For x € RN\S, and for 0 < t < T(z),
we have

T(x) =t+inf {T(y) |y € A(z)}. (2.3.5)

Equivalently, for all u(-) if we set x(-) = y™"(-) then the function t —
t+T(x(t)) is increasing in [0, T(x)].

Moreover, if x(-) is an optimal trajectory then t — t + T(x(t)) is con-
stant in [0,T(z)], i.e.,

T(x(t)) =t —s+T(x(s)) for 0<s<t<T(x).

Proof. The proof can be found in several books, e.g.,[11, 21, 13]. O

2.3.3 Controllability and continuity

Continuity properties of the minimal time function is a widely studied topic,
mainly in connection with controllability. In this subsection, we will give
shortly some definitions and some basic results which are concerned with
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our works. For the references we prefer to quote [11, 21].
We first introduce the notations

R(t) = {zeRY|T(x)<t}, t>0,
R = |JR@E) = {z eRY | T(z) < oo},
t>0

where the letter R stands for reachable: R(t) is the set of points which can
reach to the target S with the control dynamics in time less than t, namely,
for all z € R(t)

A(zx)NS # 2.

The set R is also called the controllable set.

Definition 2.3.2 The system (f,U) is small-time controllable on S (briefly
STCS) if S CintR(t) for allt > 0. If S = {0} this property is called small-
time local controllability (STLC).

Note that STLC is equivalent to the continuity of 7" in 0 if S = {0}, since
T(0) = 0 by definition. The next Proposition extends this observation to
the general case.

Proposition 2.3.1 Assume that the control system (f,U) satisfies (H1),
(H2) and the target S is compact. Then the following statements are equiv-
alent:

(i) the system (f,U) is STCS;
(11) T is continuous in x for all z € OS;

(i1i) there exists 6 > 0 and wr : [0,d] — [0, 00[ such that lims_owr(s) =0
and T(z) < wr(ds(z)) for all v € B(S,6) = {z € RN | ds(z) < §}.

Proof. The proof is in [11, Proposition 1.2, Chapter IV] . O

Remark 2.3.3 Under assumption in Proposition 2.3.1, T'(z) > 0 if and
only if x ¢ S.

Some consequence of STCS which is in [11, Chapter IV].

Proposition 2.3.2 Under assumptions in Proposition 2.3.1, if the system
(f,U) is STCS then:

(i) the controllable set R is open;
(ii) T is continuous in R;

(111) limy_.,, T(x) = +00 for any xo € IR.
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We now introduce a special controllability condition which implies the Lip-
schitz continuity of the minimum time function.

Definition 2.3.3 We say that the control system (f,U) and the target S
satisfy the Petrov condition if, for any R > 0, there exists p > 0 such that

miz{ll (f(z,u),v) < —pllv|l, Yxe€dSNB(O,R),veNEx). (2.3.6)
ue

Theorem 2.3.2 Under assumptions (H0),(H1) and the compactness of S,
if the control system (f,U) then:

(i) for any R > 0, there exist 0,k > 0 such that

B(8,0)NB(0,R) C R and T(x) < kdk(z), = €S,9) N B(0, R);
(ii) the minimum time function T is locally Lipschitz continuous on R.

Proof. Standard reference for the proof is in [21, Chapter VIII]. O
We finally give in the subsection a theorem in which the minimum time

function is just continuous under the weak Petrov condition.

Theorem 2.3.3 Under the assumptions (H1), (H2) and the compactness of
the target S, if the control system satisfies the weak Petrov condition, i.e.,
there exist 6 > 0 and a continuous nondecreasing function p : [0,] — [0, 400)
with the properties

1)
(a) 1(0) =0, p(p) >0 for p>0 and [; %dp < +00;

(b) for all x € B(S,5)\S, there exists 5 € Tg(y) such that

min (f(z, ), — 5) < —u(ds(2)ds(z).

Then the control system (f,S) is SCTS and T is continuous in R.

Proof. There are various versions, obtained with different methods, which
can be found, e.g., in [20, 42, 45, 51, 60]. O

2.4 Differential inclusions

We shall give here some basic definitions and theorems which are needed in
Subsection 3.7. For the reference, we refer to [9].
Consider differential inclusions of the form

{ %)) in(()g,C(t))’ (2.4.1)

where F : RY = R¥ is a multifunction, and zy € RY is the starting point.



2.4 Differential inclusions 19

Definition 2.4.1 Let y*(-) : (a,b) — RY where a < 0 < b be such that
y*0(0) = xg. We say that y™(-) is a solution of (2.4.1) if y*°(-) is absolutely
conlinuous and

y*o(t) € F(y™(t)) a.e.t € (a,b).

The solution y™(-) is usually called a trajectory starting from xo and asso-

ciated with (2.4.1).

There are several results about the existence of solution to the differential
inclusion (2.4.1). For the reference, we refer to Chapter 2 and Chapter 3 in
[9].

The attainable AT (zg) from g in time T is now denoted by

Al (o) = {y™(1) 0 <t < T}

We will end this subsection with a theorem which gives the existence of
a minimal time 7. In the following statement, we prefer to consider assump-
tions which will be used in Section 3.7.

The multifunction F : RN = R¥ is Lipschitz with respect to the Haus-
dorff distance if there exists a constant M > 0 such that

dp(F(z, F(y))) < Mlly — x].

Theorem 2.4.1 Assume that F is Lipschitz with respect to the Hausdorff
distance and F(zx) is nonempty, convex, and compact for each x € R™. If
there exists a constant My > 0 so that max{||v| | v € F(z)} < Ma(1+ ||z||)
then for all T > 0 the attainable set AT (x) is compact.

Proof. One can find an original version and the proof in Section 2, Chapter
2 [9]. O
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On the structure of the
minimum time function






Chapter 3

Semiconcavity type results

We will first study in this Chapter a minimum time problem with a nonlinear
smooth dynamics and a target satisfying an internal sphere condition. Under
the assumptions that the minimum time 7" be continuous and the proximal
normal cone to the hypograph of T be wedged, we show that hypo(T') has
positive reach. Consequently, T" satisfies the list of properties in Theorem
(2.2.2). In particular, T" is a.e. twice differentiable.

The result is based on an analysis of how proximal normals (to the
complement of the target) are transported by the adjoint flow, which in
turn permits a representation of the generalized gradient of T in terms of
suitable adjoint vectors (Theorems 3.2.1 and 3.2.2). Here the wedgedness
assumption plays a major role: actually exposed rays of the normal cone to
the hypograph are special normals, as they can be approximated by normals
at differentiability points of T' (Lemma 3.3.7). Moreover, wedgedness is used
in Theorem 3.2.3 in order to obtain a uniform estimate for radii of the balls
realizing proximal normals to the hypograph. We show also through an
example (Example 2 in Section 3.6) that if the normal cone is not wedged,
then Theorem 3.2.3 may fail. However, an external sphere condition to the
hypograph of T still holds (see Proposition 3.2.1). An analysis of this general
case will be discussed in Chapter 5 and Chapter 6 , where topological and
measure theoretic results on the set where the normal cone is not wedged
are given.

Moreover, on the basis in Chapter 5 and Chapter 6, we also study the
minimum time function for a class of differential inclusions. For such class,
under an internal sphere condition on the target S the hypograph of T
still satisfies an external sphere condition. The proof will be based on the
Hamiltonian function and Pontryagin’s maximum principle. At the end of
this chapter, we will partially extend our result to an arbitrary target S.

The chapter is structured as follows: Section 3.1 is devoted to some
notations, while Section 3.2 contains assumptions and statement of the main
results. Detailed arguments begin in Section 3.3, which contains several
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lemmas whose geometrical meaning is illustrated, and ends with a result
(Theorem 3.3.1) giving a representation of the normal cone to the hypograph
of (T'), under the wedgedness assumption. Section 3.4 is devoted to the
conclusion of the proof of the main theorems, which is now only a simple
use of the lemmas contained in Section 3.4. Section 3.5 is dedicated to
an improvement of Theorems 3.2.1 and 3.2.2 for an optimal point, i.e. a
point which is crossed by a time-optimal trajectory and Section 3.6 contains
examples. Finally, our results will be extended for a class of differential
inclusion in Section 3.7.

3.1 Nonlinear control system

We consider throughout the chapter a nonlinear control system of the form

y(t) = f(y(t),u(t)) ae.
u(t) € U a.e. (3.1.1)

y(0) = =,

where the Lipschitz function f : RY x &/ — R and the control set U, a
compact nonempty subset of R™, are given. We recall that U,q the set of
admissible controls, i.e., the measurable functions u : R — R™, such that
u(t) € U a.e. For any u(-) € U,q, the unique Carathéodory solution of (3.1.1)
is denoted by y®*(-).

The adjoint vectors associated with a trajectory y**(-) can be represented
using the fundamental solution matrix M(-,z,u) of the linear equation

p(t) = Do f (y™"(1),u(t)) p(t), p(0) =TV, (3.1.2)

We also define M ~!(-,z,u) to be the fundamental solution matrix of the
time reversed adjoint equation

G(t) = —q(t) Do f(y™"(t),u(t)), q(0) =T"*N. (3.1.3)

Suppose we are now given a closed nonempty set S C R, which is called
the target. For a fixed z € RV \ S, we define

O(z,u) := min {t > 0| y™"(t) € S}.

Of course, 0(x,u) € (0,+0o0], and 6(z,u) is the time taken for the trajectory
y*U(-) to reach S, provided 0(x,u) < 4oo. The minimum time T(x) to
reach § from z is defined by

T(x) :=inf {0(z,u) |u(-) € Uaq}- (3.1.4)

In general, an optimal trajectory, i.e., a trajectory which attains the infimum
in (3.1.4) does not exist. Therefore, we need also to consider minimizing
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sequences and limiting optimal trajectories steering x to the target S. In
particular, we will consider the limits of end-points (thus belonging to S) of
minimizing sequences of trajectories. More precisely,

S,; = {x €S| there exist sequences {z,,} C S and {u,(-)} CU aq

such that z, — z, 0(zn,un) — T(z), ¥y (0(zn, Upn)) — T}

Observe that if T'(z) < 400, then ) # S, C bdryS.
For any z € S, we define also

Uz = {{un(-)} CUuq | there exists a sequence {x,} satisfying

Tp — 1, (2, Uy) — T(z), and y*" (0(zy, Uy)) — T},

i. e., the set of minimizing sequences of controls steering = to . Together
with Uz we define also

T = {{y"™"™ ()} 20— 2, G € Ung,
O(xn, Un) — T(z), and ™" (0(z,, Upn)) — T},

i. e., the set of trajectories corresponding to minimizing sequences of con-
trols steering = to .

Correspondingly, the limiting adjoint trajectories related to minimizing se-
quences of controls are defined by the following

Mz = {M:[0,T(2)] — MV | 3{ y**(-)} C T; such that

3.1.5
M (-) is uniform limit on [0, T(x)] of M (-, zy,un)} ( )

Remark 3.1.1 If T(:) is everywhere finite, both S, Tz are nonempty. By
compactness, Mz is nonempty as well for all T € S,. Moreover, if F(x) :=
{f(z,u)|lu € U} is convex for all x, then the infimum is attained and the
sets Sy, Uz, and Tz can be substituted by the simpler sets

S, = {z €S| there exists u € Uyy such that
0(x,u) =T(x),z =y""(T(z))}

Uy = {u€Uga | O(z,u) =T(x),y""(I'(z)) = z}

T. = {y*"| €U}

Finally, the Mazimized Hamiltonian, namely the function

H:RY xRY — R, H(z,p) =max(f(z,u),p),

will be important in our analysis.
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3.2 Statement of the main results

We repeat first the setting we are concerned with and specify our assump-
tions.
We consider the nonlinear system (3.1.1) under the following assumptions:

H1) U C RV is compact.

(H1) P

(H2) f:RY xU — R¥ is continuous and satisfies:
Hf(CC,U)—f(y,U)HSLH-’E—yH \V/CC,yERN, UEZ/{,

for a positive constant L. Moreover, the differential of f with respect
to the x variable, D, f, exists everywhere, is continuous with respect
to both x and u and satisfies the following Lipschitz condition:

1Dz f (z,u) = Do f(y,u)|| < La [l —yll Va,yeRY, ueld,
for a positive constant L.

(H3) The minimum time function 7' : RY — [0, +00) is everywhere fi-
nite and continuous, (i.e. controllability and small time controllability
hold).

(H4) The target S is nonempty, closed, and satisfies the internal sphere
condition of radius p > 0.

Remark 3.2.1 Conditions ensuring small time controllability when the tar-
get is not necessarily a singleton can be found in the previous chapter.

Our analysis will be based on the transportation of certain vectors, normal
to the closure of the complement of the target S, by means of the (limit-
ing) adjoint flow. More precisely, two sets of transported normals will be
considered, according with the Hamiltonian:

No(z) = {MT(r)v | M(-) € Mz,v € N%(:E),:E €S, and H(MT (r)v,z) = 0}

Ni(z) = {MT(r)w | M() € Mz,v € N%(:E),:E €S, and H(MT (r)v,z) =1}

Our main results are the following three theorems, together with the corol-
lary.

Theorem 3.2.1 Let z € 8¢ and v = T(x). Under the conditions (H1),
(H2), (H3), and (H}), together with the further assumption

NP

hypo(T) ((I,', T(.%')) is wedged, (321)

the (proximal) horizontal supergradient of the minimum time function T'(-)
at the point x can be computed as follows:

0T (x) = —co(Ny(x)). (3.2.2)
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Theorem 3.2.2 Let x € 8¢ and r = T(xz). Under the same assumptions of
Theorem 3.2.1, the proximal supergradient of the minimum time function at
the point x can be computed as follows:

OPT(z) = —[co(Ni(x)) + co(No(z))]. (3.2.3)

Theorem 3.2.3 Let the assumptions of Theorem 3.2.1 hold for all x € S°.
Then for every closed set 8" C 8¢, hypo(T) N (S’ x R) has positive reach.

Corollary 3.2.1 Let the assumptions of Theorem 3.2.1 hold. Then the
minimum time function T satisfies all the properties listed in Theorem 2.2.2.

The last result is concerned with the case where the wedgedness assump-
tion (3.2.1) does not hold. We will present here, for the sake of brevity,
only a partial result together with two examples, a thorough analysis being
postponed to the next chapter.

Proposition 3.2.1 Let the assumptions (H1), (H2) , (H3), and (H4) hold.
Then the hypograph of the minimum time function T satisfies the external
sphere condition with a locally uniform radius, namely for every x € S€ there
exists a unit proximal normal v to hypo(T) at (z,T(x)) which is realized by
a sphere with a locally constant radius o > 0.

The proof of the previous Proposition is a straightforward consequence of
Lemmas 3.3.2 and 3.3.3.

Remark 3.2.2 The constant o can be explicitly computed, and depend only
on x, on f and U, and on the constants L, Ly and p appearing in the
assumptions (H2) and (H4).

3.3 Preparatory Lemmas

This section is devoted to several partial results which are needed to prove
Theorem 3.2.2 and Theorem 3.2.2. In particular, the proof of “O” inclusions
in (3.2.1) and (3.2.2) will be based on Lemma 3.3.2 and Lemma 3.3.3 below.

3.3.1 Transporting proximal normals

In this subsection we do not assume that S satisfies the internal sphere
condition, nor that the normal cone to the hypograph of T'(-) at (z,T'(x)) is
wedged.

The following notation for sublevels of the minimum time function will
be used: for r > 0 we set

S(r):={zeRY | T(z) <r}
S(r) :=={z e RN | T(z) > r}
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We state first a technical lemma, showing that the limiting adjoint flow
transports proximal normals to the complement of the target to proximal
normals to the complement of sublevels of T'. Moreover, the radius of the
ball which realizes the transported normal can be explicitly estimated.

Lemma 3.3.1 Assume that S is closed and let the assumptions (H1), (H2),
and (H3) hold. Let x € 8¢ and set r =T(x) > 0. Fizx € Sy, v € Ng(f)
and M(-) € Mz. Then

MT(r)v e Néjc(r) ().

More precisely, assume that v is realized by a ball of radius p > 0. Then
there exists an explicitly computable continuous function K depending only
on r, ||z||, p such that for all z € S¢(r) we have

(MT(ryv,z—z) < K(r,||z|,p) || M (r)v]] lz—z|?. (3.3.1)

Proof. Let z,, —» x, T € S;, and {1, } C Uyq be such that {y*" ()} € Tz
and M (-, zy, U,) converges to M (-) uniformly on [0,7'(z)]. By definition of
proximal normal realized by a p-ball,

w,z—z < Py 22 foranzese
2p
Fix z € §¢(r). We define

Ty = yxmﬁn(e(xnaan))v Zn = yzﬂn(e(xnvﬁn))a

and observe that z,, € S, Z,, — ¥ and we can assume without loss of gener-
ality that z, converges to a point Z which belongs to S¢ since (z,,,4,) —
r <T(z).

We set for SimphCity an() = yxn’ﬁn(')u ﬁn() = yz,ﬁn(_)’ ln = H(xnvﬁn)u
so that

Tp = Tp + n f(an(s)vﬁn(s))ds v = 2 /0 : f(ﬁn(8)7ﬁ”(s))ds’

0

whence

Zn — Ty = 2 — Tp+
tn 1
L Dettene) +75u06) = anto). mn(s)ir ) () - (o).
We define now
A’}L(S) = Dxf(an(s)van(s))a

A2(s) = /0 Do f(0in(5) + 7(Bu(8) — n(s)), i (s))dr,
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and observe that, thanks to (H2), for all s € [0,t,] we have
[426) — ALs)] <5 18u(s) = anlo)] (3:3.2)
Using (iv) in Lemma 7.1.1 and the definition of Ly in (7.1.1), we obtain
145()]| < La(s, lal) (3.3.3)

for all s € [0,t,]. Thus

Ly
1456 < s lzall) + 55 18u(s) = an(s)] (3.3.4)
for all s € [0,t,]. Now, Gronwall’s Lemma yields
Hﬁn(s) - an(s)H < eLS Hz - an 5 (3.3.5)

so that combining (3.3.4) and (3.3.5) we obtain
2 Ly Ls
A2 < Lol [zl + e 12 — ). (33.6)

Define M2(-) to be the solution of the problem

B(s) = AR ()p(s),  p(0) =TV,

Recalling that M (-, z,u) is the fundamental solution of (3.1.2) set M!(-) =
M-, 2y, ), zL(s) = M}(s)(z — x,) and 22(s) = M2(s)(z — ), for all
s € [0,t,]. Using these notations, we can write

(v, Zp, — Tn) v, z >

Zn > + < tn) - Zrlz(tn)>
M (1) (= — ) + @AMﬂ »—M%m»@—xm>
M} (t,) t

(2 = xn)) = Il || (M2(tn) — My () (2 — 2|
(3.3.7)

v,

=
= (vz
= (v
= (v,

To simplify our writing, we set, for all s > 0 and y,z € RY, L3(s,y,2) =
Liels |z —y||. By (3.3.3), (3.3.6), Lemma 7.1.3, and (3.3.2), we have

n

< el2L2(tnsl|lznlD)+Ls(tnzn,2)]tn / HA2 A}L(S)H ds ||z — an|

[(M (tn) = My (tn))(2 = )|

< Ldoratnlieabyetstosne [ 5,(0) ~ an(o)lds |z~ 2al.
0
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Recalling (3.3.5), we obtain

H(MTQL(tTL) - Mrlz(tn))(z - xn)H

3.3.8
< %G[QLQ(tn,||zn||)+L3(tn,zn,z)+L}tn HZ o an2 . ( )

Therefore, by passing to the limit in (3.3.7) and (3.3.8) (recall that M} (:) —
M (-) uniformly), we have

<M7 (rjv,z — )
L
<(v,z—Z)+ ||v] _21 el2L2(r[lzl)+La(rz,2)+L]r |z — xH2
v L
= H2pH 1z = 2||* + o] 21 el2L2(rllzll)+Ls(re,z)+L]r [ERE

Moreover, from (3.3.5) we have ||z — z|| < e!” ||z — x||. Therefore,

L 62Lr
(MT(r)v,z — z) < 2L p2La(r i)+ La(raw )+ Ll o] |z — =
' -\ 2 2p

(3.3.9)
for all z € S¢(r).
Observe that
loll = (|7 (r))~ M (r)o|
< [l H A ol
By (ii) in Lemma 7.1.2 we obtain
HM(T)_lH < 6[,2(7‘,”%”)7’.
Combining the above inequalities with (3.3.9) we thus have
(M (ryv, 2 — z)
2Lr+La(r,||x
< ﬂ6[3L2(r,||z||)+L3(r,x,z)+L}r + G—Q(HH) HMT(T)UH HZ i :CHQ )
-\ 2 2p
(3.3.10)

In order to complete the proof, we consider two cases.
If |z — z|| < 1, then L3(r,x, z) < %e”. Thus, by (3.3.10) we have

(M (r)v,z — x)
e2Lr+La(r,||z(])

< ﬂeBLQ(T‘,Hz”)jL%leLTJFL}T, "
2 5

) M7yl = — o
(3.3.11)
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If instead ||z — «|| > 1, then (M7 (r)v,z — x) < [[MT(r)v|| ||z — |2
Therefore, in both cases we have that
(M (r)v,z — 2) < K(r,||z]| , p) HMT | 11z — 2> for all z € S°(r),
(3.3.12)

where the continuous function K, defined for r,§ > 0 and p > 0 as

L i, 2Lr+La(r,0)
K(r,0,p) == max{l Sl FelrHLr +e27 . (3.3.13)
p

depends only on the variables r, §, p and on the constants L, L, Ky, Ks.
The proof is complete. O

Remark 3.3.1 It follows from (3.3.13) that K (1,4, p) is nondecreasing with
respect to both r and 9.

The next lemma establishes that normals transported along the limiting
adjoint flow generate horizontal proximal normals to the hypograph of T'(-),
provided their Hamiltonian is zero. Moreover, the radius of the ball realizing
them can be explicitly estimated.

Lemma 3.3.2 Let S be closed and let the assumptions (H1), (H2), and
(H3) hold. Let v € S¢ set r = T(x) > 0, and let & € No(z). Then
—£ € 0T (x), or, equivalently, (£,0) € N}ZPO(T(I))(x,T(x)).

More precisely, let T € S, and let v € Ngc(af), M(-) € Mz be such

that H(MT (r)v,x) = 0. Assume that v is realized by a ball of radius p.
Then there exists an explicitly computable continuous function Ks(r,z,p),
depending only on r, x, p, such that for all z € §¢ and all f < T(z) we have

(MT(r)o, 2 = x) < Ks(r,z.p) [|MT()e]| (1l =l + 18 = T(x)2)

(3.3.14)
Proof. Let v € NP( ) be such that
R T
(v,z—-T) < 5 |z —z||” VzeSe (3.3.15)
p
Recalling Lemma 3.3.1, for all z € §¢(r) we have
<MT(r)v,z — x> < K(r, x|, p) HMT H |z — xH (3.3.16)

Let z € S¢. Two cases may occur:

() T() > T(),

(i) T(z) <T(x).

In the first case, (3.3.14) follows immediately from (3.3.16).

In the second case, define ; = T'(z) and take sequences {x,}, with z,, — =,
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{tn} CU o9 and {ay, (") =
the definition given in (3.1.5
which

y“mUn ()} corresponding to M (), accordmg to
5). For all n large enough there exists 7} < r for

:Elzzanr—ryll =z, o ap(8), U, (s))ds
R S A (O R A

is such that T'(zL) = r1. We can assume without loss of generality that o, (-)
converges uniformly to some a(-) and that 7} — 7. Observe that 7y < r.
Setting ! = a(r — 71)(= lim z}), one can easily see that T(z') = 71 by the
continuity of T'(x). Then, by Lemma 3.3.1 we obtain that

<MT(7“1)v,z—a_c1> SK(T1,|§G p)HMT(rl)vH Hz—le2. (3.3.17)

We write
(MT(r)v,z —x) = <MT(’I“)U, z— f1> + (M (r)v, 7" — z)

and perform some estimates.
First, we consider

<MT(’I“)U, z— :E1> = <MT(T1)U, z— :E1> + <(MT(’I“) — MT(rl))v, z— f1> .
By (3.3.17) we have

(MT(r)o,2 =3y < K, 2 o) [ M7 (o] |12 = 2!
+ (M (r) = M ()| |2 — 2]

Moreover from (ii) in Lemma 7.1.2 we have

I el < (=) 1HHMT ol

LQ(T ri,||z])(r—r1) HMT H

IN N IA

LQ(T [lz|)r HMT H )

Also, using (iv) in Lemma 7.1.1 we obtain

/r
1

/7“ L2l || T (o) ds
T1

eLa(rllzlhr HMT(T)’U)H Ir — 7.

[(M7(r) = M (r1))o

IN

M7 (s)v

IN

Therefore,

MT oz =3 < K |2 p) 2010 |7 (e |12 — 2

e O 02 ) [ = o= ).
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Recalling (i) in Lemma 7.1.1 for a(-) = y*% ) t = — 7, and then taking
n — oo, we obtain

(Llz] + K1)(eH =) — 1) < (L=l + Ky)(e" 1)

2! — 2| < T 7 , (3.3.18)
from which it follows that Ha’clu < el ||| + % Hence,
a S A rllz|)r MT
(T ez =) < Rl ) PO ATl =2
+ L2 llzl)r HMT (r)v)
where
L (eLt - 1)K1
Ri(r,0,p) = K (1€ T5+T,p , for r,§ > 0,p > 0.

Observe also that we obtain from (iii) in Lemma 7.1.1 that

A

Jo=a'] < Jim, <||z—xn||+ [ uf<an<s>,un<s>>||ds>

T'*T}l
lim (Hz — x| + / (LeLs lznll + eLsKl) ds)
0

IN

n—

IN

Iz = [l + La(r, |2[]) |r = 7],

where Ly(s,0) = Lel*§ + e K; for 5,5 > 0.
Combining the above inequality and (3.3.19), we obtain

<MT(r)v,z - :E1> < Ro(r, ||z] , p) HMT H |z — xH +|T—r1| ), (3.3.20)
where we have defined, for r,6 > 0, p > 0,
Ry(r, 8, p) = el2mor <231(r, 5, p) (g + L3(r, 5)) + Ly(r, 5)) . (3.3.21)
Second, we consider
<MT(7“)U,:E711 — x>

= <MT(r)v,xn —z)+ <MT(’I“)U, /OT—T’n f(an(s),un(s))ds>
= <MT(r)v,xn —z)+ <MT(T)U,/T_TR f(x,un(s))d8>
0

n <MT<r>v, / T (Fon(s), Ba(5)) — £ Tn(5)) ds> |
0
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Recalling that H(M” (r)v,z) = 0, we obtain from the above expression that

<MT(7“)U,:E711 — x> < <MT(r)v,xn — :c> +

<MT<r>v, / T (Fla(s), B (5)) — £, Ta(5)) ds>
0

<T@ (la=all+ [ I ons) (o)) = FGo (o)l ds)

<T@l (lew =l L [ lan(s) - ol ds)
HMT H ( (L+1) ||lzn — | +L/ n/os Hf(an(T),ﬁn(T))Hdes).

