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 Abstract—This paper discusses the Maximum Torque Per 

Ampere (MTPA) control of synchronous motors, which have 

become an indispensable part of highly-efficient motor drives. It 

explains the nature of torque produced by synchronous motors, 

ways to find its maximum and algorithms to operate at this point, 

despite changes of loads and motor parameter variations. The 

authors propose a classification of the MTPA methods, based on 

the features of each algorithm or group of similar methods. They 

demonstrate the conventional control scheme and discuss the 

modifications necessary for the implementation of each method. 

This paper reviews existing maximum torque per ampere control 

algorithms, discusses their pros and cons and suggests possible 

areas of usage for each group of methods. The authors of the paper 

share their vast experience in the industry and research aspects, 

which were obtained by developing industrial, commercial, 

traction and military drives, and report on their views on the 

perspective of each method taken into consideration. 

 

Index Terms—Synchronous motors, Permanent magnet 

motors, Energy efficiency, Torque control. 

 

I. INTRODUCTION 

Traditionally, synchronous machines (SM) were not as 

popular as induction machines (IM) and they have mainly been 

used in specific areas such as power generation, precision 

servodrives, robots, etc. Despite this fact, many researchers 

paid attention to these machines and proposed a number of 

different designs of SM, which differ by efficiency, cost 

reliability, etc., and have both their advantages and drawbacks. 

The most popular designs of SM are shown in Fig. 1, where 

rotors of four-poled machines are illustrated. 

However, during the last two decades, the situation has 

changed rapidly and the area of usage of SM has continuously 

increased. It has mainly occurred because of the increase in 

popularity of permanent magnet synchronous motors (PMSM), 

which have expanded and penetrated into various sectors, 

where other types of motors dominated before. Previously, only 

low power PMSM successfully competed against others 

(mainly DC and induction motors), however nowadays the 

range of their power is expanding. It mainly happened because 

of progress in magnet technology, decreasing in the price of 

rare-earth magnets and further development in power 

electronics and control techniques; as a result, permanent 
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magnet (PM) motors are being utilized in traction drives of 

electrical vehicles and propulsion systems in the aviation and 

marine industry etc. 

At the same time, with the rise in popularity of PMSM, 

synchronous reluctance motors (SynRM), together with PM 

assisted synchronous reluctance motors (PMaSynRM), attract 

more scientists and a number of works dedicated to the design 

of motors of these types and their control are published [1–3]. 

SynRM can be considered as an alternative to the induction 

motors in the low and middle power range (tens of kW) due to 

their higher efficiency, simplicity and cheaper cost. Therefore, 

their main area of usage is similar to IM and includes heating 

ventilation, air conditioning (HVAC), pumps, conveyors, the 

textile and paper industry, etc [4]. 

Switched reluctance motors (SRM) are also a kind of 

synchronous machine; they still involve only reluctance 

components of torque, but they belong to the category of phase-

commuted motors (as stepping motors, brushless and brush DC 

motors), rather than that of rotating field motors. They are quite 

reliable and cheap, but they have the drawback of strong 

vibrations, which restricts the field of application essentially to 

traction [5]. SRMs are typically designed with independent 

phases and therefore they need specific electronic and control 

algorithms. The authors of [6] considered such system and 

propose the corresponding MTPA control. Simultaneously,  

some researches tried to involve conventional topology and 

control of SRM [7]. As a result, from the MTPA point of view, 

they are similar to SynRM and will not be considered 

separately. 

Torque mechanism in SM can be explained, as in all motors, 

by the interaction between stator current distribution and air gap 

flux distribution, see [8]. In order to produce a not null resulting 

torque by the interaction forces, the two distributions must be, 

at least partially, in phase. A machine with an isotropic and 

passive rotor exhibits stator current and air gap flux 

distributions which are in quadrature, resulting in a null torque.  

A PM (or a wound) excitation is used to intensify the in-

phase component of the air gap flux distribution in isotropic 

rotor machines, allowing the so-called PM torque to be 

generated. PM excitation has of course, identical pole number 

of stator winding and stator current distribution and PM 

excitation are synchronized during rotation. 
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The same scope is reached, however by a different approach, 

in a SynRM, which is designed to have a rotor magnetic 

asymmetry (different inductances), along direct and quadrature 

axes. The primary effect is magnifying the flux distribution 

component in phase with the current distribution, dropping at 

the same time as the quadrature one. By a current distribution 

maintained in an appropriate phase with respect to rotor axes, 

this rotor asymmetry allows a reluctance torque to be created.  

Of course, the two mechanisms can be combined, as in 

Interior PM (IPM) SM and in PMaSynRM. Even for motors 

with equal direct Ld and quadrature Lq inductances, the 

asymmetry may take place at load conditions, when rotor steel 

is saturated unevenly in these directions. The same steel 

saturation affects the appropriate phase of the stator current 

distribution in motor designed with intentional different axis 

inductances. Such behavior is difficult to be modelled and 

exploiting it for the best drive performance is challenging. 

High-efficient control systems must consider these features 

and operate at the maximum point of resulting motor torque. 

The motor control techniques, which consider both PM and 

reluctance torque and provide maximum resulting torque, are 

called maximum torque per ampere (MTPA) control. 

Nowadays, a large chunk of the worldwide electric energy 

consumption is due to electric motors used in applications such 

as pumps, fans, compressors, etc. (see [9]). The variable speed 

drives permit to increase their overall efficiency, but for most 

of the time these applications run at steady state operations. 

Therefore, the energy efficiency is of utmost importance, and 

the application of variable frequency drives should be able to 

provide it. Energy efficiency is rapidly becoming an imperative, 

also due to recent standards which may force the redesign of the 

electric machines [10]. In turn, the control technique plays a 

crucial role in the energy efficient operations of the electric 

drive. This aspect is expected to increase in importance even 

more in the future. These techniques have become an 

indispensable part of control systems of SM, especially those 

which operate in electrical vehicles (EV), hybrid electrical 

vehicles (HEV) and other autonomous objects, which focus on 

efficiency. 

MTPA algorithms originally came from motor power loss 

minimization techniques, which were developed in order to 

maximize efficiency of the motor or system power converter-

motor. There are many approaches to this minimization, which 

differ by the loss taken into account. They may consider only 

motor or system comprising motor and inverter; they may 

optimize only Joule loss or take power loss in steel into account 

as well, etc., which is clearly demonstrated in [11, 12]. 

Unfortunately, the calculation of the total loss is a difficult and 

challenging task, which needs developing of proper models and 

complex computations, therefore these techniques have limited 

usage. 

At the same time, the most significant power losses are the 

Joule losses [13], thus for the purpose of simplification, they are 

taken into account exclusively. Therefore, power losses can be 

approximately considered to be directly proportional to square 

of the magnitude of stator current. Thus, minimizing the copper 

losses corresponds to the implementation of a practical 

suboptimal solution. This idea results in different 

implementations of MTPA, which provide minimum current 

consumption for the given torque, however total power loss 

may not be minimized. Nevertheless, this approach is 

considered optimal, due to its simplicity and, therefore, MTPA 

is a more popular approach than power loss minimization. 

The maximum power factor methods in synchronous motor 

drives can be profitably used for reducing the VA sizing of the 

converter, however at the price of oversizing the motor power 

rating. In fact, the reactive power can be delivered by permanent 

magnet electromotive-force, which results in higher than 

terminal voltages. The reactive power in SynRM drives must be 

delivered by external sources [14], i.e., the terminal supply, as 

there is no internal electromotive-force. Therefore, the power 

factor is necessarily limited, and it can be partially improved by 
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Fig. 1. Design of the most popular synchronous motors: a) surface mounted magnets, b) inset magnets, c) interior tangential magnets, d) interior radial magnets, 

e) pole salient with magnets, f) pole salient wound rotor, g) non-pole salient wound rotor, h) synchronous reluctance, i), j) PM assisted synchronous reluctance 
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permanent magnet-assisted synchronous reluctance motors. 

