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♣0♦♠✐%✐♥❣ %"0✉❝"✉0❡% "❤❛" ✇✐❧❧ ♠❛❦❡ ✐♥♥♦✈❛"✐✈❡ %♣❛❝❡ ♠✐%%✐♦♥% ♣♦%%✐❜❧❡✱ "❤❡%❡ %"0✉❝✲

"✉0❡% ❛0❡ ❜❡✐♥❣ ♠♦0❡ ❛♥❞ ♠♦0❡ ✉%❡❞ ✐♥ ✈❛0✐♦✉% ❛♣♣❧✐❝❛"✐♦♥%✱ %✉❝❤ ❛% "❤✐♥✲✜❧♠ %♦❧❛0

❛00❛②%✱ ❞❡♣❧♦②❛❜❧❡ ❛♥"❡♥♥❛%✱ %♦❧❛0 ❝♦♥❝❡♥"0❛"♦0%✱ %♦❧❛0 ❛♥❞ ❞0❛❣ %❛✐❧%✱ ❡"❝✳ ❚❤❡%❡

%"0✉❝"✉0❡% ❛0❡ "②♣✐❝❛❧❧② ♠❛❞❡ ♦❢ ❛ ✈❡0② "❤✐♥ ❧❛②❡0 ♦❢ ♠❛"❡0✐❛❧ ❦❡♣" ✐♥ "❡♥%✐♦♥ ❜② ❛

%✉♣♣♦0"✐♥❣ %"0✉❝"✉0❡ "❤❛" ✐% ❣❡♥❡0❛❧❧② ♠❛❞❡ ♦❢ ❞❡♣❧♦②❛❜❧❡ ♦0 ✐♥✢❛"❛❜❧❡ ❜♦♦♠%✱ "❡❧❡✲

%❝♦♣✐❝ %"0✉❝"✉0❡% ♦0 ❛0"✐❝✉❧❛"❡❞ ♠❡❝❤❛♥✐%♠%✳ ❚❤❡✐0 ✉❧"0❛✲❧♦✇ ❛0❡❛❧ ❞❡♥%✐"② ♠❛❦❡%

"❤❡♠ ❛""0❛❝"✐✈❡ ❢♦0 ❛❝❤✐❡✈✐♥❣ ❤✐❣❤ ♣❛❝❦❛❣✐♥❣ ❡✣❝✐❡♥❝②✱ ✇❤✐❝❤ ✐% ✉♥❛""❛✐♥❛❜❧❡ ❜②

♦"❤❡0 ❝♦♥✈❡♥"✐♦♥❛❧ %"0✉❝"✉0❡%✳ ■♥ ❛❞❞✐"✐♦♥✱ "❤❡✐0 ❧♦✇❡0 ♠❛%% ✇✐"❤ 0❡%♣❡❝" "♦ "0❛❞✐✲

"✐♦♥❛❧ ❜✉❧❦② %"0✉❝"✉0❡% ♠❛❦❡% "❤❡✐0 ❧❛✉♥❝❤ ❧❡%% ❡①♣❡♥%✐✈❡✳ ❚❤❡%❡ ❛❞✈❛♥"❛❣❡% ♠❛❦❡

"❤❡♠ ❛♥ ❡①"0❡♠❡❧② ✐♥"❡0❡%"✐♥❣ "❡❝❤♥♦❧♦❣② ❢♦0 %❛"❡❧❧✐"❡% ♦❢ %♠❛❧❧ ❝❧❛%%❡%✱ %✉❝❤ ❛%

♥❛♥♦%❛"❡❧❧✐"❡% ✭✐♥❝❧✉❞✐♥❣ ❈✉❜❡❙❛"%✮✳

❚❤❡%❡ %❛"❡❧❧✐"❡% ❛0❡ ❜❡❝♦♠✐♥❣ ♠♦0❡ ❛♥❞ ♠♦0❡ ❝♦♠♠♦♥ ❜❡❝❛✉%❡ ♦❢ "❤❡✐0 ❝❛♣❛❜✐❧✐"②

"♦ ♣0♦✈✐❞❡ ♠❛♥② ♦❢ "❤❡ %❡0✈✐❝❡% "❤❛" ✇❡0❡ ♣❡0❢♦0♠❡❞ ❜② ❧❛0❣❡0 %❛"❡❧❧✐"❡% ✐♥ "❤❡ ♣❛%"✳

❲❤✐❧❡ "❤❡ ❛✈✐♦♥✐❝% ❛♥❞ ✐♥%"0✉♠❡♥"% ❤❛✈❡ ❞❡❝0❡❛%❡❞ ✐♥ %✐③❡ ✐♥ "❤❡ ♣❛%" ❞❡❝❛❞❡%✱ ✇✐"❤ ❛

"❡♥❞❡♥❝② "♦✇❛0❞% ❛ ❣❡♥❡0❛❧ ♠✐♥✐❛"✉0✐③❛"✐♦♥ ♦❢ "❤❡ %♣❛❝❡❝0❛❢"✱ ❞❡♣❧♦②❛❜❧❡ %"0✉❝"✉0❡%

%✉❝❤ ❛% %♦❧❛0 ♣❛♥❡❧% ♦0 ❛♥"❡♥♥❛% 0❡♠❛✐♥ ❧❛0❣❡✱ %✐♥❝❡ "❤❡✐0 %✐③❡ ❞♦❡% ♥♦" ✈❛0② ✇✐"❤

"❤❡ ❞✐♠❡♥%✐♦♥ ♦❢ "❤❡ ❤♦%"✐♥❣ %❛"❡❧❧✐"❡ ❜✉" ❞❡♣❡♥❞% ♦♥ "❤❡ %♣❡❝✐✜❝ ♠✐%%✐♦♥ ❛♥❞ ❛♣♣❧✐✲

❝❛"✐♦♥✳ ◆❡✈❡0"❤❡❧❡%%✱ ✇✐"❤ "❤❡ ♠✐♥✐❛"✉0✐③❛"✐♦♥ ♦❢ %❛"❡❧❧✐"❡% %✐③❡% "❤❡0❡ ✐% ❛ "❡♥❞❡♥❝②

"♦ 0❡❞✉❝❡ "❤❡ ❝❛♣❛❜✐❧✐"✐❡% ♦❢ "❤❡ ❛""✐"✉❞❡ ❝♦♥"0♦❧ %②%"❡♠✱ "②♣✐❝❛❧❧② ❜❡❝❛✉%❡ ♦❢ ♣♦✇❡0

♦0 ❛✈❛✐❧❛❜❧❡ ✈♦❧✉♠❡ ❧✐♠✐"❛"✐♦♥%✳ ❚❤❡0❡❢♦0❡✱ ❧❛0❣❡ ❛♣♣❡♥❞❛❣❡% ♠♦✉♥"❡❞ ♦♥ ❛ %♠❛❧❧

%♣❛❝❡❝0❛❢" ❝❛♥ ❜❡ ❛♥ ✐%%✉❡ ✐♥ "❡0♠% ♦❢ ❛""✐"✉❞❡ ❝♦♥"0♦❧✳ ❋♦0 "❤✐% 0❡❛%♦♥✱ ♣0❡❝❛✉"✐♦♥%

♠✉%" ❜❡ "❛❦❡♥ ✐♥ ♦0❞❡0 "♦ ❧✐♠✐" ♦0 ❛✈♦✐❞ "❤❡ ♦%❝✐❧❧❛"✐♦♥% ♦❢ "❤❡%❡ %"0✉❝"✉0❡% "♦ 0❡❞✉❝❡

✐✐✐



✐✈ ❙✉♠♠❛&②

 ❤❡  #❛♥&♠✐&&✐♦♥ ♦❢ ❞✐& ✉#❜✐♥❣  ♦#/✉❡& ❢#♦♠  ❤❡ ❞❡♣❧♦②❛❜❧❡ ❛♣♣❡♥❞❛❣❡  ♦  ❤❡ ❝❡♥ #❛❧

❜♦❞② ♦❢  ❤❡ &❛ ❡❧❧✐ ❡✳

❚✇♦ ❝♦♠♣❧❡ ❡❧② ❞✐✛❡#❡♥  ❡& ❝❛&❡& ✇❡#❡ ✐❞❡♥ ✐✜❡❞ ❢♦#  ❤✐& & ✉❞②✱ ❜♦ ❤ ❢♦❝✉&✐♥❣

♦♥ &♦❧❛# ❛##❛②& & #✉❝ ✉#❡&✳ ❚❤❡ ✜#&  ❡& ❝❛&❡ ✐& ❜❛&❡❞ ♦♥ ❛ ♠❡♠❜#❛♥❡ &♦❧❛# ♣❛♥❡❧

 ❤❛ ❝❛♥ ♣#♦✈✐❞❡ ✉♣  ♦ ✵✳✺✲✶ ❦❲ ♦❢ ♣♦✇❡#✱ ✇❤✐❧❡  ❤❡ &❡❝♦♥❞ ♦♥❡ ❝♦♥&✐❞❡#& ❛ #♦❧❧❛❜❧❡

❛♥❞ ❞❡♣❧♦②❛❜❧❡ &♦❧❛# ✇✐♥❣ ✇✐ ❤ ✵✳✸ ♠

2
♦❢ ❛#❡❛✳

❚❤✐&  ❤❡&✐& ✐& ♦#❣❛♥✐③❡❞ ❛& ❢♦❧❧♦✇&✿ ❛❢ ❡# ❛♥ ✐♥ #♦❞✉❝ ✐♦♥  ♦ ❤✐❣❤❧② ✢❡①✐❜❧❡ & #✉❝✲

 ✉#❡& ✐♥ ❈❤❛♣ ❡# ✶✱  ❤❡ ✜!"# #❡"# ❝❛"❡ ✐& ♣#❡&❡♥ ❡❞ ✐♥ ❈❤❛♣ ❡# ✷✱ ❛♥❞  ❤❡ "❡❝♦♥❞ #❡"#

❝❛"❡ ✐& ❞✐&❝✉&&❡❞ ✐♥ ❈❤❛♣ ❡#& ✸ ❛♥❞ ✹✳ ❈♦♥❝❧✉&✐♦♥& ❛#❡ ❣✐✈❡♥ ✐♥ ❈❤❛♣ ❡# ✺✳

■♥ ♣❛# ✐❝✉❧❛#✱ ❈❤❛♣ ❡# ✶ ♣#❡&❡♥ &  ❤❡ & ❛ ❡✲♦❢✲ ❤❡✲❛# ♦❢ ❣♦&&❛♠❡# &♣❛❝❡ & #✉❝✲

 ✉#❡&✱ ✇✐ ❤ ❛ ❢♦❝✉& ♦♥  ❤✐♥✲✜❧♠ &♦❧❛# ❛##❛②&✱ &♦❧❛# ❛♥❞ ❞#❛❣ &❛✐❧&✱ ❛♥❞ ❛♥ ❡♥♥❛&✳

❚❤❡♥✱  ❤❡  ❤❡&✐& ♠♦ ✐✈❛ ✐♦♥ ❛♥❞ ♦❜❥❡❝ ✐✈❡& ❛& ✇❡❧❧ ❛&  ❤❡  ✇♦  ❡& ❝❛&❡& ❛#❡ ✐♥ #♦✲

❞✉❝❡❞✳ ❋✐♥❛❧❧②✱  ❤❡  ❤❡&✐& ✇♦#❦✢♦✇ ✐& ♦✉ ❧✐♥❡❞  ♦ ❣✉✐❞❡  ❤❡ #❡❛❞❡#  ❤#♦✉❣❤♦✉  ❤❡

✇♦#❦✳

❈❤❛♣ ❡# ✷ ♣#❡&❡♥ &  ❤❡ ✜!"# #❡"# ❝❛"❡✱  ❤❛ ❢♦❝✉&❡& ♦♥ ❛ ♠❡♠❜#❛♥❡ &♦❧❛# ❛##❛②  ❤❛ 

❝❛♥ ♣#♦❞✉❝❡ ✉♣  ♦ ✵✳✺✲✶ ❦❲ ♦❢ ♣♦✇❡#✳ ❚❤❡ ❛✐♠ ♦❢  ❤✐& ❝❤❛♣ ❡# ✐&  ♦ ❡①♣❧♦#❡ ❛ ♣♦&&✐❜❧❡

& #❛ ❡❣② ❢♦# ❝♦♥ #♦❧❧✐♥❣  ❤❡ ♦&❝✐❧❧❛ ✐♦♥& ♦♥ ❛ ♠❡♠❜#❛♥❡ ♥♦ &✉♣♣♦# ❡❞ ❜② ❛♥ ❡① ❡#♥❛❧

& #✉❝ ✉#❡✳ ❋✐#& ✱ ❛♥ ♦✈❡#✈✐❡✇ ♦♥ ♣✐❡③♦❡❧❡❝ #✐❝ ♠❛ ❡#✐❛❧& ✐& ❣✐✈❡♥  ♦ ✐♥ #♦❞✉❝❡  ❤❡✐#

♣#♦♣❡# ✐❡& ❛♥❞ ❝❛♣❛❜✐❧✐ ✐❡& ✇❤❡♥ ✉&❡❞ ❛& &❡♥&♦#& ❛♥❞✴♦# ❛❝ ✉❛ ♦#&✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣

&❡❝ ✐♦♥ ♣#❡&❡♥ &  ❤❡ ♥✉♠❡#✐❝❛❧ &✐♠✉❧❛ ✐♦♥&  ❤❛ ❞❡♠♦♥& #❛ ❡  ❤❡ ❢❡❛&✐❜✐❧✐ ②  ♦ #❡❞✉❝❡

 ❤❡ ♦&❝✐❧❧❛ ✐♦♥& ♣#♦✈♦❦❡❞ ❜② ❛♥ ❡① ❡#♥❛❧ &✐♥✉&♦✐❞❛❧ ❞✐& ✉#❜❛♥❝❡ ❛♥❞ ♥♦♥✲✢❛ ✐♥✐ ✐❛❧

❝♦♥❞✐ ✐♦♥& ✇✐ ❤  ❤❡ ✉&❡ ♦❢  ❤✐♥ ♣❛ ❝❤❡& ♦❢ ♣✐❡③♦❡❧❡❝ #✐❝ ♠❛ ❡#✐❛❧ ❞✐& #✐❜✉ ❡❞ ♦♥  ❤❡

&✉#❢❛❝❡ ♦❢  ❤❡ ♣❛♥❡❧✳ ❘❡&✉❧ & ♦❢  ❤❡ &✐♠✉❧❛ ✐♦♥& ❝♦♥✜#♠❡❞  ❤❡ ♣♦&&✐❜✐❧✐ ②  ♦ ❛♣♣❧②  ❤❡

#♦❜✉& H∞ ❝❧♦&❡❞✲❧♦♦♣ ❝♦♥ #♦❧ &②& ❡♠✱ ✐♥ ♦#❞❡#  ♦ ❝♦##❡❝  ❤❡ ✐♥✐ ✐❛❧ ♥♦♥✲❤♦#✐③♦♥ ❛❧

&❤❛♣❡ ♦❢  ❤❡ ♠❡♠❜#❛♥❡  ♦ #❡❛❝❤ ❛ ✢❛ ❞❡♣❧♦②❡❞ ❝♦♥✜❣✉#❛ ✐♦♥✳ ❚❤✐& ✜#&  ❡& ❝❛&❡ ✐&

❜❛&❡❞ ♦♥ ♣#❡✈✐♦✉& & ✉❞✐❡& ❝❛##✐❡❞ ♦✉ ❜②  ❤❡ ❆✉ ❤♦# ✐♥  ❤❡ ▼❛& ❡#✬&  ❤❡&✐& ♣#♦❥❡❝ ✱

✇❤❡#❡  ❤❡ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦# ♦❢ ❛ ❧❛#❣❡ ♠❡♠❜#❛♥❡ &✉❜❥❡❝ ❡❞  ♦ ▲♦✇ ❊❛# ❤ ❖#❜✐ 

✭▲❊❖✮  ②♣✐❝❛❧ ❞✐& ✉#❜❛♥❝❡& ✇❛& ✐♥✈❡& ✐❣❛ ❡❞✳

❈❤❛♣ ❡# ✸ ❛♥❞ ✹ ♣#❡&❡♥  ❤❡ "❡❝♦♥❞ #❡"# ❝❛"❡✱  ❤❛ ❢♦❝✉&❡& ♦♥ ❛ &♦❧❛# ❛##❛② ♦❢

✵✳✸ m2
♦❢ ❛#❡❛ ❞❡♣❧♦②❡❞ ❛♥❞ ❦❡♣ ✐♥  ❡♥&✐♦♥ ❜②  ✇♦ ❡① ❡#♥❛❧ ❝♦♠♣♦&✐ ❡  ❛♣❡ &♣#✐♥❣

❜♦♦♠&✳ ❚❛♣❡ &♣#✐♥❣ ❜♦♦♠& ❛#❡ ❛ & #✉❝ ✉#❛❧ ❡❧❡♠❡♥ &✐♠✐❧❛#  ♦  ❛♣❡ ♠❡❛&✉#❡  ❤❛ 
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◗✉❡*"❛ "❡*✐ : ♦&❣❛♥✐③③❛"❛ ♥❡❧ ♠♦❞♦ *❡❣✉❡♥"❡✿ ❞♦♣♦ ✉♥✬✐♥"&♦❞✉③✐♦♥❡ ❛❧❧❡ *"&✉""✉&❡

❛❧"❛♠❡♥"❡ ✢❡**✐❜✐❧✐ ♥❡❧ ❈❛♣✐"♦❧♦ ✶✱ ✈✐❡♥❡ ♣&❡*❡♥"❛"♦ ✐❧ ♣&✐♠♦ ❝❛*♦ ♥❡❧ ❈❛♣✐"♦❧♦ ✷✱

♠❡♥"&❡ ✐❧ *❡❝♦♥❞♦ ❝❛*♦ : ❞✐*❝✉**♦ ♥❡✐ ❈❛♣✐"♦❧✐ ✸ ❡ ✹✳ ▲❡ ❝♦♥❝❧✉*✐♦♥✐ *♦♥♦ &✐♣♦&"❛"❡

♥❡❧ ❈❛♣✐"♦❧♦ ✺✳

■♥ ♣❛&"✐❝♦❧❛&❡✱ ✐❧ ❈❛♣✐"♦❧♦ ✶ ♣&❡*❡♥"❛ ❧♦ *"❛"♦ ❞❡❧❧✬❛&"❡ ❞❡❧❧❡ *"&✉""✉&❡ *♣❛③✐❛❧✐

✢❡**✐❜✐❧✐✱ ❢♦❝❛❧✐③③❛♥❞♦*✐ *✉ ✐ ♣❛♥♥❡❧❧✐ *♦❧❛&✐ ❛ ✜❧♠ *♦""✐❧❡✱ ❧❡ ✈❡❧❡ *♦❧❛&✐ ❡ ❧❡ ❛♥"❡♥♥❡✳

■♥ *❡❣✉✐"♦✱ *♦♥♦ ♣&❡*❡♥"❛"✐ ✐♥ ❞❡""❛❣❧✐♦ ❧❡ ♠♦"✐✈❛③✐♦♥✐ ❡ ❣❧✐ ♦❜✐❡""✐✈✐ ❞❡❧❧❛ "❡*✐ ❡ ✐ ❞✉❡

❝❛*✐ *♦♥♦ ❞❡*❝&✐""✐ ✐♥ ❞❡""❛❣❧✐♦✳ ■♥✜♥❡ : &✐♣♦&"❛"♦ ✐❧ ✢✉**♦ ❞✐ ❧❛✈♦&♦ ❞❡❧❧❛ "❡*✐✱ ❝♦♥

❧✬♦❜✐❡""✐✈♦ ❞✐ ❣✉✐❞❛&❡ ✐❧ ❧❡""♦&❡ ❛❞ ✉♥❛ ♠❛❣❣✐♦&❡ ❝♦♠♣&❡♥*✐♦♥❡ ❞❡❧❧❡ ❛""✐✈✐"L ❞❡*❝&✐""❡✳

■❧ ❝❛♣✐"♦❧♦ ✷ ♣&❡*❡♥"❛ ✐❧ ♣&✐♠♦ ❝❛*♦ *"✉❞✐❛"♦✱ ❝❤❡ *✐ ❝♦♥❝❡♥"&❛ *✉ ✉♥ ♣❛♥♥❡❧❧♦

*♦❧❛&❡ ❛ ♠❡♠❜&❛♥❛ ✐♥ ❣&❛❞♦ ❞✐ ♣&♦❞✉&&❡ ✜♥♦ ❛ ✵✳✺✲✶ ❦❲ ❞✐ ♣♦"❡♥③❛✳ ▲♦ *❝♦♣♦ ❞✐

.✉❡*"♦ ❝❛♣✐"♦❧♦ : .✉❡❧❧♦ ❞✐ ❡*♣❧♦&❛&❡ ✉♥❛ ♣♦**✐❜✐❧❡ *"&❛"❡❣✐❛ ♣❡& ❝♦♥"&♦❧❧❛&❡ ❧❡ ♦*❝✐❧✲

❧❛③✐♦♥✐ *✉ ✉♥❛ ♠❡♠❜&❛♥❛ ♥♦♥ *✉♣♣♦&"❛"❛ ❞❛ ✉♥❛ *"&✉""✉&❛ ❡*"❡&♥❛✳ ■♥ ♣&✐♠♦ ❧✉♦❣♦✱

✈✐❡♥❡ ❢♦&♥✐"❛ ✉♥❛ ♣❛♥♦&❛♠✐❝❛ *✉✐ ♠❛"❡&✐❛❧✐ ♣✐❡③♦❡❧❡""&✐❝✐✱ ✐♥"&♦❞✉❝❡♥❞♦♥❡ ❧❡ ♣&♦♣&✐❡"L

.✉❛♥❞♦ ✈❡♥❣♦♥♦ ✉"✐❧✐③③❛"✐ ❝♦♠❡ *❡♥*♦&✐ ❡✴♦ ❛""✉❛"♦&✐✳ ▲❛ *❡③✐♦♥❡ *❡❣✉❡♥"❡ ♣&❡*❡♥"❛

❧❡ *✐♠✉❧❛③✐♦♥✐ ♥✉♠❡&✐❝❤❡ ❝❤❡ ❞✐♠♦*"&❛♥♦ ❧❛ ❢❛""✐❜✐❧✐"L ❞✐ &✐❞✉&&❡ ❧❡ ♦*❝✐❧❧❛③✐♦♥✐ ♣&♦✈♦✲

❝❛"❡ ❞❛ ✉♥ ❞✐*"✉&❜♦ ❡*"❡&♥♦ *✐♥✉*♦✐❞❛❧❡ ❡ ❞❛ ❝♦♥❞✐③✐♦♥✐ ✐♥✐③✐❛❧✐ ♥♦♥ ✧♣✐❛""❡✧ "&❛♠✐"❡

❧✬✉"✐❧✐③③♦ ❞✐ *♦""✐❧✐ ♣❛"❝❤ ❞✐ ♠❛"❡&✐❛❧❡ ♣✐❡③♦❡❧❡""&✐❝♦ ❞✐*"&✐❜✉✐"✐ *✉❧❧❛ *✉♣❡&✜❝✐❡ ❞❡❧

♣❛♥♥❡❧❧♦✳ ■ &✐*✉❧"❛"✐ ❞❡❧❧❡ *✐♠✉❧❛③✐♦♥✐ ❤❛♥♥♦ ❝♦♥❢❡&♠❛"♦ ❧❛ ♣♦**✐❜✐❧✐"L ❞✐ ❛♣♣❧✐❝❛&❡ ✐❧

&♦❜✉*"♦ *✐*"❡♠❛ ❞✐ ❝♦♥"&♦❧❧♦ H∞ ❛ ❧♦♦♣ ❝❤✐✉*♦✱ ❛❧ ✜♥❡ ❞✐ ❝♦&&❡❣❣❡&❡ ❧❛ ❢♦&♠❛ ✐♥✐③✐❛❧❡

♥♦♥ ♦&✐③③♦♥"❛❧❡ ❞❡❧❧❛ ♠❡♠❜&❛♥❛ ♣❡& &❛❣❣✐✉♥❣❡&❡ ✉♥❛ ❝♦♥✜❣✉&❛③✐♦♥❡ ♣✐❛""❛✳ ◗✉❡*"♦

♣&✐♠♦ ❝❛*♦ *✐ ❜❛*❛ *✉ *"✉❞✐ ♣&❡❝❡❞❡♥"❡♠❡♥"❡ ❝♦♥❞♦""✐ ❞❛❧❧✬❛✉"&✐❝❡ ♥❡❧ ❝♦♥"❡*"♦ ❞❡❧❧❛

"❡*✐ ♠❛❣✐*"&❛❧❡✱ ❞♦✈❡ : *"❛"♦ *"✉❞✐❛"♦ ✐❧ ❝♦♠♣♦&"❛♠❡♥"♦ ❞✐♥❛♠✐❝♦ ❞✐ ✉♥❛ ♠❡♠❜&❛♥❛

❞✐ ❣&❛♥❞✐ ❞✐♠❡♥*✐♦♥✐ *♦""♦♣♦*"❛ ❛✐ ❞✐*"✉&❜✐ "✐♣✐❝✐ ✐♥ ♦&❜✐"❛ "❡&&❡*"&❡ ❜❛**❛✳



①✐

■ ❝❛♣✐%♦❧✐ ✸ ❡ ✹ ♣+❡,❡♥%❛♥♦ ✐❧ ,❡❝♦♥❞♦ ❝❛,♦ ,%✉❞✐❛%♦✱ ❢♦❝❛❧✐③③❛%♦ ,✉ ✉♥ ♣❛♥♥❡❧❧♦ ,♦✲

❧❛+❡ ❞✐ ✵✳✸ m2
❞✐ ❛+❡❛✱ ❞✐,♣✐❡❣❛%♦ ❡ ♠❛♥%❡♥✉%♦ ✐♥ %❡♥,✐♦♥❡ ❞❛ ❞✉❡  ❛♣❡ $♣%✐♥❣✳ ▲❡  ❛♣❡

$♣%✐♥❣ ,♦♥♦ ✉♥ ❡❧❡♠❡♥%♦ ,%+✉%%✉+❛❧❡✱ ✐❧ ❝✉✐ ♣+✐♥❝✐♣✐♦ ❞✐ ❢✉♥③✐♦♥❛♠❡♥%♦ 9 ♣❛+❛❣♦♥❛❜✐❧❡

❛ ✉♥ ♠❡%+♦ ❛ ♥❛,%+♦ ❡ ❝❤❡ ♣+❡,❡♥%❛♥♦ ❞✉❡ ❝♦♥✜❣✉+❛③✐♦♥✐ ,%❛❜✐❧✐ ❞✐ ❡♥❡+❣✐❛ ♠✐♥✐♠❛✱

♥❡❧❧❛ ❝♦♥❞✐③✐♦♥❡ ❞✐ ❛++♦%♦❧❛♠❡♥%♦ ❡ ❞✐,♣✐❡❣❛%❛✳ ▲❛ %+❛,❢♦+♠❛③✐♦♥❡ %+❛ =✉❡,%❡ ❞✉❡ ❝♦♥✲

✜❣✉+❛③✐♦♥✐ ❛✈✈✐❡♥❡ ✐♥ ✉♥❛ ❜+❡✈❡ ③♦♥❛ ❞✐ %+❛♥,✐③✐♦♥❡ ❝❤❡ ,✐ ♠✉♦✈❡ ❧✉♥❣♦ ❧❛ ,%+✉%%✉+❛

❞✉+❛♥%❡ ✐❧ ❞✐,♣✐❡❣❛♠❡♥%♦ ❡ ♣✉? ❡,,❡+❡ ❛%%✐✈❛%❛ ❛❣❣✐✉♥❣❡♥❞♦ ✉♥❛ =✉❛♥%✐%@ ♥♦%❡✈♦❧❡

❞✐ ❡♥❡+❣✐❛ ❛❧ ,✐,%❡♠❛✱ ❛❞ ❡,❡♠♣✐♦ %+❛♠✐%❡ ✉♥ ❝❛+✐❝♦ ♠❡❝❝❛♥✐❝♦✳ ◗✉❡,%✐ ❡❧❡♠❡♥%✐

❞✐,♣✐❡❣❛❜✐❧✐ ,♦♥♦ %✐♣✐❝❛♠❡♥%❡ +❡❛❧✐③③❛%✐ ❝♦♥ ❧❛♠✐♥❛%✐ ❝♦♠♣♦,✐%✐ ✉❧%+❛✲,♦%%✐❧✐✱ ♠❛%❡+✐✲

❛❧✐ ❛ ❜❛,,♦ ♣❡,♦ ❝❤❡ ♣❡+♠❡%%♦♥♦ ❧✬✐♠♠❛❣❛③③✐♥❛♠❡♥%♦ ✐♥ ✉♥ ✈♦❧✉♠❡ ♠♦❧%♦ ♣✐❝❝♦❧♦

❡ ❢♦+♥✐,❝♦♥♦ ❜✉♦♥❛ +✐❣✐❞✐%@ ♥❡❧❧❛ ❝♦♥✜❣✉+❛③✐♦♥❡ ❞✐,♣✐❡❣❛%❛✳ ■♥ ♣+✐♠♦ ❧✉♦❣♦✱ ✈✐❡♥❡

♣+❡,❡♥%❛%♦ ❧♦ ,%❛%♦ ❞❡❧❧✬❛+%❡ ❞✐ =✉❡,%❡ ,%+✉%%✉+❡✳ ❱✐❡♥❡ ♣♦✐ ❢♦+♥✐%❛ ✉♥❛ ❞❡,❝+✐③✐♦♥❡

♠❛%❡♠❛%✐❝❛ ❞❡❧ ,✐,%❡♠❛✱ ❝♦♥ ✐❧ ❝❛❧❝♦❧♦ ❞✐ ♣+♦♣+✐❡%@ ,♣❡❝✐✜❝❤❡ ♣❡+ ✐❧ ♠❛%❡+✐❛❧❡ ✉%✐✲

❧✐③③❛%♦ ♣❡+ ✐ ♣+♦%♦%✐♣✐ ❡✛❡%%✐✈✐ ✉%✐❧✐③③❛%✐ ♥❡❧❧❡ ♣+♦✈❡ ,♣❡+✐♠❡♥%❛❧✐✱ ❝♦♥ ✐❧ ❝❛❧❝♦❧♦ ❞✐

=✉❛♥%✐%@ ✜,✐❝❤❡ ❝♦♠❡ ❢♦+③❡ ❡ ❝♦♣♣✐❡ ,♣❡+✐♠❡♥%❛%❡ ❞❛ =✉❡,%❡ ,%+✉%%✉+❡ ❞✉+❛♥%❡ ✐❧

❧♦+♦ ❞✐,♣✐❡❣❛♠❡♥%♦❀ =✉❡,%❛ ♣+✐♠❛ ♣❛+%❡ ❞❡❧ ❧❛✈♦+♦ ,✐ ❜❛,❛ ✐♥ ♣❛+%✐❝♦❧❛+❡ ,✉❧❧❛ %❡♦+✐❛

,✈✐❧✉♣♣❛%❛ ❞❛ ❙✳ G❡❧❧❡❣+✐♥♦ ❡ ❞❛❧ ,✉♦ ❣+✉♣♣♦ ❞✐ +✐❝❡+❝❛✳ ❊,,❡♥❞♦ =✉❡,%❡ ,%+✉%%✉+❡

♠♦❧%♦ ❝♦♠♣❧❡,,❡ ❞❛ ♠♦❞❡❧❧❛+❡ ♠❛%❡♠❛%✐❝❛♠❡♥%❡ ❡ ,♦%%♦♣♦,%❡ ❛ ♠♦❧%❡ ✈❛+✐❛❜✐❧✐ ❞✐✣✲

❝✐❧✐ ❞❛ ❝♦♥%+♦❧❧❛+❡ ❡ ♣+❡✈❡❞❡+❡✱ =✉❛❧✐ ✐❧ +✐❧❛,,❛♠❡♥%♦ ✈✐,❝♦❡❧❛,%✐❝♦ ❞❡❧ ♠❛%❡+✐❛❧❡ ❞♦♣♦

❧✉♥❣❤✐ %❡♠♣✐ ❞✐ ,%✐✈❛❣❣✐♦✱ ❧✬❛%%+✐%♦ ❡ ❧✬❡✛❡%%♦ ❞✐ ♠✐❝+♦❝+✐❝❝❤❡✱ ,♦♥♦ ,%❛%❡ ❝♦♥❞♦%%❡ %+❡

♣+♦✈❡ ♣+❡❧✐♠✐♥❛+✐ ♣❡+ ,%✉❞✐❛+❡ ❧❡ ♣+♦♣+✐❡%@ +❡❛❧✐ ❞❡✐ ♣+♦%♦%✐♣✐ ✐♥ %❡+♠✐♥✐ ❞✐ ✭✶✮ ❝❛+❛%✲

%❡+✐,%✐❝❤❡ ❡❧❛,%✐❝❤❡ ❡ ❞✐ ,♠♦+③❛♠❡♥%♦✱ ✭✷✮ ❝♦♣♣✐❡ ❝❤❡ ❞❡✈♦♥♦ ❡,,❡+❡ ❡,❡+❝✐%❛%❡ ❞❛ ✉♥

♠♦%♦+❡ ♣❡+ ❝♦♥%+♦❧❧❛+♥❡ ✐❧ ❞✐,♣✐❡❣❛♠❡♥%♦ ❡ ✭✸✮ ❝♦♣♣✐❡ %+❛,♠❡,,❡ ❛❞ ✉♥❛ ,%+✉%%✉+❛ ❡,✲

%❡+♥❛ ❛❧❧❛ ✜♥❡ ❞❡❧ ❞✐,♣✐❡❣❛♠❡♥%♦✱ =✉❛♥❞♦ ,✐ ✈❡+✐✜❝❛ ✉♥ ❝❛+✐❝♦ ✐♠♣✉❧,✐✈♦✳ ■ +✐,✉❧%❛%✐ ❞✐

=✉❡,%✐ %❡,% ♣+❡❧✐♠✐♥❛+✐ ,♦♥♦ ,%❛%✐ =✉✐♥❞✐ ✉%✐❧✐③③❛%✐ ✐♥ ,✉❝❝❡,,✐✈❡ ,✐♠✉❧❛③✐♦♥✐ ♥✉♠❡+✐❝❤❡

❡ ♣+♦✈❡ ,♣❡+✐♠❡♥%❛❧✐✳ ■♥ ♣❛+%✐❝♦❧❛+❡✱ ✐♥ =✉❡,%♦ ❞♦❝✉♠❡♥%♦ ✈❡♥❣♦♥♦ ♣+❡,❡♥%❛%❡ ,✐♠✲

✉❧❛③✐♦♥✐ ❞❡❧ ❝♦♠♣♦+%❛♠❡♥%♦ ❞✐♥❛♠✐❝♦ ❞✐ ✉♥ ♥❛♥♦,❛%❡❧❧✐%❡ ✐♥ ♦+❜✐%❛ ❜❛,,❛ %❡++❡,%+❡

,♦%%♦♣♦,%♦ ❛ ❞✐,%✉+❜✐ ❛♠❜✐❡♥%❛❧✐ %✐♣✐❝✐ ❞✉+❛♥%❡ ✐❧ ❞✐,♣✐❡❣❛♠❡♥%♦ ❞❡✐ ♣❛♥♥❡❧❧✐ ,♦❧❛+✐✱

✐♥%+♦❞✉❝❡♥❞♦ ❧❛ ❞✐♥❛♠✐❝❛ ,✐❛ ❞✐ ❞✐,♣✐❡❣❛♠❡♥%✐ ❝♦♥%+♦❧❧❛%✐ ✭❧❡♥%✐ ❡ ♠♦%♦+✐③③❛%✐✮ ❝❤❡ ❞✐

❞✐,♣✐❡❣❛♠❡♥%✐ ✐♥❝♦♥%+♦❧❧❛%✐ ✭✈❡❧♦❝✐✱ ❝❤❡ ,❢+✉%%❛♥♦ ❧✬❡♥❡+❣✐❛ ❞✐ ❞❡❢♦+♠❛③✐♦♥❡ ❞❡❧❧❡  ❛♣❡

$♣%✐♥❣ ❡ ,✐ ❝♦♥❝❧✉❞♦♥♦ ❝♦♥ ✉♥ ❝❛+✐❝♦ ✐♠♣✉❧,✐✈♦✮✳ ■ +✐,✉❧%❛%✐ ♠♦,%+❛♥♦ ❝❤❡ ✐❧ ,✐,%❡♠❛
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❞✐ ❝♦♥%&♦❧❧♦ ❞✬❛**❡%%♦ %✐♣✐❝♦ ❞✐ ✉♥ ♥❛♥♦*❛%❡❧❧✐%❡ ♥♦♥ . *✉✣❝✐❡♥%❡ ❛ *♦*%❡♥❡&❡ ✐❧ ❝❛&✐❝♦

❞✬✉&%♦ ❝❤❡ ♣✉1 ❡**❡&❡ *♣❡&✐♠❡♥%❛%♦ ❞❛❧❧❛ *%&✉%%✉&❛ ❝❡♥%&❛❧❡ ❛❧❧❛ ✜♥❡ ❞✐ ✉♥ ❞✐*♣✐❡❣❛✲

♠❡♥%♦ ✐♥❝♦♥%&♦❧❧❛%♦✳ ❆❧ ❝♦♥%&❛&✐♦✱ ✉♥ ❞✐*♣✐❡❣❛♠❡♥%♦ ❧❡♥%♦ ❡ ♠♦%♦&✐③③❛%♦ ❞✐ ✉♥❛ %❛❧❡

*%&✉%%✉&❛ ❢❛ *; ❝❤❡ ❧❡ ❝♦♣♣✐❡ ❝❤❡ ✈❡♥❣♦♥♦ %&❛*♠❡**❡ ❛❧❧✬✐♥%❡&♦ *✐*%❡♠❛ ♣♦*❛♥♦ ❡**❡&❡

❢❛❝✐❧♠❡♥%❡ *♠♦&③❛%❡ ❝♦♥ &✉♦%❡ ❞✐ &❡❛③✐♦♥❡ ♠♦❧%♦ ♣✐❝❝♦❧❡✳ ▲✬✉❧%✐♠❛ *❡③✐♦♥❡ ❞❡❧ ❈❛♣✐✲

%♦❧♦ ✸ ♣&❡*❡♥%❛ ✐ &✐*✉❧%❛%✐ ❞❡❧❧❡ *✐♠✉❧❛③✐♦♥✐ ♥✉♠❡&✐❝❤❡ *✉ ✉♥❛  ❛♣❡ $♣%✐♥❣ *✐♠✉❧❛%❛

❝♦♥ ✉♥ *✐*%❡♠❛ ♠✉❧%✐❜♦❞②✱ ✜**❛%❛ ❞❛ ✉♥ ❧❛%♦ ❡ ❧✐❜❡&❛ ❞✐ ♦*❝✐❧❧❛&❡ ❞❛❧❧✬❛❧%&♦✳ ◗✉❡*%♦

*%✉❞✐♦ ❤❛ ❝♦♥❢❡&♠❛%♦ ❧❛ ❢❛%%✐❜✐❧✐%C ❞✐ *♠♦&③❛♠❡♥%♦ ❞✐ ♣♦**✐❜✐❧✐ ♦*❝✐❧❧❛③✐♦♥✐ ❞❡❧❧❛  ❛♣❡

$♣%✐♥❣ ❛♣♣❧✐❝❛♥❞♦ ✉♥❛ ❢♦&③❛ ✈✐❝✐♥♦ ❛❧ ❧❛%♦ ✜**♦ ✭❞♦✈❡ ✉♥ ❡✈❡♥%✉❛❧❡ ❛%%✉❛%♦&❡ ♣✉1

❡**❡&❡ ♣♦*✐③✐♦♥❛%♦✮ ❝♦♥ ✉♥ ❧♦♦♣ ❞✐ ❝♦♥%&♦❧❧♦ F&♦♣♦&③✐♦♥❛❧❡ ❉❡&✐✈❛%✐✈♦✳ ▲♦ *♠♦&③❛✲

♠❡♥%♦ ❞❡❧❧❡ ♦*❝✐❧❧❛③✐♦♥✐ ❞❡❧❧✬❛♣♣❡♥❞✐❝❡ &✐❞✉&&❡❜❜❡ ❧❛ %&❛*♠✐**✐♦♥❡ ❞❡❧❧❛ ✈✐❜&❛③✐♦♥❡ ❛❧

❝♦&♣♦ ❝❡♥%&❛❧❡ ❞❡❧ *❛%❡❧❧✐%❡✳

◆❡❧ ❈❛♣✐%♦❧♦ ✹ ✈❡♥❣♦♥♦ ♣&❡*❡♥%❛%✐ ✐ %❡*% *♣❡&✐♠❡♥%❛❧✐✱ ❞♦✈❡ ✈✐❡♥❡ ❛♥❛❧✐③③❛%♦

✐❧ ❝♦♠♣♦&%❛♠❡♥%♦ ❞✐♥❛♠✐❝♦ ❞❡❧ *✐*%❡♠❛ ❞✉&❛♥%❡ ✐ ❞✐*♣✐❡❣❛♠❡♥%✐ ♥♦♥ ❝♦♥%&♦❧❧❛%✐✱

♥♦♥❝❤J ❧❡ ❡*%❡♥*✐♦♥✐ ❡ ❧❡ &❡%&❛③✐♦♥✐ ❝♦♥%&♦❧❧❛%❡ ❞❡❧❧✬❛♣♣❡♥❞✐❝❡✳ ■♥♦❧%&❡ . *%❛%❛ ✈❛❧✉%❛%❛

❧✬❡✣❝❛❝✐❛ ❞❡❣❧✐ ❛♠♠♦&%✐③③❛%♦&✐ ♣❛**✐✈✐ ♣♦*✐③✐♦♥❛%✐ ❛❧❧✬✐♥%❡&❢❛❝❝✐❛ ❝♦♥ ✉♥❛ *%&✉%%✉&❛

❡*%❡&♥❛ ♣❡& &✐❞✉&&❡ ❧❛ %&❛*♠✐**✐♦♥❡ ❞✐ ✈✐❜&❛③✐♦♥✐✳ ■❧ ❝♦♠♣♦&%❛♠❡♥%♦ ❞✐♥❛♠✐❝♦ ❞❡❧ *✐*✲

%❡♠❛ . *%❛%♦ *%✉❞✐❛%♦ ✉%✐❧✐③③❛♥❞♦ ❞✉❡ *❡♥*♦&✐ ▼❊▼❙ ❝❤❡ ✐♥❝❧✉❞♦♥♦ ✉♥ ❛❝❝❡❧❡&♦♠❡%&♦

❡ ✉♥ ❣✐&♦*❝♦♣✐♦ ❛ %&❡ ❛**✐✳ ■ ❞❛%✐ *♦♥♦ *%❛%✐ &❛❝❝♦❧%✐ ❡ ♣&♦❝❡**❛%✐ ❞❛❧ ♠✐❝&♦♣&♦❝❡**♦&❡

❆&❞✉✐♥♦ ❯♥♦✳ ❯♥ *✐*%❡♠❛ ❞✐ *♦*♣❡♥*✐♦♥❡ ❜❛*❛%♦ *✉❧ ✧▼❛&✐♦♥❡%%❡ F❛&❛❞✐❣♠✧ %❡♦&✐③✲

③❛%♦ ❞❛ ●✳ ●&❡*❤✐❝❦ ❡ ❲✳❑✳ ❇❡❧✈✐♥ . *%❛%♦ &❡❛❧✐③③❛%♦ %&❛♠✐%❡ ❛*%❡ ❡ ❧✉♥❣❤✐ ❝❛✈✐ ♣❡&

*♦*♣❡♥❞❡&❡ ✐❧ *✐*%❡♠❛ ❛❧ ✜♥❡ ❞✐ &✐❞✉&&❡ ❧✬❡✛❡%%♦ ❞❡❧❧❛ ❣&❛✈✐%C ❞✉&❛♥%❡ ✐ %❡*%✳ ❉✉&❛♥%❡ ✐

❞✐*♣✐❡❣❛♠❡♥%✐ ✐♥❝♦♥%&♦❧❧❛%✐✱ ✐ ❝❛&✐❝❤✐ ❞✐ *❤♦❝❦ *♦♥♦ *%❛%✐ ♥♦%❛%✐ *♦❧♦ W✉❛♥❞♦ ❧❛ *%&✉%✲

%✉&❛ . *%❛%❛ &✐❧❛*❝✐❛%❛ ♣♦❝❤✐ ✐*%❛♥%✐ ❞♦♣♦ ❡**❡&❡ *%❛%❛ ❛&&♦%♦❧❛%❛✳ ◆❡❣❧✐ ❛❧%&✐ ❝❛*✐✱

❛❧ ❝♦♥%&❛&✐♦✱ ❧✬❡♥❡&❣✐❛ ✐♠♠❛❣❛③③✐♥❛%❛ ♥♦♥ ❡&❛ *✉✣❝✐❡♥%❡ ❛❞ ❡*%❡♥❞❡&❡ ❧❛ *%&✉%%✉&❛✱

♣♦&%❛♥❞♦ ❛ ❞✐*♣✐❡❣❛♠❡♥%✐ ✐♥❝♦♠♣❧❡%✐✳ ❈✐1 *✐ ♣✉1 *♣✐❡❣❛&❡ ❝♦♥ ✐❧ ❢❛%%♦ ❝❤❡ ✐ %❡*% *♦♥♦

*%❛%✐ ❡*❡❣✉✐%✐ ♠♦❧%✐ ♠❡*✐ ❞♦♣♦ ❧❛ ♣&♦❞✉③✐♦♥❡ ❞❡✐ ♣&♦%♦%✐♣✐ ❡ ✐ &✐❧❛**❛♠❡♥%✐ ✈✐*❝♦❡❧❛*%✐❝✐

*♦♥♦ ❞✐✈❡♥%❛%✐ ♠♦❧%♦ ✐♥✢✉❡♥%✐✳ ❆❧%&✐ %❡*% *♦♥♦ *%❛%✐ ❡✛❡%%✉❛%✐ ❝♦♥ ✉♥ ❞✐*♣✐❡❣❛♠❡♥%♦

♠♦%♦&✐③③❛%♦✱ ✉%✐❧✐③③❛♥❞♦ ✉♥ ♣✐❝❝♦❧♦ ♠♦%♦&❡ ♣❛**♦✲♣❛**♦✱ ❝❤❡ ❢♦&♥✐✈❛ ✉♥ ❛♠❜✐❡♥%❡ ❞✐

