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❙✉♣❡r✈✐s♦r❡✿ ❈❤✳♠♦ Pr♦❢✳ P✐❡r♦ ❘✉♦❧

❈♦✲❙✉♣❡r✈✐s♦r❡✿ Pr♦❢✳ ▲✉❝❛ ▼❛rt✐♥❡❧❧✐

❉♦tt♦r❛♥❞❛✿ ❈❤✐❛r❛ ❋❛✈❛r❡tt♦





❙♦♠♠❛r✐♦

▲✬❛❧❧❛❣❛♠❡♥t♦ ❝♦st✐❡r♦ è ✉♥❛ t❡♠❛t✐❝❛ ❞✐ ❣r❛♥❞❡ ❛tt✉❛❧✐tà ❝❤❡ ❤❛ s✉s❝✐t❛t♦ ♥❡❣❧✐ ✉❧t✐♠✐ ❛♥♥✐

✉♥❛ ❢♦rt❡ ❛tt❡♥③✐♦♥❡ s✐❛ ❞❛ ♣❛rt❡ ❞❡❧❧❛ ❝♦♠✉♥✐tà s❝✐❡♥t✐✜❝❛ ❝❤❡ ❞❛ ♣❛rt❡ ❞❡❣❧✐ ❛♠♠✐♥✐str❛t♦r✐

❡ ❣❡st♦r✐ ❞❡❧ t❡rr✐t♦r✐♦✳ ▲✬✐♥♥❛❧③❛♠❡♥t♦ ❞❡❧ ❧✐✈❡❧❧♦ ♠❡❞✐♦ ❞❡❧ ♠❛r❡ ❞♦✈✉t♦ ❛✐ ❝❛♠❜✐❛♠❡♥t✐ ❝❧✐✲

♠❛t✐❝✐ ❡ ❧❛ ♠❛❣❣✐♦r ❢r❡q✉❡♥③❛ ❞✐ ♠❛r❡❣❣✐❛t❡ ❡str❡♠❡ ❢❛♥♥♦ ♣r❡✈❡❞❡r❡ ✉♥❛ ♣✐ù ❛❧t❛ ♣r♦❜❛❜✐❧✐tà

❞✐ ❛❝❝❛❞✐♠❡♥t♦ ❞✐ ❡✈❡♥t✐ ❞✐ ✐♥❣r❡ss✐♦♥❡ ♠❛r✐♥❛ ❧✉♥❣♦ ✐ ❧✐t♦r❛❧✐✳

❚❛❧❡ ❢❡♥♦♠❡♥♦ ❤❛ ❡✈✐❞❡♥t❡♠❡♥t❡ ❝♦♥s❡❣✉❡♥③❡ s✐❛ ❞✐ ❝❛r❛tt❡r❡ ❡❝♦♥♦♠✐❝♦ ❝❤❡ s♦❝✐❛❧❡ ❛♥❝❤❡ ✐♥

❝♦♥s❡❣✉❡♥③❛ ❞❡❧ ❢❛tt♦ ❝❤❡ ❧❡ ③♦♥❡ ❝♦st✐❡r❡ r✐s✉❧t❛♥♦ ❛✈❡r❡ ✐♥❢❛tt✐ ✉♥❛ ❞❡♥s✐tà ❞✐ ♣♦♣♦❧❛③✐♦♥❡

♠♦❧t♦ ♠❛❣❣✐♦r❡ ❞❡❧❧✬❡♥tr♦t❡rr❛✳ ■♥ ■t❛❧✐❛✱ ❛❞ ❡s❡♠♣✐♦✱ ✐❧ ✸✵✪ ❞❡❧❧❛ ♣♦♣♦❧❛③✐♦♥❡ ✈✐✈❡ ♥❡✐ ✻✹✻

❝♦♠✉♥✐ ❝♦st✐❡r✐ ❝❤❡ ❝♦♣r♦♥♦ s♦❧❛♠❡♥t❡ ✐❧ ✶✸✪ ❞❡❧ t❡rr✐t♦r✐♦ ♥❛③✐♦♥❛❧❡✳ ▲❛ ❝♦st❛ ❤❛ ✐♥♦❧tr❡

✉♥❛ ❢♦rt❡ ❛ttr❛tt✐✈❛ s✐❛ ❞❛❧ ♣✉♥t♦ ❞✐ ✈✐st❛ t✉r✐st✐❝♦✴❜❛❧♥❡❛r❡✱ ❝♦♥ ♥✉♠❡r♦s❡ ❛tt✐✈✐tà r✐❝❡tt✐✈❡

❡ r✐❝r❡❛t✐✈❡✱ ❝❤❡ ❞❛❧ ♣✉♥t♦ ❞✐ ✈✐st❛ ♣r♦❞✉tt✐✈♦ ❡ ❛♠❜✐❡♥t❛❧❡✴♥❛t✉r❛❧✐st✐❝♦✳ ▲✉♥❣♦ ❧❛ ❝♦st❛

✐t❛❧✐❛♥❛ s♦♥♦ s✐t✉❛t✐ ♦❧tr❡ ✺✵✵ ♣♦rt✐ ❞✐ t✐♣♦ ❝♦♠♠❡r❝✐❛❧❡✱ ♣❡s❝❤❡r❡❝❝✐♦✱ ❡ t✉r✐st✐❝♦ ❡ ✐♥ ❡ss❛

s♦♥♦ ❞✉♥q✉❡ ❝♦♥❝❡♥tr❛t❡ ♠♦❧t✐ss✐♠❡ ❛tt✐✈✐tà ❡❝♦♥♦♠✐❝❤❡✳

▲❛ ❝r❡s❝❡♥t❡ ✉r❜❛♥✐③③❛③✐♦♥❡ ❡ ❧❛ s❡♠♣r❡ ♣✐ù ❛❧t❛ ♣❡r❝❡♥t✉❛❧❡ ❞✐ ♣❡rs♦♥❡ ❝❤❡ ✈✐✈♦♥♦ ♥❡✐ ❧✐t♦r❛❧✐

❛✉♠❡♥t❛♥♦ ✐❧ ✈❛❧♦r❡ ❡s♣♦st♦ ❛❧❧✬❛❧❧❛❣❛♠❡♥t♦ ❝♦st✐❡r♦✱ ❝❤❡ ✈❛ ❞✉♥q✉❡ st✉❞✐❛t♦ ❡ ❛♣♣r♦❢♦♥❞✐✲

t♦ ♣❡r ♠✐t✐❣❛r❡ ✐❧ r✐s❝❤✐♦ ❞✐ ♣❡r❞✐t❡ ❡❝♦♥♦♠✐❝❤❡✱ ❞✐ ❞❛♥♥✐ ❛❧ ♣❛tr✐♠♦♥✐♦ ❛rt✐st✐❝♦✴❝✉❧t✉r❛❧❡ ❡

❛❧❧✬❛♠❜✐❡♥t❡ ❡ ♣❡r s❝♦♥❣✐✉r❛r❡ ♣❡r✐❝♦❧✐ ♣❡r ❧✬✐♥❝♦❧✉♠✐tà ❞❡❧❧❡ ♣❡rs♦♥❡ ♣r❡s❡♥t✐ ✐♥ q✉❡st✐ t❡rr✐✲

t♦r✐✳

▲❛ ♠♦t✐✈❛③✐♦♥❡ ❞✐ q✉❡st❛ r✐❝❡r❝❛ è s❝❛t✉r✐t❛ ❞❛❧❧❛ ♥❡❝❡ss✐tà✱ ❡s♣r❡ss❛ ❞❛❣❧✐ ❡♥t✐ ❣❡st♦r✐ ❡ ♣✐❛✲

♥✐✜❝❛t♦r✐ ❞❡❧❧❛ ❝♦st❛ ❱❡♥❡t❛✱ ❞✐ r❡❞✐❣❡r❡ ♠❛♣♣❡ ❞✐ r✐s❝❤✐♦ ❞✐ ❛❧❧❛❣❛♠❡♥t♦ ❝❤❡ ✐♥❝❧✉❞❡ss❡r♦ tr❛

❧❡ ❝❛✉s❡ ❞❡❧❧✬❛❧❧✉✈✐♦♥❛♠❡♥t♦ ♥♦♥ s♦❧❛♠❡♥t❡ ❧✬❡s♦♥❞❛③✐♦♥❡ ❞✐ t✐♣♦ ✢✉✈✐❛❧❡✱ ♠❛ ❛♥❝❤❡ q✉❡❧❧❛ ❞✐

♦r✐❣✐♥❡ ❝♦st✐❡r❛ ❡ ❞✐ ❛✈❡r❡ ♣❡rt❛♥t♦ ✉♥♦ str✉♠❡♥t♦ r❛♣✐❞♦ ❡ s❝✐❡♥t✐✜❝❛♠❡♥t❡ ❜❛s❛t♦ ❝❤❡ ❝♦♥✲

s❡♥t❛ ❞✐ r✐s♣♦♥❞❡r❡ ✐♥ ♠❛♥✐❡r❛ ✉♥✐t❛r✐❛ ❡ ♦♠♦❣❡♥❡❛ ♣❡r t✉tt♦ ✐❧ ❧✐t♦r❛❧❡ ❛❧❧❛ ❉✐r❡tt✐✈❛ ❆❧❧✉✈✐♦♥✐

✭✷✵✵✼✴✻✵✴❈❊✮✳ ❆ t❛❧❡ s❝♦♣♦ è st❛t❛ ♣r❡❞✐s♣♦st❛ ✉♥❛ ♠❡t♦❞♦❧♦❣✐❛ ♣❡r ❞❡✜♥✐r❡ ♠❛♣♣❡ ❞✐ r✐s❝❤✐♦

❞✐ ❛❧❧❛❣❛♠❡♥t♦ ❛ttr❛✈❡rs♦ ✉♥✬❛♥❛❧✐s✐ ❞✐ ❞✐✈❡rs✐ s❝❡♥❛r✐ ❛ ❞✐✈❡rs❡ s❝❛❧❡ t❡♠♣♦r❛❧✐ ❡ s♣❛③✐❛❧✐✳

■❧ ♣r✐♠♦ ♣❛ss♦ è st❛t♦ ✐♠♣❧❡♠❡♥t❛r❡✱ ❞♦♣♦ ✉♥ ❛rt✐❝♦❧❛t♦ st✉❞✐♦ t❡♦r✐❝♦ ✭❈❛♣✐t♦❧♦ ✷✮ ❡ ✉♥❛

❛❝❝✉r❛t❛ r✐❝❡r❝❛ ❜✐❜❧✐♦❣r❛✜❝❛ ✭❈❛♣✐t♦❧♦ ✸✮✱ ✉♥ ♠♦❞❡❧❧♦ ♥✉♠❡r✐❝♦ ❝❤❡ r✐s♦❧✈❡ ❧❡ ❡q✉❛③✐♦♥✐ ❞❡❧

♠♦t♦ ✭♦✈✈❡r♦ ❧❡ ❡q✉❛③✐♦♥✐ ❛❧❧❡ ❛❝q✉❡ ❜❛ss❡✮ ✐♥ ❢♦r♠❛ s❡♠♣❧✐✜❝❛t❛ ♣❡r s✐♠✉❧❛r❡ ❧❛ ♣r♦♣❛❣❛③✐♦✲

♥❡ ❞❡❧❧✬❛❧❧❛❣❛♠❡♥t♦ ♥❡❧❧✬❡♥tr♦t❡rr❛ ✭❈❛♣✐t♦❧♦ ✹✮✳ ▲❡ s❡♠♣❧✐✜❝❛③✐♦♥✐ ❛♣♣♦rt❛t❡ ❛❧❧❡ ❡q✉❛③✐♦♥✐

✭✐♥ ♣❛rt✐❝♦❧❛r❡ ❛❧❧✬❡q✉❛③✐♦♥❡ ❞❡❧❧❛ ❝♦♥s❡r✈❛③✐♦♥❡ ❞❡❧❧❛ q✉❛♥t✐tà ❞✐ ♠♦t♦✮ s♦♥♦ ❡ss❡♥③✐❛❧♠❡♥t❡

❞✉❡✿ ✐✮ ✐ t❡r♠✐♥✐ ❛✈✈❡tt✐✈✐ s♦♥♦ st❛t✐ tr❛s❝✉r❛t✐ ♣♦✐❝❤é r✐s✉❧t❛♥♦ ♣♦❝♦ ✐♠♣♦rt❛♥t✐ ♥❡❧ t✐♣♦ ❞✐

❢❡♥♦♠❡♥♦ ❛♥❛❧✐③③❛t♦✱ ✐✐✮ ✐❧ t❡r♠✐♥❡ ❞✐ ❛ttr✐t♦✱ ❢♦♥❞❛♠❡♥t❛❧❡ ♣❡r ❞❡s❝r✐✈❡r❡ ❧❛ ♣r♦♣❛❣❛③✐♦♥❡✱ è

st❛t♦ ❧✐♥❡❛r✐③③❛t♦✳ P❡r ❣❛r❛♥t✐r❡ ❧❛ ♣♦s✐t✐✈✐tà ❞❡❧❧❛ s♦❧✉③✐♦♥❡ ❡ ❧❛ s✉❛ st❛❜✐❧✐tà✱ ❡✈✐t❛♥❞♦ q✉✐♥❞✐

❧❛ ❢♦r♠❛③✐♦♥❡ ❞✐ ♦s❝✐❧❧❛③✐♦♥✐✱ s♦♥♦ st❛t❡ ✐♠♣❧❡♠❡♥t❛t❡ ❛❧❝✉♥❡ t❡❝♥✐❝❤❡ ♥✉♠❡r✐❝❤❡ ❞❡s❝r✐tt❡ ♥❡❧

❈❛♣✐t♦❧♦ ✹✳

▲❡ ❡q✉❛③✐♦♥✐ s❡♠♣❧✐✜❝❛t❡ s♦♥♦ ❛❞❛tt❡ ❛❞ ✉♥ ❝❛❧❝♦❧♦ ✐♥ ♣❛r❛❧❧❡❧♦ ❡ ♣❡rt❛♥t♦ ✐❧ ♠♦❞❡❧❧♦ ♣r♦♣♦st♦

■



❤❛ ❝♦♠❡ ♣❡❝✉❧✐❛r✐tà ❧✬✉t✐❧✐③③♦ ❞✐ ❛❧❣♦r✐t♠✐ ✐❞♦♥❡✐ ❛❧❧✬✉s♦ ❞✐ ●P❯✱ ✐♥ ❣r❛❞♦ q✉✐♥❞✐ ❞✐ ❛♥❛❧✐③③❛r❡

❣r❛♥❞✐ ♠❛♣♣❡ ✐♥ t❡♠♣✐ ❞✐ ❝❛❧❝♦❧♦ r✐❞♦tt✐ ❡ ❞✐ ❧❛✈♦r❛r❡ ❞✐r❡tt❛♠❡♥t❡ ❛❧❧❛ s❝❛❧❛ ❞❡❧ ♣✐①❡❧ ✭✉t✐❧✐③✲

③❛♥❞♦ ✏❉✐❣✐t❛❧ ❊❧❡✈❛t✐♦♥ ▼♦❞❡❧✑ ❉❊▼ ❛❞ ❛❧t❛ r✐s♦❧✉③✐♦♥❡✮ s❡♥③❛ ❧❛ ♥❡❝❡ss✐tà ❞✐ ❝r❡❛r❡ ♠❡s❤✳

▲❡ ✉♥✐tà ❞✐ ❡❧❛❜♦r❛③✐♦♥❡ ❣r❛✜❝❛ ✭●P❯s✱ ❣r❛♣❤✐❝s ♣r♦❝❡ss✐♥❣ ✉♥✐ts✮ s♦♥♦ ✉♥❛ t✐♣♦❧♦❣✐❛ ♣❛r✲

t✐❝♦❧❛r❡ ❞✐ ❝♦♣r♦❝❡ss♦r✐✱ ❝❤❡ s✐ ❝♦♥tr❛❞❞✐st✐♥❣✉♦♥♦ ♣❡r ❡ss❡r❡ s♣❡❝✐❛❧✐③③❛t❡ ♥❡❧ r❡♥❞❡r✐♥❣ ❞✐

✐♠♠❛❣✐♥✐ ❣r❛✜❝❤❡✱ ♠♦❧t♦ ✉t✐❧✐③③❛t❡ ♥❡❧ ❣❛♠✐♥❣✳ ◆❡❣❧✐ ✉❧t✐♠✐ ❛♥♥✐✱ t✉tt❛✈✐❛✱ t❛❧❡ t❡❝♥♦❧♦❣✐❛

è st❛t❛ ✐♠♣✐❡❣❛t❛ ✐♥ ❞✐✈❡rs✐ ❝❛♠♣✐ ❞✐ r✐❝❡r❝❛✱ q✉❛❧✐ ❛❞ ❡s❡♠♣✐♦ ❡❧❛❜♦r❛③✐♦♥✐ ❞✐ ✐♠♠❛❣✐♥✐ ❡

❞❛t✐✱ ❛♠❜✐t✐ ♠❡❞✐❝✐ ❡ ❝❛❧❝♦❧✐ s❝✐❡♥t✐✜❝✐✳ ❚r❛❡♥❞♦ ✈❛♥t❛❣❣✐♦ ❞❛❧❧❛ ♣♦ss✐❜✐❧❡ ♣❛r❛❧❧❡❧✐③③❛③✐♦♥❡ ❞❡❧

❝♦❞✐❝❡ ❝❤❡ r✐s♦❧✈❡ ❧❡ ❡q✉❛③✐♦♥✐ s❡♠♣❧✐✜❝❛t❡ ❞❡❧ ♠♦t♦✱ ♥❡❧ ♣r❡s❡♥t❡ st✉❞✐♦ è st❛t❛ ✉t✐❧✐③③❛t❛ ❧❛

●P❯ ◆✈✐❞✐❛ ❚❡s❧❛ ❑✽✵ ❝♦♥ ✹✾✾✷ ❝♦r❡ ❡ ✶✷ ●❇②t❡ ❞✐ ♠❡♠♦r✐❛✱ ♦tt❡♥❡♥❞♦ t❡♠♣✐ ❞✐ ❝❛❧❝♦❧♦✱

♣❡r ❞♦♠✐♥✐ ♠♦❧t♦ ❡st❡s✐✱ ♣❛r✐ ❛❧ ✸✪ ❞✐ q✉❡❧❧✐ ♥❡❝❡ss❛r✐ ✉t✐❧✐③③❛♥❞♦ ✉♥❛ ❝❧❛ss✐❝❛ ❈P❯✳

■❧ ♠♦❞❡❧❧♦ ♥✉♠❡r✐❝♦ ❞✐ ❛❧❧❛❣❛♠❡♥t♦ è st❛t♦ ❡s❛♠✐♥❛t♦ ✭❈❛♣✐t♦❧♦ ✺✮ ❛ttr❛✈❡rs♦ ✐❧ ❝♦♥❢r♦♥t♦ ❝♦♥

q✉❛ttr♦ ❜❡♥❝❤♠❛r❦ ♠♦❧t♦ ♥♦t✐ ✐♥ ❧❡tt❡r❛t✉r❛ ✭❞✉❡ s♦❧✉③✐♦♥✐ ❛♥❛❧✐t✐❝❤❡ ❞❡❧❧❡ ❡q✉❛③✐♦♥✐ ❛❧❧❛ ❛❝✲

q✉❡ ❜❛ss❡ ❡ ❞✉❡ ♣r♦✈❡ s♣❡r✐♠❡♥t❛❧✐✮✳ ■♥♦❧tr❡ è st❛t♦ ❛♣♣❧✐❝❛t♦ ❛❞ ✉♥ ❝❛s♦ r❡❛❧❡ ❞✐ ❛❧❧❛❣❛♠❡♥t♦

❝♦st✐❡r♦ ❛✈✈❡♥✉t♦ ❛ ❈❛♦r❧❡ ✭❱❊✮ ♥❡❧ ❉✐❝❡♠❜r❡ ✷✵✵✽✱ ❝♦♥❢r♦♥t❛♥❞♦ ✐ r✐s✉❧t❛t✐ ♦tt❡♥✉t✐ ❝♦♥ ✉♥❛

♠❛♣♣❛ ❞✐ ❛r❡❡ ❛❧❧❛❣❛t❡ r✐❝♦str✉✐t❛ ❣r❛③✐❡ ❛❞ ✉♥ ✈✐❞❡♦ r✐♣r❡s♦ ❞✉r❛♥t❡ ❧✬❡✈❡♥t♦ ❡str❡♠♦✳ ■❧

♠♦❞❡❧❧♦ è r✐s✉❧t❛t♦ ✐♥ ❜✉♦♥ ❛❝❝♦r❞♦ ❝♦♥ ❧❡ s♦❧✉③✐♦♥✐ ❛♥❛❧✐t✐❝❤❡✱ ❧❡ ♠✐s✉r❡ ❞✐ ❧❛❜♦r❛t♦r✐♦ ❡ ❧❡

✐♥❢♦r♠❛③✐♦♥✐ ❞✐s♣♦♥✐❜✐❧✐✳

❯t✐❧✐③③❛♥❞♦ ✉♥ ♠♦❞❡❧❧♦ ❞✐ tr❛s❢♦r♠❛③✐♦♥❡ ❞❡❧❧✬♦♥❞❛ ❞❛❧ ❧❛r❣♦ ❛ r✐✈❛ ✭✐❧ ♠♦❞❡❧❧♦ ♣r♦♣♦st♦ ❞❛

❉❛❧❧② ❡t ❛❧✳ ✶✾✽✺✮✱ ❝❤❡ t✐❡♥❡ ❝♦♥t♦ ❞❡✐ ❢❡♥♦♠❡♥✐ ❞✐ r✐❢r❛③✐♦♥❡✱ s❤♦❛❧✐♥❣ ❡ ❞❡❧❧❛ ❞✐ss✐♣❛③✐♦♥❡ ❞✐

❡♥❡r❣✐❛ ❝❛✉s❛t❛ ❞❛❧ ❢r❛♥❣✐♠❡♥t♦✱ è ♣♦ss✐❜✐❧❡ ✈❛❧✉t❛r❡ ❧❛ ❝♦♥❞✐③✐♦♥❡ ❛❧ ❝♦♥t♦r♥♦ ♣❡r ✐❧ ♠♦❞❡❧❧♦

❞✐ ❛❧❧❛❣❛♠❡♥t♦✳ ❚❛❧❡ ❝♦♥❞✐③✐♦♥❡ è ❝♦♠♣♦st❛ ❞❛❧ ✈❛❧♦r❡ ❞❡❧ ❧✐✈❡❧❧♦ ❞❡❧ ♠❛r❡✱ ❞❛❧ ✈❛❧♦r❡ ❞✐ s❡t✲✉♣

❡ ❞❛❧❧✬❛❧t❡③③❛ ❞❡❧❧✬♦♥❞❛ ❛❧❧❛ ❧✐♥❡❛ ❞✐ r✐✈❛ ✐♥ ❝♦♥❞✐③✐♦♥✐ ❞✐ ♠❡❞✐♦ ♠❛r❡✳

▲❛ ♠❡t♦❞♦❧♦❣✐❛ è st❛t❛ ✐♥✜♥❡ ❛♣♣❧✐❝❛t❛ ❛❧❧❛ ❝♦st❛ ❞❡❧❧❛ ❘❡❣✐♦♥❡ ❱❡♥❡t♦ ✭❈❛♣✐t♦❧♦ ✻✮✱ tr❛❡♥✲

❞♦ ✈❛♥t❛❣❣✐♦ ❞❛❧❧✬❛♠♣✐❛ ❝♦♥♦s❝❡♥③❛ ❣❡♦♠♦r❢♦❧♦❣✐❝❛ ❡ ✐❞r❛✉❧✐❝❛ ❞❡❧ t❡rr✐t♦r✐♦ ♠❛t✉r❛t❛ ♥❡❧❧♦

s✈♦❧❣✐♠❡♥t♦ ❞✐ ✉♥❛ ❛♣♣r♦❢♦♥❞✐t❛ r✐❝❡r❝❛ ❡s❡❣✉✐t❛ ❡❞ ❡❧❛❜♦r❛t❛ s✉✐ ♣✐ù r❡❝❡♥t✐ ❞❛t✐ ❡ ♠✐s✉r❡

❞✐s♣♦♥✐❜✐❧✐ ♣❡r ❧❛ ③♦♥❛ ❝♦st✐❡r❛ ✭❘✉♦❧ ❡t ❛❧✳✱✷✵✶✻ ✫ ✷✵✶✽✮✳ ❆ ♣❛rt✐r❡ ❞❛✐ ❞❛t✐ ❞✐ ❛❧t❡③③❛ ❞✬♦♥❞❛

❡ ❧✐✈❡❧❧♦ ♠✐s✉r❛t✐ ❛❧❧❛ ❚♦rr❡ ❈◆❘ ✏❆❝q✉❛ ❆❧t❛✑ è st❛t❛ ❝♦♥❞♦tt❛ ✉♥✬❛♥❛❧✐s✐ st❛t✐st✐❝❛ ❜✐✈❛r✐❛t❛

❝❤❡ ❤❛ ♣❡r♠❡ss♦ ❞✐ ✈❛❧✉t❛r❡ ❧❛ ♣r♦❜❛❜✐❧✐tà ❞✐ s✉♣❡r❛♠❡♥t♦ ❛ss♦❝✐❛t❛ ❛ ❝♦♣♣✐❡ ❞✐ ❛❧t❡③③❛ ❞✬♦♥❞❛

❡ ❧✐✈❡❧❧♦✳

▲✬♦❜✐❡tt✐✈♦ ✜♥❛❧❡✱ ♦ss✐❛ ❧❛ r❡❞❛③✐♦♥❡ ❞✐ ♠❛♣♣❡ ❞✐ ❛❧❧❛❣❛♠❡♥t♦✱ s✐ ❛✈✈❛❧❡ ❞✐ ✉♥❛ ❛♥❛❧✐s✐ ❞✐ ❛❢✲

✜❞❛❜✐❧✐tà ❞✐ ❧✐✈❡❧❧♦ ■■ ✭❋❖❘▼✱ ❞❡s❝r✐tt❛ ♥❡❧ ♣❛r❛❣r❛❢♦ ✷✳✹✮✳ ■ r✐s✉❧t❛t✐ s♦♥♦ ♣❡rt❛♥t♦ ✐ ✈❛❧♦r✐

❞✐ ♣r♦❜❛❜✐❧✐tà ❞✐ s✉♣❡r❛♠❡♥t♦ ❞✐ ✉♥ ❞❡t❡r♠✐♥❛t♦ ❧✐✈❡❧❧♦ ✐❞r✐❝♦ ♣❡r ❝✐❛s❝✉♥ ♣✐①❡❧ ❞❡❧ ❉❊▼ ❞✐✲

s♣♦♥✐❜✐❧❡✳ ◗✉❡st♦ s✐ tr❛❞✉❝❡ ✐♥ ✉♥ r✐s✉❧t❛t♦ ❞✐ ❡str❡♠♦ ✐♥t❡r❡ss❡ s❝✐❡♥t✐✜❝♦ ❡ ♣r❛t✐❝♦✱ ♦✈✈❡r♦

❧❛ ♣r❡❞✐s♣♦s✐③✐♦♥❡ ❞✐ ♠❛♣♣❡ ❞✐ ♣❡r✐❝♦❧♦s✐tà ❛❧❧✬❛❧❧❛❣❛♠❡♥t♦ ❝♦st✐❡r♦ ♥❡❧❧✬❛r❝♦ t❡♠♣♦r❛❧❡ ❞✐ ✶ ❡

✶✵ ❛♥♥✐✳ ❙♦♥♦ st❛t✐ ❛♥❛❧✐③③❛t✐ tr❡ tr❛tt✐ ❝❤❡ ❛♣♣❛rt❡♥❣♦♥♦ ❛❧❧❛ ❝♦st❛ ❱❡♥❡t❛ ✭✐♥ ♣r♦✈✐♥❝✐❛ ❞✐

❱❡♥❡③✐❛✮ ❡ ❝❤❡ ❤❛♥♥♦ ❧✉♥❣❤❡③③❛ ❝♦♠♣r❡s❛ tr❛ ✐ ✹ ❡ ✐ ✶✺ ❦♠✿ ✐❧ ❧✐t♦r❛❧❡ ❞✐ ❱❛❧❧❡ ❱❡❝❝❤✐❛ ✭❋✐❣❣✳

✻✳✷✾ ✕ ✻✳✸✹✮✱ ✐❧ ❧✐t♦r❛❧❡ ❞✐ ❈❛♦r❧❡ ✭❋✐❣❣✳ ✻✳✸✾ ✕ ✻✳✹✹✮ ❡ ✐❧ ❧✐t♦r❛❧❡ ❞✐ ❈❛✈❛❧❧✐♥♦ ✭❋✐❣❣✳ ✻✳✹✽ ✕

✻✳✺✸✮✳

▲❡ r❡❛❧✐③③❛③✐♦♥❡ ❞✐ q✉❡st❡ ♠❛♣♣❡ ❡ ❧❛ ❝♦♥s❡❣✉❡♥t❡ ✐♥❞✐✈✐❞✉❛③✐♦♥❡ ❞❡❧❧❡ ③♦♥❡ ♣✐ù ❝r✐t✐❝❤❡ ✈✉♦❧❡

❢♦r♥✐r❡ ✉♥ ✈❛❧✐❞♦ s✉♣♣♦rt♦ ♣❡r ❧❛ ♣r♦❣r❛♠♠❛③✐♦♥❡ ❡ ♣r♦❣❡tt❛③✐♦♥❡ ❞❡❣❧✐ ✐♥t❡r✈❡♥t✐ ❝❤❡ r✐❣✉❛r✲

❞❛♥♦ ❧❛ ♣r♦t❡③✐♦♥❡ ❝♦st✐❡r❛ ❞❛❧ r✐s❝❤✐♦ ❞✐ ✐♥❣r❡ss✐♦♥❡ ♠❛r✐♥❛ ❧✉♥❣♦ ✐❧ ❧✐t♦r❛❧❡✳

■■



❆❜str❛❝t

■♥ t❤❡ r❡❝❡♥t ②❡❛rs✱ ♠❛r✐♥❡ ✢♦♦❞✐♥❣ ❛♥❞ ✐ts ✐♠♣❛❝ts ❤❛✈❡ ❜❡❝♦♠❡ ❛ q✉❡st✐♦♥ ♦❢ ❣r♦✇✐♥❣ ✐♥t❡r✲

❡st ✐♥ t❤❡ s❝✐❡♥t✐✜❝ ❝♦♠♠✉♥✐t② ❛s ✇❡❧❧ ❛s ✐♥ ♠❛♥❛❣✐♥❣ ❛✉t❤♦r✐t✐❡s✱ s✐♥❝❡ ❝♦❛st❛❧ ❛r❡❛s ❛r❡ t❤❡

♠♦st ❤❡❛✈✐❧② ♣♦♣✉❧❛t❡❞ ❛♥❞ ❞❡✈❡❧♦♣❡❞ ❧❛♥❞ ③♦♥❡s ✐♥ t❤❡ ✇♦r❧❞✳ ❯♥❞❡r ❝❧✐♠❛t❡ ❝❤❛♥❣❡✱ s❡❛

❧❡✈❡❧s ❛r❡ r✐s✐♥❣ ❛♥❞ ❡✈❡♥ st♦r♠ s✉r❣❡ ✐♥t❡♥s✐t② ✐s ♣♦ss✐❜❧② ✐♥❝r❡❛s✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ❡①♣❡❝t❡❞

t❤❛t t❤❡ ♦❝❝✉rr❡♥❝❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡①tr❡♠❡ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ❡✈❡♥ts ✇✐❧❧ ✐♥❝r❡❛s❡✳ ❚❤✐s ♠❛❥♦r
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✺✳✸ ▲❛❜♦r❛t♦r② ❞❛t❛ ♦❢ r✉♥✉♣ ♦❢ s♦❧✐t❛r② ✇❛✈❡s ✉♣ ❛ ✶ ✿ ✶✾✳✽✺ ❜❡❛❝❤✱ ❙②♥♦❧❛❦✐s ✭✶✾✽✼✮ ✺✼

✺✳✹ ■♥❞❡① ♦❢ ♣❡r❢♦r♠❛♥❝❡ ❢♦r t❤❡ ❈♦♥✐❝❛❧ ✐s❧❛♥❞ t❡st ♥➦✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✺✳✺ ■♥❞❡① ♦❢ ♣❡r❢♦r♠❛♥❝❡ ❢♦r t❤❡ ❈♦♥✐❝❛❧ ✐s❧❛♥❞ t❡st ♥➦✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✺✳✻ ■♥❞❡① ♦❢ ♣❡r❢♦r♠❛♥❝❡ ❢♦r t❤❡ ❈♦♥✐❝❛❧ ✐s❧❛♥❞ t❡st ♥➦✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✺✳✼ ❘✉♥ t✐♠❡ ✭❢♦r ❡❛❝❤ ∆t✮ ❢♦r ●P❯ ❛♥❞ ❈P❯ ❝❛r❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✺✳✽ ❘✉♥ t✐♠❡ ❢♦r ●P❯ ❛♥❞ ❈P❯ ❝❛r❞ ✇✐t❤ ❞① ❂ ✶♠ ❛♥❞ s✐♠✉❧❛t❡❞ ❞t ❂ ✵✳✵✻ s

✭✐♠♣♦s✐♥❣ ❈❋▲ ❂✵✳✷ ❛♥❞ ❛ t②♣✐❝❛❧ ✇❛t❡r ❞❡♣t❤ ♦❢ ✶ ♠✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✺✳✾ ❆✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ✇❛✈❡ ❛♥❞ s❡❛✲❧❡✈❡❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✐♥ t❡r♠s ♦❢

♠❛①✐♠✉♠ ✢♦♦❞❡❞ ❛r❡❛ ❛♥❞ ✈♦❧✉♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✻✳✶ ▲✐tt♦r❛❧ ❝❡❧❧ ❜♦✉♥❞❛r② ✐♥ t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✻✳✷ ❱❛❧✉❡s ♦❢ s❡❞✐♠❡♥t ❞✐❛♠❡t❡r ✭❞50 ♠♠✮ s❛♠♣❧❡❞ ❛t ❞✐✛❡r❡♥t ❞❡♣t❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✻✳✸ ❆♥♥✉❛❧ Hs ♠❛①✐♠✉♠ ❛t t❤❡ ✧❆❝q✉❛ ❆❧t❛✧ t♦✇❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✻✳✹ ❈♦❡✣❝✐❡♥t ♦❢ ❊q✳ ✻✳✶ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡ ♦❢ st❡❡♣♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✻✳✺ ❘❡s✉❧ts ♦❢ ●P❉ ❢♦r HS✱ s❡❧❡❝t❡❞ t❤r❡s❤♦❧❞ ❂ ✷✳✺ ♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✻✳✻ ❘❡s✉❧ts ♦❢ ●P❉ ❢♦r s❡❛ ❧❡✈❡❧ ζ✱ s❡❧❡❝t❡❞ t❤r❡s❤♦❧❞ ❂ ✶✳✸ ♠✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✻✳✼ ❆❘✺ ❙t♦❝❦❡r ❡t ❛❧✳ ✭✷✵✶✸✮ ❣❧♦❜❛❧ ♠❡❛♥ s❡❛ ❧❡✈❡❧ ✭♠✮ ✐♥❝r❡❛s❡ ♣r♦❥❡❝t✐♦♥s✱ st❛rt✲

✐♥❣ ❢r♦♠ ✷✵✶✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

❆✳✶ ❙t♦r♠s ✇✐t❤ ♠❛①✐♠✉♠ ❧❛r❣❡r t❤❛♥ ✷✳✺ ♠✱ ♠❡❛s✉r❡❞ ❛t t❤❡ ✧❆❝q✉❛ ❆❧t❛✧ t♦✇❡r ✶✶✾

❆✳✷ ❙t♦r♠s ✇✐t❤ ♠❛①✐♠✉♠ ❧❛r❣❡r t❤❛♥ ✷✳✺ ♠✱ ♠❡❛s✉r❡❞ ❛t t❤❡ ✧❆❝q✉❛ ❆❧t❛✧ t♦✇❡r ✶✷✵

❆✳✸ ❙t♦r♠s ✇✐t❤ ♠❛①✐♠✉♠ ❧❛r❣❡r t❤❛♥ ✷✳✺ ♠✱ ♠❡❛s✉r❡❞ ❛t t❤❡ ✧❆❝q✉❛ ❆❧t❛✧ t♦✇❡r ✶✷✶

❆✳✹ ❙t♦r♠s ✇✐t❤ ♠❛①✐♠✉♠ ❧❛r❣❡r t❤❛♥ ✷✳✺ ♠✱ ♠❡❛s✉r❡❞ ❛t t❤❡ ✧❆❝q✉❛ ❆❧t❛✧ t♦✇❡r ✶✷✷

❇✳✶ ❙❡❞✐♠❡♥t ❜❛❧❛♥❝❡ ✭✈♦❧✉♠❡ ♠3✴②❡❛r ✯ ✶✵✵✵✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

❇✳✷ ❙❡❞✐♠❡♥t ❜❛❧❛♥❝❡ ✭✈♦❧✉♠❡ ♠3✴②❡❛r ✯ ✶✵✵✵✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻

❇✳✸ ❙❡❞✐♠❡♥t ❜❛❧❛♥❝❡ ✭✈♦❧✉♠❡ ♠3✴②❡❛r ✯ ✶✵✵✵✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

❳■■



▲✐st ♦❢ ❙②♠❜♦❧s ❛♥❞ ❆❝r♦♥②♠s

a ❬m❪ ✇❛✈❡ ❛♠♣❧✐t✉❞❡

α ❬rad❪ ✇❛✈❡ ❞✐r❡❝t✐♦♥ ✭♦r ✇❡✐❣❤t✐♥❣ ❢❛❝t♦r ✐♥ ❈❤❛♣t❡r ✹✮

β ❬−❪ ❜❡❛❝❤ s❧♦♣❡

c ❬m/s❪ ✇❛✈❡ ❝❡❧❡r✐t②

cg ❬m/s❪ ✇❛✈❡ ❣r♦✉♣ ❝❡❧❡r✐t②

d ❬m❪ ✇❛t❡r ❞❡♣t❤ ✭❂ d0 ✰ ζA ✰ ζS ✰ ζR ❂ d0 ✰ ζ✮

γb ❬−❪ ✇❛✈❡ ❜r❡❛❦✐♥❣ ♣❛r❛♠❡t❡r

d0 ❬m❪ ♠❡❛♥ s❡❛ ❧❡✈❡❧ ✭▼❙▲✮

d50 ❬mm❪ ♠❡❞✐❛♥ s❡❞✐♠❡♥t ❞✐❛♠❡t❡r

Dir ❬oN ❪ ✇❛✈❡ ❞✐r❡❝t✐♦♥

∆x,∆y ❬m❪ ❣r✐❞ s✐③❡

∆t ❬s❪ t✐♠❡ st❡♣

ζA ❬m❪ ❛str♦♥♦♠✐❝❛❧ t✐❞❡

ζS ❬m❪ st♦r♠ s✉r❣❡

ζR ❬m❪ r❡s✐❞✉❛❧ ❝♦♠♣♦♥❡♥t ♦❢ d ❞✉❡ t♦ s❡✐❝❤❡s ♦r ♦t❤❡r ❝♦♥tr✐❜✉t✐♦♥s

E ❬J/m2❪ ✇❛✈❡ ❡♥❡r❣② ✭❂EP✰EK❂♣♦t❡♥t✐❛❧ ✰ ❦✐♥❡t✐❝ ❡♥❡r❣②✮

η(x) ❬m❪ s✉r❢❛❝❡ ❡❧❡✈❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❛t❡r ❧❡✈❡❧

θ ❬−❪ ♠♦❞❡❧ ♣❛r❛♠❡t❡r

f ❬Hz❪ ✇❛✈❡ ❢r❡q✉❡♥❝②

f(x) ♦r p(x) ❬−❪ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥

F ❬W/m❪ ✇❛✈❡ ❡♥❡r❣② ✢✉①

F (x) ❬−❪ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

g ❬m/s2❪ ❣r❛✈✐t❛t✐♦♥❛❧ ❛❝❝❡❧❡r❛t✐♦♥ ✭❂ ✾✳✽✶ m/s2✮

g(x) ❬−❪ ♣❡r❢♦r♠❛♥❝❡ ❢✉♥❝t✐♦♥

h ❬m❪ ✇❛t❡r ❧❡✈❡❧ ✭d ✰ Z✮

H ❬m❪ ✇❛✈❡ ❤❡✐❣❤t

H0 ❬m❪ ✇❛✈❡ ❤❡✐❣❤t ❛t ❞❡❡♣ ✇❛t❡r

Hrms ❬m❪ r♦♦t✲♠❡❛♥✲sq✉❛r❡ ✇❛✈❡ ❤❡✐❣❤t

hF ❬m❪ ✢♦♦❞✐♥❣ ✈❛❧✉❡

HS ❬m❪ s✐❣♥✐✜❝❛♥t ✇❛✈❡ ❤❡✐❣❤t

■ ❬−❪ ♠❛r❦❡r ✐♠❛❣❡

❏ ❬−❪ ♠❛s❦ ✐♠❛❣❡

j ❬−❪ ❢r✐❝t✐♦♥ t❡r♠

k ❬m−1❪ ✇❛✈❡ ♥✉♠❜❡r

KD ❬−❪ ❞✐✛r❛❝t✐♦♥ ❝♦❡✣❝✐❡♥t

KH ❬−❪ ❧✐♥❡❛r✐s❡❞ t✉r❜✉❧❡♥t ❢r✐❝t✐♦♥ ❝♦❡✣❝✐❡♥t

KR ❬−❪ r❡❢r❛❝t✐♦♥ ❝♦❡✣❝✐❡♥t

KS ❬m1/3/s❪ ●❛✉❝❦❧❡r ❙tr✐❝❦❧❡r ❝♦❡✣❝✐❡♥t

❳■■■



L ❬m❪ ✇❛✈❡ ❧❡♥❣t❤

L(θ) ❬−❪ ▲✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥

l(θ) ❬−❪ ❧♦❣✲tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ▲✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥

N ❬−❪ t♦t❛❧ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ✭♦r s❤❛♣❡ ❢✉♥❝t✐♦♥ ✐♥ ✷✳✷✳✹✮

ξ ❬−❪ s✉r❢ s✐♠✐❧❛r✐t② ♣❛r❛♠❡t❡r

φ ❬m❪ ✈❡❧♦❝✐t② ♣♦t❡♥t✐❛❧

p ❬N/m2❪ ♣r❡ss✉r❡

pf ❬−❪ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡

Q ❬m3/s❪ ❞✐s❝❤❛r❣❡

q ❬m2/s❪ ❞✐s❝❤❛r❣❡ ♣❡r ✉♥✐t ✇✐❞t❤

R ❬−❪ r❡❧✐❛❜✐❧✐t② ✐♥❞❡①

ρ ❬kg/m3❪ ✇❛t❡r ❞❡♥s✐t②

S ❬N/m❪ r❛❞✐❛t✐♦♥ str❡ss t❡♥s♦r

S(f, α) ❬m2s/rad❪ ❞✐r❡❝t✐♦♥❛❧ ✇❛✈❡ s♣❡❝tr✉♠

t ❬s❪ t✐♠❡ ✐♥ t❤❡ ♣❤②s✐❝❛❧ ❞♦♠❛✐♥

T ❬s❪ ✇❛✈❡ ♣❡r✐♦❞

TP ❬s❪ ♣❡❛❦ ✇❛✈❡ ♣❡r✐♦❞

tP ❬hour❪ st♦r♠ ♣❡❛❦ ❞✉r❛t✐♦♥

TR ❬year❪ r❡t✉r♥ ♣❡r✐♦❞

tS ❬hour❪ st♦r♠ ❞✉r❛t✐♦♥

u, v, w ❬m/s❪ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ x✱ y ❛♥❞ z ❞✐r❡❝t✐♦♥s

U ❬−❪ ✐♥❞❡♣❡♥❞❡♥t st❛♥❞❛r❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

w ❬m❪ ✢♦♦❞✐♥❣ ✇❛t❡r ❞❡♣t❤

wF ❬m❪ ♠❛①✐♠✉♠ ❛✈❛✐❧❛❜❧❡ ✇❛t❡r ❞❡♣t❤

x, y, z ❬m❪ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✭z ✐s t❤❡ ✈❡rt✐❝❛❧ ❛①✐s✮

X ❬−❪ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❂ ✭X1✱✳ ✳ ✳ ✱XN ✮

yO ❬−❪ ♦❜s❡r✈❛t✐♦♥

yP ❬−❪ ♣r❡❞✐❝t✐♦♥

z ❬m❪ ❞✐s❝❤❛r❣❡ ♣❡r ✉♥✐t ✇✐❞t❤

Z ♦r Zup ❬m❪ ✇❛✈❡ s❡t✲✉♣

Zdown ❬m❪ ✇❛✈❡ s❡t✲❞♦✇♥

ω ❬rad/s❪ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝②

CPU ❈❡♥tr❛❧ ♣r♦❝❡ss✐♥❣ ✉♥✐t

DEM ❉✐❣✐t❛❧ ❊❧❡✈❛t✐♦♥ ▼♦❞❡❧

DTM ❉✐❣✐t❛❧ ❚❡rr❛✐♥ ▼♦❞❡❧

GIS ●❡♦❣r❛♣❤✐❝ ■♥❢♦r♠❛t✐♦♥ ❙②st❡♠

GPU ●r❛♣❤✐❝ ♣r♦❝❡ss✐♥❣ ✉♥✐t

SWEs ❙❤❛❧❧♦✇ ❲❛t❡r ❊q✉❛t✐♦♥s

VM ▼♦r♣❤♦❧♦❣✐❝❛❧ ❱✉❧♥❡r❛❜✐❧✐t②

VSE ❙♦❝✐♦✲❊❝♦♥♦♠✐❝ ❱✉❧♥❡r❛❜✐❧✐t②

CFL ❈♦✉r❛♥t✲❋r✐❡❞r✐❝❤s✲▲❡✈② ❝♦♥❞✐t✐♦♥

D ❲✐❧♠♦tt ❈♦❡✣❝✐❡♥t

FORM ❋✐rst ❖r❞❡r ❘❡❧✐❛❜✐❧✐t② ▼❡t❤♦❞

NSE ◆❛s❤ ❙✉t❝❧✐✛❡ ❝♦❡✣❝✐❡♥t

PoT P❡❛❦ ♦✈❡r ❚❤r❡s❤♦❧❞

RMSE ❘♦♦t ▼❡❛♥ ❙q✉❛r❡ ❊rr♦r

ZMPS ✧❩❡r♦ ▼❛r❡♦❣r❛✜❝♦ P✉♥t❛ ❞❡❧❧❛ ❙❛❧✉t❡✧ ❧♦❝❛❧ ❞❛t✉♠

❳■❱



❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

✶✳✶ ●❡♥❡r❛❧✐t✐❡s

❈♦❛st❛❧ ❛r❡❛s ❛r❡ s✉❜❥❡❝t t♦ t❤❡ t❤r❡❛t ♦❢ ❡r♦s✐♦♥ ❛♥❞ ✢♦♦❞ r✐s❦✳ ❚❤❡s❡ ③♦♥❡s ❛r❡ ♠♦r❡

❞❡♥s❡❧② ♣♦♣✉❧❛t❡❞ t❤❛♥ t❤❡ ❤✐♥t❡r❧❛♥❞ ✭❙♠❛❧❧ ❛♥❞ ◆✐❝❤♦❧❧s ✷✵✵✸✮✿ ✐♥ ■t❛❧②✱ ✸✵✪ ♦❢ t❤❡ ❡♥t✐r❡

♣♦♣✉❧❛t✐♦♥ ❧✐✈❡s ✐♥ t❤❡ ✻✹✻ ❝♦❛st❛❧ ♠✉♥✐❝✐♣❛❧✐t✐❡s✱ ✇❤✐❝❤ ❝♦✈❡rs ✶✸✪ ♦❢ t❤❡ ♥❛t✐♦♥❛❧ t❡rr✐t♦r②

✭❢r♦♠ ■❙❚❆❚ ❞❛t❛✮✳ ❚❤❡ r❛t❡s ♦❢ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ t❤❡ ✉r❜❛♥✐③❛t✐♦♥

♦❢ ❝♦❛st❛❧ ③♦♥❡s ❤❛✈❡ ❣r❡❛t❧② ✐♥❝r❡❛s❡❞ ❞✉r✐♥❣ t❤❡ r❡❝❡♥t ❞❡❝❛❞❡s ❛♥❞ t❤✐s tr❡♥❞ ✐s ❡①♣❡❝t❡❞

t♦ ❝♦♥t✐♥✉❡ ✐♥ t❤❡ ❢✉t✉r❡ ✭◆❡✉♠❛♥♥ ❡t ❛❧✳ ✷✵✶✺✮✳ ▼❡r❦❡♥s ❡t ❛❧✳ ✭✷✵✶✻✮ s❤♦✇ t❤❛t✱ ❝♦♠♣❛r❡❞

t♦ t❤❡ ②❡❛r ✷✵✵✵ ✭✻✸✽ ♠✐❧❧✐♦♥✮✱ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❧✐✈✐♥❣ ✐♥ t❤❡ ❧♦✇ ❡❧❡✈❛t❡❞ ❝♦❛st❛❧ ③♦♥❡ ✭✇❤✐❝❤

✐♥❝❧✉❞❡s ❛❧❧ ❧❛♥❞ ❛r❡❛s ✉♣ t♦ ✶✵ ♠ ❡❧❡✈❛t✐♦♥ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ s❡❛✮ ✐♥❝r❡❛s❡s ❜② ✺✽✪ t♦ ✼✶✪

✉♥t✐❧ ✷✵✺✵ ❛♥❞ ❡①❝❡❡❞s ♦♥❡ ❜✐❧❧✐♦♥ ✐♥ ❛❧❧ t❤❡ s❤❛r❡❞ s♦❝✐♦✲❡❝♦♥♦♠✐❝ ♣❛t❤✇❛②s✳ ❈♦♥s❡q✉❡♥t❧②✱

t❤❡ ✈✉❧♥❡r❛❜✐❧✐t② ❝♦♥♥❡❝t❡❞ t♦ ❝♦❛st❛❧ ❤❛③❛r❞s ♥❡❡❞ t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ♦r❞❡r t♦ ♠✐t✐❣❛t❡

t❤❡ r✐s❦ t♦ ❤✉♠❛♥ ❤❡❛❧t❤✱ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t✐❡s✱ ❝✉❧t✉r❛❧ ❤❡r✐t❛❣❡ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t✳

❈♦❛st❛❧ ✢♦♦❞✐♥❣ ♦❝❝✉rs ✐♥ ❧♦✇✲❧②✐♥❣ ❝♦❛st❛❧ ❛r❡❛s ✇❤❡♥ ❤✐❣❤ ✇❛t❡r ❧❡✈❡❧s ❞✉❡ t♦ t✐❞❡s ❛♥❞

st♦r♠ s✉r❣❡s✱ t♦❣❡t❤❡r ✇✐t❤ ✇❛✈❡s ✭❡✳❣✳ ✇✐♥❞ ✇❛✈❡s✱ ts✉♥❛♠✐s✮✱ ♦✈❡r✲t♦♣ ♦r ❜r❡❛❝❤ ❝♦❛st❛❧

❞❡❢❡♥❝❡s ❛♥❞ ✐♥✉♥❞❛t❡ t❤❡ ❤✐♥t❡r❧❛♥❞✳ ❱❡r② ❢r❡q✉❡♥t❧②✱ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ✐s ❛ss♦❝✐❛t❡❞ ❛❧s♦ t♦

❡①tr❡♠❡ ♠❡t❡♦r♦❧♦❣✐❝❛❧ ❝♦♥❞✐t✐♦♥s ✭s✉❝❤ ❛s ❤✉rr✐❝❛♥❡s✱ t②♣❤♦♦♥s✱ ❝②❝❧♦♥❡s✮✱ ✢♦♦❞✐♥❣ ❝❛✉s❡❞

❜② r✐✈❡r ♦✈❡r✢♦✇s✱ ♠♦r♣❤♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡s✱ ♣r♦❜❧❡♠s✴❝♦❧❧❛♣s❡ ♦❢ t❤❡ ❞r❛✐♥❛❣❡ s②st❡♠✱ ❡t❝✳

❚❤❡r❡❢♦r❡✱ s✐❣♥✐✜❝❛♥t ❝♦❛st❛❧ ✢♦♦❞s t❛❦❡ ♣❧❛❝❡ ✇❤❡♥ t❤❡s❡ ♠✉❧t✐♣❧❡ ❢❛❝t♦rs ❝♦✐♥❝✐❞❡✱ ❞❡♣❡♥❞✲

✐♥❣ ❛❧s♦ ♦♥ t❤❡ ❧♦❝❛❧ t♦♣♦❣r❛♣❤✐❝ ❝❤❛r❛❝t❡r✐st✐❝s ✭❋✐❣✳ ✶✳✶✮✳ ■♥ ❢❛❝t✱ ✢♦♦❞✐♥❣ ❝❛♥ ❜❡ ❡♥❤❛♥❝❡❞

❜② t❤❡ ♣♦t❡♥t✐❛❧ ♦❝❝✉rr❡♥❝❡ ♦❢ ♥❛t✉r❛❧ s✉❜s✐❞❡♥❝❡ ✭❢❛❧❧✐♥❣ ❧❛♥❞ ❧❡✈❡❧s✮ t❤❛t ✐s ♦❢t❡♥ ❡①❛❝❡r✲

❜❛t❡❞ ❜② ❛❞❞✐t✐♦♥❛❧ ❤✉♠❛♥✲✐♥❞✉❝❡❞ s✉❜s✐❞❡♥❝❡ ❞✉❡ t♦ ❞r❛✐♥❛❣❡ ❛♥❞✴♦r ❡①❝❡ss✐✈❡ ❣r♦✉♥❞✇❛t❡r

✇✐t❤❞r❛✇❛❧✱ ❡s♣❡❝✐❛❧❧② ✐♥ ✉r❜❛♥ ❝❡♥tr❡s✳

❚❤❡ t♦t❛❧ s❡❛ ✇❛t❡r ❧❡✈❡❧ ✐s ❞✉❡ t♦ s❡✈❡r❛❧ r❛t❤❡r ✐♥❞❡♣❡♥❞❡♥t ❢❛❝t♦rs ❛♥❞ ✐t ✐s ♥♦t ✉♥✐❢♦r♠ ✐♥

s♣❛❝❡ ❛♥❞ t✐♠❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ❜♦t❤ ❣❧♦❜❛❧ ❛♥❞ r❡❣✐♦♥❛❧ ♣r♦❝❡ss❡s✳ ■♥ t❤❡ ◆♦rt❤❡r♥ ❆❞r✐❛t✐❝

❙❡❛ ✭■t❛❧②✮✱ t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ❛r❡✿ ✶✮ t❤❡ ❆str♦♥♦♠✐❝❛❧ t✐❞❡ ✭ζA✮✱ t❤❡ ✇❛t❡r ❧❡✈❡❧s r✐s❡ ❛♥❞

❢❛❧❧ ❛❧♦♥❣ t❤❡ ❝♦❛st ❡✈❡r② ❞❛② ❞✉❡ t♦ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ♣✉❧❧ ♦❢ t❤❡ ♠♦♦♥ ❛♥❞ s✉♥❀ ✷✮ t❤❡ ▼❡✲

t❡♦r♦❧♦❣✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥ ✭st♦r♠ s✉r❣❡✱ ζS✮ ❝❛✉s❡❞ ❜② ✇✐♥❞ ❛♥❞ ♣r❡ss✉r❡ ❡✛❡❝ts❀ ✸✮ t❤❡ ▼❡❛♥

s❡❛ ❧❡✈❡❧ r✐s❡✱ ✐✳❡✳ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❣❧♦❜❛❧ ♠❡❛♥ s❡❛ ❧❡✈❡❧ t❤❛t ✐s ✉s✉❛❧❧② ❛ttr✐❜✉t❡❞ t♦ ❣❧♦❜❛❧

❝❧✐♠❛t❡ ❝❤❛♥❣❡ ❛♥❞ ✹✮ t❤❡ ❲❛✈❡ ❝♦♥tr✐❜✉t✐♦♥✱ ✐✳❡✳ ❜r❡❛❦✐♥❣ ✇❛✈❡s ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ✇❛t❡r

❧❡✈❡❧ r✐s❡ t❤r♦✉❣❤ ✇❛✈❡ r✉♥✲✉♣ ❛♥❞ ✇❛✈❡ s❡t✲✉♣ ✭Z✮✳ ❲❤✐❧❡ ❛str♦♥♦♠✐❝ t✐❞❡ ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝

❝♦♠♣♦♥❡♥t ♦❢ s❡❛ s✉r❢❛❝❡ ❡❧❡✈❛t✐♦♥s✱ st♦r♠ s✉r❣❡s ❛♥❞ ✇❛✈❡s ❛r❡ st♦❝❤❛st✐❝ ✐♥ ♥❛t✉r❡ ❣❡♥❡r✲

✶



✶✳ ■♥tr♦❞✉❝t✐♦♥

❛t❡❞ ❜② st♦r♠ ❡✈❡♥ts✳

❯♥❞❡r ❝❧✐♠❛t❡ ❝❤❛♥❣❡✱ s❡❛✲❧❡✈❡❧s ❛r❡ r✐s✐♥❣ ✭❈❛③❡♥❛✈❡ ❛♥❞ ❈♦③❛♥♥❡t ✷✵✶✹✮ ❛♥❞ st♦r♠ s✉r❣❡

✐♥t❡♥s✐t② ✐♥❝r❡❛s✐♥❣ ✭P♦♠❛r♦ ❡t ❛❧✳ ✷✵✶✼❀ ❘❛❤♠st♦r❢ ✷✵✶✼✮✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t t❤❡

♣r♦❜❛❜✐❧✐t② ♦❢ ✢♦♦❞✐♥❣ ❛♥❞ ✐♥✉♥❞❛t✐♦♥ ❢♦r ❧♦✇✲❧②✐♥❣ ❝♦❛st❛❧ ❛r❡❛s ✇✐❧❧ ✐♥❝r❡❛s❡ ❛♥❞✱ s✐♥❝❡ t❤❡

❝♦❛st❛❧ ♣♦♣✉❧❛t✐♦♥ ✇✐❧❧ ❣r♦✇✱ t❤❡ ❝♦♥♥❡❝t❡❞ r✐s❦ ✇✐❧❧ ❜❡ ♠♦r❡ s❡r✐♦✉s ✭◆✐❝❤♦❧❧s ❛♥❞ ❈❛③❡♥❛✈❡

✷✵✶✵✮✳ ❚❤✐s ♠❛❥♦r ❤❛③❛r❞ r❡q✉✐r❡s ✉r❣❡♥t ❛❞❛♣t❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡ r❡s✐❧✐❡♥❝❡ ♦❢ ❛♥

❛r❡❛ t♦ ❝♦❛st❛❧ ✢♦♦❞s✳

mean sea level
wave set-uprun-up

high tidestorm surgesubsidence

❋✐❣✉r❡ ✶✳✶✿ ▼❛r✐♥❡ ❛♥❞ t♦♣♦❣r❛♣❤✐❝ ❢❛❝t♦rs t❤❛t ✐♥❞✉❝❡ ❈♦❛st❛❧ ✢♦♦❞✐♥❣

❋❧♦♦❞ ♠❛♥❛❣❡♠❡♥t ❤❛s ❡✈♦❧✈❡❞ ♦✈❡r t❤❡ ❧❛st ✺✵ ②❡❛rs ✇✐t❤ ❦❡② ❛r❡❛s ♦❢ ❛❞✈❛♥❝❡ ✐♥❝❧✉❞✐♥❣

❞❡✈❡❧♦♣♠❡♥ts ♦❢ ✢♦♦❞ ❤❛③❛r❞ ♠❛♣s✱ ❤②❞r♦❧♦❣✐❝❛❧✴❤②❞r❛✉❧✐❝ ♠♦❞❡❧s✱ ✢♦♦❞ ✇❛r♥✐♥❣ s②st❡♠s✱

❡✈❛❝✉❛t✐♦♥ ♣r♦❝❡❞✉r❡s✱ ❛♥❞ ✢♦♦❞ ✐♥s✉r❛♥❝❡ ♣r♦❣r❛♠s✳ ❚❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ t❤❡s❡ ❛❝t✐♦♥s ✐s ✐♥

♣❛rt ❜❛s❡❞ ♦♥ ❛❝❝✉r❛t❡ ❛♥❞ r❛♣✐❞ ✢♦♦❞ ♠♦❞❡❧❧✐♥❣✳ ■♥ ❢❛❝t✱ ❝♦♠♣❧❡t❡ ✢♦♦❞ ✐♥✉♥❞❛t✐♦♥ ❛♥❛❧②s✐s

r❡q✉✐r❡s✿ ✐✮ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ✢♦♦❞ ✢♦✇s ✭❡✳❣✳ ❋♦r♠❡♥t✐♥ ❛♥❞ ❩❛♥✉tt✐❣❤ ✷✵✶✽✮✱ ✐✐✮ ❤②❞r❛✉❧✐❝

♠♦❞❡❧❧✐♥❣ t♦ r♦✉t❡ t❤❡ ✢♦✇✱ ❝♦♠♣✉t❡ ✇❛t❡r s✉r❢❛❝❡ ❡❧❡✈❛t✐♦♥s ❛♥❞ ✢♦✇ ✈❡❧♦❝✐t✐❡s✱ ❛♥❞ ✐✐✐✮ ❛♥❛❧✲

②s✐s t♦♦❧s t♦ ❞❡❧✐♥❡❛t❡ t❤❡ ✢♦♦❞ ✐♥✉♥❞❛t✐♦♥ ❡①t❡♥t ❛♥❞ ❛ss❡ss ✐♠♣❛❝ts ✭❑❛❧②❛♥❛♣✉ ❡t ❛❧✳ ✷✵✶✶✮✳

❚✇♦ t②♣❡s ♦❢ t♦♦❧s ❛r❡ ❝♦♠♠♦♥❧② ❡♠♣❧♦②❡❞ ❢♦r t❤❡ ❡st❛❜❧✐s❤♠❡♥ts ♦❢ ❤❛③❛r❞ ♠❛♣s✿ ✐✮ ●❡✲

♦❣r❛♣❤✐❝ ■♥❢♦r♠❛t✐♦♥ ❙②st❡♠s ✭●■❙✮ ♦r✱ ♠♦r❡ ✐♥ ❣❡♥❡r❛❧✱ st❛t✐❝ ♠♦❞❡❧s ❛♥❞ ✐✐✮ ❤②❞r♦❞②♥❛♠✐❝

♠♦❞❡❧s✳ ❚❤❡ ✜rst ♦♥❡s ❞❡t❡r♠✐♥❡ t❤❡ ❛r❡❛s ✈✉❧♥❡r❛❜❧❡ t♦ ✢♦♦❞✐♥❣ t❤r♦✉❣❤ ❛ ❜❛s✐❝ ❛♥❞ r❛♣✐❞

❝❛❧❝✉❧❛t✐♦♥ ♣r♦❝❡❞✉r❡ t❤❛t ✐❞❡♥t✐✜❡s ❧❛♥❞ t❤❛t ✐s ❧♦✇❡r t❤❛♥ t❤❡ ✐♥✉♥❞❛t✐♦♥ ❧❡✈❡❧✳ ❚❤❡ ❧❛tt❡r

❡♥❢♦r❝❡ t❤❡ ❧❛✇s ♦❢ ♣❤②s✐❝s t♦ ❞❡s❝r✐❜❡ t❤❡ ✢♦✇ ♦❢ ✇❛t❡r ✐♥ t❤❡ ❝♦❛st❛❧ ❡♥✈✐r♦♥♠❡♥t ❜② s♦❧✈✐♥❣

t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ♦❢ ✢✉✐❞ ✢♦✇ ✭✐✳❡✳ t❤❡ s❤❛❧❧♦✇ ✇❛t❡r ❡q✉❛t✐♦♥s✮✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❞✐❢✲

❢❡r❡♥❝❡s ✐♥ ❛♣♣r♦❛❝❤❡s✱ ✐t ✐s ❧✐❦❡❧② t❤❛t t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ ✢♦♦❞ ♣r❡❞✐❝t✐♦♥ ❢r♦♠ ❤②❞r♦❞②♥❛♠✐❝

♠♦❞❡❧s ✇✐❧❧ ❜❡ ❤✐❣❤❡r t❤❛♥ t❤♦s❡ ♣r♦❞✉❝❡❞ ❜② ❛ ●■❙✱ ✇❤✐❝❤ ✐s ♣r✐♠❛r✐❧② ❜❛s❡❞ ♦♥ t♦♣♦❣r❛♣❤②

❛♥❞ ❞♦❡s ♥♦t ❛❝❝♦✉♥t ❢♦r ❤②❞r❛✉❧✐❝ ❝♦♥♥❡❝t✐✈✐t②✳ ❍♦✇❡✈❡r✱ ❤②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧s ✐♥✈♦❧✈❡ ❛

❤✐❣❤ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ✐♥ t❡r♠s ♦❢ t✐♠❡ ❛♥❞ ♠❡♠♦r②✳

❚❤❡s❡ t♦♦❧s✱ t♦❣❡t❤❡r ✇✐t❤ ❛ r❡❧✐❛❜✐❧✐t② ❛♥❛❧②s✐s✱ ❤❡❧♣ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♦❝❝✉rr❡♥❝❡ ♣r♦❜❛❜✐❧✐t②

♦❢ ✢♦♦❞ ❡✈❡♥ts✱ ♥❛♠❡❧② t❤❡ ♠♦r♣❤♦❧♦❣✐❝❛❧ ✈✉❧♥❡r❛❜✐❧✐t② VM ❝♦♥♥❡❝t t♦ ❝♦❛st❛❧ ✢♦♦❞✐♥❣✳ ❘✉♦❧

❡t ❛❧✳ ✭✷✵✶✽✮✮ ❞❡✜♥❡❞ ❘✐s❦ ✭♦r ♣r✐♦r✐t②✮ ❛s t❤❡ ♣r♦❞✉❝t ❜❡t✇❡❡♥ VM ❛♥❞ t❤❡ ❙♦❝✐♦✲❊❝♦♥♦♠✐❝

✈✉❧♥❡r❛❜✐❧✐t② VSE ✱ ✐✳❡✳ ❛♥ ✐♥❞❡① t❤❛t s♣❡❝✐✜❡s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦❛st❛❧ ❛r❡❛✿ ❢r❡q✉❡♥❝② ❛♥❞

✜♥❛♥❝✐❛❧ ✐♥✈❡st♠❡♥ts✱ ♣r❡s❡♥❝❡ ♦❢ ♥❛t✉r❛❧ ❛r❡❛s✱ ♥✉♠❜❡r ♦❢ t♦✉r✐st✴②❡❛r✱ ♣r❡s❡♥❝❡ ♦❢ ❝✐t✐❡s✱

t②♣❡ ♦❢ ✐♥❧❛♥❞✱ ♣r❡s❡♥❝❡ ♦❢ ♣r♦❞✉❝t✐♦♥ ❛❝t✐✈✐t✐❡s✱ ❝✉❧t✉r❛❧ ❤❡r✐t❛❣❡✱ ❡t❝✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ♦r❞❡r t♦

❡st❛❜❧✐s❤ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ r✐s❦ ♠❛♣s ❛❧s♦ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s ♥❡❡❞❡❞✳

✷



✶✳ ■♥tr♦❞✉❝t✐♦♥

✶✳✷ ▼♦t✐✈❛t✐♦♥s

▼❛♥② ❛✈❛✐❧❛❜❧❡ st✉❞✐❡s ✭❡✳❣✳ ❍✐♥❦❡❧ ❡t ❛❧✳ ✷✵✶✹❀ ❲❡✐ss❡ ❡t ❛❧✳ ✷✵✶✹✮ ✐♥❝❧✉❞✐♥❣ t❤❡ ♠♦st r❡❝❡♥t

❙t♦❝❦❡r ❡t ❛❧✳ ✭✷✵✶✸✮ s❤♦✇ t❤❛t ❊✉r♦♣❡❛♥ ❝♦❛sts ❛r❡ t❤r❡❛t❡♥❡❞ ❜② t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ r✐s❦✳

❚❤❡ t♦t❛❧ ✈❛❧✉❡ ♦❢ ❡❝♦♥♦♠✐❝ ❛ss❡ts ❧♦❝❛t❡❞ ✇✐t❤✐♥ ✺✵✵ ♠❡tr❡s ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❝♦❛st❧✐♥❡✱

✐♥❝❧✉❞✐♥❣ ❜❡❛❝❤❡s✱ ❛❣r✐❝✉❧t✉r❛❧ ❧❛♥❞ ❛♥❞ ✐♥❞✉str✐❛❧ ❢❛❝✐❧✐t✐❡s✱ ✐s ❡st✐♠❛t❡❞ ❛t A❈ ✺✵✵ t♦ ✶✱✵✵✵

❜✐❧❧✐♦♥ ✭✇✇✇✳❡✉r♦s✐♦♥✳♦r❣✮✳ ❚❤❡r❡❢♦r❡✱ ✇✐t❤✐♥ t❤❡ ❊❯ ✇❛t❡r ✢♦♦❞ ❞✐r❡❝t✐✈❡ ✭✷✵✵✼✴✻✵✴❊❈✮✱

st❛❦❡❤♦❧❞❡rs ♥❡❡❞ t♦ ❡st❛❜❧✐s❤ ✢♦♦❞ ♠❛♣s t♦ ❞❡t❡r♠✐♥❡ t❤❡ r✐s❦ t♦ ♣r❡s❡♥t ❛♥❞ ❢✉t✉r❡ ❧❡✈❡❧s

♦❢ ✐♥✉♥❞❛t✐♦♥✱ ✐♥ ♦r❞❡r t♦ ❛❞♦♣t t❤❡ ♠♦st ❡✛❡❝t✐✈❡ ✢♦♦❞ ♠❛♥❛❣❡♠❡♥t✿

❉✐r❡❝t✐✈❡ ✷✵✵✼✴✻✵✴❊❈✱ ❆rt✐❝❧❡ ♥♦✳ ✷✿

✧❋❧♦♦❞✧ ♠❡❛♥s t❤❡ t❡♠♣♦r❛r② ❝♦✈❡r✐♥❣ ❜② ✇❛t❡r ♦❢ ❧❛♥❞ ♥♦t ♥♦r♠❛❧❧② ❝♦✈❡r❡❞ ❜②

✇❛t❡r✳ ❚❤✐s s❤❛❧❧ ✐♥❝❧✉❞❡ ✢♦♦❞s ❢r♦♠ r✐✈❡rs✱ ♠♦✉♥t❛✐♥ t♦rr❡♥ts✱ ▼❡❞✐t❡rr❛♥❡❛♥

❡♣❤❡♠❡r❛❧ ✇❛t❡r ❝♦✉rs❡s✱ ❛♥❞ ✢♦♦❞s ❢r♦♠ t❤❡ s❡❛ ✐♥ ❝♦❛st❛❧ ❛r❡❛s✱ ❛♥❞ ♠❛②

❡①❝❧✉❞❡ ✢♦♦❞s ❢r♦♠ s❡✇❡r❛❣❡ s②st❡♠s✳

✧❋❧♦♦❞ r✐s❦✧ ♠❡❛♥s t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ✢♦♦❞ ❡✈❡♥t ❛♥❞ ♦❢

t❤❡ ♣♦t❡♥t✐❛❧ ❛❞✈❡rs❡ ❝♦♥s❡q✉❡♥❝❡s ❢♦r ❤✉♠❛♥ ❤❡❛❧t❤✱ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ ❝✉❧t✉r❛❧

❤❡r✐t❛❣❡ ❛♥❞ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✢♦♦❞ ❡✈❡♥t✳

❉✐r❡❝t✐✈❡ ✷✵✵✼✴✻✵✴❊❈✱ ❆rt✐❝❧❡ ♥♦✳ ✻✿

▼❡♠❜❡r ❙t❛t❡s s❤❛❧❧✱ ❛t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ r✐✈❡r ❜❛s✐♥ ❞✐str✐❝t✱ ♦r ✉♥✐t ♦❢ ♠❛♥❛❣❡♠❡♥t

r❡❢❡rr❡❞ t♦ ✐♥ ❆rt✐❝❧❡ ✸✭✷✮✭❜✮✱ ♣r❡♣❛r❡ ✢♦♦❞ ❤❛③❛r❞ ♠❛♣s ❛♥❞ ✢♦♦❞ r✐s❦ ♠❛♣s✱ ❛t

t❤❡ ♠♦st ❛♣♣r♦♣r✐❛t❡ s❝❛❧❡ ❢♦r t❤❡ ❛r❡❛s ✐❞❡♥t✐✜❡❞ ✉♥❞❡r ❆rt✐❝❧❡ ✺✭✶✮✳

■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ ❝♦♠♣❧❡t❡ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ❛ss❡ss♠❡♥t ♦❢ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ❤❛③❛r❞✱ t❤❡

♠❛♣s ❛r❡ ❢r❡q✉❡♥t❧② ❜❛s❡❞ ♦♥ s✐♠♣❧❡ ✐♥❞❡①❡s t❤❛t t②♣✐❝❛❧❧② ❝♦♠❜✐♥❡ t♦♣♦❣r❛♣❤✐❝ ✐♥❢♦r♠❛t✐♦♥

✭✉s✉❛❧❧② ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ❝♦❛st❛❧ ♠❛♥❛❣❡rs ✇✐t❤✐♥ ●■❙ ❞❛t❛❜❛s❡✮ t♦ s❡❛ ❧❡✈❡❧ ❛♥❞ ✇❛✈❡ r✉♥✲✉♣✳

❋♦r ❡①❛♠♣❧❡✱ ✐♥ ■t❛❧② ❆✉❝❡❧❧✐ ❡t ❛❧✳ ✭✷✵✶✼✮ r❡❝❡♥t❧② st✉❞✐❡❞ t❤❡ ✐♥✉♥❞❛t✐♦♥ ❤❛③❛r❞ ❛♥❞ r✐s❦

✐♥ ❱♦❧t✉r♥♦ ❝♦❛st❛❧ ♣❧❛✐♥ ✐♥ ❈❛♠♣❛♥✐❛ ✭■t❛❧②✮✳ ❉✐ ▲✉❝❝✐♦ ❡t ❛❧✳ ✭✷✵✶✽✮ ❢♦❝✉s❡❞ ♦♥ t❤❡ ❡✛❡❝t

♦❢ ❞✐✛❡r❡♥t r✉♥✲✉♣ ❧✉♠♣❡❞ ❢♦r♠✉❧❛s ♦♥ t❤❡ ✐♥❞❡① ❢♦r ❝♦❛st❛❧ ✈✉❧♥❡r❛❜✐❧✐t② ❛ss❡ss♠❡♥t ♦❢ ❛

♠✐❝r♦t✐❞❛❧ ❜❡❛❝❤ ❧♦❝❛t❡❞ ❛❧♦♥❣ t❤❡ s♦✉t❤❡r♥ ■♦♥✐❛♥ ❝♦❛st ♦❢ ❈❛❧❛❜r✐❛ ✭■t❛❧②✮✳ ❉✐ ❘✐s✐♦ ❡t ❛❧✳

✭✷✵✶✼✮ ❛ss❡ss❡❞ ❝♦❛st❛❧ ❤❛③❛r❞ t♦ ✇❛✈❡✲✐♥❞✉❝❡❞ ✢♦♦❞✐♥❣ ❛t t❤❡ ♥❛t✐♦♥❛❧ s❝❛❧❡✳ ■♥ ♦t❤❡r ❝❛s❡s✱

t❤❡ ♠❛♣♣✐♥❣ ♦❢ ❛r❡❛s ♣♦t❡♥t✐❛❧❧② ❡①♣♦s❡❞ t♦ ✐♥✉♥❞❛t✐♦♥ ✐s ❝❛rr✐❡❞ ♦✉t ❜② ❛ ❝❤❛✐♥ ♦❢ ♠♦❞❡❧s

✭❡✳❣✳ ●❛❧❧✐❡♥ ✷✵✶✻❀ ▲❡r♠❛ ❡t ❛❧✳ ✷✵✶✽✮✱ s♦❧✈✐♥❣ t❤❡ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ t❤❡ s❡❛

❛r❡❛ ❛♥❞ t❤❡ ✢♦✇ ♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤❡ ✐♥❧❛♥❞ ❛r❡❛✳

❚❤❡ ✐ss✉❡ ✐s ♣❛rt✐❝✉❧❛r❧② r❡❧❡✈❛♥t ❛❧s♦ ❢♦r t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧✱ ✇❤❡r❡ ❧♦❝❛❧ ♠❛♥❛❣❡rs r❡✲

q✉✐r❡ ✭♣♦ss✐❜❧② ●■❙✲✐♥t❡❣r❛t❡❞✮ r❛♣✐❞ t♦♦❧s t♦ s✐♠✉❧❛t❡ t❤❡ ✇❤♦❧❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠

♦❢ ❛ ❝♦❛st❛❧ ✢♦♦❞ ❜② ✇❛✈❡ ♦✈❡r✲t♦♣♣✐♥❣ ✐♥ ❛♥ ✉r❜❛♥ ❛r❡❛ ❛t r❡❣✐♦♥❛❧ s❝❛❧❡✳ ❚❤❡ ◆♦rt❤❡r♥

❆❞r✐❛t✐❝ ❝♦❛st ✐s s✉❜❥❡❝t t♦ r❛♣✐❞❧② ❡✈♦❧✈✐♥❣ ♣r❡ss✉r❡s ❢r♦♠ ❛ r❛♥❣❡ ♦❢ ❞r✐✈❡rs✱ ✐♥❝❧✉❞✐♥❣ ♥❛t✲

✉r❛❧ ❛♥❞ ❛♥t❤r♦♣♦❣❡♥✐❝ ♦♥❡s✿ ❡✳❣✳✱ r❛♣✐❞ ♠♦r♣❤♦❧♦❣✐❝❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ P♦ ❘✐✈❡r ❉❡❧t❛ ✭❙✐♠❡♦♥✐

❛♥❞ ❈♦r❜❛✉ ✷✵✵✾✮✱ ❤✉♠❛♥✲✐♥❞✉❝❡❞ s✉❜s✐❞❡♥❝❡ ❝❛✉s❡❞ ❜② ✢✉✐❞ ✇✐t❤❞r❛✇❛❧ ✭❈❛r❜♦❣♥✐♥ ❡t ❛❧✳

✷✵✵✹✮✱ ❝❤❛♥❣✐♥❣ ✇❛✈❡ ❝❧✐♠❛t❡ ✭P♦♠❛r♦ ❡t ❛❧✳ ✷✵✶✼✮✳

■♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧ ❛♥❞ t♦ ♣r♦♣♦s❡ ♠✐t✐❣❛t✐♦♥ ♠❡❛s✉r❡s ❛❣❛✐♥st ❝♦❛st❛❧

❡r♦s✐♦♥ ❛♥❞ ✢♦♦❞✐♥❣✱ t❤❡ ❝♦❛st❛❧ ♣❧❛♥ ♦❢ t❤❡ ❱❡♥❡t♦ r❡❣✐♦♥ ✇❛s ❡st❛❜❧✐s❤❡❞ ✐♥ ✷✵✶✻ ✭❘✉♦❧

✸



✶✳ ■♥tr♦❞✉❝t✐♦♥

❡t ❛❧✳ ✷✵✶✻✮✱ t❤❛♥❦s t♦ ❛ ❜❛❧❛♥❝❡❞ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ s❝✐❡♥t✐✜❝❛❧❧② r✐❣♦r♦✉s ❛♣♣r♦❛❝❤ ❛♥❞ ❡①♣❡rt✱

❞✐s❝✉ss✐♦♥✲❜❛s❡❞✱ ❛ss✉♠♣t✐♦♥s ✭♠♦r❡ ❞❡t❛✐❧s ✐♥ ❘✉♦❧ ❡t ❛❧✳ ✷✵✶✽✮✳

❚❤❡ t❤❡s✐s ❤❡r❡ ♣r❡s❡♥t❡❞ ♦r✐❣✐♥❛t❡s ❢r♦♠ t❤❡ ♣r❛❝t✐❝❛❧ ♥❡❡❞ t♦ ✜❧❧ ❛ ❧❛❝❦ ✐♥ t❤❡ ❝♦❛st❛❧ ✢♦♦❞✐♥❣

❛ss❡ss♠❡♥t ✐♥ t❤❡ ❱❡♥❡t♦ r❡❣✐♦♥✱ ✉♥t✐❧ ♥♦✇ st✉❞✐❡❞ ✇✐t❤ s✐♠♣❧✐✜❡❞ ❛♣♣r♦❛❝❤❡s✱ ❢♦r ❡①❛♠♣❧❡

❝♦♥s✐❞❡r✐♥❣ ❛s ✢♦♦❞❡❞ ❛r❡❛s t❤❡ ♦♥❡s ❝♦♠♣r✐s❡ ❜❡t✇❡❡♥ t❤❡ s❡❛ ❛♥❞ ❡①✐st✐♥❣ ❞✉♥❡s✴❜❛♥❦✴❞✐❦❡s✳

✶✳✸ ❖❜❥❡❝t✐✈❡s ❛♥❞ s❝♦♣❡ ♦❢ t❤❡ st✉❞②

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ❞❡✈❡❧♦♣ ❛ ✢♦♦❞ ♣r♦♣❛❣❛t✐♦♥ ♠♦❞❡❧ ❛♥❞ t♦ ❡st❛❜❧✐s❤ ❛ ♠❡t❤♦❞✲

♦❧♦❣②✱ t❤❛t ❤❛s t❤❡ ❛♠❜✐t✐♦♥ t♦ ❤❡❧♣ t❤❡ ❝♦❛st❛❧ ♠❛♥❛❣❡rs ❛♥❞ st❛❦❡❤♦❧❞❡rs ✐♥ ♣r♦❞✉❝✐♥❣

✢♦♦❞✐♥❣ ❤❛③❛r❞ ♠❛♣s r❡q✉✐r❡❞ ✉♥❞❡r t❤❡ ❊❯ ✇❛t❡r ✢♦♦❞s ❞✐r❡❝t✐✈❡✳ ❚❤❡ ❡①♣❡❝t❡❞ r❡s✉❧t ✐s ❛

s❝✐❡♥t✐✜❝❛❧❧② ❜❛s❡❞ ❛♣♣r♦❛❝❤ t❤❛t ❤❡❧♣s ❞❡❝✐s✐♦♥ ♠❛❦❡rs t♦ s❝♦♣❡ ♦♣t✐♠❛❧ str❛t❡❣✐❡s t♦ ♠✐t✐✲

❣❛t❡ t❤❡ ❛ss♦❝✐❛t❡❞ r✐s❦s✳

❚❤❡ t❤❡s✐s ♣r❡s❡♥ts ❛ ❞②♥❛♠✐❝ r❡❞✉❝❡❞✲❝♦♠♣❧❡①✐t② ♠♦❞❡❧ ♦❢ ❝♦❛st❛❧ ✢♦♦❞✐♥❣✱ t❤❛t ✐♥❝❧✉❞❡s

s✉✣❝✐❡♥t s❤❛❧❧♦✇✲✇❛t❡r ♣❤②s✐❝s✱ ✉s✐♥❣ t❤❡ ❢♦r❝✐♥❣ ❞❛t❛ ❛✈❛✐❧❛❜❧❡ ✭s❡❛✲❧❡✈❡❧ ❝❤❛r❛❝t❡r✐st✐❝s✮ t♦

s✐♠✉❧❛t❡ ✢♦✇s ♦✈❡r ❤✐❣❤✲q✉❛❧✐t② t❡rr❛✐♥ ✭❉✐❣✐t❛❧ ❊❧❡✈❛t✐♦♥ ▼♦❞❡❧✮✳

❇❡②♦♥❞ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧✱ ❜♦t❤ ❛ ♠♦❞❡❧ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s t♦ ❜❡ ✐♠♣♦s❡❞ ❛t t❤❡ s❤♦r❡❧✐♥❡ ❛♥❞ ❛ ■■✲❧❡✈❡❧ r❡❧✐❛❜✐❧✐t② ♠❡t❤♦❞ ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥

♦r❞❡r t♦ ❝❛rr② ♦✉t ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ❤❛③❛r❞ ♠❛♣s✳ ❚❤❡ r❡s✉❧ts ❛r❡ t❤❡ ❡①❝❡❡❞❛♥❝❡ ♣r♦❜❛❜✐❧✐t②

✈❛❧✉❡s ♦❢ ❛ ❣✐✈❡♥ ✐♥✉♥❞❛t✐♦♥ ❧❡✈❡❧ ✭❡✳❣✳ ✵✳✺ ♠✮ ❢♦r ❡❛❝❤ ♣✐①❡❧ ♦❢ t❤❡ ❞♦♠❛✐♥ ✭✐✳❡✳ ❉❊▼✮✳ ❚❤❡

❝♦♥s✐❞❡r❡❞ ❢❛✐❧✉r❡ ♠❡❝❤❛♥✐s♠ ✐s t❤❡ ✢♦♦❞✐♥❣ ❝❛✉s❡❞ ❜② ♦✈❡r✲t♦♣♣✐♥❣✳

❚❤❡ s❝❤❡♠❡ ♦❢ t❤❡ st❡♣s ❞♦♥❡ t♦ ❛❝❤✐❡✈❡ t❤❡ ♦❜❥❡❝t✐✈❡s ♦❢ t❤✐s t❤❡s✐s ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✶✳✷✳

Raster-based flooding modelsuited for GPU (Matlab)
Wave transformation model fromoffshore to onshore (Matlab)

Bivariate statistical analysis(wave and sea level)
Reliability analysisFORM method (II level)