Keeping these aspects in mind, the authors can note that 

despite MTPA techniques mainly being used for pole salient 

synchronous motors, these considerations can be spread over 

other types of motors, which is perfectly demonstrated in [7, 6, 

15–20]. For this reason, the authors of [15, 16] discuss high-

efficient control of induction motor for vehicle application. The 

paper [17] is dedicated instead to the operation at maximum 

thrust per ampere curve of linear induction motor, while [18] 

considers MTPA operation of induction motor taking iron loss 

into account. In [7, 6] MTPA control for switched reluctance 

motors (SRM) is proposed and [19, 20] develop maximum 

torque per ampere control for doubly-fed induction motors and 

SynRM, respectively. 

The conventional approach to this problem is the calculation 

of MTPA equations obtained from the motor model by 

differentiating the motor torque equation with respect to the 

stator current. These MTPA equations are analytical solutions 

for this problem, which are frequently obtained under the 

assumption that motor parameters are stable and do not depend 

on other variables [21, 22]. However, motor parameters variate 

depending on the operating conditions and the most significant 

changes are in inductances, because of the steel saturation; 

cross saturation, and flux linkage, which is affected by 

temperature. These variations depend on the motor designs, and 

may exceed 70% for inductances in SynRM [23, 24] and up to 

10~20% for flux-linkages in PM motors operating at high 

temperatures [25–27], e.g., motors in the oil industry.  

Therefore, these changes must be taken into account. 

Furthermore, in case of demagnetization, the decrease of flux-

linkage may reach 50%, which must be considered in fault-

tolerant drives. 

In order to adjust the control algorithm to motor parameters 

variation, many researchers proposed on-line monitoring of 

motor parameters and using them in the conventional MTPA 

equations. These approaches differ in parameter estimation 

techniques and number of parameters under control. They 

include inductance estimators [28, 29] and flux linkage 

monitoring [30, 31], however, all of them consider only slow 

parameters variation with negligible time derivatives, which 

makes dynamic performance poorer. 

In addition, these methods need prior knowledge of motor 

parameters, which is inconvenient for general purpose 

industrial drives intended to operate with different motors. For 

this reason, special techniques, which do not use motor 

parameters, have been proposed. They track the MTPA 

trajectory (minimum current consumption) by signal injection 

[32, 1], or perturbing the system and analyzing responses [3, 

33–35]. These methods are easier, however their dynamics are 

typically slower, thus they may not be applicable in drives with 

fast responses. 

To summarize, there is a substantial number of approaches to 

the implementation of MTPA algorithms. Each of them has 

both advantages and drawbacks, therefore, selection of the 

exact method strongly depends on the specification of the motor 

drive under development as well as design targets. The most 

important of them, which significantly impacts selection of the 

MTPA algorithm are discussed below. The development time 

and qualification of the staff defines the complexity of the 

possible method and necessity of its tuning. The target 

efficiency of the drive the affects ability of the algorithm to 

track the MTPA trajectory precisely. The desired dynamic 

response of the drive restricts usage of some online seeking 

methods, which perturb the system and analyze its response. 

The design of a motor drive, presence or absence of sensors and 

their tolerance significantly affects the precision of the 

calculations and MTPA algorithm, which performance depends 

on the sensing part. However, the main criterion of MTPA 

algorithm selection is the availability of the motor information 

in the stage of development. If these data are accessible, which 

takes place in the development of power converter for one 

motor or a limited number of motors, some offline methods may 

be involved. On the other hand, when motor parameters are 

unknown (or uncertain is too strong), the offline methods are 

not applicable and only online methods which operate without 

information on motor parameters, may be used. This may be the 

case, for example, in the development of industrial general-

purpose power converters. 

Before further discussion, it should be noted that there is a 

number of designs of synchronous machines, see Fig. 1, which 

have their pros and cons. The direct and quadrature inductances 

of these machines may be equal (Fig. 1a, 1g) or not, where in 

the last case the direct inductance can be less than quadrature 

inductance (Fig. 1b, 1c, 1h, 1i) and vice versa (Fig. 1d, 1e, 1f, 

1j). Therefore, the statement in [36] of a quadrature inductance 

always greater than the direct one can easily mislead a reader to 

choose the wrong MTPA implementations. It is definitely the 

most popular case, especially in SM with magnets, but there are 

many machines, where the direct inductance is greater than the 

quadrature inductance and this fact may not be ignored. 

It should be noted that there are several works reviewing 

MTPA technologies that have been published recently [27, 37], 

however they do not cover the topic completely and overlook 

several important approaches, possibly due to conference paper 

length policies. Therefore, it was decided to prepare a journal 

paper with comprehensive review, which considers existing 

MTPA techniques, classify them and discuss the pros and cons. 

II. MOTOR MODEL AND MTPA FORMULATION 

The motor model in the synchronous reference frame is  

 
( )

( )qddqe

qddq

dqsdq ii
dt

iid
R ,

,
λK

λ
iu





++=   (1) 

where 𝒖⃗⃗ 𝑑𝑞 = [𝑢𝑑 , 𝑢𝑞]
𝑇

, 𝒊 𝑑𝑞 = [𝑖𝑑 , 𝑖𝑞]
𝑇

 and 𝝀⃗ 𝑑𝑞(𝑖𝑑, 𝑖𝑞) =

[𝜆𝑑(𝑖𝑑 , 𝑖𝑞),  𝜆𝑞(𝑖𝑑 , 𝑖𝑞)]
𝑇

 are the stator voltages, currents and 

magnetic flux linkages, respectively, 𝑅𝑠 is the stator resistance, 

𝜔e = 𝑝𝜔m is the electrical speed obtained by multiplying the 

mechanical speed 𝜔m  and the number of pole pairs 𝑝 . The 

matrix 𝑲 = [0 −1
1 0

] corresponds to a rotation of 𝜋 2⁄ . It is worth 

highlighting the dependence of the fluxes 𝝀⃗ 𝑑𝑞 on both 𝑖𝑑  and 𝑖𝑞 

currents, which is further omitted for simplicity. The 
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dependence of magnetic flux linkage of one axis on the current 

of the other axis is called cross-saturation (or cross-coupling). 

The non-ideal characteristics of the iron magnetic behavior, 

which turns out in the magnetic saturation, is responsible for the 

motor model non-linearity. Finally, the voltages and currents 

are function of time t, although the argument (t) was neglected 

in (1), and it will not be shown in the following for ease of 

reading. 

The general model in (1) leads to the general torque formula, 

 
( ) ( )

qqddqd iipii  −= 5.1,
, (2) 

Which neglects only the cogging torque and the position 

dependent terms, mainly due to stator and rotor slotting effects. 

On the one hand, PM motors are affected by the interaction 

between the magnets and the stator teeth. On the other hand, 

reluctance motors suffer from the interaction between the 

spatial harmonics of electrical loading and the rotor anisotropy. 

However, those terms do not affect the mean torque production, 

and thus neither the MTPA operations.  

The dq quantities can be also represented in polar 

coordinates, e.g. 𝑖𝑑 = 𝐼𝑠 𝑐𝑜𝑠(𝛽)  and 𝑖𝑞 = 𝐼𝑠 𝑠𝑖𝑛(𝛽) , where 

𝐼𝑠  =  ‖𝒊 𝑑𝑞‖ is the current space vector magnitude, ‖∙‖ is the 

Euclidean norm operator and β = 𝑎𝑟𝑔(𝑖𝑞/𝑖𝑑) is the current 

space vector phase in the synchronous reference frame. The 

polar quantities turn out very convenient in some MTPA 

algorithms.  