✈✐❜&❛③✐♦♥✐ ♣✐Y ❧❡♥%♦ ❡ ♣✐Y ❝♦♥%&♦❧❧❛❜✐❧❡✳ ▲❡ ✈✐❜&❛③✐♦♥✐ ❞✐ ♣✐❝❝♦❧❛ ❛♠♣✐❡③③❛ ❣❡♥❡&✲

❛%❡ ❞❛❧ ♠♦%♦&❡ ❞✉&❛♥%❡ ✐❧ ❞✐*♣✐❡❣❛♠❡♥%♦ ❝♦♥%&♦❧❧❛%♦ *♦♥♦ *%❛%❡ *♠♦&③❛%❡ ✐♥ ♠♦❞♦
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♠❡♥#)❡ ✐❧ ❝❛.♦ ★ ✷ 7 .#❛#♦ .✐♠✉❧❛#♦ ♥✉♠❡)✐❝❛♠❡♥#❡ ❡ #❡.#❛#♦ .♣❡)✐♠❡♥#❛❧♠❡♥#❡✳

❙♦♥♦ .#❛#❡ ❡.❡❣✉✐#❡ ❛♥❛❧✐.✐ ❞✐♥❛♠✐❝❤❡ ❞❡❧ ❝♦♠♣♦)#❛♠❡♥#♦ ❞❡❧❧❡ .#)✉##✉)❡ ✢❡..✐❜✐❧✐ ❡❞

7 .#❛#❛ ✈❛❧✐❞❛#❛ ❧❛ ❢❛##✐❜✐❧✐#A ❞✐ ❞✉❡ ❞✐✈❡).✐ .✐.#❡♠✐ ♣❡) ❝♦♥#)♦❧❧❛)❡ ❧❡ ✈✐❜)❛③✐♦♥✐ ♦

)✐❞✉)♥❡ ❧❛ ❧♦)♦ #)❛.♠✐..✐♦♥❡ ❛❧ ❝♦)♣♦ ❝❡♥#)❛❧❡ ❞✐ ✉♥ ♣✐❝❝♦❧♦ .❛#❡❧❧✐#❡✳
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❚❤✐# $❤❉ ❡①♣❡)✐❡♥❝❡ ❤❛# ❜❡❡♥ ✈❡)② 0♦✉❣❤✱ ❜✉0 ❛0 0❤❡ #❛♠❡ 0✐♠❡ ❡①0)❡♠❡❧②

♠❡❛♥✐♥❣❢✉❧ ❜♦0❤ ❢)♦♠ ❛ ♣)♦❢❡##✐♦♥❛❧ ❛♥❞ ❛ ♣❡)#♦♥❛❧ ♣♦✐♥0 ♦❢ ✈✐❡✇✳ ❚❤❡#❡ 0❤)❡❡ ②❡❛)#

❤❛✈❡ ❜)♦✉❣❤0 ❤✉❣❡ ❝❤❛❧❧❡♥❣❡# ❛♥❞ #♦ ♠❛♥② 0✐♠❡# ■ 0❤♦✉❣❤0 ■ ✇♦✉❧❞ ♥♦0 ❤❛✈❡ ❜❡❡♥

❛❜❧❡ 0♦ ♠❛❦❡ ✐0 0♦ 0❤❡ ❡♥❞✳ ❍♦✇❡✈❡)✱ ✇✐0❤ 0❤❡ ❡♥❝♦✉)❛❣❡♠❡♥0 ❛♥❞ #✉♣♣♦)0 ♦❢ #♦

♠❛♥②✱ ■ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ 0♦ #❡❡ 0❤❡ ❧✐❣❤0 ❛0 0❤❡ ❡♥❞ ♦❢ 0❤❡ 0✉♥♥❡❧✳
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❚❤❡ ❛#♣❡❝0 ♦❢ 0❤❡ $❤❉ ❧✐❢❡ ■ ❤❛✈❡ 0)❡❛#✉)❡❞ 0❤❡ ♠♦#0 ❤❛# ❜❡❡♥ #♣❡♥❞✐♥❣ 0✐♠❡
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❢♦)✇❛)❞ ✇❤❡♥ ■ ❣♦0 #0✉❝❦ ✇✐0❤ ♠② ✇♦)❦✳ ■ ✇♦✉❧❞ ❞❡✜♥✐0❡❧② ♥♦0 ❜❡ ❤❡)❡ ♥♦✇ ✇✐0❤♦✉0

0❤❡✐) #✉♣♣♦)0 ❛♥❞ ♣❛0✐❡♥❝❡✳
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❢)✐❡♥❞✿ ✇✐0❤ ❤✐♠ ■ ✇❛# ❛❜❧❡ 0♦ 0❛❧❦ ❛❜♦✉0 ❡✈❡)②0❤✐♥❣✱ ❞✐#❝✉## ❝)❛③② ✐❞❡❛#✱ ❧❛✉❣❤ ❛♥❞
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❣)❛0✐0✉❞❡✳
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0♦❣❡0❤❡) )✉♥♥✐♥❣ ❛♥❞ ❝❤❛00✐♥❣ ❛❜♦✉0 ❡✈❡)②0❤✐♥❣✳ ■ ❛♠ ❧✉❝❦② 0♦ ❤❛✈❡ ②♦✉ ❛# ❛ ❢)✐❡♥❞✱

●✐✉❧✐❛✦

■ ❤❛✈❡ ❛❧#♦ ❜❡❡♥ ❜❧❡##❡❞ 0♦ #♣❡♥❞ 0❤❡#❡ 0❤)❡❡ ②❡❛)# ✇✐0❤ ▼❛00❡♦ ✭♦) ❚❡♦✱ ❛# ■
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①✈✐ ❆❝❦♥♦✇❧❡❞❣❡♠❡♥./

❛❧✇❛②$ ❝❛❧❧ ❤✐♠✮✱ ✇❤♦ ❤❛$ ✇❛❧❦❡❞ ❛❧♦♥❣$✐❞❡ ♠❡ ❞✉2✐♥❣ 3❤✐$ 4❤❉✳ ❍❡ ❤❛$ ❜❡❡♥ ❛♥

❛♠❛③✐♥❣ ❢2✐❡♥❞ ❛♥❞ ■ ❝♦✉❧❞ ♥♦3 ❤❛✈❡ ❤❛❞ ❛ ❜❡33❡2 ♦✣❝❡ ❝♦❧❧❡❛❣✉❡✳ ❲❡ $❤❛2❡❞ ❤❛♣♣②

❛♥❞ ❞✐✣❝✉❧3 ♠♦♠❡♥3$✱ ❛♥❞ ❡✈❡♥ ✈✐$✐3❡❞ ▼❡①✐❝♦ 3♦❣❡3❤❡2 ❛❢3❡2 ❛ ❝♦♥❢❡2❡♥❝❡✳ ❲❡ ✇❡2❡

♥♦3 ♦♥❧② ❛❜❧❡ 3♦ $✉♣♣♦23 ❡❛❝❤ ♦3❤❡2 ❜② ❞✐$❝✉$$✐♥❣ ♦✉2 ♣2♦❜❧❡♠$✱ ❜✉3 ❛❧$♦ ❤❛♣♣✐❧②

❤❛♥❣✐♥❣ ♦✉3 ❛♥❞ 3❛❧❦✐♥❣ ❛❜♦✉3 3❤✐♥❣$ ♦3❤❡2 3❤❛♥ ❥✉$3 ✇♦2❦✳ ❚❤❛♥❦ ②♦✉ ❢♦2 ❜❡✐♥❣

♠② 2✐❣❤3 ❤❛♥❞✱ ❚❡♦✦

■ ❛❧$♦ ✇✐$❤ 3♦ 3❤❛♥❦ ♠② ❢2✐❡♥❞$ ❛♥❞ ❝♦❧❧❡❛❣✉❡$ ❋2❛♥❝❡$❝♦ ❇✳✱ ❋2❛♥❝❡$❝♦ ❙✳✱

❋2❛♥❝❡$❝♦ ❋✳✱ ▼❛33✐❛ ❛♥❞ ❆♥❞2❡❛ ❆✳ ✇❤♦ ❤❛✈❡ ❞❡❞✐❝❛3❡❞ ❛ ❝♦♥$✐❞❡2❛❜❧❡ ❛♠♦✉♥3

♦❢ 3✐♠❡ ❤❡❧♣✐♥❣ ❛♥❞ $✉♣♣♦23✐♥❣ ♠❡ ✇✐3❤ 3❡❝❤♥✐❝❛❧ ♠❛33❡2$ ❞✉2✐♥❣ 3❤❡$❡ ②❡❛2$✳ ❆

$♣❡❝✐❛❧ ♠❡♥3✐♦♥ ♦❢ ❛♣♣2❡❝✐❛3✐♦♥ ❣♦❡$ 3♦ ❆♥❞2❡❛ ❈✳ ✇❤♦ ✇♦2❦❡❞ ✇✐3❤ ♠❡ ❞✉2✐♥❣ ❤✐$

❢2❡❡ 3✐♠❡ ♦♥ 3❤❡ ✜2$3 3❡$3 ❝❛$❡ ♣2❡$❡♥3❡❞ ✐♥ 3❤❡ 3❤❡$✐$✳

❆ $♣❡❝✐❛❧ ♠❡♥3✐♦♥ ❣♦❡$ ❛❧$♦ 3♦ ♠② ❢2✐❡♥❞$✱ ✐♥ ♣❛23✐❝✉❧❛2 3♦ ❆♥♥❛❣✐✉❧✐❛✱ ▲♦2❡♥③❛✱

▼❛23✐♥❛✱ ❆♥♥❛✱ ❋2❛♥❝❡$❝❛✱ ●✐✉❧✐❛ 4✳✱ ❱✐33♦2✐❛ ❛♥❞ ❑❛3✐❛✿ ❛❧3❤♦✉❣❤ ✇❡ ❤❛✈❡ ❜❡❡♥

♠♦$3❧② ❢❛2 ❛✇❛② ❢2♦♠ ❡❛❝❤ ♦3❤❡2 ❞✉2✐♥❣ 3❤❡$❡ ②❡❛2$✱ ②♦✉ ❤❛✈❡ ❜❡❡♥ ❛ ♣2❡❝✐♦✉$ ✭2❡✲

♠♦3❡✮ $✉♣♣♦23✱ ♠❛❦✐♥❣ ♠② ❞❛②$ ❜2✐❣❤3❡2 ❛♥❞ ❤❛♣♣✐❡2✳

❆♥❞ ❧❛$3 ❜✉3 ❜② ♥♦ ♠❡❛♥$ ❧❡❛$3✱ ❛ $♣❡❝✐❛❧ 3❤❛♥❦ ②♦✉ ❣♦❡$ 3♦ ♠② ❢❛♠✐❧② ❛♥❞ ✐♥

♣❛23✐❝✉❧❛2 3♦ ♠② ❜2♦3❤❡2 ◆✐❝♦❧❛ ❛♥❞ ♠② ❢❛3❤❡2✱ ✇❤♦ ♣❛3✐❡♥3❧② $✉♣♣♦23❡❞ ♠❡ ✇❤❡♥ ■

♥❡❡❞❡❞ ❤❡❧♣✱ ❡$♣❡❝✐❛❧❧② 3♦✇❛2❞$ 3❤❡ ❡♥❞ ♦❢ 3❤❡ 3❤✐2❞ ②❡❛2✳ ❆♥❞ ❘❡✐♥❤❛2❞✱ ♠② ❧♦✈❡✱

②♦✉ ❛2❡ 3❤❡ ❜2✐❣❤3 $3❛2 3❤❛3 ❤❛$ ♠❛❞❡ 3❤✐$ ❧✐33❧❡ ♦❞②$$❡② ♦❢ ♠✐♥❡ ♣♦$$✐❜❧❡✳

❚❤❛♥❦ ②♦✉ ❛❧❧ ❢♦2 ❛❧✇❛②$ ❜❡❧✐❡✈✐♥❣ ✐♥ ♠❡✳
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❛♥ ♦8❜✐4✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✸✳✸✺ ❉❡♣❧♦②♠❡♥4 4♦8F✉❡ ❞✉8✐♥❣ ❝♦♥48♦❧❧❡❞ ❞❡♣❧♦②♠❡♥4 ✐♥ ♦♥❡ F✉❛84❡8 ♦❢ ❛♥

♦8❜✐4✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✸✳✸✻ ❈♦♥48♦❧ 4♦8F✉❡5 ❞✉8✐♥❣ ❝♦♥48♦❧❧❡❞ ❞❡♣❧♦②♠❡♥4 ✐♥ ♦♥❡ F✉❛84❡8 ♦❢ ❛♥

♦8❜✐4✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✸✳✸✼ ●8❛✈✐4② ❣8❛❞✐❡♥4 4♦8F✉❡5 ❞✉8✐♥❣ ❝♦♥48♦❧❧❡❞ ❞❡♣❧♦②♠❡♥4 ✐♥ ♦♥❡ F✉❛84❡8

♦❢ ❛♥ ♦8❜✐4✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✸✳✸✽ ❉8❛❣ ❢♦8❝❡5 ❛♣♣❧✐❡❞ 4♦ 4❤❡ 4✇♦ ♠❡♠❜8❛♥❡5 ✐♥ ♦♥❡ F✉❛84❡8 ♦❢ ❛♥ ♦8❜✐4✳ ✼✼

✸✳✸✾ ❙♦❧❛8 8❛❞✐❛4✐♦♥ ♣8❡55✉8❡ ❢♦8❝❡5 ❛♣♣❧✐❡❞ 4♦ 4❤❡ 4✇♦ ♠❡♠❜8❛♥❡5 ✐♥ ♦♥❡

F✉❛84❡8 ♦❢ ❛♥ ♦8❜✐4✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✸✳✹✵ ❍❛❧❢ ❝②❧✐♥❞8✐❝❛❧ 5❤❡❧❧ 5②♠♠❡48② ❛①❡5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✸✳✹✶ ❙❦❡4❝❤ ♦❢ 4❤❡ 5✐♠✉❧❛4❡❞ 5②54❡♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✸✳✹✷ ❈♦♠♣❛8✐5♦♥ ♦❢ 5✐♠✉❧❛4❡❞ ❛♥❞ ❡①♣❡8✐♠❡♥4❛❧ ❜❡❤❛✈✐♦8✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✸✳✹✸ ❘❡5✉❧45 ❝♦♠♣❛8✐5♦♥ ✐♥ 4❡8♠5 ♦❢ ❞✐5♣❧❛❝❡♠❡♥45 ✈❛8②✐♥❣ Kp✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✸✳✹✹ ❘❡5✉❧45 ❝♦♠♣❛8✐5♦♥ ✐♥ 4❡8♠5 ♦❢ ❞✐5♣❧❛❝❡♠❡♥45 ✈❛8②✐♥❣ Kd✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✸✳✹✺ ❘❡5✉❧45 ❝♦♠♣❛8✐5♦♥ ✐♥ 4❡8♠5 ♦❢ ❞✐5♣❧❛❝❡♠❡♥45 ✈❛8②✐♥❣ 4❤❡ ❛♣♣❧✐❡❞ ❢♦8❝❡✳ ✽✷

✹✳✶ ▼-❯✲✻✵✺✵✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✹✳✷ ❙❝❤❡♠❛4✐❝ ♦❢ 4❤❡ ❝✐8❝✉✐4 ✇✐4❤ 4❤❡ ▼-❯✲✻✵✺✵ ❛♥❞ 4❤❡ ❆8❞✉✐♥♦ ❜♦❛8❞✳ ✽✺
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✹✳✸ ❙❝❤❡♠❛)✐❝+ ♦❢ ❆/❞✉✐♥♦ ■❉❊ ❛♥❞ ▼❛)❧❛❜

❘©
❡♥✈✐/♦♥♠❡♥)+ ✇✐)❤ +❡♥+♦/+

❛♥❞ ♠♦)♦/✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✹✳✹ ▼♦)♦/ +❤✐❡❧❞ +)❛❝❦❡❞ ♦♥ )❤❡ ❆/❞✉✐♥♦ ❯♥♦ ❜♦❛/❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✹✳✺ ❋❛+) ❋♦✉/✐❡/ ❚/❛♥+❢♦/♠ ✭❋❋❚✮ ♦❢ )❤❡ ✈✐❜/❛)✐♦♥+ ♦❢ )❤❡ ♠♦)♦/ ✐♥ +✐♥❣❧❡

♠♦❞❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✹✳✻ ▼❡❝❤❛♥✐❝❛❧ +②+)❡♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✹✳✼ ❉❡♣❧♦②❡/ ✇✐)❤ ❝♦✐❧❡❞ ❜♦♦♠+✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✹✳✽ ❉❛♠♣❡/+ ❛♥❞ ❧♦✇❡/ ♣❛/) ♦❢ )❤❡ ❡①)❡/♥❛❧ +)/✉❝)✉/❡✱ ✇✐)❤ ❝♦♥♥❡❝)✐♥❣

+❝/❡✇+✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✹✳✾ ●/❛✈✐)② ❖✤♦❛❞✐♥❣ ❙②+)❡♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✹✳✶✵ ●/❛✈✐)② ❖✤♦❛❞✐♥❣ ❙②+)❡♠ ❜❡❢♦/❡ ❞❡♣❧♦②♠❡♥) ❛♥❞ ❛❢)❡/ ❞❡♣❧♦②♠❡♥)✳ ✾✷

✹✳✶✶ ❈♦♦/❞✐♥❛)❡+ ♦❢ ♣♦✐♥)+ ❆ ✭❞❡♣❧♦②❡/✮ ❛♥❞ ❇ ✭)✐♣ ❡♥❞✮ ❞✉/✐♥❣ ❞❡♣❧♦②♠❡♥)

❡①)/❛❝)❡❞ ❢/♦♠ )❤❡ ✈✐❞❡♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✹✳✶✷ ❉❡♣❧♦②♠❡♥) +❡S✉❡♥❝❡ ✐♥ ♥♦♥✲❝♦♥)/♦❧❧❡❞ ❝♦♥❞✐)✐♦♥+✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✹✳✶✸ ❆❝❝❡❧❡/❛)✐♦♥+ /❡❛❞ ❜② )❤❡ )✇♦ ❛❝❝❡❧❡/♦♠❡)❡/+✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✹✳✶✹ ❋❋❚ ♦❢ )❤❡ +✐❣♥❛❧ /❡❛❞ ❜② )❤❡ )✇♦ ❛❝❝❡❧❡/♦♠❡)❡/+ ✇✐)❤ ♥♦ ✜♥❛❧ +❤♦❝❦✳ ✾✽

✹✳✶✺ ❘♦)❛)✐♥❣ +♣♦♦❧ ❛) )❤❡ ❡♥❞ ♦❢ )❤❡ ❞❡♣❧♦②♠❡♥)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✹✳✶✻ ❘❡+✉❧)+ ♦❢ )❤❡ ♠❡❛+✉/❡♠❡♥)+✿ ♠♦❞✉❧✉+ ♦❢ )❤❡ ❛❝❝❡❧❡/❛)✐♦♥+ ❢♦/ )❤❡

)✇♦ +❡♥+♦/+ ❛❧♦♥❣ )❤❡ ①✲②✲③ ❛①❡+✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✹✳✶✼ ❘❡+✉❧)+ ♦❢ )❤❡ ♠❡❛+✉/❡♠❡♥)+✿ ♠♦❞✉❧✉+ ♦❢ )❤❡ ❛❝❝❡❧❡/❛)✐♦♥+ ❢♦/ )❤❡

)✇♦ +❡♥+♦/+ ❝♦♠❜✐♥❡❞ ❛♥❞ /❡❢❡/❡♥❝❡❞ )♦ ③❡/♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✹✳✶✽ ❋❋❚ ♦❢ )❤❡ ♠❡❛+✉/❡♠❡♥)+ ♦❢ ❛ ♥♦♥ ❝♦♥)/♦❧❧❡❞ ❞❡♣❧♦②♠❡♥)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✹✳✶✾ Y❤♦)♦ )❛❦❡♥ ❞✉/✐♥❣ ❞❡♣❧♦②♠❡♥)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✹✳✷✵ ❘❡+✉❧)+ ♦❢ )❤❡ ♠❡❛+✉/❡♠❡♥)+✱ ❛❝❝❡❧❡/❛)✐♦♥+ ✐♥ )❤❡ )❤/❡❡ ❛①❡+ ❢♦/ )❤❡

)✇♦ +❡♥+♦/+ ❞✉/✐♥❣ ❝♦♥)/♦❧❧❡❞ ❞❡♣❧♦②♠❡♥)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✹✳✷✶ ❘❡+✉❧)+ ♦❢ )❤❡ ♠❡❛+✉/❡♠❡♥)+✱ ♠♦❞✉❧✉+ ♦❢ )❤❡ ❛❝❝❡❧❡/❛)✐♦♥+ ❢♦/ )❤❡ )✇♦

+❡♥+♦/+ ❞✉/✐♥❣ ❝♦♥)/♦❧❧❡❞ ❞❡♣❧♦②♠❡♥)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸

✹✳✷✷ ❋❋❚ ♦❢ )❤❡ ♠❡❛+✉/❡♠❡♥)+✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸

✹✳✷✸ ❈♦♠♣❛/✐+♦♥ ❜❡)✇❡❡♥ )❤❡ ❛❝❝❡❧❡/❛)✐♦♥+ ❢/♦♠ )❂✵ )♦ )❂✷ + ✐♥ )❤❡ ❝❛+❡

✇✐)❤ +❤♦❝❦ ❧♦❛❞ ❛♥❞ ❝♦♥)/♦❧❧❡❞ ❞❡♣❧♦②♠❡♥) ✭♥❝ ❞❡♥♦)❡+ )❤❡ ✉♥❝♦♥✲

)/♦❧❧❡❞ /❡+✉❧)+✱ ❝ )❤❡ ❝♦♥)/♦❧❧❡❞ ♦♥❡+✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
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✹✳✷✹ ❈♦♠♣❛(✐*♦♥ ❜❡.✇❡❡♥ .❤❡ ✈❛❧✉❡* ♦❢ .❤❡ ❋❋❚ ✐♥ .❤❡ .✇♦ ❝❛*❡* ✇✐.❤ ❛♥❞

✇✐.❤♦✉. ♠♦.♦( ❢♦( ❛❝❝❡❧❡(♦♠❡.❡( ✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✹✳✷✺ ❈♦♠♣❛(✐*♦♥ ❜❡.✇❡❡♥ .❤❡ ✈❛❧✉❡* ♦❢ .❤❡ ❋❋❚ ✐♥ .❤❡ .✇♦ ❝❛*❡* ✇✐.❤ ❛♥❞

✇✐.❤♦✉. ♠♦.♦( ❢♦( ❛❝❝❡❧❡(♦♠❡.❡( ✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✹✳✷✻ ■❞❡❛ ❛. .❤❡ ❜❛*❡ ♦❢ .❤✐* ❡①♣❡(✐♠❡♥.✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✹✳✷✼ ❊①❛♠♣❧❡ ♦❢ ♦*❝✐❧❧❛.✐♦♥* ♦❢ .❤❡ ❜♦♦♠ ❛(♦✉♥❞ ② ❛①✐* ✇✐.❤ ±20 ❛♥❞ ±50

❝♦♠♠❛♥❞❡❞ *.❡♣*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽
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+&♦✇❛❣❡ ❛♥❞ ❞❡♣❧♦②♠❡♥& +②+&❡♠+✳ ❖♥❡ ✐♠♣♦#&❛♥& ♦❜+❡#✈❛&✐♦♥ ✐+ &❤❛& &❤❡ ❞✐♠❡♥✲

+✐♦♥+ ♦❢ ❞❡♣❧♦②❛❜❧❡ +&#✉❝&✉#❡+ ❛#❡ ♥♦& +❝❛❧✐♥❣ ✇✐&❤ &❤❡ ❞✐♠❡♥+✐♦♥+ ♦❢ &❤❡✐# ❤♦+&✐♥❣

+❛&❡❧❧✐&❡✱ ❜✉& &❤❡✐# #❡<✉✐#❡❞ +✐③❡ ❞❡♣❡♥❞+ ♦♥ &❤❡ +♣❡❝✐✜❝ ♠✐++✐♦♥ ❛♥❞ ❛♣♣❧✐❝❛&✐♦♥ ❬✶❪✳

●♦++❛♠❡# +&#✉❝&✉#❡+ ❛#❡ ❡①♣❡❝&❡❞ &♦ ♠❡❡& &❤❡+❡ #❡<✉✐#❡♠❡♥&+✳ ❚❤❡② ❛#❡ ❞❡✲

✜♥❡❞ ❛+ +&#✉❝&✉#❡+ ✇✐&❤ ❡①&#❡♠❡❧② ❧♦✇ ♠❛++ ❛♥❞ ❤✐❣❤ ❞❡♣❧♦②❡❞✲&♦✲♣❛❝❦❡❞ ✈♦❧✉♠❡

#❛&✐♦+✳ ❚❤❡+❡ +&#✉❝&✉#❡+ ❛#❡ &②♣✐❝❛❧❧② ❝♦♠♣♦+❡❞ ♦❢ ♠❡♠❜#❛♥❡+✱ ✉+✉❛❧❧② ♠❛❞❡ ♦❢ &❤✐♥

❛♥❞ ❧♦✇ ♠♦❞✉❧✉+ ♠❛&❡#✐❛❧+ +✉❝❤ ❛+ ♣♦❧②♠❡# ✜❧♠+✳ ❚❤❡+❡ +&#✉❝&✉#❡+ ❛#❡ ❝♦♥+✐❞❡#❡❞

❜#❡❛❦&❤#♦✉❣❤ +♣❛❝❡ +&#✉❝&✉#❡+ &❤❛& ✇✐❧❧ ❡♥❛❜❧❡ ❢✉&✉#❡ ✐♥♥♦✈❛&✐✈❡ +♣❛❝❡ ♠✐++✐♦♥+✳

❚❤❡✐# ✉❧&#❛✲❧♦✇ ❛#❡❛❧ ❞❡♥+✐&② ♠❛❦❡+ &❤❡♠ ❛&&#❛❝&✐✈❡ ❢♦# ❛❝❤✐❡✈✐♥❣ ❛ ❤✐❣❤ ♣❛❝❦❛❣✐♥❣

❡✣❝✐❡♥❝②✱ ✇❤✐❝❤ ✐+ ✉♥❛&&❛✐♥❛❜❧❡ ❜② ♦&❤❡# ❝♦♥✈❡♥&✐♦♥❛❧ +&#✉❝&✉#❡+✳ ❚❤✐+ ❛❧❧♦✇+ &❤❡

❧❛✉♥❝❤ ♦❢ ❛ ❜✐❣❣❡# ♣❛②❧♦❛❞ ✐♥ &❤❡ +❛♠❡ &♦&❛❧ ✈♦❧✉♠❡✳ ■♥ ❛❞❞✐&✐♦♥✱ &❤❡✐# ❧♦✇❡# ♠❛++

✇✐&❤ #❡+♣❡❝& &♦ &#❛❞✐&✐♦♥❛❧ ❜✉❧❦② +&#✉❝&✉#❡+ ♠❛❦❡+ &❤❡✐# ❧❛✉♥❝❤ ❧❡++ ❡①♣❡♥+✐✈❡✳ ❈♦♥✲

+✐❞❡#✐♥❣ ❛♥ ❛✈❡#❛❣❡ ❧❛✉♥❝❤ ❝♦+& ♣❡# ❦✐❧♦❣#❛♠ &♦ ▲❊❖ ❜❡&✇❡❡♥ ✩✷✱✼✷✵ ✭❝✉##❡♥& ❝♦+&
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✷ ✶✳ ■♥%&♦❞✉❝%✐♦♥

♣❡" ❦❣ ♦❢ ❛ ❋❛❧❝♦♥ ✾ ❧❛✉♥❝❤ ❬✷❪✮ ❛♥❞ ✩✶✵✱✸✵✵ ✭❝✉""❡♥: ❝♦;: ♣❡" ❦❣ ♦❢ ❛♥ ❆"✐❛♥❡ ✺

❧❛✉♥❝❤ ❬✸❪✮✱ ❛ "❡❞✉❝❡❞ ♠❛;; ;②;:❡♠ ❛❧❧♦✇; ♠♦"❡ ❛✛♦"❞❛❜❧❡ ♠✐;;✐♦♥;✳

❇❡;✐❞❡ ❛❧❧ :❤❡ ❛❞✈❛♥:❛❣❡; ♠❡♥:✐♦♥❡❞ ❛❜♦✈❡✱ :❤❡✐" ♣"✐♥❝✐♣❛❧ ❞"❛✇❜❛❝❦; ❛"❡ :❤❡✐"

✈❡"② ❧✐::❧❡ ✐♥❤❡"❡♥: ❜❡♥❞✐♥❣ ;:✐✛♥❡;; ❛♥❞ :❤❡✐" ✐♥❝❛♣❛❝✐:② ♦❢ ❝❛""②✐♥❣ ❝♦♠♣"❡;;✐✈❡

❧♦❛❞;✳ ❚❤✐; ✐; :❤❡ "❡❛;♦♥ ✇❤② :❤❡② ❛"❡ ❝♦♠♠♦♥❧② ❢♦✉♥❞ ❛;;♦❝✐❛:❡❞ ✇✐:❤ :❡♥;✐♦♥✐♥❣

;:"✉❝:✉"❡; ;✉❝❤ ❛; ❞❡♣❧♦②❛❜❧❡ ❜♦♦♠; ✭:❛♣❡ ;♣"✐♥❣;✱ :❡❧❡;❝♦♣✐❝ ♠❛;:;✱ ❡:❝✳✮ ♦" ✐♥✢❛:✲

❛❜❧❡ ;:"✉❝:✉"❡;✳ ■♥ ❛❞❞✐:✐♦♥✱ :❤❡ ❧♦✇ ✈✐❜"❛:✐♦♥ ❢"❡K✉❡♥❝✐❡; ❛♥❞ ;♠❛❧❧ ❞❛♠♣✐♥❣ "❛:✐♦

♠❛❦❡ :❤❡ ✈✐❜"❛:✐♦♥ ❝♦♥:"♦❧ ♦❢ :❤❡;❡ ;:"✉❝:✉"❡; ❡①:"❡♠❡❧② ❝❤❛❧❧❡♥❣✐♥❣✳

■: ✐; ✐♠♣♦":❛♥: :♦ ♣♦✐♥: ♦✉: :❤❛: :❤❡ ♥❛♠❡ ✬✢❡①✐❜❧❡✬ ❝❛♥ ❜❡ ❛ ♠✐;♥♦♠❡"✳ ■: ✐; :❤❡

♠❡♠❜"❛♥❡ ❝♦♠♣♦♥❡♥:; :❤❛: ❛"❡ ✢❡①✐❜❧❡✱ ♥♦: :❤❡ ;✉♣♣♦":✐♥❣ ;:"✉❝:✉"❡✱ :❤❛: ❝❛♥ ❜❡

✈❡"② "✐❣✐❞✳

✶✳✶ ❖✈❡%✈✐❡✇ ♦❢ ▼❡♠❜%❛♥❡ ❙0%✉❝0✉%❡3 ✐♥ ❆❡%♦3♣❛❝❡

■♥ :❤❡ ♣❛;: ❞❡❝❛❞❡;✱ ♠❛♥② ❡①❛♠♣❧❡; ♦❢ ❣♦;;❛♠❡" ;:"✉❝:✉"❡; ❤❛✈❡ ❜❡❡♥ ❞❡;✐❣♥❡❞

❛♥❞ :❡;:❡❞✳ ❚②♣✐❝❛❧ ❣♦;;❛♠❡" ;:"✉❝:✉"❡; ❢♦" ;♣❛❝❡ ❛♣♣❧✐❝❛:✐♦♥; ❛"❡ ❝♦♠♠♦♥❧② ❢♦✉♥❞

❛; ;♦❧❛" ❛""❛②; ❛♥❞ ❝♦♥❝❡♥:"❛:♦";✱ ;♦❧❛" ;❛✐❧;✱ ❞❡❡♣ ;♣❛❝❡ ❛♥:❡♥♥❛; ❛♥❞ "❛❞❛";✱ :❡❧❡✲

;❝♦♣❡;✱ ;✉♥ ;❤✐❡❧❞;✱ ❡:❝✳✳✳ ❚❤❡"❡ ❤❛; ❜❡❡♥ ❛♥ ✐♥:❡"❡;: ✐♥ ✭✐♥✢❛:❛❜❧❡✮ ❞❡♣❧♦②❛❜❧❡ ;♣❛❝❡

;:"✉❝:✉"❡; ;✐♥❝❡ :❤❡ ✶✾✺✵;✱ ✇✐:❤ :❤❡ ❧❛✉♥❝❤ ♦❢ :❤❡ ●♦♦❞②❡❛" ❛♥:❡♥♥❛; ✐♥ :❤❡ ❡❛"❧②

✶✾✻✵; ❬✹❪✳

✶✳✶✳✶ ❚❤✐♥✲❋✐❧♠ ❙♦❧❛- ❆--❛②0

❙♣❛❝❡ ;♦❧❛" ❛""❛②; ❣❡♥❡"❛:❡ :❤❡ "❡K✉✐"❡❞ ♣♦✇❡" :♦ "✉♥ ❛❧❧ ❡❧❡❝:"✐❝ ;✉❜;②;:❡♠; ♦❢

:❤❡ ;❛:❡❧❧✐:❡ ✇✐:❤ :❤❡ ❝♦♥✈❡";✐♦♥ ♦❢ ;♦❧❛" ❧✐❣❤: ✐♥:♦ ❡❧❡❝:"✐❝✐:②✳ ❚❤❡ ❛♠♦✉♥: ♦❢ ♣♦✇❡"

❣❡♥❡"❛:❡❞✱ ♠❡❛;✉"❡❞ ✐♥ ❲ ✭♦" ❦❲✮✱ ❞❡♣❡♥❞; ❧❛"❣❡❧② ♦♥ :❤❡ ❡✣❝✐❡♥❝② ♦❢ :❤❡ ❝❡❧❧;

❛♥❞ :❤❡ ❛"❡❛ ♦❢ :❤❡ ;♦❧❛" ❛""❛②✳ ❚❤❡ :❡♥❞❡♥❝② :♦✇❛"❞; :❤❡ ♠✐♥✐❛:✉"✐③❛:✐♦♥ ♦❢ :❤❡

;❛:❡❧❧✐:❡; ❛♥❞ :❤❡ ♥❡❡❞ ♦❢ ❤✐❣❤ ❛♠♦✉♥: ♦❢ ♣♦✇❡" :♦ "✉♥ :❤❡ ;❛:❡❧❧✐:❡ ;②;:❡♠; ❧❡❛❞ :♦

♦♣♣♦;✐:❡ ❞✐"❡❝:✐♦♥;✳ ❈♦♥;✐❞❡"✐♥❣ :❤❛: ❛ :②♣✐❝❛❧ ♣♦✇❡" ;✉❜;②;:❡♠ "❡K✉✐"❡; ✈❡"② ♦❢:❡♥

❛ ❧❛"❣❡ ♣❡"❝❡♥:❛❣❡ ♦❢ :❤❡ :♦:❛❧ ♠❛;; ♦❢ :❤❡ ;♣❛❝❡❝"❛❢:✱ :❤❡ "❡;❡❛"❝❤ :♦ ❛❞✈❛♥❝❡ :❤❡

:❡❝❤♥♦❧♦❣② "❡❧❛:❡❞ :♦ ❧✐❣❤:❡" ;♦❧❛" ♣❛♥❡❧; ✐; ❡;;❡♥:✐❛❧ :♦ ❞❡❝"❡❛;❡ :❤❡ ✐♠♣❛❝: ♦♥ :❤❡

:♦:❛❧ ♠❛;; ❛♥❞ ✈♦❧✉♠❡ ♦❢ :❤❡;❡ ;:"✉❝:✉"❡;✱ :❤✉; :❤❡✐" ❝♦;:✳

❚❤✐♥✲✜❧♠ ;♦❧❛" ♣❛♥❡❧; ❛"❡ ❛ ♣"♦♠✐;✐♥❣ :❡❝❤♥♦❧♦❣② :❤❛: ❤❛; ❜❡❡♥ ✐♥✈❡;:✐❣❛:❡❞
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 ✐♥❝❡ %❤❡ ✶✾✻✵ ✱ ✇✐%❤ %❤❡ ❧❛✉♥❝❤ ♦❢ %❤❡ ✜3 % ❝♦♠♠✉♥✐❝❛%✐♦♥  ❛%❡❧❧✐%❡ ✳ ❍♦✇❡✈❡3✱

%❤❡ ❡ ❡❛3❧② ❛%%❡♠♣% ✇❡3❡ ❛❜❛♥❞♦♥❡❞ ❞✉❡ %♦ %❤❡✐3 ❡①❝❡  ✐✈❡ ❞❡❣3❛❞❛%✐♦♥ ♦✈❡3 %✐♠❡

❛♥❞ ❧♦✇ ❡✣❝✐❡♥❝② ♦❢ %❤❡ ❝❡❧❧ ✳ ❋♦3 %❤❡ ♥❡①% %❤3❡❡ ❞❡❝❛❞❡ ✱  ❛%❡❧❧✐%❡ ❡♠♣❧♦②❡❞ ♠♦ %❧②
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3❡ ❡❛3❝❤❡3 ❤❛✈❡ ♠❛❞❡ ✐♠♣♦3%❛♥% ❛❞✈❛♥❝❡ ✐♥ %❤❡ %❤✐♥✲✜❧♠ %❡❝❤♥♦❧♦❣② ❛♥❞ %❤❡② ❛3❡
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❚❤✐ ✲✜❧♠  ♦❧❛3 ❝❡❧❧ ❛3❡ %②♣✐❝❛❧❧② ♠❛❞❡ ♦❢ ❈♦♣♣❡3 ■♥❞✐✉♠ ●❛❧❧✐✉♠ ❙❡❧❡♥✐❞❡

✭❈■●❙✮✱ ❈❛❞♠✐✉♠ ❚❡❧❧✉3✐❞❡ ✭❈❞❚❡✮ ♦3 ❛♠♦3♣❤♦✉ ❙✐❧✐❝♦♥ ✭❛✲❙✐✮ ❛ ❛❝%✐✈❡ ♠❛%❡✲

3✐❛❧ %♦ ❝♦❧❧❡❝% %❤❡  ✉♥❧✐❣❤%✳ ■♥ ♣❛3%✐❝✉❧❛3✱ ❈■●❙ ❛❜ ♦3♣%✐♦♥ ❝♦❡✣❝✐❡♥% ✐ ❤✐❣❤❡3

%❤❛♥ ♦%❤❡3  ❡♠✐❝♦♥❞✉❝%♦3 ♠❛%❡3✐❛❧ ✱ %❤❡3❡❢♦3❡ %❤❡② 3❡M✉✐3❡ ❛ ♠✉❝❤ %❤✐♥♥❡3 ✜❧♠ ♦❢

♠❛%❡3✐❛❧ %♦ ❛❜ ♦3❜ %❤❡  ❛♠❡ ❛♠♦✉♥% ♦❢  ✉♥❧✐❣❤%✱ ♦♥ %❤❡ ♦3❞❡3 ♦❢ ✶✲✷ µ♠✳ ❇② ❝♦♠✲

♣❛3✐ ♦♥✱ ❛ %②♣✐❝❛❧ ❝3② %❛❧❧✐♥❡  ✐❧✐❝♦♥ ✇❛❢❡3 3❡M✉✐3❡ ❛ %❤✐❝❦♥❡  ♦❢ ❛❜♦✉% ✶✻✵✲✶✾✵ µ♠✱

✇❤✐❧❡ ❛  ✐❧✐❝♦♥ %❤✐♥ ❝❡❧❧ 3❡M✉✐3❡ ✉♣ %♦ ✸✵ µ♠ ❬✻❪✳ ❚❤✉ ✱ %❤❡ ❧❛②❡3 3❡ ✉❧% %❤✐♥ ❡♥♦✉❣❤

%♦ ❛❧❧♦✇ %❤❡✐3 ❞❡♣♦ ✐%✐♦♥ ♦♥ ✢❡①✐❜❧❡  ✉❜ %3❛%❡ ✳ ◆♦3♠❛❧❧②✱ %❤❡ ❜❡ % ♣❡3❢♦3♠❛♥❝❡ ❛3❡

❛❝❤✐❡✈❡❞ ✇❤❡♥ ❛❝%✐✈❡ ❧❛②❡3 ❛3❡ ❞❡♣♦ ✐%❡❞ ❛% ❤✐❣❤ %❡♠♣❡3❛%✉3❡✳ ❚❤✐ ✇♦✉❧❞ 3❡M✉✐3❡

❛  ✉❜ %3❛%❡ ❛❜❧❡ %♦ ✇✐%❤ %❛♥❞ ❤✐❣❤ %❡♠♣❡3❛%✉3❡✱  ✉❝❤ ❛ ❣❧❛  ✳ ❍♦✇❡✈❡3✱ ✐♥ %❤❡ ♣❛ %

②❡❛3 ✱ ❛❞✈❛♥❝❡ ✐♥ %❤❡ ❞❡♣♦ ✐%✐♦♥ ♦❢ ❈■●❙ ❝❡❧❧ ❛% ❧♦✇ %❡♠♣❡3❛%✉3❡ ❤❛✈❡ 3❡❞✉❝❡❞ %❤❡

❣❛♣ ♦❢ %❤✐ ♣❡3❢♦3♠❛♥❝❡ ❞✐✛❡3❡♥❝❡✳ ❚❤❡ ❡ ❝❡❧❧ ❝❛♥ ❜❡ ❞❡♣♦ ✐%❡❞✱ ❢♦3 ❡①❛♠♣❧❡✱ ♦♥

❑❛♣%♦♥ ✜❧♠ ✱ ❛ ♣♦❧②♠❡3✐❝ ♠❛%❡3✐❛❧ ❛❜❧❡ %♦ 3❡♠❛✐♥  %❛❜❧❡ ✉♣ %♦ 400◦❈ ❞❡✈❡❧♦♣❡❞ ❜②

❉✉V♦♥%

❘©
✳ ❈■●❙ ♣❤♦%♦✈♦❧%❛✐❝ ❝❡❧❧ ❤❛✈❡ 3❡❛❝❤❡❞ ❛♥ ❡✣❝✐❡♥❝② ♦❢ ✷✵✳✹% ❛% ❝❡❧❧ ❧❡✈❡❧

❞❡♣♦ ✐%❡❞ ♦♥ ❛ ♣♦❧②♠❡3✐❝  ✉❜ %3❛%❡ ❬✼❪ ❛♥❞ ✶✺✳✼% ♦♥ ❧❛3❣❡3 ♠♦❞✉❧❡ ✭✉♥❞❡3 ❆▼✶✳✺

❧✐❣❤%  ♣❡❝%3✉♠✮ ❬✽❪✳

❚❤✐ %❡❝❤♥♦❧♦❣② ♦✛❡3 ❛ ♥✉♠❜❡3 ♦❢ ❛❞✈❛♥%❛❣❡ ✇✐%❤ 3❡ ♣❡❝% %♦ ❜✉❧❦  ♦❧❛3 ♣❛♥❡❧ ✿

• ❧✐❣❤%♥❡  ❀

• 3❡❞✉❝❡❞ ✈♦❧✉♠❡❀

• 3❡❞✉❝❡❞ ❧❛✉♥❝❤ ❝♦ %❀

• ❧♦✇❡3 ♠❛♥✉❢❛❝%✉3✐♥❣ ❝♦ % ✭3❡❞✉❝❡❞ ❛♠♦✉♥% ♦❢ ♠❛%❡3✐❛❧ ♥❡❡❞❡❞ ❛♥❞ ❡①♣❧♦✐%❛%✐♦♥

♦❢ %❤❡ %❡❝❤♥♦❧♦❣②  %✉❞✐❡❞ ❢♦3 %❡33❡ %3✐❛❧  ♦❧❛3 ♣❛♥❡❧ ✮✳



✹ ✶✳ ■♥%&♦❞✉❝%✐♦♥

❚❤❡#❡ ❛❞✈❛♥(❛❣❡# ❝♦♠❡ (♦❣❡(❤❡- ✇✐(❤ #♦♠❡ ❞-❛✇❜❛❝❦# (❤❛( ❛-❡ ❜❡✐♥❣ #(✉❞✐❡❞ ✐♥

♦-❞❡- (♦ ♠❛❦❡ (❤✐# (❡❝❤♥♦❧♦❣② #✉✣❝✐❡♥(❧② ❛♣♣❡❛❧✐♥❣ ❛♥❞ ❡✛❡❝(✐✈❡✳ ❚❤❡#❡ ❞✐#❛❞✈❛♥✲

(❛❣❡# ❛-❡✿

• ▲♦✇❡- ❡✣❝✐❡♥❝② ✇✐(❤ -❡#♣❡❝( (♦ (-❛❞✐(✐♦♥❛❧ #♦❧❛- ♣❛♥❡❧#❀

• ❚❤❡✐- ❡①(-❡♠❡ ✢❡①✐❜✐❧✐(②✱ ❤❡♥❝❡ ✈❡-② ❧♦✇ ❢✉♥❞❛♠❡♥(❛❧ ❢-❡A✉❡♥❝②✱ ✇❤❡♥ ❞❡✲

♣♦#✐(❡❞ ♦♥ ❛ ✈❡-② (❤✐♥ #✉❜#(-❛(❡✱ ♦♥ (❤❡ ♦-❞❡- ♦❢ (❡♥# ♦❢ ♠✐❝-♦♥# ✐♥ (❤✐❝❦♥❡##✳

❚❤✐# ❧❛#( ❞-❛✇❜❛❝❦ ❝❛♥ ❜❡ ♦✈❡-❝♦♠❡ ✉#✐♥❣ ❞✐✛❡-❡♥( (②♣❡# ♦❢ ❜♦♦♠# ❛♥❞✴♦- #♣❡❝✐❢✲

✐❝❛❧❧② ❞❡#✐❣♥❡❞ ❝♦♥(-♦❧ #②#(❡♠#✱ ✐♥ ♦-❞❡- (♦ ✇✐(❤#(❛♥❞ (❤❡ (②♣✐❝❛❧ ♦-❜✐(❛❧ ❞✐#(✉-❜❛♥❝❡#

