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Sensitivity Analysis of Torque Ripple Reduction of
Synchronous Reluctance and Interior PM Motors
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Abstract—The main drawback of reluctance machines is a high
torque ripple, due to the interaction between the stator magne-
tomotive force and the rotor structure. Adopting a rotor configu-
ration characterized by several flux barriers per pole, there is a
high influence of the rotor geometry on the machine performance
in terms of both average torque and ripple. An optimization is
often required to determine the optimal rotor geometry so as to
achieve a high and smooth torque. Then, the geometry determined
earlier should guarantee good performance for various operating
points (i.e., changing the current amplitude and phase), as well as
for small variations of the geometry. This paper investigates this
aspect, showing the results of optimizations carried out on various
machines. The impact of the geometry parameters is taken into
account, and the sensitivity of the optimal solution to the geometry
variation is pointed out. This paper highlights the difficulty to get a
robust geometry as far as the torque ripple reduction is concerned.
Finally, a few experimental results on a synchronous reluctance
motor prototype will be presented, compared with finite-element
analysis simulations for validation.

Index Terms—Permanent-magnet (PM)-assisted reluctance mo-
tors, rare-earth-free permanent-magnet motors, sensitivity analy-
sis, synchronous reluctance machines, torque ripple reduction.

I. INTRODUCTION

IN ORDER to exhibit a proper torque, the synchronous reluc-
tance machine (SynREL) is characterized by a small air gap

and a high anisotropic rotor. Several rotor flux barriers force the
flux lines to flow through given iron paths. For the purpose to
saturate the iron bridges (both inner and outer) and to increase
the power factor, permanent magnets (PMs) are sometimes inset
within the flux barriers. In this case, the machine is referred
to as PM-assisted reluctance machine (PMAREL) or interior
permanent magnet (IPM) machine [1], [2]. Fig. 1 shows a four-
pole SynREL rotor characterized by three flux barriers per pole.

Adopting a rotor configuration characterized by several flux
barriers per pole, there is a high influence of the rotor geometry
on the machine performance in terms of both average torque
and ripple. Therefore, an optimization is often required to the
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Fig. 1. Sketch of a four-pole synchronous reluctance rotor with three flux
barriers per pole. The synchronous PM-assisted reluctance motor is achieved
when PMs are inset in the flux barriers.

aim of determining a rotor geometry achieving a high and
smooth torque. The optimal geometry should guarantee good
performance for various operating points (i.e., changing the
current amplitude and phase). In addition, small geometry vari-
ations, due to mechanical tolerance, wear of the machine tools,
manufacturing or assembling inaccuracy, and so on, should
only marginally affect the performance of the optimal machine.
This paper investigates this aspect, showing the results of
various optimizations carried out on different machines.

The impact of various geometry parameters is taken into
account. The difficulty to get a robust geometry as far as the
torque ripple reduction is highlighted.

II. BRIEF REVIEW OF TECHNIQUES TO REDUCE TORQUE

RIPPLE OF SYNREL AND IPM MACHINES

A common drawback of the SynREL and IPM machines is
their high torque ripple [3]. This is caused by the interaction
between the spatial harmonics of magnetomotive force (MMF)
due to the stator currents and the rotor geometry. The main
harmonic of stator MMF is synchronous with the rotor and pro-
duces the average electromagnetic torque. The other harmonics
are not synchronous and cause variations of the flux across the
flux barriers, i.e., oscillations of the rotor magnetic potential.
The main effect is a high torque ripple.

In [4], it has been shown that the rotor skewing (commonly
adopted in PM machines [5], [6]) is not enough to smooth the
torque. In any case, only a step skewing is possible when PMs
are used: The rotor is split into two or more parts, and each
of them is skewed with respect to the others. It has been also
shown that a reduction of the torque ripple can be achieved by
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Fig. 2. Photograph of a Machaon rotor lamination, characterized by the
combination of two and three flux barriers per pole.

Fig. 3. Layout of the variable parameters.

means of a suitable choice of the number of flux barriers with
respect to the number of stator slots. In this case, the flux-barrier
ends are uniformly distributed along the air gap (similarly to
the stator slot distribution). In [7] and then in [8], the flux
barriers are shifted from their symmetrical position. In this way,
a sort of compensation of the torque harmonics is achieved.
This technique is similar to that proposed in [9] for cogging
torque reduction in surface-mounted PM motors.