Model testing/validation(benchmark)
Simulation of a real coastal floodingevent (Caorle, Ve)

Coastal flooding maps(littoral cell level)
❋✐❣✉r❡ ✶✳✷✿ P❤❉ t❤❡s✐s st❡♣s

❚❤✐s st✉❞② ✐s ❞✐✛❡r❡♥t✐❛t❡❞ ❢r♦♠ ♠♦st ✢♦♦❞ r✐s❦ r❡s❡❛r❝❤ ❜② ❢♦❝✉s✐♥❣ ✉♣♦♥ ❛♥❛❧②s✐s ♦❢ ✐♥✉♥✲

❞❛t✐♦♥ ♦✈❡r ❛ ❧❛r❣❡ ❛r❡❛ ✇❤❡r❡ ❝♦❛st❛❧ ✢♦♦❞♣❧❛✐♥s ❛r❡ r❡❧❛t✐✈❡❧② s♠❛❧❧✱ ❛♥❞ ✇❛t❡r ✢♦✇✐♥❣ ♦✈❡r

❞❡❢❡♥❝❡s ✭♦✈❡r✢♦✇ ❛♥❞ ✇❛✈❡ ♦✈❡rt♦♣♣✐♥❣✮ ♠❛② ❜❡ ♠♦r❡ s✐❣♥✐✜❝❛♥t ❝♦♠♣❛r❡❞ t♦ ❜r❡❛❝❤✐♥❣✳

❚❤✐s s✐♥❣❧❡ ❢❛✐❧✉r❡ ♠❡❝❤❛♥✐s♠ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐s s✉✐t❡❞ t♦ r❡♣r❡s❡♥t ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ✐♥

❛r❡❛s ✇✐t❤ ✧r✐❣✐❞ ❜♦✉♥❞❛r✐❡s✧✱ ❢♦r ❡①❛♠♣❧❡ ❛♥ ❛r❡❛ ✇✐t❤ ❝♦♥❝r❡t❡ s❡❛ ✇❛❧❧s ♦r ✇✐t❤ ♣❛✈❡❞

❝♦❛st❛❧ r♦❛❞s t❤❛t t②♣✐❝❛❧❧② ❛r❡ ♥♦t s✉❜❥❡❝t t♦ ❧♦❝❛❧ ❞❛♠❛❣❡ ♦r ❝♦❧❧❛♣s❡✳ ❍♦✇❡✈❡r✱ ✐t s❤♦✉❧❞ ❜❡

str❡ss❡❞ t❤❛t t❤❡ ♠❛♣s ♣r♦♣♦s❡❞ ❜② t❤✐s ✇♦r❦ r❡q✉✐r❡ ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜❡❢♦r❡ t❤❡② ♠❛② ❜❡ ✉s❡❞

❢♦r ❝♦❛st❛❧ ♠❛♥❛❣❡♠❡♥t ♣✉r♣♦s❡s✱ ❢♦r ✐♥st❛♥❝❡ ♦t❤❡r ❜♦✉♥❞❛r✐❡s ❝♦♥❞✐t✐♦♥s ✭❡✳❣ r✐✈❡r ❝♦♥tr✐✲

✹
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❜✉t✐♦♥✱ ❤②❞r♦❧♦❣✐❝❛❧ ❝♦♥❞✐t✐♦♥s✮✱ ♦t❤❡r ❢❛✐❧✉r❡ ♠❡❝❤❛♥✐s♠s ✭❡✳❣✳ ❜r❡❛❝❤✐♥❣✮ ❛♥❞ ✐♥❢♦r♠❛t✐♦♥

♦♥ t❤❡ ❡①♣♦s❡❞ ✈❛❧✉❡✳

✶✳✹ ◆♦✈❡❧t② ♦❢ t❤❡ st✉❞②

❍✐❣❤ r❡s♦❧✉t✐♦♥ ❞❛t❛s❡ts ❛♥❞ ♥✉♠❡r✐❝❛❧ t♦♦❧s ❛r❡ ❝✉rr❡♥t❧② ❛✈❛✐❧❛❜❧❡ ❢♦r ♠❛♥② ❝♦❛st❛❧ ❛r❡❛s✱

❛❧t❤♦✉❣❤ ❛r❡ ♥♦t r♦✉t✐♥❡❧② ✐♥t❡❣r❛t❡❞❀ ♣❛rt✐❝✉❧❛r❧② ✇❤❡r❡ r✐s❦s ❛r❡ ♥♦t ♦❜✈✐♦✉s ♦r r❡❝❡♥t❧②

❡①♣❡r✐❡♥❝❡❞✳ ❚❤❡ ♣❡❝✉❧✐❛r✐t② ♦❢ t❤✐s ✇♦r❦ ❝♦♥❝❡r♥s t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ♠♦❞❡❧ t♦ ❤❛♥❞❧❡ ❧❛r❣❡

♠❛♣s ♦♥ ❛ r❡❣✐♦♥❛❧ s❝❛❧❡ ✐♥ ❧✐♠✐t❡❞ t✐♠❡✱ s✐♥❝❡ s♣❡❝✐✜❝ ❛❧❣♦r✐t❤♠s ❛♥❞ s✐♠♣❧✐✜❝❛t✐♦♥s ♦♥ t❤❡

❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ♦❜t❛✐♥ ❛ ❢♦r♠✉❧❛t✐♦♥ ✐❞❡❛❧ ❢♦r ●P❯ ❛❝❝❡❧❡r❛t✐♦♥✳ ❚❤✐s

❢♦r♠✉❧❛t✐♦♥ t❛❦❡s ❛❞✈❛♥t❛❣❡ ♦❢ ❛ ❣r✐❞✲❜❛s❡❞ ✈❡❝t♦r✐③❛t✐♦♥ ❛♥❞ ❛ ♣♦s✐t✐✈✐t② ♣r❡s❡r✈✐♥❣ s❝❤❡♠❡✳

■♥ t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧✱ t❤❡ ❜♦✉♥❞❛r✐❡s ❝♦♥❞✐t✐♦♥s ❝♦✉❧❞ ❜❡ ❡❛s✐❧② ✉♣❞❛t❡❞ ✇✐t❤ t❤❡ r❡s✉❧ts

❝♦♠✐♥❣ ❢r♦♠ ♦t❤❡r ♠♦❞❡❧s✱ s✉❝❤ ❛s r✐✈❡r ♦r ❤②❞r♦❧♦❣✐❝❛❧ ♠♦❞❡❧❧✐♥❣✱ ❛❧❧♦✇✐♥❣ t♦ st✉❞② t❤❡

✢♦♦❞✐♥❣ ❢♦r ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♣❡rs♣❡❝t✐✈❡✳ ❙✐♥❝❡ ✢♦♦❞ ♣r♦❝❡ss❡s ❛r❡ ❝♦♠♣❧❡① ♠✉❧t✐✈❛r✐❛t❡ ❡✈❡♥ts

❝❤❛r❛❝t❡r✐③❡❞ ❜② ❝♦rr❡❧❛t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✭✇❛✈❡s✱ s❡❛ ❧❡✈❡❧✱ r✐✈❡r ❧❡✈❡❧✱ ❞✉r❛t✐♦♥✱ ❡t❝✳✮✱

♠✉❧t✐✈❛r✐❛t❡ ♣r♦❜❛❜✐❧✐st✐❝ ❛♣♣r♦❛❝❤✱ s✉❝❤ ❛s t❤❡ ❋❖❘▼ ♠❡t❤♦❞s ✉s❡❞ ✐♥ t❤✐s ✇♦r❦✱ ♦✛❡rs ❛♥

✐♠♣r♦✈❡❞ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❡♥t✐r❡ ♣r♦❜❧❡♠✳

✶✳✺ ●❡♥❡r❛❧ ♦✈❡r✈✐❡✇

❚♦ ❛❝❤✐❡✈❡ t❤❡ ❣❡♥❡r❛❧ ♦❜❥❡❝t✐✈❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛s❦s ❛♥❞ ♠✐❧❡st♦♥❡s ❛r❡ ✐❞❡♥t✐✜❡❞ ❛♥❞ ❞❡✲

s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ♦❢ t❤❡ t❤❡s✐s✿

❈❤❛♣t❡r ✷✿ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♦❢ ❛❧❧ t❤❡ ♠❡t❤♦❞s ❛♥❞ ❛♥❛❧②s✐s ✉s❡❞ ✐♥ t❤✐s ✇♦r❦✿

✇❛✈❡ ♠♦❞❡❧❧✐♥❣ ✐♥ t❤❡ ❝♦❛st❛❧ ❛r❡❛✱ ❡①tr❡♠❡ ✈❛❧✉❡ st❛t✐st✐❝s✱ r❡❧✐❛❜✐❧✐t② ♠❡t❤♦❞s ❛♥❞ ✐♠❛❣❡

❛♥❛❧②s✐s

❈❤❛♣t❡r ✸✿ ❘❡✈✐❡✇ ♦❢ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ♦❢ ❤②❞r♦❞②♥❛♠✐❝ ❛♥❞ s✐♠♣❧❡ ❝♦♥❝❡♣t✉❛❧ ♠♦❞✲

❡❧s ❛❜❧❡ t♦ s✐♠✉❧❛t❡ t❤❡ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ♦✈❡r ❛ t♦♣♦❣r❛♣❤②

❈❤❛♣t❡r ✹✿ ❉❡s❝r✐♣t✐♦♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ♥❡✇ ♠♦❞❡❧ ❛❜❧❡ t♦ ♣r♦♣❛❣❛t❡ t❤❡ ✢♦♦❞✐♥❣

♦✈❡r ❧❛r❣❡✲s❝❛❧❡ r❛st❡r ♠❛♣s t♦❣❡t❤❡r ✇✐t❤ ✐ts ✐♠♣❧❡♠❡♥t❛t✐♦♥ s✉✐t❡❞ ❢♦r t❤❡ ✉s❡ ♦❢ ❛ ●P❯

❈❤❛♣t❡r ✺✿ ■♥✉♥❞❛t✐♦♥ ♠♦❞❡❧ t❡st✐♥❣ ❛♥❞ ✈❛❧✐❞❛t✐♦♥ t❤r♦✉❣❤ s♦♠❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r

t❤❡ s❤❛❧❧♦✇ ✇❛t❡r ❡q✉❛t✐♦♥ ❛♥❞ s♦♠❡ ❡①♣❡r✐♠❡♥ts t❤❛t r❡♣r❡s❡♥t ❜❡♥❝❤♠❛r❦s ✐♥ ❤②❞r❛✉❧✐❝

♠♦❞❡❧❧✐♥❣ ❛♥❞ t❤r♦✉❣❤ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ r❡❛❧ ✢♦♦❞✐♥❣ ❡✈❡♥t ♦❝❝✉rs ✐♥ ❈❛♦r❧❡ ✭❱❡♥✐❝❡ ✕ ■❚✮

❈❤❛♣t❡r ✻✿ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦❛st ♦❢ t❤❡ ❱❡♥❡t♦ r❡❣✐♦♥ ❛♥❞ ❛♥❛❧②s✐s ♦❢ t❤❡ ♠❛r✐♥❡ ❞r✐✈❡rs

❛❝t✐♥❣ ♦♥ t❤✐s ❝♦❛st ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ ♠❡t❤♦❞♦❧♦❣② t♦ s♦♠❡ str❡t❝❤❡s ♦❢ t❤❡ ❱❡♥❡✲

t✐❛♥ ❧✐tt♦r❛❧

❈❤❛♣t❡r ✼✿ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ♣♦ss✐❜❧❡ ❢✉t✉r❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤✐s r❡s❡❛r❝❤✳

✺
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❈❤❛♣t❡r ✷

❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❝♦❛st ✐s t❤❡ r❡❣✐♦♥ t❤❛t s❡♣❛r❛t❡s t❤❡ s❡❛ ✭✼✶✪ ♦❢ t❤❡ ❡❛rt❤ s✉r❢❛❝❡✮ ❢r♦♠ t❤❡ ❧❛♥❞

✭✷✾✪ ♦❢ t❤❡ ❡❛rt❤ s✉r❢❛❝❡✮✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝♦❛st❛❧ s②st❡♠s ♥❡❡❞s t♦ ❜❡ st✉❞✐❡❞ t❤r♦✉❣❤

❛ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ♠✉❧t✐❞✐s❝✐♣❧✐♥❛r② ❛♣♣r♦❛❝❤ ✇✐t❤ r❡❢❡r❡♥❝❡ t♦ ❧❛r❣❡ s♣❛t✐❛❧ ❛♥❞ t❡♠♣♦r❛❧

s❝❛❧❡s ✐♥ ♦r❞❡r t♦ ❡①❛♠✐♥❡ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣❤❡♥♦♠❡♥❛ ❛♥❞ t♦♣✐❝s✳ ❈♦❛st❛❧ ③♦♥❡s ❛r❡ ❛♥❛❧②s❡❞

❢r♦♠ s❡✈❡r❛❧ ♣♦✐♥ts ♦❢ ✈✐❡✇ ✭❡✳❣✳ ❣❡♦♣❤②s✐❝❛❧✱ ❜✐♦❧♦❣✐❝❛❧✱ s♦❝✐♦✲❡❝♦♥♦♠✐❝✱ ❝✉❧t✉r❛❧✱ ❤✐st♦r✐❝❛❧✮

❛♥❞ ✇✐t❤ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s ✭❡✳❣✳ r❡s❡❛r❝❤✱ ♣❧❛♥♥✐♥❣✱ ♦♣❡r❛t✐♦♥❛❧ ♣✉r♣♦s❡s✮✳ ❙✉❝❝❡ss❢✉❧

♠❛♥❛❣❡♠❡♥t r❡q✉✐r❡s ❛ t❤♦r♦✉❣❤ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s ✐♠♣❛❝t✐♥❣ ♦♥ t❤❡

❝♦❛st ❛♥❞ ❛ ♣❧❛♥♥✐♥❣ ♦❢ t❤❡ ❡✛❡❝t✐✈❡ ✇❛②s t♦ ❜❡st s❡❝✉r❡ t❤❡ ❞❡s✐r❡❞ ✉s❡s ♦❢ t❤❡ ❝♦❛st❛❧ ❧❛♥❞✳

❚❤❡ ❝♦❛st ♠❛② ❜❡ ❝❧❛ss✐✜❡❞ ✐♥t♦ t❤r❡❡ t②♣❡s✿ r♦❝❦② ❝♦❛st✱ ❝♦❤❡s✐✈❡ ❝♦❛st ❛♥❞ s❛♥❞② ❝♦❛st ✭t❤❡

❧❛tt❡r ✐s t❤❡ t②♣❡ ♦❢ ❝♦❛st t❤❛t ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧✮✳ ❚❤❡ ❜❡❛❝❤ ❝❛♥ ❜❡ ❞❡✜♥❡❞

❛s t❤❡ ③♦♥❡✱ ✐♥ t❤❡ ❝♦❛st❛❧ r❡❣✐♦♥✱ ❡①t❡♥❞✐♥❣ s❤♦r❡✇❛r❞ ❢r♦♠ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠

✇❛t❡r ❞❡♣t❤ r❡❧❛t✐✈❡ t♦ s✐❣♥✐✜❝❛♥t s❡❛ ❜♦tt♦♠ ❝❤❛♥❣❡ t♦ t❤❡ ❧❛♥❞✇❛r❞ ❧✐♠✐t ♦❢ s❡❛ ✐♥❣r❡ss✐♦♥

✉♥❞❡r st♦r♠ ❛❝t✐♦♥✱ ♦r t❤❡ ❞✉♥❡s ✭✐❢ ♣r❡s❡♥t✮✳ ❚❤❡ ❢❡❛t✉r❡s t❤❛t ❛♣♣❡❛r ♦♥ ❛ ❜❡❛❝❤ ♣r♦✜❧❡ ❛r❡

s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✶ ❛♥❞ ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

✲ ❙❤♦r❡❧✐♥❡✿ t❤❡ ❧✐♥❡ ♦❢ ❧❛♥❞✱ s❡❛ ❛♥❞ ❛✐r ✐♥t❡r❢❛❝❡❀

✲ ❇❛r✿ ❛ s✉❜♠❡r❣❡❞ ❜❛r ✉s✉❛❧❧② ❧②✐♥❣ ♣❛r❛❧❧❡❧ t♦ t❤❡ s❤♦r❡❧✐♥❡❀

✲ ❚r♦✉❣❤✿ ❛ ❞❡♣r❡ss✐♦♥ ❧♦❝❛t❡❞ ✐♠♠❡❞✐❛t❡❧② ❧❛♥❞✇❛r❞ ♦❢ ❛ ❜❛r❀

✲ ❇❡❛❝❤ ❢❛❝❡✿ t❤❡ s❡❛✇❛r❞ s❧♦♣✐♥❣ s❡❝t✐♦♥ ♦❢ t❤❡ ❜❡❛❝❤ t❤❛t ✐s ❡①♣♦s❡❞ t♦ s✇❛s❤ ❛❝t✐♦♥❀

✲ ❇❡r♠✿ ❛ s✉❜✲❛❡r✐❛❧ ❜❛r ❤❛✈✐♥❣ ✐ts ❝r❡st ❜❛❝❦❡❞ ❜② ❛ ♥❡❛r❧② ❤♦r✐③♦♥t❛❧ s❧♦♣❡✳

dunes

bar

shoreline mean sea level
beach profile

berm

trough
beach face

emerged beach intertidal beach submerged beach

high tide
low tide

❋✐❣✉r❡ ✷✳✶✿ ❚②♣✐❝❛❧ ❜❡❛❝❤ ♣r♦✜❧❡

✼



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

❚❤✐s ❝❤❛♣t❡r ♣r❡s❡♥ts t❤❡ ♠❛✐♥ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ✇❛✈❡ ♠♦❞❡❧❧✐♥❣ ✐♥ t❤❡ ❝♦❛st❛❧ ❛r❡❛✱ t♦❣❡t❤❡r

✇✐t❤ ❛ ❜r✐❡❢ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❡①tr❡♠❡ ✈❛❧✉❡ st❛t✐st✐❝s✱ ✉s❡❢✉❧ t♦ ❛♥❛❧②s❡ ✇❛✈❡ ♦r✱ ♠♦r❡ ❣❡♥❡r❛❧❧②

♠❛r✐♥❡ ❞❛t❛s❡t✳ ❚❤❡ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♦❢ ❛ r❡❧✐❛❜✐❧✐t② ❛♥❛❧②s✐s ✐s ❛❧s♦ ❞❡s❝r✐❜❡❞✱ t❤❛t

✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ t♦ ❡st❛❜❧✐s❤ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ❤❛③❛r❞ ♠❛♣s✳ ■♥ t❤❡ ❧❛st ♣❛r❛❣r❛♣❤✱ t❤❡ ■♠❛❣❡

❛♥❛❧②s✐s ✐s ❞❡s❝r✐❜❡❞✱ ✉s❡❢✉❧ t♦ ♠❛♥✐♣✉❧❛t❡ ❜✐❣ r❛st❡r ❞❛t❛ ✭❡✳❣✳ ❞✐❣✐t❛❧ t❡rr❛✐♥ ♠♦❞❡❧✮✳

✷✳✷ ❲❛✈❡ ♠♦❞❡❧❧✐♥❣ ✐♥ ❝♦❛st❛❧ ❛r❡❛s

❚❤❡ ♣❤②s✐❝❛❧ s②st❡♠ ✇✐t❤✐♥ t❤❡ ❝♦❛st❛❧ r❡❣✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♣r✐♠❛r✐❧② ♦❢ t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡

s❡❛✱ ✇❤✐❝❤ s✉♣♣❧✐❡s ❡♥❡r❣② t♦ t❤❡ s②st❡♠✱ ❛♥❞ t❤❡ s❤♦r❡✱ ✇❤✐❝❤ ❛❜s♦r❜s t❤✐s ❡♥❡r❣②✳ ❙✐♥❝❡ t❤❡

s❤♦r❡❧✐♥❡ ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ❛✐r✱ ❧❛♥❞✱ ❛♥❞ ✇❛t❡r✱ t❤❡ ♣❤②s✐❝❛❧ ✐♥t❡r❛❝t✐♦♥s ✇❤✐❝❤ ♦❝❝✉r

✐♥ t❤✐s r❡❣✐♦♥ ❛r❡ ✉♥✐q✉❡✱ ✈❡r② ❝♦♠♣❧❡①✱ ❛♥❞ ❞✐✣❝✉❧t t♦ ❢✉❧❧② ✉♥❞❡rst❛♥❞✳

❚❤❡ ♠♦t✐♦♥s ♦❢ t❤❡ s❡❛ ✇❤✐❝❤ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❜❡❛❝❤ ❛♥❞ ♥❡❛r✲s❤♦r❡ ♣❤②s✐❝❛❧ s②st❡♠ ✐♥❝❧✉❞❡

✇❛✈❡s✱ t✐❞❡s✱ ❝✉rr❡♥ts✱ st♦r♠ s✉r❣❡s✱ ❛♥❞ ts✉♥❛♠✐s✳ ❲✐♥❞ ✇❛✈❡s ❛r❡ ❜② ❢❛r t❤❡ ❧❛r❣❡st ❝♦♥tr✐✲

❜✉t✐♦♥ ♦❢ ❡♥❡r❣② ❢r♦♠ t❤❡ s❡❛ t♦ t❤❡ ❜❡❛❝❤ ❛♥❞ t♦ t❤❡ ♥❡❛r✲s❤♦r❡ ♣❤②s✐❝❛❧ s②st❡♠✳ ❆s ✇✐♥❞s

❜❧♦✇ ♦✈❡r t❤❡ ✇❛t❡r✱ ✇❛✈❡s ❛r❡ ❣❡♥❡r❛t❡❞ ✐♥ ❛ ✈❛r✐❡t② ♦❢ s✐③❡s ❢r♦♠ r✐♣♣❧❡s t♦ ❧❛r❣❡ ♦❝❡❛♥

✇❛✈❡s✱ t❤❛t ❝❛♥ r❡❛❝❤ ❤❡✐❣❤ts ♦❢ ✸✵ ♠❡t❡rs✳ ❲✐♥❞ ✇❛✈❡s✱ ✇❤✐❝❤ ❛r❡ ❛❧s♦ ❦♥♦✇♥ ❛s ♦s❝✐❧❧❛t♦r②

✇❛✈❡s✱ ❛r❡ ✉s✉❛❧❧② ❞❡✜♥❡❞ ❜② t❤❡✐r ❤❡✐❣❤t ✭H ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ t♦♣ ♦❢ t❤❡ ❝r❡st t♦ t❤❡ ❜♦tt♦♠

♦❢ t❤❡ tr♦✉❣❤✮✱ ❧❡♥❣t❤ ✭L ❤♦r✐③♦♥t❛❧ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ s✉❝❝❡ss✐✈❡ ❝r❡sts✮✱ ❛♥❞ ♣❡r✐♦❞ ✭T t✐♠❡

❜❡t✇❡❡♥ s✉❝❝❡ss✐✈❡ ❝r❡sts ♣❛ss✐♥❣ ❛ ❣✐✈❡♥ ♣♦✐♥t✮✳

nearshore zone offshore zone
shoaling zoneswash zone

run-up zone breaker zone

surf zone
plungingpoint breakingpoint

msl

❋✐❣✉r❡ ✷✳✷✿ ❉❡✜♥✐t✐♦♥ ♦❢ ♥❡❛r✲s❤♦r❡ ③♦♥❡

❚❤❡ ✇❛✈❡s ♣r♦♣❛❣❛t❡ ❛❝r♦ss t❤❡ ♦❝❡❛♥ ❛♥❞✱ ❛♣♣r♦❛❝❤✐♥❣ t♦ t❤❡ ❝♦❛st✱ t❤❡② tr❛♥s❢♦r♠ ✐♥t♦

s✇❡❧❧s ✇❤✐❝❤ ❛r❡ t②♣✐❝❛❧❧② t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥ s❤❛♣❡✱ ✇✐t❤ ♥❡❛r❧② ✉♥✐❢♦r♠ ♣❡r✐♦❞ ❛♥❞ ❧♦♥❣

❝r❡st ❧✐♥❡s✳ ❚❤❡ s❤❛❧❧♦✇ ✇❛t❡r tr❛♥s❢♦r♠❛t✐♦♥ ❜❡❣✐♥s ✇❤❡♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ s❡❛ ❜♦tt♦♠ t♦

t❤❡ ✇❛✈❡ ♠♦t✐♦♥ st❛rts t♦ ❜❡ r❡❧❡✈❛♥t✳ ❚❤✐s ③♦♥❡ ✐s ❝❛❧❧❡❞ s❤♦❛❧✐♥❣ ③♦♥❡ ✭❋✐❣✳ ✷✳✷✮ ❛♥❞ ❤❡r❡ t❤❡

♠❛✐♥ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥s ❛r❡ r❡❢r❛❝t✐♦♥ ❛♥❞ s❤♦❛❧✐♥❣✳ ❙✐♥❝❡ t❤❡ ✇❛✈❡ ❤❡✐❣❤t ✐s ♣r♦♣♦rt✐♦♥❛❧

t♦ t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ✇❛✈❡ ❡♥❡r❣②✱ ✐t ♠✉st ✐♥❝r❡❛s❡ ❛s t❤❡ ✇❛✈❡ ❛❞✈❛♥❝❡s ✐♥t♦ t❤❡ s❤❛❧❧♦✇❡r

❞❡♣t❤s ✭❝♦♥s❡r✈✐♥❣ ✐ts ❡♥❡r❣②✮✳ ❆ s❤♦❛❧✐♥❣ ✇❛✈❡ ✜♥❛❧❧② ❜r❡❛❦s ❛t t❤❡ ❧♦❝❛t✐♦♥ ✇❤❡r❡ t❤❡ ✇❛✈❡

❤❡✐❣❤t ✐s ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦ t❤❡ ✇❛t❡r ❞❡♣t❤✳ ❚❤✐s ♣♦✐♥t ✭③♦♥❡✮ ✐s ❝❛❧❧❡❞ ❜r❡❛❦✐♥❣ ♣♦✐♥t

❛♥❞ ♠❛r❦s t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s✉r❢ ③♦♥❡ ✭❋✐❣✳ ✷✳✷✮✳ ❆❢t❡r t❤❡ ❜r❡❛❦✐♥❣✱ t❤❡ ✇❛✈❡s ❡♥t❡r

❛♥ ❛r❡❛ ♦❢ ❞②♥❛♠✐❝✱ ❝♦♠♣❧❡① ✢✉✐❞ ♠♦t✐♦♥s ❛♥❞ ❣r❡❛t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥✳ ❆ ❣r❡❛t ❛♠♦✉♥t ♦❢

s❡❞✐♠❡♥t ♠♦✈❡♠❡♥t ♦❝❝✉rs ✐♥ t❤✐s ③♦♥❡✱ r❡s✉❧t✐♥❣ ✐♥ s✐❣♥✐✜❝❛♥t ❜❛t❤②♠❡tr✐❝ ❝❤❛♥❣❡s✳ ❇❡②♦♥❞

t❤❡ s❤♦r❡❧✐♥❡✱ t❤❡r❡ ✐s t❤❡ r✉♥✲✉♣ ③♦♥❡✱ ✇❤✐❝❤ ✐s ❛❧t❡r♥❛t❡❧② ✇❡t ❛♥❞ ❞r②✳ ❚❤❡ s✇❛s❤ ③♦♥❡ ✐s

✽



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

❞❡✜♥❡❞ t♦ ✐♥❝❧✉❞❡ t❤❡ r✉♥✲✉♣ ③♦♥❡ ❛♥❞ ✐ts ❛❞❥❛❝❡♥t ❛r❡❛ ✇❤❡r❡ t❤❡ r✉♥✲✉♣ ✐s ❣❡♥❡r❛t❡❞ ❛♥❞

t❤❡ r✉♥✲❞♦✇♥ ✐s t❡r♠✐♥❛t❡❞✳ ❋✐❣✳ ✷✳✷ s❤♦✇s t❤❡ ❞✐✛❡r❡♥t ③♦♥❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✇❛✈❡s ♦♥ t❤❡

❜❡❛❝❤✳ ❚❤✐s ♣❛r❛❣r❛♣❤ ❞❡s❝r✐❜❡s t❤❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✇❛✈❡s ❛♥❞✱ ♠♦r❡ ✐♥ ❣❡♥❡r❛❧✱ ♦❢ t❤❡

✢✉✐❞ ✐♥ t❤❡ ❝♦❛st❛❧ ❛r❡❛✳

✷✳✷✳✶ ▲✐♥❡❛r ✇❛✈❡ t❤❡♦r②

❲❛t❡r ✇❛✈❡ ♠♦t✐♦♥ ✐s ✉s✉❛❧❧② ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♣♦t❡♥t✐❛❧ t❤❡♦r② r❡q✉✐r✐♥❣ t❤❡ ✢✉✐❞ t♦ ❜❡

✐♥✈✐s❝✐❞✱ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❛♥❞ ✐rr♦t❛t✐♦♥❛❧✳ ❚❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❝♦✉❧❞ ❜❡ r❡❧❛t❡❞ t♦ ❛ ♣♦t❡♥t✐❛❧ φ✿

u =
∂φ

∂x
v =

∂φ

∂y
w =

∂φ

∂z
✭✷✳✶✮

✇❤❡r❡ x ❛♥❞ y ❛r❡ t❤❡ ❤♦r✐③♦♥t❛❧ ❝♦♦r❞✐♥❛t❡s✱ ❛♥❞ z ✐s t❤❡ ✈❡rt✐❝❛❧ ❝♦♦r❞✐♥❛t❡✳ ❖r✐❣✐♥s ♦❢ t❤❡

❝♦♦r❞✐♥❛t❡ s②st❡♠ ✐s ❧♦❝❛t❡❞ ♦♥ t❤❡ s❡❛❜❡❞✳ u✱ v ❛♥❞ w ❛r❡ t❤❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ x✱

y ❛♥❞ z ❞✐r❡❝t✐♦♥s✳ ❆t ❛ ✜①❡❞ ♣♦✐♥t t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❛r❡ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✭❊q✳

✷✳✷✮ ❛♥❞ t❤❡ ❊✉❧❡r ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥✳

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0 ✭✷✳✷✮

❙✉❜st✐t✉t✐♥❣ ❊q✳ ✷✳✶ ✐♥t♦ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ❛♥❞ ✐♥t♦ t❤❡ ❊✉❧❡r ❡q✉❛t✐♦♥✱ t❤❡ ▲❛♣❧❛❝❡

❡q✉❛t✐♦♥ ✭❊q✳ ✷✳✸✮ ❛♥❞ t❤❡ ❇❡r♥♦✉❧❧✐ ❡q✉❛t✐♦♥ ✭❊q✳ ✷✳✹✮ ❛r❡ ♦❜t❛✐♥❡❞ ✳

∂2φ

∂x2
+
∂2φ

∂y2
+
∂2φ

∂z2
= 0 ✭✷✳✸✮

gz +
p

ρ
+

1

2
(u2 + v2 + w2) +

∂φ

∂t
= 0 ✭✷✳✹✮

❚♦ ♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥ ❢♦r s✉r❢❛❝❡ ✇❛t❡r ♠♦t✐♦♥✱ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♠✉st ❜❡ ❣✐✈❡♥ ❛t t❤❡

❜♦tt♦♠ ❛♥❞ ❢r❡❡ s✉r❢❛❝❡✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡✿

✶✳ ❑✐♥❡♠❛t✐❝ ❜♦tt♦♠ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✿ ❛t t❤❡ s❡❛❜❡❞✱ ✐❢ t❤❡ ✇❛t❡r ❞❡♣t❤ d ✐s ❝♦♥st❛♥t✱

t❤❡ ✢♦✇ ✈❡❧♦❝✐t② ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❜❡❞ ✐s ③❡r♦❀

∂φ

∂z
= 0 ✭✷✳✺✮

✷✳ ❑✐♥❡♠❛t✐❝ ❢r❡❡ s✉r❢❛❝❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✿ ❛ ✢✉✐❞ ♣❛rt✐❝❧❡ ❧♦❝❛t❡❞ ❛t t❤❡ ❢r❡❡ s✉r❢❛❝❡

♠✉st r❡♠❛✐♥ ❛t t❤❡ ❢r❡❡ s✉r❢❛❝❡ ✭❋✐❣✳ ✷✳✸✮❀

∂φ

∂z
=
dη

dt
✭✷✳✻✮

✸✳ ❉②♥❛♠✐❝ ❢r❡❡ s✉r❢❛❝❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✿ t❤❡ ♣r❡ss✉r❡ ❛t t❤❡ ✇❛t❡r s✉r❢❛❝❡ ♠✉st ❜❡

❡q✉❛❧ t♦ t❤❡ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳

∂φ

∂t
+ gη = 0 ✭✷✳✼✮

■❢ t❤❡ ✇❛✈❡ ✐s t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ ♣❡r✐♦❞✐❝ ✇✐t❤ ❛ ✇❛✈❡ ♣❡r✐♦❞ T ❛♥❞ ❛ ❞✐r❡❝t✐♦♥ ♦❢ ♣r♦♣❛❣❛✲

t✐♦♥ ✐♥ t❤❡ x ❞✐r❡❝t✐♦♥✱ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ s♦❧✈❡❞ ❛s ❛ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠✳

❆s t❤❡ ♠❛①✐♠✉♠ s✉r❢❛❝❡ ❡❧❡✈❛t✐♦♥ ✐s ❛ss✉♠❡❞ s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ ❛ t②♣✐❝❛❧ ❞✐♠❡♥s✐♦♥ ✭L✱ ✇❛✈❡

✾
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h
xz

x
d
Z

❋✐❣✉r❡ ✷✳✸✿ ❉❡✜♥✐t✐♦♥ s❦❡t❝❤ ❢♦r ❤✱ ❞ ❛♥❞ η

❧❡♥❣t❤✮ t❤❡ s♦❧✉t✐♦♥ ❢♦r ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ✇✐t❤♦✉t ❞❡❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❧✐♥❡❛r✐s❡❞ ❛♥❞ s♦❧✈❡❞

❛♥❛❧②t✐❝❛❧❧②✳ ❚❤✐s s♦❧✉t✐♦♥ ✐s t❤❡ ❧✐♥❡❛r ✇❛✈❡ s♦❧✉t✐♦♥✱ ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ❆✐r② ✇❛✈❡ ♦r t❤❡ ❙t♦❦❡

✜rst ♦r❞❡r ✇❛✈❡✳ ❚❤❡ ✈❡❧♦❝✐t② ♣♦t❡♥t✐❛❧ ❛♥❞ t❤❡ ✇❛✈❡ ♣r♦✜❧❡ ❛r❡ ❣✐✈❡♥ ❜②✿

φ = −HL
2T

cosh kz

cosh kh
sin(ωt− kx) = 0 ✭✷✳✽✮

η = a cos(ωt− kx) =
H

2
cos(ωt− kx) ✭✷✳✾✮

✇❤❡r❡ a ✐s t❤❡ ✇❛✈❡ ❛♠♣❧✐t✉❞❡ ✭= H/2✮✱ ω = 2π/T ✐s t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝②✱ k = 2π/L ✐s t❤❡

✇❛✈❡ ♥✉♠❜❡r ❛♥❞ c = L/T ✐s t❤❡ ✇❛✈❡ ❝❡❧❡r✐t②✳ ❚❤❡ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ❝♦♠♣♦♥❡♥ts ♦❢

t❤❡ ✇❛t❡r ♣❛rt✐❝❧❡ ✈❡❧♦❝✐t② ❛r❡✿

u =
πH

T

cosh kz

sinh kh
cos(ωt− kx) = 0 ✭✷✳✶✵✮

v =
πH

T

sinh kz

sinh kh
sin(ωt− kx) = 0 ✭✷✳✶✶✮

shallow water intermediate water deep water
❋✐❣✉r❡ ✷✳✹✿ ❲❛✈❡ ♣❛rt✐❝❧❡s ♦r❜✐ts ✐♥ s❤❛❧❧♦✇✱ ✐♥t❡r♠❡❞✐❛t❡ ❛♥❞ ❞❡❡♣ ✇❛t❡r

■♥ ❞❡❡♣ ✇❛t❡r✱ t❤❡ ♣❛rt✐❝❧❡s ♦r❜✐ts ❛r❡ ❝✐r❝✉❧❛r t❤r♦✉❣❤♦✉t t❤❡ ✇❛t❡r ❝♦❧✉♠♥ ❜✉t ❞❡❝r❡❛s❡ ✐♥

❞✐❛♠❡t❡r ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❞✐st❛♥❝❡ ❜❡❧♦✇ t❤❡ ✇❛t❡r s✉r❢❛❝❡✱ t♦ ❛♣♣r♦①✐♠❛t❡❧② ❜❡❝♦♠❡ ③❡r♦ ❛t

❛ ❞✐st❛♥❝❡ ♦❢ L/2✳ ■♥ tr❛♥s✐t✐♦♥❛❧ t♦ s❤❛❧❧♦✇ ✇❛t❡r✱ t❤❡ ♦r❜✐ts r❡❛❝❤ t❤❡ ❜♦tt♦♠ ❛♥❞ ❜❡❝♦♠❡

❡❧❧✐♣t✐❝❛❧ ✇✐t❤ t❤❡ ❡❧❧✐♣s❡s ❜❡❝♦♠✐♥❣ ✢❛tt❡r ♥❡❛r t❤❡ ❜♦tt♦♠✳ ❆t t❤❡ ❜♦tt♦♠ t❤❡ ♣❛rt✐❝❧❡s

❢♦❧❧♦✇ ❛ r❡✈❡rs✐♥❣ ❤♦r✐③♦♥t❛❧ ♣❛t❤ ✭❋✐❣✳ ✷✳✹✮✳

✶✵
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■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❝♦✉❧❞ ❜❡ ✐♥tr♦❞✉❝❡❞✱ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡

❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ t❤❡ ✇❛✈❡ ❝❡❧❡r✐t②✿

c2 =
(ω

k

)2
=
g

k
tanh(kh) ✭✷✳✶✷✮

■♥ ❞❡❡♣ ✇❛t❡r✱ s✐♥❝❡ h → ∞✱ tanh(kh) ≈ 1✱ t❤❡ ❝❡❧❡r✐t② ❛♥❞ t❤❡ ✇❛✈❡ ❧❡♥❣t❤ ✭L0✱ ✇❤❡r❡ t❤❡

s✉❜s❝r✐♣t 0 ✐♥❞✐❝❛t❡s t❤❡ ✈❛❧✉❡ ✐♥ ❞❡❡♣ ✇❛t❡r✮ r❡❞✉❝❡ t♦✿

c =

√

gL

2π
L0 =

gT 2

2π
✭✷✳✶✸✮

■♥ ✈❡r② s❤❛❧❧♦✇ ✇❛t❡r✱ s✐♥❝❡ h→ 0✱ tanh(kh) ≈ kh✱ t❤❡ ❝❡❧❡r✐t② ❜❡❝♦♠❡s✿

c =
√

gh ✭✷✳✶✹✮

❋♦r s♠❛❧❧ ❛♠♣❧✐t✉❞❡ ✇❛✈❡ t❤❡♦r②✱ ✇❛✈❡ ❡♥❡r❣② ❝♦♥s✐sts ♦❢ t✇♦ ♣❛rt✱ ♣♦t❡♥t✐❛❧ ❛♥❞ ❦✐♥❡t✐❝

❡♥❡r❣②✱ ❛♥❞ ✐s ❣✐✈❡♥ ❜② ❊q✳ ✷✳✶✼✿

EP =
1

L

∫ L/2

0
ρgη2dx =

1

16
ρgH2 ✭✷✳✶✺✮

EK =
1

2L
ρg

∫ L

0

[∫ z

0
(u2 + v2)dz

]

dx =
1

16
ρgH2 ✭✷✳✶✻✮

E = EP + EK =
1

8
ρgH2 ✭✷✳✶✼✮

✷✳✷✳✷ ■rr❡❣✉❧❛r ✇❛✈❡s

❚❤❡ ✇❛✈❡✱ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ t❤❡♦r②✱ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ r❡❣✉❧❛r ✭✐✳❡✳ ♣❡r✐♦❞✐❝ ✐♥ t✐♠❡

❛♥❞ s♣❛❝❡✮✳ ❍♦✇❡✈❡r✱ r❡❛❧ s❡❛ st❛t❡ ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ✐rr❡❣✉❧❛r ✇❛✈❡s✳ ❚❤❡r❡ ❛r❡ t✇♦ ♠❛✐♥

✇❛②s t♦ ❞❡s❝r✐❜❡s ✐rr❡❣✉❧❛r ✇❛✈❡s✿ ✐✮ s♣❡❝tr❛❧ ❛♥❛❧②s✐s✱ t❤❛t ❝♦♥s✐❞❡rs ✐rr❡❣✉❧❛r ✇❛✈❡s ❛s ❛

s✉♣❡r♣♦s✐t✐♦♥ ♦❢ ✐♥✜♥✐t❡ ❝♦♠♣♦♥❡♥t ✇❛✈❡s ❛♥❞ ❞❡s❝r✐❜❡s t❤❡✐r ❝❤❛r❛❝t❡r✐st✐❝s ♦♥ t❤❡ ❜❛s✐s ♦❢

t❤❡ ❡♥❡r❣② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥t ✇❛✈❡s✱ ✐✐✮ ✐♥❞✐✈✐❞✉❛❧ ✇❛✈❡ ❛♥❛❧②s✐s✱ t❤❡ ✇❛✈❡ ❝❤❛r✲

❛❝t❡r✐st✐❝s ❛r❡ ❞❡s❝r✐❜❡s ❜② ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ H ❛♥❞ T ✱ ❞❡✜♥❡❞ ❜② t❤❡ ③❡r♦✲❝r♦ss✐♥❣ ♠❡t❤♦❞s✳

❈♦♥s✐❞❡r✐♥❣ t❤❡ ✜rst ♠❡t❤♦❞✱ ❛s ❛❢♦r❡♠❡♥t✐♦♥❡❞✱ ✐rr❡❣✉❧❛r ✇❛✈❡s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ s✉♣❡r✲

♣♦s✐t✐♦♥ ♦❢ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥t r❡❣✉❧❛r ✇❛✈❡s✱ ✇✐t❤ ❞✐✛❡r❡♥t ✇❛✈❡ ♣❡r✐♦❞s ✭❋✐❣✳

✷✳✺✮✳ ❚❤❡ ✇❛t❡r s✉r❢❛❝❡ ❡❧❡✈❛t✐♦♥s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞✿

η =
∑

i

ai cos(ωit− kix) ✭✷✳✶✽✮

❚❤❡ ❞✐r❡❝t✐♦♥❛❧ ✇❛✈❡ s♣❡❝tr✉♠ S(f, α) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❡①♣❡❝t❡❞ ❡♥❡r❣② ❞❡♥s✐t② ✐♥ t❡r♠s ♦❢

❢r❡q✉❡♥❝② ❛♥❞ ❞✐r❡❝t✐♦♥s✳ ❚❤❡ ❢r❡q✉❡♥❝② s♣❡❝tr✉♠ S(f) ✐s ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❡❝tr✉♠ ❞❡✜♥❡❞

❛s t❤❡ ❡♥❡r❣② ❞❡♥s✐t② ✐♥ t❡r♠s ♦❢ ❢r❡q✉❡♥❝② ♦♥❧②✿

S(f)∆f =
∑

i

a2i
2

✭✷✳✶✾✮

❚❤❡ ❞✐r❡❝t✐♦♥❛❧ s♣❡❝tr✉♠ ❛♥❞ t❤❡ ❢r❡q✉❡♥❝② s♣❡❝tr✉♠ ❛r❡ ❧✐♥❦❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥✿

S(f) =

∫ 2π

0
S(f, α)dα ✭✷✳✷✵✮

✶✶
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■♥ t❤❡ ❏♦✐♥t ◆♦rt❤ ❙❡❛ ❲❛✈❡ Pr♦❥❡❝t ✭❏❖◆❙❲❆P✮✱ ❍❛ss❡❧♠❛♥♥ ❡t ❛❧✳ ✭✶✾✽✵✮ ♣r♦♣♦s❡❞ t❤❡

✇❡❧❧✲❦♥♦✇ ❏♦♥s✇❛♣ s♣❡❝tr✉♠ ♦❢ t❤❡ ❢♦r♠✿

S(f) =
αg2

ω5
exp

{

−1.25
(ωP

ω

)4
}

γrF ✭✷✳✷✶✮

✇❤❡r❡ γF = 3.3 ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts α✱ ωP ❛♥❞ r ❞❡♣❡♥❞ ♦♥ t❤❡ ✇✐♥❞ s♣❡❡❞ ✈❡❧♦❝✐t② ❛t t❤❡ ✶✵

♠ ❡❧❡✈❛t✐♦♥ U10 ❛♥❞ ♦♥ t❤❡ ❢❡t❝❤ ❧❡♥❣t❤ F ✳

❈♦♥s✐❞❡r✐♥❣ t❤❡ s❡❝♦♥❞ ✇❛②✱ ✐♥❞✐✈✐❞✉❛❧ ✇❛✈❡s ✐♥ ❛♥ ✐rr❡❣✉❧❛r ✇❛✈❡ ✜❡❧❞ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜②✱ ❢♦r

1(t)
t

2(t)
t

3(t)
t

4(t)
t

(t)
t

❋✐❣✉r❡ ✷✳✺✿ ❙✉♣❡r♣♦s✐t✐♦♥ ♦❢ ❝♦♠♣♦♥❡♥t r❡❣✉❧❛r ✇❛✈❡s✱ ✇✐t❤ ❞✐✛❡r❡♥t ✇❛✈❡ ♣❡r✐♦❞s

✐♥st❛♥❝❡✱ t❤❡ ③❡r♦✲❝r♦ss✐♥❣ ♠❡t❤♦❞s✳ ■t ❤❛s ❜❡❡♥ ❢♦✉♥❞ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✇❛✈❡ ❤❡✐❣❤ts

❢♦❧❧♦✇s t❤❡ ❘❛②❧❡✐❣t❤ ❞✐str✐❜✉t✐♦♥ ✭▲♦♥❣✉❡tt✲❍✐❣❣✐♥s ✶✾✺✷✮✿

f(H) =
2H

H2
rms

exp

[(

− H

Hrms

)]2

✭✷✳✷✷✮

❇❛s❡❞ ♦♥ t❤✐s ❞✐str✐❜✉t✐♦♥✱ ✈❛r✐♦✉s r❡♣r❡s❡♥t❛t✐✈❡ ✇❛✈❡ ❤❡✐❣❤ts ❝❛♥ ❜❡ ❢♦✉♥❞✿

H =
1

N

N∑

i

Hi ♠❡❛♥ ✇❛✈❡ ❤❡✐❣❤t

HS = H1/3 = 1.6H ❛✈❡r❛❣❡ ♦❢ t❤❡ ❤✐❣❤❡st ♦♥❡✲t❤✐r❞ ✇❛✈❡ ❤❡✐❣t❤s

Hrms = 0.706HS r♦♦t✲♠❡❛♥ sq✉❛r❡ ✇❛✈❡ ❤❡✐❣t❤

✶✷
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✷✳✷✳✸ ❲❛✈❡s ✐♥ s❤❛❧❧♦✇ ✇❛t❡r

■♥ s❤❛❧❧♦✇ ✇❛t❡r✱ ✇❛✈❡s tr❛♥s❢♦r♠ ✉♥❞❡r✿ ✐✮ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ s❧♦♣✐♥❣ ❜♦tt♦♠✱ ✐✐✮ t❤❡ s❤♦r❡✲

❧✐♥❡ ❞✐r❡❝t✐♦♥ r❡s♣❡❝t t♦ t❤❡ ✇❛✈❡ ❞✐r❡❝t✐♦♥ ❛♥❞ ✐✐✐✮ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝♦❛st❛❧ str✉❝t✉r❡s✳ ■♥ t❤❡

❢♦❧❧♦✇✐♥❣✱ t❤r❡❡ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥s ❛r❡ ❞❡s❝r✐❜❡s✿

❛✮ ❲❛✈❡ s❤♦❛❧✐♥❣✿ ✐❢ ✇❛✈❡s ❤❛✈❡ ❛♥ ✐♥❝✐❞❡♥t ❞✐r❡❝t✐♦♥ ♥♦r♠❛❧ t♦ t❤❡ ❜❡❛❝❤✱ ✇✐t❤ str❛✐❣❤t

❛♥❞ ♣❛r❛❧❧❡❧ ❜♦tt♦♠ ❝♦♥t♦✉rs✱ ❝❤❛♥❣❡s ✐♥ t❤❡ ✇❛✈❡ ♣r♦✜❧❡ ❛r❡ ❞✉❡ s♦❧❡❧② t♦ ❝❤❛♥❣❡s ✐♥ ✇❛t❡r

❞❡♣t❤✳ ❚❤❡ ✇❛✈❡ ♣r♦✜❧❡ ❝❤❛♥❣❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ r❡❢❡r❡♥❝❡ t♦ t❤❡ ❡♥❡r❣② ✢✉①✳ ◆❡❣❧❡❝t✐♥❣

❡♥❡r❣② ❧♦ss✱ t❤❡ ❡♥❡r❣② ✢✉① ❝❛♥ ❜❡ t❛❦❡♥ ❝♦♥st❛♥t✳ ❈♦♥s✐❞❡r✐♥❣ ❛ ✇❛✈❡ tr❛✐♥ ♣r♦♣❛❣❛t✐♥❣ ♦✈❡r

❛ s❧♦♣♣✐♥❣ ❜♦tt♦♠✱ t❤❡ ❡♥❡r❣② ✢✉① ❢♦r ✇❛✈❡s ✐♥ ❛♥ ✐♥✜♥✐t❡ ❞❡♣t❤ ✐s ❡q✉❛❧ t♦ t❤❡ ❡♥❡r❣② ✢✉①

✐♥ ✐♥t❡r♠❡❞✐❛t❡ ❞❡♣t❤✿

cgE = cost⇒ E0cg0 =
1

8
ρgH2

0cg0 = Ecg =
1

8
ρgH2cg ✭✷✳✷✸✮

✇❤❡r❡ cg ✐s t❤❡ ❣r♦✉♣ ❝❡❧❡r✐t②✱ t❤❛t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠✿

cg = c+ k
dc

dk
=
c

2

[

1 +
2kh

sinh(2kh)

]

=
c

2
[1 +G] ✭✷✳✷✹✮

■♥ ❞❡❡♣ ✇❛t❡r✱ s✐♥❝❡ h → ∞✱ cg0 = c0/2 ✭s✉❜s❝r✐♣t ✵ ✐♥❞✐❝❛t❡s ❞❡❡♣ ✇❛t❡r✮✳ ❙✉❜st✐t✉t✐♥❣

t❤❡ ❣r♦✉♣ ❝❡❧❡r✐t② ❛♥❞ t❤❡ ❊q✳ ✷✳✶✸ ✐♥ t❤❡ ❊q✳ ✷✳✷✸✱ t❤❡ ✇❛✈❡ ❤❡✐❣❤t ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✇❛✈❡

❛✛❡❝t✐♥❣ ❜② s❤♦❛❧✐♥❣ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ❛s✿

H = H0 [(1 +G) tanh(kh)]−1/2 = KSH0 ✭✷✳✷✺✮

❜✮ ❲❛✈❡ r❡❢r❛❝t✐♦♥✿ t❤❡ ❝❡❧❡r✐t② ❞✐str✐❜✉t✐♦♥ ✐s ❞✐st♦rt❡❞ ❜② t❤❡ ❝❤❛♥❣❡ ✐♥ ✇❛t❡r ❞❡♣t❤ ❛♥❞

❜② ❧♦❝❛❧ ❝✉rr❡♥ts✱ ✐❢ ❡①✐sts ✐♥ t❤❡ ✢✉✐❞ ✭❋✐❣✳ ✷✳✻✮✳ ❆ ❣r❛❞✐❡♥t ✐♥ t❤❡ ✇❛✈❡ ❝❡❧❡r✐t② r❡s✉❧ts ✐♥ ❛

❝❤❛♥❣❡ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥✳ ❘❡❢r❛❝t✐♦♥ ❢♦❧❧♦✇s ❙♥❡❧❧✬s ❧❛✇✱ ✇❤✐❝❤ st❛t❡s t❤❛t✿

sin(α)

c
=

sin(α0)

c0
⇒ KR =

√
cosα0

cosα
✭✷✳✷✻✮

❝✮ ❲❛✈❡ ❞✐✛r❛❝t✐♦♥✿ ✇❛✈❡ ❢r♦♥ts ❝❤❛♥❣❡ t❤❡✐r s❤❛♣❡ ✇❤❡♥ ✇❛✈❡ ❡♥❝♦✉♥t❡rs ❛♥ ♦❜st❛❝❧❡✱

❢♦r ✐♥st❛♥❝❡ ❛ ❜r❡❛❦✇❛t❡r ♦r ❛ ❣r♦✐♥✳ ❚❤❡ ❙♦♠♠❡r❢❡❧❞ ✭✶✽✾✻✮ s♦❧✉t✐♦♥ ✭❊q✳ ✷✳✷✼✮ ♦❢ ♦♣t✐❝❛❧

❞✐✛r❛❝t✐♦♥ ✇❛s ❛♣♣❧✐❡❞ t♦ ✇❛t❡r ✇❛✈❡s ❜② P❡♥♥❡② ❛♥❞ Pr✐❝❡ ✭✶✾✹✹✮✳ ❋✐❣✳ ✷✳✽ s❤♦✇s t❤❡

❝♦❡✣❝✐❡♥t ♦❢ ❞✐✛r❛❝t✐♦♥ KD ❝♦♠♣✉t❡❞ ❢♦r ✻ ✈❛❧✉❡s ♦❢ R/L ❛♥❞ α ✐♥ t❤❡ r❛♥❣❡ ♦❢ ✵ ✲ ✶✽✵➦✳

KD = |f(u)exp (−2πi(R/L) cos(θ)) | ✭✷✳✷✼✮

f(u) =
1 + i

2

∫ u

−∞

exp

(−iπu2
2

)

du ✭✷✳✷✽✮

u = −
√

8R/L sin(θ/2) ✭✷✳✷✾✮

✇❤❡r❡ θ ❡ R/L ❛r❡ t❤❡ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ ❞✐✛r❛❝t✐♦♥ ❝♦❡✣❝✐❡♥t KD ✐s

❡✈❛❧✉❛t❡❞✱ α ❛♥❞ L ❛r❡ t❤❡ ✇❛✈❡ ❧❡♥❣t❤ ❛♥❞ t❤❡ ✇❛✈❡ ❞✐r❡❝t✐♦♥✿

θ = α− β = α− atan

(
x− xP
y − yP

)
R

L
=
y − yP
L cosα

✶✸
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Beach

wave front
❋✐❣✉r❡ ✷✳✻✿ ❊①❛♠♣❧❡ ♦❢ r❡❢r❛❝t✐♦♥

y

x shorelineP
❋✐❣✉r❡ ✷✳✼✿ ❉❡✜♥✐t✐♦♥ s❦❡t❝❤ ❢♦r ❞✐✛r❛❝t✐♦♥

✷✳✷✳✹ ❲❛✈❡s ❛♥❞ ❝✉rr❡♥ts ✐♥ t❤❡ s✉r❢ ③♦♥❡

❲❛✈❡s ❜r❡❛❦ ✇❤❡♥ t❤❡✐r ❤❡✐❣❤t r❡❛❝❤❡s ❛ ❝❡rt❛✐♥ ❧✐♠✐t✐♥❣ ✈❛❧✉❡ r❡❧❛t✐✈❡ t♦ t❤❡✐r ❧❡♥❣t❤ ♦r

❞❡♣t❤✳ ❚❤❡ s✉r❢ ③♦♥❡ ✐s t❤❡ ❛r❡❛ ✇❤❡r❡ ✇❛✈❡s ❜r❡❛❦ ❛♥❞ ✇✐t❤ t❤❡ ♠♦st ✐♥t❡♥s❡ s❡❞✐♠❡♥t

tr❛♥s♣♦rt ✭❞✉❡ t♦ t✉r❜✉❧❡♥❝❡✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ✇❛✈❡ ❜r❡❛❦✐♥❣ ❣❡♥❡r❛t❡s str♦♥❣ ❝✉rr❡♥ts

t❤❛t tr❛♥s♣♦rt t❤❡ s❡❞✐♠❡♥t ❛❧♦♥❣ t❤❡ ❝♦❛st✳ ❆s ✇❛✈❡s ♣r♦♣❛❣❛t❡ ✐♥t♦ s❤❛❧❧♦✇❡r ✇❛t❡r✱ t❤❡

♣r♦❝❡ss ♦❢ s❤♦❛❧✐♥❣ ❧❡❛❞s t♦ ✐♥❝r❡❛s✐♥❣ ✇❛✈❡ ❤❡✐❣❤t✳ ❚❤✐s ♣r♦❝❡ss ❝❛♥♥♦t ❝♦♥t✐♥✉❡ ❛♥❞ t❤❡

✇❛✈❡s ❜r❡❛❦ ❜❡❝❛✉s❡ t❤❡✐r st❡❡♣♥❡ss ❜❡❝♦♠❡s ✈❡r② ❧❛r❣❡ ❛s t❤❡ ❞❡♣t❤ ❜❡❝♦♠❡s s❤❛❧❧♦✇❡r✳

❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✈❡r② ❧❛r❣❡ ❧♦ss ♦❢ ✇❛✈❡ ❡♥❡r❣② ❛♥❞✱ ❞✉❡ t♦ t❤❡ str♦♥❣

❞✐ss✐♣❛t✐♦♥✱ t❤❡ ✇❛✈❡ ❤❡✐❣❤t ❞❡❝r❡❛s❡s t♦✇❛r❞ t❤❡ s❤♦r❡ ✐♥ t❤❡ s✉r❢ ③♦♥❡✳

❚❤❡ ❜r❡❛❦✐♥❣ ✇❛✈❡s ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ s✉r❢ s✐♠✐❧❛r✐t② ♣❛r❛♠❡t❡r ξ0✱ ✇❤✐❝❤ ✐s t❤❡

r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❜❡❛❝❤ s❧♦♣❡ β ❛♥❞ t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ✇❛✈❡ st❡❡♣♥❡ss✳

ξ0 =
tanβ

√

H0/L0

✭✷✳✸✵✮

❆❝❝♦r❞✐♥❣ t♦ t❤✐s ♣❛r❛♠❡t❡r✱ ❜r❡❛❦✐♥❣ ✇❛✈❡s ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ ✹ ❞✐✛❡r❡♥t t②♣❡s✿

✶✹
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α

0 20 40 60 80 100 120 140 160 180

K
D

0

0.1

0.2

0.3

0.4

0.5

R/L = 1
R/L = 2
R/L = 3
R/L = 5
R/L = 10
R/L = 20

❋✐❣✉r❡ ✷✳✽✿ KD ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ R/L ❛♥❞ α ✭❜♦tt♦♠✮

✶✳ ❙✉r❣✐♥❣ ❜r❡❛❦❡rs ✭ξ0 > 5✮✿ ♦❜s❡r✈❡❞ ✇❤❡♥ ✇❛✈❡s ♦❢ s♠❛❧❧ st❡❡♣♥❡ss ♣r♦♣❛❣❛t❡ ♦♥t♦ ❛

st❡❡♣ s❧♦♣✐♥❣ ❜❡❛❝❤✳ t❤❡ ❢♦♦t ♦❢ t❤❡ st❡❡♣ ❢r♦♥t ❜❡❝♦♠❡s ✉♥st❛❜❧❡ ❛♥❞ r✉s❤❡s ❢♦r✇❛r❞✱

❝❛✉s✐♥❣ t❤❡ ✇❛✈❡ ❝r❡st t♦ ❞❡❝r❡❛s❡ ❛♥❞ ❞✐s❛♣♣❡❛r❀

✷✳ ❈♦❧❧❛♣s✐♥❣ ❜r❡❛❦❡rs ✭3.3 < ξ0 < 5✮✿ ♦❜s❡r✈❡❞ ♦♥ ♠❡❞✐✉♠ s❧♦♣✐♥❣ ❜❡❛❝❤❡s✳ ❚❤❡ ❜r❡❛❦✐♥❣

✐s ❧❡ss ❡✈✐❞❡♥t t❤❛♥ ✐♥ t❤❡ ♦t❤❡r ❝❛s❡s❀

✸✳ P❧✉♥❣✐♥❣ ❜r❡❛❦❡rs ✭0.5 < ξ0 < 3.3✮✿ ♦❜s❡r✈❡❞ ♦♥ r❡❧❛t✐✈❡❧② st❡❡♣ ❜❡❛❝❤ s❧♦♣❡s✳ ❲❛✈❡s

❜❡❝♦♠❡ ❛s②♠♠❡tr✐❝ ✐♥ t❤❡ ❝r❡st✱ ✇❤✐❝❤ ❡①❤✐❜✐ts ❛ s❤❛r♣❡♥✐♥❣ ♦❢ t❤❡ ✇❛✈❡ ❝r❡st ✇✐t❤ ❛♥

❛❧♠♦st ✈❡rt✐❝❛❧ ❢r♦♥t ❢❛❝❡❀

✹✳ ❙♣✐❧❧✐♥❣ ❜r❡❛❦❡rs ✭ξ0 < 0.5✮✿ ♦❜s❡r✈❡❞ ✇❤❡♥ ✇❛✈❡s ♦❢ ❧❛r❣❡ st❡❡♣♥❡ss ❛r❡ ✐♥❝✐❞❡♥t t♦ ❛

❣❡♥t❧② s❧♦♣✐♥❣ ❜❡❛❝❤✳ ❚❤❡s❡ ❜r❡❛❦❡rs ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❢♦r✇❛r❞ s❧♦♣❡ ♦❢ t❤❡ ✇❛✈❡

❜❡❝♦♠✐♥❣ ✉♥st❛❜❧❡✳ ❆ ♣❧✉♠❡ ♦❢ ✇❛t❡r ❛♥❞ ❛✐r s❧✐❞❡s ❞♦✇♥ t❤❡ s❧♦♣❡ ❢r♦♠ t❤❡ ❝r❡st✳

❚❤❡ ✇❛✈❡ ❤❡✐❣❤t ❛t t❤❡ ❜r❡❛❦✐♥❣ ♣♦✐♥t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❛ ❝r✐t❡r✐♦♥ ✐♥✈♦❧✈✐♥❣ ❧♦❝❛❧

♣❛r❛♠❡t❡rs✱ s✉❝❤ ❛s ✇❛✈❡ ♣❡r✐♦❞ ❛♥❞ ✇❛✈❡ ❤❡✐❣❤t✳ ▼✐❝❤❡ ✭✶✾✺✶✮ ❞❡r✐✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

❞❡s❝r✐❜✐♥❣ ❜r❡❛❦✐♥❣ ✇❛✈❡s ❜❛s❡❞ ♦♥ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❜r❡❛❦✐♥❣ ♣♦✐♥t ✭s✉❜s❝r✐♣t b✮✿

Hb

Lb
= 0.142 tanh

2πhb
Lb

✭✷✳✸✶✮

■♥ ❞❡❡♣ ✇❛t❡r✱ s✐♥❝❡ h→ ∞✱ tanh(kh) ≈ 1✱ Hb/Lb = 0.142✱ ✐♥ ✈❡r② s❤❛❧❧♦✇ ✇❛t❡r t❤❡ ❧✐♠✐t ♦❢

t❤❡ ▼✐❝❤❡ ✭✶✾✺✶✮ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s✿

Hb = γbhb ✭✷✳✸✷✮

✇❤❡r❡ γb ✐s ♥♦r♠❛❧❧② t❛❦❡♥ ❡q✉❛❧ t♦ ✵✳✼✽✳ ❊q✳ ✷✳✸✷ st❛t❡s t❤❛t t❤❡ ✇❛✈❡ ❤❡✐❣❤t ✐s ♣r♦♣♦rt✐♦♥❛❧

t♦ t❤❡ ✇❛t❡r ❞❡♣t❤✳ ❍♦✇❡✈❡r✱ t❤❡ ❞❡❝❛② ♦❢ t❤❡ ✇❛✈❡ ❤❡✐❣❤t✱ ❡✈❡♥ ♦♥ ❛ ❝♦♥st❛♥t ❜❡❞ s❧♦♣❡✱

✐s ♠♦r❡ ❝♦♠♣❧❡① t❤❛♥ ✐♥❞✐❝❛t❡❞ ❜② ❊q✳ ✷✳✸✷✳ ❲❤❡♥ ♠♦r❡ ❝♦♠♣❧❡① ❜❡❞ t♦♣♦❣r❛♣❤② ❛r❡

❝♦♥s✐❞❡r❡❞✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❞❡✈❡❧♦♣ ❛ ♠♦❞❡❧ ✇❤✐❝❤ ✐♥❝❧✉❞❡s ♠♦r❡ ❝♦♠♣❧❡① ♣❤❡♥♦♠❡♥❛✳ ❚❤❡

✇❛t❡r s✉r❢❛❝❡ ❡❧❡✈❛t✐♦♥ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❡q✉❛t✐♦♥ ❛♥❞ t❤❡

♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥✳ ❋♦r st❛t✐♦♥❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❡♥❡r❣② ❡q✉❛t✐♦♥ ✐s✿

dE

dx
=
∂E

∂x
+
∂F

∂x
=
∂F

∂x
= −D ✭✷✳✸✸✮

✶✺
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❉❛❧❧② ❡t ❛❧✳ ✭✶✾✽✺✮ ❞❡✈❡❧♦♣❡❞ ❛ ♠♦❞❡❧ ❢♦r t❤❡ ❜r❡❛❦❡r ❞❡❝❛②✳ ❚❤❡② ❛ss✉♠❡❞ t❤❛t✱ ✇❤❡♥ ❛ ✇❛✈❡

st❛rts ❜r❡❛❦✐♥❣✱ ✐t ❝♦♥t✐♥✉❡s ✉♥t✐❧ t❤❡ ❤❡✐❣❤t r❡❛❝❤❡s ❛ ✈❛❧✉❡ ♦❢ ❛❜♦✉t ✵✳✹ t✐♠❡s t❤❡ ✇❛t❡r

❞❡♣t❤ ✭♥❛♠❡❧② st❛❜❧❡ ✇❛✈❡ ❤❡✐❣❤t Hstab✮✳ ❚❤❡ ❞✐ss✐♣❛t✐♦♥ t❡r♠s ✐♥ ❊q✳ ✷✳✸✸ ❞❡♣❡♥❞s ♦♥ t❤❡

✇❛✈❡ ❡♥❡r❣② ✢✉① ❛♥❞ ♦♥ ❛ st❛❜❧❡ ✇❛✈❡ ❡♥❡r❣② ✢✉① ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ Hstab✮✳

D = −0.15
F − Fstab

h
= −0.15

h

(

ρg
H2

8
cgb− ρg

H2
stab

8
cgb

)

✭✷✳✸✹✮

❱❛r✐♦✉s ❝✉rr❡♥ts ❡①✐st ✐♥ t❤❡ ♥❡❛r✲s❤♦r❡ r❡❣✐♦♥✱ s✉❝❤ ❛s ♦❝❡❛♥ ❝✉rr❡♥ts✱ t✐❞❛❧ ❝✉rr❡♥ts ❛♥❞ ✇✐♥❞

❛♥❞ ✇❛✈❡ ✐♥❞✉❝❡❞ ❝✉rr❡♥ts✳ ❆ss✉♠✐♥❣ t❤❛t ✇❛✈❡ ♥❡❛r✲s❤♦r❡ ❝✉rr❡♥t ✈❛r✐❡s s❧♦✇❧② ✐♥ s♣❛❝❡ ❛♥❞

t✐♠❡ ♦♥ ❛ s❝❛❧❡ t❤❛t ✐s ❧❛r❣❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t②♣✐❝❛❧ ✇❛✈❡ ❧❡♥❣t❤✱ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥ ❛r❡

t❤❡ ❞❡♣t❤ ✐♥t❡❣r❛t❡❞ ♠❛ss ❛♥❞ ♠♦♠❡♥t✉♠ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s✿

∂ρz

∂t
+
∂ρQx

∂x
+
∂ρQy

∂y
✭✷✳✸✺✮

∂

∂x

(
ρQxQx

h
+ Sxx +Rxx

)

= −ρgh∂z
∂x

+ τa − τb ✭✷✳✸✻✮

∂

∂x
(Sxy +Rxy) = −τb ✭✷✳✸✼✮

✇❤❡r❡ h ✐s t❤❡ ✇❛t❡r ❧❡✈❡❧✱ Qx = uh ❛♥❞ Qy = uh✱ ❚❤❡ r❛❞✐❛t✐♦♥ str❡ss S ✐s ❛♥ ❡①❝❡ss ✢♦✇ ♦❢

♠♦♠❡♥t✉♠ ✐♥❞✉❝❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✇❛✈❡s ❛♥❞ ❢♦r♠❡❞ ❜② t✇♦ ❝♦♥tr✐❜✉t✐♦♥s✿ t❤❡ ✜rst ❞✉❡

t♦ t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ♦❢ t❤❡ ♣❛rt✐❝❧❡s ❛♥❞ t❤❡ s❡❝♦♥❞ ❞✉❡ t♦ ♣r❡ss✉r❡✳ ❚❤❡ r❛❞✐❛t✐♦♥ str❡ss

t❡♥s♦r ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ t❤r♦✉❣❤✿

S =

(

Sxx Sxy
Syx Syy

)

=
E

2
G

(

1 0

0 1

)

+
E

2
(1 +G)

(

cos2 α cosα sinα

cosα sinα sin2 α

)

✭✷✳✸✽✮

❚❤❡ str♦♥❣ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ✐♥ t❤❡ s✉r❢ ③♦♥❡ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❞❡❝r❡❛s❡ ♦❢ ✇❛✈❡ ❤❡✐❣❤t

t♦✇❛r❞s t❤❡ s❤♦r❡ ❣✐✈❡ ❛ ❣r❛❞✐❡♥t ✐♥ t❤❡ r❛❞✐❛t✐♦♥ str❡ss✳ ❚❤✐s ❞❡❝r❡❛s❡ ✐s ❜❛❧❛♥❝❡❞ ❜② ❛ s❧♦♣❡

✐♥ t❤❡ ♠❡❛♥ ✇❛t❡r s✉r❢❛❝❡✿ t❤❡ s❡t✲✉♣ ✐♥ t❤❡ s✉r❢ ③♦♥❡ ❛♥❞ t❤❡ s❡t✲❞♦✇♥ ♦✉ts✐❞❡ t❤❡ s✉r❢ ③♦♥❡

✭s❤♦❛❧✐♥❣ ♣r♦❞✉❝❡s ❛ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ✇❛✈❡ ❤❡✐❣❤t✮✳ ❆ss✉♠✐♥❣ t❤❛t Qx = cost = 0✱ Rxx ✐s

♥❡❣❧✐❣✐❜❧❡✱ τa ❛♥❞ τb ❛r❡ ♥✉❧❧ ❞✉❡ t♦ ❝♦♥s✐❞❡r✐♥❣ ♥✉❧❧ t❤❡ ✈❡❧♦❝✐t② ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ s❤♦r❡✱ ❛♥❞

③ ✐s s♠❛❧❧ ✐♥ t❤❡ ❜r❡❛❦❡r ③♦♥❡✱ t❤❡ ❊q✳ ✷✳✸✻ ❜❡❝♦♠❡s✿

∂

∂x
(Sxx) + ρgh

∂z

∂x
=

∂

∂x
(Sxx ++ρgdz) = 0 ✭✷✳✸✾✮

❚❤❡ t❡r♠ ✐♥s✐❞❡ t❤❡ ❜r❛❝❦❡ts ✐s ❝♦♥st❛♥t ❛❧♦♥❣ t❤❡ ①✲❞✐r❡❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ❡q✉❛t✐♥❣ t❤✐s t❡r♠

❡✈❛❧✉❛t❡❞ ✐♥ t❤❡ ♦✛s❤♦r❡ ③♦♥❡ ❛♥❞ ✐♥ t❤❡ ❜r❡❛❦✐♥❣ ♣♦✐♥t✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ t❤❡ ❡q✉❛t✐♦♥

❢♦r t❤❡ s❡t✲❞♦✇♥✿

Zdown =
1

ηb

[
H2

0

16
(1 + 2G0) +

H2
0

16

cg0
cg

(1 + 2G)

]

≅ 4%H ✭✷✳✹✵✮

✇❤❡r❡ H2 = H2
0cg0/cg ✭❢r♦♠ ❞✐s♣❡rs✐♦♥ ❡q✉❛t✐♦♥✮✳ ■♥ t❤❡ s✉r❢ ③♦♥❡ t❤❡ ✇❛✈❡ ❤❡✐❣❤t ✐s ♣r♦♣♦r✲

t✐♦♥❛❧ t♦ t❤❡ ✇❛t❡r ❞❡♣t❤ ❛♥❞ G = 1✳ ❚❤❡ ❡q✉❛t✐♦♥ ♦❢ s❡t✲✉♣ ✐s✿

Zup = Zdown +
3/8γ2b

1 + 3/8γ2b
ηb ≅ 10%H ✭✷✳✹✶✮

✶✻



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

❊q✳ ✷✳✸✼ ✐s t❤❡ ♠♦♠❡♥t✉♠ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ②✲❞✐r❡❝t✐♦♥✳ ❚❤❡ ❡q✉❛t✐♦♥✱ ❢♦r ❛ st❡❛❞②

✉♥✐❢♦r♠ ❧♦♥❣✲s❤♦r❡ ❝✉rr❡♥t✱ ❡①♣r❡ss t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❜❡t✇❡❡♥ r❛❞✐❛t✐♦♥ str❡ss ❣r❛❞✐❡♥t✱ ❜❡❞

s❤❡❛r str❡ss ❛♥❞ r❡❞✐str✐❜✉t✐♥❣ ❢♦r❝❡s✳ ▲♦♥❣✲s❤♦r❡ ❝✉rr❡♥t ✈❡❧♦❝✐t✐❡s ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ s♦❧✈✐♥❣

t❤✐s ❡q✉❛t✐♦♥✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ❝✉rr❡♥t ✈❡❧♦❝✐t② V ✐s ✈❡r② s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♣❛rt✐❝❧❡s

✇❛✈❡ ✈❡❧♦❝✐t② U1m ❛♥❞✿

Rxx = −ρνth
∂V

∂x
νt = Ch

√

gh

τb =
1

π
ρfwU1mV U1m = w

H

2 sinh(kh)

✇❤❡r❡ C ✐s ❛ ❝♦❡✣❝✐❡♥t ✭✵✳✵✹✺✲✶✳✽✮ r ✐s t❤❡ ❜❡❞ r♦✉❣❤♥❡ss ❛♥❞ fw ✐s t❤❡ ❢r✐❝t✐♦♥ ❝♦❡✣❝✐❡♥t✱

❊q✳ ✷✳✸✼ ❜❡❝♦♠❡s✿

∂

∂x
(Sxy) +

1

π
ρfwU1mV − ∂

∂x

(

ρνth
∂V

∂x

)

=
∂

∂x
(Sxy) + kV − ∂

∂x

(

A
∂V

∂x

)

= 0 ✭✷✳✹✷✮

❊q✳ ✷✳✹✷ ❝❛♥ ❜❡ s♦❧✈❡❞ ✇✐t❤ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s✳ ❈♦♥s✐❞❡r✐♥❣ V =
∑

i viNi ❛♥❞

S =
∑

i siNi✱ ✇❤❡r❡ N ❛r❡ t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥s ✭✧r♦♦❢ ❢✉♥❝t✐♦♥✧✮✱ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❛❧♦♥❣ t❤❡

♣r♦✜❧❡✱ t❤❡ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s✿

∫ L

1

[
∂Sxy
∂x

+ kV − ∂

∂x

(

A
∂V

∂x

)]

Njdx = ✭✷✳✹✸✮

∫ L

1

∂Sxy
∂x

Njdx+

∫ L

1
kV Njdx−

∫ L

1
A
∂2V

∂x2
Njdx = 0

❆❢t❡r s♦♠❡ ♦♣❡r❛t✐♦♥s ❛♥❞ s✉❜st✐t✉t✐♥❣ V ❛♥❞ S✿

∫ L

1
A
∂ (
∑

i viNi)

∂x

∂Nj

∂x
dx

︸ ︷︷ ︸

1

+

∫ L

1
k

(
∑

i

viNi

)

Njdx

︸ ︷︷ ︸

2

−
∫ L

1

∂ (
∑

i siNi)

∂x
Njdx

︸ ︷︷ ︸

3

= 0 ✭✷✳✹✹✮

✶✳ ❚❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ✐s✿

∫ L

1
A
∂ (
∑

i viNi)

∂x

∂Nj

∂x
dx =

∫ L

1
A

(
∑

i

vi
∂Ni

∂x

)

∂Nj

∂x
dx = ✭✷✳✹✺✮

=
∑

i

(∫ L

1
A
∂Ni

∂x

∂Nj

∂x
dx

)

vi =
∑

i

fi,jvi = FV

✉s✐♥❣ ❋❊▼ ♠❡t❤♦❞s✱ t❤❡ t❡r♠s ✐♥s✐❞❡ t❤❡ ♠❛tr✐① F ❛r❡✿

❛✮ ✐ ❂ ❥ ✲ ✶✿ fj−1,j = −A 1

xj − xj−1
❜✮ ✐ ❂ ❥ ✰ ✶✿ fj+1,j = −A 1

xJ+1 − xj

❝✮ ✐ ❂ ❥ ❂ ✶✿ f1,1 = A
1

x2 − x1
❞✮ ✐ ❂ ❥ ❂ ▲✿ fL,L = A

1

xL − xL−1

❡✮ ✐ ❂ ❥✿ fj,j = A

(
1

xj − xj−1
+

1

xJ+1 − xj

)

❢✮ ❡❧s❡✇❤❡r❡✿ fi,j = 0

✷✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ✐s✿

∫ L

1

(
∑

i

viNi

)

Njdx =
∑

i

(∫ L

1
kNiNjdx

)

vi =
∑

i

gi,jvi = GV ✭✷✳✹✻✮

✶✼



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

✉s✐♥❣ ❋❊▼ ♠❡t❤♦❞s✱ t❤❡ t❡r♠s ✐♥s✐❞❡ t❤❡ ♠❛tr✐① G ❛r❡✿

❛✮ ✐ ❂ ❥ ✲ ✶✿ gj−1,j =
k (xj − xj−1)

6
❜✮ ✐ ❂ ❥ ✰ ✶✿ gj+1,j =

k (xj+1 − xj)

6

❝✮ ✐ ❂ ❥✿ gj,j =
k (xj − xj−1)

3
+
k (xj+1 − xj)

3
❞✮ ✐ ❂ ❥ ❂ ✶✿ g1,1 =

k (x2 − x1)

3

❡✮ ✐ ❂ ❥ ❂ ▲✿ gL,L =
k (xL − xL−1)

3
❢✮ ❡❧s❡✇❤❡r❡✿ gi,j = 0

✸✳ ❚❤❡ t❤✐r❞ t❡r♠ ♦❢ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ✐s✿

∫ L

1

∂

∂x

(
∑

i

siNi

)

Njdx =
∑

i

(∫ L

1

∂Ni

∂x
Njdx

)

si =
∑

i

bi,jsi = BS ✭✷✳✹✼✮

✉s✐♥❣ ❋❊▼ ♠❡t❤♦❞s✱ t❤❡ t❡r♠s ✐♥s✐❞❡ t❤❡ ♠❛tr✐① B ❛r❡✿

❛✮ ✐ ❂ ❥ ✲ ✶✿ bj−1,j =
1

2
❜✮ ✐ ❂ ❥ ✰ ✶✿ bj+1,j = −1

2
❝✮ ✐ ❂ ❥✿ bj,j = 0

❞✮ ✐ ❂ ❥ ❂ ✶✿ b1,1 = −1

2
❡✮ ✐ ❂ ❥ ❂ ▲✿ bL,L =

1

2
❢✮ ❡❧s❡✇❤❡r❡✿ bi,j = 0

x/x
b

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

V
/V

b

0

0.2

0.4

0.6

0.8

1

Long-shore current velocity

C = 0
C = 0.045
C = 0.5
C = 1
C = 1.8

❋✐❣✉r❡ ✷✳✾✿ ▲♦♥❣✲s❤♦r❡ ❝✉rr❡♥t ✈❡❧♦❝✐t✐❡s ♣r♦✜❧❡s ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ C

❚❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ②✲❞✐r❡❝t✐♦♥ ✭❊q✳ ✷✳✸✼✮ ❜❡❝♦♠❡s✿

∑

i

fi,jvi +
∑

i

gi,jvi +
∑

i

bi,jsi = FV +GV +BS ✭✷✳✹✽✮

■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ ❧♦♥❣✲s❤♦r❡ ❝✉rr❡♥t ✈❡❧♦❝✐t② ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ❡q✉❛t✐♦♥ ✷✳✹✾✳ ❚❤❡ ❧♦♥❣✲

s❤♦r❡ ✈❡❧♦❝✐t✐❡s ♣r♦✜❧❡s ✭❞✐✈✐❞❡❞ ❜② t❤❡ ✈❡❧♦❝✐t② ✐♥ t❤❡ ❜r❡❛❦✐♥❣ ♣♦✐♥t Vb✮ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s

♦❢ ♣❛r❛♠❡t❡r C ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✾✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ x/xb✳ ❚❤❡ r❡s✉❧t ✐s s✐♠✐❧❛r t♦ t❤❡

t❤❡♦r❡t✐❝❛❧ ❢♦r♠ ♣r♦♣♦s❡❞ ❜② ▲♦♥❣✉❡t✲❍✐❣❣✐♥s ✭✶✾✼✵✮✳

V = [inv (F +G)] (−BS) ✭✷✳✹✾✮

✶✽



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

✷✳✷✳✺ ❙❤❛❧❧♦✇ ✇❛t❡r ❡q✉❛t✐♦♥s

❆s ❛❢♦r❡♠❡♥t✐♦♥❡❞✱ ❛t t❤❡ ♣♦✐♥t ♦❢ ✇❛✈❡ ❜r❡❛❦✐♥❣✱ t❤❡ ❧✐♥❡❛r t❤❡♦r② ❜r❡❛❦s ❞♦✇♥ ❛♥❞ ♦t❤❡r

❢♦r♠✉❧❛t✐♦♥s ❤❛✈❡ t♦ ❜❡ ❛❝❝♦✉♥t❡❞ ❢♦r ❡①♣❧❛✐♥ ♣❤②s✐❝s ✐♥ t❤❡ s✉r❢ ③♦♥❡✳

❚❤❡ ❙❤❛❧❧♦✇ ❲❛t❡r ❊q✉❛t✐♦♥s ✭❙❲❊s✮ ❛r❡ ❛ s②st❡♠ ♦❢ ❤②♣❡r❜♦❧✐❝✴♣❛r❛❜♦❧✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧

❡q✉❛t✐♦♥s ✭P❉❊s✮ ❣♦✈❡r♥✐♥❣ ✢✉✐❞ ✢♦✇ ✇❤❡r❡ t❤❡ ✈❡rt✐❝❛❧ ❞✐♠❡♥s✐♦♥ ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡

t②♣✐❝❛❧ ❤♦r✐③♦♥t❛❧ s❝❛❧❡✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ❛✈❡r❛❣❡❞ ♦✈❡r t❤❡ ❞❡♣t❤ t♦ ❣❡t r✐❞

♦❢ t❤❡ ✈❡rt✐❝❛❧ ❞✐♠❡♥s✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❙❤❛❧❧♦✇ ❲❛t❡r ❊q✉❛t✐♦♥s ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣r❡❞✐❝t

t✐❞❡s✱ st♦r♠ s✉r❣❡ ❧❡✈❡❧s✱ ❝♦❛st❧✐♥❡ ❝❤❛♥❣❡s ❢r♦♠ ♦❝❡❛♥ ❝✉rr❡♥ts ❛♥❞ ✢♦♦❞✐♥❣ ❞✉❡ t♦ r✐✈❡r ♦r

♠❛r✐♥❡ ✐♥✉♥❞❛t✐♦♥✳

❚❤❡ ❙❤❛❧❧♦✇ ❲❛t❡r ❊q✉❛t✐♦♥s ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡

t❤❡ ♠♦t✐♦♥ ♦❢ ✢✉✐❞s✳ ❚❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❛r❡ t❤❡♠s❡❧✈❡s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥s

❢♦r ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss ❛♥❞ ❧✐♥❡❛r ♠♦♠❡♥t✉♠✳

∂ρ

∂t
+▽ · (ρ✈) = 0 ✭✷✳✺✵✮

∂ρ✈

∂t
+▽ · (ρ✈✈) = ρ❜+▽ ·❚ ✭✷✳✺✶✮

✇❤❡r❡ ρ ✐s t❤❡ ✢✉✐❞ ❞❡♥s✐t② ✭❦❣✴♠3✮✱ ✈ = (u, v, w) ✐s t❤❡ ✢✉✐❞ ✈❡❧♦❝✐t② ✭♠✴s✮✱ ❜ ✐s t❤❡ ❜♦❞②

❢♦r❝❡ ❞❡♥s✐t② ♣❡r ✉♥✐t ♠❛ss ❛❝t✐♥❣ ♦♥ t❤❡ ✢✉✐❞ ✭◆✴❦❣✮ ❛♥❞ ❚ ✐s t❤❡ ❈❛✉❝❤② str❡ss t❡♥s♦r

✭◆✴♠2✮✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❢r♦♠ ❊q✳ ✷✳✺✵ ❛♥❞ ❊q✳ ✷✳✺✶✱ s♦♠❡

❛ss✉♠♣t✐♦♥s ❛❜♦✉t t❤❡ ✢✉✐❞ ✭✇❛t❡r✮✱ ❛❜♦✉t t❤❡ ❞❡♥s✐t② ρ✱ ❛♥❞ ❛❜♦✉t t❤❡ ❜♦❞② ❢♦r❝❡s ❜ ❛♥❞

str❡ss t❡♥s♦r ❚ ❤❛✈❡ t♦ ❜❡ ♠❛❞❡✿ ✐✮ t❤❡ ✢✉✐❞ ✐s ✐♥❝♦♠♣r❡ss✐❜❧❡✱ s♦ ρ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥

♣r❡ss✉r❡ p❀ ✐✐✮ s❛❧✐♥✐t② ❛♥❞ t❡♠♣❡r❛t✉r❡ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥st❛♥t t❤r♦✉❣❤♦✉t t❤❡ ❞♦♠❛✐♥✱

s♦ ρ ❝❛♥ ❜❡ t❛❦❡♥ ❝♦♥st❛♥t❀ ✐✐✐✮ ✇❛t❡r ✐s ❛ ◆❡✇t♦♥✐❛♥ ✢✉✐❞✳ ❚❤❡ ✜♥❛❧ ❢♦r♠ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s

❡q✉❛t✐♦♥s ✐♥ ✸❉ ✐s✿

▽ · (✈) = 0 ✭✷✳✺✷✮

∂ρ✈

∂t
+▽ · (ρ✈✈) = −▽ p+ ρg +▽ ·❚ ✭✷✳✺✸✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ❛ ✇❛t❡r ❝♦❧✉♠♥ ✭η ✐s t❤❡ ❡❧❡✈❛t✐♦♥ ♦❢ t❤❡ ❢r❡❡ s✉r❢❛❝❡

r❡❧❛t✐✈❡ t♦ t❤❡ ♠❡❛♥ s❡❛ ❧❡✈❡❧✱ d ✐s t❤❡ ❜❛t❤②♠❡tr②✱ ♠❡❛s✉r❡❞ ♣♦s✐t✐✈❡ ❞♦✇♥✇❛r❞ ❢r♦♠ t❤❡

♠✳s✳❧✳ ❛♥❞ h = η + d ✐s t❤❡ t♦t❛❧ ❞❡♣t❤✮ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✐♥t❡❣r❛t❡ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s

♦✈❡r ❞❡♣t❤ ❛♥❞ ♦❜t❛✐♥ t❤❡ ❙❤❛❧❧♦✇ ✇❛t❡r ❡q✉❛t✐♦♥s✳

✶✳ ❛t t❤❡ ❢r❡❡ s✉r❢❛❝❡✱ z = η(x, y)✿ p = 0 ❛♥❞ Dη
Dt = ∂η

∂t + u∂η
∂x + v ∂η

∂y = w

✷✳ ❛t t❤❡ ❜♦tt♦♠✱ z = −d ✿ u ∂d
∂x + v ∂d

∂y + w = 0

■♥ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ❢♦r ③✲❞✐r❡❝t✐♦♥ ✭✈❡rt✐❝❛❧✮✱ ❛❧❧ t❤❡ t❡r♠s ❛r❡ s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡

♣r❡ss✉r❡ ❞❡r✐✈❛t✐✈❡ ❛♥❞ t❤❡ ❣r❛✈✐t② t❡r♠✳ ❚❤❡ ③✲♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t ∂p/∂z = ρg✱

s♦ p = ρg(η− z) ✭❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❞✐str✐❜✉t✐♦♥✮✳ ■♥t❡❣r❛t✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✭❊q✳

✷✳✺✷✮ ❢♦r ❛ ✇❛t❡r ❝♦❧✉♠♥✿
∫ η

−d
▽ · (✈) dz =

∫ η

−d

(
∂u

∂x
+
∂v

∂x

)

dz + w|z=η − w|z=−d ✭✷✳✺✹✮

=
∂

∂x

∫ η

−d
udz +

∂

∂y

∫ η

−d
vdz −

(

u|z=η
∂η

∂x
+ u|z=−d

∂d

∂x

)

−
(

v|z=η
∂η

∂y
+ v|z=−d

∂d

∂y

)

+ w|z=η − w|z=−d = 0

✶✾
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■♥t❡❣r❛t✐♥❣ ♦✈❡r ❞❡♣t❤ ❛❧s♦ t❤❡ ① ❛♥❞ ② ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s ❛♥❞ ❞❡✜♥✐♥❣ ❞❡♣t❤✲❛✈❡r❛❣❡❞

✈❡❧♦❝✐t✐❡s ❛s✿

u =
1

h

∫ η

−d
udz v =

1

h

∫ η

−d
vdz

❚❤❡ ✷❉ ♥♦♥✲❧✐♥❡❛r ❙❤❛❧❧♦✇ ❲❛t❡r ❊q✉❛t✐♦♥s ✐♥ ❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠ ❛r❡✿

∂h

∂t
+
∂hu

∂x
+
∂hv

∂y
= 0 ✭✷✳✺✺✮

∂hu

∂t
+
∂hu2

∂x
+
∂huv

∂y
= −gh∂η

∂x
+

1

ρ
(τsx − τbx + Fx) ✭✷✳✺✻✮

∂hv

∂t
+
∂huv

∂x
+
∂hv2

∂y
= −gh∂η

∂y
+

1

ρ
(τsy − τby + Fy) ✭✷✳✺✼✮

✇❤❡r❡ t❤❡ s✉r❢❛❝❡ str❡ss τs✱ t❤❡ ❜♦tt♦♠ str❡ss τb ❛♥❞ t❤❡ ❢r✐❝t✐♦♥ t❡r♠ F ♠✉st st✐❧❧ ❞❡t❡r♠✐♥❡❞

♦♥ ❛ ❝❛s❡✲❜②✲❝❛s❡ ❜❛s✐s✳

✷✳✷✳✻ ❇♦✉ss✐♥❡sq ❡q✉❛t✐♦♥s

■♥ ✢✉✐❞ ❞②♥❛♠✐❝s✱ t❤❡ ❇♦✉ss✐♥❡sq ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ✇❛t❡r ✇❛✈❡s ✐s ✈❛❧✐❞ ❢♦r ✇❡❛❦❧② ♥♦♥✲

❧✐♥❡❛r ❛♥❞ ❧♦♥❣ ✇❛✈❡s✱ s♦ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❞❡♣t❤ d0 ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝

❤♦r✐③♦♥t❛❧ ❧❡♥❣t❤ λ ✐♥ t❤❡ ✇❛✈❡ ♠♦t✐♦♥✳ ❚❤❡ ❇♦✉ss✐♥❡sq✲t②♣❡ ❡q✉❛t✐♦♥s ✐♥❝♦r♣♦r❛t❡ ❢r❡q✉❡♥❝②

❞✐s♣❡rs✐♦♥✱ ❞✐✛❡r❡♥t❧② ❢r♦♠ t❤❡ s❤❛❧❧♦✇ ✇❛t❡r ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ♥♦t ❢r❡q✉❡♥❝②✲❞✐s♣❡rs✐✈❡✳

■♥ ❝♦❛st❛❧ ❡♥❣✐♥❡❡r✐♥❣✱ ❇♦✉ss✐♥❡sq✲t②♣❡ ❡q✉❛t✐♦♥s ❛r❡ ❢r❡q✉❡♥t❧② ✉s❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢

✇❛t❡r ✇❛✈❡s ✐♥ s❤❛❧❧♦✇ s❡❛s ❛♥❞ ❤❛r❜♦✉rs✳

❋♦r ✇❛t❡r ✇❛✈❡s ♦♥ ❛♥ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞ ❛♥❞ ✐rr♦t❛t✐♦♥❛❧ ✢♦✇ ✐♥ t❤❡ ✭①✱③✮ ♣❧❛♥❡ ✭✶❉✮✱

❝♦♥s✐❞❡r✐♥❣ t❤❡ ✈❡❧♦❝✐t✐❡s ✜❡❧❞ r❡❧❛t❡❞ t♦ ❛ ♣♦t❡♥t✐❛❧ φ ✭❊q✳ ✷✳✶✮✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛t

t❤❡ ❢r❡❡ s✉r❢❛❝❡ ❡❧❡✈❛t✐♦♥ z = η(x, t) ❛r❡ t❤❡ ❦✐♥❡♠❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝ ❝♦♥❞✐t✐♦♥s✿

∂η

∂t
+ u

∂η

∂x
=
∂φ

∂z
✭✷✳✺✽✮

∂φ

∂t
+

1

2

(
u2 + w2

)
+ gη = 0 ✭✷✳✺✾✮

■♥ t❤❡ ❇♦✉ss✐♥❡sq ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ t❡r♠s ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❝♦♦r❞✐♥❛t❡ ❛r❡ ♥❡❣❧❡❝t❡❞ ✇❤✐❧❡

s♦♠❡ ✐♥✢✉❡♥❝❡s ♦❢ t❤❡ ✈❡rt✐❝❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ✢♦✇ ✉♥❞❡r ✇❛t❡r ✇❛✈❡s ❛r❡ r❡t❛✐♥✐♥❣✳ ❚❤✐s ✐s

✉s❡❢✉❧ ❜❡❝❛✉s❡ t❤❡ ✇❛✈❡s ♣r♦♣❛❣❛t❡ ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡ ❛♥❞ ❤❛✈❡ ❛ ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦✉r ✐♥

t❤❡ ✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥✳ ❋✉rt❤❡r✱ ✐♥ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥s ♦♥❧② t❤❡ ❧✐♥❡❛r ❛♥❞ q✉❛❞r❛t✐❝ t❡r♠s

✇✐t❤ r❡s♣❡❝t t♦ η ❛♥❞ u0 ✭❤♦r✐③♦♥t❛❧ ✈❡❧♦❝✐t② ❛t t❤❡ ❜♦tt♦♠✮ ❛r❡ r❡t❛✐♥❡❞✳ ❚❤❡ ❝✉❜✐❝ ❛♥❞

❤✐❣❤❡r ♦r❞❡r t❡r♠s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ❝❛❧❧❡❞ ❇♦✉ss✐♥❡sq ❡q✉❛t✐♦♥s✱ ❛r❡ ♦❜t❛✐♥❡❞✿

∂η

∂t
+

∂

∂x
[u0 (d+ η)]− 1

6
d3
∂3u0
∂x3

= 0 ✭✷✳✻✵✮

∂u0
∂t

+
1

2

∂u20
∂x

− 1

2
d2

∂3u0
∂x2∂t

+ g
∂η

∂x
= 0 ✭✷✳✻✶✮

✷✵
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✷✳✸ ❊①tr❡♠❡ ✈❛❧✉❡ st❛t✐st✐❝s

❊①tr❡♠❡ ✈❛❧✉❡ t❤❡♦r② ❝♦♥❝❡r♥s ✇✐t❤ ♣r♦❜❛❜✐❧✐st✐❝ ❛♥❞ st❛t✐st✐❝❛❧ q✉❡st✐♦♥s r❡❧❛t❡❞ t♦ ✈❡r②

❤✐❣❤ ✈❛❧✉❡s ✐♥ s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ ✐♥ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✳ ❚❤❡ st❛t✐st✐❝s ♦❢

❡①tr❡♠❡s ❤❛✈❡ ♣❧❛②❡❞ ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ❡♥❣✐♥❡❡r✐♥❣ ♣r❛❝t✐❝❡ ❢♦r ✇❛t❡r r❡s♦✉r❝❡s ❞❡s✐❣♥ ❛♥❞

♠❛♥❛❣❡♠❡♥t✳

❆ r♦❜✉st ♠❡t❤♦❞♦❧♦❣② ❞❡✈♦t❡❞ t♦ t❤❡ r❡t✉r♥ ✈❛❧✉❡ ❡st✐♠❛t✐♦♥ ✐s ❝r✉❝✐❛❧ ✐♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢

❝♦❛st❛❧ ✢♦♦❞✐♥❣ ❤❛③❛r❞✳ ■♥❞❡❡❞✱ t❤❡ str✉❝t✉r❛❧ s❛❢❡t② ♠✉st ❜❡ ❛ss❡ss❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛

r❛t✐♦♥❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ❝❧✐♠❛t❡ ❛t ❛ s♣❡❝✐✜❡❞ ❧♦❝❛t✐♦♥✳ ❉✉r✐♥❣ t❤❡ ♣❛st ❞❡❝❛❞❡s✱ ❛

❣r❡❛t ❞❡❛❧ ♦❢ ❡✛♦rt ✇❛s ♣✉t ❜② s❡✈❡r❛❧ r❡s❡❛r❝❤❡rs t♦ ❞❡✜♥❡ ❛❝❝✉r❛t❡ ♠❡t❤♦❞♦❧♦❣✐❡s ❢♦r ❡s✲

t✐♠❛t✐♥❣ t❤❡ ✇❛✈❡ ❤❡✐❣❤t ❛♥❞ t❤❡ r❡❧❛t❡❞ ✇❛✈❡ ❧♦❛❞s ✉s❡❞ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ♠❛r✐t✐♠❡ ❛♥❞

❝♦❛st❛❧ str✉❝t✉r❡✳ ❚❤✉s✱ ❛♥ ✐♥❛❞❡q✉❛t❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞❡s✐❣♥ ✇❛✈❡ ♠❛② ♣r♦❞✉❝❡ ❡✐t❤❡r ❛♥

✉♥s❛❢❡ str✉❝t✉r❡ ✭✐❢ ✇❛✈❡ ❧♦❛❞s ❛r❡ ✉♥❞❡r❡st✐♠❛t❡❞✮ ♦r ❛♥ ♦✈❡r✲❞❡s✐❣♥❡❞ ❛♥❞ ✉♥❡❝♦♥♦♠✐❝❛❧

str✉❝t✉r❡ ✭✐❢ ✇❛✈❡ ❧♦❛❞s ❛r❡ ♦✈❡r❡st✐♠❛t❡❞✮✳

❚❤❡ ❝♦♠♠♦♥ ♣r♦❝❡❞✉r❡ ✐♥✈♦❧✈❡s t❤❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ✇❛✈❡ ❞❛t❛ ♦❜t❛✐♥❡❞ ❢r♦♠ ✐♥

s✐t✉ ♠❡❛s✉r❡♠❡♥ts ♦r ♠♦❞❡❧❧❡❞ r❡s✉❧ts✳ ❚✇♦ ✐ss✉❡s ✐♥✢✉❡♥❝❡ t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ t❤✐s ❛♥❛❧②s✐s✿ ✐✮

❞❛t❛ r❡❧✐❛❜✐❧✐t② ❛♥❞ ✐✐✮ ❧✐♠✐t❡❞ ✇❛✈❡ ❞❛t❛ ❛✈❛✐❧❛❜✐❧✐t② ✐♥ t❡r♠s ♦❢ ✐♥❞✐✈✐❞✉❛❧ t✐♠❡ s❡r✐❡s ❧❡♥❣t❤

❛♥❞ ♥✉♠❜❡r ♦❢ ❞❛t❛ s♦✉r❝❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❛✈❛✐❧❛❜❧❡ ❞❛t❛ ❝♦✈❡rs ❛ s❤♦rt

♣❡r✐♦❞ ✭✐✳❡✳ s❤♦rt❡r t❤❛♥ ✷✵ ②❡❛rs✮✱ t❤❡ r❡t✉r♥ ✈❛❧✉❡ ❡st✐♠❛t✐♦♥ ✇✐t❤ ❧♦✇ ♣r♦❜❛❜✐❧✐t② ❧❡✈❡❧ ✭✐✳❡✳

TR ❂ ✺✵ ②❡❛rs✱ ✶✵✵ ②❡❛rs✮ r❡q✉✐r❡❞ ❛♥ ❡①tr❛♣♦❧❛t✐♦♥ ✇❡❧❧ ❜❡②♦♥❞ t❤❡ r❛♥❣❡ ♦❢ ❛✈❛✐❧❛❜❧❡ ❞❛t❛✳

❘❡❧❡✈❛♥t ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ st❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❢♦r ❡①tr❡♠❡ ✈❛❧✉❡ ♣r❡❞✐❝t✐♦♥

♦❢ ♥❛t✉r❛❧ r❛♥❞♦♠ ❡✈❡♥ts ✇❡r❡ ❣✐✈❡♥ ❜② ❋ré❝❤❡t ✭✶✾✷✼✮✱ ❲❡✐❜✉❧❧ ✭✶✾✸✾✮ ❛♥❞ ●✉♠❜❡❧ ✭✶✾✺✽✮✳

❙❡✈❡r❛❧ st❛t✐st✐❝❛❧ ♠❡t❤♦❞s t❤❛t ♠❛② ❜❡ ❛♣♣❧✐❡❞ t♦ ❝❛rr② ♦✉t ❡①tr❡♠❡ ✈❛❧✉❡ ❛♥❛❧②s✐s ❢♦r t❤❡

♠❛r✐♥❡ ❡♥✈✐r♦♥♠❡♥t ❛r❡ ❞✐s❝✉ss❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ●♦❞❛ ❛♥❞ ❑♦❜✉♥❡ ✭✶✾✾✶✮ ❛♥❞ ●♦❞❛ ✭✷✵✶✵✮✳

✷✳✸✳✶ ❯♥✐✈❛r✐❛t❡ ❛♥❛❧②s✐s

❚❤❡ ✉♥✐✈❛r✐❛t❡ ❡①tr❡♠❡ ✈❛❧✉❡ ❛♥❛❧②s✐s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ t✇♦ t②♣❡s ♦❢ ❡①tr❡♠❡

s❡r✐❡s✿ ✐✮ ❊①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥ ✭❊❱✮❀ ✐✐✮ P❡❛❦s ♦✈❡r ❚❤r❡s❤♦❧❞ ✭P♦❚✮✳

■♥ t❤❡ ✜rst ♠❡t❤♦❞✱ t❤❡ s❛♠♣❧❡ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ♠❛①✐♠✉♠ ♣❡❛❦ ♦❢ ❡❛❝❤ t✐♠❡ ✐♥t❡r✈❛❧ ✭❡✳❣✳

❛♥♥✉❛❧ ♠❛①✐♠✉♠✱ ♠♦♥t❤❧② ♠❛①✐♠✉♠✱ ❞❛✐❧② ♠❛①✐♠✉♠✮✳ ❍♦✇❡✈❡r✱ ❞❡✜♥✐♥❣ t❤❡ s❛♠♣❧❡s ✐♥

s✉❝❤ ❛ ✇❛② ❝❛♥ r❡s✉❧t ✐♥ ❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥✳ ❈♦♥s✐❞❡r✐♥❣ ❢♦r ❡①❛♠♣❧❡ ❛ s❛♠♣❧❡ ♦❢ ❛♥♥✉❛❧

♠❛①✐♠✉♠✱ s♦♠❡ ♣❡❛❦s✱ t❤❛t ❛r❡ ♥♦t t❤❡ ♠❛①✐♠✉♠ ✐♥ ❛ ②❡❛r ❜✉t ❛r❡ st✐❧❧ r❡❧❛t✐✈❡❧② ❤✐❣❤✱ ❛r❡

♥♦t ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ❛♥❛❧②s✐s✳

■♥ t❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤✱ t❤❡ P♦❚ s❛♠♣❧❡ ✐s ❞❡✜♥❡❞ ❜② ❛❧❧ ♣❡❛❦ ✈❛❧✉❡s t❤❛t ❧✐❡ ❛❜♦✈❡ ❛ ❝❡rt❛✐♥

t❤r❡s❤♦❧❞ ❧❡✈❡❧✳ ▼❛❥♦r ❞✐✣❝✉❧t✐❡s ✐♥ ✉s✐♥❣ t❤✐s ♠❡t❤♦❞ ❛r❡ ❛ss✉r✐♥❣ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡

❞❛t❛ s❡r✐❡s ❛♥❞ ❝❤♦♦s✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ t❤r❡s❤♦❧❞ ✈❛❧✉❡✳

❛✮ ❊①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥✿ ❚❤❡ ❝♦♠♠♦♥ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ❛ s❡r✐❡s

♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ✭✐✳✐✳❞✳✮ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐s F (x) = Pr {Xi ≤ x}✳
❉❡♥♦t✐♥❣ Mn = max (X1, .., Xn) t❤❡ ♥th s❛♠♣❧❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ♣r♦❝❡ss✱ t❤❡ t❤❡♦r❡t✐❝❛❧

❡①❛❝t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ✐s✿

Pr {Mn ≤ x} = F (x)n ✭✷✳✻✷✮

✷✶



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

❋♦r ♥♦♥✲tr✐✈✐❛❧ ❧✐♠✐t r❡s✉❧ts✱ ❋ ♠✉st ❜❡ r❡♥♦r♠❛❧✐s❡❞✿ ✜♥❞ an > 0✱ bn s✉❝❤ t❤❛t✿

Pr

{
Mn − bn

an
≤ x

}

= F (anx+ bn)
n → H(x) ✭✷✳✻✸✮

t❤❡ ❚❤r❡❡ t②♣❡ ❚❤❡♦r❡♠ ✭❞❡r✐✈❡❞ ❜② ❋✐s❤❡r ❛♥❞ ❚✐♣♣❡tt ✭✶✾✷✽✮ ❛♥❞ ❜② ●♥❡❞❡♥❦♦ ✭✶✾✹✸✮✮

❛ss❡rts t❤❛t ✐❢ ❍ ❡①✐sts✱ ✐t ♠✉st ❜❡ ♦♥❡ ♦❢ t❤r❡❡ t②♣❡s✿

●✉♠❜❡❧ t②♣❡✿ H(x) =
{

exp (−e−x) ❛❧❧ ① ✭✷✳✻✹✮

❋ré❝❤❡t t②♣❡✿ H(x) =

{

0 ①❁✵

exp (−x−α) ①❃✵
✭✷✳✻✺✮

❲❡✐❜✉❧❧ t②♣❡✿ H(x) =

{

exp (−|x|α) ①❁✵

1 ①❃✵
✭✷✳✻✻✮

❚❤❡ t❤r❡❡ t②♣❡s ♠❛② ❜❡ ❝♦♠❜✐♥❡❞ ✐♥t♦ ❛ s✐♥❣❧❡ ●❡♥❡r❛❧✐s❡❞ ❊①tr❡♠❡ ❱❛❧✉❡ ✭●❊❱✮ ❞✐str✐❜✉t✐♦♥✿

H(x) = exp

{

−
(

1 + ξ
x− µ

ψ

)}−1/ξ

✭✷✳✻✼✮

✇❤❡r❡ µ ✐❛ ❛ ❧♦❝❛t✐♦♥ ♣❛r❛♠❡t❡r✱ ψ > 0 ✐s ❛ s❝❛❧❡ ♣❛r❛♠❡t❡r ❛♥❞ ξ ✐s ❛ s❤❛♣❡ ♣❛r❛♠❡t❡r✳ ❚❤❡

❧✐♠✐t ξ → 0 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ●✉♠❜❡❧ ❞✐str✐❜✉t✐♦♥✱ ξ > 0 t♦ t❤❡ ❋ré❝❤❡t ❞✐str✐❜✉t✐♦♥ ✇✐t❤

α = 1/ξ✱ ξ < 0 t♦ t❤❡ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ α = −1/ξ✳

❜✮ P❡❛❦s ♦✈❡r t❤r❡s❤♦❧❞s✿ ❈♦♥s✐❞❡r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ ❡①❝❡❡❞✐♥❣ s♦♠❡

t❤r❡s❤♦❧❞ u ✭s♦ Y = X − u > 0✮✿

Fu(y) = Pr {Y ≤ y ⑤ Y > 0} =
F (u+ y)− F (u)

1− F (u)
✭✷✳✻✽✮

❆s u → ωF = sup {x : F (x) < 1}✱ ✐t ❝♦✉❧❞ ❜❡ ❢♦✉♥❞ ❛ ❧✐♠✐t F (y) ≈ G(y|k, ξ, σ)✱ ✇❤❡r❡ ● ✐s

●❡♥❡r❛❧✐s❡❞ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥ ✭●P❉✮✱ k(∈ R)✱ ξ(∈ R) ❛♥❞ σ(> 0) ❛r❡ t❤❡ s❤❛♣❡✱ ❧♦❝❛t✐♦♥

❛♥❞ s❝❛❧❡ ♣❛r❛♠❡t❡rs✿

G(y|k, ξ, σ) =







1−
(

1− k y−ξ
σ

)1/k
k 6= 0

1− exp
(

−y−ξ
σ

)

k = 0
✭✷✳✻✾✮

❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♠♦st s✉✐t❛❜❧❡ t❤r❡s❤♦❧❞ ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ✐ss✉❡✳ ❈♦❧❡s ❡t ❛❧✳ ✭✷✵✵✶✮ ♣r♦♣♦s❡❞

t✇♦ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ❢♦r t❤r❡s❤♦❧❞ s❡❧❡❝t✐♦♥ ❜❛s❡❞ ♦♥ ❡♠♣✐r✐❝❛❧ t❡❝❤♥✐q✉❡s✿ ♦♥❡ ✐s ❜❛s❡❞ ♦♥

t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♠❡❛♥ ❡①❝❡ss ✭▼❊✮ ♣❧♦t✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ❛♣♣r♦①✐♠❛t❡❧② ❧✐♥❡❛r ✐♥

♣r♦①✐♠✐t② ♦❢ t❤❡ ❛♣♣r♦♣r✐❛t❡ t❤r❡s❤♦❧❞✱ ❛♥❞ t❤❡ ♦t❤❡r ♦♥ t❤❡ st❛❜✐❧✐t② ♦❢ s❤❛♣❡ ❛♥❞ s❝❛❧❡

♣❛r❛♠❡t❡r ♦❢ ●P❉ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ t❤r❡s❤♦❧❞✳ ❚❤❡ s❡❧❡❝t✐♦♥ ♦❢ ♦♣t✐♠❛❧ t❤r❡s❤♦❧❞ ❝❛♥

❜❡ ❞♦♥❡ ❛❧s♦ ❝♦♠♣❛r✐♥❣ t❤❡ ♠♦❞❡❧❧❡❞ ❛♥❞ ♦❜s❡r✈❡❞ ❞✐str✐❜✉t✐♦♥ ✉s✐♥❣ ❣r❛♣❤✐❝❛❧ t❡❝❤♥✐q✉❡ ♦r

✐♥❢♦r♠❛❧ ✐♥❞❡①❡s ✭❡①♣❧❛✐♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✮✳

❆ ♣r♦❜❧❡♠ t♦ ❜❡ s♦❧✈❡❞ r❡❣❛r❞s t❤❡ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ Pr♦❜❛❜✐❧✐t② ❉❡♥s✐t② ❋✉♥❝t✐♦♥ ✭♣❞❢✮

♣❛r❛♠❡t❡rs ✭❢♦r ❡①❛♠♣❧❡ t❤❡ s❤❛♣❡✱ ❧♦❝❛t✐♦♥ ❛♥❞ s❝❛❧❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ●P❉ ❞✐str✐❜✉t✐♦♥✮

♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ st❛rt✐♥❣ ❢r♦♠ ❛ s❛♠♣❧❡✳ ❚❤❡ ♠❛✐♥ ✉♥❞❡r❧②✐♥❣ ❛ss✉♠♣t✐♦♥ ✐s t❤❛t t❤❡

✷✷



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

❛✈❛✐❧❛❜❧❡ ♦❜s❡r✈❛t✐♦♥s ❝♦♥st✐t✉t❡ ❛ s❡t ♦❢ r❡❛❧✐③❛t✐♦♥s ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞

✭✐✳✐✳❞✳✮ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❝♦♠♠♦♥ ♠❡t❤♦❞s ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❛ ♣❞❢✳ ❚❤❡ ♠♦st ❛♣✲

♣❧✐❡❞ ♠❡t❤♦❞ ✐s t❤❡ ♠❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ✭▼▲✮ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡rs

♦❢ ❛ ♣❞❢ θ ❛r❡ ❛ss✉♠❡❞ ✈❛r✐❛❜❧❡ ❛♥❞ ♠❛② ❜❡ ❡✈❡♥t✉❛❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❝❡rt❛✐♥ ♣r♦❜❛❜✐❧✐t②

❞✐str✐❜✉t✐♦♥s✳ ❋r♦♠ t❤✐s ♣❡rs♣❡❝t✐✈❡✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ♣❞❢ ♣❛r❛♠❡t❡rs

❝♦✉❧❞ ❜❡ ❜❛s❡❞ ♦♥ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ✭♦✈❡r θ✮ ♦❢ t❤❡ ❥♦✐♥t ♣❞❢ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s x ✉♣♦♥ ❛

s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s✳ ■❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♦❜s❡r✈❛t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦

❛ s❡q✉❡♥❝❡ ♦❢ ♦❜s❡r✈❛t✐♦♥s ♦❢ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ p(x)✱

❢r♦♠ t❤❡ st❛t✐st✐❝❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❝t♦r x✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥

L(θ) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❥♦✐♥t ♣❞❢ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛✈❛✐❧❛❜❧❡ ❛♥❞ ❡✈❛❧✉❛t❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢

t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✿

L(θ) = p(x|θ) = p(x1, .., xN |θ) = p(x1|θ)p(x2|θ)...p(xN |θ) =
N∏

i=1

p(xi|θ) ✭✷✳✼✵✮

❚❤❡ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs θ ❤❡♥❝❡ r❡❧✐❡s ♦♥ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ L(θ) ♦✈❡r

θ✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐❦❡❧✐❤♦♦❞ ❝♦♥❞✐t✐♦♥s✿

∂L(θ)

∂θi
= 0 ✐ ❂ ✶✱✷✱✳✳❑ ✭✷✳✼✶✮

■♥ ♠❛♥② ♣r❛❝t✐❝❛❧ ❝❛s❡s ✐t ♠✉❝❤ ♠♦r❡ str❛✐❣❤t❢♦r✇❛r❞ t♦ ✇♦r❦ ✇✐t❤ ❛ ❧♦❣ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢

L(θ)✱ l(θ)✿

l(θ) = ln [L(θ)] =
N∑

i=1

p(xi|θ) ✭✷✳✼✷✮

✇❤✐❝❤ ❤❛s t❤❡ ♥♦t❡✇♦rt❤② ♣r♦♣❡rt② ♦❢ ❤❛✈✐♥❣ t❤❡ s❛♠❡ ♠❛①✐♠❛ ❛♥❞ t❤❡ s❛♠❡ ♠✐♥✐♠❛ ♦❢

t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥✳ ❍❡♥❝❡✱ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ l ✐s ❡q✉✐✈❛❧❡♥t ✭❛♥❞ ♦♣❡r❛t✐♦♥❛❧❧② ♠♦r❡

s✐♠♣❧❡✮ t❤❛♥ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ L✳

❙t❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ❤❛✈❡ t♦ s✐♠✉❧❛t❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ r❡❛❧✐st✐❝ ❞❛t❛s❡t✳ ❚❤❡ ❝r✐t❡r✐❛ ✇❤✐❝❤

❝❛♥ ❜❡ ✉s❡❞ t♦ ✐❞❡♥t✐❢② t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs r❡❢❡r❡❡❞ ❢♦r ✐♥st❛♥❝❡ t♦ ❣r❛♣❤✐❝❛❧ t❡❝❤♥✐q✉❡s

♦r ✐♥❢♦r♠❛❧ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s✳ P❧♦tt✐♥❣ ♣♦s✐t✐♦♥ ❢♦r♠✉❧❛s ❛r❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❣r❛♣❤✐❝❛❧❧②

❝♦♠♣❛r❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣r❡❞✐❝t❡❞ ✈❛❧✉❡s yP ❛♥❞ ♦❜s❡r✈❡❞✴♠❡❛s✉r❡❞ ✈❛❧✉❡s yO✳ ❱❛r✐♦✉s

❢♦r♠✉❧❛s ❡①✐st ❢♦r ❞✐✛❡r❡♥t ♣❛r❡♥t ❞✐str✐❜✉t✐♦♥s✿

pi =
i

N + 1
❲❡✐❜✉❧❧ ✭❢♦r ❛❧❧ ❞✐str✐❜✉t✐♦♥s✮ ✭✷✳✼✸✮

pi =
i− 0.44

N + 0.12
●r✐♥❣♦rt❡♥ ✭❢♦r ❊①♣♦♥❡♥t✐❛❧ ❛♥❞ ●❊❱ ❞✐str✐❜✉t✐♦♥s✮

pi =
i− 0.5

N
❍❛③❡♥ ✭❢♦r ❡①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥s✮

❆♥♦t❤❡r ✇❛② t♦ ❛ss❡ss t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ♠♦❞❡❧ ✜t ✐s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ✐♥❢♦r♠❛❧ ♣❡r❢♦r♠❛♥❝❡

♠❡tr✐❝s ✭♦r ✐♥❞❡①❡s✮ t❤❛t ♣r♦✈✐❞❡ ❛ q✉❛♥t✐t❛t✐✈❡ ❛♥❞ ❛❣❣r❡❣❛t❡ ❡st✐♠❛t❡ ♦❢ ♠♦❞❡❧ r❡❧✐❛❜✐❧✐t②

✭yO ✈❡rs✉s yP ✮ ❛♥❞ ❛r❡ ❣❡♥❡r❛❧❧② ❡①♣r❡ss❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦rs✳ ❚❤❡ ✐♥❞❡①❡s

❤❡r❡ ♣r❡s❡♥t❡❞ ❛r❡ t❤r❡❡✿ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❡✣❝✐❡♥❝② NSE ✐♥tr♦❞✉❝❡❞ ❜② ◆❛s❤ ❛♥❞ ❙✉t❝❧✐✛❡

✭✶✾✼✵✮✱ t❤❡ ✐♥❞❡① ♦❢ ❛❣r❡❡♠❡♥t D ♣r♦♣♦s❡❞ ❜② ❲✐❧❧♠♦tt ❡t ❛❧✳ ✭✶✾✽✺✮ ❛♥❞ t❤❡ r♦♦t✲♠❡❛♥✲

sq✉❛r❡ ❡rr♦r RMSE✳ ❆ ♣❡r❢❡❝t ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ yP ❛♥❞ yO ✐s r❡❛❝❤❡❞ ✇❤❡♥ NSE ❛♥❞ D

✷✸



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

❛r❡ ❡q✉❛❧ t♦ ✶ ❛♥❞ ✇❤❡♥ RMSE ✐s ③❡r♦✳ ❘❡❣❛r❞✐♥❣ t❤❡ NSE ♦♥❧② r❡s✉❧ts ❧❛r❣❡r t❤❛♥ ③❡r♦

❛r❡ ❛❝❝❡♣t❛❜❧❡✳ ❚❤❡s❡ ✐♥❞❡①❡s ❝❛♥ ❜❡ ✉s❡❞ ❛❧s♦ t♦ ❡st✐♠❛t❡ t❤❡ r❡❧✐❛❜✐❧✐t② ❜❡t✇❡❡♥ ♣❛r❡♥t

❞✐str✐❜✉t✐♦♥s ❛♥❞ ♣❧♦tt✐♥❣ ♣♦s✐t✐♦♥ ❢♦r♠✉❧❛s✳

NSE = 1−
∑

i(yOi − yPi)
2

∑

i(yOi− < yOi >)2
✭✷✳✼✹✮

D = 1−
∑

i(yPi − yOi)
2

∑

i(|yPi− < yOi > |+ |yOi− < yOi > |)2 ✭✷✳✼✺✮

RMSE =

√∑

i(yOi − yPi)2

N
✭✷✳✼✻✮

✷✳✸✳✷ ▼✉❧t✐✈❛r✐❛t❡ ❛♥❛❧②s✐s

❆ ✇✐❞❡ ✈❛r✐❡t② ♦❢ s✐t✉❛t✐♦♥s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❡①tr❡♠❡ ❡✈❡♥ts ❤❛s ❛ ♠✉❧t✐✈❛r✐❛t❡ ❝❤❛r❛❝t❡r✳ ■♥

❝♦❛st❛❧ ✢♦♦❞✐♥❣ ❤❛③❛r❞✱ ❡①tr❡♠❡ s❡❛ ❝♦♥❞✐t✐♦♥s ❧❡❛❞✐♥❣ t♦ ❞❛♠❛❣❡ ❛r❡ ✉s✉❛❧❧② ❛ ❝♦♥s❡q✉❡♥❝❡

♦❢ ❡①tr❡♠❡ ✈❛❧✉❡s ❥♦✐♥t❧② ✐♥ s❡✈❡r❛❧ ❝♦♠♣♦♥❡♥ts✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ s✐♠✉❧t❛♥❡♦✉s ♦❝❝✉rr❡♥❝❡

♦❢ ❧❛r❣❡ ✇❛✈❡s ❛♥❞ ❛ ❤✐❣❤ st✐❧❧ ✇❛t❡r ❧❡✈❡❧ ✐s ✐♠♣♦rt❛♥t ✐♥ ❡st✐♠❛t✐♥❣ t❤❡✐r ❝♦♠❜✐♥❡❞ ❡✛❡❝t

♦♥ s❡❛ ❞❡❢❡♥❝❡s ❛♥❞ ♦✈❡r✲t♦♣♣✐♥❣✳ ❋♦r ❡❛❝❤ ♠♦❞❡ ♦❢ ❢❛✐❧✉r❡✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ✐❞❡♥t✐❢② t❤❡

❝♦♠❜✐♥❛t✐♦♥s ♦❢ s❡❛ ❝♦♥❞✐t✐♦♥ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❝❛✉s❡ t❤❡ ❢❛✐❧✉r❡✳ ▲❡t Xi = (Xi1, ..., XiD, i =

1, 2, ...) ❜❡ ✐✳✐✳❞✳ ♠✉❧t✐✈❛r✐❛t❡ r❛♥❞♦♠ ✈❡❝t♦rs ❛♥❞ ❞❡✜♥❡ Mn = max {Xid : 1 ≤ i ≤ n} ❢♦r

1 ≤ d ≤ D✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t ❡①✐st ❛ s❡q✉❡♥❝❡ ♦❢ and > 0 ❛♥❞ bnd s✉❝❤ t❤❛t✿

Pr

{
Mnd − bnd

and
≤ xd, 1 ≤ d ≤ D

}

= Fn(andxd + bnd) → G(xd) ✭✷✳✼✼✮

✇❤❡♥ n→ ∞✳ G ✐s ❝❛❧❧❡❞ ♠✉❧t✐✈❛r✐❛t❡ ❊①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ✉♥✐✈❛r✐❛t❡

♠❛r❣✐♥s ♦❢ G ❛r❡ ❊①tr❡♠❡ ❱❛❧✉❡ ❞✐str✐❜✉t✐♦♥s✳

❖♥❡ ♦❢ t❤❡ ♠❛✐♥ t♦♣✐❝ ✐♥ ♠✉❧t✐✈❛r✐❛t❡ ❡①tr❡♠❡ ❡✈❡♥ts ♠♦❞❡❧❧✐♥❣ ✐s t❤❡ ♣r♦❜❧❡♠ ♦❢ ❤♦✇ t♦

♠❡❛s✉r❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❙♦♠❡ ✇❡❧❧✲❦♥♦✇♥ ♠❡❛s✉r❡s ❝♦✉❧❞ q✉❛♥t✐❢② t❤❡

❞❡♣❡♥❞❡♥❝❡✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✇♦rt❤✇❤✐❧❡ t♦ ✉s❡ ❈♦♣✉❧❛ ❢✉♥❝t✐♦♥✱ t❤❛t ❢✉❧❧② ❝❛♣t✉r❡s t❤❡ ❞❡♣❡♥✲

❞❡♥❝❡ str✉❝t✉r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ t✇♦ ♦r ♠♦r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳

❛✮ ▼❡❛s✉r❡s ♦❢ ❞❡♣❡♥❞❡♥❝❡✿ ▲❡t X1 ❛♥❞ X2 ❜❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❥♦✐♥t ❞✐str✐❜✉✲

t✐♦♥ ❢✉♥❝t✐♦♥ F ✱ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s F1 ❛♥❞ F2✱ ❛♥❞ ♣♦s✐t✐✈❡ ✜♥✐t❡ ✈❛r✐❛♥❝❡s✳

▲✐♥❡❛r ♦r P❡❛rs♦♥ ❝♦rr❡❧❛t✐♦♥ ✐s ❝♦♠♠♦♥❧② ✉s❡❞ ❛s ❛ ♠❡❛s✉r❡ ♦❢ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t✇♦ r❛♥❞♦♠

✈❛r✐❛❜❧❡s✳❚❤❡ P❡❛rs♦♥ ❝♦rr❡❧❛t✐♦♥ ♦❢ X1 ❛♥❞ X2 ✐s✿

ρ(X1, X2) =
< [(X1− < X1 >)(X2− < X2 >)] >

√

var[X1]
√

var[X2]
✭✷✳✼✽✮

❛♥❞ −1 ≤ ρ(X1, X2) ≤ 1✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ♠❡❛s✉r❡ ♦❢ ❞❡♣❡♥❞❡♥❝❡ ✐s ❙♣❡❛r♠❛♥✬s r❤♦✿

ρS(X1, X2) = ρ(F1(X1), F2(X2)) ✭✷✳✼✾✮

−1 ≤ ρS(X1, X2) ≤ 1✳ ❚❤❡s❡ ♠❡❛s✉r❡s ♣r♦✈✐❞❡ ❛♥ ✐♥❞✐❝❛t✐♦♥ ♦❢ t❤❡ ♦✈❡r❛❧❧ ❛ss♦❝✐❛t✐♦♥ ♦❢ t✇♦

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❍♦✇❡✈❡r✱ t❤❡② ❛r❡ ❡ss❡♥t✐❛❧❧② ❛ s✐♥❣❧❡ ♥✉♠❜❡r t❤❛t ❝❛♥♥♦t ❝❛♣t✉r❡ ✈❡r②

♠✉❝❤ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡✳

✷✹



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

❜✮ ❈♦♣✉❧❛s✿ ❈♦♣✉❧❛s ❛r❡ ❢✉♥❝t✐♦♥s t❤❛t ❞❡s❝r✐❜❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛♠♦♥❣ ✈❛r✐❛❜❧❡s✱ ❛♥❞ ♣r♦✲

✈✐❞❡ ❛ ✇❛② t♦ ❝r❡❛t❡ ❞✐str✐❜✉t✐♦♥s t❤❛t ♠♦❞❡❧ ❝♦rr❡❧❛t❡❞ ♠✉❧t✐✈❛r✐❛t❡ ❞❛t❛✳ ❯s✐♥❣ ❛ ❝♦♣✉❧❛✱

❛ ♠✉❧t✐✈❛r✐❛t❡ ❞✐str✐❜✉t✐♦♥ ❝♦✉❧❞ ❜❡ ❝♦♥str✉❝t❡❞ ❜② s♣❡❝✐❢②✐♥❣ ♠❛r❣✐♥❛❧ ✉♥✐✈❛r✐❛t❡ ❞✐str✐❜✉✲

t✐♦♥s✱ ❛♥❞ t❤❡♥ ❝❤♦♦s❡ ❛ ❝♦♣✉❧❛ t♦ ♣r♦✈✐❞❡ ❛ ❝♦rr❡❧❛t✐♦♥ str✉❝t✉r❡ ❜❡t✇❡❡♥ ✈❛r✐❛❜❧❡s✳ ❆

❝♦♣✉❧❛ C ✐s ❛ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ st❛♥❞❛r❞ ✉♥✐❢♦r♠ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✭✐♥❞✐❝❛t❡❞ ✇✐t❤ u✮✿

C(u1, ..., ud) = Pr {U1 ≤ u1, ..., Ud ≤ ud}✱ ✇❤❡r❡ U ∼ U(0, 1)✳ ❈♦♣✉❧❛s ❛❧❧♦✇ t♦ ❝❤❛r❛❝t❡r✐③❡

t❤❡ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡ ♦❢ ❛ s❡t ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s s❡♣❛r❛t❡❧② ❢r♦♠ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉✲

t✐♦♥s✳ ▲❡t X1, ..., Xd ❜❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F ❛♥❞ ❝♦♥t✐♥✉♦✉s

♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s Fi(i = 1, .., d)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❝♦♣✉❧❛ ❢✉♥❝t✐♦♥

❣✐✈❡♥ ❜②✿

C(u1, ..., ud) = F (F−1
1 (u1), ..., F

−1
d (ud)) ✭✷✳✽✵✮

✇❤❡r❡ t❤❡ q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥ F−1
i ✐s ❞❡✜♥❡❞ ❜② F−1

i (u) = inf {x : Fi(x) ≥ u} ✭❙❦❧❛r✬s t❤❡♦r❡♠

❞✐s❝✉ss ✐♥ ◆❡❧s❡♥ ✭✶✾✾✾✮✮✳ ■❢ C ✐s ❛ ❝♦♣✉❧❛ ❢✉♥❝t✐♦♥✱ ❛♥❞ F1, ..., Fd ❛r❡ ❛r❜✐tr❛r② ❞✐str✐❜✉t✐♦♥

❢✉♥❝t✐♦♥s✱ t❤❡♥ F ❞❡✜♥❡❞ ❜②✿

F (x1, ..., xd) = C(F1(x1), ..., Fd(xd)) ✭✷✳✽✶✮

✐s ❛ ♠✉❧t✐✈❛r✐❛t❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✇✐t❤ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s F1, ..., Fd✳ ❋♦r

❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ●✉♠❜❡❧✬s ❜✐✈❛r✐❛t❡ ❞✐str✐❜✉t✐♦♥ ❋(x1, x2) = (1 + e−x1 + e−x2)−1

❞❡✜♥❡❞ ✐♥ R
2✱ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ❛r❡ F1(x1) =

∫

R
❋(x1, x2)dx2 = (1 + e−x1)−1 ❛♥❞

F2(x2) = (1 + e−x2)−1✳ ❚❤❡ ❝♦♣✉❧❛ ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦✿

C(u1, u2) = ❋(❋−1
1 (u1),❋

−1
1 (u1)) =

u1u2
u1 + u2 − u1u2

✭✷✳✽✷✮

❈♦♣✉❧❛s ❛r❡ ♣♦✇❡r❢✉❧ t♦♦❧ ❛♥❞ t❤❡ ♠♦❞❡❧❧✐♥❣ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ t✇♦ st❡♣s✿ ✐✮ t❤❡

✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s✱ ✐✐✮ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❝♦♣✉❧❛ ✐♥

♦r❞❡r t♦ r❡♣r❡s❡♥t t❤❡ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❢❛♠✐❧✐❡s ♦❢ ❝♦♣✉❧❛s✱ r❡❧❛t❡❞

t♦ ❡❧❧✐♣t✐❝❛❧ ♦r ♥♦♥ ❡❧❧✐♣t✐❝❛❧ ❞✐str✐❜✉t✐♦♥s ✭✐✳❡ ❆r❝❤✐♠❡❞❡❛♥ ❝♦♣✉❧❛s✮✳ ❚❤❡ ❡❧❧✐♣t✐❝❛❧ ❝♦♣✉❧❛s

❛r❡ s②♠♠❡tr✐❝ ❛♥❞✱ ❢♦r t❤✐s r❡❛s♦♥✱ t❤❡ t❛✐❧ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❞✐str✐❜✉t✐♦♥ ✐s ♥♦t

❛♣♣r♦♣r✐❛t❡ ♠♦❞❡❧❧❡❞✳ ❆r❝❤✐♠❡❞❡❛♥ ❝♦♣✉❧❛s ❛r❡ ♠♦r❡ s✉✐t❛❜❧❡ ❢♦r ❡①tr❡♠❡ ✈❛❧✉❡ ❛♥❛❧②s✐s ❛♥❞

❞❡♣❡♥❞ ♦♥ ❛ ✉♥✐q✉❡ ♣❛r❛♠❡t❡r✳

✶✳ ❊❧❧✐♣t✐❝❛❧ ❝♦♣✉❧❛s ❛r❡ ❝♦♣✉❧❛s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❧❧✐♣t✐❝❛❧ ❞✐str✐❜✉t✐♦♥s✳ ❊❧❧✐♣t✐❝❛❧ ❞✐str✐✲

❜✉t✐♦♥s ❛r❡ ❛ ❢❛♠✐❧② ♦❢ ♠✉❧t✐✈❛r✐❛t❡ ❞✐str✐❜✉t✐♦♥s t❤❛t ✐♥❝❧✉❞❡s t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧

❛♥❞ ♠✉❧t✐✈❛r✐❛t❡ t ❞✐str✐❜✉t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❜✐✈❛r✐❛t❡ t ❝♦♣✉❧❛ ✐s ❣✐✈❡♥ ❜②✿

C(u1, u2) =

∫ t−1
v (u1)

−∞

∫ t−1
v (u2)

−∞

Γ[(ν + 2)/2]

Γ[ν/2]πν
√

1− ρ2

(
1 + x′P−1x

ν

)−(ν+2)/2

dx1dx2

✭✷✳✽✸✮

✇❤❡r❡ t−1
v ✐s t❤❡ q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ ✉♥✐✈❛r✐❛t❡ tv ❞✐str✐❜✉t✐♦♥ ❛♥❞ P ✐s t❤❡ ❝♦rr❡❧❛t✐♦♥

♠❛tr✐① P = [✶ ρ; ρ ✶]✳

✷✳ ❆r❝❤✐♠❡❞❡❛♥ ❝♦♣✉❧❛s ❛r❡ ❝♦♣✉❧❛s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♥♦♥ ❡❧❧✐♣t✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ❛♥❞

❛r❡ ✉s❡❢✉❧ t♦ ❞❡s❝r✐❜❡ ❞❡♣❡♥❞❡♥❝❡ ✐♥ t❤❡ t❛✐❧s✳ ❆r❝❤✐♠❡❞❡❛♥ ❝♦♣✉❧❛s ❛r❡ ❞❡✜♥❡❞ ❜②

C(u1, u2) = ϕ−1(ϕ(u1) + ϕ(u2))✱ ✇❤❡r❡ ϕ(u) ✐s ❛ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ❝♦♥✈❡① ❢✉♥❝t✐♦♥

✷✺



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

✇✐t❤ ϕ(1) = 0✳ ❚❤❡ ❢✉♥❝t✐♦♥ ϕ(u) ✐s ❝❛❧❧❡❞ t❤❡ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ❝♦♣✉❧❛✳ ❙♦♠❡ ✇❡❧❧✲

❦♥♦✇♥ ❆r❝❤✐♠❡❞❡❛♥ ❝♦♣✉❧❛s ❛r❡✿

❈❧❛②t♦♥ ❝♦♣✉❧❛ C(u1, u2) = (u−α
1 + u−α

2 − 1)−1/α α > 0 ✭✷✳✽✹✮

●✉♠❜❡❧ ❝♦♣✉❧❛ C(u1, u2) = exp
{

−[(− log u1)
α + (− log u2)

α]−1/α
}

α ≥ 1

❋r❛♥❦ ❝♦♣✉❧❛ C(u1, u2) =
1

α
log

(

1 +
(eαu1 − 1)(eαu2 − 1)

(eα − 1)

)

−∞ < α <∞

✷✳✹ ❘❡❧✐❛❜✐❧✐t② ❛♥❛❧②s✐s

❚❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ ❛ s②st❡♠ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ✐t ♠❡❡t ❝❡rt❛✐♥ ❞❡♠❛♥❞s ✉♥❞❡r ❝❡rt❛✐♥

❝♦♥❞✐t✐♦♥s ✭❡✳❣✳ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ♣♦rt✐♦♥ ♦❢ ✐♥❧❛♥❞ ✐s ♥♦t ✢♦♦❞❡❞ ✉♥❞❡r ❝❡rt❛✐♥ ✈❛❧✉❡s

♦❢ ✇❛✈❡ ❤❡✐❣❤t ❛♥❞ s❡❛ ❧❡✈❡❧✮✳ ▼❛t❤❡♠❛t✐❝❛❧❧②✱ r❡❧✐❛❜✐❧✐t② ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ r❛♥❞♦♠

✈❛r✐❛❜❧❡s ❳ = (X1, X2, ..., XN ) ❛r❡ ✐♥ t❤❡ s❛❢❡ r❡❣✐♦♥ t❤❛t ✐s ❞❡✜♥❡❞ ❜② g(❳) > 0✳ ❚❤❡

♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♣r♦❜❛❜✐❧✐t② P {g(❳) < 0} ✭❉✉ ✷✵✵✺✮✳ ■❢ t❤❡ ❥♦✐♥t

♣r♦❜❛❜✐❧✐t② ❢✉♥❝t✐♦♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ❳ ✐s fx(❳)✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡ ✐s ❡✈❛❧✉❛t❡❞ ❛s✿

pf = P {g(❳) < 0} =

∫

g(❳)<0
fx(❳)dX ✭✷✳✽✺✮

❚❤❡ r❡❧✐❛❜✐❧✐t② ✐s ❝♦♠♣✉t❡❞ ❛s R = 1−pf ✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ❝♦♠♠♦♥❧② ✉s❡❞ r❡❧✐❛❜✐❧✐t② ❛♥❛❧②s✐s

♠❡t❤♦❞s ✐s t❤❡ ❋✐rst ❖r❞❡r ❘❡❧✐❛❜✐❧✐t② ▼❡t❤♦❞ ✭❋❖❘▼✱ ❍❛s♦❢❡r ❛♥❞ ▲✐♥❞ ✶✾✼✹✮✳ ❚❤❡ ❜❛s✐❝

✐❞❡❛ ✐s t♦ ❡❛s❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞✐✣❝✉❧t✐❡s t❤r♦✉❣❤ s✐♠♣❧✐❢②✐♥❣ t❤❡ ✐♥t❡❣r❛♥❞ ♦❢ fx(❳) ❛♥❞

❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❢✉♥❝t✐♦♥ g(❳)✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ✐♥t❡❣r❛t✐♦♥s ✐♥ ❊q✳ ✷✳✽✺ ❛r❡

s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✶✵ ❢♦r ❛ ✷❉ ❝❛s❡✳ ❚❤❡ ❋✐❣✳ ✷✳✶✵ ✭❜✮ s❤♦✇s t❤❡ ❥♦✐♥t ♣❞❢ fx(X1, X2) ✭❛s

❝♦♥t♦✉rs✮ ✐♥ t❤❡ X1✲X2 ♣❧❛♥❡ ❛♥❞ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❜♦✉♥❞❛r② g(X1, X2) = 0✳ ❚❤❡ ✐♥t❡❣r❛t✐♦♥

❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡ ✐s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ r❡❣✐♦♥ ✇❤❡r❡ g(X1, X2) < 0✳

32.521.5
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0

0.5

1

1.5

2

2.5

g(X1,X2) < 0g(X1,X2) > 0

❋✐❣✉r❡ ✷✳✶✵✿ ❛✮ ❏♦✐♥t ♣❞❢ fx(X1, X2)✱ ❜✮ ❏♦✐♥t ♣❞❢ ✐♥ ❳✲♣❧❛♥❡ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❢✉♥❝t✐♦♥

g(X1, X2) = 0

❚❤❡ ❞✐r❡❝t ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ✐♥t❡❣r❛t✐♦♥ ✐s ❡①tr❡♠❡❧② ❞✐✣❝✉❧t ✭❡✳❣ s✐♥❝❡ fx(❳)

❛♥❞ g(❳) ❛r❡ ♥♦♥✲❧✐♥❡❛r ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❢✉♥❝t✐♦♥s✮✳ ❆♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞s ❝❛♥ ❜❡ ✉s❡❞

t♦ ❝♦♠♣✉t❡ ❡❛s✐❧② t❤❡ ✐♥t❡❣r❛t✐♦♥✳ ❚✇♦ st❡♣s ❛r❡ ✐♥✈♦❧✈❡❞✿ ✐✮ s✐♠♣❧✐❢② t❤❡ ✐♥t❡❣r❛♥❞ fx(❳)✱

✷✻



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

s♦ t❤❛t t❤❡ ❝♦♥t♦✉rs ❜❡❝♦♠❡ ♠♦r❡ r❡❣✉❧❛r ❛♥❞ s②♠♠❡tr✐❝❀ ✐✐✮ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❜♦✉♥❞❛r②

g(❳) = 0✳

❚❤❡ ✐♥t❡❣r❛♥❞ s✐♠♣❧✐✜❝❛t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ t❤r♦✉❣❤ tr❛♥s❢♦r♠✐♥❣ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❳ t♦ ❛♥

❡q✉✐✈❛❧❡♥t ✐♥❞❡♣❡♥❞❡♥t st❛♥❞❛r❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ s♣❛❝❡ ❯ = (U1, U2, ..., UN ) ✭♠❡❛♥

❂ ✵✱ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❂ ✶✮✳ ❚❤✐s ❛❧❧♦✇s t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♥✉♠❡r♦✉s ♣r♦♣❡rt✐❡s ♦❢

t❤❡ st❛♥❞❛r❞ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ ❳ t♦ ❯ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t

t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s r❡♠❛✐♥ t❤❡ s❛♠❡ ❜❡❢♦r❡ ❛♥❞

❛❢t❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ Fx(❳) = Φ(❯)✳ ❚❤❡r❡ ❡①✐st s❡✈❡r❛❧ ♣♦ss✐❜❧❡ tr❛♥s❢♦r♠❛t✐♦♥s ❢r♦♠

t❤❡ s♣❛❝❡ ♦❢ ♣❤②s✐❝❛❧ ✈❛r✐❛❜❧❡s t♦ t❤❡ st❛♥❞❛r❞✐③❡❞ ✈❛r✐❛❜❧❡ s♣❛❝❡✱ ❡✳❣✳ ◆❛t❛❢ tr❛♥s❢♦r♠❛t✐♦♥✱

❘♦s❡♥❜❧❛tt tr❛♥s❢♦r♠❛t✐♦♥ ✭❘♦s❡♥❜❧❛tt ✶✾✺✷✮✱ ❡t❝✳

❚❤❡ ◆❛t❛❢ tr❛♥s❢♦r♠❛t✐♦♥ ✭◆❛t❛❢ ✶✾✻✷✮ ❞❡s❝r✐❜❡s t❤❡ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ r❛♥✲

❞♦♠ ✈❛r✐❛❜❧❡s ❜❛s❡❞ ♦♥ t❤❡✐r ✐♥❞✐✈✐❞✉❛❧ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s ❛♥❞ ❝♦❡✣❝✐❡♥ts ♦❢ ❝♦rr❡❧❛t✐♦♥

✉s✐♥❣ ❛ ●❛✉ss✐❛♥ ❝♦♣✉❧❛✳ ❈♦♥s✐❞❡r✐♥❣ ❛ s❡t ♦❢ n ❝♦rr❡❧❛t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❳ ✇✐t❤ ❦♥♦✇♥

♠❛r❣✐♥❛❧ ❝❞❢s Fx(❳) ❛♥❞ ❧✐♥❡❛r ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❘ ✇✐t❤ ❝♦♠♣♦♥❡♥ts✿

ρij = E

[(
Xi − µXi

σXi

)(
Xj − µXj

σXj

)]

✭✷✳✽✻✮

✇❤❡r❡ µXi ❛♥❞ σXi ❛r❡ t❤❡ ♠❡❛♥ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ Xi❀ t❤❡ ◆❛t❛❢ tr❛♥s❢♦r♠❛t✐♦♥

T : ❳→ ❯ ✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ ❢✉♥❝t✐♦♥s T = T2 ◦ T1✿

T1 : Xi −→ Ûi = Φ−1 (FXi(xi)) i = 1, ..., n ✭✷✳✽✼✮

T2 : Û −→ U = ΓÛ ✭✷✳✽✽✮

✇❤❡r❡ Φ ✐s t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ ❝❞❢ ❛♥❞ Γ ✐s t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥

♠❛tr✐① R0 ✭✜❝t✐✈❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐①✮✱ ❡✳❣✳ ❛ ❈❤♦❧❡s❦② ❢❛❝t♦r ♦❢ R−1
0 ✳

❆❢t❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❢✉♥❝t✐♦♥ ❜❡❝♦♠❡s g(❯) ❛♥❞ ❊q✳ ✷✳✽✾ ✐s t❤❡ ♥❡✇

♣r♦❜❛❜✐❧✐t② ✐♥t❡❣r❛t✐♦♥✳

pf = P {g(❯) < 0} =

∫

g(❯)<0
φ(❯)dU ✭✷✳✽✾✮

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥ ❊q✳ ✷✳✽✾ ✐♥ t❤❡ st❛♥❞❛r❞ s♣❛❝❡ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❛t ✐♥

❊q✳ ✷✳✽✺ ✐♥ t❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡ ✇✐t❤♦✉t ❛♥② ❧♦ss ♦❢ ❛❝❝✉r❛❝②✱ ❜✉t t❤❡ ❝♦♥t♦✉rs ♦❢ t❤❡ ✐♥t❡❣r❛♥❞

❜❡❝♦♠❡ ❝♦♥❝❡♥tr✐❝ ❝✐r❝❧❡s ✭❋✐❣✳ ✷✳✶✶✮✱ t❤❛t ❛r❡ ❡❛s✐❡r t♦ ❜❡ ✐♥t❡❣r❛t❡❞✳

❚❤❡ s❡❝♦♥❞ st❡♣ t♦ s✐♠♣❧✐❢② t❤❡ ♣r♦❜❛❜✐❧✐t② ✐♥t❡❣r❛t✐♦♥ ❝♦♥s✐sts ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡

✐♥t❡❣r❛t✐♦♥ ❜♦✉♥❞❛r② g(❯) = 0✳❋❖❘▼ ✉s❡s ❛ ❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥ ✭t❤❡ ✜rst ♦r❞❡r ❚❛②❧♦r

❡①♣❛♥s✐♦♥✮✿

g(❯) ≈ L(❯) = g(❯∗) +▽g(❯∗)(❯−❯∗) ✭✷✳✾✵✮

✇❤❡r❡ L(❯) ✐s t❤❡ ❧✐♥❡❛r✐s❡❞ ♣❡r❢♦r♠❛♥❝❡ ❢✉♥❝t✐♦♥✱ ❯∗ ✐s t❤❡ ❡①♣❛♥s✐♦♥ ♣♦✐♥t ❛♥❞ ▽g(❯∗)

✐s t❤❡ ❣r❛❞✐❡♥t ♦❢ g(❯) ❛t ❯∗✳ ❚♦ ♠✐♥✐♠✐③❡ t❤❡ ❛❝❝✉r❛❝② ❧♦ss✱ ✐t ✐s ❡ss❡♥t✐❛❧ t♦ ❡①♣❛♥❞

t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❢✉♥❝t✐♦♥ ❛t ❛ ♣♦✐♥t t❤❛t ❤❛s t❤❡ ❤✐❣❤❡st ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ♣r♦❜❛❜✐❧✐t②

✐♥t❡❣r❛t✐♦♥✳ ❚❤❡ ♣♦✐♥t t❤❛t ❤❛s t❤❡ ❤✐❣❤❡st ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ g(❯) ✐s

t❤❡ ♦♥❡ ✇✐t❤ t❤❡ s❤♦rt❡st ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❧✐♠✐t st❛t❡ t♦ t❤❡ ♦r✐❣✐♥ ✐♥ t❤❡ st❛♥❞❛r❞ s♣❛❝❡✳

❚❤❡ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡ β ✐s ❝❛❧❧❡❞ r❡❧✐❛❜✐❧✐t② ✐♥❞❡① ❛♥❞ ✐t ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✶✶✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱

t❤❡ r❡❧✐❛❜✐❧✐t② ✐s ❣✐✈❡♥ ❜②✿

R = 1− pf = 1− Φ(−β) = Φ(β) ✭✷✳✾✶✮

✷✼
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g(U1,U2) < 0g(U1,U2) > 0

β

❋✐❣✉r❡ ✷✳✶✶✿ ❛✮ ❏♦✐♥t ♣❞❢ fu(U1, U2)✱ ❜✮ ❏♦✐♥t ♣❞❢ ✐♥ ❯✲♣❧❛♥❡ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❢✉♥❝t✐♦♥

g(U1, U2) = 0

✷✳✺ ■♠❛❣❡ ❛♥❛❧②s✐s

❚❤❡ ✉s❡ ♦❢ ✐♠❛❣❡ ✐♥ ❛♣♣❧✐❡❞ s❝✐❡♥❝❡ ✐s str♦♥❣❧② r❡❧❛t❡❞ t♦ t❤❡ ❤✉♠❛♥ ❜❡✐♥❣✿ ♣❡♦♣❧❡ ❧♦♦❦

❛t t❤✐♥❣s t♦ ✐❞❡♥t✐❢② ❛♥❞ ❝❧❛ss✐❢② t❤❡♠✱ s❝❛♥ ❢♦r ❞✐✛❡r❡♥❝❡s✱ ❛♥❞ ♦❜t❛✐♥ ✐♥❢♦r♠❛t✐♦♥✳ ■♠❛❣❡

♣r♦❝❡ss✐♥❣ ✐♥✈♦❧✈❡s ❝❤❛♥❣✐♥❣ t❤❡ ♥❛t✉r❡ ♦❢ ❛ ❞✐❣✐t❛❧ ✐♠❛❣❡ ✐♥ ♦r❞❡r t♦ ❡✐t❤❡r✿ ✐✮ ✐♠♣r♦✈❡ ✐ts

♣✐❝t♦r✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❢♦r ❤✉♠❛♥ ✐♥t❡r♣r❡t❛t✐♦♥❀ ✐✐✮ r❡♥❞❡r ✐t ♠♦r❡ s✉✐t❛❜❧❡ ❢♦r ❛✉t♦♥♦♠♦✉s

♠❛❝❤✐♥❡ ♣❡r❝❡♣t✐♦♥ ✭❡✳❣✳ ❢♦r ♠❡❛s✉r❡♠❡♥t ♦r ❝♦✉♥t✐♥❣ ♣✉r♣♦s❡s✮✳

Binary Grayscale RGB image Indexed

❋✐❣✉r❡ ✷✳✶✷✿ ❚②♣❡s ♦❢ ❞✐❣✐t❛❧ ✐♠❛❣❡s

❆ ❞✐❣✐t❛❧ ✐♠❛❣❡ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❧❛r❣❡ ❛rr❛② ♦❢ ❞✐s❝r❡t❡ ❞♦ts ✭x ❛♥❞ y r❛♥❣✐♥❣ ❢r♦♠ ✶ t♦

✷✺✻ ❡❛❝❤✮✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ❤❛s ❛ ❜r✐❣❤t♥❡ss f(x, y) ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐t✱ r❛♥❣✐♥❣ ❢r♦♠ ✵ ✭❜❧❛❝❦✮ ❛♥❞

✷✺✺ ✭✇❤✐t❡✮✳ ❚❤❡s❡ ❞♦ts ❛r❡ ❝❛❧❧❡❞ ♣✐①❡❧s ❛♥❞ t❤❡ ♣✐①❡❧s s✉rr♦✉♥❞✐♥❣ ❛ ❣✐✈❡♥ ♣✐①❡❧ ❝♦♥st✐t✉t❡

✐ts ♥❡✐❣❤❜♦✉r❤♦♦❞✳ ❋♦✉r ❜❛s✐❝ t②♣❡s ♦❢ ❞✐❣✐t❛❧ ✐♠❛❣❡s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞✿

✶✳ ❇✐♥❛r②✿ ❡❛❝❤ ♣✐①❡❧ ✐s ❥✉st ❜❧❛❝❦ ✭✵✮ ♦r ✇❤✐t❡ ✭✶✮✱ s♦ ✐t ✐s ♥❡❡❞❡❞ ♦♥❧② ♦♥❡ ❜✐t ♣❡r ♣✐①❡❧✳
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✷✳ ●r❛②s❝❛❧❡✿ ❡❛❝❤ ♣✐①❡❧ ✐s ❛ s❤❛❞❡ ♦❢ ❣r❡②✱ ♥♦r♠❛❧❧② ❢r♦♠ ✵ ✭❜❧❛❝❦✮ t♦ ✷✺✺ ✭✇❤✐t❡✮✳ ❚❤✐s

r❛♥❣❡ ♠❡❛♥s t❤❛t ❡❛❝❤ ♣✐①❡❧ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❡✐❣❤t ❜✐ts✱ ♦r ❡①❛❝t❧② ♦♥❡ ❜②t❡✳

✸✳ ❘●❇✿ ❡❛❝❤ ♣✐①❡❧ ❤❛s ❛ ♣❛rt✐❝✉❧❛r ❝♦❧♦✉r ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❛♠♦✉♥t ♦❢ r❡❞✱ ❣r❡❡♥ ❛♥❞ ❜❧✉❡

✐♥ ✐t✳ ❚❤❡r❡❢♦r❡✱ ❛ ❘●❇ ✐♠❛❣❡ ❝♦♥s✐sts ✐♥ ❛ st❛❝❦ ♦❢ t❤r❡❡ ♠❛tr✐❝❡s✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ r❡❞✱

❣r❡❡♥ ❛♥❞ ❜❧✉❡ ✈❛❧✉❡s ✭✐♥ t❤❡ r❛♥❣❡ ✵✲✷✺✺✮ ❢♦r ❡❛❝❤ ♣✐①❡❧ ✭✐t ♠❡❛♥s t❤❛t ✷✺✺3 ❞✐✛❡r❡♥t

♣♦ss✐❜❧❡ ❝♦❧♦✉rs ❡①✐st✮✳ ❚❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❜✐ts r❡q✉✐r❡❞ ❢♦r ❡❛❝❤ ♣✐①❡❧ ✐s ✷✹✳

✹✳ ■♥❞❡①❡❞✿ ♠♦st ❝♦❧♦✉r ✐♠❛❣❡s ♦♥❧② ❤❛✈❡ ❛ s♠❛❧❧ s✉❜s❡t ♦❢ t❤❡ ✷✺✺3 ♣♦ss✐❜❧❡ ❝♦❧♦✉rs✳ ❋♦r

❝♦♥✈❡♥✐❡♥❝❡ ♦❢ st♦r❛❣❡ ❛♥❞ ✜❧❡ ❤❛♥❞❧✐♥❣✱ t❤❡ ✐♠❛❣❡ ❤❛s ❛♥ ❛ss♦❝✐❛t❡❞ ❝♦❧♦✉r ♠❛♣ ✇❤✐❝❤

✐s s✐♠♣❧② ❛ ❧✐st ♦❢ ❛❧❧ t❤❡ ❝♦❧♦✉rs ✉s❡❞ ✐♥ t❤❛t ✐♠❛❣❡✳ ❊❛❝❤ ♣✐①❡❧ ❤❛s ❛ ✈❛❧✉❡ ✇❤✐❝❤ ❞♦❡s

♥♦t ❣✐✈❡ ✐ts ❝♦❧♦✉r ✭❛s ❢♦r ❛♥ ❘●❇ ✐♠❛❣❡✮✱ ❜✉t ❛♥ ✐♥❞❡① t♦ t❤❡ ❝♦❧♦✉r ✐♥ t❤❡ ❝♦❧♦✉r ♠❛♣✳

■♠❛❣❡ ♣r♦❝❡ss✐♥❣ ❝♦♠♣r✐s❡s ❛ ❜r♦❛❞ ✈❛r✐❡t② ♦❢ ♠❡t❤♦❞s ♠❛✐♥❧② s✉❜❞✐✈✐❞❡❞ ✐♥t♦ t❤r❡❡ ❝❧❛ss❡s✿

✐✮ ■♠❛❣❡ ❡♥❤❛♥❝❡♠❡♥t✱ ♣r♦❝❡ss✐♥❣ ✐♠❛❣❡s s♦ t❤❡ r❡s✉❧t ✐s ♠♦r❡ s✉✐t❛❜❧❡ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ❛♣♣❧✐✲

❝❛t✐♦♥❀ ✐✐✮ ■♠❛❣❡ r❡st♦r❛t✐♦♥✱ r❡✈❡rs✐♥❣ t❤❡ ❞❛♠❛❣❡ ❞♦♥❡ t♦ ❛♥ ✐♠❛❣❡ ❜② ❛ ❦♥♦✇♥ ❝❛✉s❡❀ ✐✐✐✮

■♠❛❣❡ s❡❣♠❡♥t❛t✐♦♥✱ s✉❜❞✐✈✐❞✐♥❣ ❛♥ ✐♠❛❣❡ ✐♥t♦ ❝♦♥st✐t✉❡♥t ♣❛rts✱ ♦r ✐s♦❧❛t✐♥❣ ❝❡rt❛✐♥ ❛s♣❡❝ts

♦❢ ❛♥ ✐♠❛❣❡✳

■♠❛❣❡ ♣r♦❝❡ss✐♥❣ ❤❛s ❛♥ ❡♥♦r♠♦✉s r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s❀ ❛❧♠♦st ❡✈❡r② ❛r❡❛ ♦❢ s❝✐❡♥❝❡ ❛♥❞

t❡❝❤♥♦❧♦❣② ❝❛♥ ♠❛❦❡ ✉s❡ ♦❢ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ ♠❡t❤♦❞s✳

■♥ ❝♦❛st❛❧ ✢♦♦❞✐♥❣✱ t❤❡ ❡❛s✐❡st ✇❛② t♦ ♠♦❞❡❧ t❤❡ ✐♥✉♥❞❛t❡❞ ❛r❡❛ ✐s ❝♦♥s✐❞❡r✐♥❣ t❤❡ t❡rr❛✐♥

♠♦❞❡❧ ✭✇✐t❤ ♦♥❧② t❤❡ ✈❛❧✉❡s ❜❡❧♦✇ t❤❡ ✐♥✉♥❞❛t✐♦♥ ❤❡✐❣❤t✮ ❛♥❞ t❤❡ s❤♦r❡❧✐♥❡ ♣♦s✐t✐♦♥ ✭♦r ♠♦r❡

❣❡♥❡r❛❧❧② t❤❡ s♦✉r❝❡ ♦❢ ✢♦♦❞✮ ❛s t✇♦ ❜✐♥❛r② ✐♠❛❣❡s ❛♥❞ ❡①tr❛❝t✐♥❣ ❢r♦♠ t❤❡ ✜rst ♦♥❧② t❤❡

♣✐①❡❧s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ s❡❝♦♥❞✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤✐s✱ ✐t ✐s s✉✐t❛❜❧❡ t♦ ✉s❡ t❤❡ ▼♦r♣❤♦❧♦❣✐❝❛❧

●r❛②s❝❛❧❡ ❘❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡❞ ❜② ❱✐♥❝❡♥t ✭✶✾✾✸✮✳

✷✳✺✳✶ ▼♦r♣❤♦❧♦❣✐❝❛❧ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠

■♥ t❤❡ ❜✐♥❛r② ❝❛s❡✱ r❡❝♦♥str✉❝t✐♦♥ ❡①tr❛❝ts t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ ❜✐♥❛r② ✐♠❛❣❡ ■ ✭t❤❡

♠❛s❦✮ ✇❤✐❝❤ ❛r❡ ♠❛r❦❡❞ ❜② ❛ ❜✐♥❛r② ✐♠❛❣❡ ❏⊆■✳ ❚❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡

❣r❛②s❝❛❧❡ ❝❛s❡✱ ✇❤❡r❡ ✐t t✉r♥s ♦✉t t♦ ❜❡ ❡①tr❡♠❡❧② ✉s❡❢✉❧ ❢♦r s❡✈❡r❛❧ ✐♠❛❣❡ ❛♥❛❧②s✐s t❛s❦s✱ ❡✳❣

✐♠❛❣❡ ✜❧t❡r✐♥❣✱ s❡❣♠❡♥t❛t✐♦♥✱ ❛♥❞ ❢❡❛t✉r❡ ❡①tr❛❝t✐♦♥ t❛s❦s✳

Mask I Marker J Step 1 Step 2 Step 3 End

❋✐❣✉r❡ ✷✳✶✸✿ ❙t❡♣ ✐♥ t❤❡ ❇✐♥❛r② ❘❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ ♠❛r❦❡rs

▲❡t ■ ❛♥❞ ❏ ❜❡ t✇♦ ❜✐♥❛r② ✐♠❛❣❡s ❞❡✜♥❡❞ ♦♥ t❤❡ s❛♠❡ ❞✐s❝r❡t❡ ❞♦♠❛✐♥ D ❛♥❞ s✉❝❤ t❤❛t ❏⊂■✳

■♥ t❡r♠s ♦❢ ♠❛♣♣✐♥❣s✱ t❤✐s ♠❡❛♥s t❤❛t✿ ∀p ∈ D✱ ❏✭♣✮ ❂ ✶ ■✭♣✮ ❂ ✶✳ ❏ ✐s ❝❛❧❧❡❞ t❤❡ ♠❛r❦❡r

✐♠❛❣❡ ❛♥❞ ■ ✐s t❤❡ ♠❛s❦ ✭I1, ..., In ❛r❡ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ ■✮✳

❚❤❡ r❡❝♦♥str✉❝t✐♦♥ ρI(J) ♦❢ ♠❛s❦ ■ ❢r♦♠ ♠❛r❦❡r❏ ✐s t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts

♦❢ ■ ✇❤✐❝❤ ❝♦♥t❛✐♥ ❛t ❧❡❛st ❛ ♣✐①❡❧ ♦❢ ❏✿

ρI(j) =
⋃

J∩Ik 6=0

Ik ✭✷✳✾✷✮

✷✾



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

❚❤✐s s✐♠♣❧❡ ♣r♦❝❡❞✉r❡✱ ✐❧❧✉str❛t❡❞ ❜② ❋✐❣✳ ✷✳✶✸✱ ❣✐✈❡s r✐s❡ t♦ s❡✈❡r❛❧ ✐♥t❡r❡st✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s

❛♥❞ ❡①t❡♥s✐♦♥s ✭❡r♦s✐♦♥✱ ❞✐❧❛t❛t✐♦♥ ♦❢ ✐♠❛❣❡s✱ s❡❣♠❡♥t❛t✐♦♥✱ ❡t❝✳✮✳

✷✳✺✳✷ ●P❯ ❣r❛♣❤✐❝ ❝❛r❞s

●r❛♣❤✐❝s ♣r♦❝❡ss✐♥❣ ✉♥✐ts ✭●P❯s✮ ✇❡r❡ ♦r✐❣✐♥❛❧❧② ❞❡✈❡❧♦♣❡❞ t♦ ❛❝❝❡❧❡r❛t❡ ❣r❛♣❤✐❝s r❡♥❞❡r✐♥❣

✭❡✳❣ ❢♦r ❣❛♠✐♥❣✮✳ ❚❤❡ ❤❛r❞✇❛r❡ ❛r❝❤✐t❡❝t✉r❡ ♦❢ ●P❯s✱ ❝❛♣❛❜❧❡ ♦❢ ♠❛ss✐✈❡❧② ♣❛r❛❧❧❡❧ ♦♣❡r❛t✐♦♥s

t♦ r❡❢r❡s❤ ♠✐❧❧✐♦♥s ♦❢ ♣✐①❡❧s ♠❛♥② t✐♠❡s ♣❡r s❡❝♦♥❞✱ r❛♣✐❞❧② ❛ttr❛❝t❡❞ s❝✐❡♥t✐sts ✇❤♦ s❛✇ t❤❡♠

❛s ❣❡♥❡r✐❝ ♠❛t❤s ❝♦✲♣r♦❝❡ss♦rs t❤❛t ❝♦✉❧❞ ❛❝❝❡❧❡r❛t❡ ❝❡rt❛✐♥ ❝❧❛ss❡s ♦❢ ❛❧❣♦r✐t❤♠s t❤❛t ❛r❡

✐♥tr✐♥s✐❝❛❧❧② ♣❛r❛❧❧❡❧✳

❯♥❧✐❦❡ ❛ tr❛❞✐t✐♦♥❛❧ ❈P❯ ✭❝❡♥tr❛❧ ♣r♦❝❡ss✐♥❣ ✉♥✐t✮✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s ♥♦ ♠♦r❡ t❤❛♥ ❛ ❤❛♥❞❢✉❧

♦❢ ❝♦r❡s✱ ❛ ●P❯ ❤❛s ❛ ♠❛ss✐✈❡❧② ♣❛r❛❧❧❡❧ ❛rr❛② ♦❢ ✐♥t❡❣❡r ❛♥❞ ✢♦❛t✐♥❣✲♣♦✐♥t ♣r♦❝❡ss♦rs✱ ❛s

✇❡❧❧ ❛s ❞❡❞✐❝❛t❡❞✱ ❤✐❣❤✲s♣❡❡❞ ♠❡♠♦r②✳ ❆ t②♣✐❝❛❧ ●P❯ ❝♦♠♣r✐s❡s ❤✉♥❞r❡❞s ♦❢ t❤❡s❡ s♠❛❧❧❡r

♣r♦❝❡ss♦rs ✭❋✐❣✳ ✷✳✶✹✮✳ ❆ ❝♦r❡ ✐s ❛ s✐♥❣❧❡ ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ✉♥✐t ✇✐t❤✐♥ ❛ ❈P❯

♦r ●P❯ ❝❤✐♣✳ ❈P❯ ❛♥❞ ●P❯ ❝♦r❡s ❛r❡ ♥♦t ❡q✉✐✈❛❧❡♥t t♦ ❡❛❝❤ ♦t❤❡r❀ ●P❯ ❝♦r❡s ♣❡r❢♦r♠

s♣❡❝✐❛❧✐③❡❞ ♦♣❡r❛t✐♦♥s ✇❤❡r❡❛s ❈P❯ ❝♦r❡s ❛r❡ ❞❡s✐❣♥❡❞ ❢♦r ❣❡♥❡r❛❧✲♣✉r♣♦s❡ ♣r♦❣r❛♠s✳

CPU (multiple cores) GPU (hundreds of cores)
core 1 core 2
core 3 core 4

cache
system memory

device memory

❋✐❣✉r❡ ✷✳✶✹✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦r❡s ♦♥ ❛ ❈P❯ s②st❡♠ ❛♥❞ ❛ ●P❯

❚❤❡ ❤✐❣❤❧② ♣❛r❛❧❧❡❧ str✉❝t✉r❡ ♦❢ ❛ ●P❯ ♠❛❦❡s t❤❡♠ ♠♦r❡ ❡✛❡❝t✐✈❡ t❤❛♥ ❣❡♥❡r❛❧✲♣✉r♣♦s❡ ❈P❯s

❢♦r ❛❧❣♦r✐t❤♠s ✇❤❡r❡ ♣r♦❝❡ss✐♥❣ ♦❢ ❧❛r❣❡ ❜❧♦❝❦s ♦❢ ❞❛t❛ ✐s ❞♦♥❡ ✐♥ ♣❛r❛❧❧❡❧✳ ❚❤❡r❡❢♦r❡✱ ❛ ●P❯

❝❛♥ ❛❝❝❡❧❡r❛t❡ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✐❢ ✐t ✜ts ❜♦t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝r✐t❡r✐❛✿

✶✳ ❈♦♠♣✉t❛t✐♦♥❛❧❧② ✐♥t❡♥s✐✈❡✿ t❤❡ t✐♠❡ s♣❡♥t ♦♥ ❝♦♠♣✉t❛t✐♦♥ s✐❣♥✐✜❝❛♥t❧② ❡①❝❡❡❞s t❤❡

t✐♠❡ s♣❡♥t ♦♥ tr❛♥s❢❡rr✐♥❣ ❞❛t❛ t♦ ❛♥❞ ❢r♦♠ ●P❯ ♠❡♠♦r②✳

✷✳ ▼❛ss✐✈❡❧② ♣❛r❛❧❧❡❧✿ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ❞♦✇♥ ✐♥t♦ t❤♦✉s❛♥❞s ♦❢ ✐♥❞❡♣❡♥❞❡♥t

✉♥✐ts ♦❢ ✇♦r❦✳

❈♦❞❡s t❤❛t ❞♦ ♥♦t s❛t✐s❢② t❤❡s❡ ❝r✐t❡r✐❛ ♠✐❣❤t ❛❝t✉❛❧❧② r✉♥ s❧♦✇❡r ♦♥ ❛ ●P❯ t❤❛♥ ♦♥ ❛

❈P❯✳ ■♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❛ ♠❛ss✐✈❡❧② ♣❛r❛❧❧❡❧ ❝♦❞❡✱ ✐t ✐s ❜❡♥❡✜❝✐❛❧ t♦ ❛♣♣❧② ❡❛❝❤ ❝♦♠♣✉t❛✲

t✐♦♥ t♦ ✇❤♦❧❡ ❛rr❛②s ✐♥st❡❛❞ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❡❧❡♠❡♥ts✳ ❚❤✐s ♣r♦❝❡ss ♦❢ r❡✈✐s✐♥❣ ❧♦♦♣✲❜❛s❡❞ ✐s

❝❛❧❧❡❞ ✈❡❝t♦r✐③❛t✐♦♥ ❛♥❞ ✐t ✐s ✇♦rt❤✇❤✐❧❡ ❢♦r s❡✈❡r❛❧ r❡❛s♦♥s✿ t❤❡ ❝♦❞❡ ✐s ❡❛s✐❡r t♦ ✉♥❞❡rst❛♥❞✱

s❤♦rt❡r ❛♥❞ ❢❛st❡r✳ ❋✐❣✳ ✷✳✶✺ r❡♣♦rt t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ ❛♥ ❡❧❡♠❡♥t✲✇✐s❡

♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❛rr❛②s✱ ✐✳❡✳ R = A ∗ B = (a1, a2, . . . , an) ∗ (b1, b2, . . . , bn) =

(a1 ∗ b1, a2 ∗ b2, . . . , an ∗ bn) ✉s✐♥❣ ❛ ❧♦♦♣❡❞ ❝♦❞❡ ❛♥❞ ❛ ✈❡❝t♦r✐③❡❞ ♦♥❡✳

✸✵



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

length of arrays
500 1000 1500 2000 2500 3000 3500 4000 4500 5000 5500 6000

E
xe

cu
tio

n 
tim

e 
(s

)

10-5

10-4

10-3

10-2

10-1

100

101

102

103

Vectorized code
Looped code

length of arrays
500 1000 1500 2000 2500 3000 3500 4000 4500 5000 5500 6000

%
 E

xe
cu

tio
n 

tim
e 

V
ec

to
riz

ed
 / 

Lo
op

ed

0%

0.5%

1%

1.5%

2%

❋✐❣✉r❡ ✷✳✶✺✿ ❊①❡❝✉t✐♦♥ t✐♠❡✿ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ✈❡❝t♦r✐③❡❞ ❛♥❞ ❧♦♦♣❡❞ ❝♦❞❡

❋r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ✉♥t✐❧ ♥♦✇ ♠❛♥② r❡s❡❛r❝❤❡rs ❤❛✈❡ ❛tt❡♠♣t❡❞ t♦ ✐♠♣❧❡♠❡♥t ●P❯ ❜②