By (iii) in Lemma 7.1.1, recalling that 7 < r we now obtain that
<MT(T)U,:E%L—3:> HMT H ( ) ||z — x|
+ L/ / (Le™™ ||z + eLTKl)des),
0 0

whence, taking n — oo,

L(Le™ ||z|| + el K1)

<MT(T)U,561 —z) < 5 HMT H Ir—r% (3.3.22)
Set now, for ;6 > 0, p > 0,

Ks(r,d,p) = Ra(r,0,p) + L(LeLT(S;— eLrKl). (3.3.23)

Recalling (3.3.20) and (3.3.22), the proof is complete. O

Now we prove a similar result for normals such that the Hamiltonian
along the limiting adjoint flow is 1. Actually, if £ is such a vector, we show
that (£,1) is a proximal normal to the hypograph of T'(-), and again the
radius of the sphere which realizes it can be explicitly estimated.

Lemma 3.3.3 Let S be closed and let the assumptions (H1), (H2), and
(H3) hold. Let v € S° set r = T(x) > 0, and let & € Ny(z). Then
—£ € 9PT(x), or, equivalently, (€,1) € N ypO(T(x))(x,T( x)).

More precisely, let T € S, and let v € Ngc( z), M(-) € Mz be such that
H(MT(r)yv,z) = 1 and assume that v is realized by a ball of radius p > 0.
Then there exists an explicitly computable continuous function Kg(r, ||z, p)

depending only on r, ||z||, p such that for all z € S¢ and all B < T(z) we
have

(M (r)v,z —z)+B—r < Ko(r, ||, p) [ (MT (r)o, D[] (|2 = z|* +|8—r[*).
(3.3.24)
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Proof. Let v € N%(a‘c) be such that
(v,z—1) < % |z—z|* Vvzede

Let z € §¢. Two cases may occur:

() T() = T(a),

(ii)) T(z) <T(x).

First case. Recalling that H(M” (r)v,x) = 1, one can find @ € U such that

<MT(r)v,f(x,ﬂ)> =1.

Set zz(+) := y*“(-) to be the trajectory starting from z with the constant
_ t _
control @, namely zy(t) =z + [y f(za(s), @)ds.
Taking T'(x) < r < T(z), we have that zz(r1 — r) € S°(r). Recalling
Lemma 3.3.1, we obtain that

(MT (v, za(r1 =) = 2) < K(r||2]|, p) || MT ()| l|za(rs —r) — 2|
(3.3.25)
We estimate

(MT(r)o, 2 — 2y — 1)) = <MT(r)v,— /0 o f(zu(t),ﬁ)dt>

= <MT(T)U,—/T1_Tf(SC,’UJ)dt>
0

(e [T o) - fCato, ) ar)

0
< o L] M) / U alt) — 2| dt.
0
Combining the above inequality with (3.3.25) we get
<MT(7“)1), z— x> <r—-r1+1L HMT(T)UH /rlTqu(t) — x| dt

0

+K (r,[|z]| p) |7 ()] [|za(r =) — 2.
(3.3.26)

Moreover,

IN

Iza(s) — ||

e — 2] + /0 N f el @) de

IN

I = | + K(llll)s + L/O Iza(T) — || dr,

where we set, for § > 0, f((é) := Lé + K. Thus, Gronwall’s inequality
yields, for all 0 < s <71y —r,

eLS—Ls—l)

Iza(s) — =] SeLSHz—wHJrf((HwH)(H 7

(3.3.27)
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Since e’* — Ls —1 < L(e* — 1)s for all s € [0, 1], we obtain from (3.3.27)
|za(s) — || < e |z — z|| + K(||z])e’s for all s € [0,1]. (3.3.28)

Now we consider two subcases.
First subcase: 0 < r; —r < 1. Combining (3.3.28) with (3.3.26) we
obtain

(M (ryv,z =) + 1= < Ks(r 2], p) [|MT ()| (|12 = 2|* + |r = 7[?),

(3.3.29)
where for r,0 > 0, p > 0 we set

Ks(r,0,p) = el (g +2¢" K (r,6,p) (1 + K(5)?) + @) (3.3.30)

Second subcase: r1 —r > 1. Recalling Lemma 3.3.1, we obtain
<MT(’I“)U, z— x> +ri—r
< (K(r[|lz[l, p) + 1) | (M ()0, D)[| (|2 = 2[|* + |r1 = 7).
(3.3.31)

Observe now that, if 5 < T'(z), recalling Lemma 3.3.1 we have

(M (r)v,z = 2)+5=T(x) < K(r, ||, p) [|MT(r)o]| (|lz = z[*+[5-T(x)[*).

(3.3.32)
We are now ready to conclude the first case. Indeed, it suffices to combine
(3.3.29), (3.3.32), and (3.3.31) and recall (3.3.30), obtaining, for all z € S¢(r)
and 8 < T(2),

<MT(T)U, z—x)+ 0 —T(x)
< (Ks(r, ll2ll p) + 1) [ (MT(r)o, D] (2 = 2[|* +18 = T(2)).

Second case. It is entirely similar to the proof of the second case of Lemma
(3.3.2). Indeed, by using the condition H(MT(r)v,z) = 1 we can replace
(3.3.22) with

(3.3.33)

L(Le™ ||z]| + e K1)
2
Then, combining (3.3.20) and (3.3.34) we obtain

(M (r)v,z' —2) <T(z) - T(z) + Ir—r % (3.3.34)

<MT(’I“)U, z—x) +0—T(x)
< Ks(r |zl p) [|MT (r)ol| (12 = 2l|* + 18 — T(«)]*)  (3.3.35)
for all 3 < T(z), z € S¢ and T(2) < T(z).

To conclude the proof of the Lemma we recall (3.3.35), (3.3.33), (3.3.30) and
set, for r,6 >0, p > 0,

K6(T7 57 p) = maX{Kf)(Ta 55 P) +1, K3(T7 57 p)} (3336)
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0

The next subsection is to show that singularities of 7' may be only of
“upwards type”. Assuming that the target satisfies the internal sphere con-
dition of radius p, we show that if & belongs to the proximal subgradient
of T(-) at x, then it belongs also to the proximal supergradient. Moreover
—¢& is the transported vector by the limiting adjoint flow of a normal to S¢,
which is realized by p, and the radius of the sphere realizing (—¢,1) as a
proximal normal to the hypograph of T'(-) can be explicitly estimated. In
this lemma, the internal sphere condition (H4) is used for the first time.

3.3.2 Type of singularities of the minimum time function

In order to simplify our writing, we will replace the functions K, K3, and
K¢ appearing respectively in Lemma 3.3.1, Lemma 3.3.2, and Lemma 3.3.3
by the explicit (continuous) function

k(r [l p) = max{ K (r, [l , p), K (r, [l ) }- (3.3.37)

Lemma 3.3.4 Let the assumptions (H1) — (H4) hold and let x € S¢ and
let £ € OpT(x). Then

(i) €€ 0T (x) and therefore T is differentiable at x;

(M) - e Nl(.%') .

Moreover, for all z € 8¢ and for oll f < T(z),

(=& z—2)+B—T(x) <k(T(x), ||, p) (=& DI (12 — 2> + 18 = T()?).
(3.3.38)

Proof. Set r = T'(z) and let £ € 9pT'(z). By Proposition IV.2.3 in [11],
H(x,—&) > 1, so that £ # 0. It follows from the definition of proximal
subgradient that there exists ¢ > 0 such that

(Ez—x)<o|z—z|*, VzeS(r). (3.3.39)

Let z € S, and M(-) € Mz, and take a sequence {y*»"(-)} C 7z such
that M(-) is the uniform limit of M (-, x,, @i,). We claim that (M7 (r))~1¢ €
NE(z).

Indeed, take z € S and set z, () = y~ (-, z,u,) where y~ (-, z,u,) is the

solution of
{y(t) = —fly(t), un(r —t)) ace.
y(0) = =z

We set z, = z, (6(xn, uy,)) and consider z, = y*»" (0(x,,u,)). We can
assume without loss of generality that {z,} converges to some z, which is
easily seen belonging to S(r).

To simplify our writing, we set t, = 0(z,,uU,), an(-) = y*" (), T, =
an(tn), and M!(-) = M(-,xp,%,). Let also B,(-) = y*i(.), A,(t) =
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fol Dy f(an(t) +7(Bn(t) — an(t)), tin(t)) dr and let M2(-) be the fundamental
solution of p(t) = A, (t)p(t), p(0) = IV*N . Finally, we set wi (t) = M (z, —
xy,) for i € {1,2}.

Using Lemma 7.1.2 and the same argument leading to (3.3.8) we can perform
the following estimate:

(MT(r)71€, 20 — n) = (M7 (r) 1€, wi ()
= (MT(r) 71wy () + (M7 (r) 7w (tn) — wy(ta))
< (M (r) 71w () + [|ME () 7H] €N [w) (8n) — wp(ta) |
< (MT(r) 7€ wy(ta)) + Ko 20 — 2al®
< <MT(T)7lfvwrlz(tn)> + —f{l |1z — anQ )

where K, and K, are suitable constants. Taking n — oo in the above
inequalities, we obtain

(M), z—x) < (MT()7'& MT(n)(z — @) + K ||z - 7

= (z—a)+ Killz—2|.
Recalling (3.3.39) and Lemma 7.1.2, we thus obtain

(MT(r e, z2—-2) < o€z —z|* + K1z - 2|
< Koz —z|?,

for a suitable constant K5. The above inequality in turn implies that
(MT(r)"'¢ € N&(2). (3.3.40)

Thanks to (H4), there exists 0 # ¢ € N%(:E). Therefore, both S and

S¢ admit at Z an external nonzero proximal normal. This means that S is
smooth at Z, and so, by (H4), the unique external normal to S¢ at Z, namely
—~M7T(r)~1¢, must be realized by a ball of radius p.

Using Proposition IV.2.3 in [11] we see that H(z,—&) > 1, and so we can
choose A € (0,1) such that H(—X¢,z) = 1. Applying Lemma 3.3.3 for
v = AMT(r)~1¢, we obtain that A\é € 9T (z). Therefore, T is differentiable
at  and so A{ = &. Thus both (i) and (ii) are proved.

In order to complete the proof, we apply the last statement of Lemma 3.3.3.
O

The next lemma classifies limiting normals, and shows that limiting sub-
gradients generate proximal normals to the hypograph which are horizontal/
non-horizontal according to the unboundedness/boundedness of the corre-
sponding sequence of proximal subgradients. Also, the radius of the sphere
realizing the limiting vector can be explicitly estimated.
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Lemma 3.3.5 Let the assumptions (H1) — (H4) hold, and let {z,} be a
sequence converging to x € S¢. Assume that there ezists a sequence {&,}
satisfying &, € OpT ().

Then the following alternatives hold true:

(1) Iflimsup,, o ||&nl|l < 400 then there exists a subsequence {&,, } converg-
ing to a vector £ such that —§ € Ny(z). Moreover, (—&,1) € le;pO(T) (,T(x))
and, for all z € 8¢ and all § < T(z) the inequality

(—€,2— ) +B—T(x) < KT (@), Izl p) (=& D] (12 — 2l + 16 - T@)P)
(3.3.41)

holds.

(i) If limsup,, .o ||&nll = 400 then there exists a subsequence of {IIE—ZII}

converging to a vector & such that —§ € No(z). Moreover, (—=&,0) is in

leypO(T) (x,T(z)) and for all z € §¢ and all B < T(z), the inequality
(~&z—2) < K(T(2)||z],p)(|2 = 2|* + |8 — T(2)) (3.3.42)
holds.

Proof. Set r = T'(x). Recalling Lemma (3.3.4), the function T'(-) is differ-
entiable at z,,. Taking T, € S,, and M, () € Mjz, , it follows from Lemma
3.3.4 that for alln e N

a) —MI(T(z,))" 1€, € Ng(fn) and each — M (T(z,,)) &, is realized by a
ball of radius p, namely

<—MZ(T(xn))*1£n,z—:En>§H n Iz — Z,|°, Vze e

(3.3.43)
b) H(—&, @) = 1.

If limsup,, . |||l < +o0, we choose subsequences {Z,, } and {&,, }
converging respectively to Z € S and €. By compactness, without loss of
generality we can assume that {M,, (-)} converges uniformly to M(-). We
now take ny — oo in (3.3.43) and obtain

B MT 1
(a6 ay < LT gy (3:3.44)
Thus —M7T(r)~1¢ € N%(a‘c) and —MT(T)*lf is realized by a ball of radius
P )
On the other hand, we also take n; — oo in b) and obtain H(—¢,z) =1
One can also easily show that J_WT() € Mj, so that —¢ € Ni(x). Recalling
Lemma 3.3.3 and setting £ := ¢ the proof of (i) is concluded. B
Analogously, if limsup,,_,o, |||l = 400, we can assume that —§ =
H together with —M7T(r)~1¢ € N%(a‘c) and H(—¢,2) = 0
Tk

Thus —¢ € Np(x). Finally, recalling Lemma 3.3.2 and setting £ := ¢ we
conclude the proof of (ii). O

—limy,, oo ||5
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3.3.3 Wedgedness and exposed rays

The final results of this section use for the first time the wedgedness as-

sumption for the normal cone N ,fy po(T) (z,T(x)). They show essentially that

P
Niypo(r)
exposed rays of N,

(z,T(x)) is a closed cone, and that horizontal (resp. non-horizontal)
hypo( (@, T(x)) belong to Ny(z) (resp. Ni(z)). As a
byproduct of our argument we obtain a representation of N hypo(T)(a:, T(x))
through No(z) and Ni(z) (see Theorem 3.3.1).

Lemma 3.3.6 Let s € 8¢ and let the assumptions (H1) - H(4) hold. As-
sume that N;;ypo( )(az,T(:c)) is wedged and set
No(z) = {(£,0) | £ € No(z)},
Nl(x) = {)‘(571) ‘ fENl(fL'), )‘20}7
N(z) = coNy(x)~+ coNy(z).

Then N(z) C NP

hypo(T) (x,T(z)) is a closed, convez, and wedged cone.

Proof. Thanks to Lemmas 3.3.2 and 3.3.3 and the definition of k in (3.3.37),
every ( € No(z) U Ny (z) satisfies the following property: for every y € S¢
and every 3 < T'(y), the inequality

(¢ g = .8 = T@) < KT@), o) 1<) (g = I + 16 - T@)?)
(3.3.45)
holds. It follows immediately from the above property that both No( )

and Nj(x) are cones contained in Nhypo(T)(:c,T( z)). Thus coNy(z) a

coNl( ) are contained in Nhypo(T)(x T(x)), and so they are wedged. Set

0 = {¢ € RV | € € No(z),]|¢]| = 1}, and observe that on one hand
No(z) = {\(&,0) | £ € N3, A > 0}, on the other N} (by the continuity of
the Hamiltonian) is compact and 0 & Ng. Analogously, observe that Ni(x)
is compact and does not contain zero. Therefore, using Lemma 7.2.1, we
obtain that both coNy(z) and coN; (z) are closed, and the proof is concluded.
O

Lemma 3.3.7 Let x € 8¢ and let the assumptions of Theorem 5.2.1 hold.
Let N be a closed convex cone in RNTL with the property

N(z) € N C Ny (2, T (). (3.3.46)
Let ¢ belong to an exposed ray of N. The following statements hold true:
(i) if ¢ = (£,0), with € € RV, then & € No(a);
(ii) if ¢ = (&,A), with £ € RN and A\ > 0, then /X € Ni(z).
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Moreover, ¢ satisfies (3.3.45) for all y € §¢ and all B < T(y).

Proof. By our assumption on ¢, there exists o = (vg, \g) satisfying vg € R,
llvoll = 1, and Ag € R such that

<(Q}07)‘0)7C> = 0 B
((vo, Xo);w) < 0 YweN (3.3.47)
((vo, Mo),w) = 0, and 0 #£we N = & = &

[[wl]

<l

We now begin proving (i). Since ¢ = (£,0) € NprO(T) (x,T(z)), there
exists a constant o > 0 such that, for all z € S§¢ and all g < T'(z), the
inequality

(€2 —a) < olllz—a|® + 16— T(2)]) (3.3.48)
holds. Set now z,, = x + 72 + ﬁ Then, by the Density Theorem (see [25,
Theorem 1.3.1]), for each n there exists z, such that

opT(z,) # 0, (3.3.49)
1
lzn — x| < Pt (3.3.50)
First, we show that
T(zp) <T(x) for all n large enough. (3.3.51)

Indeed, assume by contradiction that T'(z,) > T'(z). Taking z = z, and
B =T(z)in (3.3.48), we obtain

(€ zn—a) < 0 |lza—a|.

It follows from the above inequality, (3.3.47), and (3.3.50) that there exists
a suitable constant o for which

2
el _ o

nyn — n?

for all n large enough, a contradiction.
Second, we claim that there exists o9 such that

|T(z,) — T'(x)| > oon~ 1 for all n large enough. (3.3.52)
Indeed, taking z = z, and § = T'(z,) in (3.3.48) we obtain
(€ 2n —a) <0 (lzn — 2l + |T(za) = T(2)]?).

From the above inequality, (3.3.47), and (3.3.50), one can easily see that
(3.3.52) holds.
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On the other hand, by (3.3.49) and Lemma 3.3.4 we know that 7" is differ-
entiable at z, and we write &, = DT(z,). Recalling (3.3.38), for all z € §¢
and all § < T'(z) the inequality

<_§n7 z— Zn> + ﬁ - T(zn)
< KT (2n), l1zall, ) [ (=&, DI (12 = 20l* + 18 = T(za)?)  (3.3.53)

holds.

We claim that ||| — +oo.

Assume by contradiction that there exists a constant @ such that [|&,|| < @
for all n. Taking z = z, f = T(z) in (3.3.53) and recalling (3.3.51), we
obtain that

(T(2) = T(za)) (1 = k(T (z0), 20l )V Q2 + 1T () = T(z0) )
< llz = zall (@ + k(T (z0), Izl V@1 |1z = 2l ).

By the continuity of T'(-) and k(-) and by (3.3.51), (3.3.50), and (3.3.52),
there exists a constant ()1 > 0 such that

Q1

1
— < — for all n large enough,
n n

Y

a contradiction.

Now, recalling (ii) in Lemma 3.3.5 and assuming without loss of generality
that lim,, _IIE—ZII = —¢, we see that (—&,0) € No(z) € N. By (3.3.51) we
can take z = z and 3 = T'(z,) in (3.3.53), obtaining

<_H(—§: D’ Hi:ZO < K(T(zn), |2nll s 0) 12 — 2nll -

Taking n — oo in the above inequality and recalling (3.3.50) we obtain

<_57 _UO> < 07

or, equivalently, <(—f,0), (vo,)\o)> > 0. Therefore, we obtain from (3.3.47)

that (—¢,0) = %. Thus £ = —€ and the proof of claim (i) is concluded .
Ad (ii). We now take ¢ = (§,1) and take v = (vg, \o) satisfying (3.3.47).
Set x, = x + 2. Then by the Density Theorem (see Theorem 1.3.1 in [25])

for each n there exists z, such that

opT(zn) # 0 (3.3.54)
<

1
|2 — Znl| et (3.3.55)
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Recalling Lemma 3.3.4, (3.3.54) implies that T'(-) is differentiable at z,.
Moreover, if we set &, = DT (z,), then =&, € Ny(z,) and for all z € §¢ and
B < T(z) we have

<_£TL5 Z— Zn> +8 - T(Zn)
< K(T(z0); 12nll s 0) I1(=6ns DIl (12 = 20]1* + 18 = T(z0) )

We claim that the sequence {,} is bounded.
Suppose by contradiction that hm SUP, oo [I€nll = +o0. Then assuming

without loss of generality that ﬁ — —£, (ii) of Lemma 3.3.5 yields that

—& € No(z) and (=¢,0) € No(z).
In order to obtain a contradiction, we consider two cases:
a)  T(x) > T(z,) for infinitely many n;
b) T(x) < T(zy) for infinitely many n.
In the first case, we can choose z =z, 8 = T'(z,) in (3.3.56), obtaining

(e froay) < MG =l

(3.3.56)

Taking n — oo and recalling (3.3.55) we get

(=€, —v) <0, (3.3.57)
which implies ((— 2 (v0, Ao)) = 0. Thus, combining (—¢,0) € No(z) with
(3.3.47) we obtain I 55” II(g RII’ a contradiction.

In the second case, since (§,1) € Nhypo(T) (x,T(z)) there exists ¢ > 0
such that

(€ zn—a)+T(22) —T(x) < 0 (|20 —|? +|T(20) — T(2)|*) for all n.

(3.3.58)
The above inequality implies that there exists o1 such that, for all n large
enough,

T(zn) —T(z) = |T(2n) —T(x)] < o120 — 2] (3.3.59)

Recalling (3.3.56) and taking z = x, = T(x), we have, for all n large
enough,

_gn T — 2z T((L‘) - T(Zn)
<H(—§n, DI lzn — xH> TG DI Tz —all =

< K(T(z0). |2l 0) (Hw ol

T(x) - T(Zn)l2>

[l = 2n]|

(3.3.60)
Taking n — oo in both (3.3.59) and (3.3.60) we obtain
(=€, v) >0, (3.3.61)
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which implies in turn that <(—§_, 0),(1}0,)\0)> > 0. Thus, combining the

condition (—¢,0) € No(x) with (3.3.47), we obtain (ﬂg?) = %, a contra-

diction.
We can now assume that

€]l <@ for all n, (3.3.62)
for a suitable constant (), and without loss of generality that

lim &, = & (3.3.63)

n—oo

From (i) of Lemma 3.3.5 we have that —& € Ni(z), (=€,1) € Ni(z), and
(3.3.41) with £ in place of £ holds.
We claim that there exists a constant oy such that

|T(zn) —T(z)| < o2llzn —z| Vn. (3.3.64)

In the case T'(x) < T'(zy), this was already proved (see (3.3.59)).
Assume now T'(z) > T'(z,). Then, using (3.3.56) with z = z and § = T'(z),
we obtain, for all n large enough,

<_£n7 €r — Zn> + T(.%') - T(zn)
< k(T (zn), |20l 0) 1(=&ns DI (|2 = 2a® + [T(2) = T(z0) )
(3.3.65)

The above inequality and (3.3.62) imply, for all n large enough,

T(2) = T(2) < k(T (z0), |2l 2)VQ? + 1|z = 20
+[T(x) = T(za)]*) + Q |20 — 2|,
from which, by the local boundedness of k, the inequality (3.3.64) follows.

Summing (3.3.58) and (3.3.65) we obtain, for a suitable constant o3 > 0
that for all n large enough

pa— zn) — T(x)|?
<§n+§7‘|;7_x”> < o3 <Hzn—xH+ [ T(zn) = T(2)) >

l2n — 2]

Taking n — oo in the above inequality and using (3.3.64), (3.3.55) we obtain

(E+¢&, v) <0,

or, equivalently,

<(£7 1)’ (UO’)‘O» < <(_ga 1)’ (UO’)‘O)>'
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Recalling (3.3.47), we have ((£,1) , (vo, Ag)) = 0, whence {(—&, 1), (vo, Ao)) >
0. Note that (—=£,1) € Ny(x), so that ((=€,1), (vo,A0)) = 0 by (3.3.47).
Moreover, using again (3.3.47), we finally arrive to

=& =)l
Therefore we see that ¢ = —¢ € Ni(z) and the proof is concluded. O

The lemmas contained in this section yield immediately the following
result.

Theorem 3.3.1 Let x € §¢ and let the assumptions of Theorem 3.2.1 hold.
Then

Nii/po(T)(va(x)) = N(.%'),

where N(x) was defined in the statement of Lemma 3.3.6, so that

N,f;pO(T) (x,T(x)) is a closed (convex) cone.

Proof. Assume by contradiction that there exists ¢ € N{; po(r) (T T () \
N(x). Set .
N =co(N(z)U{X | A>0})

and observe that N is a closed convex cone which satisfies (3.3.46). Clearly, ¢
belongs to an exposed ray of N, so that, by Lemma 3.3.7, { € Ny(x)UN;(z),
a contradiction. O

3.4 Proof of the main results of Chapter 3

3.4.1 Proof of Theorem 3.2.1

It is clear that the “D” inclusion in (3.2.2) follows from Lemma 3.3.2 and
the convexity of 0°T'(z).

In order to prove the “C” inclusion, take £ € 9°T(x), i.e, (=£,0) €
NFZPO(T) (x,T(zx)). Since N}ZPO(T)(x,T(x)) is wedged and closed (see The-
orem 3.3.1), recalling (2.2.3) we can find numbers «;, 3; > 0 and vectors
&, G ERN ie{l,...,N +2}, such that

(=&, 1) belongs to an exposed ray of N,f;pO(T) (,T(x))
(—¢i,0) belongs to an exposed ray of NFZpO(T) (z,T(x)) (3.4.1)

(—£0) = V(=& 1) + 4% Bi(— G, 0).

From the above equality we deduce that o; = 0 for all i € {1,..., N + 2}.

Thus, we have
N+2

(=€,0) = > Bi(—G,0). (3.4.2)
=1
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Recalling (i) in Lemma 3.3.7 we obtain —¢; € Ny(z). Setting {; = (Z;V:”Lf )Gi

and f3; = ﬁ, one can easily see —(; € No(z) and SN+ 3, = 1.

>
From (3.4.2), we obtain
N+2 B -
£ =-> Bil-G)
i=1
The proof is concluded. O

Proof of Theorem 3.2.2. Observe that from the very definition it follows
that if ¢ € 0PT(z) and ¢ € 9°T(z) then & + ¢ € 9FT(x). Thus the “D”
inclusion in (3.2.3) follows from Lemma 3.3.3, Lemma 3.3.2 and the above
observation.

In order to prove the “C” inclusion, take & € 9FT(x), ie, (—€,1) €
NFZPO(T) (x,T(x)). Since NprO(T) (z,T(z)) is wedged and closed (see The-
orem 3.3.1), recalling (2.2.3) we can find numbers «;, §; > 0 and vectors
&, G ERNie{l,..,N +2}, such that

(=&, 1) belongs to an exposed ray of NprO(T) (x,T(x))
(—¢i,0) belongs to an exposed ray of N,@pO(T) (x,T(x)) (3.4.3)
(=& 1) = Y au(=&, 1) + 2002 8i(=G,0).

From the above equality we deduce that Zf\; ”12 a; = 1. Thus, recalling (ii)

in Lemma 3.3.7 we obtain that >N 1% a;(—¢;) € co(Ny ().
On the other hand, arguing similarly to the above proof we see that
SINA28i(—¢;) € co(Ny(x)). Therefore,

N+2 N+2 B B
=~ <Z (=) + Y ﬁz‘(%z‘)) € —[co(N1(z)) + co(No(x))]-

i=1 i=1

The proof is concluded. O

3.4.2 Proof of Theorem 3.2.3
We need the following technical lemma.
Lemma 3.4.1 Assume that N}ZPO(T)(x,T(x)) is wedged for all x € S°.

Then for each continuous function 6 : S¢ — [0,00), there exists a continuous
function g : S¢ — (0, 1] such that

(G1,G) = o(w) — 1 (3.4.4)

for all x € 8¢ and for all (1, (o € N}i/po(T)(x,T(:c)) satisfying both ||C1|| =
[Call = 1 and

(G (z =2, 8= T(x))) < O(x)(|z — z[* + |8 — T(x)]*) (3.4.5)
forall z € 8¢, B <T(x), and j =1,2.
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Proof. We only need to show that for every n € N there exists a continuous
function 1, : B(0,n) NS¢ — (0, 1] satisfying (3.4.4) with 1y(x) replaced by
(). It is easy to see that the following statement is sufficient to this aim.

