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Abstract

We establish a quenched local central limit theorem for the dynamic random conduc-
tance model on Z? only assuming ergodicity with respect to space-time shifts and a
moment condition. As a key analytic ingredient we show Holder continuity estimates
for solutions to the heat equation for discrete finite difference operators in divergence
form with time-dependent degenerate weights. The proof is based on De Giorgi’s iter-
ation technique. In addition, we also derive a quenched local central limit theorem for
the static random conductance model on a class of random graphs with degenerate
ergodic weights.
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1 Introduction

One of the most studied models for random walks in random environments is the ran-
dom conductance model (RCM). Objectives of particular interest are homogenisation
results such as invariance principles or stronger local limit theorems for the associated
heat kernel. For instance, in [5] a local limit theorem has been proven for random
walks under general ergodic conductances satisfying a certain moment condition.

For the dynamic RCM evolving in a time-varying random environment a local
limit theorem has been stated in [1] which required uniform ellipticity, meaning that
the conductances are almost surely uniformly bounded and bounded away from zero,
as well as polynomial mixing, i.e. the polynomial decay of the correlations of the
conductances in space and time. In this paper we significantly relax these assumptions
and show a quenched local limit theorem for the dynamic RCM with degenerate space-
time ergodic conductances that only need to satisfy a moment condition. In contrast to
many results on various models for random walks in dynamic random environments,
in the present paper the environment is not assumed to be uniformly elliptic or mixing
or Markovian in time and we also do not require any regularity with respect to the
time parameter.

The proof exploits a quenched invariance principle established under the same
assumptions in [3]. In addition and original to this paper, some Holder continuity in
the macroscopic scale for the heat kernel is required. For the proof we extend the
De Giorgi iteration technique to discrete finite-difference divergence-form operators
with time-dependent degenerate coefficients. De Giorgi iteration is an alternative to
the well-known Moser iteration. The latter has been implemented for the discrete
graph setting in [5,24]. It turns out that the De Giorgi’s iteration method performs
far more efficiently for proving Holder regularity of time-space harmonic functions.
On one hand, it avoids the need for a parabolic Harnack inequality in contrast to the
arguments in [5,24], and it also makes the proof significantly simpler and shorter.

1.1 Setting and main result

Consider the Euclidean lattice, (Zd, E;), for d > 2, whose edge set, Eg, is given by
the set of all non-oriented nearest neighbour bonds, that is E; = {{x,y} : x,y €
74, |x — y| = 1}. The graph (Z¢, E,;) is endowed with a family of time-dependent
positive weights w = {w;(e) : e € E4, t € R}. We refer to w;(e) as the conductance
of an edge e at time 7. Let 2 be the set of measurable functions from R to (0, 00)Ea
equipped with a o-algebra F and let P be a probability measure on (€2, F). We write
E for the expectation with respect to P. Upon €2 we consider the d + 1-parameter
group of translations (7; x : (f, x) € R x 74 given by

Tx: Q2 — Q, {a)x(e) t(s,e) e Rx Ed} —> {a)t+s(e+x) t(s,e) e R x Ed}.
(1.1)
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Assumption 1.1 (i) P is ergodic and stationary with respect to space-time shifts, that
is, forall x € 74,1 € R, Pottfxl =P ,and P[A] € {0, 1} for any A € F such
that P[AAT, ,(A)] = Oforall x € Z4, ¢ € R.
(ii) For every A € F the mapping (w, t, x) — 14(7; yw) is jointly measurable with
respect to the o-algebra F ® B(R) ® P(Z4).
(i) E[w(e)] < 0o and E [w;(e)~!] < oo forany e € E; and ¢ € R.

For a given w € Q and for s € R and x € Z9, let Py be the probability measure
on the space of Z?-valued cadlag functions on R, under which the coordinate process
X = (X, : t € R) is the time-inhomogeneous Markov process on Z¢ starting in x at
time s with time-dependent generator (in the L?-sense) acting on bounded functions
f:7% - Ras

(L)@ = Y o y) () = f@).

yijx—y|=1

In other words, X is the continuous-time random walk with time-dependent jump rates
given by the conductances, i.e. the random walk X chooses its next position at random
proportionally to the conductances. Note that the total jump rate out of any lattice site
is not normalised, and the law of the sojourn time of X depends on its time-space
position. Therefore, X is often called the variable speed random walk (VSRW). It is
known that under Assumption 1.1-(iii) the process X does not explode, i.e. there are
only finitely many jumps in finite time, see [3, Lemma 4.1]. Note that the counting
measure is a time-independent invariant measure for X. For x, y € 78 and t > s, we
denote p®(s, x; t, y) the heat kernel of (X, : t > s), that is

pw(sv'X; z, Y) = Pc:x [Xt = y]

During the last decade, considerable effort has been invested in the derivation of a
quenched functional central limit theorem (QFCLT) or quenched invariance principle,
see the surveys [15,32] (and references therein), and [4,13,27] for more recent results
on the static RCM. For RCMs including long-range jumps a QFCLT has been recently
established in [16] . For the time-dynamic RCM with ergodic degenerate conductances
the following QFCLT has been shown in [3]. We refer to [17] for a closely related
result including random walks on dynamical bond percolation.

Assumption 1.2 There exist p, g € (1, oo] satisfying

1 N 1
p—1 (p—1yg

<

Ul

1
+ —
q
such that for any e € E; and ¢ € R,

E[wi(e)?] < oo and E[w(e)™?] < oc.
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1148 S. Andres et al.

Theorem 1.3 (QFCLT [3]) Suppose that Assumptions 1.1 and 1.2 hold. Then, for P-
a.e. , the process X" = (X,(”) :=n"1X,2, : t = 0) converges (under B) in law
towards a Brownian motion on R¢ with a deterministic non-degenerate covariance
matrix %2,

As our main result we establish a quenched local limit theorem (or quenched local
CLT) for X, which states that, P-a.s., under diffusive scaling the rescaled transition
densities converge uniformly over compact sets towards the Gaussian transition density
of the Brownian motion with covariance matrix -2 appearing as the limit process in
Theorem 1.3. That Gaussian density will be denoted

k(x) = kZ(x) = xp(—x-(22)*1x/2t). (1.2)

1
— ¢
V@2mt)d det X2

Theorem 1.4 (Quenched local CLT) Suppose that Assumptions 1.1 and 1.2 hold. For
anyTh > Ty >0and K > 0,

lim sup sup |n? p®(0,0;n%, |nx]) —k(x)| = 0, for P-ae .

=00 x| <K te[T.T»]

In general, a local limit theorem is a stronger statement than a FCLT. In fact, even
in the case of time independent i.i.d. conductances, where the QFCLT is known to
hold [2], the heat kernel may behave subdiffusively due to a trapping phenomenon
(see [14]), so that a local limit theorem may fail in general. Nevertheless it does hold,
for instance, in the case of uniformly elliptic conductances or for random walks on
supercritical i.i.d. percolation clusters, see [11]. We refer to [18] for sharp conditions
on the tails of i.i.d. conductances at zero for Harnack inequalities and a local limit
theorem to hold. Stronger quantitative homogenization results for heat kernels and
Green functions can be established by using techniques from quantitative stochastic
homogenization, see [8, Chapters 8§-9] for details in the uniformly elliptic case. This
technique has been adapted to the VSRW on static percolation clusters in [22], and it is
expected that it also applies to other degenerate models. In the general ergodic setting
it is known that moment conditions are necessary even for the QFCLT to hold (cf.
[9]). In fact, in [5,7] quenched local limit theorems have been derived under moment
conditions that turned out to be optimal in certain cases. A corresponding result for a
class of symmetric diffusions has been obtained in [19].

Since the static RCM is naturally included in the time-dynamic model, the moment
condition in Assumption 1.2 is not optimal for both, the QFCLT and local limit the-
orem. For the static VSRW, a QFCLT holds in d = 2 already under the moment
condition with p = g = 1 (see [15]), a local limit theorem has recently been shown
in [12] under the moment condition with 1/p + 1/g < 2/(d — 1), which is a weaker
condition on p and ¢ as the one in Assumption 1.2.

Relevant examples for dynamic RCMs include random walks in an environment
generated by some interacting particle systems like zero-range or exclusion processes,
cf. [35]. Some on-diagonal heat kernel upper bounds for a degenerate time-dependent
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conductances model are obtained in [35]. Full two-sided Gaussian estimates are
known in the uniformly elliptic case for the VSRW [25] or for constant speed walks
under effectively non-decreasing conductances [26]. However, unlike for static envi-
ronments, two-sided Gaussian heat kernel bounds are much less regular and some
pathologies may arise as they are not stable under perturbations, see [29]. Moreover,
such bounds are expected to be governed by a time-dynamic version of the intrinsic
distance whose exact form in a degenerate setting is unknown (cf. e.g. [6] for some
results on the static RCM). These facts make the derivation of Gaussian bounds for
the dynamic RCM with unbounded conductances a subtle open challenge.

Finally, let us remark that there is a link between the time dynamic RCM and
Ginzburg-Landau V¢ interface models as such random walks appear in the so-called
Helffer-Sjostrand representation of the space-time covariance in these models (cf.
[7,25]). In this context, the annealed heat kernel of such a dynamic RCM is relevant.
Although the quenched version in Theorem 1.4 does not directly imply an annealed
local limit theorem, such a result has recently been shown in [7] under a stronger
moment condition (the proof relies on the quenched version in Theorem 1.4), which is
then applied in [7, Section 5] to obtain a scaling limit for the space-time covariances
in the Ginzburg-Landau V¢ model. This result also applies to interface models with
certain convex but not strictly convex potentials.

