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Abstract

We classify the spherical birational sheets in a complex simple simply-connected algebraic
group. We use the classification to show that, when G is a connected reductive complex
algebraic group with simply-connected derived subgroup, two conjugacy classes O1, Oz of
G lie in the same birational sheet, up to a shift by a central element of G, if and only if the
coordinate rings of O and Oz are isomorphic as G-modules. As a consequence, we prove a
conjecture of Losev for the spherical subvariety of the Lie algebra of G.
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1 Introduction

Let G be a complex connected reductive algebraic group acting on a variety X. A sheet of X is
an irreducible component of the locally closed subset {z € X | dim(G - z) = d} for some fixed d:
then X is the finite union of its sheets. Let B be a Borel subgroup of G, the complexity of X
is the codimension of a generic B-orbit in X. The variety X is spherical if has complexity zero.
By [2, Proposition 1], the complexity of orbits as homogeneous spaces of G is constant along the
sheets. In particular it follows that the property of being spherical is preserved along sheets. We
say that the sheet S is spherical if the orbits in S are spherical. Now assume X = G, and the
action is given by conjugation. Let T be a maximal torus of B, with Weyl group W. From the
Bruhat decomposition G' = (J,,cy BwB, it follows that for every conjugacy class O of G' there
exists a unique wp € W such that O N Bwe B is dense in O. Similarly, for S a sheet of conjugacy
classes, there is a unique wg € W such that S N BwgB is dense in S. By [10, Proposition 5.3] if
S is a spherical sheet, then for every conjugacy class O lying in S we have wp = wg.

A natural question is to consider the ring of regular functions C[O] as O varies in a sheet S
and ask whether the G-modules C[O] are isomorphic. When G acts via the adjoint action on
its Lie algebra g, some answers were obtained in [4]: for g = s[,,(C) the G-module structure of
C[O] is preserved along sheets, but in this fails in general. In [20], Losev refined the notion of
sheets of adjoint orbits by introducing the definition of birational sheets. In [20, Theorem 4.4,
it is proven that birational sheets are locally closed subvarieties partitioning g. A remarkable
result (see |20, Remark 4.11]) states that if D, and 95 are adjoint orbits of g lying in the same
birational sheet, then their G-module structures are isomorphic. In the same Remark, Losev
conjectured that the viceversa is also true, aiming for an intrinsic characterization of birational
sheets of the Lie algebra.

In this paper we deal with this problem with respect to spherical orbits both in the setting
of conjugacy classes in G with simply-connected derived subgroup and in the setting of adjoint



orbits in g. We recall the definition of birational sheet in g from [20] and in G from [I]. A
birational sheet is a certain union of G-orbits and is contained in a sheet, hence the property of
being spherical is preserved along birational sheets. We shall call spherical birational sheet any
birational sheet consisting of spherical orbits. For G simple simply-connected, we classify the
spherical birational sheets and observe that the union Gy, of all spherical conjugacy classes in G
is the disjoint union of spherical birational sheets. If O is a spherical conjugacy class, then C[O]
is multiplicity-free, i.e. a simple G-module occurs in C[O] with multiplicity at most 1. Therefore,
C[O] is completely determined as a G-module by its weight monoid, i.e. by the highest dominant
weights A for which the simple G-module with highest weight A occurs in the decomposition of
ClO].

In [I4] the weight monoids are explicitely described for every spherical conjugacy class of G
simple simply-connected. Using these results and the classification of spherical birational sheets,
we shall prove the main result of this paper: let G be a complex connected reductive algebraic
group with simply-connected derived subgroup and let Oy and Os be spherical conjugacy classes
in G. Let SY" (resp. S5") be the birational sheet containing O; (resp. Oz). Then C[O;] is
isomorphic to C[Os] as a G-module if and only if S5 = 2S%" for some 2z € Z(G) (the assumption
on the derived subgroup of G' cannot be relaxed).

>From this we also deduce the validity of Losev’s conjecture in the case of spherical adjoint
orbits in g. We also show that Losev’s conjecture (resp. the corresponding group anologue) is
true in the case g = sl,(C) (resp. G = SL,(C)).

2 Definitions and notations

Let G be a connected reductive algebraic group over C and let g be its Lie algebra. If K is a
closed subgroup of G, we denote by K° its identity component, by K’ its derived subgroup and
by Z(K) its centre. Similarly, if ¢ is a Lie subalgebra of g, we denote by 3(¢) its centre.

If X is a K-set, we denote by X/K the set of K-orbits of elements in X. When K acts
regularly on a variety X and z € X, the K-orbit of z is denoted by K-z. For Y7,Y5 C X, we write
Yi~cg it {Ky1 |yn €Yi} ={K-y1 |y1 e 1 };ifY; = {y;} fori = 1,2, we write y; ~x y2. For
any n € N, we define the locally closed subsets X,y := {z € X | dim(K -z) =n} of X. A sheet
of X for the action of K is an irreducible component of X, for some n € N such that X, # @.
For Y C X, the regular locus of Y is Y9 =Y N X (5, where 7 = max{n € N | Y N X,,) # o},
an open subset of Y, and the normalizer of Y in K'is Nx(Y) :={ke€ K | kY =Y}. Forz € X,
its stabilizer is K, := {k € K | k-2 = x}. When we consider the conjugacy (resp. the adjoint)
action of G on itself (resp. on g) we adopt the following notation for orbits and stabilizers.
Dealing with K-conjugacy classes or K-adjoint orbits, we shall use the notation (9;{ =K g,

D? = Ad(K)(§). We shall omit superscripts whenever K = G. For € G and 7 € g, we write:

Co(r) =G, ={g€G | gng™" =a}; Ca(n) =G, ={9€G | (Adg)(n) =n}
cg(r) :={{€g | (Adx)(§) = &} cg(n) =gy =1{€g | & =0}

For a subset Y C G, we set C(Y) :=,cy Ca(y).

We write Uy for the unipotent variety of K and N for the nilpotent cone of ¢ := Lie(K); we
also set U := Ug and N := Nj. The set of all K-conjugacy classes of K is denoted K/K.

When we write g = su € G we implicitly assume that su is the Jordan decomposition of g,
with s semisimple and u unipotent. Similarly for £ =&, + &, € g.

Let B be a Borel subgroup of G and T' a maximal torus of B. We denote by ® the root system
of G with respect to T, by A the base of ® individuated by B and by ®* the corresponding



subset of positive roots. The one-parameter subgroup of G corresponding to the root oo € ® will
be denoted by U,. We call Levi subgroup of G every Levi factor of a parabolic subgroup of G.

A standard parabolic subgroup is a subgroup containing B: it is of the form Pg = (B,U_, |
a € 0) for © C A. We have Po = LoUg, where the Levi factor Lg := (T, Uy, U_, | @ € O) is
called a standard Levi subgroup and Ug is the unipotent radical of Pg. We also set Lie(T") = b,
Lie(B) = b, Lie(U,) = g, for all a € .

A pseudo-Levi subgroup is the connected centralizer of a semisimple elements of G.

Finite-dimensional irreducible G-modules are parametrized by X (T)*, the set of dominant
weights of 7' (with respect to ®1), and we write V(\) for the irreducible G-module of highest
weight A.

Let X be a conjugacy class in G/G or an adjoint orbit in g/G. We have a decomposition into
simple G-modules of the ring of regular functions C[X]:

ClX] ~¢ P mV(),

AEX(T)+

where ny is the multiplicity with which V' (\) occurs in C[X], denoted by [C[X] : V(A)]. We denote
by A(X) the monoid of dominant weights occurring in C[X]. If a Borel subgroup of G has a
dense orbit on X, we call X spherical. Since X is quasi-affine, this is equivalent to the fact that
C[XT] is multiplicity-free, i.e. ny € {0,1} for every A € X(T)*: hence C[X]| ~¢ @, cp(x) V(N

A closed subgroup H < G is said to be spherical if the homogeneous space G/H is a spherical
variety.