Let, for all m,n € N, K" = B(0,n) N SC(%)7 and observe that, by the
continuity of T'(-), K" is compact. Fix n. We claim that for each m € N
there exists a constant k,, € (0, 1] such that

(G, @) = km—1, (3.4.6)
for all z € K", (1, (2 € N}Zpo(T)(x,T(x)) satisfying [|C1]| = [|C2]| = 1 and
(3.4.5).

Indeed, assume by contradiction that there exists a sequence {z;} C K"
together with vectors (¢, ¢4 € N,@pO(T) (23, T(;)) satistying ||¢}|| = HC;H =1
and

(G (2= 208 = T(2:)) < 0(@) (|2 — il + 18 - T(@)?),  (347)

for all z € 8¢, B <T(=z;) and j € {1,2}, but such that
lim (¢, ) =1 (3.48)

We can assume without loss of generality that {x;}, {¢{} and {¢}} converge
respectively to z € K, (; and (2. By the continuity of T'(-), 6(-) and (3.4.7)
we obtain

Gi € Njppoiry (@, T(2)) for i € {1,2}.

On the other hand, from HC{H = HC@H =1 and (3.4.8) we get

¢ = —Ca.

But then the normal cone N}ZPO(T)(Q’C,T(@)) contains a line, and this is a

contradiction. O

End of the proof of Theorem 3.2.3.
We need to find a continuous function ¢ : §¢ — [0, 00) such that for all
res (e NprO(T) (x,T(z)) and for all z € 8¢, § < T'(z) we have

(¢, (z = 2,8 = T(2))) < @(@) ¢l Iz = 2|* + |6 = T()[?). (3.4.9)

Observe that for every ( € N }f; po(T) (xz,T(z)), by the wedgedness assumption
and recalling Theorem 3.3.1, we have

N+2

(=> G, (3.4.10)
i=1
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where each (; belongs to an exposed ray of N}ZPO(T)(x,T(x)). For k €
{1,2,..,N + 2}, we set

k
NE@) ={¢1¢=> ¢,
=1

where (; belongs to an exposed ray of N,ng(T) (z,T(x))}.
(3.4.11)
Of course N7 (x) C NprO(T) (z,T(z)) and N§_ ,(z) = NFZPO(T) (z,T(z)).
Now, we are going to construct by induction a continuous function ¢/(+)
such that

(¢5 (=2, 8-T@)) < o) || (2 = ol +18 - T@)P), (34.12)

for all z € 8¢, ¢* € NF(z) and for all z € 8¢, 3 < T(z).

For k = 1 we choose ¢1(z) := k(T (x), ||z||, p). Recalling Lemma 3.3.7 and
Lemma 3.3.3, 3.3.2, we obtain that for all (! € N (x) and for all z € 8¢,
B <T(z)

(¢ (z =2, 8= T(@)) < o1(@) ||| (2 = < + 18 - T@)).  (3.4.13)

Thus (3.4.12) holds.
Assume now that (3.4.12) is satisfied for k = h > 1. We want to show that
(3.4.12) holds for k = h + 1, with

o) = \/ fZ (x)j s ‘Pl}((i);, (3.4.14)
max{¢1,¢n

where the function ¥max(e, 4,1 (+) is given by Lemma 3.4.1 for () =
max{p1(-), on(-)}. Indeed, given ¢"*' € NI | (), one can write

¢ =

where (" € NP(z) and ¢! € NF(z). From (3.4.13) and the inductive as-
sumption, one can easily see that

(¢ (= 2.8~ T(@)))
< (@1(90) 1M+ en(2) HC"H )(Hz — 2|+ |8 - T(x)]?), (3.4.15)

for all z € 8¢, f <T(z).
On the other hand, by inductive assumption, (3.4.13) and Lemma 3.4.1
applied for () = max{¢1(-), on(+)}, we obtain

¢ ¢
<W’ W> > Ymaxfpr,en}(€) = 1.
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Thus, since ¥ (x) € (0, 1], we see that

e+ = st (] + 1°17).

Therefore,

o+ ¢ > Lot (i, ) o]+ o )

Combining the above inequality, (3.4.14) and (3.4.15) we obtain that

(¢, (2= 2,8 = T@)) < prna(@) ¢ (12 = 2l +18 - T@) ),

for all z € 8¢, < T(z2).
To conclude the proof, we choose ¢(-) = pni2(-). O

3.5 The case of optimal points

This section is devoted to the representation of supergradient and horizontal
gradient at optimal points. The corresponding formulas are easier than
in the general case and the structure of the Hamiltonian exhibits special
properties.

The definition of optimal points here is based on the classical definition
(see, e.g., Definition 2.24, p. 119 in [11]), but is adapted to limiting optimal
trajectories, since optimal trajectories may not exist.

Definition 3.5.1 Let x € 8¢ and set r = T(x). The point x is called an
optimal point if there exist T > 0 and x; € 8¢ such that

(i) T(x;)=r+71;

(i1) there exist T, € Sy, and {u,} C Uz, , together with the corresponding
sequence x, — Tr, such that y*" (1) — x.

At optimal points, the Hamiltonian has a special behavior. More precisely,
let x be an optimal point with 7'(x) = r > 0. Then the Hamiltonian H(z,-)
is additive on the proximal normal cone to S¢(r). It follows from this prop-
erty that the supergradient and horizontal supergradient of T' are contained,
respectively, in the 1-level set and the 0-level set of the Hamiltonian.

Theorem 3.5.1 Let x € §¢ be an optimal point. Under the same assump-
tions of Theorem 3.2.1, the (proximal) horizontal gradient and the supergra-
dient of the minimum time function T(-) at the point x can be computed as
follows:

(a) 0°T(x) = [—co(N(z))]N{=¢ | H( x) =0},
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(b) O"T(x) = [~co(N(x))]N{~¢ | H(& ) =1},
where
N(z) = {MT(’I“)U | M(-) € Mz,v € N%(i“),i“ €S;}. (3.5.1)

The proof of Theorem 3.5.1 requires some preliminary lemmas. The first
one gives an information on a lower bound of the Hamiltonian computed at
a proximal normal of the sublevel of T at an optimal point.

Lemma 3.5.1 Let x € 8¢ be an optimal point, and let £ € Ngc(T(m))(x).
Then H(x,&) > 0.

Proof. Set r = T'(x). Let 7, z,, T, 4, and x,, be with the properties
stated in Definition 3.5.1. To simplify our writing, we set v, (-) = y*"(-).
Assuming without loss of generality that «,(-) converges uniformly to ~(-),
one can easily check that v(t) € S¢(r) for all t € [0,7]. For, should ¢ €
(0, 7] exist such that T'(y(¢)) < r, then one would have T'(z,;) < r + 7, a
contradiction. Now, since £ € N£. r) (x) there exists o > 0 such that for all

t € [0, 7] we have

(€. () —2) < o () —alf”, (3.52)

namely, for all ¢ € [0, 7],
Tim (&) —2) < o lim [ya(t) — .

Equivalently, for all ¢ € [0, 7]

$@<f%/ / fml(s w(»s—x>§
n(T) — /T_t F(yn(s),tn(s))ds —

Recalling (ii) in Definition 3.5.1, we obtain that for all ¢ € [0, 7]

dim (60 = [ s aeds) < o tim | [ 16u. 0

From (iii) of Lemma 7.1.1 and (i), (ii) in Definition 3.5.1, one can see that
nlg]go <§ , = /th(’yn(s),an(s))ds> < O(t?) for t — 0.
Thus, for t — 0T,
lim sup <§,—/T fx,un(s) >
n—00 T—t

gou)+hmam< /“ FOm(s), Tin(s)) — ﬂxu“@»®>.

2

< o lim
n—oo

2

n—oo
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Applying the Lipschitz condition of the function f(-,-) and (iii) of Lemma
7.1.1 we easily obtain that
T
lim sup <§, —/ f(ac,un(s))ds> < O(t?) for t — 0.
n—oo T—t

Therefore, there exists a constant ¢ > 0 such that for each ¢t € [0, 7] one
can find n; € N with the property

<57_fftf<x,um<s>>ds> C o

t

Set f; = M. Since f; € co(f(x,U)), by the compactness of U,
there exits a sequence {t,} C [0, 7] converging to 0 and f € cof(z,U) such
that both

f: lim ftn
n—oo

and
(&, 7)) =0
hold. Since
H(z,§) = max{({, f) | f € cof(z,U)},
the proof is concluded. O

The next Lemma is the key point in order to obtain the additivity of the
Hamiltonian.

Lemma 3.5.2 Let z € S¢ be an optimal point, and set T'(x) = r. Then
there exists f € cof(xz,U) such that, for all & € Né')c(r) (),

H(z,&) = (¢, f).

Proof. Let 7, z,, Z,, U, and z,, be with the properties stated in Definition
3.5.1.
To simplify our writing, we set v,(-) = y®>"(-). Assuming without loss
of generality that v, (-) converges uniformly to 7(-), we see that y(7) = =
and T'(y(r —t)) =+t for all t € [0,7]. Pick v € U, and define, for each

€ [0,7], Bus(-) = y?T=D2(.), where v(-) is the constant control v(t) = v.
Observe that 3, +(t) € S¢(r) for all ¢t € [0, 7].

Let now & € NFZ(T), together with a constant ¢ > 0 such that for all
t€[0,7]
(& Bort) —a) < o [1Bue(t) — 2]

Recalling (ii) in Definition 3.5.1, the latter is equivalent to

im (<, [ FBorls).0) — Flom(r — £+ 8),n(r ~ 49 ds)

n—00
2

< o lim
n—oo

/0 (F(Bot(8),0) — F(n(T — £+ 8), Gnlr — £+ 5))) ds
(3.5.3)
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for all ¢ € [0, 7]. Moreover, by (iii) of Lemma 7.1.1, there exists a constant
M such that, for all n € N, ¢ € [0, 7] and s € [0, ],

(T —t+5) —Wm(7)| < Mt,
so that for all ¢ € [0, 7] and s € [0, ¢]

lim [y (7 —t+s)—z| < Mt

n—oo

Combining the above inequality with (3.5.3) and recalling the Lipschitz con-
dition on f, we obtain that, for t — 0T,

lim sup <5, /Ot (flz,v) = fla,an(r —t + 8)))d8> < O(t?),

n—~o0

or, equivalently,

lim sup <§,f(x,v) —

n—0o0

fotf(x,an(r—t—i-s))ds> < o).

t

By arguing as in the proof of Lemma 3.5.1, we can find f € co(f(x,U))
independent of £ and v such that

<€af(mav)> S <£7f> :

The proof is therefore complete. O

The desired additivity property follows immediately from the above
Lemma.

Corollary 3.5.1 Let x € S be an optimal point, and set T(x) = r. Then
for all &, & € Ngc(r)(x), the property

H(:C’fl + 52) = H(‘Tvgl) + H(‘Tvé-Q)
holds.

We are now ready to prove Theorem 3.5.1.
Proof of Theorem 3.5.1.
Proof of part a). It is clear that the “C” inclusion of the equality in (a)
follows from Theorem 3.2.1 and Corollary 3.5.1.
To prove the “2” inclusion, take £ € [—co(N(z))|N{—=¢ | H(z,&) = 0},

namely,
m

£=-> M (r)v;; where M (r)v; € N(x) (3.5.4)
i=1
and .
H(z, Y M (r)v;,) =0. (3.5.5)

i=1
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Applying Lemma 3.3.1 we get that M (r)v; € Ngc(T) (x)foralli e {1,2,...,m}.
Thus it follows from Lemma 3.5.1 that

H(x, M¥(r)v;) >0 forallie {1,2,..,m}. (3.5.6)

Combining (3.5.5) and (3.5.6), we obtain from Corollary 3.5.1 that for all
i € {1,2,....,m}, H(x, M¥(r)v;) = 0. Therefore M (r)v; € No(z) for all
i€{1,2,...,m}. We conclude the proof using (3.5.4) and Theorem 3.2.1.
Proof of part b). Similarly to part (a), that the “C” inclusion of the
equality in (b) follows from Theorem 3.2.2 and Corollary 3.5.1.
To show the “D” inclusion, let £ € [—co(N(x))]N{-¢ | H(z,&) =1}.
Recalling Lemma 3.5.1, £ can be represented as

m m
€=— D aiMy(rjvi = Y BM;(ryw;, (3.5.7)
i=1 j=1
where o; > 0, 8; > 0 and M (r)v; € No(z), M1Tj(7")wj € Ny(z).

From M (r)v; € Néjc(r)(x)’ MlTj(r)wj € Né'jc(r)(ac)’ and Corollary 3.5.1, we
have

H(w,&) =Y ogH(z, Mi(r)vi) + > BiH (z, M{j(r)w;) = > B;, (3.5.8)
i=1 j=1 J=1

so that » 7, 8; = 1. The proof is concluded by using (3.5.8), (3.5.7), and
Theorem 3.2.2. U

3.6 Examples

In this section we present some examples which illustrate our results. In
particular, we provide an example showing that Theorem 3.2.3 is no longer
valid if the wedgedness assumption (3.2.1) is dropped.

Example 1. Consider the dynamics 2”(-) € [-1,1] =: U, i.e.

ai(t) ) _ x1(t) 0 - 01
(502(75) ) a A(m(t) tl, ) veEY where A = 0 0 )

(3.6.1)

with the initial conditions 21(0) = z{, 22(0) = 29. The target is the set (see

Figure 1)

S = {($1,$2)€R2|$1§0} @] {($1,$2)€R2|$120, T9 < —561}
@] {(xl,xg)eRQ\Olegl, .%'221‘1}
U {(.%'1,1‘2)61@2‘1‘121, x221}.
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P,
Hj

H2 P3

H,

Figure 1

Optimal trajectories are arcs of parabolas

1 1
x = 5(352)2 — 5(3@8)2 + x? (corresponding to the control u = 1),
and
1 1
x = —5(1'2)2 + 5(1’8)2 + 29 (corresponding to the control u = —1).

By direct computation, the minimum time function 7" is everywhere finite,
continuous on the whole of R?, and the open set S¢ can be divided into three
regions, say Hi, Hs and Hs, where T has a different explicit expression.
More precisely, consider the curves

n) = (Vaa-t), 0<t<2-V3,

1+ t2
Ya(t) = (ZJ) 2—-V3<t<l,

3 — 8t + 3t2

Observe that ;1 (2— V3) = 12— \/§) =y3(2— \/§) = 4—24/3 and moreover
all points y(t), with 2 — v/3 < t < 1, are optimal (according to Definition
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3.5.1), while all points 7;(t), 72(t) are not optimal. Set
Hy = {(z1,22) € 8|0 <25 <2— V3, yi(a2) <21 < y3(w2)}

U {(z1,22) € S| 22 <0, —z2 < 3(x2)},

Hy = {(z1,22) €S| 0< 2 <23, 2o <21 < yi(22)}
U {(z1,22) € 8| 2= VB <2 <1, a0y <1 < ma(22)},

Hy = {(z1,29) €S2 V3 <23 <1, 71 > ya(x9)}
U {(z1,22) €S|z <2 — V3, x> v3(x2)}.

The minimum time function T : §¢ — R can be explicitly computed as

$2—1+\/1+25E1+($2)2 = 91(%1,:62), (561,562) € Hy
T(.%'l,.%'g) = 1— a9 — \/1 — 2x1 + (.%'2)2 = 02(.%'1,1‘2), (1‘1,1‘2) € Hy
1—2y := 93(%1,:62), (561,562) € Hs.

In the interior of each region H;, ¢ = 1,2, 3, T is differentiable. Singularities
appear of each point of the curves ~;, i = 1,2,3. Moreover T is Holder
continuous with exponent %

In order to appreciate the role of nonsmoothness of the target, as well as
optimality /non optimality of a point and failure of Petrov’s condition, we
compute the generalized differential of T" at the three points

P1:(7 1>, PQ:(§ 1>, P3:(4—2\/§,2—\/§>.

16°8 82

Observe that T(Py) = 3, T(P2) = 5, T(P3) = V3 — 1.
To this aim we compute the adjoint flow:

ATy I 0
(V).
and the Hamiltonian

H ((71,22), (§1,62)) = 1261 + [&2]-

The point P; belongs to the curve 1, and is steered optimally in time
% to both (%, %) and (%,—é)7 where the normal cones to 8¢ are respec-
tively RT(—1,1) and R (—1,—1), while P, belongs to the curve 73, and
is steered optimally to (1,1) in time 3, where the normal cone to S¢ is
Rtco{(-1,1), (0,1)}. P, is an optimal point. Finally, Ps is steered op-
timally to both (2v/3 — 3,3 — 2v/3) and (1,1) in time /3 — 1. Observe
that H ((1,1),(—=1,1)) = 0, i.e., Petrov’s condition fails, while at all other
(nonzero) points P of the boundary of S we have H(P,{) > 0 for all
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¢ € NE(P), ¢ #0.
According to Theorem 3.2.2, and, of course, also to explicit computations
from the expression of T', we have

OT(P) = 9°T(P)

o*T(P) = {0}

OT(P) = 0°'T(R)
= —co { A5y | veNgc( 1), H( Py, ATlv)zl }

—co{ A3 | ve NE(1,1), H(Py e 30) = 0 }
= (4) (L) e
RTEN I

[-N(P)] Nn{ ¢ |H(P,—¢) =1}
(where N(P;) was defined in (3.5.1)),

O°T(Py) — { )\( 4 > IA>0 };
2
O°T(Ps) = 9PT(P3)
= —co{eAT(‘/g_l)” | ve N%(l, 1)

orve N§(2\/§— 3,3 — 2/3),and H(Ps,v) = 1}
~{n (=)
2(v3-1)
1 (evan ) 1420}
o = { (o) 120 )

Observe that the vector f € co(f(P2,U)) appearing in the statement of
Lemma 3.5.2 is given by f = (1/2,-1).
If the target is modified to become &’ := S\ {(z1,72) € R? : x5 >

Y
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1,21 > (12)%/2 +1/2 + (22 — 1)*} (note that the boundary of &' is C? at
(1,1), see Figure 2), then the graph of the new minimum time function 7"
is smooth at all points of -2, but the unique normal is horizontal, so that T”
is not differentiable at those points.

(1,1)

Y2 H,

Hy

H,

Figure 2

The next two examples deal with the case where the normal cone to the
hypograph of T' is not wedged. We show first that Theorem 3.2.3 does not
hold in general. Next we provide an example where — although the normal
cone is not wedged — the situation is entirely analogous to the case where
the cone is wedged.

Example 2. Set

(1-v-y*-2y,y) —2<y<-1
T(y) =4 (-1++/—y2—2y,y) —1<t<0
(—1—+/=y*+4y,y) 0<y<3,
and
I+v-y*-2y,y) —-2<y<0
(I—-vV-y*+2y,y) 0<y<l1
W= 0,y 1<y<2

(—1++/—y2+4y,y) 2<y<3.

Observe now that the concatenation of 1 with v, defines a Cl'-curve . We
set the target S to be the unbounded component of R?\ {7} (see Figure 3)
and the dynamics to be

z(t) = u
y(t) = 0
v € U=[-1,1].
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.
R

Figure 3

It is readily verified that the minimum time function is everywhere defined
and continuous. Observe furthermore that Petrov’s condition holds at no
points of the segment [—1, 1] x {0}.

Consider now the curve

() +72(t)

r(p) = 220,

te[-1,1],
together with the function

T(t) =) -TO)(=TE) —n@),  tel-1,1],

which is the minimum time to reach S from the point I'(¢).

Observe that T'(t) is constantly equal to 1 for —1 < ¢ < 0 and in this
interval all points of I' are maximum points for 7'. Therefore (0,0,1) is a
unit limiting normal vector to the hypograph of T" at (0,0, 1).

On the other hand, it can be easily computed that a unit tangent vector to
the graph of T" at (0,0,1) is

<_2+\/§ . 2—\/§>.

2v3 77 2V3

Since the latter has positive scalar product with the limiting normal (0,0, 1),
it is clear that the hypograph of T"is not regular at (0,0, 1). In particular, the
normal vector (0,0,1) is not proximal, thus showing that hypo(T') doesn’t
have positive reach (see (4) in Theorem 2.2.1).

Observe that both (1,0,0) and (—1, 0, 0) are unit proximal normals to hypo(T')
at (0,0,1), so that N,%pO(T)(O,O, 1) contains a line. Therefore, the assump-
tion (3.2.1) in Theorem 3.2.3 cannot be dropped in general.



3.6 Examples 59

Observe finally that the hypograph of T satisfies the external sphere condi-
tion with radius p for a suitable p > 0. Therefore this is a simple example
showing that this condition is weaker than positive reach. O

Example 3. We consider again the dynamics (3.6.1) appearing in Example
1 and modify the target in order to allow lines in the normal cone to the
hypograph of T'.

The target is the set (see Figure 4)

S = {($1,$2)€R2|$1§0} U{ ($1,$2)€R2|$121}
U{($1,$2)€R2|0§$1§1, T9 < 561—1}
U{($1,$2)€R2|0§$1§1, $22$1}.

Figure 4

The minimum time function is everywhere finite and continuous, but Petrov’s
condition does not hold. Computations of the same type of Example 1 show
that the normal cone to the hypograph of T at (1/2,0,1) is not wedged,
however N (1/2,0,1) can be represented exactly as in (3.2.3) and the

hypo(T') o .
hypograph of 1" has positive reach. More precisely,

Nii/po(T)(l/2v 0, 1) = N}%pO(T)(l/Q’ 0, 1)

1 1
=R| 0 | +R"co $ , —1%
0 v 7

and

OPT(1/2,0) = 9°T(1/2,0) :R( é ) —i—co{ ( . > , ( - ) }

Observe that H((1/2,0),(1,0)) = 0, while

H((1/2’ 0)’ (1’ 1)) = H((1/2’ 0)’ (_1’ _1)) =1,
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so that the conclusion of Theorem 3.2.2 holds. An explicit computation of
the minimum time function shows also that the conclusion of Theorem 3.2.3
holds as well. O

3.7 The case of differential inclusions

We study in this section the minimum time problems in the case of differ-
ential inclusions

{ igf))) ezligic(t)) a.e. (3.7.1)

with the closed target S.

Here F : RY = RY is a multifunction that describes the dynamics, and
ro € R is the starting point. For each trajectory y*°(-) satisfying (3.7.1),
we denote

0(y™ () :=min {t > 0 | y*(t) € S}.

Of course O(y™(-)) € [0, 00], and 8(y™°(-)) is the taken time for the trajectory
y*(+) to reach §. The minimum time 7'(x) to reach S for xg is defined by

T(xo) :=inf {O(y*°(-)) | O(y*°(-)) is a trajectory satisfying (3.7.1)}.
(3.7.2)
Under standing hypotheses on F' which we are now going to introduce,
(3.7.2) will admit a minimal value.

3.7.1 Hypotheses and some consequences

Hypothesys (F):
(F1) F(x) is nonempty, convex, and compact for each = € R™.

(F2) F is Lipschitz continuous with respect to the Hausdorff distance. Thus,
if K is the Lipschitz constant of F', then K|p| is the Lipschitz constant
of H(-,p), i.e.,

|H(y,p) — H(z,p)| < Klplly —z| Vz,yeR", VpeR". (3.7.3)

(F3) There exists a constant Ky > 0 so that max{|v| | v € F(x)} < K(1+
).
Hypothesys (H):

(H1) There exists a constant ¢y > 0 so that z — H(z,p) is semiconvex with
semiconvexity constant cg|p|.
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(H2) For all p # 0, the gradient V,H (-, p) exists and is globally Lipschitz,
ie.,

\VpH (2,p) = V,H(y,p)| < Kily—=z|  Va,y €R", Vp € R"\ {0},
(3.7.4)
for some constant K7 > 0.

Remark 3.7.1 Global Lipschitz continuity in both (F2) and (H2) was as-
sumed just to simplify computations. Indeed, our results still hold if F is
locally Lipschitz with respect to the Hausdorff distance, and V,H(-,p) is
locally Lipschitz in z, uniformly so over p in R”\{0} (as was supposed in
22]).

The following lemma is proved in [22].

Lemma 3.7.1 Suppose f : R™ x R™ — R is Lipschitz in (z,y) on a boxed
neighborhood U, x Uy, = {(z,y) | max{|z — Z|,|y — y|} <}, and that for
each y € Uy, the function v — f(x,y) is semiconvex on U, with constant
independent of y. Then, for any & = (&,&y) € O0f(Z,7), one has & €

O f (2, 7).
Corollary 3.7.1 Suppose H satisfies assumption (H1). Then
O0H (z,p) C 0,H(z,p) x O,H(x,p) Vp#0.
The following proposition is a consequence of [22, Proposition 1].

Proposition 3.7.1 Suppose F satisfies (F) and (H1). Then
(1) for each x,z € R™ with x4 = x £+ z, we have

H(xy,p) + H(z—,p) — 2H(z,p) > —colp||2|*; and
(2) for each xz,y € R", and § € 0, H(x,p), we have

H(y,p) — H(z,p) — &,y — x) > —colplly — 2/

The differentiability statement in the assumption (H2) is equivalent to
the argmax set of v — (v,p) being a singleton, which equals V,H (z,p) and
will be also denoted by Fj(z). In view of (H2), for all p # 0 the function
F,(+) is globally Lipschitz with constant K.

The main use of (H2) is given by the following result whose proof is
straightforward.

Proposition 3.7.2 Assume (F) and (H), and let p(-) be an absolutely con-
tinuous arc on [0,T), with p(t) # 0 for allt € [0,T]. Then, for each z € R",
the initial value problem

{ igg)) :: ?(t)(x(t)) a.e. t€0,7T] (3.7.5)
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has a unique solution y(-,z). Moreover, x — y(t,z) is Lipschitz on R™ and
ly(t,z) —y(t,z)| < ef1fz — x| (3.7.6)

We conclude this section with some simple consequences of Gronwall’s
lemma.

Lemma 3.7.2 Let G : [0,T] x R®™ = R" be an upper semicontinuous mul-
tifunction. Assume G(t,-) satisfies hypotheses (F1), (F2) uniformly in t €
[0,T], and is such that for some Ky > 0,

o < Kolpl Vo€ Glt.p), V(t.p) € [0,T] x R
Let p(+) a solution of the differential inclusion

{ igg)) i(;g%,p(t)) a.e. t €[0,T] (3.7.7)

Then
e tp0)] <| p(t)] < e"'p(0)] Vit e [0,T].

Moreover, for all 0 <ty <ty <T,
e Mo p(ta)| < Ip(t)] < MU p(ty))]
and
Ip(t2) — p(t1)] < Koeo=)(ty — 1) p(ta)].
Proof. Since p(t )+ fo s)ds, we have
t t
MWQMW+/@@WSMW+%/W@W-
0 0
So, using Gronwall’s inequality, we get: |p(t)| < ef0|p(0)].
We are now going to prove that e %¢|p(0)| <| p(t)| for all £ > 0. Fixing

t > 0, we define g(s) := p(t — s) for all s € [0 t]. Since g(s) = —p(t — s) for
almost s € [0, ], we have g(s) ) + [y g(7)dr for all s € [0,¢]. Thus,

\m$\s\gmﬂ+47aﬂw7:mmﬂ+lﬂmv—ﬂmf
< mmﬂ+Kg[ﬁw—ﬂur:mmH4647MﬂmT

Again by Gronwall’s inequality, we obtain |g(s)| < e0%|g(0)| for all s €
[0,2]. In particular, [g(t)| < e®0?|g(0)|. The proof is completed noting that

g(t) = p(0) and g(0) = p(t). O
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Corollary 3.7.2 Let p(-) be a solution of (3.7.7). Then either p(t) =0 for
allt € [0,T] or p(t) #0 for all t € [0,T].

