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Riassunto

In questa tesi studiamo alcune stime integrali su gruppi di Lie e loro spazi omogenei.

Nella prima parte della tesi sviluppiamo una strategia generale per ottenere stime multilineari
di tipo Brascamp-Lieb su spazi omogenei compatti e la applichiamo ai casi del toro e della
sfera unitaria reale. Otteniamo anche delle disuguaglianze di tipo Brascamp-Lieb nel contesto
non compatto dei gruppi di Lie stratificati.

Nella seconda parte della tesi, come conseguenza di stime integrali per armoniche sferiche
quaternioniche, dimostriamo alcuni limiti dal basso per le norme (LP, L?) degli operatori di
proiezione sugli spazi delle armoniche sferiche sulla sfera quaternionica, per p € [1,2]. Inoltre,
in analogia con risultati di J. Duoandikoetxea sulla sfera unitaria reale, dimostriamo alcune
stime non dipendenti dalla dimensione per armoniche sferiche bigradate sulle sfere unitarie
complessa e quaternionica.
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Abstract

This thesis is devoted to the study of some integral inequalities on Lie groups and their
homogeneous spaces.

In the first part of the thesis we provide a general strategy to obtain multilinear inequalities
of Brascamp-Lieb type on compact homogeneous spaces and we apply it to the case of the
torus and of the real unit sphere. We also obtain some Brascamp-Lieb type inequalities in the
noncompact context of stratified Lie groups.

In the second part of the thesis, as a consequence of integral bounds for quaternionic spherical
harmonics, we prove some bounds from below for the (L?, L?) norm of the harmonic projection
operators on the quaternionic sphere, for p € [1,2]. Moreover, in analogy with some earlier
results by J. Duoandikoetxea on the real unit sphere, we prove some dimension free bounds
for bigraded spherical harmonics on the complex and quaternionic unit spheres.
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Introduction

In this thesis we study integral inequalities of different types in the context of Lie groups and
their homogeneous spaces.

In the first part of the thesis we develop a general approach to obtain certain multilinear
inequalities on compact homogeneous spaces and provide some applications. We also obtain
similar inequalities in the noncompact context of stratified Lie groups.

In the second part of the thesis we prove some bounds from below for the operator norm of
the harmonic projection operators on the quaternionic sphere, and sharp dimensions free L?
bounds for bigraded spherical harmonics on complex and quaternionic spheres.

In the rest of the introduction we describe in detail the topics treated in the thesis.

Part I

Many well-known multilinear inequalities commonly used in analysis, such as multilinear
Hoélder’s inequality, Loomis—Whitney inequality and the sharp Young convolution inequality,
can be seen as instances of a broader family of estimates: the so called Brascamp—Lieb
inequalities. These are inequalities of the form

JR ) RIS § (T )
R™ j=1 j=1

where p; € [1,00], Bj : R" — R"™ are linear surjective maps and the functions f; : R — R*
are measurable, for j = 1,...,m. The constant C' in is the smallest constant, either finite
or infinite, over all measurable inputs f; for which holds. This constant depends on the
maps B; and on the exponents p; and is called the Brascamp-Lieb constant.

These inequalities were extensively studied in the last years, starting from the works of Rogers
[49] Brascamp, Lieb and Luttinger [12] and Brascamp and Lieb [I1], where the authors studied
the rank-one case, that is the case where n; = 1 for all j, using rearrangement techniques.
In particular they proved that the Brascamp—Lieb constant is the same if one restricts the
inputs to Gaussians, a result known as Lieb’s Theorem. This result was then extended to the
higher rank case by Lieb in [4], then Barthe gave an alternative proof using transportation
of mass techniques in [2].

Another approach to the problem was introduced by Carlen, Lieb, Loss who used heat flow
methods to prove Lieb’s Theorem in the rank one case in [18]. This approach was rediscovered
independently and used by Bennett, Carbery, Christ and Tao to prove Lieb’s Theorem in the
general case in [7]. In particular they were able to prove the following theorem.
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Theorem 0.0.1 ([7]). The constant C' in is finite if and only if the scaling condition

m
> pitnj=n (2)
j=1

and the dimension condition

dim(V) < Z p; ' dim(B;V), (3)

for all subspaces V- C R", are satisfied.

The heat flow technique consists in studying the monotonicity properties of a certain function,
depending on a parameter that can be thought of as time, that is related to the heat evolution
of some functions. Comparing this function at different times is a way of producing inequalities.
For example in [7] the authors study, among other things, the case of the so called geometric
Brascamp—Lieb inequality (already studied by Ball in [I] and Barthe in [2]), in which the
linear maps B; are such that B is an isometry and the condition

m
> p;'B;B; =1Idgn (4)
j=1
holds. They show that for nonnegative Schwartz functions f; the quantity

aw = [ T[wutt )
j=1

is nondecreasing, where u;(t,z)Ps is the solution of the heat equation in R"™ with initial datum
ff 7 o Bj. Inequality is then obtained by comparing lim;_,o Q(¢) which gives the left-hand
side of it with lim;_, o, Q(t) which gives the right-hand side.

In this thesis we will interpret inequality in the following way: we are given a family
of functions f; o Bj, each one having some degree of symmetry (indeed, these functions are
constant on the fibers of the maps Bj, that are affine subspaces parallel to ker B;) and we
want to find exponents p; for which the inequality holds with a finite constant C for all choices
of functions. Theorem [0.0.1] gives a complete answer to this question in the Euclidean setting,
relating the exponents p; to the geometry of the maps B; and to the scale invariant structure
of R™.

An interesting issue is to extend inequality to other settings. This problem was already
addressed in the works [18] [I9] where some inequalities were obtained in the case of spheres
and of the permutation group on d elements Sy (see also [4] 3] for further comments).

In particular in [I8, Theorem 1.1] the authors proved that for nonnegative measurable functions
f; on the unit sphere S"~! of R" depending only on one variable x; (that are functions f
defined on the interval [—1,1] and pulled-back to the sphere by the projection on the i-th
variable 7; : S"~! — [~1,1]), the estimate

/Sn—l [17i(msw)de < TL 1T 0 mjl oy (6)

Jj=1 Jj=1

holds, with p > 2, where do is the normalized uniform measure on the sphere and

sy = [ 1F)P dort).
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The authors also proved that the inequality is sharp, in the sense that there exist n functions
in LP(S™1) for p < 2, each depending on a different variable, for which the right-hand side of
@ is finite and the left-hand side diverges.

Inequality @ can be interpreted in two ways:

e as a Holder type inequality, but with the sum of the reciprocal of the exponents bigger
than one, a condition that cannot be achieved for general functions just by multilinear
Hoélder’s inequality and continuous embeddings of Lebesgue spaces on the sphere;

e asa Brascamp-Lieb type inequality, plugging in it the estimate || fjorm;|| > < || £l Lr([~1,1])-

The proof of inequality (@ is based on the heat flow method and relies on the fact that the
sphere is a compact homogeneous space. Indeed S"~1 = SO(n — 1)\SO(n), where SO(n) is
the group of real orthogonal matrices with determinant 1.

Following the ideas of [18] in the first chapter of this thesis we find inequalities similar to
@ in the setting of general compact homogeneous spaces of type M = K\G, where G is a
connected, unimodular Lie group and K is a closed subgroup of G. We endow M with the
unique normalized measure dp induced by the Haar measure on G. We fix a finite set of
vector fields Z in the Lie algebra of left invariant vector fields g of G satisfying Hérmander’s
bracket generating condition and we construct the sum of squares sub-Laplacian L, which is a
symmetric, negative, essentially self-adjoint, hypoelliptic operator acting on smooth functions
defined on G and on its quotient M. By means of the heat semigroup {e'*};~o, we consider
the nonlinear heat flow

oit,@) = (f7)7,

where p > 1 and f € C°° (M), which is the solution of the nonlinear equation

[Vzo(t,z)|?
v(t,x)

where V7 is the gradient with respect to the vector fields in Z.
Taking m different nonnegative functions f; € C°°(M) and considering their nonlinear
evolutions v;(t, x) we will prove that the function

o(t,x) = (p—1) + Lo(t, x),

o(t) = /M T] vt 2)dn (7)
j=1

is nondecreasing for p > m. By a comparison between lim;_,o ¢(¢) and lim;_,o ¢(t), it will

then follow that . .
| TLsdn < TL 1, (8)
M-y j=1

for p > m. In the case of general functions f; the estimate can also be obtained as a
straightforward consequence of multilinear Holder’s inequality and continuous embeddings
of Lebesgue spaces on M. This is not surprising, since with generic functions f; one cannot
expect to improve on Holder’s exponents. Nevertheless, if we let the functions involved have
some kind of symmetries, we will obtain better exponents not directly deducible by Hélder’s
inequality and continuous embeddings.

The relevant symmetries in our analysis are those that can be described by means of subsets
A of 7 made of vector fields that commute with L. We call a subset A of Z maximal if
(A) NZ = A, where (A) is the smallest Lie subalgebra of g containing A. We say that a
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function f € C*°(M) is A-symmetric if X f = 0 for all vector fields X in A. Functions that
are A-symmetric are constant on certain nonintersecting submanifolds that cover the manifold
M. The commutation property with L of the vector fields in A ensures that the symmetry is
preserved by the heat flow.

The main result of the first chapter, contained in Theorem [I.6.1} says that taking m functions,
each A;-symmetric for some maximal subset A; of Z the function is nondecreasing for p
greater than or equal to a critical p that depends on the combinatorics of the sets A;. In
Theorem [1.6.2| we obtain an analogous result, but we let each f; evolve under a nonlinear heat
flow with a different p;. We prove that the function

o(t) = /M TT (e 7)™ dy (9)
j=1

is nondecreasing if each p; is greater than or equal to a critical p; that again depends on the
combinatorics of the sets A;.

As a first application of this machinery, in Chapter (1| we study the (abelian) case of the
torus T" = R"/Z"™; here the Hérmander system Z = {0, : i = 1,...,n} is associated to
an orthonormal basis of R". By means of Theorem we are able to recover a result by
Calderon in [I5] and a family of local geometric Brascamp-Lieb inequalities associated to
projections to collections of coordinate variables.

In Chapter [2] we apply the results of Chapter [I] to the case of the sphere

S" 1 = S0(n — 1)\SO(n)
in R™; here 7 is given by the vector fields
Li,j = xiﬁxj — xj&,;i,

for 1 <i < j < n. These vector fields form a basis of so(n) and so they verify Hérmander’s
condition. In the case of the sphere we are able to classify all possible maximal subsets of Z,
thus getting an easy algorithm to produce multilinear inequalities involving functions with
special symmetries. With this language we recover the result of [I8] for functions depending
on one variable and extend it to functions depending on k variables, for 1 < k < n — 1,
describing these properties of the functions as A-symmetries for specific maximal subsets A.
A function f of k variables can be understood as a function f defined on the k-dimensional
unit ball By, of R¥ and pulled-back to the sphere by the projection m : S*~! — By, on the k
variables involved.

Let C(n, k) = (Z) We prove that if fi,..., fo(n,k) are nonnegative measurable functions, each
depending on a different collection of k variables, denoted with z,,, where w; C {1,...,n},
|wi| = k, the inequality

C(n,k)
Fi@e) - fomm Tueme)do < T Ifill o (10)

S§n—1 i1

v ()-(7)

Moreover we prove that this inequality is sharp in the sense of [18]. Since for a function
f depending on k variables, ||f|zr = [[f o 7|lr < [[fllLr(B,) We can interpret as a

holds for
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Brascamp—Lieb type inequality.

Inequality is first proved for a small range of exponents that is then extended by
interpolation. In Chapter [2] we study in what range of exponents the inequality can hold,
obtaining some optimal result.

If we add an additional symmetry to the functions, requiring that each function depends
radially on k variables we prove an (again sharp) improvement of inequality , obtaining a

lower critical exponent
s o n—2
1=\k-1)

We also address the case of functions each having a different kind of symmetry, providing
an algorithm to compute the critical exponents and showing that they are sharp in some
examples. We conjecture that the exponents obtained by this method are always sharp. We
plan to treat this problem in future work.

In the remaining part of Chapter [2] we discuss some possible applications of our inequalities. In
particular we provide some estimates in Lebesgue spaces with mixed angular-radial norms and
some local Brascamp-Lieb inequalities for maps B; associated to projections on collections of
variables (see [0, [61] for possible applications of these local inequalities).

Finally, by transferring the Carlen-Lieb-Loss inequality on S?~! to the Euclidean space
R"~! via stereographic projection, we obtain a family of weighted nonlinear Brascamp-Lieb
inequalities of the form

n

n
dXy...dX, 1
(X ,...,X — ,S ! n—1),
/IRnlI[l¢l( 1 n 1)(X12+-"+X271+4)2 }_[1|’¢1”L2(R 1)

where the functions ¢; are constant on certain nonintersecting (n — 2)-dimensional spheres
that cover the whole space R* 1.

In Chapter |3| we extend the methods of [7] to stratified groups, that are nilpotent Lie groups
whose Lie algebra g decomposes as

g=01D - Do,
with
[glugl]:gl-‘rla l:].,...,’l"—]..

These groups G can be identified with their Lie algebra via the Baker-Campbell-Hausdorff
formula (see [28]). They are equipped with a family of anisotropic dilations d5, for s > 0, acting
diagonally on the subspaces g1, ..., g-. The quantity @ = dimg; + 2dimgo + --- + rdim g,
is called the homogeneous dimension of G and is related to the volume growth of balls. We
consider projections (@) : G — M(®) = H(a)\G, where the H(® are homogeneous subgroups
(with respect to the same dilations) of G of homogeneous dimension Q@) . Moreover we require
that these projections commute with the dilations, making the quotient A(® a homogeneous
space in the sense of Coifman and Weiss of homogeneous dimension Q@ = Q — Q(®. The
standard hypoelliptic negative sub-Laplacian L on G is the sum of the squares of vector
fields {X1,...,X,,} forming an orthonormal basis of the first layer g;. Recall that, as in the
Euclidean space, the heat kernel of L enjoys the homogeneity property

pe(g) = 792 P(5,-1/29),

for t > 0, where P is a strictly positive Schwartz function. The sub-Laplacian also acts on the
quotient, via the push-forward related to (), so one can consider the heat equation of the



xii Introduction

sub-Laplacian on the homogeneous spaces M (@) and obtain the following result. We suppose
that

p1QW + -+ pQY = Q. (11)
Then the inequality

L0606 @) a1 ([ ede) ([ Oada)
(12)

holds on G. The constant I appearing in this estimate is given by
I— / PO (x0(e), 7D (g))7" ... PO (x O (e)r® ()" dg
G

and is finite under appropriate assumptions on the maps 7(®). Condition is the analog
in the stratified groups context of condition in the Euclidean case. The proof of this
result, mutatis mutandis, follows the monotonicity approach of [7, Proposition 2.8|, where the
functions appearing in the integral in the definition of ¢ evolve under the heat flow of the
sub-Laplacian L.

As an application we study the case of Holder’s inequality and Young convolution inequality.
Finally we deduce a family of inequalities for stratified groups where the subgroups H(® are
given by the flows of the vector fields X, in the first layer gy in g. Applying this inequality
on the Heisenberg group H; we are able to prove an inequality of Gagliardo-Nirenberg type,
giving for a Schwartz function f on Hj the estimate

[fllzars S AV £l

where V denotes the horizontal gradient. By standard arguments (see [48] [16], [I7]) this
estimate leads to a sub-Riemannian isoperimetric inequality.

In this thesis we do not address the problems of extremisers (that should be related to the
heat kernels on G) and extremisability, leaving it to a future work.

Part 11

The final chapter is devoted to the proof of some sharp bounds (some of them depending on
the dimension and some not) for bigraded spherical harmonics on complex and quaternionic
spheres, in the spirit of some earlier work by C. Sogge and J. Duoandikoetxea. These estimates
have been successfully applied to different problems in harmonic analysis, like Strichartz
estimates for solutions of the Schrodinger equation [13| 14l 23], LP summability of Bochner—
Riesz means [52], 22], unique continuation problems [36, [53].
More precisely, denoting by S~! the unit sphere in R™, d = 1,2,4, we start from the
well-known direct sum decomposition of the space of square-integrable functions on S™~1,
that is,

L2(gdn—1) _ @ VT, (13)

TeF

where

l ifd=1
T =
(6,0 ifd=2,4,
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and
N ifd=1
F=<NxN ifd=2
{(l,0) eNxN: >0} ifd=A4.

The spaces V7 are formed by the so called spherical harmonics. If d = 1, it is well known
that the V7 are eigenspaces for the Laplace-Beltrami operator Agn—1, corresponding to the
eigenvalues £(¢ +n — 2). If d = 2 or 4, then the V7 turn out to be eigenspaces both for
the Laplace-Beltrami operator Agan—1 to the eigenvalues (¢ 4 ¢') (¢ + ¢/ + dn — 2), and for a
suitably defined sub-Laplacian L to the eigenvalues Ay, given by 20¢' 4+ (n — 1)(¢ + ¢') for
d =2 and by 4(¢¢' + (n — 1)+ nt’) for d = 4. For this reason, the elements of V™ when d = 2
or 4 are sometimes called bigraded joint spherical harmonics.

We recall that sharp estimates, depending on n, for the projections mapping L?(S%~1) onto
V7, are already known in many cases. To be more precise, C. Sogge proved them in the real
case, not only on the unit sphere, but also in the more general framework of Riemannian
manifolds [5I]. In the complex case, analogous bounds were proved in [20]. In collaboration
with Casarino and Ciatti we recently started to study the quaternionic case, proving some
bounds from below for the (L?, L?) norm of the quaternionic harmonic projectors 7y, mapping
the space L2(S*~1) onto the eigenspace consisting of joint spherical harmonics of bidegree
(0,0, for p € [1,2].

To prove these kind of inequalities, we are led to study the L4 norms of the functions Yy € H,
for ¢ > 2, since

| Yeer || La
||7T££’||(p,2) = m7 (14)

for ¢ > 2 and Yy € HY', due to the fact that the transposed operator g HE La(Sin=1h)
is the inclusion operator (here 1/p+1/q = 1).

Our bounds are therefore strictly related to the problem of size concentration of the spherical
harmonics. In the real framework, Sogge highlighted the existence of two classes of spherical
harmonics with competing behaviors, the highest weight vectors and the zonal functions,
playing an essential role in the analysis of the real harmonic projectors and also in some
related applications (we refer to [51] 14] and especially to [13] for an application to Strichartz
estimates). Analogously, both the complex highest weight vectors and the complex zonal
functions turn out to be the key to understand the behavior of complex harmonic projectors.
The quaternionic context is slightly different, since we identify three classes of spherical
harmonics with competing behaviors, giving rise, in light of , to different estimates from
below for |7 ||(p,2) on three subintervals of p € [1,2]. In fact, for p close to 2, the bounds are
more sensitive to a sparse concentration along the Equator; in this case, we obtain bounds
from below by considering the highest weight spherical harmonics, since these functions spread
out in a small neighborhood around the Equator. When p is close to 1, exactly as in the
real and complex case, the bounds for |7 [|(,2) turn out to be sensitive to a high pointwise
concentration. Thus we obtain bounds from below by considering the quaternionic zonal
functions Zyp, which are highly concentrated at the North Pole. Anyway, in a third interval
inside [1, 2], more precisely when p € (4/3,2(4n — 3)/(4n — 1)), we obtain better bounds from
below for |7 ||(p,2), by considering a third class of spherical harmonics.

In Chapter 4 we will discuss these features of H%', which have no analog in the real or complex
case and are related to representation-theoretic questions on S**~1. It is worth mentioning
that all the aforementioned bounds on S™~1, d = 1,2, 4, strongly depend on the dimension
n and may indeed be considered a discrete version of the restriction estimates of Stein and
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Tomas (we refer to [54] for a thorough discussion of this point).

Shortly after Sogge’s estimates appeared, anyway, Duoandikoetxea proved some dimension
free bounds for spherical harmonics on the real sphere [24] 25]. More precisely, on the unit
sphere S»~! C R™ endowed with normalized Lebesgue measure, he showed that a generic
spherical harmonic Y} of degree k satisfies

1Yellze < (0 = D)2)1¥el 2, (15)

for all p > 2. In addition, he proved that is sharp, in the sense that no inequality like
may hold with an exponent lower than k/2. Recently, Duoandikoetxea’s estimates were
successfully applied in an algebraic context. Indeed, G. Blekherman used some bounds from
[24] to compare the size of compact sections of the cones of nonnegative polynomials, of sums
of squares and of sums of even powers of linear forms |8, [5].

Inspired, in particular, by this recent application, in the final section of Chapter [l we prove
sharp dimension-free estimates for joint complex and quaternionic spherical harmonics.

The free-dimensional approach proposed by Duoandikoetxea, indeed, may be easily adapted,
finally covering the case of all spheres S, d = 1,2,4. In Section , in fact, we prove
analogous estimates for bigraded spherical harmonics on the unit complex and quaternionic
sphere. Our focus is mainly on the sharpness.
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CHAPTER 1

A general framework

1.1 Homogeneous spaces

In this chapter we provide a general framework to obtain a family of multilinear inequalities.
Let G be a connected, unimodular Lie group, with bi-invariant Haar measure du and let K be
a closed subgroup so that the homogeneous space M = K\G is compact and has no boundary.
Denote by 7 : G — K\G the canonical projection. Recall (see [33] Theorem 4.2, Ch. II]) that
M is defined as the space of right cosets

M ={Kg:g9€G}

and has an analytic structure. We will sometimes write [g] for a representative of the coset
space Kg.

If dp is the Haar measure on G we have a unique (up to scalars) bi-invariant measure on K\G
(cfr. [33, Theorem 1.7, Ch. X]), which we will still denote by dy, defined as the push-forward of
dp by means of the projection . We assume that this measure is normalized, i.e. du(M) = 1.
The left translation on the group G is the map

7:G — End(G),

defined by
74(h) = gh.

There is an action of the group G on the set C°°(G) given by left translations:
G x C®(G) —» C*(G)
(9, f) ¥— oy

Abusing notation we still denote this action by 7, writing 7, f(h) = f(gh).
A left invariant vector field is a first order differential operator X that commutes with all left
translation, i.e. such that

X(rgf) = (7g)(X )

for all g € G and f € C°°(G). The Lie algebra g of the Lie group G is the vector space of all
left invariant vector fields on GG, endowed with the Lie algebra structure given by the bracket

[X,Y]= XY - YX,

3



4 A general framework

for all XY € g.

Recall that the exponential map exp : g — G is a local diffeomorphism from a neighborhood
of 0 € g to a neighborhood of the identity in G (see [58]). Since the vector fields are left
invariant, the map exp parametrizes a small neighborhood of every point in G providing an
atlas for the group. Recall that left invariant vector fields are defined by

X f(9) = % Flgexp(tX))i=o

for X € T,G, where T,G denotes the tangent space to G at the neutral element e, and
f € C(G). For a vector field X, its adjoint !X is the vector field satisfying

/G(Xf)gduz/Gf(th)du,

for all f,g € C°(G), where C2°(G) is the space of compactly supported smooth functions.
We have the following proposition.

Proposition 1.1.1. For X € g we have that X = —X.

