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Riassunto

Analizziamo alcune proprieta di funzioni a variazione limitata in spazi di Carnot-
Carathéodory. Nel Capitolo 2 dimostriamo che esse sono approssimativamente dif-
ferenziabili quasi ovunque, esaminiamo il loro insieme di discontinuita approssimata e la
decomposizione della loro derivata distribuzionale. Assumendo un’ipotesi addizionale
sullo spazio, che chiamiamo proprieta R, mostriamo che quasi tutti i punti di discon-
tinuita approssimata sono di salto e studiamo una formula per la parte di salto della
derivata. Nel Capitolo 3 dimostriamo un teorema di rango uno a la G. Alberti per
la derivata distribuzionale di funzioni vettoriali a variazione limitata in una classe di
gruppi di Carnot che contiene tutti i gruppi di Heisenberg H" con n > 2. Uno stru-
mento chiave nella dimostrazione € costituito da alcune proprieta che legano le derivate
orizzontali di una funzione a variazione limitata con il suo sottografico. Nel Capitolo
4 dimostriamo un risultato di compattezza per succesioni (u;) equi-limitate in spazi
metrici (X, d;) quando lo spazio X ¢ fissato ma la metrica puo variare con j. Mostri-
amo inoltre un’applicazione agli spazi di Carnot-Carathéodory. I risultati del Capitolo

4 sono fondamentali per la dimostrazione di alcuni fatti contenuti nel Capitolo 2.






Abstract

We study properties of functions with bounded variation in Carnot-Carathéodory
spaces. In Chapter 2 we prove their almost everywhere approximate differentiabil-
ity and we examine their approximate discontinuity set and the decomposition of their
distributional derivatives. Under an additional assumption on the space, called prop-
erty R, we show that almost all approximate discontinuities are of jump type and we
study a representation formula for the jump part of the derivative. In Chapter 3 we
prove a rank-one theorem a la G. Alberti for the derivatives of vector-valued maps
with bounded variation in a class of Carnot groups that includes all Heisenberg groups
H" with n > 2. Some important tools for the proof are properties linking the hori-
zontal derivatives of a real-valued function with bounded variation to its subgraph. In
Chapter 4 we prove a compactness result for bounded sequences (u;) of functions with
bounded variation in metric spaces (X, d;) where the space X is fixed, but the metric
may vary with 7. We also provide an application to Carnot-Carathéodory spaces. The

results of Chapter 4 are fundamental for the proofs of some facts of Chapter 2.
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Introduction

Functions of bounded variation (BV functions) play an important role in several prob-
lems of Calculus of Variations like minimal area problems and free discontinuity prob-
lems and, since their notion is closely linked to finite perimeter and rectifiable sets, they
also come into use in Geometric Measure Theory. In the classical Euclidean setting,
the structure of functions of bounded variation has been intensively studied. In [69, 90]
BV functions have been introduced as a natural generalization of Sobolev maps while
in [32] one can find BV Theory as a special case of the more recent Theory of Cur-
rents. Some properties of the distributional derivative of a BV function are described
in [10, 31, 43, 44, 68, 73, 91| while the important Rank-One Theorem in the Euclidean
case is proved in [1]. Most of the results about structure properties of BV functions in
the Euclidean case are collected in an organic way in the book [5].

The extension of the Euclidean BV Theory to metric spaces is however much more re-
cent. One of the milestones of Analysis on metric measure spaces is certainly [46], where
Sobolev and BV functions are deeply studied and where the authors show how the va-
lidity of Poincaré-type inequalities and a doubling property of the reference measure
are enough to prove fundamental results like Sobolev inequalities, Sobolev embeddings,
Trudinger’s inequality. The notion of BV function in metric measure spaces has been
then developed in different environments like weighted Euclidean spaces (see [11]),
Finsler structures (see [15]), the so-called good metric measure spaces (see [70]) and
Carnot-Carathéodory spaces (see [17, 20, 23, 34, 38, 39, 36, 41| and the more recent
8, 6,9, 19, 22, 28, 59, 66, 85]).

Carnot-Carathéodory spaces (CC spaces for short) represent one of the setting where
BV functions have been most fruitfully introduced. CC spaces first naturally appeared
in the Theory of hypo-elliptic operators, degenerate elliptic operators and singular inte-
grals (see e.g. [49, 87|, as well as many others) and only later on they have been object
of studies from a Geometric Measure Theory point of view. The class of CC spaces
is general enough to include the Euclidean spaces (as a trivial case) and all Carnot
groups (or stratified groups). A Sobolev Theory in CC spaces has been systematically
worked out in the literature while only partial results are known for the structure of BV
functions in this setting, so far. We however point out the validity of very important

results concerning BV functions in CC spaces like approximation of BV functions via
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10 Introduction

smooth maps (see [36]), coarea formulae (see |77, 36]), Sobolev-Poincaré inequalities
(see [41, 35, 46]) and Isoperimetric inequalities (see [34, 41, 79]). Some of the most
notable difficulties in developing analysis in this framework are the lack of a Besicov-
itch derivation Theorem (see e.g. [52]) and the non-existence of a group operation or
a family of dilations that are compatible with the metric structure.

The goal of this Thesis is twofold. First, we extend some of the so-called fine properties
of BV functions, that are well established in Euclidean spaces, in a setting of CC spaces
(we refer the reader to [5] for a deep introduction to the Euclidean case). On a parallel
line we prove a Rank-One Theorem for BV functions in a class of Carnot groups that
includes all Heisenberg groups H" with n > 2.

Let us now fix some notation about CC spaces. Consider an m-tuple X = (X3,...,X,,)
of linearly independent and smooth vector fields in R” satisfying Hérmander condition
(named after [49]), i.e., the linear span of X1, ..., X,, together with all their commuta-
tors computed at any point p is the whole R”. In this case (see [21]) for any p,q € R”
there exists an X-subunit path ~ joining them, i.e., an absolutely continuous curve
v :[0,7] — R™ so that, for almost every ¢t € [0,T], one has

m

Y0)=p, T)=q and F(t) =Y h(t)Xi(v(t)),
i=1
for some h = (hy,...,hy) € L®([0,T]; R™) with ||h]|< 1. The map d : R* x R" —
[0, +00) defined by

d(p,q) = inf{T > 0: 3 an X-subunit 7 : [0,7] — R" joining p and ¢},

is then a distance called Carnot-Carathéodory distance and the metric space (R",d)
(equivalently denoted by (R", X)) is said to be a Carnot-Carathéodory space. The
metrics d and the Euclidean metric d, = |- — -| give the same topology but they are
not metrically equivalent (see [78]). As customary in the literature, we will also assume
that metric balls are bounded with respect to the Euclidean topology. Denoting by
L(p) the linear span of all the commutators of X;,..., X,, up to order i computed
at p € R", we will also assume that the dimension of £(p) is constant and equals
to some integer n;. In this case, the minimum s € N such that £°(p) = R" is called
step of the CC space and (R™, X) is said to be an equireqular CC space of step s.
Equiregularity assumption will be fundamental for our purposes since by |71, 50| the
Hausdorff dimension of the metric space (R™,d) is given by the so-called homogeneous
dimension Q =Y _;_, i(n; —n;_1) and the metric measure space (R",d, £") (where £"
denotes the n-dimensional Lebesgue measure) is locally Ahlfors Q-regular (see Theorem
1.2.4), i.e., for every compact set K C R" there exist C' > 1 and R > 0 such that

6')"@ < LM B(p,r) < Cre,
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for every p € K and for every r € (0, R). Notice that, by e.g. [82], any CC space can
be lifted to an equiregular one. Despite equiregular CC spaces are not (even locally)
bi-Lipschitz equivalent to any Euclidean space, a blow-up technique can still be fruitful
in this framework. Indeed the metric tangent, in the Gromov-Hausdorff sense (see [45]),
of an equiregular CC space at any point is a Carnot group with the same step. This fact
is a consequence of the papers [13, 14, 76] and it will be heavily used throughout the
Thesis. We recall that Carnot groups are connected, simply connected and nilpotent
Lie groups whose Lie algebra is stratified, and we refer to [33, 75, 59, 55| for more
detailed introduction to the subject. Section 1.3 below contains a brief introduction to
Carnot groups.

Functions of bounded X-variation have been introduced in [41, 36]. Given an open set
Qin a CC space (R", X) and u € L'(Q2), we say that u has bounded X-variation (u €
BV (Q)) if the distributional derivative Dxu = (Dx,u, ..., Dx, u) is (represented) by
a vector-valued Radon measure with finite total variation, i.e., for any ¢ € C!(Q), and

for any © = 1,..., m one has

[uxioazn =~ [ ey,
Q Q

and |Dxu|(©) < +o0o. A measurable set F is said to have finite X-perimeter in
if xg € BVx(Q). A first goal we have in mind is to study some structural proper-
ties of the measure derivative Dyu, taking especially into account the decomposition
Dxu = D%u + D5%u into the absolutely continuous part D§u and the singular part
D% u with respect to the Lebesgue measure £". To this end, as suggested by the
classical theory of BV functions (see [5]), one first needs to classify, roughly speaking,
the type of singularity (or regularity) that a function might have. More precisely, one
needs a consistent theory that includes the notions of jump point and differentiability
point in an approximate sense. This will be done in Section 2.1. Section 2.2 is then
devoted to the proof of the main results about BVx function in all equiregular CC
spaces satisfying the following geometric property that we call R: all sets of finite X-
perimeter have rectifiable essential boundary. The validity of this property is crucial,
non-technical and also natural since it is known to hold in all Euclidean spaces, in all
Carnot groups of step 2 and in all Carnot groups of type x. The importance of property
R will be discussed into details later on, together with the definition of rectifiability.
Some of the main results about fine properties of BV functions presented in Chapter 2
need some fine blow-up analysis about intrinsic regular hypersurfaces (see Section 1.5).
Chapter 2 and Section 1.5 are mostly new and contained in the work of the author and
his supervisor Davide Vittone [30].

Part of the analysis of singular points for BV functions requires some blow-up tech-
nique together with the nilpotent approximation of a CC space. Chapter 4 contains a

technical but fundamental lemma (contained in [29]) that ensure compactness of equi-
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bounded sequences (u;) in BVy;, for converging smooth vector fields X7.

The content of Chapter 3 is contained in [28] and it is devoted to the proof of a Rank-
One theorem for BV functions in all Carnot groups satisfying a slightly weaker version
of property R, called w-R, and a codimension-2 “complementability” property 5. The
classical Rank-One Theorem, whose proof is contained in [1], states that, if u is a R*-
valued BV function in an open set 2 and D*®u is its singular part of Du with respect
to £, then the polar decomposition matrix D*u/|D*u| : © — R**" has rank one

| D*ul-almost everywhere.

Let us analyze and discuss the content of the chapters into details.

Chapter 1 contains introductory content that will be useful in the proofs of the
main results of the following chapters of this Thesis. Section 1.1 contains some covering
lemmata that can be applied to CC spaces, some well-known facts of Measure Theory,
a decomposition criterion for measures in product metric spaces and the definition
of Hausdorff measures and pointwise densities of measures. Section 1.2 contains the
definition of equiregular CC spaces, their main metric and topological properties (see
Theorem 1.2.4). Subsection 1.2.1 contains a proof of Chow’s Theorem (see Theorem
1.2.1). Section 1.3 includes the definition of Carnot groups, well-known facts about
their structure and some examples like Heisenberg groups and the Engel group. Section
1.4 describes the tangent structure, in the Gromov-Hausdorff sense, of a CC space (see
Theorem 1.4.5). Section 1.5 contains the notion of intrinsic Lipschitz and intrinsic
regular hypersurfaces in the context of CC spaces. Some results of this section are due
to the author and to his PhD supervisor Davide Vittone and they are contained in
[30]. It is worth to mention that, by the important paper [51] we know that, already
in Carnot groups, there are examples of intrinsic C' hypersurfaces that are (from
the Euclidean point of view) fractals. However, we are able to prove some blow-up
properties of such hypersurfaces in equiregular CC spaces (see Proposition 1.5.3 and
Corollary 1.5.4), and to give an estimate of the Hausdorff dimension of the “transversal
subset” of the intersection of two hypersurfaces (see Theorem 1.5.6). In Section 1.6 we
give the definition of functions of bounded X-variation together with a list of known
properties of BV functions in CC space: approximation by smooth maps (Theorem
1.6.3), Coarea formula (Theorem 1.6.6), Poincaré inequality (Theorem 1.6.7, see also

|20, Theorem 1.2|) and Isoperimetric inequality (Theorem 1.6.8).

The aim of Chapter 2 is to establish “fine” properties of BV functions in CC spaces.
A first non-trivial part of this Chapter consists in fixing the appropriate language in a

consistent and robust manner. Section 2.1 is therefore devoted to the introduction of

1

approximate notions of continuity, jump point and differentiability point for generic L;,,

maps in CC spaces. The notion of approximate continuity has been already worked out

in the literature (see e.g. [48, Section 2.7]) by the extension of the Lebesgue Theorem
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to the more general context of doubling, locally compact and separable metric measure
spaces (here reported by Theorem 2.1.2). However, the definition of approximate jump
triple and approximate differentiability in CC spaces (introduced in Definitions 2.1.6
and 2.1.12) are new and require some precise analysis. In the classical theory the jump
set of a L' function u is, roughly speaking, the set of points p for which there exist
u(p) # u” (p) and a unit direction v, (p) such that, for small » > 0, u is approximately
equal to u™(p) on half of B(p,r) and to u~(p) on the complementary half of B(p,r),
the two halves being separated by an hyperplane orthogonal to v,(p). In CC spaces
this requires a certain amount of work, since there is no “linear” way to divide a ball
into two “half-balls”.  We have to replace the notion of hyperplane orthogonal to a
direction v(p) with an equivalence class of intrinsic C'* hypersurfaces sharing the same
normal at p. To this end the local properties of intrinsic C' hypersurfaces proved in
Section 1.5 will be of capital importance. Similarly, the classical notion of approximate
differential of a L! map u at a point p is a linear map that, at small scales, is “almost”
the incremental ratio associated with u at p. In order to define the approximate
differentiability in CC spaces, we again replace the linear map with a germ of intrinsic
regular hypersurfaces. Most of the results in Section 2.1 deal with well-posedness of the
definitions and with Borel regularity of X-jump sets, X-differentiability sets, X-jump
map p — (uT(p),u”(p), v.(p)) and approximate X-gradient.

Section 2.2 contains the main results about “fine” properties of BV functions in CC
spaces. An important result that holds without further assumption on the space is
Theorem 1 below, and it concerns the almost everywhere approximate differentiability
of BVx functions; its classical counterpart is very well-known, see e.g. [5, Theorem
3.83].

Theorem 1. Let (R", X) be an equireqular CC space, let @ C R™ be an open set and let
u € BVx(;RF). Then u is approzimately X -differentiable at £™-almost every point
of Q. Moreover, the approzimate X -gradient of u coincides L™ -almost everywhere with
the density of D%u with respect to £™.

The proof of Theorem 1 is based on Lemma 2.2.6, i.e., on a suitable extension to

CC spaces of the inequality

ulg) —u@)l ; on " |Du|(B(p,tr))

valid for a classical BV function v on R”. Lemma 2.2.6 answers an open problem
stated in [8] and it is new even in Carnot groups. Theorem 1 was proved in the setting
of Carnot groups in [8] together with the following result, which we also extend to our
more general setting. We denote by 7%~ the Hausdorff measure of dimension @ — 1
and by S, the set of points where a function u does not possess an approximate limit

in the sense of Definition 2.1.1.
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Theorem 2. Let (R", X)) be an equireqular CC space, let @ C R™ be an open set and let
u € BVx(S;RF). Then S, is contained in a countable union of sets with finite S9!

measure.

We denote by J, C S, the set of X-jump points of u and by (u™(p),u™ (p), vu(p)) the
approximate X-jump triple (see Definition 2.1.6) at a point p € J,. The measures

Diu = Dyxul J,,  D%u = D3ul(Q\ Ju),

are called, respectively, jump part and Cantor part of Dxu. We want to study some

further properties of Dxu and its decomposition
Dxu = D%u + Diu = D%u + Dsu + Du.

We state some of them in the following result, which is a consequence of Theorems
2.2.20 and 2.2.4. We denote by .#“~! the spherical Hausdorff measure of dimension

Q-1

Theorem 3. Let (R™, X) be an equiregular CC space and consider an open set Q C R™,
a function u € BVx(Q;R¥) and a Borel set B C Q. Then the following facts hold:

(1) there exists A : R™ — (0,+00) (not depending on Q nor u) locally bounded away
from 0 such that |Dxu|> Au™ —u~ |79 1L T,.

(ii) if #97Y(B) =0, then |Dxu|(B) = 0.
(iii) if A9 YB) < 400 and BNS, = 0, then |Dxu|(B) = 0.
(iv) D%u = Dxul(2\S) and Diu = Dxul S, where

S = {p € Q:lim |Dxul(B(p, ) = +oo} .
r—0 rQ

(v) J. C O,, where ©, C S is defined by

O, = {p € Q: lim int Dxul(B(p.)) o} .
r—r

r@-1

However, for classical BV functions much stronger results than Theorems 1 and 3 are
indeed known: some of them are proved in Section 2.2 for BVx functions under the

additional assumption that the space (R", X) satisfies the following condition.

Definition 1 (Property R). Let (R™, X') be an equiregular CC space with homogeneous
dimension ). We say that (R", X) satisfies the property R if, for every open set 0 C R"
and every E C R" with locally finite X-perimeter in €2, the essential boundary 9*E N {2
of F in Q) is countably X-rectifiable, i.e., there exists a countable family {S; : i € N}
of C% hypersurfaces such that #°1(0*ENQ\ U2, Si) = 0.
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We refer to Definition 1.1.21 for the essential boundary 0*FE. It was proved in the
fundamental paper [3| that the X-perimeter measure |Dxxg| of E can be represented
as 0971 _O*E for a suitable positive function @ that is locally bounded away from
0, see Theorem 2.2.3.

The validity of property R (“rectifiability”) in general equiregular CC spaces is an
interesting open question even in Carnot groups (see [7| for a partial result). However,
property R is satisfied in several interesting situations like Heisenberg groups [38],
Carnot groups of step 2 [39] and Carnot groups of type % [66]: in particular, Theorems
4, 5 and 6 below hold is such classes. We conjecture that property R holds also in all
CC spaces of step 2, see [6]. Building on the results of [27], we prove in Section 2.2.1
the validity of the weaker property LR (“Lipschitz rectifiability”, see Definition 2.2.13)
in all Carnot groups satisfying property (2.34) below; in particular, a weaker version
of Theorem 4 holds in such groups (see Theorem 2.2.15).

The first result we are able to prove assuming property R is a refinement of Theorem 2
and, roughly speaking, it states that 9~ '-almost all singularities of a BV function
are of jump type.

Theorem 4. Let (R", X) be an equireqular CC space satisfying property R, let Q C
R™ be an open set and let u € BVx(Q;R¥). Then S, is countably X -rectifiable and
HOHS, N\ Tu) = 0.

Assuming property R, Theorem 3 can be refined as follows.

Theorem 5. Under the assumption and notation of Theorem 3, assume that (R™, X)

satisfies property R. Then
(i) #9710, \ J.) =0 and Diu = Dxul_©,;
(i) DGu = Dxul(S\ ©,);
(iii) if B C Q) is such that 91 B is o-finite, then DSu(B) = Dku(B) = 0.

Theorem 5 is part of Theorem 2.2.20. We also mention that, assuming property R, one
can define a precise representative u® of u (see (2.30)) and prove that the convergence
of the mean values f; . udZ" to u’(p) holds for 7’ @=L almost every p. See Theorem
2.2.18.

Eventually, a further natural assumption — property D (“density”, see Definition 2.2.21)
— concerning the local behavior of the spherical Hausdorff measure .#9~1 of C% hy-
persurfaces allows to obtain a stronger result, Theorem 6, about the jump part Dg(u.
Property D is satisfied in Heisenberg groups, Carnot groups of step 2 and Carnot groups
of type %, see Subsection 2.2.1; its validity in more general settings is an interesting
open problem that will be object of future investigations. Theorem 6 follows from the
more general Theorem 2.2.23, which deals with a representation of the restriction of
Dxu to any countably X-rectifiable set R.
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Theorem 6. Let (R", X) be an equireqular CC space satisfying properties R and D;
then, there exists a function o : R™ x S™™1 — (0, +00) such that, for every open set
Q CR" and every u € BVx(;R¥), one has

Diu=o(-,v,)(ut —u™) @ v, SO T,

Chapter 3 is devoted to the proof of the Rank-One Theorem in a class of Carnot
groups. Its content comes from the paper [28| and it is due to the author, Annal-
isa Massaccesi and Davide Vittone. The Rank-one theorem represents one the most
difficult results in the theory of functions with bounded variation. It states that the

D3y
| Dsul

is a | D*ul-measurable map from © to R¥", takes values in the space of rank-one ma-

Radon-Nikodym derivative of D*u with respect to its total variation |D*u|, which
trices |D*ul-almost everywhere in €.

The Rank-One Theorem was first conjectured by L. Ambrosio and E. De Giorgi in
[4] and it has important applications to vectorial variational problems and systems of
PDEs. It was proved by G. Alberti in [1] (see also |2, 25]): due to its complexity, Al-
berti’s proof is generally regarded as a tour-de-force in measure theory. Two different
proofs of the Rank-One Theorem were recently found. One is due to G. De Philippis
and F. Rindler and it follows from a profound PDE result [26], where a rank-one prop-
erty for maps with Bounded Deformation was also proved for the first time. At the
same time another proof, of a geometric flavor and considerably simpler than those in
[1, 26|, was provided by Annalisa Massaccesi and Davide Vittone in [67].

Motivated by these results, in this chapter we consider the following natural general-
ization. If G is a Carnot group of rank m, we say that u € BV (Q;R¥) for an open
set Q C G, if u € BVyx(;R¥) for any basis X = (X1,...,X,,) of g;. Upon passing
in exponential coordinates, one can identify G = R". Consider the singular part DZu

of Dgu with respect to the Haar measure of the group that we can assume is Z". Is

it true that the Radon-Nikodym derivative é;‘iil is a rank-one matrix |Dgul-almost
everywhere?

We find two assumptions on G, that we call properties %5 and w-R (see Definitions
3.1.3 and 3.4.1), that ensure the rank-one property for BV functions in G. We will
discuss later the role played by these properties in our argument. Our first main result

is the following

Theorem 7. Let G be a Carnot group satisfying properties ¢ and w-R; let Q C G be
an open set and u € BVg joc(§2; R*). Then the singular part D¢u of Dgu is a rank-one
D u
|Dgu

measure, i.e., the matriz-valued function (x) has rank one for |DEul-a.e. x € ().

It is worth pointing out that Theorem 7 applies to the n-th Heisenberg group H™,
provided n > 2. Heisenberg groups are defined in Example 1.3.24 and they represent

some of the most simple non-trivial examples of Carnot groups. Notice also that
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property w-R is slightly weaker than property R used in Chapter 2. We however

conjecture that property R and property w-R are indeed equivalent.

Corollary 1. Let u be as in Theorem 7 and assume that G is the Heisenberg group
H", n > 2; then, Dgu is a rank-one measure. More generally, the same holds if G is

a Carnot group of step 2 satisfying property 6s.

Corollary 1 is an immediate consequence of Theorem 7, see Remarks 3.1.5 and 3.4.3.
This basically follows from the fact that Heisenberg groups H" satisfy property %3 if
and only if n > 2 and that by [39], all step 2 Carnot groups satisfy property R and in
particular property w-R.

Theorem 7 does not directly follow from the outcomes of [26], see Remark 3.4.6. Its
proof follows the geometric strategy devised in [67] and it is based on the relations
between a (real-valued) BV function u in G and the G x R-perimeter of its subgraph
E, = {(z,t) : t <u(z)} € G x R. This relations can be summarized in our second

main result of this Chapter.

Theorem 8. Suppose that Q C G is open and bounded and let uw € L'(Q). Then u
belongs to BVg(QY) if and only if its subgraph E, has finite G X R-perimeter in Q x R.

Actually, the proof of Theorem 7 requires much finer properties than the one stated
in Theorem 8. Such properties are stated in Theorems 3.3.1 and 3.3.2 in the more gen-
eral context of CC spaces. Theorem 3.3.1, from which Theorem 8 follows in a stroke,
focuses on the relations between the horizontal (in R™) derivatives of u and the hori-
zontal (in R™ x R) derivatives of xp,. Theorem 3.3.2 instead deals with the relations
between the horizontal normal to E, and the polar vector o, in the decomposition
Dgu = 0,|Dgul, and it also deals with the relations between D&u, Dgu and the hor-
izontal derivatives of xp,. When m = n and X; = 0,, one recovers some results that
belong to the folklore of Geometric Measure Theory and are scattered in the literature
(see e.g. |73], [32, 4.5.9] and [43, Section 4.1.5]). We tried to collect them in a more
systematic way in Section 3.3.

Property w-R (“weak rectifiability”) intervenes in ensuring that the horizontal
derivatives of xg, are a “rectifiable” measure. A Carnot group G satisfies Property
w-R (see Definition 3.4.1) if, for any open set Q@ C G and any u € BV;(f2), one has
that the essential boundary 0* E, of its subgraph FE, is G x R-rectifiable and the normal
to the rectifiable set 9% F, coincides J#%-almost everywhere with the measure-theoretic
horizontal normal to F,. As already pointed out, by Theorem 8, property w-R is weaker
than property R but we conjecture they are actually equivalent. Property w-R is a
non-trivial technical obstruction one has to face when following the strategy of [67]:
the rectifiability of sets with finite G-perimeter in Carnot groups is indeed a major

open problem, which has been solved only in step 2 Carnot groups (see [38, 39]) and
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in the class of Carnot groups of type x ([66]). See also |7] for a partial result in general
Carnot groups.

Once the rectifiability of 9*F, is ensured, the proof of Theorem 7 follows rather
easily from the technical Lemma 3.2.7, which is the natural counterpart of the Lemma
in [67]. The latter, however, was proved by utilizing the area formula for maps between
rectifiable subsets of R", see e.g. [5]. A similar tool is not available in the context of
Carnot groups, and this fact forces us to follow a different path. The proof of Lemma

3.2.7 is indeed achieved by a covering argument that is based on the following result.

Theorem 9. Let k > 1 be an integer, G a Carnot group satisfying property € and
let 3y, ..., % be hypersurfaces of class C& with horizontal normals vy, . .., vy. Let also
p € X =31 N...NY be such that v1(p),...,vk(p) are linearly independent. Then,
there exists an open neighborhood U of p such that

0<#HENU) < 0.
In particular, the measure 9" is o-finite on the set
Y i={z e :v(x),...,n(x) are linearly independent}.

By C} maps (see Subsection 3.2) we mean continuous functions f for which the
distributional derivative Y f is represented by a continuous function, for any Y € g;.
Theorem 9 is a consequence of Theorems 3.2.3 and 3.2.5 proved, respectively, in [40]
and [62]. These Theorems are collected here in Subsection 3.2.2, together with some
introduction to intrinsic Lipschitz graphs. Theorem 3.2.5, in particular, states the
much deeper property that the set X" is locally an intrinsic Lipschitz graph. To this
aim, one needs the intersection 7,2, N ... N T,X; of the tangent subgroups to ; at p
to admit a (necessarily commutative) complementary homogeneous subgroup that is
horizontal, i.e., contained in exp(g;). This algebraic property is guaranteed by property
¢ (“k-codimensional complementability”), see Remark 3.1.4. We will provide a proof
of Theorem 3.2.5 which does not rely on the homotopy invariance of the topological
degree and is then simpler and shorter than the one in [62].

Property % might seem a restrictive one for the validity of Theorem 9. We however
point out that the latter is no longer valid already when & = 2 and G is the first
Heisenberg group H!, which does not satisfy %5: indeed, in this setting the measure
A972(XM) might be either 0 or +o0o (even locally) as shown by A. Kozhevnikov [53].
See also the recent paper [63].

The fact that Theorem 9 does not apply to H' (actually, to H' x R x R, see the proof of
Lemma 3.2.7) prevents us from proving the Rank-One Theorem for G = H!. This does
not follow from [26] either (see Remark 3.4.7) and, thus, it remains a very interesting

open problem.
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Chapter 4 deals with technical result about compactness for BV functions in a class
of metric measure spaces. The contents of this Chapter are contained in [29] and they
are due to the author and Davide Vittone. One of the milestones in the theory of func-
tions with bounded variation is the following Rellich-Kondrachov-type theorem: given
a bounded open set 2 C R™ with Lipschitz regular boundary, the space BV () of

functions with bounded variation in €2 compactly embeds in L(Q2) for any ¢ € [1

_n_

2.
One notable consequence is the following property: if (u;) is a sequence in BVj,.(R")
that is locally uniformly bounded in BV, then for any ¢ € [1, %) there exists a sub-
sequence (u;, ) of (u;) that converges in L} (R™). A Rellich-Kondrachov-type result in
metric measure spaces is given in [46, Theorem 8.1]: if a sequence (u;) is bounded in
some WP then a subsequence converges in some L9.

In this chapter we study similar compactness properties for sequences (u;) of locally
uniformly bounded BV functions in metric measure spaces (M, A, d;) where the under-
lying measure space (M, \) is fixed but the metric d; varies with j. In our main result
we prove that, if d; converges locally uniformly to some distance d on M such that
(M, \,d) is a (locally) doubling separable metric measure space, and if the functions
u; : X — R are locally uniformly (in j) bounded with respect to a BV-type norm in
(M,d;) and satisfy some local Poincaré inequality (with constant independent of j),
then a subsequence of u; converges in some L} (M, X). See Theorem 4.1.1 for a precise
statement. To our knowledge, the strategy we adopt to prove Theorem 4.1.1 is novel
even when the metric on M is not varying (i.e., when d; = d for any j); in particular,
we are able to provide a different proof of the case p = 1 in [46, Theorem 8.1] for
separable metric spaces.

The motivation that led us to Theorem 4.1.1 is given in Chapter 2 from an application
to the study of BV functions in CC spaces. In Theorem 4.2.6 we indeed prove that, if
X7 = (X{, ..., X7 ) are families of smooth vector fields in R” that, as j — oo, converge
in C(R™) to a family X = (X3,...,X,,) satisfying the Chow-H6rmander condition,
and if u; : R — R are locally uniformly bounded in BVx; .., then a subsequence u;,
converges in L}, .(R™) to some u € BVx jo.(R"). Theorem 4.2.6 directly follows from
Theorem 4.1.1 once we show that the CC distances induced by X7 converge locally
uniformly to the one induced by X, and that (locally) a Poincaré inequality holds for
BVyx; functions with constant independent of j; these two results (Theorems 4.2.4 and
4.2.5, respectively) use in a crucial way some outcomes of the papers [18, 73|.

As it is clear by the techniques used in Chapter 2, in the study of fine properties of
BVx functions in CC spaces, and in particular of their local properties, one often needs
to perform a blow-up procedure around a fixed point p: as explained in Theorem 1.4.5,
this produces a sequence of CC metric spaces (R", X7) that converges to (a quotient
of) a Carnot group structure G. In this blow-up, the original BVx function ug gives

rise to a sequence (u;) of functions in BVy; which, up to subsequences, will converge
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in L}, to a BVg e function u in G. The function u will be typically a linear map, or a

“jump map” taking two different values on complementary halfspaces of G (see Section

2.1 for a better understanding).
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Chapter 1

Preliminaries

The following chapter is devoted to the introduction of the main definitions and known
results we are going to need throughout this Thesis. Section 1.1 is divided into three
subsections: Subsection 1.1.1 gives some well-known notions in measure theory, Subsec-
tion 1.1.2 contains a classical result about decomposition of measures in metric spaces,
Subsection 1.1.3 gives the classical covering theorems that are valid in “good” metric
spaces, Subsection 1.1.4 introduces the Hausdorff measure, the Hausdorff dimension,
the upper and lower k-densities of a Radon measure p and the definition of porous
sets, together with some simple (but very useful) propositions (see Propositions 1.1.18
and 1.1.19).