❛♥❞ #❛(❡❧❧✐(❡ ♠❛♥❡✉✈❡-# (❤❛( ♦❝❝✉- ❛❢(❡- (❤❡ ❧❛✉♥❝❤ ♣❤❛#❡✳

❇&✐❡❢ ❤✐0%♦&② ❛♥❞ 0%❛%❡✲♦❢✲%❤❡✲❛&% ♦❢ %❤✐♥✲✜❧♠ 0♦❧❛& ❛&&❛②0

▲❛✉♥❝❤❡❞ ✐♥ ✶✾✾✵✱ (❤❡ ❍✉❜❜❧❡ ❙♣❛❝❡ ❚❡❧❡#❝♦♣❡ ✭❍❙❚✮ ✇❛# (❤❡ ✜-#( #❛(❡❧❧✐(❡ (❤❛(

✉#❡❞ (❤❡ -♦❧❧❡❞✲♦✉( #♦❧❛- ❛--❛② (❡❝❤♥♦❧♦❣②✳ ■(# ❊❙❆✲♠❛❞❡ #♦❧❛- ❛--❛②# ♥❡❡❞❡❞ (♦ ❜❡

✢❡①✐❜❧❡ (♦ ✜( ✐♥ ❛♥ ❡①(-❡♠❡❧② #♠❛❧❧ ✈♦❧✉♠❡ ❜❡(✇❡❡♥ (❤❡ -♦✉♥❞✲#❤❛♣❡❞ (❡❧❡#❝♦♣❡ ❛♥❞

(❤❡ ❙❤✉((❧❡ ❝❛-❣♦ ❜❛②✳ ■(# #♦❧❛- ❛--❛②# ✇❡-❡ ✷✶✵ µ♠ (❤✐❝❦✱ ✶✷✳✶✲♠ ❧♦♥❣ ❛♥❞ ✷✳✺✲♠

✇✐❞❡ ✐♥ ❢✉❧❧ ❡①(❡♥#✐♦♥✳ ❆♥♦(❤❡- -❡A✉✐-❡♠❡♥( ✇❛# (❤❛( (❤❡② ❤❛❞ (♦ ❜❡ -❡(-❛❝(❛❜❧❡✱

✐♥ ♦-❞❡- (♦ ❜❡ -♦❧❧❡❞ ❜❛❝❦ ✉♣ ❛♥❞ (♦ ❜❡ ❜-♦✉❣❤( ❜❛❝❦ (♦ ❊❛-(❤ ❞✉-✐♥❣ (❤❡ ❢♦❧❧♦✇✐♥❣

#❡-✈✐❝✐♥❣ ♠✐##✐♦♥# ❢♦- ❢✉-(❤❡- #(✉❞✐❡#✳ ❚❤❡-❡❢♦-❡✱ (❤❡ ❍❙❚ ✐♥✐(✐❛❧❧② ✉#❡❞ -♦❧❧✲♦✉( ❛-✲

-❛②# ♠❛❞❡ ♦❢ ❛ ✶✹%✲❡✣❝✐❡♥❝② #♦❧❛- ❝❡❧❧#✱ ❞❡♣♦#✐(❡❞ ♦♥ ❛ ✢❡①✐❜❧❡ ♣♦❧②✐♠✐❞❡ ❜❧❛♥❦❡(

✭❑❛♣(♦♥✮ ❡♥❝❛♣#✉❧❛(❡❞ ✐♥ #✐❧✐❝♦♥❡ ❝♦❛(✐♥❣ ❛♥❞ ❞❡♣❧♦②❡❞ ❜② ❛ (✉❜✉❧❛-✱ ❡①(❡♥❞❛❜❧❡

❜♦♦♠ ✭❇✐✲❙❚❊▼✮ ❞❡♣❧♦②♠❡♥( #②#(❡♠✱ ♠❛❞❡ ❢-♦♠ (✇♦ ❝✐-❝✉❧❛-✐③❡❞ #(❡❡❧ #❤❡❡(# ✐♥ ❛

❈✲#❤❛♣❡ (♦ ❢♦-♠ ❛ ❝②❧✐♥❞-✐❝❛❧ ❜♦♦♠✳ ❚❤❡ ♦♣❡-❛(✐♦♥# ❛❧(✐(✉❞❡✱ ❛-♦✉♥❞ ✻✵✵ ❦♠✱ ✐♠✲

♣♦#❡❞ ❛-♦✉♥❞ ✸✵✱✵✵✵ (❤❡-♠❛❧ ❝②❝❧❡# ❢-♦♠ −100◦❈ (♦ 100◦❈ ❞✉-✐♥❣ ❛ ✺✲②❡❛- ❡①♣❡❝(❡❞

❧✐❢❡(✐♠❡✱ ✐✳❡✳ ✶✻ (✐♠❡# ♣❡- ❞❛②✱ ✇❤✐❝❤ ✇❛# ❡①(-❡♠❡❧② ❝❤❛❧❧❡♥❣✐♥❣ ✐♥ (❤❡ ❡❛-❧② ✶✾✾✵#✳

❙❡✈❡-❛❧ ♣-♦❜❧❡♠# ❝♦♥♥❡❝(❡❞ (♦ (❤✐# (❡❝❤♥♦❧♦❣② ❤❛❞ (♦ ❜❡ ♦✈❡-❝♦♠❡ ✐♥ (❤❡ ❢♦❧❧♦✇✐♥❣

#❡-✈✐❝✐♥❣ ♠✐##✐♦♥#✿ (❤❡ ❜✐✲#(❡♠ ❜♦♦♠# ✉#❡❞ (♦ ❞❡♣❧♦② ❛♥❞ (❡♥#✐♦♥ (❤❡ ❛--❛②# ✇❡-❡

✢❡①✐♥❣ ❛( ❡❛❝❤ ♣❛##❛❣❡ (❤-♦✉❣❤ (❤❡ ❞❛②✲♥✐❣❤( (❡-♠✐♥❛(♦- ❞✉❡ (♦ (❤❡ (❡♠♣❡-❛(✉-❡ ❞✐❢✲

❢❡-❡♥(✐❛❧ ❜❡(✇❡❡♥ (❤❡ (✇♦ ❈✲#❤❛♣❡❞ ❝♦♠♣♦♥❡♥(#✱ ❝❛✉#✐♥❣ ❛ ❞✐#(✉-❜❛♥❝❡ (♦-A✉❡ (❤❛(

❡①❝❡❡❞❡❞ (❤❡ ❛❧❧♦✇❛❜❧❡ ❧✐♠✐(#✳ ■♥ ❛❞❞✐(✐♦♥ (♦ (❤✐#✱ ❛♥♦(❤❡- ❢❛✐❧✉-❡ ✐♥ (❤❡ ❝♦♠♣❡♥#❛✲

(✐♦♥ ♠❡❝❤❛♥✐#♠ ♠❛❞❡ ✐( ♥❡❝❡##❛-② (♦ -❡♣❧❛❝❡ (❤❡ ✇❤♦❧❡ ❛--❛② ❞✉-✐♥❣ (❤❡ ✜-#( ❍✉❜❜❧❡

❙❡-✈✐❝✐♥❣ ▼✐##✐♦♥ ✐♥ ❉❡❝❡♠❜❡- ✶✾✾✸ ✇✐(❤ ✵✳✼✲♠♠ (❤✐❝❦ ❜❧❛♥❦❡(#✳ ■♥ ❉❡❝❡♠❜❡- ✶✾✾✾✱



✶✳✶ ❖✈❡%✈✐❡✇ ♦❢ ▼❡♠❜%❛♥❡ ❙0%✉❝0✉%❡3 ✐♥ ❆❡%♦3♣❛❝❡ ✺

✭❛✮

✭❜✮

❋✐❣✉$❡ ✶✳✶✿ ✭❛✮ ❍❙❚ ✜$01 0♦❧❛$ ❛$$❛②0 ❛♥❞ ✭❜✮ ❞❡1❛✐❧❡❞ ✈✐❡✇ ♦❢ 1❤❡ ❞❡♣❧♦②❡$ ♦❢ ❍❙❚

✜$01 0♦❧❛$ ❛$$❛②✳ =❤♦1♦0✿ ❊❙❆

❞✉$✐♥❣ ❛♥ ❡♠❡$❣❡♥❝② ❙❡$✈✐❝✐♥❣ ▼✐00✐♦♥ ✭✸❆✮✱ ❛01$♦♥❛✉10 ♥♦1✐❝❡❞ ❛♥♦1❤❡$ ❢❛✐❧✉$❡ ✐♥

1❤❡ ❤✐♥❣❡ ♣✐♥0 1❤❛1 ❝♦♥♥❡❝1❡❞ ❞✐✛❡$❡♥1 0❡❣♠❡♥10 ♦❢ 1❤❡ 0♦❧❛$ ❜❧❛♥❦❡1✳ ❚❤❡ 0♦❧❛$

❛$$❛②0 ✇❡$❡ 1❤❡♥ $❡♣❧❛❝❡❞ ✐♥ ✷✵✵✷ ❞✉$✐♥❣ ❙❡$✈✐❝✐♥❣ ▼✐00✐♦♥ ✸❇ ✇✐1❤ 1❤❡ ❯❙✲♠❛❞❡

1❤✐$❞ 0❡1 ♦❢ ♠♦$❡ ❡✣❝✐❡♥1 ❛♥❞ $✐❣✐❞ 0♦❧❛$ ❛$$❛②0✳ ❬✾❪

❋$♦♠ 1❤❡ ✶✾✾✵0✱ ❛❢1❡$ 1❤❡ ❍❙❚ ❡①♣❡$✐❡♥❝❡✱ ♠❛♥② ♦♣1✐♦♥0 ❤❛✈❡ ❜❡❡♥ ❡①♣❧♦$❡❞ ❛♥❞

✐♠♣♦$1❛♥1 ❛❞✈❛♥❝❡0 ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ ✐♥ 1❤❡ 0♦❧❛$ ❛$$❛② 1❡❝❤♥♦❧♦❣②✳

■♥ ❛❞❞✐1✐♦♥ 1♦ $✐❣✐❞ ❜♦♦♠0✱ ✐♥ 1❤❡ ❧❛01 1❤$❡❡ ❞❡❝❛❞❡0 ✐♥✢❛1❛❜❧❡ 0②01❡♠0 ❤❛✈❡

❜❡❡♥ ✇✐❞❡❧② 01✉❞✐❡❞ ✐♥ ♦$❞❡$ 1♦ ♣$♦✈✐❞❡ ❞❡♣❧♦②♠❡♥1 1♦ 0♣❛❝❡ 01$✉❝1✉$❡0✳ ❚❤✐0 1❡❝❤✲

♥♦❧♦❣② ❤❛0 1❤❡ ❛❞✈❛♥1❛❣❡ ♦❢ $❡❞✉❝❡❞ 01♦✇❛❣❡ ✈♦❧✉♠❡✱ ♠❛00 ❛♥❞ ❝♦010 ♦✈❡$ ❝✉$$❡♥1

♠❡❝❤❛♥✐❝❛❧❧② ❞❡♣❧♦②❡❞ 0♦❧❛$ ❛$$❛②0✱ ❛0 ✇❡❧❧ ❛0 ❤✐❣❤❡$ 0♣❡❝✐✜❝ ♣♦✇❡$ ✭❣$❡❛1❡$ 1❤❛♥

✶✵✵ ❲✴❦❣✮ ❬✶✵❪✳ ❍♦✇❡✈❡$✱ 0♦♠❡ ❝♦♠♣❧❡1❡ ✐♥✢❛1❛❜❧❡ 0②01❡♠0 ❛$❡ ♥♦1 0✐♠♣❧❡ ❜❡❝❛✉0❡

1❤❡② ♠✉01 ✐♥❝❧✉❞❡ ❛ ❣❛0 ❝♦♥1❛✐♥❡$✭0✮✱ 1❤❡ ♣❧✉♠❜✐♥❣✱ ❛ ❧❛✉♥❝❤ $❡01$❛✐♥❡$✱ ❛ ❝♦♥1$♦❧❧❡❞

❞❡♣❧♦②♠❡♥1 ❞❡✈✐❝❡✱ ❡1❝✳ 1❤❛1 ✐♥❝$❡❛0❡ 1❤❡ 1♦1❛❧ ✇❡✐❣❤1✱ 01♦✇❛❣❡ ✈♦❧✉♠❡ ❛♥❞ ❝♦♠✲

♣❧❡①✐1② ❬✶✶✱✶✷❪✳ ■♥ ❛❞❞✐1✐♦♥✱ ✐♥✢❛1❛❜❧❡0 ❛$❡ ✈✉❧♥❡$❛❜❧❡ 1♦ ♠✐❝$♦♠❡1❡♦$✐1❡0 ❛♥❞ ❞❡❜$✐0

01$✐❦❡0 1❤❛1 ♠❛② ❞❛♠❛❣❡ 1❤❡✐$ 01$✉❝1✉$❡0 ❬✶✸❪✳

❚❤❡ 1✇♦ ♣✐♦♥❡❡$✐♥❣ ❝♦♠♣❛♥✐❡0 ✐♥ 1❤❡ ✜❡❧❞ ♦❢ ❧❛$❣❡ ✐♥✢❛1❛❜❧❡ 01$✉❝1✉$❡0 ✇❡$❡ ■▲❈

❉♦✈❡$ ❛♥❞ ▲✬●❛$❞❡✱ 1❤❛1 ❞❡0✐❣♥❡❞✱ ✐♥ 1❤❡ ♥✐♥❡1✐❡0✱ 0♦❧❛$ ❛$$❛②0 0✉♣♣♦$1❡❞ ❜② ❛♥

✐♥✢❛1❛❜❧❡ 01$✉❝1✉$❡✳

■▲❈ ❉♦✈❡$ ❞❡0✐❣♥❡❞ ❛♥❞ ❜✉✐❧1 ❛ ❢✉❧❧✲0❝❛❧❡ ♣$♦1♦1②♣❡ ♦❢ ✐♥✢❛1❛❜❧❡ 01$✉❝1✉$❡ 1♦

0✉♣♣♦$1 ❛ ✸ ① ✶✵ ♠

2
0♦❧❛$ ❛$$❛②✱ 1❤❛1 ✇❛0 ♦$✐❣✐♥❛❧❧② ♣❧❛♥♥❡❞ 1♦ ❜❡ ♠♦✉♥1❡❞ ♦♥

1❤❡ ✷✽✽✲0❛1❡❧❧✐1❡ ❝♦♥01❡❧❧❛1✐♦♥ ♦❢ 1❤❡ ❚❡❧❡❞❡0✐❝ ♣$♦❣$❛♠✳ ❚❤❡ ❢✉❧❧✲0❝❛❧❡ ♣$♦1♦1②♣❡ ✐0

0❤♦✇♥ ✐♥ ❋✐❣✉$❡ ✶✳✷✳ ❚❤❡ 01$✉❝1✉$❡ ✇❛0 ❝♦♠♣♦0❡❞ ❜② ✸ ✐♥✢❛1❛❜❧❡ ♠❛010✱ ♠♦✉♥1❡❞ ♦♥





✶✳✶ ❖✈❡%✈✐❡✇ ♦❢ ▼❡♠❜%❛♥❡ ❙0%✉❝0✉%❡3 ✐♥ ❆❡%♦3♣❛❝❡ ✼

♠❛❞❡ ♦❢ ❛♥ ❛❧✉♠✐♥✉♠ *❤❡❡, *❛♥❞✇✐❝❤❡❞ ❜❡,✇❡❡♥ ,✇♦ ❧❛②❡1* ♦❢ ❑❛♣,♦♥ ❢♦✐❧*✳ ❚❤✐*

♣1♦,♦,②♣❡ ✇❛* ❢✉❧❧② ,❡*,❡❞ ✐♥ ✈❛❝✉✉♠ ❝❤❛♠❜❡1* ✇✐,❤ ❞✐✛❡1❡♥, ,②♣❡* ♦❢ *♦❧❛1 ❝❡❧❧*✳

❚❤❡ ♠♦*, 1❡❝❡♥, ,❡*,* ❛❜♦❛1❞ ,❤❡ ■♥,❡1♥❛,✐♦♥❛❧ ❙♣❛❝❡ ❙,❛,✐♦♥ ✭■❙❙✮ ❤❛✈❡ ❜❡❡♥

♣❡1❢♦1♠❡❞ ✐♥ ❏✉♥❡ ✷✵✶✼ ♦♥ ,❤❡ *,❛,❡✲♦❢✲,❤❡✲❛1, ✢❡①✐❜❧❡ *♦❧❛1 ❛11❛② ❞❡✈❡❧♦♣❡❞ ❜② ❛♥✲

♦,❤❡1 ❯❙✲❜❛*❡❞ ❝♦♠♣❛♥②✱ ❉❡♣❧♦②❛❜❧❡ ❙♣❛❝❡ ❙②*+❡♠* ✭❉❙❙✮✱ *♣♦♥*♦1❡❞ ❜② ◆❆❙❆✬*

❙♣❛❝❡ ❚❡❝❤♥♦❧♦❣② ▼✐**✐♦♥ ❉✐1❡❝,♦1❛,❡ ❛* ♣❛1, ♦❢ ✐,* ❙♦❧❛1 ❊❧❡❝,1✐❝ M1♦♣✉❧*✐♦♥ ♣1♦❥❡❝,

❬✶✻✕✶✽❪✳ ❚❤❡ ❘♦❧❧✲❖✉0 ❙♦❧❛% ❆%%❛② ✭❘❖❙❆✮ ✇❛* ❡①,1❛❝,❡❞ ❢1♦♠ ,❤❡ ❙♣❛❝❡❳

❉1❛❣♦♥ *✉♣♣❧② *❤✐♣ ✉*✐♥❣ ,❤❡ ❈❛♥❛❞❛1♠✷ ❛♥❞ ❞❡♣❧♦②❡❞ *✉❝❝❡**❢✉❧❧② ✐♥,♦ *♣❛❝❡ ✭*❡❡

❋✐❣✉1❡ ✶✳✹✮ ✇✐,❤ ❛ ,✇♦✲*,❛❣❡ ♣1♦❝❡** ,❤❛, ,♦♦❦ ❛❜♦✉, ✶✵ ♠✐♥✉,❡*✳ ❚❤❡ ♦1❜✐,❛❧ ,❡*,✐♥❣

✇❡1❡ ❡♥✈✐*✐♦♥❡❞ ,♦ ❝❤❛1❛❝,❡1✐③❡ ,❤❡ ❞❡♣❧♦②♠❡♥, ❧♦❛❞* ❛♥❞ ❦✐♥❡♠❛,✐❝*✱ ,❤❡ *,1✉❝,✉1❛❧

❞②♥❛♠✐❝*✱ ,❤❡ ❜❡❤❛✈✐♦1 ♦❢ ,❤❡ *,1✉❝,✉1❡ ❞✉1✐♥❣ ,❤❡ ♣❛**❛❣❡ ❢1♦♠ ❡❝❧✐♣*❡ ,♦ ✐❧❧✉♠✐♥❛✲

,✐♦♥✱ ,❤❡ *✉1✈✐✈❛❜✐❧✐,② ❛♥❞ ♣❡1❢♦1♠❛♥❝❡ ♦❢ ,❤❡ ❜❧❛♥❦❡, ❛♥❞ ,❤❡ 1❡,1❛❝,✐♦♥ ❧♦❛❞* ❛♥❞

❦✐♥❡♠❛,✐❝*✳ ❍♦✇❡✈❡1✱ ❛❢,❡1 ♦♥❡ ✇❡❡❦ ♦❢ ,❡*,*✱ ❘❖❙❆ ✇❛* ❥❡,,✐*♦♥❡❞ ❛❢,❡1 ✐, ❢❛✐❧❡❞

,♦ 1❡,1❛❝, ✐♥,♦ ✐,* *,♦✇❡❞ ❝♦♥✜❣✉1❛,✐♦♥ ❛, ,❤❡ ❡♥❞ ♦❢ ✐,* ♣❧❛♥♥❡❞ ,❡*,✐♥❣ ♦♣❡1❛,✐♦♥*✳

❉❙❙ ♣❛,❡♥,❡❞ ,❤✐* ❡❧❛*,✐❝❛❧❧② ❞❡♣❧♦②❛❜❧❡ *♦❧❛1 ❛11❛② ✐♥ ✷✵✶✹✳ ❘❖❙❆ *,❛1,❡❞ ✐,* ✐♥✐,✐❛❧

❞❡✈❡❧♦♣♠❡♥, ,❡*,* *❡✈❡1❛❧ ②❡❛1* ❛❣♦ ✐♥ ,❡11❡*,1✐❛❧ ✈❛❝✉✉♠ ❝❤❛♠❜❡1*✳ ■, ✐* *✐③❡❞ ,♦

♣1♦✈✐❞❡ ♥♦♠✐♥❛❧❧② ✷✵ ❦❲ ♦❢ ❡❧❡❝,1✐❝ ♣♦✇❡1 ♣❡1 ❛11❛②✱ ✇✐,❤ ❛ ,♦,❛❧ *✐③❡ ♦❢ ✻ ♠ ① ✶✸✳✼

♠✳ ❚❤❡ ♣❛,❡♥, ✐♥❝❧✉❞❡* ❞✐✛❡1❡♥, ,②♣❡* ♦❢ ❧♦♥❣✐,✉❞✐♥❛❧ *,1✉❝,✉1❡✿ ✐, ❝❛♥ ❜❡ ♠❛❞❡ ♦❢

,✉❜✉❧❛1 ,❤✐♥✲✇❛❧❧❡❞ ♦♣❡♥ *❡❝,✐♦♥ 1♦❧❧✲♦✉, ❜♦♦♠*✱ ♠❡,❛❧❧✐❝ ♦1 ❝♦♠♣♦*✐,❡ 1❡✐♥❢♦1❝❡❞ *❧✐,

,✉❜❡ ✭♦♣❡♥ *❡❝,✐♦♥✮ ♦1 ❝❧♦*❡❞ *❡❝,✐♦♥ ❤♦❧❧♦✇ ♠❡♠❜❡1*✱ ,❤❛, *❡❧❢✲❞❡♣❧♦② ✉♥❞❡1 ,❤❡✐1

♦✇♥ *,1❛✐♥ ❡♥❡1❣②✱ ✇✐,❤♦✉, ,❤❡ ✉*❡ ♦❢ ♠♦,♦1✐③❡❞ *②*,❡♠* ❬✶✾✱ ✷✵❪✳ ❚❤❡ ✢❡①✐❜❧❡ *♦❧❛1

♣❛♥❡❧ ✐* ✉♥❝♦✉♣❧❡❞ ❢1♦♠ ,❤❡ ❧♦♥❣✐,✉❞✐♥❛❧ ♠❡♠❜❡1*✳ ■♥ ,❤✐* ✇❛②✱ ✐, ❝❛♥ ❜❡ *,♦✇❡❞

❋✐❣✉1❡ ✶✳✹✿ ❘❖❙❆ ❛❢,❡1 ❞❡♣❧♦②♠❡♥, ❢1♦♠ ■❙❙✴❈❆◆❆❉❆❘▼✳ ■♠❛❣❡ ❝1❡❞✐,*✿ ◆❆❙❆✳



✽ ✶✳ ■♥%&♦❞✉❝%✐♦♥

❡✐"❤❡$ ✐♥ ❛ $♦❧❧❡❞ ❢♦$♠ ♦$ ❩✲❢♦❧❞ ✭❛❝❝♦$❞✐♦♥ ✢❛" 1❤❛♣❡✮✳

✶✳✶✳✷ ❙♦❧❛' ❙❛✐❧) ❛♥❞ ❉'❛❣ ❙❛✐❧)

❙♦❧❛$ ❛♥❞ ❞$❛❣ 1❛✐❧1 ❛$❡ ❛♥♦"❤❡$ "②♣❡ ♦❢ ❣♦11❛♠❡$ 1"$✉❝"✉$❡1 "❤❛" ❛$❡ ✈❡$② 1✐♠✲

✐❧❛$ ✐♥ "❡$♠1 ♦❢ 1❤❛♣❡ ❜✉" ❤❛✈❡ "✇♦ ✈❡$② ❞✐✛❡$❡♥" ✇♦$❦✐♥❣ ♣$✐♥❝✐♣❧❡ ❛♥❞ ❞✐✛❡$❡♥"

$❡>✉✐$❡♠❡♥"1✳

❙♦❧❛$ 1❛✐❧1 ❛$❡ ♣$♦♣❡❧❧❛♥"❧❡11 ♣$♦♣✉❧1✐♦♥ 1②1"❡♠1 "❤❛" ❡①♣❧♦✐" "❤❡ 1♦❧❛$ $❛❞✐❛"✐♦♥
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♠❡❝❤❛♥✐%♠ ✐% %❤♦✇♥ ✐♥ ❋✐❣✉!❡ ✶✳✼✳

❇♦*❤ ◆❆❙❆✬% ◆❛♥♦3❛✐❧ ❉✲✷ %❛*❡❧❧✐*❡✱ ❧❛✉♥❝❤❡❞ ✐♥ ✷✵✶✵✱ ❛♥❞ *❤❡ J❧❛♥❡*❛!②

❙♦❝✐❡*②✬% ▲✐❣❤03❛✐❧✲✶✱ ❧❛✉♥❝❤❡❞ ✐♥ ✷✵✶✺✱ ❞❡♣❧♦②❡❞ ❛ %K✉❛!❡ %♦❧❛! %❛✐❧✱ ✇✐*❤ ❆❋❘▲✲

❞❡✈❡❧♦♣❡❞ ❚!✐❛♥❣✉❧❛! ❘♦❧❧❛❜❧❡ ❛♥❞ ❈♦❧❧❛♣%✐❜❧❡ ✭❚❘❆❈✮ ❜♦♦♠% *❡❝❤♥♦❧♦❣②✱ %❤♦✇♥
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*♦ ❡①❝❤❛♥❣❡ %✐❣♥❛❧% ✇✐*❤ ❣!♦✉♥❞ %*❛*✐♦♥% ♦! ✇✐*❤ ♦*❤❡! %❛*❡❧❧✐*❡%✱ ✇❤✐❧❡ !❛❞❛! ❛♥*❡♥✲
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❤✐❣❤❡! (✉!❢❛❝❡ ❛❝❝✉!❛❝②✳ ❘❛❞❛! ❛♥-❡♥♥❛( ✉(❡ ❛❧(♦ -❤❡ ✐♥-❡!❢❡!♦♠❡-!✐❝ ❡✛❡❝- -♦ ❡♥✲

❤❛♥❝❡ -❤❡ #✉❛❧✐-② ♦❢ -❤❡ ❛❝#✉✐!❡❞ ✐♠❛❣❡✿ -❤✐( ✐( -❤❡ (♦ ❝❛❧❧❡❞ ❙②♥-❡-❤✐❝ ❆♣❡!-✉!❡

❘❛❞❛! ✭❙❆❘✮ ❬✷✺❪✳

❇&✐❡❢ ❤✐0%♦&② ❛♥❞ 0%❛%❡✲♦❢✲%❤❡✲❛&% ♦❢ 0♣❛❝❡ ❛♥%❡♥♥❛0
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♠❡♠❜$❛♥❡✳ ❘❡0❡❛$❝❤❡0 ❤❛✈❡ ❜❡❡♥ ❝❛$$✐❡❞ ♦✉- ✉0✐♥❣ ♣✐❡③♦✲❡❧❡♠❡♥-0 ❧♦❝❛-❡❞ ✐♥ -❤❡

0✉0♣❡♥0✐♦♥ ❝❛❜❧❡0 -♦ ♠♦❞✐❢② -❤❡✐$ -❡♥0✐♦♥ ❛♥❞ $❡❞✉❝❡ -❤❡ ✈✐❜$❛-✐♦♥0 ♦❢ -❤❡ ♦✈❡$❛❧❧

0-$✉❝-✉$❡ ❬✸✹✕✸✻❪✳ ❆❧0♦ -❤❡ ❈❛♥❛❞✐❛♥ ❙♣❛❝❡ ❆❣❡♥❝② 0-✉❞✐❡❞ -❤❡ ♣$♦❜❧❡♠ ♦❢ ❦❡❡♣✲
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✷✳✸ ◆✉♠❡'✐❝❛❧ ,✐♠✉❧❛-✐♦♥, ✷✶

 ❡❢❡ #♦ ❛ &②&#❡♠ #❤❛# ✉♥❞❡ ❣♦❡& ❧♦✇ ❢ ❡0✉❡♥❝② ❞✐&#✉ ❜❛♥❝❡&✱ ✐♥❝❧✉❞❡❞ ✐♥ #❤❡  ❛♥❣❡

♦❢ ♦♣❡ ❛#✐♦♥ ♦❢ 6❱❉❋ &❡♥&♦ &✳

✷✳✸ ◆✉♠❡'✐❝❛❧ ,✐♠✉❧❛-✐♦♥,

❚❤✐& &❡❝#✐♦♥  ❡♣♦ #& #❤❡ &②&#❡♠ ❝♦♥✜❣✉ ❛#✐♦♥ ❛♥❞ #❤❡  ❡&✉❧#& ♦❢ #❤❡ &✐♠✉❧❛#✐♦♥&

♣❡ ❢♦ ♠❡❞ ♦♥ #❤❡ ✜ &# #❡&# ❝❛&❡✱ ✐♥# ♦❞✉❝❡❞ ✐♥ ❙❡❝#✐♦♥ ✶✳✸✳ ❚❤❡ &✐♠✉❧❛#✐♦♥& &❤♦✇

#❤❡ ❜❡❤❛✈✐♦ ♦❢ ❛  ❡❝#❛♥❣✉❧❛ ♠❡♠❜ ❛♥❡  ❡♣ ❡&❡♥#✐♥❣ ❛ #❤✐♥✲✜❧♠ &♦❧❛ ♣❛♥❡❧ #❤❛#

❡①#❡♥❞& ❢ ♦♠ ❛ &❛#❡❧❧✐#❡✳ ❚❤✐& ✐♥♥♦✈❛#✐✈❡ #②♣❡ ♦❢ &♦❧❛ ♣❛♥❡❧& ✐& ❜❡❝♦♠✐♥❣ ♠♦ ❡

❝♦♠♠♦♥ ✐♥ #❤❡&❡ ❧❛&# ❞❡❝❛❞❡&✱ ❜❡❝❛✉&❡ #❤❡ ❡✣❝✐❡♥❝② ♦❢ #❤✐♥✲✜❧♠ &♦❧❛ ♠♦❞✉❧❡& ✐&

✐♥❝ ❡❛&✐♥❣ #❤❛♥❦& #♦ #❤❡ ❝♦♥#✐♥✉♦✉&  ❡&❡❛ ❝❤ ✐♥ #❤✐& ✜❡❧❞✿ #❤✐&  ❡&✉❧#& ✐♥ ❛ ❤✐❣❤❡ 

♣♦✇❡ ❞❡♥&✐#②✱ ❧♦✇❡ ♠❛&& ❛♥❞  ❡❞✉❝❡❞ &#♦✇❛❣❡ ✈♦❧✉♠❡ ✇✐#❤  ❡&♣❡❝# #♦ # ❛❞✐#✐♦♥❛❧

&♦❧❛ ♣❛♥❡❧&✳ ❚❤❡&❡ ❛❞✈❛♥#❛❣❡& ✇✐❧❧ ♠❛❦❡ #❤❡♠ ❛ ♣♦&&✐❜❧❡ ❛❧#❡ ♥❛#✐✈❡ ❢♦ ✉&❡ ♦♥

&❛#❡❧❧✐#❡& ✐♥ #❤❡ ❢✉#✉ ❡✱ ❡&♣❡❝✐❛❧❧② ♦♥ &❛#❡❧❧✐#❡& ♦❢ &♠❛❧❧ &✐③❡&✱ ✇❤❡ ❡ #❤❡ ♥❡❡❞❡❞ &♦❧❛ 

❝❡❧❧& ❛ ❡❛ ✐& &♠❛❧❧ ❛♥❞ #❤❡ ❛✈❛✐❧❛❜❧❡ ✈♦❧✉♠❡ #♦ &#♦ ❡ #❤❡♠ ✐&  ❡❞✉❝❡❞✳

❚❤❡ ♣✉ ♣♦&❡ ♦❢ #❤✐& ✇♦ ❦ ✐& #❤❡ &#✉❞② ♦❢ #❤❡ ❢❡❛&✐❜✐❧✐#② #♦ ❝♦♥# ♦❧ #❤❡ ❜❡♥❞✐♥❣

♦&❝✐❧❧❛#✐♦♥& ♦❢ &✉❝❤ ❛ ♣❛♥❡❧ ✉&✐♥❣ ♣✐❡③♦❡❧❡❝# ✐❝ &❡♥&♦ & ❛♥❞ ❛❝#✉❛#♦ &✱ ❝♦♥# ♦❧❧❡❞ ✇✐#❤

#❤❡  ♦❜✉&# ❛❧❣♦ ✐#❤♠ H∞ ❬✹✶❪✳ ❚❤❡ ❛❞✈❛♥#❛❣❡ ♦❢ ✉&✐♥❣ ❛♥ ♦♣#✐♠❛❧ ❝♦♥# ♦❧ ✐♥&#❡❛❞

♦❢ ❛ &✐♠♣❧❡ 6■❉ ✭6 ♦♣♦ #✐♦♥❛❧ ❉❡ ✐✈❛#✐✈❡ ■♥#❡❣ ❛❧✮ ❝♦♥# ♦❧ &②&#❡♠ ✐& #❤❛# ❜❡✐♥❣

#❤❡ &②&#❡♠ ▼■▼❖ ✭▼✉❧#✐✲■♥♣✉# ▼✉❧#✐✲❖✉#♣✉#✮ ✐# ✐& ❡❛&✐❡ #♦ ✜♥❞ #❤❡ ❝♦♥# ♦❧❧❡ 

♣❛ ❛♠❡#❡ &✳ ■♥ ❢❛❝#✱ ❜❡✐♥❣ #❤❡ &②&#❡♠ ❝♦♠♣♦♥❡♥#& &# ♦♥❣❧② ❝♦✉♣❧❡❞✱ ❛ &#❛♥❞❛ ❞ 6■❉

✐& ❤❛ ❞ #♦ #✉♥❡✳ ▼♦ ❡♦✈❡ ✱ #❤❡ ❝♦♥# ♦❧ ❧❛✇ ❣✐✈❡♥ ❜② #❤✐&  ♦✉#✐♥❡ ✐& ❣✉❛ ❛♥#❡❡❞ #♦ ❜❡

♦♣#✐♠❛❧✳

■♥ #❤❡&❡ &✐♠✉❧❛#✐♦♥&✱ ♦♥❧② #❤❡ ❜❡♥❞✐♥❣ ♠♦#✐♦♥ ♦❢ #❤❡ ♣❛♥❡❧ ✐♥ #❤❡ ❞✐ ❡❝#✐♦♥ ♣❡ ✲

♣❡♥❞✐❝✉❧❛ #♦ ✐#& ❧❡♥❣#❤ ✇❛& ❝♦♥&✐❞❡ ❡❞✱ ❛& ✐❢ ❛❧❧ #❤❡ ❞✐&#✉ ❜❛♥❝❡ ❢♦ ❝❡& ✇❡ ❡ ❞✐ ❡❝#❡❞

♣❡ ♣❡♥❞✐❝✉❧❛ #♦ ✐#✳ ❚❤✐& ✐& ❡①♣❧❛✐♥❡❞ ✐♥ ❋✐❣✉ ❡ ✷✳✸✳

◆✉♠❡ ✐❝❛❧ &✐♠✉❧❛#✐♦♥& ✇❡ ❡ ❝❛  ✐❡❞ ♦✉# ✇✐#❤ ▼❛#❧❛❜

❘©
❝❤❛♥❣✐♥❣ #❤❡ ♣❛ ❛♠❡#❡ & ♦❢

#❤❡ ♣❛♥❡❧ &✉❝❤ ❛& ✐#& ❧❡♥❣#❤✱ ✐#& #❤✐❝❦♥❡&& ❛& ✇❡❧❧ ❛& #❤❡ ♥✉♠❜❡ ♦❢ &❡♥&♦ &✴❛❝#✉❛#♦ &✳

6 ❡✈✐♦✉& ✇♦ ❦& ❞❡♠♦♥&# ❛#❡❞ #❤❛# ❜❡♥❞✐♥❣ ✈✐❜ ❛#✐♦♥& ❝❛♥ ❜❡ &✉♣♣ ❡&&❡❞ ❜②

♣✐❡③♦❡❧❡❝# ✐❝ ♣❛#❝❤❡& ❛##❛❝❤❡❞ #♦ #❤❡ ♣❛♥❡❧ ✇✐#❤ ✐#& ♣♦❧❛ ✐③❡❞ ❞✐ ❡❝#✐♦♥ ♣❛ ❛❧❧❡❧ #♦

#❤❡ ❞✐ ❡❝#✐♦♥ ♦❢ ✐#& ❧❡♥❣#❤ ❬✸✵✕✸✷❪✳

■♥ #❤❡ &✐♠✉❧❛#✐♦♥&✱ #❤❡ ♠❛&&✲&♣ ✐♥❣✲❞❛♠♣❡ ♠♦❞❡❧ ✇✐#❤ ♥ ♠❛&&❡& ❛♥❞ ❥♦✐♥#&
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0❛'❛♠❡-❡', ❑❛♣-♦♥ 0❱❉❋ ❬ ❪

❉❡♥%✐'② ✶✹✷✵ ✶✼✽✵ ❦❣✴♠

2

❨♦✉♥❣✬% ▼♦❞✉❧✉% ✷✳✺ ❊✾ ✷ ❊✾ ◆✴♠

2

?♦✐%%♦♥✬% ❘❛'✐♦ ✵✳✸✹ ✵✳✷✵ ✲

◗✉❛❧✐'② ❋❛❝'♦G ✹✵ ✶✷ ✲

❚❛❜❧❡ ✷✳✶✿ ?G♦♣❡G'✐❡% ♦❢ '❤❡ ♠❛'❡G✐❛❧% ✉%❡❞ ✐♥ '❤❡ %✐♠✉❧❛'✐♦♥%✳

0❛'❛♠❡-❡', ❉✐♠❡♥,✐♦♥, ❬ ❪

▲❡♥❣$❤ ✸✱ ✹✱ ✺✱ ✻ ♠

❲✐❞$❤ ✵✳✹ ♠

♠❡♠❜2❛♥❡ $❤✐❝❦♥❡66 ✷✺✱ ✺✵ ❊✲✻ ♠

❚❛❜❧❡ ✷✳✷✿ ❉✐♠❡♥6✐♦♥6 ♦❢ $❤❡ 6✐♠✉❧❛$❡❞ ♣❛♥❡❧6 ❛♥❞ ♣✐❡③♦❡❧❡❝$2✐❝ ♣❛$❝❤❡6✳

K =
1

2

n
∑

i=0

Jiθ̈
2
i ✭✷✳✷✮

U =
1

2

n
∑

i=0

kiθ
2
i ✭✷✳✸✮

✇❤❡2❡ ❏i ❛2❡ $❤❡ ♠♦♠❡♥$6 ♦❢ ✐♥❡2$✐❛ ♦❢ $❤❡ 6❡❝$✐♦♥ ♦❢ $❤❡ ♠❡♠❜2❛♥❡✱ ❦i ❛2❡ $❤❡

❡❧❛6$✐❝ ❝♦♥6$❛♥$6 ♦❢ $❤❡ ♠❛$❡2✐❛❧ ❛♥❞ θi ✐6 $❤❡ 2♦$❛$✐♦♥ ♦❢ $❤❡ ❡❧❡♠❡♥$ ✇✐$❤ 2❡6♣❡❝$

$♦ $❤❡ ❤♦2✐③♦♥✳ ❚❤❡ ❣❡♦♠❡$2✐❝✱ ❡❧❛6$✐❝ ❛♥❞ ❞❛♠♣✐♥❣ ♣2♦♣❡2$✐❡6 ♦❢ ❡❛❝❤ ❡❧❡♠❡♥$ ✇❡2❡

❝❛❧❝✉❧❛$❡❞ ✐♥ ✜26$ ❛♣♣2♦①✐♠❛$✐♦♥ ✇✐$❤ $❤❡ ❡I✉❛$✐♦♥6✿

Ji =
mi

12
(w2 + t2) ✭✷✳✹✮

Ki =
3Ek

a3i

wt3

12
✭✷✳✺✮

ci = 2ξ
√

Kimi ✭✷✳✻✮

✇❤❡2❡ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$ ✐6✿

ξ =
1

2Q
✭✷✳✼✮
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♠i ✐" #❤❡ ♠❛"" ♦❢ ❡❛❝❤ ❡❧❡♠❡♥#✱ ✇ ✐" #❤❡ ✇✐❞#❤✱ # ✐" #❤❡ #❤✐❝❦♥❡""✱ ❛i ✐" #❤❡

❧❡♥❣#❤ ♦❢ ❡❛❝❤ ❡❧❡♠❡♥#✱ ❛♥❞ ◗ ✐" #❤❡ ♠❡❝❤❛♥✐❝❛❧ 2✉❛❧✐#② ❢❛❝#♦5 ♦❢ #❤❡ ♠❛#❡5✐❛❧✳ ❚❤❡

♣5♦♣❡5#✐❡" ✇❡5❡ ✈❛❧✐❞❛#❡❞ ✐♥ ✜5"# ❛♣♣5♦①✐♠❛#✐♦♥ ✇✐#❤ #❤❡ "♦❢#✇❛5❡ ❆♥"②"

❘©
✳

❊✉❧❡5✲▲❛❣5❛♥❣❡ ❡2✉❛#✐♦♥" ❧❡❛❞ #♦ #❤❡ ❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝ "②"#❡♠✿

ẍ = Fx+G1τ +G2τD ✭✷✳✽✮

✇❤❡5❡

x = {θ̇1 . . . θ̇n θ1 . . . θn}T ✭✷✳✾✮

τ = {τ1...τn}T ✭✷✳✶✵✮

τD = {τD1...τDn}T ✭✷✳✶✶✮

❛♥❞

F =





F11 F12

In 0n





✭✷✳✶✷✮

✇❤❡5❡

F11 =





























−(c1 + c2) c2 0 0 . . . 0 0 0

c2 −(c2 + c3) c3 0 . . . 0 0 0

0 c3 −(c3 + c4) c4 . . . 0 0 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

0 0 0 0 . . . cn−1 −(cn−1 + cn) cn

0 0 0 0 . . . 0 cn −cn





























✭✷✳✶✸✮
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F12 =





























−(k1 + k2) k2 0 0 . . . 0 0 0

k2 −(k2 + k3) k3 0 . . . 0 0 0

0 k3 −(k3 + k4) k4 . . . 0 0 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

0 0 0 0 . . . kn−1 −(kn−1 + kn) kn

0 0 0 0 . . . 0 kn −kn





























✭✷✳✶✹✮

❛♥❞

G1 = G2 =





In

0n





✭✷✳✶✺✮

✇❤❡-❡ x ✐/ 0❤❡ /②/0❡♠ /0❛0❡ ✈❡❝0♦-✱ τ ✐/ 0❤❡ ❝♦♥0-♦❧ 0♦-8✉❡✱ ✇❤✐❝❤ ✐/ ♥♦♥✲③❡-♦

♦♥❧② ✇❤❡-❡ 0❤❡ ❛❝0✉❛0♦-/ ❛-❡ ♣-❡/❡♥0✳ ❚❤❡ ♣❛-❛♠❡0❡- τD -❡♣-❡/❡♥0/ 0❤❡ ❡①0❡-♥❛❧

❞✐/0✉-❜❛♥❝❡/ ✐♥ 0❡-♠/ ♦❢ 0♦-8✉❡/✳ ❚❤❡ ♣❛-❛♠❡0❡-/ ci ❛-❡ 0❤❡ ❞❛♠♣✐♥❣ ❢❛❝0♦-/ ❞✉❡ 0♦

0❤❡ ♠❛0❡-✐❛❧ ♣-♦♣❡-0✐❡/✱ ❛♥❞ ❛-❡ ❝❛❧❝✉❧❛0❡❞ ❢♦- ❡❛❝❤ ❡❧❡♠❡♥0 ♦❢ 0❤❡ ♣❛♥❡❧✳

■0 ✐/ ❛//✉♠❡❞ 0❤❛0 0❤❡ /②/0❡♠ /0❛0❡ x ✭♦-✐❡♥0❛0✐♦♥/ θ ❛♥❞ ❛♥❣✉❧❛- ✈❡❧♦❝✐0✐❡/ θ̇✮ ✐/

❦♥♦✇♥✱ ✇✐0❤ x0 -❡♣-❡/❡♥0✐♥❣ 0❤❡ ✐♥✐0✐❛❧ ♣❛-❛♠❡0❡-/ ♦❢ 0❤❡ ♣♦/✐0✐♦♥ ♦❢ ❡❛❝❤ ♣♦-0✐♦♥

♦❢ 0❤❡ ♣❛♥❡❧✳ ❚❤❡ /❡♥/♦-/ ✐❞❡❛❧❧② ❜♦♥❞❡❞ ♦♥ 0❤❡ ♣❛♥❡❧ ✇♦✉❧❞ ♣-♦✈✐❞❡ ✐♥❢♦-♠❛0✐♦♥

❛❜♦✉0 0❤❡ /②/0❡♠ /0❛0❡✳ ●✐✈❡♥ 0❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦/0 ❢✉♥❝0✐♦♥✿

J(τ, x0) =

∫ +∞

0
[xT (t)Qx(t) + τT (t)Rτ(t)]dt ✭✷✳✶✻✮

✇❤❡-❡ ◗ ✐/ ❛ /②♠♠❡0-✐❝ ♣♦/✐0✐✈❡ /❡♠✐✲❞❡✜♥✐0❡ ♠❛0-✐① ❛♥❞ ❘ ✐/ ❛ /②♠♠❡0-✐❝ ♣♦/✐✲

0✐✈❡ ❞❡✜♥✐0❡ ♠❛0-✐①✱ 0❤❡ ♦❜❥❡❝0✐✈❡ ✐/ 0♦ ✜♥❞ 0❤❡ ♦♣0✐♠❛❧ ❝♦♥0-♦❧ ❧❛✇ 0❤❛0 ♠✐♥✐♠✐③❡/✿

uopt = argminτJ(τ, x0) ✭✷✳✶✼✮

❈♦♥/✐❞❡-✐♥❣ 0❤❡ /②/0❡♠ ✐♥ ❡8✉❛0✐♦♥ ✷✳✶✼ ❛♥❞ ❛ ♠❛0-✐①✿

Q = diag(q1 . . . qn) = CTC ✭✷✳✶✽✮

✇❤❡-❡✿
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C = diag(
√
q1 . . .