We denote by Gspp, (resp. gspn) the union of all spherical conjugacy classes in G (resp.
spherical adjoint orbits in g): these are closed subsets by [2, Corollary 2].

When G is simple, we denote the simple roots by a4, ..., a,: we shall use the numbering and
the description of the simple roots in terms of the canonical basis (eq,...,ex) of an appropriate
R* as in [5, Planches I-IX]|. We denote by P the weight lattice, by P™ the monoid of dominant
weights. Also, af,...,a, are the co-roots, wy,...w, are the fundamental weights and &1, . ..oy,
are the fundamental co-weights: these are the elements @; of h defined by «;(w;) = 6;; for
1 < i,7 < n. The Weyl group of G is denoted by W, for w € W we use the notation w for
an element of Ng(T') representing w € W ~ Ng(T)/T. We write s; for the simple reflection
with respect to the simple root «;, for i =1,...,n. Let 8 = Z?Zl cja; be the highest root in
®: we define A = AU {=B}. For the exceptional groups, we shall write 8 = (c1,...,¢,) For
O C A, set Lo := (T,Uy,U_y | @ € ©). Following the terminology introduced in [27], we say
that Le is a standard pseudo-Levi subgroup of G. By [27, Proposition 2], pseudo-Levi subgroups
are conjugates of standard pseudo-Levi subgroups.

An element su € G is isolated if Ca(Z(Ca(s)°)°) = G, as in |21} Definition 2.6]; in this case
we say that Oy, is an isolated class.

A partition of n € N\ {0} is a sequence of non-increasing positive integers d = [dy,...,d,]
such that >°!_, d; = n: we write d = [dy,...,d,] F n. If d F n, the dual partition is d* = f,
where f; = |{j | d; > i}| for all i. We will also use the compact notation d = [e]™,...,el*]

where e; > --- > es > 0 by grouping equal d;’s. Partitions will be used to denote nilpotent
orbits in classical Lie algebras, whereas for exceptional Lie algebras we will use the Bala-Carter
labeling, as in [13].

We use the symbol LI to denote a disjoint union.



3 Jordan classes, sheets and birational sheets

3.1 Lie algebra case

Let [ C g be a Levi subalgebra and embed it in a parabolic subalgebra p = [ @ n, where n is the
nilradical of p. Let P < G such that Lie(P) = p, and let P = LUp be its Levi decomposition with
Lie(L) = [ and Lie(Up) = n. Let O € Nj/L. Then P acts on the closed subvariety OL +n C g
via the adjoint action. The generalized Springer map is:

v: G xP (DL +n) — Ad(G)(OL +n), g*£&— (Adg)(€). (1)

The image of v is the closure of a single orbit O € N'/G, and Ind] OF := O is the orbit induced
from OF. It only depends on the pair (I, O%), not on the parabolic subgroup P chosen to define
. If O € N'/G cannot be induced from a nilpotent orbit O in a proper Levi subalgebra [ C g,
then O is said to be rigid. For a complete exposition on induction, refer to [I3], §7].

A decomposition datum of g consists of a pair of a Levi subalgebra [ C g and an orbit
OF € N/L, see |3, §1.6]. To any element & = &, + &, € g we can associate its decomposition
datum (cg(€,), D¢ °)).

We denote by 2(g) the set of decomposition data of g. G acts by simultaneous conjugacy on
the elements of Z(g). We say that two elements of g are Jordan equivalent if their decomposition
data are conjugate in G. The Jordan class of € € g is the set J(&) consisting of all elements
which are Jordan equivalent to . If ¢ € g has decomposition datum ([, O), then J(¢) =
JL,OL) = (AdG)(3(N"™+OL). Jordan classes form a partition of g into finitely many irreducible
subvarieties parametrized by the (finite) set 2(g)/G. They consist of unions of equidimensional
adjoint orbits and their closure J(I, D) (resp. regular closure J({, DL)mg) is a union of Jordan
classes.

Sheets for the adjoint action of G on the Lie algebra g have been studied in [4] [3]. They
are parametrized by the G-equivalence classes of decomposition data (I, O7) € 2(g) such that
OF € NM/L is rigid. The sheet &(I,OF) corresponding to the (class of) decomposition datum
(1, OF) with O is rigid is:

61,04 =390 = | J (AdG)(¢ +Indj*® ).
35100)

Every sheet &(I, OF) contains a unique nilpotent orbit, i.e. Indf’ OF. The dimension of a sheet
has been determined explicitly in [24], [25].

If g is simple of type A, its sheets are disjoint and the G-module structure of the rings of
functions C[O] is preserved along sheets, see [4]. In general, these properties do not hold and
sheets intersect non-trivially.

In [20], Losev introduced birational sheets of g by restricting conditions on induction. Let
(I,OF) € Z(g). As in [20, §4], we say that Ind} OF is birationally induced from (I, OF) if, for a
(hence any) parabolic subalgebra p with Levi factor [, the generalized Springer map as in is
birational. If © € A/G cannot be induced birationally from a proper Levi subalgebra, we say
that O is birationally rigid; all rigid orbits are birationally rigid. For any (I, DY) € 2(g), one
can define, as in [20] §4], the set

Bir(3(1), 0%) = {¢ € 3(1) | Indf”(g) O is birationally induced}.

Since O = Ind{ O is birationally induced from (I, 9%), the inclusion 3(I)"*’ ¢ Bir(3(l), O%)
holds. By [20}, Proposition 4.2], the set Bir(3(l), O%) is open in 3(I) and it is independent of the



parabolic group chosen for induction. For (I, OF) € 2(g), the birational closure of J(I,OF) is
defined by as follows:

IO = | (AdG)(E +Indr@ DT,
£€BIr(3(1),0r)
In particular J(1, DL)MT is open in J(I, DL)Teg and in J(I, OF), hence it is irreducible and contained
in a sheet.

Definition 3.1. For (I, O%) € 2(g) with O birationally rigid, the birational sheet corresponding
————bir
to (I, OL) is defined as J(I,OF) .

In |20, Theorem 4.4], it is proven that birational sheets are locally closed subvarieties parti-
tioning the Lie algebra g; they are paramatrized by G-equivalence classes of pairs (I, %) € 2(g)
where O € Ni/L is birationally rigid.

We state a remarkable result on birational sheets obtained by Losev, see |20, Remark 4.11].

Proposition 3.2. If O and O2 are two orbits of g lying in the same birational sheet, then their
G-module structure is isomorphic.

In addition, Losev conjectured that the viceversa is also true, giving hope for an intrinsic
characterization of birational sheets of the Lie algebra.

Conjecture 3.3. If O and D4 are two orbits of g with isomorphic G-module structure, then
they lie in the same birational sheet.

3.2 Group case

Before its introduction in the case of the adjoint action on the Lie algebra, induction was defined
by Lusztig and Spaltenstein for unipotent conjugacy classes in a connected reductive algebraic
group, see [22]. Consider a parabolic subgroup P < G with Levi decomposition P = LUp and
OF € Uy /L. Then P acts on OLUp via conjugacy and one can define the generalized Springer
map: o o

v: G xP OLUp — G - (OLUp), gz grg ' (2)

The image of v is the closure of a single conjugacy class O € U/G, and Indf(OL ) := O is the
conjugacy class induced from (L, OF). When + is birational, we say that Indg((’)L) is birationally
induced from (L, OL). If O is a unipotent class in G which cannot be induced (resp. birationally
induced) from (L,O%) from any proper Levi subgroup L of G and OF € Uy /L, we say that
it is rigid (vesp. birationally rigid). All these notions are independent of the chosen parabolic
subgroup P, see [I, Lemma 3.5].