A simplified model is obtained by neglecting the magnetic 

iron and cross- saturations in (1) and (2), which returns the 

following torque expression 

 ( ) qdqdqmg iiLLip −+= 5.1
, (3) 

where the magnetic flux linkages are simply approximated by 

linear functions, i.e. λ𝑑 = 𝐿𝑑𝑖𝑑 + Λmg  and λ𝑞 = 𝐿𝑞𝑖𝑞 , where 

𝐿𝑑  and 𝐿𝑞  are the d- and q-axis apparent inductance, 

respectively. Equation (3) has the merit of clearly showing the 

two torque components, i.e. the magnetic and reluctance ones, 

as sketched in Fig. 2a and 2c. An attempt to consider the 

nonlinear behaviour of the flux-current relationships is to 

express the apparent inductances as function of both current, 

i.e., 𝐿𝑑(𝑖𝑑, 𝑖𝑞) and 𝐿𝑑(𝑖𝑑 , 𝑖𝑞). However, a constant term Λmg 

poses the problem of calculating 𝐿𝑑(0, 𝑖𝑞). A solution is to 

consider the permanent magnet flux linkage as function of the 

q-axis current, i.e., Λmg(0, 𝑖𝑞), see [38]. 

A. Problem statement 

A generic torque value can be obtained by an infinite 

combination of the pair (𝑖𝑑 , 𝑖𝑞). In order to obtain only one 

combination of (𝑖𝑑 , 𝑖𝑞), a constraint can be used to reduce the 

number of solutions at one. The choice analysed in this paper is 

the MTPA, aiming at minimising the copper losses. The MTPA 

condition is obtained by searching the maximum torque-to-

current ratio for each desired torque value. In the following, 

only 𝑖𝑞 > 0 (𝑖𝑞 < 0) will be considered for producing positive 

(negative) torque. The problem statement is described by the 

following nonlinear optimisation problem 

 
( ) *,..min  =qddq

i
iitsi

dq , (4) 

where τ∗ is the desired torque. The MTPA curve is defined by 

the set of (𝑖𝑑 , 𝑖𝑞) that satisfy (4) such that ‖𝒊 𝑑𝑞‖ ∈ [0, 𝐼𝑚𝑎𝑥], 

where 𝐼𝑚𝑎𝑥  is equal or higher than the nominal current value. 

An example of the MTPA curve is reported in Fig. 2b, which 

includes also the constant torque 𝑇 curves.  

The solution of (4) is obtained by using the Lagrangian 

multiplier ℓ , thus searching for the stationary points of the 

Lagrangian 

 ℒ(𝑖𝑑 , 𝑖𝑞 , ℓ) = √𝑖𝑑
2 + 𝑖𝑞

2 + ℓ(τ(𝑖𝑑, 𝑖𝑞) − τ∗), (5) 

The desired solution can be found from  
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
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i


 (6) 

The trivial solution 𝑖𝑑 = 𝑖𝑞 = 0 is discarded, thus leaving the 

only applicable solution that is both derivative terms 𝜕𝜏 𝜕𝑖𝑑⁄  

and 𝜕𝜏 𝜕𝑖𝑞⁄  identically null, see [37, 39]. It is worth 

highlighting that 𝜕𝜏 𝜕𝑖𝑑⁄ = 0 for isotropic motors, and thus the 

MTPA operations are obtained if and only if 𝑖𝑑 = 0. 

The optimization problem in (4) can be recast to be described 

in polar coordinates, i.e. 

 
( ) *,..min 


=ItsI s

 (7) 

Among the three possible solutions, the most useful solutions 

are  
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Fig. 2. Torque characteristics of SM. a) torque with Ld < Lq, b) MTPA characteristics (dotted for case c), c) torque with Ld > Lq, 



0885-8993 (c) 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TPEL.2021.3123062, IEEE
Transactions on Power Electronics

5 

 

 

The current phase angle satisfying (9) is denoted as γ =

𝑎𝑟𝑔(𝑖𝑑/𝑖𝑞), Fig 2.  

B. MTPA formulation: linear flux-current relationships 

The most popular MTPA formulation can be obtained by 

adopting (3) in (8) noting that it suffices 𝜕τ/𝜕𝑖𝑑 = 0 . It is 

enough to recall that 𝑖𝑞 = √𝐼𝑠
2 − 𝑖𝑑

2. The motor parameters are 

assumed to be constant, and thus the applicable MTPA 

condition is obtained by: 

 
( )

( )dq

sqdmgmg

d
LL

ILL
i

−

−+−
=

4

8 222

, (10) 

The adoption of 𝐿𝑑(𝑖𝑑, 𝑖𝑞), 𝐿𝑑(𝑖𝑑, 𝑖𝑞) and Λmg(0, 𝑖𝑞)  does 

not allow (10) to be considered the correct MTPA expression in 

the case of nonlinear flux-current relationships. In fact, 

equation (10) was obtained from (8) by considering 𝐿𝑑, 𝐿𝑞 and 

Λmg  as constants, without their dependence on the currents 

(𝑖𝑑 , 𝑖𝑞). 

C. MTPA formulation: nonlinear flux-current relationships 

The MTPA formulation can be obtained by adopting (2) in 

(9) and considering the polar representation of the dq currents. 

After some tedious calculations, one obtains [39, 40]: 

 ( ) 02 2222 =++++− dmgqqdddqqdqddq iiLiLililiil  (11) 

where the differential inductances are defined as 
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and the cross-differential inductances, see [41], are defined as 
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The current dependence of the apparent inductances and 

permanent magnet flux linkage are omitted in (11) for the sake 

of space reduction. Equation (11) holds for SynR motors as well 

by considering Λ𝑚𝑔(0, 𝑖𝑞) = 0 ∀ 𝑖𝑞 ∈ ℝ. It is worth noting that 

considering null values for all differential inductances and 

assuming constant values of apparent inductances, and 

permanent magnet flux linkage in (11), one easily obtains (10).  

D. MTPA formulation from torque measurement 

In some cases, the availability of torque measurements 

carried out on dedicated test rigs and specifically designed tests 

return an alternative way for finding the MTPA curve. A 

different problem statement, alternative to (4), is often adopted, 

that is  

 ( ) *
..,max sss IItsI =



 (14) 

where 𝐼𝑠
∗ is the desired current magnitude. Both (4) and (14) 

lead to the same result, i.e., to the same MTPA condition 

following the Lagrangian multiplier approach. In turn, the 

MTPA solution is searched by means of interpolation 

algorithms between measurement data at different values of the 

current magnitude 𝐼𝑠
∗. 

E. Peculiar MTPA formulations in scientific literature 

In the literature, several peculiar solutions to the MTPA 

formulation could be found, although all of them can be 

classified as the Lagrangian approach, as described in Section 

II.A. For the sake of generality, some interesting results are 

worth being reported, as discussed hereafter.  

The use of quadrics in [42] allowed to pose a very elegant 

problem statement which includes even flux-weakening, 

maximum torque-per-flux and maximum torque-per-voltage 

operations. Furthermore, magnetic saturation and cross-

coupling were included. The solution to the MTPA problem is 

suitable for offline and online operations, provided that the 

steady state condition is guaranteed. The work of [42] is very 

general, provided that the motor model is known.  

The impact of the iron losses is often neglected. Iron losses 

are expected to be relevant at high frequencies, thus low speed 

operations are little affected, which can be clearly seen from the 

simple model described in [43]: 
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Fig. 3. Classification tree of MTPA methods 
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where wi, wie, and wih are the core loss per weight, eddy current 

and hysteresis losses per weight, respectively; Ke and Kh are the 

experimental constants obtained by the Epstein frame; f is the 

frequency of the alternating magnetic field and Bmax is the 

maximum flux density during the time interval. 

One of the first attempts to account for iron losses is reported 

in [44], where the iron losses effects are described by means of 

an equivalent resistance 𝑅𝑖 . A modified torque equation (2), 

accounting for the presence of the iron losses, was proposed and 

adopted in the problem statement (4). The solution proposed in 

[42] paves the way to account the iron losses, too.  