1.2 The method

The proof of Theorem 1.4 has two non-trivial main ingredients, the invariance principle
in Theorem 1.3 and a Holder regularity estimate for the heat kernel. For the latter it
is common to use a purely analytic approach and to interpret the heat kernel as a
fundamental solution of the heat equation

& — Lu = 0. (1.3)

Then the aim becomes a regularity estimate at large scales for solutions to the parabolic
Eq. (1.3) with weights @ which are not uniformly bounded away from zero and
infinity. As observed in (2.3) below, L f(x) = —V*(«;V f) is in divergence form
and thus it may be regarded as the discrete analogue to the operator (L{ f)(x) =
Zf{j-:l Ay, (aij(t, x)dy; f (x)), acting on functions on RY, where a = (a;;(t, x)) is
a time-dependent symmetric positive definite matrix. The question about regularity
of solutions to the continuous heat equation (9; — L¢)u = 0 is very classical. The
first results appeared independently in the influential works by De Giorgi [23] and
Nash [36]. They showed that solutions to elliptic or parabolic problems are Holder
continuous if the coefficient matrix a is uniformly elliptic. Later, a new and farther
reaching proof was provided by Moser [34]. In fact, nowadays the by far most common
approach is to deduce Holder regularity from a parabolic Harnack inequality (PHI)
derived by Moser’s iteration technique. In the continuous setting this has been imple-
mented in [31] for parabolic equations with time-dependent degenerate coefficients.
In the case of static and normalised weights on graphs, the approach has been used
in [24] for uniformly elliptic weights and in [5] for degenerate weights satisfying an
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integrability condition. However, in the present setting the approach fails. Indeed, the
most difficult step in the proof of the PHI is to link a certain £*-norm of u with its
£~%-norm (cf. [5, Section 4.2] or [24, Section 2.4]). Those arguments require max-
imal inequalities on a whole range of space-time cylinders. Unless the weights are
normalised, due to certain effects on discrete spaces such maximal inequalities can
only be derived between time-space cylinders on certain scales (manifested in the
lower bound on ¢ — ¢’ in the maximal inequality in Theorem 2.7 below), which is
not sufficient to derive a PHI.

To circumvent those obstructions we take a different route and revisit the original
method of De Giorgi [23] and transfer it to the discrete Eq. (1.3) on a certain class of
graphs while we allow the weights  to be unbounded. However, in a central step in
[23, Lemma II], see also [33, Equation (5.5)], the level sets of a solution are controlled
by an application of an isoperimetric inequality, which fails in our setting of a discrete
gradient associated with the non-local operator £{’. Instead, following an idea in [39],
we control the level sets of a solution u to (1.3) by bounding their sizes in terms of
(—Inu)4+ (see Lemmas 2.12 and 2.13 below). Then, the key result is an oscillation
inequality stated in Theorem 2.4 below, which directly implies Holder regularity. Since
we do not assume any uniform upper or lower bound on the conductances w; (x, y), the
global upper and lower bounds on w; (x, y) need to be replaced by certain integrability
conditions on wy (x, y) and 1/w;(x, y). Although this procedure does not require a full
PHLI, it still provides a weak PHI, see Theorem 2.14 below.

1.3 Random walks on random graphs

As an additional result we derive in Sect. 5 a local limit theorem for random walks
evolving on a random graph under static ergodic random conductances satisfying a
similar moment condition, see Theorem 5.6 below. Our assumptions cover a certain
class of random graphs including supercritical i.i.d. percolation clusters and clusters in
percolation models with long range correlations, see e.g. [28,38]. The corresponding
QFCLT has been shown in [27]. In fact, the oscillation inequality in Theorem 2.4 is
sufficiently robust so that Theorem 5.6 can be derived from it by similar arguments as
Theorem 1.4.

1.4 Structure of the paper

In Sect. 2 we implement the De Giorgi iteration and show the oscillation inequality. In
Sect. 3 we establish in Theorem 3.1 a local limit theorem for random walks on a class
of subgraphs of Z¢, provided a Holder continuity estimate at large scales holds. Then
this is used to show Theorem 1.4 in Sect. 4. The result for random walks on random
graphs is discussed in Sect. 5. “Appendix 1” contains a technical lemma needed in the
proofs, and in “Appendix 17 we verify the forward and backward equations for the
transition semigroup of X.
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2 De Giorgi iteration on graphs
2.1 Setting and notation

In this section we will work in a more general deterministic framework. We consider
an infinite, connected, locally finite graph G = (V, E) with vertex set V and non-
oriented edge set E. We write x ~ y if {x, y} € E. We endow the graph (V, E) with
time-dependent, positive weights w = {w;(e) € (0,00) : e € E,t € R}, where for
each e € E the map ¢t — w;(e) is assumed to be measurable. Next we introduce the
time-dependent finite-difference operator

LYF) = Y olx D (f) — f), 1eRxeV, (21

y~x

acting on bounded functions f: V — R. Further, we define the measures " and v;”
on V by

1
wy(x) = Zwt({)ﬁy}) and v (x) = Z PR
t )

yx y~x

We endow (V, E) with the counting measure that assigns to any A C V the number
|A| of elements in A. Moreover, we denote by B(x,r) := {y € V : d(x,y) <
7]} the closed ball with center x and radius r with respect to the natural graph
distance d, and for a set A C V we define its boundary by 0A :={x € A : Iy €
V \ A such that {x, y} € E}. For functions f : A — R, where either A C V or
A C E, the £P-norm || f|, 4, will be taken with respect to the counting measure.
The corresponding scalar products in £2(V) and £%(E) are denoted by (-, -) (v and
(s -)e2(E)» respectively. For any non-empty, finite B C V and p € (0, 00), we introduce
space-averaged norms on functions f: B — R by

1/p
1flps = ( Zlf(x)l”) .

xeB

Moreover, for any non-empty compact interval / C R and any finite B C V and
p, P’ € (0, 00), we define space-time-averaged norms on functions u: I x B - R
by

lullppixs = (|1| / u ,}pB )/P,: (|1| /<|B| Z IMt(x)Il’)p,/pdzj/p/

and ||u|l p,co,1xB ‘= sup, ¢y llusllp, B, where u,(-) :==u(t, -) forany t € I.
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1152 S.Andres et al.

Next we need to introduce some discrete calculus. For f: V — Rand F: E — R
we define the operators Vf: E — Rand V*F: V — R by

Vi@ = fe)—fe) ad VF@ = ) Fl) — ) Fl),

eet=x eeT=x

where for each non-oriented edge ¢ € E we specify one of its two endpoints as its
initial vertex e* and the other one as its terminal vertex e~. Nothing of what will
follow depends on the particular choice. Since (V f, F>€2(E) (f,v* F)lz(V) for all

f € 2(V) and F € ¢2(E), V* can be seen as the adjoint of V. Notice that in the
discrete setting the product rule reads

V(fg) = av(f)Vg + av(®)Vf, (2.2)

where av(f)(e) := %(f(e*) + f(e7)). We observe that the operator L defined
in (2.1) has the form

LY f(x) = =V V )(x). (2.3)
For any ¢ € R, the time-dependent Dirichlet form associated with £ is given by
.8 = (. —LP8)py, = (VI o Ve)p ) (2.4)

and we set E”(f) = EP(f, f).

Finally, throughout the paper, we write ¢ to denote a positive, finite constant which
may change on each appearance. Constants denoted by C; will remain the same. In
this section we make the following assumptions on the graph (V, E).

Assumption 2.1 Let d > 2. There exist constants creg, Creg, Cs,;, Cp € (0, 00) and
Cw € [1, 00) such that for all x € V the following hold.

(i) Volume regularity of order d for large balls. There exists Nj(x) < oo such that
forall n > Nj(x),

cregn < |B(x, )| < Cregn?. 2.5)

(ii) Sobolevinequality. There existd’ > d and No(x) < oosuchthatforalln > Ny (x),

~D.BGm) = |B(x o 1Vele, 2.6)

for every function u: V — R with suppu C B(x, n).
(iii) Weak Poincaré inequality. There exists N3(x) < oo such that for all n > N3(x),

B(x, ’
S Jue) — ] scpn<1+%) S Vudy, )

YEB(x,n) v,y €B(x,Cwn)
!
y~y

2.7)
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foreveryu: V — Rand N' C B(x, n) where (u) 7 := ﬁ ZyeNu(y).

Remark 2.2 (i) The Euclidean lattice, (Z4, E,;), satisfies Assumption 2.1 withd' = d
and Ni(x) = Na(x) = N3(x) = 1.

(i1) Suppose that Assumption 2.1-(i) holds. Then the Sobolev inequality in 2.6 follows
from an isoperimetric inequality for large sets, see [27, Proposition 3.5]. The weak
Poincaré inequality in (2.7) follows from a classical local £!-Poincaré inequality,
which in turn can be obtained from a (weak) relative isoperimetric inequality by
applying a discrete version of the co-area formula, see [37, Lemma 3.3.3].

Next we recall that Assumption 2.1 implies a weighted space-time Sobolev inequality
for functions with compact support. Noting that d’ > d > 2 we set

d/

S — 2.8)
d—2+d)q

p=pd,q) =

Proposition 2.3 (Space-time Sobolev inequality) Suppose that Assumption 2.1-(i) and
(ii) hold for some d’ > d. Let I C R be a compact interval. Then, for any q € [1, 00),
q' € [1, 0] there exists Cs = Cs(d,0,q) < oo such that for any x € V and
n = Ni(x) vV Na(x),

1 E®(uy)
””2”p,q//(q’Jrl),IxB(x,n) < Csn’® ”"qu,q’JXB(X’") (m /I m dt) @9

foreveryu: R x V — Rwithsuppu C I x B(x,n). If0 > 0, then (2.9) holds for
q = oo.