Proof. Let f,g € C°(G). By the bi-invariance of the Haar measure we have

/ f( exp(tX)) g exp(tX))dp = / Fadp.
G G

Differentiating in ¢ and evaluating at ¢ = 0 both sides we obtain

| F ey [ (xp)gin=o.
G G
which proves the proposition. O

There is a one-to-one correspondence between smooth real-valued functions f on the quotient
space M = K\G and smooth functions f on G that are constant on coset spaces, i.e.

C®(K;G):={f € C®(Q) : f(g9) = f(kg), for all k € K}.
We denote this correspondence by
U:C®M)— C®(K;G),

where (¥ [f)(g) := f([g]), and by
UL C®(K; Q) = C®(M)

with (I~ f)([g]) = f(g), its inverse. Note that, for f € C°°(M), (¥ f) is indeed a function in
C*(K;@G), since, taking k € K we have (Vf)(kg) = f([kg]) = f(lg]) = (¥f)(g). Analogously,
for f € C°(K;G), (U1 f) is well defined as a function in C°°(M), since taking [¢'] = [g] € M,
we have that ¢ = kg, which implies (W=1f)([g']) = f(g') = f(kg) = f(g9) = (¥~ f)([g))-

Let f € C®°(M) and f = U(f). A left invariant vector field X € g acts on smooth functions
on M via the pushforward of the map = (that we denote with 7'7):

Xf=9(Tr(X)f).

The same argument can be extended to left invariant differential operator in the universal
enveloping algebra of g, U(g). We write X instead of T'w(X) for vector fields of g acting on
C>(M).
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Remark 1.1.2. Note that Proposition yields an integration by parts formula on M:

/M(Xf)gdu = - /M f(Xg)du

for X € g and f,g € C°°(M). The boundary terms are absent due to the compactness of the
quotient.

1.2 Hormander systems

Fix a finite subset Z = {X1,..., X;} of g.

Definition 1.2.1. We say that Z is a Hormander system if (Z) = g, where (Z) is the smallest
Lie subalgebra containing Z.

We now define some differential operators on M = K\G adapted to a Hérmander system Z.
First of all we define a gradient:

Definition 1.2.2. Let f € C°°(M). The Z-gradient of f is defined as
Vzflz) = (X1f(@),...,Xif(z)) (1.1)
for all z € M.

Next we define a divergence operator:

Definition 1.2.3. Let F € (C®(M))". The Z-divergence of F is defined as

l
divy F(z) =Y X;F(x) (1.2)
=1

for all x € M.

Remark 1.2.4. We call the operator just defined Z-divergence since it is the adjoint of the
Z-gradient. Indeed, for f € C®(M) and G € (C°(M))" we have

[
/M (V2f)- Gdp = /M > (i) G

-/ (zl: (Xl-Gi)) du=— | rdivrGan

i=1
where - denotes the usual scalar product in R* and where we used Proposition [1.1.1]
Finally we define a sum of squares operator which we will sometimes refer to as sub-Laplacian.

Definition 1.2.5. Let f € C°°(M). The Z-sub-Laplacian of f is defined as

l
Lif(z) =) X} f(@) (1.3)
=1

for all x € M.
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Remark 1.2.6. We call the operator Lz defined in (1.3)) sub-Laplacian since it can be
understood as divz V7. Indeed, for f € C’OO(M ) we have

divz Vzf = ZX (Vzf), ZXQ

=1

Consider the Hilbert space L?(M) with respect to the measure du. We denote by (-, -) the
scalar product in L?(M). The operator Lz is initially defined in the subspace C*°(M), which
is dense in L?(M) (recall that M is compact).

Proposition 1.2.7. The operator — Lz is symmetric and positive.

Proof. Let f,g € C°(M). Tt suffices to prove that each operator —X? is symmetric and
positive. By the integration by parts formula we have

—(X2f.9) = (Xif, Xig) = —(f, X29).

SO —Xi2 is symmetric. Moreover

—(XP £ 1) = (Xaf, Xaf) = |1 Xif 320y = 0,

hence — L7 is positive. O

Since the vector fields in Z satisfy Condition the operator Lz is hypoelliptic by Hérman-
der’s theorem. By Nelson’s theorem (see [46]) we conclude that the operator Lz is essentially
self-adjoint. Moreover, since M is compact —L7z has a real discrete nonnegative spectrum
¥ C RT with eigenvalues, counted with multiplicity,

O0=X <A< <N <

with A\, — 0o as k — oo.

The associated L?-normalized eigenfunctions ¢; form a complete orthonormal system for
L?(M). Since the operator Lz is hypoelliptic, the eigenfunctions are C°°(M) and in particular
they are bounded. Note that Ay has multiplicity 1 and ¢g = 1.

The spectral theorem provides a functional calculus for the operator — Lz, if m € L*°(X), the
operator m(—Lz) defined by

(—Lp)f = Zm ), i)

is bounded on L2(M).

1.3 The heat flow

We consider the Cauchy problem for the heat equation on M associated to Lz with initial
datum f,

3tu(t,az) = LIu(t,x) (t,x) ERT x M (1 4)
u(0,2) = f(x) x € M. .
It is known (see [59]) that for all ¢ > 0 the solution at time ¢ of the heat equation with initial
datum f € C°°(M) is obtained by applying the heat semigroup e*’Z, which is given by the

multiplier e *) : ¥ — R*. Explicitly we have

T = Ze {f, i) i (1.5)
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Remark 1.3.1. Expression (I.5) makes sense also for f € L2. Indeed one can prove, by
Lebesgue’s dominated convergence theorem, that Xz f is C°(M) for all t > 0. If f is
continuous, the initial datum is recovered in a limit sense:

lim "7 f(z) = f(x),

t—0
for all x € M.

Proposition 1.3.2. Letu : RT™x M — C be a solution of (1.4)) with initial datum f € C*°(M).
Then the following properties hold.

1. If f is nonnegative, u(t,x) is strictly positive for t > 0.

2. The total mass of the solution is preserved at each time t > 0:
/ u(t, z)dp = / fdpu.
M M

3. The operators e'T enjoy the semigroup property, i.e. et+ILT = elLzeslz for ¢ s> ()
or, equivalently, u(t + s,x) = u(s,u(t, x)).

4. The solution at each point x € M converges to the mean of the initial datum, i.e.

tli>I£10 u(t,z) = /M fdu.

Proof. Properties and follow from Hunt’s theorem (see [34]) for the group G and pass
to the quotient M (see [44, Section 2.5]). Property (3)) is obvious. Property (4) follows from
the fact that 0 is an eigenvalue for Lz with constant eigenfunction ¢y = 1 and that
converges to (f, o) = [y, fdu as t — oo. O

In particular, notice by Property that if f is nonnegative, we have
Jim u(t, x) = ([ fllan-

Now fix p > 1 and consider the nonlinear evolution for a nonnegative f € C°°(M) given by
o(t, ) = (e )7 (@), (1.6)

We say that v(¢, ) is a nonlinear evolution because when p > 1 it satisfies a nonlinear equation,
indeed

1-p
8tv(t,a:) =0, (etLpr) 1/p _ ]1) (etLpr)T LIetLpr

1
= —ol7P(t, 2) LroP(t, z).
p

Since Lz = divz(Vz), we have that

VP (t,z) = pvP~ (¢, 2)V7o(t, 2),
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so that
L1? = diVI(VI’Up) = pVva’l -Vzuv + pvpflLIfu
= p(p — )P 3| Vv|? + poP~ L1,
where - denotes the usual scalar product in R! and | - | the associated norm. Hence we see

that v(¢, ) solves the nonlinear equation

Vzu(t,z)[?
v(t, )

We have an analog of Proposition for the nonlinear evolution (/1.6)).

ow(t,z) = (p—1) + Lzv(t, x). (1.7)

Proposition 1.3.3. Let v: RT x M — C be a solution of equation (1.6)) with initial datum
f € C™®(M). Then the following properties hold.

1. If f is nonnegative, v(t,x) is strictly positive for every t > 0.

2. The LP mass of the solution is preserved at each time t > 0:
/ v(t, z)Pdyp = / fPdu.
M M

3. The operators (e'FZ(-)P) 1/ enjoy the semigroup property, i.e. v(t + s,x) = v(s,v(t,x)).

4. The solution converges to the LP(M) norm of the initial datum at each point x € M,

i.e.
1/p
; — P
tliglo v(t,x) = (/Mf du) :

Proof. All the properties are easy consequences of the properties stated in Proposition [1.3.2]
applied to the function v?, which is a solution of the linear heat equation (1.4) with initial
datum fP. O

1.4 A monotonicity result

Fix p > 1 and m € N. Consider a set {f1,..., fm} of nonnegative smooth functions on M
and the associated nonlinear flows

vi(t,z) = (etLZfip) e (z). (1.8)

For fixed t > 0 consider the function of ¢ given by the integration over M of the product of
the nonlinear evolutions v;(t, z):

o) = [ T[wt.onin (19)
=1
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Lemma 1.4.1. If the function (1.9)) is nondecreasing, the following inequality holds:

/ I fide < T £ill o any- (1.10)
M=y i=1
Proof. Since ¢(t) is nondecreasing we have

lim ¢(t) < lim ¢(t). (1.11)

t—0 t—o00

By Remark on the left-hand side we obtain the integral of the product of the initial
data. For the right-hand side, by Property of Proposition each v;(t,x) converges to
| fill L»(ar) and the result follows since Joy Ldp = 1. O

Remark 1.4.2. Since the space M is compact, the best constant in inequality ((1.10)) is 1
and is attained for constant functions, since for a nonnegative constant a € R, |[a||z»(ar) = @
for all 1 < p < o0, by the fact that du(M) = 1.

Remark 1.4.3. At first sight the estimate looks like Holder’s inequality, but it is not,
since in there are in general no constraints on the exponent p. In particular > ;" pi_1
need not be 1. In fact, proving the monotonicity of ¢ under certain assumptions that will be
made clear later on, we will get exponents that do not satisfy Holder’s condition.

Let us first find an explicit formula for the time derivative of the function ¢(¢). Note that ¢
is differentiable in time. By Property of Proposition each v;(t, x) is strictly positive.
We define, fort >0 and i =1,...,m,

0;(t, ) = log(vi(t, x))
and

G(t,z) = H vi(t, ).

Proposition 1.4.4. Under the assumptions above we have

f¢> —1Z/mex G(t,x)dp
m 1
—ZZZ/ (X;5i(t, 2) X5 (t, 2)) G(t, 2)dp. (1.12)

i=1 j= 1%&1
Proof. By the Leibniz rule and ((1.7)) we have
—qﬁ / 1_[1)Z (t,x)
:/ 8,:Hvz~(t,x)d,u / Opv;(t, x) H (t,x)
M = j=1
J#i
S IVLIUz(t x)|?
;/ < W +LIUZ t HZ’ HU] t 1’ . (113)

J#Z
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We split each integral in the sum into two pieces:

/(p—l)wﬁv'(t :I:)d _|_/ L+v; t.fc ﬁ
M ’Ui(t, 33) = WANS! H z 7, o

J#i J#i
For I;(t) we have

|VLIUZ (t,z)
L(t)=(p—1) i) Hv]ta;

J#z

vi\l, T 2 -
=@-1 /M WG(t,m)du =(-1) /M V1, 0ilt, ) PG (t, )dp
l
=(-1) /M Z(Xjf)i(t, z))2G(t, x)dp.
j=1

For I1I;(t), integrating by parts, we obtain:

II;(t) = /M Lzvi(t, z) H vj(t, x)dp

J=1
JFi

—Z/sztzv Hv]tx
J#l

l m
= —Z/ Xjvi(t, x) H i(t,x) | du,
il =

7éz

which, using again the Leibniz rule, gives

/ Xjvi(t, x) Xjvg(t, z) H v (t, ) | dp

k=1
k;ﬁz K'#ik

_—Zi letvakt:L‘<ﬁvk/tm>

um vilt,z) vt )

]1k‘1 k'=1
:—ZZ/ X;0;(t, ) X01(t, ) G(t, x)dp.
=1 k= !

Finally, taking the sum,

f: )+ IL(t)),

=1
we obtain the result.
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Remark 1.4.5. The time derivative of ¢ can be equivalently written as

d m l .
70 = (-3 /Mg (X;3(t,2))* Gt )

i—1

23y Y /M (X5t 2) X0t 7)) G(t, 7). (1.14)
] k=1

=1 ]:]_ =

We observe that this expression contains all possible square type terms (X jﬁi)z, and all
possible double products 2.X;0; X;0 for j =1,...,land ¢,k =1,...,m, with ¢ < k.

One could allow each nonnegative f; € C°°(M) to evolve with a different nonlinear evolution.
Indeed, one could choose a different p; > 1 for each f; and define

N\ 1/pi
vilt, ) = (e )P (o).
Concerning this point, we state a simple modification of Proposition

Proposition 1.4.6. In the hypotheses above we have

d n N
70 =3 | o= . (i) Gt
m 1

33 B (LI R (115)

i=1 j=1 k=1
ki

Proof. The proof is the same as for Proposition once noted that each v;(t, z) solves the
equation
[Vzui(t, o)

ity x) = (pi = D)= 55

+ Lzvi(t, x).
O

As a simple corollary of Proposition [[.4.4] we obtain multilinear Holder’s inequality for a
restricted range of exponents.

Corollary 1.4.7 (Multilinear Holder’s inequality). Let f; € C°°(M) be nonnegative functions,
fori=1,...,m. Then we have

[ T < T 10
M1 i=1

Proof. Fix p > 1. Let v;(t,z) be the evolution under the nonlinear flow of the functions
fi,---, fm asin , with the same exponent p for all = 1,...,m. Consider the function
¢(t) defined in (L.9). From (L.14) we see that, for fixed X; there are m(m — 1)/2 double
product terms 2.X;0; X;v;, with ¢ < k. In particular, each term X;v; appears m — 1 times in
the double products. If we take p = m we have

d B m 1 N )
#0-1Y [ m=1) (0,20 Gt )
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m | i—1
S22 030 | (G a) Xou(t,2) Gt )
i=1 j=1 k=1
l

:E:/nE:@@@“<Xﬂw2G@mMM20,
: Mj:l

since G(t,x) > 0. So for p = m the function ¢ is nondecreasing. The conclusion follows from
Lemma [[4.1] O

More generally, looking at the proof of the result above, we note that, allowing the exponents
pi to be different, as in Proposition [[.4.6] and taking p; > m, the time derivative of function
(1.9) can be arranged in the form

Lo =3"3" | o= )y 0,2) G, 2

i=1 j=1
m 1
+ (m — 1) (X;8:(t,2))? G(t, z)d
m 1 -1
_QZZZ/ (X;05(t, ) X0 (t, x)) G(t, x)dp
i=1 j=1k=1"M
m 1
= (pi — m)(X;0i(t, 2))2G(t, x)d
X2, )
l
i ;/M; (X0 — Xjf’k)Q G(t,z)du > 0,

since both summands are nonnegative.
Hence we can formulate the following immediate corollary.

Corollary 1.4.8. Let f; € C*°(M) be nonnegative functions, fori=1,...,m, and p; > m

for all i. Then we have
/ 11 fide < T 1 fill s any-
M =y i=1

Remark 1.4.9. Corollary does not come as a surprise. Indeed, since M has finite
measure, we have continuous embeddings of LP(M) spaces as p grows. Precisely we have that

LP(M) — LY(M)
whenever p < ¢, with operator norm 1, since the measure dy is normalized. Taking into
account this remark, Corollary [I.4.8]is a straightforward consequence of Corollary [T.4.7]

We give the following definition which will be useful in what follows.

Definition 1.4.10. Let fi,..., f,, be nonnegative measurable functions and p; > 1 for
t=1,...,m. We say that the inequality

[ s < TT 150
M5 i=1

is nontrivial if > 7" p.” 1'> 1, i.e. if it does not follow directly from Holder’s inequality and
continuous embeddings of Lebesgue spaces.
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1.5 Functions with symmetries

As the proof of Corollary[I.4.7]suggests, the choice of the exponent p depends in a combinatorial
fashion on the number of vector fields and on the number of functions. Corollary from
this point of view represents the worst case, in which one considers all vector fields of the
family Z applied to all functions. In what follows we will investigate the cases where some of
the functions are annihilated by a subset of the vector fields in the family Z.

Definition 1.5.1. Let A C g. We say that a function f € C°°(M) is A-symmetric if X f =0
for all X € A. We denote with C%F(M) the space of A-symmetric functions, which is also an
algebra with respect to pointwise multiplication.

Remark 1.5.2. By the simple observation that if XY are such that Xf =0 and Y f =0,
then also [X,Y]f = 0, we see that if a function is A-symmetric, then it is also (.A)-symmetric,

where (A) is the smallest subalgebra of g containing A. In particular, if A; and Ay are subsets
of g such that (A;) = (Az2), we have that CF, (M) = C% (M).

Functions that are A-symmetric enjoy invariance properties on the group G, and hence on
the manifold M.

Definition 1.5.3. Let G’ < G be a Lie subgroup of G. We say that f € C*°(G) is G’-invariant
if f(gq') = f(g) for all ¢’ € G'.

Lemma 1.5.4. Let G’ < G be a Lie subgroup of G and g’ its Lie algebra, which is a Lie
subalgebra of g. Let f € C*°(G). Then f € CZ(G) if and only if f is G'-invariant.

Proof. Suppose that f is G’-invariant. Let X € g/. Observing that exp(tX) € G’, we have

d
X f() = 4 F(wexp(tX)imo
d
= LI @m0 =0.
Conversely, let f € Cgf’. Then, for ¢ small enough, we have

f(zexp(tX)) = f(x),

for all X € g’. The result follows since exp is a local diffeomorphism between g’ and G’ and
G’ is connected. O

Definition 1.5.5. Let A C g and Z be a Hormander system. We say that A is an Z-set if
L7 commutes with all the elements in A, i.e. [Lz, X] = Lz X — X Lz=0.

In this definition the bracket is extended to the universal enveloping algebra U(g) of g by the
Poincaré-Birkhoff-Witt Theorem.

Remark 1.5.6. If A is a Z-set, then so is (A), so it is enough to test the commutativity on
the set A rather than on the whole generated subalgebra (A). Indeed, if L7 commutes with
X,Y € A, we have

[Lz, [X, Y]] = L[X, Y] = [X,Y]L1
= L;XY — L;YX — [X,Y]Ls
= XLzY —YL;X — [X,Y]Ls
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= XYLr—YXLiYX —[X,Y]Ls
= 0.

Alternatively, this can be seen as a consequence of the Jacobi identity for the bracket product
extended to the universal enveloping algebra.

For a vector field that commutes with the operator Lz we have the following lemma.
Lemma 1.5.7. Let X € g such that [Lz, X]| =0, then e'7X = Xe'*7 for all t > 0.

Proof. Let f € C°°(M). Consider the map
W(s) = T Xelmo)lr f,

Computing the derivative in s we get
d
() = e (LrX — XLz)el=91zf = .

Thus ¢(0) = 9 (t), which yields
XetLIf = etLIXf.

O

We will be interested in functions that are A-symmetric, with A4 some Z-set. For these
functions we have the following proposition.

Proposition 1.5.8. Let A C g be an Z-set and let f € CF°(M). Then el f e CX (M) for
all t > 0.

Proof. This is a direct consequence of Lemma [1.5. O

Remark 1.5.9. It is easy to see that an analog of Proposition [I.5.8|also holds for the nonlinear
flow (etLI fp) p , for p > 1, with f € C¢(M) nonnegative. Indeed, under the assumptions
above, if X € A, we have

X (etLIfP) 1/p — 1 (etLIfP)l;fp XetLIfP =0,
p

since [X, e'F7] = 0 and f7 € CX(M). Then (etbz f2)"/? € Co(M).

Thus the heat flow preserves the symmetry: if A is an Z-set and if the initial datum is
A-symmetric, then so is its evolution, either linear or nonlinear, under the heat equation.
Given a subalgebra A C g we can consider the vector space of functions C¥ (M) that
are annihilated by all vector fields in A. The Lie algebra g has a (nonunique) direct sum
decomposition as a vector space:

g=A&B,

where B is a vector subspace of g.

As we saw in Proposition for the task of proving the inequalities we are interested in,
it suffices to take into account only the action of vector fields in the system Z. So we can
only consider Z N A or we may as well consider subalgebras generated by subsets of vectors in
Z. Different subsets of Z could generate the same subalgebra and we do not want to make a
distinction between them. This leads us to the following definition.
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Definition 1.5.10. Let A C Z. We say that A4 is maximal in Z if for every A’ C 7 such that
(A) = (A’), we have that A’ C A.

Lemma 1.5.11. Let A CZ. Then (A)NZT is maximal in Z.

Proof. The proof is straightforward, since (A) NZ contains all possible linear combinations
and brackets of elements in A that are in Z. O

From the point of view of functions, for each function f € C°°(M) we have a maximal subset
of Z, which we denote by Ay, such that for X € Ay, Xf =0, and for Y € T\ A, Y f # 0.
With this observation we can reduce the symmetry property to a matter of subsets of the
Hormander system Z. Indeed, for every function f, Z decomposes as the disjoint union

I:Afl_l.Ai:,

where the complement is taken with respect to Z.
Let us introduce a notation. If Ay, ..., A, are finite sets, for a multi-index 57 = (j1,...,Jm) €
{0,1}™ we denote by

the intersection of the sets A; such that j; = 1.

1.6 Inequalities for functions with symmetries

We are now ready to state the main result of this chapter.

Theorem 1.6.1. Let Ay,..., Ay, be mazimal subsets of T that are I-sets. Let f; € C (M)
be nonnegative functions, for i =1,...,m. The following inequality holds

/ 11 fide < TSN erony
M- i=1

for p > p, where p is the number of occurrences of the most recurrent element among the finite
sets A, i.e.

p = max max |7]-

P a€U; AS j:NjASSa ‘J’

Proof. Since the functions f; are A;-symmetric, and the sets A; are Z-sets, by Proposition
the nonlinear evolutions, defined in , are also A;-symmetric. By Proposition
all possible double products of the form X;v; X;0;, with ¢ < k and X; € .A; N A¢, will appear
in the time derivative of ¢. Recall that p — 1 depends on how many square type elements are
needed to complete the squares. In order to have positive derivative, we will need p — 1 to
be at least as big as the number of occurrences of the most recurrent vector field among the
AS. O

It is easy to deduce the following sufficient condition to obtain a nontrivial inequality in the
sense of Definition [[.4.10]

Proposition 1.6.1. Let Aq,..., A, be mazimal subsets of T that are I-sets. To obtain a
nontrivial inequality from the nonlinear heat flow associated to Lt the condition

(A =0 (1.16)
i=1
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must be fulfilled. Condition (1.16]) is equivalent to
Ua=z (1.17)

Proof. The nontriviality condition when all exponents are the same reads

m

dopt>1,

=1

which implies that p < m. By Theorem we have a nontrivial inequality if p < m and
this happens if no elements of 7 appear in all the sets A{, yielding condition ([1.16). O

So far we considered the case where all functions evolve under the same nonlinear flow, i.e.
with the same exponent p > 1. If we consider different exponents p; for different evolutions
we have the following result.