Section 1.2 introduces the definition of Carnot Carathéodory space. A list of some
well-known (but very important) results is given in 1.2.4 while in Subsection 1.2.1 a
proof of Chow’s Theorem (see Theorem 1.2.1) is given. Section 1.3 is devoted to an
introductory presentation of the notion of Carnot group, which will be needed espe-
cially in Chapter 3. Section 1.4 is then devoted to showing the so-called nilpotent
approximation of a CC space (see Theorem 1.4.5).

Section 1.5 is devoted to the introduction of the intrinsic regular hypersurfaces. Both
X-Lipschitz and C% hypersurfaces are then defined and a study of “fine” properties
of C'% hypersurfaces is worked out. Some of the results here stated are original (see
Proposition 1.5.3, Corollary 1.5.4 and Theorem 1.5.6). The notion of X-rectifiable set
is also given (see Definition 1.5.7).

Section 1.6 is devoted to the definition of functions of bounded X-variation and of sets
of finite X-perimeter. A list of basic properties and important known results for BV
functions in CC spaces is also given: smooth approximation (see Theorems 1.6.2 and
1.6.3), Coarea formula (see Theorems 1.6.5 and 1.6.6), Poincaré Inequality (see 1.6.7)

and Isoperimetric inequality (see Theorem 1.6.8).

21
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1.1 Some tools from Geometric Measure Theory in

metric spaces

1.1.1 Useful facts from Measure Theory

Definition 1.1.1. Let (M, d) be a locally compact and separable metric space and let
p and gy (b € N) be RF-valued Radon measure on M. Then we say that p;, weakly*

li}{n/soduh:/sodu,

We recall that the total variation |u| of a RF-valued measure p = (1, ..., ug) is
defined for Borel sets B as

converges to p if one has

for every ¢ € Cy(M).

(=1

\p|(B) :==sup {Z\M(Bm: ¢ € N, B, disjoint Borel subsets of B}

:sup{/ @-du: ¢:B — R" Borel function, |¢|< 1}.
B

We recall here two important classical results: the Riesz’s Representation Theorem
1.1.2 (see [80]) and the Radon-Nykodym Decomposition Theorem 1.1.3 in doubling

metric measure spaces (see [84, Theorem 4.7 and Remark 4.5]).

Theorem 1.1.2. Let M be a locally compact and separable metric space and let L :
Co(M;RF) — R be an additive and bounded functional, i.e., satisfying the following

conditions:
(i) for every u,v € Cy(M;R¥) one has L(u +v) = L(u) + L(v);
(ii) ||L|l:= sup{|L(u)|: u € Cy(M;R*), |u|< 1} < +o0.

Then, there exists a unique R*-valued Radon measure p on X such that

k
L(u) = Z/ w; d,
i=1 /X

for every u € Cy(M;R¥). Moreover one has || L||= |u|(M).

We recall that, given a metric space (M, d) and a positive Radon measure p on M,

we say that p is doubling with respect to d if there exists C' > 0 such that
u(B(z,2r)) < Cplz,r),

for every x € M and for every r > 0.
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Theorem 1.1.3. Let M be a locally compact and separable metric space and let p; and
o be two positive Radon measures on M. Suppose also that us is doubling. Then the
limat

Qi ) 2B G)

dp r=0 pa(B(x,7))
exists for po-almost every x € M and the map duy/dps is pa-measurable. Moreover,
there exists Z C M such that us(Z) = 0 and for any Borel set A C M one has

dp <
p(A) = d—l dpa + pi(A),
A Q2

where i = L Z2.
In case also py is doubling then we may take Z = {du;/dus = +o00}.

The proof of Proposition 1.1.4 below can be found for instance in [5, Proposition
1.62).

Proposition 1.1.4. Let (M, d) be a locally compact and separable metric space and let
(un) be a sequence of Radon measures that weakly* converges to . Then the following

facts hold.

(a) If pp, > 0 for any h € N, then for any lower semicontinuous function ¢ : M —

limhinf/goduh > /godu,

and for any upper semicontinuous function 1 : M — [0,400) one has

[0, +00] one has

limsup/l/zduh < /wd,u.
h

(b) If the sequence of total variations |us| locally weakly* converges to some A, then
A > |u|. Moreover, if E € M is a p-measurable set with N(OF) = 0, then
pn(E) = w(E) as h — +oo.

1.1.2 Disintegration of measures

We here briefly describe a decomposition criterion for measures in product spaces
known as disintegration of measure (see e.g. [5, Section 2.5]). Recall that given a
o-algebra & in M and a measure p on M, we denote by &£, the smallest o-algebra
containing £ and all the p-negligible sets. We denote by B the o-algebra of Borel sets.
Actually, the careful reader will notice that all the definitions and results presented
in this subsection are indeed valid in the case in which R™ and R™ with the usual

Euclidean metric are replaced by two locally compact and separable metric spaces.
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Definition 1.1.5. Let £ C R™ and F' C R™ be open sets, let  be a positive Radon
measure on E and let v = v, : E — M(F;R¥) a map that assigns to each z € E a
R*-valued Radon measure v, on F. We say that v, is pu-measurable if, for every Borel

set B C F, the map x — v,(B) is u-measurable.

Proposition 1.1.6. Let E C R™ and F' C R™ be open sets, let i be a positive Radon
measure on E and let v = v, : E — M(F;R¥). Then v, is pu-measurable if and only
if, for any open set A C F, the map x — v, (A) is u-measurable. Moreover, if v, is

x»—>/ (x,y) dv.(y

is p-measurable for any bounded B, (E) x B(F)-measurable function g : E x F — R.

u-measurable, the map

Definition 1.1.7 (Generalized product of measures). Let E, F,  and v be as in Defi-
nition 1.1.5. Assume that for any open set A C E one has

[ al(P) o) < o
A

We say that the generalized product 1 ® v, of p and v, is the R¥-valued radon measure
on E x F defined by

u®w@%—é<ﬁmﬁww%@>W@%

for any Borel set B in K x F', where K is compact in E.

Notice that Definition 1.1.7 is well-defined by Proposition 1.1.6. Moreover, the formula

EXFf(:U,y) d(p @ vg)(x / (/ flz,y) dv.(y )du(a:), (1.1)

holds for any bounded Borel map f : F x F' — R with supt(f) C K x F, for some
compact K C FE. This is a consequence of the fact that any bounded Borel map can
be uniformly approximated by sequences of simple functions. Formula 1.1 still holds
whenever f is (4 ® v, )-summable or, if £k = 1 and v, is positive, whenever f is either

positive or negative.

Theorem 1.1.8 (Disintegration of measures). Let E C R™ and F C R™ be two open
sets and let o be a R¥-valued Radon measure on E x F. Denote by w: E x F — E the
canonical projection on the first factor and define p = my|o|. Assume that p is Radon,
i.e., for every compact set K C E one has |o|(K X F) < +oo. Then, for any x € E,
there exists a R¥-valued Radon measure v, on F such that x — v, is p-measurable and
for p-almost every x € E, |v,|(F) = 1. Moreover, for any f € L*(E x F,|o|), we have
that

f(z,") € LN(F,|vy|) for p-a.e. v € E, (1.2)
v [ Hewdnty) € IEw. (13
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and the formula

fwwwmwzﬁjﬁﬂawwmﬂwmx (1.4

ExXF

holds.

Proof. We construct v, by using Theorem 1.1.2. For any g € C,(F') and for any Borel
set B C FE, we define

Mm:émemw.

Then p, is absolutely continuous with respect to 1 and g1y = m4(go). Therefore one

can estimate
|1g| < 74|90 < Nl gllocmse|o|= [|glloc-
By Theorem 1.1.3, there exists h, € L®(FE, u;R*) such that p, = hyp and ||hy||e<

19]ls- Since by construction fig, 14, = flg, + fg,, One also has that hg, g, = hg, + hy,,
p-almost everywhere. Fix a countable dense subset D of Cy(F"). Then we can find a
Borel set N C E with p(N) = 0 and such that for any x € £\ N one has hy, 44,(x) =
hg, (@) + hy,(z), for any gi,g2 € D. For any x € E'\ N we can define T, : D — R,
letting T, (g) == hg(x). Then, by construction of h, we have |T,(g)|< [|g]loo. After
extending 7, on the whole Cy(F'), by Theorem 1.1.2, for any # € E'\ N, there exists a
R*-valued Radon measure v, on F such that |v,|(F) = ||T||< 1 and for any g € Cy(F)

one has
T$(g):/gdux.
F

For every x € N, we simply set v, = ¢, for a fixed arbitrary y € F. Observe now
that for any x € E and any g € D the map = +— T,(g) is p-measurable. By a simple
approximation argument the same holds for x — T, (x4), for any open set A C E. By
Proposition 1.1.6 we get that = — v, is u-measurable in the sense of Definition 1.1.5.

Let us now prove identity (1.4). For every Borel set B C E and every g € D one
has

léﬁﬂm@w@wzwmzé@wwm

:/B (/Fg(y) dux(y)) du(m)=/E(/FXB(w)g(y) dvx(y)) dp(x).

By an approximation argument, the previous identity holds for all ¢ € Cy(F) and
then for all g = xa with A C F open. Equality (1.4) holds then for all the maps
f:ExF — R of the kind f(x,y) = xg(z)xa(y) with B C E Borel and A C F open.
This implies that (1.4) holds for all f(x,y) = xg(z,y) for any Borel set B in E x F.
In particular, if B C E x F is Borel such that |o|(B) = 0, then xp(z,-) € L'(F,|v,])

and

A;mx@g@>m@@>=o,
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for p-almost every x € E. Then (1.2), (1.3) and (1.4) hold for f = xp for B €
B,(E x F). The general case follows eventually by splitting f into positive and negative
part and by an approximation argument.

Let us prove that |v,|(F) = 1 for p-almost every x € E. Define, for any z € E and
for any Borel set B C E x F, the set B, .= {y € F : (z,y) € B}. Then, taking into

account (1.4), one immediately gets

o(B)|< /E 1vl(By) dyu(a),

By definition of total variation of o, this implies

0l(B) < /E v|(By) dy(x).

Hence, with the choice B = E x F and taking the definition of y into account, one has

VI(E % F) < [ [nl(F)dute) < [ Ldu(a) = u(B) = (B x P,
E E
which concludes the proof. O]

Theorem 1.1.9 (Uniqueness of the disintegration). Let E C R" and FF C R™ be two
open sets and let o be a R¥-valued Radon measure on Ex F. Denote bym: ExF — E
the canonical projection on the first factor and define p = my|o|. Assume that p is
Radon, i.e., for every compact set K C E one has |o|(K x F) < +00. Then assume
xr — v, and T — v, are two p-measurable maps satisfying conditions (1.2) and (1.4)
for every bounded Borel f with compact support and are such that x — v (F),x
V.(F) € L"(E,p). Then v, =V, for p-almost every x € E.

Proof. Let D be a countable and dense set in C,(F). Then by (1.4), for any g € D and
any Borel set B € F, one has

[ ([owinw) anie = [ swasten= [ ([ o) o)

Therefore we can find N C E such that u(N) = 0 and with the property that

/F 9() dva(y) = /F 9(y) v (y),

for any g € D and for any x € E'\ N. By density of D in C,(F) we can assert that

v, = v, for u-almost every x € F. O

1.1.3 Covering Theorems

In this subsection we report the covering Theorems we are going to use throughout
this Thesis.

A proof of Theorem 1.1.10 below can be found in [84, Theorem 3.3] or in [48, Theorem
1.2], while a proof of Theorem 1.1.11 can be found in [48, Theorem 1.6].
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Theorem 1.1.10 (5r-Covering Lemma). Let (M,d) be a separable metric space and
let B a family of closed balls in M such that

sup {diam B : B € B} < +o0.

Denote by 5B the closed metric ball with the same center of B and radius 5 times larger

than the radius of B. Then there exists a countable and pairwise disjoint subfamily

F C B such that
< |sB

BeF

Theorem 1.1.11 (Vitali covering Lemma). Let (M,d) be a locally compact and sepa-
rable metric space and let |1 be a Radon measure that is doubling with respect to d. Let
A C M and let F be a family of closed balls such that for every x € A

inf{r > 0: B(z,r) € F} = 0.

Then there exists a countable family G C F of pairwise disjoint balls such that

u(a\Jg) =o.

Actually, Theorem 1.1.11 can be strengthened to a bigger class of metric measure

spaces. More precisely, let us introduce the following

Definition 1.1.12 ([84]). We say that a locally compact and separable metric space
M satisfies the symmetric Vitali property with respect to a positive Radon measure p if
every family of balls F which covers the set A := {x € M : Ir > 0 such that B(x,r) €
F} finely (ie. for all x € A, inf{r > 0: B(x,r) € F} = 0) admits a countable and
pairwise disjoint subfamily 7' C F such that

" (U F\ A) =0,
provided p(A) < +o0.

The importance of the symmetric Vitali property is given by Theorem 1.1.13 which

generalizes Theorem 1.1.3.

Theorem 1.1.13 ( [84, Theorem 4.7| ). Let M be a locally compact and separable
metric space and let 1y and ps be two positive Radon measures on M. Assume that M
satisfies the symmetric Vitali property with respect to ps. Then the limit

i ) i (Blar)

dp r=0 pa(B(z, 1))

exists for po-almost every x € M and the map du /dups is pa-measurable. Moreover,
there exists Z C M such that ua(Z) = 0 and for any Borel set A C M one has

d/ll
A= [ g, 1+ 3 04),
p1(A) ™ 11 (A)
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where pj = p L Z.
In case that M satisfies the symmetric Vitali property with respect to iy, then we may
take Z = {dp /dps = +o0}.

A sufficient condition that ensures symmetric Vitali property is given in the follow-

ing theorem, which is a consequence of [32, Theorem 2.8.17].

Theorem 1.1.14. Let M be a locally compact and separable metric space and let v be
an asymptotically doubling positive Radon measure on M, i.e., such that

B(x,2
lim sup (B, 2r)) < 4o00.

r0 w(B(x,r))
for every x € M and every r > 0. Then M has the symmetric Vitali property with
respect to .

To conclude this section on covering theorems we point out that one of the main
issues in the analysis of geometric properties of Carnot-Carathéodory spaces (see Sec-
tion 1.2) is the lack of a Besicovitch covering Theorem. The Euclidean formulation

below is contained in [5, Theorem 2.17| and its proof can be found in [16].

Theorem 1.1.15. Let n € N. Then, there exists & € N such that the following holds.
For any family F of closed balls in R™ such that the set A of their centers is bounded,
there exist £ disjoint subfamilies Fi, ..., Fe of F such that

3
AgUUﬂ
h=1

In particular, any point of A belongs to the intersection of at most & closed balls.

Actually Theorem 1.1.15 may fail in general metric spaces and its validity depends
on the metric. A counterexample to Theorem 1.1.15 in the Heisenberg group (see
Section 1.3 and Example 1.3.24) endowed with the Korényi metric is given e.g. in [52,
pag. 17| (see also [83, Section 4]), while a counterexample in the Heisenberg group
endowed with the CC distance has been given in [81]. It is also known that, in any
Carnot group of step greater than 3 endowed with the homogeneous distance, Theorem
1.1.15 is false (see [57]), while there exist homogeneous distances on the Heisenberg
group for which Theorem 1.1.15 holds (see [58]).

1.1.4 Hausdorff measures and densities

We here introduce the notions of Hausdorff measure and of k-density of a measure p

and we describe their connections through Propositions 1.1.18 and 1.1.19.
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Definition 1.1.16 (Hausdorff measures). Let (M, d) be a metric space and k£ > 0. We
define for any > 0 and for any set E

HF(E) = %inf {Z(diam Ey*: E C | By, diam By, < 5} :
h=0 h=0

SIHE) = % inf {Z(diam By EC U By, By, balls with diam B;, < 5} ,
h=0 h=0

where w, = 7/?T(1 + a/2)"" and I'(t) = [," s*"le~*ds is the Euler I' function.
JGF and S} are respectively called Hausdorff premeasure and spherical Hausdor{f
premeasure of size 6. The Hausdorff measure and the spherical Hausdorff measure of a
set I are then respectively defined setting
HH(B) = sup A5 (E) = lim A5°(B),
6>0 6—=0
SH(E) = sup SF(E) = (ISi—I>I(1) SHE).

6>0

It is easy to notice that for any k£ > 0 the following inequalities hold
AP < IE <A
The Hausdorff dimension of F is inf{k : H*(E) = 0} = sup{k : H*(E) = +oo}.

Definition 1.1.17 (k-densities). If (M, d, i) is a doubling metric measure space, k > 0
and x € M, we define the upper k-density and the lower k-density of p at x respectively
in the following way

\ : p(B(z,7))
© =1 —_
k(i ) H}}jélp Tk

o (B, 7)
@*k(,u, ZC) = hIrIl_}(%/lf T
For every Borel set E C M we will also write for brevity O (E,x) = O;(H#*L E, z)
and O,,(E, 1) = O, (A L E,z). If ©f(u,2) = O.(y, x), then the common value is

denoted by O (u, z) and it is called k-density of pu at .

The notions of k-density and of Hausdorff k-measure are linked in Propositions
1.1.18 and 1.1.19 below. The proof of Proposition 1.1.18 is an adaptation of [84,
Theorem 3.2].

Proposition 1.1.18. Let (M,d) be a locally compact and separable metric space, let
i be a positive Radon measure on M, let E C M be a Borel set and let t > 0. Then
the following facts hold.

(i) If ©;(u,x) >t for every x € E , then uy > tS*LE.
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(ii) If ©;(p, x) <t for every x € E | then u < 2M#*LE.
In particular, for *-almost every v € M, we have O} (u, ) < +00.

Proof. (i) Suppose first that E is compact. Given 6 € (0, 1), take an open set with

compact closure A containing £ and define
F = {B(:U,r) CA:peE,0<r<$ uBzr)>tl- 5)wkrk} :

By Theorem 1.1.10, we get a countable sub-family {B(zp, ) € F : h € N} of pairwise
disjoint closed balls such that

AC UB Z‘h,57’h)
h=0

In particular, we have

FE(E) < 2EN" 5k < Zsk“(ﬁix_h’g)"» <5t (’i(f)& < +00.

By the arbitrariness of §, we get that .#*(E) < +o0o. Applying now Theorem 1.1.11 we
get a pairwise and countable disjoint sub-family {B(xy,r,) € F : h € N} of F which

covers .Z*-almost all E and therefore

Wiy~ o~ W(B(an,n) _ p(A)
S_kz Z (-0) —i1-0)

By the arbitrariness of 6 and A we get the thesis in the case that E is compact. In the
general case it is sufficient to notice that, in a locally compact and separable metric
spaces, Radon measures are inner regular, i.e., the measure of every Borel set £ can

be approximated by
pu(E) =sup{p(K): K is compact , K C E}.

(74) Suppose first that E is compact. Take 7 > t and define

wkrk ) 2h

We have that (E},) is an increasing sequence of sets whose union (by assumption) is E.
By definition of Hausdorff measure, for every h € N we can find a family {F} : i € N}

of sets whose union covers Ej, with diam F;, < 1/h and such that

Wi, 1
Z Q—k(dlam Fip)k < %%(Eh) + 7
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We can also suppose without loss of generality that for every ¢ € N there exists & €
Ey, N F;p. Then also the family {B(&;,2r;) : i € N} is a covering of Ej, and

N 1
w(Ey) < Z B(&,2r;)) < TZwkark < 72k (%ﬂl/h( )+ E) .

By the arbitrariness of 7 > t and h € N we get the thesis in case E is compact. The

general case follows as in (7). O

Corollary 1.1.19. Let (M,d) be a locally compact and separable metric space, let i a
positive Radon measure on M, let E C M a Borel set and let f : E — (0,+00) be a
Borel map. Then the following facts hold.

(i) If ©;(u,x) > f(x) for everyx € E , then u> fS*LE.
(ii) If ©;(u, ) < f(x) for every x € E |, then u < 28 f#*F.
Proof. Let € > 0 and define for every j € Z the set
E;j={reE:(1+e) < f(z) <(1+e)}.

Suppose that ©f(u, x) > f(x) for every x € E. Then, using (i) of Proposition 1.1.18

we get

o= Z,ul_E >Zl+575/kl_E >Z / 5/’“ :Ly’“l_E,

1+e¢
JEZL JEZL JEZ +

which, by the arbitrariness of ¢, gives (7).

If we suppose that O} (u, x) < f(x) for every x € E, using (i) of Proposition 1.1.18 we

have
p=Y pLE; <Y 251 +e) At LE,
jez jez
<> (4 fSLE; =2"1+e)f S LE,
jez
which, by the arbitrariness of ¢, gives (ii). O

As a consequence of the Corollary 1.1.19 we have the following remark.

Remark 1.1.20. Under the same assumptions of Corollary 1.1.19, for #*-almost
every x € M we have O} (u, ) < 400 and for any Borel set B C M the implication

w(B) =0 = O(u,z) =0 for #*-ae 2B

holds. In particular, if p = g% E we have Oy(u,x) = 0 for s#*-almost every
reM\E.
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Definition 1.1.21. Given a metric measure space (M, d, ), a p-measurable set £ C M
and t € [0, 1] we denote by E* the set of points with p-density ¢ for E, i.e., all x € M
satisfying

o AE 0 Bz 1)
= u(Ba.)

The essential boundary of E is then defined by 0*F = M \ (E° U E').

=1.

Definition 1.1.22. Let (M, d) be a metric space and let £ C M be a Borel set. Then
E is said to be porous if there esist a € (0,1) and R > 0 such that for every x € M
and every r € (0, R) there exists y € M such that B(y,ar) C B(z,r) \ E.

Proposition 1.1.23. Let let (M,d) be a locally compact and separable metric space,
let u be a doubling Radon measure on M and let E C M be a porous set. Then E' = ()
and in particular p(E) = 0.

Proof. Let a and R be as in Definition 1.1.22. Suppose by contradiction there exists
r € E'. For every r € (0, R) there exists y € M such that

B(y,ar) € B(z,r) \ E.

This implies that
p(B(z, 1) \ E) _ p(Bly, ar))
u(B(x,r))  — w(B(z,r))
where C' > 1 is a suitable constant depending on a and on the doubling constant of

> C,

. Letting r — 0 and taking into account that z € (M \ E)°, we get a contradiction.
Taking into account Lebesgue Differentiation Theorem 2.1.2 we also get u(£) = 0. O

1.2 Carnot-Carathéodory spaces

In what follows we denote by €2 an open set in R” and by X = (Xi,..., X,,) an m-tuple
(m < n) of smooth and linearly independent vector fields on R™, with 2 < m < n. We
say that an absolutely continuous curve v : [0, 7] — R™ is a X -admissible path joining
p and ¢ if v(0) = p, v(T') = q and there exists h = (hy,..., hy) € L([0,T]; R™) such
that for almost every t € [0, 7] one has

() =Y (D)X ((1))- (1.5)

j=1
For every p,q € R", we define the quantity
d(p,q) = {length(v) : v is X-admissible curve joining p and ¢}, (1.6)

where we agree that inf () = 400 and where

length(y) == /0 R (@) dt.
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A sufficient condition that makes d a metric on R™ is given by Theorem 1.2.1, below,

which is proved in [21]. A proof of Theorem 1.2.1 is given in Subsection 1.2.1.

Theorem 1.2.1 (Chow-Rashevsky). Suppose that
VpeR" Lie{X1,..., Xn}(p) = T,R" =R", (1.7)

where Lie{X1,...,Xn}(p) denotes the linear span of all the iterated commutators of
the wvector fields (Xi,...,X,,) computed at p. Then d is a distance, called Carnot-

Carathéodory distance associated with X.

We will refer to (1.7) as the Chow-Hérmander condition. When (1.7) holds, the metric
space (R™,d) is said to be a Carnot-Carathéodory space of rank m (CC space, for
short). We will use the notation (R", X') to denote the metric space (R™, d), where d
is understood to be the Carnot-Carathéodory (CC, for short) distance associated with
X. We also denote by B(z,r) and Be(x,r) the metric balls of center z and radius r > 0
induced by the CC distance d and by the Euclidean distance d., respectively.

Remark 1.2.2. If the Chow-Hormander condition holds, then for every compact set
K C R™ there exists an integer s(K) such that the following holds: for any = € K,
X1, ..., X and their commutators up to order s(K') computed at x span the whole R”.
This is an immediate consequence of the fact that X, ..., X}, and the map A — det(A)

are of class C'°°.

Remark 1.2.3. Given p,q € R", denote for shortness by 7 the X-subunit curve in
AC([0,T]; R™) joining p and g and satisfying (1.5) for some h € L>([0,T];R™). The
curve 7yp, is said to be X-subunit if Z;nzl h? < 1. Tt is easy to observe, by a change of

coordinates, that the metric d can be equivalently defined by

d(p, q) = nf{[|Aflec: 71,0 joins p and g},
or by
d(p,q) =inf {T">0:3h € L=(0,T];R™), |h|< 1 s.t. yr, joins p and g} .

For every p € R™ and for every ¢ € N we denote by £(p) the linear span of all the
commutators of the vector fields (X7, ..., X,,) up to order ¢ computed at p. Notice that
Lie{X1,..., Xn}(p) = Uiy £'(p). We say that (R", X) is equiregular, if there exist
0=ng<mn; <---<ng=n € N such that, for every p € R", one has dim £'(p) = n;.
The natural number s is called step of the Carnot-Carathéodory space. In the following
Theorem we resume some well known facts about the geometry of an equiregular CC
space. For (i) and (iii) see |78, while for (ii) see [71].

Theorem 1.2.4. Let (R", X) be an equireqular CC' space of step s. Then the following
facts hold.
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(1) For every compact set K C R™, there exists M > 1 such that for any p,q € K

1
s .

1
o p—dal<d < Mlp—
Mlp q| < d(p,q) < Mlp—q

(ii) The Hausdor(f dimension of the metric space (R™,d) is Q =Y ;_i(n; — ni_1).

(111) The metric measure space (R™, d, L") is locally Ahlfors Q-regular, i.e., for every
compact set K C R"™ there exist R > 0 and C > 1 such that

érQ < ZL"(B(p,r)) < Cre, (1.8)

for every p € K and for every r € (0, R). In particular, the metric measure space
(R™, d, L") is locally doubling.

We say that (R", X) is geodesic if for every p,q € R™ there exists a X-admissible curve

realizing the infimum in (1.6).

Proposition 1.2.5. Let (R", X) be a geodesic equiregular CC' space; then, for every
p € R™ and for every r > 0 one has £"(0B(p,r)) = 0.

Proof. By Proposition 1.1.23 it is sufficient to prove that dB(p,r) is a porous set.
Take g € OB(p,r) and consider a minimizing absolutely continuous path ~ : [0,7] = X
joining p and ¢, i.e., such that y(0) = p, v(r) = ¢ and for every ¢t € [0,r] one has
d(p,~(t)) = t. Consider ¢ € (0,2r] and y = v(r — 5). Then B(y,5) € B(q,¢) and

obviously B(y, 5) N 0B(p,r) = 0. Then 0B(p,r) is porous with o = %, ro = 2r. ]

We assume from now on that the metric balls B(p,r) are bounded with respect to the
Euclidean metric in R™; in particular, as it has been shown in |75, Theorem 1.4.4], the
CC space (R", X) is geodesic.

1.2.1 A proof of Chow’s Theorem

In this Subsection we will provide a proof of Theorem 1.2.1. We will prove in particular
a stronger fact, that is the Holder-type inequality appearing in (i) of Theorem 1.2.4.
We first need to introduce some notation.

Given o, 8 € N* we set a + 3 == (ay + f1,. .., + f) and

lal=aq + - + ay, al = oyl ayl.
Given a vector field X in R™ and k € N we define (adx)* setting

(adx)OY = YV,
(adx)™1Y = (adx)"([X, Y1),
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for any vector field Y in R”. For every k € N, for every «, 3 € N¥ and for every vector
fields Y, Z on R™ we eventually define

Cop(Y. Z) = (ady)® (ady)? - - - (ady ) (ady)%-12Z, if By # 0, 19)
aB\4) : (ady>0¢1 (adz)’Bl . (ady)ak—l}/, i Bk _o .

Theorem 1.2.6 below contains the so-called Campbell-Hausdorff formula. It is proved
e.g. in [86] or |78, Appendix|. For the notion of left invariant vector field in a Lie group
and of exponential map on a manifold we refer the reader to Section 1.3.

Theorem 1.2.6. For every sufficiently small left invariant vector fields Y, Z in a Lie

group M the series

P(Y, 2) ;:Z(—,W 3 mcaﬁ(xz) (1.10)

=1 ) apea;

converges uniformly, where A; = {(a, ) e NN x NV : e, + 3; > 1 fori=1,...,5}. In
such a case we have exp(Y)exp(Z) = exp(P(Y, Z)).

Notice that formula (1.10) holds also in case Y, Z are vector fields in a CC space
(R™, X)) and Chow-Hérmander condition holds. Lemma 1.2.7 below is a consequence

of Theorem 1.2.6 and its proof can be found in e.g. [78, Proposition 4.3].

Lemma 1.2.7. Let K be a compact set in R", k € N, let Y, Z be two vector fields in
R"™ and let

Pu(Y, Z) :Z(_.l)j Z ;Caﬂ(y’z)v

| 31
I Wi ol Bla + B

where A; is defined as in Theorem 1.2.6. Then, there exists C > 0 such that

Jj=1

lexp(tY) exp(sZ)(p) — exp(Pi(tY, s2))(p)|< C(|t]"+]s]")
for every t,s € R sufficiently close to zero and every p € K.
The following proof is contained in [54].

Theorem 1.2.8. Let Q2 be a connected open set in R", let K C € be a compact set and
let X = (X1,...,Xm) be a m-tuple of linearly independent and smooth vector fields.
Assume that in K the Hormander condition is satisfied by commutators of X1, ..., X,
of length at most k € N. Then there exists C'x > 0 such that

d(p,q) < Cklp — q|"'*,

for every p,q € K.
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Proof. Let us start with the following consideration. Given a r-tuple Y = (Y3,...,Y;)
of vector fields such that Y; € {£X;,...,£X,,} forevery j = 1,...,r, then there exists
0 > 0 such that the map

E(Y,1)(p) = exp(tY;) - - - exp(tY1)(p)

is well defined for every t € [—6,6]. It readily seen that t — E(Y,t)(p) is X-admissible
and that
d(p, E(Y,t)(p)) < |t|r. (1.11)

For every h € N and for every o € N* with 1 < a; < m we also define the commutator
(of length h) X, setting

Xa = [Xoéu [X(X27 T [X

ap_1

X))

By Lemma 1.2.7, for any o € N, there exist 1 <r < 4" ! ar-tuple Y* = (Y1,...,Y;)
with Y;" € {+X,...,£X,,} and w, € C'([-4,0] x K) such that

exp(t"X,)(p) = E(Y T, t)(p) + t"wn(t, p),

for every p € K and every ¢ € [0, d]. For the same reason, let Y~ be a r-tuple of vector
fields (again chosen among +X;,...,+X,,) and let wy, € C*'([—4,d] x K) be such that

exp(—t"Xa)(p) = B(Y ™, t)(p) + " wn(t, p),
for every t € [0,6] and every p € K. We can therefore write

B+, 7)) +7 1 wi(p) if 7 € [0,61/7]
exp(7Xa)(p) = ht1 (1.12)
EQY ™, (=1)"")(p) + (=7) " wa(p), if 7€ [=6"",0],
for every p € K. For any o € N”, we finally define
E(Y+, 7l/h), if 7€ [0,8Y"],
E.(7) =
E(Y =, (—=1)YM), if 7 € [-6Y"0].