✉s✐♥❣ ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s ❢♦r ✈❛r✐♦✉s ✜❡❧❞s ✭✐♠❛❣❡ ♣r♦❝❡ss✐♥❣✱ s❝✐❡♥t✐✜❝ ❝♦♠♣✉t✐♥❣✱ ❤❡❛❧t❤

s❝✐❡♥❝❡ ❛♥❞ ❜✐♦❧♦❣✐❝❛❧ ♣r♦❝❡ss✐♥❣✱ ❞❛t❛❜❛s❡ ♣r♦❝❡ss✐♥❣ ❛♥❞ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣✮✳

❚❤❡ ❤✐❣❤ ♠❡♠♦r② ❜❛♥❞✇✐❞t❤ ❛♥❞ ✢♦❛t✐♥❣✲♣♦✐♥t t❤r♦✉❣❤♣✉t ❛✈❛✐❧❛❜❧❡ ✐♥ ●P❯s ♠❛❦❡s t❤❡♠

♣♦t❡♥t✐❛❧❧② ✈❡r② ❛ttr❛❝t✐✈❡ ❛❧s♦ ❢♦r ❝♦♠♣✉t❛t✐♦♥❛❧ ✢✉✐❞ ❞②♥❛♠✐❝s✱ ❤♦✇❡✈❡r✱ t❤❡ ❛❞♦♣t✐♦♥ ♦❢

t❤✐s t❡❝❤♥♦❧♦❣② ✐s ❤❛♠♣❡r❡❞ ❜② t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t ❡①✐st✐♥❣ ❝♦❞❡s ❜❡ r❡✲✇r✐tt❡♥ ✐♥ s♣❡❝✐❛❧✐③❡❞

❧♦✇✲❧❡✈❡❧ ❧❛♥❣✉❛❣❡s s✉❝❤ ❛s ❈❯❉❆ ♦r ❖♣❡♥❈▲ t❤❛t ♠♦r❡ ❝❧♦s❡❧② ♠❛♣ t♦ t❤❡ ●P❯ ❤❛r❞✇❛r❡✳

▼❆❚▲❆❇ ♣r♦✈✐❞❡s ❛ ❤❡❧♣❢✉❧ t♦♦❧❜♦① ✭P❛r❛❧❧❡❧ ❈♦♠♣✉t✐♥❣ ❚♦♦❧❜♦①✱ ▼❛t❤❲♦r❦s ✷✵✶✽✮ t❤❛t ❡♥✲

❛❜❧❡ t♦ r✉♥ t❤❡ ❝♦❞❡ ♦♥ ❛ ●P❯ ❜② s✐♠♣❧② ❝❤❛♥❣❡ t❤❡ ❞❛t❛ t②♣❡ ♦❢ ❢✉♥❝t✐♦♥✬s ✐♥♣✉t ✭gpuArray✮✳

❚♦ ❛❝❝❡❧❡r❛t❡ ❛♥ ❛❧❣♦r✐t❤♠ ✇✐t❤ ♠✉❧t✐♣❧❡ s✐♠♣❧❡ ♦♣❡r❛t✐♦♥s ♦♥ ❛ ●P❯✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✉s❡

arrayfun✱ ✇❤✐❝❤ ❛♣♣❧✐❡s ❛ ❢✉♥❝t✐♦♥ t♦ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ ❛♥ ❛rr❛②✳ ❇❡❝❛✉s❡ arrayfun ✐s ❛ ●P❯✲

❡♥❛❜❧❡❞ ❢✉♥❝t✐♦♥✱ t❤❡ ♠❡♠♦r② tr❛♥s❢❡r ♦✈❡r❤❡❛❞ ♦♥❧② ✐♥❝✉rs ♦♥ t❤❡ s✐♥❣❧❡ ❝❛❧❧ t♦ arrayfun✱

♥♦t ♦♥ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ♦♣❡r❛t✐♦♥✳ ❚❤❡s❡ ❢✉♥❝t✐♦♥s ❤❡❧♣ t♦ s♣❡❡❞ ✉♣ ▼❆❚▲❆❇ ♦♣❡r❛t✐♦♥s

✇✐t❤♦✉t ❧♦✇✲❧❡✈❡❧ ❈❯❉❆ ♣r♦❣r❛♠♠✐♥❣✳

✸✶



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

✸✷



❈❤❛♣t❡r ✸

❆ r❡✈✐❡✇ ♦❢ ❡①✐st✐♥❣ ✐♥✉♥❞❛t✐♦♥

♠♦❞❡❧s

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❛✈❛✐❧❛❜❧❡ ♠♦❞❡❧s ♦❢ ✈❛r②✐♥❣ ❝♦♠♣❧❡①✐t②✱ ❛❜❧❡ t♦ ♣r♦❞✉❝❡ r❡❣✐♦♥❛❧ s❝❛❧❡ st♦r♠ s✉r❣❡ ✢♦♦❞

♠❛♣s✱ ♠❛② ❜❡ s✉❜❞✐✈✐❞❡❞ ✐♥ st❛t✐❝ ♦r ❞②♥❛♠✐❝✳ ❙t❛t✐❝ ♠♦❞❡❧s✱ ❛❧s♦ ❝❛❧❧❡❞ ❜❛t❤t✉❜ ♠♦❞❡❧s✱

❛r❡ t❤❡ s✐♠♣❧❡st ♦♥❡s t♦ ♠❛♣ st♦r♠ s✉r❣❡ ✢♦♦❞✐♥❣✳ ❚❤❡ ♣r❡❞✐❝t❡❞ ✢♦♦❞❡❞ ❛r❡❛s ❛r❡ t❤♦s❡

❤②❞r❛✉❧✐❝❛❧❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❝♦❛st ❛♥❞ ❧♦✇❡r t❤❛♥ t❤❡ ❡❧❡✈❛t✐♦♥ ♦❢ t❤❡ st♦r♠ s✉r❣❡✳ ❉✉❡ t♦

t❤❡ ❛❧❣♦r✐t❤♠✐❝ s✐♠♣❧✐❝✐t② ♦❢ t❤❡s❡ ♠♦❞❡❧s✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞❡♠❛♥❞ ✐s ❧♦✇✳ ❆ st❛t✐❝ ♠♦❞❡❧

❝❛♥ ❜❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ s✐♠♣❧② ❛♥❞ q✉✐❝❦❧② st♦r♠ s✉r❣❡ ✢♦♦❞✐♥❣ ❛♥❞ ✐♠♣❛❝t ♦✈❡r ❧❛r❣❡ r❡❣✐♦♥s

❛t ❤②♣❡r✲r❡s♦❧✉t✐♦♥s ✭❚♦rr❡s❛♥ ❡t ❛❧✳ ✷✵✶✷✮✳ ❚❤❡ ♠♦❞❡❧ s✐♠♣❧✐❝✐t② ♠❡❡ts t❤❡ st❛❦❡❤♦❧❞❡r ♥❡❡❞s

❢♦r ❛ ❢❛st r❡s✉❧t ❛♥❞ ✐t ✐s t❤❡r❡❢♦r❡ ✈❡r② ♣♦♣✉❧❛r ✭❚❡♥❣ ❡t ❛❧✳ ✷✵✶✸❀ ❑♦✈❛♥❡♥ ❡t ❛❧✳ ✷✵✶✽✮✳ ❍♦✇✲

❡✈❡r✱ st❛t✐❝ ♠♦❞❡❧s ♦❜✈✐♦✉s❧② ❞♦ ♥♦t r❡♣❧✐❝❛t❡ s♦♠❡ ✐♠♣♦rt❛♥t ♣r♦❝❡ss❡s ♦❢ ❝♦❛st❛❧ ✢♦♦❞✐♥❣

✭❇❛t❡s ❡t ❛❧✳ ✷✵✵✺✮✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❛r❡ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss ❢♦r ✢♦✇s ❛♥❞ t❤❡ ❡✛❡❝t

♦❢ ❧❛♥❞s❝❛♣❡ r♦✉❣❤♥❡ss ♦♥ t❤❡ ✢♦♦❞✲✇❛t❡r s♣r❡❛❞✳ ❚❤❡ ✐♥✉♥❞❛t✐♦♥ ❡①t❡♥t✱ ❝❛❧❝✉❧❛t❡❞ ♦♥ t❤❡

❜❛s✐s ♦❢ st❛t✐❝ ♠♦❞❡❧s✱ ✐s ♦❢t❡♥ s✉❜st❛♥t✐❛❧❧② ♦✈❡r❡st✐♠❛t❡❞ ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ r❡❛❧ ✢♦♦❞ ❡①t❡♥t

♦❜s❡r✈❛t✐♦♥s ✭●❛❧❧✐❡♥ ❡t ❛❧✳ ✷✵✶✹❀ ❱♦✉s❞♦✉❦❛s ❡t ❛❧✳ ✷✵✶✻✮✳

❉②♥❛♠✐❝ ♠♦❞❡❧s✱ ❛❧s♦ ❝❛❧❧❡❞ ❤②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧s✱ ✐♥❝❧✉❞❡ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ♣❤②s✐❝❛❧ ♣r♦✲

❝❡ss r❡♣r❡s❡♥t❛t✐♦♥ ✭❡✳❣✳ ❚❊▲❊▼❆❈ ✷❉✱ ❚❯❋▲❖❲✱ ❉■❱❆❙❚✱ ❇r❡❩♦✮✳ ❚❤❡s❡ ♠♦❞❡❧s ❝❛♥ ❜❡

❞✐r❡❝t❧② ❧✐♥❦❡❞ t♦ ❤②❞r♦❧♦❣✐❝❛❧ ❛♥❞ r✐✈❡r ♠♦❞❡❧s t♦ ♣r♦✈✐❞❡ ✢♦♦❞ r✐s❦ ♠❛♣♣✐♥❣✱ ✢♦♦❞ ❢♦r❡❝❛st✲

✐♥❣ ❛♥❞ s❝❡♥❛r✐♦ ❛♥❛❧②s✐s✱ ❛♥❞ r❡q✉✐r❡ ✢♦✇ ❤②❞r♦❣r❛♣❤s ❛♥❞ t❤❡✐r s♦✉r❝❡ ❧♦❝❛t✐♦♥s ❛s ✐♥♣✉t

❞❛t❛s❡t✳ ▼❛rt✐♥❡❧❧✐ ❡t ❛❧✳ ✭✷✵✶✵✮ ❛♣♣❧✐❡❞ t♦ t❤❡ ❊♠✐❧✐❛ ❘♦♠❛❣♥❛ ❝♦❛st ✭■t❛❧②✮ ❛ ♣r♦❝❡❞✉r❡

❜❛s❡❞ ♦♥ ❛ ♣❤❛s❡✲r❡s♦❧✈✐♥❣ ♠♦❞❡❧ ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ r✐s❦ ♠❛♣s✱ ❛❧t❤♦✉❣❤

✈❡r② ❧✐♠✐t❡❞ ✐♥ s♣❛❝❡✳ ❚❤❡ r✐s❦ ❞✐❞ ♥♦t ❛❝❝♦✉♥t ❢♦r t❤❡ ❜r❡❛❝❤✐♥❣ ❤❛③❛r❞✱ ✇❤✐❝❤ ✐s ❛ ❝r✐t✐❝❛❧

❛s♣❡❝t ✐♥ ❝♦❛st❛❧ ✢♦♦❞✐♥❣✳ ❚❤❡ ❳✲❇❡❛❝❤ ♠♦❞❡❧ ✭❘♦❡❧✈✐♥❦ ❡t ❛❧✳ ✷✵✵✾✮ ❝♦✉♣❧❡s t❤❡ ♥♦♥✲❧✐♥❡❛r

s❤❛❧❧♦✇ ✇❛t❡r ❡q✉❛t✐♦♥s ✇✐t❤ ❛ ♠♦r♣❤♦❞②♥❛♠✐❝ ♠♦❞❡❧ t❤❛t ❤❛s t❤❡ ♣♦t❡♥t✐❛❧ t♦ s✐♠✉❧❛t❡ ❜♦t❤

❜r❡❛❝❤✐♥❣ ❛♥❞ s✉❜s❡q✉❡♥t ✢♦♦❞ ♣r♦♣❛❣❛t✐♦♥ t♦❣❡t❤❡r✱ ❛❧t❤♦✉❣❤ ✐t ✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② ✐♥t❡♥s✐✈❡

❛♥❞ ❧✐♠✐t❡❞ ❜② t❤❡ ✉♥❝❡rt❛✐♥t② r❡❧❛t❡❞ t♦ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❞✉♥❡✴❞✐❦❡ r❡s✐st❛♥❝❡✳ ▲❡ ❘♦② ❡t ❛❧✳

✭✷✵✶✺✮ ❝♦♠♣❛r❡ ♦❜s❡r✈❛t✐♦♥s ♦❢ ❛ ✢♦♦❞✐♥❣ ❡✈❡♥t t♦ ♥✉♠❡r✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ❛♥❞ s❤♦✇ t❤❡ ❛❞✈❛♥✲

t❛❣❡s ♦❢ ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ♣❤❛s❡✲r❡s♦❧✈✐♥❣ ♠♦❞❡❧ t❤❛t ✐♥❝❧✉❞❡s ❛♥ ❡①♣❧✐❝✐t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢

t❤❡ ❜✉✐❧❞✐♥❣s ❛♥❞ t❤❡ str❡❡ts✱ ♦✈❡r ❛ s✐♠✉❧❛t✐♦♥ ❜❛s❡❞ ♦♥ ❛ ♠♦r❡ ❝❧❛ss✐❝❛❧ ❛♣♣r♦❛❝❤ ✭❛ ❞✐❣✐t❛❧

✸✸



✸✳ ❆ r❡✈✐❡✇ ♦❢ ❡①✐st✐♥❣ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧s

t❡rr❛✐♥ ♠♦❞❡❧ ✇✐t❤ ♥♦ ❜✉✐❧❞✐♥❣s✱ ❛♥❞ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✉r❜❛♥ ❛r❡❛ ❜② ❛♥ ✐♥❝r❡❛s❡❞ s♦✐❧

r♦✉❣❤♥❡ss✮✳

❆s ♣♦✐♥t❡❞ ♦✉t ❜② ❚❡♥❣ ❡t ❛❧✳ ✭✷✵✶✼✮✱ ❞②♥❛♠✐❝s ♠♦❞❡❧s ❛r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡ ❛♥❞

❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ✉♥✈✐❛❜❧❡ ❢♦r ❛r❡❛s ❧❛r❣❡r t❤❛♥ ✶✵✵✵ ❦♠2 ✇❤❡♥ t❤❡ ❣r✐❞ r❡s♦❧✉t✐♦♥ ✐s ❧❡ss

t❤❛♥ ✶✵ ♠✳ ❚❤❡ t✐♠❡ t❛❦❡♥ t♦ r✉♥ s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡s❡ ❧❛r❣❡ ❞♦♠❛✐♥s ♠❛② ❜❡ ♣r♦❤✐❜✐t✐✈❡❧②

❧♦♥❣✳ ❙❡✈❡r❛❧ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❛✐♠✐♥❣ ❛t r❡❞✉❝✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ❜②

t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ♦♥❧② ✇❛t❡r ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ✭❇r❡✐❧❤ ❡t ❛❧✳ ✷✵✶✸❀ ❍✉♥t❡r ❡t ❛❧✳ ✷✵✵✺✮ ♦r

s♦♠❡ ❛s♣❡❝ts ♦❢ ✢♦♦❞✐♥❣ ❤②❞r♦❞②♥❛♠✐❝s ✭❉♦tt♦r✐ ❡t ❛❧✳ ✷✵✶✻✮✳ ❲✐t❤ ❛❞✈❛♥❝❡s ✐♥ ❝♦♠♣✉t✐♥❣

s❝✐❡♥❝❡✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ✢♦♦❞✐♥❣ ♠♦❞❡❧s ❤❛s ✐♠♣r♦✈❡❞ ❡①♣♦♥❡♥t✐❛❧❧②✳ ❆ r❡❝❡♥t ❛♣♣r♦❛❝❤

t♦ ✐♠♣r♦✈✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞ ✐s ♣❛r❛❧❧❡❧✐③✐♥❣ t❤❡ s♦✉r❝❡ ❝♦❞❡ ✭❡✳❣✳ ▲■❙❋▲❖❖❉✲❋P ❜②

◆❡❛❧ ❡t ❛❧✳ ✷✵✵✾✱ ❋❧♦♦❞▼❛♣✲P❛r❛❧❧❡❧ ❜② ❨✉ ✷✵✶✵✮✳ ❚❤❡ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s r❡❧❛t❡❞ ♦❢

t❤❡ ❛✈❛✐❧❛❜❧❡ ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ✢♦♦❞ ♠♦❞❡❧ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ t❡❝❤♥✐q✉❡ ✉t✐❧✐③❡s

●r❛♣❤✐❝ Pr♦❝❡ss✐♥❣ ❯♥✐ts ✭●P❯s✮ t♦ ❛❝❤✐❡✈❡ ❛ ❢❛r q✉✐❝❦❡r t✐♠❡ s♣❡❡❞ ✇❤❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤

❈P❯s✳ ❑❛❧②❛♥❛♣✉ ❡t ❛❧✳ ✭✷✵✶✶✮ ♣r♦♣♦s❡❞ ❛♥ ◆❱■❉■❆ ❈❯❉❆ ●P❯✲❜❛s❡❞ ✷❉ ❞②♥❛♠✐❝ ✢♦♦❞

♠♦❞❡❧ ✭❋❧♦♦❞✷❉✲●P❯✮✱ ♣r♦✈✐♥❣ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞✲✉♣ r❛♥❣❡s ❜❡t✇❡❡♥ ✽✷❳ ❛♥❞

✽✽❳ ❝♦♠♣❛r❡❞ t♦ ❛ ❈P❯ ♠♦❞❡❧ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠s✳ ❚❤❡ ❧✐♠✐t❛t✐♦♥

♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ❞♦♠❛✐♥✱ ❞✉❡ t♦ t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ tr❛♥s❢❡r t❤❡ ✐♥❢♦r♠❛t✐♦♥

❜❡t✇❡❡♥ t❤❡ s②st❡♠ ♠❡♠♦r② ❛♥❞ t❤❡ ●P❯✳ ❆ s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❙❲❊s ✐s ❛ ✇❛② t♦ ♠✐t✐❣❛t❡

t❤✐s ✐ss✉❡✳

❚❤✐s ❝❤❛♣t❡r r❡✈✐❡✇s t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ♦❢ ❤②❞r♦❞②♥❛♠✐❝ ❛♥❞ s✐♠♣❧❡ ❝♦♥❝❡♣t✉❛❧ ♠♦❞❡❧s t♦✲

❣❡t❤❡r ✇✐t❤ s♦♠❡ ❉❡❝✐s✐♦♥ ❙✉♣♣♦rt ❙②st❡♠s DSSs ❛♥❞ ❞❡s❝r✐❜❡s ✐♥ ❞❡t❛✐❧ s♦♠❡ ♦❢ t❤❡s❡ t♦♦❧s✳

✸✳✷ ❍②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧s

❍②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧s ❛r❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s t❤❛t ❛tt❡♠♣t t♦ r❡♣❧✐❝❛t❡✴s✐♠✉❧❛t❡ ✢✉✐❞ ♠♦✲

t✐♦♥✱ s♦❧✈✐♥❣ ❡q✉❛t✐♦♥s ❢♦r♠✉❧❛t❡❞ ❜② ❛♣♣❧②✐♥❣ ♣❤②s✐❝s ❧❛✇s✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡✐r s♣❛t✐❛❧

r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✢♦♦❞♣❧❛✐♥ ✢♦✇✱ t❤❡ ♠♦❞❡❧s ❝❛♥ ❜❡ ❞✐♠❡♥s✐♦♥❛❧❧② ❣r♦✉♣❡❞ ✐♥t♦ ✶❉✱ ✷❉

❛♥❞ ✸❉ ♠♦❞❡❧s✳ ❚❛❜❧❡ ✸✳✶ ❧✐sts s♦♠❡ t②♣✐❝❛❧ ❤②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧s ❛♥❞ t❤❡✐r ❞❡✈❡❧♦♣❡rs✳

❚❤❡ ✷❉ ♠♦❞❡❧s r❡♣r❡s❡♥t ✢♦♦❞♣❧❛✐♥ ✢♦✇ ❛s ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✜❡❧❞ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t

t❤❡ t❤✐r❞ ❞✐♠❡♥s✐♦♥ ✖ ✇❛t❡r ❞❡♣t❤ ✖ ✐s s❤❛❧❧♦✇ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ♦t❤❡r t✇♦ ❞✐♠❡♥s✐♦♥s✳

▼♦st ❛♣♣r♦❛❝❤❡s s♦❧✈❡ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s❤❛❧❧♦✇ ✇❛t❡r ❡q✉❛t✐♦♥s ✭❊q✳s ✷✳✺✺✱ ✷✳✺✻✱ ✷✳✺✼✮✱

✇❤✐❝❤ r❡♣r❡s❡♥t ♠❛ss ❛♥❞ ♠♦♠❡♥t✉♠ ❝♦♥s❡r✈❛t✐♦♥ ✐♥ ❛ ♣❧❛♥❡✱ ❛♥❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❞❡♣t❤✲

❛✈❡r❛❣✐♥❣ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜✈❡ ♠♦❞❡❧s ❛r❡ ❜r✐❡✢② ❞❡s❝r✐❜❡❞✳

❛✮ ▲■❙❋❧♦♦❞✿

▲■❙❋▲❖❖❉✲❋P ✐s ❛ s✐♠♣❧✐✜❡❞ ✷❉ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❤②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ❜② ❇❛t❡s

❛♥❞ ❉❡ ❘♦♦ ✭✷✵✵✵✮✳ ❚❤❡ ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ ❛ str✉❝t✉r❡❞ ❣r✐❞ ❛♥❞ ✉s❡s ❛ r❛st❡r ❉✐❣✐t❛❧ ❊❧❡✈❛t✐♦♥

▼♦❞❡❧ ✭❉❊▼✮ ❛♥❞ ✇❛t❡r ✐♥✢♦✇ ❞❡t❛✐❧s t♦ s✐♠✉❧❛t❡ ✢♦♦❞ ❞②♥❛♠✐❝s✳ ■♥ t❤❡ ♠♦❞❡❧✱ ❤②❞r❛✉❧✐❝

❝♦♥t✐♥✉✐t② ♣r✐♥❝✐♣❧❡s ❛r❡ ❛♣♣❧✐❡❞ t♦ ❝❛❧❝✉❧❛t❡ ✇❛t❡r ❞❡♣t❤ ✐♥ ❡❛❝❤ ❝❡❧❧ ♦❢ t❤❡ r❛st❡r ❣r✐❞ ❛♥❞

✇❛t❡r ✐s r♦✉t❡❞ ❛❝r♦ss t❤❡ t❡rr❛✐♥ ✉s✐♥❣ ❛ s✐♠♣❧❡ st♦r❛❣❡ ❝❡❧❧ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡

✐♥ ❤②❞r❛✉❧✐❝ ❤❡❛❞ ❜❡t✇❡❡♥ ❛❞❥❛❝❡♥t ❝❡❧❧s ✭❇❛t❡s ❡t ❛❧✳ ✷✵✵✺✮✳ ❚❤❡ ♠♦❞❡❧ ✉s❡s t❤❡ ❤❡✐❣❤t ♦❢ t❤❡

✇❛t❡r s✉r❢❛❝❡ ❛❜♦✈❡ t❤❡ t♦♣♦❣r❛♣❤✐❝ s✉r❢❛❝❡ ❡❧❡✈❛t✐♦♥ ❛♥❞ t❤❡ ▼❛♥♥✐♥❣ ❢r✐❝t✐♦♥ ❝♦❡✣❝✐❡♥t t♦

❞❡t❡r♠✐♥❡ ✢♦✇ r❛t❡s✳ ❆❧t❤♦✉❣❤ ♦r✐❣✐♥❛❧❧② ❞❡✈❡❧♦♣❡❞ ❢♦r r✐✈❡r✐♥❡ ✢♦♦❞✐♥❣✱ ▲■❙❋▲❖❖❉✲❋P ❤❛s

❜❡❡♥ ❛❧s♦ ❛♣♣❧✐❡❞ t♦ s❤❛❧❧♦✇ ❝♦❛st❛❧ ❡♥✈✐r♦♥♠❡♥ts ❜② ❇❛t❡s ❡t ❛❧✳ ✭✷✵✵✺✮ ❛♥❞ ❉❛✇s♦♥ ❡t ❛❧✳

✸✹



✸✳ ❆ r❡✈✐❡✇ ♦❢ ❡①✐st✐♥❣ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧s

✭✷✵✵✺✮✳ ❇❛t❡s ❡t ❛❧✳ ✭✷✵✶✵✮ ♣r♦♣♦s❡❞ t♦ ♠♦❞✐❢② t❤❡ ▲■❙❋▲❖❖❉✲❋P ❝♦❞❡s t♦ ✐♥❝❧✉❞❡ ✐♥❡rt✐❛❧

t❡r♠s t♦ r❡♣r❡s❡♥t t❤❡ ✢♦✇ ♣❤②s✐❝s ✐♥ ♣❛rt✐❝✉❧❛r ❡♥✈✐r♦♥♠❡♥t❛❧ s❡tt✐♥❣s✳ ❚❤✐s ♠♦❞✐✜❝❛t✐♦♥

♠❛② ❛❧❧♦✇ t❤❡ ✉s❡ ♦❢ ❛ ❧❛r❣❡r st❛❜❧❡ t✐♠❡ st❡♣✱ ❛♥❞ ❤❡♥❝❡ q✉✐❝❦❡r r✉♥ t✐♠❡s✳

❚❛❜❧❡ ✸✳✶✿ ❆ r❡✈✐❡✇ ♦❢ s♦♠❡ ❡①✐st✐♥❣ ❍②❞r♦❞②♥❛♠✐❝ ▼♦❞❡❧

▼♦❞❡❧ ◆❛♠❡ ❘❡❢❡r❡♥❝❡ ❙♦❧✈✐♥❣ ❡q✉❛t✐♦♥

❏❋▲❖❲ ❇r❛❞❜r♦♦❦ ✭✷✵✵✻✮ ❉✐✛✉s✐✈❡ ✇❛✈❡

▲■❙❋▲❖❖❉✲❋P ❇❛t❡s ❡t ❛❧✳ ✭✷✵✶✵✮ ❉②♥❛♠✐❝ ✇❛✈❡ ♠♦❞❡❧ ✇✐t❤♦✉t ❛❞✲

✈❡❝t✐♦♥

❚❯❋▲❖❲ ❲❇▼✲❇▼❚ ✭✷✵✶✵✮ ✶❉ ♦r ✷❉ ❙❤❛❧❧♦✇ ✇❛t❡r ❡q✉❛t✐♦♥s

✭❙❲❊✮

▼■❑❊✷✶ ❉❍■ ✷❉ ❙❲❊

❚❊▲❊▼❆❈ ●❛❧❧❛♥❞ ❡t ❛❧✳ ✭✶✾✾✶✮ ✷❉ ❙❲❊ ♦r ✷❉ ❙❲❊ ✰ ❛ s♦❧✉t✐♦♥

❢♦r ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t✐❡s ✉s✐♥❣ ❝♦♥t✐✲

♥✉✐t② ♦♥❧②

❇r❡❩♦ ❇❡❣♥✉❞❡❧❧✐ ❛♥❞ ❙❛♥❞❡rs ✭✷✵✵✻✮ ✷❉ ❙❲❊

❋❧♦♦❞✷❉✲●P❯ ❑❛❧②❛♥❛♣✉ ❡t ❛❧✳ ✭✷✵✶✶✮ ✷❉ ❙❲❊

❋❧♦♦❞▼❛♣✲P❛r❛❧❧❡❧ ❨✉ ✭✷✵✶✵✮ ✷❉ ❙❲❊

❋▲❯❊◆❚✴❈❋❳ ❆♥s②s ✸❉ ❘❡②♥♦❧❞s ❛✈❡r❛❣❡❞ ◆❛✈✐❡r✲

❙t♦❦❡s ❊q✉❛t✐♦♥s ✭◆❙❊✮

❜✮ ❚❯❋▲❖❲✿

❚❯❋▲❖❲ ✭❚✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❯♥st❡❛❞② ❋▲❖❲✱ ✇✇✇✳t✉❢❧♦✇✳❝♦♠✮ ✐s ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✭✶❉✮

❛♥❞ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✭✷❉✮ ✢♦♦❞ ❛♥❞ t✐❞❡ s✐♠✉❧❛t✐♦♥ s♦❢t✇❛r❡ ✭❲❇▼✲❇▼❚ ✷✵✶✵✮✳ ■t s✐♠✉❧❛t❡s

t❤❡ ❝♦♠♣❧❡① ❤②❞r♦❞②♥❛♠✐❝s ♦❢ ✢♦♦❞s ❛♥❞ t✐❞❡s ✉s✐♥❣ t❤❡ ❢✉❧❧ ✶❉ ❙t✳ ❱❡♥❛♥t ❡q✉❛t✐♦♥s ❛♥❞

t❤❡ ❢✉❧❧ ✷❉ ❢r❡❡✲s✉r❢❛❝❡ s❤❛❧❧♦✇ ✇❛t❡r ❡q✉❛t✐♦♥s✳ ❚❯❋▲❖❲ ✐s ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡♥❣✐♥❡ t❤❛t

♣r♦✈✐❞❡s ✷❉ ❛♥❞ ✶❉ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❢r❡❡✲s✉r❢❛❝❡ ✢♦✇ ❡q✉❛t✐♦♥s t♦ s✐♠✉❧❛t❡ ✢♦♦❞ ❛♥❞ t✐❞❛❧

✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥✳ ❚❤❡ ❡♥❣✐♥❡ ✐s ✈❡r② st❛❜❧❡ ♠❛❦✐♥❣ ✐t ❛ ❣♦♦❞ ❝❤♦✐❝❡ ❢♦r ♠♦❞❡❧s ✇✐t❤ ❧♦ts ♦❢

✇❡tt✐♥❣ ❛♥❞ ❞r②✐♥❣✳ ❚❤❡r❡ ❛r❡ t❤r❡❡ ♠❛✐♥ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧s ✉♥❞❡r t❤❡ ❚❯❋▲❖❲ s♦❢t✇❛r❡

s✉✐t❡✿

✲ ❚❯❋▲❖❲ ✷❉✿ ❣r✐❞ ❜❛s❡❞ ❛♥❞ ❧✐♥❦❡❞ ✶❉ ♥❡t✇♦r❦ s♦❧✈❡r❀

✲ ❚❯❋▲❖❲ ●P❯✿ ❛ ✷❉ ♦♥❧② ❣r✐❞ ❜❛s❡❞ s♦❧✈❡r ✉s✐♥❣ t❤❡ ♣❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣ ♣♦✇❡r ♦❢ t❤❡

♠♦❞❡r♥ ●P❯ ❢♦r ❢❛st s✐♠✉❧❛t✐♦♥s❀

✲ ❚❯❋▲❖❲ ❋❱✿ ❛ ✷❉✴✸❉ ✢❡①✐❜❧❡ ♠❡s❤ ✜♥✐t❡ ✈♦❧✉♠❡ s♦❧✉t✐♦♥✳

❚❯❋▲❖❲ ✐s ✐❞❡❛❧❧② s✉✐t❡❞ t♦ ♠♦❞❡❧❧✐♥❣✿ ✢♦♦❞✐♥❣ ♦❢ r✐✈❡rs ❛♥❞ ❝r❡❡❦s ✇✐t❤ ❝♦♠♣❧❡① ✢♦✇ ♣❛t✲

t❡r♥s❀ ♦✈❡r❧❛♥❞ ❛♥❞ ♣✐♣❡❞ ✢♦✇s t❤r♦✉❣❤ ✉r❜❛♥ ❛r❡❛s❀ ❡st✉❛r✐♥❡ ❛♥❞ ❝♦❛st❛❧ t✐❞❡ ❤②❞r❛✉❧✐❝s❀

✐♥✉♥❞❛t✐♦♥ ❢r♦♠ st♦r♠ t✐❞❡s ❛♥❞ ts✉♥❛♠✐s✳

❍❛✐♥❡s ✭✷✵✶✸✮ ❛♣♣❧✐❡❞ t❤❡ ❚❯❋▲❖❲ ♠♦❞❡❧ ❛t ❍❡①❤❛♠ ❙✇❛♠♣ ✭❆✉str❛❧✐❛✮ ✐♥ ♦r❞❡r t♦ st✉❞②

✸✺



✸✳ ❆ r❡✈✐❡✇ ♦❢ ❡①✐st✐♥❣ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧s

t❤❡ ❤②❞r♦❧♦❣✐❝❛❧ ❜❡❤❛✈✐♦✉r ❛♥❞ t❤❡ ✇❡t❧❛♥❞ ✐♥✉♥❞❛t✐♦♥ ❡①t❡♥ts✳ ➇❡♥ ❛♥❞ ❑❛❤②❛ ✭✷✵✶✼✮ ❡♠✲

♣❧♦②❡❞ ❛ ♠♦❞❡❧ ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❲❛t❡rs❤❡❞ ▼♦❞❡❧❧✐♥❣ ❙②st❡♠ ✭❲▼❙✮ ❢♦r ♣❡❛❦

❞✐s❝❤❛r❣❡ ❞❡t❡r♠✐♥❛t✐♦♥ ❛♥❞ ❚❯❋▲❖❲ ❢♦r ✢♦♦❞♣❧❛✐♥ ❛♥❛❧②s✐s ✐♥ t❤❡ ❘✐③❡ ♣r♦✈✐♥❝❡✱ ❧♦❝❛t❡❞

✐♥ t❤❡ ◆♦rt❤✲❊❛st ♣❛rt ♦❢ ❚✉r❦❡② ✭❜❡t✇❡❡♥ t❤❡ ❇❧❛❝❦ ❙❡❛ ❛♥❞ t❤❡ ◆♦rt❤ ❆♥❛t♦❧✐❛♥ ▼♦✉♥t❛✐♥s✮✳

❝✮ ▼✐❦❡✷✶✿

▼■❑❊ ✷✶ ❋❧♦✇▼♦❞❡❧ ✭✇✇✇✳♠✐❦❡♣♦✇❡r❡❞❜②❞❤✐✳❝♦♠✮✱ ❞❡✈❡❧♦♣❡❞ ❜② ❉❍■✱ ✐s ❛ ♠♦❞❡❧❧✐♥❣ s②st❡♠

❜❛s❡❞ ♦♥ ❛ ✢❡①✐❜❧❡ ♠❡s❤ ❛♣♣r♦❛❝❤✳ ❚❤❡ ♠♦❞❡❧❧✐♥❣ s②st❡♠ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r ❛♣♣❧✐❝❛✲

t✐♦♥s ✇✐t❤✐♥ ♦❝❡❛♥♦❣r❛♣❤✐❝✱ ❝♦❛st❛❧ ❛♥❞ ❡st✉❛r✐♥❡ ❡♥✈✐r♦♥♠❡♥ts✳ ❚❤❡ ❍②❞r♦❞②♥❛♠✐❝ ♠♦❞✉❧❡

✭t❤❡ ❜❛s✐s ♦❢ t❤❡ ♠♦❞❡❧✮ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s❤❛❧❧♦✇

✇❛t❡r ❡q✉❛t✐♦♥s ✭t❤❡ ❞❡♣t❤✲✐♥t❡❣r❛t❡❞ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❘❡②♥♦❧❞s ❛✈❡r❛❣❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛✲

t✐♦♥s✮✳ ❚❤✉s✱ t❤❡ ♠♦❞❡❧ ❝♦♥s✐sts ♦❢ ❝♦♥t✐♥✉✐t②✱ ♠♦♠❡♥t✉♠✱ t❡♠♣❡r❛t✉r❡✱ s❛❧✐♥✐t② ❛♥❞ ❞❡♥s✐t②

❡q✉❛t✐♦♥s✳ ■♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❞♦♠❛✐♥ ❜♦t❤ ❈❛rt❡s✐❛♥ ❛♥❞ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ❝❛♥ ❜❡ ✉s❡❞✳

❚❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♣r✐♠✐t✐✈❡ ❡q✉❛t✐♦♥s ✐s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❛ ❝❡❧❧✲❝❡♥tr❡❞ ✜♥✐t❡

✈♦❧✉♠❡ ♠❡t❤♦❞✳ ❚❤❡ s♣❛t✐❛❧ ❞♦♠❛✐♥ ✐s ❞✐s❝r❡t✐③❡❞ ❜② s✉❜❞✐✈✐s✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉✉♠ ✐♥t♦ ♥♦♥✲

♦✈❡r❧❛♣♣✐♥❣ ❡❧❡♠❡♥t✴❝❡❧❧s✳ ■♥ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡ ❛♥ ✉♥str✉❝t✉r❡❞ ❣r✐❞ ✐s ✉s❡❞ ❝♦♥s✐st✐♥❣ ♦❢

tr✐❛♥❣❧❡s ♦r q✉❛❞r✐❧❛t❡r❛❧ ❡❧❡♠❡♥t✳ ❆♥ ❛♣♣r♦①✐♠❛t❡ ❘✐❡♠❛♥♥ s♦❧✈❡r ✐s ✉s❡❞ ❢♦r ❝♦♠♣✉t❛t✐♦♥

♦❢ t❤❡ ❝♦♥✈❡❝t✐✈❡ ✢✉①❡s✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❤❛♥❞❧❡ ❞✐s❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥s✳ ❋♦r t❤❡

t✐♠❡ ✐♥t❡❣r❛t✐♦♥✱ ❛♥ ❡①♣❧✐❝✐t s❝❤❡♠❡ ✐s ✉s❡❞✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❛r❡❛s ❣❡♥❡r❛❧❧② ✐♥✈♦❧✈❡ ♣r♦❜❧❡♠s

✇❤❡r❡ ✢♦✇ ❛♥❞ tr❛♥s♣♦rt ♣❤❡♥♦♠❡♥❛ ❛r❡ ✐♠♣♦rt❛♥t ✇✐t❤ ❡♠♣❤❛s✐s ♦♥ ❝♦❛st❛❧ ❛♥❞ ♠❛r✐♥❡

❛♣♣❧✐❝❛t✐♦♥s✱ ✇❤❡r❡ t❤❡ ✢❡①✐❜✐❧✐t② ✐♥❤❡r✐t❡❞ ✐♥ t❤❡ ✉♥str✉❝t✉r❡❞ ♠❡s❤❡s ❝❛♥ ❜❡ ✉t✐❧✐③❡❞✳

❲❛♥❣ ❡t ❛❧✳ ✭✷✵✶✽✮ ❛♣♣❧✐❡❞ t❤❡ ▼■❑❊ ✷✶ ♠♦❞❡❧ t♦ s✐♠✉❧❛t❡ ✢♦♦❞ ♠❛❣♥✐t✉❞❡s ✉♥❞❡r ♠✉❧t✐♣❧❡

s❝❡♥❛r✐♦s ❝r❡❛t❡❞ ❢r♦♠ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ❦❡② ❡♥✈✐r♦♥♠❡♥t❛❧ ❢❛❝t♦rs ♣r♦❥❡❝t❡❞ t♦ t❤❡ ②❡❛r

✷✵✸✵ ❛♥❞ ✷✵✺✵✱ ✐♥ t❤❡ ❝♦❛st❛❧ ❛r❡❛s ♦❢ ❙❤❛♥❣❤❛✐✳

❞✮ ❚❊▲❊▼❆❈✿

❚❊▲❊▼❆❈ s②st❡♠ ✭✇✇✇✳♦♣❡♥t❡❧❡♠❛❝✳♦r❣✮ ❝♦♠♣r✐s❡s t✇♦ ♠♦❞✉❧❡s✱ ✷❉ ❛♥❞ ✸❉ ✭●❛❧❧❛♥❞

❡t ❛❧✳ ✶✾✾✶✱ ❍❡r✈♦✉❡t ✷✵✵✵✮✳ ❚❤❡ ✜rst ✭❚❊▲❊▼❆❈ ✷❉✮ s♦❧✈❡s t❤❡ s♦✲❝❛❧❧❡❞ s❤❛❧❧♦✇ ✇❛t❡r

❡q✉❛t✐♦♥s✱ ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ❙❛✐♥t ❱❡♥❛♥t ❡q✉❛t✐♦♥s✱ ✉s✐♥❣ t❤❡ ✜♥✐t❡✲❡❧❡♠❡♥t ♦r ✜♥✐t❡✲✈♦❧✉♠❡

♠❡t❤♦❞ ❛♥❞ ❛ ❝♦♠♣✉t❛t✐♦♥ ♠❡s❤ ♦❢ tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts✳ ■t ❝❛♥ ♣❡r❢♦r♠ s✐♠✉❧❛t✐♦♥s ✐♥ tr❛♥✲

s✐❡♥t ❛♥❞ ♣❡r♠❛♥❡♥t ❝♦♥❞✐t✐♦♥s✳ ❚❊▲❊▼❆❈✲✷❉ ✐s ✉s❡❞ ✐♥ ♠❛♥② ✜❡❧❞s ♦❢ ❛♣♣❧✐❝❛t✐♦♥✳ ■♥ t❤❡

♠❛r✐t✐♠❡ ✜❡❧❞✱ ♣❛rt✐❝✉❧❛r ♠❡♥t✐♦♥ ♠❛② ❜❡ ♠❛❞❡ ♦❢ ❤❛r❜♦✉r str✉❝t✉r❡ ❞❡s✐❣♥✱ st✉❞✐❡s ♦❢ t❤❡

❡✛❡❝t ♦❢ ❜✉✐❧❞✐♥❣ s✉❜♠❡rs✐❜❧❡ ❜r❡❛❦✇❛t❡rs ♦r ❞r❡❞❣✐♥❣ ✇♦r❦s✱ t❤❡ ✐♠♣❛❝t ♦❢ ❞✐s❝❤❛r❣❡s ❢r♦♠

❛ s❡❛ ♦✉t❢❛❧❧✱ st✉❞② ♦❢ t❤❡r♠❛❧ ♣❧✉♠❡s❀ ❛♥❞✱ ✇✐t❤ r❡❣❛r❞ t♦ r✐✈❡rs✱ t❤❡ ✐♠♣❛❝t ♦❢ ✈❛r✐♦✉s t②♣❡s

♦❢ ❝♦♥str✉❝t✐♦♥ ✭❜r✐❞❣❡s✱ s✐❧❧s✱ ❣r♦✐♥s✮✱ ❞❛♠ ❜r❡❛❦s✱ ✢♦♦❞ st✉❞✐❡s✱ tr❛♥s♣♦rt ♦❢ ❞✐ss✐♣❛t✐♥❣ ♦r

♥♦♥✲❞✐ss✐♣❛t✐♥❣ tr❛❝❡rs✳

❚♦ ❛ss❡ss ❚❊▲❊▼❆❈✲✷❉ ♣❡r❢♦r♠❛♥❝❡✱ ❇r✐❡r❡ ❡t ❛❧✳ ✭✷✵✵✼✮ ❛♣♣❧✐❡❞ t❤❡ ♠♦❞❡❧ t♦ s✐♠✉❧❛t❡ t❤❡

❤②❞r♦❞②♥❛♠✐❝s ♦❢ t❤❡ ❆❞♦✉r ❘✐✈❡r ❛♥❞ t❤❡ ❛❞❥❛❝❡♥t ❜❡❛❝❤❡s ♦❢ ❆♥❣❧❡t✱ ❋r❛♥❝❡✳ ❚❤❡② ❢♦✉♥❞

t❤❛t ❚❊▲❊▼❆❈✲✷❉ ❝✉rr❡♥t ♣r❡❞✐❝t✐♦♥s✱ ✇❤❡♥ ♠❛t❝❤❡❞ t♦ ✜❡❧❞ ♠❡❛s✉r❡♠❡♥ts✱ ✇❡r❡ ✇✐t❤✐♥

t❤❡ ❡①❝❡❧❧❡♥t t♦ r❡❛s♦♥❛❜❧❡ ❝❛t❡❣♦r②✳ ❇♦❧❧❡ ❡t ❛❧✳ ✭✷✵✶✼✮ ❞❡✈❡❧♦♣❡❞ ❛♥ ❊❛r❧② ❲❛r♥✐♥❣ ✫ ❉❡✲

❝✐s✐♦♥ ❙✉♣♣♦rt ❙②st❡♠ ❢♦r ❛ ♣♦rt✱ t❤❛t ❝♦♠❜✐♥❡❞ ❛ s♣❡❝tr❛❧ ✇❛✈❡ ♠♦❞❡❧✱ ❛ ❇♦✉ss✐♥❡sq t②♣❡

✇❛✈❡ ♠♦❞❡❧ ❛♥❞ ❚❊▲❊▼❆❈✱ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❤✐♥t❡r❧❛♥❞ ✢♦♦❞✐♥❣ ✐♥s✐❞❡ t❤❡ ♣♦rt ♦❢

❩❡❡❜r✉❣❣❡ ✭❇❡❧❣✐❛♥ ❝♦❛st✮✳

❚❊▲❊▼❆❈✲✸❉✱ ✉s❡s t❤❡ s❛♠❡ ❤♦r✐③♦♥t❛❧❧② ✉♥str✉❝t✉r❡❞ ♠❡s❤ ❛s ❚❊▲❊▼❆❈✲✷❉ ❜✉t s♦❧✈❡s

t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ✇❤❡t❤❡r ✐♥ ❤②❞r♦st❛t✐❝ ♦r ♥♦♥✲❤②❞r♦st❛t✐❝ ♠♦❞❡ s♦ ❛❧❧♦✇✐♥❣

✸✻



✸✳ ❆ r❡✈✐❡✇ ♦❢ ❡①✐st✐♥❣ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧s

s❤♦rt❡r ✇❛✈❡s t❤❛♥ t❤♦s❡ ✐♥ ❛ s❤❛❧❧♦✇ ✇❛t❡r ❝♦♥t❡①t ✭✇❤❡r❡ ✇❛✈❡❧❡♥❣t❤s ❛r❡ r❡q✉✐r❡❞ t♦ ❜❡ ❛t

❧❡❛st t✇❡♥t② t✐♠❡s t❤❡ ✇❛t❡r ❞❡♣t❤✮✳

❡✮ ❇r❡❩♦✿

❇r❡❩♦ ✭❇❡❣♥✉❞❡❧❧✐ ❛♥❞ ❙❛♥❞❡rs ✷✵✵✻✱ ❇❡❣♥✉❞❡❧❧✐ ❡t ❛❧✳ ✷✵✵✽✮ s♦❧✈❡s t❤❡ s❤❛❧❧♦✇✲✇❛t❡r ❡q✉❛t✐♦♥s

✉s✐♥❣ ❛ ●♦❞✉♥♦✈✲t②♣❡ ✜♥✐t❡ ✈♦❧✉♠❡ ❛❧❣♦r✐t❤♠ t❤❛t ❤❛s ❜❡❡♥ ♦♣t✐♠✐③❡❞ ❢♦r ✇❡tt✐♥❣ ❛♥❞ ❞r②✐♥❣

❛♣♣❧✐❝❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ♥❛t✉r❛❧ t♦♣♦❣r❛♣❤② ❛♥❞ r✉♥s ♦♥ ❛♥ ✉♥str✉❝t✉r❡❞ ❣r✐❞ ♦❢ tr✐❛♥❣✉❧❛r

❝❡❧❧s✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✈❡rs✐♦♥s ♦❢ ❇r❡❩♦ ❛s ❛ r❡s✉❧t ♦❢ ❛♥ ♦♥❣♦✐♥❣ r❡s❡❛r❝❤ ♣r♦❝❡ss✱ ❛♥❞

✇❡ ❤❛✈❡ ❡①♣❧♦r❡❞ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ s❝❤❡♠❡s t❤❛t ❛r❡ ❢♦r♠❛❧❧② ✜rst ❛♥❞ s❡❝♦♥❞✲♦r❞❡r

❛❝❝✉r❛t❡ ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡ ❛s ✇❡❧❧ ❛s s❝❤❡♠❡s t❤❛t s♦❧✈❡ s❝❛❧❛r tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ✐♥ ❛❞❞✐t✐♦♥

t♦ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ❛♥❞ ♠♦♠❡♥t✉♠ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s✳ ❚❤✐s s✐t❡ ♣r❡s❡♥ts ❛ s❝❤❡♠❡ ❢♦r

✢♦✇ s✐♠✉❧❛t✐♦♥ ♦♥❧② t❤❛t ✐s ❢♦r♠❛❧❧② ✜rst✲♦r❞❡r ❛❝❝✉r❛t❡ ❜✉t ❛❝❤✐❡✈❡s ❝❧♦s❡ t♦ s❡❝♦♥❞✲♦r❞❡r

❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ✐♥ ✢♦♦❞✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ♥❛t✉r❛❧ t♦♣♦❣r❛♣❤② ❜❡❝❛✉s❡ t❤❡ ♠♦❞❡❧

r❡t❛✐♥s ❛ s❡❝♦♥❞✲♦r❞❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❡rr❛✐♥✳ ■♥ ✜❡❧❞✲s❝❛❧❡ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ❞❡♣✐❝t✐♦♥ ♦❢

t❡rr❛✐♥ t②♣✐❝❛❧❧② ❧✐♠✐ts ♠♦❞❡❧ ❛❝❝✉r❛❝②✳ ❇❡❣♥✉❞❡❧❧✐ ❛♥❞ ❙❛♥❞❡rs ✭✷✵✵✼✮ ♣r❡s❡♥t ❛♥ ❛♣♣❧✐❝❛t✐♦♥

♦❢ ❇r❡❩♦ ✐♥ ❛ ❙t✳ ❋r❛♥❝✐s ❞❛♠✲❜r❡❛❦ ♠♦❞❡❧❧✐♥❣ st✉❞② ✭❈❛❧✐❢♦r♥✐❛✱ ❯❙✮✳

✸✳✸ ❙t❛t✐❝ ♠♦❞❡❧s

❙t❛t✐❝ ♠♦❞❡❧s ❛r❡ s✐♠♣❧✐✜❡❞ ❝♦♥❝❡♣t✉❛❧ ♠♦❞❡❧s t❤❛t ❞♦ ♥♦t ✐♥✈♦❧✈❡ ❛♥② s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡

♣❤②s✐❝❛❧ ♣r♦❝❡ss ♦❢ ✐♥✉♥❞❛t✐♦♥ ❛♥❞ ❛r❡ ❜❛s❡❞ ♦♥ s✐♠♣❧✐✜❡❞ ❤②❞r❛✉❧✐❝ ❝♦♥❝❡♣ts✳ ❚❤❡s❡ ♠♦❞❡❧s

r❡q✉✐r❡ s✐❣♥✐✜❝❛♥t❧② ❧❡ss ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt t❤❛♥ t❤❡ ❤②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧s✳ ❚❤❡② ❛r❡ ❢❛st

❛♥❞ r♦❜✉st✱ ♠♦st ❞❡s✐r❛❜❧❡ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❞♦ ♥♦t r❡q✉✐r❡ ✈❡❧♦❝✐t② ♦✉t♣✉t ❛♥❞ ❤❛✈❡ ❧♦✇

❞❡♠❛♥❞s ♦♥ t❤❡ ❛❝❝✉r❛❝② ♦❢ ✢♦✇ ❞②♥❛♠✐❝s✳ ❍♦✇❡✈❡r✱ st❛t✐❝ ♠♦❞❡❧s ❞♦ ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t

❡✐t❤❡r ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ♦r s♣❡❡❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ♣r♦❞✉❝✐♥❣ ✐♥❛❝❝✉r❛t❡ ✢♦♦❞✐♥❣ ❡①t❡♥❞s✳

❖♥❡ ♦❢ t❤❡s❡ ♠♦❞❡❧s ✐s t❤❡ ❘❛♣✐❞ ❋❧♦♦❞ ❙♣r❡❛❞✐♥❣ ▼❡t❤♦❞ ❘❋❙▼ ✭▲❤♦♠♠❡ ❡t ❛❧✳ ✷✵✵✽✮

✇❤✐❝❤ ❞✐✈✐❞❡s t❤❡ ✢♦♦❞♣❧❛✐♥ ✐♥t♦ ❡❧❡♠❡♥t❛r② ❛r❡❛s t❤❛t r❡♣r❡s❡♥t t♦♣♦❣r❛♣❤✐❝ ❞❡♣r❡ss✐♦♥s ✐♥

t❤❡ ♣r❡✲♣r♦❝❡ss✐♥❣ ❛♥❞ s♣r❡❛❞s t❤❡ ✢♦♦❞ ✈♦❧✉♠❡s ❜② ✜❧❧✐♥❣ t❤❡s❡ ❛r❡❛s ✉s✐♥❣ ❛ ✜❧❧✐♥❣✴s♣✐❧❧✐♥❣

♣r♦❝❡ss✳

❚❡♥❣ ❡t ❛❧✳ ✭✷✵✶✸✮ ♣r♦♣♦s❡❞ ❛♥♦t❤❡r s✐♠♣❧✐✜❡❞ ❝♦♥❝❡♣t✉❛❧ ♠♦❞❡❧ ✭♥❛♠❡❞ ❚❱❉✮✱ ❜❛s❡❞ ♦♥

t❤❡ s♦✲❝❛❧❧❡❞ t❤❡♦r② ♦❢ ✏♣❧❛♥❛r ♠❡t❤♦❞✑ ♦r ✏❜❛t❤t✉❜ ♠❡t❤♦❞✑✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❞❡r✐✈❡s t❤❡

✢♦♦❞ ❡①t❡♥t ❜② ✐♥t❡rs❡❝t✐♥❣ ❛ s❡r✐❡s ♦❢ ♣❧❛♥❡s ❛t ✜♥❡ ✐♥t❡r✈❛❧s ✇✐t❤ ❛ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❉❊▼

❛♥❞ ✐♥st❛♥t❧② ❧✐♥❦s t❤❡ ✇❛t❡r st❛❣❡✴✈♦❧✉♠❡ ✇✐t❤ t❤❡ ✢♦♦❞ ❡①t❡♥t✱ ♠❛①✐♠✐s✐♥❣ t❤❡ ✉s❛❣❡ ♦❢

t♦♣♦❣r❛♣❤✐❝❛❧ ❞❡t❛✐❧s✳

✸✳✹ ❉❙❙ ❚♦♦❧s

❆ ❉❙❙ ✐s ❛♥ ❡①♣❧♦r❛t♦r② t♦♦❧ t❤❛t ❛❧❧♦✇s ❛ss❡ss✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❛ s②st❡♠ ✉♥❞❡r ❛ ✈❛r✐❡t②

♦❢ s❝❡♥❛r✐♦s ❛♥❞ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❞✐✛❡r❡♥t ❛❞❛♣t❛t✐♦♥ ❛♥❞ ♠✐t✐❣❛t✐♦♥ ♠❡❛s✉r❡s✳ ❆ ❉❙❙ ✇✐❧❧

❣❡♥❡r❛❧❧② ✐♥t❡❣r❛t❡ t❤❡ r❡❧❡✈❛♥t ❡♥✈✐r♦♥♠❡♥t❛❧ ♠♦❞❡❧s✱ ❞❛t❛❜❛s❡ ❛♥❞ ❛ss❡ss♠❡♥t t♦♦❧s ✇✐t❤✐♥

❛ ●r❛♣❤✐❝ ❯s❡r ■♥t❡r❢❛❝❡✳ ❇❛s❡❞ ♦♥ ❛ r❡✈✐❡✇ ♦❢ ❛ r❛♥❣❡ ♦❢ ❡①✐st✐♥❣ ❉❙❙s ✇❤✐❝❤ ❞❡❛❧ ✇✐t❤

❝♦❛st❛❧ ❛r❡❛s ✭❚❛❜❧❡ ✸✳✷✮✱ t❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡s ♦❢ t❤❡s❡ t♦♦❧s ❛r❡✿ ✐✮ t❤❡ ❛♥❛❧②s✐s ♦❢ ✈✉❧♥❡r❛❜✐❧✐t②✱

✐♠♣❛❝ts ❛♥❞ r✐s❦s✱ ❛♥❞ ✐✐✮ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ♦❢ r❡❧❛t❡❞ ♠❛♥❛❣❡♠❡♥t ♦♣t✐♦♥s✱ ✐♥

♦r❞❡r t♦ s✉♣♣♦rt r♦❜✉st ❞❡❝✐s✐♦♥s ❢♦r s✉st❛✐♥❛❜❧❡ ♠❛♥❛❣❡♠❡♥t✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ♦❜❥❡❝t✐✈❡s ♦❢

t❤❡ ❡①❛♠✐♥❡❞ ❉❙❙ t♦♦❧s ❛❞❞r❡ss t❤r❡❡ ♠❛❥♦r ✐ss✉❡s✿

✸✼



✸✳ ❆ r❡✈✐❡✇ ♦❢ ❡①✐st✐♥❣ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧s

✲ t❤❡ ❛ss❡ss♠❡♥t ♦❢ ✈✉❧♥❡r❛❜✐❧✐t② t♦ ♥❛t✉r❛❧ ❤❛③❛r❞s ❛♥❞ ❝❧✐♠❛t❡ ❝❤❛♥❣❡❀

✲ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ♣r❡s❡♥t ❛♥❞ ♣♦t❡♥t✐❛❧ ❝❧✐♠❛t❡ ❝❤❛♥❣❡ ✐♠♣❛❝ts ❛♥❞ r✐s❦s ♦♥ ❝♦❛st❛❧

③♦♥❡s ❛♥❞ ❧✐♥❦❡❞ ❡❝♦s②st❡♠s✱ ✐♥ ♦r❞❡r t♦ ♣r❡❞✐❝t ❤♦✇ ❝♦❛st❛❧ r❡❣✐♦♥s ✇✐❧❧ r❡s♣♦♥❞ t♦

❝❧✐♠❛t❡ ❝❤❛♥❣❡❀

✲ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦r ❛♥❛❧②s✐s ♦❢ ♠❛♥❛❣❡♠❡♥t ♦♣t✐♦♥s ❢♦r t❤❡ ♦♣t✐♠❛❧ ✉s❡ ♦❢ ❝♦❛st❛❧ r❡✲

s♦✉r❝❡s ❛♥❞ ❡❝♦s②st❡♠s t❤r♦✉❣❤ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❢❡❛s✐❜❧❡ ♠❡❛s✉r❡s ❛♥❞ ❛❞❡q✉❛t❡

❝♦♦r❞✐♥❛t✐♦♥ ♦❢ ❛❧❧ r❡❧❡✈❛♥t ✉s❡rs✴st❛❦❡❤♦❧❞❡rs✳

❚❛❜❧❡ ✸✳✷✿ ❆ r❡✈✐❡✇ ♦❢ s♦♠❡ ❡①✐st✐♥❣ ❉❙❙ t♦♦❧s

▼♦❞❡❧ ◆❛♠❡ ❘❡❢❡r❡♥❝❡ Pr♦❝❡ss❡s

❉❊❙❨❈❖ ❚♦rr❡s❛♥ ❡t ❛❧✳ ✭✷✵✶✻✮ ❙❡❛ ❧❡✈❡❧ r✐s❡✱ st♦r♠ s✉r❣❡✱ ✢♦♦❞✲

✐♥❣✱❝♦❛st❛❧ ❡r♦s✐♦♥ ❛♥❞ ✇❛t❡r q✉❛❧✐t②

❉■❱❆ ❍✐♥❦❡❧ ✭✷✵✵✺✮ ❙❡❛ ❧❡✈❡❧ r✐s❡✱ st♦r♠ s✉r❣❡✱ ✢♦♦❞✲

✐♥❣✱ ❝♦❛st❛❧ ❡r♦s✐♦♥✱ ✇❡t❧❛♥❞ ❧♦ss ❛♥❞

❝❤❛♥❣❡✱ ❛♥❞ s❛❧✐♥✐s❛t✐♦♥

❚❍❊❙❊❯❙ ❩❛♥✉tt✐❣❤ ✭✷✵✶✶✮ ❙❡❛ ❧❡✈❡❧ r✐s❡✱ ❝♦❛st❛❧ ✢♦♦❞✐♥❣✱ ❝♦❛st❛❧

❡r♦s✐♦♥ ❛♥❞ s♦❝✐♦✲❡❝♦♥♦♠✐❝s s❝❡♥❛r✐♦

❘■❙❑✲❑■❚ ❱❛♥ ❉♦♥❣❡r❡♥ ❡t ❛❧✳

✭✷✵✶✼✮

❙❡❛ ❧❡✈❡❧ r✐s❡✱ ❝♦❛st❛❧ ✢♦♦❞✐♥❣✱ ❝♦❛st❛❧

❡r♦s✐♦♥ ❛♥❞ s♦❝✐♦✲❡❝♦♥♦♠✐❝s s❝❡♥❛r✐♦

❛✮ ❉❊❙❨❈❖✿

❚❤❡ ❉❙❙ ❉❊❙❨❈❖ ✭❚♦rr❡s❛♥ ❡t ❛❧✳ ✷✵✶✻✮ ✐s ❛ ❝♦♠♣✉t❡r✐③❡❞ t♦♦❧ ❞❡✈❡❧♦♣❡❞ ✐♥ ✷✵✶✵ ✭❛s ❛

♣r♦❞✉❝t ♦❢ t❤❡ ❈▼❈❈✲❋■❙❘ ■♥t❡r♠✐♥✐st❡r✐❛❧ ■t❛❧✐❛♥ Pr♦❥❡❝t✮ ✇✐t❤ ❛ ✜rst s♦❢t✇❛r❡ r❡❧❡❛s❡ ❢♦r

t❤❡ ✐♥t❡❣r❛t❡❞ ❛ss❡ss♠❡♥t ❛♥❞ ♠❛♥❛❣❡♠❡♥t ♦❢ ❞✐✛❡r❡♥t ❝❧✐♠❛t❡ ❝❤❛♥❣❡ ✐♠♣❛❝ts ✐♥ ❝♦❛st❛❧

❛r❡❛s ❛♥❞ r❡❧❛t❡❞ ❡❝♦s②st❡♠s ✭❜❡❛❝❤❡s✱ r✐✈❡r ❞❡❧t❛s✱ ❡st✉❛r✐❡s ❛♥❞ ❧❛❣♦♦♥s✱ ✇❡t❧❛♥❞s✱ ❢♦r❡sts✱

♣r♦t❡❝t❡❞ ❛r❡❛s✱ ✉r❜❛♥ ❛♥❞ ❛❣r✐❝✉❧t✉r❛❧ ❛r❡❛s✮✱ ❛♥❞ t❤❡♥ ✉♣❣r❛❞❡❞ ✇✐t❤ ♥❡✇ ♠♦❞✉❧❡s ❢♦r

❣r♦✉♥❞✇❛t❡r ❜♦❞✐❡s ❛♥❞ r✐✈❡r ❜❛s✐♥s ✭●❊▼■◆❆ ■♥t❡r♠✐♥✐st❡r✐❛❧ ■t❛❧✐❛♥ Pr♦❥❡❝t✮✳

❉❊❙❨❈❖ ✇❛s s♣❡❝✐✜❝❛❧❧② ❞❡s✐❣♥❡❞ t♦ ♣r♦✈✐❞❡ ❝♦❛st❛❧ ♠❛♥❛❣❡rs ✇✐t❤ ❛♥ ❡❛s② t♦ ✉s❡ s♦❢t✇❛r❡

t♦♦❧ t❤❛t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♣r♦❞✉❝❡ ❛ s♣❛t✐❛❧❧② ❡①♣❧✐❝✐t s❝♦♣✐♥❣ ♦❢ ❝❧✐♠❛t❡ r✐s❦s ❛t t❤❡ r❡❣✐♦♥❛❧

s❝❛❧❡✳ ❚❤❡ ✜♥❛❧ ❛✐♠ ♦❢ t❤❡ t♦♦❧ ✐s t♦ s✉♣♣♦rt ❛ ♣r❡❧✐♠✐♥❛r② ♣❤❛s❡ ♦❢ r✐s❦ ❛ss❡ss♠❡♥t ✭✜rst✲♣❛ss

♦r s❝r❡❡♥✐♥❣ ❛♥❛❧②s✐s✮✱ ♣r♦✈✐❞✐♥❣ ❛♥ ✐♥t❡❣r❛t❡❞ ✈✐❡✇ ♦❢ ❛❧❧ t❤❡ ♣♦t❡♥t✐❛❧ t❤r❡❛ts ❝❛✉s❡❞ ❜②

❝❧✐♠❛t❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❛♥❛❧②s❡❞ r❡❣✐♦♥ ❛♥❞ ❢♦st❡r✐♥❣ ❞❡❝✐s✐♦♥✲♠❛❦❡rs ✭❛♥❞ ❧♦♥❣✲t❡r♠ ✐♥✈❡st♦rs✮

✐♥ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❛ ♣♦rt❢♦❧✐♦ ♦❢ ❛❞❛♣t❛t✐♦♥ ♣♦❧✐❝✐❡s ❛♥❞ ♠❡❛s✉r❡s✳

❚❤✐s t♦♦❧ ✇❛s ❛♣♣❧✐❡❞ t♦ t❤r❡❡ ❝♦❛st❛❧ t❡st✐♥❣ ❛r❡❛s✿ ◆♦rt❤❡r♥ ❆❞r✐❛t✐❝ ❙❡❛ ✭❱❡♥❡t♦ ❛♥❞ ❋r✐✉❧✐

❱❡♥❡③✐❛ ●✐✉❧✐❛ ❘❡❣✐♦♥s✱ ❚♦rr❡s❛♥ ❡t ❛❧✳ ✷✵✶✷✮✱ ●✉❧❢ ♦❢ ●❛❜❡s ✭❚✉♥✐s✐❛✱ ▲❛♠♦♥ ❡t ❛❧✳ ✷✵✶✹✮ ❛♥❞

t❤❡ ❘❡♣✉❜❧✐❝ ♦❢ ▼❛✉r✐t✐✉s✳

❜✮ ❉■❱❆✿

❚❤❡ ❉■❱❆ ✭❉②♥❛♠✐❝ ❛♥❞ ■♥t❡r❛❝t✐✈❡ ❱✉❧♥❡r❛❜✐❧✐t② ❆ss❡ss♠❡♥t✱ ❍✐♥❦❡❧ ✷✵✵✺❀ ❱❛❢❡✐❞✐s ❡t ❛❧✳

✷✵✵✽✮ ♠♦❞❡❧ ✐s ❛♥ ✐♥t❡❣r❛t❡❞ ♠♦❞❡❧ ♦❢ ❝♦❛st❛❧ s②st❡♠s t❤❛t ❛ss❡ss❡s ❜✐♦♣❤②s✐❝❛❧ ❛♥❞ s♦❝✐♦✲

❡❝♦♥♦♠✐❝ ✐♠♣❛❝ts ♦❢ s❡❛✲❧❡✈❡❧ r✐s❡ ❛♥❞ s♦❝✐♦✲❡❝♦♥♦♠✐❝ ❞❡✈❡❧♦♣♠❡♥t✳ ❖♥❡ ✐♠♣♦rt❛♥t ✐♥♥♦✈❛t✐♦♥

✸✽



✸✳ ❆ r❡✈✐❡✇ ♦❢ ❡①✐st✐♥❣ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧s

✐♥tr♦❞✉❝❡❞ ❜② ❉■❱❆ ✐s t❤❡ ❡①♣❧✐❝✐t ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ ❛ r❛♥❣❡ ♦❢ ❛❞❛♣t❛t✐♦♥ ♦♣t✐♦♥s❀ ✐♠♣❛❝ts ❞♦

♥♦t ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ s❡❧❡❝t❡❞ ❝❧✐♠❛t✐❝ ❛♥❞ s♦❝✐♦✲❡❝♦♥♦♠✐❝ s❝❡♥❛r✐♦s ❜✉t ❛❧s♦ ♦♥ t❤❡ s❡❧❡❝t❡❞

❛❞❛♣t❛t✐♦♥ str❛t❡❣②✳ ❇❛s❡❞ ♦♥ t❤❡ r❡❧❛t✐✈❡ s❡❛✲❧❡✈❡❧ r✐s❡✱ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❜✐♦♣❤②s✐❝❛❧ ✐♠♣❛❝ts

❛r❡ ❛ss❡ss❡❞✿ ❞r② ❧❛♥❞ ❧♦ss ❞✉❡ t♦ ❝♦❛st❛❧ ❡r♦s✐♦♥✱ ✢♦♦❞✐♥❣ ❛♥❞ s❛❧✐♥✐t② ✐♥tr✉s✐♦♥ ✐♥ ❞❡❧t❛s ❛♥❞

❡st✉❛r✐❡s✳

P❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ ♠✉st ❜❡ ❣✐✈❡♥ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ s❝♦♣❡ ❛♥❞ s❝❛❧❡ ♦❢ t❤❡ ❉■❱❆ r❡♥❞❡r ✐t

✐♥❛♣♣r♦♣r✐❛t❡ ❢♦r ❝♦❛st❛❧ ♠❛♥❛❣❡♠❡♥t ❞❡❝✐s✐♦♥s ❞✉❡ t♦ ❞❛t❛ ✉♥❝❡rt❛✐♥t✐❡s ❛ss♦❝✐❛t❡❞ ✐♥ ❣❧♦❜❛❧

❛♥❞ r❡❣✐♦♥❛❧ ❝❧✐♠❛t❡ ♣♦❧✐❝② ❛♥❛❧②s❡s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❉■❱❆ ❝❛♥ ♣r♦✈✐❞❡ ❛ ✈❛❧✉❛❜❧❡ t♦♦❧ ❢♦r ❤✐❣❤✲

❧✐❣❤t✐♥❣ ❛r❡❛s ✇❤❡r❡ ❢✉rt❤❡r ✐♥✲❞❡♣t❤ ❛♥❛❧②s✐s ✐s ♥❡❝❡ss❛r②✱ t❤✉s ❛ss✐st✐♥❣ ✐♥ t❤❡ ♣r✐♦r✐t✐s❛t✐♦♥

♦❢ r❡❣✐♦♥s ✇❤❡r❡ ❝♦❛st❛❧ ♠❛♥❛❣❡♠❡♥t ❛t ❧♦❝❛❧ s❝❛❧❡s ✐s ♠♦r❡ ✉r❣❡♥t❧② r❡q✉✐r❡❞✳

❝✮ ❚❤❡s❡✉s ❉❙❙✿

❚❤❡ ❝♦♥❝❡♣t✉❛❧ ♠♦❞❡❧ ❢♦r ❝♦❛st❛❧ r✐s❦ ❛ss❡ss♠❡♥t ♣r♦♣♦s❡❞ ✐♥ ❚❍❊❙❊❯❙ ✭❩❛♥✉tt✐❣❤ ✷✵✶✶❀

❩❛♥✉tt✐❣❤ ❡t ❛❧✳ ✷✵✶✹✱ ✇✇✇✳t❤❡s❡✉s♣r♦❥❡❝t✳❡✉✴❞ss✮ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❙♦✉r❝❡ ✕ P❛t❤✇❛② ✕

❘❡❝❡♣t♦r ✕ ❈♦♥s❡q✉❡♥❝❡ ✭❙P❘❈✮✳ ❚❤❡ ❙P❘❈ ♠♦❞❡❧ ✐s ❛ s✐♠♣❧❡ ✶❉✕✷❉ ❝♦♥❝❡♣t✉❛❧ ♠♦❞❡❧ ❢♦r

r❡♣r❡s❡♥t✐♥❣ ✢♦♦❞ s②st❡♠s ❛♥❞ ♣r♦❝❡ss❡s t❤❛t ❧❡❛❞ t♦ ♣❛rt✐❝✉❧❛r ✢♦♦❞✐♥❣ ❝♦♥s❡q✉❡♥❝❡s✳ ❊✛❡❝✲

t✐✈❡❧②✱ t❤❡ ❙P❘❈ r❡♣r❡s❡♥ts ❤♦✇ t❤❡ ❙♦✉r❝❡s ✭✐♥ t❤✐s ❝❛s❡✱ ✇❛✈❡s✱ t✐❞❡✱ st♦r♠ s✉r❣❡✱ ♠❡❛♥ s❡❛

❧❡✈❡❧✱ r✐✈❡r ❞✐s❝❤❛r❣❡✱ r✉♥✲♦✛✮ t❤r♦✉❣❤ t❤❡ P❛t❤✇❛②s ✭✐♥❝❧✉❞✐♥❣✱ ❝♦❛st❛❧ ❞❡❢❡♥❝❡ ✉♥✐ts✮ ❛✛❡❝t

t❤❡ ❘❡❝❡♣t♦rs ✭❜✉✐❧❞✐♥❣s✱ ✐♥❢r❛str✉❝t✉r❡✱ ❤❛❜✐t❛ts✱ ❡t❝✳✮ ❣❡♥❡r❛t✐♥❣ ❡❝♦♥♦♠✐❝✱ s♦❝✐❛❧ ❛♥❞ ❡♥✈✐✲

r♦♥♠❡♥t❛❧ ❈♦♥s❡q✉❡♥❝❡s✳ ❙❝❡♥❛r✐♦s ♦❢ ❝❤❛♥❣❡ ✇✐❧❧ ♠♦❞✐❢② t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ✢♦♦❞✐♥❣ ❛♥❞✱

❣✐✈❡♥ ❛❞✈❡rs❡ tr❡♥❞s s✉❝❤ ❛s s❡❛✲❧❡✈❡❧ r✐s❡ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ❝♦❛st❛❧ ❞❡✈❡❧♦♣♠❡♥t✱ ✇✐❧❧ ✐♥❝r❡❛s❡

t❤❡♠✳ ▼✐t✐❣❛t✐♦♥ ♦♣t✐♦♥s ❢r♦♠ ❛ ✇✐❞❡ ♠❡♥✉ ♦❢ ❡♥❣✐♥❡❡r✐♥❣✱ ❡❝♦❧♦❣✐❝❛❧ ❛♥❞ s♦❝✐❛❧ ♦♣t✐♦♥s ❝❛♥

♦✛s❡t t❤✐s ✐♥❝r❡❛s❡ ✐♥ ❈♦♥s❡q✉❡♥❝❡s✱ ❛♥❞ ❦❡❡♣ r✐s❦ ❛t ❛ s♦❝✐❛❧❧②✲❛❝❝❡♣t❛❜❧❡ ❧❡✈❡❧✳

❚❍❊❙❊❯❙ ❛❞♦♣ts ❛ s❝❡♥❛r✐♦ ❢r❛♠❡✇♦r❦ t❤❛t ❝♦♥s✐❞❡rs t❤❡ ♣r❡s❡♥t s✐t✉❛t✐♦♥ ✭✷✵✶✵✮✱ ❛♥❞ t❤r❡❡

❢✉t✉r❡ s❝❡♥❛r✐♦s✿ s❤♦rt ✭✷✵✷✵s✮✱ ♠❡❞✐✉♠ ✭✷✵✺✵s✮ ❛♥❞ ❧♦♥❣✲t❡r♠ ✭✷✵✽✵s✮✳ ■♥ ❚❍❊❙❊❯❙✱ t❤❡

❝♦❛st❛❧ r✐s❦ ❛ss❡ss♠❡♥t ✐s ♣❡r❢♦r♠❡❞ ❛t ❛ ❤✐❣❤ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ✉s✐♥❣ ❛ ❉✐❣✐t❛❧ ❊❧❡✈❛t✐♦♥

▼♦❞❡❧ ✭❉❊▼✮ t♦ s✉♣♣♦rt ❞❡t❛✐❧❡❞ ❝♦❛st❛❧ ♠❛♥❛❣❡♠❡♥t ❛♥❛❧②s✐s ♦❢ r❡❝❡♣t♦rs✱ ❝♦♥s❡q✉❡♥❝❡s

❛♥❞ t❤❡✐r ♠✐t✐❣❛t✐♦♥✳

❞✮ ❘■❙❑✲❑■❚✿

❘■❙❈✲❑■❚ ♣r♦❥❡❝t ✭❱❛♥ ❉♦♥❣❡r❡♥ ❡t ❛❧✳ ✷✵✶✼✱ ✇✇✇✳r✐s❝❦✐t✳❡✉✮ ❞❡❧✐✈❡r❡❞ ❛ s❡t ♦❢ ♦♣❡♥✲s♦✉r❝❡

❛♥❞ ♦♣❡♥✲❛❝❝❡ss ♠❡t❤♦❞s✱ t♦♦❧s ❛♥❞ ♠❛♥❛❣❡♠❡♥t ❛♣♣r♦❛❝❤❡s t♦ r❡❞✉❝❡ r✐s❦ ❛♥❞ ✐♥❝r❡❛s❡ r❡✲

s✐❧✐❡♥❝❡ t♦ ❧♦✇✲❢r❡q✉❡♥❝②✱ ❤✐❣❤✲✐♠♣❛❝t ❤②❞r♦✲♠❡t❡♦r♦❧♦❣✐❝❛❧ ❡✈❡♥ts ✐♥ t❤❡ ❝♦❛st❛❧ ③♦♥❡ ✭t❤❡

✏❘■❙❈✲t♦♦❧❑■❚✑✮✳ ❚❤❡s❡ ♣r♦❞✉❝ts ❡♥❤❛♥❝❡ ❢♦r❡❝❛st✐♥❣✱ ♣r❡❞✐❝t✐♦♥ ❛♥❞ ❡❛r❧② ✇❛r♥✐♥❣ ❝❛♣❛❜✐❧✐✲

t✐❡s✱ ✐♠♣r♦✈❡ t❤❡ ❛ss❡ss♠❡♥t ♦❢ ❧♦♥❣✲t❡r♠ ❝♦❛st❛❧ r✐s❦ ❛♥❞ ♦♣t✐♠✐s❡ t❤❡ ♠✐① ♦❢ P▼P✲♠❡❛s✉r❡s✳

❚❤❡ ❘■❙❈✲❑■❚ ♣r♦❥❡❝t ❞❡✈❡❧♦♣❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ t♦♦❧s t♦ ✐❞❡♥t✐❢② ❛♥❞ ♣r✐♦r✐t✐③❡ t❤❡ ❝♦❛st❛❧ ③♦♥❡s

✇❤✐❝❤ ❛r❡ ♠♦st ❛t r✐s❦✿

✲ t❤❡ ❙t♦r♠ ■♠♣❛❝t ❉❛t❛❜❛s❡ ♦❢ ♣r❡s❡♥t ❛♥❞ ❤✐st♦r✐❝ s♦❝✐♦✲❡❝♦♥♦♠✐❝ ❛♥❞ ♣❤②s✐❝❛❧ ❞❛t❛❀

✲ t❤❡ ❈♦❛st❛❧ ❘✐s❦ ❆ss❡ss♠❡♥t ❋r❛♠❡✇♦r❦ ✭❈❘❆❋✮ t♦ ✐❞❡♥t✐❢② ✲ ❛t t❤❡ r❡❣✐♦♥❛❧ s❝❛❧❡

✭✶✵✵✬s ❦♠✮ ✲ ♣r❡s❡♥t ❛♥❞ ❢✉t✉r❡ ❤♦t s♣♦t ❛r❡❛s ♦❢ ❝♦❛st❛❧ r✐s❦❀

✲ t❤❡ ❲❡❜✲❜❛s❡❞ ▼❛♥❛❣❡♠❡♥t ●✉✐❞❡ ♦✛❡r✐♥❣ ✐♥♥♦✈❛t✐✈❡✱ ❝♦st✲❡✛❡❝t✐✈❡✱ ❡❝♦s②st❡♠✲❜❛s❡❞

❉❘❘ ♠❡❛s✉r❡s❀

✲ q✉❛♥t✐t❛t✐✈❡✱ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❍♦ts♣♦t ❚♦♦❧ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❉❘❘♠❡❛s✉r❡s

✸✾



✸✳ ❆ r❡✈✐❡✇ ♦❢ ❡①✐st✐♥❣ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧s

✐♥ ❤♦t s♣♦ts ✭✇✐t❤ ❛ s❝❛❧❡ ♦❢ ✶✵✬s ❦♠✮❀

✲ ♠✉❧t✐✲❈r✐t❡r✐❛ ❆♥❛❧②s✐s ❚♦♦❧ ✭▼❈❆✮ t♦ ❛ss❡ss ❛❧t❡r♥❛t✐✈❡ ❉❘❘ ♠❡❛s✉r❡s ✇✐t❤ st❛❦❡✲

❤♦❧❞❡rs✳

❚❤❡ ❘■❙❈✲❑■❚ t♦♦❧s ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ ✶✵ ❝❛s❡ st✉❞② s✐t❡s✱ ✇❤✐❝❤ ❛r❡ ❧♦❝❛t❡❞ ♦♥ ❡❛❝❤

♦❢ ❊✉r♦♣❡✬s r❡❣✐♦♥❛❧ s❡❛s✳ ■♥ ♣❛rt✐❝✉❧❛r ❆r♠❛r♦❧✐ ❛♥❞ ❉✉♦ ✭✷✵✶✼✮ ❞❡s❝r✐❜❡s t❤❡ r❡s✉❧ts ♦❢

t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❈❘❆❋ P❤❛s❡ ✶ ✐♥ t❤❡ ❊♠✐❧✐❛✲❘♦♠❛❣♥❛ ❝♦❛st ✭P♦rt♦ ●❛r✐❜❛❧❞✐✱ ■❚✱

◆♦rt❤❡r♥ ❆❞r✐❛t✐❝ s❡❛✮✳

✸✳✺ ❉✐s❝✉ss✐♦♥

❚❤❡ r❡✈✐❡✇ ♦❢ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ♠❡t❤♦❞s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ✉♥❞❡r❧✐♥❡s t❤❛t✱ ♦✈❡r t❤❡

♣❛st ②❡❛rs✱ t❤❡r❡ ❤❛s ❜❡❡♥ ✈❛st ♣r♦❣r❡ss ✐♥ ✢♦♦❞ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧❧✐♥❣ ❛♥❞ ✐♥ t❤❡ ❛✈❛✐❧❛❜✐❧✐t②

♦❢ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❞❛t❛✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❦❡② ♣♦✐♥t ✐s t❤❛t t❤❡ ❛✐♠ ♦❢ ❞❡✈❡❧♦♣✐♥❣ ❛♥❞ ✉s✐♥❣

✈❡r② r❡✜♥❡❞ ♠♦❞❡❧s ❤❛s t♦ ❜❡ ❜❛❧❛♥❝❡❞ ❛❣❛✐♥st t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞❡♠❛♥❞✱ ✐♥✈❡st♠❡♥t ✐♥ ❞❛t❛

❝♦❧❧❡❝t✐♦♥ ❛♥❞ ♠♦❞❡❧ s❡t✲✉♣✱ ❛♥❞ t❤❡ r❡q✉✐r❡♠❡♥ts ♦❢ t❤❡ ❡♥❞ ✉s❡r✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❤✐❣❤❧✐❣❤t❡❞

❜② t❤❡ st❛❦❡❤♦❧❞❡rs ♠✉st ❜❡ ❝❧❡❛r ❛♥❞ s❤❛r♣ ✐♥ ♦r❞❡r t♦ s❡❧❡❝t ❛♥ ❛♣♣r♦♣r✐❛t❡ ♠♦❞❡❧❧✐♥❣✳

❚❤❡ ❦❡② st❡♣ ✐s t❤❡r❡❢♦r❡ t♦ ✐❞❡♥t✐❢② t❤♦s❡ ♣r♦❝❡ss❡s t❤❛t ❛r❡ r❡❧❡✈❛♥t t♦ ❛ ♣❛rt✐❝✉❧❛r ♠♦❞❡❧❧✐♥❣

♣r♦❜❧❡♠ ❛♥❞ ❞❡❝✐❞❡ ❤♦✇ t❤❡s❡ ❝❛♥ ❜❡ ❞✐s❝r❡t✐s❡❞ ❛♥❞ ♣❛r❛♠❡tr✐s❡❞ ✐♥ t❤❡ ♠♦st ❝♦♠♣✉t❛✲

t✐♦♥❛❧❧② ❡✣❝✐❡♥t ♠❛♥♥❡r✳ ❲❤✐❧❡ ❤②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧s ❛r❡ s✉✐t❡❞ t♦ r❡♣r❡s❡♥t ❞❡t❛✐❧❡❞ ✢♦✇

❞②♥❛♠✐❝s✱ t♦ ✐♥✈❡st✐❣❛t❡ ✐♠♣❛❝ts ♦❢ ts✉♥❛♠✐s ♦r ✢❛s❤ ✢♦♦❞s✱ st❛t✐❝ ♠♦❞❡❧s ❛r❡ ❛♣♣r♦♣r✐❛t❡ ❢♦r

♣r♦❜❛❜✐❧✐st✐❝ ✢♦♦❞ r✐s❦ ❛ss❡ss♠❡♥t ❛♥❞ ♠✉❧t✐✲s❝❡♥❛r✐♦ ♠♦❞❡❧❧✐♥❣ ♦♥ ❛ ❧❛r❣❡ ✢♦♦❞♣❧❛✐♥✳

❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ st✐❧❧ ✉♥❛♥s✇❡r❡❞ r❡s❡❛r❝❤ q✉❡st✐♦♥s t❤❛t ✇❛rr❛♥t ❛❞❞r❡ss✐♥❣ ✐♥ t❤❡ ♥❡❛r

❢✉t✉r❡✳ ❋❛st❡r ❛❧t❤♦✉❣❤ ♠♦r❡ ❛❝❝✉r❛t❡ ✢♦♦❞ ♣r♦♣❛❣❛t✐♦♥ ♠♦❞❡❧ r❡♣r❡s❡♥ts ❛ ✈❛❧✉❡❞ ❞❡♠❛♥❞

✐♥ t❤✐s ✜❡❧❞✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ♦❢ ♣♦ss✐❜❧❡ ❢✉t✉r❡ r❡s❡❛r❝❤ ❛r❡❛ ✐♥❝❧✉❞❡s t❤❡ ❛ss❡ss♠❡♥t ♦❢