Lemma 3.7.3 Let y(-,z¢) be a solution of (3.7.1). Then, for allt > 0, the
following holds:

i) ]y(t,xo)] < (‘.%'0’ + 1)6K2t -1,

i) ly(t, @0) — ol < (|zo| + 1)(e™2* —1) < Ka(|wo| + 1)e"2"t.

Proof. Since
t
y(t, o) = $0+/ y(s,wo)ds,
0

recalling (F3) we have

t
(. 20)| S\xo\—i—th—i—Kg/ 1y (s, 0)|ds.
0

Hence, Gronwall’s inequality yields (i). Then, observing that

t
ly(t, z0) — xo| < Kz/ (1 + ly(s; zo)|)ds,
0

(ii) follows using (i) in the above estimate. O

3.7.2 The hypograph of the minimum time function satisfies
an external sphere condition

In this part, we will assume that S is nonempty, closed and has the inner ball
property with balls of radius py > 0. Moreover, assumptions (F) and (H)
are also assumed throughout. Recall that ¢y, K, K1, Ko are the constants in
(H1), (F2), (H2), (F3). Let us define, for any r > 0,

Sr)y={z|T@)>r}, &={z|T(x)>0} and S°={xeR" |z ¢S}.
Our main results are the following theorem, together with the corollary.

Theorem 3.7.1 Assume (F) and (H). Suppose further that S is nonempty,
closed and has the inner ball property balls of radius py > 0 and T'(-) is
continuous in S¢. Then, the hypograph of T(-) satisfies a pr(-)-exterior
sphere condition for some continuous function pr(-) : S¢ — (0,00).

Remark 3.7.2 The function pr(-) can be explicitly computed and depends
only on z,T(x), and on cy, K, K1, K2, po.

Consequently, under the assumptions of Theorem 3.7.1, T'(-) enjoys the regu-
larity properties will be described in Corollary 5.2.2. Moreover, the following
corollary follows from Theorem 3.7.1 and [50, theorem 21].
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Corollary 3.7.3 Under the assumptions of Theorem 3.7.1, if T(+) is locally
Lipschitz, then T(-) is locally semiconcave.

The main part of the proof of Theorem 3.7.1 is divided into three lemmas.

Lemma 3.7.4 Suppose T(-) has not a local mazimum at the point T € S€.
Let r =T(z) and let z%(-) be an optimal trajectory steering T to S in time
r, and set z(s) =z (r—s). Then, there exists an arc p(-) defined on [0, 1],
with p(s) # 0 for all s € [0,7], such that

{ —p(s) € 0:H(z (s),—p(s)) a.e. s€0,r],

T7(s) = —F_y(T7(s)) a.e. s€0,7].

(3.7.8)

Moreover, —p(r —t) € NL,

S/ (r—t) (x*(t)) is realized by a ball of radius p(r —t)
for allt € (0,r], i.e.,

<L(T_t) g-at) < ﬁly—:ﬁ(f)ﬁ vyeS(r—1), (3.7.9)

p(r — )|’ r—t)
where p
= 10 (KH2K)s 3.7.10
p(S) 1+2COpOSe * ( she )

Proof. Set 71 =z (r). Of course, 71 € 3S. Since S satisfies the pp-internal
sphere condition, there exists a proximal normal vector v # 0 to &’ at 7,
such that B(:El + ,00‘—5‘,,00) CS§,ie.,

1
<ﬁz —gz1> <5 le-amf wzes. (3.7.11)
v Po

Now, consider the reversed differential inclusion with initial data

y(s) € —F(y(s)) a.e. s €[0,r],
B( v 3.7.12
{ y(0) € B(z1+ pogy.po) € S ( )
The Hamiltonian associated with —F' is defined by
H™ (z,p) = sup (v,p)= sup (w,—p) = H(z,—p). (3.7.13)

vE—F(m) wEF(x)

Let us recall that the attainable set from B(Z1 + pv, p), denoted A~ (r), is
defined to be the set of all points y(r) where y(-) is a trajectory satisfying
(3.7.12). Since z~ (+) is a solution of (3.7.12) with initial point y(0) = z1, and
T'(-) has not a local maximum at the point &, one has that z=(r) = Z is on
the boundary of A~ (r). Indeed, suppose Z is not on the boundary of A~ (r),
then there exists € > 0 such that B(z,e¢) C A~ (r). Thus, T(y) < r =T(z)
for all y € B(Z,¢), and we get a contradiction since T'(-) has not a local
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maximum at Z. Now, since Z is on the boundary of A~ (r), by [24, Theorem
3.4.5], there is an arc p(-), such that ||p(-)|lec > 0, satisfying

(—p(s), 7 (s)) € OH (2~ (s),p(s)) a.e. s € [0,7], (3.7.14)
and
p(0) € NE(@1 o072 0) (Z1). (3.7.15)
From (3.7.14), (3.7.13) and Corollary 3.7.1, we have
—p(s) € 0. H(z™(s),—p(s)) a.e. s€0,r]. (3.7.16)

Moreover, owing to (3.7.3), for all v € 0, H (z,p) we have |v| < K|p|. There-
fore, applying Lemma 3.7.2 to G(s, —p(s)) = 0. H(z~(s), —p(s)), we get
e [p(0)| < [p(s)] < e**[p(0)] Vs € [0,r]. (3.7.17)

Since [|p|| > 0, we have p(s) # 0 for all s € [0,7]. Therefore, from (3.7.14)
and Corollary 3.7.1 we get

T (s) = —0pH(Z (s),—p(s)) = —F_ps)(Z (s)) a.e.s€[0,r]. (3.7.18)
We are now going to prove (3.7.9). Fix ¢t € (0,7] and let y € S'(r — t),
i.e., T(y) > r —t. Let 7 (-) be the solution of the Cauchy problem
E(g) — Taa
Yy (S) - F—;ﬁ(r—t—s)(y (8)) a.c.sc [0,7“ - t]’
_ _ 3.7.19
{5y =5 719
Note that g1 := yt(r —t) € §’. Then, y (s) := y(r — t — s) satisfies
g (r—t) =1y and

{ 5:23 z ;f*jp(s)(y_(s)) a.e. s €[0,r —t, (3.7.20)
From (3.7.18), (3.7.20) and (3.7.6), we have
17 (s) — 2~ ()| < B 0Dy — 21| Vsel0,r—t. (3.7.21)

In order to prove (3.7.9), observe that

(=p(r —t),y (r—t)— —1)) =
(—5(0), 5 (0) / N G (s) — 3 (s)ds. (3.7.22)
Moreover,
L p(s), 57 (5) ~ 7 (5))
= (—p(s),5 (s) =@ (s)) + (-p )7 “(s) =27 (s))
= (=p(5),5 (s) =@ (s)) + (=D(5), =F_p(5(5~ (5)) +F—p(s (™ (s)))

= <—ﬁ(8),zf(8)—f(8)>—H(ﬂ‘(S),— p(s)) + H(z™ (s), =p(s))-
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Recalling (3.7.16) and Proposition 3.7.1 it follows that

(=p(s), 5 ()= (8))=H (7~ (5), =p(s))+H (T (5), =p(s)) < co [B(s)] |5~ (s) =2 (s)|*.
Therefore,

d%(—ﬁ(S), g ()= (s)) < co [B(s)] |57 (s) =2~ (s)[". (3.7.23)

Owing to (3.7.15) and the fact that p(0) # 0, we have —% = o7+ Thus,
by (3.7.11) and the fact that ; € S’ we obtain

p0) 1
< - W’yl - .T1> S 2p |y1 — $1| (3724)

Combining (3.7.22), (3.7.23), (3.7.24) and noting that £ (0) = 71, y~(0) =
g, x (r—1t)=x"(t), y (r —t) = i, we conclude that

r—t
otr=ta-a ) < BN m—aifre [ pllr ) - (o).
Thus, by (3.7.17) and (3.7.21),
—pr—t) | 1 (K2K1)(r—t) |7 ()2
g < (— - 1 - .
(=P == 0) < (5, +alr-0)e g — ot (o)
So, (3.7.9) follows (3.7.10), and the proof is complete. O

Lemma 3.7.5 Suppose T(-) has not a local mazimum at the point T € S€.
Let r =T(z) and let z%(-) be an optimal trajectory steering T to S in time
r. If p(-) is the arc in Lemma 3.7.4, then H(Z,—p(r)) > 0.
Proof. Fixing t € (0,7), by (3.7.9) and the fact that z € S'(r — t), we have
1
(=p(r —t),z = 2" (t)) < 300 —1) p(r = )| |z — 2+ (1)

Equivalently,

(010, [ ~F oo 6Dds) < ot =) | [ 6 (s

Dividing by t both sides of the above 1nequahty, we get

t—F_—T_S 71(s))ds t—F_pr_S 7t (s))ds|?
BP0y Ly L sl )

2

(=p(r—).

As t — 0, we obtain

This implies that H(z, —p(r)) > 0. O
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Lemma 3.7.6 Suppose T(-) has not a local mazimum at the point T € S€.
Let r = T(z) and let z*(-) be an optimal trajectory steering T to S in time
r. If p(+) is the arc in Lemma 3.7.4, then there exists a positive constant pr

such that (—p(r),\) € N@pO(T)(i“,T(:E)) is realized by a ball of radius pr,

i.e., for ally € 8¢ and B < T(y)
BN e L e
<|(—ﬁ(7“),/\)| -8 )> S gng-af+lp—rP) (3725

where A = H(z, —p(r)). Moreover, pr = pr(Z) where pr(-) : S¢ — (0,00) is
a continuous function that can be computed explicitly.

Proof. Let § € §’. Two cases may occur:
() T()<T(@),
() T(p) >T().
First case: T(y) =11 <r =T(x). Let £, = " (r — r1) and write

(=p(r),y — ) = (=p(r),§ — Z1) + (=p(r), 71 — T). (3.7.26)

Recalling Lemma 3.7.4 and noting that § € §’(r1), we can estimate the first
term in the right-hand side of the above identity as follows

(=p(r), 5 — &1) =(=p(r1), § — Z1) + (=p(r) + p(r1), 5 — Z1)

< ﬁ 50| 15 — 212 + 15(r) — p(r0)| 15 — ).

From Lemmas 3.7.2 and 3.7.3, we have that
p(r)| < XTI [p(r) = plr1)| < KX (=) p(r)]
and
7 -2l < |7 =2l + 1@ — 7l < |7 - 2l + Ka(lz] + De 0 — ),
Thus, observing that p(r1) > p(r), one can get the estimate
(=p(r), 5 —@1) < La(lal,r)p(r)|(|g — 2 + |r —r1[?) (3.7.27)

where

_ L+ Kz + 1) 4,
2p(r)

We rewrite the right-most term of (3.7.26) as follows

Li(|z),7) + KKy(|@] + 1)eBHEr L opgekr,

(~p(r) 1 —7) = (—p(r), /0 (@ ())ds)
- /0 T B, Py (25 (5)))ds
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and observe that

<_ﬁ(r)7Ffﬁ(rfs)(j‘+(3))> - <—ﬁ(7“) Ffp(r s)('er(S)) F_ ﬁ(r)(j‘+(3))>

+ (=B(r), Fop(r)(37(5)) = F_pr) (7)) + (=B(r), Fpr) (7))

Moreover, recalling that A = H(z,—p(r)), we have

(=p(r), F_p(r (7)) = H(Z, =p(r)) = A,

(=p(r), F_piy (T (s)) = F_py(2)) < K [p(r)] |27 (s) — |
<

r)
KK(|2] + 1)e"" |p(r)| s
and
(=p(r), F_pr—s) (37 (s)) = F_py (27 (s)))
= (=p(r), Fpir s>(f+(8))> H(z"(s), —p(r))
) )

(s
= (=p(r)+p(r—s), F_p(r—s) (3" () +H (" (5), =p(r—s))—H (3" (s), —p(r))
< 2060|(27(s)| + 1) [p(r) = p(r — 5)| < 2K Ks(|2] + 1)e "2 |p(r)|s.

Therefore,
(=p(r) F_p(r—s)(T7())) < A+ La(|z],7) [p(r)| s
where Lo(|Z],7) = K Ko(|Z| + 1)(2eX" + 1)ef2". Thus, in view of the above

estimates,

(—p(r),z1 —x) < AN(r—r1) + M 1B(r)| |r — 7). (3.7.28)

Combining (3.7.26), (3.7.27) and (3.7.28), we get

2L1(|z], ) + Lo(|7],7)
2

(=p(r),g—2)+ A —7) < p(r)| (172> +[rs —r[?).

From Lemma 3.7.4, we have that A > 0. Therefore, since r; < r, we conclude
that

<% (lg—z|*+18—7]?)
| (3.7.29)

for all 8 < ry. So, if T(y) < T(z), then (3.7.25) holds true provided pr(7)
is such that

2L1(|z],7) + La(|z|,7)
2

g—a,8-)) <

_ _ 2
pr(Z) < p(r) and pr(z) < () T Lol (3.7.30)
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Second case: T'(y) =r1 >r =T(x).
In view of Lemma 3.7.4, we already know that (3.7.25) holds for all § < r.
So let’s prove (3.7.25) for r < 3 < r;. Let y1(-) be the solution of

y(s) € F_pyon(5(s)) a.e. se0,71 —f]
{ 70 = 7 (3.7.31)
Set 1 = y (8 — r) and compute
(=p(r),y — ) = (=p(r),y — t1) + (=p(r), 51 — Z). (3.7.32)

Since r < < 71, one can see that T(y;) > r. Thus, g1 € S'(r). Then,
recalling Lemma 3.7.4 we get

(=p(r), 51 —7) < 3
Using Lemma 3.7.3, we also have
=z < |-yl + |[y—1z|
< K(jgl+ D) —r| + |y — 2.
So,

K3 (|g| +1)%e*20) 1

— 7 r?).
20 () Ip(r)| (ly —z|” + [B—r]%)

(3.7.33)

(=p(r),in —7) <

On the other hand, recalling (3.7.4) we have

(=305 = (=5t0). | 5 (s))ds ) = / )= F (75 s
_ /Oﬁ—r <_ﬁ(7”)7—F—17(r)( (8))+Fpr (7 )>d3+ /Oﬂ " (=p(r), = F_p) (@) s
< Ky [p(r) / gt (s) — alds + / Tl —p(r)ds
B—r
= K1 |p(r \/ s) —x)|ds + X(r — ).

Owing to Lemma 3.7.3, for all s € [0,3 — 7]

gt(s)—z < |gt(s)—g| + |y— 1z
< Ko(|gl +1)ef 203 — | + |7 - 7.

Therefore,

(=p(r), G—171) < Mr—B)+EK; [1+K2(|1g]+1)e®2 =] |5(r)| (|5—[*+|5—r[?).
(3.7.34)
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Combining (3.7.32), (3.7.33) and (3.7.34), we get

(=p(r), ) _ S 2
T W= B-r) <Ly (ly-z[°+ [B-17)
< [(=p(r), N >
where Ls = Kg('g'“);f(i}){?(ﬂﬂ)“ + K1 [1 4 Ka(|g| 4 1)e"2(?=7]. The depen-

dence of L3 on |y| can be easily disposed of taking

_ K3(|z|+2)%e* 2 41

Ly(|z|,7) 201 + K11+ Ko (|z| + 2)6K2] s
Then, the above inequality yields
(—ﬁ(’l"),)\) _ _ B B o )
<W , (G —7,8—7)) < Lu(||,7) (17— 2>+ |68 —r}). (3.7.35)

Recalling (3.7.30) and (3.7.35), and taking

2L1(|:c|,T(90))2+L2(|$|aT(x)) : L4(’f’7T(f))})_%3-7.36)

pr(z) = (2 max {

we obtain (3.7.25). Finally, since T'(+) is continuous on S€¢, one can easily
see that pr(-) is also continuous on S°¢. The proof is complete. O

Proof of Theorem 3.7.1. Let € §¢. Let r = T'(Z) and let z*(-) be an
optimal trajectory steering  to S in time r. By the dynamic programming
principle, T(z*(t)) = r — ¢ for all ¢ € (0,7). This implies that T'(-) has
a not local maximum at Z7(¢) for all t € (0,7). Therefore, by applying
Lemma 3.7.6, we obtain that for all ¢ € (0,7), there exists a unit vector
q(t) € nypo(T) (x*(t), T(z7(t))) realized by a ball of radius pr(z*(t)) where
pr(+) is given by (3.7.36), i.e, for all § € ¢ and 3 < T'(y)

(a0, (-7 (1,8 - TG W)

L AR 4 18— Tl ()2
< 2@ty Y TP+ 16 - T (@)%). (3.7.37)

Since () is a unit vector in R"*! for all ¢ € (0,7), there exists a sequence
{tx} which converges to 07 such that the sequence {G(tx)} converges to a
unit vector g in R"*!. Taking ¢ = ¢} and then letting & — oo in (3.7.37), by
the continuity of T'(-) and pr(-), we obtain that for all y € S¢ and 8 < T'(x),

1
2p7(7)

(7, 5-2.8-T(@)) < =I5 — 7>+ |5 - T@)*)

where pr(-) is given by (3.7.36). Therefore, g € Ng}po

by a ball of radius pr(T'(Z)). The proof is complete. O

1) (z,T(x)) is realized
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We conclude this part with an example in which the Petrov’s control-
lability condition does not hold and the minimum time function 7" is just
continuous. Moreover, in this example, the multifunction F' does not admit
a C'! parameterization but the multifunction F' and the Hamiltonian H sat-
isfy the assumptions (F) and (H).

Example 1. Set

(1,t) t<0
Yt) =8 (1—vV—-t2+2t,t) 0<t<1
(0,¢) t>1.

We set the target S to be the right part of R?\{y} (see Figure 1) and the
differential inclusion to be

(1(t), 32(t)) € F(x1(t), 2a(t)) = {(ul,h(xg(t))uQ) | up,us € [0, 1]},

where

0 if 2o <1
h(ws) = .
xo —1 if g > 1.

NS

Figure 1

Observe first that S has the inner ball property. Observe furthermore that
for 0 <t <1, the point z; = (1 —V =12 + 2t, t) is on the boundary of S, and

min (v, v) = —\/ —t2 + 2t |v],

vEF (2t)

where v is the proximal vector to S. Therefore, since lim, 5+ v —t2 4 2t = 0,
one can see that the Petrov’s controllability condition does not hold in a
neighborhood of (1,0) . Moreover, by computing explicitly the minimum
time function T,

1—.%1 ifﬁ?lgl,aizgo

T(x1,m9) =< 1 — \/—x§+2x2—x1 if 21 <1-— \/—x§+2x2,0<x2 <1

—I1 if x] < 0,1‘2 > 1,
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one can prove that 7" is continuous, but is not Lipschitz at points (x1,0) for
T S 1.

We next show that F' does not admit a C'' parameterization. We first
recall a criterion in [22, p3] that if F' admit a C'' parameterization, then the
Hamiltonian H necessarily has the property

H(z,p)=—-H(x,—p) = 0,H(x,p)=—0,H(z,—p), (3.7.38)

where 0, denotes the Clarke partial subgradient in x. In this example, the
Hamiltonian H is computed as

0 p1 < 07p2 < 0’
p1 P1 > 0,]72 < 0’
H ((x1,22), (p1,p2)) = h(22)ps p1<0,p2 >0

p1+ h(za)ps p1 > 0,p2 > 0.

At the point (z1,z2) = (1, 1), one has that H ((1,1),(0,—1)) = H((1,1),(0,1)) =
0. However,

9:H((1,1),(0,-1)) = (0,0) and 9,H((1,1),(0,1)) = (0,[0,1]),

and so (3.7.38) is violated at the point (1,1). Thus, F does not admit a C!
parameterization.

Finally, since h is a convex function, one can also prove that F' and H
satisfies the assumptions (F) and (H). Therefore, by applying Theorem 3.7.1,
the hypograph of T satisfies a pr(-)-exterior sphere condition.

3.7.3 The inner ball property of attainable sets

In this second part, we will study the attainable set A(7T') from 0 for the
reversed differential inclusion

{ igé)) e: Bf(w(t)) a.e. (3.7.39)

For any T > 0, such set is defined by
A(T) :={y(t) | t € [0,T] and y(-) is a solution of (3.7.39)}.

Let us recall that ¢y, K and K, are the constants appearing in (Hj),
(3.7.3) and (3.7.4), respectively.

Theorem 3.7.2 Assume F satisfies (F) and (H). In addition, suppose that,
for some R > 0, F(x) satisfies the R-interior sphere condition for all z € R™.
If T > 0 and e 357 > 2coRT?, then the attainable set A(T) satisfies the
R(T)-internal sphere condition with

(e=*KT _ 2¢,RT?)

R(T)=R TTRTT KT (3.7.40)
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Proof. Let 7 € OA(T) and let 7 (-) be a trajectory of (3.7.39) steering
0 to z in time 7' . By the Pontryagin maximum principle, there exists an
arc p(-) defined in [0, 7], with p(s) # 0 for all s € [0, T, such that

—p(s) € 0, H(z (s),—p(s)) a.e. s€][0,T)]
{ 27 (s) = —Fp()(x7(s)) a.e. s €0,T] (3.7.41)

We want to prove that, for ro := R(T") (where R(T') is defined in (3.7.40)),

) —p(T)

B(:C + T ,TOT) C A(T). (3.7.42)
p(T)]

Let 6 € B(0,1). Considering the adjoint equation associated with p(-), that

is,

i(s) = Jﬁf;gg‘(;” p(s) a.e.

(3.7.43)

(7 — B(T)
AT) = gy — 0

=1

one can see that
(z(s),p(s)) = —(p(s), 2(s)) for a.e. s € [0,T]. (3.7.44)

This implies that % (2(s), p(s)) = 0 for a.e. s € [0,T]. Therefore, (2(s),p(s))
is constant for all s € [0,7]. In particular,

(z(s),p(s)) = (2(T),p(T)) - (3.7.45)

On the other hand, from (3.7.43) we have |z(s)| < K|z(s)|. Thus, recalling
Lemma 3.7.2 we obtain

e K27t 12(4,)] <| 2(t)] < KO0 |2(8y)| forall 0 <t <ty <T.
(3.7.46)
We now set
To(s) = T(s) — rosz(s). (3.7.47)
Our aim is to prove that yy(T) € A(T). Since gy(0) = z(0) = 0 and

go(T) = z(T) — T()T(% — 0), we need to show

Up(s) € —F(yg(s)) for a.e. s €[0,T7.
Observe that F_;4)(7s(s)) € OF (¥a(s)). Since F(yg(s)) is convex and sat-

isfies the R-internal sphere condition, we have that p(s) is an inner normal
vector to OF(fa(s)) at the point F_j)(7s(s)). Thus, —ijs(s) € F(Fg(s))

(equivalently to 7p(s) € —F(p(s))) if —g(s) € B(F_p5)(a(s)) + r%,r).
Therefore,! our conclusion will follow from

<

(B =(o) = Fopmo))) = 5 in(s) + Py ()6). (3745

'Observe that for all > 0 and z € RN, y € B(z +rv,7) & (v,y —2) > 5|y — z|°
where v € RY is any unit vector.
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Equivalently,

< - %JJ@(S) +F_ﬁ(s)(§9(8))> > 2—1T 50(5) + F_pis) (@) (). (3.7.49)
)

We are now going to prove (3.7.49). On account of (3.7.47), we have

Uo(s) = —F_p(s) (Z(s)) — r0Z(s) — rosz(s).

Thus,
{ ,?Eii,’ﬂm P (@0(s)))
=(- \58\ F g 00(5)) = Fopo) (7(5)) = r02(s) = rusi(s))
= ‘ﬁ(ls)‘ (H(go(s), —p(s)) — H(z(s), =p(s)))

To _ 1 _ =
+ m@(s),z(s» + Tosm@ s),Z

—~~
~—
—~
V)
~—
gt

Recalling (3.7.44), (3.7.47) and (3.7.45), we conclude that

< N %,ﬂe(s) + F s (2?9(8))>

P(s)
- |P(15)| (H (76 (5), —p(s))—H (2(s), —p(s))—(~B(s), 7‘9(8)_x(8)>)+| 2)|<7(T) A
p(T)| y p(T)  p(T)
> =¢o lio(s) = () + 107 S G 15 ')
> —corgs’|z(s)|* + 7«20 ||];((€))I| % =
— —cords?lz(s)t + POz e

Recalling Lemma 3.7.2 and (3.7.46), we obtain

< - ,§ 8’ 0(s) + Fp(a) (gg(s))> > %(-%MOT? + 73K 5(s) 2. (3.7.50)

Observe that 0 < rg = R(T)

_ (e 35T 2¢4RT?)
= RW < R. Then,

<— ;Ez;',yg(sHFp(s)(yg(s))> > %(—2CORT2+6*3KT) 12(s)2. (3.7.51)

On the other hand,

190(s) + Fps) (o (s))] - <| Fp(s)(Fo(s)) — Fopp(s) (T(s))| + ol 2(s)| + ros|z(s)|
< Karos|Z(s)| + rolz(s)] + Kros|Z(s)]
<

ro(K1T + KT + 1)|2(s)|.
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Thus,

- e3KT _ 9¢0 RT?
- 2T0(K1T + KT+ 1

<— |§8| ) ﬂ6(8)+F_p(s) (ﬂe(S))> E |ﬂe(8)+F_p(s)(ga(s))|2,

and (3.7.49) follows . The proof is complete. O

Finally, let us denote by A(x,T') the attainable set from x in time 7" for the

differential inclusion in (3.7.39). One can see from Theorem 3.7.2 that there
exists a time Ty > 0 such that for all 0 < T < Tp, the set A(z,T) satisfies
the R(T')-exterior sphere condition with R(T") given by (3.7.40). Moreover,
for any closed set S C RY, let us set

AS,T) = Alz,T).

€S

Corollary 3.7.4 Suppose that S is nonempty and closed. Under the as-
sumptions in Theorem 3.7.2, there exists Ty > 0 such that, for all 0 <T <
Ty, then the set A(S,T) satisfies the R(T)-exterior sphere condition with
R(T) given by (3.7.40).

Consequences on minimum time function for a general target.

Theorem 3.7.3 Assume (F), (H) and for some R > 0, F(x) satisfies
the R-interior sphere condition for all x € R™. Suppose further that S
is nonempty, closed and T'(-) is continuous in S¢. Then, the hypograph of
T(-) satisfies a pr(-)-exterior sphere condition for some continuous function

PT(') 1 8¢ — (07 OO)

Corollary 3.7.5 Under the assumptions of Theorem 3.7.5, if T'(-) is locally
Lipschitz, then T(-) is locally semiconcave.
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Chapter 4

Semiconvexity type results

In this chapter we will be concerned with the minimum time function T
around the origin. Under some suitable assumptions on the nonlinear control
system, there exists an open neighborhood U of 0 such that the epigraph of
Tjys has positive reach. Therefore, T' enjoys several regularity properties of
a semiconvex function (see Theorem 2.2.2). In particular, T is a.e twice
differentiable in U.