We claim that (7,p) — E,(7)(p) is of class C*. To prove this it is enough to show that

9% (7)(p) is continuous in 7 = 0. For 79 > 0, setting ¢y = Tg/h, one has
OF BE(Y*,r'/" — B(Y*,1,/")
(0% — 1 ) s 10
e (m)(p) = tim S
EY*tt)—EXY™",t
— lim ( ) ) ( ) 0)
t—to th — th
1 OF
- TE (vt
hth! or ¥ to)
1 Oexp(thX,) h+1 20
= tows (t 0= (¢
e BT + 3 owr (£, p) + A atwl( 0,D)
h+1 A’
= Xo(exp(r0Xa)(p)) + 7" ——wr(”" ) + s (7" p),
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where we have used (1.12). Analogously for 75 < 0 we immediately get that OBET“ (70)(p)

equals

(—70)?" 0

Xo(exp(10Xa)(p) + (—70) "™ . W2((—To)1/hap)+Taw((—ﬁ))l/h,p),

which concludes the proof of the fact that (¢,p) — E.(t)(p) is C'. Fix now py € K.
By assumption we can find n linearly independent vector fields X,,, ..., X,, that are
commutators of X7,...,X,, of length at most k. For any ¢t = (¢1,...,t,) sufficiently

close to 0 the map

F(ty,...,tp) = E,, (ty) 0+ 0 E, (t1)

is well defined and of class C!. Therefore the matrix
dF(0) = col[Xa, (po); - - - » Xa, (Po)],
has full rank and therefore it is open. There exist o, o > 0 such that
Be(po,0) € F(B(0, 0),
and there exists M > 0 such that, for any ¢ € R™ with |t|< p, one has

MIt|< [F(t) — F(0)

— |F(t) - pol. (1.13)
We have then proved that, for any p € K, the orbit of p given by
O, = {q € Q : 3 an X-admissible curve v joining p and ¢}

is open. Since, by Ascoli-Arzeld’s Theorem, O, is also closed and since €2 is connected,
then O, = Q'. Consider now ¢ € B,(p,0) and let t € R™ with [t|< ¢ and F(t) = q.
Then, defining p; = E,,(t;)(pj—1) for any j = 1,...,n, we have p, = ¢ and, taking

(1.11) into account , one has

n

d(po,q) <Y d(pjpj1) = Y d(pj-1, Ea,(t;)(pj 1))
j=1 Jj=1
- 1 "1
=Y dpj1, B, [t F)(pj1)) < Cv D _Jt]+
j=1 j=1
1

1 1 1 1
< Coft[R < CoMTR|F () — F(0)[k= Ciklg — pol ¥,

where M > 0 comes from (1.13). This concludes the proof. O

IThis is indeed a proof that every couple of points in  can be connected be a X-admissible curve,
i.e., a proof of Theorem 1.2.1.
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1.3 Carnot groups

Carnot groups can be seen as a remarkable subclass of CC spaces. In this section we
introduce their definition and we list some theorems that will be useful in the following
chapters. We start from the definition of Lie group. For an introduction to Carnot

groups see e.g. [75, 59, 55.

Definition 1.3.1 (Lie group). A Lie group (G, -) is a differentiable manifold G endowed
with a group product - such that the maps

GxG —G G —G

and
(r,y) w—x-y r ol

are differentiable. We will denote by 0 the neutral element of the group. Moreover for

every g € G we will denote by 7, : G — G the left translation map defined as

T,(x) =g - .

When no confusion may arise a Lie group will be simply denoted by G. We now recall

the definition of Lie algebra.

Definition 1.3.2. A Lie algebra is a couple (V,[-,]) such that V is a linear space on
some field K and [, ] is a binary operation [-,-] : V x V — V that is a Lie bracket,

i.e., it satisfies the following properties.

(i) Linearity. For every A € K and for every v, w, z € V one has
[Av +w, 2] = Mu, 2] + [w, z].
(ii) Anti-symmetry. For every v,w € V we have
[v,w] = —[w,v].
(iii) Jacobi identity. For every v,w,z € V one has
[v, [w, z]] + [w, [z,v]] + [z, [v, w]] = 0.

Definition 1.3.3. Let (G,-) be a Lie group and let X be a vector field on G. X is
said to be left invariant if, for every z, g € G and every f € C*°(G), one has

(X ) (7y(@)) = X (f o7g)(2).

The set g(G) (or simply g, for short) denotes the vector space of all left invariant vector
fields on G.
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Notice that if X and Y are two left invariant vector fields on a Lie group G, also the
Lie bracket [X, Y] defined by

(X, YI(F) = X(Y(f) =Y (X(f)), VfeC™(G),

is a left invariant vector Field on G. As a consequence, one can easily check that the

couple (g, [,+]) is a Lie algebra. This justifies the following

Definition 1.3.4. Let (G, ) be a Lie group and let g be its Lie algebra. Define g; := g
and for every i > 1 we set g; = [g, g;_1]. We say that the Lie group G is nilpotent of

step s (s € N) if g; # {0} and g,1 = {0}.
We now recall the definition of exponential map on a differentiable manifold

Definition 1.3.5. Let M be a differentiable manifold, let X be a vector field on M
and let p € M. We define exp(X)(p) := (1) where v : [0,1] — M is the solution of

It is well known that the exponential map around p provides a local diffeomorphism
between a neighborhood of 0 in 7,,M and a neighborhood of p on M. Moreover, if M
is a Lie group and X € g, by left invariance we have that for any g € M

X(g) = dr, X(0).

This gives the identity exp(X)(p) = p - exp(X)(0). Theorem 1.3.6 below gives us an
important result of global diffeomorphism between the Lie group and the Lie algebra.

Its proof can be found in [86].

Theorem 1.3.6. Let G a simply connected nilpotent Lie group. Then exp : g — G is

a diffeomorphism.

Definition 1.3.7 (Stratified group). A nilpotent Lie group G of step s is said to be

stratified if there exist linear subspaces g1, ..., gs of g such that
g:gl@...@gs, and [91,91] = @i+, for ¢ = 17...,8—1.

Connected and simply connected stratified Lie groups are also called Carnot groups.
For every A > 0 we also define 5} : g — g letting gA(X) = MX if X € g; and then
extending it by linearity on the whole g.

It is easy to prove the following two propositions.
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Proposition 1.3.8. Let G be a Carnot group. Then for every X, Y € g and for every
A, € (0,400) we have

(X, Y]) = [33(3), (V)] and 6,(X) = 03(3,(X).
Moreover {g)\ A > O} s a family of automorphisms of g.

Proposition 1.3.9. Let (G,-) be Carnot group. For every A > 0 define 65 : G — G
letting dx(z) == exp(dr(exp~'(z))). Then the following facts hold.

(1) For every A\, > 0 and every x € G
(1) = (6 (2).
(i1) For every A > 0 and every x,y € G

ox(7 - y) = dr(x) - ox(y).

We define the notion of horizontal curves and their length in a Carnot group G.

Definition 1.3.10 (Horizontal curves and horizontal length). Let G be a Carnot group
with Lie algebra decomposition given by g = g1 & ... @ g;. An absolutely continuous
curve v : [0,7] — G is said to be horizontal if, for #'-a.e. t € [0,7T], one has
Y(t) € dLyryg1 = 91

Fix a scalar product (-, )¢ on g;. Denote by || its induced norm on g; and extend it
on the whole g by setting |X|g= +oo for any X € g\ g1. Then the horizontal length

of a horizontal curve ~ is defined by

T
o) = [ Hioledr
0
A proof of Theorem 1.3.11 below can be found in [86].

Theorem 1.3.11. Let (G,-) and (F,*) be two connected and simply connected Lie
groups and let g and § respectively be the associated Lie algebras of left invariant vector
fields. Then (G, -) is isomorphic (in the sense of Lie groups) to (F,x) if and only if g

is isomorphic (in the sense of linear spaces) to f.

The following result allows us, when dealing with Carnot groups, to always consider

G = R" for n equal to the (topological) dimension of the manifold G.

Proposition 1.3.12. Let (G,-) be a stratified Lie group of dimension n. Then there

exists a group operation * on R™ such that (G,-) is isomorphic to (R™, x).
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Proof. Let {X1,...,X,} be a basis of g and for every z,y € R" define x x y by letting

Trky=2z <& exp (Z xiXi) - exp (Z inZ) = exp (Z ziXZ) . (1.14)
i=1 i=1 i=1

Then it is easy to see that the Lie algebra of (R", ) is isomorphic to g. By Theorem
1.3.11 the thesis follows. O

Remark 1.3.13. Actually, the group law in R™ defined in (1.14) can always be written

as

rry=Plry) =z+y+Qy), (1.15)

where P, () : R" x R® — R" are polynomial functions. See also 1.3.15 below for a more

precise statement about P and Q).

If g=g1&...P89gs we set mj = dim(g;) for j = 1,...,s and if ¢ is such that
my+ -+ my, , <i<my+---+m,, for some 1 < w,; < s we say that the coordinate
x; has degree w;. An equivalent way to define a dilation §, : R® — R" with A > 0, is
then by

n(x) = (A2, A%x9, ..., A" xy,).

Proposition 1.3.14 below lists some well-known properties of Carnot groups and
some relations between ¢, and the polynomial P defined in (1.14). A proof of it can
be found in [75].

Proposition 1.3.14. Let (R™,:) be a Carnot group. Then, if P is the polynomial

function appearing in (1.15), the following facts hold.
(i) For every x € R™ the inverse element with respect to - is v~ = —.

(ii) For every x,y € R" and for every A > 0
P(6r(2),0x(y)) = rP(z,y).

(iii) For every x € R™
P(z,0) = P(0,z) = 0.

(iv) If (X1,...,X,) is a basis of g and X; = > | a;j(x)0; for j =1,...,n and for

some a;; € C*(R"), then we have
aij(0(2)) = A" ay (x),

foreveryi,j=1,...,n.
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Remark 1.3.15. If X;,..., X,, and F' are defined as in 1.4.1, then the vector fields
Xl, . X have the structure

n

Xi(z) =0; + Z a;i()0;,

i:nuxj +1
where aji(z) = aji(21, ..., Tp,, 1) are homogeneous polynomial of degree w; — w;.

Notice that every Carnot group (R™,-) with stratification g = g; @ ... ® g5 has also a
natural structure of equiregular CC space of step s. Indeed, it is sufficient to consider
a basis X = (X1,...,X,,) of g;. Directly from the definition of Carnot group we get
the Hormander condition and the equiregularity. In what follows, when dealing with
a Carnot group (R", ), we always denote by d the CC metric associated with (R™, X)
and by B(p,r) a metric ball of center p and radius r. The metric space (G,d) has
then Hausdorff dimension @) = 2;21 j dim g; (this is called homogeneous dimension
of the Carnot group (R",-)) and it is well-known that, up to multiplicative constants,

the measures /79, .79 and " coincide, all of them being Haar measures on G.

Proposition 1.3.16. Let (R™,-) be a Carnot group. Then, for every z,y,g € R" and

every A > 0, we have
(1) d(74(x), 74(y)) = d(2,y);
(ii) d(0x(x),0x(y)) = Ad(z,y).

Proof. Taking into account the left invariance of the vector fields X1, ..., X,,, the proof
of (7) simply follows by the fact that, if « : [0,7] — R™ is a subunit curve joining z
and y, then 7,0 : [0,7] — R" is a subunit curve joining 7,(z) and 7,(y).

To prove (i7) let v : [0,T] — R™ be a curve joining = and y such that

A(t) = Z hy (1) X;(y Z (Z hy(t)ag(y ) ;,

with |(hy,...,hy)|< 1, and define vy : [0, AT] — R™ letting yx(t) = 0r(7(£)). Then
YA(0) = dx(x) and yA\(AT) = dr(y). By statement (iv) of Proposition 1.3.14, we have
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Hence we get that, for every T' > 0, if d(z,y) < T, then d(dx(x),d\(y)) < AT. Then
we get d(0x(2),0\(y)) < Ad(z,y), for any z,y € G and any A > 0. Repeating the same
argument with dy(z), d(y) in place of x and y and with A~ in place of \ we also get

d(z,y) = d(0x-1(dx(2)), 0x-1(8a())) < A'd(dx(2), da(y),
which concludes the proof. O

In a Carnot group it can be useful to define a homogeneous norm letting for every

reR"
n
[EEDIE:
=1

and the corresponding boxes given by A(x,r) = {y € R": ||z~ ! - y||< r}. We eventu-
ally set A(r) = A(0,r).
A proof of the following results can be found e.g. in [75].

1
o
vy

Proposition 1.3.17. Let (R",-) be a Carnot group. Then the following facts hold.

(i) For every x,g € R™ and every r, A > 0 one has

17,B(z,7) = B(1y(x),r) and 6B(x,r) = B(0x(x), Ar).

(ii) There exists C' > 1 such that
A(z, &r) € Blz,r) € A(z,Cr),
for every x € R™ and every r > 0.

Corollary 1.3.18. Let (R™,-) be a Carnot group. Then the metric space (R",d) is

geodesic, complete and locally compact.

Proposition 1.3.19. Let (R",-) be a Carnot group, E C R" a Lebesgue measurable
set. Then the following facts hold.

(i) For every g € R™ one has
LM (1y(E)) = Z"(E).
(ii) For every A > 0 one has
L (6A\(E)) = A\ L"(E).

In particular, £"(B(x,r)) = r9£"(B(0,1))

Proof. 1t is sufficient to apply area formula and use the fact that det(d7r,) = 1 and
det(ddy) = \9. ]
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We here recall the notion of calibration, which is widely used in the Calculus of

Variation. Proposition 1.3.21 gives a sufficient condition to find a geodesic in a Carnot

group.

Definition 1.3.20. A closed 1-form ¥ on the Lie algebra g of a Carnot group G is said
to be a calibration on G if for almost every v € TG one has |J(v)|< |v|g. We also say

that a horizontal curve v : [0,7] — G is calibrated by ¥, if 9 is a calibration and

0(y(t) = [¥(®)le;
for #!-almost every t € [0, T].

Proposition 1.3.21. Let v : [0,T] — G be a horizontal curve in a Carnot group G
that is calibrated by ¥. Then v minimizes the distance between ~(0) and ~(T).

Proof. Let w : [0,T] — G be a horizontal curve joining v(0) and v(7T"). Since G is
connected and simply connected, the curves v([0,7]) and w([0,77]) are homotopic and
therefore fv dy = [ di. Taking into account that ~ is calibrated by o, we get

tote) = [ ottloan > [ a0 = o= [ “Rolde = o),

which concludes the proof. O]

Lemma 1.3.22. Let M be a n-dimensional manifold and let R+, ..., R,,S1,...,5S, be
vector fields in M such that both (Ri(x),..., R,(z)) and (Si(z),...,Su(x)) are basis
for T,M, for any x € M. Let A: M — R™ ™ be such that

Sj() =Y Aj(a)R(x),
/=1

foranyx € M and for any j = 1,...,n, and define, fori =1,...,n the 1-forms R}, S}

letting

R () (R;(x)) = 05,
S; (x)(S5;(x)) = 645,
for any x € M and for j =1,...,n. Then Si(x) = Y_,_, Bi(x)R;(z), where B = A™T.

Proof. 1t is enough to consider the following identity
8y = S;(@)(S;(x) = Y Bi(x)R;(x) <Z A?(l“)h(ﬂﬁ))
=1 k=1
=Y Bi@)Aj(0)du = ) B (@) Af(2) = (B" () A());
k=1

(=1 k=1

to conclude the proof. n
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The proof of Proposition 1.3.23 below is contained [88, Proposizione 7.4].

Proposition 1.3.23. Let G be a Carnot group with Lie algebra g = g1...Pgs, and let
X € g1. Then the curve [0,1] 5 t — exp(tX) is the unique (up to reparametrizations)
geodesic joining 0 and exp(X). In particular d(0,exp(tX)) = | X|.

Proof. Up to a normalization argument, we can assume without loss of generality that
| X|=1. Let X = Xj, Xy,..., X, be an adapted basis for g. We also identify G with
R™ by exponential coordinates as in Definition 1.4.1 so that we can also assume (see
Remark 1.3.15)

n

Xi(x)=0;+ > ay(x)d;
i:nijrl
for every j = 1,...,n and x € G. Then, for any x € G, the lower triangular matrix
A(z) = col(Xy,...,X,) is such that Ai(z) = 1 for any ¢ = 1,...,n. It is also clear
that X;(z) = >, AY(2)9,. Define for j =1,...,n the 1-form X7 letting
X5 (@) (Xi(x)) = 65,
for any i = 1,...,n and any z € G. Then, by Lemma 1.3.22, X7 (z) = Y_;_, B}(z)dz,,
where B = A~T. By the structure of A, we get that B is upper triangular and Bi(x) = 1
for any x € G and any ¢ = 1,...,n. Then X{ = dx;. We want to prove that X7 is a

calibration in G for the curve

v:00,1] — G
t—  exp(tX).

Fix z € G and take v € T, G. If v is not horizontal it is trivially true that X (x)(v) <
lu|= 400. Otherwise if v = 37" X;(x)v;, then X;(2)(v) = v, < (31, v2)/2. Notice
also that | X7 (z)(v)|= |v| only if v = AX(z) for A € R. Since 4(t) = X1(7y(t)) has this
form, then X7 (v(¢))(§(¢)) = |¥(¢)|. Therefore X; is a calibration for v. By Proposition
1.3.21 we infer that v is a geodesic between 0 and exp(X).

It is now enough to prove that all the geodesics joining 0 and exp(X) are a parametriza-
tion of 4. Consider a geodesic w : [0,1] — G joining 0 and exp(X). Then v and w

share the same extremal points and, since X7 is closed, we have

tow) = | (o)t > [ xi = / axi- | Ot = () = to(w).

Hence for £*-almost every ¢ € [0,1] one has |w(t)|= X;(v(¢))(§(t)). This is possible
only if w(t) = Aj(t) for some X € R. O

We conclude this section presenting some notable examples of Carnot groups.
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Example 1.3.24. Apart from Euclidean spaces, which are the only commutative
Carnot groups, the most basic examples of Carnot groups are Heisenberg groups.
Given an integer n > 1, the n-th Heisenberg group H" is the 2n 4+ 1 dimensional
Carnot group of step 2 whose Lie algebra is generated by Xi,..., X,,,Y7,...,Y,, T and

the only non-vanishing bracket relations among these generators are given by

(X,,Y;| =T forany j=1,...,n.

7=

The stratification of the Lie algebra is given by g @ ga, where g, = span{X,,Y; : j =

1,...n} and go = span{T'}. In exponential coordinates
R" xR" xR 3 (z,y,t) «— exp(x1 X1 + -+ + 4y Yy, + 1)

one has
X; = 0y, — y—zﬂat, Y; =0, + %at, T =0,

Example 1.3.25. The Engel group E is the Carnot group of step 3 and rank 2 whose
Lie algebra is is generated by X, X and the only non-vanishing bracket relations are
given by

(X1, Xo] = — X3 and (X1, X3] = —X,.

The stratification of the Lie Algebra is therefore given by given by g = g1 ®goP g3 where
g1 = span{ Xy, Xo}, g2 = span{ X3} and g3 = span{X,}. In exponential coordinates

R4 xR > (ZEl,J/’Q, 133,1‘4) —> exp(lel + IQXQ + ZL’3X3 —+ 1‘4X4)
one has

Xl = a17

a3t
Xo =0y — 2105 + 7847
X3 = 33 - $1547
X4 == 84.

Notice that the homogeneous dimension of E is given by Q =2-14+1-24+1-3 =7

while the topological dimension is 4.

Finally, we define the notion of Carnot group of type * introduced in [66]; this will be

used in Section 2.2.1.

Definition 1.3.26. A Carnot group G is said to be of type x if there exists a basis
(X1,...,X;n) of the Lie algebra g such that

[X]'> [va Xl]] =0,

for every 7,7 =1,...,m.
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Notice that the Heisenberg group H" is of type =, while the Engel group is not. The
group of upper triangular matrices with 1’s on the diagonal is a Carnot group of type
*. In particular, there exist Carnot groups of type * of any dimension and arbitrarily

large step.

1.4 Nilpotent approximation

In this section we describe the so-called nilpotent approximation of a CC space that

is, roughly speaking, its infinitesimal structure.

Definition 1.4.1 (Adapted exponential coordinates). Let (R™, X) be an equiregular
CC space and let p € R" be fixed; choose an open neighborhood V' C R™ of p and
smooth vector fields Y7,...,Y, such that

o V=X, foranyi=1,...,m;

o for every ¢ € V and every k = 1,...,s the set {Yi(q),...,Ys,(¢)} is a basis of
L*(q);

o for every i = m + 1,...,n the vector field Y; is chosen among the iterated com-

mutators of Xq,...,X,,.

Then there exist a neighborhood U of 0 in R” for which the map

F:U—R"
(1.16)
z— exp(x Y1+ -+ 2,Y,)(p)
is well defined. We say that (z1,...,x,) are adapted exponential coordinates around p.

The definition of F' depends on p; when confusion may arise, we underline this
dependence by using the notation F), to denote (for any x € R™ for which it is defined)
the map Fj(z) = exp(z1Y: + - -- + 2,Y,,)(p). When needed, we will also write F(p,z)
to denote exp(z1Y; + - -+ + x,Y,)(p); notice that, for every bounded set V' C R™, one
can find an open neighborhood U of 0 in R™ such that F' is well defined in V' x U.

For every p € R" and every j = 1,...,m, we define
)’Zj = deil(Xj o) Fp)

It is readily seen that if X satisfies the Chow-Hormander condition, then also X does
and we denote by d the CC distance in R" associated with the m-tuple of vector fields
X = ()?1, e ,)?m), and by §(O,7°) the metric balls around the origin induced by d.
Again, when confusion may arise we shall use the notation EP(O, 1) to specify that the
metric ball is induced by the map F,. Since dF,(0)e; = Y;(p), we have )~(j(0) =e; for
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every j = 1,...,m. Moreover, it is easy to verify that, for every p € R™ and every
sufficiently small » > 0 one has

d(Fy(21), Fp(2)) = d(1, 22),
for every a1, x5 € B(0,7). Consequently F,(B(x,r)) = B(F,(x),r).

Remark 1.4.2. If we define p, == (F '), %", i.e. the measure such that
(A) =27 (F(A4) = [ et VF|d2",
A

for every Borel set A in R”, then, it is easy to see that, whenever 0 < & < |det VF,(0)],
there exists an open neighborhood U of 0 such that

(|Jdet VEL(0)| — ) L7 LU < p, LU < (|det VF,(0)| +¢) Z"LU. (1.17)

Definition 1.4.3. If (R", X) is a CC space and Yj,...,Y, are as in Definition 1.4.1
we define the j** degree of the coordinates at p letting

w;(p) = min{k € N: Yj(p) € L¥(p) \ £ (p)},

If the space (R", X) is equiregular, w; do not depend on p and it we can define, for

every r > 0, the anisotropic dilation 9, letting

o, - R" — R"
(1.18)
x> (g, Yy, Ty, .
Eventually, we introduce the pseudo-norm
[E IR
j=1
and the sets
Ar) = {y € R" ¢ lyl|< 7} (1.19)

It is easy to prove that o, (A(1)) = A(r). We also say that a function f : R* — R

is 6-homogeneous of degree w € N if for every p € R"™ and every A > 0 one has

f(oxp) = A f(p).

By the following proposition, proved in |78], the family of balls {E (0,7):7 € (0,R)}
gives the same topology as the family {A(r) : r € (0, R')}.

Theorem 1.4.4. Let K C R"™ be a compact set in an equiregular CC space (R™, X)
and let U be a neighborhood of 0 such that, for every p € K, the map F), is well-defined
in U. Then there exists C' > 1 such that

1 ~
cllell= dy(0,2) < Clla,

for every x € U and every p € K.
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The following Theorem is proved in |76, Theorem 2.3 and Proposition 2.5].

Theorem 1.4.5. Let (R", X) be an equireqular CC space and let p € R™. Then if U is
a neighborhood of p and if Yi,...,Y, are vector fields as in Definition 1.4.1, we define
Y; = dF; ' (Y; 0 Fp) in a neighborhood V' of 0 so that F,(V) = U. Let a;; € C*(V) be

such that for every i =1,...,n and for every r € R" one has
Yi(w) = ay(2)0;.
j=1

Then, for any i,j = 1,...,n, there exist a polynomial p;; and a smooth function r;; €
C>(V) so that a;; = p;; + ri; and the following conditions hold.

(a) If w; > w;, then p;; is 6-homogeneous of degree w; — w;.

(b) If w; < w;, then p;; = 0;; (in particular p;; = 0 if w; < w;).

(c) 1;(0) =0 and lim,_o||z||"“~*ir;;(z) = 0.

Moreover, if we define fori=1,...,m and r > 0 the vector fields
Xi(z) = Zpij(x)ﬁj and X! = T(dél/r)[% 0 0],
j=1

then, for anyi=1,...,m, )N(f converges to )A(z as v — 0 wn the C72 -topology and the

loc
couple (R™, X = (Xy,..., X)) is a Carnot group.

The vector fields )A(h . ,)A(m introduced in Theorem 1.4.5 are known in the lit-
erature as the nilpotent approzimation of Xy,...,X,, at the point p. The structure
(R™, X ) is known as the tangent Carnot-Carathéodory structure of (R™, X) at the point
p. We shall denote by d the Carnot-Carathéodory distance associated with X and by
B the corresponding balls. When confusion may arise, we shall use the notation Ep
to specify the dependence on the point p. Notice that, by the fact that (R”,)A() is a
Carnot group, there exists C > 0 such that

Z(B(z,r)) = Cr®, (1.20)
for every x € R™ and for all » > 0. It will be useful to notice the following

Remark 1.4.6. Let K C R" be a compact set; then there exists M > 1 such that the
constant C' = ép appearing in (1.20) satisfies

1 ~

This follows because, by Theorem 1.4.9, for any p € K

~ n(n n( gn F—lB
G, —lim ZL™(By(0,71)) — lim ZL"(By(0,1)) m (F,'B(p,r))
r—0 r@ r—0 rQ 50 rQ
1 . ZL"(B(p,7r))

= |det VE,(0) re0 1@

and one can conclude by using Theorem 1.2.4 (i7i) and the smoothness of F'(p,x).
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By [76, Remark 2.6] we also have the following

Proposition 1.4.7. Let (R™, X) be an equireqular CC space and x € R™. Then we

have

exp <x1)?1 +- a:n)?n) (0) = x.

Corollary 1.4.8. Let (R", X)) be an equiregular CC space, and let r > 0. Then for
every p € R™ one has

T € EP(O,T) = -1 € ép(O,r).

Proof. By Proposition 1.4.7 and by simple properties of Carnot groups we immediately
get

—2 = exp (— ixﬁ@) (0) = [exp (i xj)?j) (O)] =

which combined with the left invariance of d with respect to the group operation implies

~ o~ o~ ~

d(0,—z) =d(0,27 ") =d(x -0,z -z~ ") = d(z,0).
This concludes the proof. O

The proof of Theorem 1.4.9 below can be found in [13] or [14].

Theorem 1.4.9. Let (R", X)) be an equireqular CC space, and let X = ()?Z ,)?m)
be as in Theorem 1.4.5. Then, for every p € R™ the following holds

lim (sup { d(z,y) — d@.y)] TR EP(O,T)}> =0. (1.21)

r—0 r

Corollary 1.4.10. Let (R", X)) be an equiregular CC space and let p € R™. For every
e > 0, there exists R > 0 such that for every r € (0, R) one has

B(0,(1—¢)r) C B(0,r) C B(0, (14 &)r).

Proof. By (1.21), for every € > 0 there exists R > 0 such that, for every r € (0, R)
and every x,y € E(O,r), one has

~ ~

d(xz,y) —d(z,y)| < er.

This completes the proof. n
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1.5 Hypersurfaces of class C%

This section is devoted to the study of hypersurfaces with intrinsic C! regularity; we
work in a fixed equiregular CC space (R", X'). As customary, given an open set {2 C R”
we denote by C%(£2) the space of continuous functions f : © — R  such that the
derivatives X f,..., X,, [ are represented, in the sense of distributions, by continuous

functions.

Definition 1.5.1 (Ck-hypersurface). We say that S C R" is a Ck-hypersurface (or
hypersurface of class C%) if for every p € S there exist R > 0 and f € C%(B(p, R))
such that the following facts hold

(i) SNB(p,R) ={q € B(p,R) : f(q) = 0};

(if) Xf(&) # 0 on B(p, R).

Moreover, for every p in S we define the horizontal normal vs(p) € S™! to S at p

letting

_ Xf(p)
U= Il

The horizontal normal is well-defined up to a sign and, in particular, it does not

depend on the choice of f: this is a consequence, for instance, of Corollary 1.5.4 below.
We also introduce the notion of intrinsic Lipschitz regularity for hypersurfaces in-

troduced in [89]. We say that a map f : Q@ — R is X-Lipschitz if it is Lipschitz

with respect to the CC distance. It is well known that if f is X-Lipschitz, then

Xf = (Xof,...,Xnf) is in L*>®(Q). Vice versa, (see [37, 42|), if f € C(2) and

Xfe L*(Q), then f is X-Lipschitz in any open set Q' € €.

Hypersurfaces with X-Lipschitz or C'k regularity have locally finite (Q —1)-dimensional

Hausdorff measure, see [89].

Definition 1.5.2 (X-Lipschitz hypersurface). We say that S C R" is an X -Lipschitz
hypersurface if for every p € S there exist R > 0 and an X-Lipschitz map f : B(p, R) —
R such that the following holds.

(i) B(p, R)NS ={q € B(p,R): fg) = 0};
(ii) there exist C' > 0 and 1 < j < m such that X, f(¢q) > C for £"-a.e. ¢ € B(p, R).

Given v € R™ we define L, : R* — R letting
L,(§) =Y u. (1.22)
i=1

This notation will be extensively used throughout this chapter. The following
proposition shows that the maps Z,, provide a sort of first-order “linear” approximation

for C'§ functions.
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Proposition 1.5.3. Let p € Q, R > 0 and let f € C%(B(p,R)). Then

. (Sup { FE () = f0) ~ L (@) 'on,m}) o

r—0 r

Proof. It is not restrictive to assume that f(p) = 0. Let r < R and take z € B(0,7).
Denote d = d(x,0) and take a geodesic v € Lip([0, d]; R") such that v(0) = 0, v(d) = z
and there exists h : [0, d] — R™ such that for #!-a.e. t € [0,d] we have

hOl=1  and A0 = 3 hOXG0).

Notice that X ;(0) = e; and hence by Lipschitz continuity of the vector fields we find
C > 0 such that for every y € E(O,r) and for every j =1,...,m

1X;(y) — ej]< Cr.

Therefore, for every k=1,...,m
d d d
0 0 0
mod
:Z/h] X;(~(t)) dt—Z/
j=1"0
- Z/ Xj (1)) — ej>kdt < mCrd < mCr?.