The temperature variation affects the amount of permanent 

magnet flux linkage to the stator windings. Thus, torque is 

affected, as well, however this aspect is seldom considered. A 

tentative was made in [45] by means of polynomial 

approximation of the permanent magnet flux linkage 

Λ𝑚𝑔(0, 𝑖𝑞 , 𝑇°) , where 𝑇°  represents the temperature. The 

polynomial approximation was applied in (5), returning an 

MTPA formulation that accounts for temperature variation 

effects on Λ𝑚𝑔. 

III. CLASSIFICATION 

The proposed classification for MTPA control algorithms 

and methods is shown in Fig. 3. It enhances the classification 

proposed in [27, 37] and includes methods found in the latest 

publications and algorithms, which have been developed by the 

authors of this paper. A substantial part of these algorithms has 

been checked in laboratories and some of them were put into 

mass production for industrial, commercial and consumer 

drives. The lowercase letters in rectangles right to the methods 

indicate the changes to the conventional vector control scheme 

shown in Fig. 4, which are necessary for the implementation of 

the corresponding method. These changes are illustrated by 

Fig. 5 and Fig. 6 and will be discussed in the corresponding 

sections. 

MTPA control algorithms can be divided into two classes by 

the approach used for adaptation of the motor operating 

conditions: offline and online methods. The first class includes 

methods which operate with data obtained only at the stage of 

development, or commissioning and involve only measured 

motor currents in order to calculate MTPA angle γ or stator 

current components id and iq. An excellent example of the 

methods that belong to this class are analytically based 

methods, which involve MTPA equations such as (10) and then 

calculate MTPA trajectory using measured or commanded 

stator current. 

The second class contains methods, which use different 

techniques to track the MTPA trajectory. These methods may 

estimate motor parameters, which vary depending on the 

operating conditions, and then calculate MTPA angle; they may 

use seeking techniques by disturbing motor and analyzing its 

response, etc. The common feature of the algorithms belonging 

to this class is using online tracking and/or estimators and 

robustness to motor parameters variation due to different 

factors. 

As it can be seen from Fig. 3, there is a number of MTPA 

control algorithms, which use different techniques, however all 

of them need modification of the conventional control scheme. 

Since the MTPA control assumes proper positioning of stator 

current vector, the most popular topology for the 

implementation of the MTPA is vector control (VC). In the 

conventional implementation of VC without MTPA, the direct 

component of stator current is controlled to be zero, i.e., id = 0, 

which corresponds to the MTPA control of isotropic motor, 

where Ld = Lq. This control scheme is frequently used for the 

control of surface mounted permanent magnet synchronous 

machines (SMPMSM) without saturation, therefore it is 

considered as a conventional vector control scheme of 

SMPMSM. 

This conventional control scheme shown in Fig. 4 receives 

the speed command ωref and calculates speed error Δω using 

motor speed ω received from the speed calculator, which 
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Fig. 4. Conventional control scheme of synchronous motor 
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processes signals from the position sensor. Then, the 

calculated speed error is processed by the speed controller, 

which outputs commanded value of the quadrature current iq_c. 

The commanded value of the direct current id_c is set to zero. 

After that, the current errors Δid and Δiq are calculated using 

measured motor phase currents, typically ia and ic, which are 

transformed into stationary reference frame αβ and then into 

rotational reference frame dq using information from the 

position sensor. Then, current errors are sent to the current 

controllers, which produce commands for stator voltages ud_c 

and uq_c. After that, commanded voltages are transformed into 

the stationary reference frame and sent to the Space Vector 

Pulse Width Modulation (SVPWM) block, which calculates 

duty factors for inverter switches and outputs corresponding 

signals. 

The conventional VC scheme of SMPMSM is used as a basic 

scheme for control of synchronous motors of other types and is 

extended with additional blocks, depending on the desired 

control algorithms. The modifications to this basic scheme 

necessary for implementation of the offline and online MTPA 

methods are shown in Fig. 5 and Fig. 6, respectively, and will 

be discussed in the following sections in detail. 

IV.  OFFLINE METHODS 

This section discusses offline methods of the MTPA control, 

where all computations of drive characteristics and motor 

parameters are performed at the stage of the development or 

commissioning and where control algorithms do not involve 

any estimation techniques for adjustment to the motor operating 

conditions. 

A. Analytical approach-based methods 

Most of the techniques adopting (10) are classified as 

analytical approach-based methods. These techniques were 

developed during the early stages of the research about MTPA 

control. In fact, the iron magnetic saturation is neglected, thus 

simplifying the mathematical representation and easing the 

implementation on early industrial microcontrollers. However, 
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Fig. 5. Modifications of the conventional control scheme for implementation of 

MTPA offline methods 
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Fig. 6. Modifications of the conventional control scheme for implementation of 

MTPA online methods 
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most recent techniques are based on optimization methods, 

which enable the possibility to extend operations, even in the 

constant power region. 

The authors of [46] propose the adoption of (10) within the 

MTPA block of Fig. 5a. Furthermore, the scheme was 

augmented by a flux-weakening algorithm based on 

mathematical relationships, i.e. in the same fashion as for 

obtaining the MTPA condition. The drawback of this approach 

lies in the constant motor parameter values assumption. Similar 

considerations can be drawn also for the technique proposed in 

[47], where the approximated MTPA condition (10) was 

slightly modified, taking advantage of the sensorless algorithm 

structure. 

Still (10) was the cornerstone of the technique proposed in 

[48], in which the output of the speed controller was 

normalized, with respect to the ratio between the maximum 

torque and current. This modification helped the authors of [48] 

in extending the operations of the drive to field-weakening 

operations. The implementation scheme resembles the one of 

Fig.5b. 

The MTPA method proposed in [21] is based on an optimal 

state criterion, but the motor parameters were calculated at the 

rated torque value to approximate the effect of magnetic 

saturation. Thus, the inductances are calculated as function of 

one current value 𝐿 =  𝑓(𝐼𝑠), where 𝐼𝑠 is set at the rated current 

value. The MTPA application is thus like the schematic of 

Fig. 5b. 

For the sake of easier implementation, the MTPA curve 

obtained by (10) was calculated at different values of 

inductances in [49, 50]. The inductances were approximated by 

a linear model as function of current magnitude. Thereafter, the 

MTPA curve was transposed in the polar representation, 

adopting a schematic similar to Fig. 5 

B. Motor parameters calculation 

The MTPA techniques adopting the motor parameters 

calculation can be represented by the control scheme variant of 

Fig. 5c. The conventional approach is to carry out an offline 

commissioning procedure. After collecting the predetermined 

set of measurements, the motor parameters, or equivalently the 

polynomial representation of the model in (1), are obtained 

during the post-processing phase by best-fitting techniques 

(e.g., least square-based algorithms). 

The method proposed in [51] adopts LUTs stored motor 

parameters to calculate the MTPA curve by means of (10). The 

magnetic saturation and cross-coupling effects are accounted by 

calculating the MTPA solution in an iterative way.  

The authors in [52] adopted 12 parameters in order to 

represent the nonlinear behavior of the magnetic flux linkages 

in the torque equation (2). Then, the MTPA condition was 

found by changing the currents reference frame in the polar 

coordinates and thus applying the problem statement in (7). 

Indeed, an MTPA condition very similar to (11) was obtained 

by changing the electrical currents back to the Cartesian 

coordinates. A very similar approach was previously adopted in 

[45], where the authors suggested to store the MTPA curve into 

LUTs, or by solving a two-variable nonlinear problem online.  

The authors of [53] and [54] implemented a comprehensive 

motor parameter based MTPA control, also including the 

temperature effects, iron and mechanical losses. All parameters 

were obtained offline, and the online measurements are used to 

calculate the instantaneous values of the parameters. The 

MTPA curve was pre-calculated and stored into LUTs, in a 

similar fashion of Fig. 5c.  