Theorem 1.6.2. Let Aq,..., A, be maximal subsets of T that are I-sets. Let f; € cx (M)
be nonnegative functions, fori =1,...,m. The following inequality holds

/ L1 fide < TT Uil zriony
M- i=1

for p; > p;, where p; is the number of occurrences of the most recurrent element of A§ among
the finite sets Af, i.e.

pj = max  max .

bi acAS j:nj;ALSa ‘J|

Proof. The proof follows by the same argument as the proof of Theorem [1.6.1 O

1.7 The abelian case

As a first example, in this section we analyze the inequalities discussed in the previous section
when the Lie group is (R™,+). We fix an orthonormal basis {e1,...,e,} of R™ and consider
the corresponding Cartesian coordinates (z1,...,z,). We take the quotient by the discrete
subgroup Z",

RTL/Z?’L — VJI"I’L’
where T™ is the n-dimensional torus, which can be understood as the cube [0,1]" in R™ with
identifications of opposite sides.
The Lie algebra of R™ is generated by the vector fields

X; =8,

fort=1,...,n. Clearly
(X, X;]=0

foralli,j=1,...,n.
In this setting a Hormander system of vector fields must necessarily contain a basis for the
Lie algebra, since all commutators are trivial. So let

I={n,....V}
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with [ > n and let {Y7,...,Y,,} be a basis for the Lie algebra. Obviously each Y; can be
written as

n
Y= ;e Xk, (1.18)
k=1

with a;, € R. We denote by a’ the vector consisting of the components of Y; in the basis
{Xl, ceey Xn}, i.e.

a = (aja, .-, ajn)

as in (1.18]). For vectors by,...,b, € R", we denote by

det(bl, ce ,bn)
the determinant of the matrix with b; as the i-th column. Finally, for vectors cy,...,c; we
denote by

rank(cy, ..., cx)

the rank of the matrix with ¢; as i-th column.
Note that by the assumption that {Y7,...,Y,} is a basis for g, we have

det(a',... a") # 0.

In this abelian setting all subsets A C T are Z-sets, since every two vectors commute. So we
can pick any subset of Z and we have the following proposition.

Proposition 1.7.1. A subset A ={Y;,,....Yi.} of Z, with 1 < iy < --- <is <, is mazimal
if and only if, for all X € T\ A,

rank(Y;,,..., Y, X) # rank(Y;,,...,Y:,). (1.19)

Proof. We know that (A) NZ is maximal. Since g is abelian, vectors in (A) NZ that are not
in A are vectors of Z that are linearly dependent from the vectors in A. Condition ([1.19)
ensures that A already contains these vectors. O

Let us treat the case [ = n, i.e. when 7 is a basis for g. In this case all subsets of Z are
maximal, so we have 2" possible maximal subsets to which we can apply Theorem [1.6.1] If A
is any subset, the vector space sum decomposition

g=(A) oA

is also a Lie subalgebras decomposition, meaning that [(A), (A°)] = {0} . All subsets have
maximal complement and we can directly consider the complements of the annihilating sets.
Let us discuss the case where Z = {Xi,...,X,}. Consider a subset A C 7 given by
A={X;,,...,X;,} with s <n. The Lie subalgebra (.A) is just the vector subspace of g given
by

span(Xi,, ..., Xi,),

19

which corresponds to the Lie subgroup A given by

span(e;,, ..., €, ).

A nonnegative function

f:f(wla"'7xn)
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on the torus T™ which is A-symmetric is constant on translates by vectors in the Lie subgroup
(A), ie.
fle+v) = f(z),

for all v € A. In other words, the function f does not depend on the variables Tiyse o Ty
and we can think of it as a function of the remaining n — s variables. Suppose for simplicity
that i; = j, for j =1,...,s, then f can be identified with a function

F:R"/R® ~R"™ — R*

such that F(xsy1,...,2n) = f(21,...25,Ts41...,xy,) for any s-tuple (z1,...,z,). Equiva-
lently we can write
F=for

where 7 : T — T" ™ is the linear projection

(T, .oy Tn) = (Tsg1y- -+ Tn)-

We follow the notation of [I5], denoting with w finite subsets of {1,...,n} and with z,, the
set of variables {z;,,...,x;_ }, where w = {i1,... 4, }. We denote with f, a function only
depending on z,,. Note that

fo(zw)dzy, = folzw)dz ... dzy,
Tlel T

from which we get that
[ full Loiery = I follzecrn), (1.20)

for all p > 1.
Let C(n,k) := (z) We have the following proposition.

Proposition 1.7.2. Let wy,...,wem k) be the possible k-tuples of elements in {1,...,n}, and
let f., be nonnegative measurable functions only depending on the collection of variables w.

The inequality
C(n,k) C(n.k)

/Tn H fun (e )dw < H [ fooi | o () (1.21)
i=1 i=1

S5 n—1
P=P=\r-1)

Proof. In the language developed in this chapter, the sets A$ are given by {X;,,..., X;, } and
they are in correspondence with the collection of variables z,,,, where w; = {i1,...,ix}. By
Theorem [L.6.1] it suffices to check which is the number of occurrences of the most recurrent
element among the A, or, equivalently, the most recurrent variable ; among the collections
T, It is easy to see that in this case every variable x; appears exactly (Zj) times. O

holds, for

Remark 1.7.3. Proposition is a local version of a result due to A. P. Calderén in [15]
(see also the work of H. Finner [27] for further results). In the notation above, Calderén
proved the inequality

C(n,k) C(nk)

/ H fwz(xwz)dxg H waiHLﬁ(leﬂ)?
R™ =1 i=1
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with p = (Zj), by induction on the cardinality k of the subsets w;. If the functions f,, are
supported in the unit cubes of R%  Calderon inequality becomes

C(n,k) C(n,k)

/ H o (w0,)dz < H waiHLﬁ(’]ﬂwi')?
™ =1 i=1

which by ((1.20)) is equivalent to (1.21)).

Remark 1.7.4. The case k = n — 1 is a local version of Loomis—Whitney inequality (see
[43]).

All the estimates above (Calder6n inequalities, Loomis—Whitney inequality and their local
versions) can be proved by a smart iteration of Holder’s inequality.

Another way of proving this kind of inequalities is the heat flow method used in [7]. Recall
that a geometric Brascamp—Lieb inequality is an estimate of the type

/ 1 fi(Biz)de < CT] I fill i ), (1.22)
=1 i=1

where B; : R™ — R™ are surjective linear maps such that B} is an isometry, i.e. B; B} = Idgn,,
fi : R% — RT are measurable functions, and the relation

> p;'B;B; =Idg» (1.23)
i=1

is satisfied. In [7] the authors prove that under condition (1.23]), inequality (1.22)) holds with
C = 1. Restricting the supports of the functions to unit cubes in R™ this local version of the
inequality obviously holds

/ 11 fiBiw)da < T Il fill zos crmiy. (1.24)
"i=1 i=1

under the same assumption ((1.23)).
Let us consider the case m = C(n, k), B; = m,, being the projection onto the set of variables
Z.,;. The maps B are isometries, being inclusion maps. We have to check for what exponents

p; assumption ([1.23)) is satisfied.
It is easy to see that B B; is given by a diagonal matrix such that (B} B;);; = 1 if and only if

Jj €wj, for j =1,...,n. Hence condition (|1.23)) requires that

2 rii =1

it w;Dj

for j = 1,...,n. Each sum is made by (Zj) terms, so that condition is certainly
satisfied if p; ' = (Z:}) foralli=1,...,C(n,k).

We note that the general condition gives rise to exponents that are not covered by
Proposition |1.7.2
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CHAPTER 2

The case of the sphere

In this chapter we will find inequalities for functions with some degree of symmetry on spheres
of all dimensions n > 2. We consider the Euclidean space R", with the standard scalar product
(+,-) and the induced norm |- |. Let {e1,...,e,} be an orthonormal basis and (x1,...,zy) the
associated coordinates. The (n — 1)-dimensional unit sphere is the set

Sl ={zeR": 23+ - 422 =1},

which we endow with the normalized uniform measure do.
The sphere S*~! can be seen as a homogeneous space of the special orthogonal group

S = SO(n —1)\SO(n),

where SO(n — 1) is intended as a closed subgroup of SO(n) that fixes one direction. The
measure do is, up to normalization, the push-forward through the projection map on the
quotient S"~1 of the bi-invariant Haar measure on SO(n).

2.1 Functions depending on k variables

In what follows we will use cartesian coordinates to describe points on the sphere. In particular
we will often write f(x1,...,z,) for functions f : S*~! — R, implicitly assuming the condition
24+ =1
We will consider functions on the sphere depending on k variables, with 1 < k <n — 1. Let
w = {i1,...,ix} be a subset of {1,...,n}, with |w| = k and let z, = (x;,,..., ;). We will
use the notation w® = {ix41,...,i,} for the complement of w in {1,...,n}.
Consider the projection

TSP RF

that maps (x1,...,2,) = (@i, ..., 2 ). The image of the map m,, is the closed unit ball By
in RF.

Definition 2.1.1. We say that a function f : S*~1 — R depends on k variables, for
1 <k <n—1if there exists a function f : By — R such that

f= Jzoﬂw
for some subset w of {1,...,n}, with |w| = k.

21
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By abuse of notation we will often write f(z,,) for a function on the sphere depending on k
variables, meaning f(z,).

Functions on the sphere depending on k variables enjoy special symmetry properties. Indeed,
they are constant on (n — k — 1)-dimensional subspheres of the original sphere. Indeed, the
fiber of a point y € By is given by

7 y) = {(z1,...,2,) €S"! rxy; =y for j=1,...,k},

so the set 7 1(y) is the intersection of the sphere S"~! with the (n — k)-dimensional affine
subspace of equation

Ty =Y

Liy, = Yk-

Thus, the fiber of y € By, is the set of points satisfying the equation

o Al =1—yi— =y,
which describes a sphere S"7*~1 of radius 1 — yf —--- — y? contained in S"~1. Note that for

fixed w, 7 (y) # 7,1 (y') if y # 9/, so that the subspheres 7 !(y) indexed by y € By do not
intersect one each other and cover the whole S*~1.

Example 2.1.2. A function on S? in R? depending on one variable, say 3, is constant on
circles lying on planes orthogonal to the x3 direction.

T3

z2

Figure 2.1: Level sets for a function on S? depending on the variable x3.

Remark 2.1.3. Functions on S*!' depending on n — 1 variables, say z1,...,Zp_1, are
essentially generic functions. Indeed, they are constant on O-dimensional spheres, i.e. couples
of points symmetric with respect to the hyperplane x,, = 0. In other words, these functions
take the same value on two opposite hemispheres. It is easy to see that any generic function
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f:S™ 1 — R on the sphere can be written as a sum of two functions each depending on n — 1
variables

f(l'l, s 75571) =f (wl’ sy Tp—1, (1 - .CU% - x%zfl)l/Q) X{zn>0}
+ f (1‘1, <oy Tn—1, _(1 - 33'% - xi—l)l/Q) X{xn<0} = fl + f27
where x4 is the characteristic function of a set A C R".

For a generic function f : S"~! — R we have

S§n—1

f(xl,...,xn)dazcn/ [f (wl,...,xn_l,(l—m%—-~-—x%_1)1/2) (2.1)
Bn—l
+f <ac1, Ty, (1 —aF — e — x%,l)l/zﬂ (1—af - — wn_l)_1/2 dzy ...dxp_1,

where B,,_; is the unit ball in R®~!. The constant ¢, only depends on the dimension.
For convenience of the reader, in the following proposition we derive a similar and well known
integration formula for functions depending on k variables.

Proposition 2.1.4. Let w = {i1,...,ix} be a subset of {1,...,n} with |w| =k, for 1 <
k<n—1. Let f:S* ' = R be a function depending on the k variables x.,. The following
integration formula holds:

n—k—2

f@o)do =cop | flao)d—al — —al)" 2
By,

dx,,. (2.2)
Sn—1

The constant cp j; depends only on the dimension n and on the number of variables k.

Proof. Consider the parametrization of S”~! in spherical coordinates

Zi, = cosby
Zi, = sinf; cos b
T

, =sin#ysinfy...sinfy_q cos by (2.3)

Zi, , =sinfysinfy...sinf,_scosp

(i, =sinfysinfs...sinfd, osing

where 0; € [0,7) fori=1,...,n—2 and ¢ € [0,27). It is well known (see for instance [31])
that in these coordinates

Qpdo =sin" 20, sin" 30y . ..sin%0,_3sinb,_odb; ...db,_odyp,

where ), is the (n — 1)-dimensional Hausdorff measure of the sphere S*~!. For our function
f we have:

s T 27
f(xw)dazﬂgl/ / / f(cosby,...,sinfysinby...sinb 1 cosby)
0 o Jo

x sin™ "2 6, sin” " 5 . . . sin’ On—3sinb,_odby ...dOn_odp

s s
:cmk/ / f(cosby,...,sinf;sinby...sinb_q cosby)
0 0

Sn—1
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x sin™ "2 0 sin" 30y ... sin” * 71 0,db; . . . dby,
where the constant ¢, is given by
7T ™
ok = 27" / / sin® %2 0,41 .. .sinb,_odfy ... db,_o.
0 0

It follows from (2.3|) that

cosf; =

so that

Note that —1 <z;; <1 for j=1,...,k and that
l‘?l —1—:1:?2 —|—--~+;1322k =1—sin? @y sin?fy...sin? O < 1,
so that the points (z;,,...,2;,) lie in the unit ball By of R*. Moreover
dri...dzry = sin® 01 sin®~! 0. ..sin? 0r_1sin0,db . . .d0oy.

In conclusion we have

f(zy)do ~ F(@iy, . xy) (sinfysin by ... sin 0p)" "2 day, ... da;,
S§n—1 Bk
n—k—2
= : @i, zq) (1 —:U?l — = xfk) 2 dxy, .. dx,.
k

O

Remark 2.1.5. Note that for functions on the sphere S"~! depending on one variable, i.e.
the case k = 1, we recover the well known integration formula:

n—3

1
f(z;)do ~ /1 flz) (1—2?) % du.

S§n—1

For functions depending on n — 1 variables, i.e. the case k = n — 1, we recover formula (2.1)):

1

2 2 T2
f(xil,...,xin_l)daw/ f(:cil,...,arin_l)<1—xil —~~'—xin71) dz;, ...dx;, ..
Snfl anl

Remark 2.1.6. Let w be as above, with |w| =k, for 1 <k <n—2,and let f:S" ! = R be
a function depending on k variables. Since

n—k—2
(1_‘/1:121__1‘%16) 2 S]-u
we have the trivial inequality
fedo 5 [ fau)do., (2.4)
Snfl Bk

In this way, we obtain a family of continuous immersions
LP(B*, dx,) — LP(S" !, do),

for 1 < p < oo.
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2.2 The Lie algebra of the special orthogonal group

Recall that a basis for so(n), the Lie algebra of SO(n), in the coordinates (z1,...,x,) is given
by the vector fields
L i,j = .Tlax l‘j@xi,

)

for 1 <i < j <n. Obviously L;; = —L; ;. The dimension of so(n) is therefore n(n —1)/2.
Let 9;; be the Kronecker delta. The bracket of two basis elements L; ; and Ly is given by

[Lij, Liy) = (2i0r; — 2j05,) (€302, — 1102,) — (2102, — 210, ) (€i0r; — x0s;)
= mi537k8ml — j0; kO0z, — 270510z, + ;0;10z,
— (2301,i02; — 210110z, — T10k,i0n; + T10k,;0s,)
= (210, — 7jOx,) Oi k + (iOx, — T10x,) 6j i
+ (202, — 210x,) 0iy + (x0x, — 1:0s,) 1
=Ly ;0ip+ Lig6j 5+ Ljrdig + Lii0p - (2.5)

Hence the commutator of two elements of the basis {L; j }i<;, if not trivial, is again an element
of the basis. Indeed, the right hand side of consists of at most one element, since getting
two or more summands in would force three or all indices among i, j, k,l to be equal,
making the identity trivial. Note that if the indices i, j, k, [ are pairwise different the vector
fields commute.

This basis of so(n) will be our Hérmander system Z. The corresponding sum of squares

operator is given by
L=) L (2.6)
1<j
Proposition 2.2.1. The operator L defined in (2.6) commutes with all the vector fields Lj ;.

Proof. Fix a vector field L; ;. As we noticed, L; ; commutes with all vector fields L ; when
the indices ¢, j, k, [ are pairwise different, and so it commutes also with Lk ;- It obviously also
commutes with itself. The remaining terms can be arranged in the followmg way:

S LinLig| =D L Ligl+ > L3, Ls

k<l k<i l>z
+ 2 L +ZLH’
k<j >3
ki

The previous sum can be written as

e ]‘Z([ b i)+ (3 L)

k<l [>7
+Z Lk’z? [Li,]le,j]) + Z ([Lgs’L ] [Lsng ]) : (27)
k<i 1<s<j

For vector fields A, B, we have

[A%, B] = AAB — BAA = A[A, B] + ABA — B, A]JA — ABA
= A[A, B] + [A, B]A. (2.8)
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Let us compute a term in the first sum of (2.7)). From (2.8) we get
(L7, Lig] + (L5, Lij] = Lia[Lig, Lig) + [Lig, Li | Lig + Lja[Ljg, Lij] + [Ljg, Lij1 Ly
= LigLji+ LjiLij — LjaLij — LijLji = 0,

where we used ([2.5)). Similarly, by using (2.8) and (2.5 one can see that each summand in
(2.7) is zero, proving the proposition. O]

Proposition does not come as a surprise. Indeed, the operator L is the quadratic Casimir
operator, which is an element of the center of the universal enveloping algebra U(so(n)), so it
commutes with all left invariant differential operators.

Note also that L is the Laplace-Beltrami operator on SO(n) with the Riemannian metric
induced by the Killing form B : so(n) x so(n) — R, given by

B(X,Y)=Tr(ad X adY),
where ad X : so(n) — so(n), for fixed X € so(n), is the Lie endomorphism defined by
ad X() = [X, .

2.3 Structure of maximal subsets

We now discuss the structure of maximal subsets of the system Z = {L; j }i<;.

In order to visualize the subsets of 7 we associate to the vector fields {L; ;}i<; the set of pairs
{(i,7)}i<j. Consider a subset A C {(4,7)}i<;. We can relate to this subset an undirected
simple graph G4 = (V, E) where the set of vertices V' is given by {1,...,n} and the edges E
are given by the (unordered) pairs (i, ) € A, so that we can identify A with E.

Example 2.3.1. In s0(6), consider the set A = {(1,2),(1,3),(1,4),(5,6)}. The associated
graph G4 has V ={1,...,6} and £ = A.

1

o _— e
4 5 6

The set A is not maximal. Indeed, by (2.5 we see that
(A NT={(1,2),(1,3),(1,4),(2,3),(2,4),(3,4),(5,6)},

with associated graph
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Note that in this graph each connected component is complete. Indeed, the following
proposition holds.

Proposition 2.3.2. Let A be a subset of Z. A is a mazimal subset if and only if the associated
graph G4 = (V, E) splits in complete connected components.

Proof. First of all note that if (a,b) € E and (b,¢) € E, then (a,c) € E by the maximality
assumption on the subset A and (2.5)). Since connected components are path connected, each
connected component of a graph associated to a maximal subset is complete. The converse is

straightforward, again by ([2.5)). O]

We also have the following result.

Proposition 2.3.3. Let A be a mazimal subset of T and G4 = (V, E) its associated graph.
Each complete connected component G = (V, E), identifying E with a subset of Z, has the
property that (E) ~ so(|V]).

Proof. Let V= {i1, ... i}, with ip < --- < i, so that |1~/\ = k. Since G is complete, F
contains all the edges in E with vertices in V. It is easy to see that, by property (2.5)), the
map

(E) — so(k)
that maps L;; ;, — Lj, for i; < i, is a Lie algebra isomorphism. Moreover the set Eisa
basis for (E). O
Let us introduce some notation. Let a = (al,...,a") € {0,1}" be a multi-index and denote

by |a| = a! + .-+ a™ its length. The scalar product a - 3 = !B + - - - + o 3" indicates the
number of 1’s in common between « and [, so that two multi-indices are orthogonal if they
do not have 1’s in common.

We will denote with so, the Lie algebra isomorphic to so(|a|) generated by the set {Lj; :
of = o = 1}. For example, if n = 5 and o = (1,0,1,1,0), the algebra so,, is the algebra
isomorphic to so(3) spanned by {Li 3, L1 4, L34}

We can now deduce the following theorem describing the structure of subalgebras generated
by maximal subsets associated to basis systems of so(n).

Theorem 2.3.1. Let A be a mazimal subset of T = {L; ;}i<;j. Then there exist multi-indices
a1, ..., an pairwise orthogonal, with |aq| > |ag] > -+ > |an]| and |ai]|+ -+ |an| < n, such
that

N
(A) = P soa,, (2.9)
k=1

where on the right-hand side we have a direct sum of Lie algebras, i.e. each subalgebra
commutes with the others.

Proof. By Proposition [2.3.2] and Proposition [2.3:3] the graph associated to A splits in N,
say, complete connected components G, = (Vy,, Eq,), where i = 1,..., N, each describing a
graph associated to a basis system of a Lie algebra of type so(k) for some k. Without loss of
generality we can assume that [V, | > -+ > |Va, | so that |ag| > - -+ > |an|. The multi-indices
are pairwise orthogonal since the graphs G, are disconnected so that V,, NV, = 0 for i # j.
It is clear that |ai| 4+ - -+ |an| = |V| < n. Finally the sum in is direct by (2.5). O
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Remark 2.3.4. To the splitting of the subalgebra (A) we can associate a partition of the
finite set A into basis systems of each subalgebra so0,,. Each basis system will have cardinality

Joxi

(5)-
We now study the properties of functions annihilated by maximal subsets of vectors in
T ={L;j}i<j C s0(n). First we consider the case of a singleton, i.e. A= {L;;}.

Lemma 2.3.5. Let f : S" ! — R, with f € C>®°(S"™1) and L; j be as above. Then L; jf(z) =0
for all x € S*~1 if and only if there exists a function f such that

flae, .o iy @, Xy) :f(a:?—|—x?,x1,...,:%i,...,:%j,...,xn), (2.10)

for all (z1,...,2,) € S, where by #; we mean that the variable x; is not appearing.

Proof. Clearly, (2.10) implies

Lijf(z1,...,20) = Lijf (23 + x?,:vl, )
= 23:i3:jD1f — QQSjQL‘Z-le =0

for all z € S*~1 where D; denotes the partial derivative with respect to the first variable of
f
Conversely, suppose that f satisfies L; j f(x) = 0 for all z € S""1. Since L; ; is the infinitesimal
generator of rotations in the wx;zj-plane, it fixes circles of the type x? + 333 = 72 for some
r > 0. Hence, f, being annihilated by L; ;, is constant on these circles, thus it depends on z;

and x; through x? + x? O

An analogous property holds if we consider functions annihilated by a maximal subset A of 7
whose generated Lie algebra is isomorphic to so(k).

Lemma 2.3.6. Let f: S" ! — R, with f € C°(S" ') and A be a maximal subset of T such
that (A) >~ so(k) for some k <n, i.e. A= {Ly, ; }i;<iy withij i € {i1,... i} C{1,...,n}.
Then Ly, f(z) = 0 for all x € S"™' and Ly, ;, € A if and only if there exists a function f
such that

2

F@1, o iy oo Ty oo Tp) :f(ajgl Fo T T By Tigs e T), (2.11)

for all (z1,...,2,) € S*L

Proof. The assertion is proved arguing as in Lemma [2.3.5] once noted that the subalgebra
(A) generates the rotations in the k-plane related to the coordinates z;,, ..., x;,. O

By abuse of notation we will just write f in place of f.