Hence, if for every z € B(0,r) we set d = d(z,0) and we denote by h a control

associated with the geodesic v that links 0 to =, we have

. ( { 1
lim | sup ¢ —
r—0 r

Notice also that for every z € B(0,r)

2 — /Od hk(t)dt‘ e e BOr) k=1,... m}) ~0. (1.23)

f(Ep(2)) = [(Fp() = [(F,(0)) = f(F,(1(d)) = f(F,(7(0)))

d m
- [ xrm o)
(N
Take ¢ > 0. By (1.23) and the continuity of X f in p, we can choose ¢ € (0, R) such
that for every r € (0, rg)

{1
sup § —
r

€

(21, ..., Tm) —/Odh(t)dt' € é(o,r>} < AXT)]
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and | X f(F,(z)) — X f(p)|< /2 for every x € E(O,r). Then, for any r € (0,79) and

every x € B(0,7), we have

|f(Fp(@)) — Lx g (z)] =

RO CICONEES Se it

< / IRONX FE((1) — X F(p))dt

Lo — [ dh(t)dt‘

< dS+IXf(p) (xl,...,xm)—/o h(t)dt‘.

The result follows by dividing both sides by r and taking into account that d < r. [

An immediate consequence of Proposition 1.5.3 is Corollary 1.5.4, where we start
using the following convenient notation: given t € R and a function f : I — R defined
on some set I, we denote by {f > t},{f =t}, etc. thesets {x € I : f(z) > t},{z €
f(z) =t}, etc. This notation will be extensively used in this chapter.

Corollary 1.5.4. Let Q C R" be an open set, p € Q and f € Cx(B(p, R)) for some
R > 0. Suppose that f(p) = 0 and | X f(p)|= 1. Define a Ck-hypersurface letting
S ={qe€ B(p,R): f(q) =0}. Then, for every € > 0, there exists ro > 0 such that

FY(S) N B(0,r) C {g € B(0,r) : —er < Ly () < 57"} , (1.24)
for every r € (0,rq). Moreover, one has
1 ~ ~
lim 52" ({6 € BO.7) : F(F6) Ly () < 0}) = 0. (1.25)

Proof. Fix ¢ > 0 and apply Proposition 1.5.3 to get rg > 0 such that for every 0 <
r < ro and for every z € B(0,r) we have |f(Fp(x)) — ZXf(p)(a:)|§ er. Then, if we take
z € B(0,7)N {ZXf(p) > 2er}, we also get

f(Ey(x)) = er.

Reasoning in the same way with the set {fo(p) < —2er} we readily get (1.24). The
previous argument shows that for any ¢ > 0 there exists g > 0 such that for any

r € (0,79) we have
B(0,1) " {(f 0 Fy)Exsn < 0} € B(0,7) N {—er < Ly < =7
The proof of (1.25) follows by noticing that, by Theorem 1.4.4
LMB(0,7) N {—er < Ly s < er}) < Cer®,

for a suitable constant C' independent on r. O]
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Remark 1.5.5. Let (R™, X) be an equiregular CC space, p € R", R > 0 and suppose
fi, f2 € Cx(B(p, R)) are such that fi(p) = fo(p) = 0 and X fi(p) = X f2(p). Then one
has

lim — 2"(B(p.r) N {f1f < 0}) = 0.

r—0 TQ

Indeed, taking into account (1.24) we observe that

_—
0 1@

Z"(B(p,r) N {fif2=0}) =0.
On the other hand, since Ly A = Lx f2(p) We have

{6 € B.r): (O£ < 0} € (Blo,r) 0 {fif < 0} N {Lxpy o Fy ' > 0

N (B(p’ PO {fifs <0} N {Lxpp 0 Byt < 0}) :
that combined with (1.25) completes the proof.

Theorem 1.5.6. Let (R", X)) be an equiregular CC space and let Sy, 52 C R™ be two
hypersurfaces of class Cx. Then the set

E={{€51N%: vs(f) ¢ {+vs,(&)}}
is A9 -negligible.

Proof. By a localization argument and by the fact that C'-hypersurfaces are o-finite

with respect to S9!, we can suppose without loss of generality that
AHP7NS)) < 400 and FOHE) < +o0
and that S is bounded in R"™. If, for every 0 > 0, we define

Es:={p € L:|(vs(p),vs,(p)|< 10},

then we have £ = [J{Es : § € (0,+00) N Q}.
Fix ¢ € (0,1/4) and define for every R > 0 the set Es g of all the points p of Ejs such
that the following three properties hold for every r < 2R

(a) if C' > 0 is the constant appearing in Theorem 1.4.4, for every = € A(Cr) we
have B\p(x, er) C Ep(x, 2er);

(b) for i =1,2 we have F,'(S; N B(p,2r)) C {z € R": \zysi(p)(x)]< er};

(c) diam B(p,r) = diam EP(O, r)>T.
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By Theorems 1.4.9 and 1.5.4 and the fact? that diam Ep((),r) = 2r we deduce that
Esr /' Esas R — 0.

Take now 0 < 1 < £. Then there exist a sequence (g,) in R"” and a sequence (1) in
(0,m) such that

Esr C U B(qn,rn) and

h=0
Z(rh)Q_l < Z (diam B(qp, 7)) " < ynQ_l(E@R) + 1.
h=0 h=0

We can suppose without loss of generality that for every h € N there exists p, €
B(qn, ) N Esr. Therefore for every h € N one has B(q, ) € B(pn, 2r,) and conse-
quently

Esp C U B(pn, 2r4).
h=0

Taking Theorem 1.4.4 into account, we can find C' > 0 such that for every h € N one

has
Fo By 0 Blpn, 2)) € Ay = {@ € R : [l2]| O | Lo ) (@)|< ers, for i = 1,2}

We prove now that £"(A;) < 05527"}? for some Cs > 0 depending on §. In fact, since
|(vs, (pn), vs, (pr))|< 1 — 9, we have (up to an orthogonal change of coordinates)

{x cR"™: ]Z,,Si(ph)(a:)|< ery, for 1 =1, 2} C Q*(0, Csery,) x R™2,

where Q?(z, s) denotes the 2-dimensional cube of center z and size s. Hence
A, C <Q2(O, Og&?‘h) N {ZL‘ e R™: Z|ZE]|§ CT}Z}) X {I cRY™ - Z |g(;j|d7S CTh}
j=1 j=m+1

and consequently Z"(A;) < 05527",?. For every h € N, combining Theorem 1.1.10 and
the fact that A is compact, we can find N, € N and a family {x),; : j =1,..., Ny} of
points of A, such that {Eph (hj,ern) 1 j=1,..., Ny} covers Aj and {Eph (Thj,e%)

j=1,...,N,} is pairwise disjoint. Reasoning as above, it is easy to see that
7 R": d, (z,Ay) < L) < Cse?r@
xr € : ph(ZE, h)<? < Cse™rys
for some 0 > 0. Therefore, we can estimate

2" ({a e R dy, (w0, 40) < 2 }) < Gyer 0
#n (B\ph(xh,j; %)) o

2This is an easy consequence of the fact that, by Proposition 1.3.23, the curve ¢ exp(t)? 1) is

Ny, <

globally length minimizing.
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for some Cs > 0 depending only on §. By property (a) we have also Eph(azh,j, ery) C
By, (1, 2e73,), and hence the family

{Eph<xh,j72<grh) ] = 1,. . .,Nh}

is a covering of Ay, that is also a covering of ijll(E(;’R N B(pn,r1)). Therefore, the
family {B(F), ' (zn;),2er) © j € N} is a covering of Esg N B(ps,2ry). In particular,
recalling that ¢ € (0,1/4) we have

SO N Esr) < F2  (Esp) < S (Bsr 0 Blpn, 2r1))
h=0

(diam B(F, (), 2em)) %7 < D7 Ny(dery,) Q7!
=1 h=0

K
M=

>
Il
=)

<
Il

5&77“}?71 < agé(ynQil(Eg,R) + 1).

A
[M]#
)

i
o

Letting 7 — 0 we get 97 1(Esp) < 655(¢5/Q*1(E5,R) + 1), which gives, letting R — 0
SV (E5) < Coe(#97 1 (Es) +1).

Letting now ¢ — 0 we get, for any 6 > 0, that #9"Y(E;s) = 0, ie., S91(E) = 0.
This concludes the proof. O

Definition 1.5.7 (X-rectifiability). Let (R™, X') be an equiregular CC space of homo-
geneous dimension Q € N and let R C R". We say that R is countably X -rectifiable
(respectively, countably X -Lipschitz rectifiable) if there exists a family {S), : h € N} of
Ci-hypersurfaces (resp., X-Lipschitz hypersurfaces) such that

A9 (R\ G Sh> = 0. (1.26)

Moreover we say that R is X -rectifiable (resp., X -Lipschitz rectifiable) if R is countably
X-rectifiable (resp., countably X-Lipschitz rectifiable) and J#9~1(R) < +occ.

Definition 1.5.8 (Horizontal normal). Let R C R™ be countably X-rectifiable and
let (Sy) be a family of Ck-hypersurfaces such that (1.26) holds. Then the horizontal
normal vg : R — S™! to R is defined by

vr(p) = vg, (p) ifpe RNSy\ US’“'
k<h

By Theorem 1.5.6, vp is well-defined #9 '-a.e. on R, up to a sign.
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1.6 Functions with bounded X-variation

In this section, {2 denotes a fixed bounded open subset of R".

Definition 1.6.1. We say that u € Lj,.(Q2) is a function of locally bounded X -variation
in Q, and we write u € BVx ,.(€2), if there exists a R™-valued Radon measure Dxu =
(Dx,u,...,Dx, u) in € such that, for every open set A € €, for every i = 1,...,m
and for every ¢ € C!(A), one has

/(pd(DXiu) = —/qugp az", (1.27)
A A

where X denotes the formal adjoint of X;. If u € L'(Q), we say that f has bounded
X-variation in Q (u € BVx(Q)) if, in addition, the total variation |Dxu| of Dxu is
finite on 2.
Moreover, we say that a measurable set £ C R™ has locally finite X -perimeter (resp.,
finite X -perimeter) in Q if xg € BVx 10(2) (resp., xg € BVx(€2)). In such a case we
define the X -perimeter measure P¥ of E by PE = |Dxxg|. It will sometimes be useful
to write Px(F,-) instead of P¥.
As customary, we write BVx (; R¥) := BVx(Q)*, and similarly for BV j,.(Q; RF).
It can be useful to observe that if u € BVx (£2;R¥), the following inequalities hold
k
max | Dxu'|(Q) < |Dxu|(Q) < Z|Dxul\(ﬂ) (1.28)
i=1

1<i<k

If AeQisopen and u € BVy ,.(€2), one can easily prove that

|Dxu|(A) = sup {/ u ZXZ-*(@Z-) dL™ o € CHA;R™), |p|< 1} ;
A=

actually, u € BVx(A) if and only if the supremum on the right-hand-side is finite.

The following important approximation result is proved in |36, Theorem 24.2.2].

Theorem 1.6.2. Let u € BVx (Q;R¥). Then there exists a sequence (uy) in C(Q; R¥)
such that

li}ILnHuh — ul| 1 ormy= 0 and liern|Dth|(Q) = |Dxul|(©).
Actually, by [36, Theorem 2.2.2|, the following stronger approximation result holds.

Theorem 1.6.3. Let (R, X) be a CC space and let @ C R"™ be an open set. Then,
for any uw € BVx(Q), there exists a sequence (uy) in C(Q2) N BVx () such that the

following convergences hold.
up, — u in L'(Q),
| Dxun|(2) = |Dxul(2),
|Dx,up|(Q2) — |Dx,ul|(R2), Vi=1,...,m
|(Dxun, Z7)|(2) = |(Dxu, Z£™)[().

(1.29)
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The following easy Proposition will be useful in the sequel.

Proposition 1.6.4. Let Q,(NZ be two open sets in R™ and let G : ) — Q be a diffeo-
morphism. Let also X1, ..., X,, be vector fields on ) and define for everyi=1,....m

the vector fields Y; = dG(X;) on Q. Then
u € BVx10e(Q) & v =1u0G" € BVye(Q). (1.30)

More precisely, for every open set U € (1, setting V = G(U), one has, for every
u € BVXJOC(Q), that

m|Dyul(U) < |Dyv|(V) < M|Dyul(U) (1.31)
for m = infy|det VG| and M = supy|det VG|.
Proof. We claim that, for any open set U € €2 and any u € BV ,.(€2), one has
vi=uoG '€ BV (V) and |Dyv|(V) < M|Dxu|(U).

This would be enough to conclude: indeed, the claim would imply both the = implica-
tion in (1.30) and the second inequality in (1.31), while the < implication in (1.30) and
the first inequality in (1.31) simply follow by replacing X, U, u, G with, respectively,
Y,V,v,G"! and noticing that m = (sup/|det V(G~1)|)~!.

Let us prove the claim. We first assume that u € C*°(U), so that also v is smooth

on V. For every p € C}(V;R™) with |p|< 1, by a change of variable we have that

/(YU,@CLZ”:/(Xu,|detVG|(gpoG))d$”,
1% U

which gives
| Dyv|(V) < M|Dxu|(U).

In case u € BVx(U) is not smooth, by Theorem 1.6.2 we can consider a sequence (uy)
in C°°(U) that converges to u in L'(U) and such that

lim| Dxun| (U) = [ Dl (U).

Defining vy, = uy o G, we easily get that v, converges to v in L'(V) as h — +oo.

Eventually, by the lower semicontinuity of the total variation one has
|Dyv|(V) < limhinf|Dyvh|(V) < Mlimhinf|Dth|(U) = M|Dxul|(U),
which concludes the proof. O]

The following Theorem links the total variation of a X-Lipschitz function to the

perimeter of its sublevel-sets. Its proof can be found in [77].
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Theorem 1.6.5 (Coarea Formula for X-Lipschitz functions). Let (R", X) be a CC
space, let u : R* — R be a X-Lipschitz function and let g : R" — [0,+00] be a

ZL"-measurable function. Then, if we define Es .= {u < s}, we have

“+oo
/ gl Xu|dL" = / (/ gd(PXES)> ds.
n —0 {u=s}

By Theorem 1.6.2, one can easily improve Theorem 1.6.5 to Theorem 1.6.6 (see [36,
Theorem 2.3.5|).

Theorem 1.6.6 (Coarea Formula for BV functions). Let (R™, X)) be a CC space, let
Q be an open set in R™ and let w € BVx (). Then, if we define E; == {u < s}, we

have

Dxul(©) = / " Pe(E,, Q)ds.

o0

The following result is essentially [20, Theorem 1.2|; note, however, that the di-
mension () appearing in [20, Theorem 1.2] is slightly different from the homogeneous

dimension we are considering.

Theorem 1.6.7. Let Q be an open subset of an equiregular CC space (R™, X') of homo-
geneous dimension @ and let K C € be compact; then, there exists C' > 0 and R > 0
such that, for everyp € K, r € (0, R) and u € BVx 1,.(Q2), the inequality

Q. n ‘o C
Folumuldagn) T < DB, )
B(p,r) r

holds, where u,, = fB(p udZ".

Proof. The proof easily follows by [46, Theorem 5.1| on taking into account Theorem
1.2.4, |20, Theorem 1.1|, [46, Corollary 9.8 and Theorem 10.3] and Theorem 1.6.2. [

An easy consequence of Theorem 1.6.7 is the following isoperimetric inequality.

Theorem 1.6.8 (Isoperimetric inequality in CC spaces). Let (R™, X) be an equiregular
CC space and let K C R™ be a compact set. Then there exist C' > 0 and R > 0 such
that, for every p € K, r € (0, R) and every £"-measurable set E C R™, one has

min {Z"(E N B(p, 7)), £"(B(p,r) \ B)} @ < CPx(E, B(p,r)).
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Chapter 2
Fine properties of BVy functions

This chapter contains the main results of [30]. Section 2.1 is devoted to the introduc-
tion of the approximate notions of continuity, X-jumps and X-differentiability for Lj, .
functions in an equiregular CC space. Approximate continuity is classical in locally
compact, doubling and separable metric measure space (see Theorem 2.1.2) and does
not require any additional work in this context. The notions of approximate X-jump
and approximate X-differentiability (see Definitions 2.1.6 and 2.1.12 respectively) are
instead new and require some fine results about C% hypersurfaces already proved in
Section 1.5. The notation S,, J, and D, is introduced to denote respectively the sin-
gular set of u (i.e., the set in which u is not approximately continuous), the X-jump
set of u and the X-differentiability set of u. Propositions 2.1.8 and 2.1.13 are devoted
to proving the well-posedness of these definition. Propositions 2.1.3, 2.1.11 and 2.1.15
deal with the Borel regularity of S,, 7, and D,. A fact widely used in this section
is the nilpotent approximation of an equiregular CC space introduced with Theorem
1.4.5.

Section 2.2 contains the main results of this chapter about properties of BV functions
in equiregular CC spaces. As customary in the literature, we will also assume that the
CC balls are bounded with respect to the Euclidean topology. The first technical but
very important result is Lemma 2.2.2 which deals with the embedding of BV ,.(€2)
into L} (Q) with 1* = % Although the proof might seem to follow a classical plot,
we point out that a compactness result for equi-bounded sequences of BVy; functions
for converging X7 is here needed. This is provided by Theorem 4.1.1 and more precisely
by Theorem 4.2.6.

Theorem 2.2.9 proves that BVx functions are approximately X-differentiable almost
everywhere and this follows by the inequality proved in Lemma 2.2.6 which is new also
in the framework of Carnot groups.

In the case in which the CC space satisfies property R (see Definition 2.2.12), then
all functions of bounded X-variation u satisfy some stronger properties. Theorem
2.2.14 states that 7, is X-rectifiable and it coincides J#%9~!-almost everywhere with

61
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Sy. Theorem 2.2.20 gives information on the “fine” structure of the decomposition
Dxu = D§u+ Dgfu + DS u where Dg(u and DS u denote respectively the X-jump part
and the Cantor part of the measure derivative Dxu (see Definition 2.2.8): in Theorem
2.2.20 results (a) and (b) hold without the assumption of the validity of property R.
Finally Propositions 2.1.5 and 2.2.17 then imply Theorem 2.2.18 which deals with the
convergence of the mean values of a BVy function to the so-called precise representa-
tive, which is s#9 '-a.e. well defined whenever the CC space satisfies property R.
Theorem 2.2.23 instead gives a precise structure of the X-jump part of the measure
derivative on a general X-rectifiable set in case the CC space satisfies both properties
R and D (see 2.2.21).

Section 2.2.1 is devoted to describing some classes of CC spaces satisfying property
R, LR (see Definition 2.2.13) and/or D. More specifically, a class of Carnot groups
satisfying property LR (studied in the upcoming paper [27]) is described.

2.1 Approximate notions of continuity, X-jumps and
X-differentiability

In this section we introduce the notions of approximate continuity, approximate X-

jumps and approximate X-differentiability. Given a Radon measure p, we use the

1
wdp = —/ud,u,
]{x 1(A) Ja

to denote the mean integral of a measurable function u on a p-measurable set A with

notation

p(A) > 0. Although we are going to work in equiregular CC spaces, Definition 2.1.1 and
Proposition 2.1.3 are valid in a wide class of metric measure spaces. For the reader’s
convenience, we are nonetheless going to show them in this higher general framework.
We say that a triple (M, d, 1) is a metric measure space if (M, d) is a complete metric
space and f is a positive Radon measure on (M, d). In case (M, d) is locally compact,
we also say that (M, d, u) is locally doubling if, for every compact set K C M, there
exist C' > 1 and R > 0 such that

u(B(p,2r)) < Cu(B(p,r)),

for every p € K and every r € (0, R). We then often refer to equiregular CC spaces
(R™, X) as metric measure spaces identified with the triple (R™, d, £"), where d is the
CC metric associated with the m-tuple of vector fields X and £ is the Lebesgue
measure. Recall that, by property (7ii) of Theorem 1.2.4, the measure £ is locally
doubling with respect to the metric d.

Definition 2.1.1 (Approximate Limit). Let (M, d, i) be a locally compact, separable

and locally doubling metric measure space. Assume 2 C M is an open set, u €
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LE (9, 11 R7), 2 € R* and p € . We say that z is the approzimate limit of u at p if
lim lu(y) — 2| du(y) = 0
r—0 B(p,’/‘)

We denote by u*(p) the approximate limit of u at p and by S, the set of points in

where u does not admit an approximate limit

If the approximate limit exists, it is also unique. We denote by S, the subset of (2
in which v does not admit an approximate limit. In the following, if u € L*(Q, u; R¥)
and p € Q\ S,, we denote by u*(p) the approximate limit of u at p.

We here state the Lebesgue’s differentiation Theorem, whose proof can be found for

instance in [48, Section 2.7].

Theorem 2.1.2 (Generalized Lebesgue Theorem). Let (M, d, i) be a separable, locally
compact and locally doubling metric measure space, let 2 C M be open and let u €

L} (Q, 1;R¥). Then for p-almost every p € Q, u admits an approzimate limit at p and
u(p) = u*(p).

The proof of Proposition 2.1.3 is an easy adaptation of the Euclidean one |5, Propo-
sition 3.64].

Proposition 2.1.3 (Properties of Approximate Limits). Let (M,d, u) be a separable,
locally compact and locally doubling metric measure space, let Q0 C M be open and let
u € L} (Q, 1;R¥). Suppose that u(0B(p,r)) =0 for every p € X and for every r > 0.
Then, the following facts hold.

i) S, is a Borel set with (S,) = 0 and v* : Q\ S, — R¥ is a Borel map.
(1)

(i) For every f € Lip(R¥; RY) we have Sy, € S, and for every p € Q\ S.,:
(fow)y(p) = f(u™(p));

Proof. (i). By the generalized Lebesgue Theorem 2.1.2 we already know that p(S,) = 0
and u(p) = u*(p) for u-almost every p € Q.

To prove that S, is a Borel set it is sufficient to prove that

Q\ S, = ﬂ U {f € Q : limsup ]{B(w)\u(y) —qldu(y) < %} : (2.1)

n=1 4€QF r—0
Indeed, if this were true, since the function
{— |u—q| dp
B(&r)

is continuous, the right-hand side of the equality (2.1) would be a Borel set.
The inclusion C in (2.1) is trivial for the density of Q in R. On the other hand, if p
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is a point in the right-hand side of (2.1), then, for every n € N, we can find ¢, € QF
1

such that lim sup ][ |u(y) — qn| du(y) < —. We prove that (g,) is a Cauchy sequence
B(p,r n

r—0
noticing that

|Qh _Qk|:

];p,r)(% ) du‘ = jiw)’u(y) —anl dp(y) + ][ [uly) — au| duly).

B(p,r)
Hence there exists z € R¥ such that li}rln qn = z and it is easy to see that z = u*(p) and
therefore p € Q\ S,.

(ii). Let f € Lip(R*;RY) and fix p € 2\ S,. Then we have

/B ) ~ 1 )] 427() < Lip() / uly) — ()] 27 (y):

B(p,r)
from which we deduce that Sy, € S, and

(fou)(p) = f(u"(p))-
This concludes the proof. O

Proposition 2.1.4. Let (M,d, p) be a separable, locally compact and locally doubling
metric measure space, let Q@ C M be open and let u € L} (Q,u;R*). Suppose that
w(0B(p,r)) = 0 for every p € M and for every r > 0. If p € Q\ S,, then, for any
g >0, the set
Ee = {q € Q:ulg) —u(p)|> e}
has density 0 at p. Conversely, if u € L2.(Q, u; R*) and z € R* are such that, for any
g >0, the set
E.={q€Q:|ulq) —z|> ¢}
has density 0 at p, then p € Q\ S, and z = u*(p).
In particular, if p € Q\ S, and t # u*(p), then p ¢ 0" {u > t}.

Proof. Suppose p € 2\ S,. By Chebychev inequality we have

p1(E: N B(p, 7)) o
WBor) S ];p,ﬂ'“ Bl dp

which goes to 0 as r — 0.

Conversely, suppose u € L (€, i; R¥) and let 2 be as in the statement. Then, for

loc

any r € (0,1), we have

wBlp,r)NE))  w(Bpr)\ Ee))
u(B(p,r)) u(B(p,r))

Finally, take p € Q\ S, and let ¢ # u*(p). We already know that both {u > u*(p) + &}

and {u < u*(p) — €} have density 0 at p, for every € > 0. If t > u*(p), then choosing
e =t —u*(p) we have that {u > t} has density 0 at p. If £ < u*(p), choose n > 0 such

][ u — 2 L™ < (ull ooy s +2D)
B(p,r)

that ¢ = u*(p) —t—n > 0 to infer that {u < t+n} has density 0 at p, and consequently
{u >t + n} has density 1 at p. This implies that also {u > ¢t} has density 1 at p. O
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We now introduce the notion of jump points in the setting of equiregular CC spaces
(R™, X). This requires a certain amount of work, one of the reasons being that there
is no canonical way of separating a CC ball B(p,r) into complementary “half-balls”
Bf(p,r), B, (p,r). We will use as separating sets an arbitrary hypersurface S of class
C% such that vg(p) = v, and one of the issues (Remark 2.1.9 below) is proving well-
posedness of our definition independently of the choice of S. For any fixed p € R”,
v € S™ ! and r > 0, we introduce the notation B (p,7) and B, (p,r) as follows.
Consider R > 0 and f € Cy(B(p,r)) such that f(p) = 0 and X f(p)/|Xf(p)|= v *;
then, for any r € (0, R), we set

B (p,r) = B(p,r)n{f >0}
B, (p,r) == B(p,r)n{f < 0}.

These objects are well-defined only if 7 is small enough. Moreover, there is a clear

abuse of notation, since BZ(p,r) depend on the choice of f. However, this will not
effect the validity of our results.

Before introducing the notion of approximate X-jumps we state some properties of
the “half-balls” BX(p,r). Proposition 2.1.5 is used in the proof of Theorem 2.2.18.

Proposition 2.1.5. Let (R™, X) be an equireqular CC space and let Q@ C R™ be an
open set. Then, for any p € Q and v € S™1,

LB 2B ) 1
r=0 L (B(p,r)) =0 L (B(p,r)) 2

Proof. Let U be a neighborhood of p and let f € C%(U) be such that f(p) = 0 and
X f(p) =v. Fix e € (0,1). By Proposition 1.5.3 and Theorem 1.4.9 we can suppose

without loss of generality that, for every small enough r > 0, one has F,(B(0,r)) =
B(p,r) and

B(0.r) N {€ € B" - J(Fy()) > 0)
C B(0,(1+¢&)r)N {§ eER™: L,(£) > —87’} :

F, N (B (p,7))

P 14

(2.2)

Analogously

~

B(0,(1—&)r) N {5 R : L, () > 67”} C B(0,7) N {€ e R : f(E,(€)) > 0} 2
-1 ’
= F, (B)(p.7))-
Applying 6,/ to both sides of (2.2) and evaluating the Lebesgue measure we get

L (F-Y(BY(p.r
BB g (555 0r1)

< gn (E(o, 1+e)n {g ER™: L,(€) > —g}> .

1One can consider for instance f = L, o F},.
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Taking the limsup as » — 0 and letting ¢ — 0 we infer

g (Fplﬁfj(p, r)) < gn <§(0, )N {5 eR": L,(€) > O})

lim sup
r—0

~

= %zn (B(0.1).

where the last equality follows from Corollary 1.4.8. With the same argument, from
(2.3) we get

L (MBI ) 1 (5
llgorlf e > §$ (B(O, 1)) ,
hence ( )
2" (F, (B (p,r)) 1 ~
: p v _ mn
lim s =% (B(O,l)). (2.4)
By Corollary 1.4.10
tim 00D iy 5, (B0.1) = 27 (B0, ). (25)

and combining (2.4) and (2.5) we get

2" (B (BE ) 1

1m = .
r—0 Zn(B(()?r)) 2

If ¢ .= |det VF(0)|> 0, using (1.17) we notice that, for every 0 < ¢ < ¢ and every
sufficiently small » > 0, one has

(c—e) " (E, N (B} (p,7))) LM (Bfpr) _ (cte)Z" (F, " (Bf(p, 7))
(c+e)2™(B(0,r)) ~ Z"Br) ~—  (c—e)Z™B(0,r)

The result follows by passing to the limit as » — 0, letting ¢ — 0 and by using a similar

argument for B . ]

Definition 2.1.6 (Approximate X-jumps). Let (R™, X) be an equiregular C'C' space,
let u € L} (Q;R¥) and p € . We say that u has an approzimate X -jump at p if there

loc

exist a,b € R* with a # b and v € S™ ! such that

lim lu — aldL™ = lim lu —bldL™ = 0. (2.6)
"0 B (o) "0 By (pr)
In this case we say that (a,b,v) is an approximate X -jump triple of u at p. We denote
by J. the set of approximate X-jump points of u and by (ut(p),u™(p),v.(p)) the
(unique up to equivalence, see Proposition 2.1.9 below) approximate X-jump triple for
uwatpeJ,.

Remark 2.1.7. Using e.g. Proposition 2.1.5 one easily proves that 7, C S,,.
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Notice that, if v has an approximate jump at p associated with (a,b,v), then it
is also associated with the triple (b,a,—v). For this reason, it will be sometimes
convenient to consider the space of approximate X-jump triples endowed with the
equivalence relation (a,b,v) = (a’,b',v') if and only if (a,b,v) = (a’,',V') or (a,b,v) =
(', d',—1").

The following Proposition 2.1.8 shows that the X-jump triple (u™(p), u™ (p), vu(p)) is
unique up to equivalence, for the map R¥ xR xS™~! 5 (a,b,v) — wap, € Li (R™;R¥)
defined by (2.7) below satisfies

Wa,by = Wa! b v <~ (CL, b, V) = (Cl/, b/, V/).

In the theory of classical BV functions a jump point can be detected, via a blow-up

1

le-convergence to a function taking two different values on

procedure, in terms of L
complementary half-spaces; this is the content of the next statement, which also gives

an equivalent definition of approximate X-jump points.

Proposition 2.1.8. Let (R", X) be an equireqular CC space, Q0 an open set, u €
L (R, p € Q and let a,b € R with a # b and v € S™ ! be fived. Then the

loc
following statements are equivalent:
(1) p € Ju and (u™(p),u”(p),vu(p)) = (a,b,v);

(i1) if F, denotes the map of adapted exponential coordinates around p, asr — 0, the

functions u, = wuo F, o4, converge in Li, (R";R¥) to

>0
wa,b,u(y) = o~ (27)
< 0.

Proof. We can assume without loss of generality that £ = 1.
We prove the implication (i)=-(ii); we can assume that (u"(p),u™(p),vu(p)) =
(a,b,v) and, writing w = wgy,, we prove that for any fixed R > 0 one has

lim luo F,o0d, —w|dZL" =0.

r—0 E(O,R)

By a change of variables, this is equivalent to proving that

.1 0
}I—I%T_Q/A luo F, —w|dZL" = 0. (2.8)

B(0,r)

Let f be the real function of class C% defined on a neighborhood of p used to define,
as in (2.1), the half-balls BZ(p, r) appearing in (2.6); we set for brevity

~

BF(0,r) = B(0,7) N {L, > 0}, B;(0,7) = B(0,r) N {L, < 0}

v

B (0,7) = B(0,r)N{f o FE, >0}, B, (0,7) = B(0,r)N{foFE, <0}.