A peculiar approach was adopted in [55]. The MTPA 

problem was rewritten as a fourth-order polynomial and then 

the Ferrari’s method was used to find the desired solution. The 

motor parameter variations were considered in calculating the 

pair 𝒊𝒅𝒒⃗⃗ ⃗⃗  ⃗
∗
(𝑘) , corresponding to the MTPA solution. The 

previous step solution 𝒊𝒅𝒒⃗⃗ ⃗⃗  ⃗
∗
(𝑘 − 1)  is used to calculate the 

values of the apparent inductances 𝐿𝑑(𝑖𝑑 , 𝑖𝑞) and 𝐿𝑞(𝑖𝑑 , 𝑖𝑞), 

i.e. the parameters 𝐿 =  𝑓(𝑖𝑑 , 𝑖𝑞) in Fig. 3, and thus solving the 

MTPA problem computation. It is worth noting that this 

approach leads to an error, since the differential inductances 

and the cross-saturation are not considered. The solution 

proposed in [55] was further developed in [56] by considering 

the cross-saturation effect, and in [57] for a wounded rotor 

synchronous motor similar to those in Fig 1f.  

Numerical algorithms can be used to calculate the solution of 

MTPA problems such as (4). Their application has become of 

interest due to the increased computational power offered by 

the new microprocessors. Furthermore, the complexity of the 

nonlinear MTPA condition (11) requires numerical algorithms 

to calculate the desired solutions. 

In [39], [44] and [58] the authors computed the solution of 

the problem (4) was found by means of Newton’s method. 

However, an ill-convergence problem for highly magnetic 

saturated motors is posed, [39]. A complete characterization of 

the motor and a formulation, including the differential 

inductances was adopted in [58]. The authors of [58] claim that 

the ill-conditioning problem was solved, however they based 

their method on the torque equation (3), rather than (2). A 

Levenberg-Marquardt algorithm was implemented in [59]. The 

torque was computed as in (2), by means of flux linkages 

𝝀⃗ 𝑑𝑞(𝑖𝑑, 𝑖𝑞)  stored into LUTs which were obtained offline. 

Therefore, the MTPA proposed in [59] falls in the motor 

parameters-based offline MTPA techniques classification such 

as all the numerical algorithms based methods [44, 39, 58]. 

An unusual approach was demonstrated in [60, 61], where 

the authors suggested to use maximum torque control (MTC) 

reference frame dmqm, where qm axis is aligned with the stator 

current vector at the MTPA angle. The authors considered 

steady stated mode of motor operation and redefined quadrature 

axis inductance in the new reference frame as: 
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where: ( )
qdqr iLL −=  is a flux caused by motor saliency. 
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The authors claimed that this parameter is less affected by 

magnetic saturation than the conventional Lq, therefore 

excellent MTPA current loci can be obtained even with Lqm is 

approximated with a constant value. At the same time, these 

papers do not provide sufficient experimental results, so this 

method cannot be evaluated from different points of view. It is 

unclear how it works in dynamic or on machines, which are 

highly saturated. 

The same approach with using axes other than dq was 

proposed in [62, 63], where the authors adopted MTPA 

equations for usage in MT reference frame, where axis M 

coincides with stator flux linkage vector. These equations are 

more complicated than conventional equations, however the 

usage of the MT reference frame makes the implementation of 

MTPA in DTC easier. The authors claimed perfect results, 

however the behavior of the proposed technique in operation 

with motor, which parameters significantly vary, is unclear. 

C. Simplified MTPA 

Earliest researches dedicated to the implementation of 

MTPA considered rectangular control of PM motors, including 

six step commutations [64–66]. Nevertheless, this topic is still 

interesting and recent works can be found as well [67–70]. The 

authors of these papers suggest to modify angles of transistors 

commutations related to electrical position of the rotor, 

depending on the value of the stator current. It shifts current 

waveform closer to MTPA trajectory and increases efficiency 

compared to natural commutation, however stator current 

waveform under rectangular control is not a sine, therefore 

current vector oscillates near the MTPA curve. As a result, the 

stator RMS current is not minimized as it should be. However, 

this solution is more efficient than natural commutation, 

therefore it is worth utilizing this method within rectangular 

control. Despite seeming obsolete, rectangular control of PM 

motors is now adopted in drives with dual operations, i.e., 

performing vector and rectangular control in different speed 

ranges [71]. 

Another simple approach to the implementation of maximum 

torque per ampere control was recommended in [72–74], where 

MTPA curve was substituted with a constant angle line. This 

approximation is natural for unsaturated or slightly saturated 

SynRM, but the authors of [72] used this substitution for PM 

machines as well. The approximation such as this, where 

current phase is a constant, significantly simplifies calculations. 

However, it prevents system from the full utilization of 

reluctance torque of a motor. Therefore, the benefits of this 

algorithm should be carefully compared with fall in efficiency. 

The next simplified approximation of MTPA curve was 

proposed in [75–78], where the authors reduced the MTPA 

equation (10) by expanding it into Taylor’s series around zero 

and neglecting the high order terms, which resulted in: 

 2

q

mg

qd

d i
LL

i


−
=  (17) 

As it is clearly seen, this equation is easy for calculation and 

can speed up the execution of the control algorithm. 

Furthermore, it needs minor modification of the conventional 

VC scheme, which is shown in Fig. 5a or 5b, depending on the 

equation used. At the same time, the main drawback of this 

approach is an approximation error, which quadratically rises 

with the increase of current magnitude, i.e. with a distance from 

the point of approximation. 

A similar approach was adopted by the authors of [79, 80], 

too, where (10) was used to recalculate (3), then a Taylor 

approximation of the square root operator allowed the 

calculation of the dq current references. 

D. Look-up table 

The most popular offline methods adopt LUTs. The reasons 

of their success are manifold. The adoption of LUTs is ease in 

all the modified control schemes of Fig. 5. The common 

drawback of these kinds of methods is that they require a costly 

time-consuming process for commissioning and, often, a 

dedicated procedure and hardware. In fact, a torque transducer 

is often necessary. In order to avoid experimental tests, finite 

element analysis (FEA) results are sometimes considered [81, 

82]. 

A typical experiment requires that the motor under test is 

dragged at constant speed, and different currents set 𝒊𝒅𝒒⃗⃗ ⃗⃗  ⃗
∗
 are 

tested, while measuring the shaft torque at steady state 

conditions. The MTPA curve is post-calculated by means of 

(14) at different current magnitudes 𝐼𝑠
∗. This way, the MTPA 

problem is not dependent on motor parameters, but the solution 

precision depends only on the accuracy of the torque 

transducer. For this reason, this approach is very popular in 

papers dealing with parameter estimation techniques when it 

comes to demonstrating the correctness of the proposed 

techniques. Some examples are [83, 84]. Furthermore, FEA 

analysis of new motor prototypes are often validated comparing 

the MTPA curve obtained from the result of the analysis and 

the experimental result-based one. Some examples are [85]. 

The use of a torque transducer is avoided in [86], where a 

maximum power-per-ampere strategy is approximated to be 

similar to the MTPA strategy. Furthermore, load transients are 

considered, showing two alternatives to the control structure of 

Fig. 5a. 

E. Scalar control 

The scalar control (SC), which is also known as V/f control, 

is popular due to its simple structure, low-cost implementation 

and absence of position encoder. The conventional scalar 

control implements open-loop scheme, where amplitude of the 

commanded voltage is calculated as a function of the 

commanded frequency. This dependence in the middle and 

high-speed range, where voltage drop across stator resistance is 

negligible, is typically implemented as V/f = const, while in the 

low speed region it includes some compensation terms. 