Remark 3.4. Thanks to the bijective correspondences between parabolic subgroups, Levi sub-
groups, unipotent classes in G and parabolic subalgebras, Levi subalgebras, nilpotent orbits in
g, we have that v in is birational if and only if v in is so, see [I, Remark 3.4].

Definition 3.5. Consider a pseudo-Levi subgroup M < G, let Z := Z(M) and z € Z. We say
that the connected component Z°z satisfies the regular property (RP) for M if
Ca(Z°2)° = M. (RP)

Observe that, for a pseudo-Levi subgroup M < G and z € Z := Z(M), we have that Z°z
satisfies (RP) for M if and only if Z"9 N Z°z # @ if and only if Z(M) = (Z°,Z(G), z) (see |11,
Remark 3.6]) if and only if M is a Levi subgroup of C¢(z)° (see [I, Lemma 3.3]).



Remark 3.6. Assume G simple, let M = Le for © C A, let s be such that M = C(s)° and
set Z := Z(M). Observe that Z°s satisfies for M. Let z € Z such that Z°z satisfies
for M, then, by [I0, Theorem 4.1] (see also [27, Theorem 7]), there is w € W such that
w(0) = O and W(Z°z)w~! = Z°%s for a certain 2 € Z(G). Let Wy = {w € W | wsw 1s71 €
Z°Z(G)}, Wo = {w € W | wsw~1s™! € Z°}. The assignment w > wsw~'s~1Z° defines a group
homomorphism W; — % with kernel W5. Then the number of different G-classes of pairs
(M, Z°z) for a fixed M with Z°z satisfying for M is

Z(G)

Zionze /W) (3)

dy =
Remark 3.7. Let L < G be a pseudo-Levi subgroup and let Z := Z(L), then L is a Levi subgroup
if and only if Z(L) = Z(G)Z(L)° if and only if Z(L)°z satisfies (RP) for all z € Z(L).

Lemma 3.8. Let L < G be a Levi subgroup. Then two connected components of Z := Z(L) are
conjugate in G if and only if they are equal.

Proof. This is clear from Remark [3.7] O

A decomposition datum of G consists of a triple (M, Z(M)°z, OM) such that:
(a) M is a pseudo-Levi subgroup of G;
(b) Z(M)°z is a connected component of Z(M) satistying for M;
(c) OM is a unipotent conjugacy class of M.
To any element su € G we can associate its decomposition datum (Cg(s)°, Z(Cq(s)°)°s, OEG(S)O):
any decomposition datum is of this form.
The set of all decomposition data of G is denoted by Z(G) and G acts on this set by simul-
taneous conjugacy on the triples.
Two elements g1,g2 € G are said to be Jordan equivalent if their decomposition data are
conjugate in G. The Jordan class of su is the set of all elements which are Jordan equivalent to
su: it is denoted J(su).

If 7= (Cg(s)°, Z(Ca(s)°)°s, OSG(S)O) is the decomposition datum of su, then
J(su) = J(1) = G- ((Z(Cq(5)°)°s) 00T "),

The group G is partitioned into its Jordan classes, which are finitely many locally closed ir-
reducible subvarieties parametrized by the finite set 2(G)/G. Jordan classes are unions of
equidimensional conjugacy classes. The closure of a Jordan class is a union of Jordan classes.

Sheets for the conjugacy action of G on itself were studied in [I1]. They are parametrized
by the G-equivalence classes of decomposition data 7 = (M, Z(M)°s,OM) € 2(G) with OM ¢
Upr /M rigid: the sheet corresponding to 7 is

S(r)y=Jm) "’ = U G- (s Ind]\C/[G(z)o (’)M> .

z€Z(M)°s

In the remainder of the paper, unless differently specified, we work under the assumption G’
simply-connected: as a consequence, centralizers of semisimple elements are connected.
As in [1} §5.1], for (M, Z(M)°s, OM) € 9(G) we define the set:

Bir(Z(M)°s,OM) = {z € Z(M)°s | Indff(z) OM is birationally induced}.



This is an open subset of Z(M)®s, independent of the parabolic group chosen for induction ([,
Remark 5.2, Proposition 5.1]): it contains (Z(M)°s)"®9, since OM = Ind}f ©M is birationally
induced from (M, OM). For 7 = (M, Z(M)°s,OM) € 9(G), the birational closure of J(7) is

T = U G- (2 o).
2€Bir(Z(M)°s,0M)
Then J(1) C J(T)bir C J(T)mg: in particular, being J(T)Teg irreducible, it is contained in a

sheet, hence so is J (T)b”. In fact J (T)bw is an irreducible locally closed subvariety of G and a

union of Jordan classes ([I, Proposition 5.2, Corollary 5.3]).

Definition 3.9. We define the set

BA(G) = {(M,Z(M)°s,0M) € 2(G) | OM € Uy, /M birationally rigid}.

For 7 € BA(G), we define the birational sheet of G corresponding to (the class of) 7 as J(7) v

It follows from [I, Theorem 5.1] that the birational sheets of G form a partition of G.

Remark 3.10. For G semisimple, a birational sheet coincides with a single conjugacy class if and

only if it is Oy, with s isolated and oY a(®) 5 birationally rigid unipotent class of Cg(s).

3.3 Criteria for birational induction

We recollect some results from [I, Lemmas 3.2, 3.6]: they will be used to classify birational sheets
containing spherical conjugacy classes.

Lemma 3.11. Let P < G be a parabolic subgroup with Levi decomposition P = LU, let O ¢
UL/L, let O = Ind%’v OF and let v be as in . The following are equivalent:

(i) 7 is birational;

(i) for all z € ONOLU, we have Cg(z) = Cp(x);

(i11) there exists x € O N OLU such that Cq(z) = Cp(z). O

Lemma 3.12. Let ¢: N = U denote a Springer’s isomorphism and let G be the adjoint group in
the same isogeny class of G. Let v € N'. Suppose that Cz(v) is connected. If Oy = Ind¢ O
for a Levi subgroup L < G and O € Uy /L, then Og(v) is birationally induced from (L, ob). O

Remark 3.13. Let G = SL,(C), then the condition in Lemma is always fulfilled, hence a
unipotent class in G (resp. a nilpotent orbit in g) is rigid if and only if it is birationally rigid if
and only if it is {1} (resp. {0}), see [I, Example 3.4]. Moreover, sheets coincide with sheets in g
and in G, see [T, Corollary 5.4].

3.4 Birationally rigid unipotent classes

In this section we assume G simple and we recollect the complete list of birationally rigid con-
jugacy classes in U (equivalently of birationally rigid adjoint orbits in A/).

Namikawa gave in [20] a criterion to test when a nilpotent orbit is birationally rigid for simple
classical Lie algebras. If g is of type A, then the only birationally rigid orbit is the only rigid
orbit, i.e. the null orbit. Now let g be of type B,C,D. Let d = [dy, ..., d,] denote the partition
corresponding to a nilpotent orbit . Then O is birationally rigid in g if and only if d has full
members, i.e. 1 =d, and d; — d;31 < 1forall i =1,...,r — 1, with the exception of the case
d=[2""1,12] in D,, for n = 2m + 1,m > 1, which is birationally induced as a Richardson orbit.



Fu worked out the exceptional types in [I6]: birationally rigid orbits coincide with rigid ones,
except in type E7, where also As + A; and A4 + A; are birationally rigid, and in type Eg, where
also Ay + Ay and Ay + 2A; are birationally rigid.

For a complete list of rigid nilpotent orbits in the exceptional cases, see |23, Appendix 5.7].
It follows that every spherical nilpotent orbit is (birationally) rigid, apart from 24; in type Eg
and (34;)” in type E;.

Remark 3.14. Recall from [3] Lemma 3.9] that all nilpotent orbits O in g simple are characteristic,
except for:
(1) g of type D4z Aut(g) acts transitively on {Os2], 9142, Of5,121} and on {O a4}, Oy, O[3,15)}-
(2) g of type Day,, m > 3: the graph automorphism permutes Oq4 and O for every very even
partition d F 4m.
It follows that all birationally rigid nilpotent orbits in simple Lie algebras are characteristic,
analogously for all birationally rigid unipotent classes in simple algebraic groups.