Our approach is based on the linear nonautonomous control systems
which are obtained by linearizing the nonlinear control system along the
optimal trajectories. From the normality assumption at 0 of such linear
systems, the corresponding reachable sets up to small time will be strictly
convex. Furthermore, the reachable set of the nonlinear control systems
in 2D can inherit the strict convexity from linear systems. Consequently,
every point near 0 is optimal and is steered to the origin by a unique optimal
trajectory.

A fundamental analysis for this approach is the study on the reachable
set R of the normal linear control system (see Definition 4.1.1). For such
systems, the Pontryagin maximum principle gives complete information on
optimal controls. More precisely, every optimal control @ on [0,7] is a sign
function of a switching function g on [0,7] which has finitely many zero
points, i.e., % is a bang-bang control with finitely many switching points on
[0,T]. Therefore, RT is strictly convex (see other proof in [41]). However,
to our aim, we need to have an optimal computation of the modulus of the
strict convexity of R” (Theorem 4.2.1). The crucial point of the proof is
classifying the set of zero points of g according to their multiplicity.

The chapter is organized as follows: in Section 4.1 recall some definitions
of linear control systems and some basic facts, while Section 4.2 contains our
results on the reachable set in the case of linear control system. The last
Section 4.3 is devoted a study on the minimum time function for a nonlinear
control system in 2D.
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4.1 Linear control system and normality

Consider the linear control system

y(t) = Ay(t) + Bu(t) a.e.
u(t) e U a.e. (4.1.1)
y(0) =0,

where A € Myxy, B € My and the control set 4 = [-1,1]M. For

any ¢t > 0, we denote by U, the set of admissible controls on the interval
[0,], i.e., the measurable function u : [0,#] — RY, such that u(s) € U a.e.
s € [0,t]. For any u(-) € U!,, the unique Carathéodory solution of (4.1.1) is
denoted by y"(-). Moreover,

t
y“(t):/ eA=%) Bu(s)ds.
0

Therefore, the reachable set from 0 in time 7' can be explicitly computed,
and reads as:

RT = {/OT A=) Bu(s)ds) | u(-) € ngl}

One can see that the set R” is convex and compact.

Proposition 4.1.1 (Pontryagin maximum principle) Suppose z € R
is realized by the control u(-) € Z/Igzl. Then T € ORT if and only if for all
¢ € N, it holds

;(t) = sign(C, AT, ace. t € 0,7,
foralli=1,2,..., M where u = (uy,ua,...,ups) and B = (by,ba,...,bar).
A standard reference for the proof is in [41].

Definition 4.1.1 The system (4.1.1) is normal if and only if
Rank [b;, Ab;, ..., AN 1] = N
fori=1,2,...N where B = (by,ba,...,brr).

Remark 4.1.1 If the system (4.1.1) is normal then (A, B) satisfies Kalman
rank condition. Therefore (4.1.1) is small time locally controllable.

We state here a classical result for such systems.

Theorem 4.1.1 The linear control system(4.1.1) is normal if and only if
the reachable set RT is strictly convex for any T > 0.

Proof. One can find a proof in [41]. O
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4.2 Quantitative strict convexity of reachable sets

4.2.1 Linear autonomous control systems

We will study in this subsection the modulus of strict convexity of the reach-
able sets in the case of normal linear autonomous control systems (4.1.1).
The first Lemma clarifies the role of the normality assumption in the behav-
ior of the switching functions g. The case of a single control is the pivotal
one.

Lemma 4.2.1 Let A € My and b € RYN be such that
Rank([b, Ab, ..., AN"1b] = N. (4.2.1)
Take ¢ € RN, with ||C|| = 1, and define, for s € [0,00)
g(s) = (b, ¢). (4.2.2)

Then there exists a constant L, depending only on A,b, N such that

N-1 ‘

> 190 (s)| =L eIl (4.2.3)
=0

Proof. Set
b
Ab
K p—
AN-1p

and observe that, by (4.2.1)

L= lecrhin1 |KC|| > 0. (4.2.4)

Fix ¢ € RY with ||¢|| = 1 and write (1(s) = esA"¢. Observe that ¢ =
e=A"s¢1(s) and ||¢1(s)| > eIl We compute now, for i = 0,1,..., N — 1,

g (s) = (e A'b,¢) = (A'b, (1(s)).-

Therefore,
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Using (4.2.4) we have that
1K G (s)]| = Le*I41.
On the other hand,
N-1
IEC(s)] < > 19" ()]
i=0

and the proof is concluded. ]

The next Lemma is crucial for estimating the number of zero points of
the switching function g (corresponding to the number of switching points
of the optimal control associated with ¢) and for studying the multiplicity
order at zero points of g.

Lemma 4.2.2 Let A € Myxn and b € RN be satisfying (4.2.1). Take
CeRY, ¢ =1, and fir T > 0. Let g(s), s € [0,T], be defined as in
(4.2.3]).

Then there exist disjoint sets Iy, I, ...,In_1 and numbers N, depending
only on A,b,T and N such that

N—-1

[OvT] = U I;

=0

and, for alli =0,1,...,N — 1, the set I; is the disjoint union of at most N;
intervals. Moreover, for each i =0,1,....N — 1, for all s € I;, we have

199 ()] > %e—llAlls. (4.2.5)

Proof. We proceed by induction for ¢ from 0 to N — 1. Set

Lo lAlls

c(s N

(4.2.6)

and
Jo={s€(0.7) | [g(s)] <c(s)}.

Since Jy is open, we can write it as the disjoint union of countably many
intervals,

Jo = | (azk, azk41), (4.2.7)
k=1

where 0 < ag < a3 < a4 < ... < ag < agkt1... < 1.
Observe that, by contradiction, if s € [agg41, aokt2], then |g(s)| > ¢(s).

Now, fix k and consider the intervals (agk, aog11), -+ (A2(kt N=1) Q2 (k- N)—1)-
Set, for j =0,1,.... N —1

(@2(k+4)> 2k +)+1) = 1},
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and, for j =0,1,..., N — 2

[a2(k;+j)+1aa2(k+j+1)] = If
Observe that

N-1 N-2
U I;u U I;r = (a2k, a2k N)-1)-
=0 =0

We are going to give a lower bound on [ay(4 n)—1 — agx| independent of k,
from which it will follow that the intervals (agx, asg41) are nonempty only
for finitely many k.

Observe that for each 7 = 0,1,..., N — 2, there exists at least one point
c} € If such that ¢ (cjl) = 0. Therefore, there exist at least N — 2 points,
say c? for 7 =0,1,..., N — 3, such that

c? € (cjl-,c}ﬂ) and g"(c?) =0.

Proceeding by induction we see that, for each i = 1,..., N — 1, there exists
at least one point ¢; € (agk1,ag(k+n)—1) such that g9 (¢;) = 0.
Pick any sg € (agg, askr1). We have

19(s0)| < c(s0), (4.2.8)
9 (o)l =19 (s0) — g (i)l = ‘/ g (s)ds
S0
2(k+N)-1 . '
: / 19" ()|ds < (angeyny-1 — azk)el AT AT D).
a2k
Therefore,
el N-1
Z 199 (s0)| < (ag(kn)—1 — aop)el AT Z | A1), (4.2.9)
=t i=1

On the other hand, recalling (4.2.3), (4.2.6) and (4.2.8) we have

N—-1 ‘
> 199 (s0)| = Lem 450 — ¢(sp)
i=1
_ % celalso > N =L scjair g9 40

From (4.2.9) and (4.2.10) we obtain

(N —1)Le 24T
N A

A2(k+N)—1 — G2k = (4.2.11)
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which is the desired estimate. Observe that the right hand side of (4.2.11)
depends only on A,b,T and N.

We set now Ay to be the number of nonempty intervals appearing in
(4.2.7), and recall that we just proved that Ay depends only on A,b,T" and

N, actually
N-1

N T .
Mo < 57— 1Ze2|'A|'T > lA™ D] + N (4.2.12)
=1

Set Iy = [0,T]\Jy and observe that we have completed the proof of the
lemma for i = 0.
Fix now a nonempty interval (a,b) appearing in (4.2.7). Set

T — (s € (a,0) | |¢'(s)] < e(s)}.

Pick any so € Jl(a’b) and observe that recalling (4.2.3) and (4.2.6),

Zf;l lg® (s0)| > %Ee‘”“lus. By using in Jl(a’b) the same argument as
)

above, with ¢ is place of g, we see that Jl(a’b is the union of finitely many

disjoint intervals (a%k,aélﬁ_l), k=12, ...,Nl(a’b) where

(@) N |b | N-1
a, < 2||A||’1 ] 1 — 1. L.

We define ,
1" = {s € (a,b) | |g/(s)] > c(s)}

and I; to be the union of the Ifa’b), over all the at most Ny nonempty
intervals (a,b) in Jy, i.e.

No Ni+1

n=Un"" = (af, b1).
=1 1 h=1

=
=

o~
Il

Observe that the number N of intervals appearing in the above union is
bounded from above. More precisely, recalling (4.2.11) we have

N T N—-1
Z2lANT AT+ NN, 4.2.14
—5 ¢ ; | | + NNo ( )

N <

After this step, we formulate our induction process. We are going to
construct, for each i = 2,..., N — 1, two disjoint sets I;, JJ; with the following
properties

(ind1) for every s € I;, |g(s)| > c(s),

(ind2) for every s € J;, Zf\fll 199 (s)] > B e(s),
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(ind3) J; UIZ' =Ji_1,

(ind4) J; is a finite union of open intervals, whose number is at most N; and
N; depends only on T, L, A, b, N, 1,

(ind5) I; is the finite union of at most A; + 1 intervals.

For ¢ = 0,1 the above construction was already performed (take J_; =
(0,T)). Pick any i = 2,3, ..., N — 3 and consider the set

Jiv1 = {s € J; | |§"D(s)] < c(s)}.

For every connected component (a,b) of J;, we are going to prove that

Jl(ilb )= i+1 M (a,b) is a finite union of intervals, and give a bound on their
number J\/Z(Jrl Recalling (ind2), for every s € J;} (a ®) we have
N—-1 .
A N—i-1
3 1606 > el
Jj=i+1

By using the same argument developed for ¢ = 0, with g(iH) in place of

g, we see that JZ( +1) is the union of finitely many disjoint open intervals

Z+1 Z-‘rl _ (a7b)
(ab} ,a2k+1) k=1,2,..,N , where

2

(a,b) N [b—a| opayr — ,
N <=7 ¢ SO Ab|+ (N —i+1).  (42.15)
j=i+2

We define

157 = {s € (@) [ 19| = e(s)}
and observe that Il(ilb )i
We finally set I;11 to be the union of the I( 7 %) over all the (at most Nj)
connected components (a;, b;) of J;. Therefore I;+1 is the union of at most

is the union of at most J\/Z(f:l + 1 intervals.

N1 intervals, where

L g N T
N = SN < T 5 iy 4 (v -

j=1 T j=i+2
(4.2.16)
Finally we observe that J; ;1 is the union of at most A;;1 open intervals.
If i = N —2, we observe that for each s € Jy_g, recalling (ind2) we have
]g(Nfl)(s)\ > ¢(s). Therefore we set Jy_1 =0 and In_1 = Jy_2. The proof
is concluded. O

We are now going to state our main result.
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Theorem 4.2.1 Consider the linear control system
& = Az + Bu, (4.2.17)
where A € Myxn, B € Myxy, M < N and u = (uy,ug,...,ups) € RM,
luj| <1 forj=1,2,...,M.
Assume that (4.2.17) is normal, i.e., for every column bj, j =1,2,...,M

of B,
rank [b;, Ab;, ..., AN 71b;] = N.

Then for all T > 0 there exists a constant v > 0, depending only on
N, M, A, B, T such that for all z,y € R”, for all { € Ngr(z), it holds

(Cy—a) <=7 lICll lly — =™ (4.2.18)

Remark 4.2.1 The power N in (4.2.18) is optimal, as the example, T = u
forw € [—1,1], shows.

Proof. We first consider the case M = 1, so (4.2.17) reads as
t=Ar+bu , |uf <1

Fix # € OR” together with an optimal control %(-) steering 0 to Z in time
T. By Pontryagin’s maximum principle, for a.e. ¢ € [0, 7],

u(t) = sign(¢, e p).

Taking 7 € RT together with a control u(-) steering 0 to 7, we compute:

T
Cg-7) = / (¢, eAT=Db(u(t) — a(t))d)

0

T
S /0 (€. eATDB) u(t) — a(t)|dt.

Set K (t) = $|u(t) — u(t)| and observe that 0 < K(t) <1 a.e. t € [0,7], and

T T
(Cy—a)= -2 / (G T K (1) dt = —2 / (G, M) K (T — )dt.
0 0
(4.2.19)
Moreover,

T T
g2l = | /0 AT-0p(u(t) — a(t))de] < 2711 /0 K(t)dt. (4.2.20)

Set, for s € [0, +00),
g(s) = (™0, ¢).
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By Lemma 4.2.2 there exist disjoint sets Iy, I1,...,In—1 and constants N;
such that [0,7] = Uij\fol I;, each I; is the disjoint union of at most N
intervals and (4.2.5) holds. We rewrite

N—-1
Cg-5)=—2% / 19(s)| K1 (s)ds (4.2.21)
i=0 Y1

where Ki(s) = K(T' — s). We are now going to discuss separately the
integrals [} |g(s)[Ki(s)ds, for all i =0,1,..., N — 1.
For i = 0, we have, recalling (4.2.5) and (4.2.4)

lg(s)| K1 (s)ds > £ -lair Ki(s)ds. (4.2.22)
Iy N Io

Fix 1 =1,2,..., N — 1, and write, recalling Lemma 4.2.2,

U a/l,]7 Zj

and all open intervals (a” ;,j) are disjoint. Recalling (4.2.5), we have,
for all s € I;, |[g9(s)] > Le AT, Fix j € {1,2,...,N;}. We now apply
inductively Lemma 7.3.2 on [aZ j»bij] with the functions ¢"F=1) in place of
f,fork=0,..,i—1. Let k = 0 and set f = g@~ 1 the assumption (7.3.1) is
satisfied With C = %e*”A”T. Then Lemma 7.3.2 yields that for some point
C?,j S [CLZ'J', b@j] we have both

9V ()| = Ol — ) Vs € aig, )],

and

9 () = Cs = ) Vs € [, bigl.

Let £ = 1. By applying Lemma 7.3.2 on each of the two (possibly degener-
ate) intervals ai,j,c?d, i ],bz j to the function f = ¢(*~2 and the constant

C, we find a suitable points Cw € lai;, ca]] and cz’j € [cg’j, b; j] such that we
have both

) > Sy -5 Vs e laigely)

D 2 S’ Ve leydd)
and

906 > (s Vseld )

9 > Sl s e (bl
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By continuing the induction process until k¥ = ¢ — 1, we split the interval

[aw’bw] into at most 2¢ intervals [a; ; = ZOJ, le] [cllj,c i, 7], [021 Lbi
c j] (some of them being possibly degenerate) such that for alll = 0,1, . —
Land s € [c] , ﬁtl] one has
. C LN C -
either |g(s)| > F(s —c;ij) or |g(s)] > F(C‘ng —s)". (4.2.23)

Recalling (4.2.21), and the above discussion we have

N—-1
Ca-7) = —2?%%jm&mu$w
N—1 N; 2t—1

o NOEETED Y /m )1 (s)]ds].

i=1 j=0 [=0

.

Recalling (4.2.22) and (4.2.23), we obtain from the above inequality that

N-1 N i
<<,§—f>s—%e—“"‘“T[/l Ky (s dHZZZ/” - ’J' K (s)ds|
0 i=1 j=0 1

(4.2.24)
where c . is either c i.j OF cngl according to the two possibilities appearing in
(4.2.23) Applying Lemma 7.3.1 to each summand of (4.2.24) we therefore
obtain

I+1

N—1 N; 2i—1 (f;” Kl(s)ds)wrl

— — ﬁ - =
(g —7) < 2 AT , e 22 (i+1)! |

i=1 j=0 =0
(using the convexity of x — x'™1 on the positive half line)
N—1 N; b . .
2L 5 i+1
_ 2= lAlT
< ~ € { K1 )ds + ZE: ]E: G+ D) G122 ( Ki(s )ds) ]
N-1
2L z+1
<= *“A“T[ Ki(s)d /K d .
= Ne N 1( S—i—; 2_’_1'212/\/1 1 s
Thus,
2L 1 N
y—x) < ——e_”A”T[ ( Ky (s ds)
<C Yy > = N ‘IOIN_I I 1( )
N1 (4.2.25)

X e, 5es) )
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Recalling (4.2.12), (4.2.15) and (4.2.16), we see that Ny < N; < ... <
Ny < C(A,b,N)(e2IAIT 1 N1) where C(A,b, N) depends only on A,b, N.
Therefore, we obtain finally from (4.2.25) that

(¢,5 — 1) < —C(A,b,N,T)e I14IT ( /OT lu(t) — a(t)])N, (4.2.26)

where C(A,b, N, T) is a positive constant, depending only on A, b, N, T such
that
liminf C(A,b, N, T) > 0. (4.2.27)
Recalling (4.2.20), we complete the proof for the case M =1 (i.e., a scalar
control) by setting
v = 2N BV C(A,b, N, T).
In the case M > 1, pick # € ORT together with an optimal control
u(-) = (uy(+), uz(:), ..., ups(+)) steering the origin to Z in the optimal time T,

together with 7 € RT and a control u(:) = (u1(-),u2(-),...,uas(-)) steering
the origin to ¢ in time T'. Then, for each ¢ € Nz (Z), ||| = 1, we can write

T M T
(¢y-2) < /0 <<,eA<TS>Bw(s)>ds:; /O (¢, ATy (s) )ds,

(4.2.28)
where B = (bi)i:m ..... o and wi(s) = u;(s) — wi(s).
Recalling Pontryagin’s maximum principle we have also
M- e
SEEEDY / (¢, e T=9%Y [y (s) — a(s)|ds. (4.2.29)
i=1 70
Moreover,
M T
-2l < TS ol [ ) — (o). (4230
i=1 0

We now apply M times (4.2.26) with each summand of the right hand side of
(4.2.28) in place of the left hand side of (4.2.26) and obtain, using (4.2.29),
that

M T N
(€5 =) < ~C'(A,B,T, N, M)e” TS~ ( / [uis) = wils)lds)
i=1 70
where the positive constant C’ depends only on A, B,T, N, M and
liITning’(A,B,T,N, M) > 0.

We conclude the proof by applying (4.2.30) and setting
y = 2Ne WHDIAIT Bl|c"(A, B, T, N, M),

where C” is a constant enjoying the some properties as C”. O
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4.2.2 Linear nonautonomous control system in the case N =
2

The following Lemma is a first step for studying the reachable sets in the
case of nonlinear control system by using our linearization approach. It says
that under the rank condition (normality) at 0 of the linear nonautonomous
control system (4.2.31), the strict convexity of the reachable sets still remain
up to sufficiently small time. For future use, we will consider that A is just
measurable instead of continuous.

Lemma 4.2.3 Let N = 2. Consider the linear nonautonomous control
system
z(t) = A(t)z(t) + B(t)u(t), (4.2.31)

where A : RT — Mayo and B : RT — Moy, 1 < M <2 and u = (u1,un),
luj| <1 for j =1,M, satisfying the following assumptions:

(Cy) A(-) is measurable and

|A(t) — A(0)|| < Lt for all t > 0,
(Cy) B(-) is of class Ct and
d
H%B(t)H < 2Lt for all t > 0,

where L is a positive constant;
(C3) Rank [b;(0), A(0)b;(0)] = 2 for j = 1, M where B(-) = [bi(-), ba(+)].

Then there ezist a time T =T (A, B, L) > 0 and a constant vy > 0 depending
only on A(0), B(0), L such that for every 0 < 7 < 7T, for every x,y € R”,
for every ¢ € Ngr-(x), we have

(Cy =) < =lIcllly — =]

Remark 4.2.2 Observe that condition (Cy) implies that t = 0 is a conti-
nuity point for A(-), so that A(0) in (Cy) is meaningful.

In order to prove Lemma 4.2.3 we need some notation and a preliminary
result. We denote by M(-,-) the fundamental matrix solution of

o)
SM(t,s) = A(t)M(t,s) for t,s >0
at ) ) )
{ M(s,s) =1 (42:32)
and by My(-,-) the fundamental matrix solution of
0
£ My(t,s) = A(0)My(t,s) for t,s >0
ot 0oL, 0\t )
{ My(s,s) =1 (42.:33)



4.2 Quantitative strict convexity of reachable sets 89

Let b(-) be a column of B(-), let 7 > 0 and define

g(t) = (M(T,1)b(t), C), (4.2.34)
and

go(t) = (Mo(7,£)b(0), C). (4.2.35)
Our preliminary result will permit to transfer to g the properties of the

function gg proved in Lemma 4.2.2.

Lemma 4.2.4 Let g be defined according to (4.2.34) and let the assump-
tions of Lemma 4.2.3 hold. Then for T > 0 sufficiently small there exist
disjoint sets Ip,I1 and numbers Ny, N1 depending only on A(0), B(0), L, T
such that

(a) [0, 7] =1y UI;
(b) I; is the disjoint of at most N intervals, i = 0,1;

(c) for each x € Iy
lg(s)| > %efllAm)ns;

(d) ¢' has constant sign in every connected component of Iy and, for each
sely

E — s
g (s)] > 1e 1A(0)Is

Remark 4.2.3 Iy and I; are exactly the intervals provided by Lemma 4.2.2
for the case N = 2 with go in place of g.

Proof of Lemma 4.2.4. Let go be defined according with (4.2.35). By
using Gronwall’s inequality and (Cy), (C) we can find a continuous function
K(T) > 0 such that

. K(T)
lim ——> =K
Tl_{Iol+ T 1> 0,
lg(t) — go(t)| < K(T) forall 0 <t < T, (4.2.36)
and
19 (t) — go(t)| < K(T) forall 0 <t < T. (4.2.37)

Let 7 > 0 be such that
K(T) < Ze140IT
~ 4

Let Iy, I1 be given by lemma 4.2.2 with gg in place of g. For each s € [y we
have |go(s)| > %e_”A(O)HS. By (4.2.36), (c) follows.

Fix now a connected component J of I; and observe that, being g,
continuous, its sign is constant on J. Since on J we have on one hand
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that |gh(s)| > £e714ONIT and on the other hand that |¢/(s) — gj(s)| <

%e*”A(O)”T, we obtain both that ¢’ does not change its sign on J and satisfies

the inequality in (d). The proof is concluded. O

Proof of Lemma 4.2.3. The same argument of the proof of the con-
stant coefficient case can be applied. ]

4.3 Nonlinear control system in the case N = 2

4.3.1 Strict convexity of the reachable set

In this subsection, we will prove that under the rank condition at 0 to-
gether with the Taylor development at 0 of the nonlinear control system,
the reachable set is strictly convex up to sufficiently small time.

Theorem 4.3.1 Consider the control system

{ zgg)) - Ig’(w(t)) + Ga(t)u(t), (4.3.1)

where u = (uy,upr) € [1,1)%, F:R?2 - R2, G : R? — Mayp, 1 < M <2,
are of class CY'1 (with Lipschitz constant L) and

(1) F(0) =0,
(i) Rank [G;(0), DF(0)G;(0)] =2 for i =1,2 where G = (G1,G2),
(iii) DG(0) = 0.

Then there exists T > 0, depending only on L, DF(0),G(0) such that for
every 0 < 7 < 7T the reachable sets R™ is strictly conver. More precisely,
for every 1 € OR™ and x5 € R7, for every ( € N5, (1), one has

(¢ w2 — 1) < —A[CIlla2 — a1 (4.3:2)
where v is a positive constant.

Proof. We first prove the Theorem for M =1 (scalar control).

Fix 7 > 0 and 21 € OR", together with a optimal control u;(-) steering 0
to z1 and associate trajectory x1(-) . Take any x5 € R™ together with us(-)
steering 0 to zy and associate trajectory xo(-). Set x(t) = xa(t) — z1(t).
Then, for a.e. t € [0, 7],

#(t) = A1 (D)z(t) + Glaa(t))w(t), (4.3.3)

where w(t) = ug(t) — uy(t) and

Ay() = /0 DE (@ (t) + ra(t))dr + /O DG (t) + ra())dr wi(t).
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Let z(-) be the solution of the linear system which is defined along the
optimal trajectory xi(-):

{(20= 4000+ 6D o
where A(t) = DF(x1(t)) + DG (z1(t))uq(t).
We have
d

12 = 2] < [[A1()2(t) — A=)l + 1G(22(t)) — Gl1(t))[[w(t)]
< A=) = 2@ + 1A (8) = AB =@ + Ltflz()]|w(?)]
< Lilz(t) — (@) + Llla@)|* + L= @)]] Jw(t)],

where Ly = ||[DF(0)|| + 2Le?™.
Thus, by Gronwall inequality we get

¢
[[(t) — 2(8)]| < ethL/O (I ()1 + slla(s)|w(s)]) ds. (4.3.5)
On the other hand, observing that

d, .
2@ < Laflz (@)l + Ls|w(®)],
we also have .
O] < LoeP [ fu(s)lds, (4.3.6)
0
where Ly = |[DF(0)|| + 4Le?E™ and Ls = |G(0)| + e2L7.
From (4.3.5) and (4.3.6), one obtains

lz(t) — z(t)|| < L5t(/0tw(s)ds>2, (4.3.7)

where Ly = LL3e(1F202)7 4 [ [ae(litla)T,
Since 71 € OR", by Pontryagin’s maximum principle there exists an
absolutely continuous function A : [0, 7] — R? with the following properties

At) = =A0AT(1) A7) =,

ui (t) = sign(\(t), G(z1(1)). (4.3.8)

We set now b(t) = G(x1(t)) and consider the linear nonautonomous control
system

{ (1) = Ay (1) + b(t)u(2), (43.9)
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together with the trajectory yi(-), corresponding to the control ui(-). Ob-
serve that A(-) is measurable. Moreover, since both F' and G are Lipschitz
with constant L and DG(0) = 0, we have
[A(#) = AQO) = [[DF(z1(t)) + DG(21(t))ur(t) = DE )]
< 2L||z1(t)|| < 2L|G(0)|e* e,

Moreover, b'(t) = DG(z1(t))#1(t) so that
') = b0)] = ') < Liza®)](2L]z1(®)] +|G(0)]) < Kt

where K = Le?l™ (2Le*M™ 4 1) |G(0)[2.

Therefore, by Lemma 4.2.3, if 0 < 7 < C} where C7 > 0 depends only on
L,DF(0),G(0) then there exists a constant v(7) > 0, depending only on
L, DF(0),G(0), 7 such that for all {¢,y(T) — y1(7) < —v(7)|ly(T) — 1 (7)||*.
In particular, recalling (4.2.26)

(Cy2(r) —w(r) < —71(7)( /O Tw(s)ds)z, (4.3.10)

where ya(-) is the trajectory of (4.3.9) associated with the control usa(-).
Remark that v1(7) is bounded away from 0 as 7 — 01. Moreover, one can
see that z(t) = ya(t) — y1(t). We compute

(Gag—m1) = (Ga(r) —2(7)) + (¢, 2(7))
(1) = 2(7) ]| + (¢, 2(7))-
Recalling (4.3.7) and (4.3.10), we obtain

IN

(Cywog —x1) < (LsT — 71(7))(/(; w(s)ds)z. (4.3.11)

Thus if 7 < w then

(Cwg — 1) < —71;) (/OT w(s)ds)2.