The conventional scalar control scheme is depicted in Fig. 7, 

which illustrates simplicity of scalar control, compared to a 

conventional vector control scheme. At the same time, the most 

significant drawbacks of SC are lower efficiency and stability 

issues, which decrease areas of its usage. Taking into account 

the merits of SC, some researchers made efforts to overcome 
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the drawbacks of conventional scalar control: they focused on 

speed stabilization, elimination of parasitic oscillations and 

improvement of drive efficiency. 

 

In order to increase efficiency, an MTPA control has to be 

implemented. As can be seen from Fig. 7, there are two possible 

signals which can be impacted for the control of synchronous 

motors in a scalar scheme: voltage and frequency (angle). The 

frequency signal is commanded to the system, therefore its 

average value should be constant. Simultaneously, commanded 

signal may be combined with another high frequency signal, 

used for stabilization of load angle or disturbance for online 

tracking of MTPA curve. 

The authors of [87, 88] proposed the use of an additional 

current sensor in “A” phase of the motor and measured the 

phase shift between phase voltage and current. Then they 

suggested to calculate the desired phase shift, which 

corresponds to the MTPA condition of the motor used. The 

desired angle is function of motor current, voltage and speed, 

providing motor parameters are stable. However, the authors 

claimed that the desired phase shift mainly depends on the 

current, and only this dependence may be taken into account. 

After that, the difference between the real and desired angles is 

input to the PI-controller, which modifies the magnitude of the 

stator voltage. 

Another MTPA control algorithm for SC was proposed in 

[89–91], where the reactive power was used in order to follow 

the MTPA trajectory. The authors calculated in the dq reference 

frame desired reactive power, which corresponds to the MTPA 

condition. After that, they calculated real reactive power in the 

γδ reference frame, where axis δ is aligned with stator voltage 

vector. The difference between desired and real reactive powers 

is sent to the voltage PI-controller, which modifies the 

magnitude of the stator voltage. 

The authors of [92] suggested to enhance conventional SC 

with estimator of rotor position implemented by integration of 

the reference speed with corrections. This estimated angle is 

used for calculation of measured motor currents in dq reference 

frame. Then, the authors suggested to use measured quadrature 

current for calculation of the desired direct current using the 

MTPA equation (10). After that, they calculated the difference 

between the desired and measured direct currents and sent it to 

the voltage PI controller, which modifies the magnitude of the 

stator voltage. 

Another approach was proposed in [93], where the authors 

used control scheme of similar topology. The only difference is 

that they track MTPA trajectory by comparing real and desired 

currents in γδ reference frame. 

For the sake of clarity, a comparison of the considered offline 

techniques is reported in Table I. 

 

V. ONLINE METHODS 

This section discusses online methods for MTPA control, 

which involves different algorithms to track changes of motor 

parameters, depending on the operating conditions, e.g. 

temperature, load, etc. In order to obtain this goal, the main 

approaches are the estimate of varying motor parameters (for 

further calculation of MTPA angle) and the direct tracking of 

the MTPA condition, i.e., Extremum Seeking (ES). 
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Fig. 7. Conventional scalar control scheme 

TABLE I. SUM-UP OF OFFLINE MTPA TECHNIQUES CHARACTERISTICS 

Methods 

Details 
Analytical Parameter calculation Simplified 

Scalar 

Angular Reactive power d current 

Papers [21, 46 - 50] [51 - 63] [64 - 80] [87, 88] [89–91] [92] 

Principle of 

operation 

MTPA trajectory is 

obtained from motor 

equations analytically. 

Motor parameters are 

calculated via predefined 

formulae using stator current 

and temperature. Analytical 

MTPA equation is used. 

MTPA curve is 

approximated with a 

simplified function or 

look-up table. 

Controls phase shift 

between phase current 

and voltage to be equal 

to value, which 

corresponds to MTPA. 

Controls reactive 

power to be equal to 

value, which 

corresponds to 

MTPA. 

Controls direct 

current to be equal to 

value, which 

corresponds to 

MTPA. 

Disadvantages 

Motor parameters are 

considered to be constant. 

Their variation is not taken 

into account.  

Does not take motor 

parameter derivatives into 

account. 

Requires preliminary 

experiments to identify 

dependencies of motor 

parameters. Could be hard in 
tuning. Some algorithms are 

computation intensive. 

Does not reproduce 

exact MTPA trajectory. 

The full potential of 

motor is not used. 

Requires preliminary 

experiments to construct 

approximation function. 

The dependence of 

phase shift between 

phase current and 

voltage on motor speed 

and voltage amplitude 

is neglected. 

Motor parameters 
variation is not taken 

into account. 

Motor parameters 

variation is not 

taken into account. 

Motor parameters 

variation is not taken 

into account 

Implementation of 

a rotor position 

estimator is required. 

Advantages 

Easy in tuning and 

simple implementation.  

No additional 

experiments required. 

Takes slow motor parameter 

variation into account. Some 

methods are easy in tuning. 

Extremely simple in 

implementation and 

calculations. 

Simple algorithm. 

Significantly improves 

performance of motor 

under scalar control. 

Simple algorithm. 

Significantly 

improves 

performance of 

motor under scalar 

control. 

Significantly 

improves 

performance of 

motor under scalar 

control. 
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As already mentioned, parameters and MTPA trajectory may 

vary during machine operation, due to temperature variation or 

demagnetization. The adopted machine model may also be too 

simplistic and fail to capture the saturation phenomena. 

Moreover, parameters may be known with relevant uncertainty, 

due to identification errors (e.g., if self-identification is adopted 

at commissioning) or due to manufacturing tolerance (when 

data is collected offline, since a limited number of motor 

samples is tested). All these factors typically result in deviation 

from the actual MTPA operation, leading to additional losses 

and decreased torque density. To tackle these issues, various 

“on-line” or “adaptive” MTPA techniques have been developed 

in the last decades. According to these methods, the MTPA 

operating point is adjusted, based on measurements carried out 

during the normal operation of the drive. 

It is worth noticing that, although many online methods do 

not rely on prior knowledge of motor parameters, it is possible 

to use them as a means for refining a single MTPA point, or the 

whole trajectory, using data gathered offline as a starting point. 

As in all cases where online adaptation and/or closed-loop 

operation are involved, dynamics is an important aspect in 

online MTPA techniques. In general, some tuning is required in 

order to achieve correct operation, thus it can be observed that 

a trade-off exists between robustness/stability on one side and 

responsiveness on the other, in which the ideal balancing 

mainly depends on the specific end-use. As an example, 

continuous-duty applications such as pumps and fans (which 

account for a significant portion of electrical consumption 

[94]), strongly benefit from efficiency improvements. For this 

reason, there is a demand for simple methods that can minimize 

energy consumption (even in the presence of parameters 

uncertainty), while dynamical requirements are usually relaxed. 

A. Parameters estimation 

A common approach to the adaptation of MTPA trajectory 

during normal operation is based on parameters estimation [3, 

95–102]. In this case, the MTPA operating point is determined 

analytically, applying traditional formulae e.g., (10), but the 

parameter values (𝐿𝑑 , 𝐿𝑞 , Λ𝑚𝑔) are estimated online (based on 

signals measured by the controller). Since equations like (10) 

are derived considering parameters as constants, when the same 

parameters are varied online, some terms in the derivatives of 

torque (8), (9) are neglected, leading to an intrinsic error. 

However, these techniques typically improve the torque vs. 

current ratio, with respect to off-line methods. 

Online estimation of motor parameters is a popular topic in 

the literature, due to its practical impact and inherent 

challenges. In general, any method for online estimation of 

motor parameters could be used for MTPA adaptation, but 

some proposals specifically address the problem of parametric 

uncertainty with respect to MTPA. 