Alternatively, a strategy to compensate the torque harmonics
of the SynREL motor is presented in [10] by adopting two
different flux-barrier geometries in the same lamination, and the
resulting motor is referred to as “Machaon” motor (the name of
a butterfly with two large and two small wings) since the flux
barriers of the adjacent poles are large and small alternatively.
A picture of a “Machaon” rotor lamination is shown in Fig. 2. In
this case, not only the geometry of the flux barriers is different
in the adjacent poles but also the number of the flux barriers per
pole. In the middle of each flux barrier, small PMs (the assisting
PMs) can be added so as to saturate the iron bridges and to
increase the power factor.

A. Reference Geometries

Besides investigating the torque behavior, it is important to
establish the influence of the various design parameters. Fig. 3
shows the following main variables in the design space.

1) D is the inner diameter.
2) hso is the slot opening height.

TABLE I
MAIN GEOMETRICAL DIMENSIONS

3) wso is the slot opening width.
4) g is the air gap.
5) ϑb1, ϑb2, and ϑb3 are the flux-barrier angles.
6) Lair is the total thickness of the three flux barriers along

the rotor q-axis.
7) Lair + Lfe represents the rotor radius.

Three different 36-slot 4-pole SynREL machines are consid-
ered in this study. Table I reports the main dimensions. Two
of them (A and C) have a symmetrical rotor, while the third
one (B) has a Machaon rotor structure. In order to guarantee
a proper saliency ratio, an integral-slot distributed winding has
been chosen. Since these machines present a high anisotropic
rotor, it has been demonstrated that this winding arrangement
is the most effective solution comparing to fractional-slot con-
centrated winding [22], [23].

The saturation of the machine is strongly dependent on
the thickness of the flux barriers. It is common to define an
insulation coefficient kair as a ratio between Lair and the
iron thickness along the rotor q-axis (neglecting shaft radius).
Each flux barrier’s thickness (reported in Table I) has been
determined through finite element (FE) test simulations, in
order to obtain a desired saturation level of the iron paths.

The thickness of the iron bridges of each rotor has been
chosen according to the maximum speed required for each
application. For the sake of comprehension, referring to Fig. 1,
the inner iron bridges has mainly to guarantee a robust structure
and resist the centrifugal forces insisting on rotor parts. Also,
the outer iron bridges, which, in the following sections, are
called iron ribs, have a structural function, even if they are
less mechanically stressed with respect to the outer ones. Some
details on the impact of the iron rib thickness with respect to
torque ripple are highlighted in Section III.

B. Validation by Means of Experimental Results

Before comparing the torque behavior of different solutions,
the FE predictions are compared with experimental results.
Several tests have been carried out, and the results are compared
with FE simulations. As an example, referring to motor B,
Fig. 4 shows the comparison between experimental measure-
ments and the simulation results. Under low-load condition,
the comparison confirms the satisfactory agreement between
test results and predictions. Under high-load condition, finite-
element analysis (FEA) overestimates the torque, probably due
to a slightly different saturation effect of the iron. The offset
on the average torque is lower than 4%, and the waveforms
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Fig. 4. Torque versus rotor position: (Continuous line) Experimental results
versus (dashed line) FE simulation (motor B).

Fig. 5. Ripple torque due to a variation of the flux-barrier angles in the air-gap
region (motor A).

resulting from FE simulation and measurements are showing
the same oscillation.

III. ANALYSIS OF TORQUE RIPPLE

Torque behavior is calculated by means of FE analysis, mov-
ing the rotor of 60 electrical degrees, corresponding to a torque
ripple period for a three-phase machine. The stator windings
are fed by given Id and Iq currents. The electromagnetic torque
is computed by means of the Maxwell stress tensor along the
air-gap surface. As previously mentioned, the main difficulty in
designing a SynREL motor is to achieve an acceptable torque
ripple. Torque ripple amplitude is defined as

ΔT =
Tmax − Tmin

Tavg
. (1)

An example of torque versus angular position for the motor A,
is shown in Fig. 5. Fig. 5 also shows how the torque ripple

Fig. 6. Torque ripple harmonic comparison due to a variation of ϑb3 harmonic
order referring to an electrical period. Motor A of Fig. 5.