14
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By Theorem 1.4.9 there exists an increasing function w : (0, +00) — (0, 4+00) such that

lim w(r) =0 and E(O,T) C E(O,T +w(r))

r—0t T

for any sufficiently small r. Therefore

1
_Q "LL o Fp — 'lU‘ dgn
= JB(or)
1
:—(/ |qup—a|d.Z”+/ yqup_b|dgn)
rQ B+ B,
B (0,r) B, (0,r)
1
S—(/ |qup—a|d$"+/ (luo F, —bl+|a —b]) dZ"
r B (0,r+w(r)) B (0,m\B} (0,r+w(r))

—|—/~ luo F, —bldZL" + (|u0Fp—a|—|—|a—b|)d.Z”>
B, (0,r4w(r))

/EV (0, \B; (0,r+w(r))

and using B(0,7)\ BX(0,r+w(r)) € B(0,r+w(r))\BX(0, r4+w(r)) € BF(0,r + w(r))

1
S—Q(Q/ ]qup—a|d.§,”"+2/ |uo F, —bldZL"
r B (0,r+w(r)) By (0,r+w(r))

Fla— W2 BO.r +w(r) N {(fo BT, < 0}>)

and (2.8) follows from (2.6) and Corollary 1.5.4 taking also Theorem 1.2.4 into account.

For the converse implication one has to prove that, if (ii) holds and f is a C'% real
function on a neighborhood of p such that f(p) =0 and X f(p)/|X f(p)|= v, then (2.6)
holds with BX(p,r) defined (see (2.1)) in terms of f. By Theorem 1.2.4 and a change
of variables, proving (2.6) amounts to proving that

1
lim—/ ]qup—a|d.§f":lim—/ luo F, —bldZ" =0
B} (0,r) By (0,r)

r—0 r@

and this can be done by a boring adaptation, that we omit, of the previous argument.
m

Remark 2.1.9. The proof of Proposition 2.1.8 implicitly shows that the validity of
(2.6) does not depend on the choice of the function f used in (2.1) to define BX(p,r).

Remark 2.1.10. Let Q, u, z and p be as in Definition 2.1.1. Then u has approximate
limit 2 at p if and only if, as 7 — 0, the functions u o F, o §, converge in L .(R";R¥)

to the constant function z. This is just an easy adaptation of the proof of Proposition
2.1.8 with a =0 = 2.

The proof of Proposition 2.1.11 below is standard and it is an easy adaptation of
[5, Proposition 3.69].

Proposition 2.1.11. Let (R", X) be an equireqular CC space, Q be an open set and
let u e L},.(Q). Then the following facts hold:
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(i) T is a Borel set and, up to a choice of a representative for jump triples, the

function

J. = R xR xS™!
p (uh(p),u™(p), vu(p))

18 Borel;
(i1) for every f € Lip(R), and p € J,, we have
P € Ty = f(u”(p) # fu” ()

and in this case ((fou)™(p), (f ow)™(p), viou(p)) = (f(u™(p)), f(u”(p)), vu(p)).
Otherwise p ¢ S(fou) and (f ou)*(p) = f(u™(p)) = f(u"(p)).

Proof. (i) Let {(an,bn,vs) : h € N} be a countable dense subset of R x R x S™~!. For
every h € N, define the function wy, : R” — R setting

( ) ap, lf Ll/h (y) 2 07
Wp\Y) = ~
by, if Lyh (y) < 0.

Recalling notation (1.19), we first prove that

(Q\S)U T, = ﬂU{ EQ:limsup][ |qup—wh|dZ"<%}. (2.9)
A(r)

(=1 h=0 r—=0

Thanks to Proposition 2.1.8 and since that the sets A(r) are equivalent, for small radii,
to the balls B(0, ), the inclusion C is straightforward.

To prove D, take p € €2 such that for every £ € N\ {0} there exists wy, such that

. 1
hrnsup][ luo F, —wp,|dL" < .
A(r)

r—0 E

We prove that there exist a,b and v such that (wp,) is convergent in L'(A(1)) to

Possibly passing to a subsequence, we can suppose that the sequence (14,) converges
to some v. Define C' := #" (A(1)) and let k& € N be such that for every h,k > k the

set

AH(1) = {y € A(1): Ly, (y) > 0 and L, (y) < o}
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is such that £"(A™(1)) > 1C. Then for such h and k, using a change of variable

formula, we have

4
\ah—ak|:][ |ah—ak]d$”§5/ \wh—wk|d.$”
A+(1) A+ (1)

4 4
< = |wh—wk|d$”:

< e P
C Jaw Cre Jaw

§4][ |qup—wh|d$”+4][ luo F, —wy| dZL".
A(r) A(r)

Passing to the limsup as » — 0 we get that (ay,) is Cauchy and therefore convergent
to some a € R. Using the same technique we also get that (b,,) is convergent to some
b € R. Tt is then easy to prove that wy, converges in L'(A(1)) to w. Now, for sufficiently
large h € N and for sufficiently small » > 0, from

/ |qupo§T—w|d.§,”"§/ |qup05r—wh|de”+/ lwp, — w| dL",
A(r) A(r) A1)

we get the remaining inclusion D in (2.9). Notice that the right-hand side of (2.9) is a

Borel set if, for any A € N, and any small enough r, the function
p— luwo F, —wy| dL"
A(r)

is continuous. This is clearly true if u is of class C*°. In the general case fix p € (),
r > 0 and take € > 0 and v € C*°(2) such that

lu = vl L1BE.cim < &

where C} > 0 is such that F,(A(r)) € B(p, Cyr). By triangular inequality, we find
][ lwo F, —uo F,|dZL" §][ lwo F, —voF,|dZL"
A(r) A(r)
—|—][ lvo F, —voF,|dZL"
A(r)
+][ lvo Fy —uo Fy| d¥" < Ce,
A(r)

for some C > 0, for every sufficiently small » and for every ¢ sufficiently close to p; in
particular, 7, is a Borel set.

According to Definition 2.1.6, for any p € J,, we can find an X-jump triple
(ut(p),u”(p),v(p)), and we can define the function ¢ : J, — R™ letting ¢(p) =
(ut(p) — u=(p))v(p). Since ¢(p) # 0, up to a change of sign, we can assume that
v(p) = ¢(p)/|o(p)|. If we prove that ¢ is Borel, then also v would be Borel. Set

() = ut(p) if Lyg)(y) > 0;
? u - (p) if fl,(p) (y) < 0,
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and

u 1
Ar) = {y ER" (Y1 ym)l+ Yyl < r} .
j=m+1
Notice that the sets A(r) are equivalent to A(r) and that A(r) are rotationally invariant

in the first m coordinates. By Proposition 2.1.8, we have that

/ w,dib dL" =1lim | (uo F,o08.)0 dL"
AQ1) =0 J4x)
1 .
~ lim = / B0 ) 427)
Ale

e—0 gQ

for every ¢ € C*(A(1)) and for every ¢ = 1,...,n. Hence, we get that, for every

€ C*(A(1)) and for every i = 1,...,n, the function

D / w0 dL"
A(1)
is Borel. Fix p € J, and take a sequence (¢,) in C’é’o(g(l)) converging to X j;)-

Computing the (Euclidean) measure derivative of w,, we easily get

¢'(p) (A1) N {y €R™: Ly (y) = 0})

= D'w,(A(1)) = lim/ Yy, dD'w, = — lim w0y, AL,
h JA@) h JAq)

for every i = 1,...,n. Since the quantity 2" '(A(1)N{y € R" : Zy(p)(y) = 0})
does not depend on p, we deduce by the previous step that ¢ is a Borel function and
therefore v is Borel.

Eventually, since by Proposition 2.1.8 we have

1
+ — i — - n
wilp) = lim g /A<a) X(Ly>ott © Fp 427,
we complete the proof.
The proof of (ii) is completely analogous to the euclidean one. O

We are now ready to introduce the notion of approximate X-differentiability.

Definition 2.1.12 (Approximate X-differentiability). Let (R™, X) be an equiregular
CC space, u € L} (Q;R¥) and p € Q\ S,. We say that u is approzimately X -

loc

differentiable at p if there exist a neighborhood U of p and f € C%(U;R¥) such that

f(p) =0 and
lim lu —u*(p) — f|
r—0 B(p,r) r

4L = 0. (2.10)

The subset of points of €2 in which u is approximately X-differentiable will be denoted
by D,.
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If f is as in Definition 2.1.12, we call X f(p) the approzimate X-gradient of u at
p. By the following Proposition approximate X-gradients are uniquely determined and

therefore we denote by D u(p) the approximate X-gradient of u at p.

Proposition 2.1.13 (Uniqueness of approximate X-differential). Let (R", X) be an
equireqular CC space, uw € L} (Q;R*) and p € Q. Let R > 0 and let fi,f; €
C%(B(p, R);R*). Suppose formula (2.10) holds for both f = f; and for f = fo. Then
p € Dy, f1(p) = fo(p) = 0 and X f1(p) = X fo(p). Conversely, if fi(p) = fa(p) =0
and X f1(p) = X fa(p), then formula (2.10) holds for f = fi if and only if it holds for
f=ra
Proof. 1t is not restrictive to assume & = 1. Define for ¢ = 1,2 the functions L; :=
foi(p). Suppose first that both fi, fo satisfy (2.10). Fix ¢ > 0 and, by Proposition
1.5.3, choose r > 0 such that

(F () = Lio)]

0

<

)

YRS

for every p € (0,r) and x € E(O, 0). Then, for such values of g, we have

][ |L1_L2|d$n§][ |f10Fp_f20Fp|d$n+€
B(0,0) 0 B 0

(0,0)
SC’][ —|f1_f2|d$"—|—€
B(p,0) 0

B(p,o0)

0
It follows that

Ly — L
lim = Lol g (2.11)
270 JB(0,0) e
If X f1(p) # X f2(p), by Theorem 1.4.4 one would get, for some C,C; > 0
1
B(0,0) ZM(B(0, ) /B0
@,
> - Ly — Lo| d&"
Z7AC) Jae)
QQ+1
=C e = Co,

that contradicts (2.11). This proves the first part of the statement
Suppose now that X fi(p) = X fo(p) and that f; satisfies (2.10). Then we have
L1 = L2 and

foo Ol
B(p,0)

0
f ’fl_Llon_1’+|u<y)_u*<p)_f1|+’f2_L20Fp_1’
B(p,0) 0
By Proposition 1.5.3, this completes the proof. O

<

az".
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As for approximate X-jump points and approximate continuity points, also approx-

imate X-differentiability points can be detected by a blow-up procedure.

Proposition 2.1.14. Let (R", X) be an equireqular CC space, Q) be an open subset of
R", w € L (4 R*) and let p € Q\ Su. Then u is approzimate X -differentiable at p if

loc

and only if there exists z = (21, ..., 2;) € R¥™ such that, as r — 0, the functions
uo F,od, —u*(p)
r

converge in L1 (R™;R¥) to (L.,, ..., sz) In this case we have Dfu(p) = z.

loc

Proof. Assume first that p € D, and let z := DYu(p). Given R > 0, by Corollary
1.4.10 one has

/ qupoéé-?_u*(p)_Z dgn:i/ qup_u*(p)_zz d.L"
B(0,R) € ’ e@ B(0,eR) €
wo I, —u*(p) — L, e

< O][
B(0,2¢R)

which proves the first implication =. Conversely, for any R > 0 and any small enough

2¢R

€ > 0, we have

i@ uokp-wip) = L. d.znéi@/ woly Zwp) = Ll gpm
€% JB(0,eR) € €% JB(2¢R) €
F,00. —u* ~
_ / uo F,o u(p)_LZ 92 (y),
B(0,2R) €
which concludes the proof. m

The proofs of the following two Propositions are standard and follows closely |5,

Proposition 3.71] and [5, Proposition 3.73], respectively.

Proposition 2.1.15 (Properties of approximate differentiability points). Let (R", X)
be an equiregular CC space, Q be an open set in R™ and let u € L} (Q;R¥). Then D,

loc

is a Borel set and the map DY¥u : D, — R™* is a Borel map.

Proof. Consider a dense subset {z; : i € N} of R™* Reasoning as in Proposition

2.1.11 one can prove that

oo o0 . 1
D, = ﬂU{pEQ\Su:hn;supW/A(g)

h=1i=0 —0

uo F, —u*(p) — Zzi

1
dL" < —
<ib

which implies that D, is a Borel set.
We now prove that Du is Borel. Using Theorem 1.4.4, for any p € D,, one has

4L =0,

.1 R ~
ILHQ—/\F— () = Loguw
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where for every n-tuple of positive real numbers (¢4,...,¢,)
P=Ply,....0,) ={£€R":¥j=1,...,n 0< &/ <4}

is the anisotropic box with axis that are parallel to the coordinate ones (ey,...,e,).

By a change of variable formula we get

1 ~ 1 1
———— | Lpar,,y dL" = li F, —u” az".
Zo) oo " = g Wy [, (00 By = w0

From this we deduce that, for any n-tuple (¢1,...,¢,) the function

1 -
——— | Lpor dL" 2.12
P DS,””(P)/p D% u(p) (2.12)
is Borel. Now, for every i = 1,...,m and for every h € N\ {0}, define the rectangles
Pi:=P(1/h,...,1/h,1,1/h,...,1/h). A simple computation shows that

1

lim——— | Lpw, . d&™" =1(D? .
I}ILngn(pﬁ) /P;; D3P u(p) 3 (DY'u(p));

This completes the proof. O

Proposition 2.1.16 (Locality). Let (R", X) be an equireqular CC space, Q) an open
set in R™ and u,v € LL_.(Q;RF). Suppose p € Q is of density one for the set

loc

{q € Q:u(q) = v(q)}. Then the following facts hold.
(a) If p € Q\ (S, US,), then u*(p) = v*(p).
(b) If p € Ju 0 Jo, then (u¥(p),u™(p), vu(p)) = (v (p), v (p), vu(p)).
(c) If p € D, ND, then DFu(p) = DFv(p).

Proof. To prove (a), let p € Q\(S,US,). By Remark 2.1.10, the functions u. = uoF},0d,
(R™; R*¥), as € — 0.

In particular, as e — 0, the families (%) and (3.) converge in measure in B(0, R) to

and v, == u o F}, 0 d. converge respectively to u*(p) and v*(p) in Lj,,

u*(p) and v*(p), respectively. By a change of variable formula we have

lim 2" ({¢ € BO, R) : 5.(¢) # 0(9)} )
—tim 52" ({& € BO.2R) : u(F(©) # v(F(©)}) = 0.

e—0 €Q

which tells us that (u.) and (v.) must have the same measure limit and so u*(p) = v*(p).
To prove (b), let p € J, N J,. By using Proposition 2.1.8 and the same argument used

in (a) we easily get that the functions
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and

vt(p) if L,p)(y) > 0;
Vi =y o
v (p) if Ly, (y) <0,

coincide for £"-almost every y € B (0, R). Therefore one has

(

(u™(p),u™(p), vu(p)) = (v*(p), v~ (p), vu(p)).

To prove (¢), let p € D, N D,. By (a) we already know that u*(p) = v*(p). It is also

clear that . .
u(F,(0:(y))) — u*(p) y v(Fp(9:(y))) — v*(p)
€ €
if and only if u(F,(0-(y))) # v(F,(:(y))). The thesis follows by Proposition 2.1.14 and
by an argument that is similar to part (a) of the proof. O

2.2 Fine properties of BV functions in CC spaces

Recall Definition 1.1.16 for the notion of Hausdorff measure. We denote by #* the
k-dimensional Hausdorff measure built with respect to the CC metric. We denote by

JF the k-dimensional Hausdorff measure built with respect to the Euclidean metric.

Lemma 2.2.1. Let (R", X) be an equiregular CC space, let @ C R™ be an open set and

let (E}) be a sequence of measurable sets in S such that
li]{n.,?”(Eh) =0 and lilgnPX(Eh;Q) = 0.

Then, for every a € (0,1), we have

o [~ i LM ENB.) )
7 (,ﬂ{peg'lr%p 2Bl - }> "

Proof. Denote by E}* the set

. LM (EpN B(g,r)) }
€ ) :limsu >ap,
{q ot ZBar)

and suppose without loss of generality that Z"(Ej,) > 0 for every h € N.
Let K € Q. By Theorem 1.2.4 there exist C' > 1 and R > 0 such that, for every ¢ € K
and every 0 < r < 2R, we have

érQ < Z"(B(q,r)) < Cr@. (2.13)

On the other hand, for any sufficiently large h € N, we have

(20371(@)) R

«
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«

Fix now p € E;f N K and define 6, := (%) . Then we have

L0 Bp,6) _ CLY(E) _ o

2 Bpo)) © o8 4

On the other hand, by definition of E}' we can find arbitrarily small radii » > 0 such

that
LM (EnN B(p,1)) @
2B 2

Taking into account Proposition 1.2.5, a continuity argument allows us to find 0 < o <
05, such that

L(EpN B(z,0) = %g"(B(x, 0)). (2.14)

By the 5r-covering Lemma 1.1.10, we can find a family {B(p;, 0;) : 7 € N} of pairwise
disjoint balls in €2 such that, for every j € N,

p; € Eﬁé NK,
n Q n
< (EhmB(p],Q])) = 53 (B(pj>gj))7
EpnK C|JB(p),50). (2.15)
=0

Since .£"(E}) is finite, by Theorem 1.6.8 we get M > 0 such that
Q
o oO-=1
209? < 23”(B<pj, 0))) = L"(EyN B(p;, 0j)) < <M Px(En; B(p;, Qj))) °
Therefore we have that
20\ @
Q
Q] <M ( > > Px(En; B(pj, 05)),
for every j € N. Finally
Q-1 ~ Q-1 (2.15) 1
A, | KN(EF | < A5 KNEY) < woab? ZQ

i=0 §=0

Q-1 o
2C ‘T
<WQ 15Q lM( ) ZPX(Eh7B(pJ79]))

« oy
20\ @

<wg 159 M (-) Px(Ey; Q)
(0%

Taking the limit for h — oo we get
Y <K ) E{") =0,
i=0

which, by the arbitrariness of K, completes the proof. n
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Before passing to the next result, we introduce some notation that we are going
to use frequently in what follows. Let p € R"™ be fixed and let F}, denote exponential
coordinates as in (1.16), for a fixed choice of a basis Y1,...,Y, as in (1.16). Given
r>0and € {l,...,m}, define

X7 = r(dé,—1)[X; 0 4,]. (2.16)

By Theorem 1.4.5, we know that )Aff converges to )A(Z in Cp%, for every ¢ = 1,...,m.
Moreover, if c,i:«, Er(f, 0) denote, respectively, distance and balls with respect to the
metric induced by the vector fields ()A(;{' b ,X;), it is easy to see that the function
5, : (R", X") — (R, X) satisfies

d. (&) = %i&&&n)-

By Theorem 1.4.9, the convergence
lim B,(0, o) = B(0, o) (2.17)
r—0

holds in the Gromov-Hausdorff sense, B (0, 0) denoting a ball in the tangent Carnot
group at p (recall Theorem 1.4.5). Moreover, given u € BV j,.(R™) we set

u:=uokF, and U, == U0 6, (2.18)

notice that
|Dg. 1, (B, (0, 0)) = r'~?|Dgu|(B(0,70)).

We implicitly assume from now on in this chapter that the CC balls are bounded
with respect to the Euclidean metric. This natural hypothesis will guarantee the use
of Theorem 4.2.6.

Lemma 2.2.2. Let u € BVx(Q2). Then

Q.
¥ e <{p€§2:limsup][ |u| @1 df"——l—oo}) = 0.
r—0 B(p,r)

Proof. Possibly taking |u| instead of u, we can suppose that u > 0; we also assume
without loss of generality that 2 is bounded in R™. Define the set

D B
D:{pEQ:hmsup| xul( <p’r>>:+oo}.

r—0 TQil

By Proposition 1.1.18 we have that s#“"'(D) = 0. For every h € N we can find
tn € (h,h+ 1) such that

Pe(fu >t} Q) < /h+1 Py({u > t},0) dt.
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Define Ej, = {u > t;}. Since u € L'(Q) we have that lim;, £"(E},) = 0 and applying

the Coarea Formula of Theorem 1.6.6 we get
9] +o0
S Pe(BL9) < / Pe({u> t},9) dt = | Dxu|(Q) < +o0,
h=0 0

and therefore limy, Px(Ej,2) = 0. We are in a position to apply Lemma 2.2.1. Defining
for every h € N

F, = c:1 > ,
" {p T 2B,y

where a > 0 will be chosen later depending on 2 only, we have that 779~ (N, , Fi,) =

0. It is then sufficient to prove the inclusion

r—0

Q Py
L= {pGQ:limsup][ |u|Q—1d$”:+oo} CcDhu ﬂFh. (2.19)
B(p,r) h=0

To this aim, we fix p ¢ D U ([, F and we prove that p ¢ L. Define u,, =
fB(p " udZ". Applying Theorem 1.6.7, we get C' > 0 and R > 0 such that

Dycul (B( >>)Qi
XU q,T -1

_Q_
) = wa @z < o (P (220)
B(g,r) r

for every ¢ € €2 and all 0 < r < R. It is then enough to prove that limsup,_,u,, <
+o00: in this case, in fact, the previous inequality and the definition of D would imply
that p ¢ L.

Suppose by contradiction that there exists a sequence (r;) such that lim;r; = 0
and lim; u,,, = +oo. Define u,u,, as in (2.18) (with r = r;) and v; = U, — u,,,; set
also

)A(:j = Xr] and )A(:J = (5\(:{77)?.7]71)

(2 3

Since p ¢ D, for any ¢ > 0 the sequence rjl-fQ|DXu\(B(p, or;)) is uniformly bounded

with respect to j € N; by Proposition 1.6.4, the same is true for the sequence
|D3;051(B;(0, 0)) = r; | Dl (B(0, ory)),

where Ej(O, 0) = Erj (0, 0), according to the notation introduced before (2.18). Taking
also (2.17) into account, this proves that, for any compact set K C R", the sequence
|D,0;|(K) is bounded; by (2.20), also ||| 11 (k) is bounded.

Taking Theorem 1.4.5 into account, by Theorem 4.2.6, we can find w € L'(B(0,1))

such that (possibly extracting a subsequence)

li;fﬂH'ﬁj — w1 B~ 0
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Consequently, for almost every ¢ € B (0,1), we have
lijm u(Fy(0,,q)) = +o0,
and then, for every h € N,
Z"(B(0,1)) =lim 2" ({g € B;(0,1) : u(F(6:,0)) > ta})

A UAS B(0, ) : u(Fy(a)) > th})

=1l

j r?
1
J Tj B(p,T’j)ﬂEh
B ) ZL"(E,N B(p,r)) Z"(B(p,r))
< |det VE L(p)|l ’ :
= eV IR = B
C L (Ey N B(p, 7))

lim sup

=S [ VE Q)] 2% T 2 (Bpr)

where C' > 0 is given by Theorem 1.2.4 with K = . Notice that £"(B(0,1)) depends
on p. Using (2.17) we obtain

ZL"(E, N B(p,r)) S |det VF,(0)]

TGy - ¢ 200D
_ ’depr(O” lim 2" (B,(0,1))

et VEO) 1, =
= S i o 2 (B(0, 1)

det VF, 1
— Mlim— / [det VE, | d.2"
B(p,r)

C r—0 ’]“Q
L (B(p, 1)) 1
> = = W) s
> hrrn_}glf 0 > 2
This proves that p € (-, £} for a := 1/C?, a contradiction. ]

The following result is proved in [3| and it will be of capital importance throughout
this Chapter. Recall Definition 1.1.21 for the notion of essential boundary 0*FE of
a measurable set F. Observe also that, in the context of CC spaces, the reference
measure is . Z" and 0*F is equivalently defined as the set of points p € R" such that

. LENB(p,r . Z"(ENBp,7))

gt S By <Lt e <
Theorem 2.2.3. Let (R", X)) be an equireqular CC space of homogeneous dimension
Q; let E CR"™ be a set with finite X -perimeter in an open set € C R™. Then

> 0.

PELQ =0 (QNO'E) (2.21)
for a suitable positive function n that is locally bounded away from zero. Moreover

PE(B(p,2
s PEB:20)

for PE-a.e. pe QN O*E.
r—0 P)?(B(pa ’l“)) x
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Theorem 2.2.4. Let (R", X)) be an equireqular CC' space of homogeneous dimension
Q. Then there exists A : R" — (0,4+00) locally bounded away from 0 such that, for
every open set 0 C R"™ and any u € BVx(Q;R¥) one has

|Dxu|> Mut — v [L9 T,
Moreover, for any Borel set B C Q) the following implications hold:
AN (B)=0 = |Dxul|(B)=0; (2.22)
AN B) <400 and BNS,=0 = |Dxul(B)=0. (2.23)

Proof. Take p € J,. By Proposition 2.1.8 the sequence u, := u o F), o §, converges in
L*(B(0,1)) as r — 0 to the function

_Jutp) it {w(p),y) 20
wy(y) = 3 o
u=(p) if (Z(p),y) <O.

Defining X7 as in (2.16) and using Propositions 4.2.7 and 1.6.4 we obtain for any
positive € that

.o [ Dxul(B(p, 7)) L s
lllgilglf o= >|det VF,(0)| llrgglf|Dgrur|(Br(O, 1))

>|det VE,(0)| lim iglfmgra,nué(o, 1—¢))
r—

>|det VE,(0)| [Dgwp|(B(0,1 = ¢)),

whence
. . ’DXUKBQ?)T)) R
h{?g%lf o1 >|det VE,(0)| [Dgw,|(B(0,1)) (2.24)

>|det VE,(0)| [u*(p) — u™(p)|2£" (7" N B(0,1))

Using the Ball-Box Theorem (see, for instance, the version given in |72, equation (1.1)])
one can easily see that, for any p € R", there exist ¢ > 0 and a neighborhood U of p
such that the function A\(q) = |det VF,(0)|22"~ (v+ N EQ(O, 1)) is such that A > ¢ on
U. By Corollary 1.1.19, this proves the first part of the statement.

By Theorem 2.2.3, the implication (2.22) is trivially true in case k = 1 and u = xg
for some £ C R"™ with finite X-perimeter. If £ = 1 and u € BVx(Q2), we define
Es = {u > s} and we apply Theorem 1.6.6 (and, again, Theorem 2.2.3) to get

+oo +oo
e = [ exEimas= [T ([ waret)a
% —o0 BNO*E,

for suitable positive functions 7. This allows to infer (2.22). In the general case k > 1,

it is sufficient to recall inequality (1.28).
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In order to prove (2.23) we take a Borel subset B of 2 and u € BVx(£2) such that
BNS,=0. If k=1, by Theorem 1.6.6 we obtain again

+o0o
|Dxu|(B) = / (/ Ns djf@_1> ds
—o0 BNo*Es

—/B/Rns<p)X8*Es<p) ds d#"%~ (p) =0,

the last equality following from Proposition 2.1.4. In the case u € BVx(Q;R¥), k > 2,
it is sufficient to notice that BN'S, = @) implies BN S,; = 0 for every j = 1,...,k.
Using inequality (1.28) we can complete the proof. ]

uwdLm.

Let us recall once more the notation u,, = fB (o)

Lemma 2.2.5. Let (R", X) be an equireqular CC' space of homogeneous dimension
Q and let Q C R"™ be an open bounded set. Then there exist C = C(Q) > 0 and
R = R(Q) > 0 such that, for every p € Q, every u € BVx () and every 0 < r <
min{ R, 2d(p, 0Q)}, one has

[tpor — Upr| < Cr1*Q|DXu|(B(p, 2r)).

|up72r - up,r| =

Proof. We use Theorems 1.2.4 and 1.6.7 to estimate
< C][ |U—Up’27«|d$n
B(p,2r)
Q-1

][ (U — upoy) dL"
B(p,r)

Q Q
<C (7[ U — upor| 2T d.ﬁf") < Crl_Q|DXu](B(p, 2r)).
B(p,2r)
O

Lemma 2.2.6. Let (R", X) be an equiregular CC' space of homogeneous dimension
Q and let Q@ C R™ be an open bounded set. Then there exist C = C(2) > 0 and
R = R(Q) > 0 such that the following holds: for every p € Q, u € BVx(QQ) and
0 <7 < min{R, 3d(p,0Q)} with p ¢ S,, one has

ul)) =) m [ IDxul(Bp.n)
/ R <q>sc(rDX B+ [ dt).

d(p,q) tQ

In particular we have also

lu(q) = v ), n ? |Dxul|(B(p, tr))
/B(P,T) d(p,q) 4-2"q) < C/o tQ .
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Proof. Let u,p,r be as in the statement; denote for shortness w; :== u, 9-i,, © € N. Since

u; — u*(p) as i — oo we estimate

u(g) —w*(D)] ; om
\/B(p,r) d(p7 Q) i (q>

o0

u(q) — u*(p .
/ | )= 0y
B(p,2= 1)\ B(p,27ir) r

<22’ Lo (0=t s usal) 2270

j=i—1
and use Lemma 2.2.5 and Theorem 1.6.7 to get

<

(p,27r)

0 21 ) o .
SCZ;(M!DXul( (.27 )+ Y (279 (270 0r) T Dy (B (p,wr)))
=1 j=i—1

SCZ (|Dxu|(B(p, 217r)) + Z 2U=HD@Q=D D yu|(B(p, Q_jr))>
i=1

j=i—1
=C Z (1 F1H297 (2972 4 (2Q*1)k> | Dxul(B(p,27"r))
o(k+1)(Q-1) _

<oy 2 (8.2 ).
k=0

Since @ > 2 we have 2971 —1 > QQ% and hence

[ulg) =w @)l  on K@= b
/B(pr) d(p, q) 42" <C;;2 | Dxul(B(p,27"r))

= C [ [Dxul(B(p, 7)) + > 2X@ V| Dxul|(B(p, 2’“r>)>

k=1

= C | IDxul(B.r) + 3 / | 2UDxul(B(p2 ) dt)
< C | |Dxul(B(p,r +Z/

:C’(|DXU|(B(pv 7"))+/0 | Dxul tQ(P,tr)) dt>’

which completes the proof. O]

21k

Dl Bl ) dt)

Definition 2.2.7 (Absolutely continuous and singular parts). Let u € BVy(Q;R").
We denote by DS u and D% u, respectively, the absolutely continuous and singular part
of Dxu with respect to .Z".
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Definition 2.2.8 (Jump and Cantor parts). Let (R", X) be an equiregular CC space
and let Q C R™ be an open set. Let u € BVy(; R*). The measures

Diu = Dyul J,,  DSu = Diul(Q\ J.),

are called, respectively, jump part of the measure derivative of v and Cantor part of

the measure derivative of w.

Theorem 2.2.9. Let (R, X) be an equiregular CC space, let  C R™ be an open set
and let u € BVx (S;R¥). Then u is approxvimately X -differentiable at £"-almost every
point of Q. Moreover the approzimate differential DFu coincides £L™-almost every-
where with the density of the absolutely continuous part of the distributional derivative
Dxu with respect to L.

Proof. We can assume without loss of generality that £ = 1. Suppose Dxu = v.Z" +
D% is the Radon-Nykodym decomposition of the measure Dyu with respect to £".
By the Radon-Nykodym Theorem in doubling metric spaces (see Theorem 1.1.3), at
Z"-almost every p € () we have

i DRu(B (1)

lim g = 0. (2.25)

It is sufficient to prove that, for every p € Q\ (S, U S,) for which (2.25) holds, u is
approximately X-differentiable at p with D5 u(p) = v*(p).

Let R > 0 and f € C'(B(p, R)) be such that f(p) = 0 and X f(p) = v*(p) and
define

w(q) = u(q) —u*(p) — f(q).