3.5 Birational sheets and translation by central elements
Let 7:= (M, Z(M)°s, OM) € Z(G). For each z € Z(G), let 7, := (M, Z(M)°zs, OM). Then we
have J(r.) " = 2J (7).

ir ——bir
, so that the union of all J(7,)  as z varies in Z(G) is

2@Iim" = | am )

z€Z(G)

We shall be interested in Z(G)J(T)bir for 7 € Z%(G): to describe it, it is enough to describe
J(T)bw and to count the number of birational sheets in Z(G)J(T)bw

Remark 3.15. For G simple, let 7 := (M, Z(M)°z,0M) € 2(G) and set Z := Z(M). We have
seen that the number of different G-classes of pairs (M, Z°z) for a fixed M, with Z°z satisfying

(RP) for M equals the index dp; = [% : Wl/W2:|7 defined in Remark If OM is

characteristic in M, the number of different G-classes of triples (M, Z(M)°z, OM) for fixed M
and OM | with Z°z satisfying (RP) for M is again the index djy;.

4 The ring of regular functions as an invariant

We open this section with an analysis of the behaviour of the ring of regular functions on
conjugacy classes belonging to the same Jordan class. After that, we focus on G simple of type
A: in this case the relation between (birational) sheets and the decomposition into simple G-
modules of rings of regular functions on orbits is completely understood; we give an overview of
the problem in the Lie algebra and we conclude similar results in the simply-connected group.

It is proven in [8, §3.7] that &,& € g belong to the same Jordan class if and only if their
centralizers C(&1) and Cg(&2) are G-conjugate: in this case O¢, and O, are isomorphic as
G-homogeneous spaces and their rings of regular functions are isomorphic as G-modules.

We address the similar problem in the group case, where the presence of a non trivial centre
Z(Q) yields Cg(z) = Cg(zz) for all © € G,z € Z(G). The Springer-Steinberg Theorem on
connectedness of centralizers of semisimple elements allows to prove

Proposition 4.1. Suppose G’ is simply-connected and let z,y € G. If Z(G)J(z) = Z(G)J(y),
then Cg(x) and Cq(y) are G-conjugate. In particular, for any Jordan class J in G and any pair
of classes 01,05 C Z(G)J we have C[O;] ~¢ C[O3].



As far as the other implication is concerned, we have

Proposition 4.2. Let G be simple and simply-connected, let x,y € G. If Cq(z) ~c Ca(y), then
Z(G)J(x) = Z(G)J(y) except for the following cases:
(i) G of type Es, and {O,0y} = {Opuiususs Op1uyusus }» where ¢ = exp(2micy/3) and
uy, uz, uz € SL3(C) unipotent, with u; #sy,(c) u;j for i # j;
(it) G of type Eg, and {0y, Oy} = {Opuyuss Op2uyu, }» where p = exp(2mics/5) and ui,us €
SLs(C) unipotent such that uy gy (c) v

Proof. We may assume Cg(x) = Cg(y), with z = su and y = s'u’. Note that Cg(s) is the
unique minimal pseudo-Levi subgroup containing Cg(x): if M > Cg(z) is a pseudo-Levi in G,
then Z(M) < Z(Cg(x)). The structure of Z(Cg(x)) described in [19, Theorem 2.1] implies
Z(M) < Z(Cg(s)), which yields Cg(s) < M. Similarly, C(s’) is the unique minimal pseudo-
Levi subgroup containing Cg(y). This implies Cg(s) = Cg(s’) =1 H and Cg(u) = Cu(v'),
equivalently u ~g «’, by [I9, Theorem 2.1].

Hence we may assume x = su and y = s'u, where Cg(s) = Cq(s') =: H ~g Mo, for © C A.
By [27, Proposition 7], the group Z(H)/Z(G)Z(H)® is cyclic of order de := ged{c; | a; € A\ O}
and it is generated by the cosets of s and s’. Note that when s = ¢’ mod Z(G)Z(H)®, then
Z(GQ)J(x) = Z(G)J(y): we will therefore concentrate on the other cases. Recall that 1 < dg < 6.

If do € {1,2}, then we always have s = ¢’ mod Z(G)Z(H)° and we conclude.

If do € {3,4,6} and (G,de) # (Es,3), then the cosets of s,s™! are the only two generators
of Z(H)/Z(G)Z(H)°. If 8 = s~! mod Z(G)Z(H)°, then as in the proof of |27, Proposition 7],
there exists w € W such that s’ = wsw™! mod Z(G)Z(H)°; moreover w fixes the irreducible
components of ©, which are of type A, D5 or Eg, so that any lift «@» € Ng(T') preserves the class
OH: this allows to conclude that Z(G)J(z) = Z(G)J(y).

In the remaining cases, (G,do) = (Eg,3) or (Es,5), H is semisimple hence Z(G)J(z) =
Z(G)J(y) if and only if x ~¢ zy for some z € Z(G).

We discuss the case (G,do) = (Eg,3): we may assume s = ¢ = exp(2miws/3) and s =
Zio~1, where z := exp(—2micn) € Z(G) and i € {0,1,2}. We have H = H,HyHj with H; =
<Xia17Xia3>7 HQ = <Xia57Xia6>7 H3 = <Xia2aXiB> and Hi ~ SLg((C) for i = 1,2,3. We
write u = ujususg, with u; € H;. There exists w of order 2 in W as in the proof of [27, Proposition
7] such that wow™! = p~!. We may choose a lift 1w € Ng(T) inducing the automorphism of
SL3(C) x SL3(C) x SL3(C), (91,92,93) — (92,91,7(g3)), where v is the graph automorphism of
SL3(C) (JI7, Table 4.7.1]). Moreover, there exists p of order 3 in W such that ppp~! = zp.
We may choose a lift p € Ng(T) inducing the automorphism of SL3(C) x SL3(C) x SL3(C),
(91,92, 93) + (93,91, 92). Since Ng(H)/H ~ (w,p) ~ S3, we have Z(G)Opy = Z(G)Oyp-1,, if
and only if u; ~gp,(c) u; for some i # j.

We are left with the case (G,de) = (Es,5): we may assume s = ¢ = exp(2miws/5) and
s € {p?, 93, p*}. We have H = HyHy with H; ~ SL5(C) and write u = ujuy with u; € H;,
for i = 1,2. There exists w of order 4 in W as in the proof of [27], Proposition 7] such that
wpw ™! = 2. We may choose a lift v € Ng(T') inducing the automorphism of SLs(C) x SL5(C),
(91, 92) — (v(g2), g1), where  is the graph automorphism of SL5(C) ([I7, Table 4.7.1]). It follows
that pu ~¢ ¢*u and p*u ~g ¢3u. Since Ng(H)/H ~ (w), we have O, = Oz, if and only if
UL ~SLs(C) U2- O

We note that the assumption on G’ in Proposition |4.1] cannot be removed.

Example 4.3. Consider G = SLy(C), let G = PSLy(C) and let 7: G — G, w(g) = g be the
isogeny. Let us consider the torus T < G given by diagonal elements: T = {t;, = diag[k, k] |



k € C*}. We have the following situation for the centralizer of a regular element ¢, k # +1:

_ H:=Ng(T) if k=i
Caltk) = 9= 0o . .
T=H if k¢ {£i,+1}
Observe that G- (ng) is the Jordan class in G consisting of regular semisimple elements.
Along G - (T") neither the G-module structure nor the G-homogeneous space structure of
conjugacy classes is preserved:

k ClOg] | AOS)

k=i C[G/H] | 4nw
ke C*\ {£l,%i} | C[G/T) 2nw

Table 1: Regular semisimple spherical classes in PSLo(C).