Remark 2.3.7. If a function f € C>°(S""!) is A-symmetric with respect to a maximal subset
A of T such that (A) ~ so, for some multi-index v with |a| = k, the function f is a function
of n — k variables in the sense of Definition (2.1.1]). Without loss of generality, assume o’ = 1

for i =1,...,k and zero otherwise. By Lemma [2.3.6| we have that
f(xr, .. xn) = f(@2 4+ 4+ 22, Tpy1, - - -, Tn)
But, sincex%—k--'—kxi:1—$i+1—~-—xi,
F@R 4ot B pats e sn) = [ = — o — 20, ),

so that f is a function of the n — k variables xgy1,...,2,.
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A generic maximal subset A of Z splits by Theorem into IV disjoint subsets, labeled by
a family of multi-indices «;. Each of these subsets generates a subalgebra of so(n) isomorphic
to s0(|a;]). In Theorem we ordered these subsets by cardinality. We will interpret the
splitting in the following way: the subalgebra related to the multi-index a; tells us on how
many variables the functions annihilated by A depend, as explained in Remark [2:3.7 the
subalgebras related to the multi-indices «;, for 2 < i < N give instead information concerning
radiality in the variables. To be more precise, functions in C°°(S"~!) that are A-symmetric
depend on the n — |y | variables x; for which af = 0, and depend radially on the collections
of |ay| variables associated to each multi-index «; (that are disjoint by the orthogonality of
the multi-indices).

Example 2.3.8. Consider the maximal system in s0(7) given by
A={Lsg,Ls7,Le7,L12, L34},

that splits as
{Lsg, Ls7, Le7} U{L12} U{L34},
and whose generated subalgebra (A) splits therefore as

500, (3) @ 504,(2) ® 504,4(2),

with o3 = (0,0,0,0,1,1,1), ae = (1,1,0,0,0,0,0), a3 = (0,0,1,1,0,0,0). A function
f € C>(S"!) that is A-symmetric will depend on the n — |a1| = 7 — 3 = 4 variables
1,9, x3, x4 and will be radial in the collections of variables x1, x9 associated to ag and x3, x4
associated to ag. So it will be written as

f(af + 3,23 + 7).

Remark 2.3.9. We stick to the convention of ordering the subsets by cardinality. We remark
that all orderings are equivalent. Indeed, in Example one could have considered instead
the splitting

504, (2) B 504, (3) B 504,(2).

In this point of view, a function f € C*°(S""!) that is A-symmetric is a function of the
n — |ag| =7 — 2 =5 variables x3, x4, x5, ¢, v7, radial in the collections of variables x5, xg, x7
associated to oy and z3, x4 associated to ag. So it can be written as

f(a3 + a3, 22 + 2§ + 23),

but since 22 + 2% + 22 = 1 — 22 — 23 — 23 — 23, we can reduce the dependence to z3 + 22 and

2?2 4+ 13, thus obtaining the same numerology as in Example m

In the rest of the chapter we will study on the sphere S"~! some interesting instances of
multilinear inequalities of the type (1.10] related to the system Z = {L; ;}i<; described above.
We will obtain nontrivial inequalities in the sense of Definition As we saw, functions
involved in the inequalities have symmetry properties determined by the maximal system
A that annihilates them. We will also be able to show for some of the inequalities that the
exponents p found by means of Theorem [I.6.1] are sharp in a sense that we make precise with
the following definition.

Definition 2.3.10. We will say that the exponent p is sharp if the inequality

/S\nl Hfzdﬂ S H HfiHLP(Snfl)’
=1 i=1

holds for p = p and is false for p < p, i.e. there exist functions f; for which the right-hand
side is finite and the left-hand side diverges.
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2.4 Carlen—Lieb—Loss inequality

The first inequality we discuss was discovered by Carlen, Lieb and Loss in [I8]. This is an
inequality for n functions each depending on a single different variable. In the terminology
developed so far we have n maximal subsets Aj, ..., A,. The subalgebra generated by each
maximal subset A; is isomorphic to so(n — 1). Note that the splitting of (A;) given by
Theorem [2.3.1] in this case has just one direct summand. The multi-index associated to this
direct summand is a; = (1,...,1,0,1,...,1) with 0 only in the i-th place. It is clear that

| = <n;1> _ (n—1)2(n—2)

for all i = 1,...,n. Each maximal subset A; contains the vector fields Lj; in Z with both
k,l #i. The complement AS of A; in 7 is made of the vector fields L ; with k =4 or [ =1,

and
() ()

for all ¢ = 1,...,n. By Remark a function f € C°(S"~!) that is A;-symmetric is a
function of the variable z; only. As we saw we can think of functions depending on one
variable as functions defined on the one-dimensional unit ball, i.e. the interval [—1, 1], pulled
back to the sphere S"~! via the projections 7; : S"~1 — [~1, 1] mapping = € S"~! to its i-th
coordinate. We will write f(z;) for f(m;(x)), with = € S*~1.

We have the following theorem.

Theorem 2.4.1 ([18]). Let f1,..., fn be nonnegative measurable functions, f; : [-1,1] — RT.
The inequality

fi(@) .. falan)do < T Ifill Loen-1y (2.12)
=1

S§n—1

holds for p > p = 2. Moreover inequality (2.12)) is sharp in the sense of Definition|2.5.10.

Remark 2.4.1. We will give a proof of Theorem based on Theorem which is
in the spirit of the original proof of [I8]. Our proof is however written in a more abstract
language to open up the way to our later discussion. Note that the exponent p = 2 found in

this case is independent of the dimension and that the inequality obtained is nontrivial in the
sense of Definition for n > 3.

Proof. By Theorem the exponent p is given by the number of occurrences of the most
recurrent element among the finite sets A¢, for i = 1,...,n. As we saw the elements of A
are vector fields of type L; ; for j > ¢ or Ly ; for K < i. An element of type L; ; belongs only
to the sets AS and A; and an element of type Ly ; belongs only to the sets A and A7. As a
result, every element of A{ occurs exactly twice among the sets A;. This implies, by Theorem
that holds for p = 2. This, together with continuous embeddings of Lebesgue
spaces on S" !, concludes the first part of the proof.

To prove that the exponent p = 2 is sharp we give an explicit counterexample, taken from
[18]. We assume n > 3, the case n = 2 being trivial by Hoélder’s inequality.

Let f; : [-1,1] — R™ be the functions given by

filws) = lail T+ (L—af)” = (2.13)
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with v > 0 to be determined. Let p > 1. Thanks to the integration formula (2.2) we have that

_ _(n=Dy\P
e B (RN e
S§n—1
(n—1)
g/ ]ajiwda—i—/ (1—%2)*%(1!0
Sn—l Sn—l

! 2\ n=3 ! o\ (=P n—3
5/1m47%1—%)2(mf+/‘u_w” D yncs,
1 1

1 1
—(n—1)yp+n—3
§/|mﬂm@f/u—ﬁ)§pmh

-1 -1

which is finite for —yp > —1,ie. yp < 1,and —(n —1)yp+n—3 > —2, ie. yp < 1, again.
So the left-hand side of (2.12)) with our functions f; is finite if yp < 1.
Now we want to make the right-hand side unbounded. We have that

n n—1
/ Hfl(xz)da > / H || 77 ) (1 — x%)_@da
sl se=1 \ G
n—1
~ |77 2 . 2 _(n Dy dml"‘dxn—l
/Bn_l <H ‘sz‘ ) ($1 + +x7_1) p) 5 : )1/2’

(EF

where we ignored many nonnegative summands in the product [[;", fi(x;) and used once

more the integration formula (2.2). Using the fact that |z;| < (2% +--- —i—x%_l)l/Q for
i=1,...,n—1, and passing to polar coordinates in the ball B,_; we get that

L dzy ... dT,_
/ [1 fi(xi)do = / (@4 +ad_g) T Ol
S§n—1 i1 anl

(1=t ) P

n—1

1
N/O p—2(n—1)’ypn—2<1_p2)—1/2dp

1
N/O p—2(n—1)'y+n—2(1_p2)—1/2dp’

which diverges for —2(n — 1)y +n —2 < —1,1e. v>1/2.
Pick v = 1/2. Since p < 1, this provides a counterexample to (2.12)) whenever

p<—=2=p,
o

thus proving the result. O

Remark 2.4.2. One could ask if it is possible to obtain an inequality of type with a
different p; for each f;. Of course this is possible as a direct consequence of Theorem [2.4.1],
by continuous embeddings of LP(S"~!) spaces, as long as each p; > p = 2. Anyway a use of
Theorem in this particular case is not effective. Indeed, even if one allows different p;’s
in the nonlinear heat evolution associated to the operator L defined in , the presence of
functions of one variable for each variable x1, ..., z, forces all the exponents p; to be equal,
since each element of each set A§ occurs exactly twice in the the sets Af, for k =1,...,n.
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Remark 2.4.3. Since constant functions are trivially functions of one variable, inequality
also holds for m < n functions depending on one variable, with m different variables.
The inequality is nontrivial for m > 3, since the case m = 2 is just Holder’s inequality and the
case m = 1 follows from continuous embeddings of Lebesgue spaces on the sphere. Note that
also in this case an application of Theorem [I.6.2]is not effective, since for each A there is at
least one vector field with two occurrences in the sets A7, for k = 1,...,m, i.e. the vector
field L;  if ¢ < k or Ly ; if k < 1.

2.5 Inequalities for functions depending on k variables

In this section we will generalize the result of [18] to functions depending on 1 <k <n —1
variables.

The case of functions depending on n — 1 variables is the easiest one and we treat it separately.
In this case we have (nil) = n possible (n — 1)-tuples of variables, which correspond to empty
maximal systems A;, for which (A;) = {0}. Indeed, functions depending on n — 1 variables
are almost generic functions, as explained at the beginning of the chapter, and there is no
hope to obtain something better than Holder’s inequality, i.e. p = n. This is confirmed by
Theorem since each element in each A =7 occurs in all Af, for k=1,...,n.

Let us now consider the case of functions depending on 1 < k < n — 2 variables. We have
(Z) := C(n, k) possible choices ok k-tuples out of the set {1,...,n}. We will label them as
Wi, -+ Wo(n,k) following the notation introduced at the beginning of the chapter. To each
collection of variables w; = {i1,...,ix} corresponds a maximal subset A; which contains the
vector fields L;; for which j,I # is for all s =1,... k.

The subalgebra generated by each maximal subset A; is isomorphic to so(n — k) and the
splitting of (A;) given by Theorem has just one direct summand so,,, with o; a multi-
index such that o =01if j € w;, for j =1,...,n.

It is clear that L
n —
w3

foralli =1,...,C(n, k). The complement A of A; in T is made of the vector fields Ly for
which either j or [, or both, are in w;, and

w-()-(3

foralli=1,...,C(n, k). By Remark a function f € C*°(S"!) that is A;-symmetric is
a function of the variable z,, in R¥. As we saw we can think of a function depending on z,,
as a function defined on the k-dimensional unit ball B, C R¥, pulled back to the sphere S*~!
via the projection m,, : S*"! — By, mapping a point z € S"~! to z,,. We will write f(x,)
for f(m,,(z)), with z € S*~1.

We have the following theorem.

Theorem 2.5.1. Let f1,..., fc(n,k) be nonnegative measurable functions, f; : By — R*. The
1equality
C(n,k)
- Fr(@e) - fomm @wemr)do < T Ifill o (2.14)
" i=1
holds for

os-()-(7)
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Moreover inequality (2.14)) is sharp in the sense of Definition|2.3.10,

Remark 2.5.1. For k = 1 we recover the result of [1§], since

n n—2
D — — - 2
7= (1) - (")
Note that inequality (2.14) is nontrivial in the sense of Definition [1.4.10| for n > 3, since
p < C(n,k).

Proof. By Theorem the exponent p is given by the number of occurrences of the most
recurrent element among the sets A, for i =1,...,C(n, k). As we said, the elements of A§
are vector fields of type L;; with either j or [ or both j,[ in w;. So an element L;; will occur
in all A¢ apart from those for which j,1 ¢ w;. The number of sets w; made of k elements

taken from {1,...,n} that do not contain two fixed elements j,1 is (";2) This means that

each vector field will occur in exactly

. (n n—2

P=\k k
sets A, proving the first half of the theorem.
To show that p is sharp we construct a counterexample. We consider functions f; : By — RT,
where By, is the unit ball in R¥, of the form

Fia) = (i i) o, )7+ (1= a2) %2 o (1= a2) 702 (2.15)

where ~, § are positive constants to be determined. This seems to be a natural guess, since
for k = 1 this set of functions reduces to the counterexample in [I§].
The right-hand side of inequality (2.14]) must be finite. We first compute the LP norm of
these functions. Without loss of generality we focus on the case w = {1,2,...,k} and work

with f(x1,...,zk).
Let p > 1. We have

_ _ N P
HfHLp(Sn 1 :/Sn—l {(\meg\\xk\) 7/’6_,_(1—,%%) 76/2+...+(1_xi) 76/2] do

S /Snl [(|331H332‘ .. |xk|)—7p/k +(1- x%)—“/ép/Q +o+ (01— xi)—wdp/ﬂ do
:/ (EER ) 'Yp/k’dg—f—Z/ (1 — 22)1%/24g
S§n—
=:Ip+ Z I;.
=1

For the first term Iy we have

Iy / (lwa| .o Jag) PR — 2 — o = 2d) D2y day,
By

k 1
< / |xi]_7p/kdmi
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where we used the integration formula (2.2)), the fact that (1 — 27 — - — 22)("=k=2)/2 < 1 in
By, since k < n — 2, and also that By C [~1,1]¥. So Iy is finite if yp < k.
For each of the terms I; we have

1
I = / (1 —22)"70P/2(1 — 22)(=3)/2 ;.
—1

by the integration formula (2.2). So I; is finite whenever vdp < (n — 1).
We conclude that the right-hand side of (2.14) is finite if

-1
vp < min {k:, 715} . (2.16)

To estimate the left-hand side of we pass to polar coordinates in the hyperplane
R"~! with coordinates x1,...,2,_1; on the sphere S"~! the variable |x,| will then just be
(1 _ p2)1 /2
There are (”gl) functions not involving the z, variable, and (Z:D involving it. For the
functions not depending on x,, we select the first summand of , for those depending on
., we select the summand (1 — 22)=7%/2,
So for the left-hand side we have:

C(n,k)

/Snl i_[ fi(ww,)do

=1

B

_28(n-1
Z/Snl H |z, |- - || (1—22) 27 do

wiFTn
> /1 <pk>_2(nk1) (p2)—%6(2:1) 0" 2o
0
= [ b e
0 1— p?
where we used the trivial fact that |z;| < (2 +--- + mfhl)l/Q, fori=1,...,n—1.
The left-hand side of diverges when — [7(”;1) + 76(2:%)] +n—-2<-1,ie.

72(71—1)[(”;1)—1—5(2:1)]_1. (2.17)

Comparing ([2.16)) and (2.17)) we see that, in order to make the right-hand side finite and the
left-hand side divergent, we must have

-1
p<~yt min{k,n(s}

< (n—1)""! mm{k,”;l} [(n ; 1) +5<Z:1)]

=: 9(0) < maxg(9).

Easy computations show that g attains its maximum at § = "T_l, for which we have

reo (M) = () (10) -

thus proving the sharpness of the exponent p. O
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Remark 2.5.2. One could ask as in the case of functions of one variable if it is possible to
obtain an inequality like which is not a consequence of embeddings of LP(S"~1) spaces
with a different p; for each f;. In this case also an application of Theorem [1.6.2]is not effective.
Indeed, even if one allows different p;’s in the nonlinear heat evolution associated to the
operator L defined in , the presence of functions of k variables for each k-tuple of elements
from z1,...,x, forces all exponents p; to be equal, since by symmetry each element of each
finite set A§ has the same number p of occurrences among the sets Af, for k =1,...,C(n, k).

Remark 2.5.3. Since constant functions are trivially functions of k variables, inequality
also holds for m < C'(n, k) functions of m different k-tuples of variables. The inequality is non-
trivial for m > p, since when m < p a direct application of multilinear Holder’s inequality gives
a better outcome in terms of exponents. Note that in this case an application of Theorem [1.6.2]
could be effective. For example consider functions on the sphere S* depending on 2 variables,
for which p = 7. There are 10 possible pairs of variables in the set {1,...,5}. Take just m =8
functions, say those associated to the pairs (1,2), (1, 3), (1,4), (1,5), (2, 3), (2,4), (2,5), (3,4).
We denote with f;; the nonnegative function depending on variables x;, z; and with A7 ; the
associated maximal set. It is easy to see that the vector field L 5 lies in all -Af,j except for

5.4+ S0 the exponent associated to all functions except f34 will be p = 7. It is also easy to
check that each element of A§, occurs at most six times among all the complements of the
maximal sets. So an application of Theorem shows that the inequality

/4 J12f13f1af15 f23 f2a fo5 f3ado
S
< | frzllzll frsllzll frallzll fasllzll f2sll 7|l Foallz || fas 7]l f34ll6
holds. This inequality is nontrivial and is not a direct consequence of Theorem [2.5.1

Remark 2.5.4. Thanks to Formula (2.4)) it is possible to rewrite equation ([2.14)) in the form

C(n,k) C(n,k)
/Sn_l [T fitrwa)do < T Ifilloosy) (2.18)
i=1 i=1

which has the structure of a Brascamp-Lieb inequality.

2.6 Inequalities for radial functions on k variables

In this section we improve on Theorem by adding an additional symmetry. We consider
functions of k variables, i.e. functions that are defined on a k-dimensional unit ball and
pulled-back to the sphere by means of a projection, that are radial with respect to the variables
in the k-dimensional ball, for 1 < k < n—1. Given a subset w; = {iy,...,ix} of {1,...,n}, we
will use the notation 7(zy,) to denote the radius (z2 + - + x?k)l/Q. A functions depending
radially on the variables z,, is a function f : [0,1] — R pulled back to the sphere via the
composition 7 o m,,. We will write f(r(z,,)) for f((r(mw,()))), with x € S*~1.

We have (Z) := C(n, k) possible choices of k-tuples out of the set {1,...,n}, as in the generic
case of functions depending on k variables. We will label the tuples by w1, ..., wo k), as in
the previous section. To each collection of variables w; = {i1,...,i;} corresponds a maximal
subset .4; which contains all the vector fields Ly, ; for which h,l ¢ w;, but also the vector fields
Ly, for which both h,l € w;, by the radiality assumption.
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The subalgebra generated by each maximal subset A4; is isomorphic to the direct sum
s0(n — k) @ so(k) and has the form

(Ai) = 504, ® s0g,,

where «; is a multi-index such that ozg =0ifjew;and B; = (1,1,...,1) — a.
Note that by the convention of Theorem [2.3.1]the splitting should be ordered by the cardinality
of multi-indices. We can reduce to the cases where k < L%J . Indeed, consider a function f that
depends radially on the k variables {z;,,...,z;, } and let {z;,, ,..., %} be the remaining
n — k variables. It is straightforward that

Flag - tag) = fL= (@i, 4o+ a)) = glad, 4+ 27),
for some function g. There is a correspondence between functions that depend radially on
k variables and functions that depend radially on n — k variables. Indeed, the number of
possible choices of k-tuples and (n — k)-tuples is the same, since (2) = (nfk), for k < L%J
Moreover the splittings of the corresponding associated maximal subsets is the same up to
change in the order of the direct summands.
We will stick to the convention that the first direct summand is related to the longest multi-

n

index, so it suffices to look at the case k < bJ The case of n even and k = n/2 is a bit

different and will be treated separately at the end of the section. In the other cases, i.e. when

k < n/2, we have that
n—=k k
b (39+0)

=)= (") - ()
fori=1,...,C(n,k).

We have the following theorem.

so that

Theorem 2.6.1. Let k < n/2. Let Jis-- s fomr) be nonnegative measurable functions,
fi :[0,1] = R*. The inequality

C(n,k)
F1(r (@) - fomm(r(@ocpm)de < TT 1fillese (2.19)

=1
n—2
>p=2 .
p=r (k:—l)

Moreover inequality (2.19)) is sharp in the sense of Definition|2.3.10,

Remark 2.6.1. The result of [18] is again recovered, since functions that depend radially
on one variable are just even functions of one variable. Indeed, for kK = 1 we have p = 2.
Note that the exponent p obtained for this type of functions is smaller than that obtained for
generic functions of k variables. This in particular implies that inequality is nontrivial
in the sense of Definition [L4.10

Sn—1

holds for

Proof. By Theorem the exponent p is given by the number of occurrences of the most
recurrent element among the sets A{, for i = 1,...,C(n, k). The elements of A{ are vector
fields of type Lj; with exactly one among h and [ in w;. So an element Lj,; will occur in all
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A§ associated to subsets w; containing either h but not [, which are (2:%), or | but not h,
which are again (Z:f) Altogether, each vector field Ly ; will occur 2(2:%) times among the
A§, yielding the exponent p.
To prove that p is sharp we construct an explicit counterexample. Consider functions
fi :10,1] = R™, of the form

Filr(a)) = (3 4o+ a2) R (L= — )0, (2:20)
where v, § are positive constants to be determined. One could proceed with an unknown ¢
and then optimize as we did in the proof of Theorem but to simplify the proof we will
take the optimal d, that is "—;k, from the outset.
The right-hand side of inequality (2.19) must be finite. We start computing the LP norm of
such functions. Without loss of generality we focus on the case w = {1,..., k} and work with
f(@? 4+ +ad).
Let p > 1. We have

- _an=k)7P
A /S [ (o o))
L
Sn—1
S/ [(x%+...+xi)*’7p/2
By,
(n—k)
Hl—af )T (1 =)D

1
_ _ _9_ _ _’Y("—k)P n—k—2
5/0 p yp+k 1(1 _p2)(n 2 k)/2+pk 1(1 _p2) Lo === dp,

where we used the integration formula (2.2)) and then passed to polar coordinates. This
integral is finite if vp < k.
We control the left-hand side of (2.19)) by the following trivial bounds:

(@) 2 @ e e b an )
with v > 0, for terms not involving the z, variable, and

(== —a2) = (1-a2)7,
for terms involving the x,, variable. We make this distinction since we want to pass to polar
coordinates in the hyperplane R"~! with coordinates x1,...,2,_1; on the sphere S"~1, |z,
will then just be (1 — p?)1/2.

There are (";1) terms not involving x,,, and (Zj) involving it. For the functions not depending
on x, we select the first summand of , for those depending on x,, we select the second
one.

For the left-hand side we have:

C(n,k)
/Sn1 H fi(r(zy,))do

=1

> /Snl(l’% +"'+$727,—1)_%( & )(1 _x%)_
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1
> / (O FE (o)) 2
0 1— p?