√
qn) ✭✷✳✶✾✮

✇✐(❤ qi❃✵✱ ∀i✱ (❤❡♥ (❤❡ /②/(❡♠ ✐♥ ❊3✉❛(✐♦♥ ✷✳✶✼ ✐/ 8❡❛❝❤❛❜❧❡ ❛♥❞ (❤❡ ♠❛(8✐①✿





sIn − F

C





✭✷✳✷✵✮

✐/ ❢✉❧❧ 8❛♥❦ ❢♦8 ❛♥② ♣❛8❛♠❡(❡8 s ∈ C ✇✐(❤ Re[s] ≥ 0✳ ❙②/(❡♠ ✷✳✽ ✐/ 8❡❛❝❤❛❜❧❡

❜❡❝❛✉/❡ G1 = In✱ ✇❤✐❧❡ (❤❡ ♠❛(8✐① ✷✳✷✵ ✐/ ❛❧✇❛②/ ❢✉❧❧ 8❛♥❦ ❜❡✐♥❣ Q ❞✐❛❣♦♥❛❧ ❛♥❞

❢✉❧❧ 8❛♥❦✳ ❚❤❡8❡❢♦8❡✱ (❤❡8❡ ❡①✐/(/ ❛ ✉♥✐3✉❡ /②♠♠❡(8✐❝ /❡♠✐✲❞❡✜♥✐(❡ ♣♦/✐(✐✈❡ /♦❧✉(✐♦♥

M∞ ♦❢ (❤❡ ❆❧❣❡❜8❛✐❝ ❘✐❝❝❛(✐ ❊3✉❛(✐♦♥✿

Q+ F TM +MF −MGR−1GTM = 0 ✭✷✳✷✶✮

/✉❝❤ (❤❛( (❤❡ ❝♦♥(8♦❧ ❧❛✇✿
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✷✳✸✳✷ ❙✐♠✉❧❛)✐♦♥,

❚❤✐/ /❡❝(✐♦♥ 8❡♣♦8(/ (❤❡ ♣8♦❝❡❞✉8❡ ❢♦❧❧♦✇❡❞ ✐♥ (❤❡ /✐♠✉❧❛(✐♦♥/ ♦❢ ❛ ❞✐/❝8❡(✐③❡❞

✈❡8/✐♦♥ ♦❢ (❤❡ /②/(❡♠ ✷✳✽✱ ❝♦♥(8♦❧❧❡❞ ✇✐(❤ (❤❡ ❝♦♥(8♦❧ ✐♥♣✉( ✷✳✷✷✳

❚❤❡ ♣8♦♣❡8(✐❡/ ♦❢ (❤❡ ❡❧❡♠❡♥(/ ✭♠❛//✱ /♣8✐♥❣✱ ❞❛♠♣❡8✮ ✇❡8❡ ❝❛❧❝✉❧❛(❡❞ ❢8♦♠ (❤❡

♠❛(❡8✐❛❧ ❝❤❛8❛❝(❡8✐/(✐❝/ ♦❢ (❤❡ ♠❡♠❜8❛♥❡✱ ❧✐/(❡❞ ✐♥ ❚❛❜❧❡ ✷✳✶✳ ❙✐♥❝❡ (❤❡ ♣✐❡③♦❡❧❡❝(8✐❝
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&②&"❡♠ ❢♦, ✷✺ µ♠ ❛♥❞ ✺✵ µ♠ "❤✐❝❦ ♣❛♥❡❧&✳ ■♥ "❤❡ ✜,&" ❝❛&❡✱ ✸ "♦ ✺ ♠❡"❡,& ❧♦♥❣
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❝♦♥&✐❞❡,❡❞ ✐♥ "❤❡ &❡❝♦♥❞ ❝❛&❡ ✭❚❛❜❧❡& ✷✳✺ "♦ ✷✳✼✮✳ ❚❤❡ "✐♠❡ ♥❡❡❞❡❞ "♦ ❛❝❤✐❡✈❡ ❛ ✶✵✪

✈❛❧✉❡ ♦❢ "❤❡ ✐♥✐"✐❛❧ ♦&❝✐❧❧❛"✐♦♥ ,❡❢❡,& "♦ "❤❡ ❡✈♦❧✉"✐♦♥ ♦❢ "❤❡ ❛♠♣❧✐"✉❞❡ ♦❢ "❤❡ ♣❡❛❦& ♦❢

♦&❝✐❧❧❛"✐♦♥ ♦❢ "❤❡ ❝❡♥"❡, ♦❢ ♠❛&& ♦❢ "❤❡ ❧❛&" ❡❧❡♠❡♥" ♦❢ "❤❡ ♣❛♥❡❧✱ &✐♥❝❡ "❤❡ ❧❛&" ❡❧❡♠❡♥"

✐& "❤❡ ♦♥❡ "❤❛" ✉♥❞❡,❣♦❡& "❤❡ ❤✐❣❤❡&" ♦&❝✐❧❧❛"✐♦♥&✳ ■♥ ♣❛,"✐❝✉❧❛,✱ ♥ ✐& "❤❡ ♥✉♠❜❡, ♦❢



✷✳✸ ◆✉♠❡'✐❝❛❧ ,✐♠✉❧❛-✐♦♥, ✷✾

♥ ❚✐♠❡ ♥❝ ❬,❪ ❚✐♠❡ ❝ ❬,❪ %

✷✺ µ♠ #❤✐❝❦♥❡**

✹ ✼✻✵ ✸✼✺ ✺✵✳✻✻

✻ ✼✵✸ ✹✼✼ ✸✷✳✶✺

✽ ✻✼✺ ✺✹✷ ✶✾✳✼✵

✶✵ ✻✺✷ ✺✻✻ ✶✸✳✶✾

✶✷ ✻✹✼ ✺✽✷ ✶✵✳✵✺

✶✹ ✻✹✵ ✺✾✹ ✼✳✶✾

✶✻ ✻✸✺ ✺✾✽ ✺✳✽✸

✶✽ ✻✸✵ ✻✵✶ ✹✳✻✵

✷✵ ✻✷✾ ✻✵✸ ✹✳✶✸

❚❛❜❧❡ ✷✳✹✿ ❖*❝✐❧❧❛#✐♦♥* ♦❢ ❛ ✸✲♠❡#❡= ❧♦♥❣ ♣❛♥❡❧ ✭✷✺ µ♠ #❤✐❝❦♥❡**✮✳ ♥ ✐* #❤❡ ♥✉♠❜❡=

♦❢ ❡❧❡♠❡♥#*✱ #✐♠❡ ♥❝ ❛♥❞ #✐♠❡ ❝ ❝♦==❡*♣♦♥❞ #♦ #❤❡ #✐♠❡ ♥❡❡❞❡❞ #♦ =❡❞✉❝❡ #❤❡ ✐♥✐#✐❛❧

♦*❝✐❧❧❛#✐♦♥ #♦ #❤❡ ✶✵% =❡*♣❡❝#✐✈❡❧② ✐♥ ❛ ✑♥♦♥ ❝♦♥#=♦❧❧❡❞✑ ❛♥❞ ✐♥ ❛ ✑❝♦♥#=♦❧❧❡❞✑ *②*#❡♠✱

❛♥❞ % ✐* #❤❡ ♣❡=❝❡♥#❛❣❡ ♦❢ =❡❞✉❝#✐♦♥ ♦❢ #❤❡ ♦*❝✐❧❧❛#✐♦♥* ✐♥ #❤❡ ❝♦♥#=♦❧❧❡❞ *②*#❡♠ ✇✐#❤

=❡*♣❡❝# #♦ #❤❡ ♥♦♥ ❝♦♥#=♦❧❧❡❞ ♦♥❡✳

❡❧❡♠❡♥#*✱  ✐♠❡ ♥❝ ❛♥❞  ✐♠❡ ❝ ❛=❡ #❤❡ #✐♠❡* ♥❡❡❞❡❞ #♦ =❡❞✉❝❡ #❤❡ ✐♥✐#✐❛❧ ♦*❝✐❧❧❛#✐♦♥

#♦ #❤❡ ✶✵✪ =❡*♣❡❝#✐✈❡❧② ✐♥ ❛ ✧♥♦♥ ❝♦♥#=♦❧❧❡❞✧ ❛♥❞ ✐♥ ❛ ✧❝♦♥#=♦❧❧❡❞✧ *②*#❡♠✱ ❛♥❞ ✪ ✐*

#❤❡ ♣❡=❝❡♥#❛❣❡ ♦❢ ♦*❝✐❧❧❛#✐♦♥* ❞❛♠♣✐♥❣ ✐♥ #❤❡ ❝♦♥#=♦❧❧❡❞ *②*#❡♠ ✇✐#❤ =❡*♣❡❝# #♦ #❤❡

♥♦♥ ❝♦♥#=♦❧❧❡❞ ♦♥❡✳ ❚❤❡ ♥✉♠❜❡=* ✐♥ ❜♦❧❞ ✐♥ #❤❡ #❛❜❧❡* ❤✐❣❤❧✐❣❤# #❤❡ ♣❡=❝❡♥#❛❣❡ ♦❢

=❡❞✉❝#✐♦♥ ♦❢ #❤❡ ♦*❝✐❧❧❛#✐♦♥ ✇❤❡♥ #❤❡ *②*#❡♠ ✐* ❛# =❡❣✐♠❡✳ ❙♠❛❧❧ ♥✉♠❜❡=* *❤♦✇ #❤❛#

#❤❡ ❞❛♠♣✐♥❣ ♦❢ #❤❡ ♦*❝✐❧❧❛#✐♦♥* ✐* ♠♦*#❧② ❞✉❡ #♦ #❤❡ ✐♥#=✐♥*✐❝ ❞❛♠♣✐♥❣ ♣=♦♣❡=#✐❡* ♦❢

#❤❡ ♠❛#❡=✐❛❧✱ ✇❤✐❧❡ ❤✐❣❤❡= ✈❛❧✉❡* *❤♦✇ #❤❛# #❤❡ ❝♦♥#=♦❧ *②*#❡♠ ✐* ❝♦♥#=✐❜✉#✐♥❣ #♦ #❤❡

=❡❞✉❝#✐♦♥ ♦❢ #❤❡ ♦*❝✐❧❧❛#✐♦♥*✳ ■♥ ❣❡♥❡=❛❧✱ ❛ ❝♦♥#=♦❧ *②*#❡♠ ✐* ♠♦=❡ ✉*❡❢✉❧ ❛♥❞ ❡✛❡❝#✐✈❡

✇❤❡♥ ❛♣♣❧✐❡❞ #♦ #❤✐♥♥❡= ✭✷✺ µ♠✮ ❛♥❞ ❧♦♥❣❡= ♣❛♥❡❧*✳ ❚❤✐* #=❛♥*❧❛#❡* ✐♥ ❛ *❤♦=#❡= #✐♠❡

♥❡❡❞❡❞ #♦ =❡❛❝❤ ❛ ❤♦=✐③♦♥#❛❧ ❛♥❞ ✢❛# ❝♦♥✜❣✉=❛#✐♦♥✳ ❋✐❣✉=❡* ✷✳✻ ❛♥❞ ✷✳✼ *❤♦✇ #❤❡

❞❛#❛ =❡♣♦=#❡❞ ✐♥ #❤❡ ❚❛❜❧❡* ✷✳✹ #♦ ✷✳✼ ✐♥ ❛ ✈✐*✉❛❧ ♠❛♥♥❡=✱ ✇✐#❤ ❛ ❝♦♠♣❛=✐*♦♥ ❜❡#✇❡❡♥

#❤❡ #✐♠❡ ❢♦= ♦*❝✐❧❧❛#✐♦♥ =❡❞✉❝#✐♦♥ #♦ ✶✵% ✇✐#❤ ❛♥❞ ✇✐#❤♦✉# ❝♦♥#=♦❧ *②*#❡♠ ❢♦= ♣❛♥❡❧*

♦❢ ❞✐✛❡=❡♥# ❧❡♥❣#❤✳

❋✐❣✉=❡* ✷✳✽ #♦ ✷✳✶✵ *❤♦✇ ❛♥ ❡①❛♠♣❧❡ ♦❢ #❤❡ ♦✉#♣✉# ♦❢ #❤❡ *✐♠✉❧❛#✐♦♥*✳ ■♥ ♣❛=#✐❝✉✲

❧❛=✱ ❋✐❣✉=❡* ✷✳✽ ❛♥❞ ✷✳✾ *❤♦✇ #❤❡ ♣♦*✐#✐♦♥ *#❛#❡ ❝♦♠♣♦♥❡♥#* =❡❢❡==❡❞ #♦ ❡❛❝❤ ❡❧❡♠❡♥#

♦❢ ❛ ✺ ♠ ❧♦♥❣ ♣❛♥❡❧✱ ✐✳❡✳ #❤❡ ❛♥❣❧❡* ✇✐#❤ =❡*♣❡❝# #♦ #❤❡ ❤♦=✐③♦♥#❛❧✳ ❚❤❡ *✐♠✉❧❛#✐♦♥*

*#❛=# ✇✐#❤ #❤❡ ♣❛♥❡❧* ✐♥ ❛ ♥♦♥✲✢❛# ♣♦*✐#✐♦♥✳ ❋✐❣✉=❡ ✷✳✽ *❤♦✇* #❤❡ ❡✈♦❧✉#✐♦♥ ♦❢ #❤❡



✸✵ ✷✳ ◆✉♠❡(✐❝❛❧ ❞②♥❛♠✐❝ ❛♥❛❧②0❡0 ♦♥ ❛ ♠❡♠❜(❛♥❡ ✇✐4❤ ❢(❡❡ ❡❞❣❡0

♥ ❚✐♠❡ ♥❝ ❬0❪ ❚✐♠❡ ❝ ❬0❪ % ❚✐♠❡ ♥❝ ❬0❪ ❚✐♠❡ ❝ ❬0❪ %

✺✵ µ♠ #❤✐❝❦♥❡** ✷✺ µ♠ #❤✐❝❦♥❡**

✹ ✻✽✵ ✸✾✺ ✹✶✳✾✶ ✶✸✺✼ ✷✸✵ ✽✸✳✵✺

✻ ✻✷✽ ✹✽✺ ✷✷✳✼✼ ✶✷✹✺ ✸✺✵ ✼✶✳✽✾
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✶✵ ✺✾✵ ✺✷✼ ✶✵✳✺✼ ✶✶✼✶ ✺✻✷ ✺✷✳✵✶

✶✷ ✺✽✷ ✺✹✷ ✻✳✽✼ ✶✶✻✶ ✻✸✽ ✹✺✳✵✺

✶✹ ✺✼✺ ✺✹✻ ✺✳✵✹ ✶✶✸✾ ✼✵✵ ✸✽✳✺✹

✶✻ ✺✼✸ ✺✹✽ ✹✳✸✻ ✶✶✸✺ ✼✻✶ ✸✷✳✾✺

✶✽ ✺✼✶ ✺✺✷ ✸✳✸✸ ✶✶✷✺ ✽✵✷ ✷✽✳✼✶

✷✵ ✺✼✵ ✺✺✸ ✷✳✾✽ ✶✶✶✾ ✽✹✵ ✷✹✳✾✸

❚❛❜❧❡ ✷✳✺✿ ❖*❝✐❧❧❛#✐♦♥* ♦❢ ❛ ✹✲♠❡#❡= ❧♦♥❣ ♣❛♥❡❧ ✭✺✵ µ♠ ❛♥❞ ✷✺ µ♠ #❤✐❝❦♥❡**✮✳

♥ ❚✐♠❡ ♥❝ ❬0❪ ❚✐♠❡ ❝ ❬0❪ % ❚✐♠❡ ♥❝ ❬0❪ ❚✐♠❡ ❝ ❬0❪ %

✺✵ µ♠ #❤✐❝❦♥❡** ✷✺ µ♠ #❤✐❝❦♥❡**

✹ ✶✵✻✵ ✷✾✸ ✼✷✳✸✺ ✷✵✽✻ ✶✽✺ ✾✶✳✶✸

✻ ✾✼✼ ✹✷✺ ✺✻✳✺✵ ✶✾✺✻ ✷✺✵ ✽✼✳✷✷

✽ ✾✹✾ ✺✸✷ ✹✸✳✾✹ ✶✽✼✺ ✸✶✼ ✽✸✳✵✾

✶✵ ✾✶✺ ✻✵✸ ✸✹✳✶✵ ✶✽✷✾ ✹✵✵ ✼✽✳✶✸

✶✷ ✾✵✵ ✻✻✵ ✷✻✳✻✼ ✶✽✶✺ ✹✼✺ ✼✸✳✽✸

✶✹ ✽✽✾ ✼✵✸ ✷✵✳✾✷ ✶✼✾✸ ✺✺✺ ✻✾✳✵✺

✶✻ ✽✽✸ ✼✷✾ ✶✼✳✹✹ ✶✼✼✵ ✻✶✼ ✻✺✳✶✹

✶✽ ✽✼✻ ✼✺✵ ✶✹✳✸✽ ✶✼✺✺ ✻✾✵ ✻✵✳✻✽

✷✵ ✽✼✺ ✼✻✼ ✶✷✳✸✹ ✶✼✹✾ ✼✹✾ ✺✻✳✼✽

❚❛❜❧❡ ✷✳✻✿ ❖*❝✐❧❧❛#✐♦♥* ♦❢ ❛ ✺✲♠❡#❡= ❧♦♥❣ ♣❛♥❡❧ ✭✺✵ µ♠ ❛♥❞ ✷✺ µ♠ #❤✐❝❦♥❡**✮✳
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✷✳✸ ◆✉♠❡'✐❝❛❧ ,✐♠✉❧❛-✐♦♥, ✸✸

❋✐❣✉$❡ ✷✳✾✿ ❊✈♦❧✉.✐♦♥ ♦❢ .❤❡ ♣♦3✐.✐♦♥ 3.❛.❡ ❝♦♠♣♦♥❡♥.3 ✭❛♥❣❧❡3✮ ♦❢ ❛ ✺✲♠ ❧♦♥❣ ♣❛♥❡❧

❝♦♥.$♦❧❧❡❞ ✇✐.❤ ✹ $♦✇3 ♦❢ ♣✐❡③♦❡❧❡❝.$✐❝ ♣❛.❝❤❡3✳

❋✐❣✉$❡ ✷✳✶✵✿ ❊✈♦❧✉.✐♦♥ ♦❢ .❤❡ ❛❝.✉❛.✐♦♥ ❢♦$❝❡3 ✐♥ ❝❛3❡ ♦❢ ❛ ✺ ♠ ♣❛♥❡❧ ✇✐.❤ ✹ $♦✇3 ♦❢

❛❝.✉❛.♦$3✳



✸✹ ✷✳ ◆✉♠❡(✐❝❛❧ ❞②♥❛♠✐❝ ❛♥❛❧②0❡0 ♦♥ ❛ ♠❡♠❜(❛♥❡ ✇✐4❤ ❢(❡❡ ❡❞❣❡0

▲ ❬♠❪ Pmax ❬❲❪

✸ ✺✶✺

✹ ✻✽✼

✺ ✽✺✽

✻ ✶✵✸✵

❚❛❜❧❡ ✷✳✽✿ 0♦✇❡3 ♣3♦❞✉❝8✐♦♥ ♦❢ 8✇♦ ♠❡♠❜3❛♥❡ =♦❧❛3 ♣❛♥❡❧= ✐♥=8❛❧❧❡❞ ♦♥ ❛ =❛8❡❧❧✐8❡✱

✇❤❡3❡ ▲ ✐= 8❤❡ 8♦8❛❧ ❧❡♥❣8❤✳

❞✐=♣❧❛❝❡♠❡♥8 ♦❢ ❡❛❝❤ ❡❧❡♠❡♥8 ✐♥ ❛ ♥♦♥✲❝♦♥83♦❧❧❡❞ ❝♦♥✜❣✉3❛8✐♦♥✳ ❋✐❣✉3❡ ✷✳✾ =❤♦✇= 8❤❡

=❛♠❡ =✐8✉❛8✐♦♥ ✇❤❡♥ ❛❝8✉❛8♦3= ❛3❡ ✉=❡❞ 8♦ ❝♦✉♥8❡3❛❝8 8❤❡ ♦=❝✐❧❧❛8✐♦♥= ♦❢ 8❤❡ ♣❛♥❡❧✳

❋✐❣✉3❡ ✷✳✶✵ =❤♦✇= 8❤❡ ❢♦3❝❡= 8❤❛8 8❤❡ ❛❝8✉❛8♦3= ❛3❡ 3❡F✉✐3❡❞ 8♦ ❡①❡38 ✐♥ ♦3❞❡3 8♦

❝♦✉♥8❡3❛❝8 8❤❡ ❡①8❡3♥❛❧ ❞✐=8✉3❜❛♥❝❡=✳

✷✳✹ #♦%%✐❜❧❡ ✐♠♣❧❡♠❡♥-❛-✐♦♥

❆♣♣❧②✐♥❣ 8❤✐= ❝♦♥✜❣✉3❛8✐♦♥ 8♦ ❛ ♣♦==✐❜❧❡ =❛8❡❧❧✐8❡ ✇✐8❤ 8✇♦ =♦❧❛3 ♣❛♥❡❧= ❛= ❛♣✲

♣❡♥❞❛❣❡= 8❤❛8 ❡①8❡♥❞= ❢3♦♠ ✐8= ♠❛✐♥ ❜♦❞②✱ 8❤❡ ♣♦✇❡3 8❤❛8 ❝❛♥ ❜❡ ♣3♦❞✉❝❡❞ ❢3♦♠

=✉❝❤ ♣❛♥❡❧= ❝❛♥ ❜❡ ❝❛❧❝✉❧❛8❡❞ ❛= ❢♦❧❧♦✇✿

Pmax = 2 ·A · J · η ✭✷✳✷✸✮

✇❤❡3❡ A ✐= 8❤❡ ❛3❡❛ ❡①♣♦=❡❞ 8♦ 8❤❡ =♦❧❛3 ✢✉①✱ J ✐= 8❤❡ =♦❧❛3 ❝♦♥=8❛♥8✱ 8❤❛8

❝♦33❡=♣♦♥❞= 8♦ J = 1367W/m2
❛♥❞ 8❤❡ ❝✉33❡♥8 3❡❝♦3❞ ❡✣❝✐❡♥❝② η ❢♦3 8❤✐♥✲✜❧♠

❈■●❙ =♦❧❛3 ♠♦❞✉❧❡= ✐= ✶✺✳✼% ❬✽❪✳ ❚❤❡3❡❢♦3❡✱ 8❤✐= ❝♦♥✜❣✉3❛8✐♦♥ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ 8♦ ❛

=❛8❡❧❧✐8❡ ♦❢ =♠❛❧❧ =✐③❡✱ ✇✐8❤ ❛ ♠❛①✐♠✉♠ ♣♦✇❡3 ❛✈❛✐❧❛❜❧❡ 3❡♣♦38❡❞ ✐♥ ❚❛❜❧❡ ✷✳✽✳

✷✳✺ ❈♦♥❝❧✉%✐♦♥%

❚❤❡ ❛✐♠ ♦❢ 8❤✐= ✜3=8 8❡=8 ❝❛=❡ ✐= 8♦ ✐♥✈❡=8✐❣❛8❡ 8❤❡ ❜❡❤❛✈✐♦3 ♦❢ ❛ ♠❡♠❜3❛♥❡

=83✉❝8✉3❡✱ ✜①❡❞ ♦♥ ♦♥❡ ❡❞❣❡✱ ♥♦8 ✐♥ 8❡♥=✐♦♥✳ ❚❤✐= ♠❡♠❜3❛♥❡ ✐= =✉❜❥❡❝8❡❞ 8♦ ❛ =✐♥✉✲

=♦✐❞❛❧ ❢♦3❝❡ ❛♥❞ ♥♦♥✲③❡3♦ ✐♥✐8✐❛❧ ❝♦♥❞✐8✐♦♥= ♦♥ 8❤❡ ❛♥❣✉❧❛3 ♣♦=✐8✐♦♥ ♦❢ ✐8= ❡❧❡♠❡♥8=✳

❚❤❡ ❡✛❡❝8✐✈❡♥❡== ♦❢ ✉8✐❧✐③✐♥❣ ♣✐❡③♦❡❧❡❝83✐❝ ❛❝8✉❛8♦3= ❞✐=83✐❜✉8❡❞ ♦♥ 8❤❡ =✉3❢❛❝❡ ♦❢ 8❤❡

♠❡♠❜3❛♥❡ ✇❛= ✐♥✈❡=8✐❣❛8❡❞✳

❚❤✐= =8✉❞② ❝♦♥✜3♠❡❞ 8❤❡ ♣♦==✐❜✐❧✐8② 8♦ ❛♣♣❧② 8❤❡ 3♦❜✉=8 H∞ ❝❧♦=❡❞✲❧♦♦♣ ❝♦♥83♦❧



✷✳✺ ❈♦♥❝❧✉)✐♦♥) ✸✺

❛❧❣♦$✐&❤♠ &♦ ❛❝&✉❛&❡ ❛ ,❡& ♦❢ ♣✐❡③♦❡❧❡❝&$✐❝ ♣❛&❝❤❡, ✐♥ ♦$❞❡$ &♦ ❝♦$$❡❝& ❛♥ ✐♥✐&✐❛❧ ♥♦♥✲

❤♦$✐③♦♥&❛❧ ,❤❛♣❡ ♦❢ ❛ ♠❡♠❜$❛♥❡ &♦ $❡❛❝❤ ❛ ✢❛& ❛♥❞ ✇❡❧❧✲❞❡♣❧♦②❡❞ ❝♦♥✜❣✉$❛&✐♦♥✳

❚❤❡ $❡,✉❧&, ,✉❣❣❡,& &❤❛& ❛♣♣❧②✐♥❣ ,✉❝❤ ❛ ❝♦♥&$♦❧ ,②,&❡♠ &♦ ❝♦✉♥&❡$❛❝& &❤❡ ❛♣♣❧✐❡❞

❞✐,&✉$❜❛♥❝❡ ❢♦$❝❡, ✐, ❢❡❛,✐❜❧❡✱ ❛♥❞ &❤❡ ❢♦$❝❡, &❤❛& ❝❛♥ ❜❡ ❡①❡$&❡❞ ❜② &❤❡ ❛❝&✉❛&♦$,

❛$❡ ,✉✣❝✐❡♥& &♦ $❡❞✉❝❡ &❤❡ ♦,❝✐❧❧❛&✐♦♥,✳ ■♥ ♣❛$&✐❝✉❧❛$✱ &✇♦ ❝❛,❡, ❝❛♥ ❜❡ ✐❞❡♥&✐✜❡❞✿

• ❢♦$  ❤♦#$ ❛♥❞ $❤✐❝❦ ♠❡♠❜$❛♥❡,✱ $❡,✉❧&, ,✉❣❣❡,& &❤❛& &❤❡ ✐♥&$✐♥,✐❝ ❞❛♠♣✐♥❣

❛♥❞ ❡❧❛,&✐❝ ❜❡❤❛✈✐♦$ ♦❢ &❤❡ ♠❛&❡$✐❛❧ ✐, ,✉✣❝✐❡♥& &♦ ❝♦✉♥&❡$❛❝& ,✉❝❤ ❡①&❡$♥❛❧

❞✐,&✉$❜❛♥❝❡,❀

• ✇❤❡♥ ❛ $❤✐♥ ❛♥❞ ❧♦♥❣ ♣❛♥❡❧ ✐, ❝♦♥,✐❞❡$❡❞✱ &❤❡ ♣✐❡③♦❡❧❡❝&$✐❝ ♣❛&❝❤❡, ❛$❡ ♠♦$❡

✉,❡❢✉❧ &♦ $❡❛❝❤ ❛ ✢❛& ❞❡♣❧♦②❡❞ ❝♦♥✜❣✉$❛&✐♦♥ ✐♥ ❛ $❡❞✉❝❡❞ ❛♠♦✉♥& ♦❢ &✐♠❡

❝♦♠♣❛$❡❞ &♦ ❛ ♥♦♥ ❝♦♥&$♦❧❧❡❞ ❝❛,❡✳

❋✉$&❤❡$ ,&✉❞✐❡, ❛$❡ ,✉❣❣❡,&❡❞ &♦ ❜❡ ❝❛$$✐❡❞ ♦✉& ✐♥ ♣❛$&✐❝✉❧❛$ ❢♦$ &❤❡ ,❡❝♦♥❞ ❝❛,❡✱

✇❤❡♥ ❛ ❧♦♥❣ ❛♥❞ &❤✐♥ ♠❡♠❜$❛♥❡ ✐, ✉,❡❞✱ ✐♥ ♦$❞❡$ &♦ ✈❛❧✐❞❛&❡ &❤❡ $❡,✉❧&, ♦❢ &❤✐,

$❡,❡❛$❝❤ ❛♥❞ &❤❡ ❛,,✉♠♣&✐♦♥, &❤❛& ✇❡$❡ ♠❛❞❡ ✐♥ &❤❡ ♥✉♠❡$✐❝❛❧ ,✐♠✉❧❛&✐♦♥,✳





❈❤❛♣$❡& ✸

▼❡♠❜$❛♥❡ ✇✐)❤ ❡①)❡$♥❛❧ ❢$❛♠❡

❚❤✐# ❈❤❛♣'❡) ♣)❡#❡♥'# ♥✉♠❡)✐❝❛❧ #✐♠✉❧❛'✐♦♥# ❛♥❞ ♣)❡❧✐♠✐♥❛)② '❡#'# ❝❛))✐❡❞ ♦✉'

♦♥ '❤❡  ❡❝♦♥❞ &❡ & ❝❛ ❡✱ '❤❛' ❝♦♥#✐❞❡)# ❛ ♠❡♠❜)❛♥❡ #')✉❝'✉)❡ ❞❡♣❧♦②❡❞ ❛♥❞ ❦❡♣' ✐♥

'❡♥#✐♦♥ ❜② ♠❡❛♥# ♦❢ '✇♦ ❡①'❡)♥❛❧ ❝♦♠♣♦#✐'❡ '❛♣❡ #♣)✐♥❣#✳

❖❜❥❡❝%✐✈❡ ❚❤❡ ♣✉)♣♦#❡ ✐# '♦ ✐♥✈❡#'✐❣❛'❡ '❤❡ ❞②♥❛♠✐❝# ♦❢ '❤❡ #②#'❡♠ ❢)♦♠ ❛ ♥✉✲

♠❡)✐❝❛❧ ♣♦✐♥' ♦❢ ✈✐❡✇ ❛♥❞ '♦ ❡①♣❧♦)❡ '❤❡ ❡✛❡❝'✐✈❡♥❡## ♦❢ ✈✐❜)❛'✐♦♥ ❝♦♥')♦❧ ❞✐)❡❝'❧②

❛♣♣❧✐❡❞ '♦ '❤❡ ❞❡♣❧♦②❛❜❧❡ ❜♦♦♠ ✐♥ ♦)❞❡) '♦ )❡❞✉❝❡ '❤❡ ')❛♥#♠✐##✐♦♥ ♦❢ ✈✐❜)❛'✐♦♥# '♦

'❤❡ ❝❡♥')❛❧ ❜♦❞② ♦❢ '❤❡ #❛'❡❧❧✐'❡✳

▼❡%❤♦❞ ❆❢'❡) ♠❛♥✉❢❛❝'✉)✐♥❣ '✇♦ '❛♣❡ #♣)✐♥❣#✱ '❤❡ ♠❛'❤❡♠❛'✐❝❛❧ ❞❡#❝)✐♣'✐♦♥ ♦❢

'❤❡#❡ ♣)♦'♦'②♣❡# ✐# ♣)❡#❡♥'❡❞✱ '♦ ❝❛❧❝✉❧❛'❡ #♦♠❡ ♣❤②#✐❝❛❧ >✉❛♥'✐'✐❡# '❤❛' ✇✐❧❧ ❜❡ ✉#❡❞

✐♥ ❢♦❧❧♦✇✐♥❣ '❡#'# ❛♥❞ ❝♦♠♣❛)❡❞ '♦ ❡①♣❡)✐♠❡♥'❛❧ )❡#✉❧'#✳ ?)❡❧✐♠✐♥❛)② ❡①♣❡)✐♠❡♥'❛❧

'❡#'# ❛)❡ ❝❛))✐❡❞ ♦✉' '♦ ♦❜'❛✐♥ #♦♠❡ ❞❛'❛ '❤❛' ✇✐❧❧ ❜❡ ✉#❡❞ ✐♥ '❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❡)✐❝❛❧

#✐♠✉❧❛'✐♦♥# ❛♥❞ ❡①♣❡)✐♠❡♥'❛❧ '❡#'#✳

✸✳✶ ■♥%&♦❞✉❝%✐♦♥

❚❤❡ #②#'❡♠ ❝♦♥#✐❞❡)❡❞ ✐♥ ❈❤❛♣'❡)# ✸ ❛♥❞ ✹ ✐♥❝❧✉❞❡# '✇♦ '❛♣❡ #♣)✐♥❣ ❜♦♦♠#✱

✇✐'❤ ❜✐#'❛❜✐❧✐'② ♣)♦♣❡)'✐❡#✱ '❤❛' ❞❡♣❧♦② ❢)♦♠ ❛ )♦'❛'✐♥❣ #♣♦♦❧✳ ❚❤❡ ❝✉))❡♥' '❡♥❞❡♥❝②

✐# '♦ ♠✐♥✐❛'✉)✐③❡ '❤❡ #②#'❡♠ ✉#✐♥❣ ❜♦♦♠# '❤❛' ❞❡♣❧♦② ❡❧❛#'✐❝❛❧❧② ✇✐'❤♦✉' '❤❡ ✉#❡

♦❢ ❛ ♠♦'♦)✳ ■♥ '❤✐# '❤❡#✐#✱ ❜♦'❤ ❝❛#❡# ✇✐'❤ ❛♥❞ ✇✐'❤♦✉' ♠♦'♦) ✇❡)❡ ❝♦♥#✐❞❡)❡❞✳

❖♥ ♦♥❡ #✐❞❡✱ ❛♥ ✉♥❝♦♥')♦❧❧❡❞ ❞❡♣❧♦②♠❡♥' ❛❧❧♦✇# '♦ #❛✈❡ #♣❛❝❡✱ ♠❛## ❛♥❞ ♣♦✇❡)✱ ♦♥

'❤❡ ♦'❤❡) #✐❞❡ '❤❡ ✉#❡ ♦❢ ❛ ♠♦'♦) ❛❧❧♦✇# '❤❡ ❝♦♥')♦❧ ♦❢ '❤❡ ❞❡♣❧♦②♠❡♥' #♣❡❡❞ ❛♥❞ '♦

✸✼



✸✽ ✸✳ ▼❡♠❜'❛♥❡ ✇✐,❤ ❡①,❡'♥❛❧ ❢'❛♠❡

 ❡❞✉❝❡ ✉♥✇❛♥(❡❞ )❤♦❝❦ (♦ -✉❡)✳ / ❡✈✐♦✉) ❞❡♣❧♦②♠❡♥( (❡)() ♦❢ ❛ ♠❡♠❜ ❛♥❡ )( ✉❝(✉ ❡

)❤♦✇❡❞ (❤❛( )❤♦❝❦ ❧♦❛❞) ❞✉❡ (♦ ❢❛)( ❞❡♣❧♦②♠❡♥() ♦❢ (❤❡ ❜♦♦♠) ✇❡ ❡ ❛ ❝♦♥❝❡ ♥ ❢♦ 

(❤❡ ✐♥(❡❣ ✐(② ♦❢ (❤❡ ♠❡♠❜ ❛♥❡ ❬✹✸❪✳ ■♥ ❛❞❞✐(✐♦♥✱ (❤❡ ✉)❡ ♦❢ ❛ ♠♦(♦ ❛❧❧♦✇) ❛♥ ❡❛)②

 ❡( ❛❝(✐♦♥ ♦❢ (❤❡ ♠❡♠❜ ❛♥❡ )( ✉❝(✉ ❡ ✇❤❡♥❡✈❡ ♥❡❡❞❡❞✳ ❚❤❡ ♠♦(♦ ✱ (❤❡ ♠♦(✐♦♥

( ❛♥)♠✐))✐♦♥ ❞❡✈✐❝❡) ❛♥❞ (❤❡ ❞ ✐✈✐♥❣ ❡❧❡❝( ♦♥✐❝) ✇❡ ❡ ❞❡)✐❣♥❡❞ ❛♥❞ ♣♦)✐(✐♦♥❡❞ ✐♥
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❧❛,❡♥❝② ❬✹✼✱ ✹✽✱ ✺✷❪✳ ❱✐"❝♦❡❧❛",✐❝ ❡✛❡❝," ❝❛✉"❡ ❛  ❡❞✉❝,✐♦♥ ✐♥ ❞❡♣❧♦②♠❡♥, ❢♦ ❝❡ ❛♥❞

,♦ -✉❡ ❛❢,❡ ❛ ❧♦♥❣ ♣❡ ✐♦❞ ♦❢ ",♦✇❛❣❡ ❬✹✼✱✺✸✕✺✼❪✳ ❆  ❡❞✉❝,✐♦♥ ♦❢ ❛" ♠✉❝❤ ❛" ✻✵✪ ♦❢

,❤❡ ",♦ ❡❞ ❡♥❡ ❣② ✇❛" ❡①♣❡ ✐♠❡♥,❛❧❧② ♦❜"❡ ✈❡❞ ❬✺✽❪✳ ❚❤✐" ❡✛❡❝, ♠✐❣❤, ❜❡ ❜❡♥❡✜❝✐❛❧

✐♥ ,❤❡  ❡❞✉❝,✐♦♥ ♦❢ ,❤❡ ❞❡♣❧♦②♠❡♥, ❢♦ ❝❡" ❛♥❞ ,♦ -✉❡" ❞✉❡ ,♦ ❛ ❢❛", ❞❡♣❧♦②♠❡♥,✱ ❜✉,

♠✐❣❤, ❛❧"♦ ❢❛✐❧ ,♦ ❞❡♣❧♦② ❢ ♦♠ ❛ ❝♦✐❧❡❞ ,♦ ❛♥ ❡①,❡♥❞❡❞ ",❛,❡ ❬✺✻✱✺✼❪✳

❚❤❡ ✉♥❝♦♥, ♦❧❧❡❞ ❞②♥❛♠✐❝" ♦❢ "❡❧❢✲❞❡♣❧♦②❡❞ ❜✐",❛❜❧❡ ", ✉❝,✉ ❡" ❝❛♥ ❛❧"♦ ❝❛✉"❡

❞❛♠❛❣❡ ,♦ ,❤❡ ", ✉❝,✉ ❡ ♦ ,♦ ,❤❡ "♣❛❝❡❝ ❛❢, ❛♥❞ ✐" ♣ ♦♥❡ ,♦ ❥❛♠♠✐♥❣ ❛♥❞ ❢❛✐❧✲

✉ ❡✳ ❚❤❡ ❡♥❞✲♦❢✲❞❡♣❧♦②♠❡♥, "❤♦❝❦ ♠❛② ✐♥✈♦❧✈❡ ❜✉❝❦❧✐♥❣ ❛♥❞ ❧❛ ❣❡  ♦,❛,✐♦♥" ❬✺✾❪✳

❋♦ ❡①❛♠♣❧❡✱ ,❤❡ ▼❛ " ❆❞✈❛♥❝❡❞ ❘❛❞❛ ❢♦ ❙✉❜"✉ ❢❛❝❡ ❛♥❞ ■♦♥♦"♣❤❡ ❡ ❙♦✉♥❞✐♥❣

✭▼❆❘❙■❙✮ ♠♦✉♥,❡❞ ♦♥ ▼❛ " ❊①♣ ❡"" ,❤❛, ✐♥❝❧✉❞❡❞ ❜✐",❛❜❧❡ ❤✐♥❣❡" ♦♥❧② ♣❛ ,✐❛❧❧②

❞❡♣❧♦②❡❞ ❜❡❝❛✉"❡ ♦❢ ✈✐"❝♦❡❧❛",✐❝ ❛♥❞ ,❤❡ ♠❛❧ ❡✛❡❝," ❬✺✸✱✺✺❪✳ ❆" ✐, ✇❛" ❛❧ ❡❛❞② ♠❡♥✲

,✐♦♥❡❞ ✐♥ ❙❡❝,✐♦♥ ✶✳✶✳✶ ❛❧"♦ ,❤❡ "❡❧❢✲❞❡♣❧♦②❛❜❧❡ ❘❖❙❆ ,❡",❡❞ ❜② ❉❙❙ ❛❜♦❛ ❞ ,❤❡ ■❙❙

❡①♣❡ ✐❡♥❝❡❞ ❛ ❢❛✐❧✉ ❡ ❞✉ ✐♥❣  ❡, ❛❝,✐♦♥ ❛❢,❡ ♠✉❧,✐♣❧❡ ,❡"," ✐♥ ❏✉♥❡ ✷✵✶✼✳ ❍♦✇❡✈❡ ✱

,❤✐" ✇❛" ❛ ", ✉❝,✉ ❡ ✐♥,❡♥❞❡❞ ,♦ ❜❡ ✉"❡❞ ♦♥ ❛ ❧❛ ❣❡ "❛,❡❧❧✐,❡✱  ❡-✉✐ ✐♥❣ ❛♥ ❛♠♦✉♥, ♦❢

♣♦✇❡ ♦♥ ,❤❡ ♦ ❞❡ ♦❢ ❦❲"✳

❯♥❝♦♥-(♦❧❧❡❞ ❞❡♣❧♦②♠❡♥-8 ■♥ ❛❞❞✐,✐♦♥ ,♦ ,❤❡ ❘❖❙❆ ,❤❛, ✇❛" ,❡",❡❞ ❛❜♦❛ ❞

,❤❡ ■❙❙✱ ",✉❞✐❡" ♦♥ "❡❧❢✲❞❡♣❧♦②❛❜❧❡ ❜♦♦♠" ❤❛✈❡ ❜❡❡♥ ❝❛  ✐❡❞ ♦✉, ♦♥ ,❛♣❡ "♣ ✐♥❣"

❛, ,❤❡ ❑❚❍ ❘♦②❛❧ ■♥",✐,✉,❡ ♦❢ ❚❡❝❤♥♦❧♦❣② ✐♥ ❙,♦❝❦❤♦❧♠ ✇✐,❤ ,❤❡  ❡❛❧✐③❛,✐♦♥ ♦❢

,❤❡ ❙❡❧❢✲❈♦♥,❛✐♥❡❞ ▲✐♥❡❛ ▼❡,❡ ✲❈❧❛"" ❞❡♣❧♦②❛❜❧❡ ✭❙■▼`▲❊✮ ❜♦♦♠ ❬✹✾✱ ✻✵✕✻✷❪✱ ❛

❤✐❣❤❧② ❝♦♠♣❛❝, ❞❡♣❧♦②♠❡♥, ♠❡❝❤❛♥✐"♠ ✇✐,❤ ❛ ",♦✇❡❞ ✈♦❧✉♠❡ ♦❢ ✸✽ ① ✸✽ ① ✺✵ mm3

,♦ ❜❡ ♠♦✉♥,❡❞ ♦♥ ❛ ❈✉❜❡❙❛,✳ ❖,❤❡ ❞❡♣❧♦②♠❡♥, ,❡"," ❤❛✈❡ ❜❡❡♥  ❡❝❡♥,❧② ❝❛  ✐❡❞

♦✉, ❜② ❍✳ ▼❛♦ ❬✻✸❪ ❢♦ ,❤❡ ❞❡♣❧♦②❛❜❧❡ ❜♦♦♠" ♦❢ ,❤❡ ❙♠❛❧❧ ❊①♣❧♦ ❡ ❢♦ ❆❞✈❛♥❝❡❞

▼✐""✐♦♥" ✭❙❊❆▼✮ ♣ ♦❥❡❝,✳ ❆ "❡❧❢✲❞❡♣❧♦②❡❞ ❞✐✛ ❛❝,✐♦♥ ,❡❧❡"❝♦♣❡ ✇❛" ❛❧"♦ ",✉❞✐❡❞ ❜②

❋♦♦,❞❛❧❡ ❡, ❛❧✳ ❬✹✸✱ ✻✹✱ ✻✺❪✳ ❚❤✐" ", ✉❝,✉ ❡ "❡❧❢✲❞❡♣❧♦②" ✐♥,♦ ❛♥ ❛♣♣ ♦①✐♠❛,❡❧② ✵✳✺

♠ ,❡, ❛❤❡❞ ♦♥✳ ❈♦♥❝❡ ♥" ✇❡ ❡  ❛✐"❡❞ ✇❤❡♥ ❞❡♣❧♦②✐♥❣ ❛ ♠❡♠❜ ❛♥❡ ", ✉❝,✉ ❡ ✇✐,❤

✉♥❝♦♥, ♦❧❧❡❞ ❞❡♣❧♦②♠❡♥, ❜❡❝❛✉"❡ ♦❢ ,❤❡ "❤♦❝❦ ❧♦❛❞" ,❤❛, ♦❝❝✉ ❛, ,❤❡ ❡♥❞ ♦❢ ,❤❡

❞❡♣❧♦②♠❡♥, ♣❤❛"❡✳



✸✳✸ ❇♦♦♠% ♣'♦(♦(②♣❡% ✹✶

❈♦♥('♦❧❧❡❞ ❞❡♣❧♦②♠❡♥(% ❙♦♠❡ ♠♦$♦%✐③❡❞ ❞❡♣❧♦②♠❡♥$ ❤❛✈❡ ❛❧0♦ ❜❡❡♥ ♣❡%❢♦%♠❡❞✳

❖①❢♦%❞ ❙♣❛❝❡ ❙②0$❡♠0 ✭❖❙❙✮ ❞❡✈❡❧♦♣❡❞ $❤❡ ❆0$%♦❙❝❛❧❡ ❜♦♦♠ ❬✻✻❪ ❢♦% ♠♦✉♥$✐♥❣ ✐$ ♦♥

$❤❡ ❆❧❙❛$✲◆❛♥♦ ❬✻✼❪ ❛♥❞ ❢♦% $❤❡ ❘❡♠♦✈❡ ❉❡❜%✐0 ▼✐00✐♦♥ ❬✻✽❪✱ ❛0 ✇❡❧❧ ❛0 $♦ ❞❡♣❧♦② ❛