Proof See [3, Proposition 5.4]. O

2.2 Holder regularity estimates

Our main objective in this section is to implement De Giorgi’s iteration scheme in
the graph setting with time-dependent degenerate weights in order to derive a Holder
regularity estimate for solutions of parabolic equations. Write

oscou = sup u(t,x)— inf u(t,x)
(t,x)€Q (t,x)eQ

for the oscillation a the function # overaset Q C R x V.

Theorem 2.4 (Oscillation inequality) Suppose that Assumption 2.1 holds. For ty € R,
X0 € Vandn > Ni(xg) := 28 Cw max{N;(xq), Na(x0), N3(x0)}, let u > 0 be such
that 9;u — LPu =0 on Q(n) = [ty — n?, to] x B(xg, n). Then, forany p, p',q,q €
[1, oo] satisfying

+ - < = (2.10)
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1154 S.Andres et al.

and such that |[1V u®ll , r om)> IV Vg 4" 00y < 00, there exist & € (0, 1/2) and

w

y? = y®xo,n) = V(”l\//‘w“p,p’,Q(n)’

Lv® “q,q’,Q(n)) € (0’ 1)7

where y : [0, 00)2 — (0, 1) is continuous and increasing in both components, such
that

oscowmu = y* 0scoe) u. (2.11)

Theorem 2.4 will be proven in Sect. 2.4 below. This oscillation inequality becomes
particularly interesting when w is a random weight configuration on Z¢ satisfying
Assumptions 1.1 and 1.2. Then, by the ergodic theorem, (2.11) holds with the same
constant y for all n € N large enough.

Assumption 2.5 For any § > 0, \/7p/2 > & and xo € V there exists N5(xg, fp) < 00
such that

I:L = sup ||/~'Lw||p’p/,nz[to—(sz,to]XB()CO,(S") < o0,
n>Ns5(x0,10)
Vo= sup HVw”p,p’,nz[to—sz,zo]xB(xo,(Sn) <

n>Ns(x0,10)
are independent of 8, xo and #9. Write y = y (i, v) € (0, 1).

Assumption 2.5 is satisfied, for instance, on the lattice 74 under Assumptions 1.1
and 1.2, cf. Proposition 4.1 below.

Corollary 2.6 Suppose that Assumptions 2.1 and 2.5 hold. For any § > 0, xo € V
and \/ty/2 > § fixed, let ¥ be as in Assumption 2.5. Further, let n € N be such

that §n > N4(x9) V N5(xo, to). Suppose that u > 0 is such that o;u — LPu = 0 on
[0, to] x B(xq,n). Then, for anyt € n2[t0 — 82, to]l and x1, xp € B(xg, 6n),

) Qo
lut, x1) —u(t, x2)| < C (—) max u,
V1) [Bio/4,101% B (x0,/10/2)

where 0 :=Iny/Inv and Cy only depends on y.

Proof Set § := ok /10/2, k > 0 and, with a slight abuse of notation, let
Qi = nz[l‘o — 8,%, t()] X B(xo, Skn), k> 0.

Choose ko € N such that 6x, > 6 > &,+1. In particular, for every k < ko we have
8k € [8, /o] Now we apply Theorem 2.4 and Assumption 2.5, which gives

0sCo, U < Y 0SCo,_, U, Vk=1,..., ko.
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Quenched local limit theorem for random walks among... 1155

We iterate the above inequality on the chain Qg D Q1 D - -+ D Qy, to obtain

0SCo U = yho rrg(t)xu. (2.12)

Note that
_ 2 2 2 2
Oy = n [to — 5k0, t()] X B(xo,SkOn) Dn [l‘() — 87, to] X B(xo,Sn).
Hence, since 7% < c(S/JE)Q, the claim follows from (2.12). m]

2.3 Maximal inequality

For any xg € V, 19 > 0 and n > 1, denote by Q(n) = Q(to, xo, n) = [to — n2, 9] x
B(xg, n) the corresponding time-space cylinder, and set

Qo) = Qro(t0, x0,n) = [to — tn* 10] X B(xp,0m), 0,7 €l0,1],

and Qs (n) = Qg o (n). Inthis subsection we will show the following maximal inequal-
ity as the main result.

Theorem 2.7 Let Assumption 2.1-(i) and (ii) be satisfied. For ty € R, xg € V and
n > 2(Ni(xp) V Na(x0)), suppose that u is such that 9,u — LYu = 0 on Q(n). Then,
forany0 < A <2/(d~+2)and p, p',q,q €[, 0] satisfying

1 2

there exist k = k(p, p',q,q’,d") € (0,00) and Co = Co(p, p’, q,q’',d") < 00 such
that forallh > 0and 1/2 <o’ <o < 1 withe —o’ > 4n~2,

max u(t, x)
(t,x)eQ,r(n)

11NV 1Ny 5 0m IV VYlgan0m) Y
<h+C ( o o) | — h)+”2p*,2p;,g(,<n)-

(2.14)

The proof of Theorem 2.7 relies on the following two lemmas, an interpolation
inequality for time-space averaged norms and an energy estimate for solutions of
parabolic equation with time-dependent weights. Let Q = I x B be a time-space
cylinder, where I = [s1, s3] is an interval and B is a finite, connected subset of V.

Lemma 2.8 Forany p > landq' € [1,00]lety; € (1, pland y» € [q'/(q' + 1), 00)
be such that

1 1 1 q'
—+— (1)L =1 (2.15)
2 p)q +1
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1156 S.Andres et al.

Then, foranyu: I x B — R,

lulnme = luhco + lulpq gm0 (2.16)

Proof This follows by an application of Holder’s and Young’s inequality, as in [31,
Lemma 1.1] O

Lemma 2.9 Consider a smooth function ¢ : R — [0, 1] with ¢ = 0 on (—o0, s1] and
a function n: V — [0, 1] such that

suppn C B and n =0 on 9B.
Suppose that d;u — L u < 0 on Q. Then, for any k > 0 and p, p e (1,00),

EPmu =Ky |
— 00, +
mllén( % | 1,00,0 m/;() B

< 4], (”VnHz =g TI¢ ||L°°(I)) | =03

PP Q7 (2.17)

with p, := p/(p — 1) and p, := p'/(p’ — 1).

Proof Let k > 0 and consider a function « such that d,u < LPu on Q = I x B. To
lighten notation, we set v = (u — k). By using the discrete version of the product
rule (2.2), we obtain for any fixed ¢ € (s, 52) that

(V(th),wtv(nvt)hZ(E) = <V(772Ut)7wtvvt)£2(E) + (aV(Ut)Zawt(vn)2>£2(E),
(2.18)

where we used that av(n)2(e) < av(n?)(e) by Jensen’s inequality. Further, by distin-
guishing four cases it follows that V (%v,)(e) (Vv;)(e) < V(nv;)(e)(Vu,)(e) for any
e € E. Hence,

(VOrPv), o Vo) sy < (V0 o), o Vi) gy < (070, —0itr) 2 -

Since the map s +— (s — k)4 is continuous on R with piecewise continuous and
bounded derivative, we get that 9, (u; — k)zL = 2(u; — k)4 0ru;. In particular,

1
(V@) Vg gy < =505 )2y (2.19)

By combining (2.18) and (2.19), we deduced that
ol m*v? 1.5 % = 2||v’7”§°°(15) 7 S (2.20)
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Moreover, since ¢(s1) = 0,

/;(n or|n*v7 | 1.5 dr =/ (&l |1.8) = 707 1.8) a
S1

s1

52
> c)[n2u s — 12 e, / 2[5 dt
1

for any s € (s1, s2]. Thus, by multiplying both sides of (2.20) with ¢ and integrating
the resulting inequality over [s, s] for any s € I, the assertion (2.17) follows by an
application of Holder’s and Jensen’s inequality. O

Proof of Theorem 2.7 Forany p, p’ € (1, 00),let p, := p/(p—1)and p,, := p'/(p'—
1) be the Holder conjugate of p and p’, respectively, and set

1 1 1\ ¢
0= — + —[1-= , 2.21)
P« Pl p)q +1

where p is defined in (2.8). Notice that for any p, p’, q, q" € (1, oo] for which (2.13)
is satisfied, @ > 1 and therefore 1 /o, = 1 — 1/ > 0. In particular, @ > 1 implies
that ap), > ¢'/(¢' + 1) and ap, < p so that Lemma 2.8 is applicable. Suppose that
n > 2(Ni(xo) V Na(xp)). The remaining part of the proof comprises two steps, a
“one-step estimate” and the iteration scheme.

STEP 1.Let1/2 <o’ <o < 1land 0 < k < [ be fixed constants. We write
Iy = [tg — on?, to], By := B(xp,on) and Q, := I, X B, to simplify notation.
Note that |I5|/|1,/| < 2and |Bys|/|By| < 2dCreg/creg. Let us stress the fact, that, due
to the discrete structure of the underlying space, the discrete balls B,/ and B, may
coincide even if 6/ < o. In order to ensure that B,» C B, we assume in the sequel
that (0 — o’)n > 1. In this case, we can define a cut-off function n: V — [0, 1]
in space having the properties that suppn C By, n = 1 on B,/, n = 0 on 0B, and
IVl gy = 1/((0 — o)n). Moreover, let ¢ : R — [0, 1] be a smooth cut-off
function in time such that { = 1 on I/, { = 0 on (=00, fp — on?] and [|¢’]| ;oo gy <
1/((0 = o")n?).

The constant ¢ € (0, co) appearing in the computations below is independent of n
but may change from line to line. First, by Holder’s inequality, we get

[CEH PR

= H(u_k)?i- o pi,apl, Qg ]l{MZl} s P, 0 Py, Qg

2.16) 5 ) 1/

2 (= 02 s + 10— 03 Ly gen, ) D=1, .