Fig. 7. Torque ripple harmonic comparison due to a variation of ϑb2 and ϑb3.
Motor C, with symmetrical rotor.

varies according to the variation of flux-barrier angles. A small
variation from 37.5◦ to 39◦, of the third flux-barrier angle ϑb3,
has been considered.

It can be noticed that, while the average torque remains
almost the same (the variation is less then 4%), the variation
of the third flux-barrier angle can affect significantly the torque
ripple (ΔT varies from 32% to 40.7%). To highlight the impact
of such a variation, it is useful to analyze the harmonic content
of the torque ripple as shown in Fig. 6. In a 36-slot 4-pole
machine, the higher torque ripple amplitudes are expected for
harmonics of orders 18, 36, etc., which are the slot harmonics.
The first configuration exhibits high torque harmonics corre-
sponding to the orders 18 and 36 (the slot harmonics). The
second configuration exhibits a low torque harmonic of order
18 but a high harmonic of order 36 (amplitude of about 30 N · m
over an average torque of 260 N · m). The variation in the rotor
flux-barrier geometry yields an appreciable change in the torque
harmonic distribution.

Similar analysis has been carried out on other motors. For
instance, let us refer to the motor C with ϑb1 = 14.6 deg, ϑb2 =
26.3 deg, and ϑb3 = 39 deg. A variation of two flux-barrier
ends is considered, with ϑb2 = 26.1 deg and ϑb3 = 38.6 deg,
respectively. As shown in Fig. 7, the amplitude of low-order
harmonics changes significantly.
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Fig. 8. Torque ripple harmonic comparison due to variation of the air gap.
Harmonic content of ripple torque referring to an electrical period: Different air
gaps are considered (motor C).

Always referring to motor C, another interesting comparison
can be done for different air gaps, when the flux-barrier end
angles are fixed (ϑb1 = 14.6 deg, ϑb2 = 26.3 deg, and ϑb3 =
39 deg). The different harmonic contents are shown in Fig. 8.
Increasing the air gap from 0.2 to 0.4 mm, the torque harmonic
of 18th-order growth and a smoothing effect for higher harmon-
ics are noticed. A further effect of the air gap increase is the
reduction (about 15%) of the average torque and a consequent
worsening of the relative torque ripple of about 5%. These
results highlight that small variations in rotor geometry cause
substantial change in motor performance. For this reason, it
is interesting to investigate the variation of the several design
variable SynREL and PMAREL motors present. To this aim, it
is useful to represent the variation of the torque ripple due to
different combinations of design variables on a plane.

At first, for a given flux-barrier angle ϑb3 (38.8 deg), the
impact of the flux-barrier angles ϑb1 and ϑb2 on torque ripple
is considered. The torque ripple resulting from FE analysis
is represented on the variable plane shown in Fig. 9. In this
case, the variation of ϑb1 and ϑb2 gives different effects on
torque ripple. The variation of the first barrier angle ϑb1 does
not change the torque ripple significantly. On the contrary, the
variation of ϑb2 causes a variation up to 20% in the considered
range. It is worth noticing that a 0.5 deg variation of ϑb2 (this
is highlighted by black circles, from the optimal to the changed
solution) leads to a variation of torque from 10% to 26%.

Anyway, Fig. 10 shows that the resultant average torque
seems to be not strongly affected by the flux-barrier angles,
remaining almost constant for each ϑb1 and ϑb2 combination.

Similar results can be represented considering a variation
of ϑb2 and ϑb3, while ϑb1 is fixed (14.8 deg), as represented
in Fig. 11. The influence of the flux-barrier angles on torque
ripple depends on both ϑb2 and ϑb3. For some values of ϑb3,
the variations of ϑb2 yield no effect on torque ripple, as shown
in the bottom part of Fig. 11. For some other values of ϑb3,

Fig. 9. Percentage torque ripple as a function of the design variables ϑb1 and
ϑb2, with ϑb3 = 38.8 deg (motor C).