 

In fundamental-based estimation, the signals that are 

normally available in the controller (so-called “fundamental”), 

i.e., typically voltage, current and speed are processed, with no 

direct control action performed. Various approaches have been 

proposed, ranging from observers such as the Extended Kalman 

Filter [102] to Recursive Least Squares (RLS) [99] and Affine 

Projection Algorithm (APA) [96], also including 

implementations of the Model Reference Adaptive System 

(MRAS) [103]. 

As already mentioned, estimation methods require careful 

implementation and tuning, since noise and stability play a 

crucial role. Moreover, although estimating all magnetic motor 

parameters would be required, this is not possible under all 

operating conditions (without any form of signal injection), so 

a reduced set of parameters is usually updated. In some cases 

e.g., [95], saturation on the 𝑑-axis is neglected, so that only the 

𝑞-axis inductance is adapted online. This simplistic approach is 

usually effective for IPM machines where mild magnetic 

saturation occurs. However, a complete estimation of 

parameters is possible, although not trivial [96]. The proposals 

[100, 104, 105] allow the full flux-linkage maps to be updated 

online, relying on Artificial Neural Networks (ANN). In this 

case, initial data and related non-optimal MTPA trajectory can 

be improved gradually, based on values obtained at different 

operating points. 

In general, when attempting the online estimation of all 

parameters involved in MTPA determination, observability 

issues arise, also considering the variability of stator resistance 

[101]. A straightforward solution to this problem is “signal 

injection”, i.e., the controller and converter system are 

exploited for applying additional stimuli to the motor, 

specifically for parameters estimation [106–108]. In principle, 

any of these methods could be exploited for adjusting the 

MTPA point, based on the analytical formulas and estimated 

parameters. However, small-signal injection can only estimate 

differential inductances, which is typically not sufficient for 

determining the MTPA point. In [98], fundamental-based 

estimation is enhanced with signal injection (staircase-shaped 

𝑑-axis variation), in order to tackle observability and stability 

issues. A peculiar implementation of RLS is adopted, with fast 

update of inductance estimates and lower-rate estimation of 

resistance and PM flux-linkage. An interesting solution to the 

same issues is proposed in [109], involving the Adaptive Linear 

Neuron Neural Network (ADALINE NN) algorithm. Since the 

method mainly targets traction applications, a procedure is set 

up so that current pulses are injected (for stator resistance and 

PM flux-linkage estimation) only during idle operation of the 

vehicle, while inductance values are continuously updated 

using fundamental-based estimation. 

It is worth noticing that signal injection causes disturbance to 

the normal control, additional losses and, in many cases, 

increased acoustic noise. However, in some cases, signal 

injection is also applied for sensorless control, so it can be used 

for both purposes, i.e., estimation of rotor position and speed 

together with motor parameters for MTPA adaptation, as 

demonstrated in [110], using square-wave “rotating” voltage. 

B. Extremum seeking 

A completely different approach is where the operating point 

is adjusted in a closed-loop fashion, aiming at tracking the 
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MTPA point, with no direct reference to the analytical motor 

model and related parameters. The operating principle of this 

kind of method can be considered an application of Extremum 

Seeking, which is “a method for real-time non-model-based 

optimization” [111]. The main idea is to apply a perturbation of 

the current vector reference, for “testing” purposes, during the 

normal operation of the drive. The response to such stimulus is 

analyzed searching for the minimum of current, (at given load) 

or maximum of torque (at given current). 

A common characteristic of online seeking methods is that 

accuracy of the MTPA point estimation does not depend on the 

knowledge of the machine model or parameters, since the result 

(point of maximum-torque or minimum-current) is tested by 

interacting with the machine. However, all the MTPA seeking 

techniques theoretically rely on the load torque being constant 

(or slowly-varying), thus in certain cases they are enabled only 

at steady-state [112]. However, the robustness of certain 

methods with respect to moderate load transients has been 

demonstrated [3, 113]. A general solution, which is often 

adopted in online methods, is to use a feedforward, based on 

any conventional MTPA implementation [114], so that the 

online seeking only acts as a fine tuning. Given the closed-loop 

nature of these methods, stability concerns arise, and need to be 

addressed with proper design of gains and filtering [113, 115, 

116]. 

 

The main group of methods in this class is commonly known 

as “MTPA tracking”, which was proposed more than a decade 

ago [117]. In the earlier works [112, 114, 117, 118], signal 

injection was applied at relatively “high-frequency” (HF), 

aiming at estimating the local derivative of torque, at 

constant-current. Since the MTPA condition (expressed as 

maximum torque at given current) corresponds to null 

derivative, the operating point is moved towards the MTPA, 

based on a feedback signal (mainly according to the sign of 

estimated derivative). In this case, the current vector angle (or, 

equivalently, orthogonal current component) is typically 

modified by adding a small sinusoidal signal at a frequency well 

above the fundamental and, in particular higher than the speed 

control bandwidth (e.g. hundreds of Hz), so that its effect is not 

rejected by the speed control loop. Considering mechanical 

steady-state conditions, the current vector magnitude remains 

almost constant, leading to torque oscillations. In [114, 117] 

said variations are detected through processing (demodulation) 

of speed measurement, while authors of [112, 118] propose 

processing of the estimated motor active-power (i.e. obtained 

from voltage and current signals normally available to the 

controller, Fig. 6j). In fact, using the well-known “small-signal” 

approach (i.e., 1st-order Taylor series approximation), at 

constant-current, torque variations 𝜏̃  are only due to angle 

perturbation 𝛽̃: 

 𝜏̃ ≈
𝑑𝜏

𝑑𝛽
 𝛽̃ (18) 

It can be shown that a signal proportional to the derivative in 

(18) can be extracted by demodulating the speed or active 

power, i.e., evaluating their 1st harmonic component. The 

resulting signals is used as an “out-of-MTPA” error indicator, 

which crosses zero at the MTPA. As shown in Fig. 6j, this 

signal is fed to a PI regulator, for being controlled to zero by 

adjusting the steady-state current vector angle. 

It should be noted that high-frequency current injection 

requires special care in the tuning of current controllers and/or 

the use of resonant controllers in addition to typical PI 

controllers [118], in order to obtain high-accuracy current 

regulation, even at the injection frequency. Moreover, if the 

feedback for correcting MTPA is taken in terms of speed 

oscillation, a medium- to high-performance position sensor is 

required [114]. On the other hand, if the tracking is based on 

active power, operation below a certain speed is prevented by 

the low signal-to-noise ratio [112]. 

 

The authors of [119] proposed a different operating principle 

for MTPA tracking, based on injection at “low-frequency” (LF) 

and on evaluation of the derivative of current magnitude (at 

constant-torque). Similarly to the HF injection, the steady-state 

current vector angle is modified by the superposition of a 

small-amplitude sinusoidal signal. However, in this case, 

injection frequency must be within the speed control 

bandwidth, hence the classification of the technique as 

“low-frequency” injection. In fact, at constant load, thanks to 

the disturbance rejection provided by the speed regulator, 

torque produced by the motor dynamically balances the load 

torque, while the effect of injection is compensated by 

amplitude variations in the speed regulator output. In this way, 

the current vector moves along a small portion of a 

constant-torque curve, while current magnitude varies because 

of the commanded angle variation. Following the small-signal 

approach, the current vector magnitude can be approximated as iq, A
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a sinusoid 𝑖̃𝑠, added to the steady-state value (Fig. 6h), i.e. 

 𝑖𝑠̃ ≈
𝑑𝑖𝑠

𝑑𝛽
 𝛽̃ (19) 

The MTPA condition pursued is minimum current for given 

torque (4), which is reached when derivative in (19) is null. In 

order to evaluate the derivative, demodulation is applied to the 

current magnitude signal, which is available within the 

controller and the demodulated signal is exploited as an 

“out-of-MTPA” error signal (similarly to what is done with 

“high-frequency” injection). Fig. 9 shows that the phase of 𝑖̃𝑠 

inverts when crossing the MTPA point and so does the 

demodulated signal. For this reason, forcing the error signal to 

zero corresponds to tracking the MTPA, which is achieved by 

means of a feedback loop (Fig. 6k), i.e., the steady-state current 

vector angle is the output of a PI regulator. It is worth 

mentioning that this technique involves the speed regulator, so 

it is not suitable for pure torque control or when torque 

limitation occurs. Further limitations include very low-torque 

operation [113], although this issue is expected to affect all 

MTPA tracking methods. 