4.1 Type A

The study of sheets of g for the adjoint action of G in [4] was a first attempt to classify sets of
orbits O such that the decomposition of C[O] into simple G-modules is constant: the main result
in this direction is summed up in the following statement.

Theorem 4.4 ([4, Theorems 3.8 and 6.3]). Let G be simple and adjoint. Let & be a sheet of
g and let O be the unique nilpotent orbit in &, let v € . Suppose that O is normal and that

Ca(v) is connected. Then C[D] ~q C[O] ~q C[O’] ~¢ C[D’] for all orbits O’ in &.

Suppose G is simple and adjoint of type A, then the sheets of g are disjoint and parametrized
by the unique nilpotent orbit contained in them [15]. Let O be a nilpotent oribt of g, then the
hypothess of Theorem are fulfilled: normality of O follows from [I8] and all centralizers in G
of elements in g are connected. Therefore, Borho and Kraft could conclude in [4, Nachtrag bei
der Korrektur| that the multiplicities of simple G-modules in the decomposition of the algebras
of regular functions on adjoint orbits are preserved along sheets of g.

The natural question is: does the invariant given by the multiplicities separate distinct sheets
of s1,,(C)? The answer is affirmative, as recorded in the following statement: we are indebted to
Eric Sommers for suggesting the use of small modules in the proof.

Proposition 4.5. Let G be simple of type A. If O1 and Os are two distinct nilpotent orbits in
g, then A(D1) # A(D2). In particular C[O1] ¢ C[O4].

Proof. Let C denote the trivial representation of a group. Let A € Pt and let V(\)g = V(AT
be the zero weight subspace in V(A). Then V(\)g is a W-module, in general reducible. Let L
be a Levi subgroup of G with Weyl group Wy,. By [7, Proof of Corollary 1], if V'()) is small (i.e.
if twice a root never occurs as a weight of \), we have V(\)L = (V(A)o)"* and, by Frobenius
reciprocity, dim(V (A\)o)"t = [Ind%L (C) : V(A)o]. In the case of sl,(C), for every irreducible
Sp-module M there exists A in Pt N Z® such that V() is small and V(\)g ~g, M, see [T,
example p. 389]. Conjugacy classes of Levi subgroups of SL,(C) are indexed by partitions
d=[dy,...,d] of n with d > 0: the induced Richardson nilpotent class is Oq¢. Let Lg be the
standard Levi subgroup, with Weyl group Sq = Sq, X --- X Sg,, corresponding to the partition
d = [dy,...,d;]. We know that [C[Dq4¢] : V] = dim VL4 for every simple SL, (C)-module V. We

10



put Ugq = Indg’d‘ (C) and denote by Vg the simple S,-module (Specht module) corresponding to
d. Then
Ug = Vd@@deVf (5)
£>d

where the coefficients K¢q are the Kostka numbers and < is the lexicographic total order on
partitions of n. Let d, f be different partitions of n: we may assume d > f. By the previous
discussion, there exists a small simple SL,,(C)-module V(A) such that V¢ ~g_  V(A)g. Then
[C[O¢] : V(N)] =1+#0=[C[Ogq] : V(XA)] and this allows to conclude. O

We gather the arguments above in the following result.

Theorem 4.6. Let G be simple of type A. Then two adjoint orbits 1,9 in g belong to the
same sheet if and only if C[D1] ~¢ C[O2] if and only if A(D1) = A(D2).

Remark 4.7. One direction of Theorem [£.0]is a particular case of Proposition [3.2] while the other
direction proves Conjecture for g = s1,(C), as in this case birational sheets coincide with
sheets.

Since pseudo-Levi subgroups of SL,,(C) are Levi subgroups, we deduce a group analogue of
Theorem

Theorem 4.8. Let G = SL,(C), O1 and O3 be conjugacy classes of G and let Sy (resp. Sa) be the
(birational) sheet containing Oy (resp. Oz). Then C[O1] ~¢ C[O3] if and only if A(O1) = A(O2)
if and only if S = 251 for some z € Z(G).

Proof. Recall that (birational) sheets in G are disjoint and are parameterized by G-classes of
pairs (L, Z(L)°z), with L a Levi sugbroup of G and a certain z in Z(G), see [1, Corollary 5.4].
For every x € G there exists £ € g such that Cg(§) = Cg(x): if the sheet of G containing O,
corresponds to the G-class of (L, Z(L)°z), then the sheet of g containing ¢ corresponds to the
G-class of Lie(L). Let z; € O; and &; € g such that Cg(&;) = Cq(z;), and let (L;, Z(L;)°z;)
correspond to S; for ¢ = 1,2. Then C[0;] = C[O¢,] for ¢ = 1,2. Therefore C[O,] ~¢ C[O,] if
and only if Ly ~g Lo by Theorem hence if and only if Sy = 257 for some z € Z(G). The
equivalence C[O1] ~¢ C[Os] if and only if A(D;) = A(D2) follows from Theorem O

5 Spherical birational sheets

This section is dedicated to the main result of the paper: the classification of spherical conjugacy
classes grouped in birational sheets and the verification of the analogues of Proposition [3.2] and
Conjecture in the case of G connected reductive with G’ simply-connected.

The property of being spherical is preserved along sheets, as proven in [2, Proposition 1]. A
spherical sheet is a sheet consisting of spherical orbits, as in [10]. Since every birational sheet is
irreducible, it is contained in a sheet, and the following definition is well-posed.

Definition 5.1. Let 7 € Z%(G). We say that the birational sheet mblr is spherical if one of

the following equivalent properties is satisfied:
(i) all conjugacy classes © C J(7)  are spherical;

(ii) there exists a spherical conjugacy class O C J(7) zT;

—b
(iii) J(7) """ is contained in a spherical sheet.

11



As recalled in the Introduction, if O (resp. S) is a conjugacy class (resp. a sheet) of G and
we denote by we (resp. wg) the unique element of W such that O N Bwe B is dense in O (resp.
S N BwgB is dense in S), then if S is spherical, for every conjugacy class O lying in S we have

——bir

wo = wg. For a birational sheet J(7) " we may define w, as the unique element of 1 such that
—bir ——bir

J(T) "N Bw,B is dense in J (t) . Tt follows that for a spherical birational sheet J(7) ) we

——bir
have w, = we for every conjugacy class O C J(7) " and w,; = wg for every sheet S contalnmg
I
We state our main result.

Theorem 5.2. Let G be a complex connected reductive algebraic group with G' simply-connected.
Then the spherical birational sheets form a partztzon of Gspn. Let O1 and Oy be spherical con-
Jjugacy classes in G. Let J(Tl) (resp J(TQ) ) be the birational sheet contammg Oy (resp.

bir

O3). Then ClO4] is isomorphic to C[O3] as a G-module if and only if J(Tg) e zJ(m)  for
some z € Z(Q).

Since the birational sheets form a partition of G, the spherical birational sheets form a
partition of G,pp,. The remainder of this section is devoted to the proof of Theorem it is
enough to assume G simple.

>From the list of spherical conjugacy classes in G simple simply-connected [9, [14], we compute
the list of spherical birational sheets in G, proceeding as follows.

If z € Z(G), then O, = {z}, w, = 1 and C[O,] = C: then {z} is the unique sheet and the
unique birational sheet containing z. Therefore, we shall deal only with non-central spherical
conjugacy classes.

First, we compute all spherlcal birational sheets containing semisimple elements. These are

exactly those obtained as J(7) %" with 7 = = (M,Z(M)°s,{1}) € BAB(G) and M a spherical
pseudo-Levi subgroup of G. All such possible subgroups M can be deduced from [9] [14]: b
inspection, we have two possibilities.