Setting 7 = min{C, W} and recalling (4.3.7) we obtain (4.3.2). The
proof is completed by applying Proposition 7.2.1.

In the case M = 2, the proof is done by following entirely the above
argument. ]

The following Remark follows immediately from the proof of Theorem
4.3.1.

Remark 4.3.1 Let z1(-) and A(-) be in the proof of Theorem 4.3.1. For all
0<t<7=T(x1), one has \(t) € Nre(x1(T(x1 —1))), more precisely

At),y = 21(T(21) = 1)) < =v[AOly — 21(T(z1) = )]
for all y € R.
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4.3.2 Optimal points

We will study here the optimality of points near the origin. Before stating
our result, we prefer to give the classical definition of optimal point.

Definition 4.3.1 Let x € RN\{0}. We say that x is optimal if and only if
there exists a point x1 such that T'(x1) > T(x) and x = x1(T(x1) — T'(z)),
where x1() is an optimal trajectory steering x1 to 0 in optimal time T'(z1).

The following result on optimal points is important to prove the positive
reach of the epi-graph of the minimum time function, which will be consid-
ered in the next subsection.

Theorem 4.3.2 Let N =2 and let the assumption of Theorem 4.5.1 hold.
Let T > 0 be such that T according with Theorem 4.5.1, for all0 <1 < T,
the reachable set R™ is strictly convex. Let T be such that T(z) < T. Then
T 18 an optimal point.

Proof. We consider first the case where G is a vector and the control u is
one-dimensional. Set 7 = T'(z) and let u(-) be an admissible control steering
Z to 0 in the optimal time 7, together with the associated trajectory Z(-).
Set, for all t € [0, 7],

A(t) = DF(z(t)) + DG(z(t))u(t) , b(t) = G((t))
and let, by Maximum Principle, A be a solution of

A(t) = ~AWAT (1),
{ D) = C. (4.3.12)

such that ¢ € Ng-(z) and for a.e. t € [0, 7],

a(t) = sign(A(t), b(t)).

Set, for t € [0, 7],
g(t) = (A@t), b(1))-

We are now going to extend u(-) in an interval |7, 7+ 0] for a suitable 6 > 0,
with the property that the extended control and its associate trajectory
satisfies the Maximum Principle.

Three cases may occur:

(i) g(7) :== 01 >0,



94 Semiconvexity type results

In the first case, we set @(t) = 1 for all ¢ > 7 and let Z(-) the associate
trajectory issuing from z at time 7. We extend analogously A(-), b(-), A()
and g(-) for ¢ > 7. Observe that g is locally Lipschitz, so that, for ¢t > 7,

g(t) = g(1) +g(t) —g(1) > 61 — L1(t — 7)

for suitable constant L. Therefore we can find 6 > O such that 0 < 7+6 < 7T
and g(t) > 0 for all ¢t € [r,7 + ], i.e.,

u(t) =sign g(t) Vt e [r,7+9].

The second case is entirely analogous, by substituting 1 with —1.

We consider now the third case. Let the Iy, I1 be given by Lemma 4.2.4 for
the function g in the interval [0, 7]. Observe that necessarily 7 € I3, so that,
in particular, ¢'(7) # 0. We set, for t > 7

at)=1 if ¢'(r) >0

or
alt) = -1 if g(r) <0

and let Z(-) be the associate trajectory issuing from z at time 7. We extend
analogous A(-),b(-), A(-) and g(-) for ¢ > 7. One can compute that

g'(t) = (A®), [F, GI(z (1)),

where [F, G] is Lie bracket.

It implies that ¢’ is continuous. So there exists § > 0 such that the sign
of ¢'(t) equals the sign of ¢'(r) for all ¢ € [r — d,7 + §]. Therefore our
construction of u(-) on [0, 7 + ¢] is such that for a.e. t € [0,7 + ¢],

u(t) = sign g(t).

Thus, for all t € [0,7 + 6], Z(t) € IR!. So u(-) steers T(7 + &) to the origin
optimally in time 7 + 4.

For the case G(-) € Mlaya, the proof is entirely done by the above argu-
ment.

Corollary 4.3.1 Under the same assumptions of Theorem 4.3.2, let T =
T(z) < 11 < T. Then there exists x1 € IR™ and a control uy : [1,71] —
[—1,1]M such that the trajectory Z(-) corresponding to the control

o fa@ o<t<r
u(t)_{ul(t) T<t<m.

and such that (0) = z1 reaches 0 in the optimal time 71 and moreover
z(r —7)=1=.
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Remark 4.3.2 From Corollary 4.5.1, Z(-) and A(+) in the proof of Theorem
4.8.2 can be extended to time T. Then the mazimized Hamiltonian along
z(+) associated with \(-) is constant in [0,7), i.e.,

H(z(t),\t) = C Vtelo,T).

Proof. We will now consider here the case M = 1. From the proof of
Theorem 4.3.2, we have that

H(z(t),A(t)) = (), F(2(t))) + [(A(t), G(2(1)))].
For a.e. t € [0,7), we compute

L (), M8))

dt
= (A0, [G, Fl(@(8))a(t) + (A1), [G, F(2(1)))sign(A(t), G(Z(1))-
Since u(t) = sign{\(t), G(z(t))) for a.e. t € [0,7). We obtain that

d
EH(a_c(t), A(t)) =0 for a.e. t € [0,7).
Hence, the proof is concluded.
The proof of the case M = 2 is analogous. O

4.3.3 The epi-graph of the minimum time function has pos-
itive reach

We are now studying the convexity "type” of the minimum time function
T'(-) in which the control dynamics just satisfies a weak controllability con-
dition, i.e., the function T'(+) is just continuous.

Theorem 4.3.3 Let N =2 and let the assumptions of Theorem 4.3.1 hold.
Let T be given by Theorem 4.3.1. Then for every 0 < 7 < T the epigraph
of the minimum time function T(-) on R" has positive reach.

Corollary 4.3.2 Under the same assumptions of Theorem 4.3.3 the mini-
mum time function satisfies the list of properties in Theorem 2.2.2.

Before beginning the proof of Theorem 4.3.3 we introduce the minimized
Hamiltonian and study its sign.

Definition 4.3.2 Let z,¢ € RY. We define the minimized Hamiltonian as
(z,Q) = (¢, F(#)) + min(, G(z)u).

Proposition 4.3.1 Let the standing assumptions on the dynamics hold. Let
x belong to the boundary of the sublevel set R™ for some T > 0. Let { €
NE.(z). Then h(z,¢) <O0.
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Proof. Let u(-) be an admissible control steering x to 0 in the optimal time
T, together with the associate trajectory Z(-). Then, for all 0 <t < 7 the
point Z(t) belongs to R™, so that, by definition of Fréchet normal we have

. z(t) —x
e (6 oy —ar) <°

Observing that ||z(t) — z|| < Kt for a suitable constant K, we have

lil?jélp <§, j(t)t_ x> <0.

In other words,

0 > limsup<(,% /Ot (F(:E(s)+G(f(s))ﬂ(s)))ds>

t—0

= (¢, F(x)) + limsup <C7 G<¢>M>'

t—0

Let t,, — 0 be sequence such that lim,, .. % fg” u(s)ds := u exists. By the
convexity of U, u € U, and so h(x,() = (¢, F(x)) + ({, G(z)a). O

We are now ready to prove Theorem 4.3.3.
Proof of Theorem 4.3.3. Let x # 0 such that T'(z) < 7 and let (u(-),z(-))
be an optimal pair for . By Maximum Principle there exists 0 # ( €
Nyre@) () such that the adjoint arc A, with

satisfies

We claim that
(¢, h(x,C)) € Noyor) (2, T(2)), (4.3.13)

i.e., there exists a constant ¢ > 0 such that, for all y € RY such that
0<T(y) <7, forall B>T(y), we have

(€.0).(0.8) ~ (@.7@) < o)l (Iy — I +18 - T@))),  (4314)
where 6 = h(z,(), and, moreover
o is independent of x and (. (4.3.15)

Indeed, we consider two cases:

(a) T(y) < T(x);
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(b) T(y) > T(x).
In the first case, y € RT@), so that by Theorem 4.3.1

If 8 > T'(x) then (4.3.14) is automatically satisfied, since # < 0 by Proposi-
tion 4.3.1. If instead 8 < T'(x), we set 1 = Z(T(x) — ).

We estimate first (¢, — 7). We have since y € RS, recalling Remark
4.3.1, for suitable constants K, Ko given by Gronwall’s Lemma,

AB)y — 1) + MT(2)) = A(B),y — 21)

A(T(x)) = A(B),y — 21) < Ka[[MDT(x) = Bllly — 21|
Ky AMDNT () = BI(Ily = ]l + |1 — =)

K |[SINT (x) = B(lly — ]| + K2|T () — )

Ksllcl (ly = =] + |T(x) - 6)

(C,y — 1)

VAN VAN VARRRVAN

for a suitable constant Kj.
Second, we estimate (¢, z1 — x). We have

T(x)=p
(21 —x) = /0 (XN(T), F(z(s)) + G(z(s))u(s))ds

T(x) = B)h(x,¢) + Ka||C|||T () — B,

—~

for a suitable constant Ky, recalling the Maximum Principle and Gronwall’s
lemma. Therefore,

((6,0), (. 8) — (2, T(2))) < (K5 + K)|IC (ly — 2l* +|T(2) = B,

and the proof for the case (a) is concluded by observing that K3 and K, are
independent of ¢ and =x.

In the second case we need to use the optimality of z. We observe first
that, since § < 0, we only need to prove (4.3.14) for § = T'(y). Recalling
Corollary 4.3.1, we can extend the control @ up to the time T'(y) so that the
associated trajectory (still denoted by Z(-)) remains optimal. Let also A be
the extend adjoint vector and denote by Z(-) the trajectory of the reversed
dynamics associated with the extended control u, i.e.,

{ (t) = —F(@(t) — G(2(t)u(t),
(0) =0

SIERSID
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where u(t) = u(T(y) — t).
Set z1 = Z(T(y)). We estimate first ((,y — x1). We have, by arguing
similarly as before,

(CGy—21) = ML)y —21)+ AT () = MT(y)),y — 21)
(the first summand is less than 0
by the construction in Theorem 4.3.2)
AT () = MT(y),y — =1)
Ks5|CI(IT(y) = T(@)? + lly — x1]%).

IN A

On the other hand,

T(y)
(21 —x) = / (¢, —F(&(s)) — G(&(s))a(s))ds

T(x)

T(y)
+/ (MT(x)) = X(s), —F(&(s)) — G(z(s))a(s))ds

T(x)
T(y) i ) 2
: /T( s (Ms), ~F(#(s) = G(@ls)Ju)ds + KellCI(Ty) — T())
(for a suitable constant K given by Gronwall’s Lemma).

Recalling Remark 4.3.2, the maximized Hamiltonian in the integral of
the first summand is constant. Therefore we obtain

(G o1 —a) < —h(z, O)(T(y) = T(x)) + KellCT(y) — T().

Combining the above estimates we obtain finally

((¢.0), (v, T(y)) = (z. T(x))) < (K5 + Ko) €Il (ly — z[* + T(y) — T()[?),

and the proof of the claim is concluded, by observing again, that K5, K¢ are
independent of z and (.
In order to conclude the proof we observe that N pi(T) is pointed at every

point (z,T(z)),x € R, since the projection of every (C 0) € Né;l( )(3: T(x))
onto RY is normal to the strictly convex set R7. Therefore, we can apply
Corollary 3.1 in [47], with Qp = intR”, which shows that epi(7") has positive
reach. O
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Chapter 5

External sphere condition
and continuous functions

Our aim in this chapter is proving that if the hypograph of a continuous
function f : Q@ C RN — R satisfies an external sphere condition then it
has ”essentially” positive reach, i.e., the hypograph of the restriction of f
outside a closed set of zero measure has (locally) positive reach. Hence such
a function enjoys some properties of a concave function, in particular a.e.
twice differentiability.

The result is based on studying the set of bad points where the proxi-
mal normal cones to such points are not wedged, i.e., the set of horizontal
proximal supergradients at "bad point” xz, 0°° f(x), contains a nontrivial
subspace. Since the hypograph of f satisfies an external sphere condition,
we can construct a special subspace of 0% f(x) which is convex combination
of vectors v such that (—v,0) is a proximal normal vector to hypo(f) at
(x, f(x)) realized by a ball of uniform radius # > 0. Thus, the set of bad
points is closed in ). Finally, we prove that the density Lebesgue measure of
a bad point is zero by using our special subspace and the inductive method.
Therefore, the set of "bad points” has zero Lebesgue measure.

The chapter is organized as follows: Section 5.1 is devoted to definitions
and basic facts, while Section 5.2 contains statements of main results. The
same section contains also an outline of the proof of Theorem 5.2.1, which
is a localized version of the main result and where all the basic arguments
appear. Detailed arguments begin in Section 5.3, which contains several
lemmas concerning the set of bad points (i.e., the normal cone to the hy-
pograph of the function at those points contains at least one line). Section
5.4 is finally devoted to proof of Theorem 5.2.1. On the basis of Theorem
5.2.1, our main theorem will be proved in the same section together with its
corollaries.
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5.1 Notation

We first rewrite quickly some basic notations which concern in the chapter.
Let 2 C RY be open and let f : @ — R be continuous. The hypograph
of f is denoted by

hypo(f) = {(z,8) [z €5 < f(x)}. (5.1.1)

The vector (—v,\) € RN x R is a prozimal normal vector to hypo(f) (we
will denote this fact that (—v,\) € Nfll:}./po(f) (z, f(x))) at (z, f(x)) iff there
exists a constant o > 0 such that for all y € Q and for all § < f(y), it holds

(=0, 0), (4:.0) = (2, f(2))) < o (ly—al>+18-f@)?). (51.2)

Equivalently, (—v,A) € N}f; bo
such that

By 1((@, f(z)) +7(=v, M), 7ll(=v, )|l) "hypo(f) = @ (5.1.3)

o) (x, f(x)) iff there exists a constant v > 0

where
Bi(a,r) = {z € RF | |z —al <r}

is the open ball with center a and radius r in RF.

Moreover, the vector (—v, \) € nypo(f) (z, f(z)) is realized by a ball of radius

p > 0if (—v,\) # 0 and (5.1.2) is satisfied for o = W.
Remark 5.1.1 If (—v,\) € nypo(f)(x,f(x)) then A > 0.

Associated with hypo(f), we define that

1. 0P f(z) ={v | (-v,1) € NE

hypo(f) (x, f(x))} is set of proximal supergra-
dients of f at x .

2. 0%f(x) = {v] (—v,0) € Ng}po(f)(x,f(x))} v is the set a prozimal

horizon supergradients of f at x.

We are now giving some new notations. These notations are concerned
with the set of bad points where the proximal normal cone of hypo(f) con-
tains at least one line (i.e., it is not wedged). First we introduce two special
types of normal vectors, namely

1. Normal vectors which are limit of unique normals at nearby points

NE@z) = {€eR¥" |3 {z,} — = such that
i) f is Fréchet differentiable at x,, and
—Df(xy,),1
i) € = tim —Df@) Dy

n=oo [[(=Df(zn), 1|
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2. Among them we select the horizontal ones

Ng(z) = N*(@)n (=8 f(),0).
We also denote the subspace which is generated by N&(z) as

k
Hy(z) =span{N(z)} = { Zaiﬁi | & € NE(x) and oy € R},
i=1
and the positive cone which is generated by NF(z) as
k
Hy (z) =span™{Nl(z)} = { Zaifi | & € NF(x) and o; > 0}.
i=1

3. The largest vector subspace contained in ny po(f) (z, f(z)) will be de-
noted by

NL(@) = {€€ND e f@) | —&eNE (@ f)
From Remark 5.1.1, one can see that NL(z) C (—=9* f(x),0).
4. We denote the set of bad points of f by
BPy = {x € Q| NL(x) # 0} (5.1.4)
At each point x € BPy, we write BP; as the union of the two sets
BPf(x) = {ye BP; | f(y) > f(2)}

BP; (z) = {y € BPf | f(y) < f(z)}.

5.2 Main results

5.2.1 Statement of main results

Our results are the following theorem, together with several corollaries. We
recall that the notation BPy was defined in (5.1.4).

Theorem 5.2.1 Let Q C RY be open and let f : Q — R be continuous.
Assume that hypo(f) satisfies the 6 — external sphere condition, where
0:Q — (0,00) is continuous. Then

i)  Qp:=Q\BPs is open.

i)  LN(Q\Qp) = 0.

Corollary 5.2.1 Let Q C RN be open and let f : Q@ — R be continuous.
Assume that hypo(f) satisfies the 6 — external sphere condition where 6 :
Q — [0,00) is continuous. Then the hypograph of Jiap has positive reach.
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Corollary 5.2.2 Let f: Q — R be as in the statement of Theorem 5.2.1
then f satisfies properties (1)-(3) of Theorem 2.2.2.

In view of Proposition 3.2.1 in Chapter 3, we can apply the previous results
to the minimum time function.

Corollary 5.2.3 Let (f,U) be the control system 3.1.1 and S be a target in
Chapter 3 . Under the conditions (H1), (H2) , (H3), (H4), there ezists an
open set 8% C S¢ such that LN(S\S%) = 0 and the restricted continuous
function Tise, - Sp — [0, +00) has the hypograph with positive reach.

Corollary 5.2.4 Under the conditions (H1), (H2) , (H3), (H}), the mini-
mum time function is twice differentiable a.e. in S€.

In order to make our proof more clear, we prefer to state our main theorem
in a particular case (local case). The arguments are used in the proof of the
main part of the proof of Theorem 5.2.1.

Theorem 5.2.2 Let f: By(0,1) — R be continuous and let p > 0. As-
sume that hypo(f) satisfies the p — external sphere condition. Then

i) BP;UOJBN(0,1) is closed.

i) LN(BPy)=0.

5.2.2 Outline of proof of Theorem 5.2.2

The part (i) is precisely Lemma 5.3.4.
To prove the part (ii) we will use induction.
For the case N = 1. By using Lemma 5.4.1 and Corollary 5.3.5 we obtain

. . LY(BP;NB (z,
that the £!'-density of BP; at z, D}Bpf (x) = limy— 00 %ﬂ;g)a)) =0 for
all z € BPy. Therefore, the proof is completed by the Lebesgue theorem.
In order to get the conclusion for N = k4 1 from the inductive assump-

tion for N = k > 1. We divide the set BP; into two parts:

The first part is BP;Jr U BPjg+ (see the definition of BP; near Lemma
5.3.7) where (T = (0,1) and ¢~ = (0,—1). Using Lemma 5.3.7, we get
LN(BPf UBP;') =0.

To prove EN[BPf\(BPJSJr U BP;Jr)] = 0, we notice that Lemma 5.3.6

can be used at every point in the open set By (0, 1)\(BPJ§Jr U BPJS+). We

need to prove that for all By(x,r,) C Bn(0, 1)\(BP]§Jr U BPJSJF)7 it holds

LN(BP; N By(x,1;)) = 0. Three small steps are considered

Step 1: Let f= J|Bx (o). By Lemma 5.3.6, the hypo(fz,) (See the def-
inition of f,, near Lemma 5.3.6) satisfies the 0— external sphere condition.

Step 2: From Lemma 7.2.3 and the inductive assumption, we obtain that
LYY (BPy, ) =0.

Step 3: We use Fubini’s theorem to complete the proof.
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5.3 Preparatory Lemmas

This section is devoted to several partial results which are needed to prove
our main theorem. To simplify our statements, we agree that the continuous
function f in this section is defined on By(0,1) and hypo(f) satisfies the
p — external sphere condition for a given constant p > 0

5.3.1 Closedness of the set of bad points

The first lemma shows that the proximal normal unit vector to the hypo-
graph of f at (z, f(z)) where f is differentiable is unique and is realized by
a ball of radius p.

Lemma 5.3.1 Let x be in By(0,1) such that f(.) is differentiable at x.
Then % is the unique prozimal normal unit vector to hypo(f) at

(x, f(x)). Moreover, H(DM is realized by a ball of radius p, i.e, for all

(=Df(x),1)]
y € By(0,1) and for all B < f(y), it holds:
(=Df(x),1) (. fx ks 2|2 — ()2
(oI ) = @ f @) < 5 (el +19- S

Proof. Since f(.) is differentiable at z, % is unique Fréchet nor-

mal unit vector to the hypograph of f(.) at (z, f(x)). Therefore, since
hypo(f) satisfies the p—external sphere condztwn, ||E gfgzg 1§H is the unique
proximal normal unit vector to hypo(f) at (z, f(z)). Thus, % €
N}f;po(f) (x, f(z)) is realized by a ball of radius p. O

From this lemma and the continuity of f, three corollaries follow.

Corollary 5.3.1 Let x € By(0,1). Then
NE(z) C N}i]po(f)(x’f(x))'

More precisely, for each 0 # ¢ € N¥(x) we have that £ is a unit prozimal
normal vector to hypo(f) at (z, f(x)) realized by a ball of radius p.

Proof. Let ¢ € N¥(x), and take a sequence {x,,} converging to x such that
f is differentiable at x,, and {%} converges to £. By Lemma 5.3.1,

(—=Df(zn),1
% € Nlizpo(f) (T, f(zy)) is realized by a ball of radius p, i.e., for

all y € By(0,1) and for all 5 < f(y), we have

(_Df(xn)v 1)

D@, 1l

, (4,8) = (@, f(20))) < % (ly = z* + 18 = f(za) ).
(5.3.1)
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By letting n approach to oo in (5.3.1), the inequality

1
€. @0~ (@ f@) < o (=2l +18 - f@))
holds for all y € By(0,1) and for all 5 < f(y).
The proof is completed. O

Corollary 5.3.2 Nl'(z) is closed for all z € By(0,1). Moreover, if £ €
NE(z) then € is a prozimal normal unit vector to hypo(f) at (z, f(x)) real-
ized by a ball of radius p.

Proof. Let {¢,} C N&(x) converge to £&. We need to prove that & €
NE(z). Indeed, for each n, there exists a sequence {zF} converging to x such

that f is differentiable at ¥ and {%} converges to a unit vector

&, € (=0 f(x),0). For each n we can take a point y, € {zF} such that

lyn =2l < & and =gy ~€l < 5 Therefore {yn} and {F=pfETy)

converge respectively to x and §. This implies that 3 eN L(z). On the other
hand, since {¢,} € NF(z) converges to £ we have £ € (=9 f(x),0). The
proof is completed. O]

With a similar proof, we get the third corollary.

Corollary 5.3.3 Let {z,} € By(0,1) converge to x € By(0,1) and let
&n € NE(z) converge to €, then &€ € N ().

The next lemma says that if there exists a vector 0 # py € (=90 f(x))
then we can find a vector in NOL(x). This vector is found by considering a
sequence which converges to x along the ray {x +tpy | ¢ > 0} such that f
is differentiable at each point of this sequence. This idea is inspiredly the
proof of Lemma 4.7 in [19].

Lemma 5.3.2 Let x € By(0,1) such that 0°f(z) # 0. Then N (x) is
nonempty.

Proof. Let 0 # —py € 0°f(z). By the definition of 9°°f(z), (po,0) €

P : s \
Niypo(f) (x, f(x)), i.e. there exists a constant oy > 0 such that

((p0,0) , (4, 8) = (x, f(2))) < oo (ly =zl +16-f@)]*)  (53.2)

for all y € By(0,1) and for all § < f(y).
Set x, = x + B2, By the density theorem (see Theorem 1.3.1 in [25]), for
each n there exists z, such that

opf(zn) # 0 (5.3.3)
<

1
[ | — (5.3.4)

n
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(5.3.3) implies that there exists a vector ((,,—1) which is a proximal nor-
mal vector to the epigraph of f(.) at (z,, f(2,)). Therefore, since hypo(f)
satisfies the p — external sphere

condition we obtain that f(.) is differentiable at z,. Recalling Lemma 5.3.1,
for all z € By(0,1) and for all g < f(z), we have

(=Df(zn):1) , (2,6) = (2n, f(20)))

< o NEDIG DI U=zl 18- FG). (535)

Recalling (5.3.4), z, € Bn(0,1) for n large enough. Thus by taking y = 2,
in (5.3.2), we obtain

(po, 2 —z) < o0 ([lzn — z[I* + 8 — f(z)]?) (5.3.6)
for all B8 < f(zy).
We have
<p05 Zn_x> = <p05 %>+<p0) Zn—$n>
[[pol?

= n + <p0 y An T xn>

Combining the above inequality with (5.3.4), we get

2
b b
o, om—z) > 2” - ”ng”. (5.3.7)

Moreover, from (5.3.4) we get
1
l2n = 2l] = 0(=). (5.3.8)

Recalling (5.3.6), (5.3.7) and (5.3.8), for n large enough, the estimate

szH2 < 0(%) 16— f@)P (5.3.9)

holds for all 8 < f(z,).
Therefore, there exists a constant C' > 0 such that

fl@) = f(z) = (5.3.10)

ER

for n large enough.
We are now going to prove that : limsup,,_, [[(=Df(z,),1)| = +o0.
Assume by contradiction that there exists a constant K > 0 such that

|(=Df(zn),1)]] < K for all n. (5.3.11)
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By taking z = 2 and § = f(x) in (5.3.5) and by recalling (5.3.11) we have

K [ = 2zl

(f (@) = f(2n)) (1= = (f(2) = f(z))) < K(1+

— . (5.3.12

for n large enough. Therefore, by (5.3.10) and (5.3.8), we get from the above
inequality that there exists a constant C7 > 0 such that

1
< Ch—.
n

-

for n large enough.
This is a contradiction.

We now assume without of loss of generality that lim,, % =

(—=Cp,0). Since {z,} converges to z, we have (—(,,0) € NF(z). The proof
is completed. ]

Corollary 5.3.4 If x € BP; then NE(z) is nonempty.

The following lemma is a crucial observation. At every bad point, we can
extract a line from Hy () C NL(z) C N}f;po(f) (z, f(x)). It is also pivotal
to prove Lemma 5.3.4 and Theorem 5.4.1. The difference between the proof
of this lemma and the proof of the previous lemma is the way of choosing a

sequence which allows us to get a vector in N{'(x).
Lemma 5.3.3 If x € BPy then Har(x) contains at least one line.

Proof.. We recall that by Corollary 5.3.4, Nl'(x) is nonempty. Assume

by contradiction that Hy () does not contain lines. From Corollary 5.3.2,

NE(z) is compact and does not contain 0. Thus by applying Lemma 7.2.1

for C = NF(z), there exists a constant §y > 0 such that for all 0 # &1,& €

H{ (), one has

b &
[ESY/ I r3]

Therefore, there exist a vector (vg,0) € Hp(z) and a constant d; > 0 such
that vg € RY, ||ug|| = 1 and

&
el

Since x € BPy (namely, NL(x) contains at least one line) there exists a unit
vector pg € RY such that (pg,0) € NL(x) and (pg , vg) > 0.
Setting v1 = vg + %po, one can easily get from (5.3.13) that:

) > —1+ do.