Then w € BV(B(p,R)), p € B(p, R)\ S, and w*(p) = 0. We are in a position to apply
Lemma 2.2.6 to the function w and get C' > 0 so that, for small enough 7,

1 lu(q) —vw*(p) — (@) , C  [?|Dxw|(B(p,tr))
/B N 120 < /0 dt

rQ d(p, q) tQ
D
S C sup | Xw|<B(p7 t?”))
t€(0,2) (tT’)Q

It is then enough to show that lim, ,o7~?|Dxw|(B(p,r)) = 0. Taking into account
that Dyw = (v — X f)Z" 4+ D5%u and (2.25), it suffices to check that
r—0 TQ

1
lim—/ lv—Xf|ldZL" =0,
B(p,r)

which follows by Theorem 2.1.2 and the inequality |v — X f|< |v — v*(p)|+|v*(p) —
Xfl. O
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One important fact about BV function is about the existence of a trace operator
depending on a sufficiently smooth boundary. The following theorem is a consequence

of some results contained in [89]. We introduce the notation

Bf(p,r) ={q € B(p,r): £f(q) > 0},
for p € R™, r > 0 and a function f.

Theorem 2.2.10. Let (R™, X) be an equiregular CC space, let Q@ C R™ be an open
set and let f € C%(Q) be such that Xf # 0 on Q; let S be the Ck-hypersurface
S = Qn{f =0} Then, for any open set U € Q, we have 91 (SNU) < oo.
Moreover, there exist two linear operators T, T~ : BVx 0(2) — L1 (S, 7971) such

loc
that, for any u € BVx 1,.(S)), one has

1
lim —/ lu — TTu(p)| dL" = lim —/ lu —T u(p)| dL" =0,
B} (p.r) B; (p.r)

r—0 T‘Q

for A9 -a.e. p€ S. In particular,

r—0 TQ

1
T*u(p) = lim —/ udZL",
BY (pr)

for 9 q.e. pc S.

Proposition 2.2.11. Let (R", X) be an equireqular CC space and let Q@ C R™ be an
open set. Let R C Q be a countably X -rectifiable set. Then, for every u € BVx(Q; R¥)
and for 9 1-almost every p € R, there exists a couple (u*(p),u™(p)) € R¥ x R such
that

1 1

lim—Q/ |u—u+(p)|d$":hm—/ lu—u~(p)|dZL" = 0. (2.26)
r—=07r QQBJR(M (p,r) QNB~ . (p,r)

Proof. Without loss of generality we can assume k = 1. Let u € BVx(Q) be fixed.
By definition of countable X-rectifiability we can find a family {S; : i € N} of C%-

hypersurfaces in R™ such that

A9 <R\ D Si) = 0.

For every i € N we can write, at least locally, S; = {f; = 0} and we can suppose that
X f; # 0 on S;. Formula (2.26) easily follows (with u*(p) = T*u(p) and v(p) = vr(p))
from Theorem 2.2.10 for s#% !-a.e. p € R such that #{i € N: p € S;} = 1. It is then
enough to show that, for any fixed couple 7,j € N with ¢ # j, the following holds: for
A9~ 1almost every point p € S; N S}, the equivalence

(T3 u(p), T ulp), vs,(p)) = (Tj ulp), T u(p), vs, (p)) (2.27)
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holds. Here, Tii, TjjE are the trace operators provided by Theorem 2.2.10 with f = f;, f;.
Fix a point p € S;NS; where vg, (p) = fvg, (p); recall that this fact occurs at 79~

. ; Xf;
a.e. p € 5;NS;. Assume that vg,(p) = vs, (p), i.e., |§£E§;| = IX;;EQI; by Theorem 2.2.10

we have, for ##% -a.e. such p, that

/ udZL" — / ud L
{££i>0}nB(p,r) {£f;>01NB(p,r)

lu| d£"

1
T (p) = T; (p)| = lim —

1
< lim o) /
r=0 T J g f,<0NB(p,r)

Q-1
Q
< lim S L{fif; <0} B(p, )Y@ (/ |u|QQ1d$”) .
r—0 TQ B

(psr)

By Remark 1.5.5, we have

lim — 2 ({f3f; < 0} 1 B(p,7)) =0,

r—0 TQ

while by Lemma 2.2.2 we also have that for #9~!-almost every p €

1
lim sup — \u]%di”" < +o00.
r=0 T JB(pr)
This proves that T (p) = Tji(p) for /9 -a.e. p € ;N S; such that vg, (p) = vs,(p).
A similar argument shows that 7.5 (p) = T7(p) holds for s#9 '-ae. p € S;NS; with
vs,(p) = —vs,(p). This proves (2.27) and concludes the proof. O

The results below show how some assumptions on the regularity of the essential
boundary of sets with finite perimeter can induce some regularity of the sets S, when-
ever u € BVx(Q;RF).

Definition 2.2.12 (Property R). Let (R", X) be an equiregular CC space with ho-
mogeneous dimension ) € N. We say that (R", X) satisfies property R if, for every
open set () C R™ and every ¥ C R" with locally finite X-perimeter in €2, the essential
boundary 9*FE N () is countably X-rectifiable.

Definition 2.2.13 (Property LR). Let (R™, X) be an equiregular CC space with
homogeneous dimension ) € N. We say that (R", X) satisfies property LR if, for
every open set {2 C R™ and every £ C R"™ with locally finite X-perimeter in €2, the
essential boundary 0*E N € is countably X-Lipschitz rectifiable.

Theorem 2.2.14. Let (R", X)) be an equiregular CC space, let Q@ C R™ be an open
set and let u € BVx(Q;R¥). Then S, is contained in a countable union of sets with

finite A°9~Y measure. Moreover, if (R, X) satisfies property R, then S, is countably
X -rectifiable and 7918, \ J.) = 0.
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Proof. Since S, = UF_,S,a, it is not restrictive to suppose k = 1. By the Coarea
Formula we get a countable and dense set D C R such that for every ¢t € D the level
set {u > t} has finite X-perimeter. We first prove that

SA\LC|Jo{u>t} (2.28)

teD

where, as in Theorem 2.2.2, L denotes the 9~ -negligible set

_Q

L= {pEQ:limsup][ \u|Q—1d.,2””:+oo}.
=0 JB(p,r)

For this purpose, take p ¢ L and suppose that p & |J,., 0*{u > t}; we will prove that

p ¢ S,. By definition, p is either a point of density 1 or a point of density 0 in {u > ¢},

for every t € D. Notice that for every ¢t € D N (0, +00) one has

Q-1

L0050 L gL (f utnae)
g"(B(p’ ’I")) ot B(p,r) ot B(p,r)

and therefore, if t € D N (0, +00) is large enough, p is a point of density 0 for {u > t}.
Analogously, if t € D N (—o00,0) and —t is large enough, p is a point of density 1 for

{u > t}. Hence we can find a real number
z=z(p) =sup{t € D : {u >t} has density 1 at p}.

By the density of D in R we get that for every ¢ > z, {u > t} has density 0 at p and
for every t < z, {u > t} has density 1 at p.
We prove now that z is the approximate limit of u at p. To this end define E. =

{Ju — z|> €} and estimate

1 1
ol |u—z|d§f”§80+—Q lu — z| dL"
r B(p,r) r E.NB(p,r)
Q-1
1 n 1/Q 2= n) ¢
<eC+ 5 (L"(E-NB(p,r))) lu—z|e1d¥
r B(p,r)
Q-1

Q

n 1/Q
o (ZABOBOON (L] i)
B(p,r)

re rQ
Since both {u > z 4+ ¢} and {u < z — ¢} have density 0 at p, one has

Z"(E.NB(p,r))

g rQ =0
and, since p ¢ L, we get
. 1 "
lim sup — lu — z| dL™ < Ce,
)

r—0 TQ B(p,r
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from which we deduce that p ¢ S, as desired.

Assume now (R", X) satisfies property R. Then, (2.28) together with the fact that
HA9"YL) = 0, imply that S, is countably X-rectifiable. It remains to prove that
A8, \ Ju) = 0. Let v = vs, be the horizontal normal to S,. By Proposition
2.2.11, for 2% 1-almost every p € S,, there exist u™(p) and v~ (p) in R¥ such that

1
lim—/ lu —ut(p)| dL™ =0
Bt

Q
r0 T v(p) (p,r)

and
1

lim—/ lu —u™ (p)| dL" = 0.

r Q /|, .—

—or Bl,(m (p,r)

According to Definition 2.1.6, we are equivalently saying that the approximate jump

triple (u™(p),u™(p),v(p)) exists for 9 1-almost every p € S,. This concludes the
proof. O]

The proof of Theorem 2.2.14 can be easily extended in order to prove the following

result.

Theorem 2.2.15. Let (R™, X) be an equireqular CC space satisfying property LR and
let u € BVx(Q;RF). Then S, is countably X -Lipschitz rectifiable.

Remark 2.2.16. Notice that combining Theorem 2.2.14 and Proposition 2.2.11, we
have that, whenever (R", X) satisfies property R, the set 7, is rectifiable and therefore,
for s#9~1-almost every p € J,, one has that (u}u, u7 ,Vz,) is an approximate X-jump
triple for u at p.

As for classical BV functions (see e.g. |5, pag. 177]), the (approximate) convergence

of u € BVx to u*(p) at points p ¢ S, can be improved in a L' -sense, as we now state.

Proposition 2.2.17. Let (R", X) be an equiregular CC space, Q@ C R™ an open set
and let w € BVx(Q2). Then

lim ]u—u*(p)|%d$” =0  for A9 ae peQ\S,.
r—0 B(p,r)

Proof. We first prove that
D B
Dl (B(p, 7))

r—0 ’r‘Q_l
Let ¢t > 0 be fixed and consider the set
D B
E, = {p € Q\ S, : limsup [ Dxcul( _fp’?n)) > t} .

r—0 TQ

=0 for 9 -ae. p € Q\ S, (2.29)

By Theorem 1.1.18 one has s#9~1(FE;) < +o0o and then, by Theorem 2.2.4, we have
|Dxu|(E;) = 0 and again Proposition 1.1.18 gives #?1(E;) = 0. Since this is true

for all positive ¢, formula (2.29) immediately follows.
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Combining Theorem 1.6.7 and (2.29) we immediately get that

: Q.
lim |u — up,|@1dL" =0,
"0 B

for 9 1-a.e. p € Q. The conclusion then follows by

= ()| < 297 (Jupy —u*(P)] T+ = 1y, |7 )

together with u*(p) = lim,_,o uy,,. O

When (R", X) satisfies property R,  C R" is open and u € BVx(Q;R¥), by

Theorem 2.2.14 the precise representative uP

u*(p) if pe 2\ S,

u*(p) +u~(p)
2

WP (p) = (2.30)

if pe J,

is defined #9 '-a.e. on 2. We have the following result.

Theorem 2.2.18. Let (R", X) be an equireqular CC space satisfying property R, Q C
R™ an open set and let u € BVx(Q;RF). Then

lim udZ" = uP(p) for A9 -a.e. p € Q.

=0 JB(p,r)

Proof. The statement easily follows for #“1-a.e. p € Q\ S, by Proposition 2.2.17.
By Theorem 2.2.14 it suffices to prove the statement for all p € J,, which directly
follows from Proposition 2.1.5 and Definition 2.1.6. O]

Remark 2.2.19. When (R", X) satisfies property R, then DSu = D5ul(2\ S,): to

see this, it is enough to combine Theorems 2.2.4 and 2.2.14.

We now want to study the properties of the decomposition Dxu = D% u + DS u +

J
Du.

Theorem 2.2.20 (Properties of Cantor part and jump part). Let u € BVx(Q;RF).
Then the following facts hold:

(a) D%u = Dxul (Q\ S) and D%u = Dxul S, where

. |Dxul(B(p,r
S::{pGQ:lli%‘ X’£Q< >>=+oo}.

Moreover, if E C RF is such that 1 (E) = 0, then D¥u = 0 Z"-a.e. in
(W)~ (E).
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(b) Let ©, C S be defined by

rQ-

D B
0, = {p €eQ:L(p) = limiglf | Xu‘é 1(p, ) > 0} )

Then 7, C ©,.
Moreover, if (R", X) satisfies property R, then

(c) #°9(O,\ T.) =0 and D’u = Dxul_©,. More generally, for every Borel set
Y containing J, and o-finite with respect to 9, we have Dg(u = Dxul X.

(d) DGu = Dxul(S\ ©,).

(e) if B C Q is such that either 91 B is o-finite or B = (u*) "*(E) for some
1t -negligible set E C R*, then DS u(B) = 0.

Proof. In order to prove the first part of statement (a) it is sufficient to apply Radon-
Nykodym Theorem in doubling metric spaces (see e.g. |84, Theorem 4.7 and Remark
4.5]). Concerning the second part, assume first that £ = 1 and let B := (v*)"'(E). By
Proposition 2.1.4, for any t ¢ E we have BN 9*{u > t} = (. By Theorems 1.6.6 and
2.2.3 we obtain

|Dxu|(B) = /PX({u>t}ﬂB) dt =0 = / 0, 9" dt = 0,
R\E J 9*{u>t}NB

where 6, denote suitable positive functions. When £ > 1 and ¢ = 1,...,k we set
E; = {t € R:t = z for some z € E}; the set E; is such that Z'(E;) = 0 and by
(1.28)

[Dxul(B <Z\Dxu\ <Z|Dxur (E)) =0,

We then conclude by Theorem 2.2.9.

By (2.24) in the proof of Theorem 2.2.4 we have J, C ©,, and statement (b)
follows.

We now prove (c). Applying Proposition 1.1.18 we get that for every h € N\ {0}

1
|Dxu|l{L > 1} > Fwo- 1L > L (2.31)

where L is defined in statement (b). In particular, #°9~" ({L > ;}) < +oo. By (2.23)

[Dxul({L 2 33\ Su) =

and consequently (by (2.31)) also 91 ({L > +}\ S,) = 0. Since {L > +} O, on
passing to the limit for h — +oo we get #9~1(0, \ S,) = 0. Taking Theorem 2.2.14
into account, we conclude that ##9-1(0, \ J,) = 0.
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Let now ¥ be as in statement (c). Then, taking into account Theorem 2.2.4 and the
fact that #9718, \ J.) = 0, we have

Dxul ¥ = Dxul_J, + Dxul (X \ J,)
= Dxu+ Dxul(3\ 8,) + Dxul (SN 8, \ Ju)
= Dg(u + Dxul(X\ S,).

Since ¥ is o-finite with respect to #9~1 using (2.23) we get that Dxul($\S,) =
and so Dxul Y = Du

Statement (d) follows from (a), (b), (¢) and the decomposition Dxu = D%u +
DSu + Diu, which immediately give that D§u = Dxul(S\ ©,,).

We prove (e) in case 97! B is o-finite; we can assume (see e.g. |5, Theorem
1.43]) that B is a Borel set. Using Theorems 2.2.4 and 2.2.14 we get that |Dxu|(B \
Ju) = 0, which gives (D%u + D%u)L B = 0.

Concerning the second part of statement (e), suppose first that £ = 1 and let B =
(u*) ~1(F) with Z'(FE) = 0. By Proposition 2.1.4 we know that 9*{u >t} N B = () for
every t ¢ E. Applying the Coarea Formula of Theorem 1.6.6 we get

|Dxul|(B / / 0, d#9 " dt =0
*{u>t}NB
for suitable positive functions 6;. In the general case k > 2 define for every i =1,... k
the sets F; = m;(E), where m; denotes the canonical projection m;(x1,...,z) = ;.

Noticing that £ (E;) < ' (E) = 0, we can use (1.28) to estimate

| Dxul((u ) < Z|DXU |((u ) < Z|DXU (((u)*) ~H(E)) =0,

and conclude the proof. O

The problem of studying “intrinsic” measures of submanifolds of a CC space goes
back to M. Gromov [45, 0.6.b]: the interested reader might consult [60, 64, 65, 77| and
the references therein. Since we do not intend to dwell on such questions, we follow a
different (“axiomatic”) path; this is based on the following definition, where we choose
to work with the spherical Hausdorff measure .#9~!, rather than the standard one,
because the results mentioned above (as well as [38, 39]) suggest .#9~! to be more

natural than the standard measure 791,

Definition 2.2.21 (Property D). Let (R", X) be an equiregular CC space with ho-
mogeneous dimension () € N. We say that (R", X) satisfies property D if there exists
a function ¢ : R x S™! — (0, +00) such that, for every C%-hypersurface S C R" and
every p € S, one has

SHSNB

r—0 rQ—l

= ((p,vs(p)).
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Remark 2.2.22. If (R", X) is an equiregular CC space satisfying property D and
R C R™ is X-rectifiable, then we have

Q-1

r—0 TQ—l

= ((p,vr(p))  for S“l-ae peR,

where ( is as in Definition 2.2.21.
Let us prove this fact. Let S;,i € N, be a family of C%-hypersurfaces such that
SR\ UienS;) = 0; it is enough to show that, for any fixed i € N, we have

Q-1
T RABI) _ (o) for #9 M ae pe RS,

Setting RAS; := (R\S;)U(S;\R), by Remark 1.1.20 (applied with p := .91 (RAS;))
we obtain

i 2 N(RAS) 0 B(p. )

=0 for .#% tae. pe RNS;,
r—0 ’]“Q_l

which gives for .#%l-a.e. p€ RN S,

SCHRNBp,r) _ 0TS0 B(p 1))

lg% Q-1 - 7‘1{)% Qo1 = C(p7 Vs, (p)) = C(pv VR<p))
as desired.

Assuming properties R and D we are able to prove the following result, where we

use the notation uj;, uy of Proposition 2.2.11.

Theorem 2.2.23. Let (R", X) be an equireqular CC space satisfying properties R and
D; then, there exists a function o : R" x S™™1 — (0,+00) such that the following
holds. For every open set Q C R™, u € BVx(S;R*) and every countably X -rectifiable
set R C R"™ one has

Dxul R =o(-,vg)(uf — up) @ vg S LR
In particular, Dyu = o (-, v,)(ut —u™) @ v, LT,

Proof. We can assume without loss of generality that k = 1 and .97!(R) < +oc0. By
Theorems 2.2.14 and 2.2.4 we can also assume that R C J,. Given p € R", we work

in adapted exponential coordinates F}, around p and we define

_ |det VE,(0)|2£" (7 N B,(0,1))
olp.v) = ¢(p,v) ’

where ( is as in Definition 2.2.21 and, as in the proof of Theorem 2.2.4, 2£"~! denotes

the FEuclidean Hausdorfl measure in R”.
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Let up = Dxul_R; by Theorem 2.2.4 we have up < .9 'L R. By Remark 2.2.22
and Theorem 1.1.13, it is enough to prove that for .79 !-a.e. p € R

ity ot ) = o) () — ) ()

notice that the limit above exists .9 '-almost everywhere. Taking into account Re-
mark 2.2.22 and the fact that (by Remark 1.1.20)

lim |Dxu — pr|(B(p,7))

= Q-1
lim o1 0 for S/~ “-ae. pE€ R,

it suffices to prove that, for .#?!-a.e. p € R, there exists a sequence 7; — 0 such that

Dxu(B(p,ri))

Jim ST — (ot VE(0)|4 (71 By (0. 1)) (wh(p) = wa(p)va(p)
We prove that such a sequence exists at all points where limsup,_,, ‘DX%# < 00,

which holds for .79 1-a.e. p € R due to Remark 1.1.20.
Let then such a p € R be fixed; since R C 7, the functions u, := uwo F,04, converge
in L} (R") to

loc

wt(p) i Lupg(y) = 0
u(p) if Ly (y) <O,

where we used the fact that vg = vz, = 1, % lae. on R. Let & == uo F,; since

(recall notation (2.16)) |D .4, |(B(0, 0)) = |Dzul(B(0,70))/r%" is bounded as r — 0

for any positive o, by Remark 4.2.8 the sequence Dg,u, weakly” converges in R" to

wy(y) =

Dgw, as r — 0. Let s; be an infinitesimal sequence such that |D ., us,| weakly* to
some measure A in R"™; let o € (0,1) be such that A(@EP(O, 0)) = 0 (which holds for all
except at most countably many o) and define r; := ps;. Proposition 1.6.4 gives

. Dxu(B(p, 1)) . Dgu(B(0,r;))
lhjgo 7’?71 =|det VF,(0)| llgélo Tz-Qil
D_f(siﬂsi(gsi(o; Q)) ‘

=|det VE,(0)| lim

1—00 QQfl

We prove in a moment that

. Dz, @%(B,,(0,0)  Dgw,(B,(0,0))
Jim S = pE— (2.32)

assuming this to be true, we have

~

Dgwp(By(0, 0))

. DXU(B(I% T’z))
m o

li

i—00 ,,,.iQ_l

—|det VF,(0)]

=|det VE,(0)[ " (7" 1 B, (0, 1)) (up(p) — ug(p)va(p).
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and the proof would be concluded.
Let us prove (2.32). Defining

pi = Dz, i L By, (0,0),  p= Dgw,L B,(0,0)
and taking into account part (b) of Proposition 1.1.4, it suffices to show that

i — [ and || = /\I_EP(O7 0). (2.33)

Concerning the first statement in (2.33), fix a test function ¢ € C.(R™); then

lim [ ¢pdp; = lim o dD g, u™
1— 00 71— 00 E‘Si (O,Q)

— ‘lim R % dD;mﬂSi + /~ R ) dD;(si u’t — /A N ) dD)?si u®
e BP(ng) BSZ‘ (039)\817(07@) BP(ng)\BS»L' (079)

= lim [ o dD gw,,
11— 00 Bp(O,Q)
where the last equality follows from the weak* convergence of D¢, u* to Dgw, and
the fact that (denoting by A the symmetric difference of sets)

lim [Dg., @ |(By, (0, ) AB,(0, ) = 0
that, in turn, can be proved as follows. For any € > 0 there exists J € (0, ) such that
A(By(0,0+0) \ By(0,0 =) < &;
by Theorem 1.4.9 we obtain
lim sup| D ., 7%|(Bs, (0, 0) AB,(0, 0)) <limsup|D.,5%|(B,(0, 0 + ) \ By(0, 0 - 9))

1—00 1—00

<A(B,(0, 04 6)\ B,(0,0—9)) < ¢,

where we used part (a) of Proposition 1.1.4.
The first statement in (2.33) is proved; the second one can be easily proved by the

very same argument taking into account that |u;|= |D ., u® | B, (0, 0). O

2.2.1 An application to some classes of Carnot groups

Some of the main results of this chapter rely on properties R, LR or D; in this section
we show how they can be in some meaningful CC spaces and, in particular, in some
large classes of Carnot groups.

We start by introducing the X-reduced boundary FxF of a set EF with finite X-
perimeter and its measure-theoretic horizontal inner normal. Recall that the reduced
boundary was the object originally considered by E. De Giorgi in the seminal paper
[24] about the rectifiability of sets with finite (Euclidean) perimeter in R™.
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Definition 2.2.24. If (R", X)) is a CC space and F is a set of locally finite X-perimeter,
then by Riesz representation theorem there exists a P¥-measurable function vg : R" —
S™! such that

DXXE = VEP)?
We call vg the measure-theoretic horizontal inner normal to E.
Definition 2.2.25 (Reduced boundary). Let £ C R"™ be a set with locally finite X-

perimeter. The X -reduced boundary FxE of E is the set of points p € R™ such that
Px(E,B(p,r)) > 0 for any r > 0 and

~ — lim DXXE(B(p’ 7“))
ve(p) = o B o)

exists with |vg(p)|= 1.

For sets with finite (Euclidean) perimeter in R™ the symmetric difference between
the essential boundary and the reduced one is 2" !-negligible, see e.g. [5, Theorem
3.61]. In our setting we have the following result, which is a known consequence of
Theorem 2.2.3, see e.g. [38, Theorem 7.3| for the Heisenberg group case and [39, Lemma
2.26] for step 2 Carnot groups. Notice that the proof of Theorem 2.2.26 below also
shows that vy = Vg a.e. on FxFE.

Theorem 2.2.26. Let (R", X) be an equiregular CC space of homogeneous dimension
Q and let E C R" be a set of locally finite X -perimeter. Then 9 Y *E\FxE) = 0.

Proof. By Theorem 2.2.3 we have Dxxg = Ovgs#9 1 LO*E for a suitable positive
function #. Therefore it is enough to prove that, for 79~ '-almost every p € 9*E, one
has
lim Dxxe(B(p,r))
=0 [Dxxg|(B(p,T))
This fact directly follows from [32, Theorem 2.9.8| taking into account Theorem 2.2.3
and [32, Theorem 2.8.17]. O

= vg(p).

The papers |38, 39, 66] prove the countable X-rectifiability of the reduced bound-
ary of sets with locally finite X-perimeter in, respectively, Heisenberg groups, Carnot
groups of step 2, and Carnot groups of type x. These results, in conjunction with
Theorem 2.2.26, show that property R is satisfied in these settings.

Actually, Theorem 2.2.26 and the results about blow-up and representation of the
X-perimeter available in Heisenberg groups (|38, Theorems 4.1 and 7.1]), step 2 Carnot
groups (|39, Theorems 3.1 and 3.9|) and Carnot groups of type * [66, Theorems 4.12
and 4.13| imply that also property D is satisfied in these settings.

Using also the left-invariance of the structure we can conclude what follows.
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Theorem 2.2.27. Heisenberg groups, Carnot groups of step 2 and Carnot groups of
type * satisfy properties R and D. In particular, Theorems 2.2.14, 5, 6 and 2.2.18 hold
in these settings.

Moreover, the function o(p,v) appearing in 6 and 2.2.18 does not depend on the
point p € R™.

In [27] a class of Carnot groups G satisfying the following assumption

there exists at least one direction X in the first layer of the stratified Lie

(2.34)

algebra of G such that ¢t — exp(tX) is not an abnormal curve

is considered (see e.g. [74] for the notion of abnormal curve). This class includes,
for instance, the Engel group, which is the simplest example where the rectifiability
problem for sets with finite X-perimeter is open. One of the main results of [27] is the
following one: for any set E with finite X-perimeter in a Carnot group G satisfying
(2.34), the reduced boundary Fy E is countably X-Lipschitz rectifiable. Together with
Theorem 2.2.26, this gives the following result.

Theorem 2.2.28. The property LR is satisfied in all Carnot groups G such that (2.34)

holds; in particular, Theorem 2.2.15 holds in such groups.

For the reader’s convenience, we here introduce the notion of end-point map and of

abnormal curve in a Lie group and we show that Condition (2.34) is purely algebraic.

Definition 2.2.29. Let G be a Lie group and let V' C g be a linear subspace of its Lie
algebra g identified with T,G and let u € L*([0,1]; V). We denote by 7, the (unique)
solution of the following ODE

At = (()dLW))O u(t), (2.35)

Vice versa, if v is a solution of (2.35) for some u € L*([0,1]; V), then we set u, = w.
We define the end-point map End : L*([0,1]; V) — G letting End(u) = v,(1).

The proof of Proposition 2.2.30 below can be found in [74, Proposition 5.2.5] (for
the proof of (2.2.30)) and in [56, Proposition 2.3| (for the proof of 2.37). Recall that
Ady = (dLg o dR;-1), denotes the adjoint map associated with g € G.

Proposition 2.2.30. Let G be a Lie group and let V C g be a linear subspace of its
Lie algebra g. The end-point map End is smooth and its differential is given by

1

d(End(u))(v) = (dR'yu(l)>0/ Ad7(t)v(t) dt, (2.36)
0
for any v € L*([0,1]; V). In particular, the image of the differential is given by

Im(d End(u)) = (dRy)), span{Ad,,V : t € [0,1]}. (2.37)
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Definition 2.2.31. Let G be a Lie group and let V' C g be a linear subspace of its
Lie algebra g. An absolutely continuous curve v : [0, 1] — G is said to be abnormal if
Im(d End(u,)) # T,1)G.

Remark 2.2.32. Combining Definition 2.2.31 and identity (2.37) it is readily seen
that, in a Carnot group G of step s, condition (2.34) is equivalent to

(dRV(l))o span{AdA,(t)V 1t e [0, 1]} = T,y(l)G,

for V = gy, and y(t) = exp(tX) for X € g;. Since dR,() is a diffeomorphism we just
need to compute the dimension of span{Adepx)g1 :t € [0,1]} = W.
Recalling that Adexpx)Y = XY adxY = [X,Y] and that

N 1
€ = Z E (adX)ka
k=0
one gets the formula
t? t3
Adepux)Y =Y +t[X, Y] + E[X’ (X, Y]] + E[X, (X, [X, Y]]+ ... (2.38)

for any X,Y € g and ¢t € R. Evaluating (2.38) in ¢ = 0 one has that g; C W. Since
W is a linear space and g; C W one gets that also [X,Y] € W for any Y € gy, i.e.,
[X,g1] = adxg: € W. Reasoning in the same way one gets (adx)®g; C W for any
k=1,...,s. This implies

span{Adepx) 01 : t € [0,1]} = span{(adx)g, : k=0,...,s}.

Therefore Condition (2.34) is equivalent to say that there exists X € g; such that
span{(adx)*g; : k=0,...,s} = g.



Chapter 3

The Rank-One Theorem in a class of

Carnot groups

The current Chapter is devoted to the proof of the Rank-One Theorem for BV functions
in a class of Carnot groups satisfying properties > and w-R (see Definitions 3.1.3 and
3.4.1 below). The results of this chapter are contained in [28|. The Rank-One Theorem
is stated and proved in Section 3.4 (see Theorem 3.4.5) and it is a consequence of the
results proved in Section 3.3 and Lemma 3.2.7.

Section 3.3 deals with the relations between the total variation of a function of bounded
X-variation and the XT-perimeter of its subgraph, whenever X = (X;,...,X,,) is a
family of smooth and linearly independent vector fields in R and X is the correspond-
ing (m + 1)-tuple of vector fields in R"™! defined according to (3.10): Theorem 3.3.1
has as first consequence that a function u € L' has bounded X-variation in an open
set Q if and only if its subgraph yz, has bounded X-perimeter in Q x R; Theorem
3.3.2 instead deals with the relations between the measure-theoretic horizontal inner
normal to the subgraph E, of u € BVx and the polar vector of Dxu.

Lemma 3.2.7 is proved in Section 3.2 and it is a consequence of Theorem 3.2.6 which
gives an estimate on the Hausdorff dimension of the transversal subset of the inter-
section of k regular hypersurfaces assuming the Carnot group satisfies the algebraic
property 4. Section 3.2 introduces the notation about intrinsic regular hypersurfaces
in Carnot groups (see Subsection 3.2.1, these results are contained also in Section 1.5
in the more general context of CC spaces), and the notion of intrinsic Lipschitz graphs
in Carnot groups (see Subsection 3.2.2). The most notable result of Subsection 3.2.2
is represented by Theorem 3.2.5 which is proved in [62] and it guarantees that, in a
Carnot group of rank m, the “transverse” subset of the intersection of k intrinsic regular
hypersurfaces is locally an intrinsic Lipschitz graph whenever k& < m. The proof of this
result is here given by a more simple argument based on the extension Lemma 3.2.4

for C! regular maps.

97
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3.1 Preliminaries

In this chapter, G will denote a Carnot group of rank m, step s, Lie algebra g and €2
will be an open set in G. Notice that by Theorem 1.3.12 we will assume that G = R"”

by means of exponential coordinates
F(zy,...,x,) =exp (1 X1 + -+ 2,Xp) .

Given a Carnot group G we will frequently deal with products like G x RY. This is the
Carnot group with algebra g x RY with product defined by [(X, 1), (Y,s)] = ([X,Y],0)
for any X,Y € g, t,s € RY and whose stratification is given by (g; x RY) & (go x
{0})®...® (gs x {0}). Throughout this chapter, given a Borel set £ C G and r > 0,
we denote by FE, the open neighborhood of E of size r given by

E,={peG:dp FE)<r}.