❛♣♣r♦♣r✐❛t❡ s❝❤❡♠❡s t❤❛t ❛r❡ ❝❛♣❛❜❧❡ ♦❢ ❤❛♥❞❧✐♥❣ ❞②♥❛♠✐❝ ✇❡tt✐♥❣ ❛♥❞ ❞r②✐♥❣ ❡✛❡❝ts ♦✈❡r

❝♦♠♣❧❡①✱ ❧♦✇✲❧②✐♥❣ t♦♣♦❣r❛♣❤②✳

❚❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧ ❢✉❧✜❧ ❛ s♣❡❝✐✜❝ ♣r❛❝t✐❝❛❧ ♦❜❥❡❝t✐✈❡✱ ❝♦✉♣❧✐♥❣ ❛ s✐♠♣❧✐✜❡❞ ❤②❞r♦❞②♥❛♠✐❝

♠♦❞❡❧ t♦❣❡t❤❡r ✇✐t❤ ❛ ♣r♦❜❛❜✐❧✐st✐❝ ♠❡t❤♦❞♦❧♦❣②✱ ✐♥ ♦r❞❡r t♦ ♠❛♣ ❛t r❡❣✐♦♥❛❧ s❝❛❧❡ t❤❡ ❝♦❛st❛❧

✢♦♦❞✐♥❣ ✈✉❧♥❡r❛❜✐❧✐t②✳ ❚❤❡ s✐♠♣❧✐✜❝❛t✐♦♥s✱ t❤❛t ❛r❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✱ ❛r❡

❜❛❧❛♥❝❡❞ ✇✐t❤ ❜♦t❤ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ ❛ ❢❛st ♠♦❞❡❧❧✐♥❣ ♦✈❡r ❛ ❧❛r❣❡ ❞♦♠❛✐♥ ❛♥❞ t❤❡ ♥❡❡❞

❢♦r ❛ s❝✐❡♥t✐✜❝❛❧❧② ❜❛s❡❞ r❡s✉❧t✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ s✐♠♣❧✐✜❡❞ ❢♦r♠✉❧❛t✐♦♥ ✐s s✉✐t❡❞ t♦ ●P❯

❛❝❝❡❧❡r❛t✐♦♥✱ ✐♠♣r♦✈✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞✳

✹✵
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Pr♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ❢♦r

❝♦❛st❛❧ ❢❧♦♦❞✐♥❣

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ❞②♥❛♠✐❝ r❡❞✉❝❡❞✲❝♦♠♣❧❡①✐t② ♠♦❞❡❧ ♦❢ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ✐s ♣r❡s❡♥t❡❞✱ t❤❛t

✐♠♣❧❡♠❡♥ts ❛♥ ❛♣♣r♦♣r✐❛t❡ ✈❡❝t♦r✐③❛t✐♦♥ ♠❡t❤♦❞ t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ●P❯ ❛❝❝❡❧❡r❛t✐♦♥ ❛♥❞

❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❤②♣❡r✲r❡s♦❧✉t✐♦♥ ♠❛♣s ♦✈❡r r❡❣✐♦♥❛❧ s❝❛❧❡s✳ ❚❤✐s ♠♦❞❡❧ ✐♥❝❧✉❞❡s s✉✣❝✐❡♥t

s❤❛❧❧♦✇✲✇❛t❡r ♣❤②s✐❝s✱ ✉s✐♥❣ t❤❡ ❢♦r❝✐♥❣ ❞❛t❛ ❛✈❛✐❧❛❜❧❡ ✭s❡❛✲❧❡✈❡❧ ❝❤❛r❛❝t❡r✐st✐❝s✮ t♦ s✐♠✉❧❛t❡

✢♦✇s ♦✈❡r ❤✐❣❤✲q✉❛❧✐t② t❡rr❛✐♥ ✭❉✐❣✐t❛❧ ❚❡rr❛✐♥ ▼♦❞❡❧✮✳ ❚❤❡ ❢r✐❝t✐♦♥ t❡r♠ ✐s ❧✐♥❡❛r✐s❡❞ ❛♥❞

t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠s ❛r❡ ❝♦♥s✐❞❡r❡❞ ♥❡❣❧✐❣✐❜❧❡✱ ❤❡♥❝❡ t❤❡ ♦❜t❛✐♥❡❞ ❙❲❊s ❢♦r♠✉❧❛t✐♦♥ ✐s ✐❞❡❛❧

❢♦r ●P❯ ❛❝❝❡❧❡r❛t✐♦♥✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✐s ♣♦s✐t✐✈✐t② ♣r❡s❡r✈✐♥❣✱ ✐✳❡✳ t✐♠❡✲❤✐st♦r② ♦❢ ✢♦✇

s✉r❢❛❝❡ ❛❧✇❛②s r❡♠❛✐♥s ♥♦♥✲♥❡❣❛t✐✈❡ t❤r♦✉❣❤♦✉t t❤❡ s✐♠✉❧❛t✐♦♥s✱ t♦ ❛✈♦✐❞ ✐♥st❛❜✐❧✐t② ✭❑❤♦r✲

s❤✐❞ ❡t ❛❧✳ ✷✵✶✼✮✳

❇❡s✐❞❡s t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤✐s ❤②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧✱ t❤✐s ❝❤❛♣t❡r ♣r❡s❡♥ts ❛❧s♦ ❛ st❛t✐❝ ✢♦♦❞✲

✐♥❣ ♠♦❞❡❧ ❛♥❞ ❛ ✇❛② t♦ ❡✈❛❧✉❛t❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❆s ❛❢♦r❡♠❡♥t✐♦♥❡❞✱ t❤❡ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s ✭✐✳❡✳ t❤❡ ❧❡✈❡❧ t♦ ✐♠♣♦s❡ ❛t t❤❡ s❤♦r❡❧✐♥❡✮ ❢♦r ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ❛ss❡ss♠❡♥t ✐s r❡♣r❡✲

s❡♥t❡❞ ❜② t❤❡ t♦t❛❧ ✇❛t❡r ❧❡✈❡❧✱ ❝♦♠♣♦s❡❞ ❜② s❡✈❡r❛❧ ✐♥❞❡♣❡♥❞❡♥t ❢❛❝t♦rs✿ ❛str♦♥♦♠✐❝❛❧ t✐❞❡

ηA✱ ♠❡t❡♦r♦❧♦❣✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥ ηS ✱ ♠❡❛♥ s❡❛ ❧❡✈❡❧ r✐s❡ ❛♥❞ ✇❛✈❡ ❝♦♥tr✐❜✉t✐♦♥ ηW ✳ ■♥ ♦r❞❡r t♦

❡✈❛❧✉❛t❡ t❤✐s ❧❛st ❝♦♥tr✐❜✉t✐♦♥ ❛ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠♦❞❡❧ ❢r♦♠ ♦✛s❤♦r❡ t♦ ♦♥s❤♦r❡ ✐s ❤❡r❡

♣r❡s❡♥t❡❞✱ ❜❛s❡❞ ♦♥ t❤❡ ❉❛❧❧② ❡t ❛❧✳ ✭✶✾✽✺✮ ♠♦❞❡❧ ❢♦r ❜r❡❛❦❡r ❞❡❝❛②✳

✹✳✷ ●■❙ ❜❛s❡❞ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠♦❞❡❧

❚❤❡ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠♦❞❡❧ ❝♦♥s✐❞❡rs t❤❡ ❉❛❧❧② ❡t ❛❧✳ ✭✶✾✽✺✮ ♠♦❞❡❧ ❢♦r ❜r❡❛❦❡r ❞❡❝❛②

✭❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♣❛r❛❣r❛♣❤ ✷✳✷✳✹✮✳ ❚❤✐s ♠♦❞❡❧ ✐s ❝❛♣❛❜❧❡ ♦❢ ❞❡s❝r✐❜✐♥❣ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥

❛❝r♦ss ❜❡❛❝❤❡s ♦❢ ✐rr❡❣✉❧❛r ♣r♦✜❧❡ s❤❛♣❡✱ t❤❛t ✐s ❡ss❡♥t✐❛❧ t♦ ❛♥ ❛❞❡q✉❛t❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢

♥❡❛rs❤♦r❡ ❤②❞r♦❞②♥❛♠✐❝s ✭❡✳❣✳ ❧✐tt♦r❛❧ ❝✉rr❡♥ts ✐♥ ❜♦t❤ t❤❡ ❛❧♦♥❣s❤♦r❡ ❛♥❞ ♦♥✴♦✛s❤♦r❡ ❞✐r❡❝✲

t✐♦♥s✱ ✇❛✈❡ ✐♥❞✉❝❡❞ s❡t✲❞♦✇♥✴✉♣✮ ❛♥❞ s❡❞✐♠❡♥t tr❛♥s♣♦rt✳ ❚❤❡ ✇❛✈❡ ❜r❡❛❦✐♥❣ st❛rts ✇❤❡♥

H > 0.78d ✭d ✐s t❤❡ ✇❛t❡r ❞❡♣t❤✮ ❛♥❞ ❝♦♥t✐♥✉❡s ✉♥t✐❧ s♦♠❡ st❛❜❧❡ ✇❛✈❡ ❤❡✐❣❤t ✐s ❛tt❛✐♥❡❞

✭✉s✉❛❧❧② H > 0.4d✮✳ ❇r❡❛❦✐♥❣ ✇♦✉❧❞ ❜❡ ♠♦st ✐♥t❡♥s❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ✇♦✉❧❞ ❞❡❝r❡❛s❡

✉♥t✐❧ t❤❡ ❛♣♣r♦①✐♠❛t❡ st❛❜❧❡ ✇❛✈❡ ❤❡✐❣❤t ✐s r❡❛❝❤❡❞✳

❚❤❡ ♠♦❞❡❧ s♦❧✈❡s✱ ✉s✐♥❣ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞✱ t❤❡ ❊q✳ ✷✳✸✸ ❛♥❞ t❤❡ r❛t❡ ♦❢ ❡♥❡r❣② ❞✐s✲

✹✶



✹✳ Pr♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ❢♦r ❝♦❛st❛❧ ❢❧♦♦❞✐♥❣

s✐♣❛t✐♦♥ ♣❡r ✉♥✐t ♣❧❛♥ ❛r❡❛ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❧♦❝❛❧

❡♥❡r❣② ✢✉① ❛♥❞ t❤❡ st❛❜❧❡ ❡♥❡r❣② ✢✉① ✭❊q✳ ✷✳✸✹✮✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✭❊q✳ ✹✳✶✮ ❞❡s❝r✐❜❡s

t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ✇❛✈❡ ❤❡✐❣❤t ♦✈❡r ❜♦tt♦♠s ❞✉❡ t♦ s❤♦❛❧✐♥❣✱ ❜r❡❛❦✐♥❣✱

r❡❢♦r♠❛t✐♦♥✱ ❛♥❞ r❡❢r❛❝t✐♦♥✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ s❡t✲✉♣ ✐♥ ♠❡❛♥ ✇❛t❡r ❧❡✈❡❧✳
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■❚✮

Hj+1 =
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√ 1
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dj
∆x

)

✭✹✳✶✮

■♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ✇❛✈❡ ❝❡❧❡r✐t②✱ ❍✉♥t ✭✶✾✼✾✮ ♣r♦♣♦s❡❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❞✐s♣❡r✲

s✐♦♥ r❡❧❛t✐♦♥ ✭❊q✳ ✷✳✶✷✮✿

c2 = gh
[

y +
(
1 + 0.6522y + 0.4622y2 + 0.0864y4 + 0.0675y5

)−1
]−1

✭✹✳✷✮

✇❤❡r❡ y = h(2π)2/gT 2✳ ❋✐❣✳ ✹✳✶ s❤♦✇s t❤❡ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦✈❡r ❛ r❡❛❧ ♣r♦✜❧❡ ✭❧♦❝❛t❡❞

✐♥ P❡❧❧❡str✐♥❛ ✲ ❱❡♥✐❝❡✱ ■❚✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ s❡t✲✉♣✴❞♦✇♥ ✐♥❞✉❝❡❞ ❜② t❤❡ ✇❛✈❡✳ ❘❡❞ ❛♥❞

❣r❡❡♥ ❞♦ts ✐♥❞✐❝❛t❡ t❤❡ ❧♦❝❛t✐♦♥ ✇❤❡r❡ t❤❡ ✇❛✈❡ ❜r❡❛❦✐♥❣ st❛rts ❛♥❞ ✇❤❡♥ t❤❡ ✇❛✈❡ ❜❡❝♦♠❡s

❛❣❛✐♥ st❛❜❧❡ ✭r❡❢♦r♠❛t✐♦♥✮✳ ❚❤❡ ✜❣✉r❡ r❡♣♦rts ❛❧s♦ t❤❡ ✧❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡✧ ♣r♦♣♦s❡❞ ❜② ❉❡❛♥

✭✶✾✼✼✮✱ ❢♦r ✇❤✐❝❤ y = Ax2/3✳ ❚❤❡ ♣❛r❛♠❡t❡r A✱ ❛❝❝♦r❞✐♥❣ t♦ ❍❛♥s♦♥ ❛♥❞ ❑r❛✉s ✭✶✾✽✾✮✱ ✐s

❜❛s❡❞ ♦♥ t❤❡ ♠❡❞✐❛♥ ❞✐❛♠❡t❡r d50 ✭♠♠✮✳ ❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ❝♦✉❧❞ ❜❡ ✐♥✈❡rt❡❞ ❛♥❞ ❛❞❥✉st❡❞ t♦

t❤❡ ❜❛t❤②♠❡tr✐❝ ♣r♦✜❧❡✱ ♦❜t❛✐♥✐♥❣ ❛♥ ✏✐❞❡❛❧ ❡q✉✐❧✐❜r✐✉♠ ❞✐❛♠❡t❡r✑ dEQ✳

❚❤❡ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠♦❞❡❧ ❤❛s ❜❡❡♥ ❛❧s♦ ❞❡✈❡❧♦♣❡❞ ❛s ❛♥ ❆r❝●■❙ ❚♦♦❧❜♦① ✭❋✐❣✳ ✹✳✷✮✱

✉s✐♥❣ P②t❤♦♥ ✷✳✼ ❛♥❞ t❤❡ ●❡♦♣r♦❝❡ss✐♥❣ ❚♦♦❧s ❢r♦♠ t❤❡ ❆r❝P② ♠♦❞✉❧❡✱ ✐♥❝♦r♣♦r❛t✐♥❣ t❤❡

s♣❛t✐❛❧ ❛♥❞ ✸❉ ❛♥❛❧②s✐s ❆r❝▼❛♣ ❡①t❡♥s✐♦♥s ✭❆r❝▼❛♣ ✶✵✳✹✮✳

✹✳✸ ❙✐♠♣❧✐✜❡❞ ♠♦❞❡❧ ❢♦r ❝♦❛st❛❧ ✢♦♦❞✐♥❣

❙t❛t✐❝ ♠♦❞❡❧s ❝❛♥ ❜❡ ✉s❡❞ t♦ r❛♣✐❞❧② ♣r❡❞✐❝t ✢♦♦❞✐♥❣ ❛r❡❛s✳ ❚❤❡s❡ t♦♦❧s ♠♦❞❡❧ t❤❡ ❤②❞r♦❧♦❣✲

✐❝❛❧ ❝♦♥♥❡❝t✐✈✐t② t♦ ❡✈❛❧✉❛t❡ ✐♥✉♥❞❛t❡❞ ❛r❡❛s ✉s✐♥❣ ♦♥❧② r❛st❡r ❞❛t❛✱ ✇✐t❤♦✉t ✐♥✈♦❧✈✐♥❣ ❛♥②
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s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣r♦❝❡ss✳ ❚❤❡ ❞✐❣✐t❛❧ ❡❧❡✈❛t✐♦♥ ♠♦❞❡❧ ❛❝❝✉r❛❝② ✭❣r✐❞ ❝❡❧❧ ❞✐♠❡♥s✐♦♥✮

✐s ❝♦♥s✐❞❡r❛❜❧② ✐♥❝r❡❛s❡❞ ✐♥ t❤❡ ❧❛st ②❡❛rs✱ ❛❧❧♦✇✐♥❣ ❛ ❜❡tt❡r r❡❝♦❣♥✐③✐♥❣ ♦❢ t♦♣♦❣r❛♣❤✐❝ ❢❡❛✲

t✉r❡s ✭❡✳❣✳ ❞✉♥❡s✱ str✉❝t✉r❡✱ ❡t❝✳✮ t❤❛t ❜♦✉♥❞ t❤❡ ✐♥✉♥❞❛t✐♦♥✳

❚✇♦ ♠❛✐♥ st❛t✐❝ ♠♦❞❡❧ ❛♣♣r♦❛❝❤❡s ✭P♦✉❧t❡r ❛♥❞ ❍❛❧♣✐♥ ✷✵✵✽✮ ❝♦✉❧❞ ❜❡ ❡st❛❜❧✐s❤❡❞ ✭❋✐❣✳ ✹✳✸✮✿

✶✮ ✧❜❛t❤t✉❜ ❛♣♣r♦❛❝❤✧ ♦r ✧❧❡✈❡❧ ✵✧✱ ✐♥ ✇❤✐❝❤ ❛ ❣r✐❞ ❝❡❧❧ ❜❡❝❛♠❡ ✢♦♦❞❡❞ ✐❢ ✐ts ❡❧❡✈❛t✐♦♥ ✐s ❧❡ss

t❤❛♥ t❤❡ ✢♦♦❞✐♥❣ ✈❛❧✉❡ ✭hF ✮❀ ✷✮ ✧❧❡✈❡❧ ✶✧✱ ✐♥ ✇❤✐❝❤ ❛ ❣r✐❞ ❝❡❧❧ ✇❛s ✢♦♦❞❡❞ ♦♥❧② ✐❢ ✐ts ❡❧❡✈❛t✐♦♥

✐s ❜❡❧♦✇ hF ❛♥❞ ✐t ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ s♦✉r❝❡ ♦❢ ✐♥✉♥❞❛t✐♦♥ ✭✐✳❡ t❤❡ s❤♦r❡❧✐♥❡ ✐♥ ❝♦❛st❛❧ ✢♦♦❞✐♥❣

❛ss❡ss♠❡♥t✮✳ ❚❤❡ ✜rst ❛♣♣r♦❛❝❤ ❞♦❡s ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣r❡s❡♥❝❡ ♦❢ t♦♣♦❣r❛♣❤✐❝ r✐❞❣❡s

♦r ♦t❤❡r ❢❡❛t✉r❡s ✭❡✳❣✳ ❞✉♥❡ ♦r s❡❛ ✇❛❧❧s✮ t❤❛t ❝❛♥ s❡♣❛r❛t❡ ❛ ❧♦✇✲❧②✐♥❣ ❛r❡❛ ❢r♦♠ t❤❡ s♦✉r❝❡

♦❢ ✢♦♦❞✐♥❣✳ ❈♦♥✈❡rs❡❧②✱ t❤❡ s❡❝♦♥❞ ✐s ❛ ♠♦r❡ r❡✜♥❡❞ ❛♣♣r♦❛❝❤ t❤❛t t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡

♣r❡s❡♥❝❡ ♦❢ ❤②❞r♦❧♦❣✐❝❛❧ ❞✐s❝♦♥♥❡❝t✐♦♥✳ ❚✇♦ ❝♦♥♥❡❝t✐✈✐t② ❞❡✜♥✐t✐♦♥s ❝❛♥ ❜❡ ✉s❡❞❀ ❛ ✧✹✲s✐❞❡

r✉❧❡✧ ✭❝♦♥♥❡❝t✐♦♥ ♦♥❧② ✇✐t❤ ❝❛r❞✐♥❛❧ ❞✐r❡❝t✐♦♥s✮✱ ❛♥❞ ❛♥ ✧✽✲s✐❞❡ r✉❧❡✧ ✭❝♦♥♥❡❝t✐♦♥ ♦♥❧② ✇✐t❤

❝❛r❞✐♥❛❧ ❛♥❞ ❞✐❛❣♦♥❛❧ ❞✐r❡❝t✐♦♥s✮✳

Wave Propagation

Tool for wave transformation
Chiara Favaretto - Dip.ICEA, Università degli Studi di Padova (2018)

The wave transformation model considers the Dally et al. (1985)model tor breaker decay, due to 
shoaling, breaking, reformation, and refraction, including the effects of set-up in mean water 
level. This model is capable of describing wave transformation across beaches of irregular 
profile shape, that is essential to an adequate understanding of nearshore hydrodynamics (e.g. 
littoral currents in both the alongshore and on/offshore directions, wave induced set-down/up) 
and sediment transport. The wave breaking starts when H > 0.78d (d is the water depth) and 
continues until some stable wave height is attained (usually H > 0.4d). Breaking would be most 
intense at the beginning and would decrease until the approximate stable wave height is 
reached. The model solves, using a finite difference method, the energy balance equation and 
the rate of energy dissipation per unit plan area is assumed to be proportional to the difference 
between the local energy flux and the stable energy flux. The input file is a 3dpointshapefile 
where the z-coordinate represents the bathymetric profile. In the output file (saved in the same 
directory of the input file) the z-coordinate represents the wave height and it will add a column 
for the set up/down profile.

Wave Propagation

Beach profile (x, y, z)

Wave height in the offshore zone Hs (m)

Peak period Tp (s)

Wave direction (°N)

        Ok              Cancel          Environments       << Hide Help Tool Help
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❋✐❣✉r❡ ✹✳✸✿ ❙t❛t✐❝ ♠♦❞❡❧✿ ▲❡✈❡❧ ✵ ✭❧❡❢t✮ ❛♥❞ ▲❡✈❡❧ ✶ ✭r✐❣❤t✮

❋✐❣✉r❡ ✹✳✹✲✹ ✐❧❧✉str❛t❡s t❤❡ ✢♦♦❞ ♠❛♣ ♦❜t❛✐♥ ✇✐t❤ t❤❡ ❧❡✈❡❧ ✶ ❛♣♣r♦❛❝❤ ✐♥ ❛ r❡❛❧ str❡t❝❤ ♦❢

❝♦❛st ✭❇✐❜✐♦♥❡✱ ❱❡♥✐❝❡ ✲ ■❚✮✱ ✐♥❝❧✉❞✐♥❣ t❤❡ s❤♦r❡❧✐♥❡ ♣♦s✐t✐♦♥ ❛♥❞ t❤❡ ❞✐❣✐t❛❧ t❡rr❛✐♥ ♠♦❞❡❧✳
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❚❤❡ ❋✐❣✉r❡ ✹✳✹✲✸ ✐s ❜❛s✐❝❛❧❧② t❤❡ r❡s✉❧ts ♦❢ ❛ ❧❡✈❡❧ ✵ ❛♣♣r♦❛❝❤✳ ❚❤❡ s❡❧❡❝t✐♦♥ ♦❢ ❛ ♣❛rt✐❝✉❧❛r

❝♦♥♥❡❝t✐✈✐t② r✉❧❡ ✭✹ ♦r ✽✮ ✉s❡❞ ❢♦r r❛st❡r✲❜❛s❡❞ ✢♦♦❞ ♠♦❞❡❧❧✐♥❣ ♦✛❡rs ❛ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥ t♦

❡♥❢♦r❝❡ ❝♦♥♥❡❝t✐✈✐t② ❛♥❞ ❝♦♥str❛✐♥ ✢♦♦❞ ❡①t❡♥t✳ ❍♦✇❡✈❡r✱ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ ❛ ❝♦♥♥❡❝t✐✈✐t② r♦✉✲

t✐♥❡ ♠❛② r❡s✉❧t ✐♥ s✐❣♥✐✜❝❛♥t ❡rr♦rs ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ✢♦♦❞❡❞ ❛r❡❛✳ ❆ ✧✹✲s✐❞❡❞✧ r✉❧❡ ♠❛②

✉♥❞❡r❡st✐♠❛t❡ s✉r❢❛❝❡ ✢♦✇ ❝♦♥♥❡❝t✐♦♥s ❜❡❝❛✉s❡ ♦♥❧② ❝❡❧❧ s✐❞❡s ❛r❡ ❛❧❧♦✇❡❞ t♦ ❜❡ ❝♦♥♥❡❝t❡❞✳

❈♦♥✈❡rs❡❧②✱ t❤❡ ✧✽✲s✐❞❡❞✧ r✉❧❡ ♠❛② ♦✈❡r❡st✐♠❛t❡ ❝♦♥♥❡❝t✐✈✐t② ❜② ❛❧❧♦✇✐♥❣ ✢♦✇ t♦ ♦❝❝✉r ❛❝r♦ss

❝❡❧❧ ❝♦r♥❡rs✳
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❋✐❣✉r❡ ✹✳✹✿ ❊①❛♠♣❧❡ ♦❢ st❛t✐❝ ♠♦❞❡❧ ❢♦r ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ✭✽✲s✐❞❡ ❝♦♥♥❡❝t✐✈✐t②✮✱ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✿

✶✮ ❖rt♦♣❤♦t♦ ❛♥❞ s❤♦r❡❧✐♥❡ ♣♦s✐t✐♦♥ ✭r❡❞ ❧✐♥❡✮✱ ✷✮ ❉✐❣✐t❛❧ ❚❡rr❛✐♥ ▼♦❞❡❧✱ ✸✮ ❝❡❧❧ ✇✐t❤ ❤❡✐❣❤t

❧❡ss t❤❛♥ ✢♦♦❞✐♥❣ ✈❛❧✉❡ hF ❡q✉❛❧ t♦ ✷✳✶✺ ♠✱ ✹✮ ❋❧♦♦❞ ♠❛♣ t❤❛t ✐♥❝❧✉❞❡s ♦♥❧② ❝❡❧❧ ❝♦♥♥❡❝t❡❞ t♦

t❤❡ s❤♦r❡❧✐♥❡
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8-connected neighbours
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8-connected neighborhood
4-connected neighborhood

❋✐❣✉r❡ ✹✳✺✿ ❘❡s✉❧ts ❝♦♥s✐❞❡r✐♥❣ ❞✐✛❡r❡♥t ❝♦♥♥❡❝t✐✈✐t②✱ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✿✶✮ ❞✐✛❡r❡♥t t②♣❡s ♦❢

❝♦♥♥❡❝t✐✈✐t② ✷✮ ✹✲❝♦♥♥❡❝t❡❞ ♥❡✐❣❤❜♦✉rs✱ ❆r❡❛ ❂ ✶✶✻✬✻✵✾ ♠2✱ ✸✮ ✽✲❝♦♥♥❡❝t❡❞ ♥❡✐❣❤❜♦✉rs✱ ❆r❡❛

❂ ✶✷✵✬✸✸✽ ♠2✱ ✹✮ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝♦♥♥❡❝t✐✈✐t②

❋✐❣✉r❡ ✹✳✺ s❤♦✇s t❤❡ ❞✐✛❡r❡♥t ✢♦♦❞❡❞ ❛r❡❛ ❡✈❛❧✉❛t❡❞ ✇✐t❤ t❤❡ ✹✲s✐❞❡ r✉❧❡ ✭❆r❡❛ ❂ ✶✶✻✬✻✵✾ ♠2✮

❛♥❞ t❤❡ ✽✲s✐❞❡ r✉❧❡ ✭❆r❡❛ ❂ ✶✷✵✬✸✸✽ ♠2✮✳ ❚❤❡ ❝♦♥♥❡❝t✐✈✐t② r✉❧❡ s❡❧❡❝t❡❞ ❛♥❞ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥

♦❢ t❤❡ ❉❊▼ ❝❡❧❧s ❛❝t t♦❣❡t❤❡r t♦ ✐♥✢✉❡♥❝❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❞❡♣✐❝t✐♦♥ ♦❢ ❝♦♥♥❡❝t✐✈✐t② ❢♦r

❞✐✛❡r❡♥t t♦♣♦❣r❛♣❤✐❝ s✉r❢❛❝❡ ❢❡❛t✉r❡s✳

❉✉❡ t♦ t❤❡ ❛❧❣♦r✐t❤♠✐❝ s✐♠♣❧✐❝✐t② ♦❢ t❤✐s ♠♦❞❡❧✱ st❛t✐❝ ♠♦❞❡❧ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ s✐♠♣❧②
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❛♥❞ q✉✐❝❦❧② ✢♦♦❞✐♥❣ ❛♥❞ ✐♠♣❛❝t ♦✈❡r ❧❛r❣❡ r❡❣✐♦♥s✳ ▼♦r❡♦✈❡r✱ ✐t ❛❧❧♦✇s ❞❡t❡❝t✐♥❣ t❤❡ ❧✐♥❡

❜❡②♦♥❞ ✇❤✐❝❤ t❤❡ ✐♥❧❛♥❞ ✢♦♦❞✐♥❣ ❜❡❣✐♥s✳ ❋✐❣✉r❡ ✹✳✻ s❤♦✇s t❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❞✉♥❡ ❛♥❞ ❣❛♣

❞❡t❡❝t✐♦♥✳ ❚❤❡ ♥❡❝❡ss❛r② ❞❛t❛ ❛r❡ t❤❡ s❛♠❡ ♦❢ t❤❡ ❧❡✈❡❧ ✶ st❛t✐❝ ♠♦❞❡❧✱ ❜✉t ✐t ✐s ❛❧s♦ ❡ss❡♥t✐❛❧

t♦ ❤✐❣❤❧✐❣❤t s♦♠❡ ✐♥❧❛♥❞ ♣♦✐♥t✱ ✐♥s✐❞❡ ❛ ③♦♥❡ t❤❛t ❝❛♥♥♦t ❜❡ ✐♥✉♥❞❛t❡❞ ✭❋✐❣✳ ✹✳✻✲✶✮✳ ❚❤❡ ✜rst

st❡♣ ❝♦♥s✐sts ♦♥ ❡✈❛❧✉❛t✐♥❣ t❤❡ ✢♦♦❞❡❞ ❛r❡❛ ❢♦r ✈❛r✐♦✉s hF ✭❋✐❣✳ ✹✳✻✲✷✮✱ t❤❡♥ ✐t ✐s s✐♠♣❧❡ t♦

❞❡t❡❝t t❤❡ ✜rst ✈❛❧✉❡ ♦❢ hF t❤❛t ✐♥✉♥❞❛t❡s ♦♥❡ ♦❢ t❤❡ ✐♥❧❛♥❞ ♣♦✐♥ts✳ ❚❤❡ ❜♦✉♥❞❛r② ❜❡t✇❡❡♥

t❤✐s ❛r❡❛ ❛♥❞ t❤❡ ❛r❡❛ ❤✐❣❤❧✐❣❤t ✇✐t❤ ❛ s♠❛❧❧❡r ✈❛❧✉❡ ♦❢ hF ✐s t❤❡ ❞✉♥❡ ✭❋✐❣✳ ✹✳✻✲✸✮✳ ▼♦r❡♦✈❡r✱

t❤❡ ❛r❡❛ ♦❢ t❤❡ ❞✉♥❡ t❤❛t ✐s ✇❡t ✐s ❛ ❣❛♣ ✭❋✐❣✳ ✹✳✻✲✹✮✳

❙t❛t✐❝ ♠♦❞❡❧s ❞♦ ♥♦t r❡♣❧✐❝❛t❡ ✐♠♣♦rt❛♥t ♣r♦❝❡ss❡s ♦❢ st♦r♠ t✐❞❡ ✢♦♦❞✐♥❣✿ ✐✮ ❝♦♥s❡r✈❛t✐♦♥ ♦❢

♠❛ss ❢♦r ✢♦✇s ✐✐✮ ❡✛❡❝t ♦❢ ❧❛♥❞s❝❛♣❡ r♦✉❣❤♥❡ss ♦♥ t❤❡ s♣r❡❛❞ ♦❢ ✢♦♦❞ ✇❛t❡r❀ ✐✐✐✮ ✢♦♦❞ ♣r♦♣❛✲

❣❛t✐♦♥ ♦♥❧② ❧✐♠✐t❡❞ ❜② t♦♣♦❣r❛♣❤② ❛♥❞ t❤❛t ♠❛①✐♠✉♠ st♦r♠ t✐❞❡ ✇❛t❡r ❧❡✈❡❧s ❛r❡ ♠❛✐♥t❛✐♥❡❞

❢♦r ❛♥ ✐♥✜♥✐t❡ ❞✉r❛t✐♦♥✳ ❚❤❡s❡ ♠♦❞❡❧s ❛r❡ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❢❛st❡r t♦ r✉♥ t❤❛♥ ✷❉ ♦r ❡✈❡♥

✶❉ ❤②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧s✱ ♠❛❦✐♥❣ t❤❡♠ ✉s❡❢✉❧ t♦♦❧s ❢♦r ❧❛r❣❡✲s❝❛❧❡ ❛♣♣❧✐❝❛t✐♦♥s✳

❚❤✐s st❛t✐❝ ♠♦❞❡❧✱ ❧✐❦❡ t❤❡ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠♦❞❡❧✱ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❛❧s♦ ❛s ❛♥ ❆r❝●■❙

❚♦♦❧❜♦① ✭❋✐❣✳ ✹✳✼✮✳

Inland point

hF (m)

2

1.5

1

0.5 - Dune Dune

Flooded area for hF = 2.11 m
Flooded area for hF = 2.1 m
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❋✐❣✉r❡ ✹✳✻✿ ❉✉♥❡ ❛♥❞ ❣❛♣ ❞❡t❡❝t✐♦♥✱ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✿ ✶✮ ✐♥❧❛♥❞ ❝♦♥tr♦❧ ♣♦✐♥t✱ ✷✮ ✢♦♦❞❡❞

❛r❡❛s ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ✢♦♦❞✐♥❣ ❤❡✐❣❤t hF ✱ ✸✮ ❉❡t❡❝t✐♦♥ ♦❢ ❞✉♥❡✱ ✹✮ ❉❡t❡❝t✐♦♥ ♦❢ ❣❛♣

✹✳✹ ❘❛st❡r ❜❛s❡❞ ♠♦❞❡❧ ❢♦r ❝♦❛st❛❧ ✢♦♦❞✐♥❣

❚❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧ ✐s ❛ r❛st❡r✲❜❛s❡❞ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧ ✭❋❛✈❛r❡tt♦ ❡t ❛❧✳ ✷✵✶✽✮ t❤❛t s♦❧✈❡s

❢♦r ❡❛❝❤ ❝❡❧❧ ♦❢ t❤❡ ❞♦♠❛✐♥ ❛ s✐♠♣❧✐✜❡❞ ❢♦r♠ ♦❢ t❤❡ s❤❛❧❧♦✇ ✇❛t❡r ❡q✉❛t✐♦♥s ✭❊q✳ ✹✳✸ ❛♥❞ ❊q✳

✹✳✹✮ ❛♣♣❧✐❡❞ ✐♥ t❤❡ x ❛♥❞ y ❞✐r❡❝t✐♦♥s t♦ s✐♠✉❧❛t❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✢♦✇ ♦✈❡r ❛ r❛st❡r ❣r✐❞✳

∂w

∂t
+
∂qx
∂x

+
∂qy
∂y

= 0 ✭✹✳✸✮

∂qξ
∂t

+
∂(q2ξ/w)

∂ξ
= −gh(∂h

∂ξ
+ j) ✭✹✳✹✮

✇❤❡r❡ ξ = x ♦r y✳ ■♥ ❊q✳ ✹✳✸ ❛♥❞ ❊q✳ ✹✳✹ h ❂ w ✰ z ✭w ❂ ✇❛t❡r ❞❡♣t❤✱ z ❂ ❜❡❞

❡❧❡✈❛t✐♦♥✮ ✐s t❤❡ ✇❛t❡r s✉r❢❛❝❡ ❡❧❡✈❛t✐♦♥ ❛♥❞ q ✭m2/s✮ ✐s t❤❡ ❞✐s❝❤❛r❣❡ ♣❡r ✉♥✐t ✇✐❞t❤ ❛ss✉♠✐♥❣

❛ r❡❝t❛♥❣✉❧❛r ❝❤❛♥♥❡❧✳ ■♥ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ✭✹✳✹✮ t❤❡ ✐♥❡rt✐❛❧ t❡r♠s ❛r❡ ✐♥❝❧✉❞❡❞ t♦

❛✈♦✐❞ ♦✈❡r❡st✐♠❛t❡❞ ✢✉①❡s ❜❡t✇❡❡♥ ❛❞❥❛❝❡♥t ❝❡❧❧s ❛♥❞ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ✢♦♦❞✐♥❣ ❞✉r❛t✐♦♥✳

✹✺



✹✳ Pr♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ❢♦r ❝♦❛st❛❧ ❢❧♦♦❞✐♥❣

Flooding GIS-Based LEVEL 1

Tool for static model
Chiara Favaretto
Dip.ICEA, Università degli Studi di Padova (2018)

Static models that evaluate the hydrological connectivity and 
predict inundated areas simply using raster data, without 
involving any simulation of the physical process. The "level 1" 
approach is implemented, in which a grid cell was flooded 
only if its elevation is below the flooding height and it is 
connected to the source of inundation (i.e the shoreline in 
coastal flooding hazard). The connectivity used is a "8-side 
rule", connection with cardinal and diagonal directions.

Flooding GIS-Based LEVEL 1

DTM

Shoreline

h flooding

        Ok               Cancel          Environments         <<Hide Help                  Tool Help 

❋✐❣✉r❡ ✹✳✼✿ ●■❙ ❚♦♦❧✿ ❙t❛t✐❝ ♠♦❞❡❧ ❢♦r ❝♦❛st❛❧ ✢♦♦❞✐♥❣

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ✐♥❡rt✐❛❧ ❡✛❡❝ts ♠❛② ❛❧s♦ ❜❡ ✐♠♣♦rt❛♥t t♦ r❡♣r❡s❡♥t t❤❡ ✢♦✇

♣❤②s✐❝s ✐♥ ♣❛rt✐❝✉❧❛r ③♦♥❡s✳ ❚❤❡ ❢r✐❝t✐♦♥ t❡r♠s ❛r❡ ✐♠♣♦rt❛♥t ❢♦r t❤❡ ❝♦rr❡❝t s✐♠✉❧❛t✐♦♥ ♦❢

t❤❡ ✢♦✇ ♣r♦♣❛❣❛t✐♦♥❀ ❤♦✇❡✈❡r✱ ✐♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ❡q✉❛t✐♦♥ ❛♥❞ t♦ s♣❡❡❞ ✉♣ t❤❡ ♠♦❞❡❧✱

t❤❡ ❢r✐❝t✐♦♥ t❡r♠ j ✐s ❧✐♥❡❛r✐s❡❞✳ ❚❤❡ s❡❧❡❝t❡❞ ❢♦r♠✉❧❛ t❤❛t ❞❡s❝r✐❜❡s t❤❡ ❛❝t✉❛❧ ❢r✐❝t✐♦♥ ✐s t❤❡

●❛✉❝❦❧❡r✲❙tr✐❝❦❧❡r ❊q✳ ✹✳✺✳

jT =
u|u|

K2
sw

4/3
F

=
q|q|

K2
sw

10/3
F

✭✹✳✺✮

✇❤❡r❡ KS ✐s t❤❡ ●❛✉❝❦❧❡r✲❙tr✐❝❦❧❡r ❢r✐❝t✐♦♥ ❝♦❡✣❝✐❡♥t ✭m1/3/s✮✳ ❆❢t❡r ❧✐♥❡❛r✐s❛t✐♦♥✱ t❤❡ ❢r✐❝✲

t✐♦♥ s❧♦♣❡ jT ❜❡❝♦♠❡s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✈❡❧♦❝✐t② u✱ ❛ss✉♠✐♥❣ t❤❡ ❢♦r♠ ♦❢ ❛ ❧❛♠✐♥❛r t②♣❡

❢r✐❝t✐♦♥ s❧♦♣❡✳ ❚❤❡ ❧✐♥❡❛r✐s❡❞ ❢r✐❝t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② ❡q✉❛t✐♦♥ ✹✳✻✱ ❛ ❝❧❛ss✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥

❜❛s❡❞ ♦♥ t❤❡ ❉❛r❝②✲❲❡✐s❜❛❝❤ ❡q✉❛t✐♦♥✱ ✇✐t❤ ❛ ❝♦❡✣❝✐❡♥t KH t❤❛t ❛❝❝♦✉♥ts ❢♦r t❤❡ ❧✐♥❡❛r✐s❡❞

t✉r❜✉❧❡♥t ❢r✐❝t✐♦♥ ✢♦✇✳

jL =
KH

g

|u|
w2
F

=
KH

g

|q|
w3
F

✭✹✳✻✮

✇❤❡r❡ wF ✐s t❤❡ ♠❛①✐♠✉♠ ❛✈❛✐❧❛❜❧❡ ❞❡♣t❤ t❤❛t ❝❛♥ ❜❡ ✢♦✇ t❤r♦✉❣❤ t✇♦ ❛❞❥❛❝❡♥t ❝❡❧❧s ❛♥❞

✐t ✐s ❞❡✜♥❡❞✱ ❢♦❧❧♦✇✐♥❣ ❇❛t❡s ❡t ❛❧✳ ✭✷✵✶✵✮✱ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❤✐❣❤❡st ✇❛t❡r ❢r❡❡

s✉r❢❛❝❡ ✐♥ t❤❡ t✇♦ ❝❡❧❧s ❛♥❞ t❤❡ ❤✐❣❤❡st ❜❡❞ ❡❧❡✈❛t✐♦♥ ✭❋✐❣✳ ✹✳✽ ❛ ❛♥❞ ❜✮✳ ❚❤❡ ✈❛❧✉❡ ♦❢ KH

❝❛♥ ❜❡ ❢♦✉♥❞ ❜② ❡q✉❛t✐♥❣ t❤❡ ♣♦✇❡r ❧♦st ❞✉❡ t♦ ❢r✐❝t✐♦♥ ✭< τq >=< ρgwF jq >✮ ❡st✐♠❛t❡❞

✹✻
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✇✐t❤ jT ✭❊q✳ ✹✳✼✮ ❛♥❞ ✇✐t❤ t❤❡ ❧✐♥❡❛r✐s❡❞ ♦♥❡ jL ✭❡q ✹✳✽✮ ❢♦r ❛ s✐♥✉s♦✐❞❛❧ ✇❛✈❡✳

< ρgwF jT q >=< ρgwF
q2|q|

K2
sw

10/3
F

>=
4gQ3

MAX

3πK2
sw

7/3
F

✭✹✳✼✮

< ρgwF jDq >=< ρgwF
KH

g

q|q|
w3
F

>=
KH

2w2
F

Q2
MAX ✭✹✳✽✮

KH =
8g

3π

QMAX

K2
sw

1/3
F

✭✹✳✾✮

✇❤❡r❡ QMAX ✐s t❤❡ ♠❛①✐♠✉♠ ❞✐s❝❤❛r❣❡ ❞✉r✐♥❣ t❤❡ s✐♥✉s♦✐❞❛❧ ♦s❝✐❧❧❛t✐♦♥✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡

✈❛❧✉❡ ♦❢ QMAX ✐s ❛ss❡ss❡❞ ❛s t❤❡ ♠❛①✐♠✉♠ ❞✐s❝❤❛r❣❡ ✢♦✇✐♥❣ t❤r♦✉❣❤ t❤❡ ❝❡❧❧s✳

❆ ❞✐♠❡♥s✐♦♥❧❡ss ❢♦r♠ ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ✭❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡

✈❡❧♦❝✐t② u✱ ❊q✳ ✹✳✶✵✮ ❢♦r st❡❛❞② st❛t❡ ✢♦✇ ✐♥ ❛ ✇✐❞❡ s❤❛❧❧♦✇ ❝❤❛♥♥❡❧ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✉♥❞❡rst❛♥❞

✇❤❡♥ ❛❞✈❡❝t✐✈❡ t❡r♠s ❛r❡ s✐❣♥✐✜❝❛♥t ❛♥❞ ✇❤❡♥ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ♥❡❣❧❡❝t✐♥❣ t❤❡♠ ✐s ♣r♦♣❡r✳

❈♦♥s✐❞❡r✐♥❣ t❤❡ ❢r✐❝t✐♦♥ t❡r♠ ❞❡s❝r✐❜❡❞ ❜② ❊q✳ ✹✳✺✿

u
∂u

∂x
+ g

∂w

∂x
+ g

∂z

∂x
+ g

u|u|
K2

sw
4/3

= 0 ✭✹✳✶✵✮

❘❡♣❧❛❝✐♥❣ ❞❡♣t❤✲❛✈❡r❛❣❡❞ ✈❡❧♦❝✐t② u ✇✐t❤ u′ = u/u0✱ w
′ = w/w0✱ x

′ = x/L✱ ✇❤❡r❡ u0 ❛♥❞ u0
❛♥❞ w0 ❛r❡ t❤❡ ♠❡❛♥ ✢♦✇ ✈❡❧♦❝✐t② ❛♥❞ ✇❛t❡r ❞❡♣t❤✱ ❛♥❞ L ✐s t❤❡ ❧❡♥❣t❤ s❝❛❧❡ ❢♦r ♣❡rt✉r❜❛t✐♦♥✱

❛♥❞ s✉❜❞✐✈✐❞✐♥❣ ❛❧❧ ❢♦r u20/L✱ ❊q✳ ✹✳✶✵ ❜❡❝♦♠❡s✿

u′
∂u′

∂x′
+
gw0

u20

∂w′

∂x′
+

g

u20

∂z

∂x′
+

gLu′2

K2
sw

4/3
0 w′4/3

= 0 ✭✹✳✶✶✮

❚❤❡ r❡❧❛t✐✈❡ ♠❛❣♥✐t✉❞❡ ♦❢ ❢r✐❝t✐♦♥ t♦ ❛❞✈❡❝t✐♦♥ ❢♦r❝❡s ✐s ❣✐✈❡♥ ❜② ❛ ❞✐♠❡♥s✐♦♥❧❡ss ♥✉♠❜❡r

❡q✉❛❧ t♦ R = gL/K2
sw

4/3
0 ✳ ❋♦r❝❡s ✐♥❞✉❝❡❞ ❜② t❤❡ ❛❞✈❡❝t✐♦♥ t❡r♠s ❞♦♠✐♥❛t❡ ✐♥ ♣r❡s❡♥❝❡ ♦❢

s♠❛❧❧ s❝❛❧❡ ❢❡❛t✉r❡s ✭✇❤✐❝❤ ❣❡♥❡r❛t❡ s✐❣♥✐✜❝❛♥t ✈❡❧♦❝✐t② s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s✮✱ ❜✉t ✐♥ ❛❜s❡♥❝❡✱

❜❡❞ ❢r✐❝t✐♦♥ ❞♦♠✐♥❛t❡s ♦✈❡r t❤❡ ❛❞✈❡❝t✐♦♥ t❡r♠s t❤❛t ♠❛② t❤❡r❡❢♦r❡ ❜❡ ♥❡❣❧❡❝t❡❞ ✭❍✉♥t❡r ❡t ❛❧✳

✷✵✵✼✮✳

z

i = 1 i = 2 i = 3 i = 4
j = 1
j = 2
j = 3
j = 4

i = 1 i = 2 i = 3

w

i = 4
z

z

z

w

w = 0
w = 0

hN

hE

hS

hW

hC

qCN

qCE

qCS

qCW

wF

y

x x

y

❋✐❣✉r❡ ✹✳✽✿ ✭❛✮ ❛♥❞ ✭❜✮ ❉❡✜♥✐t✐♦♥ ♦❢ ♠❛①✐♠✉♠ ❛✈❛✐❧❛❜❧❡ ❞❡♣t❤ ❜❡t✇❡❡♥ t✇♦ ❝❡❧❧s✳ ✭❝✮ ❲❛t❡r

❞❡♣t❤ ❣r✐❞ ❛♥❞ ❞✐s❝❤❛r❣❡ st❛❣❣❡r❡❞ ❣r✐❞

❇❛s❡❞ ♦♥ ❛❧❧ t❤❡ ❛❜♦✈❡✱ t❤❡ ✜♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥✱ ♦♥❧② ✈❛❧✐❞ ✇❤❡r❡

t❤❡ ✢♦✇ ❛❞✈❡❝t✐♦♥ ✐s r❡❧❛t✐✈❡❧② ✉♥✐♠♣♦rt❛♥t✱ ❜❡❝♦♠❡s✿

∂qξ
∂t

+ gwF
∂h

∂ξ
+KH

qξ
w2
F

= 0 ✭✹✳✶✷✮

✹✼



✹✳ Pr♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ❢♦r ❝♦❛st❛❧ ❢❧♦♦❞✐♥❣

✹✳✹✳✶ ●r✐❞✲❜❛s❡❞ ✈❡❝t♦r✐③❛t✐♦♥ ❛♥❞ ●P❯ ✐♠♣❧❡♠❡♥t❛t✐♦♥

❚❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞ ✐♠♣❧❡♠❡♥t❡❞ ✐s ✜rst ♦r❞❡r ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡ ✭❊✉❧❡r s❝❤❡♠❡ ♠✐♥✲

✐♠✐③❡s ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts✮✱ ❛♥❞ ❛ s❡♠✐✲✐♠♣❧✐❝✐t tr❡❛t♠❡♥t ✐s ✉s❡❞ ❢♦r t❤❡ ❢r✐❝t✐♦♥ t❡r♠ t♦

✐♠♣r♦✈❡ st❛❜✐❧✐t②✳ ❚❤❡ ❞♦♠❛✐♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❉❊▼✱ ✉s✉❛❧❧② s✉❜❞✐✈✐❞❡❞ ✐♥t♦ sq✉❛r❡ ❝❡❧❧s

✭❛r❡❛ ❡q✉❛❧ t♦ ∆x∆y✮ ❢♦r♠✐♥❣ ❛ r❡❣✉❧❛r ❣r✐❞❀ ❡❛❝❤ ❝❡❧❧ ✭❡①❝❡♣t ❢♦r t❤❡ ❜♦✉♥❞❛r✐❡s ❝❡❧❧s✮ ✐s

❝♦♥♥❡❝t❡❞ ✇✐t❤ ✹ ❛❞❥❛❝❡♥t ❡❧❡♠❡♥ts ❝❛❧❧❡❞✱ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ◆♦rt❤✱ ❙♦✉t❤✱ ❊❛st ❛♥❞

❲❡st ✭N ✱ S✱ E ❛♥❞ W r❡s♣❡❝t✐✈❡❧②✮✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ✇❛t❡r ❞❡♣t❤ ❣r✐❞ ✐s

❞❡✜♥❡❞ ✐♥ t❤❡ ❝❡♥tr❡ ♦❢ ❛ ❝❡❧❧✱ ✇❤❡r❡❛s t❤❡ ❞✐s❝❤❛r❣❡ ❣r✐❞ ✐s st❛❣❣❡r❡❞✱ ♥❛♠❡❧② ✐t ✐s ❞❡✜♥❡❞ ✐♥

t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❝❡❧❧s ✭❋✐❣✳ ✹✳✽ ❝✮✳ ❆ss✉♠✐♥❣ t❤❡s❡ t❡r♠✐♥♦❧♦❣✐❡s✱ t❤❡ s②st❡♠ ❢♦r♠❡❞ ❜②

❡q✉❛t✐♦♥s ✹✳✸ ❛♥❞ ✹✳✶✷ ❜❡❝♦♠❡s✿

wt+∆t
C = wt

C −∆t
{(qtCE − qtCW )∆y + (qtCN − qtCS)∆x}

∆x∆y
✭✹✳✶✸✮

(qt+∆t
Cβ − qtCβ)

∆t
= −gwF

(htC − htβ)

∆ξ
−KH

(qt+∆t
Cβ )

w2
F

✭✹✳✶✹✮

❲❤❡r❡ t❤❡ s✉❜s❝r✐♣t C ❞❡♥♦t❡s t❤❡ ❝❡❧❧ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ✭❝❡♥tr❛❧ ❝❡❧❧✮ ❛♥❞ β = ❊ ♦r ❲ ♦r

❙ ♦r ◆ ❛♥❞ ξ = ① ♦r ②✳ ■♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ♦s❝✐❧❧❛t✐♦♥s ✐♥ t❤❡ s♦❧✉t✐♦♥✱ ❛rt✐✜❝✐❛❧

❞✐✛✉s✐♦♥ ❝❛♥ ❜❡ ❛❞❞❡❞ ✭r❡❧❛①❛t✐♦♥ t❡❝❤♥✐q✉❡✮✳ ❚❤❡ ❞✐s❝❤❛r❣❡ qtCβ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ❛s ❢♦❧❧♦✇s✿

qtCβ = αqtCβ + (1− α)
qtC(β−1) + qtC(β+1)

2
−→ ❡✳❣✳ ❢♦r qtCN = αqtCN + (1− α)

qtCS + qtCNN

2
✭✹✳✶✺✮

✇❤❡r❡ α ✐s ❛ ✇❡✐❣❤t✐♥❣ ❢❛❝t♦r ✭0 ≤ α ≤ 1✮ t❤❛t ❛❞❥✉sts t❤❡ ❛♠♦✉♥t ♦❢ ❛rt✐✜❝✐❛❧ ♥✉♠❡r✐❝❛❧

❞✐✛✉s✐♦♥✳ ❚❤❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥ t❤❡ s♦❧✉t✐♦♥ t②♣✐❝❛❧❧② ❛r✐s❡ ❛s ❛ r❡s✉❧t ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r✐t② ✐♥

t❤❡ s②st❡♠ ✭✐✳❡✳✱ s❤♦❝❦s✮✳ ■♥ ♣r❛❝t✐❝❛❧ ♣r♦❜❧❡♠s✱ t❤✐s ❜❡❝♦♠❡s ♣❛rt✐❝✉❧❛r❧② ♥❡❝❡ss❛r② ❢♦r ❧♦✇

❢r✐❝t✐♦♥ s✉r❢❛❝❡s ♦r ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ ❢❛st ❝❤❛♥❣❡s ♦❢ ✢♦✇ ✭❛♥ ❡①❛♠♣❧❡ r❡♣r❡s❡♥t✐♥❣ ❛ s♦❧✐t❛r②

✇❛✈❡ r✉♥ ✉♣ ♦♥ ❛ s✐♠♣❧❡ ❜❡❛❝❤ ✐s s❤♦✇♥ ✐♥ ❋✐❣ ✹✳✾✮

x(m)
-0.5 0 0.5 1

η
 (

m
)

0

0.01

0.02 α = 0.9
α = 1

❋✐❣✉r❡ ✹✳✾✿ ❊✛❡❝t ♦❢ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥

❚❤❡ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ✐s s✉❜❥❡❝t t♦ t❤❡ ❈♦✉r❛♥t✕❋r❡✐❞r✐❝❤s✕▲❡✈② ✭CFL✮ ❝♦♥❞✐t✐♦♥✿ CFL =

V∆t/∆x < 1✳ ❙✐♥❝❡ t❤❡ ❛❞✈❡❝t✐♦♥ ✐s ✐❣♥♦r❡❞✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❧♦❝✐t② V ✐s
√
gh✳

❍♦✇❡✈❡r✱ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t s✉✣❝✐❡♥t t♦ ❡♥s✉r❡ ♠♦❞❡❧ st❛❜✐❧✐t② ❛♥❞ t❤❡ st❛❜❧❡ t✐♠❡ st❡♣

✐s ♦❢t❡♥ ❧❡ss t❤❛♥ t❤❡ ♦♥❡ ✐♥❞✐❝❛t❡❞ ❜② t❤❡ CFL ❝♦♥❞✐t✐♦♥✱ t❤❡r❡❢♦r❡ t❤❡ ✢♦✇ ♣r♦♣❛❣❛t✐♦♥ ✈❡✲

❧♦❝✐t② ✐s ❧❡ss t❤❛♥ t❤❡ s✐♠✉❧❛t❡❞ ♦♥❡✳ ■♥ ♦r❞❡r t♦ ♣r❡s❡r✈❡ ♣♦s✐t✐✈✐t②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❧✐♠✐t t❤❡

♠❛①✐♠✉♠ ❞✐s❝❤❛r❣❡ t❤❛t ❝❛♥ ✢♦✇ ❜❡t✇❡❡♥ ❛❞❥❛❝❡♥t ❝❡❧❧s✱ t②♣✐❝❛❧❧② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥

♦❢ t❤❡ ❝❡❧❧✱ t❤❡ ✇❛t❡r ❞❡♣t❤ ❛♥❞ t❤❡ t✐♠❡ st❡♣✳ ❚❤❡ ♣♦s✐t✐✈❡ ♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt② ✐s ❝r✉❝✐❛❧

✹✽



✹✳ Pr♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ❢♦r ❝♦❛st❛❧ ❢❧♦♦❞✐♥❣

✇❤❡♥ ✐♥ ♣❛rt ♦❢ t❤❡ ❞♦♠❛✐♥ ♥♦ ✇❛t❡r ✐s ♣r❡s❡♥t✱ ♦r ✇❤❡♥ t❤❡ ✇❛t❡r ❞❡♣t❤ ✐s ✈❡r② s♠❛❧❧✱ ❛♥❞

❧✐tt❧❡ ♦s❝✐❧❧❛t✐♦♥s ♠❛② ❧❡❛❞ t♦ ♥❡❣❛t✐✈❡ ❞❡♣t❤s✱ ❡✈❡♥t✉❛❧❧② r❡s✉❧t✐♥❣ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ t♦ ❢❛✐❧

✭❑❤♦rs❤✐❞ ❡t ❛❧✳ ✷✵✶✼✮✳

■♥ t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧✱ t❤❡ ❞✐s❝❤❛r❣❡ ❧✐♠✐t❛t✐♦♥ ✐s ❢♦r❝❡❞ ❜② ❛ t✇♦✲st❡♣ ❛♣♣r♦❛❝❤✿ ✐❢ t❤❡ ❞❡♣t❤

✈❛r✐❛t✐♦♥ ∆h ❡✈❛❧✉❛t❡❞ ✐♥ ❛ ❝❡❧❧ ✇✐t❤ ❡q✉❛t✐♦♥ ✹✳✶✸ ✐s ♥❡❣❛t✐✈❡✱ ✐ts ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♠✉st ❜❡

♦❜✈✐♦✉s❧② ❧❡ss ♦r ❡q✉❛❧ t♦ t❤❡ ❝✉rr❡♥t❧② ❛✈❛✐❧❛❜❧❡ ❞❡♣t❤✳ ■❢ ✐t ✐s ♥♦t ✭♥❛♠❡❧② t❤❡ ❝❡❧❧ ✐s ❡♠♣✲

t②✐♥❣ t♦♦ ♠✉❝❤ ❞✉❡ t♦ t❤❡ ❧❛r❣❡ t✐♠❡ st❡♣✮✱ t❤❡ ✏♥❡❣❛t✐✈❡✑ ✈♦❧✉♠❡ ✐s s✉❜tr❛❝t❡❞✱ t♦ ❡♥s✉r❡

❝♦♥t✐♥✉✐t②✱ ❢r♦♠ t❤❡ s♣❛t✐❛❧❧② ❝♦♥♥❡❝t❡❞ ❝❡❧❧s ✇✐t❤ ♣♦s✐t✐✈❡ ❜❛❧❛♥❝❡ ✭t❤❡ ♣r♦❝❡❞✉r❡ ✐s s❤♦✇♥

✐♥ ❋✐❣✳ ✹✳✶✵✮✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ✉s❡❞ t♦ ✜♥❞ t❤❡ ❝♦♥♥❡❝t❡❞ ❝❡❧❧s ✐s ❜❛s❡❞ ♦♥ t❤❡ ✏▼♦r♣❤♦❧♦❣✐❝❛❧

●r❛②s❝❛❧❡ ❘❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠✑ ❞❡s❝r✐❜❡❞ ❜② ❱✐♥❝❡♥t ✭✶✾✾✸✮✳

w(t) w(t + t) w(t + t)corretto
z

w

z

w

z

❋✐❣✉r❡ ✹✳✶✵✿ ✭❛✮ ❛♥❞ ✭❜✮ ❉❡✜♥✐t✐♦♥ ♦❢ ♠❛①✐♠✉♠ ❛✈❛✐❧❛❜❧❡ ❞❡♣t❤ ❜❡t✇❡❡♥ t✇♦ ❝❡❧❧s✳ ✭❝✮ ❲❛t❡r

❞❡♣t❤ ❣r✐❞ ❛♥❞ ❞✐s❝❤❛r❣❡ st❛❣❣❡r❡❞ ❣r✐❞

❈♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ✐s ♦♥❡ ♦❢ t❤❡ ❦❡② ✐ss✉❡s ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ r❛st❡r✲❜❛s❡❞ ♠♦❞❡❧s

✭♦r ♠♦r❡ r❡✜♥❡❞ ❤②❞r❛✉❧✐❝ ♠♦❞❡❧s✮ ✇✐t❤ ∆x ♦❢ ♦r❞❡r ✶ ✕ ✺ ♠✳ ❈♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞ ❞❡✲

♣❡♥❞s ♠❛✐♥❧② ♦♥ ❣r✐❞ s✐③❡ ❛♥❞✱ ✐♥ ❢❛❝t✱ ❞②♥❛♠✐❝ ♠♦❞❡❧s ❛r❡ ♦❢t❡♥ ❛♣♣❧✐❡❞ t♦ ❝♦❛rs❡ ❣r✐❞ ♦♥❧②

✭∆x > 100m✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ✐♥✉♥❞❛t❡❞ ❛r❡❛ ❡✈♦❧✈❡s t❤r♦✉❣❤♦✉t t❤❡ s✐♠✉❧❛t✐♦♥ ✐♥ ❛ ♠❛♥✲

♥❡r t❤❛t ✐s r❛r❡❧② ❦♥♦✇♥ ❛ ♣r✐♦r✐✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ♠♦❞❡❧ ❞♦♠❛✐♥ ♠✉st ❜❡ ✈❡r② ❧❛r❣❡ t♦

✐♥❝♦r♣♦r❛t❡ t❤❡ ✢♦♦❞ ✉♥❝❡rt❛✐♥ ❡①t❡♥t✳

■♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ♠♦❞❡❧ r✉♥t✐♠❡ ✭❛s s✉❣❣❡st❡❞ ❜② ❇r♦❞t❦♦r❜ ❡t ❛❧✳ ✷✵✶✷❀ ▲✐❛♥❣ ❡t ❛❧✳

✷✵✵✾✮✱ ✐t ✇❛s ❞❡❝✐❞❡❞ t♦ ✇r✐t❡ ❛ ❝♦❞❡ s✉✐t❛❜❧❡ ❢♦r ❛ ●P❯ ❝❛r❞ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ♠♦❞❡❧

r✉♥ t✐♠❡ t❤r♦✉❣❤ ♣❛r❛❧❧❡❧✐s❛t✐♦♥✳ ❚❤❡ ♦r✐❣✐♥❛❧ ❝♦❞❡ ✇❛s ✇r✐tt❡♥ ✐♥ ▼❆❚▲❆❇ ❛♥❞✱ ✉s✐♥❣ t❤❡

P❛r❛❧❧❡❧ ❈♦♠♣✉t✐♥❣ ❚♦♦❧❜♦① ✇✐t❤ ♠✐♥✐♠❛❧ ❝♦❞❡ ❝❤❛♥❣❡s✱ t❤❡ s✐♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ r✉♥ ✐♥ ♣❛r❛❧❧❡❧✳

❚❤❡ ●r❛♣❤✐❝ Pr♦❝❡ss✐♥❣ ❯♥✐t ✭●P❯✮✱ ✉s❡❞ t♦ ❡①❡❝✉t❡ t❤❡ s✐♠✉❧❛t✐♦♥✱ ✐s ❛ ◆✈✐❞✐❛ ❚❡s❧❛ ❑✽✵

✭✹✾✾✷ ❝♦r❡✱ ✶✷ ●❇②t❡ ♠❡♠♦r②✮✱ s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✶✶✳

●P❯s ❛❝❤✐❡✈❡ ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡ ❜② ❝❛❧❝✉❧❛t✐♥❣ ♠❛♥② r❡s✉❧ts ✐♥ ♣❛r❛❧❧❡❧ s✐♥❝❡ ❡❛❝❤ ❝♦♠♣✉✲

t❛t✐♦♥ ✐s ♣r♦❝❡ss❡❞ ❜② ❛ ❞✐✛❡r❡♥t ❝♦r❡✳ ❋✉rt❤❡r♠♦r❡✱ ♠❛tr✐① ❛♥❞ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ ❛rr❛②

♦♣❡r❛t✐♦♥s t②♣✐❝❛❧❧② ♣❡r❢♦r♠ ♠✉❝❤ ❜❡tt❡r t❤❛♥ ♦♣❡r❛t✐♦♥s ♦♥ ✈❡❝t♦rs ♦r s❝❛❧❛rs✳

❖♥❡ ❦❡② r❡q✉✐r❡♠❡♥t ❢♦r ✉s✐♥❣ ♣❛r❛❧❧❡❧ t❡❝❤♥✐q✉❡ ✐s t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝♦♠♣✉t❛t✐♦♥s ♠✉st

❜❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤✐s ✐s tr✉❡ ❢♦r t❤❡ s✐♠♣❧✐✜❡❞ ♣r♦♣♦s❡❞ ❙❲ ❡q✉❛t✐♦♥s ✐♥ s♣❛❝❡ s✐♥❝❡ ❡❛❝❤

✈❛❧✉❡ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ❛t t✐♠❡ t + dt ❝❛♥ ❜❡ ❢♦✉♥❞ ❜❛s❡❞ ♦♥❧② ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥

❛t t✐♠❡ t✳ ❖♥❡ ❞r❛✇✲❜❛❝❦ ✐s t❤❛t t❤❡ ●P❯ ♠❡♠♦r② ✐s s❡♣❛r❛t❡❞ t♦ t❤❡ s②st❡♠ ♠❡♠♦r② ❛♥❞

t✐♠❡ ✐s ♥❡❡❞❡❞ ❢♦r t❤❡ ❞❛t❛ ❛❧❧♦❝❛t✐♦♥ ❛♥❞ r❡tr✐❡✈❛❧✳ ■♥ ♦r❞❡r t♦ s✉♣♣❧② ❡❛❝❤ ❝♦r❡ ✇✐t❤ t❤❡

♠✐♥✐♠✉♠ ♣♦ss✐❜❧❡ ✐♥❢♦r♠❛t✐♦♥✱ ✐t ✐s ✉s❡❢✉❧ t♦ ✈❡❝t♦r✐s❡ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s✿ ❛❧❧ t❤❡ C✱ N ✱

S✱ E ❛♥❞ W ✈❛r✐❛❜❧❡s ✇❡r❡ ♦r❞❡r❡❞ ✐♥ ❝♦❧✉♠♥s ♦❢ ❡q✉❛❧ ❧❡♥❣t❤✳ ❊q✳ ✹✳✶✻ s❤♦✇s t❤❡ ♠❛tr✐①

t❤❛t ✐♥❝❧✉❞❡s ❛❧❧ t❤❡ ✇❛t❡r ❞❡♣t❤ ❛t ❛ t✐♠❡ ❡q✉❛❧ t♦ t❀ ✈❡❝t♦r✐③✐♥❣ t❤❡ ❝♦❞❡ t❤❡ ❛❧❧♦❝❛t❡❞ ●P❯

✈❛r✐❛❜❧❡s ❜❡❝♦♠❡s ❛s ✐❧❧✉str❛t❡❞ ❜❡❧♦✇✳

✹✾



✹✳ Pr♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ❢♦r ❝♦❛st❛❧ ❢❧♦♦❞✐♥❣

❲t =















0 0 0 . . . . . . 0 0

0 w1,1 w1,2 . . . . . . w1,l 0

0 w2,1 w2,2 w2,3 . . . w2,l 0

0 w3,1 w3,2 . . . . . . . . . 0

: : : : : : :

0 wl,1 . . . . . . . . . wl,l 0

0 0 0 . . . . . . 0 0















t

✭✹✳✶✻✮

❲t
C =










w1,1

:

w2,2

:

wl,l










t

❲t
N =










0

:

w1,2

:

wl−1,l










t

❲t
S =










w2,1

:

w3,2

:

0










t

❲t
E =










w1,2

:

w2,3

:

0










t

❲t
W =










0

:

w2,1

:

wl,l−1










t

■t ✐s ❝❧❡❛r t❤❛t ❢♦r ❛ ❤②♣❡r✲r❡s♦❧✉t✐♦♥ ♠❛♣ t❤❡ ●P❯ ❡✣❝✐❡♥❝② ✐s r❛t❤❡r ❤✐❣❤✿ ❢♦r ❞♦♠❛✐♥s

s♠❛❧❧❡r t❤❛♥ ∼ 100′000 ❝❡❧❧s✱ t❤❡ ❈P❯ ✐s ❢❛st❡r t❤❛♥ t❤❡ ●P❯✱ ❝♦♥✈❡rs❡❧② ❢♦r ✈❡r② ❧❛r❣❡

❞♦♠❛✐♥s ✭108 ❝❡❧❧s✱ t②♣✐❝❛❧ ♦❢ ❛ r❡❣✐♦♥❛❧ ♠❛♣✮ t❤❡ ●P❯ t✐♠❡ ✐s ✷✲✸✪ ♦❢ t❤❡ ❈P❯ t✐♠❡✳ ■t ✐s

t❤❡r❡❢♦r❡ ❡ss❡♥t✐❛❧ t♦ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧ s♦❧✈❡s t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ♦♥❧②

✐♥ s♦♠❡ ♣✐①❡❧s ✭❡①tr❛❝t❡❞ ❜② ❛ s♣❡❝✐✜❝ ❛❧❣♦r✐t❤♠✱ ❜❛s❡❞ ❛❣❛✐♥ ♦♥ t❤❡ ▼♦r♣❤♦❧♦❣✐❝❛❧ ❣r❛②s❝❛❧❡

❛❧❣♦r✐t❤♠✮ t❤❛t ❛r❡ ♥❡✐❣❤❜♦✉rs ♦❢ ✇❡t ♣✐①❡❧s ❛♥❞ ❜❡❧♦✇ ❛ ❧✐♠✐t ❞❡♣t❤ ✭❢♦r ❡①❛♠♣❧❡ t❤❡ ❤❡✐❣❤t

♦❢ ❛ t②♣✐❝❛❧ ❜✉✐❧❞✐♥❣✮✳ ■♥ t❤✐s ✇❛② t❤❡ ❞♦♠❛✐♥ ❞✐♠❡♥s✐♦♥ ✐♥❝r❡❛s❡s ✐♥ t✐♠❡ ❜✉t t❤❡ ❡♥t✐r❡ r✉♥

t✐♠❡ ✐s s♠❛❧❧❡r t❤❛♥ ❝♦♥s✐❞❡r✐♥❣ ❛ ❞♦♠❛✐♥ ✇❤❡r❡ t❤❡ ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ❡✈❡r②✇❤❡r❡✳

❙♣❡❝✐✜❝❛
✐♦♥

●�❛♣❤✐❝� ❊♥❣✐♥❡ ✷ ●�❯� ✲ ◆❱■❉■❆ ❚❡�❧❛ ❑✽✵

■♥
❡�❢❛❝❡ ❚②♣❡ �❈■ ❊①♣�❡�� ✸✳✵ ①✶✻

❆�■ ❙✉♣♣♦�
❡❞ ❖♣❡♥❈▲✱ ❉✐�❡❝
❈♦♠♣✉
❡

♥➦ ❈❯❉❆ ❈♦�❡� ✹✾✾✷

�♦✇❡� ❈♦♥�✉♠♣
✐♦♥ ✸✵✵ ❲❛



▼❡♠♦�② ❙✐③❡ ✷✹ ●❇

▼❡♠♦�② ❇❛♥❞✇✐❞
❤ ✹✽✵ ●❇♣�

▼❡♠♦�② ❚❡❝❤♥♦❧♦❣② ●❉❉❘✺ ❙❉❘❆▼

❋✐❣✉r❡ ✹✳✶✶✿ ◆✈✐❞✐❛ ❚❡s❧❛ ❑✽✵ ●P❯

✺✵



❈❤❛♣t❡r ✺

▼♦❞❡❧ ✈❛❧✐❞❛t✐♦♥

✺✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣r❡s❡♥t ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧ ✐s t❡st❡❞ ✇✐t❤ t✇♦ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ s❤❛❧❧♦✇ ✇❛t❡r

❡q✉❛t✐♦♥✱ t❤❛t r❡♣r❡s❡♥ts ❜❡♥❝❤♠❛r❦s ✐♥ t❤❡ ❤②❞r❛✉❧✐❝ ♠♦❞❡❧❧✐♥❣❀ t❤❡♥ t❤❡ ♠♦❞❡❧ ✐s ❝❤❡❝❦❡❞

❛❣❛✐♥st t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❙②♥♦❧❛❦✐s ✭✶✾✽✼✮ ❢♦r ❛ s♦❧✐t❛r② ✇❛✈❡ r✉♥✲✉♣ ♦♥ ❛

s✐♠♣❧❡ ❜❡❛❝❤ ❛♥❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❇r✐❣❣s ❡t ❛❧✳ ✭✶✾✾✺✮ ❢♦r s♦❧✐t❛r② ✇❛✈❡

✐♥t❡r❛❝t✐♦♥ ❛r♦✉♥❞ ❛ ❝✐r❝✉❧❛r ✐s❧❛♥❞✳ ❋✐♥❛❧❧②✱ t❤❡ ♠♦❞❡❧ ✐s ❛♣♣❧✐❡❞ t♦ ❛ r❡❛❧ st♦r♠ ♦❝❝✉rr❡❞ ✐♥

✷✵✵✽ ❛t t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧✳

❚♦ ❛ss❡ss t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ♠♦❞❡❧ ✜t✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ♣r♦✈✐❞❡ ❛ q✉❛♥t✐t❛t✐✈❡ ❛♥❞

❛❣❣r❡❣❛t❡ ❡st✐♠❛t❡ ♦❢ ♠♦❞❡❧ r❡❧✐❛❜✐❧✐t②✳ ❚❤❡ ✐♥❞❡①❡s ✉t✐❧✐③❡❞ ✭❛♥❞ ♣r❡s❡♥t❡❞ ✐♥ ♣❛r❛❣r❛♣❤

✷✳✸✳✶✮ ❛r❡✿ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❡✣❝✐❡♥❝② NSE ✭❊q✳ ✷✳✼✹✱ ◆❛s❤ ❛♥❞ ❙✉t❝❧✐✛❡ ✶✾✼✵✮✱ t❤❡ ✐♥❞❡① ♦❢

❛❣r❡❡♠❡♥t D ✭❊q✳ ✷✳✼✺✱ ❲✐❧❧♠♦tt ❡t ❛❧✳ ✶✾✽✺✮ ❛♥❞ t❤❡ r♦♦t✲♠❡❛♥✲sq✉❛r❡ ❡rr♦r RMSE ✭❊q✳

✷✳✼✻✮✳

✺✳✷ ◆♦♥✲❜r❡❛❦✐♥❣ ✇❛✈❡ ♦✈❡r ❛ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡

❚❤❡ ❢✉❧❧ ❙❛✐♥t ❱❡♥❛♥t ❡q✉❛t✐♦♥s ✭✇r✐tt❡♥ ✐♥ ✶❉ ❢r♦♠✮ ❞❡s❝r✐❜✐♥❣ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ ♥♦♥✲

❜r❡❛❦✐♥❣ ✇❛✈❡ ♦✈❡r ❛ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ t♦ ②✐❡❧❞ ❛♥ ♦r❞✐♥❛r② ♥♦♥✲❧✐♥❡❛r ❞✐✛❡r✲

❡♥t✐❛❧ ❡q✉❛t✐♦♥✳ ❚❤✐s ✐s ♥♦t ❛ tr✉❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ✐♥❡rt✐❛❧ ❡q✉❛t✐♦♥ s♦❧✈❡❞ ❜② t❤❡

♠♦❞❡❧ ❛❧t❤♦✉❣❤ ❛t ✜♥❡ ❣r✐❞ r❡s♦❧✉t✐♦♥s ✐t s❤♦✉❧❞ ❜❡ ❛ ❝❧♦s❡ ❛♣♣r♦①✐♠❛t✐♦♥✳

❇❛s✐❝❛❧❧②✱ ✐♠♣♦s✐♥❣ t❤❡ ✢✉✐❞ ✈❡❧♦❝✐t② ❝♦♥st❛♥t ✭u ❂ ❝♦st✮ ❡q✉❛t✐♦♥ ✹✳✸ ❜❡❝♦♠❡s t❤❡ ✇❡❧❧✲❦♥♦✇♥

❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥ ✐♥ h✱ ✇✐t❤ s♦❧✉t✐♦♥ h(x, t) = h(x − ut)✳ ❚❤❡ ❡q✉❛t✐♦♥ ✹✳✶✷✱ s❡tt✐♥❣ t❤❡

❜♦tt♦♠ s❧♦♣❡ ❡q✉❛❧ t♦ ③❡r♦✱ ❜❡❝♦♠❡s ❛♥ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ t❤❛t ❝❛♥ ❜❡ s♦❧✈❡❞

❛♥❛❧②t✐❝❛❧❧② t♦ ♣r♦✈✐❞❡ ❛ t❡st ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ✺✳✶✳

w(x, t) =
3
√
3 3
√

C −KHu(x− ut) ✭✺✳✶✮

C ✐s ❛ ❝♦♥st❛♥t ♦❢ ✐♥t❡❣r❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✜①❡❞ ❜② r❡❢❡rr✐♥❣ t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡

♣r♦❜❧❡♠ ✭✐✳❡✳ w ✐♥ x = 0 ❡ t = 0✮✳ ❚❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✐s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧

r❡s✉❧ts ✭❋✐❣✳ ✺✳✶✮ ♦❜t❛✐♥❡❞ ✐♥ t = 60 ♠✐♥ ✇✐t❤ ✻ ❞✐✛❡r❡♥t ❣r✐❞ s✐③❡ ✭dx = 2 ♠✱ dx = 5 ♠✱

dx = 10 ♠✱ dx = 25 ♠✱ dx = 50 ♠✱ dx = 100 ♠✮✳

■♥ ❚❛❜❧❡ ✺✳✶ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ❛r❡ ❡✈❛❧✉❛t❡❞ ❢♦r ❡❛❝❤ ❝❛s❡✱ ❛♥❞ t❤❡② s❤♦✇ ❛ ❣♦♦❞

❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✳

✺✶



✺✳ ▼♦❞❡❧ ✈❛❧✐❞❛t✐♦♥

❚❛❜❧❡ ✺✳✶✿ P❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ♥♦♥✲❜r❡❛❦✐♥❣ ✇❛✈❡ ♦✈❡r ❛ ❤♦r✐③♦♥t❛❧

♣❧❛♥❡

❞① ✷ ♠ ✺ ♠ ✶✵ ♠ ✷✺ ♠ ✺✵ ♠ ✶✵✵ ♠

◆❙❊ ✵✳✾✻✻✼ ✵✳✾✻✵✼ ✵✳✾✹✻✼ ✵✳✾✷✼✺ ✵✳✾✷✵✸ ✵✳✾✷✻✶

❉ ✵✳✾✾✶✸ ✵✳✾✽✾✸ ✵✳✾✽✺✶ ✵✳✾✼✾✺ ✵✳✾✼✼✻ ✵✳✾✼✾✾

❘▼❙❊ ✵✳✵✸✺✺ ✵✳✵✹✷✸ ✵✳✵✺✸✹ ✵✳✵✼✷✽ ✵✳✵✽✻✻ ✵✳✵✾✹✶
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❋✐❣✉r❡ ✺✳✶✿ ❲❛t❡r✲s✉r❢❛❝❡ ♣r♦✜❧❡s ❢♦r t❤❡ ✐♥✉♥❞❛t✐♦♥ ♦❢ ❛ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡ ♣r❡❞✐❝t❡❞ ❜② t❤❡

♠♦❞❡❧ ❛♥❞ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❛t t ❂ ✻✵ ♠✐♥✱ ✇✐t❤ ✹ ❞✐✛❡r❡♥t ❣r✐❞ s✐③❡

✺✷



✺✳ ▼♦❞❡❧ ✈❛❧✐❞❛t✐♦♥

✺✳✸ P❧❛♥❛r s✉r❢❛❝❡ ✐♥ ❛ ♣❛r❛❜♦❧❛ ✇✐t❤ ❢r✐❝t✐♦♥

❈♦♥s✐❞❡r✐♥❣ ❛ ❧✐♥❡❛r ❢r✐❝t✐♦♥ t❡r♠ ✭j = u/g✮ ✐♥ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ✹✳✶✷ ✇✐t❤ ❚❤❛❝❦❡r✬s

❛♣♣r♦❛❝❤ ✭❚❤❛❝❦❡r ✶✾✽✶✮✱ ❙❛♠♣s♦♥ ❡t ❛❧✳ ✭✷✵✵✻✮ ❣♦t ♠♦✈✐♥❣ ❜♦✉♥❞❛r✐❡s s♦❧✉t✐♦♥s ✇✐t❤ ❞❛♠♣✲

✐♥❣✳ ❚❤❡s❡ s♦❧✉t✐♦♥s ♣r♦✈✐❞❡ ❛ s❡t ♦❢ ✶❉ ❜❡♥❝❤♠❛r❦s ❢♦r ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ✐♥ ✇❡t✴❞r②

tr❛♥s✐t✐♦♥s ♦♥ ✈❛r②✐♥❣ t♦♣♦❣r❛♣❤✐❡s ❛♥❞ ✇✐t❤ ❛ ❢r✐❝t✐♦♥ t❡r♠✳ ❖♥❡ ♦❢ t❤❡s❡ s♦❧✉t✐♦♥s r❡❣❛r❞s

❛♥ ♦s❝✐❧❧❛t♦r② ✢♦✇ ✐♥ ❛ ♣❛r❛❜♦❧✐❝ ❜♦✇❧✳ ❲❛♥❣ ❡t ❛❧✳ ✭✷✵✶✶✮ ❡①t❡♥❞❡❞ t♦ ✷❉ t❤❡ ❛♥❛❧②t✐❝❛❧

❢r✐❝t✐♦♥❛❧ ✢♦✇✳ ❚❤✐s t❡st ❝❛s❡ ✐s ✉s❡❢✉❧ t♦ ♣r♦✈❡ ✐❢ t❤❡ ♠♦❞❡❧ ✐s ❛❜❧❡ t♦ s✐♠✉❧❛t❡ t❤❡ ✇❡t ❛♥❞

❞r② ✐♥t❡r❢❛❝❡ ♦✈❡r ❛ ✈❡r② ❧❛r❣❡ ❞♦♠❛✐♥ ✭t❤❡ ❜❛s✐♥ ❤❛s ❛ ❞✐❛♠❡t❡r ❡q✉❛❧ t♦ ✶✵ ❦♠✮✳

❚❤❡ t♦♣♦❣r❛♣❤② ✐s ❞❡s❝r✐❜❡❞ ❜② ❊q✳ ✺✳✷ ✇❤❡r❡ h0 ❛♥❞ a ❛r❡ t✇♦ ♣❛r❛♠❡t❡rs ❛♥❞ x ∈ [−L;L]✳
❚❤❡ ✐♥✐t✐❛❧ ❢r❡❡ s✉r❢❛❝❡ ✐s ♣❧❛♥❛r ❛♥❞ ❣✐✈❡♥ ❜② ❊q✳ ✺✳✸✿

z(x, y) = h0

(
x2 + y2

)

a2
✭✺✳✷✮

h(x, y, t = 0) = h0 −
B2

2g
− 1

g
Bsx− 1

g
B
τ

2
y ✭✺✳✸✮

✇❤❡r❡ B ✐s ❛ ❝♦♥st❛♥t✱ s =
√

p2 − τ2/2 ❛♥❞ p =
√

8gh0/a2✳

❚❤❡ s✉r❢❛❝❡ r❡♠❛✐♥s ♣❧❛♥❛r ✐♥ t✐♠❡ ❛♥❞ t❤❡ ✈❡❧♦❝✐t② ✐s ❛ss✉♠❡❞ ✉♥✐❢♦r♠✳ ❚❤❡ ❛♥❛❧②t✐❝❛❧

s♦❧✉t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜②✿

h(x, y, t) =h0 −
B2

2g
e−τt − B

g
e−τt/2

(τ

2
sin st+ s cos st

)

x ✭✺✳✹✮

− B

g
e−τt/2

(τ

2
cos st+ s sin st

)

y

❋✐❣✳ ✺✳✷ s❤♦✇s t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛❣❛✐♥st t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✐♥ t❡r♠s ♦❢ ✇❛t❡r s✉r❢❛❝❡

♣r♦✜❧❡ ❛❧♦♥❣ t❤❡ ①✲❞✐r❡❝t✐♦♥ ❝❡♥tr❡❧✐♥❡ ❛t t ❂ ✸✱ ✹✺✱ ✻✵✱ ✼✵✱ ✽✵✱ ✶✽✵ ♠✐♥✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧

❞♦♠❛✐♥ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✺✵✵✵♠ Ö ✺✵✵✵♠ ✭L ❂ ✺✵✵✵ ♠✮ ❛♥❞ ❞✐s❝r❡t✐③❡❞ ❜② ❛ ✷✵✵ Ö ✷✵✵

✉♥✐❢♦r♠ ❣r✐❞❀ t❤❡ ❝♦♥st❛♥ts ❛r❡ s❡t t♦ a ❂ ✸✵✵✵ ♠✱ h0 ❂ ✶✵ ♠✱ τ ❂ ✵✱✵✵✶ s−1✱ B ❂ ✺ ♠✴s✳

❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡s ❛r❡ ❞✉❡ t♦ ❛ ❞✐✛❡r❡♥t ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✿ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧

♠♦❞❡❧✱ t❤❡ ✈❡❧♦❝✐t② ✐s ♥♦t ✉♥✐❢♦r♠✱ ✐♥ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✐t ✐s ✉♥✐❢♦r♠✳ ❋✐❣✳ ✺✳✸ s❤♦✇s t❤❡

❧❡❢t ❛♥❞ r✐❣❤t ♣♦s✐t✐♦♥s ♦❢ t❤❡ s❤♦r❡❧✐♥❡ ❞✉r✐♥❣ t✐♠❡✳ ❚❤❡ ♦s❝✐❧❧❛t✐♥❣ ❜❡❤❛✈✐♦✉r ✐s s✐♠✐❧❛r t♦

t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✳

❚❛❜❧❡ ✺✳✷ r❡♣♦rts t❤❡ ✐♥❞❡①❡s ♦❢ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤✐s ❜❡♥❝❤♠❛r❦ ❞✉r✐♥❣ t✐♠❡❀ t❤❡ ✇♦rst ♣❡r✲