♠❛❣♥❡$♦♠❡$❡% ❛♥❞ $✇♦ ❘❆❉❋❊❚ ✭❘❛❞✐❛$✐♦♥✲❙❡♥0✐♥❣ ❋✐❡❧❞✲❊✛❡❝$ ❚%❛♥0✐0$♦%✮ ❬✻✾❪✳

❆♥♦$❤❡% ❝♦♠♣❛♥②✱ ❘❖❈❈❖❘ ▲▲❈ ✇♦%❦❡❞ ♦♥ ❞❡♣❧♦②❛❜❧❡ ❜♦♦♠0 ❬✼✵❪✱ ✐♥ ♣❛%$✐❝✉❧❛%

❞❡✈❡❧♦♣✐♥❣ $❤❡ ❍✐❣❤ ❙$%❛✐♥ ❈♦♠♣♦0✐$❡ ✭❍❙❈✮ 0❧✐$✲$✉❜❡ ❜♦♦♠ 0②0$❡♠ ❬✼✶❪✳

✸✳✸ ❇♦♦♠% ♣'♦(♦(②♣❡%

❚❤❡ ❜♦♦♠0 ✉0❡❞ ❢♦% $❤❡ ❡①♣❡%✐♠❡♥$❛❧ $❡0$0 ❤❛✈❡ ❜❡❡♥ ♠❛♥✉❢❛❝$✉%❡❞ ✉0✐♥❣ ❛

0✐♥❣❧❡ ❧❛②❡% ♦❢ ♣%❡♣%❡❣ ♣%♦❞✉❝❡❞ ❜② ❍❡①❝❡❧✱ $❤❡ ❍❡①S❧② ▼✹✾✱ ✇✐$❤ ♣❧❛✐♥ ✇❡❛✈❡ S✷✵✵

❝❛%❜♦♥ ✜❜❡%0✳ ❍❡①S❧② ▼✹✾ ✐0 ❛ 120◦❈ ❝✉%✐♥❣ $♦✉❣❤❡♥❡❞ ❡♣♦①② ♠❛$%✐① ✇✐$❤ ✸❑ ❤✐❣❤

0$%❡♥❣$❤ ❝❛%❜♦♥✳ ❚❤✐0 ♠❛$❡%✐❛❧ ✇❛0 ❝❤♦0❡♥ ❛❢$❡% ❛ ❝❛%❡❢✉❧ ❡✈❛❧✉❛$✐♦♥ ♦❢ $❤❡ ♣%♦♣❡%$✐❡0

♦❢ ✇♦✈❡♥ ♠❛$❡%✐❛❧0 %❡❛❞✐❧② ❛✈❛✐❧❛❜❧❡ ❛$ $❤❡ ❝♦♠♣❛♥② 0❡❧❡❝$❡❞ ❢♦% ♠❛♥✉❢❛❝$✉%✐♥❣ $❤❡

❜♦♦♠0 ✭❙■❚❆ ❈♦♠♣♦0✐$✐✮✳

❚❤❡ ❜♦♦♠0 ✇❡%❡ ♥♦♠✐♥❛❧❧② ✶ ♠ ❧♦♥❣✱ ✇✐$❤ ❛♥ ✐♥$❡%♥❛❧ %❛❞✐✉0 ♦❢ ✼✳✺ ♠♠✳ ❚❤❡

♥♦♠✐♥❛❧ 0❤❛♣❡ ✇❛0 ❛ ❤❛❧❢ ❝②❧✐♥❞%✐❝❛❧ $✉❜❡ ✭❈ ♣%♦✜❧❡✮✳ ❚❤❡ ♠❛♥✉❢❛❝$✉%✐♥❣ ♣%♦❝❡00

✇❛0 0✐♠✐❧❛% $♦ $❤❡ ♦♥❡ ❞❡0❝%✐❜❡❞ ❜② ❊❦❡❧♦✇ ✐♥ ❬✼✷❪✳ ❆ ♣%❡✲♣%❡❣ 0$%✐♣ ✇❛0 ♣♦0✐$✐♦♥❡❞

♦♥ $❤❡ ✧♠❛❧❡✧ ❛❧✉♠✐♥✉♠ ❢♦%♠✐♥❣ ♠♦❧❞ ✭0❤♦✇♥ ✐♥ ❋✐❣✉%❡ ✸✳✷❛✮ ❛$ 45◦ ✇✐$❤ %❡0♣❡❝$

$♦ ✐$0 ❧♦♥❣✐$✉❞✐♥❛❧ ❞✐%❡❝$✐♦♥✳ ❚❤❡ ♠❛$❡%✐❛❧ ✇❛0 ❝✉%❡❞ ✐♥ ❛♥ ❛✉$♦❝❧❛✈❡ ❛$ 120◦❈ ❛♥❞

✺ ❜❛% ♦❢ ♣%❡00✉%❡ ✐♥0✐❞❡ ❛ ✈❛❝✉✉♠ ❜❛❣ ❛0 0❤♦✇♥ ✐♥ ❋✐❣✉%❡ ✸✳✷❜✳

❚❤❡ $✇♦ ❜♦♦♠0 ✉0❡❞ ❢♦% $❤❡ ❡①♣❡%✐♠❡♥$0 ✇❡%❡ ♦❜0❡%✈❡❞ $♦ ❜❡ ❝✉$ ❛❜♦✉$ ✷ ♠♠

❛✇❛② ❢%♦♠ $❤❡ ♣❡%❢❡❝$❧② ❤❛❧❢✲❝②❧✐♥❞%✐❝❛❧ 0❤❛♣❡✳ ■♥ ❛❞❞✐$✐♦♥✱ $❤❡ ✜❜❡%0 ♦❢ ♦♥❡ ♦❢ $❤❡

$✇♦ ❜♦♦♠0 ✇❡%❡ ♥♦$ ♣❡%❢❡❝$❧② ❛❧✐❣♥❡❞ ✇✐$❤ $❤❡ 45◦✴−45◦ ❞✐%❡❝$✐♦♥0 ✇✐$❤ %❡0♣❡❝$ $♦

$❤❡ ❧♦♥❣✐$✉❞✐♥❛❧ ♦♥❡✳ ❚❤✐0 ❧❡❞ $♦ ❛ ♥♦♥✲♣❡%❢❡❝$❧② ❝②❧✐♥❞%✐❝❛❧ 0❤❛♣❡ ✇❤❡♥ $❤❡ ❜♦♦♠

✇❛0 %♦❧❧❡❞✲✉♣ ❛♥❞ ❛ 0❧✐❣❤$❧② $✇✐0$❡❞ 0❤❛♣❡ ✇❤❡♥ ✐$ ✇❛0 ❞❡♣❧♦②❡❞✳ ❚❤❡ ❜♦♦♠0 ❛%❡
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✸✳✸✳✷ #❧❛✐♥ ✇❡❛✈❡ ♠❛,❡-✐❛❧ ♣-♦♣❡-,✐❡0

❚❤✐# #✉❜#❡❝(✐♦♥ ♣,❡#❡♥(# (❤❡ ❝♦♠♣✉(❛(✐♦♥ ♦❢ #♦♠❡ ♠❡❝❤❛♥✐❝❛❧ ♣,♦♣❡,(✐❡# ♦❢ (❤❡

♣❧❛✐♥ ✇❡❛✈❡ ❝♦♠♣♦#✐(❡ ✉#❡❞ ✐♥ (❤❡ ❡①♣❡,✐♠❡♥(#✳

❆# ✐( ✇❛# ♠❡♥(✐♦♥❡❞ ✐♥ #❡❝(✐♦♥ ✸✳✸✱ (❤❡ ❝♦♠♣♦#✐(❡ ♠❛(❡,✐❛❧ ✐# ♠❛❞❡ ♦❢ ✸❑ ❤✐❣❤

#(,❡♥❣(❤ ❝❛,❜♦♥ ✜❜❡,#✳ ■( ❤❛# ❛♥ ❛,❡❛❧ ✇❡✐❣❤( ♦❢ ✷✵✵ ❣✴♠

2
✳ ❆ ✉♥✐( ❝❡❧❧ ✐# ❢♦,♠❡❞

❜② ✇❛,♣ ❛♥❞ ✇❡❢( ✜❜❡,# ✇✐(❤ ❛ ♣❡,✐♦❞ ▲❂✹ ♠♠ ✭❛❝❝♦,❞✐♥❣ (♦ (❤❡ ❞❛(❛#❤❡❡( ✲ ✺

②❛,♥#✴♣✐❝❦# ♣❡, ❝♠✮✳ ❚❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♠❛(❡,✐❛❧ ♣,♦♣❡,(✐❡# ❤❛✈❡ ❜❡❡♥ ❡#(✐♠❛(❡❞

✉#✐♥❣ (❤❡ ✜❜❡, ✈♦❧✉♠❡ ❢,❛❝(✐♦♥✱ (❤❛( ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ (❤❡ ♣,❡♣,❡❣ ❞❛(❛#❤❡❡( ❛♥❞ ✐(

❝♦,,❡#♣♦♥❞# (♦ ❱f ❂ ✵✳✺✺✳ ■( ❝❛♥ ❛❧#♦ ❜❡ ❝❛❧❝✉❧❛(❡❞ ❛♥❞ (❤❡ (✇♦ ✈❛❧✉❡# ❛,❡ ❝♦♠♣❛,❡❞

❜❡❧♦✇✳ ❚❤❡ ♥♦♠✐♥❛❧ (❤✐❝❦♥❡## ♦❢ (❤❡ ✜❜❡,# ❜✉♥❞❧❡ ✭✇✐(❤♦✉( ♠❛(,✐①✮ ✐# ✵✳✷✵✵ ♠♠✳

❚❤❡ (❤✐❝❦♥❡## ♦❢ (❤❡ ②❛,♥ (y ✐# ❛♣♣,♦①✐♠❛(❡❞ (♦ ❜❡ ❤❛❧❢ ♦❢ (❤❡ (❤✐❝❦♥❡## ♦❢ (❤❡

❝♦♠♣♦#✐(❡✳ ❚❤❡ ❝,♦##✲#❡❝(✐♦♥❛❧ ❛,❡❛ ♦❢ (❤❡ ②❛,♥ ❆y ❝❛♥ ❜❡ ❝❛❧❝✉❧❛(❡❞ ❛#✿

Ay = L · ty =
4mm

2
· 0.2mm

2
= 0.2mm2

✭✸✳✷✮

✇❤❡,❡ ❢ ❞❡♥♦(❡# (❤❡ ✜❜❡,#✱ ♠ (❤❡ ♠❛(,✐①✱ ❛♥❞ ② (❤❡ ②❛,♥✳ ❚❤❡ ❞✐❛♠❡(❡, ♦❢ ❛

#✐♥❣❧❡ ✜❧❛♠❡♥( ♦❢ ❝❛,❜♦♥ ✜❜❡, ✐# ✻✳✾ µ♠✱ (❤❡,❡❢♦,❡✱ ❝♦♥#✐❞❡,✐♥❣ ❛ ✸❑ ❜✉♥❞❧❡✱ (❤❡

❛,❡❛ ♦❢ ✸✵✵✵ ✜❜❡,# ✐# ❆f❂ ✵✳✶✶ ♠♠

2
✳ ❚❤❡ ✜❜❡, ✈♦❧✉♠❡ ❢,❛❝(✐♦♥ ✐# (❤❡♥✿

Vf =
Af

Ay
=

0.11

0.2
= 0.55 ✭✸✳✸✮

✇❤✐❝❤ ❝♦,,❡#♣♦♥❞# (♦ (❤❡ ✈❛❧✉❡ ❣✐✈❡♥ ❜② (❤❡ ♠❛♥✉❢❛❝(✉,❡, ♦♥ (❤❡ ❞❛(❛#❤❡❡(✳ ❚❤❡

♠❛(,✐① ✈♦❧✉♠❡ ✇✐❧❧ ❜❡ (❤❡♥✿

Vm = 1− Vf = 0.45 ✭✸✳✹✮

❯#✐♥❣ (❤❡ ❈▲❚✱ ✐( ✐# ♣♦##✐❜❧❡ (♦ ❝♦♠♣✉(❡ (❤❡ ❨♦✉♥❣✬# ♠♦❞✉❧✉# ♦❢ (❤❡ ❝♦♠♣♦#✐(❡

✐♥ ✶✲❞✐,❡❝(✐♦♥✱ (❤❛( ❝♦,,❡#♣♦♥❞# (♦ (❤❡ ❞✐,❡❝(✐♦♥ ♣❡,♣❡♥❞✐❝✉❧❛, (♦ (❤❡ ✜❜❡,#✿

E1y = VfE1f + VmEm = 0.55 · 231 + 0.45 · 1.06 = 127.53GPa ✭✸✳✺✮

✇✐(❤ E1f (❤❡ ✜❜❡,✬# ❧♦♥❣✐(✉❞✐♥❛❧ ♠♦❞✉❧✉#✱ Em (❤❡ ,❡#✐♥ ❡❧❛#(✐❝ ♠♦❞✉❧✉#✱ ❛♥❞ Vf (❤❡

✜❜❡, ✈♦❧✉♠❡ ❢,❛❝(✐♦♥✳
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❚❤❡ #$❛♥'✈❡$'❡ ♠♦❞✉❧✉' ❛♥❞ #❤❡ '❤❡❛$ ♠♦❞✉❧✉' ❝❛♥♥♦# ❜❡ ❝❛❧❝✉❧❛#❡❞ ❛❝❝✉$❛#❡❧②

✇✐#❤ #❤❡ ❈▲❚✱ ✐♥ #❤❡ ✷✲❞✐$❡❝#✐♦♥✳ ❚❤❡② ❛$❡ ❝❛❧❝✉❧❛#❡❞ ✇✐#❤ #❤❡ ❍❛❧♣✐♥✲❚'❛✐ ❡;✉❛✲

#✐♦♥'✿

E2y = E3y =
(1 + ξηVf )Em

1− ηVf
= 3.57GPa ✭✸✳✻✮

✇❤❡$❡ ξ ❂ ✷ ❢♦$ ❝✐$❝✉❧❛$ '❡❝#✐♦♥' ♦❢ #❤❡ ✜❧❛♠❡♥# ❛♥❞ η ❝❛♥ ❜❡ ❝❛❧❝✉❧❛#❡❞ ❛' ❢♦❧❧♦✇✿

η =
E2f/Em − 1

E2f/Em + ξ
✭✸✳✼✮

ν12y = ν13y = Vfν12f + Vmνm = 0.55 · 0.2 + 0.45 · 0.41 = 0.245 ✭✸✳✽✮

ν21y = ν12y
E2y

E1y
✭✸✳✾✮

❚❤❡ ❡;✉❛#✐♦♥ #♦ ❝❛❧❝✉❧❛#❡ #❤❡ ❝♦❡✣❝✐❡♥# ν32y ✐' ❬✼✹❪✿

ν23y = ν32y = ν12y
1− ν21y
1− ν12y

= 0.322 ✭✸✳✶✵✮

G12y = G13y = Gm

G12f +Gm

VfGm + VmG12f
= 1.23GPa ✭✸✳✶✶✮

✇❤❡$❡ Gm ❛♥❞ G12f ❛$❡ '❤❡❛$ ♠♦❞✉❧✐ ♦❢ #❤❡ ♠❛#$✐① ❛♥❞ #❤❡ ✜❜❡$' $❡'♣❡❝#✐✈❡❧②✳

✐♥ #❤❡ ❞✐$❡❝#✐♦♥ ✷✲✸✱ #❤❡ '❤❡❛$ ♠♦❞✉❧✉' ✐'✿

G23y =
E2y

2(1 + ν23y)
= 1.35GPa ✭✸✳✶✷✮
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❆❇❉ ♠❛#$✐①✳ ❚❤❡ #✇♦✲❞✐♠❡♥'✐♦♥❛❧ ❛♣♣$♦❛❝❤ ♦❢ #❤❡ ▼♦"❛✐❝ ▼♦❞❡❧ ♣$❡'❡♥#❡❞ ❜② ❖✳

❙♦②❦❛'❛♣ ✐♥ ❬✼✼❪ ✇❛' ✉'❡❞✳ ■♥ #❤✐' ♠♦❞❡❧✱ #❤❡ ❝♦♠♣♦'✐#❡ ♠❛#❡$✐❛❧ ✐' ❝♦♥'✐❞❡$❡❞ ❛'
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②❛$♥' ✇✐#❤ ✜❜❡$' ❡✐#❤❡$ ❛# 0◦ ♦$ 90◦✱ ✐# ✐' ♣♦''✐❜❧❡ #♦ ❝❛❧❝✉❧❛#❡ #❤❡ #❤$❡❡ ♠❛#$✐❝❡'
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A∗

q = [Aq]
−1, B∗

q = −[Aq]
−1Bq, C

∗

q = Bq[Aq]
−1, D∗

q = Dq −Bq[Aq]
−1Bq ✭✸✳✶✺✮

✇❤❡#❡ D∗
q #❡♣#❡+❡♥-+ -❤❡ ❜❡♥❞✐♥❣ +-✐✛♥❡++ ✇✐-❤ #❡+♣❡❝- -♦ -❤❡ ♥❡✉-#❛❧ ♣❧❛♥❡

✭✇❤❡#❡ ◆❂✵✮✳ ❯+✐♥❣ -❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♣#♦♣❡#-✐❡+ ♦❢ -❤❡ ②❛#♥+✱ ✐♥ -❤❡ ❝❛+❡ ♦❢ -❤❡

✜❜❡#+ ✐♥ ❬45◦✱ −45◦❪ ❞✐#❡❝-✐♦♥ ✐- #❡+✉❧-+✿

[

Aq

]

=











A11 A12 0

A12 A22 0

0 0 A66











=











8890.7 7525.8 0

7525.8 8890.7 0

0 0 7650.6











N/mm ✭✸✳✶✻✮

[

Bq

]

=











0 0 B16

0 0 B26

B16 B26 0











=











0 0 −417.21

0 0 −417.21

−417.21 −417.21 0











N ✭✸✳✶✼✮

[

Dq

]

=











D11 D12 0

D12 D22 0

0 0 D66











=











40.568 34.34 0

34.34 40.568 0

0 0 34.91











N ·mm ✭✸✳✶✽✮

❚❤❡ ♦♥❧② ❞✐✛❡#❡♥❝❡ ✐♥ -❤❡ ❬−45◦✱ 45◦❪ ❞✐#❡❝-✐♦♥ ❝♦♥+✐+-+ ✐♥ -❤❡ +✐❣♥ ♦❢ -❤❡ ❝♦♠✲

♣♦♥❡♥-+ ♦❢ -❤❡ ♠❛-#✐① Bq✳ ❚❤❡ ❤♦♠♦❣❡♥✐③❡❞ +-✐✛♥❡++❡+ ♦❢ -❤❡ +✐♥❣❧❡✲♣❧② ✇♦✈❡♥ ❝♦♠✲

♣♦+✐-❡ ✐♥ -❤❡ ❞✐#❡❝-✐♦♥ ❛- 45◦ ✇✐-❤ #❡+♣❡❝- -♦ -❤❡ +②♠♠❡-#② ❛①❡+ ❝❛♥ ❜❡ ♦❜-❛✐♥❡❞

❜② ❛✈❡#❛❣✐♥❣ -❤❡ ❡✛❡❝-✐✈❡ +-✐✛♥❡++❡+ ♦❢ ❜♦-❤ ❬45◦✱ −45◦❪ ❛♥❞ ❬−45◦✱ 45◦❪ L✉❛#-❡#

♠♦❞❡❧+✳ ■♥ ❝♦♥❝❧✉+✐♦♥✱ -❤❡ ❆❇❉ ♠❛-#✐① ♦❢ -❤❡ ❝♦♠♣♦+✐-❡ ♠❛-❡#✐❛❧ #❡+✉❧-+✿











A
✳

✳

✳ B

. . . . . .

B
✳

✳

✳ D











comp

=





























8890.7 7525.8 0 0 0 0

7525.8 8890.7 0 0 0 0

0 0 7650.6 0 0 0

0 0 0 17.8 11.6 0

0 0 0 11.6 17.8 0

0 0 0 0 0 13.7





























✭✸✳✶✾✮

✇❤❡#❡ -❤❡ ✉♥✐-+ ❛#❡ ◆ ❛♥❞ ♠♠✳



✸✳✸ ❇♦♦♠% ♣'♦(♦(②♣❡% ✹✾

✸✳✸✳✹ ❙$%❛✐♥ ❡♥❡%❣② ❛♥❞ ❜✐.$❛❜✐❧✐$② ♣%♦♣❡%$✐❡.

❚❤❡ ❝♦❡✣❝✐❡♥() Aij ❛♥❞ Dij ❝♦♠♣✉(❡❞ ✐♥ (❤❡ ♣/❡✈✐♦✉) ♣❛/❛❣/❛♣❤ ✇✐❧❧ ❜❡ ✉)❡❞ (♦

❝❛❧❝✉❧❛(❡ )♦♠❡ ❝♦❡✣❝✐❡♥() (❤❛( ❝❤❛/❛❝(❡/✐③❡ (❤❡ ❡♠♣❧♦②❡❞ ❜♦♦♠)✱ ✐♥ ♣❛/(✐❝✉❧❛/ (❤❡

)(/❛✐♥ ❡♥❡/❣② ❛♥❞ (❤❡ ❙ ❝♦❡✣❝✐❡♥(✳ ❚❤❡ ❛✈❡/❛❣❡ )(/❛✐♥ ❡♥❡/❣② ♣❡/ ✉♥✐( ❛/❡❛ ✇/✐((❡♥

✐♥ ♥♦♥✲❞✐♠❡♥)✐♦♥❛❧ ❢♦/♠ ❬✺✶❪ ✐) ❣✐✈❡♥ ❜② (❤❡ ❡①♣/❡))✐♦♥✿

Û =
Â11

4

κ̂2x
κ̂2y

[

1+
sin(βκ̂y)

κ̂y
− 8 sin2(βκ̂y/2)

κ̂2y

]

+
1

2

[

κ̂2x+2D̂12κ̂x(κ̂y−1)+D̂22(κ̂y−1)2
]

✭✸✳✷✵✮

✇❤❡/❡✿

Û =
UR2

D11
Â11 =

A11R
2

D11
D̂12 =

D12

D11
D̂22 =

D22

D11
✭✸✳✷✶✮

D̂66 =
D66

D11
κ̂y = κyR κ̂x = κxR ✭✸✳✷✷✮

❚❤❡ )(❛❜✐❧✐(② ❝/✐(❡/✐♦♥ ❢♦/ )❤❡❧❧) ✇✐(❤ ♥♦ ❝♦✉♣❧✐♥❣ ❜❡(✇❡❡♥ ❜❡♥❞✐♥❣ ❛♥❞ (✇✐)(✐♥❣

❝❛♥ ❜❡ ❝♦♠♣✉(❡❞ ✇✐(❤ (❤❡ ❢♦❧❧♦✇✐♥❣ ❡G✉❛(✐♦♥ ❬✺✶❪✿

S = 4D̂66 + 2D̂12 − 2
D̂22

D̂12

✭✸✳✷✸✮

❚❤❡ )(/✉❝(✉/❡ ✐) ❜✐)(❛❜❧❡ ❢♦/ S > 0✳ ■♥ (❤❡ ❝❛)❡✲)(✉❞② ♣/❡)❡♥(❡❞ ✐♥ (❤✐) (❤❡)✐)✱

S = 1.30 > 0✳

❈♦♠♣✉(✐♥❣ (❤❡ ✈❛❧✉❡) ♦❢ (❤❡ )(/❛✐♥ ❡♥❡/❣② Û ❢/♦♠ ❡G✉❛(✐♦♥ ✸✳✷✵✱ ✈❛/②✐♥❣ (❤❡

✈❛❧✉❡) ♦❢ κx ❛♥❞ κy ❜❡(✇❡❡♥ (❤❡✐/ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡)✱ ✐( ✐) ♣♦))✐❜❧❡ (♦

♦❜(❛✐♥ (❤❡ ♣❧♦( )❤♦✇♥ ✐♥ ❋✐❣✉/❡ ✸✳✽✳ ❚❤✐) ♣❧♦( )❤♦✇)✿

• (❤❡ ❡①✐)(❡♥❝❡ ♦❢ (✇♦ ❡♥❡/❣② ♠✐♥✐♠❛ ✐♥ (❤❡ ❝♦✐❧❡❞ ❛♥❞ ❞❡♣❧♦②❡❞ ❝♦♥✜❣✉/❛(✐♦♥)❀

• ❛ )❛❞❞❧❡ ♣♦✐♥( ♥❡❛/ κx = 0 ❛♥❞ κy = 0✳

■♥ ❛❞❞✐(✐♦♥✱ ✐( ✐) ♣♦))✐❜❧❡ (♦ ❞✐)(✐♥❣✉✐)❤ (❤❡ ♣♦)✐(✐♦♥ ♦❢ (❤❡ (✇♦ ❡♥❡/❣② ♠✐♥✐♠❛

✭)❤♦✇♥ ✇✐(❤ ❜❧✉❡ ❛♥❞ /❡❞ ❝✐/❝❧❡) ✐♥ (❤❡ ♣❧♦(✮✿

• ❢♦/ κx = 0 ❛♥❞ κy = 1/R = 1/(7.5mm) = 133.33/mm✱ (❤❛( ❝♦//❡)♣♦♥❞) (♦

(❤❡ ❞❡♣❧♦②❡❞ ❝♦♥✜❣✉/❛(✐♦♥❀



• κx = 1
R

D12

D11
= 86.7/mm Rs = 11.5mm κy = 0

dUb

dL
=

1

2
βR

(

D11

R2
c

− 2D12

RcR
+
D22

R2

)

Rc =

√

√

√

√

(

Rspool +
tb
2

)2

+
Lctb
π

Rspool tb Lc

D11 = D22

D12



✸✳✹ #$❡❧✐♠✐♥❛$② ,❡-,- ✺✶

❋✐❣✉$❡ ✸✳✾✿ ❚❤❡♦$❡-✐❝❛❧ ❞❡♣❧♦②♠❡♥- ❢♦$❝❡✳

❢$♦♠ ❊8✉❛-✐♦♥ ✸✳✷✹ ✇✐-❤ -❤❡ ♣$♦♣❡$-✐❡< ♦❢ -❤❡ ❛❝-✉❛❧ ♣$♦-♦-②♣❡< ✐< <❤♦✇♥ ✐♥ ❋✐❣✉$❡

✸✳✾✳

❙✐♥❝❡ -❤❡ ❞❡♣❧♦②♠❡♥- ❢♦$❝❡ ✐< ❣❡♥❡$❛-❡❞ ✐♥ -❤❡ ✉♥<-❛❜❧❡ -$❛♥<✐-✐♦♥ ③♦♥❡✱ -❤❡ ❞❡✲

♣❧♦②♠❡♥- -♦$8✉❡ ✐< $❡❧❛-❡❞ -♦ -❤❡ ✇$❛♣ -❤✐❝❦♥❡<<✱ ✇❤✐❝❤ ❞❡❝$❡❛<❡< ❛< -❤❡ ❞❡♣❧♦②♠❡♥-

♣$♦❣$❡<<❡<✳ ❚❤❡$❡❢♦$❡✱ -❤❡ ♠✐♥✐♠✉♠ -♦$8✉❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ❥✉<- ❜❡❢♦$❡ -❤❡ ❡♥❞ ♦❢ -❤❡

❞❡♣❧♦②♠❡♥-✳ ■- ❝❛♥ ❜❡ ❛♣♣$♦①✐♠❛-❡❞ ✇✐-❤✿

τ =
RHβ

2R

[

D22 −
D2

12

D11

]

✭✸✳✷✻✮

❛♥❞ ✐♥ -❤✐< <♣❡❝✐✜❝ ❝❛<❡ ✐- $❡<✉❧-< τ = 24.8mNm✳

❚❤❡ ❞②♥❛♠✐❝ ❡8✉❛-✐♦♥< ♦❢ ❛ ❝♦♥-$♦❧❧❡❞ ❛♥❞ ♠♦-♦$✐③❡❞ <②<-❡♠ ❜❛<❡❞ ♦♥ ❊8✉❛-✐♦♥

✸✳✷✵ ❛♥❞ ❝♦♠♣✉-❡❞ ✇✐-❤ -❤❡ ▲❛❣$❛♥❣❡ ❊8✉❛-✐♦♥ ❛< -❤❡ <✉♠ ♦❢ -❤❡ ♣♦-❡♥-✐❛❧ ❛♥❞

❦✐♥❡-✐❝ ❡♥❡$❣✐❡< ❛$❡ $❡♣♦$-❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳

✸✳✹ #$❡❧✐♠✐♥❛$② ,❡-,-

❙♦♠❡ ♣$❡❧✐♠✐♥❛$② -❡<-< ✇❡$❡ ❝❛$$✐❡❞ ♦✉- -♦ ❡✈❛❧✉❛-❡ -❤❡ ❛❝-✉❛❧ ♣$♦♣❡$-✐❡< ♦❢ -❤❡

♣$♦-♦-②♣❡<✱ ❝♦♥<✐❞❡$✐♥❣ -❤❛- ✐- ✐< ❞✐✣❝✉❧- -♦ ❝❛❧❝✉❧❛-❡ -❤❡♠ ♠❛-❤❡♠❛-✐❝❛❧❧②✳



✺✷ ✸✳ ▼❡♠❜(❛♥❡ ✇✐-❤ ❡①-❡(♥❛❧ ❢(❛♠❡

✸✳✹✳✶ ❚❡&' ✶✿ ❡✈❛❧✉❛'✐♦♥ ♦❢ '❤❡ ❡❧❛&'✐❝ ❛♥❞ ❞❛♠♣✐♥❣ ♣7♦♣❡7'✐❡& ♦❢

'❤❡ ❜♦♦♠

■♥ ♦#❞❡# &♦ ♣❡#❢♦#♠ &❤❡ +✐♠✉❧❛&✐♦♥+ &❤❛& ❛#❡ ♣#❡+❡♥&❡❞ ✐♥ ❙❡❝&✐♦♥ ✸✳✻ &♦ ✈❛❧✐❞❛&❡

&❤❡ ♣♦++✐❜✐❧✐&② &♦ ❞❛♠♣ &❤❡ ♦+❝✐❧❧❛&✐♦♥+ &❤❛& ❝❛♥ ♦❝❝✉# ✇✐&❤ ❛ ❝♦♥&#♦❧ ❢♦#❝❡ ❞✐#❡❝&❧②

❛♣♣❧✐❡❞ ♦♥ &❤❡ ❜♦♦♠✱ ✐& ✐+ ♥❡❝❡++❛#② &♦ ❡✈❛❧✉❛&❡ &❤❡ ❡❧❛+&✐❝ ❛♥❞ ❞❛♠♣✐♥❣ ♣#♦♣❡#&✐❡+

♦❢ &❤❡ ❛❝&✉❛❧ ♣#♦&♦&②♣❡✱ &❤❛& ❛#❡ ❞✐✣❝✉❧& &♦ ✜♥❞ ♠❛&❤❡♠❛&✐❝❛❧❧②✳

❖♥❡ +✐❞❡ ♦❢ &❤❡ ❜♦♦♠ ✇❛+ #✐❣✐❞❧② ✜①❡❞ &♦ ❛ ❤❡❛✈② +&❡❡❧ ❜❧♦❝❦ ✉+✐♥❣ ❛ ✸❉ ♣#✐♥&❡❞

+&#✉❝&✉#❡ &❤❛& ❤❡❧❞ ✐& ✜#♠❧②✳ ❚❤❡ ❜♦♦♠ ✇❛+ ♣❧❛❝❡❞ ✐♥ ✈❡#&✐❝❛❧ ♣♦+✐&✐♦♥ &♦ ♠✐♥✐♠✐③❡

&❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❣#❛✈✐&② ♦♥ &❤❡ ♠❡❛+✉#❡♠❡♥&+✱ &❤❛&✱ ❛+ ✐& ❝♦✉❧❞ ❜❡ +❡❡♥ ✐♥ &❤❡ ♣#❡✈✐♦✉+

+❡❝&✐♦♥✱ ✐♥✢✉❡♥❝❡+ +❡♥+✐❜❧② &❤❡ ❜❡♥❞✐♥❣ ♦❢ &❤❡ ♣#♦&♦&②♣❡✳

❚❤❡ ❢#❡❡ ❧❡♥❣&❤ ♦❢ &❤❡ ❜♦♦♠ ✇❛+ ✶✵✵ ❝♠✳ ❚❤❡ +❡&✉♣ ❝❛♥ ❜❡ +❡❡♥ ✐♥ &❤❡ ✸❉ ♠♦❞❡❧

✐♥ ❋✐❣✉#❡ ✸✳✶✶❛✳ ❆ +♠❛❧❧ ✇❤✐&❡ ❞♦& ✇❛+ ❞#❛✇♥ ♥❡❛# &❤❡ &✐♣ ♦❢ &❤❡ ❜♦♦♠✳

❚♦ ❛✈♦✐❞ ❛♥② ❞✐+&✉#❜❛♥❝❡ &♦ &❤❡ ♠❡❛+✉#❡♠❡♥&+ ✭❛♥❞ ♥♦& ❤❛✈✐♥❣ ♦&❤❡# ♠♦#❡ +♦✲

♣❤✐+&✐❝❛&❡❞ ✐♥+&#✉♠❡♥&+ ❛✈❛✐❧❛❜❧❡✮✱ ❛ ✈✐+✐♦♥ +②+&❡♠ ✇❛+ ✉+❡❞✳ ❆ ✈✐❞❡♦ ❝❛♠❡#❛ ✇❛+

♣❧❛❝❡❞ ✐♥ ❢#♦♥& ♦❢ &❤❡ &✐♣ ♦❢ &❤❡ ❜♦♦♠✱ ❛♥❞ ✐&+ ✜#+& ❢✉♥❞❛♠❡♥&❛❧ ♠♦❞❡ ✇❛+ ❡①❝✐&❡❞✳

❚❤❡ ✈✐❞❡♦ ✇❛+ #❡❝♦#❞❡❞ ❛& ✻✵ ❢(❛♠❡4 ♣❡( 4❡❝♦♥❞ ❛♥❞ ✇❛+ &❤❡♥ +&✉❞✐❡❞ &♦ ❡①✲

&#❛♣♦❧❛&❡ &❤❡ ♣♦+✐&✐♦♥ ♦❢ &❤❡ ✇❤✐&❡ ❞♦&✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❢#❛♠❡ ❡①&#❛❝&❡❞ ❢#♦♠ &❤❡

#❡❝♦#❞❡❞ ✈✐❞❡♦ ✐+ +❤♦✇♥ ✐♥ ❋✐❣✉#❡ ✸✳✶✶❜✳ ✻✵ ❢#❛♠❡+ ♣❡# +❡❝♦♥❞+ ❛#❡ ❛❝❝❡♣&❛❜❧❡ ❜❡✲

❝❛✉+❡✱ ❛❝❝♦#❞✐♥❣ &♦ &❤❡ &❤❡♦#❡♠ ♦❢ ❙❤❛♥♥♦♥✲◆②L✉✐+&✱ &❤❡ +❛♠♣❧✐♥❣ ❢#❡L✉❡♥❝② ♥❡❡❞+

&♦ ❜❡✿

fs ≥ 2 · fmax ✭✸✳✷✼✮

✇❤❡#❡ fmax ✇❛+ ❛++✉♠❡❞ &♦ ❜❡ ❜❡&✇❡❡♥ ✹ ❍③ ❛♥❞ ✺ ❍③✱ ❛❝❝♦#❞✐♥❣ &♦ ♣#❡❧✐♠✐♥❛#②

+✐♠✉❧❛&✐♦♥+ ♣❡#❢♦#♠❡❞ ✇✐&❤ ❆❜❛L✉+

❘©
✱ ❛+ +❤♦✇♥ ✐♥ ❋✐❣✉#❡ ✸✳✶✵✳ ❚❤❡+❡ +✐♠✉❧❛&✐♦♥+

❛#❡ ♥♦& ❡①♣❡❝&❡❞ &♦ ❜❡ ✈❡#② ❛❝❝✉#❛&❡ ❜❡❝❛✉+❡ ✐& ✐+ ❞✐✣❝✉❧& &♦ ♠♦❞❡❧ &❤❡ ♣#♦♣❡#&✐❡+ ♦❢

&❤❡ ♣❧❛✐♥ ✇❡❛✈❡ ❝♦♠♣♦+✐&❡ ✐♥ ❛♥② ❋❊▼ +♦❢&✇❛#❡✱ ❡+♣❡❝✐❛❧❧② ✐❢ &❤❡ ♣#✐♥❝✐♣❛❧ ❞✐#❡❝&✐♦♥+

♦❢ &❤❡ ♠❛&❡#✐❛❧ ❛#❡ #♦&❛&❡❞ ❜② 45◦ ✇✐&❤ #❡+♣❡❝& &♦ &❤❡ +②♠♠❡&#② ❛①✐+✳ ❍♦✇❡✈❡#✱ &❤❡+❡

♣#❡❧✐♠✐♥❛#② ♥✉♠❡#✐❝❛❧ +✐♠✉❧❛&✐♦♥+ ❛#❡ ✉+❡❞ ❛+ #❡❢❡#❡♥❝❡ ❢♦# fmax✳

❚❤❡ #❡+✉❧&+ ♦❢ &❤❡ ♠❡❛+✉#❡♠❡♥&+ ❛#❡ +❤♦✇♥ ✐♥ ❋✐❣✉#❡ ✸✳✶✷✳ ❆ ❢♦#❝❡ ✇❛+ ❛♣♣❧✐❡❞

♣❡#♣❡♥❞✐❝✉❧❛#❧② &♦ &❤❡ ❧❡♥❣&❤ ♦❢ &❤❡ ❜♦♦♠ &♦ ❜❡♥❞ ✐& ✐♥ ♦#❞❡# &♦ ❡①❝✐&❡ ✐&+ ✜#+&

❜❡♥❞✐♥❣ ♠♦❞❡✳ ❚❤❡ ❞❛♠♣✐♥❣ #❛&✐♦ δ ✇❛+ ❡✈❛❧✉❛&❡❞ ✇✐&❤ &❤❡ ❧♦❣❛#✐&❤♠✐❝ ❞❡❝#❡♠❡♥&



©



δ =
1

n
ln

y(t)

y(t+ nT )

ζ

ζ =
1

√

1 +
(

2π
δ

)2
= 0.16.

ωd =
2π

T
= 4.85Hz

ωn

ωn =
ωd

√

1− ζ2
= 4.92Hz
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 ❛♥❡♦✉& ❞✐&♣❧❛❝❡♠❡♥ ✇❛& ❡& ✐♠❛ ❡❞  ♦ ❜❡ ±✷ ♣✐①❡❧&✳ ❈♦♥&✐❞❡3✐♥❣  ❤❛ ❡✈❡3② ♣✐①❡❧

✐♥  ❤❡ ❝❛♣ ✉3❡❞ ❢3❛♠❡& ❝♦33❡&♣♦♥❞❡❞  ♦ ✵✳✶✺ ♠♠✱ ❞✉3✐♥❣  ❤❡  ❡& ✱  ❤❡ ✜3& ✈❛❧✉❡

♦❢ ❋✐❣✉3❡ ✸✳✶✷ ❝♦33❡&♣♦♥❞&  ♦ ✷✺✵ · ✵✳✶✺ ♠♠ ❂ ✸✼✳✺ ♠♠✳ ❚❤❡3❡❢♦3❡✱  ❤❡ ❡33♦3 ✐&

♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛3❡❞  ♦  ❤❡  ♦ ❛❧ ❞✐&♣❧❛❝❡♠❡♥ ✱ ❡&♣❡❝✐❛❧❧② ✐♥ ❝♦33❡&♣♦♥❞❡♥❝❡  ♦  ❤❡

✜3& ♦&❝✐❧❧❛ ✐♦♥&✳

✸✳✹✳✷ ❚❡&' ✷✿ ❜♦♦♠ '♦,-✉❡& ♦♥ ❛ ✜①❡❞ &♣♦♦❧

❚❤❡ ♦❜❥❡❝ ✐✈❡ ♦❢  ❤✐& ❡①♣❡3✐♠❡♥ ❛❧  ❡& ✐&  ♦ ♠❡❛&✉3❡  ❤❡  ♦3D✉❡  ❤❛  ❤❡ ♠♦ ♦3

♥❡❡❞&  ♦ ❡①❡3 ❞✉3✐♥❣  ❤❡ ❞❡♣❧♦②♠❡♥ ♦❢  ❤❡ ❜♦♦♠✱ ❞✉3✐♥❣  ❤❡ ♣❛&&❛❣❡ ❢3♦♠ ♦♥❡ & ❛✲

❜❧❡ ❝♦♥✜❣✉3❛ ✐♦♥ ✭3♦❧❧❡❞✮  ♦  ❤❡ &❡❝♦♥❞ ♦♥❡ ✭❞❡♣❧♦②❡❞✮✳ ❚❤✐& ✐& ♥❡❡❞❡❞  ♦ ❞✐♠❡♥&✐♦♥

 ❤❡ ♠♦ ♦3✱  ❤❛ ❤❛&  ♦ ❜❡ ✈❡3② &♠❛❧❧ ✐♥ &✐③❡✱ ❜✉ ❝❛♣❛❜❧❡  ♦ &✉& ❛✐♥  ❤❡ 3❡D✉✐3❡❞

 ♦3D✉❡&✳

❈❛❧✐❜$❛,✐♦♥ ♦❢ ,❤❡ ✶✵✵❣ ❧♦❛❞ ❝❡❧❧

❆ ♠✐❝3♦ ❧♦❛❞ ❝❡❧❧ ✭J❤✐❞❣❡ ❈❩▲✻✸✾❍❉✱ ✇✐ ❤ ♠❛① ✇❡✐❣❤ ❝❛♣❛❝✐ ② ❂ ✶✵✵ ❣✮ ✇❛&

❝❛❧✐❜3❛ ❡❞ ✉&✐♥❣  ❤3❡❡ ♦❜❥❡❝ & ✇✐ ❤ ♣3❡❝✐&❡❧② ❦♥♦✇♥ ♠❛&&❡& ✭♠❡❛&✉3❡❞ ✇✐ ❤ ❛ &❝❛❧❡

✇✐ ❤ ✵✳✵✵✵✶ ❣ ♦❢ ♣3❡❝✐&✐♦♥✮✳ ❚❤❡ ❝❡❧❧ ✇❛& ❝♦♥♥❡❝ ❡❞  ♦  ❤❡ ❛❝D✉✐&✐ ✐♦♥ &②& ❡♠ ❆❞❧✐♥❦

❯❙❇✲✷✹✵✶  ❤❛ ❝♦❧❧❡❝ ❡❞ &❛♠♣❧❡& ❛ ✶✵✵✵ &❛♠♣❧❡&✴&✳ ❚❛❜❧❡ ✸✳✷ 3❡♣♦3 &  ❤❡ ♦❜❥❡❝ 

♥✉♠❜❡3& ✭★ ♦❜❥ ✶✱ ✷✱ ✸ ❛♥❞  ❤❡✐3 &✉♠ ✶✰✷ ❛♥❞ ✷✰✸❀ ★ ♦❜❥ ✵ ❝♦33❡&♣♦♥❞&  ♦  ❤❡

♠❡❛&✉3❡♠❡♥ ❛ 3❡& ✱ ✇✐ ❤♦✉ ♠❛&&✮ ✇✐ ❤  ❤❡ ❝♦33❡&♣♦♥❞✐♥❣ ♠❡❛&✉3❡❞ ♠❛&&❡& 3❡&♣❡❝✲

 ✐✈❡❧② ✐♥ ❝♦❧✉♠♥ ✶ ❛♥❞ ✷✳ ❚❤✐& ✐♥✐ ✐❛❧ ♣3♦❝❡❞✉3❡ ✇❛& ♥❡❡❞❡❞  ♦ ✜♥❞  ❤❡ ❝♦♥& ✐ ✉ ✐✈❡

❧❛✇ ♦❢  ❤❡ ❝❡❧❧ ✐♥  ❤❡ 3❛♥❣❡ ♦❢ ✈❛❧✉❡& ♦❢ ✐♥ ❡3❡& ✭❧♦✇ ❢♦3❝❡ ✈❛❧✉❡&✮✳ ❆ &❡ ♦❢ ✺✵①✸

♠❡❛&✉3❡♠❡♥ & ✇❛& ❝❛33✐❡❞ ♦✉ ❢♦3 ❡❛❝❤ 3♦✇ ♦❢ ❚❛❜❧❡ ✸✳✷✱ ✇❤❡3❡  ❤❡ ❛✈❡3❛❣❡ ✈❛❧✉❡&

❛♥❞  ❤❡ & ❛♥❞❛3❞ ❞❡✈✐❛ ✐♦♥& ❛3❡ 3❡♣♦3 ❡❞✳

★ ♦❜❥ ♠ ❬❣❪ ❋❬♠◆❪ ❆✈❡-❛❣❡ ✈❛❧✉❡1 ❬♠❱❪ ❙4❛♥❞❛-❞ ❞❡✈✐❛4✐♦♥1

✵ ✵ ✵ ✲✹✳✽✾✸✶ ✵✳✵✵✶✾

✶ ✷✳✸✵✸✶ ✷✷✳✺✾✸✹ ✲✹✳✽✻✹✽ ✵✳✵✵✶✼

✷ ✸✳✾✺✹✺ ✸✽✳✼✾✸✻ ✲✹✳✽✹✺✵ ✵✳✵✵✷✵

✶✰✷ ✻✳✷✺✼✻ ✻✶✳✸✽✼✶ ✲✹✳✽✶✼✵ ✵✳✵✵✶✻

✷✰✸ ✶✽✳✹✸✷✺ ✶✽✵✳✽✷✷✽ ✲✹✳✻✼✵✵ ✵✳✵✵✷✵

✸ ✶✹✳✹✼✽ ✶✹✷✳✵✷✾✷ ✲✹✳✼✶✼✺ ✵✳✵✵✷✵

❚❛❜❧❡ ✸✳✷✿ ❘❡&✉❧ & ♦❢  ❤❡ ❝❛❧✐❜3❛ ✐♦♥ ♦❢  ❤❡ ✶✵✵❣ ❧♦❛❞ ❝❡❧❧✳



V = 0.0012F − 4.8929



•

•

T = −0.1021 · length+ 13.786
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❛! ✈✐$❛❧✳ ■$ (❡!✉❧$❡❞ $❤❛$ $❤❡ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ $♦(1✉❡! ♥❡❡❞❡❞ $♦ ❦❡❡♣ $❤❡