Fig. 8 shows an example of MTPA tracking using LF 

injection. Gray traces (left) represent the evolution between 

initial and final current vector, at three different load values. 

The same figure also compares different MTPA curves 

obtained offline, based on various methods, namely torque 

measurements, flux maps and flux approximations 

(polynomial, “linear+saturation” [120] and constant 

inductance) for an IPMSM. As already shown in [95], the 

torque vs. current characteristic is a convenient way for 

comparing the effectiveness of different MTPA solutions, since 

it clearly reveals how a non-optimal MTPA trajectory results in 

loss of available torque (at a certain maximum current) and 

excess of current needed (for obtaining a certain torque). On the 

other hand, simple comparison between trajectories on the 𝐼𝑑𝐼𝑞 

plane (Fig. 8) does not represent the practical impact of MTPA 

error. 

 

Recently, Virtual Signal Injection Control (VSIC) [121–124] 

has been proposed as an alternative to real signal injection. The 

MTPA tracking schematic adopted in this case is similar to the 

one used for “high-frequency" injection, but no signal is 

actually injected. In fact, the technique estimates the torque 

derivative (18), based on local values of voltage, current and 

speed, i.e., the loop does not involve the real feedback from the 

machine. From this point of view, the method could be 

classified as based on parameters estimation, rather than 

injection-based. The method has the advantage of avoiding 

additional losses, disturbance and acoustic noise related to 

injection. On the other hand, it requires speed to be sufficiently 

high (since voltage is involved in estimating the derivative) and 

relies on the knowledge of 𝑑 -axis inductance (considered 

constant). Moreover, the technique suffers from an implicit 

MTPA angle error, which becomes relevant if inductances vary 

strongly with current. This accuracy issue has been 

characterized and discussed by the same authors who proposed 

the VSIC principle [125, 127]. A comparison between VSIC 

and “real” signal injection methods (i.e., “high-frequency” and 

“low-frequency” injection) is also reported in [126].  

 

Perturb & Observe (P&O) techniques [3, 11, 33–35, 128–

132] have also been adopted as online MTPA “search” 

algorithms, resulting in relatively simple implementations. 

These methods are based on discrete variations of the operating 

point and evaluation of their effect. In some cases, they are 

considered faster than other MTPA tracking techniques, e.g., in 

[133], where the “Simplex” discrete-search method is 

compared to “MTPA tracking”. A common drawback is related 

to the robustness to load variations, which has been addressed 

in [3], by combining P&O with parameters estimation. 

A peculiar MTPA search technique is presented in [134], 

which can still be considered a P&O method, since it adjusts the 

MTPA angle in discrete steps. The proposal is based on slow 

modification of the current reference vector angle, which 

response is evaluated in order to select the correction to be 

applied at the next step. Since the current vector angle is varied 

according to a specific pulse shape and at regular intervals, the 

authors claim good rejection with respect to variable load 

torque. 

Although most implementations of MTPA tracking have 

been proposed within typical vector control (FOC), scalar 

control is considered in [135]. The authors suggest injecting 

high-frequency voltages in st reference frame, where s-axis 

coincides with the stator current vector, and to analyze the input 

power of the drive. The processing algorithm tracks zero point 

of the derivative of input power, which corresponds to the 

MTPA condition. Similarly, to other MTPA tracking 

techniques, the authors claim insensitivity to motor parameters 

variation, combined with the simplicity of scalar approach. 

In [1], MTPA tracking has also been proposed for Direct 

Torque Control (DTC) and implemented for synchronous 

reluctance motors. The operating principle of the proposal is 

similar to the one described as LF injection, whereby the 

disturbance rejection capability of the speed regulation loop is 

exploited. In this case, a pseudo-random sequence (instead of a 

sinusoidal signal), is superposed on the flux-linkage reference 

(instead of the current vector angle). The typical fast response 

of DTC is exploited, at the same time avoiding a large 

single-tone from appearing in the torque ripple. 

For the sake of clarity, a comparison of all online techniques 

is reported in Table II. 

C. Synchronous Reluctance motors 

A special case is represented by the SynRM, which does not 

present any independent source of magnetic flux, e.g. the 

permanent magnets. To all intent and purposes, the SynRMs 

present the same reluctance torque formulation as the 

permanent magnet synchronous motors, thus the MTPA 

condition can be obtained in the same way. Typically, the only 

difference to be considered is the d-axis position, which is 

usually posed along the position with the highest reluctance 

value, but the same equations and considerations in Section II 

hold. As a consequence of this choice for the axes, positive d-
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axis current is imposed during operation, i.e. the MTPA curve 

for positive torque lies in the 1st quadrant of the dq current axes 

(while it is in the 3rd quadrant for IPMSMs). 

The offline MTPA approach is often adopted for SynRM 

drives, such as the simplified approach reported in Section 

IV.C, which corresponds to considering the motor inductances 

as constant values. In turn, the efficiency of the drive is 

sacrificed in favor of control structure simplicity. However, 

recent research contribution for these motors have been 

proposed as online techniques, and many others are expected to 

appear due to the increasing popularity of SynRM [13]. 

Adaptive techniques seem quite promising because they are 

based on the motor parameter variations estimation. Recent 

examples involve the use of advanced parameter estimation 

techniques, such as neural networks in [100, 131, 132], 

advanced flux observers as in [137] or online inductance 

estimation as in [138]. However, signal injection techniques are 

still possible for SynRM, as reported in [1]. 

VI. CONCLUSION 

MTPA control is an indispensable part in the control of 

high-efficient motors, which allows full utilization of the motor 

torque. Therefore, it has been a very popular topic for 

researchers dealing with modern electrical drives and its 

importance has grown, together with the concern of efficiency. 

As a result, a large number of techniques and algorithms have 

been proposed. 

In this review, the most significant papers regarding MTPA 

control have been considered. The concept of MTPA has been 

introduced, together with the main definitions required for 

analyzing the problem. The different implementations have 

been described, classified and analyzed in their distinctive 

features, pros, cons and possible areas of usage, based on the 

literature and on the authors’ experience. The paper aims at 

providing a comprehensive source of information on the MTPA 

topic, for orientation of researchers and practitioners in the 

field. Given the space constraints, only brief descriptions could 

be included, but detailed information can be easily obtained 

from the extensive list of references. 

At the same time, it is evident that further study and 

comparison of the considered methods to each other in similar 

condition are encouraged. Therefore, the authors are working 

on a series of papers, dedicated to detailed and comparative 

analyses of the discussed techniques. Each paper will consider 

a group of MTPA algorithms from Fig. 3 and will report 

comparative experimental results obtained in two motor drives, 

where one drive contains an unsaturated motor and another 

drive includes a saturated machine. Future works will have to 

consider that the drives technology moves towards more 

artificial intelligence, and data-driven solutions that may 

represent new tools for investigating MTPA detection and 

implementation. The transition from MTPA to flux-weakening 

and/or MTPV algorithm is still a subject that needs to be further 

investigated for both offline and online techniques. Another 

research topic that needs to be investigated is the MTPA 

algorithm application in sensorless-based drives, whereby the 

rotor position and speed information will be affected by 

uncertainties and limited in their dynamics. It is also envisioned 

that signal injection could be used for both MTPA tracking and 

position estimation. Finally, the acoustic noise generated by 

some of the MTPA control techniques should be considered in 

the future, especially for human-related applications such as 

automotive applications [136]. 
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