(= (v0,0) ) > & forall 0+¢e Hy(x). (5.3.13)

(—(v1,0) , HZ—H> > % for all 0+# ¢ € Hy (). (5.3.14)
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Setting x,, = x + %>. By the density theorem (see Theorem 1.3.1 in [25]),
for each n there exists z, such that

opf(zn) # 0 (5.3.15)
1
< — (5.3.16)

|20 — nl| n2
(5.3.15) implies that there exists a vector (¢, —1) which is a proximal nor-
mal vector to the epigraph of f(-) at (2, f(z,)). Therefore, since hypo(f)
satisfies the p-external sphere

condition we obtain that f(-) is differentiable at z, (see Proposition 3.15,
p.51, [21]). Recalling Lemma 5.3.1, for all z € By (0, 1) and for all 5 < f(z),

we have

(=Df(zn),1) 5 (2,0) = (20, f(zn)))

< oo MDD -zl 418 = F)). (5317

On the other hand, since (po,0) € NL(x), there exists a constant oy > 0
such that
(0,0) (4, 8) = (&, f(2))) < o0 (ly—=2|* +16 = f@@)*)  (5.3.18)

for all y € By(0,1) and for all 5 < f(y).
Recalling (5.3.16), z, € Bn(0,1) for n large enough. Thus by taking y = z,
in (5.3.18), we have

(po s 20— ) < 00 (lon — 2| + 16— f(2)") (5.3.19)
for all 8 < z,.
We have
v )
(o, zn—2z) = (po, —2)+ (o, 5-po) + (Po 20 = n)
1
> i+<p0a Zn_xn>-

Combining the above inequality with (5.3.16), we get

o 1
(po, 2n—z) > o nZ (5.3.20)
Moreover, from (5.3.16) we get
1
llzn — || = O(E) (5.3.21)

Recalling (5.3.19), (5.3.20) and (5.3.21), for n large enough, the estimate

hold
o N oy 15— f@)P (5.3.22)
oan T ‘n? e
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for all 8 < f(zp).
Therefore, there exists a constant C' > 0 such that

f@) = f(zn) = (5.3.23)

ER

for n large enough.
We are now going to prove that : limsup,_, . [|(=Df(zn),1)|| = +o0.
Assume by contradiction that there exists a constant K > 0 such that

I(=Df(zn),1)]] < K for all n. (5.3.24)

By taking z = z and § = f(x) in (5.3.17) and by recalling (5.3.24) we have

(F@) ~ FE) - i (fla) — fla) < KO 122l

—2zn|l- (5.3.25

for n large enough. Therefore, by (5.3.23) and (5.3.21), we get from the
above inequality that there exists a constant C; > 0 such that

1
< Ci—.
n

-

for n large enough.
This is a contradiction.
(*Df(Zn)Jg

We now assume without of loss of generality that lim,, TCDTGEIDT

(—Cy,0). Moreover, since {z,} converges to z, we have (—(;,0) € N (z).
On the other hand, by (5.3.23), we can take z = z and 5 = f(z,) in (5.3.17)
to get

(=Df(zn),1)  (x—=20,0) [ =z
DI DT ol | = 2 (5:826)
Let n tend to +00. Recalling (5.3.21), (5.3.16) we obtain
((—=€0,0) , (=v1,0)) < 0. (5.3.27)

Since (—(p,0) € NF(z), we get a contradiction from (5.3.27) and (5.3.14).
O

Lemma 5.3.4 BP;UO0BnN(0,1) is closed.

Proof. Letting {x,} C BP;U dByN(0,1) converge to x, we need to prove
that x € BP; UdBx(0,1) C By(0,1).

If x € 9BN(0, 1), there is nothing to prove.

If v € By(0,1), we will prove that € BPy, namely, NL(x) contains at
least one line.

Assume by contradiction that NL(z) = 0. In particular, H (z) does not
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contain lines. Similarly by the previous proof, there exist a vector (vg,0) €
Hy(x) and a constant §; > 0 such that vy € RV, |lug| = 1 and

{(=(v0,0) ) > & forall 0+#¢e Hf(x). (5.3.28)

£
"Il
On the other hand, since x € By(0,1) we have z, € By(0,1) for n large
enough. Thus x, € BP;. From Lemma 5.3.3, for n large enough, Hi (x,)

contains at least one line. Therefore, for each n large enough, there exists a
vector &, € N&(x,) such that

<—(’U0,0) ) §n> <0. (5.3.29)

By Corollary 5.3.2, [|§,[| = 1. We assume without of loss of generality that
lim,, . & = €. Recalling Corollary 5.3.3, we have that £ € N{(x).
Moreover, by taking n — oo in (5.3.29) we get

(~(v0,0) , &) <0. (5.3.30)

Recalling (5.3.28), we get a contradiction. O

5.3.2 Zero Lebesgue measure of some special subsets of the
set of bad points

The below lemma is the first step to prove that the £V-density of BP; at
x € BPy has zero value.

Lemma 5.3.5 Define, for v € BPy, F*(z) = {y € B(0,1) |f(y) > f(x)}.
Then the LN -density of FT(z) at x is zero, i.e.,

DY, (@) == lim £7(Bu(z,8) N F(2))

ST NGB @)

Proof. Since € BPy (i.e., NL(z) contains at least one line), there exists
(60,0) € NE 1y (@, £(2)) stuch that (~Co,0) € NE, (&, f(2)) and [[Coll =
1. Thus there exists a constant og > 0 such that for all y € Byx(0,1) and
for all 5 < f(y), it holds

{ ((€,0), (y—=2,8—f(2)) < oo(ly—al>+|8-f@)),
(=€0.0), (y—a,B8—=f(2) < oo (ly—zl*+I[8—f@)).

(5.3.31)

Therefore, for all y € F*(z) N By(z,6), by taking 8 = f(z) in (5.3.31) we
obtain < > | r )
G,y—z) < oolly—=z| < 0¢d7,

5.3.32

{ (=G0, y—2) < oolly—=|> < o0d*. (5:3.32)

From (5.3.32), the set

F(z) N By(z,8) Cax+ {tlo+v | t € [—000%,000%], v € By(0,6) N ¢}
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where (- = {w € RY| (w,{y) = 0}. Therefore,

LN(By(x,6) N F*(z)) ooV L 000
DY, = i ’ < lim ——— = lim — =0
F* (@) (z) Pt LN(By(z,9)) = 5o wyoN Pt WN
where wy = LY (Bx(0,1)). The proof is completed. O

Since BP;r(x) C F*(z), the next corollary follows immediately
Corollary 5.3.5 If x € BPy then the LY -density of BP;r(x) at

DY . (z):= lim £7(Bx(@,9) 0 BFf (@)

5@\ = M N ey

In order to use induction in the proof of Theorem 5.2.2, we need the following
two lemmas. In the first lemma, we are working on the cases N > 2. For
every vector x € RY we rewrite 2 = (21, 22) where z; € RV~! and 2, € R.
For every zo € (—1,1), the function restricted to the first n — 1 variables,
fes @ Bn-1(0,4/1 —23) — R, is denoted by fu,(z1) = f(z1,22) for all

xr1 € BN_l(O, 1 — x%)

Lemma 5.3.6 Let (x1,x2) € By(0,1) and let (£1,&2,\) be a proximal nor-
mal vector to hypo(f) at (x1,xe, f(x1,22)) realized by a ball of radius p. If

(&1, ) # 0 then (&1, A) is also a prozimal vector to hypo(fz,) at (x1, fz,(x1))
[[ESEI|

realized by a ball of radius GERIIA

Proof. The vector (£1,&2,\) being a proximal normal to the hypograph of
f at (x1,22) € Bn(0,1) realized by a ball of radius p means that for all
(y1,92) € RY and for all 8 < f(y1,y2), we have

(51,52,)\)” . (y1,v2, 8) — (z1, 22, f(21,22)))

Tenean

1
< 5, = wl* + Jyz — 22|* + 18 = f(a1,22)]*). (5.3.33)

By taking y2 = @ in (5.3.33), and by replacing f(x1,22) = fa,(%1), f(y1,92)
= f(y1,72) = fu,(y1) in (5.3.33), we obtain that for ally; € By_1(0,+/1 — 3)
and for all 8 < f,,(y1), it holds

(&, ) 1
T tosg @) = @ @) < gollvn = ol +18 ~ fus(en) ).
(5.3.34)

Since (£1,A) # 0, from (5.3.34) we get that for all y; € By_1(0,+/1 — 23)
and for all 8 < f,,(y1), it holds

(e A= Jaae) € (= P13 o) ).

(&1, Ml PTEENT

{
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The proof is completed. O

The second lemma is used to treat the case (§1,\) = 0 in Lemma 5.3.6
in the proof of our main theorem. Some notations are needed in this lemma:
Let ¢ be a unit vector in RY, we denote by:

) Ng = {weBn(0,1)|((,0) € NE ;) (@, f(x)) is realized by a ball
of radius p},

ii) BP§ = BP;nNg.

Lemma 5.3.7
i) BPJS UJBN(0,1) is closed.

i1) BPjg has zero N-Lebesgue measure.

Proof of (i). By Lemma 5.4.17, the set BP; U dBy(0,1) is closed. Thus
we only need to prove that Ng U0BN(0,1) is closed.

Let {x,} C NOC U 0BnN(0,1) converge to x, we need to show that x €
N§ U8BN(0,1).
If x € 0BN(0,1) there is nothing to prove.
If x € By(0,1) then for n large enough we have z,, € By(0,1). Thus z,, €
NOC, namely, (¢,0) € N}f;po(f) (@, f(zy)) is realized by a ball of radius p, i.e,
for all z € By(0,1) and for all 5 < f(z), one has

(Cvo) 1 2 2
Since {z,} converges to x and f(-) is continuous, by taking n — oo we have
(C70) 1 2 2
for all z € By(0,1) and for all g < f(z).
Thus x € Ng . The proof is completed. ]

Proof of (ii). First, we prove that for all 2 € BP¢, it holds

LN(Bn(z,6) N BP§) 1
DN = i 2 < 5.3.37
BP} (@) = Jim LN(By(z,0)) — 2 ( )
Indeed, since BP; C BPy, recalling Corollary 5.3.5 we obtain
LN (By(z,8) N BPS N BP{ (x
DY . . (x)= lim (Br(z.8) ! (o) = 0.
BmeBPf (z) §—01 ﬁN(BN((I,', (S))
Thus the inequality (5.3.37) will hold if
LN (By(z,8) N BPS N BP; (x 1
DY . (2) = lim (Bu(z,0) N BFy nBFy (@) 1 (5.3.38)
BP{NBP; (x) S0+ LN(By(z,9)) 2
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If y € BP}, we have (¢,0) € N§(y). Thus for all z € By(0,1) and for all
B < f(z), 1t holds

(C.0) ) (== .8 — f)) sé%mz—wP+W—f@W» (5.3.39)

Thus, if y € BPJSOBP}?(SC) we can take z = z and § = f(y) in 5.3.39 to get

1
o a—y) < 5 oyl (5.3.40)
p
Therefore, for all § > 0 small enough, we have
1 _
C,z-y) < 2—/)52 for all y € [By(z,8) N BPy N BP; (). (5.3.41)

(5.3.41) says that

_ 6
[By(z,0) ﬂBPf NBP; (z)] Cx+{t(+v|t e [—%,5], v € By(0,0) N ¢E}
where ¢+ = {w € RY| (w,¢) = 0}. Thus, (5.3.38) follows. From (i), BPC is
a Borel set. Moreover, from (5.3.38), the £V-density of BP; at every point
which is in BPJg is less than % Therefore, by the Lebesgue theorem we have
LN(BP§) =0. O

5.4 Proof of our main results of Chapter 5

5.4.1 Proof of Theorem 5.2.2

One dimension case

In this part, we are working on R. The function f(-) is defined on By(0,1)

1
{r € R| |z| < 1}. Therefore the proximal normal cone N n@, f(z))

hypo(f -

R? contains at most one line.

Lemma 5.4.1 For all z € BP;, we have NF(z) = {(1,0), (—1,0)}.

Proof. Since N¥(x) C (—9°f(z),0), we have NO () C {(t,0) | t € R}.
Therefore, from the fact that ||| = 1 for all £ € NF(z), we obtain

NE(@) <€ {(1,0), (=1,0)} (5.4.1)

Recalling Lemma 5.3.3, the set Hi (z) = span™{N{(z)} contains at least
one line. Thus, the proof is completed by (5.4.1).
The following statement is a one dimensional version of Theorem 5.2.2.
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Theorem 5.4.1 Let f: B1(0,1) — R be continuous. Assume that hypo(f)
satisfies the p — external sphere condition. Then

i) BP;U0B;(0,1) is closed.

i) LYBPs)=0.

(i) is the particular case (N=1) of Lemma 5.3.4 .
Proof of (ii). We prove first that, for all € BPy, the £!-density of BP;
at x is zero, namely,

Dj = 1 =0. 5.4.2
ey (@) = I (B (0, 5) (5:42)
Recalling Corollary 5.3.5 for N=1, we have
LY(By(x,6) N BP]T(x)) 0

1 o
DBP}F(z) (:C) - 52%1-&- El(Bl(x, (S))

Therefore, 5.4.2 follows from

_ LY(Bi(x,8) N BP; (2))
Dory @ = M0 gy (5.43)

From Lemma 5.4.1, for every y € BP; , we have NI'(y) = {(1,0), (—1,0)}.

Thus, for all y € BP; it holds
{ (L), (=.8= W) < 5 (=sl2+ 18- F®)P),
< .

|
Le—yP+lo-sp). O

<(_170) ’ (Z - yvﬁ - f(y))>
for all z € B1(0,1) and for all g < f(z).
Since f(y) < f(z) for all y € BP; (x), we can take z = z and § = f(y) in
(5.4.4) to get

1
|z —y| < 2 |z —y* forallye BP; (x). (5.4.5)

Thus Bi(z,0) N BP; (z) = {«} for all 0 < § < 2p and so 5.4.3 follows.
We are now going to complete the proof of (ii).

Since BP; U 0B1(0,1) is closed, BP; is a Borel set. From 5.4.2, the £!-

density of BP; at x has zero value for all x € BP;. Therefore, by the

Lebesgue theorem, we have £!(BPy) = 0. O

General case

(i) of Theorem 5.2.2 is precisely Lemma 5.3.4.
We are going to prove (ii) of Theorem 5.2.2 by induction.
If N =1, (ii) of Theorem 5.2.2 follows from Theorem 5.4.1.
Assume that (ii) of Theorem 5.2.2 holds for N = k > 1. We prove that (ii)
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of Theorem 5.2.2 will hold for N =k + 1.
Let ¢t = (0,1) and ¢~ = (0,—1) be in RF¥f!. Recalling Lemma 5.3.7,
we obtain that (BPJSJr U 0B+1(0,1)) and (BPJS_ U 0Bj41(0,1)) are closed.
Moreover,
+ —
LMYBPY) = LY (BPE ) =0, (5.4.6)

Set £ = By11(0, 1)\[Né+ U Ng_ U 0Bg+1(0,1)]. One can easily see that E
is an open set in R**!. From (5.4.6), the conclusion of (i) of Theorem 5.2.2
follows from the equality

LY ENBP;) = 0. (5.4.7)

Recalling Lemma 5.3.4, BP; N 0Bj41(0,1) is closed. Thus E N BPj is a
Borel set. Therefore, by the Lebesgue theorem, (5.4.7) will follow if for
every © € E N BPy, the £F1-density D%F}BPf (x) at = has zero value.

We divide the proof into several steps:

The first step is pivotal (see the below inequality (5.4.8)) to show that

the restricted functions (defined before Lemma 5.3.6) which are restricted
from the function fp, (z,) Where z € E, have the hypograph satistying
the p, — external sphere condition.
Step1: Let € E. Since E is open, there exists r, > 0 such that By {(z,7,)
C E. By the external sphere assumption on f, for each y € Byi1(x,r,),
there exists 0 # (£7,&5,\Y) € Nlizpo(f) (y, f(y)) realized by a ball of radius p
where ¢/ € R¥ and €§, \Y € R. We claim that there exists a constant a, > 0
such that

[GRUTI.
Nl el =

Assume by contradiction that there exists a sequence {y,, } C Byy1(x,75)
such that

ay >0 forall y € Bpyq(z,72). (5.4.8)

e e
im Tn T )|
e [GRERD]

(5.4.9)

Assume without loss of generality that lim, oo ¥y = ¥ € Biy1(z,7,) and

. Yn ¢Yn A\Yn — - =
lim,,— oo W = (&1,&2,A). From (5.4.9), one can see that

(5175275‘) € {(07170)7 (07_170)} = {(C+70)7 (C_,O)}. (5'4'10)

Moreover, (£1, &2, \) is a proximal normal vector to hypo(f) at (7, f (7)) real-
ized by a ball of radius p. Indeed, since 0 # (£}, &5", A\¥») and (&, &Y™, AVn)
€ N}f;po(f) (Yn, f(yn)) is realized by a ball of radius p, we have
(&1, 63, A")

Ter eg am0

s (2,8) = (yn, fyn))) < 2—1p(HZ—ynH2+!ﬁ—f(yn)\2)
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for all z € By41(0,1) and for all 5 < f(z).
By taking n — oo, we obtain that

(&.6.0), (2,8) = (3. /@) < %(Hz—yllr‘)ﬂﬁ—f(y)lz)

for all z € By11(0,1) and for all 8 < f(z).
Therefore, by (5.4.10), we get § € N§+ U Ng_. This is a contradiction
because § € Br1 (2, 72) C E = By (0, D\[NS UNS U0Bys1(0,1)].

The second step allows us to make a connection between the set of bad
points of f and the set of bad points of restricted functions of f.
Step 2: Let x € E N BPy. We claim that there exists a line {t&, | t € R} C
N}{Z/po(f)(x) such that {t&, | t € R} # {¢t(¢T,0) | t € R}.
Assume by contraction, since x € BPy, i.e. NL(x) # 0, we have NL(x) =
{t(¢*,0) | t € R}. Recalling Lemma 5.3.3, the set Hy (z) C NL(x) contains
at least one line. Therefore Hy (z) = {t(¢T,0) | t € R} which implies that
(¢*,0) € NF(z). Recalling Corollary 5.3.2, (¢+,0) € N}f;po(f)(x,f(x)) is

realized by a ball of radius p. Thus x € N§+ and this is a contradiction
because z € F.

In the next step, we are going to prove that £*1(By,1(z, r:)NBPf) =0
by our inductive assumption .
Step 3: Let f = f1Be1(@re) © Bet1(z,72) — R be the restricted function of
fon Bgy1(z, 7). From Lemma 7.2.2, the continuous function f has hypo(f)
satisfying the p—external sphere condition, and

Bpf N Bk+1(x,rx) = BPJZ (5.4.11)

Moreover, two properties which we claimed in Step 1 and Step 2 still hold
for the function f.

Since (5.4.11) holds, we only need to prove EkH(BPf) = 0.

In order to make the proof more clear, we restate our above problem by
replacing =0, 7, = 1 and f = f. The statement is that

Let f : Br+1(0,1) — R be continuous. Assume that hypo(f) satisfies
p — external
sphere condition. Moreover,
i) For all y € Byy1(0,1), there exists a non zero vector (£7,&5,\Y) €

N}gpo(f) (y, f(y)) realized by a ball of radius p such that

(€7, A%l
DAL s ) > 0. (5.4.12)
(€7, &3, W)
ii) For all x € BPy, there exists a line {t{, | t € R} C NL(x) such that
{t&x [t € R} # {t(C7,0) [t € R},
Then L¥H(BPf) = 0.
Proof. Since k > 1, for every x € RFT! we write = (x1,22) where
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x1 € RF and 2o € R. For each zo € (—1,1), the restricted function
fus @ Br(0,y/1 —123) — R is denoted by fu,(z1) = f(z1,22) for all 21 €
Br(0, /1 — 23).

First, we claim that hypo(f,,) satisfies pag-external sphere condition.
Indeed by assumption (i) of the above statement we have that , for each
71 € Bi(0,y/1 —23), or (z1,22) € Br11(0,1), there exists a vector

0 # (& (21,22) ’ gm,zz)’)\(m,m)) c Ng]po(f)((xl,xg),f(:cl,xz))
realized by a ball of radius p such that

(g™, Al ea)y|

(gt ,s;*’““’, A@re2)))|

> ap > 0. (5.4.13)

Recalling Lemma 5.3.6 for N = k 4+ 1 > 2 and observing that (£§1,&2,A) =
(elmm2) glmnee) A(@n@2)) and by (5.4.13) we obtain that (£ A(@1.e2))
is also a proximal normal vector to hypo(fs,) at (z1, fz,(x1)) realized by a
ball of radius pay.

Second, we claim that

L¥(BP;, ) =0 forall zp € (~1,1). (5.4.14)

Indeed, set y(z2) = \/11_2 and let h,, = f;§“2) be the v(xq)-stretched
22

function of f,, (see Lemma 7.2.3). By Lemma 7.2.3 and by the first step,
the continuous function h,, : Bk(0,1) — R has hypograph satisfying the

2
p1-external sphere condition where p; = pa OEQ xQ;g. Therefore, by the
@3

inductive assumption, we have
L¥(BP,,,) =0. (5.4.15)
Moreover, recalling Corollary 7.2.1 for g = f,, and v = y(x2) we get
BP,, = (1—a3) 2BP, . (5.4.16)
Combining (5.4.15) and (5.4.16), we get (5.4.14).
Thirdly, we claim that

BPrC |J BP, x{x}. (5.4.17)
3326(71,1)

Assume x = (x1,22) € BPy . By (ii) there exists a line {t{, |t € R} C
NL(z) C (—0%f(x),0) such that {t& |t e R} # {t(¢*,0) |t € R} and
ngn = 1. Therefore, 51 = (51)52)0) and _51 = (_51)_5250) are proximal
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normal vectors to hypo(f) at (z, f(x)) realized by a ball of radius o where
0>0,0%#¢ €RF 29 € Rand ||(&1,&)| = 1. Recalling Lemma 5.3.6, we
obtain that (£1,0) and (—¢;,0) are proximal normal vectors to the hypograph
of fz, at (x1, fz,(x1). This implies that ngpofw (1, fz,(x1)) contains the
line {t(£1,0) | t € R}. Thus, z; € BPy, or (z1,22) € (BPy, ,x2).

Finally, since BP; is a Borel set contained in Bj1(0,1), the indicator
function 1pp, is in L*™(Bj11(0,1)). From Fubini’s theorem, we have

EkJrl(BPf) — /

1
1pp,dr = / / 1Bpfdx1dx2.(5.4.18)
Br41(0,1) —1J By (0,4/1—x3)

Combining the above equality and (5.4.17), we get

1 1
E’““(BP)g/ / 1pp, drvidw :/ LF(BPy, )dx,.
L A P e R F

(5.4.19)
The proof is completed using (5.4.19) and (5.4.14). O

5.4.2 Proof of Theorem 5.2.1

Proof of (i). 1t is equivalent to prove that BP; U 9Q C Q is closed. Let
{zn} € BPy U 0Q converge to . We need to show that € BP; U .

If x € 09, there is nothing to prove.

If z € Q, we will prove x € BP;. Indeed, there exist 7, > 0 and M > 0
such that z,, € By(x,7,) C By(z,7:) C Q for all n > M . From Lemma
7.2.2, we have x, € BPf\BN(x,rm) for all n > M. On the other hand, from
Corollary 7.2.1, and (i) of Theorem 5.2.2, one can easily see that the set
BPyf (o) UOBN(%,72) is closed. Therefore, the sequence {z,} converge
to x € BPf‘BN(mM) U dBn(z,ry). Recalling again Lemma 7.2.2, we obtain
S BPf.

Proof of (#). Since BPy U 0 is closed, BP; is a Borel set. Therefore, it
is sufficient to prove that for all z € BPy, the LN-density of BP; at x has
zero value, i.e, for all x € BPy

LY(BP; 0 By(2,0)) _ 0. (5.4.20)

N T
D, (@) = I = N By (2, 0))

Indeed, for all x € BPy C (), there exists 7, > 0 such that EN(x,rz) c Q.
From Lemma 7.2.2 ; Lemma 7.2.3, Corollary 7.2.1 and Theorem 5.2.2, one
can easily get

LN(BPf N B(x,ry)) = LY (BPy, () =0, (5.4.21)

and (5.4.20) follows. O
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5.4.3 Proof of Colloraries

Proof of Corollary 5.2.1. From Theorem 5.2.1 we have

The set (2p is open. The function fiq, :— R is a continuous function and

i) The set hypo(fq,,) satisfies the 0 — external sphere condition.

ii) For every x € Qp, the set Ng}po(fmp)(:c, fiap (7)) is pointed.

The remainder of the proof is done by the argument in [19]. More pre-

cisely, one can prove that Nf]ljypO(f\Q )(x, fiap(@)) = Co{tNL(z) | t > 0} (see
P

Lemma 4.7, Theorem 4.1, Theorem 3.1, Theorem 3.2 in [19]). From Corol-

lary 5.3.1 in this paper, if ¢ € N¥(z) then & € nypo(fmp)(:c,fmp(:c)) is

realized by a ball of radius €(z), the proof is completed by following the

proof of Theorem 3.3 in [19]. O

Proof of Corollary 5.2.3. Using the Proposition (3.1) in [19], the
hypo(T') satisfies the 6 — external sphere condition. Applying Corollary
5.2.1 for f =T(-), we get the conclusion. O



Chapter 6

Rectifiability of the set of
bad points

We prove here some rectifiability properties of the set of bad points BPy of
f where the hypograph of f doesn’t require an external sphere condition.
The set BP; will be also defined more generally (see Section 6.1 for the
definition). We partition the set BP; (see (6.1.6)) into sets BPyj, k =
1,..., N, where, roughly speaking, the suffix k corresponds to the dimension
of the largest vector space contained in the set 9©>°°f of Fréchet horizon
supergradients of f (see Section 6.1 for the definition). We are able to prove
that BPy, is countably (N — k)-rectifiable.

Theorem 6.0.2 Let Q C RY be open and let f : Q — R be upper semi-
continuous. Then the set BPy ), is countably (N — k)-rectifiable.

Moreover, under an external sphere condition on the hypograph of f, the
definition of BP; here will coincide with the one in the previous chapter.
Therefore, we also refine Theorem 5.2.2 as follows:

Theorem 6.0.3 Let Q C RY be open and let f : Q — R be continuous. If
the hypograph of f satisfies the 0-exterior sphere condition for some 6 > 0,
then the set of bad points BPy is locally (N — 1)-rectifiable. In particular,
HN=YBP; N K) is finite for any compact set K C RY.

Finally, in Section 6.3 we provide an example showing that, in general, the
set BPyy, k > 2 may not have finite (N — k)-Hausdorff measure even under
the exterior sphere condition.

6.1 Notations

To make the reader easy to follow, we prefer to rewrite shortly some basic
notations.
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Let © C RY be open and let f : Q — R be upper semi-continuous. The
hypograph of f is denoted by

hypo(f) = {(z,0) [z €Q,6 < f(x)}. (6.1.1)
The vector (—v,A) € RY x R is a Fréchet normal vector to hypo(f) at
(z, f(x)) iff

lim sup <(—v, A) . 5) = (2, /(x)) > < 0. (6.1.2)
hypo(f)3(y,8)—(z.J (@) |y —a|+16 = f(2)]

We denote by N}f; po(f) (x, f(x)) the set of Fréchet normal vectors to hypo(f)

at (z, f(z)).

Remark 6.1.1 If (—v,\) € N}izpo(f)

(x, f(z)) then A > 0.