❜♦♦♠ ✐♥ $❤❡ ❞❡!✐(❡❞ ❝♦♥✜❣✉(❛$✐♦♥ ✐! ❛♣♣(♦①✐♠❛$❡❧② ❜❡$✇❡❡♥ ✺ ❛♥❞ ✶✷ ♠◆♠✳ ▼✉❧$✐✲

♣❧②✐♥❣ $❤❡ ❤✐❣❤❡!$ ✈❛❧✉❡ ❜② ❛ !❛❢❡$② ❢❛❝$♦( ♦❢ ✶✳✺ ❛♥❞ ♠✉❧$✐♣❧②✐♥❣ ❜② ✷ $♦ ❝♦♥!✐❞❡(

$❤❡ ♣(❡!❡♥❝❡ ♦❢ $❤❡ !❡❝♦♥❞ ❜♦♦♠✱ ✐$ (❡!✉❧$! $❤❛$ $❤❡ ♠♦$♦( ♥❡❡❞! $♦ ❡①❡($ ❛ ♠✐♥✐♠✉♠

♥♦♠✐♥❛❧ $♦(1✉❡ ♦❢ ✶✽①✷❂✸✻ ♠◆♠✳

❚❤❡ ♠❡❛!✉(❡❞ ❢♦(❝❡ (❡!✉❧$! ❛❜♦✉$ ✶✵ $✐♠❡! !♠❛❧❧❡( $❤❛♥ $❤❡ $❤❡♦(❡$✐❝❛❧ ❢♦(❝❡

❝❛❧❝✉❧❛$❡❞ ✇✐$❤ ❊1✉❛$✐♦♥ ✸✳✷✹✱ ✇❤❡(❡ ❢(✐❝$✐♦♥✱ ❞❛♠♣✐♥❣✱ ♠✐❝(♦❝(❛❝❦! ❛♥❞ ✈✐!❝♦❡❧❛!$✐❝

(❡❧❛①❛$✐♦♥ ✇❡(❡ ♥❡❣❧❡❝$❡❞✳ ❙✐♠✐❧❛( ❞✐!❝(❡♣❛♥❝✐❡! ✇❡(❡ ♣(❡✈✐♦✉!❧② ♦❜!❡(✈❡❞ ✐♥ ❬✻✸❪ ❛♥❞

$❤❡ ♦❜$❛✐♥❡❞ (❡!✉❧$! ✇❡(❡ ❝♦♠♣❛$✐❜❧❡ ✇✐$❤ $❤❡ ✈❛❧✉❡! ♣(❡!❡♥$❡❞ ✐♥ ❬✻✸❪✳
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T = b1 × F1 + b2 × F2

1 2 1 2

b1 = b2 = 3.5cm
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*"❛♥" ✐❢ ❝✐$❝✉❧❛$✮✱ Ix✱ Iy ❛♥❞ Iz ❛$❡ *✉♠ ♦❢ "❤❡ ♣$✐♥❝✐♣❛❧ ♠♦♠❡♥"* ♦❢ ✐♥❡$"✐❛ ❝❛❧❝✉❧❛"❡❞

✇✐"❤ $❡*♣❡❝" "♦ "❤❡ ❝❡♥"❡$ ♦❢ ♠❛** ♦❢ "❤❡ *②*"❡♠✱ φ✱ θ ✭❛♥❞ ψ✮ ❛$❡ "❤❡ ❊✉❧❡$ ❛♥❣❧❡*

✐♥ "❤❡ ❜♦❞② $❡❢❡$❡♥❝❡ ❢$❛♠❡✳ ❚❤❡ ❣$❛✈✐"② ❣$❛❞✐❡♥" "♦$>✉❡ ❡①♣❡$✐❡♥❝❡❞ ❜② "❤❡ *②*"❡♠

❞✉$✐♥❣ ♦♥❡ ♦$❜✐" ✐* *❤♦✇♥ ✐♥ ❋✐❣✉$❡ ✸✳✷✶❛✳

❚❤❡♥✱ "❤❡ ❢♦$❝❡ ❞✉❡ "♦ "❤❡ *♦❧❛$ $❛❞✐❛"✐♦♥ ♣$❡**✉$❡ ❛♣♣❧✐❡❞ ♦♥ "❤❡ ❝❡♥"❡$ ♦❢ ♠❛**

♦❢ "❤❡ "✇♦ ♠❡♠❜$❛♥❡* ✇❛* ❝❛❧❝✉❧❛"❡❞ ✇✐"❤✿

~Fsrp = νCRA⊙Prad ✭✸✳✸✻✮

✇❤❡$❡ A⊙ ✐* "❤❡ ♣$♦❥❡❝"✐♦♥ ♦❢ "❤❡ *✉$❢❛❝❡ ♦❢ "❤❡ ♣❛♥❡❧ ♦♥ "❤❡ ♣❡$♣❡♥❞✐❝✉❧❛$ ♣❧❛♥❡

✇✐"❤ $❡*♣❡❝" "♦ "❤❡ ❙✉♥ ✈❡❝"♦$✱ ν ✐* "❤❡ *❤❛❞♦✇ ❢✉♥❝"✐♦♥✱ ✇❤✐❝❤ ✈❛$✐❡* ❜❡"✇❡❡♥ ✵

✭*❤❛❞♦✇✮ ❛♥❞ ✶ ✭❧✐❣❤"✮✱ CR ✐* ❛ $❡✢❡❝"✐♦♥ ❢❛❝"♦$ "❤❛" ✐* ❛**✉♠❡❞ ✶✳✷✶ ❢♦$ *♦❧❛$ ♣❛♥❡❧*✱

✇❤✐❧❡ Prad $❡♣$❡*❡♥"* "❤❡ ♣$❡**✉$❡ ❡①❡$"❡❞ ❜② "❤❡ *♦❧❛$ $❛❞✐❛"✐♦♥ ♦♥ ❛ *❛"❡❧❧✐"❡ ✐♥

❊❛$"❤ ♦$❜✐"✱ ✐"* ✈❛❧✉❡ ❜❡✐♥❣ ❛♣♣$♦①✐♠❛"❡❧② ✹✳✺✻❊✲✻ N/m2
✳ ❚❤❡ ❢♦$❝❡ ❞✉❡ "♦ "❤❡
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✐* *❤♦✇♥ ✐♥ ❋✐❣✉$❡ ✸✳✷✶❜✳
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~Fdrag = −1

2
cDAρatm |vs|2 v̂s ✭✸✳✸✼✮

✇❤❡(❡ ❆ ✐+ ,❤❡ ♣(♦❥❡❝,✐♦♥ ♦❢ ,❤❡ ♠❡♠❜(❛♥❡ ❛(❡❛ ♣❡(♣❡♥❞✐❝✉❧❛( ,♦ ,❤❡ ❞✐(❡❝,✐♦♥ ♦❢

,❤❡ ✈❡❧♦❝✐,② ✈❡❝,♦(✱ ❝D ✐+ ,❤❡ ❞(❛❣ ❝♦❡✣❝✐❡♥, ❛++✉♠❡❞ ,♦ ❜❡ ✶ ❛+ ,❤❡ ♣(♦❥❡❝,✐♦♥ ♦❢ ,❤❡

+✉(❢❛❝❡ ✐♥ ,❤✐+ ❝❛+❡ ✐+ ❛ (❡❝,❛♥❣❧❡✱ ρatm ❝♦((❡+♣♦♥❞+ ,♦ ,❤❡ ❛,♠♦+♣❤❡(✐❝ ❞❡♥+✐,② ❛, ,❤❛,

❛❧,✐,✉❞❡✱ ✈❡❝,♦( ~vs ✐+ ,❤❡ +✉♠ ♦❢ ,❤❡ +❛,❡❧❧✐,❡ ✈❡❧♦❝✐,② ❛♥❞ ,❤❡ ❛,♠♦+♣❤❡(✐❝ ✈❡❧♦❝✐,②

❞✉❡ ,♦ ,❤❡ ✇✐♥❞+✱ ,❤❛, ✇❛+ ♥❡❣❧❡❝,❡❞ ❢♦( +✐♠♣❧✐❝✐,②✱ ❛♥❞ v̂s ✐+ ,❤❡ ❝♦((❡+♣♦♥❞✐♥❣ ✉♥✐,

✈❡❝,♦(✳ ❚❤❡ ❢♦(❝❡ ❞✉❡ ,♦ ,❤❡ ❞(❛❣ ❛♣♣❧✐❡❞ ♦♥ ,❤❡ ❝❡♥,❡( ♦❢ ♠❛++ ♦❢ ♦♥❡ ♦❢ ,❤❡ ,✇♦

♠❡♠❜(❛♥❡+ ✐+ +❤♦✇♥ ✐♥ ❋✐❣✉(❡ ✸✳✷✶❝✳

❚❤❡ ♦1❜✐&❛❧ ❛&&✐&✉❞❡✳ ❚❤❡ +❛,❡❧❧✐,❡ ♦(❜✐,+ ,❤❡ ❊❛(,❤ ✇✐,❤ ✐♥❡(,✐❛❧ ❛,,✐,✉❞❡✱ ✇✐,❤

,❤❡ +♦❧❛( ♣❛♥❡❧+ ❛❧✇❛②+ ♣❡(♣❡♥❞✐❝✉❧❛( ,♦ ,❤❡ ❞✐(❡❝,✐♦♥ ♦❢ ,❤❡ ❙✉♥✳ ❚❤❡ +②+,❡♠ ✐+

+❤♦✇♥ ✐♥ ❋✐❣✉(❡ ✸✳✷✷✳ ■♥ ♥♦(♠❛❧ ❝♦♥❞✐,✐♦♥+✱ ,❤❡ ❞(❛❣ ❛♥❞ ,❤❡ ❢♦(❝❡ ❞✉❡ ,♦ ,❤❡

+♦❧❛( (❛❞✐❛,✐♦♥ ♣(❡++✉(❡ ❞♦ ♥♦, ✐♥✢✉❡♥❝❡ ,❤❡ ♠♦,✐♦♥ ♦❢ ,❤❡ +❛,❡❧❧✐,❡ ❜❡❝❛✉+❡ ,❤❡✐(

❝♦♠♣♦♥❡♥,+ ❛❝,✐♥❣ ♦♥ ,❤❡ ,✇♦ ♠❡♠❜(❛♥❡+ ❤❛✈❡ ,❤❡ +❛♠❡ ✈❛❧✉❡ ❜✉, ♦♣♣♦+✐,❡ +✐❣♥✱

,❤✉+ ,❤❡ +✉♠ ♦❢ ,❤❡✐( ❝♦♥,(✐❜✉,✐♦♥+ ✐+ ❡F✉❛❧ ,♦ ③❡(♦✳

❈♦♥&1♦❧ %②%&❡♠✳ ❆ ❜❛+✐❝ ❝♦♥,(♦❧ +②+,❡♠ ✇❛+ ❛♣♣❧✐❡❞ ,♦ ,❤❡ ❝❡♥,❡( ♦❢ ♠❛++ ♦❢

,❤❡ ❝❡♥,(❛❧ ❜♦❞②✱ ,♦ (❡♣(❡+❡♥, ,❤(❡❡ ✐❞❡❛❧ (❡❛❝,✐♦♥ ✇❤❡❡❧+ ❛❝,✐♦♥+ ❛(♦✉♥❞ ,❤❡ ,❤(❡❡

♣❡(♣❡♥❞✐❝✉❧❛( +②♠♠❡,(② ❛①❡+✳ ❆ I■❉ ❝♦♥,(♦❧ +②+,❡♠ ✇❛+ ✐♠♣❧❡♠❡♥,❡❞ ,♦ ❝♦✉♥,❡(❛❝,

,❤❡ ❞✐+,✉(❜❛♥❝❡ ,♦(F✉❡+ ❛♥❞ (❡❞✉❝❡ ,❤❡ ♣♦✐♥,✐♥❣ ❡((♦(+ ❞✉❡ ,♦ ,❤❡ ❞❡♣❧♦②♠❡♥, ♦❢ ,❤❡

+♦❧❛( ♣❛♥❡❧+✳ ❚❤❡ ❝♦♥,(♦❧ +②+,❡♠ +❝❤❡♠❡ ✐+ +❤♦✇♥ ✐♥ ❋✐❣✉(❡ ✸✳✷✸✳

❖♣,✐♠❛❧ ❝♦❡✣❝✐❡♥,+ ❑p✱ ❑d ❛♥❞ ❑i ❤❛✈❡ ❜❡❡♥ ,✉♥❡❞ ❜❛+❡❞ ♦♥ ❛✉,♦♠❛,✐❝ ❝❛❧❝✉❧❛✲

,✐♦♥+ ♠❛❞❡ ❜② ❙✐♠✉❧✐♥❦

❘©
✱ ,❛❦✐♥❣ ✐♥,♦ ❛❝❝♦✉♥, ,❤❡ ❡♥,✐(❡ +②+,❡♠ ♣❧❛♥,✳ ❆♥ ❡①❛♠♣❧❡

♦❢ ,✉♥✐♥❣ ✐+ +❤♦✇♥ ✐♥ ❋✐❣✉(❡ ✸✳✷✹✳

❚❤❡ (❡❢❡(❡♥❝❡ +✐❣♥❛❧+✱ ✐✳❡✳ ,❤❡ ,❤(❡❡ ❛♥❣❧❡+ φ = θ = ψ ✇❡(❡ +❡, ,♦ ③❡(♦ ❛❧♦♥❣ ❛❧❧

,❤❡ ,❤(❡❡ ❛①❡+✳ ❚❤❡ ❞✐+,✉(❜❛♥❝❡ ,♦(F✉❡+ ❞❡♣❡♥❞ ♦♥ ,❤❡ ✐♥+,❛♥,❛♥❡♦✉+ ❛,,✐,✉❞❡ ♦❢

,❤❡ +❛,❡❧❧✐,❡✳

❚❤❡ ,♦(F✉❡ ,❤❛, ,❤❡ (❡❛❝,✐♦♥ ✇❤❡❡❧+ ❝❛♥ ❡①❡(, ✇❛+ ❧✐♠✐,❡❞ ,♦ ✵✳✶ ♠◆♠✱ ,❤❛, ✐+

❛ ,②♣✐❝❛❧ ✈❛❧✉❡ ❢♦( ❈✉❜❡❙❛,✲+✐③❡❞ (❡❛❝,✐♦♥ ✇❤❡❡❧+✳
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✭❛✮ ●$❛✈✐'② ❣$❛❞✐❡♥' '♦$.✉❡0 ❞✉$✐♥❣ ♦♥❡ ♦$❜✐'✳ ❚❤❡ ♣$♦✜❧❡
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αnc =
2θ

t2
.

T1

t = tdepl T1

T4 = 4 · T1
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♦❢ %❤❡ ❤❛❧❢✲❝②❧✐♥❞(✐❝❛❧ !❤❡❧❧✳ ■♥ %❤❡ !✐♠✉❧❛%✐♦♥!✱ %❤❡ ❜♦♦♠ ❤❛! ❛ %♦%❛❧ ❧❡♥❣%❤ ♦❢ ✶ ♠

❛♥❞ ✐! ❞✐✈✐❞❡❞ ✐♥ ✶✶ ❡❧❡♠❡♥%! ❛! !❤♦✇♥ ✐♥ ❋✐❣✉(❡ ✸✳✹✶✿

• %❤❡ ✷ ❡❧❡♠❡♥%! ♥❡❛( %❤❡ ✜①❡❞ !✐❞❡✱ ✇✐%❤ ❧❡♥❣%❤ ♦❢ ✺ ❝♠❀

• ✾ ❡❧❡♠❡♥%! ✇✐%❤ ❧❡♥❣%❤ ✶✵ ❝♠✳

❚❤❡ ✜(!% ♠❛!! ✐! ✜①❡❞ %♦ %❤❡ ✧❣(♦✉♥❞✧✱ ✇❤✐❧❡ ❛❧❧ %❤❡ ♦%❤❡( ♠❛!!❡! ❛(❡ ❝♦♥♥❡❝%❡❞

%♦ %❤❡ ❛❞❥❛❝❡♥% ✇✐%❤ ❛ (♦%❛%✐♦♥❛❧ ❥♦✐♥%✱ %❤❛% ✐! ❞❡✜♥❡❞ ✐♥ %❡(♠! ♦❢ ✐%! ❜❡♥❞✐♥❣ !%✐✛♥❡!!

❛♥❞ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥%!✳ ❚❤✐! ♠♦❞❡❧ ✐! ❡R✉✐✈❛❧❡♥% %♦ ❛ ❝❛♥%✐❧❡✈❡( ❜❡❛♠✱ ✇✐%❤ !❡♠✐✲

❝✐(❝✉❧❛( !❡❝%✐♦♥✳ ❚❤❡ ❜❡♥❞✐♥❣ !%✐✛♥❡!! ❝❛♥ ❜❡ ❝❛❧❝✉❧❛%❡❞ ✇✐%❤✿

k =
EI

L
✭✸✳✹✶✮

✇❤❡(❡ ❊ ✐! %❤❡ ❨♦✉♥❣✬! ▼♦❞✉❧✉! ♦❢ %❤❡ ♠❛%❡(✐❛❧✱ ■ ✐! %❤❡ !❡❝♦♥❞ ♠♦♠❡♥% ♦❢ ❛(❡❛

✭✐♥ m4
✮ ❛♥❞ ▲ ✐! %❤❡ ❧❡♥❣%❤ ♦❢ %❤❡ ❡❧❡♠❡♥%✳ ❇❡✐♥❣ %❤❡ !❡❝%✐♦♥ ♦❢ %❤❡ ❡❧❡♠❡♥%! %❤❡

!❛♠❡ ❛❧♦♥❣ %❤❡ ❧❡♥❣%❤ ▲✱ ■ (❡♠❛✐♥! %❤❡ !❛♠❡ ❢♦( ❜❡❛♠! ✇✐%❤ ❞✐✛❡(❡♥% ❧❡♥❣%❤✱ ❊ ✐! ❛
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xeA =
−mBL

e
AB

mA −mB

xeB = Le
AB + xeA

yeA = yeB = 0
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FCA =
mAg
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FDB =
mBg

cos(βB)
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βA = arctan
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h
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βB = arctan
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LAB/2− xA
h

)
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l = tan

(

βB
LAB/2

)

= 0.045m ✭✹✳✻✮

■♥ ♣(✐♥❝✐♣❧❡✱ .❤✐0 ❧❡♥❣.❤ ❞✐✛❡(❡♥❝❡ ❝♦✉❧❞ ❜❡ ❝♦♠♣❡♥0❛.❡❞ ✇✐.❤ ✈❡(② 0♦❢. ❡①.❡♥0✐♦♥

0♣(✐♥❣0✳ ❋♦( .❤✐0 ♣❛(.✐❝✉❧❛( ❝❛0❡✱ .❤❡ ♥❡❝❡00❛(② 0♣(✐♥❣ 0.✐✛♥❡00 ✇❛0 ❝❛❧❝✉❧❛.❡❞ .♦ ❜❡

❦ ❂ ✵✳✶✷ ◆✴♠✳ ❍♦✇❡✈❡(✱ ❝♦♥0✐❞❡(✐♥❣ .❤❛. ❧ ❝♦((❡0♣♦♥❞0 ♦♥❧② .♦ .❤❡ ✹✳✼✽✪ ♦❢ .❤❡

.♦.❛❧ ❧❡♥❣.❤ ♦❢ .❤❡ ❜♦♦♠ ❛♥❞ ❢♦( 0✐♠♣❧✐❝✐.②✱ .❤❡ 0♣(✐♥❣0 ✇❡(❡ ♥♦. ✉0❡❞✳

❉✉(✐♥❣ ❛♥ ✉♥❝♦♥.(♦❧❧❡❞ ❞❡♣❧♦②♠❡♥.✱ .❤❡ .✐♣ ❡♥❞ ❡①.❡♥❞0 .❤❛♥❦0 .♦ .❤❡ 0.♦(❡❞

0.(❛✐♥ ❡♥❡(❣② ✐♥ .❤❡ .(❛♥0✐.✐♦♥ ③♦♥❡ ♦❢ .❤❡ .❛♣❡ 0♣(✐♥❣0✳ ❙♦♠❡ ❢❛❝.♦(0 0✉❝❤ ❛0 ❢(✐❝✲

.✐♦♥✱ .❤❡ ●❖▲❙✱ ❛♥❞ ♥♦♥ ✉♥✐❢♦(♠ ✈✐0❝♦❡❧❛0.✐❝ (❡❧❛①❛.✐♦♥ ❞✉❡ .♦ ❧♦♥❣ .❡(♠ 0.♦✇❛❣❡

✐♥✢✉❡♥❝❡❞ .❤❡ ❞❡♣❧♦②♠❡♥. (❡❞✉❝✐♥❣ .❤❡ ❛❝❝❡❧❡(❛.✐♦♥ ✐♠♣❛(.❡❞ ❜② .❤❡ 0.♦(❡❞ 0.(❛✐♥

❡♥❡(❣②✳

❚❤❡ ❡S✉❛.✐♦♥ .❤❛. ❛❧❧♦✇0 .❤❡ ❝❛❧❝✉❧❛.✐♦♥ ♦❢ .❤❡ ❞❡♣❧♦②♠❡♥. ❢♦(❝❡ ✐♥ ①✲❞✐(❡❝.✐♦♥

❞✉(✐♥❣ ❛♥ ✉♥❝♦♥.(♦❧❧❡❞ ❞❡♣❧♦②♠❡♥. (❡0✉❧.0✿

F x
B = F x

AB − F x
DB ✭✹✳✼✮

✇❤❡(❡ F x
AB ✐0 .❤❡ ❝♦♠♣♦♥❡♥. (❡❧❛.✐✈❡ .♦ .❤❡ .❛♣❡ 0♣(✐♥❣ ❢♦(❝❡✱ ❛♥❞ F x

DB ✐0 (❡❧❛.✐✈❡

.♦ .❤❡ .❡♥0✐♦♥ ♦❢ .❤❡ ❝♦(❞✳ ■♥ ♣❛(.✐❝✉❧❛(✱

F x
B = mBẍB

F x
AB = FAB cos(θB)

F x
DB = FDB sin(βB)

✭✹✳✽✮

✇❤❡(❡

θB = arctan

(

yB − yA
xB − xA

)

✭✹✳✾✮

❚❤❡ ✐♥0.❛♥.❛♥❡♦✉0 ❧❡♥❣.❤ ♦❢ .❤❡ ❜♦♦♠0 ❝❛♥ ❜❡ ❝❛❧❝✉❧❛.❡❞ ❛0✿

LAB =
xB − xA
cos(θB)

✭✹✳✶✵✮

❙✐♥❝❡ mA ≫ mB ✐. ✐0 ❛00✉♠❡❞ .❤❛. xA ❛♥❞ βA ❛(❡ 0♠❛❧❧✱ ❛0 ✇❡❧❧ ❛0 θB✱ ❝♦♥0✐❞✲

❡(✐♥❣ h≫ LAB/2✳
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❋♦❧❧♦✇✐♥❣ /❡2/2 2❤♦✇❡❞ /❤❡ /②♣✐❝❛❧ ❜❡❤❛✈✐♦$ ♦❢ ❜✐2/❛❜❧❡ 2/$✉❝/✉$❡2✿ /❤❡ 2❤♦❝❦ ❧♦❛❞

❛/ /❤❡ ❡♥❞ ♦❢ /❤❡ ❞❡♣❧♦②♠❡♥/✳ ❆2 ♣$❡✈✐♦✉2❧② ♠❡♥/✐♦♥❡❞✱ ✐♥ /❤❡ /❡2/2 /❤❛/ ✇❡$❡ ❝❛$$✐❡❞

♦✉/ ❢♦$ /❤✐2 /❤❡2✐2✱ /❤❡ 2❤♦❝❦ ❧♦❛❞2 ✇❡$❡ ♥♦/✐❝❡❞ /♦ ♦❝❝✉$ ♦♥❧② ✇❤❡♥ /❤❡ ❞❡♣❧♦②❛❜❧❡

2/$✉❝/✉$❡ ✇❛2 $❡❧❡❛2❡❞ 2❤♦$/❧② ❛❢/❡$ $♦❧❧✐♥❣ ✐/ ✉♣✳ ■♥ /❤❡ ♦/❤❡$ ❝❛2❡2✱ /❤❡ 2❤♦❝❦ ❞✐❞

♥♦/ ♦❝❝✉$ ❛2 2❤♦✇♥ ✐♥ ❚❡2/ ✶ ❜❡❝❛✉2❡ ♦❢ ✐♥/❡$♥❛❧ ✈✐2❝♦❡❧❛2/✐❝ $❡❧❛①❛/✐♦♥ ❛♥❞ ❢$✐❝/✐♦♥❛❧
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❛♥❞ ❡①%❡&♥❛❧ (%&✉❝%✉&❡✳ ❋&♦♠ %❤❡ %♦♣✱ ✭❛✮ (❤♦✇( %❤❡ ♠♦♠❡♥% ❥✉(% ❜❡❢♦&❡ %❤❡ ❡♥❞

♦❢ %❤❡ ❢✉❧❧ ❞❡♣❧♦②♠❡♥%✱ ❛♥❞ %❤❡ ❢❛❝% %❤❛% %❤❡ ❞❡♣❧♦②❡❞ ♣♦&%✐♦♥ ♦❢ %❤❡ ❜♦♦♠ ❤❛( ❢✉❧❧

❜❡♥❞✐♥❣ (%✐✛♥❡(( ✭%❤✐( ❛♣♣❧✐❡( ✐♥ ❛❧❧ ❝❛(❡(✮✱ ✇❤✐❧❡ %❤❡ %&❛♥(✐%✐♦♥ ③♦♥❡ ♣♦✐♥%❡❞ ✐♥ ✭❜✮✱

♦♥ %❤❡ ♦%❤❡& ❤❛♥❞✱ ✐( ❧❡(( (%✐✛✱ ❛♥❞ ❜❡♥❞( ♠♦&❡ ❡❛(✐❧②✳ ❲❤❡♥ %❤❡ ❜♦♦♠ &❡❛❝❤❡(

❢✉❧❧ ❞❡♣❧♦②♠❡♥%✱ %❤❡ (❤♦❝❦ ❧♦❛❞ ♠❛❦❡( %❤❡ ❜♦♦♠ &❡✈❡&% ✐%( ❛①✐❛❧ ♠♦✈❡♠❡♥% ✭❝✮ ❛♥❞

(❧✐❣❤%❧② &❡%&❛❝% ❛( (❤♦✇♥ ✐♥ ✭❞✮✱ ♠❛❦✐♥❣ %❤❡ (♣♦♦❧ ❝♦✉♥%❡&✲&♦%❛%❡ ❛♥❞ ♦(❝✐❧❧❛%❡ ❛&♦✉♥❞

❛♥ ❡A✉✐❧✐❜&✐✉♠ ❛♥❣❧❡ ✉♥%✐❧ %❤❡ ♦(❝✐❧❧❛%✐♦♥( ❛&❡ ❞❛♠♣❡❞✳

❋✐❣✉&❡( ✹✳✶✻ ❛♥❞ ✹✳✶✼ (❤♦✇ &❡(♣❡❝%✐✈❡❧② %❤❡ ❝♦♠♣♦♥❡♥%( ♦❢ %❤❡ ❛❝❝❡❧❡&❛%✐♦♥ ❛(

%❤❡② ✇❡&❡ &❡❛❞ ❜② %❤❡ %✇♦ ❛❝❝❡❧❡&♦♠❡%❡&( ❛♥❞ %❤❡ ❝♦♠❜✐♥❛%✐♦♥ ♦❢ %❤❡ %❤&❡❡ ❝♦♠✲

♣♦♥❡♥%( ♦❢ %❤❡ ❛❝❝❡❧❡&❛%✐♦♥ &❡❝♦&❞❡❞ ❜② %❤❡ %✇♦ (❡♥(♦&( ✭▼G❯✲✻✵✺✵✮ ✐♥ %❤❡ (❛♠❡

♣❧♦%✳ ■% ✐( ❝❧❡❛& ❢&♦♠ %❤❡ ❝✉&✈❡( %❤❛% %❤❡ (❤♦❝❦ ❧♦❛❞ ♦❝❝✉&( %❂✵✳✽ ( ❛❢%❡& ❝✉%%✐♥❣ %❤❡

&❡%❛✐♥✐♥❣ ❝❛❜❧❡✱ ❛♥❞ %❤❛% ♦(❝✐❧❧❛%✐♦♥( ❛&❡ ✐♥❞✉❝❡❞ ❛❢%❡& %❤❡ ❞❡♣❧♦②♠❡♥% %♦ %❤❡ &❡(% ♦❢

%❤❡ (%&✉❝%✉&❡✳ ❚❤❡ ♦(❝✐❧❧❛%✐♦♥( &❡❝♦&❞❡❞ ✐♥ ❜❧✉❡ ❛&❡ ❝♦♠♣❧❡%❡❧② ❞❛♠♣❡❞ ✐♥ ❛❜♦✉% ✶

(❡❝♦♥❞✳ ❚❤❡ &❡❞ ❝✉&✈❡ (❤♦✇( %❤❛% %❤❡ (❤♦❝❦ ❧♦❛❞ ✐( ♥♦% %&❛♥(♠✐%%❡❞ %♦ %❤❡ ❡①%❡&♥❛❧

(%&✉❝%✉&❡✱ ❤♦✇❡✈❡& %❤❡ ❧♦✇ ❢&❡A✉❡♥❝② ✈✐❜&❛%✐♦♥( ❞✉❡ %♦ %❤❡ ❝♦✉♥%❡&✲&♦%❛%✐♦♥ ♦❢ %❤❡

(♣♦♦❧ ♠❛❦❡ %❤❡ ✇❤♦❧❡ (%&✉❝%✉&❡ ♦(❝✐❧❧❛%❡✳

❋✐❣✉&❡ ✹✳✶✽ (❤♦✇( %❤❡ ❋❋❚ ♦❢ %❤❡ ❝♦♠❜✐♥❛%✐♦♥ ♦❢ %❤❡ %❤&❡❡ ❝♦♠♣♦♥❡♥%( ♦❢ %❤❡

❛❝❝❡❧❡&❛%✐♦♥(✳ ❚❤❡ ❤✐❣❤❡(% ♣❡❛❦ ✐♥ ❜❧✉❡ ❛% ❢ ❂ ✻✳✻✹ ❍③ ✐( ❝♦♠♣❛%✐❜❧❡ ✇✐%❤ %❤❡

♦(❝✐❧❧❛%✐♦♥( ♦❢ %❤❡ (②(%❡♠ ❛% %❤❡ ❡♥❞ ♦❢ %❤❡ ❞❡♣❧♦②♠❡♥% %❤❛% ❛&❡ (❤♦✇♥ ✐♥ ❋✐❣✉&❡

✹✳✶✼✳ ❍♦✇❡✈❡&✱ %❤❡ (✐❣♥❛❧ ✐( ✈❡&② ♥♦✐(②✱ ♠❛❦✐♥❣ ✐% ❞✐✣❝✉❧% %♦ ✐♥❞✐✈✐❞✉❛%❡ (♣❡❝✐✜❝

✈✐❜&❛%✐♦♥ ♠♦❞❡( ❛( ❡①♣❡❝%❡❞ ✭❡①❝❡♣% ❢♦& %❤❡ ♦♥❡ ♦❢ %❤❡ ♦(❝✐❧❧❛%✐♦♥ ❛❢%❡& %❤❡ (❤♦❝❦

❧♦❛❞✮✱ (✐♠✐❧❛&❧② %♦ %❤❡ ♣&❡✈✐♦✉( ❝❛(❡ ❡①❛♠✐♥❡❞ ✐♥ ❚❡(% ✶✳

✹✳✷✳✷ ❚❡%&% ✇✐&❤ ❞❡♣❧♦②♠❡♥& 1❛&❡ ❝♦♥&1♦❧

❉❡♣❧♦②♠❡♥%( ❛♥❞ &❡%&❛❝%✐♦♥( ✇✐%❤ ❛ ♠♦%♦& %♦ ❞&✐✈❡ %❤❡ (♣♦♦❧ ❛♥❞ ❡①%❡♥❞✴&❡%&❛❝%

%❤❡ ❜♦♦♠( ✇❡&❡ ♣❡&❢♦&♠❡❞ %♦ ❝♦♠♣❛&❡ %❤❡✐& ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦& ✇✐%❤ %❤❡ &❡(✉❧%(

♦❢ %❤❡ ✉♥❝♦♥%&♦❧❧❡❞ %❡(%(✳ ❆( ✐% ✇❛( ♠❡♥%✐♦♥❡❞ ✐♥ ✹✳✶✳✷✱ %❤❡ ♠♦%♦& ✇❛( ❞&✐✈❡♥ ❛%

%❤❡ ♠❛①✐♠✉♠ ♣♦((✐❜❧❡ &♦%❛%✐♦♥❛❧ (♣❡❡❞✱ %❤❛% ✇❛( ❜❛(❡❞ ❜♦%❤ ♦♥ %❤❡ ❧♦❛❞ ❛♥❞ ♦♥

%❤❡ ♣♦✇❡& ✐♥ ✐♥♣✉%✳ ❋&♦♠ ❡①♣❡&✐♠❡♥%❛❧ ❝❛❧❝✉❧❛%✐♦♥(✱ %❤❡ (♣❡❡❞ ✇❛( ✾✺✳✷ (%❡♣(✴(✱ ❢♦&

❛ %♦%❛❧ ❞❡♣❧♦②♠❡♥% ❛♥❞ &❡%&❛❝%✐♦♥ %✐♠❡ ♦❢ ✹✷✵ (❡❝♦♥❞(✱ %❤❛% ❝♦&&❡(♣♦♥❞( %♦ ✹✵✵✵✵

(%❡♣( ♦❢ %❤❡ ♠♦%♦&✳ ❱❡&② (✐♠✐❧❛& &❡(✉❧%( ✇❡&❡ ♦❜%❛✐♥❡❞ ✐♥ %❤❡ ❞❡♣❧♦②♠❡♥% ❛♥❞ ✐♥ %❤❡



✶✵✵ ✹✳ ❊①♣❡(✐♠❡♥,❛❧ ,❡/,/

❋✐❣✉$❡ ✹✳✶✻✿ ❘❡,✉❧., ♦❢ .❤❡ ♠❡❛,✉$❡♠❡♥.,✿ ♠♦❞✉❧✉, ♦❢ .❤❡ ❛❝❝❡❧❡$❛.✐♦♥, ❢♦$ .❤❡ .✇♦

,❡♥,♦$, ❛❧♦♥❣ .❤❡ ①✲②✲③ ❛①❡,✳

❋✐❣✉$❡ ✹✳✶✼✿ ❘❡,✉❧., ♦❢ .❤❡ ♠❡❛,✉$❡♠❡♥.,✿ ♠♦❞✉❧✉, ♦❢ .❤❡ ❛❝❝❡❧❡$❛.✐♦♥, ❢♦$ .❤❡ .✇♦

,❡♥,♦$, ❝♦♠❜✐♥❡❞ ❛♥❞ $❡❢❡$❡♥❝❡❞ .♦ ③❡$♦✳
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❋✐❣✉$❡ ✹✳✷✵✿ ❘❡,✉❧., ♦❢ .❤❡ ♠❡❛,✉$❡♠❡♥.,✱ ❛❝❝❡❧❡$❛.✐♦♥, ✐♥ .❤❡ .❤$❡❡ ❛①❡, ❢♦$ .❤❡

.✇♦ ,❡♥,♦$, ❞✉$✐♥❣ ❝♦♥.$♦❧❧❡❞ ❞❡♣❧♦②♠❡♥.✳

❝✐❛❧❧② .❤❡ ❣❡❛$✇❤❡❡❧,✮✳ ❆♥❛❧②③✐♥❣ .❤❡ $❡,✉❧.✐♥❣ ❝❤❛$. ✐♥ ❋✐❣✉$❡, ✹✳✷✵ ❛♥❞ ✹✳✷✶✱ ✐.

✐, ♣♦,,✐❜❧❡ .♦ ,❡❡ ❛ A✉✐.❡ ,♠♦♦.❤ ,✐❣♥❛❧✱ ✇✐.❤ ❛❝❝❡❧❡$❛.✐♦♥, .❤❛. ❛$❡ ♥♦. ❧❛$❣❡$ .❤❛♥

✶ m/s2 ❡①❝❡♣. ❢♦$ ♦♥❡ ♣❡❛❦ ❛. . ❂ ✸✹✸✳✺ , .❤❛. ✐, ❞✉❡ .♦ .❤❡ $❡❛,♦♥, ♣$❡✈✐♦✉,❧②

♠❡♥.✐♦♥❡❞✳

❆❧,♦ ✐♥ .❤✐, ❝❛,❡✱ .❤❡ ❋❋❚ ♦❢ .❤❡ ❛❝❝❡❧❡$❛.✐♦♥, ✇❛, ❝♦♠♣✉.❡❞ ✐♥ ♦$❞❡$ .♦ ,❡❡ ✇❤✐❝❤

❢$❡A✉❡♥❝✐❡, ♦❢ ✈✐❜$❛.✐♦♥, ✇❡$❡ ❡①❝✐.❡❞ ❞✉$✐♥❣ ❝♦♥.$♦❧❧❡❞ ❞❡♣❧♦②♠❡♥.✴$❡.$❛❝.✐♦♥✳ ❚❤❡

❋❋❚ ✐, ,❤♦✇♥ ✐♥ ❋✐❣✉$❡ ✹✳✷✷✳ ❖♥❡ ❞♦♠✐♥❛♥. ♣❡❛❦ ❝❛♥ ❜❡ ,❡❡♥ ✐♥ .❤❡ $❡,✉❧.,✳ ❈♦♠✲

♣❛$✐♥❣ ❋✐❣✉$❡ ✹✳✷✷ .♦ ❋✐❣✉$❡ ✹✳✺✱ ✐. ✐, ❝❧❡❛$ .❤❛. .❤❡ ♣❡❛❦ ❢$❡A✉❡♥❝② ✐, .❤❡ ♥❛.✉$❛❧

❢$❡A✉❡♥❝② ♦❢ .❤❡ ♠♦.♦$✳ ❚❤❡ ♣❛,,✐✈❡ ❞❛♠♣❡$ ✇♦$❦, ✇❡❧❧ ✐♥ $❡❞✉❝✐♥❣ .❤❡ .$❛♥,♠✐,,✐♦♥

♦❢ ✈✐❜$❛.✐♦♥, .♦ .❤❡ ❡①.❡$♥❛❧ ,.$✉❝.✉$❡✱ ❝✉..✐♥❣ ♦✛ ❛❧♠♦,. ❝♦♠♣❧❡.❡❧② .❤❡ ✈✐❜$❛.✐♦♥,

❞✉❡ .♦ .❤❡ ♠♦.♦$✳

✹✳✷✳✸ ❉✐&❝✉&&✐♦♥

❆❢.❡$ ,✐♥❣✉❧❛$❧② ❡①❛♠✐♥✐♥❣ .❤❡ $❡,✉❧., ♦❢ .✇♦ ✉♥❝♦♥.$♦❧❧❡❞ ❛♥❞ ♦♥❡ ❝♦♥.$♦❧❧❡❞
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✐♥❣ 2❤❡ 2❡020✱ 2❤❡ ❜❡❤❛✈✐♦- ✇❛0 ✈❡-② 0✐♠✐❧❛- ❛0 ❡①♣❡❝2❡❞✱ ❛♥❞ ❝❛♥ ❜❡ 0❡❡♥ ✐♥ ❋✐❣✉-❡

✹✳✸✷✱ ✇❤❡-❡ ✜✈❡ ♦✈❡-❧❛♣♣✐♥❣ ❝✉-✈❡0 ❢-♦♠ ❞✐✛❡-❡♥2 ♠❡❛0✉-❡♠❡♥20 ❛-❡ -❡♣♦-2❡❞✳ ❚❤❡

❡♥❡-❣② ❞✐00✐♣❛2✐♦♥ ❛00♦❝✐❛2❡❞ 2♦ 2❤❡0❡ ❝✉-✈❡0 ✐0 ❧✐♥❦❡❞ 2♦ 2❤❡ ❣-❛✈✐2② ❢♦-❝❡ 2❤❛2 2❡♥❞0

2♦ -❡2✉-♥ 2❤❡ 0②02❡♠ 2♦ ✐20 -❡02✐♥❣ ♣♦0✐2✐♦♥ ❛♥❞ 2♦ 2❤❡ ✐♥2❡-♥❛❧ ❞❛♠♣✐♥❣ 2❤❛2 ✐0 ❡①✲

♣❡-✐❡♥❝❡❞ ✐♥ 2❤❡ 2-❛♥0✐2✐♦♥ ♣♦-2✐♦♥ ♦❢ 2❤❡ ❜♦♦♠✳ ■♥ ♣-❛❝2✐❝❡✱ ✐2 ✐0 ♥♦2 ♣♦00✐❜❧❡ 2♦

❡02❛❜❧✐0❤ 2❤❡ ❛♠♦✉♥2 ♦❢ ❞❛♠♣✐♥❣ ❞✉❡ 2♦ ❡❛❝❤ ❝♦♠♣♦♥❡♥2✳

■♥ ❛❞❞✐2✐♦♥ 2♦ 2❤❡0❡ 2✇♦ ❝♦♠♣♦♥❡♥20✱ 2❤❡ ❡①♣❡-✐♠❡♥20 2❤❛2 ✐♥❝❧✉❞❡❞ ❛ ❝♦♥2-♦❧

0②02❡♠ ❛❞❞❡❞ 2❤❡ ❝♦♠♣♦♥❡♥2 ❞✉❡ 2♦ 2❤❡ ♠♦2♦-✳ ❋-♦♠ ❛ ♣-❛❝2✐❝❛❧ ♣♦✐♥2 ♦❢ ✈✐❡✇✱ ✐♥

♦-❞❡- 2♦ ❝♦♠♣❡♥0❛2❡ 2❤❡ ❡--♦-0✿

• ✇❤❡♥ θy ❃ θy0✱ 2❤❡ ♠♦2♦- -♦❧❧❡❞ ✉♣ 2❤❡ ❜♦♦♠✱

• ✇❤❡♥ θy ❁ θy0✱ 2❤❡ ♠♦2♦- ❞❡♣❧♦②❡❞ 2❤❡ ❜♦♦♠

✇✐2❤ ❛ ❝❡-2❛✐♥ ♥✉♠❜❡- ♦❢ 02❡♣0 2❤❛2 ✇❡-❡ ❝♦♠♠❛♥❞❡❞ ❜② 2❤❡ ❝♦♥2-♦❧❧❡-✳ ❆ 0♠❛❧❧

❡--♦- 2♦❧❡-❛♥❝❡ ♦❢ ±0.25◦ ✇❛0 ❣✐✈❡♥ 2♦ 2❤❡ ❝♦♥2-♦❧❧❡- ❛-♦✉♥❞ 2❤❡ ❡Q✉✐❧✐❜-✐✉♠ ♣♦0✐2✐♦♥✳

❚❤❡ Kp ❛♥❞ Ki ❝♦❡✣❝✐❡♥20 ❝❛❧❝✉❧❛2❡❞ ✇✐2❤ 2❤❡ ❩✐❡❣❧❡-✲◆✐❝❤♦❧0✬ ♠❡2❤♦❞ ✇❡-❡

✉0❡❞ ✐♥ ❛❧❧ 2❤❡ 2❡020✳ ❙❧✐❣❤2❧② ❞✐✛❡-❡♥2 ✈❛❧✉❡0 ✇❡-❡ ❣✐✈❡♥ 2♦ 2❤❡ Kd ❝♦❡✣❝✐❡♥2✱ ✐♥ 2❤❡
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❋✐❣✉$❡ ✹✳✸✷✿ ▼❡❛-✉$❡♠❡♥0- $❡-✉❧0- ✐♥ 0❤❡ ♥♦♥ ❝♦♥0$♦❧❧❡❞ ❝❛-❡✳

♣$♦①✐♠✐0② ♦❢ 0❤❡ ♦♥❡ ❢♦✉♥❞ ✇✐0❤ 0❤❡ ❩✐❡❣❧❡$✲◆✐❝❤♦❧-✬ ♠❡0❤♦❞✳ ❚❤❡ ♠♦-0 -✐❣♥✐✜❝❛♥0

$❡-✉❧0- ❛$❡ -❤♦✇♥ ✐♥ ❋✐❣✉$❡ ✹✳✸✸✱ ✇❤❡$❡ 0✇♦ ♦✈❡$❧❛♣♣✐♥❣ $❡-✉❧0❛♥0 ❝✉$✈❡- ❢♦$ 0✇♦

❞✐✛❡$❡♥0 ❝♦♥0$♦❧❧❡❞ ❝❛-❡- ✭❞❡♥♦0❡❞ $❡-♣❡❝0✐✈❡❧② ✇✐0❤ ❝✶✳✶✰❝✶✳✷ ❛♥❞ ❝✷✳✶✰❝✷✳✷✮ ❛$❡

❝♦♠♣❛$❡❞ 0♦ 0❤❡ ♥♦♥ ❝♦♥0$♦❧❧❡❞ ♦♥❡ ✭♥❝✶ ❛♥❞ ♥❝✷✮✳ ■♥ 0❤❡ ✜$-0 ❝❛-❡ ✭❝✉$✈❡- ❝✶✳✶

❛♥❞ ❝✶✳✷✮✱ 0❤❡ ♠♦0♦$ -0❛$0- 0♦ ❝♦♥0$♦❧ 0❤❡ ♦-❝✐❧❧❛0✐♦♥ ❛❢0❡$ 0❤❡ ✜$-0 ♣❡❛❦✱ ✇❤✐❧❡ 0❤❡

-❡❝♦♥❞ ❝❛-❡ ✭❝✉$✈❡- ❝✷✳✶ ❛♥❞ ❝✷✳✷✮ ✐0 ❝♦♥0$♦❧- 0❤❡ ♦-❝✐❧❧❛0✐♦♥- ♠♦$❡ ❡✣❝✐❡♥0❧②✳ ■♥ 0❤✐-