❢♦r♠❛♥❝❡ ♦❝❝✉rs ✐♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ s✐♥❝❡ t❤❡ r✉♥✲✉♣ ✐s ♥♦t ✇❡❧❧ r❡♣r♦❞✉❝❡❞✱

♣r♦❜❛❜❧② ❞✉❡ t♦ ❢r✐❝t✐♦♥✳

❚❛❜❧❡ ✺✳✷✿ P❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ♣❧❛♥❛r s✉r❢❛❝❡ ✐♥ ❛ ♣❛r❛❜♦❧❛ ✇✐t❤ ❢r✐❝t✐♦♥

t ✸ ♠✐♥ ✹✺ ♠✐♥ ✻✵ ♠✐♥ ✼✵ ♠✐♥ ✶✵✵ ♠✐♥ ✶✽✵ ♠✐♥ ❚❖❚

◆❙❊ ✵✳✾✾✻✶ ✵✳✾✾✼✷ ✵✳✾✾✼✺ ✵✳✾✾✽✻ ✵✳✾✾✽✾ ✵✳✾✾✽✽ ✵✳✾✾✼✽

❉ ✵✳✾✾✾✵ ✵✳✾✾✾✸ ✵✳✾✾✾✹ ✵✳✾✾✾✼ ✵✳✾✾✾✼ ✵✳✾✾✾✼ ✵✳✾✾✾✺

❘▼❙❊ ✵✳✸✺✶✷ ✵✳✷✼✺✼ ✵✳✷✻✷✽ ✵✳✶✾✷✺ ✵✳✶✼✵✺ ✵✳✶✽✸✹ ✵✳✷✸✾✸

✺✸
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❋✐❣✉r❡ ✺✳✷✿ ❲❛t❡r✲s✉r❢❛❝❡ ♣r♦✜❧❡s ♦❢ ❛ ♣❧❛♥❛r s✉r❢❛❝❡ ✐♥ ❛ ♣❛r❛❜♦❧❛ ♣r❡❞✐❝t❡❞ ❜② t❤❡ ♠♦❞❡❧ ❛♥❞

❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❛t ❞✐✛❡r❡♥t t✐♠❡

t (min)
0 20 40 60 80 100 120 140 160 180

x 
(k

m
)

-4.5

-4

-3.5

-3

-2.5

-2

-1.5

numerical
analytical

t (min)
0 20 40 60 80 100 120 140 160 180

x 
(k

m
)

1.5

2

2.5

3

3.5

4

4.5

numerical
analytical

❋✐❣✉r❡ ✺✳✸✿ ▲❡❢t ❛♥❞ r✐❣❤t s❤♦r❡❧✐♥❡ ♣♦s✐t✐♦♥ ❞✉r✐♥❣ t✐♠❡ ♦❢ ❛ ♣❧❛♥❛r s✉r❢❛❝❡ ✐♥ ❛ ♣❛r❛❜♦❧❛

♣r❡❞✐❝t❡❞ ❜② t❤❡ ♠♦❞❡❧ ❛♥❞ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥

✺✹
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✺✳✹ ❙♦❧✐t❛r② ✇❛✈❡ ♦♥ ❛ s✐♠♣❧❡ ❜❡❛❝❤

❙②♥♦❧❛❦✐s ✭✶✾✽✼✮ ❝❛rr✐❡❞ ♦✉t ❛ s❡t ♦❢ ✹✵ ❡①♣❡r✐♠❡♥ts ✐♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ s♦❧✐t❛r② ✇❛✈❡

r✉♥✲✉♣ ♦♥ ❝♦❛st❛❧ ❜❡❛❝❤❡s✳ ❚❤✐s s❡t ♦❢ ❧❛❜♦r❛t♦r② ❞❛t❛ ❤❛s ❜❡❡♥ ✉s❡❞ ❡①t❡♥s✐✈❡❧② ❢♦r ❝♦❞❡

✈❛❧✐❞❛t✐♦♥✱ ❡✳❣✳ ❙②♥♦❧❛❦✐s ✭✶✾✽✼✮✱ ●r✐❧❧✐ ❡t ❛❧✳ ✭✶✾✾✼✮✱ ▲✐ ❛♥❞ ❘❛✐❝❤❧❡♥ ✭✷✵✵✷✮✱ ❛❧s♦ ❜❡❝❛✉s❡ t❤❡

❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ s❝❛❧❡ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥❛ ✐s s♠❛❧❧✳ ❚❤❡ ❝♦♠♠♦♥ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ❢♦r

t❤❡ s♦❧✐t❛r② ✇❛✈❡ ♣r♦✜❧❡ ❜② ❇♦✉ss✐♥❡sq ✭✶✽✼✶✮ ✐s✿

η = Hsech2 (γX) ✭✺✳✺✮

✇❤❡r❡ H ✐s t❤❡ ✇❛✈❡ ❤❡✐❣❤t✱ γ ✐s ❛ ❝♦❡✣❝✐❡♥t ❡q✉❛❧ t♦
√

3H/4h3✱ X ❂ ct− ξ ✭ξ ✐s t❤❡ ✇❛✈❡✲

♠❛❦❡r ♣♦s✐t✐♦♥✮✱ ❛♥❞ t❤❡ ✇❛✈❡ ❝❡❧❡r✐t② ✐s ❞❡✜♥❡❞ ❛s
√

g(d+H)✳

❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ✇❛s ❝♦♥❞✉❝t❡❞ ✐♥ ❛ ✷✺ ♠ ❧♦♥❣ ✇❛✈❡ ✢✉♠❡ ✭❈❛❧✐❢♦r♥✐❛ ■♥st✐t✉t❡

♦❢ ❚❡❝❤♥♦❧♦❣②✱ P❛s❛❞❡♥❛✮✱ ❢♦r♠❡❞ ❜② ❛ ✶✺ ♠ ❧♦♥❣ ✢❛t ❜❡❞ ❛♥❞ ❛ ✶✵ ♠ ❧♦♥❣ ✉♥✐❢♦r♠ s❧♦♣✐♥❣

❜❡❛❝❤ ✇✐t❤ ❛ s❧♦♣❡ r❛t✐♦ ♦❢ ✶✿✶✾✳✽✺ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✺✳✹✳

x(m)
0 5 10 15 20

z 
(m

)

0

0.2

0.4

0.6

d

❋✐❣✉r❡ ✺✳✹✿ ❙♦❧✐t❛r② ✇❛✈❡ ♦♥ ❛ s✐♠♣❧❡ ❜❡❛❝❤✱ ❍✴❞ ❂ ✵✳✵✶✽✺

❋♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ✶✺ t❡sts ✭✐✳❡✳ ❛❧❧ t❤❡ ♥♦♥✲❜r❡❛❦✐♥❣ ✇❛✈❡s✮ ♦❢ t❤❡ ✹✵ ❡①♣❡r✐♠❡♥ts

❝❛rr✐❡❞ ♦✉t ❜② ❙②♥♦❧❛❦✐s ✭✶✾✽✼✮ ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❋♦r t❤❡ t❡st ✇✐t❤H/d ❂ ✵✳✵✶✽✺ ❛♥❞ d ❂ ✵✳✸✵✾✼

♠✱ t❤❡ ♣r♦✜❧❡ ♦❢ t❤❡ s♦❧✐t❛r② ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♦✈❡r t❤❡ s❧♦♣❡ ❢♦r ✺ t✐♠❡ st❡♣s ✐s ✐❧❧✉str❛t❡❞

✐♥ ❋✐❣✳ ✺✳✺✱ ✇❤❡r❡ t✯ ✐s ❛ ❞✐♠❡♥s✐♦♥❧❡ss t✐♠❡ ❡q✉❛❧ t♦ t/
√

h/g✳ ❚❤❡ s❝❛❧❡ ♦❢ t❤❡ ✜❣✉r❡s ✐s

❡♥❤❛♥❝❡❞ ❛♥❞ ❞✐st♦rt❡❞✳

❚❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ✇❡❧❧ ♣r❡❞✐❝t❡❞ t❤❡ s❤❛♣❡ ♦❢ t❤❡ s♦❧✐t❛r② ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ❛♥❞ t❤❡

✇❡t ❛♥❞ ❞r② ✐♥t❡r❢❛❝❡ ♦♥ t❤❡ s❧♦♣✐♥❣ ❜❡❛❝❤✳ ❚❤❡ r✉♥✲✉♣ ✐s ✉♥❞❡r✲❡st✐♠❛t❡❞ ❛t t✯ ❂ ✺✵✱ t❤✐s

❞✐✛❡r❡♥❝❡ ♠❛② ❜❡ ❞✉❡ t♦ t❤❡ ❡✛❡❝t ♦❢ ❝♦♥✈❡❝t✐♦♥ t❤❛t ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧

♠♦❞❡❧✳ ❚❤❡ ✇❛✈❡ r✉♥✲❞♦✇♥ ♣r♦❝❡ss ❜❡❣✐♥s ❛❢t❡r t❤❡ ✇❛✈❡ r❡❛❝❤❡s ✐ts ♠❛①✐♠✉♠ r✉♥✲✉♣ ♣♦s✐t✐♦♥

✭❛t t✯❂ ✻✹✮✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s ♣r♦❝❡ss t❤❡ ✇❛t❡r r❡tr❡❛ts ❛s t❤❡ tr❛✐❧✐♥❣ ❡❞❣❡ ♦❢ t❤❡

s♦❧✐t❛r② ✇❛✈❡ ❝♦♥t✐♥✉❡s t♦ ♣r♦♣❛❣❛t❡ t♦✇❛r❞ t❤❡ s❧♦♣❡✳ ❚❤✐s r❡tr❡❛t✐♥❣ ✢♦✇ ✐♥t❡r❛❝ts ✇✐t❤ t❤❡

✇❛✈❡ t❛✐❧ ❛♥❞ ❝r❡❛t❡s ❛ r❡❣✐♦♥ ♦❢ ❧❛r❣❡ ❢r❡❡ s✉r❢❛❝❡ ❝✉r✈❛t✉r❡ ♥❡❛r t❤❡ ✐♥✐t✐❛❧ s❤♦r❡❧✐♥❡ ♣♦s✐t✐♦♥✳

■♥ t❤✐s r❡❣✐♦♥✱ t❤❡ ◆▲❙❲ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❤♦r✐③♦♥t❛❧ ✈❡❧♦❝✐t② ✐s ❝♦♥st❛♥t ✇✐t❤ ❞❡♣t❤ ✐s

♥♦ ❧♦♥❣❡r ✈❛❧✐❞✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤✐s r✉♥✲❞♦✇♥ ♣❤❛s❡✱ s♦♠❡ ♦s❝✐❧❧❛t✐♦♥s ♦❝❝✉r ❛❢t❡r t✯ ❂ ✻✵ ✐♥

t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✳

❙②♥♦❧❛❦✐s ✭✶✾✽✼✮ ❞❡r✐✈❡❞ ❛ r✉♥✲✉♣ ❧❛✇ ❢♦r ♥♦♥ ❜r❡❛❦✐♥❣ ✇❛✈❡s✱ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ ✇❛t❡r

❤❡✐❣❤t✱ ✇❛✈❡ ❛♠♣❧✐t✉❞❡✱ ❛♥❞ t❤❡ ❛♥❣❧❡ ♦❢ t❤❡ s❧♦♣✐♥❣ ❜❡❛❝❤✳

RMAX

d
= 2.831(cotβ)1/2

(
H

d

)5/4

✭✺✳✻✮

✇❤❡r❡ β ✐s t❤❡ ❜❡❛❝❤ ❛♥❣❧❡✳

✺✺
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❋✐❣✉r❡ ✺✳✺✿ ❙♦❧✐t❛r② ✇❛✈❡ ♦♥ ❛ s✐♠♣❧❡ ❜❡❛❝❤✱ ❍✴❞ ❂ ✵✳✵✶✽✺✱ ♠❛r❦❡rs s❤♦✇ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts

♦❢ ❙②♥♦❧❛❦✐s ✭✶✾✽✼✮✱ ❜❧✉❡ ❧✐♥❡s s❤♦✇ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥

✺✻
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❋✐❣✳✺✳✻ s❤♦✇s t❤❡ r❡❧❛t✐✈❡ ♠❛①✐♠✉♠ r✉♥✲✉♣ RMAX ♦❢ ❛❧❧ t❤❡ ✶✺ ♥♦♥ ❜r❡❛❦✐♥❣ s♦❧✐t❛r② ✇❛✈❡s✱

❝♦❧❧❡❝t❡❞ ❜② ❙②♥♦❧❛❦✐s ✭✶✾✽✼✮✳ ❚❤❡ ✈❛❧✉❡s ♣❧♦tt❡❞ ✐♥ t❤✐s ✜❣✉r❡ ❛r❡ s✉♠♠❛r✐③❡❞ ❛❧s♦ ✐♥ ❚❛❜❧❡

✺✳✸✱ ✇❤❡r❡ RLab ❛r❡ t❤❡ ❧❛❜♦r❛t♦r② ❞❛t❛✱ Rnum ❛r❡ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛♥❞ RSyn ❛r❡ t❤❡

r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ❙②♥♦❧❛❦✐s ❢♦r♠✉❧❛✳

❈❧♦s❡ ❛❣r❡❡♠❡♥t ❛♠♦♥❣ t❤❡ r✉♥✲✉♣ ❧❛✇ ❡q✉❛t✐♦♥ ✭❊q✳ ✺✳✻✮✱ t❤❡ s❡❧❡❝t❡❞ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛

❛♥❞ t❤❡ ❝✉rr❡♥t s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✐s ♦❜s❡r✈❡❞✳

Measured Run up (m)
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p 
(m

)

0.3

0.31

0.32

0.33

0.34

0.35

0.36

0.37

Numerical model
Synolakis formula

❋✐❣✉r❡ ✺✳✻✿ ❘❡❧❛t✐✈❡ ♠❛①✐♠✉♠ r✉♥✲✉♣ RMAX ❢♦r ♥♦♥✲❜r❡❛❦✐♥❣ ✇❛✈❡s

❚❛❜❧❡ ✺✳✸✿ ▲❛❜♦r❛t♦r② ❞❛t❛ ♦❢ r✉♥✉♣ ♦❢ s♦❧✐t❛r② ✇❛✈❡s ✉♣ ❛ ✶ ✿ ✶✾✳✽✺ ❜❡❛❝❤✱ ❙②♥♦❧❛❦✐s ✭✶✾✽✼✮

❍✴❞ ❞ ✭♠✮ RLab

✭♠✮

RNum

✭♠✮

RSyn

✭♠✮

❍✴❞ ❞ ✭♠✮ RLab

✭♠✮

RNum

✭♠✮

RSyn

✭♠✮

✵✳✵✶✹ ✵✳✷✾✸✹ ✵✳✸✵✼✽ ✵✳✸✵✼✸ ✵✳✸✶✶✷ ✵✳✵✵✻ ✵✳✸✸✺✺ ✵✳✸✹✷✾ ✵✳✸✹✷✻ ✵✳✸✹✷✻

✵✳✵✶✽ ✵✳✷✾✼✺ ✵✳✸✶✾✺ ✵✳✸✶✹✾ ✵✳✸✷✷✷ ✵✳✵✵✼ ✵✳✸✸✻✶ ✵✳✸✹✹✽ ✵✳✸✹✺✶ ✵✳✸✹✹✼
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✵✳✵✶✾ ✵✳✸✵✾✼ ✵✳✸✸✸✾ ✵✳✸✸ ✵✳✸✸✼✸ ✵✳✵✶✷ ✵✳✸✹✷✹ ✵✳✸✺✽✽ ✵✳✸✺✼✼ ✵✳✸✺✾✻

✵✳✵✶✾ ✵✳✸✶✵✻ ✵✳✸✸✹✷ ✵✳✸✸ ✵✳✸✸✽✷ ✵✳✵✶✹ ✵✳✸✹✷✾ ✵✳✸✻✵✼ ✵✳✸✻✵✷ ✵✳✸✻✸✼

✵✳✵✵✾ ✵✳✸✸✸✶ ✵✳✸✹✻✽ ✵✳✸✹✺✶ ✵✳✸✹✹✼ ✵✳✵✵✾ ✵✳✸✹✸✾ ✵✳✸✺✻✸ ✵✳✸✺✺✷ ✵✳✸✺✺✾

✵✳✵✵✺ ✵✳✸✸✺✷ ✵✳✸✹✶✻ ✵✳✸✹✷✻ ✵✳✸✹✵✽

✺✳✹✳✶ ❊✈❛❧✉❛t✐♦♥ ♦❢ ❛❞✈❡❝t✐♦♥ t❡r♠

■♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ♠❛❣♥✐t✉❞❡ ❛♥❞ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❛❞✈❡❝t✐♦♥ t❡r♠ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✹✳✹✱

t❤✐s s✐♠✉❧❛t✐♦♥ ✐s r❡✲r✉♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤✐s t❡r♠✳
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❋✐❣✳ ✺✳✼ s❤♦✇s t❤❡ ♠❡❛♥ r❡❧❛t✐✈❡ ♠❛❣♥✐t✉❞❡ m✯ ♦❢ t❤❡ ❛❞✈❡❝t✐♦♥ t❡r♠ ❞✉r✐♥❣ t❤❡ ♣r♦♣❛❣❛t✐♦♥

♦❢ t❤❡ s♦❧✐t❛r② ✇❛✈❡ ♦♥ ❛ s❧♦♣❡ ❜❡❛❝❤✳ ❚❤❡ m✯ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

m∗ =
qadvection

qinertial + qfriction + qbed
✭✺✳✼✮

❋✐❣✳ ✺✳✽ s❤♦✇s t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ m✯ ❛❧♦♥❣ ❛ ♣♦rt✐♦♥ ♦❢ t❤❡ ❜❡❛❝❤ ♣r♦✜❧❡ ✭♥❡❛r t❤❡ s❤♦r❡✲

❧✐♥❡✮✳ ❚❤❡ ❛❞✈❡❝t✐♦♥ ❡✛❡❝ts ♦❝❝✉r ♦♥❧② ❞✉r✐♥❣ t❤❡ r✉♥ ✉♣ ♣r♦❝❡ss✱ ✐♥ ❢❛❝t ✐t ✐s s✐❣♥✐✜❝❛♥t ♦♥❧②

✐♥ t❤❡ ✐♥✐t✐❛❧❧② ❞r② ❛r❡❛✳

❋✐❣✳ ✺✳✾ s❤♦✇s t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t t❤❡ ❛❞✈❡❝t✐♦♥

t❡r♠✳ ❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛❞✈❡❝t✐♦♥ t❡r♠ s✐♠✉❧❛t❡ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ♠❛①✲

✐♠✉♠ r✉♥✲✉♣ ♦♥ t❤❡ s❧♦♣✐♥❣ ❜❡❛❝❤✱ s✐♥❝❡ ❢♦r❝❡s ✐♥❞✉❝❡❞ ❜② ❛❞✈❡❝t✐♦♥ ❛♥❞ ♥♦♥✲❧✐♥❡❛r ❡✛❡❝ts

❜❡❝♦♠❡ ♠♦r❡ ✐♠♣♦rt❛♥t ❛s t❤❡ r✉♥✲✉♣ ♣r♦❝❡ss ♣r♦❝❡❡❞s✳ ❚❤❡ ❧❡♥❣t❤ s❝❛❧❡ ✐s ✈❡r② s♠❛❧❧ ✐♥

t❤✐s t❡st✱ ♣r♦✈✐♥❣ t❤❛t t❤❡ ✐♠♣r♦✈❡♠❡♥t ✐♥❝❧✉❞✐♥❣ ❛✈❞❡❝t✐✈❡ t❡r♠ ❢♦r ❧❛r❣❡r s❝❛❧❡ ✇✐❧❧ ❜❡ ♥♦t

s✐❣♥✐✜❝❛♥t✳
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❋✐❣✉r❡ ✺✳✼✿ ▼❡❛♥ r❡❧❛t✐✈❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❛❞✈❡❝t✐♦♥ t❡r♠ ✐♥ t✐♠❡
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❋✐❣✉r❡ ✺✳✽✿ ▼❛①✐♠✉♠ r❡❧❛t✐✈❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❛❞✈❡❝t✐♦♥ t❡r♠ ✐♥ s♣❛❝❡
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❋✐❣✉r❡ ✺✳✾✿ ❙♦❧✐t❛r② ✇❛✈❡ ♦♥ ❛ s✐♠♣❧❡ ❜❡❛❝❤✱ ❍✴❞ ❂ ✵✳✵✶✽✺✱ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛❞✈❡❝t✐♦♥✱ ❞♦ts

s❤♦✇ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ ❙②♥♦❧❛❦✐s ✭✶✾✽✼✮
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✺✳✺ ❙♦❧✐t❛r② ✇❛✈❡ r✉♥✲✉♣ ♦♥ ❛ ❝♦♥✐❝❛❧ ✐s❧❛♥❞

■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ t❤❡ ♠♦❞❡❧ ✈❛❧✐❞❛t✐♦♥ ✇✐t❤ r❡❢❡r❡♥❝❡ t♦ t❤❡ ❡①♣❡r✐♠❡♥ts ♦❢ ❇r✐❣❣s ❡t ❛❧✳

✭✶✾✾✺✮ ❢♦r s♦❧✐t❛r② ✇❛✈❡ ✐♥t❡r❛❝t✐♦♥ ❛r♦✉♥❞ ❛ ❝✐r❝✉❧❛r ✐s❧❛♥❞ ✐s ♣r❡s❡♥t❡❞✳ ❚❤✐s t❡st ❝❛s❡ ✐s
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✻✷
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❚❛❜❧❡ ✺✳✺✿ ■♥❞❡① ♦❢ ♣❡r❢♦r♠❛♥❝❡ ❢♦r t❤❡ ❈♦♥✐❝❛❧ ✐s❧❛♥❞ t❡st ♥➦✷

❣❛✉❣❡ ♥➦ ✶ ♥➦ ✷ ♥➦ ✸ ♥➦ ✹ ♥➦ ✻ ♥➦ ✾ ♥➦ ✶✻ ♥➦ ✷✷ ❚❖❚✳

◆❙❊ ✵✳✼✺✺ ✵✳✼✽✾ ✵✳✼✼✸ ✵✳✼✺✸ ✵✳✽✷✽ ✵✳✽✷✺ ✵✳✽✻✵ ✵✳✹✸✼ ✵✳✼✺✸

❉ ✵✳✾✸✽ ✵✳✾✹✼ ✵✳✾✹✶ ✵✳✾✸✽ ✵✳✾✺✺ ✵✳✾✺✺ ✵✳✾✻✶ ✵✳✽✷✸ ✵✳✾✸✷

❘▼❙❊ ✵✳✵✵✹ ✵✳✵✵✹ ✵✳✵✵✹ ✵✳✵✵✹ ✵✳✵✵✹ ✵✳✵✵✻ ✵✳✵✵✹ ✵✳✵✵✼ ✵✳✵✵✹
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Numerical

❋✐❣✉r❡ ✺✳✶✺✿ ❈♦♥✐❝❛❧ ✐s❧❛♥❞✿ ❝♦♠♣❛r✐s♦♥ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❡st ♥➦✷
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❚❛❜❧❡ ✺✳✻✿ ■♥❞❡① ♦❢ ♣❡r❢♦r♠❛♥❝❡ ❢♦r t❤❡ ❈♦♥✐❝❛❧ ✐s❧❛♥❞ t❡st ♥➦✸

❣❛✉❣❡ ♥➦ ✶ ♥➦ ✷ ♥➦ ✸ ♥➦ ✹ ♥➦ ✻ ♥➦ ✾ ♥➦ ✶✻ ♥➦ ✷✷ ❚❖❚✳

◆❙❊ ✵✳✽✹✼ ✵✳✽✷✼ ✵✳✽✷✻ ✵✳✽✸✾ ✵✳✽✻✺ ✵✳✼✸✸ ✵✳✻✸✾ ✲✵✳✷✻✵ ✵✳✻✻✹

❉ ✵✳✾✻✷ ✵✳✾✺✹ ✵✳✾✺✹ ✵✳✾✻✶ ✵✳✾✻✻ ✵✳✾✸✸ ✵✳✾✵✷ ✵✳✹✽✸ ✵✳✽✽✾

❘▼❙❊ ✵✳✵✵✺ ✵✳✵✵✻ ✵✳✵✵✻ ✵✳✵✵✺ ✵✳✵✵✺ ✵✳✵✶✵ ✵✳✵✶✵ ✵✳✵✶✼ ✵✳✵✵✽
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❋✐❣✉r❡ ✺✳✶✻✿ ❈♦♥✐❝❛❧ ✐s❧❛♥❞✿ ❝♦♠♣❛r✐s♦♥ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❡st ♥➦✸

❚❛❜❧❡s ✺✳✹✱ ✺✳✺ ❛♥❞ ✺✳✻ r❡♣♦rt t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥❞❡①❡s ❢♦r t❤❡ t❤r❡❡ ❝❛s❡s✱ ❜❛s❡❞ ♦♥ t❤❡

❝♦♠♣✉t❡❞ ❛♥❞ ♦❜s❡r✈❡❞ ❧✐♥❡s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✶✹ ✲ ✺✳✶✻✳ ❖♥❧② ❢♦r t❤❡ ❚❡st ♥➦✸✱ t❤❡ ◆❙❊

❡✈❛❧✉❛t❡❞ ❢♦r ❣❛✉❣❡ ♥➦ ✷✷ ✐s ❧❡ss t❤❛♥ ③❡r♦✳ ❍♦✇❡✈❡r✱ ✐♥ ❛❧❧ ❝❛s❡s✱ t❤❡ ✐♥❞❡①❡s s❤♦✇ ❛ ❣♦♦❞

✻✹
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❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳

✺✳✺✳✶ ●P❯ ♣❡r❢♦r♠❛♥❝❡

❚❤✐s t❡st ❝❛s❡ ✐s ❛❧s♦ ✉s❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❡r♠s ♦❢ r✉♥t✐♠❡ ✉s✐♥❣ ❛ ●P❯ ❝❛r❞

❛♥❞ ❛ ❈P❯ ❝❛r❞✱ ✇✐t❤ ❞✐✛❡r❡♥t ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ❞♦♠❛✐♥✳ ❚❤❡ ❚❡st ♥➦✶ ✇❛s r❡♣❡❛t❡❞ ♦✈❡r ✾

❞♦♠❛✐♥s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❞✐✛❡r❡♥t ❝❡❧❧ s✐③❡ dx ❂ ✵✳✵✵✺ ♠ ✲ ✶ ♠✱ ✉s✐♥❣ ❜♦t❤ t❤❡ ❈P❯ ❛♥❞ t❤❡

●P❯ ❝❛r❞✳

❘❡s✉❧ts ❛r❡ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✺✳✼ ❛♥❞ ✐♥ ❋✐❣✳ ✺✳✶✼✱ ✐♥ t❡r♠s ♦❢ r✉♥ t✐♠❡ ✭s❡❝♦♥❞s✮ ❢♦r ❡✈❡r②

s✐♠✉❧❛t❡❞ t✐♠❡ st❡♣ ∆t✱ ❡✈❛❧✉❛t❡❞ ❛s ∆t = CFL(∆x/
√
gh)✱ ✇✐t❤ CFL ❡q✉❛❧ t♦ ✵✳✷ ❛♥❞ h

❡q✉❛❧ t♦ t❤❡ ✐♥✐t✐❛❧ ✇❛t❡r ❞❡♣t❤ ✭✵✳✸✷ ♠✮✳ ❚❤❡ ♠♦❞❡❧ s♣❡❡❞✲✉♣ ❢r♦♠ ❈P❯ t♦ ●P❯ ✐s ❝❛❧✲

❝✉❧❛t❡❞ ❛s t❤❡ r❛t✐♦ ♦❢ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡s ♦❢ ❈P❯ t♦ ●P❯ ✭❧❛st ❝♦❧✉♠♥ ♦❢ ❚❛❜❧❡ ✺✳✼✮✳ ❆s

❛❢♦r❡♠❡♥t✐♦♥❡❞✱ ✐♥ ❝❛s❡ ♦❢ s♠❛❧❧ ❞♦♠❛✐♥s ✭♥✉♠❜❡r ♦❢ ❝❡❧❧s ∼ ✶✵4✮✱ t❤❡ ❈P❯ ✐s ❢❛st❡r t❤❛♥ t❤❡

●P❯✱ ❝♦♥✈❡rs❡❧②✱ ❢♦r ✈❡r② ❧❛r❣❡ ❞♦♠❛✐♥s ✭106 ❝❡❧❧s✮✱ t❤❡ ●P❯ t✐♠❡ ✐s ✷✲✸✪ ♦❢ t❤❡ ❈P❯ t✐♠❡✳

❚❤❡s❡ r❡s✉❧ts ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ❢♦r ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❛ss❡ss♠❡♥t ♦❢ t❤❡ ●P❯ ♣❡r❢♦r♠❛♥❝❡✱ ❡①✲

tr❛❝t✐♥❣ t❤❡ r✉♥ t✐♠❡ ❢♦r ❡❛❝❤ ∆t ❢♦r ✺ ❞♦♠❛✐♥ ❞✐♠❡♥s✐♦♥s✳ ❈♦♥s✐❞❡r✐♥❣ ❛ t②♣✐❝❛❧ ❝❡❧❧ s✐③❡

❡q✉❛❧ t♦ ✶ ♠ ✭❡✳❣✳ ❢r♦♠ ❉❚▼ ❞❛t❛✮ ❛♥❞ ❛ ✢♦♦❞✐♥❣ ✇❛t❡r ❞❡♣t❤ ❡q✉❛❧ t♦ ✶ ♠✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦

❝♦♠♣✉t❡ t❤❡ r✉♥ t✐♠❡ ❢♦r ❛ ✶ ❤♦✉r s✐♠✉❧❛t✐♦♥ ✭❚❛❜❧❡ ✺✳✽ ❛♥❞ ❋✐❣✳ ✺✳✶✽✮✳ ❋♦r ❛ ❣r✐❞ ❝♦♠♣♦s❡❞

❜② ✶✵6 ❡❧❡♠❡♥ts ✭❡✳❣✳ ❛ ❣r✐❞ ♦❢ ✷ ❦♠ ① ✵✳✺ ❦♠✮ ❛ss✉♠✐♥❣ ❛ t✐♠❡ st❡♣ ❡q✉❛❧ t♦ ✵✳✵✻ s✱ ❛ ✶ ❤♦✉r

s✐♠✉❧❛t✐♦♥ ✇♦✉❧❞ t❛❦❡ ♠♦r❡ t❤❛♥ ✽ ❤♦✉rs ✇✐t❤ ❛ ❈P❯ ♠❡♠♦r②✱ ∼ ✶✹ ♠✐♥✉t❡s ✇✐t❤ ❛ ●P❯

♠❡♠♦r②✳ ❆s ❛❢♦r❡♠❡♥t✐♦♥❡❞✱ t❤❡ ♠♦❞❡❧ s♦❧✈❡s t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ♦♥❧② ✐♥ s♦♠❡ ♣✐①❡❧s✳

❚❤❡ ❞♦♠❛✐♥ ❞✐♠❡♥s✐♦♥ ✐♥❝r❡❛s❡s ✐♥ t✐♠❡ ❜✉t t❤❡ ❡♥t✐r❡ r✉♥t✐♠❡ ✐s s♠❛❧❧❡r t❤❛♥ ❝♦♥s✐❞❡r✐♥❣

❛ ❞♦♠❛✐♥ ✇❤❡r❡ t❤❡ ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ❡✈❡r②✇❤❡r❡✳ ❋r❡q✉❡♥t❧②✱ t❤❡ ♠❛①✐♠✉♠ ❝♦♥s✐❞❡r❡❞

❞♦♠❛✐♥ ✐s t❤❡ ❤❛❧❢ ♦❢ t❤❡ r❡❛❧ ❞♦♠❛✐♥✳

❚❛❜❧❡ ✺✳✼✿ ❘✉♥ t✐♠❡ ✭❢♦r ❡❛❝❤ ∆t✮ ❢♦r ●P❯ ❛♥❞ ❈P❯ ❝❛r❞

♥➦ ♦❢ ♣✐①❡❧ ∆x ✭♠✮ ∆t ✭s✮ ❈P❯ r✉♥ t✐♠❡ ✭s✮ ●P❯ r✉♥ t✐♠❡ ✭s✮ ●P❯✴❈P❯

✼✳✷✽∗102 ✶ ✵✳✶✶✸ ✵✳✵✵✶✻ ✵✳✵✵✻✶ ✸✽✶✪

✶✳✸✵∗103 ✵✳✼✺ ✵✳✵✽✺ ✵✳✵✵✶✽ ✵✳✵✵✻✹ ✸✺✻✪

✷✳✾✶∗103 ✵✳✺ ✵✳✵✺✻ ✵✳✵✵✺✹ ✵✳✵✵✻✺ ✶✷✵✪

✶✳✶✺∗104 ✵✳✷✺ ✵✳✵✷✽ ✵✳✵✵✼✺ ✵✳✵✵✻✻ ✽✽✪

✼✳✷✵∗104 ✵✳✶ ✵✳✵✶✶ ✵✳✵✸✷✼ ✵✳✵✵✼ ✷✶✪

✷✳✽✼∗105 ✵✳✵✺ ✵✳✵✵✻ ✵✳✶✽✷✷ ✵✳✵✵✽✷ ✺✪

✶✳✶✺∗106 ✵✳✵✷✺ ✵✳✵✵✸ ✵✳✼✽✽✽ ✵✳✵✶✺✶ ✷✪

✶✳✼✾∗106 ✵✳✵✷ ✵✳✵✵✷ ✶✳✷✼✻✹ ✵✳✵✷✶✺ ✷✪

✸✳✶✽∗106 ✵✳✵✶✺ ✵✳✵✵✷ ✷✳✶✾✷✾ ✵✳✵✸✺✺ ✷✪

✶✳✷✼∗107 ✵✳✵✵✼✺ ✵✳✵✵✶ ✼✳✽✻✾✽ ✵✳✶✸✺✸ ✷✪

✷✳✽✻∗107 ✵✳✵✵✺ ✵✳✵✵✶ ✶✼✳✼✾ ✵✳✹✹✵✶ ✷✪

✻✺
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100
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CPU

❋✐❣✉r❡ ✺✳✶✼✿ ❘✉♥ t✐♠❡ ❢♦r ●P❯ ❛♥❞ ❈P❯ ❝❛r❞

❚❛❜❧❡ ✺✳✽✿ ❘✉♥ t✐♠❡ ❢♦r ●P❯ ❛♥❞ ❈P❯ ❝❛r❞ ✇✐t❤ ❞① ❂ ✶♠ ❛♥❞ s✐♠✉❧❛t❡❞ ❞t ❂ ✵✳✵✻ s ✭✐♠♣♦s✐♥❣

❈❋▲ ❂✵✳✷ ❛♥❞ ❛ t②♣✐❝❛❧ ✇❛t❡r ❞❡♣t❤ ♦❢ ✶ ♠✮

♥✉♠❜❡r

♦❢ ♣✐①❡❧

❈P❯ r✉♥ t✐♠❡

✭s✮ ❢♦r ❡✈❡r② ❞t

●P❯ r✉♥ t✐♠❡

✭s✮ ❢♦r ❡✈❡r② ❞t

✶❤♦✉r s✐♠✉❧❛t✐♦♥

✇✐t❤ t❤❡ ❈P❯

✶❤♦✉r s✐♠✉❧❛t✐♦♥

✇✐t❤ t❤❡ ●P❯

✶✵3 ✵✳✵✵✶✼ ✵✳✵✵✻✷ ✶ ♠✐♥ ✹✷ s ✻ ♠✐♥ ✶✷ s

✶✵4 ✵✳✵✵✼✶ ✵✳✵✵✻✻ ✼ ♠✐♥ ✻ s ✻ ♠✐♥ ✸✻ s

✶✵5 ✵✳✵✺✷✶ ✵✳✵✵✼✶ ✺✷ ♠✐♥ ✻ s ✼ ♠✐♥ ✻ s

✶✵6 ✵✳✻✽✺✽ ✵✳✵✶✸✾ ✶✶ ❤ ✷✺ ♠✐♥ ✹✽ s ✶✸ ♠✐♥ ✺✹ s

✶✵7 ✻✳✷✹✽✺ ✵✳✶✵✻✽ ✶✵✹ ❤ ✽ ♠✐♥ ✸✵ s ✶ ❤ ✹✻ ♠✐♥ ✹✽ s

n° pixel
103 104 105 106 107

R
un

 ti
m

e 
(s

) 
fo

r 
1 

ho
ur

 s
im

ul
at

io
n 

 

102

103

104

105

106

CPU (dx = 1m, dt = 0.06 s)
GPU (dx = 1m, dt = 0.06 s)

❋✐❣✉r❡ ✺✳✶✽✿ ❘✉♥ t✐♠❡ ❢♦r ●P❯ ❛♥❞ ❈P❯ ❝❛r❞ ❢♦r ✶ ❤♦✉r s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❛ t②♣✐❝❛❧ ✇❛t❡r

❞❡♣t❤ ♦❢ ✶ ♠ ❛♥❞ ❛ ❞① ❂ ✶♠

✻✻



✺✳ ▼♦❞❡❧ ✈❛❧✐❞❛t✐♦♥

✺✳✻ ❈❛s❡ st✉❞②✿ st♦r♠ ❡✈❡♥t ❛t ❈❛♦r❧❡ ✭❱❡♥✐❝❡✱ ■❚✮

❆ ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ♦r ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❛♥❞ ♠♦❞❡❧ r❡s✉❧ts ❤❛s ❜❡❡♥

❝❛rr✐❡❞ ♦✉t ✐♥ ❢♦✉r ✧✐❞❡❛❧✐③❡❞✧ ❝❛s❡s ✭❜❡♥❝❤♠❛r❦s✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❝r✐t✐❝❛❧ t❡st ♦❢ t❤❡ ♠♦❞❡❧ ✐s

✇❤❡t❤❡r ✐t ✐s ❛❜❧❡ t♦ s✐♠✉❧❛t❡ ✢♦♦❞ ♣r♦♣❛❣❛t✐♦♥ ♦✈❡r ❝♦♠♣❧❡① t♦♣♦❣r❛♣❤② ❛♥❞ r❡❞✉❝❡ t❤❡ ❧♦♥❣

r✉♥ t✐♠❡s ♦❢ ❝♦❞❡s ✇❤❡♥ ❛♣♣❧✐❡❞ ❛t ✜♥❡ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥✳ ❚❤❡ ♣r♦♣♦s❡❞ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧ ✐s

❛♣♣❧✐❡❞ t♦ ❛ r❡❛❧ st♦r♠ ♦❝❝✉rr❡❞ ✐♥ ✷✵✵✽ ❛❧♦♥❣ t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧❀ ✐t ❝❛✉s❡❞ ❞❛♠❛❣❡ t♦ t❤❡

✇❤♦❧❡ ❝♦❛st ❛♥❞ ✐t ✐s t❤❡ ❢♦✉rt❤ ❧❛r❣❡st s✉r❣❡ ❡✈❡r ♠❡❛s✉r❡❞ ✐♥ t❤✐s ③♦♥❡ ✭❘✉♦❧ ❡t ❛❧✳ ✷✵✶✻✮✳

❚❤❡ ❛r❡❛ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ✐s t❤❡ ❈❛♦r❧❡ ❝♦❛st❧✐♥❡ ✭❋✐❣✳ ✺✳✶✾✮✱ ✐t ✐s ✺ ❦♠ ❧♦♥❣ ❛♥❞ ✐ts ❜♦r❞❡rs

❛r❡ ♠❛r❦❡❞ ❜② t❤❡ ❋❛❧❝♦♥❡r❛ ❝❤❛♥♥❡❧ t♦ t❤❡ ◆♦rt❤✲❊❛st ❛♥❞ t❤❡ ♠♦✉t❤ ♦❢ t❤❡ ❘✐✈❡r ▲✐✈❡♥③❛

t♦ t❤❡ ❙♦✉t❤✲❲❡st✳ ■♥ ♦r❞❡r t♦ ♠✐t✐❣❛t❡ t❤❡ r✐s❦ t♦ ❤✉♠❛♥ ❤❡❛❧t❤✱ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t✐❡s ❛♥❞

❝✉❧t✉r❛❧ ❤❡r✐t❛❣❡✱ ✐♥ t❤❡ ❝❡♥tr❛❧ ❛r❡❛ t❤❡ s❤♦r❡❧✐♥❡ ♣♦s✐t✐♦♥ ✐s st❛❜✐❧✐③❡❞ ❜② ❛ s❡❛✇❛❧❧✱ ✇❤❡r❡

t❤❡ ❤✐st♦r✐❝ t♦✇♥ ✐s ❧♦❝❛t❡❞✳ ❚❤❡ r❡♠❛✐♥✐♥❣ s❤♦r❡❧✐♥❡ ✐s ❢♦r♠❡❞ ❜② ✇✐❞❡ s❛♥❞② ❜❡❛❝❤❡s ✇✐t❤

❛ ✇✐❞❡ r❛♥❣❡ ♦❢ t♦✉r✐st ❢❛❝✐❧✐t✐❡s✳

0̄ 0.4 0.80.2
km

Falconera 

channel

CAORLE (Venice, IT)

Caorle

Livenza river

mouth

From Falconera channel 

to Livenza river mouth

5 km long

Shoreline direction 140 °N

❋✐❣✉r❡ ✺✳✶✾✿ ❍✐❣❤ r❡s♦❧✉t✐♦♥ ❛❡r✐❛❧ ♣❤♦t♦ ♦❢ t❤❡ st✉❞② s✐t❡ ✭❈❛♦r❧❡✱ ❱❊✲■t❛❧②✮

❚❤❡ ◆♦rt❤❡r♥ ♣❛rt ♦❢ t❤❡ ❆❞r✐❛t✐❝ ❙❡❛ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t✇♦ ♠❛✐♥ ✇✐♥❞ ✭❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣❧②

✇❛✈❡✮ r❡❣✐♠❡s t❤❛t ❛r❡ str♦♥❣❧② ❢♦r❝❡❞ ❜② ❧♦❝❛❧ ♦r♦❣r❛♣❤②✳ ■♥❞❡❡❞✱ t❤❡ ♣r❡✈❛✐❧✐♥❣ ✇✐♥❞s ✐♥

t❤❡ ❛r❡❛ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ❛r❡ t❤❡ ◆♦rt❤✲❊❛st ❛♥❞ t❤❡ ❙♦✉t❤✲❊❛st✱ t❤❡ ❇♦r❛ ❛♥❞ ❙❝✐r♦❝❝♦

r❡s♣❡❝t✐✈❡❧②✳ ❋✉rt❤❡r ❞❡t❛✐❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❘✉♦❧ ❡t ❛❧✳ ✭✷✵✶✺❀ ✷✵✶✻✮✳

❚❤❡ s✐♠✉❧❛t❡❞ ❡✈❡♥t ✐s ❜❛s❡❞ ♦♥ ❛ r❡❛❧ ✢♦♦❞ ♦❝❝✉rr❡❞ ♦♥ t❤❡ ✶st ♦❢ ❉❡❝❡♠❜❡r ✷✵✵✽✳ ❚❤❡ st♦r♠

❝❤❛r❛❝t❡r✐st✐❝s ✇❡r❡ ♠❡❛s✉r❡❞ ❛t t❤❡ ❈◆❘ ❆❝q✉❛ ❆❧t❛ t♦✇❡r ✭✇❛t❡r ❞❡♣t❤ ❂ ✶✻ ♠✮✱ ✐♥ t❤❡

●✉❧❢ ♦❢ ❱❡♥✐❝❡ ✭▲❛t ✹✺➦ ✶✽✬ ✺✶✱✷✼✧ ◆✱ ▲♦♥✿ ✶✷➦ ✸✵✬ ✷✾✱✾✸✧ ❊✮ ❛♥❞ t❤❡ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥

✐♥❝❧✉❞❡s ✇❛t❡r ❧❡✈❡❧ ❛♥❞ ✇❛✈❡ ❤❡✐❣❤t✱ ♣❡r✐♦❞✱ ❛♥❞ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ✇❛t❡r ❧❡✈❡❧ ✇❛s ❛❧s♦ ♠❡❛s✉r❡❞

✻✼



✺✳ ▼♦❞❡❧ ✈❛❧✐❞❛t✐♦♥

✐♥ ❛ st❛t✐♦♥ ♣❧❛❝❡❞ ✐♥s✐❞❡ t❤❡ ♠♦✉t❤ ♦❢ t❤❡ ▲✐✈❡♥③❛ r✐✈❡r✳

❉✉r✐♥❣ t❤❡ ❡✈❡♥t✱ ❡①t❡♥s✐✈❡ ✇❛✈❡ ♦✈❡r✲t♦♣♣✐♥❣ t♦♦❦ ♣❧❛❝❡ ❛❧♦♥❣ t❤❡ ❥❡tt② ♦❢ t❤❡ ▲✐✈❡♥③❛ ♠♦✉t❤✳

❚❤✐s ❝❛✉s❡❞ ❤✐♥t❡r❧❛♥❞ ✢♦♦❞✐♥❣✱ ✇❤✐❝❤ ✇❛s ❞♦❝✉♠❡♥t❡❞ ✇✐t❤ ❛ ✈✐❞❡♦ t❛❦❡♥ ❛t t❤❡ ▲✐✈❡♥③❛

r✐✈❡r ♠♦✉t❤ ❞✉r✐♥❣ t❤❡ st♦r♠ ❡✈❡♥t ✭✶✶✳✵✵ ❛♠✱ s♦♠❡ ✈✐❞❡♦ ❢r❛♠❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✷✵✮✳ ❚❤❡

✐♥✲❞❡♣t❤ ✈✐❡✇✐♥❣ ♦❢ t❤✐s ✈✐❞❡♦ ❛❧❧♦✇s r❡❝♦❣♥✐③✐♥❣ t❤❡ ✐♥✉♥❞❛t❡❞ str❡❡ts ❛♥❞ t❤❡ ♦✈❡rt♦♣♣✐♥❣

❧♦❝❛t✐♦♥s ✭❋✐❣✳ ✺✳✷✵✮✳

❋♦r t❤✐s ❛r❡❛✱ ❞✐❣✐t❛❧ ❡❧❡✈❛t✐♦♥ ♠♦❞❡❧ ✭❉❊▼✮ ❛t ✶ ♠ r❡s♦❧✉t✐♦♥ ✇❛s ❛✈❛✐❧❛❜❧❡ ❢r♦♠ ❛ ▲✐❞❛r

s✉r✈❡②✳ ❚❤❡ ❞♦♠❛✐♥ ✐s ✶✳✵ ① ✶✳✺ ❦♠ ✭✶✳✺ ① ✶✵6 ❣r✐❞ ❝❡❧❧s✮ ❛♥❞ ❛ ♣♦rt✐♦♥ ♦❢ ✐t ✐s s❤♦✇♥ ✐♥ ❋✐❣✳

✺✳✷✶✳ ❚❤❡ r✉♥t✐♠❡ ❢♦r ❡❛❝❤ dt ✭❂✵✳✵✹ s✮ ✐s ∼ ✵✳✵✸ s✳ ❚❤❡ ●❛✉❝❦❧❡r✲❙tr✐❝❦❧❡r ❝♦❡✣❝✐❡♥t Ks

✉s❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ KH ✐♥ ❊q✳ ✹✳✾ ✐s ✺✵ ♠3✴s✳

1

2

3

4

5

6
❋✐❣✉r❡ ✺✳✷✵✿ ❋r❛♠❡s ♦❢ t❤❡ ✈✐❞❡♦ t❛❦❡♥ ❞✉r✐♥❣ t❤❡ st♦r♠ ❡✈❡♥ts ✭✶✶✳✵✵ ❛♠✮ ✐♥ ❈❛♦r❧❡ ✭❱❡♥✐❝❡✱

■t❛❧②✮ ❛♥❞ r❡❝♦❣♥✐③❡❞ ✐♥✉♥❞❛t❡❞ ❛r❡❛s✴str❡❡ts

❋✐❣✳ ✺✳✷✷ s❤♦✇s t❤❡ ✇❛✈❡ ❛♥❞ s❡❛ ❧❡✈❡❧ ❞✉r✐♥❣ t❤❡ st♦r♠ ❡✈❡♥t✳ ❚❤❡ ♠❛①✐♠✉♠ s✐❣♥✐✜❝❛♥t

✇❛✈❡ ❤❡✐❣❤t ✐s ❍s ❂ ✸✳✶ ♠ ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥ ✐s ♠❛✐♥❧② ✶✸✵➦◆ ✭❙❝✐r♦❝❝♦✮❀ t❤❡ ♠❛①✐♠✉♠ ✇❛t❡r

❧❡✈❡❧ ✐s ❡q✉❛❧ t♦ ✶✳✷✺ ♠ ❛t t❤❡ ❆❝q✉❛ ❆❧t❛ t♦✇❡r ❛♥❞ ✶✳✹✻ ♠ ❛t t❤❡ ❈❛♦r❧❡ st❛t✐♦♥ ✭❞✐✛❡r❡♥t❧②

❢r♦♠ ❆❝q✉❛ ❆❧t❛✱ t❤❡ ❈❛♦r❧❡ st❛t✐♦♥ ✐s ❛✛❡❝t❡❞ ❜② t❤❡ r✐✈❡r ✢♦♦❞ ❝♦♥tr✐❜✉t✐♦♥✮✳

❚✇♦ ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♥❡❝❡ss❛r②✿

✶✳ ❛t t❤❡ s❤♦r❡❧✐♥❡✱ ✐✳❡✳ s❡❛ ❧❡✈❡❧ ❡❧❡✈❛t✐♦♥ ♣❧✉s ❡✛❡❝ts ❞✉❡ t♦ ✇❛✈❡s ✭s❡t✲✉♣ ❛♥❞ r✉♥✲✉♣✮❀

✷✳ ❛t t❤❡ r✐✈❡r ♠♦✉t❤✱ ✐✳❡✳ st♦r♠ s✉r❣❡ ❡❧❡✈❛t✐♦♥ ♣❧✉s ❛♥ ✐♠♣✉❧s✐✈❡ s✐❣♥❛❧ t❤❛t ♠✐♠✐❝s t❤❡

♦✈❡r✲t♦♣♣✐♥❣ ♦✈❡r t❤❡ ❥❡tt②✳

✻✽
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❋✐❣✉r❡ ✺✳✷✷✿ ❙t♦r♠ ❝❤❛r❛❝t❡r✐st✐❝s ♠❡❛s✉r❡❞ ❞✉r✐♥❣ t❤❡ ❡✈❡♥t ✐♥ ❈❛♦r❧❡ ✭❱❡♥✐❝❡ ✕ ■t❛❧②✮ ✐♥

❉❡❝❡♠❜❡r ✷✵✵✽✿ s❡❛ ❧❡✈❡❧s ❛t t❤❡ ❆❝q✉❛ ❆❧t❛ t♦✇❡r ❛♥❞ ❛t t❤❡ ▲✐✈❡♥③❛ r✐✈❡r ♠♦✉t❤ ✭t♦♣✮❀ ✇❛✈❡

❤❡✐❣❤ts ❛♥❞ ✇❛✈❡ ❞✐r❡❝t✐♦♥s ❛t t❤❡ ❆❝q✉❛ ❆❧t❛ t♦✇❡r ✭❜♦tt♦♠✮

❋✐❣✳s ✺✳✷✸✲✺✳✷✺ s❤♦✇s t❤❡ s✐♠✉❧❛t❡❞ ✢♦♦❞ ❡①t❡♥t ✐♥ ✻ ✐♥st❛♥ts ✭❤✳ ✼✿✸✵✱ ❤✳ ✽✿✵✵✱ ❤✳ ✾✿✵✵✱ ❤✳

✶✵✿✵✵✱ ❤✳ ✶✶✿✵✵✱ ❤✳ ✶✸✿✸✵✮ ❢♦r t❤❡ ♣♦rt✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥ s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✷✶✳ ❚❤❡ s✐♠✉❧❛t❡❞

r❡s✉❧ts ✭♣r❡❞✐❝t❡❞ ✇❛t❡r ❞❡♣t❤ ❡q✉❛❧ t♦ ✺✵ ❝♠ ❛t ✶✶✿✵✵ ❛♠ ✐♥ t❤❡ ❜❧✉❡ ❛r❡❛ ♦❢ ❋✐❣✳ ✺✳✷✵✮

✻✾



✺✳ ▼♦❞❡❧ ✈❛❧✐❞❛t✐♦♥

❛r❡ ❝♦♠♣❛t✐❜❧❡s ✇✐t❤ t❤❡ r❡♣♦rt✱ ❛❧t❤♦✉❣❤ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ t❤❡ ♦♥s❡t ♦❢ t❤❡ ✢♦♦❞ ✐s s❧✐❣❤t❧②

❡❛r❧✐❡r ✭❛r♦✉♥❞ ✼✿✸✵ ❛♠✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐ts s✉❜s❡q✉❡♥t ♣r♦❣r❡ss✐♦♥ ✭❋✐❣✳ ✺✳✷✺✱ ❤✳✶✶✿✵✵ ❛♥❞

❤✳✶✸✿✵✵✮ ❛❣r❡❡s ✇✐t❤ t❤❡ r❡♣♦rt ❛♥❞ t❤❡ ✈✐❞❡♦ ✐♥❢♦r♠❛t✐♦♥✳

❋✐❣✳ ✺✳✷✸ ✭❤✳✼✿✸✵ ❛♥❞ ❤✳✽✿✵✵✮ s❤♦✇ t❤❡ ♣r❡❞✐❝t❡❞ ✐♥✉♥❞❛t✐♦♥ ❛t t❤❡ ✐♥✐t✐❛❧ st❛❣❡✳ ❚❤❡ ❧♦❝❛✲

t✐♦♥s ✇❤❡r❡ t❤❡ ♦✈❡r✲t♦♣♣✐♥❣ ♦❝❝✉rr❡❞ ❛r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♣♦s✐t✐♦♥s ♣♦✐♥t❡❞ ♦✉t

✐♥ ❋✐❣✳ ✺✳✷✵ ✭✈✐❞❡♦ ❢r❛♠❡s ♥➦✶✱ ♥➦✷✱ ♥➦✸ ❛♥❞ ♥➦✻✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♦✈❡r✲t♦♣♣✐♥❣ ❜❡❣❛♥ ✐♥

❝♦rr❡s♣♦♥❞❡♥❝❡ t♦ t❤❡ ♣✐❡r ❢♦r ❢❡rr②✲❜♦❛t ✭① ❂ ✶✵✵ ♠✱ ② ❂ ✹✷✺ ♠ ✐♥ ❋✐❣✳ ✺✳✷✶✮ s❤♦✇♥ ✐♥ ❢r❛♠❡

♥➦✶ ♦❢ ❋✐❣✳ ✺✳✷✵✳

❚❤❡ ✐♥✉♥❞❛t❡❞ ❛r❡❛s s❤♦✇♥ ✐♥ t❤❡ s♥❛♣s❤♦t ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❛t ✶✶✳✵✵ ❛♠ ✭❋✐❣✳ ✺✳✷✺✮ ❝♦rr❡✲

s♣♦♥❞ t♦ t❤❡ ♦♥❡s r❡❝♦❣♥✐③❡❞ ❜② t❤❡ ✐♥✲❞❡♣t❤ ✈✐❡✇✐♥❣ ♦❢ t❤❡ ✈✐❞❡♦ t❛❦❡♥ ❛t t❤❡ s❛♠❡ t✐♠❡ ✭❡✳❣✳

t❤❡ ❛r❡❛s ✈✐s✐❜❧❡ ✐♥ t❤❡ ❢r❛♠❡s ♥♦✳✹ ❛♥❞ ♥♦✳ ✺ ♦❢ ❋✐❣✳ ✺✳✷✵✳ ❚❤❡ ✈✐❞❡♦ ❛❧s♦ s❤♦✇s t❤❡ ♣r❡s❡♥❝❡

♦❢ s♦♠❡ ❞❡❜r✐s ❛❧r❡❛❞② t❤❡r❡ ❛t ✶✶✿✵✵ ❛♠ ✭❢r❛♠❡ ♥➦✺✮✱ ♣r♦✈✐♥❣ t❤❛t ❤❡r❡ t❤❡ ♠❛✐♥ ✢♦♦❞✐♥❣

❜❡❣❛♥ s♦♠❡ t✐♠❡ ❜❡❢♦r❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♥❡✇s♣❛♣❡r r❡♣♦rts t❤❛t t❤❡ ✇❤♦❧❡ ❜❡❛❝❤ ✇❛s ❛❧s♦

✢♦♦❞❡❞ ❜② t❤❡ s❡❛ ❢r♦♠ t❤❡ s❤♦r❡❧✐♥❡✱ ✐♥✉♥❞❛t✐♦♥ ✇❡❧❧ ♣r❡❞✐❝t❡❞ ❜② t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ s✐♠✉❧❛t✐♦♥ ❛♣♣❡❛rs t♦ ❜❡ ❝♦❤❡r❡♥t ✇✐t❤ t❤❡ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥✿ t❤❡ ♦✈❡r✲

t♦♣♣✐♥❣ ♦❝❝✉rs ✐♥ t❤❡ s❛♠❡ ❧♦❝❛t✐♦♥s ❞♦❝✉♠❡♥t❡❞ ❜② t❤❡ ✈✐❞❡♦ t❛❦❡♥ ❞✉r✐♥❣ t❤❡ st♦r♠ ❛♥❞

t❤❡ ❡①t❡♥t ♦❢ t❤❡ ✢♦♦❞✐♥❣ ❛r❡❛ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ✇❛t❡r ❞❡♣t❤ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ s✉❝❤ ✈✐❞❡♦

❛♥❞ ✇✐t❤ t❤❡ r❡♣♦rt✳

❚❛❜❧❡ ✺✳✾ r❡♣♦rts✱ ✐♥ t❤❡ ✜rst ✻ r♦✇s✱ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧ ✐♥ t❡r♠s

♦❢ ♠❛①✐♠✉♠ ✢♦♦❞❡❞ ❛r❡❛ ❛♥❞ ✢♦♦❞❡❞ ✈♦❧✉♠❡ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♠❛✐♥ ✐♥♣✉t ✈❛❧✉❡s✳ ■t ✐s

❝❧❡❛r t❤❛t t❤❡ ✇❛t❡r r❡tr❡❛ts ❛❢t❡r ✶✶✿✵✵ ❛♠✱ ✇❤❡♥ t❤❡ ✇❛✈❡ ❤❡✐❣❤t ❛♥❞ t✐❞❡ ❞❡❝r❡❛s❡✳ ❚❤❡

s✉❜s❡q✉❡♥t ✢♦♦❞✐♥❣ ❡✈♦❧✉t✐♦♥✱ ❛✛❡❝t❡❞ ❜② s❡✈❡r❛❧ ♣r♦❝❡ss❡s ♦❢ ❛♥t❤r♦♣✐❝ ✭❡✳❣✳ ✉r❜❛♥ ❞r❛✐♥❛❣❡

❛♥❞ ♣✉♠♣✐♥❣✮ ❛♥❞ ♥❛t✉r❛❧ ❝❤❛r❛❝t❡r ✭❡✳❣✳ ✜❧tr❛t✐♦♥ ❛♥❞ ❡✈❛♣♦tr❛♥s♣✐r❛t✐♦♥✮ ✐s ♦❜✈✐♦✉s❧② ♥♦t

♠♦❞❡❧❧❡❞✳

1 December 2008 h: 7.30
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1 December 2008 h: 8.00
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❋✐❣✉r❡ ✺✳✷✸✿ ❈❛♦r❧❡ ✭❱❊✮✱ ❉❡❝❡♠❜❡r ✷✵✵✽✱ ✼✿✸✵ ❛♠ ✭❧❡❢t✮ ❛♥❞ ✽✳✵✵ ❛♠ ✭r✐❣❤t✮✿ ✐♥✉♥❞❛t✐♦♥

♠♦❞❡❧ r❡s✉❧ts
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1 December 2008 h: 9.00
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1 December 2008 h: 10.00
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❋✐❣✉r❡ ✺✳✷✹✿ ❈❛♦r❧❡ ✭❱❊✮✱ ❉❡❝❡♠❜❡r ✷✵✵✽✱ ✾✿✵✵ ❛♠ ✭❧❡❢t✮ ❛♥❞ ✶✵✳✵✵ ❛♠ ✭r✐❣❤t✮✿ ✐♥✉♥❞❛t✐♦♥

♠♦❞❡❧ r❡s✉❧ts

1 December 2008 h: 11.00
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1 December 2008 h: 13.00
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❋✐❣✉r❡ ✺✳✷✺✿ ❈❛♦r❧❡ ✭❱❊✮✱ ❉❡❝❡♠❜❡r ✷✵✵✽✱ ✶✶✿✵✵ ❛♠ ✭❧❡❢t✮ ❛♥❞ ✶✸✳✵✵ ❛♠ ✭r✐❣❤t✮✿ ✐♥✉♥❞❛t✐♦♥

♠♦❞❡❧ r❡s✉❧ts

■♥ ♦r❞❡r t♦ ❜❡tt❡r ❛♣♣r❡❝✐❛t❡ t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡s❡ r❡s✉❧ts✱ t❤❡ st❛t✐❝ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧ ✇❛s

❛♣♣❧✐❡❞ t♦ ❞❡t❡r♠✐♥❡ ✢♦♦❞❡❞ ❧♦❝❛t✐♦♥s t❤❛t ❛r❡ ❤②❞r❛✉❧✐❝❛❧❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❝♦❛st❧✐♥❡ ❛♥❞

❧♦✇❡r t❤❛♥ t❤❡ ♠❛①✐♠✉♠ ❡❧❡✈❛t✐♦♥ ♦❢ t❤❡ st♦r♠ s✉r❣❡✳ ❋✐❣✳ ✺✳✷✻ s❤♦✇s t❤❛t t❤❡ st❛t✐❝ ♠♦❞❡❧

❧❛r❣❡❧② ♦✈❡r❡st✐♠❛t❡s t❤❡ ✢♦♦❞❡❞ ❛r❡❛✱ ❛s ❛❧s♦ s❡❡♥ ✐♥ t❤❡ ❧❛st r♦✇ ♦❢ ❚❛❜❧❡ ✺✳✾✳ ❋✉rt❤❡r♠♦r❡✱

t❤❡ st❛t✐❝ ♠♦❞❡❧ ❞♦❡s ♥♦t ❛♣♣r♦♣r✐❛t❡❧② ♣♦✐♥t ♦✉t t❤❡ ♦✈❡rt♦♣♣✐♥❣ ❧♦❝❛t✐♦♥s ❛♥❞ t❤❡ ❜❡❛❝❤

✐♥✉♥❞❛t✐♦♥✳
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✺✳ ▼♦❞❡❧ ✈❛❧✐❞❛t✐♦♥

❚❛❜❧❡ ✺✳✾✿ ❆✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ✇❛✈❡ ❛♥❞ s❡❛✲❧❡✈❡❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✐♥ t❡r♠s ♦❢

♠❛①✐♠✉♠ ✢♦♦❞❡❞ ❛r❡❛ ❛♥❞ ✈♦❧✉♠❡

❤♦✉r ✶✴✶✷✴✷✵✵✽ ✼✳✸✵ ✽✳✵✵ ✾✳✵✵ ✶✵✳✵✵ ✶✶✳✵✵ ✶✸✳✵✵ ❙t❛t✐❝

❍s ✭♠✮ ✸✳✶✸ ✷✳✼✶ ✷✳✻✻ ✷✳✷✼ ✷✳✶ ✶✳✽✸ ✲

✧❆❝q✉❛ ❆❧t❛✧ s❡❛ ❧❡✈❡❧ ✭♠ ❩▼P❙✮ ✵✳✾✹ ✶✳✶✸ ✶✳✶✻ ✶✳✵✾ ✶✳✵✻ ✵✳✹✼ ✲

▲✐✈❡♥③❛ s❡❛ ❧❡✈❡❧ ✭♠ ❩▼P❙✮ ✶✳✶✹ ✶✳✵✷ ✶✳✹✻ ✶✳✸✽ ✶✳✸✺ ✶✳✵✸ ✶✳✹✻

❙✐♠✉❧❛t❡❞ ✢♦♦❞❡❞ ❆r❡❛ ✭♠2✮ ✻✶✼✾ ✶✷✺✶✵ ✶✹✽✼✸ ✶✼✷✾✾ ✶✽✼✹✾ ✷✵✶✽✶ ✹✼✻✷✻✾

❙✐♠✉❧❛t❡❞ ✢♦♦❞❡❞ ❱♦❧✉♠❡ ✭♠3✮ ✶✷✻✾ ✷✹✵✸ ✸✺✾✾ ✸✾✽✻ ✸✽✼✽ ✷✺✽✻ ✺✼✾✺✸✵

1 December 2008
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❋✐❣✉r❡ ✺✳✷✻✿ ❈❛♦r❧❡ ✭❱❊✮✱ ❉❡❝❡♠❜❡r ✷✵✵✽✿ st❛t✐❝ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧ r❡s✉❧ts ✭❧❡❢t✮✱ ❝♦♠♣❛r✐s♦♥

❜❡t✇❡❡♥ st❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝ ♠♦❞❡❧ r❡s✉❧ts ✐♥ t❡r♠s ♦❢ ✐♥✉♥❞❛t❡❞ ❛r❡❛s
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❈❤❛♣t❡r ✻

❊①t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥

✻✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ♣r♦❞✉❝❡ ❧♦❝❛❧ ✐♥✉♥❞❛t✐♦♥ ♠❛♣s ❢♦r s♦♠❡ str❡t❝❤❡s ♦❢ t❤❡ ❱❡♥❡t✐❛♥

❧✐tt♦r❛❧✱ t❤❛t s❤♦✇ t❤❡ ❛♥♥✉❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡①❝❡❡❞❛♥❝❡ ❢♦r ❛ ❣✐✈❡♥ ✢♦♦❞ ❧❡✈❡❧✳ ❚♦ ❛❝❤✐❡✈❡ t❤❡

❛✐♠✱ t❤❡ ❋❖❘▼ ❛♥❛❧②s✐s ✐s ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧ ♣r♦♣♦s❡❞ ✐♥ ❝❤❛♣t❡r ✸✳ ❚❤❡

✐♥✈❡st✐❣❛t❡❞ ❧✐tt♦r❛❧ ✐s ✜rst❧② ❞❡s❝r✐❜❡❞ t❤r♦✉❣❤ ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣

♠❛✐♥ ❣r♦✉♣s✿

❼ ♣❤②s✐❝❛❧ ❝♦♥❞✐t✐♦♥s ✭s❤♦r❡✲❢❛❝❡ ✇✐❞t❤✱ ✇✐❞t❤ ❛♥❞ ❤❡✐❣❤t ♦❢ t❤❡ ❡♠❡r❣❡❞ ❜❡❛❝❤✱ ♠❡❛♥

❣r❛✐♥ s✐③❡ ❛♥❞ ♣r❡ss✉r❡ ♦❢ t❤❡ ✉s❡✮ t❤❛t ❝❤❛r❛❝t❡r✐s❡ t❤❡ ❜❡❛❝❤ s②st❡♠ ✐♥ t❡r♠s ♦❢ ❛❝✲

❝♦♠♠♦❞❛t✐♦♥ ❛♥❞ ♠✐t✐❣❛t✐♦♥ ❝❛♣❛❝✐t② ❛❣❛✐♥st t❤❡ ✐♥✉♥❞❛t✐♦♥❀

❼ ❝♦❛st❧✐♥❡ ❡✈♦❧✉t✐♦♥ ✭r❡❝❡♥t ❛♥❞ ❤✐st♦r✐❝❛❧ s❤♦r❡❧✐♥❡ tr❡♥❞s ❛♥❞ s❤♦r❡✲❢❛❝❡ ❡✈♦❧✉t✐♦♥✮ t❤❛t

✐♥❞✐❝❛t❡s t❤❡ ❜❡❛❝❤ s②st❡♠ ❜❡❤❛✈✐♦✉r ✇✐t❤✐♥ s❤♦rt ❛♥❞ ❧♦♥❣ t❡r♠s❀

❼ s✉❜s✐❞❡♥❝❡ ♦❢ t❤❡ ❝♦❛st❛❧ t❡rr✐t♦r② t❤❛t ❛✛❡❝ts ❝♦❛st❛❧ s✉❜♠❡rs✐♦♥❀

❼ t②♣♦❧♦❣✐❡s ♦❢ t❤❡ ❞❡❢❡♥❝❡ str✉❝t✉r❡s ❛❧♦♥❣ t❤❡ ❝♦❛st ❛♥❞ ✐♥❧❛♥❞ t❤❛t ✐❞❡♥t✐❢② t❤❡ ❜❡❛❝❤

♣❛ss✐✈❡ ♠✐t✐❣❛t✐♦♥ ❛♥s✇❡r t♦ ✢♦♦❞❀

❼ ♠❛r✐♥❡✲✇❡❛t❤❡r ❝♦♥❞✐t✐♦♥s✱ t❤❛t ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣♦rt❛♥❝❡ ❢♦r ❝❤❛r❛❝t❡r✐s✐♥❣ t❤❡

❤❛③❛r❞ t♦ t❤❡ ❡①tr❡♠❡ ❡✈❡♥t ✭❡✳❣✳ ❢♦r ❝♦❛st❛❧ ✢♦♦❞✐♥❣✿ s✐❣♥✐✜❝❛♥t ✇❛✈❡ ❤❡✐❣❤t Hs✱ ♣❡❛❦

♣❡r✐♦❞ Tp✱ s❡❛ ❧❡✈❡❧ ζ ❛♥❞ st♦r♠ ❞✉r❛t✐♦♥✮✳

❚❤❡♥ t❤❡ ✇❤♦❧❡ ♠❡t❤♦❞♦❧♦❣② ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧ ✭st❡♣ ❜② st❡♣ ♣r♦❝❡❞✉r❡✮ ❛♥❞ ❛♣♣❧✐❡❞ t♦

t❤r❡❡ str❡t❝❤❡s ♦❢ ❝♦❛st ✐♥ t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧✳ ❋✐♥❛❧❧②✱ ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡

❣❧♦❜❛❧ ♠❡❛♥ s❡❛ ❧❡✈❡❧ r✐s❡ ❜❛s❡❞ ♦♥ t❤❡ ❙t♦❝❦❡r ❡t ❛❧✳ ✭✷✵✶✸✮ r❡♣♦rt ✐s ❛❝❤✐❡✈❡❞✳

✻✳✷ ❚❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧

❚❤❡ ❱❡♥❡t✐❛♥ ❝♦❛st❧✐♥❡ ✭❋✐❣✳ ✻✳✶✮ ✐s ✶✻✵ ❦♠ ❧♦♥❣ ❛♥❞ ❢❛❝❡s t❤❡ ◆♦rt❤❡r♥ ❆❞r✐❛t✐❝ ❙❡❛✳ ❚❤❡

❝♦❛st❧✐♥❡✬s ❜♦r❞❡rs ❛r❡ t❤❡ ♠♦✉t❤ ♦❢ t❤❡ ❘✐✈❡r ❚❛❣❧✐❛♠❡♥t♦ t♦ t❤❡ ◆♦rt❤ ❛♥❞ t❤❡ ♠♦✉t❤ ♦❢ t❤❡

❘✐✈❡r P♦ ❞✐ ●♦r♦ t♦ t❤❡ ❙♦✉t❤✳ ■t s✉❜❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♣r♦✈✐♥❝❡s ❛♥❞ t❡♥ ❝♦❛st❛❧ ♠✉♥✐❝✐♣❛❧✐t✐❡s✳

❚❤❡ ❱❡♥❡t✐❛♥ ❝♦❛st❧✐♥❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❧♦✇ ❜❡❛❝❤❡s✱ ❧❛❣♦♦♥s ✭✐✳❡✳ ❈❛♦r❧❡✱ ❱❡♥✐❝❡ ❛♥❞ P♦

❘✐✈❡r ❉❡❧t❛✮ ❛♥❞ t❤❡ ♠♦✉t❤s ♦❢ s❡✈❡♥ r✐✈❡rs✿ t❤❡ ❚❛❣❧✐❛♠❡♥t♦✱ ▲✐✈❡♥③❛✱ P✐❛✈❡✱ ❙✐❧❡✱ ❇r❡♥t❛✱

❆❞✐❣❡✱ ❛♥❞ P♦✳
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✻✳ ❊①t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥
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❋✐❣✉r❡ ✻✳✶✿ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧ ❛♥❞ ✐ts s✉❜❞✐✈✐s✐♦♥ ✐♥t♦ ❝♦❛st❛❧ ❝❡❧❧s

❆❧♦♥❣ t❤❡ ✶✵✵ ❦♠ str❡t❝❤ ♦❢ ❝♦❛st ❢r♦♠ t❤❡ ♠♦✉t❤ ♦❢ t❤❡ ❘✐✈❡r ❚❛❣❧✐❛♠❡♥t♦ t♦ t❤❡ P♦rt♦ ❈❛✲

❧❡r✐ ✐♥❧❡t ✭❘✉♦❧ ❡t ❛❧✳ ✷✵✶✻✮ ❧✐❡ ❛ ✈❛st ♥✉♠❜❡r ♦❢ ❛r❡❛s ✇✐t❤ ❛ ❤✐❣❤ t♦✉r✐st ✈❛❧✉❡ ✭❡✳❣✳ ❇✐❜✐♦♥❡✱
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✻✳ ❊①t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥

❈❛♦r❧❡✱ ❏❡s♦❧♦✱ ▲✐❞♦ ❞✐ ❱❡♥❡③✐❛✱ ❙♦tt♦♠❛r✐♥❛✮✳ ▼❛♥② ♦❢ t❤❡♠ ❛r❡ ♣r♦t❡❝t❡❞ ❜② ❝♦❛st❛❧ str✉❝✲

t✉r❡s ✭❡✳❣✳ ❣r♦✐♥s✱ s❡❛✇❛❧❧s✱ ❜r❡❛❦✇❛t❡rs✮✱ ❛♥❞ ❢❡✇ ❛r❡ ❢r❡❡ ♦❢ ✉r❜❛♥ s❡tt❧❡♠❡♥ts ✭❡✳❣✳ ❱❛❧❧❡

❱❡❝❝❤✐❛✮✳ ❖♥❧② ❛ ❢❡✇✱ ♠❛✐♥❧② ❞✐s❝♦♥t✐♥✉♦✉s ❞✉♥❡ s②st❡♠s ❝❛♥ ❜❡ ❢♦✉♥❞ ❛❧♦♥❣ t❤❡ ❝♦❛st ❜❡✲

❝❛✉s❡ t❤❡② ✇❡r❡ ❞❡str♦②❡❞ ❛t ✈❛r✐♦✉s t✐♠❡s ✐♥ t❤❡ ♣❛st✳

❚❤❡ r❡♠❛✐♥✐♥❣ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧ ❝♦♠♣r✐s❡s t❤❡ P♦ ❉❡❧t❛✱ ✇❤✐❝❤ ❝♦✈❡rs ✻✶✵ ❦♠2 ❛♥❞ ❤❛s ✻✵

❦♠ ♦❢ ❝♦❛st str❡t❝❤✐♥❣ ❢r♦♠ t❤❡ P♦rt♦ ❈❛❧❡r✐ ✐♥❧❡t t♦ t❤❡ ♠♦✉t❤ ♦❢ t❤❡ ❘✐✈❡r P♦ ❞✐ ●♦r♦✳ ❚❤❡

❛❝t✐✈❡ r✐✈❡r ❜r❛♥❝❤❡s ♦❢ t❤❡ ❘✐✈❡r P♦ ❛r❡ ✭❢r♦♠ ◆♦rt❤ t♦ ❙♦✉t❤✮ P♦ ❞✐ ▼❛✐str❛✱ P♦ ❞✐ P✐❧❛✱

P♦ ❞✐ ❚♦❧❧❡✱ P♦ ❞✐ ●♥♦❝❝❛ ❛♥❞ P♦ ❞✐ ●♦r♦✳ ❚❤❡ ❝♦❛st❛❧ ❢r✐♥❣❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ s❡q✉❡♥❝❡

♦❢ ❧♦✇ s❛♥❞② ❛♥❞ ✈✉❧♥❡r❛❜❧❡ ❜❛rr✐❡r ✐s❧❛♥❞s✱ ❜❡❛❝❤❡s ❛♥❞ s♣✐ts t❤❛t s❡♣❛r❛t❡ ❧❛❣♦♦♥s✱ ✜s❤✐♥❣

✈❛❧❧❡②s✱ ❜❛②s✱ t✐❞❛❧ ✢❛ts ❛♥❞ ♠❛rs❤❡s ❢r♦♠ t❤❡ s❡❛✳ ■♥❧❛♥❞✱ ❣r♦✉♥❞ ❡❧❡✈❛t✐♦♥ ✐s ❛❧♠♦st ❝♦♠✲

♣❧❡t❡❧② ❜❡❧♦✇ s❡❛ ❧❡✈❡❧ ✭❧♦❝❛❧❧② ✲✷✳✺✴✲✸✳✵ ♠✳s✳❧✳✮✱ ❝♦♥s❡q✉❡♥t❧② t❤❡ r✐s❦ ♦❢ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ✐s

✈❡r② ❤✐❣❤✳ ❚❤❡ ♠♦r♣❤♦❧♦❣✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ P♦ ❉❡❧t❛ ♠❛❦❡ ✐t ■t❛❧②✬s ❧❛r❣❡st ✇❡t❧❛♥❞✱

❛s ✇❡❧❧ ❛s ♣❛rt✐❝✉❧❛r❧② ✉♥st❛❜❧❡ ❛♥❞ ✈❡r② ❢r❛❣✐❧❡ ✇❤❡♥ s✉❜❥❡❝t❡❞ t♦ ❤✉♠❛♥ ♣r❡ss✉r❡✳

❚❤❡ ◆♦rt❤❡r♥ ❆❞r✐❛t✐❝ ❝♦❛st ✐s s✉❜❥❡❝t t♦ r❛♣✐❞❧② ❡✈♦❧✈✐♥❣ ♣r❡ss✉r❡s ❢r♦♠ ❛ r❛♥❣❡ ♦❢ ❞r✐✈❡rs✱

✐♥❝❧✉❞✐♥❣ ♥❛t✉r❛❧ ❛♥❞ ❛♥t❤r♦♣♦❣❡♥✐❝ ♦♥❡s✿ r❛♣✐❞ ♠♦r♣❤♦❧♦❣✐❝❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ P♦ r✐✈❡r ❉❡❧t❛

✭❙✐♠❡♦♥✐ ❛♥❞ ❈♦r❜❛✉ ✷✵✵✾✮✱ ❤✉♠❛♥✲✐♥❞✉❝❡❞ s✉❜s✐❞❡♥❝❡ ❝❛✉s❡❞ ❜② ✢✉✐❞ ✇✐t❤❞r❛✇❛❧ ✭❈❛r✲

❜♦❣♥✐♥ ❡t ❛❧✳ ✷✵✵✹✮✱ ❝❤❛♥❣✐♥❣ ✇❛✈❡ ❝❧✐♠❛t❡ ✭P♦♠❛r♦ ❡t ❛❧✳ ✷✵✶✼✮✳ ❋♦r ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣

♦❢ s❡❞✐♠❡♥t tr❛♥s♣♦rt ♣❛tt❡r♥s ❘✉♦❧ ❡t ❛❧✳ ✭✷✵✶✻✮ ✐♥tr♦❞✉❝❡❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ✏s❡❞✐♠❡♥t ❝❡❧❧s✑✳

❚❤❡s❡ ❝❡❧❧s ❛r❡ str❡t❝❤❡s ♦❢ ❝♦❛st ✇✐t❤ s✐♠✐❧❛r ❝❤❛r❛❝t❡r✐st✐❝s ❜♦r❞❡r❡❞ ❜② ♠♦r♣❤♦❧♦❣✐❝❛❧ ❢❡❛✲

t✉r❡s✱ s✉❝❤ ❛s r✐✈❡r ♠♦✉t❤s✱ ✐♥❧❡ts ❛♥❞ ♣♦rt ❞❛♠s✱ ♠❡❛♥✐♥❣ t❤❛t✱ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♠❛❥♦r

♦❜st❛❝❧❡s t♦ ❧♦♥❣✲s❤♦r❡ ❝✉rr❡♥ts✱ s❡❞✐♠❡♥t ✐s r❡❧❛t✐✈❡❧② ❢r❡❡ t♦ ♠♦✈❡ ✐♥s✐❞❡ t❤❡ ♠♦r♣❤♦❧♦❣✐❝❛❧

❢❡❛t✉r❡✳ ❚❤❡ ❱❡♥❡t✐❛♥ ❝♦❛st ❝❛♥ ❜❡ s✉❜❞✐✈✐❞❡❞ ✐♥t♦ ✷✵ ❤♦♠♦❣❡♥❡♦✉s ❧✐tt♦r❛❧ ❝❡❧❧s ✭❋✐❣✳ ✻✳✶✱

❚❛❜❧❡ ✻✳✶✮ s❡♣❛r❛t❡❞ ❜② ✐♥❧❡ts ♦r t❤❡ ♠♦✉t❤s ♦❢ r✐✈❡rs ✭❢r♦♠ ◆♦rt❤ t♦ ❙♦✉t❤✮ ❚❛❣❧✐❛♠❡♥t♦✱

❇♦❝❝❛ ❞✐ P♦rt♦ ❇❛s❡❧❡❣❤❡✱ ❇♦❝❝❛ ❞✐ ❋❛❧❝♦♥❡r❛✱ ▲✐✈❡♥③❛✱ P✐❛✈❡✱ ❙✐❧❡✱ ❇♦❝❝❛ ❞✐ ▲✐❞♦✱ ❇♦❝❝❛ ❞✐

▼❛❧❛♠♦❝❝♦✱ ❇♦❝❝❛ ❞✐ ❈❤✐♦❣❣✐❛✱ ❇r❡♥t❛✱ ❆❞✐❣❡✱ ❇♦❝❝❛ ❞✐ ❈❛❧❡r✐✱ ❇♦❝❝❛ ❞✐ P♦rt♦ ▲❡✈❛♥t❡✱ P♦

❞✐ ▼❛✐str❛✱ ❇✉s❛ ❚r❛♠♦♥t❛♥❛✱ ❇✉s❛ ❉r✐tt❛✱ ❇✉s❛ ❞✐ ❙❝✐r♦❝❝♦✱ ❇✉s❛ ❙t♦r✐♦♥❛✱ P♦ ❞✐ ❚♦❧❧❡✱ P♦

❞✐ ●♥♦❝❝❛✱ ❛♥❞ P♦ ❞✐ ●♦r♦ ✭❘✉♦❧ ❡t ❛❧✳ ✷✵✶✻✮✳

❚❤❛♥❦s t♦ t❤❡ ✇♦r❦ ♣r❡s❡♥t❡❞ ❜② ❘✉♦❧ ❡t ❛❧✳ ✭✷✵✶✻✮✱ ✉s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❞❛t❛ ❢♦r t❤❡

❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧ ✇❡r❡ ❝♦❧❧❡❝t❡❞✱ ❤❛r♠♦♥✐s❡❞ ❛♥❞ st♦r❡❞ ✐♥ ❛ s✐♥❣❧❡ ❣❡♦❣r❛♣❤✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥

s②st❡♠ ✭❝❛❧❧❡❞ ❈♦❛st❛❧ ●■❙✮✳ ❚❤❡s❡ ✐♥❢♦r♠❛t✐♦♥s ❝♦♠♣r✐s❡ ♦✛s❤♦r❡ ❛♥❞ ♥❡❛r✲s❤♦r❡ ✇❛✈❡ ❝❤❛r✲

❛❝t❡r✐st✐❝s✱ s❡❞✐♠❡♥t ❣r❛✐♥ s✐③❡✱ t♦♣♦❣r❛♣❤✐❝ ❛♥❞ ❜❛t❤②♠❡tr✐❝ s✉r✈❡②s ♦✈❡r ❛ r❛♥❣❡ ♦❢ t✐♠❡

✭❜❛t❤②♠❡tr②✿ ✷✵✵✺✱ ✷✵✵✼✴✷✵✵✽✱ ✷✵✶✵✱ ✷✵✶✷✴✷✵✶✹✱ ❉❚▼✿ ✷✵✵✽✱ ✷✵✶✷✴✷✵✶✸✮✱ s✉❜s✐❞❡♥❝❡ r❛t❡

✭✶✾✾✷✲✷✵✵✵ ❛♥❞ ✷✵✵✷✲✷✵✶✵✮✱ s❤♦r❡❧✐♥❡ ♣♦s✐t✐♦♥ ✭❢r♦♠ ♦rt❤♦♣❤♦t♦✿ ✶✾✽✸✱ ✷✵✵✵✱ ✷✵✵✸✱ ✷✵✶✷✮✱

✢♦♦❞✐♥❣ r✐s❦ ♠❛♣s ✭❢r♦♠ ✷✵✵✼✴✻✵✴❊❈ ❞✐r❡❝t✐✈❡✮✱ r❛t❡ ❛♥❞ ❞✐r❡❝t✐♦♥ ♦❢ ❧♦♥❣✲s❤♦r❡ s❡❞✐♠❡♥t

tr❛♥s♣♦rt✱ s✉❜s✐❞❡♥❝❡✱ r✐✈❡r s❡❞✐♠❡♥t tr❛♥s♣♦rt ♦❢ t❤❡ ♠❛✐♥ r✐✈❡rs ✭❚❛❣❧✐❛♠❡♥t♦✱ P✐❛✈❡✱ ❇r❡♥t❛✱