This integral diverges for

vg(n—l>[<”;1)+’”‘;"’(zjﬂ_l. (221)

Comparing the condition vp < k and (2.21]) we see that, in order to make finite the right-hand
side and divergent the left-hand side, we must have

p<ky!

k n—1 n—k(n-1
< 4+ —
—n-—1 k k k—1

n—2 -

thus proving the optimality of the exponent p. O

In the case of n even and functions depending radially on k = n/2 variables, the splitting
associated to a maximal subset is of type s0(n/2) @ so(n/2) so that there are two possible
orderings. This corresponds to the fact that, given a subset w; = {i;,...,in/2} of {1,...,n},
the set {i(n/2)+1, ...,in} being its complement, a function radial in the variables of w; is also
radial in the variables of its complement, but in this case both sets have cardinality n/2. So one
needs to consider a family of (different) k-tuples w;, for i =1,...,C(n,k)/2, with w; Nw; # 0
for all 4, j. Different choices of families of subsets w; give equivalent types of functions. In
this setting we have that |4;| = % (% — 1), so that |A§| = %2, foralli=1,...,C(n,k)/2.
We have the following theorem.

Theorem 2.6.2. Let n > 3 be even and k = n/2. Let w; be a family of C(n,k)/2 different
k-tuples such that w; Nwj # O for all i,5. Let fi,..., Jc(n,k) 2 be nonnegative measurable
functions, f; : [0,1] = RT. The inequality

C(n,k)/2
F1(r (@) - fomp 2 @ugpp o < TT Iillzeee) (2.22)

1
s i=1

S5 (P 2
P=P=\k-1)
Moreover inequality (2.22)) is sharp in the sense of Definition|2.3.10,

Proof. We need to understand how many the occurrences of each vector field Lj; among the
sets A¢ are. As before we must consider sets w; containing either h or [, but not both. To a
k-tuple o containing h and not [ corresponds a unique k-tuple 7 containing [ and not h such
that o N7 = (). By the assumptions on the w;, one and just one between ¢ and 7 is among
the sets w;. Thus, each vector field Lj,; occurs (Z:f) times among the A§. This provides the
exponent p.

To prove the sharpness we use essentially the same argument as in Theorem Without
loss of generality, upon renaming variables, we consider a family of w; such that n ¢ w; for all
i=1,...,0(n,k)/2. We consider functions f; : [0,1] — R™ of the form

filr(@a,) = (af, + - +a3) 72 (2.23)

holds for
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with v > 0 to be determined. The right-hand side is finite for vp < k, by the same computations
as in the previous proof. For the left-hand side we have

v
cn\..
2
b|
2
Q
©E
=
+
i
no
9
o)

which diverges for
2(n—1)
vz A
C(n, k)
Comparing the conditions yp < k and ([2.24]) we see that, in order to make the right-hand
side finite and the left-hand side divergent, we must have

(2.24)

p<ky!

<50 (1) = s (i)

_(n—=2\
- k—]_ _p7

since (n — k) = n/2, thus proving the sharpness of the exponent p. O

Remark 2.6.2. In the case n even and k = n/2 one could also apply Theorem and work
with all k-tuples w; of elements in {1,...,k}. This means counting twice functions that have
the same subalgebra of annihilating vector fields, upon commutating the direct summands.
Anyway one could understand the product of function f(z} +---+ a7 ) g(:r:%c+1 4+t a?)
as a function F (%2 + -+ xfk) Since the exponent p in Theorem is the double of
that of Theorem from Theorem applied to the C(n, k)/2 functions F; just defined
we can deduce the result of Theorem by applying Cauchy-Schwarz inequality. Indeed,
let w; be a family of subsets satisfying the hypotheses of Theorem [2.6.2) and let wf be their
complements. We have

C(nk)/2 C(nk)/2
Lo IL sttt = [ T Ao
C(n.k)/2 C(n.k)/2
< JI 1Ele-y =[] figillios
C’(:L,k’l)/Q -
< H | fill L2p(sn—1)[1gill 26 (sn -1y,
=1

which is exactly the estimate in Theorem [2.6.1

2.7 Inequalities for different exponents

In Remark 2.5.2] of Theorem [2.5.1 we saw that an application of Theorem always yields
the same exponent for all functions. In this section we want to understand for what exponents
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P1s- -+ PC(n,k) @0 inequality of the type

C(n,k) C(n,k)
/sn1 H fi(@w;)do < H 1 fill Lri (sn-1) (2.25)
=1 i=1

may hold. Each p; can vary between 1 and oo, so that pi_1 varies in [0,1]. A point in the
unit cube Q = [0, 1]0(”’k) in RE(™*) jdentifies a choice of exponents. The inequality holds for
points (pl_l, e ,pE%n k)) € @ for which

C(n,k)

d opit<i
i=1

by Holder’s inequality and continuous embeddings of Lebesgue spaces. By Theorem [2.5.1] we
know that (2.25) also holds for (p~1,...,p 1) € Q, with p = (Z) - (”;2) Then inequality
(2:25) holds for points (py ', ..., pg(, ) € Q for which

C(n,k) B C(n, k)
Z p; < =
i=1 p
with p; > p for all i = 1,...,C(n, k), by using again continuous embeddings of Lebesgue
spaces on the sphere.
Nevertheless we can extend the range of exponents for which is valid by interpolation.
We now state a result that we will use for this purpose.

Theorem 2.7.1 (Multilinear interpolation). Let (X, u) be a measure space. Let 1 < pg, qi <
oo, with k =1,...,n, and for 6 € [0,1] let
1 6 1-0
+ .

Tk Pk qk

Suppose that a multilinear map T satisfies

’T(fh .- 7fn)‘ <A H HleLI’Z(X)7

i=1
and

|T(f17 .- afn)‘ < A2H ||gi||Lqi(X)7

=1

for fi € LP{(X) and g; € L% (X). Then we have

T(f1, - f)l < AJAO TN ill s )

i=1
for fi € L"(X).
A proof of Theorem can be found in [47] (see also [31]).

In our case the measure space is (By, (1 — |x]2)("_k_2)/2dm), where dz is the Lebesgue measure
in R* and the functional is

T(f1,--s fommr) = /Sn1 Hfi(ﬂwix)da.
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Recall that thanks to the integration formula (2.2) we have

[ fi © mw,llLo(sn-1y 2 (| fill Lo (B, (1= 2 2) -5 -2/ 24 -

From Theorem by interpolating the exponents that verify Holder’s condition with the
point (p~1,...,p~ 1), we obtain the following corollary.

Corollary 2.7.1. Let (pl_l, . ,p(;%n k)) € Q be such that

C(n,k)
Do p L
i=1

Then the inequality

C(n;k) C(n,k)
/Sn—1 H fz(xwl)do.é H Hfi”Lri(S"*U
i=1

=1

holds for all exponents r; such that

foralli=1,...,C(n,k) and 6 € [0,1].

So ([2.25)) holds in the convex hull R of the region Zp{l < 1 and the point (7 1,...,p71).
We conjecture that outside R the inequality (2.25)) is false, or in other words that for all points
(R ,p(;%n k)) ¢ R there are functions f; such that the right-hand side of (2.25)) is finite,

while the left-hand side diverges. Theorem excludes the points (pl_l, A paln k)) e Q
such that p; < p for all ¢, that are not in R, but do not exhaust the complement 0% R in Q.
Unfortunately we do not have a complete proof of the conjecture. We have however the
following partial result for points in the hyperplane in Q given by the equation

C(n,

C(n,k)

)

)
p; =

=

i=1

to which the point (5~!,...,5 ') belongs.

Theorem 2.7.2. Let (p;*,... ,pg,%n k;)) € Q be such that

C(n,k)

Y oot = Cln k) (2.26)

1=1 p

For any | consider the set J; consisting of the indices j such that | € w; (then |J)| = (z:i))
If there is | such that
n—1
-1 (x21)

J>ﬁ’

(2.27)
JEJ

then the inequality (2.25)) is false.
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Proof. Without loss of generality suppose that [ = n in the hypothesis. We label the (”_1)
sets w; for which n € w; with i =1, .. ( i 1) Consider functions f; : By — RT, where By, is
the unit ball in R¥, of the form

vi(n—1) vi(n—1)

filwaw) = (e i | oo )70+ (U —af)™ 5 4o b (Lmaf) ™ 2% . (2.28)

From the proof of Theorem we know that each f; is in LPi(S"~1) if
vipi < k (2.29)

for alli =1,...,C(n, k), so that under this assumption the right-hand side of (2.25)) is finite.

For the left-hand side we proceed as follows. For the functions not depending on the variable

x,, we select the first summand in (2.28]), for those depending on x,, we select the summand
i(n—1)

(1—a2) "=

So the left-hand side satisfies:

C(n,k)
/S"—l Zl_Il fi(zw,)do

(n.k) (*21) )
A _
. L ol ® T 0 a0
T =(n =1

1
>/ p*2¢71*%2j7j+n*2 dp
0

V1=p?
where we proceeded as in the proof of Theorem We call I the set {(2:%) +1,...,C(n,k)}
and J the set {1,..., (Zj)} The left-hand side of (2.25]) diverges if

=Y -

iel jeJ

i+n—2=-1,

that is
Somo-n (1-15
i€l ]EJ

Since by (2.29) > icrvi < kD icr pi_l, to make the left-hand side divergent we must have

<n_1 kzp) iy,

i€l jeJ

Since by (2.29) > ;v < kD ey pj*l, we must also have

(1_nﬁ1zp;1> <%Zvj<2pj‘l

el jeJ jedJ

It is possible to choose 7, so that kLS jeg Vi is squeezed between these two terms if

k _ _
<1—anPZ~ 1> < ijla

il jeJ
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which by (2.26) becomes

k C(n,k _ _
1—n_1 (1; )_ijl <ij17

Jj€J Jj€J
which is equivalent to
Eo\ ! kE Cn,k
Xot> (i) (st ),
; n—1 n—1 p
jedJ
from which one deduces the assumption in the theorem. O

Remark 2.7.2. Note that there are n and k for which the assumptions of Theorem [2.7.2] are
not fulfilled. For example, consider n = 4 and k = 2, i.e. the case of functions of two variables
on the sphere S?, for which § = 5. There are 6 possible tuples (4, ), with 1 < i < j < 4.
We will denote by p;; the exponent corresponding to the pair (7, 7). It is easy to check that
choosing p12 = pi13 = pos = pss = 10, pa3 = p14 = 5/2, we have that Eij;jl = 6/5.
Nevertheless, Theorem cannot be applied, since for all [ and all triples (j1, j2,j3) we
have py;, + pij, + pij; < 3/5, so that is never satisfied.

2.8 Thecasen=3and k=1

In this section we will discuss in more detail the case of functions of one variable on the sphere
S2. We want to understand for which (p; ', py*,p3') € Q = [0,1]? the inequality

/S2 fi(z1) fa(z2) f3(zs)do < || fill Lo s2)ll f2ll Lrz s2) |1 f3 ]| Lrs (s2) (2.30)

holds true for all measurable functions f; : [-1,1] — R™, for i = 1,2,3. As explained in the
previous section, the inequality holds in the region R, which is the convex hull of the the

Hélder’s tetrahedron and the point (1/2,1/2,1/2) given by Theorem [2.4.1]

1/ps3

1/292

1/101

Figure 2.2: Holder’s tetrahedron and the point P = (1/2,1/2,1/2).

Moreover in this case the assumptions of Theorem [2.7.2] are always fulfilled, since given any
triple (pl_l,pz_l,pgl) # (1/2,1/2,1/2) such that pl_l +p2_1 +p§1 = 3/2, by pigeonholing there
must always be one p; > 1/2. This implies that the point (1/2,1/2,1/2) is the only point in
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the hyperplane pl_l +py Ty pgl = 3/2 where inequality holds.

From this we also deduce that inequality cannot hold for points in @ such that
pl_l + py Ly pgl > 3/2. Indeed, by interpolation with points in R this would yield points in
the hyperplane pfl +py 1y pgl = 3/2 for which the inequality holds, providing a contradiction.
This goes in the direction of our conjecture, that the region R is the optimal region of validity

for inequality (2.30)).

1/173

1/1?2

1/271

Figure 2.3: The conjectured sharp region R.

The only points left are those outside of R for which 1 < pfl +py 14 D3 < 3/2. In this
range we have the following proposition which leads to a partial improvement towards the
sharpness.

Proposition 2.8.1. Suppose that 1 < pl_l +p2_1 +p§1 < 3/2 and that the condition
1 1 1
+>2(1—> (2.31)
Pa Db Pe

holds for at least one choice of a,b,c in {1,2,3} with a,b,c pairwise distinct. Then inequality

(2.30) is false.
Proof. We make the usual construction. Assume for instance that a = 1,b=2,¢ = 3. We let

(n=1)v;

filws) = ol T+ (L=ad)™ 2 = a1 a) 7,

for i = 1,2,3. As usual the integrability condition for the right-hand side of (2.30) is v;p; < 1.
For the left-hand side, taking the first summand for f; and fo and the second one for fs3, we
get that

/82 fi(z1) fowe) f3(23)do

1
>/ p—71—“12—273+1 dp ’
0 1— p?

which diverges for v; + 2 + 273 = 2, that is for

Y1+ Y2

=1—
73 B)
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From the condition v;p; < 1 we get that we need to have

1 1 1
211 —— | <m+vp<—+—.
b3 P P2

Clearly 1 4+ 72 can be in this range only when ([2.31]) holds. O]

Remark 2.8.2. To sum up, we do not know what happens in the range 1 < P1_1 —|—p2_1 —&—pgl <
3/2, outside of R, where none of the conditions (2.31)) is satisfied for any exponent p;. An
example of a point in this region is (2/3,2/3,0).

2.9 Inequalities with other symmetries

In the last sections we saw applications of Theorem in special cases, where the choices of
the maximal subsets A; of {L;;} ;< reflected particular symmetries of the functions involved.
Nevertheless, Theorem m (and Theorem can also be applied to other type of
symmetries. Indeed, let A; be maximal subsets for i = 1,...,m.

An easy algorithm to compute the exponent p of Theorem and the exponents p; of
Theorem is as follows. We consider the matrix of zeros and ones with m rows indexed
by the m maximal subsets and (g) columns indexed by the vector fields of the basis of so(n).
We set a;; = 1 if the vector field corresponding to the j-th column is in A and zero otherwise.
In this way the exponent p of Theorem being the number of occurrences of the most
recurrent element among the A, is just

m
max E Qg -
J °
i=1

The exponent p; in Theorem [I.6.2] being the number of occurrences of the most recurrent
element in Af, is given by

m
max E ag;j,
J: ai]:
k=1

where we take the maximum only over the columns j for which a;; = 1, so that we check how
many times the vector fields that are contained in Af occur in the sets Af.

Here we show two examples. We remark that also in these examples the exponents given by
Theorem turn out to be sharp.

Example 2.9.1. On the sphere S? consider three functions, f; depending on the vari-
able z1, fo depending on the variable z3, and f3 depending radially on z; and zy (or
equivalently depending radially on z3 and x4). The maximal subset annihilating f; is
.Al = {L273,L274, L374}, with <A1> ~ 50(3), so that Ai = {LLQ, L173, L174}. The maximal sub-
set annihilating fo is Ay = {L173, L174, L3,4}, with <./42> ~ 50(3), so that Ag = {LLQ, L273, L2’4}.
The maximal subset annihilating f3 is As = {L1,2, L34}, with (A3) ~ s0(2) @ s0(2), so that
A§ ={Li13,L14,L23,L24}. Each A has an element that occurs twice among the sets A,
for k =1,2,3, so by Theorem we have p = 2. It follows that

/S3 Fi(@n) fa(z2) f3(2] + 23)do < || fill 2l fall 2gss) | f3ll 2 se)-



46 The case of the sphere

Moreover this inequality is sharp. Indeed, consider the functions f;(z;) = || ~1/2 for i = 1,2
and the function f3(z? 4 23) = (27 4+ 23)~1/2. Tt is easy to see, proceeding in the same way
as above, that || fi| z»(s3) < oo with p < 2 for i = 1,2,3. Nonetheless we have that

/gs Jifafsdo = /S3 1|2 20|72 (23 + 23) 7V 2do

~ / 1|2 a2 (R 4 aB) 21— 22— a3) 2D 2y

B>

1 1
Z/O p‘(1/2)‘(1/2)‘1pdp=/0 ptdp,

that diverges.

Example 2.9.2. On the sphere S* we consider functions depending on k = 3 variables, with
radial dependence on two of them. This corresponds to the case of maximal subsets A; with
two elements L; j, Li; with 4, j, k, [ pairwise distinct so that the generated subalgebras have
the form

(A;) =s0(2) ®so(2).

As we discussed above, the first subalgebra indicates the number of variables the functions
depend on, in this case we have n —k = 5 —2 = 3. The second subalgebra refers to radiality in
two of the variables involved. The ambiguity in the order of the subalgebras is not a problem,
since the two possibilities are equivalent in the following sense. If A = {L;j 2, L34} we are
considering a function f either of type f(z3 + 2%,75) or a function of type f(z? + 23, z5)
which are equivalent, since 23 + 2§ = 1 — 2} — 23 — 2.

There are (g) = 10 possible choices for L; ;, and having fixed i and j we have (‘;) = 3 choices
for Ly ;. By the aforementioned equivalence we have 15 possible maximal subsets.

It is easy to see that in this case the critical exponent given by Theorem [I.6.1]is p = 12 and it
is sharp. Indeed, consider the functions

f]l(a:,, T5 + x}) = ]xi]_l/lz(x? + m?)_l/m +(1- x?)_l/ﬁ. (2.32)

Note that the function fzj Lig equivalent to the function ff " Where {j',I'} is the complement
in {1,...,5} of the set {7, j,1}, so that the variable z; is fixed but we can change j,! obtaining
an equivalent function. Thanks to this remark we can choose functions in a way that the
variable 5 never appears in the radial part. The L? norm of f/ Uis controlled by

||f]l||Lp(g4) ~ /S4 (|$i’7p/12($]2 + x?)fp/lz -+ (1 — x?)*P/G) do

N/B 2 P22 4 2?) P21 — 2?2 — )
3

1
—|—/ (1 — 22) 7P/ g

-1

1 11 1
< / \xi]_p/mdmi/ / (:UJ2 + 22) P2z dy + / (1 — 22)7P/+ dy;,
-1 —1.J-1 -1

which is finite for p < 12. On the left-hand side of the inequality we take for i # 5 the first
term in (2.32) and for i = 5 the second. Hence we choose the first term 12 times and the

idxjdr;
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second one 3 times. We use the estimate \x1|_7(x3 +2?)77 > (Vat + 2 + a4 22) Y,
whenever i, j,1 # 5, obtaining

1
3112

. N
/S4Hffd02/s4<\/x%+mg+x§+xi> (1 —22)"s%do

~

/1,0_3/)_1/)3 dp N/lp—1 dp
0 V1= p? 0 V1= p?

which diverges, thus proving the sharpness of p = 12.

2.10 Mixed norm inequalities

As an application of the inequalities found in this chapter we prove some inequalities in mixed
norm spaces. We introduce, for a nonnegative function f, defined on R", the mixed norms

Fllp 1 = ( [ ([ storyantan)’ p"_ldp>
=< ARl -, "—ldp>”,
0

where R" 3 z = pz’ with 2/ € S*"!, and in this case the measure do is not normalized. Using
the same notation as above to denote k-tuples of variables, by applying Theorem [2.5.1| we
obtain the following proposition.

Proposition 2.10.1. Let f; : RF = Rt fori=1,...,C(n, k) and let § = () - (";2) The
mequality

C(nk) C(n,k)
[ stewde s TT 15l e
) i=1

holds, with 3" p;' =1 and ¢; > §.

These estimates are obtained observing that a function f : R¥ — R restricted to a sphere of

radius p gives rise to a function which is defined on the sphere and depends on k variables in
the sense of Definition 2.1.11

Proof. The proof is just an application of Theorem and Holder’s inequality. Indeed,
passing to spherical coordinates we have

C(n,k) C(n,k)
/ 11 fi(%i)dl‘:/ n 1/S = H fi( pxwz "ldp
nk)
1— —
so e [ [T 150 lsscorne™'do
C(n,k)
S H HszLf;dng
=1

where the normalizations factors are introduced in order to apply Theorem [2.5.1 and in the
last line we used Hoélder’s inequality with exponents p;. O
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Observe that an analogous result can be obtained by considering other types of symmetries
and applying Theorem or Theorem in their general form.

Remark 2.10.2. If we integrate the product Hc(nk fi(zy,;) over a ball B,(0,R) of R™,
centered at 0 and of radius R, we obtain a local Brascamp-Lieb inequality with a blow-up
factor. Indeed, by using (2.18)), we see that

C(n,k)
/ H fi(zw,)dx N/ / H fi( pl’ )dop™™ 1dp
Ba(0,R) 3 st iy

/ H Ifi(p ) Lai (B 0,00 P™

7 B . .
N/o H 1fillzos B, p™ =% o™ tdp
=1

C(n,k)

R -1
’S H HfZHLqZ(Rk)/O p—qui +n_1dp,

=1

for ¢; > ¢. Observing that n — 1 — (qul_l) >n—1-k(})¢ ', and that

ny ._ (n—1)n
1k L S LA
" (k)q Foant1 120

for k=1,...,n — 2, we finally obtain that

C(n,k) L C(n,k)
/ 1 fiwa)ds S R T 1fillpoeey-
Bn(0.R) ;= i=1

The same type of inequalities can be proved on any spherically symmetric manifold. These
are Riemannian manifolds My, that topologically coincide with R™ and are endowed with a
metric that in spherical coordinates can be written as g = dp? + ¥?(p)ggn-1, where ¥ is a
positive smooth function on RT such that 1(0) = 0 and 9/(0) = 1 and ggn-1 is the standard
metric on the sphere S*~! (see [32] for further details). The parameter p coincides with the
Riemannian distance. The case ¥ (p) = p corresponds to the Euclidean metric on R™. Here as
an example we treat the case 1(p) = tanh(p/2) that corresponds to the hyperbolic space H"
with the hyperbolic metric. In spherical coordinates the Riemannian measure of H" is given
by
dn(z) = sinh" ™! p dogn—1(w)dp.

Define
Hp = {tanh(p/2)w: p < R,w € S" 71},

which is the geodesic ball of radius R around 0. For functions depending on two variables,
using first Theorem and then Holder’s inequality we obtain, for 1 <14 < j < mn,

fii i y5)dn(y) = [ £is(tanh(p/2)w;, tanh(p/2)w;)do(w) | sinh™* pdp
f, 0 .

R i<y 1<j

R 2n—3
< / H (/ fij(tanh(p/Z)wi,tanh(p/Q)wj)Q"3dwidwj> sinh” ! pdp
0 B2(0,1)

1<j
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2
n(n—1) m

R (@n—5)
< H / (/ fij(tanh(p/Q)wi,tanh(p/2)wj)2"_3dwidwj> sinh™ ! pdp
0 B2(0,1)

1<j

Then by changing coordinates we find

/ 1 #i (i wi)dn(y)

Hr j<;
R s 1 T
_ " sinh”~
S / (/ fij (i ap)™ 3d$id9«“a’> e dp
i<j 0 B3(0,tanh(p/2)) tanh @n-3) (P/Q)
n(n—1)
R ) 5 (4n—6)
S (/ </ fij(xi,xj) n- dac,d@)
i<j 0 B3 (0,tanh(p/2))
2

3h=1? | (n=D(n-3) n(n—1)
x cosh 2n=3" p sinh™ 2n=3" pdp

2R 3(n—1)2 (n=1)(n—3) 277,173
< cosh 27-3" p sinh 2n-3 de / fij (24, xj)2n73dxidg;j
0 icj \JR?

S CR) [T sl pan—s ey

1<j

with C'(R) diverging exponentially as R — oc.