(2.22)

Then, the local space-time Sobolev inequality and the energy estimate yields
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H (u— k)2+ Hp,q’/(q’+l),Qa/ =c Hgnz(” - k)i ”p,q’/(q’+l),Qn

0o 1 EL(ur — k)y4)
N Ol e~

@1 MLV u?ll, 0,11V vl 4 0, 2
=c ((7 _ 0./)2 ”(u - k)+ PisPir Qo
and
[ =83 100, = € en* =03 100,00
Q1 1V ull, p o, )
=c (0 — 0/)2 ” (u — k)+ ”P*yl’;yQa' (2.23)
By combining the estimates above and using the fact that
Ruzilprioy < eltuszislpmo, < g l6—02
{u=1} PssPis @t = {u—k =1-k} Pis Dy Qo = (l_k)2 + I P Py Qo2

we finally obtain that

/ N L N p,p' 00 11V V2llg.q" 00
PesPi Oyt = (I — k)2 (o — 6')2

ORIy

H (M _l)i PesPir Qo

Seto(l, a') i= [ = D3l p,. pr.0, and M i=c 11V 11, 00 1TV Vllg.q . 0m)-
Then, the inequality above reads

(k, o) H1/es, (2.24)

p(,0") < M @
(I — k)2 (o — o07)?

Note that the function [0, o0) 3 k +— ¢(k, o) is non-increasing for any o € [1/2, 1].

STEP 2. Suppose that n > 2(N1(xp) V Na(xp)). Let 1 > 0 be arbitrary but fixed
and, for any A € [0, 2/(d + 2)), suppose that 1/2 < o’ < o < 1 are chosen in such
awaythato — o’ > 4n~2. Further, for Jj € Ny define

oj =0 +27(c—0"), kji=h+K(1A-27)

with K = 2049 (M /(o — 0")2)%2p(h, 0)\/2. Set J := [(dInn)/(asIn2)].
Obviously, J > 1. Since a, > (d 4 2)/2, it follows that

(j—1—opn = 27 (0 —o)n > 2p!TATACM) > 0y i .
We claim that, by induction,

ha
pkj,05) < (p(rja) vVjefo,...,J} (2.25)
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where r = 220+ Indeed, for j = 0 the assertion is obvious. Now suppose that
(2.25) holds for any j € {0, ..., J — 1}. Then, in view of (2.24), we obtain

(2.24) 2j+l 2 /oy 2J+1 2
pkjy1,0j11) < M( X > <U_a,> p(kj, o)t/

- M 2j+1 2/ 2j+1 2 (,0(]’1,0’) 14+1/ax - (p(h,G)
- K o—o' ri - pitl

which completes the proof of the claim (2.25). Moreover, since (nd22J )/ r! < 1 and
(0j—1 —oy)n > 1, we obtain that

max (u(t,x) —k 2 < en? | —=ky)?
(s ) —kh s en | —knt o,

2.23 1v p® /
(S )Cna’ZZJ IV 1®lp, ', 0m
(0 —0)?
@35 ItV u?ll,
< ¢ p-,pz,Q(n) o(h, o).
(6 —o)

plkyj_1,07-1)

Hence,

1N 12l 0m )72
B I (e e I LB ey

and the assertion (2.14) follows with k := a. /2. O

As an application of Theorem 2.7 we derive a near-diagonal bound for the heat kernel,
which we now introduce. For s € R and x € V, let P{ | be the probability measure
on the space of V-valued cadlag functions on R, under which the coordinate process
(X; : t € R) is the continuous-time Markov chain on V starting at time s in x
with time-dependent generator £{ as defined in (2.3). Recall that, for any x,y € V
and s,¢t € R with r > s we denote by p®(s, x; ¢, y) the transition density (or heat
kernel associated to L), thatis p“(s, x; ¢, y) = Py [ X, = y]. Note that the Markov
property implies immediately that, for any s € R and x € V, the function (¢, y) +—
u;(y) := p“(s, x; s +1t,y) solves

i (y) = LPu(y), V>0, yeV.
Corollary 2.10 (Near-diagonal heat kernel upper bound) Suppose Assumption 2.1-(i)
and (ii) hold. Then, for any x1,x, € V, s > 0and p, p’,q,q’ € [1, c0] satisfying

(2.13), there exist &' = «'(p, p', q.q',d") € (0,00), C3 = C3(p, p'.q.q',d') < 0
and Ne(x2) < 00 such that for all \/t > N¢(x2) and y € B(xa, %ﬁ)

pU(s.xiss +1,y) < C3 (||1 Vi lppo TV Vw”q,q’»Q)K @)
where Q = [0, t] x B(x2, +/1).
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Proof We wish to apply the maximal inequality of Theorem 2.7 iteratively to the
function (¢, y) — u:(y) = p®(s, x1; s + t, y) on the cylinder Q(n) = Q(ty, x0, n)
with 7p = 7, x0 = x; and n = /t. We fix o’ := 1/2, 0 = 1, and set 0; =
0 —27/(c —o') for any j € Ny. Note that 0; 1+ o and o9 = o’. By Holder’s
inequality we have

2apy,2ap),0n) = 1.1,0(n) éo_,}c;o,Q(n)’
] < Julf o]

with y = 1/ max{2a p,, 2a p.} and « as defined in (2.21). Set J := [(Inn)/(4d In2)|
and A :=1/2d < 2/(d+2). Then, forall n > Ny(x2) := 2(N1(x2) V Na(x2)) v 2124
it holds that J > 3 and (0; — 0j—1) > 42 for all j € {1,...,J}. Hence, an
application of the maximal inequality (2.14) yields

H””oo,oo,Qa_,_l(n) < 229K ”u”)l/,l,Q(n) ”M”cl;,go,ng(n) Vjell,....J},

where we introduced K = ¢ (|1 V 111l , 7 00 11V v? .47 0m)" to simplify the
notation. By iterating the inequality above, we get

IA

filomnzon = 27 EHOD (il g

00,00,Q0; (1)

14
1,1,0(n)

2 —(1-y)’ -’
22K Juli e Nullso b 0n

IA

Further, note that u;(y) = p®(s,x1;s +¢t,y) < 1forallt >0andy € V,

> wy) =P¢ (X €Blam)] <1, Vi=0,
YEB(x2,n)

and | B (x1, n)|(! -’ < ¢ < oo uniformly in n. Hence, by using the volume regularity,
we conclude that

YA _
Hu”O0,00,Ql/z(n) =< CKl/V|B(~x2an)|(l -l =< CKl/yn d-

Since (t, y) € Q12(t, x1, +/1) forany y € B(xy, %ﬁ), the assertion follows. ]

2.4 Proof of the oscillation bound
In this subsection we prove Theorem 2.4. Inspired by the strategy that has been used
in [39] to prove Holder regularity for parabolic equations, we start by constructing a

continuously differentiable version of the function (0, c0) > r + (— Inr). Consider
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the function g: (0, co) — [0, 00),

—Inr, r € (0, cyl,
r—1)7
g(r) 2C*(1—C*)’ r E(C*3 1]7 ( )
0, r € (1, 00),

where ¢, € [1/4, 1/3] is the smallest solution of the equation 2cIn(1/c) = 1 — c. By
construction, the function g is convex, non-increasing and in C'((0, o0)).

Lemma 2.11 Suppose that u > O satisfies o,u — LPu > 0 on Q, and let g be the
function defined in (2.27). Further, consider a cut-off function n: V. — [0, 1] with

suppn C B and n = 0 ondB.

Then,

E0 (g (ur))

3 |n*gwn] s + oI5

< 61V ufip ostm? [Vn[fe )y (228)
where ost(n) = max {n(y)/n(x) v 1| {x,y} € E, n(x) # 0} and

EXT(S) = 3 (P AnPEe))we) (V).

ecE

Proof Since d;u — Lu > 0on Q =1 x B and u > 0, we have

8t<772’ g(ut)>@2(v) = (7728/(”1)» at”t)zz(v)

IA

(T]Zg/(lzlt), E?“t)zz(v) = _<V(7728/(”t))7 wtvut>ez(E)-

Notice that g’ is piecewise differentiable and 1/3g'(r)? < g”(r) for a.e. r € (0, 00).
In particular, —rg’(r) < 4/3 for any r € (0, 00). Hence, by Lemma A.1 we get

1
(VO ). o Vir)p gy < =€ (gwn) + 6 ost(n) (V. @ Vi) .

Thus, by combining the estimates above and exploiting the fact that g > 0, the assertion
(2.28) follows. O

In the next lemma we show for a space-time harmonic function u that, if the size of its
sub-level set with respect to some kg is bounded from below by a fraction of the size
of the time-space cylinder, then the size of the sub-level sets for fixed ¢ and a possibly
larger constants, &, are bounded from below by a fraction of B(n), provided that 7 is
close to #y. For that purpose, set for some ko € (—o0, M),

kj == M, —277 (M, —ko), jeNo, (2.29)
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where M, := SUP(; v)eQ(n) u(t,x). For n: V. — [0, 1] with suppn C B(xp, n) we
write

1
lulls, B2 = W Z 0 (x) [u(x))|

ez(v) x€B(xp,n)

to denote the n2-weighted £!-norm of a function u: V — R.