Fig. 10. Average torque as a function of the design variables ϑb1 and ϑb2,
with ϑb3 = 38.8 deg (motor C).

the angle ϑb2 has to be selected properly in order to minimize
the torque ripple, as shown in the top part of Fig. 11. It is also
worth noticing that a generic variation of 0.3 deg for ϑb2 yields
a higher torque ripple with respect to the same variation of
ϑb3. Anyway, the average torque results to be not significantly
affected by flux-barrier angle variation.

It is worth noticing that, while other techniques used with
the aim of reducing the torque ripple affect the average torque
developed by the motor (e.g., shifting, shaping, skewing, and
step skewing), the suitable choice of the flux-barrier angles
yields a reduction of the torque ripple only (as confirmed by the
results obtained). The average torque remains fundamentally
constant during the optimization process.

Combining the representation of all the flux-barrier angles of
Figs. 9 and 11, a set of variables giving an optimum solution
can be carried out. Such a solution is matching the final result
given by the optimization process (as discussed in Section IV).
The results presented earlier are important in the first stage of
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Fig. 11. Percentage torque ripple for different design variables: ϑb2 and ϑb3

with ϑb1 = 14.8 deg (motor C).

Fig. 12. Percentage torque ripple as a function of the air gap and the iron rib
thicknesses (motor C).

the design process. They highlight those variables which have
more influence on motor performance (i.e., ϑb2 and ϑb3) with
respect to the others.

Fig. 12 shows the percentage torque ripple as a function of
the rotor outer diameter Dre (considering a fixed inner stator
diameter) and the iron rib thickness. The larger the Dre, the
smaller the air gap. Referring to the motor C, a variation of
Dre from 78.6 to 79.6 mm corresponds to an air gap variation
between 0.75 and 0.2 mm, respectively. For a smaller air gap,
the influence of the iron ribs on the torque ripple is negligible.
On the contrary, the rib thickness exhibits a heavy influence
on the torque ripple for large air gap values (Dre lower than
78.9 mm). Once again, for larger iron ribs, the torque ripple
increases, and the air gap could have some influence on it. It
is also important to notice that there is an optimal air gap that
minimizes the ripple (in this case, 0.3–0.35 mm for motor C).
It has been also noticed that the inner iron bridges instead have
no effect on torque ripple. However, their thickness have to be

Fig. 13. Average torque as a function of the air gap and the iron rib thicknesses
(motor C).

minimized in order to avoid an average torque reduction and, at
the same time, improve the power factor.

Fig. 13 shows the influence of the same variables on the
average torque. The influence of the air gap is dominant with
respect to the rib thickness. Similar results have been carried
out for motor A.

The oscillation of the torque with respect to the average
value is also affected by other parameters related to the stator
configuration at the air gap. For example, there is a negligible
impact of the slot opening height hso. On the contrary, the larger
the slot opening width wso, the greater the torque ripple.

IV. OPTIMIZED RELUCTANCE MACHINES

UNDER ANALYSIS

Once the main motor dimensions have been fixed, from the
application constraints or by means of analytical design, an
optimization of the motor is becoming a common practice. The
optimization variables have to be selected. The choice of the
variables, together with their number, is a key task to obtain
a suitable final solution. Due to the high impact of both rotor
and stator design parameters on the torque behavior, genetic al-
gorithm (GA) optimizations have been carried out, considering
the minimization of the torque ripple as the objective function.

In particular, a strong impact of the angles of the flux-barrier
ends (i.e., ϑb1, ϑb2, and ϑb3) has been found, as shown in the
previous section. For these reasons, it makes sense to focus
deeply on flux-barrier geometry. As an example, the torque
behavior versus rotor position is reported in Fig. 14 for the
initial geometry and for the final (optimized) solution. The main
optimization input and output data are given in Table II.

Figs. 15 and 16 show the optimization results for the SynREL
motors A and C, with symmetrical rotor geometry. The angles
of the flux-barrier ends (the variables of the optimization) are
plotted versus the corresponding torque ripple (the objective
of the optimization). According to the objective of the torque
ripple minimization, the best solutions are those on the left-
hand side of the figures. It is worth noticing that any variable
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Fig. 14. Torque versus rotor position behaviors before and after optimization
(motor C): Initial and final geometries.