2.11 Some weighted nonlinear Brascamp—Lieb inequalities

In this section we show how to derive from Carlen—Lieb—Loss original inequality, i.e. Theorem
with n = 3, an inequality for functions on the plane that are constant on certain curves.
The idea is to use stereographic projection to transfer the inequality from the sphere to the
plane.

Consider the unit sphere S? in R? centered at the origin. Let N = (0,0,1) and S = (0,0, —1).
Let P = (z,y,2) € S? and Q = (0,0,2). Let m be the tangent plane to S? at S, which we
endow with cartesian coordinates with origin S and axes X and Y parallel respectively to z
and y. We call P’ = (X,Y) the point of 7 which lies on the line joining N and P. We notice
that the triangle of vertices N, P, (Q and that of vertices N, S, P’ are similar, so that, since
NQ=1—2ze NS =2, we have

P's 2

PQ 1-2
Moreover,

X Y PS

r y  PQ’
so that 5 5

x=-2 y_-_
1—=z 1—=z

We also note that the triangle of vertices NV, P, S and that of vertices N, S, P’ are similar,

so that
PN NS

NS~ P'N’
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that is (PN)(P'N) = (NS)?, thus

x PQ PN NS

X PS PN _ PN?
Since (P'N)? = X? + Y2 + 4, we find that

r NS? B 4
X P'N?2 X24Y244
that is
4 X
T = ;
X24+Y2 447
analogously
4
=V
I T

Finally, plugging the two expressions for x and y just obtained in the equation of the sphere,
it follows that
X2 Y2 -4
=Sy
In particular the points of the circle that are the intersection between S? and the plane x = x,
for 0 < xg < 1, satisfy
zo(X? +Y? +4) =4X,

that can be written as

2\ 2 4
X - = Y2 == (1—2ad), 2.33
(x-2) +¥ - S0-s) (2.33)

. . . . 2 . 2 2
that is a circle in the plane 7 with center (?o’ 0) and radius Too] V 1 —x§.

)
\

Figure 2.4: Stereographic projection of the circles x = xg in S? for 0 < z < 1.

Y
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Analogously the points of the circle that is the intersection between S? and the plane y = o,
0 < yo < 1, originate a circle in the plane m with equation

2 2 ? 4 2
0

Finally, points that are on the circle that is the intersection between S? and the plane z = zo,
for |zp| < 1, give rise to a circle on 7 centered at the origin and with radius 4(1420)

1—20 °
Let us consider three functions f; : [~1,1] — R™. By Theorem we have

/52 fi(@) fa(y) f3(2)do(z,y, 2) < || fill 21,1 | fell 21 1 3l 22 =11 -

We define the functions

4
P1(X,Y) = f (XQ—l—YQ—i-ﬁlX> )

4
6:XY) = o (g yesY)

and
X24+Y?%2- 4)

¢3(Xa Y) = f3 <X2—{—Y2+4

The function ¢, is constant on the circles of 7 given by equation (2.33) (see Figure , where
it is equal to fi(xg). Analogously ¢9 is constant on the circles of m given by equation (2.34]),
where it is equal to fa(yp). Finally ¢3 is constant on the circles

4(1 + zo)
X24v?= 20
(1—20)
where it is equal to f3(zp).
We have
dxd dxd
do(x,y, ) = ———P = =
1—a2—y2  |2(2,9)]
X24+Y?244
= 1= x? Y2|dxdy.

X2+Y2+4 |4-X2-Y?

|4— X2 -Y2[(X24+Y24+4)3
dXdy

(X2 +Y2+4)%

=16 dXdY

=16

The left hand side of the inequality becomes therefore

| A@hm A y.2)
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dXdY
(X2+Y2+4)2

—wéguxwwawmw&w

Thus we obtain

dxdy
(X2 4+Y2+4)

16 /R (X, Y)p2(X,Y)p3(X,Y)

= [, @) o) (.2
< Wfallzq=iplf2l 2=l 3l 2 =1.17)- (2.35)

We now look for a relation between || f1[|z2(j—1,1]) and

4X 2
—— ) dXdY.
/szl (X2+Y2+4>

4X
XY= ey

the fundamental theorem of calculus and Fubini’s theorem give

Writing

z(X,Y) d

2 — —
[ @xy)axay = | ( /_ o

Y Ny
= /R i (fl(t) ) (/{(ny)m(x,y)x} dXdY) .
Ny T

( fl(t)Q)dt) dxdy

where

Integrating by parts we find that

[ RGO XY = [ (@A
_ / 2L, (1. (2.36)
LI g

So we need to compute 4\, (t). Note that

4X

=X Y) = Smye st

Suppose first ¢ > 0. The region where

4X
b<aXY) = myaig

is the region where (X,Y) is bounded by

2\ 2 4
X -= Y2< = — 4.
(x-3) +r<n
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1

This inequality defines a disk of radius R(t) = 2 (t% —1)? and center (2,0); hence

Ao(t) = TR2(¢) = 4 <t12 - 1)

and p .
— A (1) = —87—.
p (t) 8

The case t < 0 can be treated analogously.
Substituting this in (2.36)), we find

d
2
(bt

g fi(2(X,Y))?dXdY = — /_ 11 fi(t)
! 1
= 87r/_1f1(t)2t3dt.
Being 1 > |t| we finally obtain

H<Z51HQL2(R2) =|fio 33”%?(11@)

~ [ A y)axay
Rz
1 9 1
= [ A0
1
Z%/ﬁw%:wmmuw

Analogous computations hold also for fo and f3, so (2.35) implies

dXdY
(XQ + Y2 +4)2

~ [ A@RO A ..2)
S Allzg=iplf2ll 2= 13l 2 =1,1))

L (X1 )6a(X. )6 (X.Y)

S 91l 22y D2l L2 w2y |03 L2 (2)
from which we get

dXdY
L X660 sy

S o1l Lz @2y o2l Lo m2) | @3l L2 (m2) (2.37)

which indeed can be interpreted as a nonlinear weighted Brascamp—Lieb inequality, holding
however for very special functions.

We can extend the previous argument to other cases. Consider the stereographic projection
from the sphere S*~! onto the (n — 1)-dimensional hyperplane 7 : z,, = —1 tangent to S*~!
at the south pole S = (0,...,0,—1). With the same notation as above we have, for a point
P = (z1,...,m,) € S" ! and P’ = (Xi,...,X,_1) defined as the intersection of the line
passing through N and P with the hyperplane 7, that the following relations hold

4

R X.
TTXIr x4

(2.38)
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fort=1,...,n—1, and by the sphere condition we also obtain

(XF+- -+ X2, — 4
Tn| = =7 2 :
Xi+--+ X, +4

Let us consider intersections of the sphere with hyperplanes of the type z; = x;9, with
|zio] < 1. We saw in the previous sections that this intersection is a (n — 2)-dimensional
sphere ¥; inside S"~!. By stereographic projection this sphere maps to

zio(XF+ -+ X2, +4) =4X;,

that is the (n — 2)-dimensional sphere S, on T given by the equation

2 \? 1
L0 T30

with center in 7 given by (0,...,2/%;0,...,0) (where the only nonzero coordinate is in the

i-th place) and radius ﬁ, /1 — x%o, fori=1,...,n—1. For &, = xn0, |Tno| < 1, the
sphere is instead given by

4(1 + xn,O)

R R (R
n,

with center (0,...,0) and radius \/@T(}O)

We consider functions f; : [-1,1] — RT and define

41X,
(X1, X 1) = i
X1, Xn) fZ<X12+---+X3L_1+4>’

fore=1,...,n—1 and

X12+---+X21—4>

Xq,...,.Xp1) =
an( 1 ) nl) fn<X12++X3L_1+4

Functions ¢; are constant on the (n — 2)-dimensional spheres ;.
It is easy to see that

dXi...dXn-1

do(x1,...,2n) =16 ,
(i) = 16 s

so that

n
dXq...dX,_
/ [Tex o Xnt) g ALY
O (Xi+--+ X, 1+4)

~ [ TLstwde < TLMA a1,
=1 =1

Hence, we need a relation between || fi||p2(j—1,1}) and

AX;
i dXi...dX,,
/Rn_lf (X%+-~-+X§_1+4> !
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for i =1,...,n— 1 and an analogous formula for f,,. Arguing as in the case n = 3 it is easy
to see that || fill2(—1,1)) < l¢illp2(mn—1)- Hence we get another family of nonlinear weighted
Brascamp—Lieb inequalities

- dXy...dX, 1 n
i R, ¢ < i n—1y. 2.39
/Rn1 il_I1¢ (X1 X 1)(),’12 L X, 4 }_[1 [ill L2(mn-1y (2.39)

Remark 2.11.1. Note that inequalities and are not scale invariant. We obtained
these estimates by stereographic projection starting from inequalities on the unit sphere. The
fact that the inequalities are not scale invariant is due to the fact that after scaling, the level
sets are not anymore circles coming from a stereographic projection.

Considering the case n = 3, one could extend inequality to the sphere about the origin
of arbitrary radius a. The corresponding inequality is then

dXdy

—4
L X)X V)60 e gme S 0 Il e e [0l

where the functions ¢; are constant on the circles in the plane tangent to aS? at the point
(0,...,0,—a), which are stereographic projections of the intersections of the sphere aS? with
hyperplanes x; = x; 0 with —a < z;¢ < a.

The inequality is invariant under the transformations W, ;, that send the circles related to aS?
to the circles related to bS?, i.e. Vob =SDy/aS, L where S, : rS? — R? is the stereographic
projection associated to the sphere S? onto the plane tangent to its south pole, and D, is
the usual isotropic dilation in R3.

Remark 2.11.2. With the same argument as above one could obtain analogous results starting
from inequalities involving functions that depend on more than one variable, transferring
inequality through the stereographic projection S : S*~! — R"~! onto the hyperplane
7 :x, = —1. In this case the (n — k — 1)-dimensional subspheres of S*~! will be mapped to
nonintersecting (n — k — 1)-dimensional spheres covering the hyperplane 7.
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CHAPTER 3

Brascamp—Lieb inequalities on stratified groups

3.1 Preliminaries

Let G be a connected, simply connected nilpotent Lie group. We can and will identify G with
its Lie algebra g by means of the exponential map. In the exponential coordinates the Haar
measure on G coincides with the Lebesgue measure, dg, on g.

The convolution on G is defined by

fgle) = /G £ (w)gly " x)dy.

Setting u = y~'2 and using the right and left invariance of the measure, the convolution may

be also written as
f*xg(x)= f zu V) g(u)du = x -1 .
g(x) /G ( )g(u)d / f(zy)g(y™)dy, (3.1)

where the last identity is a consequence of d(y~!) = dy.
We assume that G is stratified, meaning that g decomposes as vector space into a direct sum

g=01D - Do,
and
oo =g41, 1=1,...,r—1
Therefore the maps {05 }s>0, defined by
5 X =s'X

if X € g; and extended to g by linearity, are automorphisms. We assume moreover that g;
is endowed with an inner product (-,-), that extended by translations to the entire group
defines a sub-Riemannian metric. Stratified groups are also called Carnot groups. The number
Q =dimg; +2dimgs + - - - + rdim g, is the homogeneous dimension of G. We have

9 /G £ (3ig)dg = /G f(9)dg, (3.2)

o7
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for all integrable f and t > 0.
Fix an orthonormal basis {X71,..., X, } of g1 and define the corresponding sub-Laplacian

L=X}+---+X2

which is a second order, negative, symmetric, differential operator. Since the vector fields
{X1, -, X, } generate the entire Lie algebra L, by the Hérmander theorem, is a hypoelliptic
operator. It is well known that (see [2§]), for a Schwartz function f on G, the solution the
the problem

{ Owu(t,g) — Lu(t,g) =0 t>0
u(0,9) = f(9)

is given by

ult, g) = u(g) = f * pulg) = /G f(@)pi(zg)de,

where the heat kernel {p;};~0 associated to L, may be written as (see [26])

with P = p; is a (strictly) positive Schwartz function that satisfies

/P(g)dg _1

It follows in particular that {p;};~0 is an approximation of the identity, in fact, by (3.2)) we
have

/pt(g)dg =1 forallt>D0.

In this regard we recall the classical estimates for the heat kernel on a stratified group (see,
for instance, [59] or [26]), according to which

_Q _ g
pt(g) < Ct ze t, (34)
where | - | is any homogeneous norm on G satisfying [g192| < (|g1| + |g2]) and C, ¢ > 0 are

constants.
Recall also that p; is a symmetric function of g, that is

pe(g™) =pilg)

for all g € G and t > 0.

We now introduce a family {H W ... H (l)} of not necessarily normal subgroups of G with Lie
algebras {b(, ... § 1} respectively. We define M(® = H(®\G and denote by 7(®) : G — M@
the canonical projection (which is a group homomorphism when H (@) i3 a normal subgroup).
The Haar measure of G decomposes for all a according to the formula

- (a) (a) (a)
[rwas=[ ([ roame) (35)
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for all measurable f on G, where dh(® is the Haar measure on H(® (see [60, Chapter 2|).
The inner integral

f(a) (g(a)) — f(h(“)g)dh(“)
H(a)

defines a function on H (“)\G, since for k(@ € H@ by the invariance of dh(® we have

y )f(h(a)k(a)g)dh(a) — » )f(h(“)g)dh(“).

We fix global sections, o(®) : M@ — @, of the principal bundles (G, 7@, M(“>). Recall that
this means that 7(® o (@) is the identity on M (@), which, in particular implies, that

7@ (3@ @ (@) = g(@

for g e M(@ and h(® e H®,
We make the following assumptions on the groups H(®.

e We assume for any a that the restriction of 6, to H(® makes it a stratified group of,
say, homogeneous dimension Q®. It follows in particular that 6, H(® ¢ H@ for all s
and that the map defined by

50 0@ = 7@ o5, 50, (3.6)

yields a one parameter group of dilations on M(® making it a space of homogeneous
type in the sense of Coifman and Weiss with homogeneous dimension Q(® = Q — Q.
It follows in particular that

0@ o5 =500  forall s> 0.

S

e We assume that the layers of H(@ are given by hz(-a) = b N g, so that

b(‘l) — []ga) B P hl(a)'

The push-forwards 7T>(ka)X j» of the vector fields X; are denoted by X ](a). The push-forward,

1@ _ <X§a>)2 T (Xgla>)2 = 79(L),

of L is a sub-Laplacian on M (). It is well known (see, for instance, [44, Formula (2.11)]) that
the heat kernel, ﬁga), of L@ is given by

P ) = ) w) = [ . s)

Note that, since by the left and right invariance of dh(®) we have

A (i ) 5w ) = [y () H ) an®)

= / P (yflh(a)gc)dh(a)’
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ﬁga) (m(“), y(“)) makes sense as a function on M@ x M@,

Formula ([3.7) can be proved showing that for each Schwartz function f(® on M (%) the function
@ (¢, £0)) = / P (20, @) F@ (@) dy@ 1> 0,
M(a)

solves the problem

o' (t, 2 ) + L@l (¢, x(@)) =0, t>0

a0 (0,z(@)) = fl@)(gla),
which has a unique solution.
To do that, first observe that
_d
ds
- / (Xpe) (y~ WD z)dh@

H()

=X, pe(y A D) dh @),
H(a)

X(Op (@), () /H ooy Yz exp(sX))dn

s=0

where we introduced the index z in X;,ga) and X, to indicate that the vector field acts on the

variable x. Therefore,

LOR (2@, (@) = / Lp (y*lh(a)x) dh(®
H(a)

=L, /H o (y_lh(“)x> dh\®,

which implies

0, (t, (@) = /M | ™ (@), (@))) F@ (@) gy (@

From ({3.3) and (3.7) it follows that

Y (@@, ) = / pe(y~ n V) dn@
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=t~ PO, 2@ 61 y(@), (3.9)
2
where we replaced 5t_%h(“) with £, and P? is the function on M(® x M(®) defined by

PO (r@ (), 7 (3) = /H P(y ) dn. (3.10)

Since P is a positive, symmetric, Schwartz function, it is easy to see that P? is also a positive
symmetric, i.e. Pa(x(a),y(“)) = P“(y(a),x(“)), Schwartz function on M (@ x M@ Moreover,
it satisfies

/ P,y )y =1,
M (a)

identically. Indeed, by (3.5) we have

/ PO (2@, (@) gy a) / ( / P(y‘lh(a)x)dh(a)> @ (3.11)
M(a) M(a) H(a)
:/P(y_la:)dy
G

:/GP(y)dyzl.

3.2 Brascamp-Lieb inequalities

For any a consider a Schwartz function f(® : G — R* invariant under the left action of the
group H@,

FD(n@g) = f(g) forall h® € H®.
Clearly, f(® is the pullback on G of a function on M@ which will be denoted f(®, that is
£l = (W(a))*f(a) = fl@) o z(a),

The functions f(®) enjoy the following property, which is actually a characterization of functions
which are invariant under the left action of H(®)

F@(g) = f@ (a(“)(ﬁ(a)(g))) = f(h(a)o(a)(ﬂ(g(“)))) for all g € G and all K@ € H@.

It is sometimes convenient to think of the functions f(®) as functions on the manifolds defined
by
y(a) — {a(a) (g(a)) g e M(“)}

and, for any fixed h(@ € H@ by

22‘2) = (W@ (@ (g(@)) ; g@) ¢ pr@).
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Clearly, 2(®) and E(()) are smooth submanifolds of G of the same dimension of M(®).
Recall that Tgﬂ(“) (TG — Tw(@(g)M( @) is the linear map defined, for any given X € T, yG, by

(IO (5 O9) = (12 X),0) (79) = TGO .

where f is any function in C>°(M (@) and ~ is a smooth curve satisfying v(0) = g and 4(0) = X
(notice that 7(%) o is a smooth curve in H(®\G). We will use, according to our convenience,

both the notation T'w and ..
To a given smooth curve 7 in G based in g (meaning that v(0) = g), we associate the curve

e (£) = KD (71 ((1))),
where k(@ is the element of H(® defined by

g = ho@ (z@)(g)).

It is clear that 7}, is a curve in E,(ﬁ?l) C G based in h(®g(@ (7’['(0‘) (g)), meaning that v(0) =

g = h@g@ (7la)(g)).
Let X =4(0) € T4G. The vector

@ _ 9 _q
hor — &f}/h(a) (t)’t:(]

lies in the tangent space, T, 22(?1), to Eg& at g = h(@g(@(g(®) . Obviously X}(L‘;)T depends

linearly on X and is called the horizontal component of X with respect to 7(®. It satisfies

a d_,
i(wl = 7 h@ (t)’

d

%h(a) 7@ (@ )(v(t)))\

t=0
i%mHW(W(DH

d
= TyTh@ (dta(“)( )
- o Troo® ( w%(M )

t=
= Tg<a)(Tr<a)(g))7'h(a)T7r(a)(g)U( DTy @ (X), (3.12)

t=0

(recall that 7, denotes the left translation by h).
Since ¥y, (t) = Ko@) (7(@)(y(t))) and 7@ (D@ (7(9)(g))) = 7@ (g), for all g € G and

h(®) ¢ H@ we have

d —a
prid (e )(’Yh(a) (t))’

jt @ (h@g @ [1 ”(v(t))])(

o d

2@ (1)) LZO = T,n@(X).

Ty (X)) =

hor =0

t=0
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A vector Y € T,G is said to be vertical with respect to 7@ if
T, (X)) = 0.
Any tangent vector X € T,G decomposes into its horizontal and vertical components (with
respect to 77(“)), the latter being defined by
+x1

vert®

X =X\

hor

We can prove the following proposition.

Proposition 3.2.1. A smooth function f on G is invariant under the left action of H(®
if and only if it is annihilated by all vertical vectors with respect to 7. Moreover, if f is
invariant under the left action of H@ | then

Xf=x7, (3.13)
for all tangent vectors X.

Proof. Suppose first that X f = 0 for all vertical X € T,;G and all g € G. Assume by
contradiction that for some g € G and hy, hs € H(@ we have

f(h1g) # f(hag).

Let v : (—=1,1) — G be a smooth curve satisfying v(—1/2) = gh; and ~(1/2) = gho and
m(y(t)) = w(g) for |t| < 1. Then 4(t) is a vertical vector for all ¢, which implies that

%f W“))( = (3 f) (v(t)) = 0,

=0
but f(v(—=1/2)) # f((~v(1/2)), yielding a contradiction.

To prove the converse let f be a smooth function on M. Consider X € T, yG such that

@ (X) = 0. There are a smooth curve v based in g and € > 0 so that 7@ (v(t)) = 7(®)(g)

for all |t| < € and §(0) = X, hence,

a a d - @ d -
(m X)) (5 (g) = 2T (() = 27 (9) = 0.
To conclude the proof it suffices now to notice that (3.13)) is equivalent to the first part of the
assertion. O

We introduce the functions u(®) : RT x G — R, which are defined as the unique solutions of
the Cauchy problems

(a) — Lul@ =
{ oy (t, g) U (t7 g) 0, t>0 (314)

u@(0,9) = f (1 (g)).

These functions are left invariant under the action of the groups H(®: we state this observation
as a lemma.

Lemma 3.2.2. The functions u'® are invariant under the left action of H@, that is
W@ (t,hg) = ulV(t,g)

for all @ € H®  4ll g € G and all t > 0.
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Proof. Let a be fixed. Because of the left invariance of the sub-Laplacian L we have
Ay (Thy ') — L(1@yu'®) = 7 0) (atu(“) - Lu(a)) = 0.
Since we also have

(T w()(0, 9) = ul? (0, hVg) = £ (D (nlVg)) = f1 (x9(g)),

the functions Th(a>u(“) satisfy the same Cauchy problem ([3.14)) satisfied by u(®). Therefore
Th(a)u(a) = 4@ proving the lemma. O

The main result of this section is a consequence of the theorem that follows. The proof of it
is essentially the same as that of [7, Proposition 2.8 |, which is in turn based on Lemma 2.6 in
that paper. To do that and also to highlight the analogy with the proof of Proposition 2.8 in
[7], we introduce a bit more notation.

Let, for g € G,
B{" = Ty (3.15)
and
(BS)" = Tpta) (o) (g ) © Tptar ()0, (3.16)

(here 7 denotes the right translation by h).
Let u(® : Rt x G — R* be the functions introduced in (3.14), for a = 1,...,1. Set

Xiu(a) (ta g)

= X;logu(V(t
u(a)(t’g) Ogu (79)7

vt 9) =
which, in vector notation, becomes
v (t, ) = V@ logu (¢, g)

= (X1 logul®(t, 9)) X1(g) + -+ + (Xnlogu (£, 9)) Xu(9)-

With this notation the first equation in becomes
0= dpu'® — (Xi+--+X7) u'® = gl — div(u(“)v(a)),
where, for v = v1 X1 + - + v, X,,, we set
div(v) = div(vl X1+ +uo, Xn) =X; (vl) + .+ Xn(vn).

Theorem 3.2.3. Fiz a set of positive numbers {p1,...,p}. Assume, for all g € G, that

pQWBO) B + -+ QU (BY) BY = 1, (3.17)

where 1, is the identity on TyG. Define, fort > 0, the function

mwzlgmwmmnumwmmm

then
d'(t) >0, (3.18)

for allt > 0.



3.2 Brascamp—Lieb inequalities 65

Proof. The proof of (3.18)) is based on [7, Lemma 2.6]. That lemma, which in [7] is stated in
R"™, works also in our context by the same proof.