Lemma 2.12 Let Assumption 2.1-(i) be satisfied and o € (0, 1) be fixed. For ty € R,
xo € V and on > Ni(xp), suppose that u > 0 is such that o,u — LYu = 0 on Q(n).
Further, let n: V — [0, 1], x — n(x) := [1 — d(x0, x)/(on)]+ be a cut-off function
in space and set B(n) = B(xo, n). If for some kg € (—o0, My,),

1 fo 1
= T <tor |1, gy dt 2 5 (2.30)

n* Jiy—n2
then for t = 1/4 there exists § € (0,1/3) and i = i(w,0) < 0o such that for all
J=i,

1L <ty |1.8ny = 8, Vieln— ™, 1].
Proof In order to simplify the presentation, set

M, — u;(x) .
v(x) = ;4”—_[](0 and h; = ¢g; = 27/,
Then, 9;(v + ¢;) — LY (v +¢;) = 0 on Q(n) for all j € Ny and u,(x) > k; if
and only if v,(x) < hj forany x € V. Set T := 1/3. In view of (2.30) there exists
s € [to — n?, 1y — Tn?] such that

3
Ite<nlipm.e = 7 (231)

Indeed, if we assume that the contrary is true, that is || 1y, <1l LBy > 3/4 for all
s € [ty — n?, to — Tn?], then we find that

1230) 1 0=’ 3
— >

0 1 |
2 - ﬁ 107n2 H]l{v’<l}||l,3(n),n2 dt > ﬁ\/t‘ Zdt — E,

0—n?
which leeds to a contradiction. By integrating the energy estimate (2.28) over the

interval [s, t] withr € [tg—n?, 1p] and using that IVl gy < 1/(on)andosr(n) <
2, we obtain

| g + 81')”1,3(;1),7;2 < |es + Sj)||1,B(n),n2 + etV u i oms
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where ¢ = c(0) € (0, c0) is a constant independent of n. Since, by construction, g is
non-increasing and vanishes on [1, o) we find that

(2.31) 3

||8(Us+6j)||1,3(n),n2 = g(ej) H]]‘{Us<1}||1,3(n),172 = g()- 1

and

||g(U[ + gj)Hl,B(n),nz = g(hj + Ej) ”]l{v1<hj}||l,B(n),n2’

This yields, for any j > 2,

gej) 3 ¢ ®
”ﬂ{v,<hj}||1,B(n),772 = ghj+ej) 4 ghj+ej) ”1 vl ”LLQ(H)
1 3 c
< (1 + :) iR 11V 1?f11,0m)-

Hence, there exists i (w, o) € Nsuchthat ”]]‘{Ur<hj}”],8(n),n2 < 5/6forall j > i(w, o)

andt € [t — ™2, to]. Since (nz, l) > |B(on/2)|/4, we obtain

W)
|B(on/2)| Creg

[tz lsen 2 Gy uenluswr 2 gmey

and the assertion follows. |

Our next step is to show that the size of the sets where a space-time harmonic function
u exceeds some level k can be made arbitrary small compared to the size of the time-
space cylinder Q(n) provided that k is sufficiently close to the maximum of u in

Q(n).

Lemma 2.13 Let Assumption 2.1-(i) and (iii) be satisfied, and set t := 1/4 and o :=
1/2Cw). Forty € R, xo € V and on > Ni(xg) V N3(xp), suppose that u > 0 solves
ou — LPu = 0 on Q(n). Assume that there exists 6 > 0 and i € N such that

|2, <ty |1, BGo,om) = 8 Vi€ lto— wn?, 1) (2.32)

Then, for any ¢ € (0, 1) there exists N > j(e,§, w) > i such that
Loty 110y < & Vi= e, 8, 0). (2.33)
Proof Write I, := [ty — tn’, ty], By := B(xg,on) and Q;, = I, x By. Let
n:V — [0, 1] be a cut-off function with the properties that suppn C B(n),n = 1 on
Bi/2, 1 = 0 on 0By and linear decaying on B; \ Bj. Thus, ||V’7||z°°(E) < 2/n and

osr(n) < 2. Further, define

M, — .
wy(x) = L—Mtk(x) and h; = ¢g; =27/,
n — M
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Then, w > 0 and 9,(w + ¢;) — LP(w + ¢;) = 0 on Q(n) for any j € N. Define
={x € By : g(w,(x) +¢;) =0} forany 7 € [ty — n2, 19]. Recall that gr)=20
for every r € (1, 0co). Hence,

N
|Bs |

(2.32)
> 4§ > 0,

= | Lgwrep=0 1.8, = [Liwziy|1.8, = L=k

and we deduce from Assumption 2.1-(iii) that

) | B | H “1/2 <glw‘nz(g(wf+£j)))l/2

2.7
lgw: + |18, < CP”( B, | 1.B 1B1]

for any t € [tg — n2, 19]. Hence,

£ (g (ws + e
t gwt+£;))

dr, 2.34
|B1] 39

le@w +epliig,, < §||1VV“’||1,1,Q(n)/I

T

where ¢ € (0, 00) is a constant independent of n which may change from line to
line. An upper bound on the time-averaged Dirichlet form follows from the energy
estimate. Indeed, by integrating (2.28) over the interval [7) — tn2, 1p] we obtain that

dr < g (||g(wto—rn2 + 8.,')”1,31 + ||1 \Y MwHI,l,Q(n))-
(2.35)

w772
/51’ (g(ws +¢€/))
I, |B1]

Thus, by combining (2.34) and (2.35) and using that g is non-increasing we obtain
that for any j > 2,

|| 1{w<hj} ” %v Oro

¢ ¢(e)) 1
< 3 ||1 Vv vw||1,1,Q(n) ( o, +Je')2 + RUTE: ||1 VMw”l,l,Q(n))

j 1
L+ o 1 e luom )

c
S I I

Hence, for any ¢ > O there exists N > j(e, §, w) € [i, 00) such that for all j >
Jj(e, 8, w)itholds that || Liy=k3l11,1,0. 5 = ILw<n; ;1ll1,1,0,, < & which completes
the proof. O

Proof of Theorem 2.4 Obviously, if M,, = m,,, where

My = sup e ut,x) and  my, = infq eom ul, x),

then (2.11) holds true for any y > 0. Therefore, we assume in what follows that M,, >
my. Set ko := (M, + m,)/2 € (—o0, M), and let k; for any j € N be defined as in
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(2.29). Moreover, consider the cut-off function V 3 x +— n(x) := [1 —d(xg, x)/n]+.
We may assume that

: 1
ﬁ to—n? ||]l{ut5k0}||1,B(n)’n2 dr > 5

Otherwise, we consider (M,, + m,) — u instead of u. Let t = 1/4, 0 = 1/(2Cw)

and e = 1/(2%F 05UV 120y 00m IV V2 lg.4.0@m) )" " Then, by
applying Lemmas 2.12 and 2.13 we find j = j(w, €) < oo such that

| Lsiy 11,00 = e
Next, set ¢ := o/2 and apply Theorem 2.7 to obtain that

My, < sup u(t, x)
(t,x)€Q1/2(on)

=k + G2 (J1v 1] proem 1V Vw”q,q’,Q(an))K @ =k l2p. 20t 060
Since
. 2 . 1/p«nl/pi
” (u — k1)+”2p*,2p;,Q<<rn> = Gy (Mn - kJ) ||]1{M>kj}”l,l,Qf_g(n)’
we find that
1 1
My, =< kj + E (Mn _kj) =M, — m (Mn —mn).

Therefore, we have

1

_ < .
My, —my, < M, 2j+2

1
(Mn - mn) —my, = (1 - W) (Mn - mn)v
which proves the theorem. O

2.5 Weak Parabolic Harnack inequality

As mentioned before, one appealing aspect of the above proof of Theorem 2.4 is its
avoidance of a parabolic Harnack inequality (PHI). Nevertheless, from the maximal
inequality in Theorem 2.7 and the auxiliary estimates on the level sets of harmonic
functions in Lemmas 2.12 and 2.13 we can deduce the following weaker version of the
PHLI. In the continuous setting it also possible to derive a full PHI from the conjunction
of a weak PHI and a Holder continuity estimate, see e.g. [39, Section 5.2.3]. However,
those arguments cannot be transferred into our discrete setting.

Theorem 2.14 Suppose that Assumption 2.1 holds. For to € R, xo € V and
o = 1/(2Cw) fixed let n € N be such that on > max{Nj(xo), N2(x9), N3(xp)}.
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Suppose that u > 0 is a solution of dyu — LYu = 0 on Q(n). Further, let
n:V —[0,1], x = nx) = [1 —d(xg, x)/(on)]+ be a cut-off function in space
and set B(n) = B(xg, n). If

1
n2

1
[twznlh, s 4 = 5, (2.36)

t()fn2

for some h > 0, then there exists j € N such that

inf  wu(t,x) >

—_—. 2.37
Q1/2(on) 2/+1 ( )

Proof Define v := (M,, + m,,) — u, where

M, = sup(,,x)EQ(n)u(t,x) and  m, = infy xegm u, x).