——bir
(i) If M is a spherical Levi subgroup, the birational sheet J(7)  is dense in the spherical

sheet J (T)Teg. Moreover, it turns out that J (T)Teg \ J(7) is a union of isolated classes: by
checkini whether each of these classes is birationally induced by means of Lemmas [3.11

and |3.12) we produce mbw
(ii) If M is a spherical pseudo-Levi subgroup which is not Levi, then M is semisimple and
mbw = mreg = J(7) is an isolated class.

At this point we are left with considering all non-semisimple spherical conjugacy classes which
are not birationally induced as in (i). By inspecting the lists in [9] [14], these are spherical classes
Oy, with s semisimple isolated and OCG(S)
spherical birational sheets.

As recalled in the introduction, for a spherical conjugacy class O the G-module structure
of C[O] is completely determined by the weight lattice A(O). We collect the list of spherical
birational sheets in a table. In the first column there is a certain 7 = (M, Z(M)°s, OM) € BB(G)

with M = Cg(s) and O, spherical in G. In the second column we describe J(T)b”‘. From the

——b
tables in [14] we verify that the weight monoid is constant on the orbits in J(7) " and we describe
its elements in the third column. In the cases when Z(G) is non-trivial, we list also a fourth

birationally rigid: we conclude that these classes are

——=bir
column indicating the number of (disjoint) birational sheets in Z(G)J(7) . This is produced

by applying Remark [3.15|in all cases, except for one case where G is of type Cy, and M is of
type C,C,, see Remark [5.8))

12



——bi ——bir

The fact that A(O) is independent of the orbit O in J(7) " (and hence in Z(G)J(r) )
proves the group analogue of Proposition (for spherical conjugacy classes in G simple simply-
connected). To prove the validity of the group analogue of Conjecture one has to check that
the entries in the third column are pairwise distinct.

For k=1,...,n, we put

-
Ok = exp (mdzk) ; (6)

Ck
Ok = A\ {ag} Ly = Le,; (7)
Ok = A\ {ag} My := Lg = Ca(ox). (8)

We shall freely use the notation from [14]. For K < G, K simple, we will consider the isogeny
nx: K — K := K,q to the adjoint group, omitting subscripts when K = G.

5.1 TypeA,,n>1

Here G = SL,,41(C), for n > 1. Theorem [5.2] holds for G, as a consequence of Theorem For
the sake of completeness, we list the spherical birational sheets of G and the weight monoids of
classes contained in them. Set m = L”THJ

Lemma 5.3. Letd = [dy,...,d;]Fn+1 and let Lq be the standard Levi subgroup of G indexed
by d. Then Z(Lq) has exactly ged{d; | d; € d} connected components, pairwise not conjugate in
G.

Proof. We have Z(L) ~ S := {(z1,...,2,) € (C*)" | 2.2 =1}, If d = ged{d; | i =
1,...,7}, we have Z(L)/Z(L)° ~ S/S° ~ Z/dZ. The last assertion follows from Lemma[3.8 O

For n = 1, every conjugacy class of G is spherical and there are three (birational) sheets:
{-1},{1} and G"*.

Let n > 2. Consider the Levi subgroups L;, for all i = 1,...,m. Then L, ~ SL,,+1_; x SL;,
the centre Z(L;) is one-dimensional and consists of d = ged(n + 1 —4,4) = ged(i, n + 1) distinct
connected components which are not conjugate in G. Let d; = [n + 1 — ¢,i] and let 7 :=
(Li, Z(L;)°,{1}), then Z(L;)° = exp(C&;), Z(G) N Z(L;)° has order 1 and

T =T = U e emalPup= U Oweet L] 2Oa
2€Z(Li)° CeC\2niZ 2€Z(G)NZ(L;)°

by [L3, Theorem 7.2.3|. Moreover the unipotent class Oq: is the class denoted by X; in [14} §4.1].

. oM A(0) d
o U Oexp(cant L
(gLﬁ f(LZ) ’{1}1) CEC\2miZ e > Mk (Wk + Wn—k+1) ged(€,n +1)
=1...,m— U(Z(G) N Z(L:)°) Xe M=t
(L, Z(Lm),{1}) U Oecpicon U Z(G)Xom > (W + wn—kt1) 1
n=2m CEC\2miZ k=1
Lo Z(L), (1)) u T
n+1=2m cecyaniz Ocxp(can UEXm | 32 niwh + wnten) + 2nmeom m

Table 2: Type A,,n>1,m= L"T'HJ
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5.2 Type C,,n>2
We have Z(G) = (2) with 5 = [[=7 J a¥_,(~1). We set p:= | 2.

5.2.1 Type C,

—_—Te

Lemma 5.4. Let G = Sp,(C). Let S; = Jg(7i) I with 7 == (L, Z(L;)°, {1}) fori = 1,2.
Then So = J(Tg)bw s a birational sheet and S; = J(Tl)bw U Ofa21.

Proof. Observe that Lo is maximal and Z(Ls) is connected. Then

So= |J G (zImdS9{1}) = G- ((Z(L2)"*?) UIndf, {1} U 2Indf, {1}.
z€Z(L2)

We have Indgz{l} = Oz}, and u = wg, (1)2p, (1) € Op2) = X, satisfies Cg(u) < Pe,, so that
O|z2) is birationally induced from (Lz,{1}) by Lemma and Sy is a birational sheet.
For Sy, observe that Ly < M; < G, where Z(L,) = Z(L1)° U 2Z(L1)°. We have

Si= J G (zmd(*P{1}) = G- ((Z(L1)°)" ) UG - (o1 Ind{* {1}) U Ind§ {1},
2€Z(L1)°

Observe that M is of type A1A1, so the class Indﬁ/[ll{l} = %1(1) is birationally induced by

Remark [3.13, The subregular unipotent class Ojg2) = Indgl{l} is not birationally induced
——bir bir bir
from (L1, {1}), so that J(m1) = Ucec\riz, Oexp(cin) U Ogap) and Z(G)J(m1) = J(m) U

—bir

ESICO O

There is only one more spherical pseudo-Levi subgroup M; giving rise to the (birational)
sheet O,,. Note that oy and 20y are conjugate, hence Z(G)Oy, = O, .

Up to central elements, there is only one more spherical conjugacy classes X; corresponding
to the partition [2,12]: this is a birationally rigid unipotent conjugacy class in G.

r 7J(T)bi7“ A(O) d
(L2, Z(L2),{1}) U Oexp(cay) UX2U2Xs | 2niwi + 2npws | 1
CEC\27iZ
(Lla Z(Ll)oa {1}) U Oexp((wl u Oalw 1 2n1w1 + nowa 2
) g (1)
CEC\miZ
(Mla {01}7 {1}) Oo'l Nnaw?2 1
(G, {1},0p,12)) X4 2n1w1 2

Table 3: Type Cs.

Remark 5.5. The subregular unipotent class O[22 lies in both the sheets S; and S3. This agrees
with what is stated in [4, §6(c)|]: Of2) can be deformed in semisimple classes of both types
Oexp(¢an) and Ocxp(¢a,), but in general the multiplicities of the weights can decrease. Indeed, for
¢ € C\ mizZ, we have A(Ocxp(cay)) = (2w1,wa) > (2wi, 2wa) = A(O[Qz]) = A Ocxp(can))-

Remark 5.6. The sheet S is not a union of birational sheets.
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5.2.2 Type C,, n>3

Lemma 5.7. Let n > 3. Then: e
(i) Let ™ = (L1, Z(L1)°,{1}); then the spherical sheet Sy := J (1) 7 decomposes as the union

of J(m1) " and the unipotent birationally rigid class Oq with d = [22,12(*=V)]; similarly
for the birational sheet 25 .

(ii) Let 7, = (Ln,Z(Ly),{1}); then the spherical sheet S, := J(Tn)mg is a birational sheet
containing the unipotent class O, with £ = [2"].