We start noticing that condition (11), which is required in Lemma 2.6 of [BCCT] is automati-
cally satisfied by (3.14). Then we set

v = p1QWp® L. 4 000,

so that also condition (12) in Lemma 2.6 of [BCCT] is fulfilled.
It remains to verify condition (13) in the same lemma. To accomplish that task, we recall

that by (3-12),

x@ _ T(,(a)(w(a) (g))Th(a)Tw(a)(g)a(a)TgW(a) (X)),

hor

which by the definitions (3.15)) and (3.16)) may be written as

(B{)" B X = (B{)" BY") Xpor = X (3.19)

hor>

for all X € T,G. This formula by (3.13) implies

vi(9) = (B{)* By v;(9).

Observe also that Bg(Béa))* is a projection from TG onto T () (4)( (@), As in the proof
of Lemma 2.6 in [BCCT] it follows from (3.17)) and (3.19)) that (13) (in that paper) is also

satisfied, proving (3.18)). O
Theorem 3.2.4. Assume the hypotheses above and suppose moreover that
QWY + .- 4+ pQY = Q. (3.20)

Then the inequality

p1 Y4
/ FO V@) O (xW(g))"dg < 1 (/ f(l)(gl)dm) ( f(”(gz)dgz>
G M@Q) M@
(3.21)

holds on G. The constant I appearing in this estimate is given by

I— / PO (0 (e), x0 ()" ... PO (xD ()7 ()" dg
G
and is finite if there is A > 0 satisfying
oM (@D (@) + - + oD (7 (9))] > Alg]
for all g € G, where | - | is any homogeneous norm.

Remark 3.2.5. Observe that in the abelian case, taking into account (3.11]), the constant [
reduces to the constant obtained in [7].

Proof. Since all the functions u(® are Schwartz on M(® | it is easy to see that the initial
condition in (3.14) implies by monotone convergence that

Jlim (1) = /G FO D (@)™ .. £D (2D (g))™ dg. (3.22)
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Suppose that

200 4. 1500 = 0. (3.23)
From this condition, using (3.6)), we deduce

p1
—t73 51 (50 ()
! 2/G</M(1) U (5t_%gl,7r (6t%g))d91>

B 2
( MO f(gr)P(l)(étl_) gr’ﬂ(l)(étig))dgr) dg,

1
2

which, replacing 5t_ 19 by x, becomes

p1
20t) = /G < M f(gl)P(l)((sﬁ)%gl’w(l) (g;))dgl>

_ D1
. ( ) f(gr)P(l) (515(1_)% 9r, ) (x))dgr) dr.

Since fM), ..., f® are Schwartz functions we may apply Fatou’s Lemma, obtaining

lim ®(t) = (/G PO (7 (e), sV (g))" ... PV (W(l)(e)m(”(g))mdg)

t—o00
Y2

< ([ favan ) ([ rtanas)” (.24

From (3.18), (3.22)) and (3.24) we finally establish the following inequality
[ 10ED @) O 0(g) g
G
< </ POz (e),xM(g))™ ... PV (W(l)(e)m(l)(g))pl@)
G

P1 Dl
x( ﬂmﬁmQ .”< .ﬂme)
M@ MO

It remains to discuss the finiteness of the integral

I = / P(l) (7-‘-(1)(6)771-(1)(9))101 - P(l) (ﬂ-(l)(e)ﬂr(l)(g))pldg,
a
which by (3.10) is given by
p1 n
/ (/ P(o‘(l)(W(l)(g))h(l))dh(1)> (/ P(U(l)(ﬂ'(l)(g))h(l))dh(l)> dg.
G \JH®D )

Since P is a Schwartz function, for any positive integers N there is a constant C'y such that

P(o(x(g)h) < Cx (141 (g)] + 1)
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for all a. Taking N sufficiently large (N > max{QW,...,Q®} suffices), we find

—N: —N
1< [ (L41eDE0)) T (L 0O )]) T dg
G
—N(p1+-+p1)
<% [ (1+10WED )]+ + 0 0E0@)) T dg <o,

G

since
e (@O (g)) + - + oD (7O (9))] > Algl,

concluding the proof. O

Example 3.2.6. In the case of Holder’s inequality we have [ = dim G = d,
VS A— /(") =G,

Pt +pa=1,

and 7@ coincides with the identity on G for all a € {1,...,d}. In particular, we have
P = ... = pP@ — P which implies

I= [ PO @)" . PO (D). 7 () dg

=/P@“mP@W@
G

- /GP(g)dg: 1.

Example 3.2.7. Young’s convolution inequality on the group G is equivalent to

/G/Gfl(w)fz(y)fs(x‘ly)dxdy5 </G f1>p1 </G f2>p2 </G fg)pgj

(with f1, fo, f3 > 0), where p1 + pa + p3 = 2.

Here, to apply our machinery we consider the direct product, G2 = G x G, of two copies of G.
The group G is endowed with the family of dilations {d; x d;}¢~0. We consider the following
subgroups of G:

HY =G xfe}, H® ={e}x G, H® ={(g,9):9¢€GC}
and the corresponding homogeneous spaces: MM M2 M) with the projections
Day) =y, D@y =e. Dy =ay.

The heat kernel on G is given in terms of the heat kernel on G, p;, by the product ¢.(z,y) =
pe()pe(y). Therefore we have

qﬁwz/ at(@, y)dz = piy),
H@)

0 (z) = / qt(z,y)dy = pi(x),
H(2)
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and

@2 (7 (e,e), 7P (2, 9)) = | al(e.e) (g, 9)(x,y))dg

a:((9,9)(x,y))dg

a((g9z,9y))dg

I
R R IR

pe(92)pe(gy)dg

pe(9)pe(gz~'y)dg

pe(9)pe(9y ' x)dg,

by the invariance of Haar measure and the symmetry of the kernel. It follows that

I= PO ((a M (,1))" PO (7@ (2, ) PO (x®) (2, )" dzdy
GxG

(2)P(zz71y) dz) " dxdy

Il
—
X
Q

e}
S
=
ot

8
\_é

S
i}

p3
P(Z_I)P(zx_ly) dz> dxdy

P(z)P(z_1 _1y)d >P3 dxdy

where to obtain the last expression we used the invariance of the measure and the symmetry
of P. With the same tools we finally obtain

I=[ Py PP« Py (2 y)dedy
GxG

- /GP(?J)M(P”2 x (P P)P*) (y)dy
= /GP(y_l)p1 (PP2 % (P % P)P)(y)dy
= ((Pp2 * (P * P)p3) * Ppl)(e).

Example 3.2.8. In this example we identify the Lie algebra of the group G with the tangent
space at the identity 7,G. We denote by X" and X! the right and left invariant vector fields
associated to X € T.G. Recall that dimg; = n and that {X1,...,X,,} is a basis of g;.

We look for inequalities of the form

/G(ﬁl(f(a)(ﬂ(a) )’ d$<H<

where M(®) = HO\G, with

Fy )dy<a>> : (3.25)

M (a)

H@ = {exp(tX,):t€R}, a=1,...,n.
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Since the groups H(@) coincide with the flow associated to X,, the functions f(® lift to
functions f(*) which are right invariant along the flow of X,. Therefore, when the functions
f(@) are smooth, their lifts satisfy X7 of (@ = 0.

Since the vectors X, lie in the first layer of the Lie algebra, the groups H(® have homogeneous
dimension 1 and hence the spaces M(® have homogeneous dimension Q — 1. Therefore,
condition (|3.20) now reads

p=
(@—1)n
By (3.10]) we have

P“(W(a)(x),ﬂ(a)(y)) —/]RP(y1 exp(tX,)z)dt,

which by the symmetry of P yields

PO (2@ (e), 70 (y)) = / P ((exp(—tXa)y)dt,
R
from which we obtain

I= / P<1>(w<1>(e),w<1>(y))i@%)n... p(l)(ﬁ(l)(e)’ﬁ(l)(y))ﬁdy
G

:/G</RP(exp(—tX1)y)dt)(Q_Ql)n--~ </RP(exp(—tXl)y)dt>(Q_Ql)ndy. (3.26)

One can show that the last integral is finite using the classical estimates (3.4]) holding for P,
which show that
P(g) S e clol”,

where | - | is a homogeneous norm on G and ¢ > 0 (see [26]).
We have just proved the following inequality.

Theorem 3.2.9. Let, fora =1,--- ,n, let f(9 be a Schwartz function on the space M(®).
Then

/| H @) o < 1 H ( <a>)dy<a>) T

M(a
The constant I in (3.27)) is given by (3.26)).
Remark 3.2.10. Observe that condition ﬁ < 1 is satisfied for Q > n > 2. In fact,
writing @ = pn, we get

Y L
“@-Dn  (m-DLn  pn—1

yielding

which is always satisfied when n > 2 and p > 1.

From inequality (3.27)) we may deduce the isoperimetric inequality on G for any stratified Lie
group. In the next section we consider the case of the three dimensional Heisenberg group,
leaving the discussion of the general case of stratified groups to a forthcoming paper.
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3.3 The Heisenberg group

In this section we specialize the example above to the Heisenberg group H;. Since now n = 2

and @Q = 4, we have p = (QE)l)n = % A basis of right invariant fields of the Lie algebra is

given by

1 1
X' =0ut gyds, Y =0y~ 520:, Z=0.. (3.28)

The corresponding left invariant fields are given instead by

1 1
Xl:8x—§y82, leay+§xaz, Z=0..

Adopting, as usual, exponential coordinates we write
g =exp(zX +yY +22).
The subgroup H® in these coordinates is given by
HWY = {exp(tX) : t € R} = {(£,0,0) : t € R}.

Hence, (u,v,w) € HVg = HOerX+yY+22 if and only if

t
(U,Q},IU) = <33+t7y72+y2> :

We chose representatives for the classes H(Dg of the form (0,7,%) = exp(§Y + ZZ) and,
abusing notation, write (7, zZ) = H(Me¥Y+2Z_ In this way, we identify MY with R2. The fiber
over (g, Zz) is

()5, 2) = {exp(tX) exp(yY + 2Z) : t € R}

1
:{exp(tX+gY+ <z+2gt> Z) :teR}.

H® = {exp(tY) : t e R} = {(0,¢,0) : t € R}.

Similarly,

The representatives for the classes H®)g of the form (%,0,%) = exp(ZX + 2Z). We write
(z,7) = H®e™X+2Z and identify M?) with R2. The fiber over (Z, Z) is

(7)Y (2, 2) = {exp(tY) exp(zX + 2Z) : t € R}

1
:{exp<a_cX+tY+(2—2xt)Z) :tER}.

In the coordinates just described the measures dg!) and dg® coincide with the Lebesgue
measures, djdz and dzdz, on R?.

Theorem 3.3.1. With the notation above we have the following inequality

FO (x0(g)) 3 7 (x®(g)) 3 dg
Hy

(1) (W 7,0 ) £(2) ( /(2))7,(2) s
S(f ) ([ o) (3.29)
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Proof. We compute first the heat kernels on the homogeneous spaces M) and M®?). Since
g lexp(tX) = exp(—zX — yY — 27Z) exp(tX)

— exp <(t C W)X gV — 27— %ty[Y, X])

e (0= + (Ju-2) 7).

we have
PO (M (e), 70 (g)) = PD (0,7M)(g))

= / P(g ' exp(tX))dt
R

:/RP(exp <(t—x)X—yY—i—(;ty—z> Z))dt
—/RP<t,—y,;(t+m)y—z) dt,

where we slightly abused notation writing P(u, v, w) for P (exp(uX + vY + wZ)). Now, using
the the classical bounds holding for P = p; (see for instance [57, Prop. 2.8.2|), we obtain

1
/ P (t, -y, =(t+x)y — z> dt < / exp (c(y2 + t2) —c
R 2 R

< exp (—cy2)/

R
1
/ P (t, —y, =(t+ )y — z) dt
R 2

< exp (—c y2) exp <—c

P
2

1(t+x)y‘> dt

exp (—ctz) exp <—c 5

1 1
z— ixy — yt’) dt,

hence,

1
z— =T
2?/

) /Rexp (—ct?) exp <§|yt|> dt

15 1 1\?
< exp (160 y2> exp (c z— 5933/ ) / exp <c (t — 4y> ) dt
R
15 1
< exp (—wcyQ) exp (—c 2= 5y ) :

Similarly, to obtain a formula for P®, we compute
g L exp(tY) = exp(—xX — yY — 2Z) exp(tY)

—oxp (~aX (- )Y - (24 g10) 7).

2

which, using the same bounds on P as before, gives

PR (73 (e), 7 (g)) = /R P <exp (-M +(t—y)Y — <z + ;m«> Z>> dt

< / exp <—C(a:2 + t2) —c ) dt
R

1
z— §(t+y)a:
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)t

1 L
zZ——xy — =T
)

Sexp (—c :1:2) /

exp (fct2) exp <c
R

and finally

These estimates imply that the constant in the inequality, which is given by

2

1 3
15/ (/P(t,—y,(t—i—x)y—z) dt)

r3 \JR 2
2
1 3
X </ P (—:1:,3, —z— 5(5 + y):c> ds> dxdydz,
R

is finite. 0

To obtain the isoperimetric inequality we start observing that for a Schwartz function f we
have

1 d 1
le <.’L’+t,y,2’+2ty) = %f (x+tay7z+2ty>7

1 d 1
y? —Zty | = — -
f <x,y+t,z 2ty> dtf (x,y—l—t,z 2ty> ,

for all (x,y,z) € Hj. The first of these relations, by the fundamental theorem of calculus,
implies that

*d 1
f(xvyvz)__/o dtf(x—i_t’y’z—i_Qty) dt

e 1
__/ le<x+t,y,z—|—2ty> dt,
0

from which it follows that
2
o
1 ! 1
S§ X' f x—l—t,y,z—l—ity dt
—00

o
1 1 1
=3 / ‘le <u,y,z—2my+2uy)’ du
o

T 1
Syl < [ \le (x+t,y,z+ ty)\ al
0

_ <y . ;xy> . (3.30)
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Similarly we obtain

|f($,y,2)| < % / ‘Yf (51:’”’2_;(1]_2/):1")‘ dv

= <w z+ ;:vy> : (3.31)

We note that by (3.28) we have
X"$=0, Y"=0.

This property by Proposition means that there are two smooth functions ¢ : M) — R
and ¢ : M® — R, satisfying

1 - 1 .
¢ <y7 Z = me) = ¢ o W(l)(x7 Y, Z)? w <$7 z+ 2£I}y> = Qﬁ © 7‘—(2)(*%’ Y, Z)'
Therefore, we may apply (3.27]) to obtain

/H1 q@(w(l)(g))%zﬁ(wm(g))%dg < </M(1) ¢(g(1))dg(1)>§ (/M(Q) ¢(g(2))dg(2)>§

= </R2 o(y, z)dyclz:)g < - w(x,z)dxdz>§ : (3.32)

recalling that the measures dg™V) and dg® coincide with the Lebesgue measure on R2.

From ([3.32)) we obtain

13 dodydz = [ 1113 |13 dadyd:
Hq

1 \3 1 \3
S /H1 ¢ <y, z = 2:Uy> (0 <:U, z+ 2xy> dzdydz
< ([ owosaz) ([ ot z1asaz)
R2 R2

Therefore, we have the bound

191,80~ ( / iy’
(/ ¢(y, 2 dydz) (/R2 Lb(x,z)d:ndz)
2 (/W \Xf(:c,y,z)wxdydz)? </RS ’Yf(;c,y,z)‘dxdydz)z

i (/R3 ‘Xf(:v,y,zﬂd:cdydz + /RB }Yf(x,y, z)‘dzdydz>

1
<1 / IV (o, y, )| dudydz
4 Jgs

Hy

win

| /\

IN

1
= Zvalel(]Hh)v

where we used the arithmetic-geometric mean inequality.
We have thus proved the following result.



74 Brascamp—Lieb inequalities on stratified groups

Theorem 3.3.2 (Gagliardo—Nirenberg inequality for H;). On H; Schwartz functions obey
the estimate

1
17145,y < 197 N2y (339

The isoperimetric inequality, relating the horizontal perimeter (for the definition see for
instance [17]) of a set to its volume, was first proved on H; by P. Pansu in [48] and then
extended to general stratified groups by L. Capogna, D. Danielli, N. Garofalo in [16] (see also
[29] and recent works [40], [45]). It is well known that this inequality may be obtained as a
consequence of the Gagliardo—Nirenberg inequality (see for instance [17] or [50]), therefore, as
a corollary of the theorem above we obtain the following result.

Corollary 3.3.3. Let E be a measurable bounded subset of Hy. Then
[B|} < P(B), (3.34)
where P(E) denotes the horizontal perimeter of E.

By essentially the same argument one can show that on any stratified group the Gagliardo—
Nirenberg and the isoperimetric inequalities are a consequence of (3.27)).
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CHAPTER 4

L? joint eigenfunctions bounds on spheres

This final chapter is devoted to the study of some sharp bounds (some of them depending on
the dimension and some not) for bigraded spherical harmonics on complex and quaternionic
spheres, in the spirit of some earlier work by C. Sogge and J. Duoandikoetxea. These estimates
have been successfully applied to different problems in harmonic analysis, like Strichartz
estimates for solutions of the Schrédinger equation [13| [14], 23], LP summability of Bochner—
Riesz means [52] 22], unique continuation problems [36} 53].

Throughout this chapter we use the notation A ~ B to indicate that the ratio of the two sides
is bounded above and below.

4.1 Estimates for quaternionic harmonic projection operators

In this section we prove some bounds from below for the (LP, L?) norm of the projection
operators mapping the space of square integrable functions defined on the quaternionic unit
sphere S*~1 in H", where H is the skew-field of quaternions, onto certain subspaces of
quaternion spherical harmonics into which L?(S**~!) decomposes. The results contained in
this section were obtained in collaboration with V. Casarino and P. Ciatti and are published
in [10].

4.1.1 Notation and preliminaries

We denote by H the skew field of quaternions ¢ = x¢ + x1¢ + x2j + x3k over R, where
x0,Z1, T2, T3 are real numbers and the imaginary units 4, j, k satisfy i? = j2 = k2 = —1,ij =
—ji = k,ik = —ki = —j,jk = —kj = i. The conjugate § and the modulus |¢q| are defined
by ¢ = xo — 17 — 227 — 23k and |¢|?> = qq = Z?:o x?, respectively. For n > 1 the symbol
H™ will denote the n-dimensional vector space over H. By abuse of notation, we write ¢
also to denote (qi,...,q,) € H". Sometimes we will adopt a complex notation, writing
q= (214 Jznt1,---,2n + J2on), with zq,..., 29, € C.

Let S*~! be the unit sphere in H", that is,

S = {g = (@1 ) €H": {g,0) = 1},

where the inner product (-,-) on H" is defined as (g,q’) = qlqii + ...+ qng,, with ¢, ¢’ € H™.
The sphere S*"~! may be identified with the homogeneous space (with quotient on the left)

K/M = Sp(n) x Sp(1)/Sp(n — 1) x Sp(1),

7
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where Sp(n) denotes the group of n x n matrices A with quaternionic entries, such that
ATA = AAT = I,,.
We introduce on S**~! the coordinate system

(4.1)

q1 = cosB(cost + Gsint)
Qs = 0ssinf, §=2,...,n,

where 0 € [0,7/2], t € [0,7], 05 € H with >.1_,|os|*> = 1. Moreover, for § € H with
|§|> =1 and NG = 0, we will write § = cos i + sin v cos ] + sin v sin pk, with ¢ € [0, 7] and
@ € [0,27].

We remark that (sintsin ) sin ¢, sintsin cos o, sint cos v, cost) yields a coordinate system
for Sp(1).

The normalized invariant measure do = dogin-1 on S~ with respect to the spherical
coordinates is, up to a constant depending only on the dimension n,

sin®™ =5  cos® 0d sin? tdtdogin—sdo(§), (4.2)

do(G) denoting the measure on the unit sphere in R3.
By L?(S*~1) we denote the Hilbert space of square integrable functions on S$**~!, with
respect to the inner product

(f,9)r2 = /S4n—1 f(q)@da.

Johnson and Wallach, starting from some earlier work by Kostant [39], proved in [37] that
this space may be decomposed as

s h = g n, (4.3)

£>0'>0
’
where each subspace H
1. is irreducible under K;

2. is generated under K by the "highest weight vector"

i’

Pro(z,2) = 278 (212012 — 222011)" s (4.4)

3. is finite dimensional.

We will denote by Is the set of indices {(¢,¢') e Nx N:0 < ¢ < ¢}

In [21] the authors studied the LP — L? norm of the joint spectral projectors 7y, (¢,¢') € Is,
mapping LP(S**~1) onto H*', 1 < p < 2. They proved sharp bounds for these norms under
the additional assumptions £ — ¢’ < ¢ or £ < ¢1, for some positive constants cg, ¢1. Here, we
prove some crucial estimates from below for [|ms|(,2) in the general case.

In the following subsections we will prove the following result.

Theorem 4.1.1. Letn > 2,1 <p < 2. Set p, = 2(4n—3)/(4n —1). Then the following
estimate holds

7ol pay = (1 + 0D (1 + PG (g — ¢ 4 1), (4.5)
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where . L1
a(—,n):=2n—-1)(-—=) foralll <p <2,
o) i=2n = 1)(> = 5)
ManZ 2n—=1)(;-3)—3 f1<p<pa
p’ 3z =) if pn <p <2
and
(1 ) 3(;-3)—3 F1<p<j
~on) =
"y 11 ifi<p<e,

for all (¢,0') € Is, such that £ — ¢ and ¢ are sufficiently large. The implicit constants depend
only on the dimension n and on the exponent p.

4.1.2 Estimates for zonal functions

We call zonal function of bidegree (¢,¢") with pole e; = (1,0...,0) a M-invariant function in
HY  ie. a function f on S*~1 such that f(z) = f(ma) for all m € M, x € $*1, where z
has to be interpreted as an element of the quotient K /M.

An explicit formula for the zonal function Zyy» with pole e; is given for all (¢, ¢') € Is by

ey sin (£ — ¢ + 1)t) g PETH ) (005 26)

- cos : ’
wWip—1 (L — 0 +1)sint ( ) P£(,2n—3,£—€ +1)(1)

Z(g’ (6’ t) -

(4.6)

where t € [0,7],0 € [0, §], win—1 denotes the surface area of Sin—1, Pé(,zn_g’g_“l) is a Jacobi
polynomial and dyp is the dimension of ’HM, given by

(0+2n—-2)! (¢'+2n—3)!

, — / 2 _1 _ 12
de = (04 2n =)= 04 D o — 3y ei@n — 1)1

(>0 >0. (4.7)

We recall the Mehler—Heine formula for the so-called disk polynomials, proved in [9, p. 10].
The symbol J, denotes the Bessel function of the first kind of order «.

Proposition 4.1.1. Fizn € N. Let j,k € N, 5 < k. Then

2n—3,k—j
. ( ( 0 ))k*j P]( J)(COS(QTQ]C)) B F(Q _ 2) J2n—3(29)
PV Jik pE=3k=) (q) =ln g2n—3
k—+o00 J

where I' denotes the gamma function. This limit holds uniformly in every compact interval.