Since Carnot groups are special cases of equiregular CC spaces we say that u € BVg(Q2)
if u € BVx(Q) for any basis X = (X,...,X,,) of g;. This is a well-posed definition
by the fact that, if X = (X1,...,X,,) and Y = (Y3,...,Y,,) are two basis of g; and
u € L}, (G), then u € BV 1,.(G) if and only if BVy,.(G) (see also Proposition 1.6.4).

Definition 3.1.1. We say that W C G is a vertical plane of codimension k, 1 < k < m,

if there exists a linear subspace to C g; of dimension m — k such that W = exp(w &
g2 D...D gs)

Notice that a vertical plane W is a homogeneous subgroup (i.e. §,W = W for any
r > 0) of G with topological dimension (n — k) and Hausdorff dimension @ — k. It is
also easy to see that intersections of vertical planes is again a vertical plane (of possibly
higher codimension). The following simple Lemma will be used in the proof of Lemma
3.2.7.

Lemma 3.1.2. Let W C G be a vertical plane of codimension k and let x € W, r > 0
and ¢ € (0,1) be fized. Then, the set W N B(x,r) can be covered by a family of balls
{B(ye, er) }eer of radius er with cardinality #L < (4/¢)@7F.

Proof. By dilation and translation invariance, it is not restrictive to assume that x =0
and 7 = 1. Let {y, : ¢ € L} be a maximal family of points of WM B(0, 1) such that the
balls B(ys,e/2) are pairwise disjoint; working by contradiction, it can be easily seen
that the family {B(y,¢) : £ € L} covers W N B(0,1). The measure s#%9~* is locally
finite on W (see e.g. [61, 65, 64]), left-invariant and it is (Q — k)-homogeneous with

respect to dilations. In particular, setting M = s#9~%(W N B(0, 1)), we have
Q—k
(5)° M#L =D WNBly,e/2)) < AW BO,2) = 29740,
el

which proves the claim. O
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Definition 3.1.3. Let G be a Carnot group with rank m and let 1 < k < m be an
integer. We say that G satisfies property €. if the first layer g; of its Lie algebra has
the following condition: for any linear subspace 1 of g; of codimension k there exists
a commutative complementary subspace in gi, i.e., a k-dimensional subspace b of g;
such that [h,h] =0 and g = 1w S h.

Remark 3.1.4. According to Definition 3.1.1, a Carnot group satisfies property % if
and only if, for any vertical plane W of codimension k in G, there exists a complemen-
tary homogeneous subgroup H that is horizontal, i.e., such that H C exp(g;). Notice

also that, in this case, H is necessarily commutative.

Remark 3.1.5. The Heisenberg group H" satisfies property %} if and only if 1 < k < n.
All Carnot groups satisfy property €7. Free Carnot groups (see [47]) satisfy property
% if and only if k = 1.
A Carnot group G of rank m satisfies property %,, if and only if G is abelian (i.e.,
G=Rm).

Remark 3.1.6. It is an easy exercise to show that, if £ > 2 and G satisfies property
%, then G satisfies property %), for any 1 < h < k.

Lemma 3.1.7. Let N > 1 be an integer. Then, a Carnot group G has the property 6
if and only if G x RN has the property €.

Proof. 1t is clearly enough to prove the statement for N = 1.

Assume first that G has the property %, and let tv be a k-codimensional subspace
of the first layer g, x R of the Lie algebra of G x R. We have two cases according to
the dimension of to’ := w N (g, x {0}):

e if dim tv' = m — k, by using property %, of G one can find a k-dimensional
commutative subspace § of g; such that g; x {0} = w’ @ (h x {0}). In particular,
g1 xR =1 ® (hx {0});

e if dim w’' =m + 1 — k, then v = ' C g; x {0} and, by Remark 3.1.6, one can
find a (k — 1)-dimensional commutative subspace h of g; such that g; x {0} =
w @ (h x {0}). In particular, gy Xx R=1w @ (h x R).

In both cases we have found a commutative complementary subspace of tv.

Assume now that G x R satisfies property %, and let to be a k-codimensional linear
subspace of g;. Then tv X R is a k-codimensional linear subspace of g; x R, hence it
admits a k-dimensional commutative complementary subspace b in g; x R. Denoting
by 7 : g1 Xx R — g; the canonical projection, it is readily noticed that 7(h) is a k-
dimensional commutative subspace of g; such that g; = o @ 7(h). This concludes the

proof. n
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3.2 Intrinsic hypersurfaces and graphs

3.2.1 Intrinsic regular hypersurfaces

We now introduce some notation about intrinsic regular maps and hypersurfaces in
Carnot groups, taking into account Section 1.5. For the purpose, fix an orthonormal
basis (X7i,...,X,,) in g;. We say that a continuous real function f on an open set
Q C G is of class C} if, for any Y € gy, the horizontal derivative Y f, in the sense of
distributions, is represented by a continuous map in €. In this case we write f € C}(Q)
and we set Vg f = (X1f, ..., Xmf).

A set S C Gis a Cf hypersurface if, for any p € S, there exist an open neighborhood
U of p and f € C§(U) such that

SNU={yeU: f(ly)=0} and Vgf#0onU.

In this case, we define the horizontal normalto S at p as vg(p) = lgg;g% € S™!. The
normal vs(p) = ((vs(p))1,---, (¥s(p))m) is defined up to sign and it can be identified

with a horizontal vector at p by

vs(p) = (ws(P)1Xa(p) + - + (Vs(0))mXom (p)-

We also recall that a C-hypersurface has locally finite 29~ !-measure, see e.g. [89].1

Given p € S, the hyperplane vg(p)t in g is a Lie subalgebra. The associated
subgroup 7,5 = exp(vs(p)t) is called tangent subgroup to S at p. T,S is an example
of vertical plane of codimension 1.

Restating Corollary 1.5.4 in this context, we can say that
Vpe S, Ve>0,3R>0: (p~'S)N B(0,r) C (T,5), N B(0,r), ¥r € (0,R). (3.1)
Notice also that
TS =exp({X €g1: Xf(p) =0} B ga... ®gs);
in particular, while vg(p) depends on the scalar product (-,-) on g, the subgroup 7,5

1S intrinsic.

3.2.2 Intrinsic Lipschitz graphs

The aim of this section is proving Theorem 3.2.5, due to V. Magnani [62|, for which we
will need the preparatory Lemma 3.2.4. Actually, its use could be avoided by utilizing
a local version of Theorem 3.2.3 which, even though not explicitly stated there, would

easily follow adapting the techniques of [40]. We note however that Lemma 3.2.4, and

! Actually, this also follows from Theorem 3.2.6 with k = 1.
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(3.2) in particular, provide also a proof of (3.1).

To introduce the notion of intrinsic Lipschitz graphs we follow [40]. Let W, H be
homogeneous complementary subgroups of G, i.e., such that WNH = {0} and G = WH.
In particular, for any * € G there exist unique xw € W and zy € H such that
r = xwry. Recall (see e.g. [40, Remark 2.3|) that any homogeneous subgroup W is
stratified, that is, its Lie algebra tv is a subalgebra of g and to = to; & ... & v where
t; = wNg;. Moreover, the metric (Hausdorff) dimension of W is Qw = >_;_, ¢ dim ;.

The intrinsic graph of a function ¢ : W — H is defined by

gr ¢ = {wo(w) : w e W}.

We introduce the homogeneous cones Cy p(z, ) of center x € G and aperture a > 0

as
Cwa(z,a) = 2Cwu(0,a) where Cwpu(0,a)={yecG: ||lyw||< allyu|}

Definition 3.2.1. A function ¢ : W — H is intrinsic Lipschitz if there exists a > 0
such that

Veegré  gronCwml(z,a)={z}.
We say that S C G is an intrinsic Lipschitz graph if there exists an intrinsic Lipschitz
map ¢ : W — H such that S = gr ¢.

Remark 3.2.2. A function ¢ : W — H is intrinsic Lipschitz if and only if there exists
B > 0 such that for any x € gr ¢

gr ¢ N D(x,H, B) = {z},
where the homogeneous cone D(xz, H, f3) is defined by

D(x,H, 8) = xD(H,8) and D(H,B) = | B(h, Bd(h,0)).
heH

Indeed, it is enough to observe that, for any a > 0 and g > 0, there exist 5, > 0 and
ag > 0 such that

(jvyjﬂ(o,(k) D [)(Eﬂ,/?a) and l)(ﬂﬂ,[?) D (7vyjﬂ(0,(kg>.

This, in turn, is a consequence of a homogeneity argument based on the following fact:
if S={yeG:|y|=1} and

A, =S Nint(Cwu(0, a)), B = SnNint(D(H, B)),

then {A, }as0 and {Bs}s~o are monotone families of (relatively) open subsets of S such

(NA«=()Bs=HNS

a>0 >0

that the intersection

is a compact set.
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A key tool in the proof of the rank-one Theorem 3.4.5 is Lemma 3.2.7 which, in
turn, uses Theorem 3.2.6 below. We denote by 7 : G x R — G the canonical projection
m(x,t) = x.

The following result will be used in the proof of Theorem 3.2.6.

Theorem 3.2.3 (|40, Theorem 3.9]). Let W, H be homogeneous complementary sub-
groups of G, let ¢ : W — H be intrinsic Lipschitz and let o > 0 be as in Definition
3.2.1. Then there exists a positive C' = C(W,H, «) such that

1
BTQW < HO (gr ¢ N B(x,r)) < Cre Vaoegror>0.

Lemma 3.2.4. Let Q C G be open, f € CL(Q), p € Q and let A = Vg f(p). Then,
for any € > 0 there exist an open set U C Q with p € U and a function g € C}(G)
such that

(i) g=[f on U;
(it) |Veg — Al< e on G.

Proof. Without loss of generality we can assume that p = 0 and identify G = R" by
means of exponential coordinates. We preliminarily fix a smooth function y : G — [0, 1]
such that x = 1 on B(0,1) and x = 0 on G \ B(0,2). For any r > 0, the functions
Xr = X © 0y, satisfy

=1 Q

0<x, <1, x=1onB(0,r), x=00nG\B(0,2r), |Vex,|<

for some positive C' independent of 7.
Let ¢ > 0. By Proposition 1.5.3, we can fix » > 0 such that |Vgf — A|< € on
B(0,2r) and for every £ € B(0,2r)

£(€) — La(€)|< 2er. (3.2)

We now define g == x,.f + (1 — XT)Z 4; statement (i) is readily checked, while for (ii)

Vg — Al= X, Vef + (1 — x.)A+ (f — La)Vex, — A
S Xr|va - A|+|f - LA||VGXT|
<e+2Ce.

The proof is then accomplished. n

We can now prove the main result of this section. Since property %} holds in any
Carnot group, when & = 1 Theorem 3.2.5 states in particular that hypersurfaces of

class C¢ in a Carnot group G are locally intrinsic Lipschitz graphs of codimension 1.
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Theorem 3.2.5 (|62, Theorem 1.4]). Let G be a Carnot group of rank m and let
Y1, ., 2k, k< m, be hypersurfaces of class C& with horizontal normals vy, . .., vy; let
p € X =31N...NY be such that v1(p),...,vk(p) are linearly independent. Consider
the vertical plane W = T, %1 N .. .NT X, of codimension k and assume that there exists
a complementary homogeneous horizontal subgroup H such that G = WH. Then, there

exists an open neighborhood U of p and an intrinsic Lipschitz ¢ : W — H such that
YXNU=gronU.

Proof. We work in exponential coordinates associated with an adapted basis X, ..., X,
of g such that

H = exp(span {X1,..., Xe}), W = exp((span { Xy, X,}) @ 02 & ... @ g,).

By definition we can find an open neighborhood U of x and f = (f1,...,fx) €
CL(U;R¥) such that XNU = {q € U : f(g) = 0} NU and the m x k matrix-valued
function Vg f has rank k in U. Actually, by our choice of the basis, the & x k& minor
M = (X1f(p),..., Xif(p)) has rank k.

Let € > 0, to be fixed later and only depending on M. By Lemma 3.2.4, possibly
restricting U we can assume that f is defined on the whole G, that f € CL(G;R¥) and
|\Vef — Ve f(p)|< ; in particular,

(Xif, .., Xkf)— M|<e onG.

It will be enough to prove that the level set R = {q € G : f(q) = 0} is an intrinsic
Lipschitz graph. We divide the proof of this claim into two steps.

Step 1: R is the intrinsic graph of some ¢ : W — H. It is enough to show that, for
any w € W, there exists a unique h € H such that f(wh) = 0; this will allow to define
the map ¢(w) = h.

The map (hy, ..., h;) < exp(h1 X7+ -+ hp X}) is a group isomorphism between
H and R*. Upon identifying H and R¥ in this way, for any w € W we can consider
fu : R¥ — R* defined by f,,(h) := f(wh). This map is of class C! and

Vfuw(h) = (X1f(wh), ..., Xif(wh)).

We have |V f,, — M|< & which, if ¢ is small enough, implies that f,, is a C! diffeomor-
phism of R*: see e.g. the argument in [32, 3.1.1]%. This concludes the proof of Step
1; we also notice that, possibly reducing e, there exists ¢ > 0 such that (see again [32,
3.1.1))

|f(why) = f(whs)|= [ fuw(h1) = fu(ha)l> clhy = hal, ¥ hi hy € RE. (3.3)

2The careful reader will notice that the argument in [32, 3.1.1] works also when the parameter §

introduced therein is +oo.
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Step 2: ¢ s intrinsic Lipschitz. By Remark 3.2.2 it is enough to prove that, for

any x € (G, one has
gr ¢ N D(x,H, B) = {z}

for a suitable § > 0 that will be chosen in a moment.
Let then = € gr ¢ be fixed; consider 2’ € D(z,H, /), so that 2/ = zy for some
y € D(H, ). By definition, there exists h € H such that

d(0, h™'y) = d(h,y) < Bd(h,0).
Denoting by L the Lipschitz constant of f, and using (3.3), we deduce that

|f(@)|=|f(zhh™hy) = f(2)]
>|f(xh) = f(2)|=|f(@hh™'y) = f(zh)|> cl|hl|=Ld(h,y) > (€= BL)d(0, h)

for some ¢ > 0. In particular, if § is small enough, one can have f(z’) = 0 only if

h = 0, which immediately gives 2 = x. This concludes the proof. O]

3.2.3 Hypersurfaces vs. Lipschitz graphs

Theorem 3.2.6. Let k > 1 be an integer, G a Carnot group satisfying property 6
and let ¥q,..., 3 be C&-hypersurfaces with horizontal normals vy,...,v. Let also
p € X=X N...NY be such that v1(p),...,vk(p) are linearly independent. Then,
there exists an open neighborhood U of p such that

0<#9HENU) < .
In particular, the measure 9" is o-finite on the set
Y ={z e X :v(x),...,n(x) are linearly independent}.

Proof. By property ¢ and Remark 3.1.4, the vertical plane W := 7,5, N ... N T, %
admits a complementary horizontal homogeneous subgroup H. One can then easily

conclude using Theorems 3.2.3 and 3.2.5. O

Lemma 3.2.7. Let G be a Carnot group satisfying property 6». Let 31,35 be CL

hypersurfaces in G x R with unit normals vs,,vs,. Then, the set

(q) = 7(p),
R=({peX;:3qe By such that (vg,(p)),1 = (¥2.(0))nyr =0,
Vs, (p) # vy, (Q)

is A9 -negligible.
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Proof. Let us consider the distances dgyxr and dgxrxr on (respectively) G x R and
G x R x R defined by

dexr((z, 1), (2',t)) == d(
dGXRXR((Ia t, S), (1’/, t/, S/)) = d(

x, @)+ |t — 1| Vz, o' € G,t,t € R,
v, )+ [t —t|+|s — 5| Va2’ € Gt s s €R,
where d is the Carnot-Carathéodory distance on G. Such distances are left-invariant
and homogeneous, hence they are equivalent to the Carnot-Carathéodory distances on
(respectively) G x R and G x R x R; in particular, it is enough to prove the statement
when the Hausdorff measure 7% is the one induced by dgyxr on G x R. We will use
the same notation B(a,r) for balls of radius 7 > 0 in either G,G x R or G x R x R,
according to which group the center a belongs to.

The sets

Y ={(z,t,s) e GXxR xR:(x,t) € ¥1,s € R}
Yo ={(x,t,5) e GXR xR : (z,5) € Xy, t € R}

are clearly C}-hypersurfaces in G X R X R and, moreover,

ijl (LC,t, 5) = ((V21 <x>t))17 BRI (V21 (l‘,t))m, (V21 (xvt))m+17 0 )

V§2($’t> S) = ((sz(:U’ S))lv T (VEz(xv S))mv 0, (V22($, 5))m+1)'
Let us define

E ::{P - il N ig : (l/gl(P))rrH-l = (V§2(P))m+2 =0, Vil(P) 7& iyi‘g(P)}
:{(‘r?t?‘s) S il N EN:? : (Vzl(xvt»m-i-l = (Vg2($,8))m+1 =0, VEl(I7t) 7é j:VE2(xvs)}'

By construction we have %(é) = R, where 7 : G X Rx R — G x R is the group
homomorphism defined by 7(z,t, s) := (,t); moreover the measure 9 R is o-finite
by Theorem 3.2.6 (notice that we are also using Lemma 3.1.7). We are going to show
that J#7Q(%(T)) = 0 for any fixed T C R such that .#2(T") < oo; this will be clearly
enough to conclude.

For any P € T'and 7 = 1,2, the tangent space TpY,; equals W; x R x R for a suitable
vertical hyperplane W; of G. In particular, setting W = W(P) := W; N W,, we have
by (3.1) that, for any P € T and any ¢ € (0,1), there exists ro = ro(e, P) > 0 such
that

(P'T)N B(0,7) C(W x R x R).,. N B(0,r)

3.4
=W, xR xR)N B(0,r), for any r € (0,7g). (34)

Notice also that W is a vertical plane of codimension 2 in G. Let € > 0 be fixed and
for any j € N\ {0} define

T; ={PeT:ry(e,P)> %}
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Since T; T, the proof will be accomplished by showing that for any fixed j
H(T(T))) < Ce, (3.5)
where C' > 0 is a constant that will be determined in the sequel.
Let us prove (3.5). Fix § € (0,1/5); since 9 (T;) < #9(T) < +o0, one can find

a (countable or finite) family {B(Q;,r;/2) : ¢ € I} of balls in G x R x R such that
0<r; <9,
T; CJB@Qiri/2)  and ) (ry/2)9 <D (diam B(Qi,1:/2)° < Gy
i€l iel iel
where Cy == S#%(T) + 1. We can also assume that T; N B(Q;,7;/2) is non-empty
for any i. Choosing P, € T; N B(Q;,r:/2), for any i the balls B(P;,r;) have then the

following properties:

PeT;, 0<r<d, 1T;C UB(Pz‘ﬂ“z‘) and ZTZQ < 290. (3.6)
icl iel
Setting W, := W(F;), by (3.4) we have
(P70 B0 S, x B x R) N B(O.1) .
—((W,)er, N B(0,74)) X (=74, 73) X (=73, 7). '

By Lemma 3.1.2, for any ¢ we can find a family of balls { B(y; ¢, ;) : £ € L;} such that,
for any ¢ € L; and any y;, € W;, we have

#L; < (8/e)27% and W, B(0,2r) C | J B(yis,er).

leL;
In particular
(Wi)er, N B(0,73) € (Wi N B(0,7; + €73))er; © U B(yiz, 2er;). (3.8)
leL;

Let us also fix points {74 }rex, € (—74,7;) such that #K; < 27! and
(—riymi) C U (T, — 2ery, T + 2e7;). (3.9)
keK;
By (3.7), (3.8) and (3.9) we get
(P7'Ty) N B(0,r;) C U B(Yi e, 2er;) X (T — 2er;, T, + 2e7;) X (T3 — 2e13, TH + 26T;).
teL;

kheK;

For any ¢ € L; and k, h, ' € K; one has

T(B(Yip, 2er;) X (T — 2er;, T, + 2e13) X (T3, — 2673, T + 2674))
=T (B(Yir, 2e1;) X (T — 2673, Tp + 267;) X (Thy — 2673, Thy + 2€7;))
=B(yi,2er;) X (T, — 213, s + 267;)

CB((Yie ), 4ery),
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which, using (3.6), implies that

A1) CUR(E N B(R.m)

C U U B(yi g, 2er;) X (1 — 2er;, T + 2e13) X (T3, — 2673, T + 267;)))

1 leL;
k,heK;

CU U B((Yie, i), 4e14)

i LEL;
keK;

- U U pwk, 45T1

1 leLl;
keK;

where pig = T(P;)(Yie, ) € G x R. Using again (3.6) we obtain that

%?5 <Z#L #K; (8er;) Q<5226Q 5 Q<27Q 5Ce,

el el

which, by the arbitrariness of § € (0,1/7), gives claim (3.5). O

3.3 BVyx functions and their subgraphs

Given a system X = (Xj,...,X,,) of linearly independent and smooth vector fields in
R”, we introduce the family X1 = (X, ... X! +1) of linearly independent vector fields
in R defined for (x,t) € R" x R by

X/ (x,t) = (X;(2),0) e R =R*" xR ifi=1,....m

(3.10)
X:;Z_’_l(l', t) = (9,5.

The aim of this section is the study of the relations occurring between a function
u € BVx(Q) and the XT-perimeter of its subgraph

E, ={(z,t) e OxR:t <u(z)} CQA xR,

where €2 is an open set in R™.

The following result is the natural generalization of some classical facts about Eu-
clidean functions of bounded variation, see e.g. [43, Section 4.1.5]. We denote by
7 : R"™ — R™ the canonical projection 7(x,t) = x and by my the associated push-

forward of measures.

Theorem 3.3.1. Suppose ) is bounded in R™ and let u € L'(Y). Then u belongs to
BVx(Q) if and only if its subgraph E, has finite X'-perimeter in Q0 x R.

Moreover, writing D' X, = <DX1TXEu’ . >DX,LXEu)f then the following statements
hold.

(i) muDyixp, = Dx,u for anyi=1,...,m;
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(ZZ) W#atXEu = _gn}.

(iii) m4|DyixE,|= |Dx,u| for anyi=1,...,m;

(W) mx|0xp,|= ZL";
(v) 74| D' xE,|= |Dxul.
(vi) m4|Dxixg,|= [(Dxu, —£")|.

Proof. Suppose first that yg, € BVx+(2 x R). We fix a sequence (gp,) in C°(R) such
that gy is even, g, = 1 on [0,h], g» = 0 on [h +1,400) and [, g,(t)dt = 2h + 1. Let
o € CH;R™) with |p|< 1 be fixed. By the Dominated Convergence Theorem, we
have that

| o) ayxe)et) = lim [ gult)e) - dDe) @
QxR —+oo Jaxr
= — lim X5, (z, t)gn(t)divp(z) AL (x, 1)
h—+o00 QxR
=— lim (/ gn(t) dt) divp(z) dL"(x).
h—+o00 J oo

For every z € R and every h € N we have

z 1 P 1
/ gn(t) dt <|z|+h+ 3 and  lim (/ gn(t) dt —h — 5) = z;

oo —4-00 o

using the fact that [, dive(x)dZ™(x) = 0, by the Dominated Convergence Theorem,

we obtain

/Q RSD(I) ~d(Dixp,)(z,t) = — lim ) (/ gn(t) dt —h — 5) divp(z) d.Z2"(x)

h=s+o0 s
- —/Qu(x)divgo(:v) dZL" (x)
zéﬂwdwwm»
(3.11)
In particular, u € BVx(Q2) and, for any open set A C €,
|Dxul(A) < |Dyixe, (A xR), (3.12)

|Dx,ul(A) < |DXJXEu|<A xR) foranyi=1,...,m.

Before passing to the reverse implication we observe two facts. First, for any ¢ € C}(Q),
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one has

/Q @) dOrce) (@) = lim [ o@ant) d @rxe,) (1)

h—+o00 QxR

= — lim () (t)xm, (2, 1) AL (2, 1)
h—+o00 QxR

= — lim Qgp(:p) (/ g;l(t) dt) dL"(x) (3.13)

h—+o00 o

= — lim o(x)gn(u(z)) dZL" ()

:—/god;%"
Q

whence, for any open set A C €,
ZL"(A) < |Oxe,|(A X R). (3.14)
Second, if ¢ € C}(2; R™1), one has by (3.11) and (3.13)

| ele)-dDxxs)@t) = [ oo dDyu—2") )
xR
which gives for any open set A C Q
[(Dxu, =£")[(A) < |Dxixe,[(A X R). (3.15)

Suppose now that u € BVx(2). Let A C Q be open and let ¢ € C}(A x R) and
i=1,...,m be fixed. Let (u;) be a sequence in C*(A) N BVx(A) satisfying (1.29)
(with A in place of §2); then

/ ¢ d(DyiXE,,)
AxR ¢

B ‘/A e, (D] (1) 427 1)

up(z) N
= —/A (/_ Z% (aij(i'f)@(ﬂ?af))dt> dZL"(x)

Jj=1

n up () n
- /A (Z O / aig(@)p(e,t) dt = 3 ay(@)e(, w(w))azjuh(m)) 12" ()

_ /A o, un () Xoun () AL (x),
(3.16)

where we used the fact that z — a;;(z) fuh(w)

—00

/Astﬂ d(Oixk.,) = —/A (/Z(z) 8t¢(x,t)dt) 4.2 ()

= —/Ago(x,uh(x)) dL"(x).

¢(z,t) dt is in C(A). In a similar way

(3.17)
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Formulas (3.16) and (3.17) imply that for any ¢ € C}(A x R; R™*)

/A g dDyine,) - / o, un(x)) - d(Dyu, — L") ().

A

Since xg,, — X, in L'(A x R), we obtain

| Dxixe, /(A X R) <liminf|Dxixp,, [(Ax R) < lim [(Dxus, —2Z")[(A)
h——+o00 h—+o00 (318)
=[(Dxu, =Z")|(A) < 400,

which proves that xg, € BVxi(£2 x R), as desired. Notice that, using the lower

semicontinuity in a similar way, one also gets

| DxixE,[(A % R) < |Dxul|(A)
|DyixE (A X R) < |Dx,ul(A) foranyi=1,....,m (3.19)
10ixE,[(AXR) < Z"A) < +o0.

Eventually, statements (i) and (ii) follow from (3.11) and (3.13), while statements
(iii)—(vi) are consequences of formulas (3.12), (3.14), (3.15), (3.18) and (3.19). O

For uw € BVx,,.(€2) we recall the decomposition of its distributional derivatives
Dxu = D%u + D%u as introduced in Chapter 2. We also write Du = Xu.Z" for
some function Xu € L}, (Q;RF>*™).

We will also consider the polar decomposition Dxu = o,|Dxul|, where o, : Q —
S™~!is a | Dxu|-measurable function. In case u = xp is the characteristic function of
aset £ C QxR of locally finite X -perimeter in Q x R, we write Dxixz = vg|Dxi Xz
for some Borel function vy = ((vg)1, ..., (Vg)m+1) called measure-theoretic horizontal
inner normal to E.

The following result is basically a consequence of Theorem 3.3.1.
Theorem 3.3.2. Let u € BVx(Q) and define

S ={(z,t) € A xR : (vg,)ms1(z,t) =0}
T :={(z,t) € QxR : (vg,)ms+1(z,t) #0}.

Then, the following identities hold

ve,(x,t) = (0u(x),0) for|Dxixg,|-a.e. (z,t)€S; (3.20)
_ _(Xu(@), 1) or -a.e. (x :

VEu(xu t) - 1r |X’LL(ZL’)|2 f |DXTXEu| -G ( 7t) € T7 (321)

T4 (Dxixp,LS) = (Dxu,0); (3.22)

74 (Dxixp,LT) = (Du, —£"). (3.23)
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Proof. Thanks to Theorem 3.3.1 (vi), we can disintegrate the measure |Dx+xg,| with
respect to |(Dxu, —Z")| (see Theorem 1.1.8): for every z € (), there exists a proba-
bility measure 1, on R such that for every Borel function g € L'(Q x R, |Dxixg,|)

/QXRg(az,t) d|Dxixp,|(2,t) = /Q </Rg(x,t) dum(t)) d|(Dxu, —L")|(x).

It follows that, for any Borel function ¢ : 2 — R, one has

/ o(x) d(Dyu, —L™)(x) = / () dry (v, | D i) (2)
Q

[9]
_ / o(@)vp, (2,1) d| D xm, (2. 1)
QxR

= [t ([ v o) i) D~ 270,
Q R
(3.24)
Since D% u and D%u are mutually singular we have
(Dxu, =Z")[= |(Dsu, =Z") | +|(Dxu, 0)|= V1 + [Xul2Z" + [ Diu|
and (3.24) gives

/ngd<(Xu,—1)$" +(0,0)| Dicu)
= [ ot ([ vmtot (o) a (VIFTRAEL" + D5l ).

Denote by I a subset of © such that Z"(I) = 0 and |D5%u|(Q \ I) = 0. Considering
Borel test functions ¢ such that ¢ = 0 in 2\ I, we deduce that for |[D5ul-a.e. x € [

one has
(0u(x),0) = /R v (2 4) dypa(8).

Taking on both sides the scalar product with (o, (z),0) we get

()0, [ veto.t)ao)) =1

and, since p,(R) = 1 and (for [(Dxu, —Z")|-a.e. v € Q) |vg,(z,t)|= 1 for p,-a.e. t,
we deduce that
vp,(x,t) = (04(zx),0) for |Dyul-a.e. x € I and pg-a.e. t € R,
ie.,
vg, (z,t) = (0,(x),0) for |Dxixg,|-a.e. (x,t) € I xR. (3.25)
Taking into account again (3.3) and letting ¢ be such that ¢ = 0 on I, we instead

obtain

m\/ + | Xul? dZ"

:Aw<x>(AvEuxtdum ) VIT TR 2" (o),
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Consequently, for Z"-a.e. x € Q\ I, we have

/Rz/Eu(x,t) dpua () = —20@), 1)

14+ ]Xu(ac)P

Reasoning as before, we deduce that
X -1
VE‘u(x7t> = ( U(x)’ )
V14| Xu(z)|?

or equivalently

for £"-a.e. x € Q\ I and pg-ae. t € R,

vp (1.8) = — B ZD g e, (28) € (Q\ 1) X R. (3.26)

V14 | Xu(z)|?
Formula (3.25) implies that | Dyi xg,|-a.e. (x,t) € I xR belongs to S and that |Dx+xg, |-
a.e. (x,t) € T belongs to (2 \ I) x R. Similarly, (3.26) says that |Dyixg,|-a.e. (x,t) €
(Q2\ I) x R belongs to T" and that |Dxixg,|-a.e. (z,t) € S belongs to I x R. Since S
and 7" are disjoint, this is enough to conclude (3.20) and (3.21). Statement (3.22) now

easily follows because

T (Dxixp, LS) = 74(Ve, | Dxixe,[L(I X R)) = (0w, 0)[(Dxu, =Z")|L I = (Dxu,0)
Similarly, one has

r (D, LT) =y (v, | Dy X, (@ T) x R))
=X D)y p, g @\ T) = (Xu,—1)2",

I+ | XuP

which gives (3.23). O

3.4 The rank-one theorem in a class of Carnot groups

Definition 3.4.1. We say that a Carnot group G satisfies property w-R if for any
bounded open set Q@ C G and any u € BV;(Q2), the set 0*E, is (G x R)-rectifiable set
and the identity

Vg, = Vo*E,»
holds ##@-a.e. on 9*E,, where vy, is the normal of the rectifiable set 9*E, while

vp, is the measure-theoretic horizontal inner normal to £,,.