❆❞✐❣❡✱ ❛♥❞ P♦✮✱ s❡❞✐♠❡♥t ❜✉❞❣❡t r❡s✉❧ts✱ ✈❛❧✉❡ ♦❢ t❤❡ ❛r❡❛ ✐♥ ❣❡♥❡r❛❧ ✭✐✳❡✳ ❡♥✈✐r♦♥♠❡♥t❛❧ r❡❧✲

❡✈❛♥❝❡✱ ✉r❜❛♥ ❛♥❞ t♦✉r✐st ♣r❡ss✉r❡✱ ❧♦❝❛❧ ❡❝♦♥♦♠②✱ ❝✉❧t✉r❛❧ ❤❡r✐t❛❣❡✱ ❡t❝✳✮ ❛♥❞ ❛ ❝❛t❛❧♦❣✉❡

♦❢ ❛r❡❛s ✇✐t❤ s♣❡❝✐❛❧ ❧❡❣❛❧ ♣r♦t❡❝t✐♦♥ ♦r r❡❣✉❧❛t✐♦♥✱ ❡①✐st✐♥❣ s❤♦r❡ ♣r♦t❡❝t✐♦♥ str✉❝t✉r❡s ❛♥❞

♥♦✉r✐s❤♠❡♥t✴❞r❡❞❣✐♥❣ ❝❛rr✐❡❞ ♦✉t✳

❚❛❜❧❡ ✻✳✷ s❤♦✇s t❤❡ ❛✈❡r❛❣❡ s❡❞✐♠❡♥t s✐③❡ ❢♦r ❡❛❝❤ ❧✐tt♦r❛❧ ❝❡❧❧ ❛t ❞✐✛❡r❡♥t ❞❡♣t❤s✳ ■♥ ❣❡♥❡r❛❧✱

s❡❞✐♠❡♥t ♦♥ t❤❡ ❱❡♥❡t♦ ❝♦❛st ✐s ✜♥❡ s❛♥❞✱ ✇✐t❤ ❣r❛✐♥ ❞✐❛♠❡t❡r r❛♥❣✐♥❣ ❜❡t✇❡❡♥ ✵✳✶✷ ❛♥❞ ✵✳✷✺

♠♠✳ ❆s ❡①♣❡❝t❡❞✱ ❣r❛✐♥ s✐③❡ ✐s ❝♦❛rs❡r ♥❡❛r t❤❡ s❤♦r❡❧✐♥❡ ❛♥❞ ❞❡❝r❡❛s❡s s❡❛✇❛r❞s✳ ❉❡✈✐❛t✐♦♥s

♦❝❝✉r ✐s s♦♠❡ ♣❧❛❝❡s✱ ❡✳❣✳ ❘❖✽✱ ✇❤❡r❡ r✐✈❡rs tr❛♥s♣♦rt ✜♥❡ s❡❞✐♠❡♥t t❤❛t ♠❛② ❞❡♣♦s✐t ✐♥ t❤❡

♥❡❛r✲s❤♦r❡ ③♦♥❡✳

❚❤❡ s♣❛t✐❛❧ ♣❛tt❡r♥ ♦❢ t❤❡ ♥❡t ❧♦♥❣✲s❤♦r❡ s❡❞✐♠❡♥t tr❛♥s♣♦rt ♣r❡s❡♥t❡❞ ✐♥ ❘✉♦❧ ❡t ❛❧✳ ✭✷✵✶✻✮

✼✺



✻✳ ❊①t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥

❝♦♥t❛✐♥s ❞✐✈❡r❣❡♥❝❡ ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ❛r❡❛s t❤❛t s❡♣❛r❛t❡ ❛r❡❛s ✇✐t❤ ♦♣♣♦s✐t❡❧② ❞✐r❡❝t❡❞ ♥❡t

s❡❞✐♠❡♥t ✢✉①❡s ✭❋✐❣✳ ✻✳✷✮✳ ❉✐✈❡r❣❡♥❝❡ ♣♦✐♥ts ❛r❡ ❧♦❝❛t❡❞ ✐♥ ❢r♦♥t ♦❢ t❤❡ ♠♦✉t❤s ♦❢ t❤❡ t✇♦

♠❛✐♥ r✐✈❡rs ✭❆❞✐❣❡ ❛♥❞ P♦✮✳ ❈♦♥✈❡r❣❡♥❝❡ ♣♦✐♥ts ❛r❡ ❛t ❇♦❝❝❛ ❞✐ ▲✐❞♦ ❛♥❞ ❇♦❝❝❛ ❞✐ ❈❛❧❡r✐✳

❚❤❡ ❧❛tt❡r✱ ♣❧❛❝❡❞ ❜❡t✇❡❡♥ ❝❡❧❧ ❘❖✶ ❛♥❞ ❘❖✷✱ ✐s ❛ ❤✐❣❤❧② ♣❡rs✐st❡♥t ♣♦✐♥t ♦❢ ❝♦♥✈❡r❣❡♥❝❡

❢♦r ♥❡t tr❛♥s♣♦rt ❛♥❞ t❤✉s ❛ ❧✐❦❡❧② ❞❡♣♦s✐t✐♦♥ ❛r❡❛ ✭✈♦❧✉♠❡ ∼ ✶✵✵✱✵✵✵ ♠3✴②❡❛r✮✳ ❚❤❡ ♠♦st

❞②♥❛♠✐❝ ③♦♥❡ ✐s t❤❡ P♦ ❉❡❧t❛ ❛r❡❛✱ ✇❤✐❝❤ ❤❛s ❛ s②♠♠❡tr✐❝ ♠♦r♣❤♦❧♦❣② ✇✐t❤ ❛ ❞✐✈❡r❣❡♥❝❡ ♥❡t

s❡❞✐♠❡♥t tr❛♥s♣♦rt ♦❢ ∼ ✷✵✵✱✵✵✵ ♠3✴②❡❛r✳

❚❛❜❧❡ ✻✳✶✿ ▲✐tt♦r❛❧ ❝❡❧❧ ❜♦✉♥❞❛r② ✐♥ t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧

❈❡❧❧ ◆❛♠❡ ◆♦rt❤ ❜♦✉♥❞ ❙♦✉t❤ ❜♦✉♥❞

❱❊✶ ❇✐❜✐♦♥❡ ❚❛❣❧✐❛♠❡♥t♦ P♦rt♦ ❇❛s❡❧❡❣❤❡

❱❊✷ ❱❛❧❧❡ ❱❡❝❝❤✐❛ P♦rt♦ ❇❛s❡❧❡❣❤❡ ❋❛❧❝♦♥❡r❛

❱❊✸ ❈❛♦r❧❡ ❋❛❧❝♦♥❡r❛ ▲✐✈❡♥③❛

❱❊✹ ❊r❛❝❧❡❛ ▲✐✈❡♥③❛ P✐❛✈❡

❱❊✺ ❏❡s♦❧♦ P✐❛✈❡ ❙✐❧❡

❱❊✻ ❈❛✈❛❧❧✐♥♦✲❚r❡♣♦rt✐ ❙✐❧❡ ❇♦❝❝❛ ❞✐ ▲✐❞♦

❱❊✼ ▲✐❞♦ ❞✐ ❱❡♥❡③✐❛ ❇♦❝❝❛ ❞✐ ▲✐❞♦ ❇♦❝❝❛ ❞✐ ▼❛❧❛♠♦❝❝♦

❱❊✽ P❡❧❧❡str✐♥❛ ❇♦❝❝❛ ❞✐ ▼❛❧❛♠♦❝❝♦ ❇♦❝❝❛ ❞✐ ❈❤✐♦❣❣✐❛

❱❊✾ ❙♦tt♦♠❛r✐♥❛ ❇♦❝❝❛ ❞✐ ❈❤✐♦❣❣✐❛ ❋♦❝❡ ❇r❡♥t❛

❱❊✶✵ ■s♦❧❛ ❱❡r❞❡ ❇r❡♥t❛ ❆❞✐❣❡

❘❖✶ ❘♦s♦❧✐♥❛ ❆❞✐❣❡ ❇♦❝❝❛ ❞✐ ❈❛❧❡r✐

❘❖✷ ■s♦❧❛ ❆❧❜❛r❡❧❧❛ ❇♦❝❝❛ ❞✐ ❈❛❧❡r✐ P♦rt♦ ❞✐ ▲❡✈❛♥t❡

❘❖✸ ❙❝❛♥♥♦ ❈❛✈❛❧❧❛r✐ P♦rt♦ ❞✐ ▲❡✈❛♥t❡ P♦ ❞✐ ▼❛✐str❛

❘❖✹ ❙❝❛♥♥♦ ❇♦❝❝❛s❡tt❡ P♦ ❞✐ ▼❛✐str❛ ❇✉s❛ ❞✐ ❚r❛♠♦♥t❛♥❛

❘❖✺ ❙❝❛♥♥♦ ❞❡❧❧❛ ❇❛tt❡r✐❛ ❇✉s❛ ❞✐ ❚r❛♠♦♥t❛♥❛ ❇✉s❛ ❉r✐tt❛

❘❖✻ ❙❝❛♥♥♦ ❇♦❛ ❇✉s❛ ❉r✐tt❛ ❇✉s❛ ❞✐ ❙❝✐r♦❝❝♦

❘❖✼ ❙❝❛♥♥♦ ❞❡❧ ❈❛♥❛r✐♥ ❇✉s❛ ❞✐ ❙❝✐r♦❝❝♦ ❇✉s❛ ❙t♦r✐♦♥❛

❘❖✽ ❙❝❛♥♥♦ ❇❛rr✐❝❛t❛ ❇✉s❛ ❙t♦r✐♦♥❛ P♦ ❞✐ ❚♦❧❧❡

❘❖✾ ❙❝❛♥♥♦ ❙❝❛r❞♦✈❛r✐ P♦ ❞✐ ❚♦❧❧❡ P♦ ❞✐ ●♥♦❝❝❛

❘❖✶✵ ❙❝❛♥♥♦ ❞❡❧ ❇❛❝✉❝❝♦ P♦ ❞✐ ●♥♦❝❝❛ P♦ ❞✐ ●♦r♦

❙✉❜s✐❞❡♥❝❡ ❛❧♦♥❣ t❤❡ ❝♦❛st ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♥❛t✉r❛❧ ❝❛✉s❡s r❡❧❛t❡❞ t♦ t❤❡ ❛r❡❛✬s ❣❡♦❧♦❣✐❝❛❧

❤✐st♦r② ✭❡✳❣✳ s❡❞✐♠❡♥t ❝♦♥s♦❧✐❞❛t✐♦♥✮ ❛♥❞ ✇✐t❤ ❛♥t❤r♦♣♦❣❡♥✐❝ ❛❝t✐✈✐t✐❡s✱ ♠❛✐♥❧② ✢✉✐❞ ✇✐t❤✲

❞r❛✇❛❧✳ ❚❤❡ s✉❜s✐❞❡♥❝❡ ✐♥ t❤❡ ◆♦rt❤❡r♥ ♣❛rt ✐s ❡q✉❛❧ t♦ ✶✲✷ ♠♠✴②❡❛r ❛♥❞ ✐s ♠❛✐♥❧② r❡❧❛t❡❞ t♦

♥❛t✉r❛❧ ❝❛✉s❡s✳ ❚❤❡ s✉❜s✐❞❡♥❝❡ ✐♥ t❤❡ P♦ ❉❡❧t❛ ✐s ♠✉❝❤ ❧❛r❣❡r ❛♥❞ r❛♥❣❡s ❢r♦♠ ✸✲✺ ♠♠✴②❡❛r✱

✇✐t❤ ✐t ❜❡✐♥❣ ❧✐♥❦❡❞ t♦ ❜♦t❤ ♥❛t✉r❛❧ ❛♥❞ ❛♥t❤r♦♣♦❣❡♥✐❝ ❝❛✉s❡s✳

❆❢t❡r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❡✈❡r② s♦✉r❝❡ t❡r♠ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s❡❞✐♠❡♥t ❜❛❧❛♥❝❡ ❢♦r

❡❛❝❤ ❧✐tt♦r❛❧ ❝❡❧❧✱ ❘✉♦❧ ❡t ❛❧✳ ✭✷✵✶✻✮ ❞r❛✇♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❧✉s✐♦♥s ♦♥ ✿ ∼ ✺✽ ❦♠ ♦❢ ❝♦❛st❧✐♥❡

❤❛✈❡ ❛ ❞❡♣♦s✐t✐♦♥❛❧ ❜❡❤❛✈✐♦✉r ✇✐t❤ ❛ ✈♦❧✉♠❡ ❃ ✶✵✱✵✵✵ ♠3✴②❡❛r❀ ∼ ✻✷ ❦♠ ♦❢ ❝♦❛st❧✐♥❡ ❤❛✈❡

❛♥ ❡r♦s✐✈❡ ❜❡❤❛✈✐♦✉r ✇✐t❤ ❛ ✈♦❧✉♠❡ ❁ ✲✶✵✱✵✵✵ ♠3✴②❡❛r❀ ❛♥❞ ∼ ✶✾ ❦♠ ♦❢ ❝♦❛st❧✐♥❡ ❛r❡ ❛❧♠♦st

st❛❜❧❡✱ ✇✐t❤ ❛ ✈♦❧✉♠❡ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ➧✶✵✱✵✵✵ ♠3✴②❡❛r✳

✼✻



✻✳ ❊①t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥

❚❛❜❧❡ ✻✳✷✿ ❱❛❧✉❡s ♦❢ s❡❞✐♠❡♥t ❞✐❛♠❡t❡r ✭❞50 ♠♠✮ s❛♠♣❧❡❞ ❛t ❞✐✛❡r❡♥t ❞❡♣t❤s

❈❡❧❧ ✵♠✴✲✷♠ ✲✷♠✴✲✹♠ ✲✹♠✴✲✻♠ ✲✷♠✴✲✹♠ ✲✹♠✴✲✻♠ ❁✲✻♠

❱❊✶ ✵✳✸✷✸ ✲ ✲ ❘❖✶ ✵✳✶✾ ✵✳✶✾✶ ✵✳✶✷✾

❱❊✷ ✵✳✶✼✸ ✲ ✲ ❘❖✷ ✵✳✶✸✾ ✵✳✶✷✻ ✵✳✶✶

❱❊✸ ✵✳✶✼✺ ✵✳✷✸✺ ✵✳✶✶✽ ❘❖✸ ✵✳✶✹✸ ✵✳✶✽✺ ✵✳✶✹✷

❱❊✹ ✵✳✷✵✺ ✵✳✶✼✸ ✵✳✶✹✸ ❘❖✹ ✵✳✶✼✸ ✵✳✷✵✽ ✵✳✶✸✸

❱❊✺ ✵✳✶✺✸ ✵✳✷✻✽ ✵✳✶✶✽ ❘❖✺ ✵✳✷✸✹ ✵✳✷✸ ✵✳✶✵✶

❱❊✻ ✲ ✵✳✷✸✺ ✵✳✷✶✸ ❘❖✻ ✵✳✷✼✸ ✵✳✷✺✽ ✵✳✷✵✼

❱❊✼ ✵✳✶✽✶ ✲ ✵✳✶✽✻ ❘❖✼ ✵✳✶✻✼ ✵✳✶✹✽ ✵✳✶✸✷

❱❊✽ ✲ ✲ ✲ ❘❖✽ ✵✳✵✻✽ ✵✳✶✾✼ ✵✳✶

❱❊✾ ✲ ✵✳✶✹✹ ✵✳✶✻✽ ❘❖✾ ✵✳✶✹✹ ✵✳✶✹✻ ✲

❱❊✶✵ ✲ ✲ ✲ ❘❖✶✵ ✲ ✲ ✲
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❋✐❣✉r❡ ✻✳✷✿ ▲♦♥❣✲s❤♦r❡ s❡❞✐♠❡♥t tr❛♥s♣♦rt ❢♦r t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧ ✭❢r♦♠ ❘✉♦❧ ❡t ❛❧✳ ✷✵✶✽✮

✼✼



✻✳ ❊①t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥

✻✳✸ ▼❛r✐♥❡ ❧♦❛❞s ✐♥ t❤❡ ◆♦rt❤❡r♥ ❆❞r✐❛t✐❝ ❙❡❛

❚❤❡ ❆❞r✐❛t✐❝ ❙❡❛ ✐s r❡❝t❛♥❣✉❧❛r✲s❤❛♣❡❞✱ ✐s ❛❜♦✉t ✼✺✵ ❦♠ ❧♦♥❣ ❛♥❞ ✷✵✵ ❦♠ ✇✐❞❡✱ ❛♥❞ ✐t ✐s ❝♦♥✲

♥❡❝t❡❞ t♦ t❤❡ ▼❡❞✐t❡rr❛♥❡❛♥ ❙❡❛ ❛t ✐ts ❙♦✉t❤❡r♥ ❡♥❞ ❜② t❤❡ ❙tr❛✐t ♦❢ ❖tr❛♥t♦✱ ✇❤✐❝❤ ✐s ❛❜♦✉t

✽✵ ❦♠ ✇✐❞❡✳ ■ts ❞❡♣t❤ ✐s r❛t❤❡r ❧✐♠✐t❡❞ ✐♥ t❤❡ ◆♦rt❤❡r♥ ♣❛rt✱ ✇❤❡r❡ t❤❡ ❜♦tt♦♠ ❞❡s❝❡♥❞s

s♦✉t❤✲❡❛st✇❛r❞s ✇✐t❤ ❛♥ ✶ ✐♥ ✶✵✵✵ s❧♦♣❡✳

❋✐❣✉r❡ ✻✳✸✿ ❖❝❡❛♥♦❣r❛♣❤✐❝ t♦✇❡r ✧❆❝q✉❛ ❆❧t❛✧

❚❤❡ ❆❞r✐❛t✐❝ ❝♦❛st ✐s ♣❧❛❣✉❡❞ ❜② ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❤✐❣❤ ✇❛✈❡s ❛♥❞ st♦r♠ s✉r❣❡s✱ ✇❤✐❝❤ ❛r❡

r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ✢♦♦❞✐♥❣ ♦❢ ❝♦❛st❛❧ ❛r❡❛s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❱❡♥✐❝❡ ❛♥❞ ✐ts ❧❛❣♦♦♥✳ ❚❤❡ ❤✐❣❤❡st

s✉r❣❡ ✇❛s ♦♥ ✹ ◆♦✈❡♠❜❡r ✶✾✻✻ ✇❤❡♥ t❤❡ s❡❛ ❧❡✈❡❧ r♦s❡ ❛♣♣r♦①✐♠❛t❡❧② ✶✽✵ ❝♠ ❛❜♦✈❡ t❤❡ ♠❡❛♥

s❡❛ ❧❡✈❡❧ ✭▼❙▲✮ ❛♥❞ ♣❡rs✐st❡❞ ❛❜♦✈❡ t❤❡ ✶✵✵ ❝♠ ♠❛r❦ ❢♦r ♠♦r❡ t❤❛♥ ✶✺ ❤♦✉rs ✭❈❛♥❡str❡❧❧✐

❡t ❛❧✳ ✷✵✵✶✮✳ ❚❤❡ ◆♦rt❤ ❆❞r✐❛t✐❝ ❙❡❛ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t✇♦ ♠❛✐♥ ✇✐♥❞ ✭❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣❧②

✇❛✈❡✮ r❡❣✐♠❡s✱ ✇❤✐❝❤ ❛r❡ ♣r✐♠❛r✐❧② ✐♥✢✉❡♥❝❡❞ ❜② ❧♦❝❛❧ ♦r♦❣r❛♣❤②✳ ❚❤❡ ♣r❡✈❛✐❧✐♥❣ ✇✐♥❞s ❛❧♦♥❣

t❤❡ ❱❡♥❡t✐❛♥ ❝♦❛st❧✐♥❡ ❛r❡ t❤❡ ❇♦r❛ ❛♥❞ t❤❡ ❙❝✐r♦❝❝♦✱ ✇❤✐❝❤ ❜❧♦✇ ❢r♦♠ t❤❡ ◆♦rt❤✲❊❛st ❛♥❞

❙♦✉t❤✲❊❛st r❡s♣❡❝t✐✈❡❧②✳

■♥ t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧ t✇♦ ❞✐✛❡r❡♥t ❞❛t❛s❡ts ♦❢ ✇❛✈❡s ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❚❤❡ ✜rst ❞❛t❛s❡t ❝♦♠❡s

❢r♦♠ ♠❡❛s✉r❡♠❡♥ts ✭✶✾✽✼ ✲ ✷✵✶✼✮ ❛t t❤❡ ♦❝❡❛♥♦❣r❛♣❤✐❝ t♦✇❡r ✧❆❝q✉❛ ❆❧t❛✧ ✭❋✐❣✳ ✻✳✸✮ s✐t✉❛t❡❞

✐♥ ✶✻ ♠ ♦❢ ✇❛t❡r ✭▼▲▲❲✮ ✐♥ t❤❡ ●✉❧❢ ♦❢ ❱❡♥✐❝❡ ✭▲❛t ✹✺➦ ✶✽✬ ✺✶✱✷✼✧ ◆✱ ▲♦♥✿ ✶✷➦ ✸✵✬ ✷✾✱✾✸✧ ❊✮✳

❉✐✛❡r❡♥t ✇❛✈❡ ❣❛✉❣❡s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ s✐♥❝❡ t❤❡ st❛rt ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛t t❤❡ ❆❝q✉❛ ❆❧t❛

r❡s❡❛r❝❤ t♦✇❡r ❛♥❞ t❤❡ ✐♥str✉♠❡♥t s②st❡♠ ❤❛s ❜❡❡♥ ♣r♦❣r❡ss✐✈❡❧② ✉♣❣r❛❞❡❞ ❛♥❞ r❡♣♦s✐t✐♦♥❡❞

❞✉r✐♥❣ ♠❛✐♥t❡♥❛♥❝❡ ♦♣❡r❛t✐♦♥s✳ ❚❤❡ ♠❡❛s✉r❡❞ ❞❛t❛ ✐♥❝❧✉❞❡✿ s✐❣♥✐✜❝❛♥t ✇❛✈❡ ❤❡✐❣❤t Hs ✭♠✮✱

♠❛①✐♠✉♠ ✇❛✈❡ ❤❡✐❣❤t Hmax✱ ♠❡❛♥ ♣❡r✐♦❞ Tm ❛♥❞ ♣❡❛❦ ♣❡r✐♦❞ Ts ✭s✮✱ ♠❡❛♥ ✇❛✈❡ ❞✐r❡❝t✐♦♥

✭➦◆✮✱ s❡❛ ❧❡✈❡❧ ζ ✭♠ r❡❢❡rr❡❞ t♦ P✉♥t❛ ❞❡❧❧❛ ❙❛❧✉t❡✮✳

❚❤❡ s❡❝♦♥❞ ❞❛t❛s❡t ✐s ❢♦r♠❡❞ ❜② ♠♦❞❡❧❧❡❞ ✇❛✈❡ ❞❛t❛✳ ❲❛✈❡ ✐♥❢♦r♠❛t✐♦♥ ✇❛s ♦❜t❛✐♥❡❞ ❜② ❡①✲

✐st✐♥❣ ❲❆▼ s✐♠✉❧❛t✐♦♥s ❢♦r❝❡❞ ❜② ❞❛t❛ ❢r♦♠ t❤❡ ❊✉r♦♣❡❛♥ ❈❡♥tr❡ ❢♦r ▼❡❞✐✉♠✲❘❛♥❣❡ ❲❡❛t❤❡r

❋♦r❡❝❛sts ✭❊❈▼❲❋✮ ❜❡t✇❡❡♥ ❏✉♥❡ ✶✾✾✷ ❛♥❞ ❉❡❝❡♠❜❡r ✷✵✵✽✱ ❛♥❞ ✇❡r❡ r❡str✐❝t❡❞ t♦ t✇♦ ♣♦✐♥ts

✼✽



✻✳ ❊①t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥

✐♥ t❤❡ ◆♦rt❤❡r♥ ❆❞r✐❛t✐❝ s❡❛ ✭P✶✿ ▲♦♥✳ ✶✸ ➦✵✵✬ ▲❛t✳ ✹✺➦✵✵✬✱ P✷✿ ▲♦♥✳ ✶✸➦✵✵✬ ▲❛t✳ ✹✺➦✸✵✬✮✳

❋✐❣✳ ✻✳✹ s❤♦✇s t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ♣♦✐♥ts ✇❤❡r❡ ✇❛✈❡ ❞❛t❛ ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❋✐❣✳ ✻✳✺ s❤♦✇s

t❤❡ ✇❛✈❡ ❝❧✐♠❛t❡s ❛t ♣♦✐♥ts P✶ ❛♥❞ P✷ ❛♥❞ ❋✐❣✳ ✻✳✻ ✐❧❧✉str❛t❡s t❤❡ ✇❛✈❡ ❝❧✐♠❛t❡ ❛t t❤❡ t♦✇❡r✳

!

!

Piattaforma Torre Acqua Alta

P1 LON 13°00’ LAT 45°00’

P2  LON 13°00’ LAT 45°30’

Sources: Esri, HERE, DeLorme, TomTom, Intermap, increment P Corp., GEBCO, USGS, FAO,

NPS, NRCAN, GeoBase, IGN, Kadaster NL, Ordnance Survey, Esri Japan, METI, Esri China
(Hong Kong), swisstopo, MapmyIndia, © OpenStreetMap contributors, and the GIS User
Community

13°0'0"E

13°0'0"E

45°0'0"N 45°0'0"N

µ

0 20 40 6010
km

❋✐❣✉r❡ ✻✳✹✿ ▲♦❝❛t✐♦♥ ✇❤❡r❡ ✇❛✈❡ ❞❛t❛ ❛r❡ ❛✈❛✐❧❛❜❧❡

❆s ❛❢♦r❡♠❡♥t✐♦♥❡❞✱ ✐♥ t❤❡ ✜rst ❞❛t❛s❡t✱ t❤❡ s❡❛ ❧❡✈❡❧ ✐s ❛❧s♦ r❡❝♦r❞❡❞✳ ❚❤❛♥❦s t♦ ❤✐s ❧❡♥❣t❤ ❛♥❞

t♦ t❤❡ ❝♦♠❜✐♥❡❞ ♠❡❛s✉r❡♠❡♥ts ♦❢ ✇❛✈❡s ❛♥❞ s❡❛ ❧❡✈❡❧✱ t❤❡ ✜rst ❞❛t❛s❡t ❛❧❧♦✇s t♦ ❞❡❡♣❡r ✐♥✈❡s✲

t✐❣❛t❡ t❤❡ ❧♦♥❣ t❡r♠ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♠❛r✐♥❡ ❤②❞r♦❞②♥❛♠✐❝s ✐♥ t❤❡ ❛r❡❛ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥

❛♥❞ t♦ ❤✐❣❤❧✐❣❤t s♦♠❡ t②♣✐❝❛❧ ♣❤❡♥♦♠❡♥❛✳ ❆s st❛t❡❞ ♣r❡✈✐♦✉s❧②✱ t❤❡ ❧♦♥❣✲❢❡t❝❤ s♦✉t❤✲❡❛st❡r❧②

❙❝✐r♦❝❝♦ ❛♥❞ t❤❡ s❤♦rt✲❢❡t❝❤ str♦♥❣ ♥♦rt❤✲❡❛st❡r❧② ❇♦r❛ ✇✐♥❞ ❣❡♥❡r❛t❡ ✇❛✈❡s✱ ❜❧♦✇✐♥❣ ❛❧♦♥❣
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t❤❡ ♠❛❥♦r ❛♥❞ ♠✐♥♦r ❛①✐s ♦❢ t❤❡ ❜❛s✐♥✱ r❡s♣❡❝t✐✈❡❧②✳ ❇♦r❛ ✐s t❤❡ ♠♦st ❢r❡q✉❡♥t r❡❣✐♠❡✱ ❜✉t

❤✐❣❤ ✇❛✈❡s ❛r❡ ♠♦st❧② ❛ss♦❝✐❛t❡❞ t♦ ❙❝✐r♦❝❝♦ ❞✐r❡❝t✐♦♥ ✭❋✐❣✳ ✻✳✻✱ ❜✮✳ ❋✐❣✳ ✻✳✼ r❡♣♦rts t❤❡

♠♦♥t❤❧② ✈❛❧✉❡s ♦❢ t❤❡ ✺t❤✱ ✺✵t❤✱ ✾✺t❤ ❛♥❞ ✾✾t❤ ❍s ♣❡r❝❡♥t✐❧❡s✳ ❚❤❡ ❧♦♥❣ t❡r♠ ❜❡❤❛✈✐♦✉r ✐s

❛❧♠♦st st❛t✐♦♥❛r②❀ t❤❡ ♣❡❛❦ ♦❢ ◆♦✈❡♠❜❡r ✷✵✶✷ ✐s ❞✉❡ t♦ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ✷ st♦r♠ ✇✐t❤ ✇❛✈❡

❤❡✐❣❤t ❜✐❣❣❡r t❤❛♥ ✹ ♠✳

N

S

E

(Hs < 0.5 m) = 53 %

0% 2% 4% 6% 8% 10%
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Hs > 4.00 m

3.00 < Hs < 4.00 m
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0.5 < Hs < 1.00 m

N

S

E

(Hs < 0.5 m) = 66 %

0% 2% 4% 6% 8% 10%

W

Hs > 4.00 m

3.00 < Hs < 4.00 m

2.00 < Hs < 3.00 m

1.00 < Hs < 2.00 m

0.5 < Hs < 1.00 m

❋✐❣✉r❡ ✻✳✺✿ ❛✮ ❲❛✈❡ ❝❧✐♠❛t❡ ❛t ♣♦✐♥t P✶✱ ❜✮ ❲❛✈❡ ❝❧✐♠❛t❡ ❛t ♣♦✐♥t P✷

N

S

E

(Hs < 0.5 m) = 68 %

0% 2% 4% 6% 8% 10%

W

Hs > 4.00 m
3.00 < Hs < 4.00 m
2.00 < Hs < 3.00 m
1.00 < Hs < 2.00 m
0.5 < Hs < 1.00 m
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Bora
Scirocco

❋✐❣✉r❡ ✻✳✻✿ ❛✮ ❲❛✈❡ ❝❧✐♠❛t❡ ❛t t❤❡ ♦❝❡❛♥♦❣r❛♣❤✐❝ t♦✇❡r ✧❆❝q✉❛ ❆❧t❛✧✱ ❜✮ P❡❛❦ ♦✈❡r t❤r❡s❤♦❧❞

✶ ♠ s✉❜❞✐✈✐❞❡❞ ✐♥t♦ ❇♦r❛ ❛♥❞ ❙❝✐r♦❝❝♦ ❞✐r❡❝t✐♦♥

❚❤❡ t♦t❛❧ ✇❛t❡r ❧❡✈❡❧ ζ ♠❡❛s✉r❡❞ ❛t ✧❆❝q✉❛ ❆❧t❛✧ t♦✇❡r ✭❋✐❣✳ ✻✳✽✮ ✐♥❝❧✉❞❡s t✇♦ ✐♥❞❡♣❡♥❞❡♥t

❝♦♥tr✐❜✉t✐♦♥s✿ t❤❡ ❛str♦♥♦♠✐❝❛❧ t✐❞❡ ✭ζA✮ ❛♥❞ t❤❡ ♠❡t❡♦r♦❧♦❣✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥ ✭st♦r♠ s✉r❣❡✱

ζS✮✳ ❚❤❡r❡❢♦r❡✱ ❛♥ ❡①tr❡♠❡ ❤✐❣❤ ❧❡✈❡❧ ❝❛♥ ❜❡ r❡❛❝❤❡❞ ✐♥ ❞✐✛❡r❡♥t ❝♦♥❞✐t✐♦♥s✿ ❛ str♦♥❣ ❛str♦✲

♥♦♠✐❝❛❧ t✐❞❡ ✇✐t❤ ❛ ♠♦❞❡r❛t❡ s✉r❣❡ ✭s✉✣❝✐❡♥t ❛♥②✇❛② t♦ r❡❛❝❤ ❛♥ ❛❧❛r♠ t❤r❡s❤♦❧❞✮✱ ♦r ✈✐❝❡

✈❡rs❛✱ ♦r ✇✐t❤ t✇♦ s✉❜st❛♥t✐❛❧ ❝♦♥tr✐❜✉t✐♦♥s ❛t ❛❜♦✉t t❤❡ s❛♠❡ t✐♠❡✳ ❯♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱

t❤❡ s✉r❣❡ ✈❛❧✉❡ ✐s ❞❡✜♥❡❞✱ ❛t ❡✈❡r② ✐♥st❛♥t✱ ❛s t❤❡ ♦❜s❡r✈❡❞ s❡❛ ❧❡✈❡❧ ♠✐♥✉s t❤❡ ❛str♦♥♦♠✐❝❛❧

t✐❞❡ ❡♠❜❡❞❞✐♥❣ t❤❡ ♠❡❛♥ s❡❛ ❧❡✈❡❧ ✭d0✮ tr❡♥❞ ✭❋✐❣✳ ✻✳✾✮✳
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❋✐❣✉r❡ ✻✳✼✿ ❚✐♠❡ s❡r✐❡s ♦❢ t❤❡ ♠♦♥t❤❧② ✈❛❧✉❡s ♦❢ t❤❡ ✺t❤✱ ✺✵t❤✱ ✾✺t❤ ❛♥❞ ✾✾t❤ ❍s ♣❡r❝❡♥t✐❧❡s
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❋✐❣✉r❡ ✻✳✽✿ ❚✐♠❡ s❡r✐❡s ♦❢ s❡❛ ❧❡✈❡❧ ❛♥❞ t✐❞❡ ❛t t❤❡ ✧❆❝q✉❛ ❆❧t❛✧ ❖❝❡❛♥♦❣r❛♣❤✐❝ ❚♦✇❡r

❋♦❝✉s✐♥❣ ♦♥ t❤❡ ♦❜s❡r✈❡❞ s❡❛ ✇❛t❡r ❧❡✈❡❧ ✐♥ t❤❡ ◆♦rt❤❡r♥ ❆❞r✐❛t✐❝ s❡❛✱ t❤❡ r❡❝♦r❞ s❤♦✇s ❛♥

♦s❝✐❧❧❛t✐♥❣ ❜❡❤❛✈✐♦✉r ✭ζR r❡s✐❞✉❛❧ s❡❛ ❧❡✈❡❧✮ ♥♦t ♦♥❧② ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❛str♦♥♦♠✐❝❛❧ t✐❞❡ ✭❞✉❡

t♦ t❤❡ ❞❛✐❧② ♣❡r✐♦❞✐❝✐t② ♦❢ t❤❡ ❙✉♥ ❛♥❞ t❤❡ ▼♦♦♥ ✐♥ t❤❡✐r r✐s✐♥❣ ❛♥❞ ❞❡s❝❡♥❞✐♥❣✮✱ ❜✉t ❛❧s♦ t♦

t❤❡ ♠❡t❡♦r♦❧♦❣✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ❝♦♥♥❡❝t❡❞ t♦ s♦♠❡ ❧♦❝❛❧ ❝♦♥❞✐t✐♦♥✿ ❛❢t❡r

❛ ♣✉❧s❡ ❞✉❡ t♦ ❛ st♦r♠✱ t❤❡ ✇❤♦❧❡ ❆❞r✐❛t✐❝ ✐s ✐♥✈♦❧✈❡❞ ✐♥ ✧s❡✐❝❤❡s✧✱ ♦s❝✐❧❧❛t✐♦♥s ♦❢ ❛ s❡♠✐✲❝❧♦s❡❞

❜❛s✐♥✳ ❚❤❡ ♠❛✐♥ s❡✐❝❤❡ ♦❢ t❤❡ ❆❞r✐❛t✐❝ s❡❛ ❤❛s ❛ ♣❡r✐♦❞ ❝❧♦s❡ t♦ ✷✷ ❤♦✉rs✳ ❚❤✐s ❝♦♥tr✐❜✉t✐♦♥ ✐s

r❡❧❡✈❛♥t ❢♦r t❤❡ ♣♦ss✐❜❧❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ✢♦♦❞s ❜❡❝❛✉s❡ ✐t ❝❛♥ ♠❛❣♥✐❢② t❤❡ ❡✛❡❝t ♦❢ t❤❡ s✉r❣❡✳ ❋✐❣✳

✻✳✶✵ s❤♦✇s ❛♥ ❡✈❡♥t r❡❝♦r❞❡❞ ✐♥ ❉❡❝❡♠❜❡r ✶✾✾✼✿ t❤❡ t♦t❛❧ s❡❛ ❧❡✈❡❧ ❤❛❞ ❛ ♣❡❛❦ ❡q✉❛❧ t♦ ✶✳✶✶

♠ ✭r❡❢❡rr❡❞ t♦ ❩▼P❙✮ ♠❡❛s✉r❡❞ ❛t ✶✵ ❛✳♠✳ ♦♥ ✷✵ ❉❡❝❡♠❜❡r ✶✾✾✼✳ ❚❤❡ ♠❡t❡♦r♦❧♦❣✐❝❛❧ s✉r❣❡

s❤♦✇s ❛♥ ♦s❝✐❧❧❛t✐♥❣ ❜❡❤❛✈✐♦✉r ❛❢t❡r t❤❡ ♣❡❛❦ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✷✷❤ s❡✐❝❤❡✳

❊①tr❛❝t✐♥❣ ❢r♦♠ t❤❡ s✉r❣❡ t❤❡ s❡✐❝❤❡ ✇✐t❤ ♣❡r✐♦❞ ❡q✉❛❧ t♦ ✷✷ ❤♦✉rs ✭✜❧t❡r✐♥❣ t❤❡ ❝✉r✈❡✮✱ t❤❡

r❡s✐❞✉❛❧ ❧❡✈❡❧ ✐s t❤❡ ❡✛❡❝t✐✈❡ st♦r♠ s✉r❣❡ ✭✻✳✶✶✮✳ ❋✐❣✳ ✻✳✶✷ s❤♦✇s t❤❡ ❝♦♥t❡♠♣♦r❛r② ✇❛✈❡

❤❡✐❣❤t ♠❡❛s✉r❡♠❡♥t✿ ❛ ❇♦r❛ st♦r♠ ✭♠❡❛♥ ❞✐r❡❝t✐♦♥ ✾✵ ➦◆✮ ♦❝❝✉rr❡❞ ✐♥ t❤❡ ✐♥t❡r✈❛❧ ✉♥❞❡r

✐♥✈❡st✐❣❛t✐♦♥ ✇✐t❤ ❛ ♠❛①✐♠✉♠ Hs ♦❢ ✷✳✶✺ ♠✳

✽✶
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❋✐❣✉r❡ ✻✳✶✷✿ ❲❛✈❡ ❤❡✐❣❤t ❛♥❞ st♦r♠ s✉r❣❡ r❡s✐❞✉❛❧ ❛t t❤❡ ❖❝❡❛♥♦❣r❛♣❤✐❝ t♦✇❡r✿ ✶✽ ✲ ✷✹

❉❡❝❡♠❜❡r ✶✾✾✼

✻✳✸✳✶ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ st♦r♠

❍❛③❛r❞ s✐t✉❛t✐♦♥s ♠❛✐♥❧② ♦❝❝✉r ❞✉r✐♥❣ st♦r♠ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♣❡r✲

❢❡❝t❧② ✉♥❞❡rst❛♥❞ t❤❡ ♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s t❤❛t ❛r❡ ♦❝❝✉rr✐♥❣ ❞✉r✐♥❣ ✇❛✈❡ st♦r♠ ❝♦♥❞✐t✐♦♥s✳

❲❛✈❡ ❝♦♥❞✐t✐♦♥s ♠✉st ❜❡ st✉❞✐❡❞ ✐♥ t❡r♠s ♦❢ s✐❣♥✐✜❝❛♥t ✇❛✈❡ ❤❡✐❣❤t ✭Hs✮✱ ♣❡❛❦ ♣❡r✐♦❞ ✭Tp✮✱

♠❡❛♥ ✇❛✈❡ ❞✐r❡❝t✐♦♥✱ s❡❛ ❧❡✈❡❧ ✭ζ❂ζA✰ζS✰ζR✮ ❛♥❞ st♦r♠ ❞✉r❛t✐♦♥✳ ❙♦♠❡ ♦❢ t❤❡s❡ ❝❤❛r❛❝t❡r✲

✐st✐❝s ❤❛✈❡ str♦♥❣ ❝♦rr❡❧❛t✐♦♥ t❤❛t ❝♦✉❧❞ ❜❡ ❡①♣r❡ss❡❞ t❤r♦✉❣❤ ❛♥❛❧②t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥✱ ♦t❤❡r

♥❡❡❞ t♦ ❜❡ st✉❞✐❡❞ ✇✐t❤ ❛ ❜✐✈❛r✐❛t❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ✭❡✳❣✳ ✇❛✈❡s ❛♥❞ s❡❛ ❧❡✈❡❧✮✳

■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❛ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s✱ t❤❡ ✜rst ✐ss✉❡ t♦ ❜❡ s♦❧✈❡❞ ✐s t♦ ❡st❛❜❧✐s❤ ❛ ❤♦✲

♠♦❣❡♥❡♦✉s ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t s❛♠♣❧❡ r❡♣r❡s❡♥t✐♥❣ s❡❛ st♦r♠s✳ ❇♦❝❝♦tt✐ ✭✶✾✽✻✮ ❞❡✜♥❡❞ ❛ s❡❛

st♦r♠ ❛s ❛ s❡q✉❡♥❝❡ ♦❢ s❡❛ st❛t❡s ❞✉r✐♥❣ ✇❤✐❝❤ t❤❡ s✐❣♥✐✜❝❛♥t ✇❛✈❡ ❤❡✐❣❤t ✐s ❛❜♦✈❡ ❛ ❣✐✈❡♥

t❤r❡s❤♦❧❞ hcrit ❛♥❞ ❞♦❡s ♥♦t ❢❛❧❧ ❜❡❧♦✇ ✐t ❢♦r ❛ ♣r❡❞❡✜♥❡❞ t✐♠❡ ✐♥t❡r✈❛❧✳ ❯s✉❛❧❧② t❤❡ t❤r❡s❤♦❧❞

hcrit ✐s r❡❧❛t❡❞ t♦ t❤❡ ❛✈❡r❛❣❡ s✐❣♥✐✜❝❛♥t ✇❛✈❡ ❤❡✐❣❤t Hs ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ✐ts t✐♠❡ s❡r✐❡s ✐♥ t❤❡

❝♦♥s✐❞❡r❡❞ ③♦♥❡✱ s♦ t❤❛t ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ r❡❝♦r❞❡❞ s❡❛ st❛t❡s✳

■♥ t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧ t❤❡ hcrit ✈❛❧✉❡ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦ ✶ ♠✳ ❚❤❡r❡❢♦r❡✱ t❤❡ st♦r♠

❡✈❡♥ts ✇❡r❡ ❞❡✜♥❡❞ ❛s ♣❡r✐♦❞s ✇❤❡r❡ t❤❡ s✐❣♥✐✜❝❛♥t ✇❛✈❡ ❤❡✐❣❤t ❡①❝❡❡❞s ✶ ♠ ❛t ❧❡❛st ❢♦r ✸

❤♦✉rs ✭❡①❛♠♣❧❡ ✐♥ ❋✐❣✳ ✻✳✶✸✮✳ ❚♦ ❣✉❛r❛♥t❡❡ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ s❡❧❡❝t❡❞ st♦r♠s✱ t❤❡ ♠✐♥✐✲

♠✉♠ t✐♠❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ t✇♦ st♦r♠s ✇❛s s❡t ❛s ✼✷ ❤✱ ❤❡♥❝❡ t✇♦ st♦r♠s ✇✐t❤ t✐♠❡ ✐♥t❡r✈❛❧

❧❡ss t❤❛♥ ✼✷ ❤ ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ❛s ♦♥❡ st♦r♠ ❡✈❡♥t ✭▲✐♥✲❨❡ ❡t ❛❧✳ ✷✵✶✽✮✳ ❚❤❡ ♦❜s❡r✈❛t✐♦♥s ✇❡r❡

s❡❧❡❝t❡❞ ❛♥❞ ♣r♦❝❡ss❡❞ t♦ ♦❜t❛✐♥ ❛ t✐♠❡ s❡r✐❡s ♦❢ ✐♥❞❡♣❡♥❞❡♥t st♦r♠ ❡✈❡♥ts✱ ❝❤❛r❛❝t❡r✐③❡❞

❜② t❤❡ ♠❛①✐♠✉♠ s✐❣♥✐✜❝❛♥t ✇❛✈❡ ❤❡✐❣❤t ✭HsMAX✮ ❛♥❞ ❤✐s ❝♦♥❝♦♠✐t❛♥t ✇❛✈❡ ♣❡r✐♦❞ ✭Tp✮✱

✇❛t❡r ❧❡✈❡❧ ✭ζ✮✱ ✇❛✈❡ ❞✐r❡❝t✐♦♥ ✭Dir✮✱ t❤❡ ♠❛①✐♠✉♠ ✇❛t❡r ❧❡✈❡❧ ❞✉r✐♥❣ st♦r♠ ✭ζMAX✮ ❛♥❞

t❤❡ st♦r♠ ❞✉r❛t✐♦♥✳ ❋✐❣✳ ✻✳✶✹ s❤♦✇s t❤❡ s❡❧❡❝t❡❞ ❡✈❡♥ts ❢♦r t❤❡ ✇❛✈❡ s❡r✐❡s ♠❡❛s✉r❡❞ ❛t t❤❡

♦❝❡❛♥♦❣r❛♣❤✐❝ t♦✇❡r ✧❆❝q✉❛ ❆❧t❛✧✳

❚❤❡ ❞❛t❛ s❛♠♣❧❡✱ s❡❧❡❝t❡❞ ❢r♦♠ t❤❡ ❡♥t✐r❡ ♣♦♣✉❧❛t✐♦♥ ❜② t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♣r♦❝❡❞✉r❡✱ ✐♥✲

❝❧✉❞❡s ✾✼✹ ✇❛✈❡ st♦r♠s r❡❝♦r❞❡❞ ❢r♦♠ ✶✾✽✼ t♦ ✷✵✶✼ ❛t t❤❡ ✧❆❝q✉❛ ❆❧t❛✧ t♦✇❡r✳ ■♥ t❤❡

❢♦❧❧♦✇✐♥❣✱ t❤✐s ❞❛t❛ s❛♠♣❧❡ ✐s ✉s❡❞ t♦ ✜♥❞ s♦♠❡ ❝♦rr❡❧❛t✐♦♥ ❛♠♦♥❣ ✈❛r✐❛❜❧❡s ❛♥❞ ❢♦r ❛❧❧ t❤❡

st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s✳ ❚❛❜❧❡ ✻✳✸ r❡♣♦rts t❤❡ ❛♥♥✉❛❧ ♠❛①✐♠✉♠ r❡❝♦r❞❡❞ ❛t t❤❡ ✧❆❝q✉❛ ❆❧t❛✧

t♦✇❡r✳
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■♥ ♦r❞❡r t♦ ♠♦❞❡❧ ❝♦❛st❛❧ ✢♦♦❞✐♥❣✱ ✐t ✐s ❡ss❡♥t✐❛❧ t♦ ❛♥❛❧②s❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t

✈❛r✐❛❜❧❡✳ ❇♦t❤ t❤❡ ✇❛✈❡ ♣❡r✐♦❞ ❛♥❞ t❤❡ ❞✉r❛t✐♦♥ ♦❢ st♦r♠s ❝♦✉❧❞ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ✇❛✈❡ ❤❡✐❣❤t

✇✐t❤ ❛♥ ❛♥❛❧②t✐❝❛❧ ❞❡♣❡♥❞❡♥❝②✳

❛✮ ❲❛✈❡ ❤❡✐❣❤t ❛♥❞ ✇❛✈❡ ♣❡r✐♦❞ ❝♦rr❡❧❛t✐♦♥✿ ❚❤❡ ✇❛✈❡ ♣❡r✐♦❞ ✐s ♦❢t❡♥ ❞❡t❡r♠✐♥❡❞

t❤r♦✉❣❤ ❛ ❞❡♣❡♥❞❡♥❝② ✇✐t❤ t❤❡ ✇❛✈❡ ❤❡✐❣❤t✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❞❡♣❡♥✲
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❞❡♥❝② ❧❛✇ ❜❡t✇❡❡♥ t❤❡ ♣❡❛❦ ♣❡r✐♦❞ Tp ❛♥❞ Hs ✐s ♦❢ t❤❡ t②♣❡✿

Tp = aHb
s ✭✻✳✶✮

❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❡①tr❡♠❡ ✇❛✈❡ ❤❡✐❣❤t ✭✜❣✳ ✻✳✶✹✮ ♠❡❛s✉r❡❞ ❛t t❤❡ ♦❝❡❛♥♦❣r❛♣❤✐❝ t♦✇❡r

✧❆❝q✉❛ ❆❧t❛✧ ❛♥❞ t❤❡✐r ❝♦♥❝♦♠✐t❛♥t ✇❛✈❡ ♣❡r✐♦❞ ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✻✳✶✺❛✱ ✇❤❡r❡ a = 4.76 ❛♥❞

b = 0.283✳ ❍♦✇❡✈❡r✱ ❝♦♥s✐❞❡r✐♥❣ ❛❧s♦ t❤❡ ✇❛✈❡ st❡❡♣♥❡ss ✭= H/L✮✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥

Hs ❛♥❞ Tp ❝❛♥ ❞✐✛❡r ❛ ❧♦t✳ ❉✐st✐♥❣✉✐s❤✐♥❣ ❡✈❡r② ❝♦✉♣❧❡ ♦❢ Hs ❛♥❞ Tp ✇✐t❤ t❤❡✐r ✈❛❧✉❡ ♦❢

st❡❡♣♥❡ss✱ ❞✐✛❡r❡♥t ❝♦rr❡❧❛t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✭✜❣✳ ✻✳✶✺❜✱ t❤❡ ✈❛❧✉❡s ♦❢ a ❛♥❞ b ❛r❡ r❡♣♦rt❡❞

✐♥ ❚❛❜❧❡ ✻✳✹✮✳
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❋✐❣✉r❡ ✻✳✶✹✿ ❚✐♠❡ s❡r✐❡s ♦❢ s✐❣♥✐✜❝❛♥t ✇❛✈❡ ❤❡✐❣❤t ❍s ❛♥❞ ♣❡❛❦ ♦✈❡r t❤r❡s❤♦❧❞ ✶ ♠ ✭❣r❡❡♥✮

❛♥❞ ✷✳✺ ♠ ✭r❡❞✮

❜✮ ❙t♦r♠ ❞✉r❛t✐♦♥✿ ❚❤❡ st♦r♠ ❞✉r❛t✐♦♥ ✐s ♦♥❡ ♦❢ t❤❡ ❦❡② ❢❛❝t♦rs ✐♥ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ♠♦❞✲

❡❧❧✐♥❣✱ ✐♥✢✉❡♥❝✐♥❣ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ✢♦♦❞❡❞ ❛r❡❛ ❛♥❞ t❤❡ st♦r♠ ❞❛♠❛❣❡ ✐♥t❡♥s✐t②✳ ❋✐❣✳

✻✳✶✻❛ s❤♦✇s t❤❡ st♦r♠ ❞✉r❛t✐♦♥ ✐♥ t❤❡ ◆♦rt❤❡r♥ ❆❞r✐❛t✐❝ s❡❛ r❡❧❛t✐✈❡ t♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢
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Hs ❛♥❞ ❋✐❣✳ ✻✳✶✻❜ r❡♣♦rts t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ st♦r♠ ♣❡❛❦✱ ❞❡✜♥❡s ❛s t❤❡ ♣❡r✐♦❞✱ t❤❛t ✐♥✲

❝❧✉❞❡s HsMAX ✱ ✇❤❡r❡ t❤❡ s✐❣♥✐✜❝❛♥t ✇❛✈❡ ❤❡✐❣❤t ❡①❝❡❡❞s t❤❡ ✺✵✪ ♦❢ HsMAX ✳ ❖♥ ❡❛❝❤ ❜♦①✱

t❤❡ ❝❡♥tr❛❧ ♠❛r❦ ✐s t❤❡ ♠❡❞✐❛♥✱ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❜♦① ❛r❡ t❤❡ ✷✺t❤ ❛♥❞ ✼✺t❤ ♣❡r❝❡♥t✐❧❡s✱ t❤❡

✇❤✐s❦❡rs ❡①t❡♥❞ t♦ t❤❡ ♠♦st ❡①tr❡♠❡ ❞❛t❛ ♣♦✐♥ts ♥♦t ❝♦♥s✐❞❡r❡❞ ♦✉t❧✐❡rs✱ ❛♥❞ ♦✉t❧✐❡rs ❛r❡

♣❧♦tt❡❞ ✐♥❞✐✈✐❞✉❛❧❧②✳ ❚❤❡ r❡s✉❧ts ❛r❡✿

✶✳ ❙t♦r♠ ❞✉r❛t✐♦♥ tS ✿ ♠❡❛♥❂ ✸✶✳✸ ❤✱ ♠❡❞✐❛♥❂ ✷✹ ❤✱ ✷✺t❤ ♣❡r❝✳❂ ✶✷ ❤✱ ✼✺t❤ ♣❡r❝✳❂ ✹✺ ❤

✷✳ P❡❛❦ ❞✉r❛t✐♦♥ tP ✿ ♠❡❛♥❂ ✸✳✾ ❤✱ ♠❡❞✐❛♥❂ ✸✳✺ ❤✱ ✷✺t❤ ♣❡r❝✳❂ ✷ ❤✱ ✼✺t❤ ♣❡r❝✳❂ ✺ ❤
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❋✐❣✉r❡ ✻✳✶✺✿ ❛✮ ❍s ✲ ♣❡r✐♦❞ ✭❚♣✮ ❝♦rr❡❧❛t✐♦♥ ❜✮ ❍s✱ ❚♣ ❛♥❞ st❡❡♣♥❡ss ✭❍s✴▲✮ ❝♦rr❡❧❛t✐♦♥

❚❛❜❧❡ ✻✳✹✿ ❈♦❡✣❝✐❡♥t ♦❢ ❊q✳ ✻✳✶ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡ ♦❢ st❡❡♣♥❡ss

H/L ✵✳✵✷ ✵✳✵✷✺ ✵✳✵✸ ✵✳✵✸✺ ✵✳✵✹ ✵✳✵✺ ✵✳✵✻ ✵✳✵✼
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b ✵✳✻✶✾ ✵✳✻✶✾ ✵✳✻✵✾ ✵✳✺✻✸ ✵✳✺✺✹ ✵✳✺✹✵ ✵✳✺✺✺ ✵✳✹✾✻
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✻✳ ❊①t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥

✻✳✸✳✷ ❙t❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ✇❛✈❡s ❛♥❞ s❡❛ ❧❡✈❡❧

❚❤❡ t✇♦ ♠❛r✐♥❡ ❝♦♥❞✐t✐♦♥s✱ t❤❛t ❛r❡ ❝r✉❝✐❛❧ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❤❛③❛r❞ r❡❧❛t❡❞ t♦ ❝♦❛st❛❧ ✢♦♦❞✲

✐♥❣✱ ❛r❡ t❤❡ ✇❛✈❡ ❤❡✐❣❤t ❛♥❞ t❤❡ s❡❛ ❧❡✈❡❧✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡s❡ t✇♦ ✈❛r✐❛❜❧❡s ❛r❡ st❛t✐st✐❝❛❧❧②

❝❤❛r❛❝t❡r✐③❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧✳

❆♠♦♥❣ t❤❡ ❝❧❛ss✐❝❛❧ st❛t✐st✐❝❛❧ ♠❡t❤♦❞s✱ ♦♥❡ ♦❢ t❤❡ ♠♦st ✉s❡❞ ✐s t❤❡ P❡❛❦ ❖✈❡r ❚❤r❡s❤♦❧❞

✭P♦❚✮ ✭●♦❞❛ ✶✾✽✾❀ ❈♦❧❡s ❡t ❛❧✳ ✷✵✵✶❀ ●♦❞❛ ✷✵✶✵✮✳

❚❤❡ ❣❡♥❡r❛❧ ❝♦♥❝❡♣t ✐s t❤❛t ♦♥❧② t❤❡ ♠❛①✐♠❛ ❛❜♦✈❡ ❛ ❝❡rt❛✐♥ t❤r❡s❤♦❧❞ ❛r❡ ♣r♦❝❡ss❡❞✳ ❚❤❡

s❛♠♣❧❡s s❡❧❡❝t❡❞ ✐♥ t❤✐s ♠❛♥♥❡r ❛r❡ st♦❝❤❛st✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤❡ ❝❤♦s❡♥ t❤r❡s❤♦❧❞ ♣❧❛②s

❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ♦♥ t❤❡ q✉❛❧✐t② ♦❢ r❡t✉r♥ ✈❛❧✉❡ ❡st✐♠❛t❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ q✉✐t❡ ❧♦✇ t❤r❡s❤♦❧❞

♠❛② ✈✐♦❧❛t❡ ❛s②♠♣t♦t✐❝ ❜❛s✐s ♦❢ t❤❡ st❛t✐st✐❝ ♠♦❞❡❧✱ ❛s st♦r♠ ♣❡❛❦s ♠✉st ❜❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞

✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ q✉✐t❡ ❤✐❣❤ t❤r❡s❤♦❧❞ ❝♦✉❧❞

❧❡❛❞ t♦ ✉♥st❛❜❧❡ ♣r❡❞✐❝t✐♦♥s ❞✉❡ t♦ ❛ s♠❛❧❧ s❛♠♣❧❡ s✐③❡ ✭▲✐ ❡t ❛❧✳ ✷✵✶✷✮✳

❆ ✇❛② t♦ ❛♥❛❧②s❡ ♣❡❛❦ ♦✈❡r t❤r❡s❤♦❧❞ ❞❛t❛ ✐s t♦ ✜t t❤❡ ❞❛t❛ ✇✐t❤ t❤❡ ●❡♥❡r❛❧✐③❡❞ P❛r❡t♦ ❉✐s✲

tr✐❜✉t✐♦♥ ✭●P❉✮✱ ✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② P✐❝❦❛♥❞s ■■■ ✭✶✾✼✺✮ ❛s ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡

❡①❝❡ss ❛❜♦✈❡ s✉✣❝✐❡♥t❧② ❤✐❣❤ t❤r❡s❤♦❧❞s✳ ❈♦❧❡s ❡t ❛❧✳ ✭✷✵✵✶✮ ♣r♦♣♦s❡❞ t✇♦ ❞✐✛❡r❡♥t ♠❡t❤♦❞s

❢♦r t❤r❡s❤♦❧❞ s❡❧❡❝t✐♦♥ ❜❛s❡❞ ♦♥ ❡♠♣✐r✐❝❛❧ t❡❝❤♥✐q✉❡s✿ ♦♥❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡

♠❡❛♥ ❡①❝❡ss ✭▼❊✮ ♣❧♦t✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ❛♣♣r♦①✐♠❛t❡❧② ❧✐♥❡❛r ✐♥ ♣r♦①✐♠✐t② ♦❢ t❤❡ ❛♣♣r♦♣r✐❛t❡

t❤r❡s❤♦❧❞✱ ❛♥❞ t❤❡ ♦t❤❡r ♦♥ t❤❡ st❛❜✐❧✐t② ♦❢ s❤❛♣❡ ❛♥❞ ♠♦❞✐✜❡❞ s❝❛❧❡ ♣❛r❛♠❡t❡r ♦❢ ●P❉ ✐♥ t❤❡

✈✐❝✐♥✐t② ♦❢ t❤❡ t❤r❡s❤♦❧❞✳ ❍❡r❡✐♥❛❢t❡r✱ t❤✐s ♣r♦❝❡❞✉r❡ ✐s ❛♣♣❧✐❡❞ t♦ ❜♦t❤ ✇❛✈❡ ❛♥❞ s❡❛ ❧❡✈❡❧✱ ✐♥

♦r❞❡r t♦ ❝❤❛r❛❝t❡r✐③❡ t❤✐s t✇♦ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ◆♦rt❤❡r♥ ❆❞r✐❛t✐❝ s❡❛✳

❛✮ ❯♥✐✈❛r✐❛t❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ✇❛✈❡s✿ ❚❤❡ ❞❛t❛ s❛♠♣❧❡ ♦❢ Hs ✉s❡❞ ❢♦r t❤❡ P❖❚

♠❡t❤♦❞s ✐s t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✸✳✶✳ ❋✐tt✐♥❣ t❤❡ ❞❛t❛ ✇✐t❤ ❛ ●P❉ ❢♦r ✐♥❝r❡❛s✐♥❣

t❤r❡s❤♦❧❞s✱ t❤❡ r❡s✉❧t✐♥❣ ♠❡❛♥ ❡①❝❡ss ♣❧♦t ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✻✳✶✼❛✳ ❋✐❣✳ ✻✳✶✼❜ s❤♦✇s t❤❡ ✈❛❧✉❡s

♦❢ Hs ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞✐✛❡r❡♥t r❡t✉r♥ ♣❡r✐♦❞✱ ✈❛r②✐♥❣ t❤❡ t❤r❡s❤♦❧❞s✳ ❋✐❣✳ ✻✳✶✽❛ s❤♦✇s t❤❡

r❡s✉❧ts ♦❢ t❤r❡❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥❞❡① ✭◆❙❊✱ ❊q✳ ✷✳✼✹❀ ❉✱ ❊q✳ ✷✳✼✺❀ ❘▼❙❊✱ ❊q✳ ✷✳✼✻✮✱ t❤❛t ❛r❡

✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ r❡❧✐❛❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ ●P❉ ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡ ❍❛③❡♥ ♣❧♦tt✐♥❣ ♣♦s✐t✐♦♥

❢♦r♠✉❧❛ ✭❊q✳ ✷✳✼✸✮✳ ❆❧❧ t❤❡s❡ ♠❡t❤♦❞♦❧♦❣✐❡s t❡♥❞ t♦ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❜❡st t❤r❡s❤♦❧❞ ✐s ∼ ✷✳✺

♠✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ✉♥✐✈❛r✐❛t❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦♥ ✇❛✈❡s✱ s❡tt✐♥❣ ❛ t❤r❡s❤♦❧❞ ❡q✉❛❧ t♦ ✷✳✺

♠ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✻✳✶✽❜ ❛♥❞ ✐♥ ❚❛❜❧❡ ✻✳✺✳

❚❛❜❧❡ ✻✳✺✿ ❘❡s✉❧ts ♦❢ ●P❉ ❢♦r HS✱ s❡❧❡❝t❡❞ t❤r❡s❤♦❧❞ ❂ ✷✳✺ ♠

TR(y) ✶ ✷ ✺ ✶✵ ✺✵ ✶✵✵

H(m) ✸✳✷ ✸✳✺ ✸✳✾ ✹✳✸ ✹✳✾ ✺✳✷

lowerbound ✲✵✳✵✵✻✵ ✲✵✳✵✵✾✺ ✲✵✳✵✶✼✻ ✲✵✳✵✷✻✼ ✲✵✳✵✺✻✶ ✲✵✳✵✼✷✶

upperbound ✵✳✵✵✻✶ ✵✳✵✵✾✺ ✵✳✵✶✼✾ ✵✳✵✷✻✹ ✵✳✵✺✽✶ ✵✳✵✼✷✻

❜✮ ❯♥✐✈❛r✐❛t❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ s❡❛ ❧❡✈❡❧✿ ❚❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ✐s ❛♣♣❧✐❡❞ ❛❧s♦ t♦ t❤❡

s❡❛ ❧❡✈❡❧s ζ ✭❛str♦♥♦♠✐❝❛❧ t✐❞❡ ζA ✰ ♠❡t❡♦r♦❧♦❣✐❝❛❧ s✉r❣❡ ζS ✰ r❡s✐❞✉❛❧ ❧❡✈❡❧ ζR✮✳ ❋✐❣✳ ✻✳✶✾❛

s❤♦✇s t❤❡ t❤r❡❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥❞❡①❡s✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ❜❡st t❤r❡s❤♦❧❞s ✐s ∼ ✶✳✸ ♠ ❩▼P❙✳

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ✉♥✐✈❛r✐❛t❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦♥ ζ✱ s❡tt✐♥❣ ❛ t❤r❡s❤♦❧❞ ❡q✉❛❧ t♦ ✶✳✸ ♠ ❛r❡

s❤♦✇♥ ✐♥ ❋✐❣✳ ✻✳✶✾❜ ❛♥❞ ✐♥ ❚❛❜❧❡ ✻✳✻✳

✽✼



✻✳ ❊①t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥
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❋✐❣✉r❡ ✻✳✶✽✿ ❛✮ P❡r❢♦r♠❛♥❝❡ ✐♥❞❡①❡s ✭❘▼❙❊✱ ◆❙❊✱ ❉✮ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ r❡❧✐❛❜✐❧✐t②✱ ❜✮

❘❡s✉❧ts ♦❢ ●P❉ ❢♦r HS✱ s❡❧❡❝t❡❞ t❤r❡s❤♦❧❞ ❂ ✷✳✺ ♠

✻✳✸✳✸ ❇✐✈❛r✐❛t❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s

❖♥ ❝♦❛sts ❜♦t❤ st✐❧❧ ✇❛t❡r ❧❡✈❡❧s ❛♥❞ ✇❛✈❡s ❝❛♥ ❜❡ ✐♠♣♦rt❛♥t ✐♥ ❛ss❡ss✐♥❣ ✢♦♦❞ r✐s❦✳ ❚❤❡

s✐♠✉❧t❛♥❡♦✉s ♦❝❝✉rr❡♥❝❡ ♦❢ ❧❛r❣❡ ✇❛✈❡s ❛♥❞ ❛ ❤✐❣❤ st✐❧❧ ✇❛t❡r ❧❡✈❡❧ ✐s t❤❡r❡❢♦r❡ ✐♠♣♦rt❛♥t ✐♥

❡st✐♠❛t✐♥❣ t❤❡✐r ❝♦♠❜✐♥❡❞ ❡✛❡❝t ♦♥ s❡❛ ❞❡❢❡♥❝❡s✳ ❚❤❡r❡❢♦r❡✱ ♠♦r❡ t❤❛♥ ♦♥❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

♠✉st ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❡①tr❡♠❡ ❛♥❛❧②s✐s✳ ❲❤✐❧❡ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❛ss✉♠❡ t❤❛t t❤❡ r❡❧❡✈❛♥t

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ t❤✐s ✐s ♦❢t❡♥ ✐♥❛♣♣r♦♣r✐❛t❡✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ s✐❣♥✐✜❝❛♥t✲

✇❛✈❡✲❤❡✐❣❤t ✭Hs✮ ✐s t❤❡ ♠♦st ❢r❡q✉❡♥t❧② ✉s❡❞ ✇❛✈❡✲st♦r♠ ❝♦♠♣♦♥❡♥t✳ ■t ✐s ✉s✉❛❧❧② r❡❣❛r❞❡❞

❛s ❜❡✐♥❣ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ♦t❤❡r st♦r♠ ❝♦♠♣♦♥❡♥ts✱ s✉❝❤ ❛s s❡❛ ❧❡✈❡❧ ✭ζ✮ ♦r st♦r♠✲❞✉r❛t✐♦♥✳

❍♦✇❡✈❡r✱ t❤❡ ✉♥✐✈❛r✐❛t❡ ❛♥❛❧②s✐s ❧❡❛❞ t♦ ❛♥ ✐♥❛❝❝✉r❛t❡ ❡st✐♠❛t✐♦♥ ♦❢ ♠❛r✐♥❡ ❞r✐✈❡rs ✭❙❛❧✈❛❞♦r✐

❡t ❛❧✳ ✷✵✶✹✮✱ s♦ t❤❡s❡ ❝❛♥♥♦t ❞❡s❝r✐❜❡ ❝♦❛st❛❧ ♣r♦❝❡ss❡s ❛❞❡q✉❛t❡❧②✳

▼✉❧t✐✈❛r✐❛t❡ ❡①tr❡♠❡s ❛r❡ ❞✐✣❝✉❧t t♦ ♣r❡❞✐❝t ❞✐r❡❝t❧② ❢r♦♠ ♦❜s❡r✈❛t✐♦♥❛❧ ❞❛t❛✱ ❛s t❤❡r❡ ♠❛②

❜❡ t♦♦ ❢❡✇ ❡✈❡♥ts ♦❢ t❤❡ r❡❧❡✈❛♥t t②♣❡ ❛♠♦♥❣st t❤❡ ♦❜s❡r✈❛t✐♦♥s✳ ■♥ t❤❡ ♣❛st✱ t❤❡ ✜tt✐♥❣ ❛♥❞

❡①tr❛♣♦❧❛t✐♦♥ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❢✉♥❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✈❛r✐❛❜❧❡s ❛s ✇❡❧❧ ❛s t❤❡✐r ♠❛r❣✐♥❛❧

✽✽
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❚❛❜❧❡ ✻✳✻✿ ❘❡s✉❧ts ♦❢ ●P❉ ❢♦r s❡❛ ❧❡✈❡❧ ζ✱ s❡❧❡❝t❡❞ t❤r❡s❤♦❧❞ ❂ ✶✳✸ ♠✮

TR(y) ✶ ✷ ✺ ✶✵ ✺✵ ✶✵✵

ζ(mZMPS) ✶✳✺✹ ✶✳✻✹ ✶✳✼✹ ✶✳✽✶ ✶✳✾✹ ✶✳✾✾

lowerbound ✲✵✳✵✵✶✵ ✲✵✳✵✵✷✹ ✲✵✳✵✵✹✼ ✲✵✳✵✵✻✽ ✲✵✳✵✶✷✶ ✲✵✳✵✶✹✼

upperbound ✵✳✵✵✶✶ ✵✳✵✵✷✺ ✵✳✵✵✹✾ ✵✳✵✵✼✷ ✵✳✵✶✷✼ ✵✳✵✶✹✾
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❋✐❣✉r❡ ✻✳✶✾✿ ❛✮ P❡r❢♦r♠❛♥❝❡ ✐♥❞❡①❡s ✭❘▼❙❊✱ ◆❙❊✱ ❉✮ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ r❡❧✐❛❜✐❧✐t②✱ ❜✮

❘❡s✉❧ts ♦❢ ●P❉ ❢♦r ζ✱ s❡❧❡❝t❡❞ t❤r❡s❤♦❧❞ ❂ ✶✳✸ ♠

❞✐str✐❜✉t✐♦♥s ❤❛✈❡ ♦❢t❡♥ ✐♥✈♦❧✈❡❞ ❝♦♠♣❧✐❝❛t❡❞ ❛♥❞✴♦r s✉❜❥❡❝t✐✈❡ ❛♣♣r♦❛❝❤❡s✳

❈♦♣✉❧❛s ❛r❡ ❢✉♥❝t✐♦♥s t❤❛t ❞❡s❝r✐❜❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛♠♦♥❣ ✈❛r✐❛❜❧❡s ✭s❡❡ ♣❛r❛❣r❛♣❤ ✷✳✸✳✷✮✱ ❛♥❞

♣r♦✈✐❞❡ ❛ ✇❛② t♦ ❝r❡❛t❡ ❞✐str✐❜✉t✐♦♥s t❤❛t ♠♦❞❡❧ ❝♦rr❡❧❛t❡❞ ♠✉❧t✐✈❛r✐❛t❡ ❞❛t❛ ✭❉✉♣✉✐s ❛♥❞

❏♦♥❡s ✷✵✵✻✮✳ ❚❤❡ ❝❛❧✐❜r❛t✐♦♥ ♦❢ ❝♦♣✉❧❛s ♦♥ r❡❛❧ ❞❛t❛ ❛❧❧♦✇ ❣❡♥❡r❛t✐♥❣ r❛♥❞♦♠ s❛♠♣❧❡ t❤❛t

❤❛✈❡ t❤❡ s❛♠❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡❛❧ q✉❛♥t✐t✐❡s✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ❧❛r❣❡r ♣♦♣✉❧❛t✐♦♥ ❛♥❞

♣❡r❢♦r♠ ❛ ♠♦r❡ r❡❧✐❛❜❧❡ ♠✉❧t✐✈❛r✐❛t❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s✳

❚♦ ❣❡♥❡r❛t❡ ❞❛t❛ ✇✐t❤ ❛ ❞✐str✐❜✉t✐♦♥ ✧❥✉st ❧✐❦❡✧ ✭✐♥ t❡r♠s ♦❢ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s ❛♥❞ ❝♦r✲

r❡❧❛t✐♦♥s✮ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ r❡❛❧ ❡✈❡♥ts✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡ ♠✉st ❜❡ ❞♦♥❡✿

✶✳ ❚r❛♥s❢♦r♠ t❤❡ r❡❛❧ ❞❛t❛ t♦ t❤❡ ❝♦♣✉❧❛ s❝❛❧❡ ✭✉♥✐t sq✉❛r❡✮ ✉s✐♥❣ ❛ ❦❡r♥❡❧ ❡st✐♠❛t♦r ♦❢ t❤❡

❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥❀

✷✳ ❋✐t ❛ ❝♦♣✉❧❛✱ ♠❛①✐♠✐③✐♥❣ t❤❡ ❧♦❣ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ✭❇♦✉②é ❡t ❛❧✳ ✷✵✵✵✮❀

✸✳ ●❡♥❡r❛t❡ ❛ r❛♥❞♦♠ s❛♠♣❧❡ ❢r♦♠ t❤❡ ✜tt❡❞ ❝♦♣✉❧❛❀

✹✳ ❚r❛♥s❢♦r♠ t❤❡ r❛♥❞♦♠ s❛♠♣❧❡ ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ s❝❛❧❡ ♦❢ t❤❡ r❡❛❧ ❞❛t❛✳

❋✐❣✳ ✻✳✷✵❛ s❤♦✇s t❤❡ ♦r✐❣✐♥❛❧ ❡✈❡♥ts ✭r❡❞ ❞♦ts✱ Hs ❛♥❞ ζ✮ ❛♥❞ t❤❡ s❛♠♣❧❡s ✭❜❧✉❡ ❞♦ts✮ ❣❡♥❡r✲

❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♣r♦❝❡❞✉r❡✳ ❋✐❣✳ ✻✳✷✵ ❜✮ s❤♦✇s t❤❡ ❜✐✈❛r✐❛t❡ ♣❞❢ ♦❢ ✇❛✈❡

❤❡✐❣❤ts ❛♥❞ s❡❛ ❧❡✈❡❧s ✐♥ ❜❧✉❡ s❝❛❧❡✳ ❇❧❛❝❦ ❧✐♥❡s ❛r❡ t❤❡ ❝♦♥t♦✉rs ♦❢ ❡q✉❛❧ ❥♦✐♥t ❡①❝❡❡❞❛♥❝❡

♣r♦❜❛❜✐❧✐t② ✭❡①♣r❡ss❡❞ ❛s r❡t✉r♥ ♣❡r✐♦❞ Tr = 1/P ✮✳

❚❤❡ ❡st❛❜❧✐s❤♠❡♥t ♦❢ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ r✐s❦ ♠❛♣s ✐s ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ❋❖❘▼ ♠❡t❤♦❞✳ ❚❤✐s
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❋✐❣✉r❡ ✻✳✷✵✿ ❛✮ ❖r✐❣✐♥❛❧ ❡✈❡♥ts ❛♥❞ ❣❡♥❡r❛t❡❞ s❛♠♣❧❡s ❜✮ ❇✐✈❛r✐❛t❡ ❛♥❛❧②s✐s s❤♦✇♥ ❛s ❝♦♥t♦✉rs

♦❢ ❡q✉❛❧ ❥♦✐♥t ❡①❝❡❡❞❡♥❝❡ ♣r♦❜❛❜✐❧✐t②✳

r❡❧✐❛❜✐❧✐t② ♠❡t❤♦❞ r❡q✉✐r❡s t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❳ ❂ ❬Hs✱ ζ❪ t♦ ❛♥

❡q✉✐✈❛❧❡♥t st❛♥❞❛r❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ s♣❛❝❡ ❯ ❂ ❬❳H ✱ Xζ ❪✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ✐s ❞❡s❝r✐❜❡❞

✐♥ ♣❛r❛❣r❛♣❤ ✷✳✹✳ ❋✐❣✳ ✻✳✷✶ s❤♦✇s t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ t✇♦ s❡❧❡❝t❡❞ ✈❛r✐❛❜❧❡s ✐♥

♣❤②s✐❝❛❧ ❛♥❞ st❛♥❞❛r❞ s♣❛❝❡✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ t❤r♦✉❣❤ t❤❡ ◆❛t❛❢ tr❛♥s❢♦r♠❛✲

t✐♦♥ ✭❡①♣❧❛✐♥❡❞ ✐♥ ♣❛r❛❣r❛♣❤ ✷✳✹✮ ❛♥❞ ❋✐❣✳ ✻✳✷✷ s❤♦✇s t❤❡ s❛♠♣❧❡s ✭Hs ❛♥❞ ζ✮ ✐♥ ♣❤②s✐❝❛❧

✭r❡❞✮ ❛♥❞ st❛♥❞❛r❞ s♣❛❝❡s ✭❜❧✉❡✮✳
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❋✐❣✉r❡ ✻✳✷✶✿ ❛✮ ▼❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ Hs ✐♥ ♣❤②s✐❝❛❧ ❛♥❞ st❛♥❞❛r❞ s♣❛❝❡s✱ ❜✮ ▼❛r❣✐♥❛❧

❞✐str✐❜✉t✐♦♥ ♦❢ ζ ✐♥ ♣❤②s✐❝❛❧ ❛♥❞ st❛♥❞❛r❞ s♣❛❝❡s

✻✳✹ ❈♦❛st❛❧ ✢♦♦❞✐♥❣ ✐♥ t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧

❚❤❡ ♣r♦♣♦s❡❞ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧ ✭❝❤❛♣t❡r ✹✮ ❛♥❞ t❤❡ ❋❖❘▼ ❛♥❛❧②s✐s ❛r❡ ❛♣♣❧✐❡❞ ✐♥ t❤r❡❡ ❞✐❢✲

❢❡r❡♥t ❧✐tt♦r❛❧ ❝❡❧❧s ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ✢♦♦❞✐♥❣ ❤❛③❛r❞ ♠❛♣s✳ ❚❤❡ ❢❛✐❧✉r❡ ♠❡❝❤❛♥✐s♠ ❛ss♦❝✐❛t❡❞

t♦ t❤❡s❡ ♠❛♣s ✐s t❤❡ ✢♦♦❞✐♥❣ ❝❛✉s❡❞ ❜② t❤❡ ♦✈❡rt♦♣♣✐♥❣✳ ❚❤❡ ♠♦❞❡❧ ❞♦❡s ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t

♦t❤❡r ❢❛✐❧✉r❡ ♠❡❝❤❛♥✐s♠✱ s✉❝❤ ❛s ❞✉♥❡s ❜r❡❛❝❤✐♥❣✱ ✐♥✜❧tr❛t✐♦♥s✱ ❡t❝✳ ❚❤❡ s❡❧❡❝t❡❞ str❡t❝❤❡s ♦❢

t❤❡ ❱❡♥❡t✐❛♥ ❝♦❛st ❛r❡✿ t❤❡ ❱❛❧❧❡ ❱❡❝❝❤✐❛ ❝♦❛st❧✐♥❡ ✭❧✐tt♦r❛❧ ❝❡❧❧ ♥➦❱❊✷✮✱ t❤❡ ❈❛♦r❧❡ ❝♦❛st❧✐♥❡
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Standard space

❋✐❣✉r❡ ✻✳✷✷✿ ❙❛♠♣❧❡s ✭Hs ❛♥❞ ζ✮ ✐♥ ♣❤②s✐❝❛❧ ❛♥❞ st❛♥❞❛r❞ s♣❛❝❡s ✭◆❛t❛❢ tr❛♥s❢♦r♠❛t✐♦♥✮

✭❧✐tt♦r❛❧ ❝❡❧❧ ♥➦ ❱❊✸✮ ❛♥❞ t❤❡ ❈❛✈❛❧❧✐♥♦✲❚r❡♣♦rt✐ ❝♦❛st❧✐♥❡ ✭♥➦ ❱❊✻✮✳ ❚❤❡ ♠♦❞❡❧❧✐♥❣ st❡♣s ❛♥❞

✐♥♣✉ts ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✶✮ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦✛s❤♦r❡ ♠❛r✐♥❡ ❧♦❛❞s✳ ✷✵ ❝♦✉♣❧❡ ♦❢ ✇❛✈❡ ❤❡✐❣❤ts ❍s ❛♥❞ s❡❛ ❧❡✈❡❧s

ζ ✇❡r❡ ❝❤♦s❡♥ ❛s ♦✛s❤♦r❡ ✐♥♣✉t ❛♥❞ ❛r❡ r❡♣♦rt❡❞ ✐♥ ❋✐❣✳ ✻✳✷✸✳ ❚❤❡ ✇❛✈❡ st❡❡♣♥❡ss ✐s ❛ss✉♠❡❞

t♦ ❜❡ Hs/L = 0.04 s♦ t❤❡ ✇❛✈❡ ♣❡r✐♦❞ Tp ✐s ❡st✐♠❛t❡❞ ✇✐t❤ t❤❡ ❢♦r♠✉❧❛ ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥t

❡✈❛❧✉❛t❡❞ ✐♥ ♣❛r❛❣r❛♣❤ ✻✳✸✳✶✭❛✮✿ Tp = 3.75Hs0.554✳ ❚❤❡ t♦t❛❧ st♦r♠ ❞✉r❛t✐♦♥ ✐s ❛ss✉♠❡❞

❡q✉❛❧ t♦ ✹ ❤♦✉rs ✭♣❡❛❦ ❞✉r❛t✐♦♥✱ ♣❛r❛❣r❛♣❤ ✻✳✸✳✶✭❜✮✮✱ ✇✐t❤ ✸✵ ♠✐♥ ♦❢ r❛♠♣✐♥❣ ✉♣ ❛♥❞ ✸✵ ♠✐♥

♦❢ r❛♠♣✐♥❣ ❞♦✇♥✳
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❋✐❣✉r❡ ✻✳✷✸✿ ❘❡❞ ❞♦ts ❛r❡ t❤❡ ❝♦✉♣❧❡ ❍s ✲ ζ ❝❤♦s❡♥ ❛s ✐♥♣✉t ❢♦r t❤❡ ♠♦❞❡❧s

✷✮ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛t t❤❡ s❤♦r❡❧✐♥❡✳ ❚❤❡ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥

♠♦❞❡❧ ❢r♦♠ ♦✛s❤♦r❡ t♦ ♦♥s❤♦r❡ ✭❞❡s❝r✐❜❡❞ ✐♥ ♣❛r❛❣r❛♣❤✮ ✐s ❛♣♣❧✐❡❞ t♦ ❡❛❝❤ ♦❢ t❤❡ ❝❤♦s❡♥

❝♦✉♣❧❡ ❍s✲ζ ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ s❡t✲✉♣ Z ❛♥❞ t❤❡ r❡s✐❞✉❛❧ ✇❛✈❡ ❤❡✐❣❤t ❛t t❤❡

s❤♦r❡❧✐♥❡ r❡❢❡r❡❡❞ t♦ t❤❡ ▼❡❛♥ ❙❡❛ ▲❡✈❡❧ ▼❙▲ ✭❛♥ ❡①❛♠♣❧❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✻✳✷✹✮✳ ❚❤❡ ✜♥❛❧

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ❜② ❛ ❝♦♥st❛♥t ✈❛❧✉❡ ζTOT = ζ+Z ❛♥❞ ❛♥ ✐rr❡❣✉❧❛r ✐♠♣✉❧s✐✈❡

s✐❣♥❛❧ ✇✐t❤ ❤❡✐❣❤t ❡q✉❛❧ t♦ HResidual ❛♥❞ ♣❡r✐♦❞ ❡q✉❛❧ t♦ t❤❡ ♦✛s❤♦r❡ ♣❡r✐♦❞ Tp ✭❡①❛♠♣❧❡

✐♥ ❋✐❣✳ ✻✳✷✺✮✳ ❚❤❡ ♦✛s❤♦r❡ ✈❛❧✉❡ ♦❢ ζ ✭✐♥✐t✐❛❧❧② ❣✐✈❡♥ ✐♥ ♠ ♦✈❡r t❤❡ ❧♦❝❛❧ ❞❛t✉♠ P✉♥t❛ ❞❡❧❧❛
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❙❛❧✉t❡✮ ❛r❡ ♥♦✇ ❣✐✈❡♥ ✐♥ ♠ ✭s♦ ✷✸ ❝♠ ❛r❡ s✉❜tr❛❝t❡❞ ❢r♦♠ ζ✮ ❜❡❝❛✉s❡ ❜❛t❤②♠❡tr② ✭❧❡✈❡❧❧❡❞

❢♦r t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧ ✐♥ ✷✵✶✹✮ ❛r❡ r❡❢❡rr❡❞ t♦ t❤❡ ✇♦r❧❞ ❞❛t✉♠✳
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❋✐❣✉r❡ ✻✳✷✹✿ ❊①❛♠♣❧❡ ♦❢ t❤❡ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠♦❞❡❧ r❡s✉❧ts ❛♥❞ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r②
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❋✐❣✉r❡ ✻✳✷✺✿ ❊①❛♠♣❧❡ ♦❢ ✜♥❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛t t❤❡ s❤♦r❡❧✐♥❡

✸✮ ❈♦❛st❛❧ ✐♥✉♥❞❛t✐♦♥ ♠♦❞❡❧❧✐♥❣✳ ❚❤❡ ♠♦❞❡❧ ❢♦r ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ♣r♦♣❛❣❛t✐♦♥✱ ♣r❡s❡♥t❡❞

✐♥ ♣❛r❛❣r❛♣❤ ✹✳✹✱ ✐s ❛♣♣❧✐❡❞✳ ❚❤❡ ❡ss❡♥t✐❛❧ ❞❛t❛ ❛r❡✿ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s❤♦r❡❧✐♥❡ r❡❢❡r❡❡❞

t♦ t❤❡ ▼❙▲ ✭♦r t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞❡♣t❤ ❡q✉❛❧ t♦ ✵ ♠ ▼❙▲✮❀ t❤❡ ✐♥❧❛♥❞ t♦♣♦❣r❛♣❤②✱ ❤❡r❡