Proof. (i) Ly is of type T1Cp,—1 and Ly < My < G and Z(Ly) = Z(L1)° U 2Z(L1)°. Then

Si= | G (zmdf*P{1}) =G ((Z(L1)°)*) UG- (o1 Ind) {1}) UIndF {1}.
z€Z(L1)°

The class Ind]LMl1 {1} is birationally induced, by Remark 3.13} The unipotent class Og4 = Indg1 {1}
is not birationally induced from (L1, {1}), indeed it is birationally rigid by and it coincides
with a whole birational sheet. Hence

—bir
J(n) = U Oexp(can) U Ooa5, (1)
CEC\TiZ

and Z(G)J(r1) " =J(m)  UiI(r)

(ii) L, is maximal of type T;A,_; and Z(L,) is connected, as L, = Cg(expwy,) and
exp(2miw,) = 2.

So= |J G- (zmdf°®{1}) =G (Z(L,)"*?) UInd§ {1} U zIndf {1},
z€Z(Ly)

We have Indfﬂ{l} = Of, with u = z5,(1)--- 2, (1) € Of = X,, satisfies Cg(u) < Pg,,, so that
X, is birationally induced and S, is a birational sheet

bir reg

J(Tn) = J(Tn) =S, = U Oexp(ca)n) UX,UzX,
¢eC\2miZ

and Z(Q) T () =T 0

We consider the remaining spherical pseudo-Levi subgroups.

(i) For ¢ = 1,...,p, M, is maximal of type C,C,,_; and Z(M,) = (o¢) x Z(G). Then, for
(Mg, {o¢},{1}) we get O,,, a (birational) sheet consisting of an isolated class. We have
Z(G)O,, = O,,U20,, except when n = 2p, £ = p, in which case oy and 20y are G-conjugate
and Z(G)O,, = O, .

(ii) For £ = 2,...,p, the pseudo-Levi M, of type C;C,,_; admits the birationally rigid unipotent
class O%ﬁ(l) of the form [2,12/72] x {1}. Then Ogyzs, (1) 1s a (birational) sheet consisting
of an isolated class.

(iii) For ¢ = 1,...,p, the pseudo-Levi M, of type C;C,,_; has the birationally rigid unipo-
tent class Off(?f)) of the form {1} x [2,12("=9=2]. Then O,,,, (1) is a (birational) sheet
consisting of an isolated class.

In cases (ii) and (iii), we have Z(G’)Ogﬂﬁl(l) = 0oy, (1)U200,2, (1) and Z(G)Oga,, (1) =
Osyza, (1) U 2002, (1)- The only case which needs further explanation is when n = 2p,
{ = p: then o, and Zo, are G-conjugate, but o,zs, and Zo,xs, are not G-conjugate.
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Remark 5.8. This is an example of (M, Z°s;, OM), (M, Z°s9, OM) in B%(G) with (M, Z°s) ~¢q
(M, Z°s3), but (M, Z°s1,OM) Lg (M, Z°s5, OM): in this case the rigid orbit OM of M is not
characteristic.

Up to central elements, the remaining spherical conjugacy classes in G are X, corresponding to

the partition [2¢,127=%] for £ = 1,...,n — 1: these are all birationally rigid unipotent conjugacy
classes in G, see

- 7(](7_)1)1'7‘ A(O) d
Ly, Z(Ln), {1 Oexp(can) U Xn U 2Xn 2n,w; 1
p(Cn)
¢CEC\TiZ i=1
(L1, Z(L1)%,{1}) U Ocxp(cion) U012, (1) 2mwi + naws 2
CEC\miZ
M, 1 £
éiéi {02}};{_}1 0., > naiwa; 2
=1,..., i=1
(Mp, {op},{1}) D 2
ifn=2p+1 Os, > noiwai
(Mp, {op},{1}) ! 1
ifn=2p
ntl
M, oMr o & e |2 2N | 2
(Mp, {0}, {I}X[Q’IQM,I,FQ]) opTan (1) 21 n;wi | Zl N2i—1 €
i= i=
1, 20+1 41
(ley {2@}7(19{1}X[;712(;—£)—2]) Ovzzan(l) niw; | Noi—1 € 2N 2
=1,...,p— i=1 i=1
i T, 20 ‘
(M, {U;i (29[2,122;)2]X{1}) Ospas, (1) > niwi | ) n2i—1 € 2N 2
T Ly ety i=1 1=1
(G, {1}, Olae 12n72@]) d
’ X 2nw; 2
{=1,...,n—1 z;

Table 4: Type C,,,n > 3,p = L%J

5.3 TypeB,,n>3

We have Z(G) = (2) with 2 = o) (—1).
The following result holds indepedently of the parity of n.

re bir
Lemma 5.9. Let 71 = (L1, Z(Ly1),{1}). Then Sy :=J(m1) = =J(r1)  is a spherical birational
sheet of G containing the unipotent class Oq, with d = [3,1?"72].

Proof. L; is maximal of type T1B,_; and Z(L;) is connected since L; = Cg(expw;) and
exp(2miw) = 2.
Si= |J G (zmd(*P{1}) =G (Z(L1)"9) L Oq U20q.
z€Z(L1)
We have Ind{ {1} = Oq, with d = [3,12"2] and u = ., (1) € Ogq = Z1, where 7; = e; is the

highest short root of G, satisfies Cg(u) < Peg,, so that Z; is birationally induced and S; is a
birational sheet. Therefore

S1 = U Oexp@@l) UZyUzzy
CeC\27iZ
bir

and Z(GQ)T(r) " =T 0
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5.3.1 Type Boyy1,m>1

In this section we deal with cases n = 2m+1, m > 1. We set uy := Hle zg; (1) for k=1,...,m.

eg —bir

Lemma 5.10. Let 7, = (Ln, Z(Ly),{1}) and let S, = J(7) Then S, = J(m,) s a

spherical birational sheet in G.

Proof. L, is of type T{A,—1 and L, < M, < G, where Z(L,) is connected since L, =
Ca(expwy,) and 02 = 2. Then

So= |J G-(zmdfe®{1}) =

2€Z(Ly)
=G (Z(Ln)") UG - (0, Ind}"{1}) UG - (0, Ind}"{1}) UIndf {1} U 2Ind{ {1}.

We show that IndJL\{:‘{l} is birationally induced from (L,,{1}). Observe that M, is of type D,
and Ind%t"{l} is the unipotent class corresponding to [22"71,1%] in SOy, (C). Let K := M,,
for u € Indfﬂ7 we have C(mk(u)) is connected by [12, p. 399], so the claim follows. Also
Indfﬂ{l}, the unipotent class corresponding to the partition [3,2"~!], denoted by Z,,,1 in [14],
is birationally induced from (L,,{1}). Indeed, for u € Indgn{l}7 the centralizer Cz(m(u)) is
connected by [12 p. 399], and we conclude. Thus S, is a birational sheet in G. We observe
moreover that G - (o, Ind%f‘{l}) =G (ot IndLM7’If‘{1}) = Oy u,,, 88 Wy conjugates o, to its
inverse and (’)ﬂ/{: is characteristic in M,,. Therefore
Sn=Tm) " = | 0o YO U Zmit U2 Zmi
CEC\miZ

and Z(GQ)S, = S,. O

We consider the remaining spherical pseudo-Levi subgroups:

(i) For ¢ = 2,...,n, the pseudo-Levi M, is maximal of type DB, _¢. If £ is even we have
o7 =1 and Z(M,) = {(04) x Z(G); if £ is odd we have 07 = % and Z(M,) = (o). In any
case oy and Zo0y are G-conjugate (via the reflection s.,). Then O,, is a (birational) sheet
consisting of an isolated class, and Z(G)O,, = Oy, .

(ii) For £ = n, the subgroup M,, of type D,, admits the birationally rigid unipotent class Oﬂ{",
corresponding in SO, (C) to the partition [22¢ 12("=2K)] for k = 1,...,m — 1. Since
On ~w 0pt by s, and O} is characteristic, Z(G)Og,u, = Op,u, is a (birational) sheet
consisting of an isolated class.