TABLE II
OPTIMIZATION RESULTS (MOTOR C)

Fig. 15. Optimization direction of the flux-barrier angles referring to the
torque ripple (motor A).

converges to an optimal value in a tight range of variation.
Thus, a set of best flux-barrier angles can be done. The final
optimization solutions for motors A and C gives a ΔT of about
16.5% and 10.5%, respectively. The obtained ripples agree
with typical values of relative torque ripple ΔT for SynREL
and PMAREL machines (without rotor skewing). A skewing

Fig. 16. Optimization direction of the flux-barrier angles referring to the
torque ripple (motor C).

of the rotor geometry, applied to the optimized motor (with
ΔT = 10.5%), led to a further reduction of torque oscillation,
slightly reducing the average torque.

The same results are achieved for different motors, including
the Machaon structure. In this case there are six flux-barrier
angles. The representation of Figs. 15 and 16 emphasizes that
torque ripple increases (it almost doubles) with slight variations
of flux-barrier angles (they seem to be almost constant on the
left-hand side of the figures). In other words, slight variations of
flux-barrier angles cause a completely different behavior of the
torque. This confirms the specific results shown in Figs. 5–8.
These results highlight that, once the optimal geometry is
achieved, it is worth to evaluate the “robustness” of such a
solution.

It is desirable that torque ripple results to be minimum
even with occurring small variations of the working operating
conditions (e.g., variation of current amplitude or phase) or
small variations of the geometry (i.e., due to mechanical toler-
ance, wear of the machine tools, manufacturing or assembling
inaccuracy, and so on). The sensitivity of the solutions found
will be defined in Section V.

A. Torque Ripple Sensitivity

At the end of the GA optimization, of both symmetric
and Machaon configurations, several considerations about the
torque ripple sensitivity to the parameters can be carried out.
As a first step, the distance between two solutions is defined. A
solution in the design space, e.g., the vector �x, is characterized
by its nv variables (e.g., x1 = ϑb1, x2 = ϑb2, and x3 = ϑb3).
The distance between the vector �x′ and the vector �x′′ results in

d(�x′, �x′′) =

√√√√
nv∑
i=1

(
x′2

i − x′′2
i

)
. (2)

Let us refer to the geometry which exhibits the minimum torque
ripple, resulting from the GA minimization. It is defined by
the vector �̃x = (x̃1, x̃2, . . . , x̃n). The fluctuation of the torque
ripple is computed according to the variation of the geometry
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Fig. 17. Torque ripple versus distance for a symmetric configuration
(motor A).

Fig. 18. Torque ripple versus distance for a Machaon configuration (motor C).

with respect to the optimal solution �̃x, so as to evaluate the
rate of change of the ripple with the deviation from the optimal
solution, �̃x. Particularly important is the distance of a generic
solution �x from the optimal solution

d(�x, �̃x) =

√√√√
nv∑
i=1

(x2
i − x̃2

i ). (3)

Figs. 17 and 18 show the torque ripple (1) versus the distance
(3) from the optimal solution, which corresponds to the point
characterized by geometry variation equal to zero.

Fig. 17 refers to a symmetric rotor, Fig. 18 refers to a
Machaon rotor. In the latter case, the distance is computed
according to six flux-barrier angles. The solutions obtained for
the Machaon rotor give a high number of solutions exhibiting
low torque ripple as results comparing the black circles in
Figs. 17 and 18. At distance zero, there is the optimal solution �̃x,
and the torque ripple is the minimum ripple, found by means of
the GA optimization. As the distance from the optimal solution
increases, the torque ripple increases, too. Such behavior is
evident for both configurations.

It is also worth noticing that the torque ripple increases
rapidly even for small geometry variations. The upper limits

Fig. 19. Design vector centered in the hypercube space of the feasible
solutions.

of such representations correspond to the worst case solutions,
i.e., the set of solutions exhibiting the highest sensitivity of
torque ripple with respect to geometry variations. Among the
two configurations, the rate of change is slightly lower with
the Machaon rotor. The Machaon configuration reduces some
torque harmonics that cause torque oscillation. Therefore, such
a solution results to be slightly more robust from the sensitivity
point of view.