Notice that, by Theorem 2.2.3, we have that the measure derivative Dgyxrx g, of

the characteristic function of the subgraph F, of u can be represented as
DgwrXE, = Vorg, 000" E,, (3.27)

for some positive density § € L(0*E,, 7#9).
Notice also that, in Definition 3.4.1, the measure Dg«rXx g, has finite total variation by
Theorem 3.3.1.
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Remark 3.4.2. In view of Theorem 3.3.1, if G satisfies property R, then G satisfies
property w-R. We however conjecture that property w-R is indeed equivalent to

property R.

Remark 3.4.3. If G is a Carnot group of step 2, then G satisfies property w-R: this
follows from the fact that G x R is also a step 2 Carnot group and that the rectifiability
theorem holds in any step 2 Carnot group, see [39].

Remark 3.4.4. If (3.27) holds, then
|DG><RXEM|: H%QLa*Eu

Theorem 3.4.5. Let G be a Carnot group satisfying properties €5 and w-R; let Q2 C G
be an open set and u € BVg 10.(Q; R¥). Then the singular part Du of Dgu is a rank-one
DS

measure, i.e., the matriz-valued function u)%(x) has rank one for |Dgul-a.e. x € Q.
G

Proof. Without loss of generality, one can assume that u = (uy, ..., ux) € BVg(Q; R¥)
and that Q is bounded. For any i = 1,...,k we write Diu’ = o;|Dgu,| for a |Du-
measurable map o; : Q — S™!: notice that, using the notation of Section 3.3, the
equality o; = o, holds |Du;|-a.e. We also let E; = {(z,t) € Q x R: ¢t < u'(z)} be
the subgraph of ¢, that has finite G-perimeter in 2 x R by Theorem 3.3.1. Denoting
by 0*F; the essential boundary of F; and writing v; = vg, for the measure-theoretic

horizontal inner normal to F;, we have, by Theorem 3.3.2 and Remark 3.4.4, that
|Diug|= 74 (0;91S;) for some positive 0; € L'(0*E;, #9),

where S; == {p € 0"E; : (vi(p)),,,; =0} and 7y denotes push-forward of measures
through the projection m defined by G x R 3 (z,t) — = € G. By rectifiability, we can
assume that 0*F; is contained in a union UyenX} of Cf hypersurfaces 2} in G x R.

Using Theorem 3.3.2, Remark 3.4.4 and Lemma 3.2.7, the following properties hold
for #Q-ae. pe S;U...US:

if p € S;, then v;(p) = (0;(7(p)), 0) (3.28)
if p € X}, then v(p) = +v5; (p) (3.29)
if pe ¥iand 3¢ € S;NE, Na(x(p)), then vy (p) = i”zi(Q)- (3.30)

Up to modifying each S; on a #?-negligible set and each o; on a | D&u’|-negligible set,
we can assume that (3.28), (3.29) and (3.30) hold for any p € S; U...U S and that,
forany i =1,...,k, 0, =0 on Q\ 7(5;).

Since Dgu = (01| Dgull, ..., ox|D&uF|) and |Dgul is concentrated on 7(S;) U ... U
7(Sk), it is enough to prove that the matrix-valued function (o4, ..., o) has rank 1 on
7(S1) U...Un(Sk). This will follow if we prove that the implication

i,je{l,... k}, i #j, v en(S;) = oj(x) €{0,0i(x), —0;(2)},
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holds. If 4, j, x are as above and = ¢ m(S;), then o;(z) = 0. Otherwise, x € 7(S;) N
7(5j), i.e., there exist p € S; and ¢ € N such that 7(p) = z and 0;(z) = £vy;(p) and
there exist ¢ € S; and N € N such that 7(¢) = x and 0,(z) = v (p). By (3.30), we
obtain o;(x) = £0,(x), as wished. O

Remark 3.4.6. As an easy consequence of Remarks 3.1.5 and 3.4.3, Theorem 3.4.5
holds for the Heisenberg group G = H" provided n > 2. This result does not directly
follow from [26], as we now briefly explain using the notation of Example 1.3.24 and
restricting for simplicity to n = 2, the general case n > 2 being a straightforward
generalization.

Let u € BVg(2; R¥) for some open set 2 C H2. Tt can be easily seen that the matrix-
valued measure (i1, fio, i3, ft4) ‘= Dgu = (Xju, Xou, Yiu, You) satisfies the equations

Xipo — Xopiy
Yips — Yopus

A= Xypy — Yoy =0
Yips — Xops

Xopz — Yipg + Yous — Xopiy

in the sense of distributions. Write the first-order differential operator </ (the hori-

zontal curl in H?, see |12, Example 3.12]) in the form
o = A0y, + A0y, + A30y, + As0y, + As0;

for suitable A; = A;(x,y,t) and consider the wave cone A (x,y,t) (see [26]) associated
with o7

5
Ay (z,y,t) = U ker A, ,+(q), where A, ,1(q) = 2mi Z Aj(z,y,t)g;.
qeR?\{0} Jj=1

One can readily check that
Ayyi(q) =0 for = (—2y,22,1) € R°\ {0},

i.e., the wave cone A (z,y,t) is the full space for any (z,y,t) € H2. In particular, [26,

Theorem 1.1] gives no information on the polar decomposition of D u.

Remark 3.4.7. The rank-one property for BV functions in the first Heisenberg group
remains a very interesting open question, since it does not follow either from Theorem
3.4.5 (because property 5 fails for H') or from [26, Theorem 1.1], as we now explain.

Let u € BVg(; R*) for some open set 2 C G := H'; we use again the notation of
Example 1.3.24 and we set p = (z,y,t) € H' = R3. One can check that (uq, ) =
Dgu = (Xu, Yu) satisfies

S YXpu —2XYpu + XXps —0
a Y'Y —2YXpo + XY pia, |
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in the sense of distributions. Now &7 (the horizontal curl in H', see [12, Example 3.11])

is a second-order differential operator that one can write as

A=Y Aulp)d°,

|a|=2

where v € N° is a multi-index and 0% = 9319529;*. As before, one can define the wave

cone

Ay (p) = U ker A,(q), where A, (q) = (27i)? Z Au(p)g®.
4R {0} jal=2

Again, one has
Ay(q) =0  for ¢ = (—2y,2z,1) € R*\ {0}

and the wave cone Ay (x,y,t) is the full space. More precisely, this follows from the

computations below. First, we observe that

XY = @Cy - 2$axt + 2y8yt - 4:Eyatt - 2at =
— 6(1,1,0) o Qxa(l,o,l) + 2ya(0,1,1) o 4133/8(0’072) . 28(0,0,1);

YX = 0,y — 2004 + 2y0y; — 4xy0Oy + 20, =
_ 9L _ 9,9(100) | 2y8(0’1’1) _ 4xy8(0’0’2) + 29001

XX = Opy + 4yt + 440 = 0300 + 4yoH0Y 4 44290002,
YY = 0,y — 420, + 4220, = 0020 — 45001 4 4229(002),

Then, the matrices A,’s are given by

-1 0
A T, y,t) =
(1,1,0)( y,t) 0 _1)
—2y 0
A T, y,t) =
(0,1,1)( y,t) e —2y>
2z 4y
A r,Y,t) =
(1,0,1)( Yy ) 0 295)

0 1
A(2,0,0) ([B, Y, t) = 0 O>

10

dxy  4y?
Awo (T, y,t) = 4a? day )

0 0
A(O,Z,O) (I’, Y, t) = >
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It follows that for every (£,n,7) # (0,0,0) one has

A%z,y,t) (57 n, T) = _47T2 (577/4(1,1,0) (I’, Y, t) + 77714(0,1,1) ($7 Y, t) + 57—14(1,0,1) (.ﬁlf, Y, t)
+ 52"4(2,0,0) (1'7 Y, t) + 77214(0,2,0) (CC, Y, t) + TQA(Oa 07 2))

g TS 2T 208 Ay AT + 4 4y
—danT + n* + 4?73 —&n — 2ynT + 2267 + dayT?
g2 60 2y 208 - dayr? (€ +2y7)?
(n — 2x7)? —&n — 2ynT + 2287 + dayT?

and hence, with the choice 7 =1, ¢ = —2y and n = 2x, we get

0 0
2
A(mvy,t) (57 7777—) = (0 0) )

as claimed.



Chapter 4

A compactness result for BV functions

in metric spaces

The following chapter deals with a compactness criterion for equibounded sequences
(u;) in metric measure spaces when the underlying metric varies with j € N. The
results of this chapter are contained in [29]|. Section 4.1 is devoted to the proof of the
main Theorem 4.1.1. The proof follows basically by combining a Poincaré inequality
and an approximation scheme of functions in terms of their mean values on balls.
Section 4.2 has the goal of showing an application of Theorem 4.1.1 to the case of
equiregular CC spaces (R", X') with bounded (in the Euclidean metric) metric balls.
The first part of this section is devoted to proving that the sequence of CC metric
(d;) built with respect to moving vector fields X7 = (X7, ..., X7,) converges uniformly
to the reference CC distance d if the frame X7 converges to X smoothly enough (see
Theorem 4.2.4). The proof of Theorem 4.2.4 requires some preparatory lemmata (see
Lemmata 4.2.2 and 4.2.3) and a uniform ball-box inequality (see Theorem 4.2.1) coming
from the application of the results of [18, 73|. The main result of this section (see
Theorem 4.2.6) then follows by taking into account the uniform Poincaré inequality
given by Theorem 4.2.5.

4.1 The main result

In the statement of the following theorem the locality is to be understood with respect
to the topology induced by d. Also, all the compacts sets considered are compact with
respect to the topology induced by d.

Theorem 4.1.1. Let M be a set, ¢ > 1, 6 > 0 and let d,d; (j € N) be metrics
on M such that (M,d) is locally compact and separable. Let X\, p; (j € N) be Radon

measures on M and consider a sequence (u;) in Lj (M, \). Suppose that the following

loc

assumptions hold.

117
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(i) The sequence (d;) converges to d in LyS.(M x M, \).

loc

(1) (M,d,\) is a locally doubling metric measure space, i.e., for any compact set
K C M there exist Cp > 1 and Rp > 0 such that

VeeK, Vre(0,Rp) AN B(z,2r)) < CpA(B(zx,r)).

(111) For every compact set K C M there exist Cp, Rp > 0 and a > 1 such that
Vee K, VieN, vre (0,Rp)  u; —u;(B)||nomsny< Cprlpi(aB?),

where BI = Bi(x,r) denotes a ball in (M,d;), aB? = BI(x,ar) and u;j(B’) =
fBj u]d)\

(iv) For every compact set K C M there exists My > 0 such that

VjeN sl L1 (i )05 () < M.

Then there exist u € LY

loc

verges to w in L] (M;\) as h — +o0.

loc

(M;X) and a subsequence (uj,) of (u;) such that (u;,) con-

Concerning the classical Euclidean case when (M, d;, ) = (M, d, \) = (R, |-|, Z"),
we invite the reader to compare the assumption in (iii) with the well-known Poincaré

inequality
lu = w(B,)||Las < Cr'|Dul(B,), Vg€l ;) withd="2+1-n>0

valid for for any BV function v on any ball B, C R™ of radius r and where u(B,.) denotes
the mean value £"(B,)~" [, udZ" of u in B,, C > 0 is a geometric constant, and
| Du| denotes the total variation measure associated with u (i.e., the total variation of

the distributional derivatives of u).

Proof. Let K C M be a fixed compact set and let ¢ > 0. We first prove that there
exists a subsequence (u;, ) such that
lim sup||ujh — Uy, ”Lq(K;)\)S 2006, (41)
h,k—-+oo
for some Cjy > 0 depending on K only.
Consider an open set U; € M such that K C Uy, U, is compact and

MU K < —

< M K) (42)

where (3 is an integer such that 2° > 2a and « is given by condition (iii). By the
5r-covering Theorem (see Theorem 1.1.10) we can find a family {B(xz,,r) : £ € N} of
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pairwise disjoint balls such that 2, € K, 0 < r, < min{e'/’, Rp/4,2aRp}, B(xy, 5ry) C
U; and

K Q U B(%g,fﬂ’g).
=0

Denote for shortness B, := B(xy,1¢); then
<> M5B <) 8By <05+32AQBBZ c@”AOJ%BO.
=0 (=0 =0 =0

Hence we can choose L € N such that

r 1

1
AOJﬁm>z§?ﬁMK)

=0 D

Taking into account (4.2), we easily get that A4; = K N Ué::o Q%Bg satisfies

1
40@4’3

AAy) > AK).

For j€e Nand £ =1,..., L set for shortness BZ = BI(xy, 7). By assumption (i), there
exists J € N such that for every j > J, and for every ¢ =0,...,L

B,C B and 1B} C B, (4.3)

R=

Hence for every j > J one has

-1

g (B < A (B gl < My, mas (B0 ™+ 0=0,. 1} < +oo.

By Bolzano-Weierstrass Theorem we get an increasing function v; : N — N such that
the sequence (ul,l(j) (%le(j)>> _is convergent for every £ =0, ..., L. (4.4)
J
Then

lim sup||wy, (n) — U ()l La(a1:0)
h,k—+o00

L
<lim sup Z ‘
h,k—+o00 —0

vi(h
sy = ey (387",

La (Z%Be;)\)

+ ‘ Uny (k) ~ U () (iBgl(k))‘

Lq(Q%Bg;,\)

Uy (h) <i3271(h)> — Ui (k) (%Bgl(k)ﬂ

Lq<2lﬁBg;)\>)

a
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and, using (4.3) and (4.4),

<hmsupz ()

h k:—>+oo

1 pri(h)
Uyy (h) — Uy (h) (%Bgl )‘ Lq<LBV1(h),)\)
2a07¢ ’

1 pri(k)
Uy (k) — Upy (k) (ﬁBz >) Lq(iBgl(k);A)>

C T 1% 1%
<hmsupz P) (,ul,l(h) < B l(h)) + Loy () ( le(k)))

h k—>+oo —0

a

< lim sup —(5 (,U/m(h) (Ul) + oy (k) (Ul)) < 0087

h,k—+o00 ( Oé)
where Cy depends only on U; and thus only on K.
We proved that there exist A; C K and a subsequence (u,, 1)) of (u;) such that

1
MK\ Ap) < (1 - Fg@,) AK),

lim sup||uyn)y — k)| Laca 0 < Coe.

h,k—+o0
Since the set Ky = K \ A; is compact we can repeat the same argument on K,, with
5 in place of €, and paying attention to choose an open set Us C U; so that Cy can be
left unchanged. By a recursive argument, for every j € N we get pairwise disjoint sets
A; C K and subsequences (u,,()) such that for every j > 1

(a) (ty,, () is a subsequence of (u,,x));

() A (KU A) < (1 3o ) M)

(¢) limsupl|wy,n) — U, @) ||Laa;n < Co2t e
h,k—+o00
Inequality (b) immediately implies that A (K \ ;= 4;) = 0. Working on the diagonal

subsequence (u,,(»)), we can conclude that

Limn sup|[u,, () =t i | o (a0 = W sUP [ty ) = )l a2, ai0)
h,k—-+o0 h,k—-+o0 =

(4.5)
< th SupHuyh(h Uuk(k)HLq(Ai;)\)S 2CHe.
1 hk—+oo
This proves (4.1).
Let us write for simplicity (us) instead of (u,,)). We now prove that, for every
compact set ' C M, there exists a subsequence (u;, ) of (u;) such that

hkh—{il- [, — wjy |l zagre, )= 0. (4.6)



4.2. AN APPLICATION 121

By (4.5), for every ¢ € N, we can recursively build a subsequence (u,,,,x)) of (ty,n))
such that
E,?HSEOICZHUW(;Z) — Uyl Lo < 727 Co-
Then the diagonal sequence (u,,(n)) satisfies (4.6).
Eventually, take a sequence (K;) of compact sets such that K; C int(K;;;) and
Ujen K = M. By (4.6), for every i € N we can recursively build a subsequence (uy, 1))
such that (u,,,, ) is a subsequence of (u,,() and

h,kh—glrooHuw(h) = Uy ()| Laain = 0-

The diagonal subsequence (u,, () will then converge to some v in Lj (M;A). This

concludes the proof. O

Remark 4.1.2. The careful reader will easily notice that Theorem 4.1.1 holds also

when assumption (iii) is replaced by the following weaker one:

(iii") For every compact set K C M there exist Rp > 0,a > 1 and a function
f : (0,400) — (0,400) such that lim, .o f(r) = 0 and

l|lu; — uj(Bj)HLq(Bj)g flr) uj(aBj), Ve e K, VjeN, Vr e (0,Rp).

4.2 An application to Carnot-Carathéodory spaces

Let (R", X) be a CC space, let Q be an open set in R™ and assume that the metric
balls are bounded with respect to the Euclidean metric. This implies that the space
(R™, X) is geodesic, as it has been shown in |75, Theorem 1.4.4].

For j € Nlet X7 = (X{, ..., X7 ) be a family of linearly independent vector fields
such that, for every fixed i = 1,...,m, X/ converges to X; in C{2(R") as j — +oo.
We denote by d;, j € N, the CC distance associated with X7. If h € L>([0,T]; R™)
with ||h||< 1, T > 0 and = € R", it is convenient to define yh,m,ﬂ’x : [0, 7] — R™ as
the AC curves such that 7, ,(0) = 7}{@(0) = z and for almost every ¢ € [0, 7]

m m

Ina(t) = D () Xi(ma()s W) =D h(D)X](9.(1)).

i=1 =1

With this notation, an equivalent definition of the CC distance is
d(z,y) = inf{||h| @1 h € L=([0,1];R™) and v,(1) = y}. (4.7)

The boundedness of metric balls implies that, for every T' > 0 and h € L>([0, T]; R™),
the curve 7, , is well-defined on [0, 7).

As already observed in Remark 1.2.2, if the Chow-Hormander condition holds, then
for every compact set K’ C R" there exists an integer s(/K) such that the following holds:
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for any z € K, Xy,...,X,, and their commutators up to order s(K) computed at x
span the whole R™. In an analogous way the following fact holds: for any compact set
K C R” there exists J € N such that, for any + € K and 57 > J, the vector fields
X7 .. , XJ and their commutators up to order s(K) computed at z span the whole
R™. The following theorem gives a sort of quantitative version of some of the celebrated
results of [78]. The proof of Theorem 4.2.1 follows fairly easily from [18, 73] (see in
particular [18, Proposition 5.8 and Claim 3.3|).

Theorem 4.2.1. For every compact set K C R" there exist Jyo € N and Cg > 0 such
that for every x,y € K and j > J

1
C—K|$ —y|< d(z,y) < Ckla —y|Y/sE

1
C—K|$ —y|< dj(w,y) < Ckle —y[V/*0),

We aim at proving that the sequence of distances d; converges to d locally uniformly;

we need some preparatory lemmata.

Lemma 4.2.2. Let K be a compact set in R™. Then for every T' > 0, there exist J; =
JiI(K,T) € N and R = R(K,T) > 0 such that for every x € K, h € L*>([0,T]; R™)
with ||h||< 1 and any j > Jy the following hold:

(a) the curve 'y,im is well defined on [0,T1];
(6) 12(10,T]) € Be(0, R).
Proof. Define first

K' = {yo(T) : x € K,h € L®([0,T|;R™), |n|< 1} = | ] B(x,T).

rzeK

Since metric balls are bounded, also K’ is bounded. We can therefore find R > 0 such
that K’ C B.(0, R) and d.(K’,R™ \ B.(0,R)) > 1. Choose J; € N such that for every
J=Jh

o , 1
T XI X | emeT < =
<E sup | X? |>6 <35

i—1 Be(O,R)

where C' > 0 will be determined later. Let h € L>([0,T];R™) and j > J; be fixed;
define

t; ==sup{t >0: 711;;; is well-defined on [0, ¢] and 'ﬁ;’x([O, t]) € B.(0,R)}

and suppose by contradiction that ¢; < 7. Then yi@(tj) € 0B.(0, R) and for every
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T < t; one has
) = a0 < 3 XA = B i) s

< OT >[04 (5)) = X ()] ds

+ /OT Z | X7 (Y, (5)) — Xi(nu(5))| ds.

Notice that, since X7 is converging to X; locally in C', and since 7{;7:0(3),%@(5) €
B.(0, R), the Lipschitz constants

sy X@ X

i
" 2yeB.(O.R) |z —y|

C

w Therefore we

can choose C' > 0 such that cij, ¢; < Cforany j e Nand i =1,...,m, which gives

are converging to the Lipschitz constant ¢; = sup, ,ep,_(0,r)

7,0(7) = e (7)] < /0 (mC 7 2(8) = ()| + D sup [X] - Xz-|> ds.

“— B.(0,R)

We can therefore apply Gronwall’s Lemma to get

N[ —

712 (t5) = ma(ty)] <t (Z sup | X/ — Xz‘|> "l <

i=1 Be (OvR)

Notice that 7y, ,(¢;) € K" and ')/z’x(tj> € 0B.(0, R): this contradicts the definition of R,
giving t; = T'. The lemma is proved. O

Lemma 4.2.3. Fize € (0,1) and a compact set K in R™. Then, for every T > 0 there
exists Jo = Jo( K, T,e) € N such that for every x € K, j > Jo, h € L>(]0,T); R™) with
|h[|< 1 and t € [0,T] one has

Wi,x(t) — Yha(t)|< €

Proof. Let J; = Ji(K,T) and R = R(K,T) be given by Lemma 4.2.2 and let C' > 0
be the constant appearing in its proof. We can reason as in Lemma 4.2.2 above and

use Gronwall’s Lemma to get, for any x, j, h,t as in the statement, that

!”y,{’x(t) — ’yh,m(t)‘ <t (Z sup \Xf — XJ) MOt
“— B.(0,R)
The proof is then accomplished by choosing J, > J; sufficiently large to have

T (Z sup | X7 — Xz\) emoT < ¢,

=7 Be(O,R)
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Clearly, Jo can be chosen to be increasing in T, i.e., Jo(K,Ti,e) < Jo(K, T3, ¢)
whenever 0 < T < Tb.

Theorem 4.2.4. Let X = (X1,...,Xyn) and X7 = (X],...,X1), j € N, be m-
tuples of linearly independent smooth vector fields on R™ such that X satisfies the
Chow-Hérmander condition and its C'C balls are bounded in R™; assume that, for every
i=1,...,m, X! = X; in C®

loc
in LS (R™ x R™) as j — +o0.

(R™) as j — oo. Then the sequence (d;) converges to d

Proof. Let K C R" be a fixed compact set.
We first prove that for every € € (0,1) there exists J3 = J3(K, ) € N such that for
every x,y € K and j > J; one has

dj(x7y) S d(CL’,y) +e.

Consider x,y € K; by the existence of geodesics, there exists h € L>*(]0,1]; R™) such
that ||h||pe= d(z,y) and 7, (1) = y. We set y; = 7{;71(1) and consider Jy and Cx > 0
as given by Theorem 4.2.1. Define Js = max{Jy, Jo(K, diamyK, (¢/Cr)*¥))}. Then,
by Lemma 4.2.3, for j > J3 we have

| NS
s —vl= ) - eVl ()
K
By Theorem 4.2.1 we deduce that d;(y;,y) < ¢; in particular, for any j > J; one has
dj(x,y) < dj(z, ;) + di(y;,y) < d(z,y) +e, (4.8)

as claimed. Notice also that sup; ;, diamg, K < diamgK + 1 =: L is finite.
We now prove that for any z,y € K and € € (0, 1) there exists Jy = Jy(K, z,y,¢) €
N such that for every 7 > Jy

d(z,y) < dj(2,y) +e. (4.9)
For every j > J3 let b/ € L*>([0,1]; R™) be such that
M D=y and [|M|==dj(z,y) < L.

The sequence (h’); is bounded in L™ and therefore there exists a subsequence (h’)
and h € L>([0, 1];R™) such that

R/t X hin L™ and lim || 7 || oo = lim inf||h7 || peo = lim inf d;(z, y).
l—00 Jj—00 j—oo

Denoting by ~% = 72§'e,z and considering R = R(K,L) > 0 as given by Lemma
4.2.2, one has ¢([0,1]) € B.(0,R). Since X; are converging to X; uniformly in
C*> (i =1,...,m), such vector fields are equibounded on B.(0, R). By Ascoli-Arzela
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Theorem, up to a further subsequence, there exists a curve v € AC([0,1],R") such

that 79¢ uniformly converges to 7 in [0, 1] as £ — co. For every t € [0, 1] one has
t m
V0 =t ST () ds
0 =1

and, taking into account that X7‘ o 4% — X, o uniformly in [0, 1] and that 7 - h in
L, by letting ¢/ — oo one gets

v(t) =z + /0 Z hi(s)Xi(v(s)) ds.

In particular v = 5., 7(1) = y and
d(z,y) < ||h||re< liminf||h;, || po= liminf d;(z, y),
{—00 j—o0

which proves (4.9).

By the compactness of K we can find x1,...,z, € K such that K C Ulgzl B(xzy,€).
Using Theorem 4.2.1 and (4.9) we can find C = C(K) > 0 and J; = Js(K, ¢) € N such
that for j > J;

Bl(xy,¢) C B (xy, Ce'/*H)) Vi=1,... .k
d(l‘fﬁxb)édj(xfl?x&)—f—g \V/£17€2:]—7"'7k'
For every x,y € K we can find xy,, xs, € K (with 1 < ¢, ¢y < k) such that z € B(zy,,¢)
and y € B(xy,,¢), hence for j > J; we have
d(ZL“, y) < d(ZL‘, $g1) + d(xﬁla m42) + d<y7 :L‘g2)
<e+dj(xy, ) +e+e
< d;j(zg,x)+dj(x,y) + di(y, xe) + 3
=d;(x,y) + 3+ 205U,
which, combined with (4.8), concludes the proof. m

Theorem 4.2.5 below gives a uniform Poincaré inequality when the moving vector
fields are converging. The proof follows directly from [18, Theorem 7.2 and considera-

tions above].

Theorem 4.2.5. Let X = (X1,...,X,,) and X/ = (XJ,...,X1), j € N, be m-tuples
of linearly independent smooth vector fields on R™ such that X satisfies the Chow-
Hérmander condition and its C'C balls are bounded in R™; assume that, for every i =
1,...,m, Xij — X; in C2(R™) as j — oo. Then, for every compact set K C R™ there
exist Cp > 1, « > 1, Rp >0 and J € N such that for every j > J, u € BVxi 1,.(R"),

r € K andr € (0,Rp) one has
|u—u(B’)|dZ" < Cpr|Dyjul|(aB’), (4.10)
B

where B) .= B (x,r) and u(B?) = 5, ud 2"
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We can then state our main application. See [46, Section 8| for more references

about compactness results for Sobolev or BV functions in CC spaces.

Theorem 4.2.6. Let X = (Xy,...,Xp) and X7 = (X],...,X1), j € N, be m-
tuples of linearly independent smooth vector fields on R"™ such that X satisfies the
Chow-Hdérmander condition and its CC balls are bounded in R™; assume that, for every
i=1,...,m, Xl-j — X; in CR2(R™) as j — oo. Let uj € BVxi10(R™) be a sequence of

functions that is locally uniformly bounded in BV, i.e., such that for any compact set
K C R" there exists M > 0 such that for any j € N one has

sl 2 )+ Doy | (K) < M.

Then, there exist u € BVx 1o.(R") and a subsequence (uj,) of (u;) such that uj, — u in
Ll

loc

(R™) as h — oo. Moreover, for any bounded open set 2 C R™, the semicontinuity
inequality
|Dxul(Q) < lijrgg)lﬂDXjuﬂ(Q)

holds.

Proof. We use Theorem 4.1.1 with X = R", A\ = ", § =q =1, u; = |Dy,u| and
d,d; the CC distances associated with X, X7 respectively. Assumption (i) follows from
Theorem 4.2.4, while the local doubling property (ii) of d is a well-known fact (see e.g.
[78]). The validity of (iii) (with § = ¢ = 1) follows from Theorem 4.2.5, while (iv) is
satisfied by assumption.

Theorem 4.1.1 ensures that, up to subsequences, u; converges to some u in L}, (R");

we need to show that u € BVx ,.(R™). To this aim, for any ¢ = 1,...,m, we denote
by X the formal adjoint to X; and write

Xi(z) = Z a; k()0 and  X/(z) = Z aik(a:)(?k,
k=1 k=1

for suitable smooth functions a; y, a{ x- Then, for any bounded open set {2 C R", any

test function ¢ € C}(Q) and any i = 1,...,m, we have

/uXi*godcf”:/uZ@k(ai,kgp) d7" = 1im/uj28k(agkgp) "
Q & k=1 meeda o 7

= —lim [ pdDyu; < ||@||Lm(g)lixginf|Dg(uj|(Q) < +00.
Q ’ J—o0

Jj—00

This proves that u € BV 1,.(R™) as well as the semicontinuity of the total variation.

The proof is accomplished. n

Proposition 4.2.7. Let X = (X1,...,X,) and X7 = (X{,...,XJ), j € N, be m-

tuples of linearly independent smooth vector fields on R™ such that, for every i =
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1,...,m, X - X; in C°
Ll

loc

(R™) as j — oo. Let (uj) be a sequence converging in

(R") to some u; then, for any open bounded set 2 C R"™ one has
| Dxul(§2) < lim inf| D u;{(©)

Proof. For any i = 1,...,m and any j € N we write

n

= Z a; ()0 and X/ (z) = az’k(x)ﬁk,

k=1

for suitable smooth functions a; , aik. Then, for any test function ¢ € C1(Q;R™), we

have

/udlvxgpdf / ZZ@k (@i ki) = ]lgglo/ujzz&k Zk% ) dL"

i=1 k=1 =1 k=1

=lim [ w;divx;odZ" < ||@|| pee(@liminf| D xiu;|(€).
j—00

Jj—=o Jq
The proof is accomplished. m

Remark 4.2.8. Let X, X7 u;,u be as in Proposition 4.2.7 and assume that |Dy;u/|
are locally uniformly bounded in R"”, i.e., for any compact set K C R” there exists
Cx < oo such that |Dx;u/|(K) < Ck for all j. Then Dy;u’ weakly* converges to Dyu
in R"™.
Indeed, one can reason as in Proposition 4.2.7 to show that for any test function

p e CHR") and any i =1,...,m

lim [ ¢ dDyu = /godDXiu

j—oo i
and the density of C! in C, allows to conclude.

Remark 4.2.9. We conjecture that, when the CC space (R", X) is equiregular the
convergence u;, — u in Theorem 4.2.6 holds in L] oo 1) where @)

L. for any ¢ € [1
is the Hausdorff dimension of (R"”, X'). This would easily follow in case the Poincaré

inequality (4.10) could be strengthened to
lu = w(BY) | zan < Cpr® | Dxsul (aB?)

for some 6 > 0 (arguably, 6 = % + 1 — Q). The key point would be proving that the
constant Cp can be chosen independent of j but, as far as we know, no investigation

in this direction has been attempted in the literature, so far.

Remark 4.2.10. Theorems 4.2.4, 4.2.5 and 4.2.6 hold also under a slightly weaker
assumption: it is indeed enough that, for any compact set K C R", the convergence
X7 — X, holds in C*(K) for a suitable k = k(K) (actually, k depends only on s(K))
that one could explicitly compute. See [18, 73] for more details.
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