❞❡✜♥❡❞ ❛s t❤❡ ❉✐❣✐t❛❧ ❚❡rr❛✐♥ ▼♦❞❡❧ ❉❚▼ ✭❧❡✈❡❧❧❡❞ ✐♥ ✷✵✶✷✮ ❢r♦♠ ▲✐❞❛r s✉r✈❡②✱ ✇✐t❤ ❛ ❣r✐❞

s✐③❡ ❡q✉❛❧ t♦ ✶ ♠❀ t❤❡ r♦✉❣❤♥❡ss✳ ❙✐♥❝❡ ♠❛♣s ♦❢ t❤❡ ❧❛♥❞ ✉s❡s ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡✱ ❛ ✉♥✐❢♦r♠

❢r✐❝t✐♦♥ ❝♦❡✣❝✐❡♥t ✐s ❛♣♣❧✐❡❞ Ks = 33m3s−1✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡ ✷✵ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s s❡❧❡❝t❡❞✱

t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♠♦❞❡❧ ✐s r✉♥✳ ❚❤❡ ♠❛①✐♠✉♠ ✇❛t❡r ❞❡♣t❤ r❡❛❝❤❡❞ ✐♥ ❡❛❝❤ ❣r✐❞ ❝❡❧❧ ♦❢ t❤❡

❞♦♠❛✐♥ ✐s s❛✈❡❞ ❛♥❞ t❤❡ ♦❜t❛✐♥❡❞ ♠❛♣s ❛r❡ ✢♦♦❞✐♥❣ ♠❛♣ r❡❧❛t✐✈❡ t♦ ❡❛❝❤ ❝♦✉♣❧❡ ♦❢ Hs ❛♥❞ ζ✳

✹✮ ❘❡❧✐❛❜✐❧✐t② ❛♥❛❧②s✐s✳ ❚❤❡ r❡❧✐❛❜✐❧✐t② ❛♥❛❧②s✐s ✐s ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ❋❖❘▼ ♠❡t❤♦❞
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✭♣❛r❛❣r❛♣❤ ✷✳✹✮✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ♣♦rt✐♦♥ ♦❢

✐♥❧❛♥❞ ✐s ✢♦♦❞❡❞ ✭✇✐t❤ ❛ ❧❡❛st hF ❂ ✵✳✷ ♠ ♦r ✵✳✺ ♠ ♦❢ ✇❛t❡r ❞❡♣t❤✮ ✉♥❞❡r ❝❡rt❛✐♥ ✈❛❧✉❡s ♦❢

✇❛✈❡ ❤❡✐❣❤t ❛♥❞ s❡❛ ❧❡✈❡❧✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❧✐♠✐t st❛t❡ ✭❡①♣❧❛✐♥❡❞ ✐♥ ♣❛r❛❣r❛♣❤ ✷✳✹✮ ✐s ❡✈❛❧✉❛t❡❞

t❤r♦✉❣❤ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ✇✐t❤ t❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts✳ ■♥ ❡❛❝❤ ❝❡❧❧ ♦❢ t❤❡ ❞♦♠❛✐♥ t❤❡ ♠❛①✐♠✉♠

✇❛t❡r ❧❡✈❡❧ r❡❛❝❤❡❞ ❞✉r✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥ ❢♦r ❛ ✜①❡❞ ✈❛❧✉❡ ♦❢ ζ ✐s ♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡ ❞✐✛❡r❡♥t

✈❛❧✉❡s ♦❢ Hs ✭❋✐❣✳ ✻✳✷✻❛✮❀ t❤❡♥ t✇♦ ❝♦✉♣❧❡s t❤❛t ❝♦rr❡s♣♦♥❞ t♦ ❛ ✇❛t❡r ❧❡✈❡❧ ✐♥ t❤❡ ❝❡❧❧ ❡q✉❛❧

t♦ hF ✭✐♥ ❋✐❣✳ ✻✳✷✻❛ hF ❂ ✵✳✺ ♠✮ ❛r❡ ❡①tr❛♣♦❧❛t❡❞✳ ❋✐♥❛❧❧②✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ t✇♦

❝♦✉♣❧❡s ❢r♦♠ t❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡ t♦ t❤❡ st❛♥❞❛r❞ s♣❛❝❡ ✐s ❛♣♣❧✐❡❞ ❛♥❞ t❤❡ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡

β ❢r♦♠ t❤❡ ❧✐♠✐t st❛t❡ t♦ t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ st❛♥❞❛r❞ s♣❛❝❡ ✐s ❝♦♠♣✉t❡❞ ✭❋✐❣✳ ✻✳✷✻❜✮✳

❚❤❡ ❞✐st❛♥❝❡ β ✐s ❛❧s♦ ❝❛❧❧❡❞ r❡❧✐❛❜✐❧✐t② ✐♥❞❡① ❛♥❞ ✐t ❛❧❧♦✇ t♦ ❡❛s✐❧② ❡✈❛❧✉❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢

❢❛✐❧✉r❡ pf ✭❊q✳ ✷✳✾✶✮✳

❚❤❡ ❧❛st st❡♣ ✐s t❤❡ ❢✉❧✜❧♠❡♥t ♦❢ t❤❡ ❤❛③❛r❞ ♠❛♣s ✐♥ t❡r♠s ♦❢ r❡t✉r♥ ♣❡r✐♦❞✿

TR =
1

Ny ∗ pf
✭✻✳✷✮

✇❤❡r❡ Ny ❛r❡ t❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❡♠❡ ❡✈❡♥ts r❡❝♦r❞❡❞ ✐♥ ❡❛❝❤ ②❡❛r ♦❢ ♦❜s❡r✈❛t✐♦♥ ✭❜❛s❡❞ ♦♥

t❤❡ ❞❛t❛ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧ Ny ≈ ✸✳✾✻✼✼✮✳ ▼❛♣s ✇✐❧❧ ❜❡ ❛❧s♦ ❞✐s♣❧❛②❡❞ ✐♥ t❡r♠s

♦❢ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡ ✐♥ ❛ ❞❡❝❛❞❡ p10 = 1− (1− T−1
R )TL ✭✇❤❡r❡ TL ❂ ✶✵ ②❡❛rs✮✳
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Limit state
β

ζ = 1.25  m
Hs = 3.79 m

ζ = 1  m
Hs = 5.7 m

❋✐❣✉r❡ ✻✳✷✻✿ ❛✮ ❊①❛♠♣❧❡ ♦❢ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t st❛t❡ ✐♥ t❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡✱ ❜✮ ▲✐♠✐t st❛t❡

✐♥ st❛♥❞❛r❞ s♣❛❝❡ ❣✭❯✮ ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡ β

✻✳✹✳✶ ❊①❛♠♣❧❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❱❛❧❧❡ ❱❡❝❝❤✐❛ ❝♦❛st❧✐♥❡

❚❤❡ ❱❛❧❧❡ ❱❡❝❝❤✐❛ ❝♦❛st❧✐♥❡ ✭❱❊✷ ❝❡❧❧ ✐♥ ❋✐❣✳ ✻✳✶✮ ✐s ✺✳✺ ❦♠ ❧♦♥❣✱ ✐ts ❜♦r❞❡rs ❛r❡ t❤❡ ♠♦✉t❤ ♦❢

t❤❡ ❧❛❣♦♦♥✬s ❝❤❛♥♥❡❧ ❇❛s❡❧❡❣❤❡ ✭❋✐❣✳ ✻✳✷✼✱ ❜♦tt♦♠ ❧❡❢t✮ t♦ t❤❡ ◆♦rt❤✲❊❛st ❛♥❞ t❤❡ ♠♦✉t❤ ♦❢

t❤❡ ❧❛❣♦♦♥✬s ❝❤❛♥♥❡❧ ❋❛❧❝♦♥❡r❛ t♦ t❤❡ ❙♦✉t❤✲❲❡st✳ ❚❤❡ ❡♥t✐r❡ ❝❡❧❧ ✐s ❛ ♠❛❥♦r ❡♥✈✐r♦♥♠❡♥t❛❧

❛r❡❛✱ ♣r♦t❡❝t❡❞ ❛♥❞ ❞❡s✐❣♥❛t❡❞ ❛s ◆❛t✉r❛ ✷✵✵✵ s✐t❡s ✭❙❈■ ■❚✸✷✺✵✵✸✸ ❛♥❞ ❙P❆ ■❚✸✷✺✵✵✹✶✮✱

❢r❡❡ ♦❢ ✉r❜❛♥ ❛♥❞ t♦✉r✐st s❡tt❧❡♠❡♥ts ❛♥❞ ✇✐t❤♦✉t ❛♥② ❝♦❛st❛❧ ❞❡❢❡♥❝❡ str✉❝t✉r❡✳ ■♥ t❤❡ ❜❛❝❦✲

s❤♦r❡✱ ❛ s②st❡♠ ♦❢ ❞✉♥❡s ✐s ♣r❡s❡♥t✳ ❇❡❤✐♥❞ t❤❡ ❞✉♥❡s✱ t❤❡r❡ ❛r❡ ✈❛❧❧❡②s ❛♥❞ ❝r♦♣ ✜❡❧❞s✳ ❚❤❡

❧♦♥❣✲s❤♦r❡ s❡❞✐♠❡♥t tr❛♥s♣♦rt✱ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ◆♦rt❤❡r♥ ❝❡❧❧ ✭❱❊✶✮ ✐s ❡q✉❛❧ t♦ ∼ ✺✵✬✵✵✵

♠3✴②❡❛r✳ ❆♥❛❧②s✐♥❣ t❤❡ r❡❝❡♥t ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s❤♦r❡❧✐♥❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✈❡r✐❢② t❤❛t t❤❡ ❝❡❧❧

✐s s✉❜st❛♥t✐❛❧❧② ✐♥ ❛❝❝r❡t✐♦♥✱ ❡✈❡♥ ✐❢ ❞❛♠❛❣❡s ✐♥ t❤❡ ❞✉♥❡s✱ ❞✉❡ t♦ ❡r♦s✐♦♥✱ ❛r❡ ♣r❡s❡♥t✳ ■♥ ❢❛❝t✱

✾✸



✻✳ ❊①t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥

t❤❡ r✐s❦ ♦❢ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ✐s ✈❡r② ❤✐❣❤ ❛♥❞ ✐♥✉♥❞❛t✐♦♥ ♦❝❝✉rr❡❞ ✐♥ t❤❡ ❜❛❝❦✲s❤♦r❡ ✈❛❧❧❡②✳ ❚❤❡

✇❛t❡r ❤❛s ❛❧✇❛②s ❡♥t❡r❡❞ t❤r♦✉❣❤ s♦♠❡ ✐♥t❡rr✉♣t✐♦♥s ✭✉s❡❞ ♠❛✐♥❧② ❢♦r tr❛♥s✐t✮ ♦♥ t❤❡ ❞✉♥❡s

✭❋✐❣✳ ✻✳✷✼✱ t♦♣✮✳

❋✐❣✉r❡ ✻✳✷✼✿ ❆❡r✐❛❧ ♣❤♦t♦❣r❛♣❤ ♦❢ ❱❛❧❧❡ ❱❡❝❝❤✐❛ ✭❈❛♦r❧❡✱ ❱❡♥❡③✐❛ ✲ ■❚✮ ✇✐t❤ ❛ ♣❛t❤ t♦ ❛❝❝❡ss

t❤❡ ❜❡❛❝❤❀ ♣❤♦t♦❣r❛♣❤ ♦❢ t❤❡ ♠♦✉t❤ ♦❢ t❤❡ ❧❛❣♦♦♥✬s ❝❤❛♥♥❡❧ ❇❛s❡❧❡❣❤❡ ❛♥❞ ♣❤♦t♦❣r❛♣❤ ♦❢ t❤❡

❜❡❛❝❤ ✧❙♣✐❛❣❣✐❛ ❞✐ ▲❡✈❛♥t❡✧

❙♦♠❡ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❞❛t❛ ❝♦♥❝❡r♥✐♥❣ t❤✐s ❧✐tt♦r❛❧ ❝❡❧❧ ❛r❡ ❞r❛✇♥ ✐♥ ❛ s✉♠♠❛r②

♠❛♣s ✭❋✐❣✳ ✻✳✷✽✮ ❛rr❛♥❣❡❞ ❜② ❘✉♦❧ ❡t ❛❧✳ ✭✷✵✶✻✮✳ ❚❤❡ t♦♣♦❣r❛♣❤② ❤✐❣❤❧✐❣❤ts ❞✐✛❡r❡♥t ❞✉♥❡s✱

✇✐t❤ ❝r❡st ❤✐❣❤ ✐♥ t❤❡ r❛♥❣❡ ✷♠ ✲ ✺♠✳

❚❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ st❡♣s ❢♦r t❤❡ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ r✐s❦ ❛ss❡ss♠❡♥t ❛r❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❱❛❧❧❡

❱❡❝❝❤✐❛ ❝♦❛st❧✐♥❡✳ ❚❤❡ ✜❣✉r❡ ✻✳✷✾ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢ ✢♦♦❞✐♥❣ ♠❛♣s ❢♦r Hs ❂ ✹ ♠ ❛♥❞ ζ

❂ ✶✳✼✺ ♠ ❩▼P❙✿ ❢❡✇ ❛r❡❛s ❛r❡ ✐♥✉♥❞❛t❡❞✱ ♠❛✐♥❧② ♥❡①t t♦ t❤❡ ♠♦✉t❤ ♦❢ t❤❡ ❧❛❣♦♦♥✬s ❝❤❛♥♥❡❧

❋❛❧❝♦♥❡r❛✳ ❚❤❡ ✜❣✉r❡ ✻✳✸✵ s❤♦✇s t❤❡ ✢♦♦❞✐♥❣ ♠❛♣s ❢♦r Hs ❂ ✻ ♠✱ ζ ❂ ✶✳✼✺ ♠ ❩▼P❙✿ t❤❡

❙♦✉t❤✲❲❡st ❛r❡❛ ✐s ♣❛rt❧② ✢♦♦❞❡❞ ❛♥❞ t❤❡ ❜r❡❛❝❤✐♥❣ ♦❝❝✉r ❛❧♦♥❣ t❤❡ ❞✉♥❡s✳

❚❤❡ ✜❣✉r❡ ✻✳✸✺ s❤♦✇s t❤❡ ✢♦♦❞❡❞ ❛r❡❛ ❛♥❞ ✈♦❧✉♠❡ ✐♥ t❤❡ ❱❛❧❧❡ ❱❡❝❝❤✐❛ ❝♦❛st❧✐♥❡ ❢♦r t❤❡

✷✵ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❋❖❘▼ ♠❡t❤♦❞s✱ ♣r❡s❡♥t ❤❛③❛r❞ ♠❛♣s ❛♥❞ t❡♥✲②❡❛rs

❢❛✐❧✉r❡ ♣r♦❜❛❜✐❧✐t② ♠❛♣s ❛r❡ ❛rr❛♥❣❡❞✳ ❚❤❡ ❝❤♦s❡♥ ❧✐♠✐t st❛t❡s ❛r❡ ✵✳✷ ♠ ✭♣r❡s❡♥t ♠❛♣ ❋✐❣✳

✻✳✸✶ ❛♥❞ t❡♥✲②❡❛r ♠❛♣ ❋✐❣✳ ✻✳✸✸✮ ❛♥❞ ✵✳✺ ♠ ✭♣r❡s❡♥t ♠❛♣ ❋✐❣✳ ✻✳✸✷ ❛♥❞ t❡♥✲②❡❛r ♠❛♣ ❋✐❣✳

✻✳✸✹✮✳
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❋✐❣✉r❡ ✻✳✺✹✿ Pr♦❥❡❝t✐♦♥s ❢r♦♠ ♣r♦❝❡ss✲❜❛s❡❞ ♠♦❞❡❧s ♦❢ ❣❧♦❜❛❧ ♠❡❛♥ s❡❛ ❧❡✈❡❧ ✭●▼❙▲✮ r✐s❡

r❡❧❛t✐✈❡ t♦ ✶✾✽✻✕✷✵✵✺ ❛♥❞ ✐ts ❝♦♥tr✐❜✉t✐♦♥s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ❢♦r t❤❡ ❢♦✉r ❘❈P s❝❡♥❛r✐♦s

✭❢r♦♠ ❙t♦❝❦❡r ❡t ❛❧✳ ✷✵✶✸✮✳

❚❛❜❧❡ ✻✳✼✿ ❆❘✺ ❙t♦❝❦❡r ❡t ❛❧✳ ✭✷✵✶✸✮ ❣❧♦❜❛❧ ♠❡❛♥ s❡❛ ❧❡✈❡❧ ✭♠✮ ✐♥❝r❡❛s❡ ♣r♦❥❡❝t✐♦♥s✱ st❛rt✐♥❣

❢r♦♠ ✷✵✶✸

❙❝❡♥❛r✐♦ ✷✵✹✻ ✲ ✷✵✻✺ ▼❡❛♥ ❛♥❞ ❧✐❦❡❧②

r❛♥❣❡

✷✵✽✶ ✲ ✷✶✵✵ ▼❡❛♥ ❛♥❞ ❧✐❦❡❧②

r❛♥❣❡

❘❈P✷✳✻ ✵✳✷✹ ❬✵✳✶✼ t♦ ✵✳✸✷❪ ✵✳✹✵ ❬✵✳✷✻ t♦ ✵✳✺✺❪

❘❈P✹✳✺ ✵✳✷✻ ❬✵✳✶✾ t♦ ✵✳✸✸❪ ✵✳✹✼ ❬✵✳✸✷ t♦ ✵✳✻✸❪

❘❈P✻✳✵ ✵✳✷✺ ❬✵✳✶✽ t♦ ✵✳✸✷❪ ✵✳✹✽ ❬✵✳✸✸ t♦ ✵✳✻✸❪

❘❈P✽✳✺ ✵✳✸✵ ❬✵✳✷✷ t♦ ✵✳✸✽❪ ✵✳✻✸ ❬✵✳✹✺ t♦ ✵✳✽✷❪

❚❤❡ ♣r♦❥❡❝t✐♦♥s ❛r❡ r❡❧❛t✐✈❡ t♦ t❡♠♣❡r❛t✉r❡s ❛♥❞ s❡❛ ❧❡✈❡❧s ✐♥ t❤❡ ❧❛t❡✲✷✵t❤ t♦ ❡❛r❧②✲✷✶st ❝❡♥✲

t✉r✐❡s ✭✶✾✽✻✲✷✵✵✺ ❛✈❡r❛❣❡✮✳❚❤❡ ❧✐♥❡s s❤♦✇ t❤❡ ♠❡❞✐❛♥ ♣r♦❥❡❝t✐♦♥s ❛♥❞ ❢♦r ●▼❙▲ r✐s❡ ✭❜❧❛❝❦

❧✐♥❡✮ ❛♥❞ t❤❡ t❤❡r♠❛❧ ❡①♣❛♥s✐♦♥ ❝♦♥tr✐❜✉t✐♦♥ ✭r❡❞ ❧✐♥❡✮✱ t❤❡ ❧✐❦❡❧② r❛♥❣❡ ✐s s❤♦✇♥ ❛s ❛ s❤❛❞❡❞

❜❛♥❞✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ✐❝❡ s❤❡❡ts ✐♥❝❧✉❞❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ✐❝❡✲s❤❡❡t r❛♣✐❞ ❞②✲

♥❛♠✐❝❛❧ ❝❤❛♥❣❡✱ ✇❤✐❝❤ ❛r❡ ❛❧s♦ s❤♦✇♥ s❡♣❛r❛t❡❧②✳

❚❤❡ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ♠♦❞❡❧ ✇❛s r❡r✉♥ ♦♥❧② ❢♦r t❤❡ ❱❊✷ ❧✐tt♦r❛❧ ❝❡❧❧ ✭❱❛❧❧❡ ❱❡❝❝❤✐❛ ❝♦❛st❧✐♥❡✮
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❚❤✐s t❤❡s✐s ♣r❡s❡♥ts ❛ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ❢♦r t❤❡ ✐♥❧❛♥❞ ✢♦♦❞ ♣r♦♣❛❣❛t✐♦♥ ❛♥❞ ❛♥ ❛♣♣r♦❛❝❤ ❢♦r

t❤❡ ❛ss❡ss♠❡♥t ♦❢ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ✈✉❧♥❡r❛❜✐❧✐t②✳ ❚❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧ ✐s ❛ ♥♦✈❡❧ ✷❉ ♠♦❞❡❧

t❤❛t s♦❧✈❡s t❤❡ s❤❛❧❧♦✇✲✇❛t❡r ❡q✉❛t✐♦♥s ✉s✐♥❣ ❛ ❧✐♥❡❛r✐s❡❞ ❢r✐❝t✐♦♥ t❡r♠ ❛♥❞ ❛ss✉♠❡s ♥❡❣❧✐❣✐❜❧❡

❝♦♥✈❡❝t✐✈❡ ❛❝❝❡❧❡r❛t✐♦♥s✳ ❚❤❡ ❢♦r♠✉❧❛t✐♦♥ t❛❦❡s ❛❞✈❛♥t❛❣❡ ♦❢ ❛ ❣r✐❞✲❜❛s❡❞ ✈❡❝t♦r✐③❛t✐♦♥ ❛♥❞

❛ ♣♦s✐t✐✈✐t② ♣r❡s❡r✈✐♥❣ s❝❤❡♠❡✳ ❚❤❡ ❦❡② ❢❡❛t✉r❡ ♦❢ t❤✐s ♠♦❞❡❧ ✐s t❤❡ ❢❛st ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞

♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ❢♦r♠✉❧❛t✐♦♥ s✉✐t❡❞ t♦ ●P❯ ❝❛r❞s✱ t❤✉s ♠❛❦✐♥❣ ✐t ✐❞❡❛❧ ❢♦r ❤❛♥❞❧✐♥❣

❤✐❣❤✲r❡s♦❧✉t✐♦♥ ♠❛♣s ♦♥ ❛ r❡❣✐♦♥❛❧ s❝❛❧❡✳ ■♥ ❛ t②♣✐❝❛❧ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ s✐♠✉❧❛t✐♦♥✱ t❤❡ ❝♦♠♣✉✲

t❛t✐♦♥❛❧ t✐♠❡ ✉s✐♥❣ ❛ ●P❯ ✇❛s ❢♦✉♥❞ t♦ ❜❡ ✸✪ ♦❢ t❤❡ t✐♠❡ ✉s✐♥❣ ❛ ❈P❯✳

❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧ ✇❛s ✈❡r✐✜❡❞ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ r❡s✉❧ts ✇✐t❤ s♦♠❡

✇❡❧❧✲❦♥♦✇♥ ❜❡♥❝❤♠❛r❦s✳ ❚❤❡ ❣♦♦❞ ❛❣r❡❡♠❡♥t ❢♦✉♥❞ ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧ r❡s✉❧ts ❛♥❞ t❤❡ ❛♥❛✲

❧②t✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❛♥ ♦s❝✐❧❧❛t♦r② ✢♦✇ ✐♥ ❛ ♣❛r❛❜♦❧✐❝ ❜❛s✐♥ ✭◆❛s❤✲❙✉t❝❧✐✛❡ ✐♥❞❡① NSE > ✵✳✾✾✻✮✱

❤✐❣❤❧✐❣❤ts t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ♠♦❞❡❧ t♦ s✐♠✉❧❛t❡ ❛ ♣❤❡♥♦♠❡♥♦♥ t❤❛t ✐♥✈♦❧✈❡s ✇❡t✴❞r② ✐♥t❡r❢❛❝❡s

✐♥ ❛ ✈❡r② ❧❛r❣❡ ❞♦♠❛✐♥ ✭❞✐❛♠❡t❡r ♦❢ t❤❡ ❜❛s✐♥ ❡q✉❛❧ t♦ ✶✵ ❦♠✮✳ ❚❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❛❞✲

✈❡❝t✐♦♥ t❡r♠s ✇❛s st✉❞✐❡❞ t❤r♦✉❣❤ t❤❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❛ s❡t ♦❢ ❡①♣❡r✐♠❡♥ts t❤❛t ✐♥✈❡st✐❣❛t❡

t❤❡ s♦❧✐t❛r② ✇❛✈❡ r✉♥✲✉♣ ♦♥ ❛ s✐♠♣❧❡ ❜❡❛❝❤ ✭❙②♥♦❧❛❦✐s ✶✾✽✼✮✱ ✇❤❡r❡ t❤❡ ❧❡♥❣t❤ s❝❛❧❡ ♦❢ t❤❡

♣❤❡♥♦♠❡♥❛ ✐s ✈❡r② s♠❛❧❧✳ ■♥ t❤✐s t❡st✱ ❛❞✈❡❝t✐♦♥ t❡r♠s ✇❡r❡ ❢♦✉♥❞ ✺✵✵ t✐♠❡s s♠❛❧❧❡r t❤❛♥ t❤❡

♦t❤❡r t❡r♠s ✭✐♥❡rt✐❛❧ ❛♥❞ ❢r✐❝t✐♦♥ t❡r♠s✮✱ ♣r♦✈✐♥❣ t❤❛t t❤❡ ❛❝❤✐❡✈❛❜❧❡ ✐♠♣r♦✈❡♠❡♥t ✐♥❝❧✉❞✐♥❣

❝♦♥✈❡❝t✐♦♥ ❢♦r ✐♥❧❛♥❞ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ✭s♦ ✐♥ ❛❜s❡♥❝❡ ♦❢ s♠❛❧❧✲s❝❛❧❡ ❢❡❛t✉r❡s✮ ✐s ♥♦t s✐❣♥✐✜❝❛♥t✳

❚❤❡ ♠♦❞❡❧✱ t♦❣❡t❤❡r ✇✐t❤ ❛ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠♦❞❡❧✱ ✇❛s ❛❧s♦ ❛♣♣❧✐❡❞ t♦ ❛ r❡❛❧ ❝❛s❡ st✉❞②

♦❢ ❛ ✢♦♦❞✐♥❣ ❡✈❡♥t ♦♥ t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧ ✐♥ ❉❡❝❡♠❜❡r ✷✵✵✽✳ ❚❤❡ r❡s✉❧ts s❤♦✇ ❛ ❣♦♦❞ ♠❛t❝❤

❜❡t✇❡❡♥ t❤❡ s✐♠✉❧❛t✐♦♥s ❛♥❞ t❤❡ r❡❛❧ ✢♦♦❞❡❞ ❛r❡❛ ❞♦❝✉♠❡♥t❡❞ ❜② ❛ ✈✐❞❡♦ ❛♥❞ ❛ r❡♣♦rt✳

❚❤❡ ✜♥❛❧ ❣♦❛❧ ✐s t♦ ♣r♦✈✐❞❡ ❛ r♦❜✉st ❛♥❞ r❡❧✐❛❜❧❡ t♦♦❧ ❢♦r t❤❡ ❛ss❡ss♠❡♥t ♦❢ ❝♦❛st❛❧ ✢♦♦❞✲

✐♥❣ ❤❛③❛r❞ ❛❧♦♥❣ t❤❡ ❧✐tt♦r❛❧✳ ❆♥ ❡①t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❱❡♥❡t✐❛♥ ❝♦❛st ✇❛s ❝❛rr✐❡❞

♦✉t✱ t❤❛♥❦s t♦ ❛ ✇✐❞❡ ❣❡♦♠♦r♣❤♦❧♦❣✐❝❛❧ ❛♥❞ ❤②❞r❛✉❧✐❝ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤✐s r❡❣✐♦♥❛❧ ❛r❡❛✳ ❚❤❡

st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ♠❛✐♥ ♠❛r✐♥❡ ❞r✐✈❡rs ❛❝t✐♥❣ ♦♥ t❤✐s ❝♦❛st ✇❛s ❝❛rr✐❡❞ ♦✉t ✐♥ ♦r❞❡r t♦

❢♦r❝❡ t❤❡ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠♦❞❡❧ ❛♥❞ ♦❜t❛✐♥ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ t♦ ❜❡ ✐♠♣♦s❡❞ ❛t t❤❡

s❤♦r❡❧✐♥❡✳ ❋✐♥❛❧❧②✱ ❛ r❡❧✐❛❜✐❧✐t② ❛♥❛❧②s✐s ✇❛s ❛♣♣❧✐❡❞ t♦ t❤❡ r❡s✉❧ts ❣❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ ✢♦♦❞✐♥❣

♣r♦♣❛❣❛t✐♦♥ ♠♦❞❡❧✱ ❡st❛❜❧✐s❤✐♥❣ t❤❡ ❞❡s✐r❡❞ ❤❛③❛r❞ ♠❛♣s✳

❚❤❡ ♠❡t❤♦❞♦❧♦❣② s❡❡♠s ♣r♦♠✐s✐♥❣ ❛♥❞ ♠❡❡ts t❤❡ r❡q✉✐r❡♠❡♥ts ♦❢ ❧♦❝❛❧ st❛❦❡❤♦❧❞❡rs ❢♦r ❛

✢❡①✐❜❧❡ t♦♦❧ t❤❛t ♣r❡❞✐❝ts ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ❛♥❞ ❤✐❣❤❧✐❣❤ts t❤❡ ♠♦r❡ ❡①♣♦s❡❞ ❛♥❞ ✈✉❧♥❡r❛❜❧❡

❛r❡❛s✱ ❛s t❤❡ ❤❛r❞✇❛r❡ r❡q✉✐r❡❞ ✭●P❯✮ t♦ r✉♥ t❤❡ ♠♦❞❡❧ ✐s ❝❡rt❛✐♥❧② ✇❡❧❧ ✇✐t❤✐♥ t❤❡ ✜♥❛♥❝✐❛❧

✶✶✸



✼✳ ❈♦♥❝❧✉s✐♦♥s

❛♥❞ t❡❝❤♥✐❝❛❧ ♠❡❛♥s ♦❢ ❧♦❝❛❧ ❛❞♠✐♥✐str❛t✐♦♥s✱ ✉♥❧✐❦❡ t❤❡ ❧❛r❣❡ ❝❧✉st❡r ♦❢ ❈P❯s ♥❡❡❞❡❞ t♦ r✉♥

t❤❡ ❡①✐st✐♥❣ ♦♣❡r❛t✐♦♥❛❧ ❞②♥❛♠✐❝ ♠♦❞❡❧s✳

✼✳✶ ❘❡❝♦♠♠❡♥❞❛t✐♦♥s ❢♦r ❢✉t✉r❡ ✇♦r❦

❋r♦♠ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♣❡rs♣❡❝t✐✈❡✱ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦✉♣❧❡❞ ✇✐t❤ ♦t❤❡r ♠♦❞✲

❡❧s ✐♥ ♦r❞❡r t♦ ✐♥❝❧✉❞❡ ♦t❤❡r ❦❡② ❛s♣❡❝ts ♦❢ t❤❡ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ❛ss❡ss♠❡♥t✳ ❋♦r ❡①❛♠♣❧❡✱

t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ❧✐♥❦❡❞ ✇✐t❤ ♠❡t❡♦r♦❧♦❣✐❝❛❧ ♠♦❞❡❧s t♦ ✐♥❝❧✉❞❡ t❤❡ ❡✛❡❝ts ♦❢

❤✉rr✐❝❛♥❡s✱ t②♣❤♦♦♥s ❛♥❞ ❝②❝❧♦♥❡s ❛♥❞✴♦r ✇✐t❤ r✐✈❡r✐♥❡ ♠♦❞❡❧s✳ ■♥ ❢❛❝t✱ t❤❡ ❝♦♠❜✐♥❛t✐♦♥s

♦❢ ♠✉❧t✐♣❧❡ ♣❤❡♥♦♠❡♥❛✱ ♥♦t ♦♥❧② r❡❧❛t❡❞ t♦ s❡❛ ❝♦♥❞✐t✐♦♥s✱ ❢r❡q✉❡♥t❧② ❡①❛❝❡r❜❛t❡ t❤❡ ❡✛❡❝t

♦❢ ♠❛r✐♥❡ ✐♥✉♥❞❛t✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ s✐♠✉❧t❛♥❡♦✉s ♦❝❝✉rr❡♥❝❡ ♦❢ ✐♥t❡♥s❡ ♣r❡❝✐♣✐t❛t✐♦♥s ♦r

r✐✈❡r ♦✈❡r✢♦✇s ✭✐♥ ❛r❡❛s s✉❝❤ ❛s ❞❡❧t❛s ❛♥❞ ❡st✉❛r✐❡s✮ ✇✐t❤ ❡①tr❡♠❡ ✇❛✈❡s ❛♥❞ s❡❛ ❧❡✈❡❧s ❝♦✉❧❞

❝♦♥tr✐❜✉t❡ t♦ ❝♦❛st❛❧ ✢♦♦❞✐♥❣✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❞r❛✐♥❛❣❡ s②st❡♠ ❝♦✉❧❞ ❜❡ ❧❡ss

❡✣❝✐❡♥t t❤❛♥ ❡①♣❡❝t❡❞ ❞✉r✐♥❣ s❡❛ st♦r♠ ✭❋✐❣✳ ✼✳✶✮✳

mean sea level
wave set-uprun-up

high tidestorm surge
subsidencedrainage systemriver overflow

intense precipitation

❋✐❣✉r❡ ✼✳✶✿ ❈♦♠❜✐♥❛t✐♦♥s ♦❢ ♠✉❧t✐♣❧❡ ♣❤❡♥♦♠❡♥❛ t❤❛t ❡①❛❝❡r❜❛t❡ ❝♦❛st❛❧ ✢♦♦❞✐♥❣

■t ♠✉st ❜❡ ✉♥❞❡r❧✐♥❡❞ t❤❛t ♦♥❧② ❛ s✐♥❣❧❡ ❢❛✐❧✉r❡ ♠❡❝❤❛♥✐s♠ ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ ✐✳❡✳ t❤❡

♦✈❡rt♦♣♣✐♥❣✳ ❍♦✇❡✈❡r✱ ♦t❤❡r ❢❡❛t✉r❡s✱ t❤❛t ✐♥✢✉❡♥❝❡ ❢❛✐❧✉r❡ ✐♥ t❤❡ ❧♦♥❣ t❡r♠✱ ❛r❡✱ ❢♦r ❡①✲

❛♠♣❧❡✱ ❡r♦s✐♦♥ ❛♥❞✱ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ♠♦r♣❤♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡s ✐♥ t❤❡ t♦♣♦❣r❛♣❤② ✭❢♦r ❡①❛♠♣❧❡

t❤❡ ❜r❡❛❝❤✐♥❣ ♦❢ ❝♦❛st❛❧ ❞❡❢❡♥❝❡ str✉❝t✉r❡s s✉❝❤ ❛s ❞✉♥❡s ❛♥❞ ❞✐❦❡s✮✳ ❚❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤✐s

♠❡❝❤❛♥✐s♠ ✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞ s✐♥❝❡ ✐♥✈♦❧✈❡s ❛ ❞❡❡♣ ❦♥♦✇❧❡❞❣❡ ♦❢ s❡❛✲❞✐❦❡✴❞✉♥❡ r❡s✐st❛♥❝❡

❛♥❞✱ ✐♥ t❤❡ ❧♦♥❣ t❡r♠✱ ✐ts ♠❛✐♥t❡♥❛♥❝❡ str❛t❡❣② ✭❡✳❣ ♥♦✉r✐s❤♠❡♥t✱ ❞✉♥❡s r❡✐♥❢♦r❝❡♠❡♥t✮✳

❋✐♥❛❧❧②✱ t❤❡ ♣r♦❞✉❝❡❞ ❤❛③❛r❞ ♠❛♣s ❝♦✉❧❞ ❜❡ ✐♥t❡❣r❛t❡❞ ✇✐t❤ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❡①♣♦s❡❞ ✈❛❧✲

✉❡s ✐♥ t❤❡ ❝♦❛st❛❧ ❛r❡❛ ✭❡✳❣✳ ♥✉♠❜❡r ♦❢ ✐♥❤❛❜✐t❛♥ts ♣♦t❡♥t✐❛❧❧② ❛✛❡❝t❡❞✱ t②♣❡ ♦❢ ❡❝♦♥♦♠✐❝

❛❝t✐✈✐t② ♦❢ t❤❡ ❛r❡❛ ♣♦t❡♥t✐❛❧❧② ❛✛❡❝t❡❞✱ ❡t❝✳✮ ✐♥ ♦r❞❡r t♦ ♣r❡♣❛r❡ ✢♦♦❞ r✐s❦ ♠❛♣s t❤❛t s❤♦✇

t❤❡ ♣♦t❡♥t✐❛❧ ❛❞✈❡rs❡ ❝♦♥s❡q✉❡♥❝❡s ❢♦r ❤✉♠❛♥ ❤❡❛❧t❤✱ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ ❝✉❧t✉r❛❧ ❤❡r✐t❛❣❡ ❛♥❞

❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝♦❛st❛❧ ✢♦♦❞✐♥❣✳

✶✶✹
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❆❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❝❡❧❧s

✈❡✷✱ ✈❡✸✱ ✈❡✻

❙♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ t❤r❡❡ ❧✐tt♦r❛❧ ❝❡❧❧s ♦❢ t❤❡ ❱❡♥❡t♦ r❡❣✐♦♥ ❛♥❛❧②s❡❞ ✐♥ ❈❤❛♣t❡r ✻ ❛r❡

❤❡r❡ r❡♣♦rt❡❞ ❛♥❞ ✐❧❧✉str❛t❡❞✳ ❋✐❣✳ ❇✳✷ s❤♦✇s t❤❡ ◆♦rt❤✲❊❛st❡r♥ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧✱ ✇❤❡r❡ t❤❡

t❤r❡❡ ❛♥❛❧②s❡❞ ❝❡❧❧s ❛r❡ ❧♦❝❛t❡❞✿ ❱❊✷ ❱❛❧❧❡ ❱❡❝❝❤✐❛✱ ❱❊✸ ❈❛♦r❧❡ ❛♥❞ ❱❊✻ ❈❛✈❛❧❧✐♥♦✲❚r❡♣♦rt✐✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❢♦r ❡❛❝❤ ❝❡❧❧✱ ❣❡♦❣r❛♣❤✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ r❡s✉❧ts ♦❢ t❤❡ s❡❞✐♠❡♥t ❜✉❞❣❡t

❛♥❛❧②s✐s ❛r❡ ❣✐✈❡♥ t♦❣❡t❤❡r ✇✐t❤ t❤❡ s❤♦r❡❧✐♥❡ ✈❛r✐❛t✐♦♥ ❛♥❞ s♦♠❡ ❜❛t❤②♠❡tr✐❝ ♣r♦✜❧❡✳

❘❡❣❛r❞✐♥❣ t❤❡ s❡❞✐♠❡♥t ❜✉❞❣❡t ❞❛t❛✱ t❤❡ ❛ss❡ss♠❡♥t ♠❡t❤♦❞ ✐s ❞❡s❝r✐❜❡❞ ✭❛♥❞ ♣❡r❢♦r♠❡❞✮ ✐♥

❘✉♦❧ ❡t ❛❧✳✭✷✵✶✻✱✷✵✶✽✮✳ ❚❤❡ s❡❞✐♠❡♥t ❜✉❞❣❡t ✐s ❡ss❡♥t✐❛❧❧② ❛ ♠❛ss ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥ ❛♣♣❧✐❡❞

t♦ ❛ s♣❡❝✐✜❡❞ t✐♠❡ ✐♥t❡r✈❛❧✳ ❙✉❜❞✐✈✐❞✐♥❣ t❤❡ ❝♦❛st❧✐♥❡ ✐♥t♦ ❛ ♥✉♠❜❡r ♦❢ s♠❛❧❧ str❡t❝❤❡s✱ t❤❡

❜❛❧❛♥❝❡ ✐s ❛♣♣❧✐❡❞ t♦ ❡❛❝❤ str❡t❝❤ i✿

εi = ∂Vi −Qi∆t = 0 ✭❇✳✶✮

✇❤❡r❡ ∂Vi ✐s t❤❡ ✈♦❧✉♠❡ ♦❢ ❛❝❝r❡t✐♦♥ ♦r ❡r♦s✐♦♥ ❡st✐♠❛t❡❞ ❜② ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜❛t❤②♠❡tr✐❡s

s✉r✈❡②❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ t✐♠❡ r❛♥❣❡ ∆t✱ ❛♥❞ Qi ✐s t❤❡ ♥❡t s❡❞✐♠❡♥t

❞✐s❝❤❛r❣❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ❇✳✶ ❛♥❞ ❣✐✈❡♥ ❜②✿

Qi = QLS(North)i +QLS(South)i +QFi −QCRi +QNi −QDi ✭❇✳✷✮

N

QriverQNi

QLS(South) i

QD i QCRi QCR i-1

QLS(South) i-1QLS(North) i

QFi-1QFi cell i-1cell i

❋✐❣✉r❡ ❇✳✶✿ ❙❡❞✐♠❡♥t ❜❛❧❛♥❝❡ ❞✐❛❣r❛♠✳ ▲✐tt♦r❛❧ ❝❡❧❧s ❛r❡ ❧✐♠✐t❡❞ ❜② ♠♦r♣❤♦❧♦❣✐❝❛❧ ❢❡❛t✉r❡s

✭❝♦♥t✐♥✉♦✉s ❧✐♥❡✮✳ ❚❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ r✐✈❡r s❡❞✐♠❡♥t tr❛♥s♣♦rt ✐♥ t❤❡ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ✇♦✉❧❞ ❜❡

str❛✐❣❤t❢♦r✇❛r❞ ✐❢ t❤❡ ❝❡❧❧ ❝♦♥tr♦❧ ✈♦❧✉♠❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ❞❛s❤✲❞♦t ❜♦① ✭❢r♦♠ ❘✉♦❧ ❡t ❛❧✳ ✷✵✶✽✮

✇❤❡r❡ QLS ✐s t❤❡ ❧♦♥❣✲s❤♦r❡ s❡❞✐♠❡♥t tr❛♥s♣♦rt❀ QF ✐s t❤❡ ❛❞❞✐t✐♦♥❛❧ r✐✈❡r s❡❞✐♠❡♥t s✉♣♣❧②❀
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QCR ✐s t❤❡ ❝r♦ss✲s❤♦r❡ s❡❞✐♠❡♥t tr❛♥s♣♦rt❀ ❛♥❞ QN ❛♥❞ QD ❛r❡ t❤❡ ✈♦❧✉♠❡s ❛❞❞❡❞ ♦r s✉❜✲

tr❛❝t❡❞ ❞✉❡ t♦ ♥♦✉r✐s❤♠❡♥t ♦r ❞r❡❞❣✐♥❣ r❡s♣❡❝t✐✈❡❧②✳ ❙✉❜s✐❞❡♥❝❡ ❛♥❞ s❡❛ ❧❡✈❡❧ r✐s❡ ❞♦ ♥♦t

❛✛❡❝t t❤❡ s❡❞✐♠❡♥t ❜❛❧❛♥❝❡ ❞✐r❡❝t❧②✱ ❜✉t t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ❡✛❡❝t ❛s ❣❡♥❡r❛❧✐③❡❞ ❡r♦s✐♦♥✳
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❋✐❣✉r❡ ❇✳✷✿ ◆♦rt❤✲❊❛st❡r♥ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧✿ ❱❊✷✱ ❱❊✸ ❛♥❞ ❱❊✻ ❝❡❧❧s ✐♥ r❡❞

▲■❚❚❖❘❆▲ ❈❊▲▲ ❱❊✷✿ ❱❛❧❧❡ ❱❡❝❝❤✐❛ ❝♦❛st❧✐♥❡

❈❡❧❧ ❜♦✉♥❞❛r✐❡s ❢r♦♠ P♦rt♦ ❇❛s❡❧❡❣❤❡ t♦ ❇♦❝❝❛ ❞✐ ❋❛❧❝♦♥❡r❛

▼✉♥✐❝✐♣❛❧✐t② ❈❛♦r❧❡ ✭❱❡♥✐❝❡ ✲ ■t❛❧②✮

❈❡❧❧ ❧❡♥❣t❤ ✺✺✶✺ ♠

❉✐r❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ s❤♦r❡❧✐♥❡ ✶✻✺ ➦◆

❊♥✈✐r♦♥♠❡♥t❛❧ s✐t❡ ❙❈■ ■❚✸✷✺✵✵✸✸ ✭▲❛❣✉♥❛ ❞✐ ❈❛♦r❧❡ ✲ ❋♦❝❡ ❞❡❧

❚❛❣❧✐❛♠❡♥t♦✮

❙P❆ ■❚✸✷✺✵✵✹✶ ✭❱❛❧❧❡ ❱❡❝❝❤✐❛ ✲ ❩✉♠❡❧❧❡ ✲

❱❛❧❧✐ ❞✐ ❇✐❜✐♦♥❡✮
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❈❡❧❧ ♣❛rt QLS ✭✶✮ QLS ✭✷✮ QCR QF QN QD ∂V
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❋✐❣✉r❡ ❇✳✹✿ ❙❤♦r❡❧✐♥❡ ✈❛r✐❛t✐♦♥ ❢♦r ❝❡❧❧ ❱❊✷✱ ❞❛t❛ ❢r♦♠ ❖rt❤♦♣❤♦t♦ ❛♥❞ ❜❛t❤②♠❡tr✐❝ s✉r✈❡②

✶✷✺



❇✳ ❆❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❝❡❧❧s ✈❡✷✱ ✈❡✸✱ ✈❡✻

▲■❚❚❖❘❆▲ ❈❊▲▲ ❱❊✸✿ ❈❛♦r❧❡ ❝♦❛st❧✐♥❡

❈❡❧❧ ❜♦✉♥❞❛r✐❡s ❢r♦♠ ❇♦❝❝❛ ❞✐ ❋❛❧❝♦♥❡r❛ t♦ ❋♦❝❡ ▲✐✈❡♥③❛

▼✉♥✐❝✐♣❛❧✐t② ❈❛♦r❧❡ ✭❱❡♥✐❝❡ ✲ ■t❛❧②✮

❈❡❧❧ ❧❡♥❣t❤ ✺✶✻✽ ♠

❉✐r❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ s❤♦r❡❧✐♥❡ ✶✹✵ ➦◆

❚❛❜❧❡ ❇✳✷✿ ❙❡❞✐♠❡♥t ❜❛❧❛♥❝❡ ✭✈♦❧✉♠❡ ♠3✴②❡❛r ✯ ✶✵✵✵✮

❈❡❧❧ ♣❛rt QLS ✭✶✮ QLS ✭✷✮ QCR QF QN QD ∂V

▲♦♥❣✲s❤♦r❡ ▲♦♥❣✲s❤♦r❡ ❈r♦ss✲s❤♦r❡ ❋❧✉✈✐❛❧ ◆♦✉r✐s❤❡❞ ❉r❡❞❣❡❞

❱❊✸ ◆ ✲✷✵✳✸ ✲✶✷✳✾ ✹✳✻ ✲ ✷✹✳✵ ✵✳✵ ✷✻✳✾

❱❊✸ ❙ ✲✶✷✳✾ ✲✶✵✳✵ ✸✳✽ ✲ ✷✷✳✹ ✺✳✶ ✶✻✳✸
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◆♦rt❤✲❊❛st✱ ♣r♦✜❧❡ ❛t ✧▼✉r❛③③✐✧ ✭♠✐❞❞❧❡✮ ❛♥❞ ♣r♦✜❧❡ ❛t t❤❡ ✧❙♣✐❛❣❣✐❛ ❞✐ P♦♥❡♥t❡✧ ❙♦✉t❤✲

❲❡st✭❜❡❧♦✇✮
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❇✳ ❆❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❝❡❧❧s ✈❡✷✱ ✈❡✸✱ ✈❡✻
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❋✐❣✉r❡ ❇✳✻✿ ❙❤♦r❡❧✐♥❡ ✈❛r✐❛t✐♦♥ ❢♦r ❝❡❧❧ ❱❊✸✱ ❞❛t❛ ❢r♦♠ ❖rt❤♦♣❤♦t♦ ❛♥❞ ❜❛t❤②♠❡tr✐❝ s✉r✈❡②

▲■❚❚❖❘❆▲ ❈❊▲▲ ❱❊✻✿ ❈❛✈❛❧❧✐♥♦✲❚r❡♣♦rt✐ ❝♦❛st❧✐♥❡

❈❡❧❧ ❜♦✉♥❞❛r✐❡s ❢r♦♠ ❋♦❝❡ ❙✐❧❡ t♦ ❇♦❝❝❛ ❞✐ ▲✐❞♦

▼✉♥✐❝✐♣❛❧✐t② ❈❛✈❛❧❧✐♥♦ ✲ ❚r❡♣♦rt✐ ✭ ✭❱❡♥✐❝❡ ✲ ■t❛❧②✮

❈❡❧❧ ❧❡♥❣t❤ ✶✸✻✽✷ ♠

❉✐r❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ s❤♦r❡❧✐♥❡ ✶✺✵ ➦◆

❊♥✈✐r♦♥♠❡♥t❛❧ s✐t❡ ❙❈■✴❙P❆ ■❚✸✷✺✵✵✵✸ ✭P❡♥✐s♦❧❛ ❈❛✈❛❧❧✐♥♦✮

❚❛❜❧❡ ❇✳✸✿ ❙❡❞✐♠❡♥t ❜❛❧❛♥❝❡ ✭✈♦❧✉♠❡ ♠3✴②❡❛r ✯ ✶✵✵✵✮

❈❡❧❧ ♣❛rt QLS ✭✶✮ QLS ✭✷✮ QCR QF QN QD ∂V
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❋✐❣✉r❡ ❇✳✽✿ ❇❛t❤②♠❡tr✐❝ ♣r♦✜❧❡✱ ❢♦r♠ s✉r✈❡② ✷✵✶✹✿ ♣r♦✜❧❡ ♥❡①t t♦ t❤❡ ♠♦✉t❤ ♦❢ r✐✈❡r ❙✐❧❡

✭❛❜♦✈❡✮ ◆♦rt❤✲❊❛st✱ ♣r♦✜❧❡ ♥❡①t t♦ ✧❇♦❝❝❛ ❞✐ ▲✐❞♦✧ ❙♦✉t❤✲❲❡st✭❜❡❧♦✇✮
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❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② s✉♣❡r✈✐s♦r Pr♦❢✳ P✐❡r♦ ❘✉♦❧ ❢♦r ❤✐s ❦♥♦✇❧❡❞❣❡ ❛♥❞ s✉♣♣♦rt ♦❢ ♠②

P❤✳❉✳ st✉❞✐❡s✳ ❯♥❞❡rt❛❦✐♥❣ t❤✐s ❡①♣❡r✐❡♥❝❡ ❤❛s ❜❡❡♥ ❛ ❝❤❛❧❧❡♥❣❡ ❢♦r ♠❡ ❛♥❞ ■ ❛♠ t❤❛♥❦❢✉❧

❢♦r t❤❡ ❣✉✐❞❛♥❝❡ ❛♥❞ ♠♦t✐✈❛t✐♦♥ ■ r❡❝❡✐✈❡❞ ❢r♦♠ ❤✐♠✳

▼② s✐♥❝❡r❡ t❤❛♥❦s ❣♦ t♦ Pr♦❢✳ ▲✉❝❛ ▼❛rt✐♥❡❧❧✐ ❢♦r ❤✐s ❤❡❧♣❢✉❧♥❡ss✱ ❦♥♦✇❧❡❞❣❡ ❛♥❞ ♣❛t✐❡♥❝❡✳

❍❡ ❜❡❧✐❡✈❡❞ ✐♥ ♠② ❝❛♣❛❜✐❧✐t✐❡s✱ ❡♥❝♦✉r❛❣❡❞ ♠❡ t♦ ❡♥❣❛❣❡ t❤❡ ❞♦❝t♦r❛❧ ♣r♦❣r❛♠ ❛♥❞ s❤❛r❡❞

✇✐t❤ ♠❡ t❤❡ ♠♦st ♦❢ t❤❡ ✇♦r❦ ■ ❞✐❞✳ ❲✐t❤♦✉t ❤✐s ♣r❡❝✐♦✉s s✉♣♣♦rt ✐t ✇♦✉❧❞ ♥♦t ❤❛✈❡ ❜❡❡♥

♣♦ss✐❜❧❡ t♦ ✇✐❞❡♥ ♠② r❡s❡❛r❝❤ ❢r♦♠ ✈❛r✐♦✉s ♣❡rs♣❡❝t✐✈❡s✳

■ ❣r❛t❡❢✉❧❧② t❤❛♥❦ t❤❡ ❝♦♥t✐♥✉♦✉s ♠♦r❛❧ ❛♥❞✴♦r s❝✐❡♥t✐✜❝ s✉♣♣♦rt ♣r♦✈✐❞❡❞ ❜② ■♥❣✳ ▼❛tt❡♦

❱♦❧♣❛t♦✱ Pr♦❢✳ ▼❛r❝♦ ❋❛✈❛r❡tt✐ ❛♥❞ ❛❧❧ t❤❡ ♣r♦❢❡ss♦rs✱ r❡s❡❛r❝❤❡rs✱ P❤❉ ❝♦❧❧❡❛❣✉❡s✱ t❡❝❤♥✐✲

❝✐❛♥s ❛♥❞ st✉❞❡♥ts ♦❢ t❤❡ ❯♥✐✈❡rs✐t② ♦❢ P❛❞♦✈❛✱ ✇❤♦ ❛❧✇❛②s ♣r♦✈❡❞ t♦ ❜❡ ❦✐♥❞ ❛♥❞ ❢r✐❡♥❞❧② t♦

♠❡✳

■ ✇✐s❤ t♦ ❛❝❦♥♦✇❧❡❞❣❡ ❘❡❣✐♦♥❡ ❞❡❧ ❱❡♥❡t♦✱ ❡s♣❡❝✐❛❧❧② ■♥❣✳ P❛tt✐✱ ■♥❣✳ ❙✐♠♦♥✐♥ ❛♥❞ ■♥❣✳

❙❡❧✈✐✱ ❢♦r t❤❡✐r ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❱❡♥❡t✐❛♥ ❧✐tt♦r❛❧ ✇❤✐❝❤ ❣❛✈❡ t❤❡ ✐♠♣✉❧s❡ ❛♥❞ ❛❧❧♦✇❡❞ t❤❡

❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤✐s P❤❉ t❤❡s✐s✳

❋✐♥❛❧❧②✱ s♣❡❝✐❛❧ t❤❛♥❦s t♦ ♠② ❤✉s❜❛♥❞ ❋r❛♥❝❡s❝♦✱ ♠② ♣❛r❡♥ts ❖❧❣❛ ❛♥❞ ●✐❛♥❛♥❣❡❧♦ ❛♥❞ ♠②

s✐st❡r ❋r❛♥❝❡s❝❛ ❢♦r t❤❡✐r ❡♥❝♦✉r❛❣❡♠❡♥t ❞✉r✐♥❣ ♠② st✉❞②✳

❈❤✐❛r❛ ❋❛✈❛r❡tt♦

✶✷✾



✶✸✵



▲✐st ♦❢ P✉❜❧✐❝❛t✐♦♥s

❏♦✉r♥❛❧ ♣❛♣❡rs✿

❬✶❪ ❘✉♦❧ P✱ ▼❛rt✐♥❡❧❧✐ ▲✱ ❋❛✈❛r❡tt♦ ❈✳ ✭✷✵✶✽✮✳ ❱✉❧♥❡r❛❜✐❧✐t② ❆♥❛❧②s✐s ♦❢ t❤❡ ❱❡♥❡t✐❛♥ ▲✐tt♦r❛❧

❛♥❞ ❆❞♦♣t❡❞ ▼✐t✐❣❛t✐♦♥ ❙tr❛t❡❣②✳ ❲❛t❡r✳ ✶✵✭✽✮✿✾✽✹

❬✷❪ ▼❛rt✐♥❡❧❧✐✱ ▲✳✱ ❘✉♦❧✱ P✳✱ ❱♦❧♣❛t♦✱ ▼✳✱ ❋❛✈❛r❡tt♦✱ ❈✳✱ ❈❛st❡❧❧✐♥♦✱ ▼✳ ✱ ❉❡ ●✐r♦❧❛♠♦✱ P✳✱

❋r❛♥❝♦✱ ▲✳✱ ❘♦♠❛♥♦✱ ❆✳✱ ❙❛♠♠❛r❝♦✱ P✳ ✭✷✵✶✽✮✳ ❊①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦♥ ♥♦♥✲

❜r❡❛❦✐♥❣ ✇❛✈❡ ❢♦r❝❡s ❛♥❞ ♦✈❡rt♦♣♣✐♥❣ ❛t t❤❡ r❡❝✉r✈❡❞ ♣❛r❛♣❡ts ♦❢ ✈❡rt✐❝❛❧ ❜r❡❛❦✇❛t❡rs✳

❈♦❛st❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✹✶✿✺✷✲✻✼
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❛r❜✐tr❛r② ♣r♦✜❧❡✳ ❏♦✉r♥❛❧ ♦❢ ●❡♦♣❤②s✐❝❛❧ ❘❡s❡❛r❝❤✿ ❖❝❡❛♥s✱ ✾✵✭❈✻✮✿✶✶✾✶✼✕✶✶✾✷✼✳

❉❛✇s♦♥✱ ❘✳ ❏✳✱ ❍❛❧❧✱ ❏✳✱ ❇❛t❡s✱ P✳✱ ❛♥❞ ◆✐❝❤♦❧❧s✱ ❘✳ ✭✷✵✵✺✮✳ ◗✉❛♥t✐✜❡❞ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢

✢♦♦❞✐♥❣ ✐♥ t❤❡ t❤❛♠❡s ❡st✉❛r② ✉♥❞❡r ✐♠❛❣✐♥❛❜❧❡ ✇♦rst✲❝❛s❡ s❡❛ ❧❡✈❡❧ r✐s❡ s❝❡♥❛r✐♦s✳ ❲❛t❡r r❡s♦✉r❝❡s

❞❡✈❡❧♦♣♠❡♥t✱ ✷✶✭✹✮✿✺✼✼✕✺✾✶✳

❉❡❛♥✱ ❘✳ ●✳ ✭✶✾✼✼✮✳ ❊q✉✐❧✐❜r✐✉♠ ❜❡❛❝❤ ♣r♦✜❧❡s✿ ❯❙ ❆t❧❛♥t✐❝ ❛♥❞ ●✉❧❢ ❝♦❛sts✳ ❉❡♣❛rt♠❡♥t ♦❢ ❈✐✈✐❧

❊♥❣✐♥❡❡r✐♥❣ ❛♥❞ ❈♦❧❧❡❣❡ ♦❢ ▼❛r✐♥❡ ❙t✉❞✐❡s✱ ❯♥✐✈❡rs✐t② ♦❢ ❉❡❧❛✇❛r❡✳

❉✐ ▲✉❝❝✐♦✱ ❉✳✱ ❇❡♥❛ss❛✐✱ ●✳✱ ❉✐ P❛♦❧❛✱ ●✳✱ ❘♦ss❦♦♣❢✱ ❈✳✱ ▼✉❝❡r✐♥♦✱ ▲✳✱ ▼♦♥t❡❧❧❛✱ ❘✳✱ ❛♥❞ ❈♦♥t❡st❛✲

❜✐❧❡✱ P✳ ✭✷✵✶✽✮✳ ▼♦♥✐t♦r✐♥❣ ❛♥❞ ♠♦❞❡❧❧✐♥❣ ❝♦❛st❛❧ ✈✉❧♥❡r❛❜✐❧✐t② ❛♥❞ ♠✐t✐❣❛t✐♦♥ ♣r♦♣♦s❛❧ ❢♦r ❛♥

❛r❝❤❛❡♦❧♦❣✐❝❛❧ s✐t❡ ✭❦❛✉❧♦♥✐❛✱ s♦✉t❤❡r♥ ✐t❛❧②✮✳ ❙✉st❛✐♥❛❜✐❧✐t② ✭❙✇✐t③❡r❧❛♥❞✮✱ ✶✵✭✻✮✳

❉✐ ❘✐s✐♦✱ ▼✳✱ ❇r✉s❝❤✐✱ ❆✳✱ ▲✐s✐✱ ■✳✱ P❡s❛r✐♥♦✱ ❱✳✱ ❛♥❞ P❛sq✉❛❧✐✱ ❉✳ ✭✷✵✶✼✮✳ ❈♦♠♣❛r❛t✐✈❡ ❛♥❛❧②s✐s ♦❢

❝♦❛st❛❧ ✢♦♦❞✐♥❣ ✈✉❧♥❡r❛❜✐❧✐t② ❛♥❞ ❤❛③❛r❞ ❛ss❡ss♠❡♥t ❛t ♥❛t✐♦♥❛❧ s❝❛❧❡✳ ❏♦✉r♥❛❧ ♦❢ ▼❛r✐♥❡ ❙❝✐❡♥❝❡

❛♥❞ ❊♥❣✐♥❡❡r✐♥❣✱ ✺✭✹✮✿✺✶✳

❉♦tt♦r✐✱ ❋✳✱ ▼❛rt✐♥❛✱ ▼✳ ▲✳ ❱✳✱ ❛♥❞ ❋✐❣✉❡✐r❡❞♦✱ ❘✳ ✭✷✵✶✻✮✳ ❆ ♠❡t❤♦❞♦❧♦❣② ❢♦r ✢♦♦❞ s✉s❝❡♣t✐❜✐❧✐t② ❛♥❞

✈✉❧♥❡r❛❜✐❧✐t② ❛♥❛❧②s✐s ✐♥ ❝♦♠♣❧❡① ✢♦♦❞ s❝❡♥❛r✐♦s✳ ❏♦✉r♥❛❧ ♦❢ ❋❧♦♦❞ ❘✐s❦ ▼❛♥❛❣❡♠❡♥t✳

❉✉✱ ❳✳ ✭✷✵✵✺✮✳ ❋✐rst ♦r❞❡r ❛♥❞ s❡❝♦♥❞ r❡❧✐❛❜✐❧✐t② ♠❡t❤♦❞s✳ Pr♦❜❛❜✐❧✐st✐❝ ❡♥❣✐♥❡❡r✐♥❣ ❞❡s✐❣♥✱ ♣❛❣❡s

✶✕✸✸✳

❉✉♣✉✐s✱ ❉✳ ❏✳ ❛♥❞ ❏♦♥❡s✱ ❇✳ ▲✳ ✭✷✵✵✻✮✳ ▼✉❧t✐✈❛r✐❛t❡ ❡①tr❡♠❡ ✈❛❧✉❡ t❤❡♦r② ❛♥❞ ✐ts ✉s❡❢✉❧♥❡ss ✐♥

✉♥❞❡rst❛♥❞✐♥❣ r✐s❦✳ ◆♦rt❤ ❆♠❡r✐❝❛♥ ❆❝t✉❛r✐❛❧ ❏♦✉r♥❛❧✱ ✶✵✭✹✮✿✶✕✷✼✳

❋❛✈❛r❡tt♦✱ ❈✳✱ ▼❛rt✐♥❡❧❧✐✱ ▲✳✱ ❛♥❞ ❘✉♦❧✱ P✳ ✭✷✵✶✽✮✳ ❆ ♠♦❞❡❧ ♦❢ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ✉s✐♥❣ ❧✐♥❡❛r✐③❡❞ ❜♦tt♦♠

❢r✐❝t✐♦♥ ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛ ❝❛s❡ st✉❞② ✐♥ ❝❛♦r❧❡✱ ✈❡♥✐❝❡ ✐t❛❧②✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❖✛s❤♦r❡

❛♥❞ P♦❧❛r ❊♥❣✐♥❡❡r✐♥❣✳

✶✸✹



❇■❇▲■❖●❘❆P❍❨

❋✐s❤❡r✱ ❘✳ ❆✳ ❛♥❞ ❚✐♣♣❡tt✱ ▲✳ ❍✳ ❈✳ ✭✶✾✷✽✮✳ ▲✐♠✐t✐♥❣ ❢♦r♠s ♦❢ t❤❡ ❢r❡q✉❡♥❝② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧❛r❣❡st

♦r s♠❛❧❧❡st ♠❡♠❜❡r ♦❢ ❛ s❛♠♣❧❡✳ ■♥ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❈❛♠❜r✐❞❣❡ P❤✐❧♦s♦♣❤✐❝❛❧

❙♦❝✐❡t②✱ ✈♦❧✉♠❡ ✷✹✱ ♣❛❣❡s ✶✽✵✕✶✾✵✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✳

❋♦r♠❡♥t✐♥✱ ❙✳ ▼✳ ❛♥❞ ❩❛♥✉tt✐❣❤✱ ❇✳ ✭✷✵✶✽✮✳ ❆ ♥❡✇ ♠❡t❤♦❞ t♦ ❡st✐♠❛t❡ t❤❡ ♦✈❡rt♦♣♣✐♥❣ ❛♥❞ ♦✈❡r✢♦✇

❞✐s❝❤❛r❣❡ ❛t ♦✈❡r✲✇❛s❤❡❞ ❛♥❞ ❜r❡❛❝❤❡❞ ❞✐❦❡s✳ ❈♦❛st❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✹✵✿✷✹✵✕✷✺✻✳

❋ré❝❤❡t✱ ▼✳ ✭✶✾✷✼✮✳ ❙✉r ❧❡s ❡♥s❡♠❜❧❡s ❝♦♠♣❛❝ts ❞❡ ❢♦♥❝t✐♦♥s ♠❡s✉r❛❜❧❡s✳ ❋✉♥❞❛♠❡♥t❛ ▼❛t❤❡♠❛t✐❝❛❡✱

✾✭✶✮✿✷✺✕✸✷✳

●❛❧❧❛♥❞✱ ❏✳✲❈✳✱ ●♦✉t❛❧✱ ◆✳✱ ❛♥❞ ❍❡r✈♦✉❡t✱ ❏✳✲▼✳ ✭✶✾✾✶✮✳ ❚❡❧❡♠❛❝✿ ❆ ♥❡✇ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ❢♦r s♦❧✈✐♥❣

s❤❛❧❧♦✇ ✇❛t❡r ❡q✉❛t✐♦♥s✳ ❆❞✈❛♥❝❡s ✐♥ ❲❛t❡r ❘❡s♦✉r❝❡s✱ ✶✹✭✸✮✿✶✸✽✕✶✹✽✳

●❛❧❧✐❡♥✱ ❚✳ ✭✷✵✶✻✮✳ ❱❛❧✐❞❛t❡❞ ❝♦❛st❛❧ ✢♦♦❞ ♠♦❞❡❧✐♥❣ ❛t ✐♠♣❡r✐❛❧ ❜❡❛❝❤✱ ❝❛❧✐❢♦r♥✐❛✿ ❈♦♠♣❛r✐♥❣ t♦t❛❧

✇❛t❡r ❧❡✈❡❧✱ ❡♠♣✐r✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♦✈❡rt♦♣♣✐♥❣ ♠❡t❤♦❞♦❧♦❣✐❡s✳ ❈♦❛st❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✶✶✿✾✺✕✶✵✹✳

●❛❧❧✐❡♥✱ ❚✳✱ ❙❛♥❞❡rs✱ ❇✳✱ ❛♥❞ ❋❧✐❝❦✱ ❘✳ ✭✷✵✶✹✮✳ ❯r❜❛♥ ❝♦❛st❛❧ ✢♦♦❞ ♣r❡❞✐❝t✐♦♥✿ ■♥t❡❣r❛t✐♥❣ ✇❛✈❡

♦✈❡rt♦♣♣✐♥❣✱ ✢♦♦❞ ❞❡❢❡♥s❡s ❛♥❞ ❞r❛✐♥❛❣❡✳ ❈♦❛st❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ✾✶✿✶✽✕✷✽✳

●♥❡❞❡♥❦♦✱ ❇✳ ✭✶✾✹✸✮✳ ❙✉r ❧❛ ❞✐str✐❜✉t✐♦♥ ❧✐♠✐t❡ ❞✉ t❡r♠❡ ♠❛①✐♠✉♠ ❞✬✉♥❡ s❡r✐❡ ❛❧❡❛t♦✐r❡✳ ❆♥♥❛❧s ♦❢

♠❛t❤❡♠❛t✐❝s✱ ♣❛❣❡s ✹✷✸✕✹✺✸✳

●♦❞❛✱ ❨✳ ✭✶✾✽✾✮✳ ❖♥ t❤❡ ♠❡t❤♦❞♦❧♦❣② ♦❢ s❡❧❡❝t✐♥❣ ❞❡s✐❣♥ ✇❛✈❡ ❤❡✐❣❤t✳ ■♥ ❈♦❛st❛❧ ❊♥❣✐♥❡❡r✐♥❣ ✶✾✽✽✱

♣❛❣❡s ✽✾✾✕✾✶✸✳

●♦❞❛✱ ❨✳ ✭✷✵✶✵✮✳ ❘❛♥❞♦♠ s❡❛s ❛♥❞ ❞❡s✐❣♥ ♦❢ ♠❛r✐t✐♠❡ str✉❝t✉r❡s✱ ✈♦❧✉♠❡ ✸✸✳ ❲♦r❧❞ ❙❝✐❡♥t✐✜❝

P✉❜❧✐s❤✐♥❣ ❈♦♠♣❛♥②✳

●♦❞❛✱ ❨✳ ❛♥❞ ❑♦❜✉♥❡✱ ❑✳ ✭✶✾✾✶✮✳ ❉✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✜tt✐♥❣ ❢♦r st♦r♠ ✇❛✈❡ ❞❛t❛✳ ■♥ ❈♦❛st❛❧

❊♥❣✐♥❡❡r✐♥❣ ✶✾✾✵✱ ♣❛❣❡s ✶✽✕✸✶✳

●r✐❧❧✐✱ ❙✳✱ ❙✈❡♥❞s❡♥✱ ■✳✱ ❛♥❞ ❙✉❜r❛♠❛♥②❛✱ ❘✳ ✭✶✾✾✼✮✳ ❇r❡❛❦✐♥❣ ❝r✐t❡r✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r s♦❧✐t❛r②

✇❛✈❡s ♦♥ s❧♦♣❡s✳ ❏♦✉r♥❛❧ ♦❢ ✇❛t❡r✇❛②✱ ♣♦rt✱ ❝♦❛st❛❧✱ ❛♥❞ ♦❝❡❛♥ ❡♥❣✐♥❡❡r✐♥❣✱ ✶✷✸✭✸✮✿✶✵✷✕✶✶✷✳

●✉♠❜❡❧✱ ❊✳ ✭✶✾✺✽✮✳ ❙t❛t✐st✐❝s ♦❢ ❡①tr❡♠❡s✳ ✶✾✺✽✳ ❈♦❧✉♠❜✐❛ ❯♥✐✈✳ ♣r❡ss✱ ◆❡✇ ❨♦r❦✱ ♣❛❣❡ ✷✹✼✳

❍❛✐♥❡s✱ P✳ ✭✷✵✶✸✮✳ ❍②❞r♦❧♦❣✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ♦❢ t✐❞❛❧ r❡✲✐♥✉♥❞❛t✐♦♥ ♦❢ ❛♥ ❡st✉❛r✐♥❡ ✇❡t❧❛♥❞ ✐♥ s♦✉t❤✲

❡❛st❡r♥ ❛✉str❛❧✐❛✳ ❊❝♦❧♦❣✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣✱ ✺✷✿✼✾✕✽✼✳
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✭✷✵✵✾✮✳ ❆ ❣♣✉✲❜❛s❡❞ s✐♠✉❧❛t✐♦♥ ♦❢ ts✉♥❛♠✐ ♣r♦♣❛❣❛t✐♦♥ ❛♥❞ ✐♥✉♥❞❛t✐♦♥✳ ■♥ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡

♦♥ ❆❧❣♦r✐t❤♠s ❛♥❞ ❆r❝❤✐t❡❝t✉r❡s ❢♦r P❛r❛❧❧❡❧ Pr♦❝❡ss✐♥❣✱ ♣❛❣❡s ✺✾✸✕✻✵✸✳ ❙♣r✐♥❣❡r✳

▲✐♥✲❨❡✱ ❏✳✱ ●❛r❝í❛✲▲❡ó♥✱ ▼✳✱ ●rà❝✐❛✱ ❱✳✱ ❖rt❡❣♦✱ ▼✳ ■✳✱ ❙t❛♥✐❝❛✱ ❆✳✱ ❛♥❞ ❙á♥❝❤❡③✲❆r❝✐❧❧❛✱ ❆✳ ✭✷✵✶✽✮✳

▼✉❧t✐✈❛r✐❛t❡ ❤②❜r✐❞ ♠♦❞❡❧❧✐♥❣ ♦❢ ❢✉t✉r❡ ✇❛✈❡✲st♦r♠s ❛t t❤❡ ♥♦rt❤✇❡st❡r♥ ❜❧❛❝❦ s❡❛✳ ❲❛t❡r✱

✶✵✭✷✮✿✷✷✶✳

▲♦♥❣✉❡t✲❍✐❣❣✐♥s✱ ▼✳ ❙✳ ✭✶✾✼✵✮✳ ▲♦♥❣s❤♦r❡ ❝✉rr❡♥ts ❣❡♥❡r❛t❡❞ ❜② ♦❜❧✐q✉❡❧② ✐♥❝✐❞❡♥t s❡❛ ✇❛✈❡s✿ ✶ ❛♥❞

✷✳ ❏♦✉r♥❛❧ ♦❢ ❣❡♦♣❤②s✐❝❛❧ r❡s❡❛r❝❤✱ ✼✺✭✸✸✮✿✻✼✼✽✕✻✽✵✶✳

▲♦♥❣✉❡tt✲❍✐❣❣✐♥s✱ ▼✳ ❙✳ ✭✶✾✺✷✮✳ ❖♥ t❤❡ st❛t✐st✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❤❡✐❣❤ts ♦❢ s❡❛ ✇❛✈❡s✳ ❏✳ ▼❛r✳

❘❡s❡❛r❝❤✱ ✶✶✭✸✮✿✷✹✺✕✷✻✻✳

✶✸✻
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▲②♥❡tt✱ P✳ ❏✳✱ ❲✉✱ ❚✳✲❘✳✱ ❛♥❞ ▲✐✉✱ P✳ ▲✳✲❋✳ ✭✷✵✵✷✮✳ ▼♦❞❡❧✐♥❣ ✇❛✈❡ r✉♥✉♣ ✇✐t❤ ❞❡♣t❤✲✐♥t❡❣r❛t❡❞

❡q✉❛t✐♦♥s✳ ❈♦❛st❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ✹✻✭✷✮✿✽✾✕✶✵✼✳

▼❛rt✐♥❡❧❧✐✱ ▲✳✱ ❩❛♥✉tt✐❣❤✱ ❇✳✱ ❛♥❞ ❈♦r❜❛✉✱ ❈✳ ✭✷✵✶✵✮✳ ❆ss❡ss♠❡♥t ♦❢ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ❤❛③❛r❞ ❛❧♦♥❣ t❤❡

❡♠✐❧✐❛ r♦♠❛❣♥❛ ❧✐tt♦r❛❧✱ ✐t✳ ❈♦❛st❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ✺✼✭✶✶✮✿✶✵✹✷✕✶✵✺✽✳

▼❛t❤❲♦r❦s✱ ■✳ ✭✷✵✶✽✮✳ P❛r❛❧❧❡❧ ❈♦♠♣✉t✐♥❣ ❚♦♦❧❜♦①TM ✿ ❯s❡r✬s ●✉✐❞❡✳ ▼❛t❤✇♦r❦s✱ ■♥❝♦r♣♦r❛t❡❞✳

▼❡r❦❡♥s✱ ❏✳✲▲✳✱ ❘❡✐♠❛♥♥✱ ▲✳✱ ❍✐♥❦❡❧✱ ❏✳✱ ❛♥❞ ❱❛❢❡✐❞✐s✱ ❆✳ ❚✳ ✭✷✵✶✻✮✳ ●r✐❞❞❡❞ ♣♦♣✉❧❛t✐♦♥ ♣r♦❥❡❝t✐♦♥s

❢♦r t❤❡ ❝♦❛st❛❧ ③♦♥❡ ✉♥❞❡r t❤❡ s❤❛r❡❞ s♦❝✐♦❡❝♦♥♦♠✐❝ ♣❛t❤✇❛②s✳ ●❧♦❜❛❧ ❛♥❞ P❧❛♥❡t❛r② ❈❤❛♥❣❡✱

✶✹✺✿✺✼✕✻✻✳

▼✐❝❤❡✱ ▼✳ ✭✶✾✺✶✮✳ ▲❡ ♣♦✉✈♦✐r ré✢é❝❤✐ss❛♥t ❞❡s ♦✉✈r❛❣❡s ♠❛r✐t✐♠❡s ❡①♣♦sés à ❧✬❛❝t✐♦♥ ❞❡ ❧❛ ❤♦✉❧❡✳

❆♥♥❛❧❡s ❞❡ P♦♥ts ❡t ❈❤❛✉ssé❡s✱ ✶✷✶ ✭✷✽✺✲✸✶✾✮✳

◆❛s❤✱ ❏✳ ❊✳ ❛♥❞ ❙✉t❝❧✐✛❡✱ ❏✳ ❱✳ ✭✶✾✼✵✮✳ ❘✐✈❡r ✢♦✇ ❢♦r❡❝❛st✐♥❣ t❤r♦✉❣❤ ❝♦♥❝❡♣t✉❛❧ ♠♦❞❡❧s ♣❛rt ✐✖❛

❞✐s❝✉ss✐♦♥ ♦❢ ♣r✐♥❝✐♣❧❡s✳ ❏♦✉r♥❛❧ ♦❢ ❤②❞r♦❧♦❣②✱ ✶✵✭✸✮✿✷✽✷✕✷✾✵✳

◆❛t❛❢✱ ❆✳ ✭✶✾✻✷✮✳ ❉❡t❡r♠✐♥❛t✐♦♥ ❞❡s ❞✐str✐❜✉t✐♦♥ ❞♦♥✬t ❧❡s ♠❛r❣❡s s♦♥t ❞♦♥♥❡❡s✳ ❈♦♠♣t❡s r❡♥❞✉s ❞❡

❧✬❆❝❛❞é♠✐❡ ❞❡s ❙❝✐❡♥❝❡s✱ ✷✷✺✿✹✷✕✹✸✳

◆❡❛❧✱ ❏✳✱ ❋❡✇tr❡❧❧✱ ❚✳✱ ❛♥❞ ❚r✐❣❣✱ ▼✳ ✭✷✵✵✾✮✳ P❛r❛❧❧❡❧✐s❛t✐♦♥ ♦❢ st♦r❛❣❡ ❝❡❧❧ ✢♦♦❞ ♠♦❞❡❧s ✉s✐♥❣ ♦♣❡♥♠♣✳

❊♥✈✐r♦♥♠❡♥t❛❧ ▼♦❞❡❧❧✐♥❣ ✫ ❙♦❢t✇❛r❡✱ ✷✹✭✼✮✿✽✼✷✕✽✼✼✳

◆❡❧s❡♥✱ ❘✳ ❇✳ ✭✶✾✾✾✮✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❝♦♣✉❧❛s✱ ✈♦❧✉♠❡ ✶✸✾ ♦❢ ❧❡❝t✉r❡ ♥♦t❡s ✐♥ st❛t✐st✐❝s✳

◆❡✉♠❛♥♥✱ ❇✳✱ ❱❛❢❡✐❞✐s✱ ❆✳ ❚✳✱ ❩✐♠♠❡r♠❛♥♥✱ ❏✳✱ ❛♥❞ ◆✐❝❤♦❧❧s✱ ❘✳ ❏✳ ✭✷✵✶✺✮✳ ❋✉t✉r❡ ❝♦❛st❛❧ ♣♦♣✉✲

❧❛t✐♦♥ ❣r♦✇t❤ ❛♥❞ ❡①♣♦s✉r❡ t♦ s❡❛✲❧❡✈❡❧ r✐s❡ ❛♥❞ ❝♦❛st❛❧ ✢♦♦❞✐♥❣✲❛ ❣❧♦❜❛❧ ❛ss❡ss♠❡♥t✳ P❧♦❙ ♦♥❡✱

✶✵✭✸✮✿❡✵✶✶✽✺✼✶✳

◆✐❝❤♦❧❧s✱ ❘✳ ❏✳ ❛♥❞ ❈❛③❡♥❛✈❡✱ ❆✳ ✭✷✵✶✵✮✳ ❙❡❛✲❧❡✈❡❧ r✐s❡ ❛♥❞ ✐ts ✐♠♣❛❝t ♦♥ ❝♦❛st❛❧ ③♦♥❡s✳ s❝✐❡♥❝❡✱

✸✷✽✭✺✾✽✺✮✿✶✺✶✼✕✶✺✷✵✳

P❡♥♥❡②✱ ❲✳ ●✳ ❛♥❞ Pr✐❝❡✱ ❆✳ ❚✳ ✭✶✾✹✹✮✳ ❉✐✛r❛❝t✐♦♥ ♦❢ s❡❛ ✇❛✈❡s ❜② ❜r❡❛❦✇❛t❡rs✳ ❚❡❝❤♥✐❝❛❧ ❍✐st♦r②✱

✷✻✭✸✲✹✮✳

P✐❝❦❛♥❞s ■■■✱ ❏✳ ✭✶✾✼✺✮✳ ❙t❛t✐st✐❝❛❧ ✐♥❢❡r❡♥❝❡ ✉s✐♥❣ ❡①tr❡♠❡ ♦r❞❡r st❛t✐st✐❝s✳ t❤❡ ❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s✱

♣❛❣❡s ✶✶✾✕✶✸✶✳

P♦♠❛r♦✱ ❆✳✱ ❈❛✈❛❧❡r✐✱ ▲✳✱ ❛♥❞ ▲✐♦♥❡❧❧♦✱ P✳ ✭✷✵✶✼✮✳ ❈❧✐♠❛t♦❧♦❣② ❛♥❞ tr❡♥❞s ♦❢ t❤❡ ❛❞r✐❛t✐❝ s❡❛ ✇✐♥❞

✇❛✈❡s✿ ❛♥❛❧②s✐s ♦❢ ❛ ✸✼✲②❡❛r ❧♦♥❣ ✐♥str✉♠❡♥t❛❧ ❞❛t❛ s❡t✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❈❧✐♠❛t♦❧♦❣②✱

✸✼✭✶✷✮✿✹✷✸✼✕✹✷✺✵✳

P♦✉❧t❡r✱ ❇✳ ❛♥❞ ❍❛❧♣✐♥✱ P✳ ◆✳ ✭✷✵✵✽✮✳ ❘❛st❡r ♠♦❞❡❧❧✐♥❣ ♦❢ ❝♦❛st❛❧ ✢♦♦❞✐♥❣ ❢r♦♠ s❡❛✲❧❡✈❡❧ r✐s❡✳ ■♥t❡r✲

♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ●❡♦❣r❛♣❤✐❝❛❧ ■♥❢♦r♠❛t✐♦♥ ❙❝✐❡♥❝❡✱ ✷✷✭✷✮✿✶✻✼✕✶✽✷✳

❘❛❤♠st♦r❢✱ ❙✳ ✭✷✵✶✼✮✳ ❘✐s✐♥❣ ❤❛③❛r❞ ♦❢ st♦r♠✲s✉r❣❡ ✢♦♦❞✐♥❣✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠② ♦❢

❙❝✐❡♥❝❡s✱ ♣❛❣❡ ✷✵✶✼✶✺✽✾✺✳

❘♦❡❧✈✐♥❦✱ ❉✳✱ ❘❡♥✐❡rs✱ ❆✳✱ ❱❛♥ ❉♦♥❣❡r❡♥✱ ❆✳✱ ❞❡ ❱r✐❡s✱ ❏✳ ✈✳ ❚✳✱ ▼❝❈❛❧❧✱ ❘✳✱ ❛♥❞ ▲❡s❝✐♥s❦✐✱ ❏✳

✭✷✵✵✾✮✳ ▼♦❞❡❧❧✐♥❣ st♦r♠ ✐♠♣❛❝ts ♦♥ ❜❡❛❝❤❡s✱ ❞✉♥❡s ❛♥❞ ❜❛rr✐❡r ✐s❧❛♥❞s✳ ❈♦❛st❛❧ ❡♥❣✐♥❡❡r✐♥❣✱

✺✻✭✶✶✲✶✷✮✿✶✶✸✸✕✶✶✺✷✳

❘♦s❡♥❜❧❛tt✱ ▼✳ ✭✶✾✺✷✮✳ ❘❡♠❛r❦s ♦♥ ❛ ♠✉❧t✐✈❛r✐❛t❡ tr❛♥s❢♦r♠❛t✐♦♥✳ ❚❤❡ ❛♥♥❛❧s ♦❢ ♠❛t❤❡♠❛t✐❝❛❧

st❛t✐st✐❝s✱ ✷✸✭✸✮✿✹✼✵✕✹✼✷✳
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❘✉♦❧✱ P✳✱ ❋❛✈❛r❡tt♦✱ ❈✳✱ ❛♥❞ ▼❛rt✐♥❡❧❧✐✱ ▲✳ ✭✷✵✶✺✮✳ ❆ str✉❝t✉r❡❞ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❛ss❡ss♠❡♥t ♦❢

s❡❞✐♠❡♥t ❜✉❞❣❡t ✐♥ ❝♦❛st❛❧ ♠❛♥❛❣❡♠❡♥t✿ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✈❡♥❡t✐❛♥ ❧✐tt♦r❛❧✳ ■♥ Pr♦❝❡❡❞✐♥❣ ♦❢ ❙❈❆❈❘✱

♣❛❣❡s ✹✸✼✕✹✹✽✳

❘✉♦❧✱ P✳✱ ▼❛rt✐♥❡❧❧✐✱ ▲✳✱ ❛♥❞ ❋❛✈❛r❡tt♦✱ ❈✳ ✭✷✵✶✻✮✳ ●❡st✐♦♥❡ ✐♥t❡❣r❛t❛ ❞❡❧❧❛ ③♦♥❛ ❝♦st✐❡r❛✳ ❙t✉❞✐♦
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