V. SENSITIVITY OF THE OPTIMAL SOLUTION

In order to evaluate the impact of the variables on the
machine performance of the SynREL motor, an evaluation of
the sensitivity is presented, according to the criteria given in
[20]. This is an inexpensive evaluation since it is based on the
analysis of all the solutions found during the GA optimization
process.

At first, a perturbation space is defined in the design variable
space, based on the definition of a hypercube in nv dimensions,
as shown in Fig. 19.

The basic idea is to estimate the maximum variation rate of
the torque ripple (the objective function) in a perturbation space
(the nv-dimension hypercube) centered in a given design vector
�x and composed of a number of feasible design vectors. For a
given design vector �x, the associated hypercube is formed by
all design vectors whose distance d from �x is lower than a fixed
positive threshold.

Comparing all design points within the hypercube, the maxi-
mum and minimum values of the torque ripple are evaluated,
i.e., ΔTmax and ΔTmin. Then, the sensitivity of the torque
ripple in the design point �x is defined as their difference divided
by the torque ripple achieved in the design point �x, center of the
hypercube, i.e., ΔT (�x). It is

s(�x) =
ΔTmax −ΔTmin

ΔT (�x)
. (4)

Therefore, such a sensitivity can be evaluated in all the design
space, adopting the information from the solutions of the GA
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Fig. 20. Torque ripple sensitivity versus the percentage torque ripple.

optimizations that have been carried out. Fig. 20 shows the sen-
sitivity defined in (4). The sensitivity to geometrical tolerances
is higher and higher as the torque ripple is reduced. The lower
the ripple torque, the higher the sensitivity. It becomes almost
ten times for the lower torque ripple. From the analysis, it
seems that the asymmetric rotor is slightly more robust than
the symmetric rotor; however, the sensitivity to geometrical
tolerances is high also in this case.

VI. EFFECT OF THE PM ON TORQUE RIPPLE

As said in the introduction, PMs are commonly inset within
the rotor flux barriers to saturate the iron bridges, improving
the power factor (PF) and the constant power speed range
[21]. In this section, the effect of the PM on the torque ripple
is investigated. The PMAREL configurations considered are
based on the SynREL optimized motors (A and B) presented in
Section II-A. At first, the central part of the SynREL motors
A and B has been filled with ferrite PMs as shown in Fig. 1.
The map of the torque ripple behavior has been carried out,
increasing the PM dimensions by steps. Figs. 21 and 22 show
the contour plots of the torque ripple, considering a variation
of the PM height (vertical axis) and width (horizontal axis)
referring to motors A and B, respectively. It can be noticed that
small variations of the PM dimensions have a negligible impact
on torque ripple. On the contrary, depending on the machine
size, the impact of an increment of the PM height is higher.
Referring to motor B (smaller than A), increasing the PM height
of 2 mm yields a torque ripple variation from 13% to 18% (see
Fig. 22).

VII. CONCLUSION

This paper has dealt with the torque ripple reduction of
SynREL and PMAREL machines. It is shown that torque
ripple is strongly affected by stator and rotor geometry and by
current phase and amplitude. Moreover, small geometry vari-
ations cause high torque ripple oscillations when “nonrobust”
solutions are adopted.

Fig. 21. PM dimension effect on torque ripple (motor A).

Fig. 22. PM dimension effect on torque ripple (motor B).

A detailed analysis of the design variables that have higher
impact on the motor torque has been carried out, showing their
behavior for three different machines.

A novel method to evaluate the sensitivity of the torque ripple
over all the design space has been presented, based on the analy-
sis of the solutions resulting from the optimization process. This
paper highlights the difficulties found in the design, even when
an optimization procedure is carried out. It also provides some
suggestions to be adopted in designing SynREL or PMAREL
motors, to achieve more robust solutions as far as the torque
ripple sensitivity is concerned. The analysis carried out for three
different motor sizes shows the main parameters that have to be
taken into account when designing a SynREL motor.

The effect of the PMs on the torque ripple has been inves-
tigated, showing a slightly greater impact of the PM height
and a dependence on the machine size. In particular, the PM
dimension effects on torque ripple are significant for small
motors. The measures on a prototype are in good agreement
with the results predicted by means of FE analysis.
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