Note that, by definition, v > 0 and ;v — LPv = 0 on Q(n). In particular, we
have that sup vye o) V(t, X) = My and inf vyepm) v(t, x) = my,. Since, for any
h € (0, my], the assertion (2.37) is trivial, we assume in the sequel that 7 > m,,. Set
ko := M, +m, — h € (—oo, M;). Then, (2.36) is equivalent to

1 [P |
ﬁ/t ) ||1{vr§ko}”1,3(n),,,2 dr > ok (2.38)
0o—n

Lett = 1/4ande = 1/ (2% 1o 11V 1”1l 5y 0(om IV vw||q,q¢Q(m,))K)”*V”*.
Then, by applying Lemmas 2.12 and 2.13 we find j = j(w, €) < oo such that

Hll{u>k_,-}||1‘1,Q,,0(n) < g,

for k; as defined in (2.29). Thus, by Theorem 2.7 we obtain

sup v(t, x)
t,x)€Q1/2(0n)

IA

2K w w K«
kj + 2 (Hl \ Hp,p’,Q(on) ”1 Vv Hq,q/,Q(an)) H (v _kj)+||2p*,2p;,Q(an)

1
= kj+§(Mn_kj)y

where we used that

| =k l2p,2p) 00m = Co (Ma —kj) [Tk }/poAla/fn)

By using the definition of v, we arrive that

1 h
inf t, > —(M, —k; > —
(nx)eléll/z(on)u( =z 2( n = k) dma = 2j+1

which is the claim. O
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3 A general criterion for a local CLT

In this section we prove a local central limit theorem for suitably regular subgraphs
G c 74, provided that Holder continuity on large space-time scales and a CLT hold.
The proof will mostly follow the arguments in the proof of a similar result in [11,
Section 4], from which we borrow some of the notation. For further related results we
refer to [21]. However, the arguments in the present paper require a modification of
the criteria in [11,21], which is why we state it here and also include a proof for the
reader’s convenience.

Let G C Z¢ be an infinite and connected graph and letd: G x G — [0, 0o) denote
the graph distance on G. We assume that 0 € G. For x € RY and r > 0 we set

Clx,r) := x—i—[—r,r]d, Ax,r) == Cx,r)NG, A,lx,r) := Ax,nr).

Let g,: R4 — G be a function so that gn(x) is a closest point in G to nx, in the | - |oo
norm (we can put a fixed ordering on Z¢ to resolve ties). We denote by Q the law of
a time-continuous random walk (X, : ¢+ > 0) on G started at 0 € G at time t = 0. We
set

qt.x) = O[X;=x], 1=0,x€eq.

We assume the following additional properties on G and Q.

(G.1) There exists Cg > 0 such that forany » > O and x € R4,

| An(x, 1)l

) —> Cg, asn— oo.
(G.2) There exist 5 > 0, aconstant C4 > 0 and ng € N such that, for each r > 0 and
all n > ny,
d(y,2) < (Caly —zloo) V'™, Vy.z€Au(x,n). 3.1)

(G.3) There exists a symmetric matrix X € R4 guch that for any x € Rt >0
andr > 0,

O[n ' X,p, € Cx, )] — / k7 (y)dy,
n—o0 C(X,r)
where klE ,defined in (1.2), denotes the transition kernel of the Brownian motion
with covariance 2.
(G.4) There exist Cs > 0 and o > 0 such that for any § € (0, 1), ﬁ/Z > § and

x e R4,

: d 2 2 5 \0 _d
lim sup sup n®|q(n’s1, x1) — q(n°s2, x2)| < Cs (—) 172,
n—>00 xy,x2€B(g(x),5n) NG

t—52<sl,s2§l
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Theorem 3.1 Assume that (G.1)-(G.4) hold. Let K C R% and I (0, o) be compact
sets. Then,
lim sup sup [n? q(n*t, g,(x)) — C5'k” (x)| = 0. (3.2)

=00 yeK tel

Proof The argument is divided into two steps. First we derive (3.2) pointwise in ¢ and
x. Subsequently, we extend the convergence to hold uniformly in¢ € / and x € K
via a covering argument.

STEP 1.Fixany x € R? and¢ > 0. For 7 > 0 and n € N let

Jn,r)y == Jn,r,t,x) = Q[n*anzt eC(x,r)] — /C( )ktz(y)dy. 3.3)

Now we rewrite (3.3) as J(n,r) = Ji(n,r) + Jo(n,r) + Ja(n,r) + J4(n, r), where

Jir) = Y (gt 2) — q(n’t, gu(x))),
z€N,(x,r)
An k] —
hn,r) = %(ndq(nzt,gn(x)) - Cg]ktz(x)),

B = k@ (1A n1CG ! = @n?),

/ (KZ () — kZ()) dy.
C(x,r)

Ja(n,r)

By rearranging those terms we get

d

B n
n? q(n*t, gn(x)) — €5l k7 ()| < 1An(x, 1)

(171 + il + 3] + [Jal).
(3.4)

Thus, it suffices to show that the right hand side goes to zero when we first take the
limit n — oo and then r — 0. First, it follows directly from (G.1) and (G.3) that

d

lim ——— (|J J3]) = 0. 35
Jim s (1 130) (3.5)

Moreover, by the continuity of k,z, Lebesgue’s differentiation theorem and (G.1),

d
J
im lm — % — ]

= lim -—— kZ(x) — k>(y))dy = 0. (3.6
P0nS00 [Ay (e, ) rd Cg(2r)d c(x,r)( r ) =k (0)) dy G0

We are left with handling the summand involving |J;|. We begin by comparing
A, (x, r) with balls in the graph distance. By (G.1) we can find n € N large enough
such that |A,(x,r)| > 0 and g,(x) € A, (x,r) for all n > n. It follows from (G.2),
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after possibly choosing a larger 7, that foralln > nand all y € A, (x, ),
d(y. gn(¥)) < (Caly — ga@)oo) V'™ < Q2reyn. 3.7)

Thus A, (x,r) C B(g,, (x), (2rc)n), whenever n > 7. Thus, for all n > 7 (which may
depend on r),

d

n|Ji(n, r)| J ) )
————— < max n®|q(n°t,2) — q(n’t, gu(x
A S max @’ 2) — gt gn ()|

IA

d 2 2
max n n2t.7) — qn’t, g, (x)|.
z€B(gn(x),(2rc)n) M( ) q( 8n( )i

Now an application of (G.4) gives

d
Ji(n, . _d
lim limsupM < hmc(L>Qt § = 0. (3.8)
r—-0 n—soo |A,,(x,r)| r—0 ﬁ

Combining (3.5), (3.6) and (3.8) in (3.4) we get for any fixed x € RY and s > 0,

lim [n? q(n*t, gu(x)) — cglk?(x)| = 0. (3.9)
n—oo

STEP 2. We now prove the full result using a covering argument. For n € (0, )NQ
we define the set X := {(y,s) € (K x I) N (nZ¢ x n*Z)} and forall x € K, 1 € I
we write (y(x), s(t)) for a “closest” point to (x, ) in X so that

x—y@|, <0 te(s@)—nts@)] (3.10)

We know that (3.9) holds for all (y, s) € X. As X is a finite set, for a given ¢ > 0, we
can find 77 € N such that for all n > 7,

sup [n? q(n’s, g (3) — CG'kF ()| < &, (3.11)
(y,5)eX

and from (G.4) we deduce, after taking 7 larger if necessary, that for all n > 7,
sup sip g5, x) — g0, 1| = o(—=) TE G12)
VT

(v,5)€X x1,x26€B(gn(y),nn)
s—n°<s81,52<s

where T := inf I > 0. On the other hand, forany x € K, € [ and n > 7,

In? q(n’t, gu(x)) — cg‘kf(xﬂ

< [n? g1, gu () = n? q(n*s (1), gu(y(x)| (3.13)
+ [n? g (n*s (@), ga(y(x)) — Cg'k3 (¥ ()| (3.14)
+ |5k v (x) — Cg'kE (). (3.15)
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We estimate each term individually. By means of (3.12) we can bound (3.13) by ¢ for
n small enough. Clearly, (3.14) is bounded by € thanks to (3.11). Finally, the regularity
of k,Z (x) in space and time, together with (3.10) implies that (3.15) is bounded by ¢
uniformly in x € K and ¢ € I for n small enough. Hence, there exists 77 € N such that
foralln > 7,

sup sup [n? g (n*t, g, (1)) — C5'kF ()| < 3e,
xekK tel

which is the desired conclusion. O

Remark 3.2 1f in addition the on-diagonal estimate
n? qn’t, g, (x)) < ct™? V10,

is available, then (3.2) can be extended to hold uniformly in 7 € [s, co) for any fixed
s > 0.1In fact, in that case both n¢ q (n?s, gn(x)) and k,E (x) converge to zeroas ¢t — 0o.

4 Local CLT for the dynamic RCM on Z¢

In this section we will work again in the setting introduced in Sect. 1.1. We aim at
applying Theorem 3.1 to the dynamic RCM to prove Theorem 1.4. The main step will
be the verification of condition (G.4) based on the oscillation inequality in Theorem 2.4
and on the fact that, for IP-a.e. w, the function u = p®(0, 0; -, -) satisfies d;u = Lu,
see Proposition B.3. Another ingredient will be the following version of the ergodic
theorem.

Proposition 4.1 Let
Q = {I X B : I C R non-empty compact interval, B closed Euclidean ball in Rd}.

Suppose that Assumption 1.1 holds. Then, for any f € L'(Q),

lim sup
" IxBeQ

dl+2 / Z fot.dt — I xB|-E[f]| =0, P-as
n n2l

xe(mB)NZA

Proof For discrete multiparameter processes such a uniform ergodic theorem under
standard scaling has been shown, for instance, in [30, Theorem 1] and the correspond-
ing result for continuous parameter processes in [30, Theorem 2]. The claim, involving
different scaling in space and time, follows by the same arguments. O

As a direct consequence from Proposition 4.1 we get the following lemma.
Lemma 4.2 Suppose that Assumptions 1.1 and 1.2 hold. Then, P-a.s., for any x € R,
§€(0,1)andt > 82,

Kﬂ = limsup ”1vMw”p,p,nz[t—Sz,t]xB(gn(x),Sn) < 00,
n—oQ
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P 3 w
KU = hm sup ||1 Vv ||q,q,n2[t—82,t]><B(gn(x),Sn) < OQ.
n— oo

Proposition 4.3 Let § € (0,1), V/1/2 = 8 and x € RY be fixed. Then, there exist
positive constants Cg and o only depending on K, and K, such that

lim sup sup nd | p?(0, 0; n?s1, x1) — p®(0,0; n*s2, x2)|
n—>00 xi,x2€B(gn(x),0n)
t—62<sl,52§t

§ \¢
< Ce|—) t 2.
- (ﬁ)
Proof This follows from the oscillation inequality in Theorem 2.4 similarly as Corol-
lary 2.6. To apply Theorem 2.4, choose fo = n’t, xg = gu(x) p = p’ and g = ¢’
with p and ¢ from Assumption 1.2, and take ¥ € (0, 1/2) from Theorem 2.4. Set
§ 1= 0%/1/2,k > 0 and

[N

O = n?[t — 8%, t] x B(gn(x),8kn), k>0,

Choose ko € N such that 6, > § > 8g,41. Then, 6; € [4, /1] for every k < ko. In
view of Lemma 4.2 we can find N7 = N7(x, ¢, §) € N such that for all n > N7,

max {11V &llp .00 11V Vlgg0) < 20K VK, Yk=0,..., k.