❝❛-❡✱ 0❤❡ ♦-❝✐❧❧❛0✐♦♥- $❡-✉❧0 ❝♦♠♣❧❡0❡❧② ❞❛♠♣❡❞ ❛❢0❡$ ✶✳✺ -✳

■♥ ❝♦♥❝❧✉-✐♦♥✱ 0❤✐- ❝♦♥0$♦❧ -②-0❡♠ 0❤❛0 ✉0✐❧✐③❡- 0❤❡ ♠♦0♦$ 0♦ $❡❞✉❝❡ 0❤❡ ❢$❡❡

♦-❝✐❧❧❛0✐♦♥- $❡-✉❧0- M✉✐0❡ ❡✛❡❝0✐✈❡✳ ◆❛0✉$❛❧❧②✱ ✐♥ ♦$❞❡$ 0♦ ❜❡ ❡✛❡❝0✐✈❡ ❛❧-♦ ✐♥ ♦0❤❡$

♦$✐❡♥0❛0✐♦♥-✱ ❛ ❝♦♥0❛❝0 ♣♦✐♥0 ❜❡0✇❡❡♥ 0❤❡ 0$❛♥-✐0✐♦♥ ❛$❡❛ ♦❢ 0❤❡ ❜♦♦♠ ❛♥❞ 0❤❡ ❝♦✐❧❡❞

♣❛$0 ♥❡❡❞ 0♦ ❜❡ ❛❧✇❛②- ♣$❡-❡♥0 ✐♥ ♦$❞❡$ 0♦ ❡①♣❧♦✐0 ✐0- ❡❧❛-0✐❝ ♣$♦♣❡$0✐❡-✳ ❚♦ ❞♦ -♦✱ ❛

$♦❧❧❡$ ✇✐0❤ ❛ ✈❡$② -♦❢0 -♣$✐♥❣ ❝♦✉❧❞ ❜❡ ❡♠♣❧♦②❡❞ 0♦ ❦❡❡♣ ✐0 ✐♥ 0❤❛0 ♣♦-✐0✐♦♥✳ ❋✉$0❤❡$

0❡-0- ✇♦✉❧❞ ❜❡ ♥❡❡❞❡❞ 0♦ ✜♥❞ ❛ $❡❧❛0✐♦♥-❤✐♣ ❜❡0✇❡❡♥ 0❤❡ ✈❛$✐♦✉- ❝♦♠♣♦♥❡♥0- ♦❢ 0❤❡

❝♦♥0$♦❧❧❡$ ✭O■❉ ❝♦♥0$♦❧ ❝♦❡✣❝✐❡♥0-✱ θ✱ mtip✱ ❡0❝✳✮✳
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❚❤❡ ❛✐♠ ♦❢ (❤✐) ❞✐))❡+(❛(✐♦♥ ❤❛) ❜❡❡♥ ✭✶✮ (♦ )(✉❞② (❤❡ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦+ ♦❢ ❤✐❣❤❧②

✢❡①✐❜❧❡ )♣❛❝❡ )(+✉❝(✉+❡) ❛) ✇❡❧❧ ❛) (❤❡ ❡✛❡❝() (❤❛( (❤❡)❡ ❞❡♣❧♦②❛❜❧❡ )(+✉❝(✉+❡) ❤❛✈❡

♦♥ (❤❡ ❞②♥❛♠✐❝) ♦❢ (❤❡ ✇❤♦❧❡ )❛(❡❧❧✐(❡✱ ❛♥❞ ✭✷✮ (♦ ✐♥✈❡)(✐❣❛(❡ (❤❡ ❡✛❡❝(✐✈❡♥❡)) ♦❢

♣♦))✐❜❧❡ ♠❡(❤♦❞) (♦ ❝♦♥(+♦❧ (❤❡✐+ ♦)❝✐❧❧❛(✐♦♥)✱ ❜♦(❤ ✐♥ (❡+♠) ♦❢ ❞❛♠♣✐♥❣ (❡❝❤♥✐>✉❡)

❞✐+❡❝(❧② ❛♣♣❧✐❡❞ (♦ (❤❡ ❛♣♣❡♥❞❛❣❡✱ ❛♥❞ ✈✐❜+❛(✐♦♥) (+❛♥)♠✐))✐♦♥ +❡❞✉❝(✐♦♥ ❛( (❤❡

✐♥(❡+❢❛❝❡ ❜❡(✇❡❡♥ (❤❡ ❞❡♣❧♦②❡❞ )(+✉❝(✉+❡ ❛♥❞ (❤❡ ♠❛✐♥ ❜♦❞② ♦❢ (❤❡ )❛(❡❧❧✐(❡✳ ❚✇♦

(❡)( ❝❛)❡) ❤❛✈❡ ❜❡❡♥ ❡①❛♠✐♥❡❞ ✐♥ (❤✐) ✇♦+❦✱ ❜♦(❤ ❢♦❝✉)✐♥❣ ♦♥ ♠❡♠❜+❛♥❡ )♦❧❛+ ♣❛♥❡❧)✳

❚❤❡ ✜!"# #❡"# ❝❛"❡ ✐♥✈❡)(✐❣❛(❡❞ (❤❡ ❜❡❤❛✈✐♦+ ♦❢ ❛ ♥♦♥✲(❡♥)✐♦♥❡❞ ♠❡♠❜+❛♥❡ ♥♦(

)✉♣♣♦+(❡❞ ❜② ❛♥ ❡①(❡+♥❛❧ )(+✉❝(✉+❡✳ ❚❤✐) ♠❡♠❜+❛♥❡ ✇❛) )✉❜❥❡❝(❡❞ (♦ ❛ )✐♥✉)♦✐❞❛❧

❢♦+❝❡ ♦♥ (❤❡ ♦+❞❡+ ♦❢ ♠❛❣♥✐(✉❞❡ ♦❢ (②♣✐❝❛❧ ❢♦+❝❡) (❤❛( ❝❛♥ ❜❡ ❡①♣❡+✐❡♥❝❡❞ ▲❊❖✱ ❛♥❞

♥♦♥✲✢❛( ✐♥✐(✐❛❧ ❝♦♥❞✐(✐♦♥)✳ ❘❡❞✉❝✐♥❣ (❤❡ ♦)❝✐❧❧❛(✐♦♥) ♦❢ (❤❡ ♠❡♠❜+❛♥❡ ✇♦✉❧❞ +❡❞✉❝❡

♣♦))✐❜❧❡ ❞✐)(✉+❜❛♥❝❡ (+❛♥)♠✐))✐♦♥) (♦ (❤❡ ❝❡♥(+❛❧ ❜♦❞② ♦❢ (❤❡ )❛(❡❧❧✐(❡✳ ◆✉♠❡+✐❝❛❧

)✐♠✉❧❛(✐♦♥) )(✉❞✐❡❞ (❤❡ ❡✛❡❝(✐✈❡♥❡)) ♦❢ ❝♦♥(+♦❧❧✐♥❣ (❤❡ ♦)❝✐❧❧❛(✐♦♥) ✉)✐♥❣ (❤✐♥ ♣❛(❝❤❡)

♦❢ ♣✐❡③♦❡❧❡❝(+✐❝ ♠❛(❡+✐❛❧ ❛) ❛❝(✉❛(♦+)✳ ❚❤✐) ✜+)( )(✉❞② ❝♦♥✜+♠❡❞ (❤❡ ❢❡❛)✐❜✐❧✐(②

♦❢ ❛♣♣❧②✐♥❣ (❤❡ +♦❜✉)( H∞ ❝❧♦)❡❞✲❧♦♦♣ ❛❧❣♦+✐(❤♠ (♦ ❛❝(✉❛(❡ ❛ )❡( ♦❢ ♣✐❡③♦❡❧❡❝(+✐❝

♣❛(❝❤❡) ❞✐)(+✐❜✉(❡❞ ♦♥ (❤❡ )✉+❢❛❝❡ ♦❢ (❤❡ ♠❡♠❜+❛♥❡✱ ✐♥ ♦+❞❡+ (♦ ❝♦++❡❝( ✐() ✐♥✐(✐❛❧

❜❡♥❞❡❞ )❤❛♣❡ ❛♥❞ +❡❛❝❤ ❛ ✢❛( ❞❡♣❧♦②❡❞ ❝♦♥✜❣✉+❛(✐♦♥✳ ❚❤❡ +❡)✉❧() ♦❢ (❤❡ )✐♠✉❧❛(✐♦♥)

)✉❣❣❡)(❡❞ (❤❛( ❛♣♣❧②✐♥❣ )✉❝❤ ❛ ❝♦♥(+♦❧ )②)(❡♠ (♦ ❝♦✉♥(❡+❛❝( (❤❡ ❛♣♣❧✐❡❞ ❞✐)(✉+❜❛♥❝❡

❢♦+❝❡) ✐) ❢❡❛)✐❜❧❡✱ ❛♥❞ (❤❡ ❢♦+❝❡) (❤❛( ❝❛♥ ❜❡ ❡①❡+(❡❞ ❜② (❤❡ ❛❝(✉❛(♦+) ❛+❡ )✉✣❝✐❡♥(

(♦ +❡❞✉❝❡ (❤❡ ♦)❝✐❧❧❛(✐♦♥)✳ ■♥ ♣❛+(✐❝✉❧❛+✱ ✈❛+②✐♥❣ (❤❡ ❧❡♥❣(❤ ❛♥❞ (❤✐❝❦♥❡)) ♦❢ (❤❡

♣❛♥❡❧) ✐♥ (❤❡ )✐♠✉❧❛(✐♦♥)✱ (✇♦ (②♣✐❝❛❧ ❜❡❤❛✈✐♦+) ✇❡+❡ ✐❞❡♥(✐✜❡❞✳ ■♥ (❤❡ ✜+)( ❝❛)❡✱

✇❤❡♥ )❤♦+( ❛♥❞ (❤✐❝❦ ♠❡♠❜+❛♥❡) ✇❡+❡ )✐♠✉❧❛(❡❞✱ (❤❡ +❡)✉❧() )✉❣❣❡)(❡❞ (❤❛( (❤❡

✶✶✺



✶✶✻ ✺✳ ❈♦♥❝❧✉*✐♦♥*

✐♥"#✐♥$✐❝ ❞❛♠♣✐♥❣ ❛♥❞ ❡❧❛$"✐❝ ❜❡❤❛✈✐♦# ♦❢ "❤❡ ♠❛"❡#✐❛❧ ✐$ $✉✣❝✐❡♥" "♦ ❝♦✉♥"❡#❛❝" "❤❡

❛♣♣❧✐❡❞ ❡①"❡#♥❛❧ ❞✐$"✉#❜❛♥❝❡$✳ ❖♥ "❤❡ ❝♦♥"#❛#②✱ ✇❤❡♥ ❛ "❤✐♥♥❡# ❛♥❞ ❧♦♥❣❡# ♣❛♥❡❧ ✐$

❝♦♥$✐❞❡#❡❞✱ "❤❡ ♣✐❡③♦❡❧❡❝"#✐❝ ♣❛"❝❤❡$ ❤❛✈❡ ♠♦#❡ ✐♥✢✉❡♥❝❡ ✐♥ "❤❡ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦#

♦❢ "❤❡ ♠❡♠❜#❛♥❡✱ ❛♥❞ ❛#❡ ❛♥ ❡✛❡❝"✐✈❡ ♠❡❛♥$ "♦ #❡❛❝❤ ❛ ✢❛" ❞❡♣❧♦②❡❞ ❝♦♥✜❣✉#❛"✐♦♥

✐♥ ❛ #❡❞✉❝❡❞ ❛♠♦✉♥" ♦❢ "✐♠❡ ❝♦♠♣❛#❡❞ "♦ ❛ ♥♦♥ ❝♦♥"#♦❧❧❡❞ ❝❛$❡✳

❚❤❡  ❡❝♦♥❞ &❡ & ❝❛ ❡ ❡①❛♠✐♥❡❞ "❤❡ ❞②♥❛♠✐❝$ ♦❢ ❛ $♦❧❛# ❛##❛② $"#✉❝"✉#❡ ❞❡♣❧♦②❡❞

❛♥❞ ❦❡♣" ✐♥ "❡♥$✐♦♥ ❜② "✇♦ ❡①"❡#♥❛❧ ❝♦♠♣♦$✐"❡ "❛♣❡ $♣#✐♥❣$✳ ❚❤✐$ $"#✉❝"✉#❛❧ ❡❧❡♠❡♥"

❤❛$ "✇♦ $"❛❜❧❡ ❝♦♥✜❣✉#❛"✐♦♥$✿ #♦❧❧❡❞✲✉♣ ❛♥❞ ❞❡♣❧♦②❡❞✳ ❚❤❡ $♣♦♥"❛♥❡♦✉$ "#❛♥$❢♦#♠❛✲

"✐♦♥ ❜❡"✇❡❡♥ "❤❡ ❝♦✐❧❡❞ ❛♥❞ "❤❡ ❡①"❡♥❞❡❞ ❝♦♥✜❣✉#❛"✐♦♥ ❝❛♥ ❜❡ "#✐❣❣❡#❡❞ ❜② ♠❡❝❤❛♥✲

✐❝❛❧ ❧♦❛❞✐♥❣✳ ❋✐#$"✱ ❝✲$❤❛♣❡❞ ❜✐$"❛❜❧❡ ❜♦♦♠ ♣#♦"♦"②♣❡$ ❤❛✈❡ ❜❡❡♥ ♠❛♥✉❢❛❝"✉#❡❞ ❛♥❞

"❤❡✐# "❤❡♦#❡"✐❝❛❧ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦# ✇❛$ $"✉❞✐❡❞ ✐♥ ❞❡"❛✐❧ ❢#♦♠ ❛ ♠❛"❤❡♠❛"✐❝❛❧ ♣❡#✲

$♣❡❝"✐✈❡✳ ■♥ ♣❛#"✐❝✉❧❛#✱ ❛❢"❡# ♦❜"❛✐♥✐♥❣ "❤❡ ❆❇❉ ♠❛"#✐① "❤❛" ❧✐♥❦$ "❤❡ $"#❡$$❡$ ❛♥❞

$"#❛✐♥$ ♦❢ ❛ ❝♦♠♣♦$✐"❡ ❧❛♠✐♥❛"❡✱ ✐" ✇❛$ ♣♦$$✐❜❧❡ "♦ ❝❛❧❝✉❧❛"❡ $♦♠❡ ♣❤②$✐❝❛❧ G✉❛♥"✐"✐❡$

"❤❛" ✇❡#❡ $✉❜$❡G✉❡♥"❧② ❝♦♠♣❛#❡❞ "♦ "❤❡ #❡$✉❧"$ ♦❢ ♥✉♠❡#✐❝❛❧ $✐♠✉❧❛"✐♦♥$ ❛♥❞ ❡①♣❡#✲

✐♠❡♥"❛❧ "❡$"$✱ $✉❝❤ ❛$ ❢♦#❝❡$ ❛♥❞ "♦#G✉❡$ "❤❛" ❛#❡ ❡①♣❡#✐❡♥❝❡❞ ❜② "❤❡ "❛♣❡ $♣#✐♥❣

♦# ❝❛♥ ❜❡ "#❛♥$♠✐""❡❞ "♦ ❛♥ ❡①"❡#♥❛❧ $"#✉❝"✉#❡✱ ✐♥ ♣❛#"✐❝✉❧❛# ❞✉#✐♥❣ "❤❡ ❞❡♣❧♦②♠❡♥"

♣❤❛$❡✳ ❚❤❡♥✱ "❤#❡❡ ♣#❡❧✐♠✐♥❛#② "❡$"$ ♦♥ "❤❡ ❜♦♦♠ ♣#♦"♦"②♣❡$ ✇❡#❡ ❝❛##✐❡❞ ♦✉" "♦

$"✉❞②✿

✶✳ "❤❡ ❡❧❛$"✐❝ ❛♥❞ ❞❛♠♣✐♥❣ ♣#♦♣❡#"✐❡$ ♦❢ "❤❡ ♣#♦"♦"②♣❡$✱ ❡①❝✐"✐♥❣ "❤❡ ✜#$" ♠♦❞❡ ♦❢

✈✐❜#❛"✐♦♥ ✭❜❡♥❞✐♥❣✮ ❛♥❞ $"✉❞②✐♥❣ "❤❡ ❡✈♦❧✉"✐♦♥ ♦❢ "❤❡ ♦$❝✐❧❧❛"✐♦♥$✳ ❚❤❡$❡ ❞❛"❛

✇❡#❡ ♥❡❡❞❡❞ "♦ $✉❜$❡G✉❡♥"❧② $✐♠✉❧❛"❡ "❤❡ ❜♦♦♠ ✇✐"❤ ❛ ♠✉❧"✐❜♦❞② $✐♠✉❧❛"♦#✳

✷✳ "❤❡ "♦#G✉❡$ ♥❡❡❞❡❞ "♦ ❜❡ ❡①❡#"❡❞ ❜② ❛ ♠♦"♦# "♦ ♣❡#❢♦#♠ ❞❡♣❧♦②♠❡♥"$ ❛♥❞ #❡✲

"#❛❝"✐♦♥$✱ ❦❡❡♣✐♥❣ ♦♥❡ ❜♦♦♠✬$ $✐❞❡ ✜①❡❞ ❛♥❞ $❡♥$✐♥❣ "❤❡ #❡$✉❧"✐♥❣ ❢♦#❝❡ ✇✐"❤

❛ ❧♦❛❞ ❝❡❧❧✳ ❚❤✐$ ✇❛$ ♥❡❡❞❡❞ ❢♦# ❡✈❛❧✉❛"✐♥❣ ✇❤✐❝❤ ♠♦"♦# "♦ ✉$❡ ❢♦# "❤❡ ❡①♣❡#✐✲

♠❡♥"❛❧ "❡$"$✳

✸✳ "❤❡ "♦#G✉❡$ "#❛♥$♠✐""❡❞ "♦ ❛♥ ❡①"❡#♥❛❧ $"#✉❝"✉#❡ ❛" "❤❡ ❡♥❞ ♦❢ ❛♥ ✉♥❝♦♥"#♦❧❧❡❞

❞❡♣❧♦②♠❡♥"✱ ✇❤❡♥ ❛ $❤♦❝❦ ❧♦❛❞ ♦❝❝✉#$✳ ❚❤✐$ #❡$✉❧" ✇❛$ ✉$❡❞ ❧❛"❡# ✐♥ $✐♠✉❧❛✲

"✐♦♥$ ♦❢ "❤❡ ❜❡❤❛✈✐♦# ♦❢ ❛ ❝✉❜❡$❛" ✐♥ ▲❊❖✱ "❛❦✐♥❣ ✐♥"♦ ❛❝❝♦✉♥" "❤❡ ❡✛❡❝"$ ♦❢

"❤❡ ❞❡♣❧♦②♠❡♥" ♦♥ $✉❝❤ ❛ $♠❛❧❧✲$✐③❡ $❛"❡❧❧✐"❡✳

❚❤❡ ♦✉"❝♦♠❡$ ♦❢ "❤❡ ♥✉♠❡#✐❝❛❧ $✐♠✉❧❛"✐♦♥$ ♠❡♥"✐♦♥❡❞ ✐♥ ✸) ❝♦♥✜#♠❡❞ "❤❡ ❝♦♥✲



✶✶✼

❝❡"♥ $❤❛$ ❢❛($ ❛♥❞ ✉♥❝♦♥$"♦❧❧❡❞ ❞❡♣❧♦②♠❡♥$ ♦❢ ❞❡♣❧♦②❛❜❧❡ ❛♣♣❡♥❞❛❣❡( ♦♥ ❛ ♥❛♥♦(❛$❡❧✲

❧✐$❡✳ ■♥ ♣❛"$✐❝✉❧❛"✱ $✇♦ $♦"8✉❡( ❝♦♠♣♦♥❡♥$( ❞✉❡ $♦ $❤❡ ❞❡♣❧♦②♠❡♥$ ✇❡"❡ ✐❞❡♥$✐✜❡❞✿

$❤❡ $♦"8✉❡( ❞✉❡ $♦ $❤❡ "♦$❛$✐♦♥❛❧ ❡❧❡♠❡♥$( ✭(♣♦♦❧(✱ (❤❛❢$(✮ ✇❤❡"❡ $❤❡ ❜♦♦♠( ❛♥❞ $❤❡

♠❡♠❜"❛♥❡( ❛"❡ ✇"❛♣♣❡❞✱ ❛♥❞ $❤❡ (❤♦❝❦ ❧♦❛❞ ❛$ $❤❡ ❡♥❞ ♦❢ $❤❡ ❞❡♣❧♦②♠❡♥$✳ ❆( ♣"❡✲

❞✐❝$❡❞✱ ❛♥ ❛$$✐$✉❞❡ ❝♦♥$"♦❧ (②($❡♠ $❤❛$ ❝♦✉❧❞ ❡①❡"$ ❧✐♠✐$❡❞ $♦"8✉❡( ✭✉♣ $♦ ✵✳✶ ♠◆♠

❢♦" ❡❛❝❤ ❛①✐(✱ ❛ $②♣✐❝❛❧ ✈❛❧✉❡ ❢♦" ❝✉❜❡(❛$ "❡❛❝$✐♦♥ ✇❤❡❡❧(✮ (❛$✉"❛$❡( ✐♠♠❡❞✐❛$❡❧②✱ ❛♥❞

✐$ ✐( ♥♦$ (✉✣❝✐❡♥$ $♦ ❝♦✉♥$❡"❛❝$ $❤❡ $♦"8✉❡( $❤❛$ ❛"✐(❡ ❞✉"✐♥❣ $❤❡ ❞❡♣❧♦②♠❡♥$✱ ❛♥❞

$❤✐( ❧❡❛❞( $♦ ✉♥❝♦♥$"♦❧❧❡❞ "♦$❛$✐♦♥( ❛♥❞ ♠✐((✐♦♥ ❢❛✐❧✉"❡✳ ❖♥ $❤❡ ❝♦♥$"❛"②✱ ❞✉"✐♥❣ ❛

♠♦$♦"✐③❡❞ (♠♦♦$❤ ❛♥❞ (❧♦✇ ❞❡♣❧♦②♠❡♥$✱ ❞✐($✉"❜❛♥❝❡ $♦"8✉❡( ❝❛♥ ❜❡ ❝♦✉♥$❡"❛❝$❡❞

❡✣❝✐❡♥$❧② ✇✐$❤ $❤❡ ❝♦♥(✐❞❡"❡❞ ❝♦♥$"♦❧ (②($❡♠✱ ❛♥❞ $❤❡ ❛$$✐$✉❞❡ ♦❢ $❤❡ (❛$❡❧❧✐$❡ ✐(

♥♦$ ❛✛❡❝$❡❞✳ ❆❧$❤♦✉❣❤ ♠❛(( ❛♥❞ ❝♦♠♣❧❡①✐$② ✐( ❛❞❞❡❞ $♦ $❤❡ (②($❡♠✱ $❤✐( ❛♣♣"♦❛❝❤

❜"✐♥❣( ♠❛♥② ❜❡♥❡✜$( (✉❝❤ ❛( ❞✐($✉"❜❛♥❝❡ "❡❞✉❝$✐♦♥ ❛♥❞ $❤❡ ♣♦((✐❜✐❧✐$② ♦❢ "❡$"❛❝$✐♥❣

$❤❡ ❞❡♣❧♦②❡❞ ($"✉❝$✉"❡ ✇❤❡♥❡✈❡" ♥❡❡❞❡❞✳

▼♦"❡♦✈❡"✱ $❤❡ ❡✛❡❝$✐✈❡♥❡(( ♦❢ $✇♦ ❞✐✛❡"❡♥$ ($"❛$❡❣✐❡( $♦ ❝♦♥$"♦❧ $❤❡ ♦(❝✐❧❧❛$✐♦♥(

♦❢ $❤❡ ❜♦♦♠( ✇❛( ($✉❞✐❡❞✱ "❡(♣❡❝$✐✈❡❧② ❢♦❧❧♦✇✐♥❣ ❛ ♥✉♠❡"✐❝❛❧ ❛♥❞ ❛♥ ❡①♣❡"✐♠❡♥$❛❧

❛♣♣"♦❛❝❤✳ ❚❤❡ ✜"($ ❝❛(❡ ✇❛( ❜❛(❡❞ ♦♥ $❤❡ "❡(✉❧$( ♦❢ $❤❡ ✜"($ ♣"❡❧✐♠✐♥❛"② $❡($✳ ■♥

$❤❡(❡ ♠✉❧$✐❜♦❞② (✐♠✉❧❛$✐♦♥(✱ $❤❡ ❜♦♦♠ ✇❛( "❡♣❧✐❝❛$❡❞ ❛( (❡"✐❡( ♦❢ ♠❛((❡( ✭$♦ $❛❦❡

✐♥$♦ ❛❝❝♦✉♥$ $❤❡ ♠❛(( ❛♥❞ (❤❛♣❡✮ ❛♥❞ "♦$❛$✐♦♥❛❧ ❥♦✐♥$( ✭$♦ (✐♠✉❧❛$❡ $❤❡ ❡❧❛($✐❝✐$②

❛♥❞ ❞❛♠♣✐♥❣ ♦❢ $❤❡ ♠❛$❡"✐❛❧✮ ✜①❡❞ ♦♥ ♦♥❡ (✐❞❡ ❛♥❞ ❢"❡❡ ♦♥ $❤❡ ♦$❤❡"✳ ❚❤✐( ($✉❞②
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•  ❡❧❛①❛%✐♦♥ ♦❢ %❤❡ ❝♦♠♣♦.✐%❡ ♠❛%❡ ✐❛❧ ♦✈❡ %✐♠❡✱ ❝ ❡❡♣ ❛♥❞ ❤②.%❡ ❡.✐. ❛ ❡ ♥❡✲

❣❧❡❝%❡❞✳

▲❛❣ ❛♥❣❡ ❊8✉❛%✐♦♥. ❝❛♥ ❜❡ ✇ ✐%%❡♥ ❛.✿

d

dt

[

∂L(x)

∂ẋ

]

− ∂L(x)

∂x
= Q ✭❆✳✶✮

✇❤❡ ❡ L(x) = E(x) − U(x) ✇✐%❤ E(x) ❝♦  ❡.♣♦♥❞✐♥❣ %♦ %❤❡ ❦✐♥❡%✐❝ ❡♥❡ ❣② ❛♥❞

U(x) %♦ %❤❡ ♣♦%❡♥%✐❛❧ ❡♥❡ ❣② ♦❢ %❤❡ .②.%❡♠✱ ❛♥❞ Q ❝♦  ❡.♣♦♥❞. %♦ %❤❡ ❡①%❡ ♥❛❧

♠♦♠❡♥% ♣ ♦✈✐❞❡❞ ❜② %❤❡ ♠♦%♦ Tm✳

❚❤❡ %♦%❛❧ ❦✐♥❡%✐❝ ❡♥❡ ❣② ♦❢ %❤❡ .②.%❡♠ ❝♦♥.✐.%. ♦❢ %❤ ❡❡ ♣❛ %.✿

• %❤❡ ❦✐♥❡%✐❝ ❡♥❡ ❣② ♦❢ %❤❡ %✐♣ ♠❛..✱ ❣✐✈❡♥ ❜② E0 =
1
2m0ẋ

2
❀

• %❤❡ ❦✐♥❡%✐❝ ❡♥❡ ❣② ♦❢ %❤❡ ❞❡♣❧♦②❡❞ ♣♦ %✐♦♥ ♦❢ %❤❡ ❜♦♦♠✱ ❣✐✈❡♥ ❜② E1 =
1
2m1ẋ

2
❀

• %❤❡  ♦%❛%✐♦♥❛❧ ❦✐♥❡%✐❝ ❡♥❡ ❣② ♦❢ %❤❡ .%♦ ❛❣❡  ❡❡❧✱ Erot =
1
2J
(

ẋ
Rx

)2
✳

❙✉♠♠✐♥❣ %❤❡ %❤ ❡❡ ❝♦♠♣♦♥❡♥%.✱ %❤❡ %♦%❛❧ ❦✐♥❡%✐❝ ❡♥❡ ❣②  ❡.✉❧%.✿

E(x) =
1

2
(m0 +m1)ẋ

2 +
1

2
J
( ẋ

Rx

)2
✭❆✳✷✮

■♥ %❤✐. ❡8✉❛%✐♦♥✱ m0 ✐. %❤❡ ♦♥❧② ❝♦♥.%❛♥% ♣❛ ❛♠❡%❡ ✱ ✇❤✐❧❡ m1✱ J ❛♥❞ Rx ❛ ❡

❢✉♥❝%✐♦♥. ♦❢ x✿

m1(x) = ρx ✭❆✳✸✮

m2(x) = ρ(Lb − x) ✭❆✳✹✮

Rx(x) = R0 +
Lb − x

2πR0
t ✭❆✳✺✮

J(x) =
1

2
m2(x)(Rx(x)

2 +R2
0) + J0 ✭❆✳✻✮

✇❤❡ ❡ ρ ✐. %❤❡ ❧✐♥❡❛ ❞❡♥.✐%② ♦❢ %❤❡ ❜♦♦♠ ❛❧♦♥❣ x✱ Lb ✐. %❤❡ %♦%❛❧ ❧❡♥❣%❤ ♦❢ %❤❡

❜♦♦♠✱ R0 ✐. %❤❡  ❛❞✐✉. ♦❢ %❤❡ .%♦ ❛❣❡  ❡❡❧✱ t ✐. %❤❡ %❤✐❝❦♥❡.. ♦❢ %❤❡ ❜♦♦♠✱ %❤❡ ✜ .%



✶✷✸

 ❡"♠ ♦❢ J(x) ✐'  ❤❡ ✐♥❡" ✐❛ ♠♦♠❡♥ ♦❢ ✇"❛♣♣❡❞ ♣❛" ❛♥❞  ❤❡ '❡❝♦♥❞  ❡"♠ ✐'  ❤❡ ♣♦❧❛"

✐♥❡" ✐❛ ♠♦♠❡♥ ♦❢  ❤❡ ' ♦"❛❣❡ "❡❡❧✳ ❙✉❜' ✐ ✉ ✐♥❣  ❤❡ ❧❛' ❡5✉❛ ✐♦♥' ✐♥ E✱  ❤❡ ✜♥❛❧

❦✐♥❡♠❛ ✐❝ ❡♥❡"❣② ❡5✉❛ ✐♦♥ ❜❡❝♦♠❡'✿

E =
1

2
M0(x)ẋ

2
✭❆✳✼✮

✇❤❡"❡ M0(x) ❝♦""❡'♣♦♥❞'  ♦  ❤❡ ❣❡♥❡"❛❧✐③❡❞ ♠❛'' ♦❢  ❤❡ '②' ❡♠✿

M0(x) = m0 + ρx+ ρ(Lb − x)
(R2

x +R2
0

2R2
x

)

+
J0
R2

x

✭❆✳✽✮

❚❤❡ ♣♦ ❡♥ ✐❛❧ ❡♥❡"❣② U(x) ♦❢  ❤❡ '②' ❡♠ ❝♦♥'✐' ' ♦❢  ✇♦  ❡"♠'✿  ❤❡ ' "❛✐♥ ❡♥✲

❡"❣② ♦❢  ❤❡ ❝♦✐❧❡❞ ♣♦" ✐♦♥ ♦❢  ❤❡ ❜♦♦♠✱ ❞✐✈✐❞❡❞ ✐♥ ✇"❛♣♣❡❞ ' "❛✐♥ ❡♥❡"❣② ✭Uw✮ ❛♥❞

✢❛  ❡♥❡❞ ' "❛✐♥ ❡♥❡"❣② ✭Uf ✮✳ ❚❤❡ ' ♦"❡❞ ' "❛✐♥ ❡♥❡"❣② ✐' ' ♦"❡❞ ♦♥❧② ✐♥  ❤❡ ❝♦✐❧❡❞

♣❛" ♦❢  ❤❡ ❜♦♦♠✱ ❛' ✐ ❝❛♥ ❜❡ ❞❡♠♦♥' "❛ ❡❞ ❜❡❧♦✇✳ ❆❝❝♦"❞✐♥❣  ♦ ❬✹✹❪✱  ❤❡ ✇"❛♣♣❡❞

' "❛✐♥ ❡♥❡"❣② ✭Uw✮ ❛♥❞ ✢❛  ❡♥❡❞ ' "❛✐♥ ❡♥❡"❣② ✭Uf ✮ ❝❛♥ ❜❡ ✇"✐  ❡♥ ❛'✿

dUx

dl
=

1

2
βR

[

D11κ
2
x + 2D12κx

(

κy −
1

R

)

+D22

(

κy −
1

R

)2]

✭❆✳✾✮

dUy

dl
=
A11

2

[

βR

2

(

κ2x
κ2y

)

+
sin(βRκy)

2

(

κ2x
κ3y

)

− 4 sin2(βRκy/2)

βR

(

κ2x
κ4y

)]

✭❆✳✶✵✮

✇❤❡"❡ A11✱ D11✱ D12 ❛♥❞ D22 ❛"❡ ❝♦♥' ❛♥  ❡"♠' ❝❛❧❝✉❧❛ ❡❞ ✐♥  ❤❡ ❆❇❉ ♠❛ "✐①✱

β ✐'  ❤❡ ❛♥❣❧❡ '✉❜ ❡♥❞❡❞ ❜②  ❤❡ ❜♦♦♠ ❛♥❞ ❘ ✐' ✐ ' "❛❞✐✉' ♦❢ ❝✉"✈❛ ✉"❡ ✐♥ ✐ ' ❞❡♣❧♦②❡❞

❝♦♥✜❣✉"❛ ✐♦♥✱ κx ❛♥❞ κy ❝♦""❡'♣♦♥❞  ♦  ❤❡ ❝✉"✈❛ ✉"❡ "❛❞✐✐ ❛♥❞ l ✐'  ❤❡ ✐♥✜♥✐ ❡'✐♠❛❧

♣♦" ✐♦♥ ♦❢  ❤❡ ❧❡♥❣ ❤✳ ❚❤✐' ♥♦ ❛ ✐♦♥ ✐' '❤♦✇♥ ✐♥ ❋✐❣✉"❡' ✸✳✺ ❛♥❞ ✸✳✻✳

❚❤❡  ♦ ❛❧ ♣♦ ❡♥ ✐❛❧ ❡♥❡"❣② ' ♦"❡❞ ✐♥  ❤❡ ❝♦✐❧❡❞ ♣♦" ✐♦♥ ♦❢  ❤❡ ❜♦♦♠ ✐' ❝♦♠♣✉ ❡❞

❛♣♣❧②✐♥❣ '✉♣❡"♣♦'✐ ✐♦♥✱ ❤❡♥❝❡ '✉♠♠✐♥❣  ❤❡  ✇♦ ❡5✉❛ ✐♦♥' ❛❜♦✈❡✿

dU

dl
=
dUx

dl
+
dUy

dl
✭❆✳✶✶✮

❚❤❡ ♥❡① ' ❡♣ ❝♦♥'✐' ' ♦❢ ✐♥ ❡❣"❛ ✐♥❣  ❤❡ ❡5✉❛ ✐♦♥' ♦✈❡"  ❤❡ ❧❡♥❣ ❤ ♦❢  ❤❡ ❜♦♦♠

 ♦ ❝❛❧❝✉❧❛ ❡  ❤❡  ♦ ❛❧ ♣♦ ❡♥ ✐❛❧ ❡♥❡"❣②✿

U(l) =

∫ Lb

0

∂U

∂l
dl =

∫ Lb

0

(

∂Ux

∂l
+
∂Uy

∂l

)

dl ✭❆✳✶✷✮



✶✷✹ ❆✳ ❉②♥❛♠✐❝ ▼♦❞❡❧ ❋♦2♠✉❧❛4✐♦♥

❚❤✐# ❡%✉❛(✐♦♥ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥ (✇♦ ♣❛1(#✱ 1❡❧❛(❡❞ (♦ (❤❡ (✇♦ ❞✐✛❡1❡♥( ♣♦1(✐♦♥#

♦❢ (❤❡ ❜♦♦♠✿ ❝♦✐❧❡❞ ❛♥❞ ❞❡♣❧♦②❡❞✱ ✇❤❡1❡ ① ❝♦11❡#♣♦♥❞# (♦ (❤❡ ❧❡♥❣(❤ ♦❢ (❤❡ ❞❡♣❧♦②❡❞

♣❛1( ♦❢ (❤❡ ❜♦♦♠✳

U(l) =

∫ Lw

0

(

∂Ux

∂l
+
∂Uy

∂l

)

dl +

∫ Lb

Lw

(

∂Ux

∂l
+
∂Uy

∂l

)

dl ✭❆✳✶✸✮

✇❤❡1❡ Lw = Lb − x ❝♦11❡#♣♦♥❞# (♦ (❤❡ ✇1❛♣♣❡❞ ♣♦1(✐♦♥ ♦❢ (❤❡ ❜♦♦♠✳ ❆##✉♠✐♥❣

(❤❛( ✐♥ (❤❡ ❝♦✐❧❡❞ ♣❛1( ♦❢ (❤❡ ❜♦♦♠ Ry −→ ∞✱ ✐✳❡✳ κy −→ 0✱ ✐( ✐# ♣♦##✐❜❧❡ (♦

❛♣♣1♦①✐♠❛(❡ sin(α) ≈ α✱ ❛♥❞ (❤❡1❡❢♦1❡ ❡%✉❛(✐♦♥ ❆✳✶✵ ❜❡❝♦♠❡#✿

dUy

dl
(κy −→ 0) =

A11

2

[

βR

2

(

κ2x
κ2y

)

+
βR

2

(

κ2x
κ2y

)

− βR

(

κ2x
κ2y

)]

= 0 ✭❆✳✶✹✮

✇❤❡1❡ (❤❡ #✉♠ ♦❢ (❤❡ (❡1♠# ✐♥#✐❞❡ (❤❡ ♣❛1❡♥(❤❡#❡# ✐# ✵✳ ❍❡♥❝❡✱ (❤❡

U(l) =

∫ Lw

0

(

∂Ux

∂l

)

dl +

∫ Lb

Lw

(

∂Ux

∂l
+
∂Uy

∂l

)

dl = P (l) +Q(l) ✭❆✳✶✺✮

❈♦♥#✐❞❡1✐♥❣ ♥♦✇ (❤❡ ❡①♣1❡##✐♦♥ ❢♦1 Q(l) (❤❛( ❝♦11❡#♣♦♥❞# (♦ (❤❡ ❞❡♣❧♦②❡❞ ❝♦♥✲

✜❣✉1❛(✐♦♥✱ (❤❡ ❜♦♦♠ ❤❛# κx = 1/Rx = 1/∞ = 0✳ ❍❡♥❝❡✱ (❤❡ ✇❤♦❧❡ ❡①♣1❡##✐♦♥ ✐♥#✐❞❡

♣❛1❡♥(❤❡#❡# ✐♥ ❡%✉❛(✐♦♥ ❆✳✾ ❜❡❝♦♠❡#✿

dUx

dl
(κx = 0) =

1

2
βR

[

D22

(

κy −
1

R

)2]

= const. ✭❆✳✶✻✮

❚❤❡1❡❢♦1❡✱ ✐♥(❡❣1❛(✐♥❣ (❤❡ ❡①♣1❡##✐♦♥ ❛❜♦✈❡✱ ✐( 1❡#✉❧(#✿

Ux(κx = 0) =
1

2
βR

[

D22

(

κy −
1

R

)2]

[Lb − (Lb − x)] =
1

2
βR

[

D22

(

κy −
1

R

)2]

x

✭❆✳✶✼✮

❚❤✐# ❡①♣1❡##✐♦♥ ❜❡❝♦♠❡# ✵ ✐♥ (❤❡ ❞❡♣❧♦②❡❞ ♣❛1( ♦❢ (❤❡ ❜♦♦♠ ❜❡❝❛✉#❡ κy = 1/R

❛♥❞ (❤❡ ❡①♣1❡##✐♦♥✿

κy −
1

R
= 0 ✭❆✳✶✽✮

dUy

dl
(κx = 0) =

A11

2

[

βR

2

(

κ2x
κ2y

)

+
βR

2

(

κ2x
κ2y

)

− βR

(

κ2x
κ2y

)]

= 0 ✭❆✳✶✾✮



✶✷✺

❚❤✐# ♣%♦❝❡❞✉%❡ ❞❡♠♦♥#-%❛-❡# -❤❛- -❤❡ ❞❡♣❧♦②❡❞ ♣♦%-✐♦♥ ♦❢ -❤❡ ❜♦♦♠ ❤❛# ♥♦ #-♦%❡❞

❡♥❡%❣②✱ ✇❤✐❝❤ ✐# #-♦%❡❞ ✐♥ -❤❡ ❝♦✐❧❡❞ ♣♦%-✐♦♥ ❛♥❞ %❡❧❡❛#❡❞ ❞✉%✐♥❣ -❤❡ ❞❡♣❧♦②♠❡♥-✳

❆♥❛❧②③✐♥❣ ♥♦✇ -❤❡ ✜%#- ✐♥-❡❣%❛❧ P (l) ♦❢ -❤❡ ❡:✉❛-✐♦♥ ❛❜♦✈❡✱ ✇❤❡%❡ Ry → ∞✱ ✐✳❡✳
κy → 0✱ ❛♥❞ κx = 1/Rx = f(x) ❜❡❝❛✉#❡ Rx(x) ✐# ❣✐✈❡♥ ❜② ❡:✉❛-✐♦♥✿

Rx(x) = R0 +
Lb − x

2πR0
t = R0 +

Lb − x

R0
k0 ✭❆✳✷✵✮

k0 =
t

2π
✭❆✳✷✶✮

✐- %❡#✉❧-#✿

U(l) =

∫ Lw

0

(

∂Ux

∂L

)

dl =

∫ Lw

0

βR

2

[

D11κ
2
x − 2

D12

R
κx +

D22

R2

]

dl

=

∫ Lw

0

βR

2

[

D11

(

1

Rx

)2

− 2
D12

R

1

Rx
+
D22

R2

]

dl

✭❆✳✷✷✮

■♥-%♦❞✉❝✐♥❣ -❤❡ ❝♦♥#-❛♥-#✿

k1 =
βRD11

2
✭❆✳✷✸✮

k2 = βD12 ✭❆✳✷✹✮

k3 =
βD22

2R
✭❆✳✷✺✮

-❤❡ ❡:✉❛-✐♦♥ -♦ ❜❡ ✐♥-❡❣%❛-❡❞ ❜❡❝♦♠❡#✿

U(l) =

∫ Lw

0

[

k1

(

1

Rx

)2

− k2

(

1

Rx

)

+ k3

]

dl ✭❆✳✷✻✮
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U(l) =

[

− k1R
2
0

k0(k0l +R2
0)

− k2R0 log(k0l +R2
0)

k0
+ k3l

]Lw=Lb−x

0

= − k1R
2
0

k0(k0(Lb − x) +R2
0)

− k2R0 log(k0(Lb − x) +R2
0)

k0
+ k3(Lb − x)

+
k1R

2
0

k0R2
0

+
k2R0 log(R

2
0)

k0
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U(x) = − k1R
2
0

k0(k0(Lb − x) +R2
0)

− k2R0 log(k0(Lb − x) +R2
0)

k0
+ k3(Lb − x) +K

✭❆✳✷✽✮

✇❤❡$❡

K =
k1R

2
0

k0R2
0

+
k2R0 log(R

2
0)

k0
✭❆✳✷✾✮
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d

dt

[

∂(E − U)

∂ẋ

]

− ∂(E − U)

∂x
= Q ✭❆✳✸✵✮

✇❤❡$❡ &❤❡ ❞❡$✐✈❛&✐✈❡ ♦❢ &❤❡ ♣♦&❡♥&✐❛❧ ❡♥❡$❣② ✇✐&❤ $❡%♣❡❝& &♦ &❤❡ ❞❡♣❧♦②♠❡♥& $❛&❡

ẋ ✐%✿

∂U

∂ẋ
= 0 ✭❆✳✸✶✮

&❤❡ ❞❡$✐✈❛&✐✈❡ ♦❢ &❤❡ ♣♦&❡♥&✐❛❧ ❡♥❡$❣② ✇✐&❤ $❡%♣❡❝& &♦ &❤❡ %&❛&❡ ✈❛$✐❛❜❧❡ x ✐%✿

∂U

∂x
=

k20k1R0

(k20(Lb − x) +R2
0)

2
− k2R0

k0((Lb − x) +R2
0)

− k3 ✭❆✳✸✷✮
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∂E

∂ẋ
=M0(x)ẍ ✭❆✳✸✸✮
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∂E

∂x
=

1

2

∂M0(x)

∂x
ẋ2 ✭❆✳✸✹✮

❊①♣❛♥❞✐♥❣

∂M0(x)
∂x

✐& $❡%✉❧&%✿

∂M0(x)

∂x
= ρ+ ρ

∂

∂x

[

(Lb − x)
(R2

x +R2
0

2R2
x

)

]

+ J0
∂

∂x

[

1

R2
x

]
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∂

∂x

[

(Lb − x)
(R2

x +R2
0

2R2
x

)

]

=
R6

0

(−k0Lb + k0x−R2
0)

3
+

R4
0

2(−k0Lb + k0x−R2
0)

2
− 1

2
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∂

∂x

[

1

Rx(x)2

]

=
2k0R

2
0

(k0(Lb − x) +R2
0)

3
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M0(x)ẍ+
1

2

∂M0(x)

∂x
ẋ2 −

[

k20k1R0

(k20(Lb − x) +R2
0)

2
− k2R0

k0((Lb − x) +R2
0)

− k3

]

= Q
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Q =
Tm
Rm
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✐ φobj❂10◦✱ θobj❂5◦ ❛♥❞ ψobj❂5◦✳ ❚❤❡ ❛""✐"✉❞❡ ✐♥ "❡)♠ ♦❢ ❛♥❣❧❡ ❛♥❞ ❛♥❣✉❧❛)

✈❡❧♦❝✐"✐❡ ✐  ❤♦✇♥ ✐♥ ❋✐❣✉)❡ ❇✳✸✳ ❚❤❡ ❛♥❣❧❡ ❝♦))❡ ♣♦♥❞✐♥❣ "♦ ❛ )♦"❛"✐♦♥ ❛)♦✉♥❞

"❤❡ ① ❛①✐ ❛)❡ ✐♥✢✉❡♥❝❡❞ ❜② "❤❡ ✈❛)✐❛"✐♦♥ ✐♥  ♦❧❛) )❛❞✐❛"✐♦♥ ♣)❡  ✉)❡ ❜❡"✇❡❡♥ "❤❡

♣❡)✐♦❞ ♦❢ ❙✉♥ ✐❧❧✉♠✐♥❛"✐♦♥ ❛♥❞ ✉♠❜)❛✱ ✇✐"❤ ❛  ♠❛❧❧ ✈❛)✐❛"✐♦♥ ♦❢ ❛❜♦✉" 2◦✳

❙✐♥❝❡ "❤❡ ❛""✐"✉❞❡ ❛❧♦♥❣ ① ❛①✐ ✐ ❤✐❣❤❧② ✐♥✢✉❡♥❝❡❞ ❜② "❤❡ ❝♦♥")✐❜✉"✐♦♥ ♦❢ "❤❡  ♦❧❛)