We also recall (see [9, p. 12|) that for all j,k € N, j <k,

pln=3k=i) (cos(26))

sup |(cos @)k~ J .
0cl0,/2] ‘ ]3].(2"73’]“*])(1)

‘gL (4.8)

For ¢ > 2 set

I /2 Pg(,%*g’zfelﬂ)(cos%) 9)¢-¢
q_< . Pé(/zn—3,z—e/+1)(1) (cos 0)

q

(sin 0)*"=5(cos 9)3d9> 1/q. (4.9)
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Lemma 4.1.2. For all ¢ > 2 and for all (¢,0") € I such that ¢’ is sufficiently large, we have

2n—3,0—0'+1
Pg(,n 0 )(cos(—m9

!/ ) !
(2n—3,0—0'+1) e ) (cos(8/ V)~
P, (1)

La([0,1];04n—5d0)

Proof. Observe that

VT | p(2n=3,6—'+1) 99
yrz [ | e

7 (2n—3,6—0'+1) )
_ /1/\/27 P, (00529)( OSQ)E4I+§
0

Pé(/2n—3,€—£’+1) (1)

1N P(2n—3,€—€’+1) 20 )
21/ - (2n—3,¢ Z'Jr(lc)(zs) )(COSH)K_E +1‘q(sin0)4n_5d0,
0 P 1

where the last inequality follows from the fact that 6 € (0,1/v¢¢'), with 1/v 00/ < 1/2, so
that cosf ~ 1, independently of ¢, ¢'. Then, after a change of variables we get

(cos @)t~ q(sin )" =5(cos 0)3dh

" (sin 0)" =549

! Pz(,zn_?”e_eurl)(COS(29/\/€€’))

(Z,)* 2/0 ‘ pEAT ) (COS(Q/\/@))E—K'H‘q(sin(e/\/@))4n—5ﬁ
v

o

(2n—3,0—0'+1) ;
N / gL T (cos(20/ V%))(cos(ﬁ/\/w’))g£/+1‘q(@/\/fﬂ’)4n_5d9/(\/ﬁf’)
0

Pg(/?n—&ﬁ—f’-i—l) (1)

q

P(Qn—S,Z—é’—l—l) ( cos( 20

. vie) »
(2n—3,6—€'+1) ) (cos(H/\/@))é O+1
fe 1)

~ (£0)=(2n=2) (4.10)

La([0,1];64n—5d0)

It is convenient to set

(2n—3,6—0'+1) 20
P, cos(—4=) )
Fur(6) = — ( Ve ) (cos(0/VE0))e=¢+1,

For ¢ = 2 we obtain a more precise estimate. Indeed, from standard properties of zonal
harmonics it follows that ||Zgw||2 ~ (dger)*/? which, by means of (&.6)), yields
sin (€ =0 +1)t)2

dper ~ (dgpr)?
wr ~ (deer) /0 (=0 +1)sint
/2 Pg(/znfs,efz’ﬂ) (cos 26)
X/O P31
/

sin? tdt

.12
(cos 0)676‘ (sin 0)*"5(cos 0)3d6.

é/
Since
sin (€ — ¢ +1)t)2

in?tdt ~ (0 — ¢ +1)72 4.11
(=05 1) st sin“tdt ~ (0 — 0 +1)77, (4.11)

we have

(Z2)? ~ (£ — £+ 1)2(de) . (4.12)
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Then, combining (4.10)) and (4.12)), we get for all ¢ > 2

7
fg 2 (f .y -+ 1)_1(d“/)l/Q(ff/)—(Qn—Q)/q||Fa/(9)||Lq([071};94n—5d9)

2 (¢)Cn=2@n=2/2 gy =Cn=219) Fys (6)]| o 0,100y
11

n—2)(L_1)_1 (9n_oy(l_1
2(5/)(2 Damg)72 020 q)HFM’(Q)HLq([o,1];94n75d0)-

O
To state the following lemma we set, for ¢ > 2,
Tsin (0 — ¢+ 1)t) ’q . 9 1/q
= tat) . 413
Ta </0 (¢ =0 +1)sint S (4.13)

Lemma 4.1.3. For all ¢ > 2 and for all (¢,¢') € Ig such that ¢ — ¢’ is sufficiently large, we

have
7 (0 — 0 +1)t=3/a for all ¢ >3
7(1 ~ < (log(¢ — £"))/3 forallq=3
? for all ¢ < 3.

Proof. We start recalling that
sin (€ — ¢ +1)t)

sint

—O((f = ¢ + 1)) P23 (cost)
yy ;

[56, p.60]. Thus, using a known asymptotic integral estimate (see [56 p.391]), we see that

™2 sin (0 — € + 1)t)|a B
(jq)qw/o | (ﬁ(—(f’%—l)sin)t)‘ sin®tdt ~ (€= +1)7, (4.14)

for ¢ > 3 and ¢ — ¢ sufficiently large. Combining (4.11)) and (4.14) we get the expected
estimate for J,/J> for all ¢ > 3. Similarly, the other two cases follow from [56, p.391|, and
@11). O

Combining Lemma and Lemma we obtain a bound from below for ||7ee||(, ), with
I1<p<2

Proposition 4.1.4. Fiz n > 2. For all (¢{,¢') € Is such that ¢ and ¢ — ¢ are sufficiently
large, and for all ¢ > 2 we have
(€ — 0+ 1) 3a(ep) =202 a =12 for gil g > 3

H?Z’Hq > J (log(¢ — £))1/3(0)@n-20/2-1/0p 12 o g 3 (4.15)
I ey en-2)01/2-1/0) =112 for all ¢ < 3.

Proof. For ¢ > 3, as a consequence of Lemma [£.1.2] we have

|Zeerllg
Zeerll2 ™
~ (f iy + 1)1—3/Q(££/)(2n—2)(1/2—1/‘1) (‘6/)_1/2||FM’(9)||L‘1(04"*5d0,[0,1])-

Then the first inequality in (4.15)) follows from a slight variation of Proposition (14.8])
and some trivial asymptotics for the Bessel function. The proof of the other two inequalities

is similar. O

(-0 +1)1=31, /T,
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4.1.3 Estimates for the highest weight spherical harmonics.

In this subsection we will estimate the norm of the highest weight spherical harmonics Py ¢ in
H | defined in (&.4)).
In |21, Lemma 5.3] the authors proved that for all (; € R, {; > 0, and for all {» € N one has

_ 21|, = _ 2027 _ Cn PG+ G+2)I'(¢+1)
z 21Z — 227 do = . 4.16
/M_l' w21 Znee — 2B [T do T(G+ 26 +2n) (¢ + 1) (4.16)
They also proved that as a consequence of (4.16)) the following bound holds
(¢ +1)2 2
Poyllo ~ . 4.17
IPeellz <(e+ PP (0t 1)) (.17)
Proposition 4.1.5. Let Pyy be the highest weight vector defined by (4.4). For all ¢ > 2 we
have )
: (0 +1)2 274 |[Perllq
lim su ( ) : > 0. 4.18
v e e+ )) [Peels s

Proof. Fix any ¢ > 2 and let (¢,¢') € Is. First of all, we choose 2¢; = (¢ — ¢')q. Then, if
¢'q € 2N, (4.16)) applied to Py with 2¢s = ¢'q yields

cn T(3042)T(40 +1)
L(EU+0)+2n) (20—-0)+1)

[Peelld =

Now a standard application of Stirling’s estimate leads to
(gg + 1)%4—4—(1—%—%)/(1(%6/ + 1)%[’4—1/(2(])
(4(0+ ) +2n — 1)3(E+)+2n—143) /g (4(0— )+ 1)1/a’

[Peerllq ~

which, combined with (4.17)), yields

1_1
IPeslly (£ +1): e (419)
IPeell, " \ 02 @=0+1)

This proves the assertion under the assumption ¢'q € 2N.

If ¢ = 72, for some my, ng € N*, it suffices to replace ¢ with 2no¢ and then choose (5 = mgt’.
By considering (¢,¢') € Is such that £ > 2ngl’, we get an estimate analogous to for
||P€,2n0€’ ||q7 yielding -

Finally, if ¢ is not rational, the desired estimate follows from the continuity of the L¢ norms
and the previous arguments for rational values of ¢. O

4.1.4 Estimates for mixed spherical harmonics.

We consider the function Qg , given by

v pEn=si=ttD) (cos 26)

PZ(,Q"_?”E_“l)(l) )

Qe (6, p,t) = (sintsin wei“’)e_f/ (cos @) (4.20)

for all (¢,0') € Is, with t,¢ € [0,7], ¢ € [0,27], # € [0,F]. Observe that Qg is obtained

replacing the factor sin ((¢ — ¢ + 1)t)/((¢ — ¢’ + 1) sin t)_l in (4.6) with the highest weight
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spherical harmonic of degree ¢ — ¢’ in ¥3, the unit sphere in R*. For a discussion about the
role of X3 (or, equivalently, of Sp(1)) in our analysis we refer to [21, Remark 2.3|.

We recall here that H% is a joint eigenspace for the spherical Laplacian Agan—1 and for
an operator I', which essentially coincides with the Casimir operator on Sp(1) and in our
coordinates reads as

19 . 9 1 1 0

I'= ! gsmz 0 + —————siny— +
 sin®t ot at ' sin?tsiny O O sin?tsin?q %

We refer to [37] and [35, p. 696] for a discussion about the role of this operator. Then it is
easily seen that Qg belongs to H . since it is an eigenvector for both Agan—1 and T

Proposition 4.1.6. Fiz n > 2. For all (¢,0') € Is, such that ¢' and { — ¥ are sufficiently
large, and for all ¢ > 2 we have

||QM”q > (06— €/+1)1/2 1/q(€€/)(2n 2)(1/2-1/q) pr— 1/2

1Qeerll2 ™
Proof. The estimate in the assertion follows from Lemma [4.1.2] Proposition and some
basic bounds for the spherical harmonics in ¥ (see [51, Theorem 4.1]). O

Remark 4.1.7. A comparison between Proposition Proposition and Proposition
leads to the estimates of Theorem thus proving it.

Remark 4.1.8. The proof of the reverse inequality of (4.5), which involves both real and
complex interpolation arguments, multiplier theorems for Agan-1, I' and for £, and a very
detailed analysis of the Jacobi polynomials, is quite long and involved. This work is already
under way.

4.2 Dimension free estimates for bigraded spherical harmonics

In this section we prove some dimension free estimates for bigraded spherical harmonics on
complex and quaternionic spheres, inspired by an earlier paper by Duoandikoetxea [24]. Our
focus is on the sharpness of these estimates

4.2.1 Some dimension free estimates

We start recalling some well-known decompositions of the spaces of square-integrable functions
on spheres. More precisely, we recall that the space L?(S"~1) may be written as

s =W, (4.21)

LeN

where each subspace V;, formed by the spherical harmonics of degree /¢, is invariant under the
action of the orthogonal group O(n) [55]. If S"~! is replaced by the complex unit sphere in
Cn", S~ ~ U(n)/U(n — 1), Vilenkin (see [38]) proved a finer decomposition of L?(S?"~1)
as direct sum of invariant subspaces Hy ¢, irreducible under the action of the unitary group

U(n), that is
s = @ Hey. (4.22)

(£,/)eENXN
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The relationship between and (| is given by

EB Hyp. (4.23)
0=
Moreover, by identifying the unit sphere S**~! in the quaternionic vector space of dimension
n, H", with (Sp(n) x Sp(1))/(Sp(n — 1) x Sp(1)), as we saw in Section [4.1] Kostant proved

that
S4n 1 @ Hop, (4.24)

£>0'>0

where each subspace Hyp is irreducible under the action of Sp(n) x Sp(1) (see [39]).
It is also well known that

@ Hop . (4.25)

040" =

We refer to [37] for a unified representation-theoretic approach to these decompositions.
From the spectral side, it is well known that the V; are eigenspaces for the Laplace—Beltrami
operator Agn-1, corresponding to the eigenvalue ¢(¢ + n — 2). In the complex and in the
quaternionic case, Hyp and Hyp turn out to be eigenspaces both for the Laplace—Beltrami
operators on S?"~1 and S*~! corresponding to the eigenvalues (¢ + ¢') (¢ + ' + 2n — 2) and
(0 + 0L+ +4n —2), respectively, and for a suitably defined sub-Laplacian L to the
eigenvalue Agpr, given by 200’ 4+ (n—1)(£+¢') in the complex case and by 4(¢¢' + (n —1)¢ 4+ n{’)
in the quaternionic case (see [21]). For this reason, the elements of Hy» and Hyp are usually
called bigraded spherical harmonics.

On §?"~! € C™ we consider the standard coordinate system (see [38, 11.1.4])
e¥1sin@,,_;...sinb;

&1

& =e¥2sinf,_1...cosb;

(4.26)

&1 = €"1ginf,, 1 cosb, o

§n = € cos b1,

with 0; € [0,7/2], j € {1,...,n — 1}, ¢ € [0,27], k € {1,...,n}, and the corresponding
normalized Lebesgue measure, given by

1 1 9i1
’SQn—1|d |S2n— 1’H? i Sin™ 70 cos 0;d0; 1Ty dpy,
where [S?"~ 1| = (:) = (712%2), (see [38] 11.1.8]).

On S*~1 € H" we adopt a system of coordinates different from those used in Section
These coordinates were introduced in |38, 11.7.1| and are given by

( . . . .
q1 = uysinf,_1sinf,_o...sinfysin b,

g2 = U sin Hn,l sin 97172 ...sin (92 COS (91
(4.27)

Gn—1 = Up—18in6, 1 cosly o

qn = Up €OS b1,
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where ' ‘
ug = €% coswy, + €'V sinwyJ,
with 0; € [0,7/2], j € {1,...,n— 1}, pp, ¥ € [0,27], wi € [0,7/2], k € {1,...,n}. The

corresponding normalized Lebesgue measure is

1

do = S| sin®56,,_1 cos® 0,,_; sin

X dGn,ldGn,g e d92d01

X sinwy coswy . . . sinwy cos wpdwi . . . dwpdps . .. dppdipy . .. dipy,

=99 5cos36,_o...sin’ Oy cos® O sin® 0 cos® 6,

where
27T2n

dn—1| _
ST = r'(2n)

(4.28)

If S denotes S?*~! or S*~! endowed with the normalized Lebesgue measure, we define

nﬁﬁzévwwwm»

The following result was proved in the case of the real sphere in [24]. In the complex and
quaternionic framework it is a straightforward consequence of [24, Theorem 1].

Proposition 4.2.1. Let Yy be any bigraded spherical harmonic in Hop or Hep, with (£,0') €
N x N. If Yy € Hypr, we assume in addition that £ > {'. Then

Yer |l < C@E) (= 1) ||o for all p > 2. (4.29)

Proof. The proof is very similar to that of [24, Theorem 1|, as long as we replace the standard
Hecke’s identity for spherical harmonics by means of Hecke’s identity for bigraded spherical
harmonics (for a proof of this identity the complex case, see for instance [30] or [57]; the
quaternionic case may be treated analogously). O

4.2.2 Sharpness of the results

In the following, we shall focus on the sharpness of the bound found in the last subsection.

Proposition 4.2.2. Estimate (4.29)) is sharp, in the sense that there exist spherical harmonics
in Hypr or Hep such that the reverse inequality holds with the same exponent (£ + £')/2.

Proof. We consider the complex and the quaternionic case separately.
The complex case. Consider the "highest weight spherical harmonic" Qg = zfz’ggl. From
now on we shall assume ¢ > ¢'. We have

1 n
Qe[ = W(%) Tn(p, 6,07) x J(p, £, 1), (4.30)

where

w/2

Jn(p, £, 1) = ( sin 9n—1) (E+Ep+an=3 o 0p—1d0,—1

S—

w/2 , /2 ,
(sin Gn,g) (E+E)p+2n=5 cos O,,_odB,_9 X -+ X / ( sin 92) (E+Ep+3 cos 65dbs
0

X
S—
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and

100 = [ costy)rriap, = LT UTUR D)
’ 2 T((+0)p/2+2)
From Stirling’s formula we easily get

(0)4/2+1/(2p) (g1y¢'/2+1/(2p)
(0+ 0"+ 2/p)t/2+t/243/(2p)

J(p7€,gl)1/p ~ 21%(27[‘)1/(2@61/10

so that

NI

' 41 1
W,\,Qé;@ﬂ;pie;%(g) 2% 4(1;’)21)
(J(27€,£/))1/2 g+€/+2/p £+€,+2/p

% (e_"_gl + 2/p>1/4—1/(2p)
> (040 +2/p)t/A=1/Cp) (4.31)

for all p > 2.
Another standard application of Stirling’s formula shows that, for m, s € N, m > 3 sufficiently

large, s > 1, p € R and p > 2, we have

I'(m/2)I'(sp/2 + 1) mj2—1/2, \sp/241/2 —(sp+m)/2+1/2
~ -2 +m—2 . (4.32
I'((sp+m)/2) Vi (m—2) (sp) (Sp m ) (4.32)
When m = 2, we have in particular
['(m/2)(sp/2+ 1) 1 (4.33)

I'((sp+m)/2)
Then (4.32)), combined with (4.33]), yields
(n(p, DY ((C+Op/24+ 1)

(2, 6DV (g 41)
« (E+E/)%(%_%)p(€+€/)/2+1/(2p)27(€+€/)/271/4

((g + g/)2 + (2n _ 2))(f+€')/2+n/271/4
((¢+ £)p+ (2n — 2)) FO FHmp UG

[NIE
—
—~

S
|

VY]
—

(272D (n))F Fa% i (20 — 2)5™

(4.34)

As a consequence of (4.30)), (4.31)), and (4.34) we finally get

1Qeells @052 (Julp, 6,00)" (J(p, . 0)) 7
1Qeerlla ~ ISP 1o=172 (7,2, 6, 00172 (J(2,6,0))1/2

1
(+0)/291/p—1/2 ((C+0)p/2+2)"" 1 1 (£+€/)%(% 3o—(t+0)/2-1/4

T2 4

~p
(t+0+2)"7
1(_1
y (2n72)l(n—%) ((£+£/)2+(2n_2))§(n )
1 l 1 T
((C+)p+(2n—2 )5(" 2 (2n — 2)3(n=3)
(20 —2) 7TQ(———>21/4 (3G G
((+ 0)p + (2n — 2))H72 ((+0+1)3G %)
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—3 9= (t+€)/2

D=

1/p
(e+€)/29-1/2 1/p ((C+0)+4/p) -

(e+0+2)"?
(24 @n—2) 0P GG
((c+ )+ 20 —2)) T2 (14 1)5”

~p

)

N[

where we used the fact that

(2n — 2)p("2) ((L+0)2+@n-2)"8
(6 + ) + (20— 2))5" 2 (2n —2)32)
Since, moreover,
(¢ +¢)+a/p)” 1 .,
(C+e+2)"? (ror1)rE
for some positive constant ¢, we have
:‘ngp > (L+0)/2 9—1/2 pl/pﬂ_%*% 9—(+£)/2
2012
(02 @n=2)" oy hay
X ((ﬁ N E’)p N (2n B 2))(£+e/)/2 P p

> C(g’gl)p(ﬁ-‘ré’)/Q « ((
((

proving the assertion in the complex framework.

The quaternionic case. By convention, we shall write ¢ € H" as ¢ = (21 + jzn+t1,22 +

JZn42y -y Zn + JZon), #1, ..., 2on € C. Then consider the highest weight spherical harmonic
Ppy(z,2) = Zf,:‘_el (z1Zn+2 — 22§n+1)£ (4.35)
(we refer to |42, p. 2999| for an explicit computation). Then
1 o . . . . /
|| Peer H£ = g1 / ‘ sin wl‘(e s ‘ewle_zw2 coswy sinwy — €921 cos wy sin wy “p
X (sin 9n-1) (EHp+an=5 3 On_1
X ( sin Hn_g) (£ +an=9 cos30,_9...... ( sin 02) (E+Ep+T cos® 05

X (sin 01)£p+3(cos Gl)él“g

Hn 1d9 Coswi . .. sinwy coswy Iy dwy dprdiy
1 1 on—a 7(¢) \1
= St gz ) T (i) s B((E+ O)p/2 + 20— 2,2)

X %B((€+€')p/2+2n—4, 2) X ... X %B((€+£')p/2+4, 2)

x S B((tp)/2+2,(¢9)/2+2),
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where B denotes the beta function and

2
JZ( » / / |e"p16 W2 ¢oswy sinws — €921 coswy sin wl} Jpt
cos w1 dwi dwadpidpadipdips.
As a consequence of (4.28)), we finally obtain
1 @ L'((p)/2+2)T((¢'p)/2+ 2)
Pyt = —(J,%) )T(2

1Peerllp = oz (e p)T(27) T(({+ )p/2 + 2n)

L D@2+ T2 +2) JD((+ )p/2T(2n)
4,0

~ T+ ()p)2 + 4) (€ + /2 ST o2+ 2m)
~ (I0,) % B((¢+)p/2,2n),

where

7o~ Ly B2+ 2)0((Cp)/2+2)

o= Vi) =T oz (CHOP

Finally, Stirling’s approximation yields

pl+e)/2=1/(2p) 0+ 6/)(£+£/)/2_1/(2p)(zn)(2n71/2)/p

(q) 1/p
Py
1Peellp ~ (Jeiep) " 2(+)/2-1/20) (£ 4 £1)p/2 + 2m) T2HEn=2/PT

£,0'.p

and

p+0)/2=1/(2p) (g+5/)(€+€’)/2—1/(2p)(2n)(2n—1/z)/p
2(Z+f’)/2—1/(2p)((£+g/)p/Q+2n)(£+£/)/2+(2"*1/2)/p
2(£+z’)/2—1/4(€+€/ + 2n)(£+é')/2+n—1/4

2(e+)/2-1/4(¢ 4 g/)(f+f’)/2*1/4(2n)n—1/4

|| Py | =(g) \1 ~1/2
HPMHZ -~ (Je(,?,p) /p(Jg(q) ) /2

pEH/2=1/C0) (¢ 4 g)a~ 2
9+ /2—1/(2p)
2(+0)/2( 4 ¢/ 4 o) (H/2 <£ + 0 +2n

~ (T ) )

1/4 (2n-3);
)” (2n) P
2n ((€+€/)p/2 + 2n)<2n_1/2)/p

(€ + e)p + 4n) 72
Since / .
(75 o+ 2”)”7 o L e
2n ’
and )
( 2n )(2n7§)/p - e_";;/‘l(g_’_e/)
(L+0)p/2 +2n ’
one has

plEH/2-1/2p) (¢ 4 g/)i—ﬁ
2—1/(2p) ’

HPM’H 7 1/p/ 7 -1/2
Bl ~ o) () 7

(£+ 0 + 2n)HO/2
((€+€/)p+4n)(€+5/)/2
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Note that for n large

/ 40 /2 o 2(+¢)+4n
W>( )/ — o= (+0)/2,72 log (p(e+e')+4n)
et (p—2)(e+2")

p(l+ ') +4n

< L4+ 0+ 2n >(«’f+f')/2 _ 2_@4_5/)/2(
p
_ o425 108 (1SR (e 2 S A

(L+0)+4n

48 (p=2)(£+¢)
> 9= ()2, "2 parenta ,

and this latter function is bounded as a function of p. Thus

| Peer || , y
> f(6,0,p) x pH/2,
[Pl = TGP xP

proving the assertion in the quaternionic case.
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