Recalling that N}f; po(f) (x, f(x)) is the set of proximal normal vectors to

hypo(f) at (x, f(x)), we have:

Remark 6.1.2 Ng}po(f)(:c,f(:c)) - N}f;po(f

Associated with hypo(f), we define that

Lo f(x)={v| (-v,1) € nypo
dients of f at x .

2. 9Ff(z) = {v]| (-v,0) € N}{Z/po(f)
horizon supergradients of f at x.

)(:c,f(:c)) for all x € Q.

) (x, f(x))} is set of Fréchet supergra-
(z, f(x))} v is the set a Fréchet

The largest vector subspace contained in N}Z po(f) (z, f(z)) will be denoted
by

NL(2) = { € € Nfpoipy (@, f(@) | =€ € Nfpopy(a, f@)}. (6.13)

From Remark 6.1.1, one can see that NL(z) C {(v,0) | —v € 9> f(z)}. Let
us define
Ve :={veRY | (v,0) € NL(z)}; (6.1.4)

clearly, V, is the largest vector space contained in 0 f(x) and dimV, =
dim NL(z). We say that v € V,, is realized by a ball of radius 0 if (v,0) €

nypo(f) (z, f(x)) is realized by a ball of radius 6.

The set of bad points BPy of f is defined by
BPy ={x Q| NL(x) # {0}}. (6.1.5)
According to the dimension of NL(zx), for k =1,..., N we introduce
BPsj, ={x € BP; | dim NL(z) = k} = {x € BPy | dim V, = k}. (6.1.6)
It is clear that BP; = (Jp_, BPj .

Now, let k > 0 and A, B C R be fixed. We recall that:
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(i) Hr(A) is the k-dimensional Hausdorff measure of A;
(ii) dn(A, B) is the Hausdorff distance between A and B.

Finally, we will denote by G(N, k) the Grassmann manifold of all £ — di-
mensional vector subspaces of R: we endow G(N, k) with the distance

dg(Vi,Va) i=dpg(Vi N SV=1 1 n SN,

The metric space (G(N, k), dq) is separable and, in particular, the following
property holds:

VR>03Vi,...,V;m € G(N, k) s.t. G(N,k) € | JBa(Vi,R)  (6.1.7)
=1

where Bg(V;, R) denote the open ball (with respect to dg) with center V;
and radius R.

6.2 Rectifiability results for the set of bad points

6.2.1 Preparatory Lemmas

Let V € G(N, k) be fixed; each z € RY can be written in a unique way as
z = 2y + 21 where zy € V and 2,1 € V+. For a € (0,1) we denote by
Co (V') the open cone along V' of aperture 1/« defined by

Ca(V) = {z €RY | |lav] > a 2]} .
If z € RY we set
Ca(z,V) =2+ Ca(V) = {z €RY | ||z —2)v| > a |z —z[l};
It is easily seen that
2 € Colz,V) <= Fv e VNSV such that (v,z—z) > |z — z||. (6.2.1)
We also point out the following implication:
deg(V1,Va) < R = Caypr(z, V1) C Cy(x, Vs) (6.2.2)

which holds provided a+ R < 1. To prove (6.2.2) it is enough to notice that
for any z € Coir(z, V1)

there exists v; € V4 N SNV ~! such that (vi,z —x) > (a+ R) ||z — z||
there exists vo € Vo N SN~ such that |lv; —v2| < R

whence

(vo,z—x) = (v1,z —x) — (V1 — Vg, 2 — ) > ||z — x|,
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ie., z € Cy(x,Va).
For any fixed p > 0, let us introduce the sets

BP? :{xeBPk\<v, y—= >§Ilvx\|
T PRIy =l + 16 = f@)]/ = 8 (6.2.3)
Vo, € Vauy € Bla,p). B < f(y) |
Remark 6.2.1 If p; > py > 0 then BP;’}C - BPJka.

As the following Lemma shows, the sets BP;Z i give a partition of BPy .
Lemma 6.2.1 We have
BPy = Up>0BP£k. (6.2.4)
In particular, from Remark 6.2.1 it holds
BPy. = Uiew (0} BP}, - (6.2.5)

Proof. Fix x € BPy) and let vy, v9,...,v; be an orthonormal basis for V.
By the definition of V,, we have —v; € V, for all i € {1,2,...,k}. Recall-
ing (6.1.4), (6.1.3) and (6.1.2), there exists a constant p, > 0 such that
B(z,py) C Q and for all i € {1,2,...,k} one has

A y—= 1 e y—z 1
<v“ ly — x|+ \6—f(w)!> = 5Vh and < Yy !ﬁ—f(x)]> =V
for all y € B(x, p;) and 5 < f(y). Thus

) Yy—x 1
(o =7 < vk (6.2.6)

for all y € B(x, p;) and 5 < f(y).
Fix v, € V,; we have v, = Zle a;v; for suitable a; € R. From (6.2.6), we
get

<v y—=x > < Zf:l |ai]
Tly—al+B-f@l/ T 8vk
for all y € B(x, p,) and 5 < f(y). On the other hand,

N2k
ol = (Do) 2 Zimled,

i=1

Therefore

oVt ol
Ty —al+ B fo)]/ T8
for all y € B(w,p;) and B < f(y). Thus € BPfj and the proof is
accomplished. O

In view of a rectifiability result for the sets BPyj, we begin with a
technical result.
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Lemma 6.2.2 Leta € RN, p > 0 and z,y € BPJ’fk N B(a, ) be such that
de(Vy, Vy) < 35 then
y € ]RN\C%(:C,V:E).

Proof. Since x,y € B(a, %), we have x € B(y, p) and y € B(z, p). There-
fore, from (6.2.3) if v, € V, N SY~! we have

1
(voy —2) < Sy —2ll +16 = f(2)]) forall § < f(y). (6.2.7)
Similarly, for any v, € V;, N SN~ we obtain

oy —a) < Ly —al +15— f@N) foral < f@).  (628)

We have to distinguish two cases: if f(y) > f(x), we choose 8 = f(x) in
(6.2.7) to get

1
ey =) S gly—al Vo eVonsl,

Recalling (6.2.1), this implies that y ¢ C’% (x,Vy), as desired.
If f(y) < f(z), we choose = f(y) in (6.2.8) to get

1
(vy,y =) < 2lly — 2| Vo, € V,n SN,
Since dg(Vy, V) < &, for any v, € V, N SV~L there exists v, = v,(v;) €
) ]9 x x Yy y(Vz

V, N SN=1 such that |jv, — vy, < %. Therefore, for any v, € V, N SV~1 it
holds

1
(e, y = 2) < (vy,y — @) + {0z — vy, y — )| < 7 lly — 2] (6.2.9)

ie. y ¢ C’% (x,Vy), as desired. O

We now fix R :=1/16 and let V1,...,V,, € G(N, k) be given by (6.1.7).
We thus divide BP]’; . into m sets

m
BPf, = BP} (6.2.10)
j=1
where ‘
BPfj ={x € BP}, | dc(Vs,Vj) < 1/16}.
For j = 1,...,m we denote by m; the orthogonal projection R" — V}J_;

clearly, mj(z) = 2yl =22y
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Lemma 6.2.3 The projection m; : BPJ’Z’,gﬂB(a,p/Q) — ﬂj(BP]f’gﬂB(a,pﬂ))
1s tnvertible and its inverse map is Lipschitz continuous with Lipschitz con-

stant at most 2.

Proof. Let z,y € BPny’kj N B(a,p/2) be fixed. We have dg(V;,V,) < 1/8
and Lemma 6.2.2 ensures that y ¢ C/4(z, V). Since dg(Vy,V;) < 1/16,
by (6.2.2) we deduce that Cy/5(x,V;) C Cs/16(w, Vj) € Cy4(z,Vy) and, in
particular, that y ¢ Cy5(x,V;). This implies that ||(y — z)v, || < 5 ly — |,
whence

i (y) = mj (@)l = llmj(y — )l = [[(y = 2) = (y = 2)v; || = 3 lly — =] -
This is enough to conclude. O

The rectifiability of the sets B PJf i 1s now a consequence of Lemma 6.2.3.

6.2.2 Proof of main results

Theorem 6.2.1 The set BP]fk NK is (N — k)-rectifiable for any p > 0 and
any compact set K C RN ; in particular

HYNH(BP, N K) < +o0. (6.2.11)

Proof. It will be sufficient to show that for any j = 1,...,m the set
BP]’Z’,g N K is k-rectifiable. Since K is compact, there exist aq,...,a, € RY

such that
h .

BP{ N K C | (BPF N Blai, p/2)) -
i=1

By Lemma 6.2.3, for any i = 1, ..., h the set BPJf”g N B(a;, p/2) is the image
of

7ij1 DT (BP}f”’kj N B(ai, p/2)) — RY

i.e. of a Lipschitz map defined on a bounded subset of Vjl = RV-F with

Lipschitz constant at most 2. In particular, BPJf”g N B(ai, p/2) is (N — k)-

rectifiable and this allows to conclude. O

We can finally pass to the proof of our main results.

Proof of Theorem 6.0.2. It is an easy consequence of Lemma 6.2.1
and Theorem 6.2.1. O

Before passing to the proof of Theorem 6.0.3, we would like to discuss
the relation between BP; and the set of bad points BP;D considered in [47],
namely,

BP} :={z € Q [NL"(z) # {0}},
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where NLP(z) = { £ € N hypo(f ( Jf) ] =€ €N, hypo (x,f(x))} From
Remark 6.1.2 it is clear that BPJF C BPy, but in general the two sets do
not coincide.

However, the equality BPy = BP}D holds under the assumptions of Theorem
6.0.3. Indeed, from Corollary 3.1 in [47] it follows that the hypograph of
Jiop has positive reach, where 2p is the open set defined by Qp := Q\BP}D.
Therefore (see [31, Proposition 6.2 and 4.2] and [40, Theorem 4.8 (12)]) one
has

Nio (rap) @ flop (@) = N oo (fap) (& flap(x))  for all € Qp.

and thus

Nhypo(f (.%' f( )) hypo ((L‘ [z )) for all 2 € Q2p.

Consequently, NL(x) = NL"(z) for all x € Qp. By the definition of BP}D7
we have NL (z) = {0} for all z € Qp. This implies that NL(x) = {0} for
all z € Qp, i.e. BP;NQp = @. Thus, BP; C BP, as claimed. O

Proof of Theorem 6.0.3. Recalling 6.0.2, we have HN_l(BPf,k) =0
for all k € {2,3...,N}. Since

N
BP;=BPs1 U | ] BPyy,
k=2

the proof will be accomplished after proving that the set BPy; is locally
(N — 1)-rectifiable. From the definition (6.1.6), for every x € BPy; the set

Ve = {tvy | vy € RN, ||vy]| =1 and t € R}

is a line along v,. Therefore by [47, Lemma 4.3], (+v,,0) € N,@pg(f) (z, f(x))
is realized by a ball of radius 0, i.e.

1
(fvey—a)< (lly - > +18 - f(@)P) Vye Q< f(x)
From the above inequality, reasoning as in the proof of Lemma 6.2.2 one can
obtain that the following holds. Ifa € RY, p € (0,60/8], z,y € BP;1NB(a, 5)
are such that dg(V,,Vy) < %, then

y € RN\C% (z,Vy).

From this fact, the local (N — 1)-rectifiability of BPj; follows (up to con-
sidering BPy; instead of BP]’f ;) as in the proof of Theorem 6.2.1. U
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6.3 A counterexample

By virtue of Theorem 6.0.3, the set of bad points BPj is locally (N — 1)-
rectifiable provided the f-exterior sphere condition holds. On the contrary,
an analogous (/N — k)-rectifiability result does not hold for BPy; in other
words, Theorem 6.0.2 cannot be refined to show that H¥ ~*(BP;,NK) < oo
for any compact set K C RM. We are going to provide an example of
a continuous function f : (—1,1) x (=1,1) — R satisfying the #-exterior
sphere condition with § = 1 and such that H*(BPss N K) = +oo for any
neighborhood K of the origin. It will be clear from the construction that
what is missing is a uniform control on the radii of exterior balls (recall that,
by Theorem 6.2.1, BP;’ i is locally (N — k)-rectifiable for any p > 0).

Let Q:= (=1,1) x (=1,1); for n € N, n > 0 let us define x,7, z,; € Q by

n»In

f = (27",0), z, = (-27",0).

n
We also set

zb 4+t T, +x,
C:Lr = ”fn"‘l — (327n7270) €, c, = %”‘H — (_3,27n7270) c0
and B B
e =l |7 = 2| _ 9—n—2
" 2 2 ’

Notice that the closed balls B (cﬁ,rn) are pairwise disjoint except for the
case of consecutive balls, which instead are tangent, i.e., for any n > 1 one
has

B(en,ma) N B(ey_y,mn—1) = {zi}, Blen,ma) N Ble,_y,mm-1) = {2, }
Define f1 : Q@ — R by

_\/ _Hx—c H lf.TGB )
M=~y —lle—al iteeBe.m)

; it 2 € Q\ (U, B(ct,mm)UU, Blcr, ).
x, :n > 1} C BPy;

n»In

It is easily seen that f; is continuous and that {z;
more precisely

(1,0) € 9 f1(x;}) is realized by a ball of radius r,,_;
(—1,0) € 9% f1(x;}) is realized by a ball of radius ry,
(1,0) € 0 f1(z;,) is realized by a ball of radius r,
(—1,0) € 9 f1(x,,) is realized by a ball of radius r,_;.

(6.3.1)

For any = = (§,n) € Q we also define

fo(z) = —v/n? = In| = =1 - (1—[n|)%.
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One can easily check that fy is continuous on € and that BPy, = {(£,0) :
¢ € (—1,1)}; more precisely, for any ¢ € (—1,1)

(0,1),(—1,0) € 0 f2(&,0) are realized by balls of radius 1. (6.3.2)

Notice also that fi(z) = fo(2;5) = 0 for any n > 1. Therefore, the function
f := inf{f1, fo} is continuous on Q and f(zF) = fi(zF) = fo(zF) = 0.
Taking (6.3.1) and (6.3.2) into account we obtain that

(1,0),(=1,0),(0,1),(0,—1) € 8°f(zF)  for any n > 1

whence
{2}, 2, :n>1} C BPys

which in turn implies H(BPy2) = oo, as desired. O
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Chapter 7

Appendix

7.1 Appendix A

In this section, under the assumptions (H;) and (Hs) on (3.1.1) in Chapter
3, we prove some elementary estimates which are needed in Lemma 3.3.1,
Lemma 3.3.2 and Lemma 3.3.3. For future use, we set

K; = max|f(0,u)],
ueU
Ky = D, f(0
5 max || Dz f (0, u)ll

Ll(eLs - 1)K1
L

Lemma 7.1.1 Let af:) := y™"(-) be the solution of (3.1.1). The following
estimates hold true for all t > 0:

Ly(s,8) = Lie™*5 + + Ky forall s, >0.(7.1.1)

(i) llat) — o) < ElelEEDE=D)

(ii) [la(t)] < el [laf| + LE20E
(iti) ||f (), u(®))]| < Le™ || + " K.
(i) | Dy f(a(t), u(t))| < La(t,||z])).

Proof. Since «(-) is the solution of (3.1.1), for all ¢ > 0 we have

/ 1 £(als), u(s))| ds

/0 1£(als), u(s)) — F(z,u(s)] ds
T /0 1, u(s)) — FO,u(s))] ds + /0 170, u(s))]| ds

lee(t) — ]| ))ds

IN

IN

t
L/ la(s) — || ds + L ||z ¢ + Kit.
0
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Applying Gronwall’s inequality we obtain
(L ||=|| + K1)(e" — 1)

la(t) — ]| < 7 : (7.1.2)
whence
Ja(o)] < e af + =15 (r.13)
Recalling the condition (Hz), we obtain
I£(at) u®) < Le™ o] + X', (7.1.4)
and also
ID.f e @)l < e + 208 g, )
The proof is concluded. O

In the next Lemma, we will give some estimates related to the limiting
adjoint trajectories M7 (-) in Chapter 3.

Lemma 7.1.2 Let z € 8¢, set r = T(z) > 0, and take & € S, and M (-) €
Mz. Then

(i) |M@)] < P21 for ali t € [0,7],
(it) || M)~ < el Gl for all t € [0, 7).

Proof. Let x, — =z, {U,} C U, be such that {y* " ()} C 7Tz and
M(-, zp,uy) converges to M(-) uniformly on [0,7(x)]. By (iv) in Lemma
7.1.1 and Theorem 2.2.1, p. 23, in [13], we obtain that for all w € RY

Lyt 1)K
1M (t, 2, )| < elFre™ Nzl =55 Bl )

Taking n — oo we conclude the proof of (i).
The proof of (ii) proceeds exactly as the proof of (i), by replacing
M (-, 2y, Up) With M (-, 2y, iy,) "L O

The following result is essentially Theorem 2.2.4, pp. 25, 26 in [13].

Lemma 7.1.3 Let Ay, Ay : [0,T] — MN*N be matrices with L>-entries,
and set ||A;|| = L;, i = 1,2. Let My, My be the fundamental solution of,
respectively,

p(t) = A(t)p(t), p(0) =1
p(t) = Ax(t)p(t), p(0)=T""N.

Then, for every t € [0,T] and every unit vector v € RY we have

(M (t) — My (8))o]| < e”l*h”/o 142(s) — Ay (s)]] ds.
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7.2 Appendix B

The first Lemma is to prove that the angle of a wedged cone Hg which is
generated by a compact set C C RV\{0} is far from 7.

Lemma 7.2.1 Let C € RN be a compact set which does not contain 0. We
denote the positive cone generated by C' as

k
HZC = span’ (C) = {Z a;c; | ¢; € C and a; > 0}.
i=1

Assume that Har 18 wedged. Then:
i) H} is closed.
it) There exists a constant 6y > 0 such that for all 0 # x1,x9 € H&", it
holds . .
1 2
— , ——) > —1+4Jp. (7.2.1)
]l 2]l

Proof of (i). Let a sequence {z,} C H/, converge to z. We need to prove
that © € H, ZS By Caratheodory theorem, we can write

N+1
Ty = Z al'ct | where o, >0, ¢ € C. (7.2.2)
i=1

Assume without loss of generality that lim, .., ¢!, = ¢ e C forall i e
{1,2,.,N +1}.

If va 1ol is unbounded, we extract subsequences {af, } S{ a}} such
that

o N+1
% =a>0 and lim a;, = 4o0.
ALY SR

i=1 ng i=1

Therefore, from (7.2.2) and lim,, . 2" = x we get

N+1

o o — _ P
Z at ¢ nllgloo ZN_H i = 0. (7.2.3)

Note that of > 0, SV i = 1 and ¢ # 0. We recall (7.2.3) to obtain that
the cone H éﬁ contains at least one line. This is a contradiction.

Thus YN o, is bounded. Tt implies that the sequences {a%} are bounded
for all i € {1,2, ... N + 1} since af, > 0. We extract subsequences {af, } C
{al,} such that

lim of =ai>0foralli€{1,2,...,N +1}.

nj—00
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From the above equality and (7.2.2) , we have

N+1 N+1

z= lim z, = lim z, = lim g ay, Cp = g at .
n— 00 nj—00 njp—00 £ kT —
1= 1=

This implies z € H/,.
Proof of (ii). Assume by contradiction that there exist two sequences {z'},
{25} contained in H} such that ||z7| = ||z5]| = 1 and

lim (27 , z3) = —1. (7.2.4)
n—oo
Assume without loss of generality that lim, .. 2] = 77 and lim,, . 2] =
T3. Recalling (7.2.4), we obtain that —77 = T3. Moreover, since Hér is
closed, we have x1,x9 € H g Therefore H g contains at least one line. This
is a contradiction. ]

The following Proposition provides a sufficient condition for the strict
convexity of a set.

Proposition 7.2.1 Let K C RY be compact and assume that there exist
v >0 and p > 1 with the following property: for every x € 0K, there exists
¢ # 0 such that for every y € K one has

(CGy—z) <=y — =|”. (7.2.5)

Then K is convex (with nonempty interior) and (7.2.5) is satisfied by all
¢ € Ng(zx) for each x € OK.

Proof. We show first that K is convex. To this aim, assume by contradic-
tion that three exist points x1 # z9 € K such that the segment [z, z2] is
not contained in K. Let 0 < ¢ < 1 be such that ; = (1 — t)z1 + tzy € OK
and let ¢ # 0 be such that (7.2.5) holds with z; in place of x. Obviously,
(Llxy — x1 and this is a contradiction. It is also easy to see that K must
have nonempty interior. Since K is convex with nonempty interior, for each
x € 0K the normal cone Ng(x) is pointed and so it is the convex hull of its
exposed rays (see [54]).

We now see Theorem 4.6 in [27] and see that for every unit vector w
belonging to our exposed ray of Ni (), there exists a sequence z,, — x such
that

Ni(xn) = RTw,, |w,|| = 1.

Of course (7.2.5) holds with x,, (resp, wy,) in place of x (resp, {), so that by
passing to the limit, w also satisfies (7.2.5). By taking convex combinations,
we conclude the proof. O

The second lemma is necessary to use Theorem 5.2.2 in the proof of the
main theorem in Chapter 4.
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Lemma 7.2.2 Let Q@ C RY be open and let g : Q@ — R be continu-
ous. Assume that hypo(g) satisfies the @ — external sphere condition where
0_: Q — [0,+00) is continuous. Let, for all x € Q, r, > 0 be such that
By(z,75) C Q. Then

i) The hypograph of the restricted function g|py (zr,) : By(z,ry) — R satis-
fies the 0, —external sphere condition with 0, = max{0(y) | y € By(z,7%)}.
ii) BP, N By(x,ry) = BPg\BN(z,rz)'
Proof of (i). Let z € By(z,7;), there exists a vector 0 # £ € ngo(g)(z,g(z))
realized by a ball of radius 6(z), i.e, for all y € Q and for § < g(y), it holds

(7 - @) = (9@ < 06) (y==F+19-g(2P).  (726)
Thus, for all y € By(x,7;) and for all 8 < g\ (z,r,)(y), We have
<ﬁ s (y75) - (zvg|BN(x,Tx)(z))> < 0, (Hy — ZH2 + ‘5 — g‘BN(LTx)(z)P)-
(7.2.7)
The proof is completed. 0

Proof of (ii). It is similar to the previous proof. Indeed, if 0 # £ €

nypo(g)(z’g(z)) then 0 # § € nypO(ngN(wx))(z’ngN(z’T”)(Z))' Therefore,
BPg N BN(-%HTJ;) - BPQ\BN(x,m)'

We are going now to prove BPg\BN(z .y & BP,. 1t is sufficient to prove

that if 0 #£ £ € Nlifpo(g‘BN(,c,m))(Z’g\BN(Isz)(Z)) then 0 # & € N}{;po(g)(z,g(z)).

Indeed, 0 # € € N}f;po(g‘BN(xm))(z,g|BN(x7rz)(z)), i.e, there exists a constant

o > 0 such that for all y € By (z,7,) and for all 8 < g5 (z,r,)(¥), it holds

<ﬁ’ (0 8)= (2, 91y (2r0)(2))) < 0 (ly=2*+|B=91Bx (2,00) (2)P)- (7:2.8)
Therefore, for all y € By(z,7,) and for all § < g(y), one has

Since z € By(z,r;), one can easily get from (7.2.9) that there exists a
constant o7 > 0 such that the inequality

§
(m s (1,8) = (2.92)) < o1 (ly =2l + 18— g(=))
holds for all y € © and for all 5 < g(y).
It means that £ € Ng}po(g)(z,g(z)). The proof is completed. O

The last one is a technical lemma which is used in Chapter 4.
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Lemma 7.2.3 Let g: Q2 — R be continuous and let v > 0. We denote by
g7 Q) — R, the y—stretched function of g, as follows:

9'(y) = g(%) for all y € /.

Assume that (&, \) is a prozimal normal vector to hypo(g) at (x,g(z)) re-
alized by a ball of radius p. Then (%,)\) 1s a prorimal normal vector to

hypo(g?) at (yz, g (yx)) realized by a ball of radius pﬁ.

Proof. For all z € Q and for all § < g(z), it holds

(€a>‘) 1 2 2
( » (2,0) = (2, 9(2)) < =z —="+ 18 —g(@)[").
(& Nl 2p
Equivalently, for all vz € vQ and for all § < ¢g7(yz), it holds
(5,0 1,1
s (v2,8) = (v, 97 (v2)) < o= (5 llve =yl 4 18 = g7 (vo) ).
<||(§a>\)|| (vz,8) = ( (yx))) 2,0(72H 17+ | (vz)|)
(7.2.10)
Since [|(§, M| < VA2 +1 H A)||, one can easily get from (7.2.10) that for
all z =~z € ~vQ and for all 5 < g7 (2), it holds
N X 1 B e
(= » (7.8)= (v, g7 (v2))) < ———— (|lz2=z("+[B-¢g" (v2)|)
15, M)l QPW
(7.2.11)
The proof is completed. O

The following result is an immediate consequence of the previous lemma.

Corollary 7.2.1 for every ~v > 0, it holds

BP, = yBP,.

7.3 Appendix C

We will give here some inequalities on one variable functions which are used
in Chapter 4.

Lemma 7.3.1 Let K : (a,b) — [0,1] be measurable and let k € N. Then

/ab(t—a) (dt>— /K nat) "

and
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Proof. Indeed,

b b b b
/K(t)dt:k!/ / | K(to)dto...dty
a a tr t1

Since K (t) € [0,1] for a.e. t € [0, 1], we obtain that
b b
/K’ﬁ—M/ K0 [ K [ Ko
By using induction, one can easily prove that
b b b 1 b kil
/a K(ty) ) K)o | K(to)dho-dty = k—+1</a K(t)dt)

The proof is completed. O

Lemma 7.3.2 Let f : [a,b] — R be of class C' and fir k > 0. Assume that
there exists C' € R such that

1f'(s)] > C(s —a)* Vs € [a,b). (7.3.1)
Then, either f has no zeros in (a,b) and then, for all s € (a,b) either

C
k+1

(s — a,)k+1 or |f(s)| > (b— s)k'H

1f(s)] = ‘_k—+1

or there exists ¢ € (a,b) such that g(c) = 0 and then, for all s € [a, ],

)] 2 S (- st

and for all s € [c,b]

c k
> — )kt
£6)] > o= o)
The same conclusion hold if (7.3.1) is substituted by
[f'(s)| = Co—s)* Vs € [a,b].

Proof. Observe that by our assumptions f’ has constant sign on [a, b]. We
treat the case f’ > 0, while the other one can be obtained by taking —f. So
(7.3.1) now reads as

f'(s) > C(s—a)k Vs ela,b].

If f has no zeros, we have two cases, namely f(s) > 0 for all s € (a,b) or
f(s) <0 for all s € (a,b). For the first case

/f dt>C/ (t—a)d ¢ (s —a)",

k+1
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therefore,
F8) 2 s~ ),

oy
_|_
—_

In the second case,

fb)—f(s) = /f dt>c/ (t —a)*

R e B

Therefore,

F(5) < F0) — S (b— st <~ - gL

E+1 E+1

Assume now that there exists ¢ € (a,b) such that f(c) = 0. Then, for all
¢ € [a,c] we have

1) = 5@ -6 = [ 10 (c— 5+,
while for all s € [¢, b] we have
f6) = 1)~ f0) = [ Ptz 5 - ) - e - )t
> 2 i - (3 C)k—i—l

and the proof is completed. ]
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