)❛❞✐❛"✐♦♥ ♣)❡  ✉)❡ ❛♥❞ "❤❡ ❛"♠♦ ♣❤❡)✐❝ )❡ ✐ "❛♥❝❡✱ ❛ ❝✉ "♦♠✐③❡❞ J❉ ❝♦♥")♦❧❧❡) ✇❛ 

❞❡ ✐❣♥❡❞ "♦ ♠♦)❡ ❡✣❝✐❡♥"❧② ❝♦✉♥"❡)❛❝" "❤❡ ❡ ❞✐ "✉)❜❛♥❝❡ ✳ ■♥ ♣❛)"✐❝✉❧❛)✱ ❢)♦♠ "❤❡

❡>✉❛"✐♦♥ ♦❢ "❤❡  ♦❧❛) )❛❞✐❛"✐♦♥ ♣)❡  ✉)❡ ❛♥❞ "❤❡ ❞)❛❣✱ ❛ ❝♦❡✣❝✐❡♥" ❑✸ ✇❛ ❡ "✐♠❛"❡❞

❛ ❢♦❧❧♦✇ ✿

K3 = 1.7 · (0.5 · d · v2 · Cd)/(Prad); ✭❇✳✶✮

✇❤❡)❡ ❞ ✐ "❤❡ ❛"♠♦ ♣❤❡)✐❝ ❞❡♥ ✐"② ❛" "❤❛" ❛❧"✐"✉❞❡✱ ✈ ✐ "❤❡ ✈❡❧♦❝✐"② ♦❢ "❤❡

 ❛"❡❧❧✐"❡ ✐♥ "❤❡ ❞✐)❡❝"✐♦♥ ♦❢ ♠♦"✐♦♥✱ ❈❞ ✐ "❤❡ ❞)❛❣ ❝♦❡✣❝✐❡♥" ❛♥❞ Prad ✐ "❤❡  ♦❧❛)

)❛❞✐❛"✐♦♥ ♣)❡  ✉)❡✳ ❚✇♦ ♦"❤❡) ❣❛✐♥ ✇❡)❡ ✉ ❡❞✿

K1 = K10 · (1−K3 · sin(ω0t− φobj))

K2 = K20 · (1−K3 · sin(ω0 · t− φobj))
✭❇✳✷✮

✇❤❡)❡ ❑✶✵ ❛♥❞ ❑✷✵ ✇❡)❡ "✇♦ ❝♦♥ "❛♥" ♠✉❧"✐♣❧✐❡) ✱ ω0 ✇❛ "❤❡ ♦)❜✐"❛❧ ✈❡❧♦❝✐"②

❛♥❞ " ✇❛ "❤❡ "✐♠❡✳ ❈♦♥ ✐❞❡)✐♥❣ "❤❡ ❡))♦) ✐♥ ❛""✐"✉❞❡✿

∆φ = (φ− φobj) ✭❇✳✸✮
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❋✐❣✉$❡ ❇✳✸✿ ❆++✐+✉❞❡ ♦❢ +❤❡ 0②0+❡♠ ❛❧♦♥❣ +❤❡ +❤$❡❡ ❛①❡0✳

+❤❡ $❡0✉❧+✐♥❣ ✐♥0+❛♥+❛♥❡♦✉0 ❧❡♥❣+❤ ❧ ♦❢ +❤❡ 0♦❧❛$ ❛$$❛② ✇❛0✿

l(t) = l(t− 1)−K1 ·∆φ−K2 · ωbix
0 ; ✭❇✳✹✮

✇❤❡$❡ ωbix
0 ✐0 +❤❡ ❝♦♠♣♦♥❡♥+ ❛$♦✉♥❞ ① ♦❢ +❤❡ ❛♥❣✉❧❛$ ✈❡❧♦❝✐+② ✐♥ +❤❡ ✐♥❡$+✐❛❧ ❢$❛♠❡✳

■♥ ❛❞❞✐+✐♦♥✱ +❤❡ ✈❛❧✉❡ ♦❢ ❧✭+✮ ✇❛0 ❝♦♥0+$❛✐♥❡❞ ❜❡+✇❡❡♥ ❛ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠

✈❛❧✉❡✳ ❚❤❡ ✈❛$✐❛+✐♦♥ ♦❢ +❤❡ ❧❡♥❣+❤ ♦❢ +❤❡ ♣❛♥❡❧ ❞✉$✐♥❣ +❤❡ ❡①❛♠♣❧❡ ♠❛♥❡✉✈❡$ ✐0 0❤♦✇♥

✐♥ ❇✳✹✳ ■♥ ❛❞❞✐+✐♦♥✱ +❤❡ ❝♦♥+$♦❧ +♦$B✉❡0 $❡❧❛+✐✈❡ +♦ +❤❡ $❡❛❝+✐♦♥ ✇❤❡❡❧0✱ ❝♦♠♣✉+❡❞

✇✐+❤ ❛ 0✐♠♣❧❡ C❉ ❝♦♥+$♦❧❧❡$✱ ❛$❡ 0❤♦✇♥ ♦♥ +❤❡ ❝❤❛$+ ♦♥ +❤❡ +♦♣ ✐♥ ❋✐❣✉$❡ ❇✳✺✱ ✇❤✐❧❡

+❤❡ ❞✐0+✉$❜❛♥❝❡ +♦$B✉❡0 ❞✉❡ +♦ +❤❡ ♦$❜✐+❛❧ ❡♥✈✐$♦♥♠❡♥+ ❛$❡ 0❤♦✇♥ ✐♥ +❤❡ ❝❤❛$+ ♦♥

+❤❡ ❜♦++♦♠✳ ❚❤❡ 0✐♥❣❧❡ ❝♦♥+$✐❜✉+✐♦♥ ♦❢ +❤❡0❡ ❡①+❡$♥❛❧ +♦$B✉❡0 +♦ +❤❡ ❛++✐+✉❞❡ ♦❢ +❤❡

0❛+❡❧❧✐+❡ ❝❛♥ ❜❡ 0❡❡♥ ✐♥ ❋✐❣✉$❡0 ❇✳✻✱ ❇✳✼ ❛♥❞ ❇✳✽ $❡0♣❡❝+✐✈❡❧② ❢♦$ +❤❡ ❞$❛❣ +♦$B✉❡0 ❞✉❡

+♦ +❤❡ ❛+♠♦0♣❤❡$✐❝ $❡0✐0+❛♥❝❡ ♦♥ +❤❡ +✇♦ ♣❛♥❡❧0✱ +❤❡ ❣$❛✈✐+② ❣$❛❞✐❡♥+ ❝♦♥+$✐❜✉+✐♦♥

♦♥ +❤❡ ❝❡♥+❡$ ♦❢ ♠❛00✱ ❛♥❞ +❤❡ 0♦❧❛$ $❛❞✐❛+✐♦♥ ♣$❡00✉$❡✱ ✇❤❡$❡ +❤❡ ❡✛❡❝+0 ♦❢ +❤❡

✐❧❧✉♠✐♥❛+❡❞ ❛♥❞ +❤❡ ✉♠❜$❛ ♣❡$✐♦❞ ❛$❡ ❝♦♥0✐❞❡$❡❞✳

❚❤❡ $❡0✉❧+0 0❤♦✇❡❞ +❤❛+ ❝❤❛♥❣❡0 ✐♥ +❤❡ ❧❡♥❣+❤ ♦❢ ♦♥❡ ♦❢ +❤❡ +✇♦ ♣❛♥❡❧0 ❝♦✉❧❞

❤❡❧♣ ✐♥ ♣❡$❢♦$♠✐♥❣ ✭♠♦0+❧②✮ 0♠❛❧❧ ❛♥❣❧❡0 ♠❛♥❡✉✈❡$0✱ ✇✐+❤ +❤❡ ❝♦♠♣❡♥0❛+✐♦♥ ♦❢ ❞✐0✲

+✉$❜❛♥❝❡0 ❣✐✈❡♥ ❜② +❤❡ ❡①+❡$♥❛❧ ❡♥✈✐$♦♥♠❡♥+ ✭0♦❧❛$ $❛❞✐❛+✐♦♥ ♣$❡00✉$❡✱ ❞$❛❣✱ ❣$❛✈✐+②

❣$❛❞✐❡♥+✮✳

❘✉♥♥✐♥❣ ❛ ♥✉♠❜❡$ ♦❢ 0✐♠✉❧❛+✐♦♥0 ✈❛$②✐♥❣ +❤❡ +❛$❣❡+ ❛++✐+✉❞❡✱ ✇✐+❤ ❛♥ ✐♥✐+✐❛❧

♦$✐❡♥+❛+✐♦♥ ♦❢ +❤❡ 0❛+❡❧❧✐+❡ ♦❢ ✭✵✱ ✵✱ ✵✮ ❛$♦✉♥❞ +❤❡ +❤$❡❡ ❛①❡0✱ ❛❝❝❡♣+❛❜❧❡ ❝♦♠❜✐♥❛+✐♦♥0



✶✸✸

❋✐❣✉$❡ ❇✳✹✿ ▲❡♥❣,❤ ♦❢ ,❤❡ ♣❛♥❡❧3 ❞✉$✐♥❣ ,✇♦ ♦$❜✐,3✳

❋✐❣✉$❡ ❇✳✺✿ ❈♦♥,$♦❧ ,♦$9✉❡3 ❛♥❞ ❞✐3,✉$❜❛♥❝❡ ,♦$9✉❡3 ❞✉$✐♥❣ ,✇♦ ♦$❜✐,3
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❋✐❣✉$❡ ❇✳✻✿ ❉$❛❣ ❞✉$✐♥❣ .✇♦ ♦$❜✐.2✳

❋✐❣✉$❡ ❇✳✼✿ ●$❛✈✐.② ❣$❛❞✐❡♥. ❞✉$✐♥❣ .✇♦ ♦$❜✐.2✳



✶✸✺

❋✐❣✉$❡ ❇✳✽✿ ❙♦❧❛$ $❛❞✐❛/✐♦♥ ♣$❡22✉$❡ ❞✉$✐♥❣ /✇♦ ♦$❜✐/2✳

♦❢ /❛$❣❡/ ❛♥❣❧❡2 ✭✇❤❡$❡ ❛❧2♦ /❤❡ ♠❛①✐♠✉♠ ♣♦22✐❜❧❡ $❡❛❝/✐♦♥ ✇❤❡❡❧2 /♦$;✉❡2 ❛$❡ ❚

max
RW

❂ ✵✳✶ ♠◆♠ ♦♥ /❤❡ ② ❛♥❞ ③ ❛①❡2✮ ❝❛♥ ❜❡ ❢♦✉♥❞ ✇❤❡♥ /❤❡2❡ ❧✐♠✐/❛/✐♦♥2 ❛♣♣❧②✿

• ✐♠♣♦2✐♥❣ ❛ ♠❛♥❡✉✈❡$ ✇❤❡$❡ φobj ≥ 0◦✿

✕ ✐❢ θobj ❛♥❞ ψobj ≥ 0◦✱ /❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡2 ❢♦$ ❛ 2/❛❜❧❡ ♠❛♥❡✉✈❡$ ❛$❡✿

0◦ ≤ φobj ❁ 12◦ ❛♥❞ 0◦ ≤ θobj , ψobj ≤ 3◦✳

✕ ✐❢ θobj ❛♥❞ ψobj < 0◦✱ /❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡2 ❢♦$ ❛ 2/❛❜❧❡ ♠❛♥❡✉✈❡$ ❛$❡✿

0◦ ≤ φobj ≤ 60◦ ❛♥❞ −15◦ ≤ θobj , ψobj < 0◦✳

• ✐♠♣♦2✐♥❣ ❛ ♠❛♥❡✉✈❡$ ✇❤❡$❡ φobj < 0◦✿

✕ ✐❢ θobj ❛♥❞ ψobj ≥ 0◦✱ /❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡2 ❢♦$ ❛ 2/❛❜❧❡ ♠❛♥❡✉✈❡$ ❛$❡✿

−10◦ ≤ φobj ❁ 0◦ ❛♥❞ 0◦ ≤ θobj , ψobj ≤ 14◦✳

✕ ✐❢ θobj ❛♥❞ ψobj < 0◦✱ /❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡2 ❢♦$ ❛ 2/❛❜❧❡ ♠❛♥❡✉✈❡$ ❛$❡✿

−3◦ ≤ φobj ❁ 0◦ ❛♥❞ 0◦ < θobj , ψobj ≤ −5◦✳

◆❛/✉$❛❧❧②✱ /❤❡$❡ ❝❛♥ ❜❡ ❛♥ ✐♥✜♥✐/❡ ♥✉♠❜❡$ ♦❢ ❝♦♥✜❣✉$❛/✐♦♥2✱ ✈❛$②✐♥❣ /❤❡ ✐♥✐/✐❛❧

❛♥❞ /❛$❣❡/ ❛♥❣❧❡2✱ ❝♦♥/$♦❧ ❝♦❡✣❝✐❡♥/2✱ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ❧❡♥❣/❤ ♦❢ /❤❡ ❝♦♥✲

/$♦❧❧❡❞ 2♦❧❛$ ❛$$❛②✱ ♠❛①✐♠✉♠ ❛❧❧♦✇❡❞ $❡❛❝/✐♦♥ ✇❤❡❡❧2 /♦$;✉❡2 ❛♥❞ ♦$❜✐/❛❧ ❛❧/✐/✉❞❡✳

❚❤✐2 2❡❝/✐♦♥ ✇❛♥/2 /♦ ❞❡♠♦♥2/$❛/❡ /❤❛/ /❤❡$❡ ❛$❡ 2♦♠❡ ❝✐$❝✉♠2/❛♥❝❡2 ✐♥ ✇❤✐❝❤ /❤✐2

❧♦✇✲♦$❞❡$ ❝♦♥/$♦❧ ❝❛♥ ❜❡ ❡✛❡❝/✐✈❡✱ ✇✐/❤ ♦♥❧② ❝♦♥/$♦❧ ♦❢ /❤❡ /❤❡ ❧❡♥❣/❤ ♦❢ ❛ ♣❛♥❡❧ /♦
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♣❡"❢♦"♠ &✐♠♣❧❡ ♠❛♥❡✉✈❡"& ✇✐.❤ .❤❡ ❝♦♠♣❡♥&❛.✐♦♥ ♦❢ .❤❡ ❡①.❡"♥❛❧ ❞✐&.✉"❜❛♥❝❡&✳ ❚❤✐&

✐& ❡&♣❡❝✐❛❧❧② ."✉❡ ✇❤❡♥ ❛♣♣❧✐❡❞ ♦♥ ❛ &❛.❡❧❧✐.❡ ✇❤❡"❡ ❤✐❣❤ .♦❧❡"❛♥❝❡& ♦♥ ✐.& ❛..✐.✉❞❡

❛"❡ ❛❝❝❡♣.❡❞✳



❇✐❜❧✐♦❣&❛♣❤②

❬✶❪ ❲ ❑❡✐'❤ ❇❡❧✈✐♥✱ ▼❛0❝♦ ❙'0❛✉❜❡❧✱ ❲ ❑❡❛'6 ❲✐❧❦✐❡✱ ▼❛0'✐♥ ❊ ❩❛♥❞❡0✱ ❏✉❛♥ ▼

❋❡0♥❛♥❞❡③✱ ❛♥❞ ▼❛0'✐♥ ❋ ❍✐❧❧❡❜0❛♥❞'✳ ❆❞✈❛♥❝❡❞ ❞❡♣❧♦②❛❜❧❡ 6'0✉❝'✉0❛❧ 6②6'❡♠6

❢♦0 6♠❛❧❧ 6❛'❡❧❧✐'❡6✳ ✷✵✶✻✳

❬✷❪ ❙♣❛❝❡① ✲ ❝❛♣❛❜✐❧✐'✐❡6 ✫ 6❡0✈✐❝❡6✱ ❤!!♣✿✴✴✇✇✇✳'♣❛❝❡①✳❝♦♠✴❛❜♦✉!✴

❝❛♣❛❜✐❧✐!✐❡'✱ 0❡'0✐❡✈❡❞ ♦♥ ✶✷✳✵✼✳✷✵✶✼✳

❬✸❪ ❆0✐❛♥❡6♣❛❝❡ ❛✐♠6 ❤✐❣❤ ✐♥ ❛6✐❛✲♣❛❝✐✜❝✱ ❤!!♣'✿✴✴✇✇✇✳❢❧✐❣❤!❣❧♦❜❛❧✳❝♦♠✴♥❡✇'✴

❛5!✐❝❧❡'✴❛5✐❛♥❡'♣❛❝❡✲❛✐♠'✲❤✐❣❤✲✐♥✲❛'✐❛✲♣❛❝✐❢✐❝✲✹✷✺✾✷✽✴✱ 0❡'0✐❡✈❡❞ ♦♥

✵✽✳✵✽✳✷✵✶✼✳

❬✹❪ ❈❤0✐6'♦♣❤❡0 ❍▼ ❏❡♥❦✐♥6✳  !♦❣!❡%% ✐♥ ❛%)!♦♥❛✉)✐❝% ❛♥❞ ❛❡!♦♥❛✉)✐❝%✿ ❣♦%%❛♠❡!

%♣❛❝❡❝!❛❢)✿ ♠❡♠❜!❛♥❡ ❛♥❞ ✐♥✢❛)❛❜❧❡ %)!✉❝)✉!❡% )❡❝❤♥♦❧♦❣② ❢♦! %♣❛❝❡ ❛♣♣❧✐❝❛)✐♦♥%✱

✈♦❧✉♠❡ ✶✾✶✳ ❆■❆❆✱ ✷✵✵✶✳

❬✺❪ ❙❤❡✐❧❛ ❇❛✐❧❡② ❛♥❞ ❘②♥❡ ❘❛✛❛❡❧❧❡✳ ❙♣❛❝❡ 6♦❧❛0 ❝❡❧❧6 ❛♥❞ ❛00❛②6✳ ❍❛♥❞❜♦♦❦ ♦❢

 ❤♦)♦✈♦❧)❛✐❝ ❙❝✐❡♥❝❡ ❛♥❞ ❊♥❣✐♥❡❡!✐♥❣✱ ♣❛❣❡6 ✹✶✸✕✹✹✽✱ ✷✵✵✸✳

❬✻❪ ❆6❤♦❦ ❈❤❛✉❞❤❛0✐✳ ❈✐❣6✴6✐❧✐❝♦♥ '❤✐♥✲✜❧♠ '❛♥❞❡♠ 6♦❧❛0 ❝❡❧❧✱ ✷✵✶✻✳ ❯❙ Z❛'❡♥'

❆♣♣✳ ✶✺✴✷✸✽✱✵✺✵✳

❬✼❪ ▼ ❍❛❧❧✳ ❊♠♣❛ ❛♥♥♦✉♥❝❡6 ✷✵✳✹✪ ❡✣❝✐❡♥' '❤✐♥ ✜❧♠ ❝✐❣6✲♦♥✲♣♦❧②♠❡0 ❝❡❧❧✳  ❱

♠❛❣❛③✐♥❡✱ ✷✶✱ ✷✵✶✸✳

❬✽❪ ▼❛0'✐♥ ❆ ●0❡❡♥✱ ❨♦6❤✐❤✐0♦ ❍✐6❤✐❦❛✇❛✱ ❲✐❧❤❡❧♠ ❲❛0'❛✱ ❊✇❛♥ ❉ ❉✉♥❧♦♣✱

❉❡❛♥ ❍ ▲❡✈✐✱ ❏♦❝❤❡♥ ❍♦❤❧✲❊❜✐♥❣❡0✱ ❛♥❞ ❆♥✐'❛ ❲❍ ❍♦✲❇❛✐❧❧✐❡✳ ❙♦❧❛0 ❝❡❧❧ ❡✣✲

❝✐❡♥❝② '❛❜❧❡6 ✭✈❡06✐♦♥ ✺✵✮✳  !♦❣!❡%% ✐♥  ❤♦)♦✈♦❧)❛✐❝%✿ ❘❡%❡❛!❝❤ ❛♥❞ ❆♣♣❧✐❝❛)✐♦♥%✱

✷✺✭✼✮✿✻✻✽✕✻✼✻✱ ✷✵✶✼✳

✶✸✼
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❬✾❪ ❍♦✇ ❤✉❜❜❧❡ ❣♦, ✐,. ✇✐♥❣.✱ ❤!!♣✿✴✴✇✇✇✳❡(❛✳✐♥!✴❖✉.❴❆❝!✐✈✐!✐❡(✴❙♣❛❝❡❴

❊♥❣✐♥❡❡.✐♥❣❴❚❡❝❤♥♦❧♦❣②✴❍♦✇❴❍✉❜❜❧❡❴❣♦!❴✐!(❴✇✐♥❣(✱ 1❡,1✐❡✈❡❞ ♦♥

✶✷✳✵✼✳✷✵✶✼✳

❬✶✵❪ ▼❛1❦ ❙ ●1❛❤♥❡ ❛♥❞ ❉❛✈✐❞ ? ❈❛❞♦❣❛♥✳ ■♥✢❛,❛❜❧❡ .♦❧❛1 ❛11❛②.✿ 1❡✈♦❧✉,✐♦♥❛1②

,❡❝❤♥♦❧♦❣②❄ ❚❡❝❤♥✐❝❛❧ 1❡♣♦1,✱ ❙❆❊ ❚❡❝❤♥✐❝❛❧ ?❛♣❡1✱ ✶✾✾✾✳

❬✶✶❪ ❏♦❤♥ ❍✉❛♥❣✳ ❚❤❡ ❞❡✈❡❧♦♣♠❡♥, ♦❢ ✐♥✢❛,❛❜❧❡ ❛11❛② ❛♥,❡♥♥❛.✳ ■❊❊❊ ❆♥$❡♥♥❛'

❛♥❞ )*♦♣❛❣❛$✐♦♥ ▼❛❣❛③✐♥❡✱ ✹✸✭✹✮✿✹✹✕✺✵✱ ✷✵✵✶✳

❬✶✷❪ ▼✐❝❤❛❡❧ ▲♦✉✱ ❍♦✉❢❡✐ ❋❛♥❣✱ ❛♥❞ ▲✐❤✲▼✐♥ ❍.✐❛✳ ❙❡❧❢✲1✐❣✐❞✐③❛❜❧❡ .♣❛❝❡ ✐♥✢❛,❛❜❧❡

❜♦♦♠✳ ❏♦✉*♥❛❧ ♦❢ '♣❛❝❡❝*❛❢$ ❛♥❞ *♦❝❦❡$'✱ ✸✾✭✺✮✿✻✽✷✕✻✾✵✱ ✷✵✵✷✳

❬✶✸❪ ❊♥✐ ● ◆❥♦❦✉✱ ❨❛❤②❛ ❘❛❤♠❛,✲❙❛♠✐✐✱ ❏ ❙❡1❝❡❧✱ ❲✐❧❧✐❛♠ ❏ ❲✐❧.♦♥✱ ❛♥❞ ▼❛❤,❛

▼♦❣❤❛❞❞❛♠✳ ❊✈❛❧✉❛,✐♦♥ ♦❢ ❛♥ ✐♥✢❛,❛❜❧❡ ❛♥,❡♥♥❛ ❝♦♥❝❡♣, ❢♦1 ♠✐❝1♦✇❛✈❡ .❡♥.✐♥❣

♦❢ .♦✐❧ ♠♦✐.,✉1❡ ❛♥❞ ♦❝❡❛♥ .❛❧✐♥✐,②✳ ■❊❊❊ ❚*❛♥'❛❝$✐♦♥' ♦♥ ●❡♦'❝✐❡♥❝❡ ❛♥❞

❘❡♠♦$❡ ❙❡♥'✐♥❣✱ ✸✼✭✶✮✿✻✸✕✼✽✱ ✶✾✾✾✳

❬✶✹❪ ❉❛✈✐❞ ? ❈❛❞♦❣❛♥ ❛♥❞ ▼❛1❦ ❙ ●1❛❤♥❡✳ ❉❡♣❧♦②♠❡♥, ❝♦♥,1♦❧ ♠❡❝❤❛♥✐.♠. ❢♦1

✐♥✢❛,❛❜❧❡ .♣❛❝❡ .,1✉❝,✉1❡.✳ ■♥ ✸✸*❞ ❛❡*♦'♣❛❝❡ ♠❡❝❤❛♥✐'♠' ❝♦♥❢❡*❡♥❝❡✱ ✈♦❧✉♠❡ ✺✱

♣❛❣❡. ✶✕✶✷✱ ✶✾✾✾✳

❬✶✺❪ ❉❛✈✐❞ ▲✐❝❤♦❞③✐❡❥❡✇.❦✐✱ ●♦1❞♦♥ ❱❡❛❧✱ ❘✐❝❤❛1❞ ❍❡❧♠.✱ ❘♦❜❡1, ❋1❡❡❧❛♥❞✱ ❛♥❞

▼❛1❦ ❑1✉❡1✳ ■♥✢❛,❛❜❧❡ 1✐❣✐❞✐③❛❜❧❡ .♦❧❛1 ❛11❛② ❢♦1 .♠❛❧❧ .❛,❡❧❧✐,❡.✳ ❆■❆❆✲✷✵✵✸✲

✶✽✾✽✱ ✷✵✵✸✳

❬✶✻❪ ❘♦❧❧✲♦✉, .♦❧❛1 ❛11❛② ✭1♦.❛✮✱ ❤!!♣(✿✴✴✇✇✇✳♥❛(❛✳❣♦✈✴♠✐((✐♦♥❴♣❛❣❡(✴(!❛!✐♦♥✴

.❡(❡❛.❝❤✴❡①♣❡.✐♠❡♥!(✴✷✶✸✾✳❤!♠❧✱ 1❡,1✐❡✈❡❞ ♦♥ ✷✶✳✶✵✳✷✵✶✼✳

❬✶✼❪ ❘♦.❛ ✢✐❣❤, ❞❡♠♦♥.,1❛,✐♦♥ ❤❛1❞✇❛1❡ .✉❝❝❡..❢✉❧❧② ❞❡✲

♣❧♦②. ♦♥ ✐..✱ ❤!!♣✿✴✴✇✇✇✳❞((✲(♣❛❝❡✳❝♦♠✴♣♦(!✴

.♦(❛✲❢❧✐❣❤!✲❞❡♠♦♥(!.❛!✐♦♥✲❤❛.❞✇❛.❡✲(✉❝❝❡((❢✉❧❧②✲❞❡♣❧♦②(✲♦♥✲✐((✱

1❡,1✐❡✈❡❞ ♦♥ ✷✶✳✶✵✳✷✵✶✼✳

❬✶✽❪ ❩❛②❛♥ ●✉❡❞✐♠✳ ◆❛.❛ ,❡.,. ✢❡①✐❜❧❡ .♦❧❛1 ❛11❛②✱ 1♦.❛✱

♦♥ ✐.. ❢♦1 ❢✉,✉1❡ .♦❧❛1 ♣1♦♣✉❧.✐♦♥✱ ❤!!♣(✿✴✴❡❞❣②❧❛❜(✳❝♦♠✴

✐((✲.♦(❛✲♥❛(❛✲(♦❧❛.✲❛..❛②✲❢✉!✉.❡✲♣.♦♣✉❧(✐♦♥✴✱ 1❡,1✐❡✈❡❞ ♦♥ ✷✺✳✵✾✳✷✵✶✼✳
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❬✶✾❪ ❇%✐❛♥ ❘ ❙♣❡♥❝❡ ❛♥❞ ❙/❡♣❤❡♥ ❋ ❲❤✐/❡✳ ❉✐%❡❝/✐♦♥❛❧❧② ❝♦♥/%♦❧❧❡❞ ❡❧❛8/✐❝❛❧❧② ❞❡✲

♣❧♦②❛❜❧❡ %♦❧❧✲♦✉/ 8♦❧❛% ❛%%❛②✱ ❆♣%✐❧ ✶ ✷✵✶✹✳ ❯❙ B❛/❡♥/ ✽✱✻✽✸✱✼✺✺✳

❬✷✵❪ ❇❛♦ ❍♦❛♥❣✱ ❙/❡✈❡ ❲❤✐/❡✱ ❇%✐❛♥ ❙♣❡♥❝❡✱ ❛♥❞ ❙/❡✈❡♥ ❑✐❡❢❡%✳ ❈♦♠♠❡%❝✐❛❧✐③❛/✐♦♥

♦❢ ❞❡♣❧♦②❛❜❧❡ 8♣❛❝❡ 8②8/❡♠8✬ %♦❧❧✲♦✉/ 8♦❧❛% ❛%%❛② ✭%♦8❛✮ /❡❝❤♥♦❧♦❣② ❢♦% 8♣❛❝❡

8②8/❡♠8 ❧♦%❛❧ ✭88❧✮ 8♦❧❛% ❛%%❛②8✳ ■♥ ❆❡"♦$♣❛❝❡ ❈♦♥❢❡"❡♥❝❡✱ ✷✵✶✻ ■❊❊❊✱ ♣❛❣❡8

✶✕✶✷✳ ■❊❊❊✱ ✷✵✶✻✳

❬✷✶❪ ❍✐%♦/❛❦❛ ❙❛✇❛❞❛✱ ❨♦❥✐ ❙❤✐%❛8❛✇❛✱ ❖8❛♠✉ ▼♦%✐✱ ◆♦❜✉❦❛/8✉ ❖❦✉✐③✉♠✐✱ ❨❛8✉②✉❦✐

▼✐②❛③❛❦✐✱ ❙❛❜✉%♦ ▼❆❚❯◆❆●❆✱ ❍✐%♦8❤✐ ❋✉%✉②❛✱ ❍✐%❛❦✉ ❙❛❦❛♠♦/♦✱ ▼✐❝❤✐❤✐%♦

◆❛/♦%✐✱ ❛♥❞ ❨✉✐❝❤✐ ❚8✉❞❛✳ ❖♥✲♦%❜✐/ %❡8✉❧/ ❛♥❞ ❛♥❛❧②8✐8 ♦❢ 8❛✐❧ ❞❡♣❧♦②♠❡♥/

♦❢ ✇♦%❧❞✬8 ✜%8/ 8♦❧❛% ♣♦✇❡% 8❛✐❧ ✐❦❛%♦8✳ ❚❤❡ ❏♦✉"♥❛❧ ♦❢ ❙♣❛❝❡ ❚❡❝❤♥♦❧♦❣② ❛♥❞
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=/♦❝❡❡❞✐♥❣1✱ ❚❤❡ ■♥)❡/♥❛)✐♦♥❛❧ ❆1)/♦♥❛✉)✐❝❛❧ ❈♦♥❣/❡11 ✷✵✶✷✱ ◆❛♣❧❡1✱ ✷✵✶✷✳

❬✹✵❪ ■♥❞❡>❥✐: ❈❤♦♣>❛ ❛♥❞ ❏❛②❛♥: ❙✐>♦❤✐✳ ❙♠❛/) 1)/✉❝)✉/❡1 )❤❡♦/②✱ ✈♦❧✉♠❡ ✸✺✳ ❈❛♠✲

❜>✐❞❣❡ ❯♥✐✈❡>=✐:② ^>❡==✱ ✷✵✶✸✳

❬✹✶❪ ❉✐♠✐:>✐ ❇❡>:=❡❦❛=✳ ❉②♥❛♠✐❝ ♣/♦❣/❛♠♠✐♥❣ ❛♥❞ ♦♣)✐♠❛❧ ❝♦♥)/♦❧✱ ✈♦❧✉♠❡ ✶✳

❆:❤❡♥❛ =❝✐❡♥:✐✜❝ ❇❡❧♠♦♥:✱ ▼❆✱ ✶✾✾✺✳

❬✹✷❪ ❉✉♣♦♥: ❚❡❝❤♥✐❝❛❧ ■♥❢♦>♠❛:✐♦♥✳ ❉✉♣♦♥:

❚▼

❦❛♣:♦♥

❘© ♣♦❧②✐♠✐❞❡ ✜❧♠= ✲ ❤✐❣❤

♣❡>❢♦>♠❛♥❝❡ ✢❡①✐❜❧❡ ✜❧♠= ❢♦> ♣❤♦:♦✈♦❧:❛✐❝ =✉❜=:>❛:❡=✳

❬✹✸❪ ❏♦=❡♣❤ ◆ ❋♦♦:❞❛❧❡ ❛♥❞ ❚❤♦♠❛= ❲ ▼✉>♣❤❡②✳ ▼❡❝❤❛♥✐=♠ ❞❡=✐❣♥ ❛♥❞ :❡=:✐♥❣ ♦❢

❛ =❡❧❢✲❞❡♣❧♦②✐♥❣ =:>✉❝:✉>❡ ✉=✐♥❣ ✢❡①✐❜❧❡ ❝♦♠♣♦=✐:❡ :❛♣❡ =♣>✐♥❣=✳ ■♥ =/♦❝❡❡❞✐♥❣1

♦❢ )❤❡ ✹✷♥❞ ❆❡/♦1♣❛❝❡ ▼❡❝❤❛♥✐1♠1 ❙②♠♣♦1✐✉♠✱ ◆❆❙❆ ●♦❞❞❛/❞ ❙♣❛❝❡ ❋❧✐❣❤)

❈❡♥)❡/✱ ▼❛② ✶✹✲✶✻✱ ✷✵✶✹✳

❬✹✹❪ ❙❡>❣✐♦ ^❡❧❧❡❣>✐♥♦✳ ❉❡♣❧♦②❛❜❧❡ 1)/✉❝)✉/❡1✱ ✈♦❧✉♠❡ ✹✶✷✳ ❙♣>✐♥❣❡>✱ ✷✵✶✹✳

❬✹✺❪ ❊ ❑❡❜❛❞③❡✱ ❙❉ ●✉❡=:✱ ❛♥❞ ❙ ^❡❧❧❡❣>✐♥♦✳ ❇✐=:❛❜❧❡ ♣>❡=:>❡==❡❞ =❤❡❧❧ =:>✉❝:✉>❡=✳

■♥)❡/♥❛)✐♦♥❛❧ ❏♦✉/♥❛❧ ♦❢ ❙♦❧✐❞1 ❛♥❞ ❙)/✉❝)✉/❡1✱ ✹✶✭✶✶✮✿✷✽✵✶✕✷✽✷✵✱ ✷✵✵✹✳

❬✹✻❪ ❑❆ ❙❡✛❡♥ ❛♥❞ ❙ ^❡❧❧❡❣>✐♥♦✳ ❉❡♣❧♦②♠❡♥: ❞②♥❛♠✐❝= ♦❢ :❛♣❡ =♣>✐♥❣=✳ ■♥ =/♦❝❡❡❞✲

✐♥❣1 ♦❢ )❤❡ ❘♦②❛❧ ❙♦❝✐❡)② ♦❢ ▲♦♥❞♦♥ ❆✿ ▼❛)❤❡♠❛)✐❝❛❧✱ =❤②1✐❝❛❧ ❛♥❞ ❊♥❣✐♥❡❡/✐♥❣

❙❝✐❡♥❝❡1✱ ✈♦❧✉♠❡ ✹✺✺✱ ♣❛❣❡= ✶✵✵✸✕✶✵✹✽✳ ❚❤❡ ❘♦②❛❧ ❙♦❝✐❡:②✱ ✶✾✾✾✳

❬✹✼❪ ❚❤♦♠❛= ❲ ▼✉>♣❤❡②✱ ❲✐❧❧✐❛♠ ❋>❛♥❝✐=✱ ❇>✉❝❡ ❉❛✈✐=✱ ❏✉❛♥ ▼ ▼❡❥✐❛✲❆>✐③❛✱

▼❛::❤❡✇ ❙❛♥:❡>✱ ❏♦=❡♣❤ ◆ ❋♦♦:❞❛❧❡✱ ❑❡✈✐♥ ❙❝❤♠✐❞✱ ❖♠❡> ❙♦②❦❛=❛♣✱ ❑♦♦>♦=❤
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●✉✐❞❛♥❡❛♥✱ ❛♥❞ ( ❲❛**❡♥✳ ❍✐❣❤ /0*❛✐♥ ❝♦♠♣♦/✐0❡/✳ ■♥ ✷♥❞ ❆■❆❆ ❙♣❛❝❡❝*❛❢,

❙,*✉❝,✉*❡. ❈♦♥❢❡*❡♥❝❡✱ ♣❛❣❡/ ✷✵✶✺✕✵✾✹✷✱ ✷✵✶✺✳

❬✹✽❪ ❑ ■A❜❛❧ ❛♥❞ ❙ (❡❧❧❡❣*✐♥♦✳ ❇✐✲/0❛❜❧❡ ❝♦♠♣♦/✐0❡ /❤❡❧❧/✳ ■♥ ❆♠❡*✐❝❛♥ ■♥/0✐0✉0❡

♦❢ ❆❡*♦♥❛✉0✐❝/ ❛♥❞ ❆/0*♦♥❛✉0✐❝/✱ ❡❞✐0♦*/✱ ✹✶., ❆■❆❆✴❆❙▼❊✴❆❙❈❊✴❆❍❙✴❆❙❈

❙,*✉❝,✉*❡.✱ ❙,*✉❝,✉*❛❧ ❉②♥❛♠✐❝.✱ ❛♥❞ ▼❛,❡*✐❛❧. ❈♦♥❢✳ ❛♥❞ ❊①❤✐❜✐,✳

❬✹✾❪ ❚❤♦♠❛/ ▼✉*♣❤❡②✱ ❙✉♥❣❡✉♥ ❏❡♦♥✱ ❆❞❛♠ ❇✐/❦♥❡*✱ ❛♥❞ ●*❡❣♦*② ❙❛♥❢♦*❞✳ ❉❡✲

♣❧♦②❛❜❧❡ ❜♦♦♠/ ❛♥❞ ❛♥0❡♥♥❛/ ✉/✐♥❣ ❜✐✲/0❛❜❧❡ 0❛♣❡✲/♣*✐♥❣/✳ ✷✵✶✵✳

❬✺✵❪ ❆♥❞*❡✇ ❏ ❉❛0♦♥✲▲♦✈❡00✳ ❊①0❡♥❞✐❜❧❡ ♠❡♠❜❡*✱ ✷✵✵✶✳ ❯❙ (❛0❡♥0 ✻✱✷✶✼✱✾✼✺✳

❬✺✶❪ ❙❉ ●✉❡/0 ❛♥❞ ❙ (❡❧❧❡❣*✐♥♦✳ ❆♥❛❧②0✐❝❛❧ ♠♦❞❡❧/ ❢♦* ❜✐/0❛❜❧❡ ❝②❧✐♥❞*✐❝❛❧ /❤❡❧❧/✳

■♥ A*♦❝❡❡❞✐♥❣. ♦❢ ,❤❡ ❘♦②❛❧ ❙♦❝✐❡,② ♦❢ ▲♦♥❞♦♥ ❆✿ ▼❛,❤❡♠❛,✐❝❛❧✱ A❤②.✐❝❛❧ ❛♥❞

❊♥❣✐♥❡❡*✐♥❣ ❙❝✐❡♥❝❡.✱ ✈♦❧✉♠❡ ✹✻✷✱ ♣❛❣❡/ ✽✸✾✕✽✺✹✳ ❚❤❡ ❘♦②❛❧ ❙♦❝✐❡0②✱ ✷✵✵✻✳

❬✺✷❪ ❍▼❨❈ ▼❛❧❧✐❦❛*❛❝❤❝❤✐ ❛♥❞ ❙ (❡❧❧❡❣*✐♥♦✳ ❉❡♣❧♦②♠❡♥0 ❞②♥❛♠✐❝/ ♦❢ ✉❧0*❛0❤✐♥

❝♦♠♣♦/✐0❡ ❜♦♦♠/ ✇✐0❤ 0❛♣❡✲/♣*✐♥❣ ❤✐♥❣❡/✳ ❏♦✉*♥❛❧ ♦❢ ❙♣❛❝❡❝*❛❢, ❛♥❞ ❘♦❝❦❡,.✱

✷✵✶✹✳

❬✺✸❪ ❉♦✉❣❧❛/ ❙ ❆❞❛♠/ ❛♥❞ ▼❡❤*❛♥ ▼♦❜*❡♠✳ ▲❡♥0✐❝✉❧❛* ❥♦✐♥0❡❞ ❛♥0❡♥♥❛ ❞❡♣❧♦②✲

♠❡♥0 ❛♥♦♠❛❧② ❛♥❞ *❡/♦❧✉0✐♦♥ ♦♥❜♦❛*❞ 0❤❡ ♠❛*/ ❡①♣*❡// /♣❛❝❡❝*❛❢0✳ ❏♦✉*♥❛❧ ♦❢

❙♣❛❝❡❝*❛❢, ❛♥❞ ❘♦❝❦❡,.✱ ✹✻✭✷✮✿✹✵✸✱ ✷✵✵✾✳

❬✺✹❪ ❑❛✇❛✐ ❑✇♦❦ ❛♥❞ ❙❡*❣✐♦ (❡❧❧❡❣*✐♥♦✳ ❱✐/❝♦❡❧❛/0✐❝ ❡✛❡❝0/ ✐♥ 0❛♣❡✲/♣*✐♥❣/✳ ■♥

A*♦❝❡❡❞✐♥❣. ♦❢ ,❤❡ ❆■❆❆✴❆❙▼❊✴❆❙❈❊✴❆❙❈ ❙,*✉❝,✉*❡.✱ ❙,*✉❝,✉*❛❧ ❉②♥❛♠✐❝.✱

❛♥❞ ▼❛,❡*✐❛❧ ❈♦♥❢❡*❡♥❝❡✱ ❆■❆❆ A❛♣❡*✱ ✈♦❧✉♠❡ ✷✵✷✷✱ ✷✵✶✶✳

❬✺✺❪ ▼❡❤*❛♥ ▼♦❜*❡♠ ❛♥❞ ❉♦✉❣❧❛/ ❙ ❆❞❛♠/✳ ❉❡♣❧♦②♠❡♥0 ❛♥❛❧②/✐/ ♦❢ ❧❡♥0✐❝✉❧❛*

❥♦✐♥0❡❞ ❛♥0❡♥♥❛/ ♦♥❜♦❛*❞ 0❤❡ ♠❛*/ ❡①♣*❡// /♣❛❝❡❝*❛❢0✳ ❏♦✉*♥❛❧ ♦❢ ❙♣❛❝❡❝*❛❢,

❛♥❞ ❘♦❝❦❡,.✱ ✹✻✭✷✮✿✸✾✹✱ ✷✵✵✾✳

❬✺✻❪ ❆❧❡① ❇*✐♥❦♠❡②❡*✱ ❙❡*❣✐♦ (❡❧❧❡❣*✐♥♦✱ ❛♥❞ (❛✉❧ ▼ ❲❡❛✈❡*✳ ❊✛❡❝0/ ♦❢ ❧♦♥❣✲0❡*♠

/0♦✇❛❣❡ ♦♥ 0❤❡ ❞❡♣❧♦②♠❡♥0 ♦❢ ❜✐/0❛❜❧❡ 0❛♣❡ /♣*✐♥❣/✳ ❏♦✉*♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ▼❡✲

❝❤❛♥✐❝.✱ ✽✸✭✶✮✿✵✶✶✵✵✽✱ ✷✵✶✻✳

❬✺✼❪ ❆ ❇*✐♥❦♠❡②❡*✱ ❙ (❡❧❧❡❣*✐♥♦✱ (▼❲❡❛✈❡*✱ ❛♥❞ ▼ ❙❛♥0❡*✳ ❊✛❡❝0/ ♦❢ ✈✐/❝♦❡❧❛/0✐❝✐0②

♦♥ 0❤❡ ❞❡♣❧♦②♠❡♥0 ♦❢ ❜✐/0❛❜❧❡ 0❛♣❡ /♣*✐♥❣/✳ ■♥ ✶✾,❤ ■♥,❡*♥❛,✐♦♥❛❧ ❈♦♥❢❡*❡♥❝❡ ♦♥
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❈♦♠♣♦$✐&❡ ▼❛&❡*✐❛❧$ ✭■❈❈▼✲✶✾✮✱ ▼♦♥&*❡❛❧✱ ◗❈✱ ❈❛♥❛❞❛✱ ❏✉❧②✱ ♣❛❣❡% ✸✼✵✕✸✽✵✱

✷✵✶✸✳

❬✺✽❪ ❑❛✇❛✐ ❑✇♦❦ ❛♥❞ ❙❡9❣✐♦ :❡❧❧❡❣9✐♥♦✳ ❋♦❧❞✐♥❣✱ %=♦✇❛❣❡✱ ❛♥❞ ❞❡♣❧♦②♠❡♥= ♦❢ ✈✐%✲

❝♦❡❧❛%=✐❝ =❛♣❡ %♣9✐♥❣%✳ ❆■❆❆ ❥♦✉*♥❛❧✱ ✷✵✶✸✳

❬✺✾❪ ❍▼ ▼❛❧❧✐❦❛9❛❝❤❝❤✐✳ ❚❤✐♥✲✇❛❧❧❡❞ ❝♦♠♣♦$✐&❡ ❞❡♣❧♦②❛❜❧❡ ❜♦♦♠$ ✇✐&❤ &❛♣❡✲$♣*✐♥❣

❤✐♥❣❡$✳ :❤❉ =❤❡%✐%✱ ❯♥✐✈❡9%✐=② ♦❢ ❈❛♠❜9✐❞❣❡✱ ✷✵✶✶✳

❬✻✵❪ ❙✉♥❣❡✉♥ ❏❡♦♥ ❛♥❞ ❚❤♦♠❛% ❲ ▼✉9♣❤❡②✳ ❉❡%✐❣♥ ❛♥❞ ❛♥❛❧②%✐% ♦❢ ❛ ♠❡=❡9✲❝❧❛%%

❝✉❜❡%❛= ❜♦♦♠ ✇✐=❤ ❛ ♠♦=♦9✲❧❡%% ❞❡♣❧♦②♠❡♥= ❜② ❜✐✲%=❛❜❧❡ =❛♣❡ %♣9✐♥❣%✳ ■♥ ✺✷♥❞
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