It follows that we can apply the oscillation inequality iteratively with a common
constant y € (0, 1) only depending on K, and K, for all n > N7, so that

oscp, p©(0,0;-,-) < y osco,, p¥(0,0; -, ), Vk=1,..., ko,
and by iteration

oscg,, p(0,0;+,) < 7 sup p?(0,0; -, -). (4.1)
0

Note that 750 < ¢(8 Jt Q, for some positive constants ¢ and ¢ only depending on 7.
14 p Q y dep gony

Further, we can bound the right hand side of (4.1) by using the on-diagonal bound in
Corollary 2.10,

n¢ sup p®(0,0;-,) < ct™4/2,

Qo

Finally, since
Ok, = n*[t = 85, 1] x B(gn(x), 8kon) D n’[t — r. 1] x B(gn(x), 8n),
the claim follows. O
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Proof of Theorem 1.4 We apply Theorem 3.1. Since in the present setting G = Z<,
conditions (G.1) and (G.2) are obviously satisfied. Condition (G.3) follows from the
invariance principle in Theorem 1.3 established in [3]. Finally, Proposition 4.3 implies
condition (G .4). O

Finally, we remark that a local limit theorem directly implies a near-diagonal lower
heat kernel estimate, which complements the upper bounds obtained in Corollary 2.10
above.

Corollary 4.4 Suppose that Assumptions 1.1 and 1.2 hold. For P-a.e. w, there exists
Ng(w) > 0 and C7 = C7(d) > 0 such that for all t > Ng(w) and x € B(0, V1),

p?0,1,0,x) > C7t7Y2.

Proof This follows from Theorem 1.4 exactly as in [5, Lemma 5.3]. O

5 Local CLT for the static RCM on random graphs

As a further application of the oscillation bound in Theorem 2.4 we present in this
final section a local limit theorem for the static RCM on a class of random graphs.
On (Z4, E;) we consider the conductances o = {w(e),e € Eg} € Q =10, oo)Ed,
which are now time-independent but possibly taking the value zero. We call an edge
e € E;j open if w(e) > 0 and denote by O(w) the set of open edges. We write x ~ y
if {x, y} € O(w). Again we equip 2 with a o -algebra F and a probability measure PP.

Assumption 5.1 (i) The law PP is stationary and ergodic w.r.t. space shifts of Z<.

(ii) For P-a.e. w, there exists a unique infinite cluster Co (w) of open edges. Moreover,
P[0 € Cx] > 0. Write Pg[ -] := P[- |0 € Cx] and Eg for the expectation w.r.t.
Po.

For any realization w € 2 consider the variable speed random walk (VSRW) X =
(Xt : t = 0) on Coo (w) with generator L acting on bounded functions f: Coo(w) —
R as

(L2N)x) = Y olx, ) (FO) = fK).

y~x

Notice that X is reversible with respect to the counting measure. When visiting a
vertex x € Coo(w), the random walk X waits at x an exponential time with mean
1/u®(x) where u®(x) := Z),Nx w({x, y}), and then it jumps to a vertex y ~ x with
probability o ({x, y})/u?”(x). We denote by P the quenched law of the process X
starting at x € Coo(w), and for x, y € Cxo(w) and ¢t > 0 let p®(¢, x, y) be the heat
kernel of X, i.e. p“(t,x,y) :=P% [X, = y].

In order to state the results, we need to introduce some further assumptions on
the underlying random graph (Coo(w), O(w)) which require some more notation.
We denote by d the graph distance on (Coo(w), O(w)), i.e. for any x, y € Coo(w),
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d®(x, y) is the minimal length of a path between x and y that consists only of edges
in O(w). For x € Cx(w) and r > 0, let B®(x,r) :={y € Coo(w) : d®(x,y) < |r]}
be the closed ball with center x and radius r with respect to d®. Further, for any
A C B C Z% we define the relative boundary of A with respect to B by

A = {{x,y} € O(w):x € Aand y € B\ A}.

Definition 5.2 (Regular balls) Let Cy € (0, 1], Cyiso € (0, 00) and Cw € [1, 00) be
fixed constants. For x € Cx(w) and n > 1, we say a ball B®(x, n) is regular if it
satisfies the following conditions.

(i) Volume regularity of order d, i.e.
Cvn? < |B®(x,n)l.

(i) (Weak) relative isoperimetric inequality. There exists S”(x,n) C Coo(w) con-
nected such that B®(x, n) C S¥(x,n) C B®(x, Cwn) and

1080 mAl = Crson™ ' |A]

for every A C S®(x, n) with |A| < £ S8°(x, n)|.

Assumption 5.3 Forsome 0 € (0, 1), for Py-a.e. w, there exists No(w) < oo such that
for all n > Ny(w) the following hold.

(1) The ball B“(0, n) is 8-very regular, that is, the ball B (x, r) is regular for every
x € B®(0,n) and r > nf/d,
(i1) There exist § > 0 and Cg > 0 such that for each » > 0,

d”(y,2) < (Cgly —zloo) V'™, Vy,z € An(x,r).

Assumption 5.3 is satisfied, for instance, on supercritical Bernoulli percolation clus-
ters, see [10], or clusters in percolation models with long range correlations, see [38,
Proposition 4.3] and [28, Theorem 2.3]. Such random graphs have typically a local
irregular behaviour, meaning that the required properties in Definition 5.2 fail on small
scales. In a sense, Assumption 5.3 provides a uniform lower bound on the radius of
regular balls. For more details and examples we refer to [27, Examples 1.11-1.13] and
references therein.

Assumption 5.4 There exist p, g € [1, oo] and 6 € (0, 1) satisfying

< w’ (5.1)

+1
q d—=0

1
p
such that for any e € E,

E[lw@?] < oo and  E[w(e) 1 eny] < oo,

where we used the convention that 0/0 = 0.
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Theorem 5.5 (QFCLT [27]) Suppose there exist 6 € (0,1) and p,q € [1, oo] such
that Assumptions 5.1, 5.3-(i) and 5.4 hold. Then, for Py-a.e. w, the process X" =

(X,(") =n1 X, 1t > O), converges (under BY’) in law towards a Brownian motion
on R with a deterministic non-degenerate covariance matrix $>.

Theorem 5.6 (Quenched local CLT) Suppose there exist 0 € (0, 1) and p, q € [1, 00]
such that Assumptions 5.1, 5.3 and 5.4 hold. Then, for any T, > T > 0 and K > 0,

lim sup sup |ndp“’(n2t, 0, lnx]) — P[0 € Coo]*lk,Z (x)| =0, Py-as,

=00 x| <K te[T,T»]

with kE defined as in (1.2).

Remark 5.7 1t appears feasible to derive a local CLT also for a more general class of
speed measures for the random walk rather than only for the VSRW as in Theorem 5.6.
On (Zd, E ) such a result has been shown in [7].

Proof of Theorem 5.6 The result follows from Theorem 3.1 once conditions (G.1) —
(G.4) are verified. For condition (G.1) note that for any » > 0 and x € R by the
ergodic theorem in [30, Theorem 1],

[Ay(x, 1)l 1
(;nr)d ~ Qaryd 2 Lietaw) o [0 € Co > 0. Fras.
yeC(nx,nr)

and therefore also Pp-a.s. Condition (G.2) coincides with Assumption 5.3-(ii) and
(G.3) is a consequence of the invariance principle in Theorem 5.5. For condition (G.4)
we aim to apply Theorem 2.4 together with the ergodic theorem in [30, Theorem 1] (cf.
Proposition 4.1 above for the space-time version), which implies (G.4) by the same
arguments as in the proof of Proposition 4.3 above. Note that the conductances are
constant in time in the present setting, so we may choose p’ = ¢’ = oo in Theorem 2.4
and (2.13) reduces to (5.1).

It remains to check that the graph (Coo (@), O(w)) satisfies Assumption 2.1. Obvi-
ously, for every x € Coo(w) and n > 1, the ball B®(x,n) is contained in the
corresponding ball with respect to the graph distance. Thus, |B®(x, n)| < ¢n?, and
the volume regularity in Assumption 2.1-(i) follows from this and Assumption 5.3-
(). Furthermore, Assumption 5.3-(i) also implies an isoperimetric inequality on large
sets (see [27, Lemma 2.10]), which in conjunction with the volume regularity implies
the Sobolev inequality in Assumption 2.1-(ii) with &’ := (d — 0)/(1 — ), see [27,
Proposition 3.5]. Finally, the weak Poincaré inequality in Assumption 2.1-(iii) follows
from the relative isoperimetric inequality provided by Assumption 5.3-(i) by applying
a discrete co-area formula, see [37, Lemma 3.3.3] and cf. Remark 2.2 above. O

Similarly as in Corollary 4.4 above, one can derive near-diagonal heat kernel esti-
mates from Theorem 5.6 following the argument in [5, Lemma 5.3].
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Appendix A. A technical estimate

LemmaA.1 Letg € C'((0, 00)) be a convex, non-increasing function. Assume that g’
is piecewise differentiable and that there exists y € (0, 1] such that yg'(r)* < g (r)
fora.e.r € (0,00). Then, forall x,y > 0 and b,a > 0,

— (b7 () —a’g ) (y —x)
1) 2 2 a’>  b? 2
_E(G Ab )(g(y)—g(x)) +; b—z\/a—2 (b—a) , anb >0,
—xg'(x) vV —yg'(y)) (b —a)?, anb=0.
( )
(A.1)

<

Proof Since g is non-increasing, the case a = 0 or b = 0 is immediate. In the sequel,
we assume that a A b > 0. First, notice that an application of the Cauchy-Schwarz
inequality yields for any x, y > 0,

y 2 y y y y
y(/ g/(l‘)dt> < y(/ g/(l)zdt>(/ 1dt> < (/ g”(t)dt)(/ ldt>,

where we used in the second step that y g’(r)> < g”(¢) for a.e. € (0, o0). Hence,

y (g0 —g)’ < (g0 — ')y —x). (A2)

Without loss of generality, assume that y > x. Since g is convex and non-increasing,
it follows that 0 < —g’(y)(y — x) < g(x) — g(y). Hence,

— (P%g'(») — a*g' () (y — x)
—a*(g(y) — §(X)(y —x) — &y —x)a+b)(b—a)
—y(a®> Ab?) (s(3) — g(0)” + 2(g(x) — g()(a v b)|b —al.

IA

Thus, by applying the Young inequality, that reads |af8| < %(8 a? 4+ B?/¢) for any
& > 0, we obtain
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— (P’ () — a?g' (X)) (y — )

1
= —(r(@AP) = 2@ V) (50— @) + < b - ).

By choosing ¢ = L@a? A 172)/((12 v b?), the estimate (A.1) follows. O

Appendix B. Forward and backward equations for the semigroup

In this section we aim to verify that also in the case of dynamic unbounded conduc-
tances the heat kernel of the random walk satisfies the forward equation. We will
work in the setting outlined in Sect. 1.1. In particular we will suppose throughout that
Assumption 1.1 holds, which implies that, P-a.s., the conductances are local integrable
in time, that is

IP’|: / ws(x, y)ds < ooi| = 1, for every finite interval 7 C R. (B.1)
I

For any s > 0, we write (P;i)z : t > ) for the Markov semigroup associated with the
random walk X, i.e. (P’ f)(x) = E{ [ f (X,)] for any bounded function f: 74 - R,
0 <s <tandx € Z9. Further, we write (Pg’)* for the adjoint of P, in ¢>(Z%). The
associated heat kernel is still denoted p®(s, x; 7, y) := P{, [X, = y] for x,y € Z¢
and 0 < s < t. As a consequence of (1.1) we have

p™C(s, X, y) = pU(s+h,x+z0+h,y+2). (B.2)

Next we briefly recall the construction of the time-inhomogeneous Markov pro-
cess X starting at time s > 0 in x € 74, cf. [3, Section 4]. Let (E,, : n € N)
be a sequence of independent Exp(1)-distributed random variables. Further, set
P (x,y) = o (x, V) /g (O L, y)eky), Where uf(x) = 31 e, @i(x, y) for
any t € R, x € Z. We specify both the sequence of jump times, (J, : n € Ng) and
positions, (¥, : n € Np), inductively. For this purpose, set Jo = s and Yy = x.
Suppose that, for any n > 1, we have already constructed the random variables
(Jo, Yo, - -, Ju—1, Yy—1). Then, J, is given by

Jnfl"rt
Jp = Jy—1 + inf {t >0 : / Wy (Y1) du > En}
J,

n—1

and at the jump time J, the distribution of Y, is given by nj; (Y,—1, ). Since, under
Assumption 1.1, sup,,cpy, Jn = 00, P-a.s., the Markov process X is given by

X; =Y, on [Jy,Jus+1) VneNp.

Note that, under ng”x, we have Jop = s and Yy = x almost surely, the conditional

law of J,, given (Jo, Yo, ..., Ju—1, Yn—1) (also called survival distribution with time-
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dependent hazard rate u{’(Y,—1)) is

1
- g (Yp—1) du
P V) e I '

L=,y dt,

and the conditional law of Y}, given (Jo, Yo, ..., Ju—1, Yn—1, Jn) i n;;(Yn_l, ).
Further, for the Markov process X as constructed above the strong Markov prop-

erty holds, an application of which yields that (P{®, : # > s) satisfies the integrated

backward equation, that is, for P-a.e. w,

tw ! rw
(PO, ) = e Bmimdnpey 4 f e RN () (P () dr
s yix.y)€Ey

(B.3)

forany f € £°(Z%),0<s <t <ooand x € Z4.
Proposition B.1 For P-a.e. w, every x,y € Z% and f € £>°(Z%) the following hold.

(i) For everyt > 0, the map s — p®(s,x;t,y) is differentiable at almost every
s € (0, t). In particular, limgq, p©(s, x; t,y) = p®(t, x5 t,y) = 1,(x).
(ii) Foreveryt > 0,

—0y (P8, f)(x) = (LY (PP f))(x),  forae s €(0,1).

Proof (i) We will show that for every r > 0, x,y € Z? and P-a.e. @ the mapping
[0,7) > 5 = p®(s, x; t, y) is absolute continuous, which implies (i). For that purpose,
fix some f € £ (Z%) and ¢ > 0. Since, for every x € 74 the mapt — uf(x)isP-as.
locally integrable by (B.1), the absolute continuity of the Lebesgue integral implies
that, for every ¢ > 0, there exists § = §(x) > 0 such that

/ wi(x)du < c VY D € B(R) with Lebesgue measure less than §.
D 2[1 flloo

Then, by using the integrated backward equation (B.3) and the Cauchy-Schwarz
inequality,

D P2 Hx) = (P, )|

i=1

< 2 fllee 3o (16 HEON) < 2||f||oo(/ MZ’(X)du> <e
D

i=1

for any union D = U?:l (r;, i) of pairwise disjoint intervals (77, s;) C [0, #] of total
length less than §.
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(i1) We rewrite the right-hand side of (B.3) as
s w t r w
e R HEWW p(x) 4 el it du / e~ Jo mIM AN (e, (P F) () dr
§ y:(x,y)eEd

Since t — u{’(x) is locally integrable, the differential form of the backward equation
in weak sense follows from [20, Theorem 6.3.6] together with an application of the
chain and product rule. O

LemmaB.2 Define w,(e) := w—;(e) foranyt € R and e € E,;. Then,

peO,x;1,y) = pP(=1,3:0,x), Vx,yeZ!, 120, (B4
Proof Write B, := B(0,n) and g, := inf{t > 0 : X; € By} with inf ¥ := co. We
denote by p®"(s, x;t,y) = ngfx [Xt =y, t< TB,,] the heat kernel associated with
the process X killed upon exiting B,, and we write (Pff " .t > s) for the transition
semigroup. Recall that the associated time-dependent generator, still denoted by L,

is acting on functions with Dirichlet boundary condition. By similar arguments as in
Proposition B.1 one can establish a backward equation for (Ps‘f’,’" 1t > s), which gives

3( P20, P fes,)
= (C2,P" 5. P " Fes, — (P 08, LY P " Few,) =0

where we used in the last step that £© s = L¢. By integration over [0, t] we get

(Pf;flog, f)ﬁ(Bn) (s, Pg,);nf>l£2(3n) =0,

and by choosing f = 1y and g = 1 we obtain p®"(—t,y;0,x) =
p® (0, x; t, y). Finally, since lim, oo p®" (s, x; t,y) = p®(s, x; t,y) forallx, y €
Z4,t > s and w € Q, the result follows by taking the limit n — oo. O

Proposition B.3 For P-a.e. w, every x € Z¢ and finitely supported f : 7¢ — R, the
map t +— (Pé‘)’tf) (x) is differentiable at almost every t € (0, 00) and

Bt(Pé‘jlf)(x) = (L;’)(Pé‘flf))(x), fora.e.t € (0,00). (B.5)
In particular, for P-a.e. w, the function (t, x) — u(t, x) = p®(0, 0; ¢, x) solves
du(t,x) = (Lu(t,)(x), Vxe Z% and a.e. t € (0, 00).

Proof This follows from the backward equation in Proposition B.1 and Lemma B.2.
Indeed, let @ be defined as in Lemma B.2, then we have for any f, g € Ez(Zd),

(B.4) ;
(P(?,)rf’ g)zz(zd) = (/. (P$t)*g>ez(zd) =(f. Pﬁ)r,og)ﬁ(zd)'
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Thus, for any finitely supported f: Z¢ — R and g = 1,, we obtain

hm

3 (Py’ f)(x) PGS = Pouf g)z%Z“)

)5

1 - :
}}l_rf}) ﬁ<f’ P08 — Pft,0g>zz(zd) = (f.aP tOg)zz(Zd)‘

Hence, by using the differential backward equation, we get

3t(P&)tf)(x) = (f Ewt(P—t 0g)>52(Zd)
(f’£;0 (POJ) g))ZZ(Zd) = P&)t(ﬁ?f)(x)s

which yields (B.5). Finally, consider the function u(z, x) := p®(0, 0; ¢, x). Then, by
applying (B.5), we find that

du(t,x) = 8,(Py,1:)(0) = Py, (LY1,)(0)
e, )LL) 2 ey = (LPut, ) @),

which concludes the proof. O
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