Up to central elements, the remaining spherical conjugacy classes in G are X, correspond-

ing to the partition [22¢,12"+1=4] for ¢ = 1,...,m and Z, corresponding to the partition
[3,22(6=1) 12n4+2=40] for ¢ = 2 ... m: these are all birationally rigid unipotent conjugacy classes
in G.

17



bir

T J(r) A(O) d

(L1, Z(L1),{1}) U Oexpcayy UZ1UZZ 2n1w1 + Naws 1
CEC\2niZ

U Oexp(gzbn)u n—1

(Ln, Z(Ln),{1}) CEC\TiZ 3 niwi + 2nnwn 1
UOs,,um U Z(G) Zimt1 i=1
(Mg, {o¢},{1}) 20—1

Oo 2n;w;i + naewae 1

{= 2, o.,m L 2; 20W?2
(Mg, {oe}, {1}) 2(n=0)

O, 2N;w;i + Na(n_ W (r— 1
t=m+2...,n ¢ z; iWi T N2(n—0)41W2(n—£)+1
(M'm+17 {O'm+l}, {1}) Oo'm+1 Z:l 2w 1

e 20+1
(éj\ﬁz ’1{0”}77(:13 1) Oanuz ; NniW; 1
4
(G, {142},_01[222712217“]) , S X
=1,..., P
) 20 7
“ {1}’557;2“71)712”+2_M]) Zy > niwi | Y mai—1 € 2N 2
=2,...,m P P

Table 5: Type B, n=2m+1, m > 1.

5.3.2 Type By,,,m >2

In this section we assume n = 2m, m > 2. We set uy := Hle xg,(1) for k=1,...,m.

—_—T bir

Lemma 5.11. Let 7, = (L, Z(L,)°,{1}) and let S, := J(7,) “ Then S, = J(m) U
Op3,220m-1) 12], where O[g g20m-1) 12) @8 a birationally rigid unipotent class in G.

Proof. We have L, of type T1A,,_1 and L,, < M,, < G, where 02 =1 and Z(L,,) = Z(L,)° LU
2Z(L,)° with Z(L,)° = exp(Cw,,). Then

So= |J G-(zmd7e®{1})=
z€Z(Ly)°
=G ((Z(Ln)°) ) UG - (0, Ind} {1}) U Ind{ {1}

where the last two members in the union are the isolated classes in S,,. We show that Ind%f{l}
is birationally induced. We have M,, of type D,,, and w,, = xg,(1)---zg, (1) is an element of
Ind%f{l}. Then if K := M, the centralizer C (7 (uy,)) is connected by [12, p. 399], and the
claim follows.

We have Indgn{l} = Oq with d = [3,22(m=1 12] a full-member partition (see , hence
Oq is birationally rigid, hence not birationally induced from (L,,{1}), and it forms a single
birational sheet. Therefore

—bir
J(Tn) = U Oexp((a)n) U Oanum
CeC\7iZ
bir bir bir —bir
and Z(G)J(r,) =J(m) UZEJ(m) . Also S, =J(1n) UZpn. O

We consider the remaining spherical pseudo-Levi subgroups:
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(i) For £ =2,...,n, the subgroup M, is maximal of type DyB,_,. If £ is even we have o7 =1
and Z(L) = (o4) x Z(Q); if £ is odd we have 07 = 2 and Z(L) = (o). In any case o, and
Zoy are G-conjugate (via the reflection s.,). Then Oy, is a (birational) sheet consisting of
an isolated class, and Z(G)O,, = O,,.

(ii) For £ = n, we get M,, maximal of type D,,. Then M,, admits the birationally rigid unipotent

class (9%", corresponding to the partition [22%, 12(*=2)] in SOy, (C), for k =1,...,m — 1.
Since o, ~w 20, via s, and (’)%" is characteristic in M,,, we have that Z(G)Oy,u, = Oopu,
is a (birational) sheet consisting of an isolated class, for k =1,...,m — 1.
Up to central elements, the remaining spherical conjugacy classes in G are X, correspond-
ing to the partition [22¢,12"*+1=4¢] for £ = 1,...,m and Z, corresponding to the partition
, - —*], for £ = 2,...,m: these are all birationally rigid unipotent conjugacy classes
3,2206=1) [12n+2-40) for f = 2 th 1l birationally rigid unipotent conj 1
in G.
T T A(O) d
(Ll, Z(L1), {1}) U chp(cml) Uz U2z 2niwi + nawa 1
CeC\2niZ
n—1
(L'm Z(Ln)07 {1}) U chp(gan) U Oonum Z n;w; + 2nnwn 2
¢eC\miZ i=1
M, , 1 20—1
AR S|
]\47 , 1 2(n—2)
é(: fn{—iel}, .{_ }7)71 Os, ; 2niwi + No(n—p)+1W2(n—)+1 | 1
(Mm7 {Um}v {1}) Ocrm E Qniwi 1
i=1
(Mn7{o-”}70711.v£n) 2! .
(=1, m-1 Ocus 2 !
(G, {1}, Opp2¢ q2n41-ar)) Lo
(=1,...,m—1 Xe 2 naiw 2
m—1
(G7 {1}7 0[227”,1]) Xm Z N2iwi + 2NpWwn 2
=1
(@, {1}, O[3Y22(Z—1)’12n+27421) 2¢ o ¢ ’
(=2 m-1 2 2w | 2 e €2 ’
(G, {1}7 0[3,22(",,71)712]) Zm Z NiWs | Z N2i—1,Nn € 2N 2
=1 i=1

Table 6: Type B, n =2m, m > 2.

5.4 Type D,,n>4

We fix the following notation:
Zi=o01= a’,\]{—l(_l)a',\y{(_l)7 Zn-1=0n-1, %n = On.

Then:
- if n = 2m is even, Z,_1 and Z, are involutions and Z,Z,,_1 = Z1; in particular,

mt 2 m even
vV _ n

| | a2j+1<_1) =9

=0

)
Zn—1 modd

hence Z(G) = <,’/3’1,£’n> = <21,2n_1> >~ Z2 X Z2.
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- Ifn=2m+1isodd, 2, = 2,:_11 has order 4 and 22 = 21, hence Z(G) = (2,,) = (2,_1) ~ Z4.
The following result holds for any n > 4:

Lemma 5.12. Let 71 := (L1, Z(L1)°, {1}) € 2(G). Then the sheet Sy = J(r1) = = J(r1)  is
a spherical birational sheet containing the unipotent class Oq, with d = [3,12773].

Proof. Ly is maximal of type T1D,,—1 and Z(L1)° = exp(C&n), Z(L1) = Z(L1)°UZ(L1)°%,. We
have

Si= |J G (zImd(*P{1}) =G ((Z(L1)°)") UInd {1} U % Ind§ {1}.
z€Z(L1)°

Then the only unipotent isolated class in S is Indg1 {1} = Oq, where d = [3,12"73] in SO, (C).
We show that Indg1 {1} is birationally induced from (L1, {1}). Let u € Indg1 {1}, the centralizer

Cg(m(u)) is connected by [12] p. 399], and the claim follows. Moreover the class O[3 12n-3) is the
class denoted by Z; in [14]. Therefore

S = U Oexp(can) U Z1 U217,
CEC\2miZ

and Z(G)Sl = Sl L ZA,“nSl ]

5.4.1 Type Dayy m > 2
Let ¥ denote the graph automorphism of G swapping a,,—1 and «,.

Lemma 5.13. The following spherical sheets of G are spherical birational sheets.
(i) Su = T(r) = J(r) ", where 7 := (Ln, Z(Ln)°, {1});

(i) Sp_y = 0(Sp) = T(tn1) " = T(rna) " where Tu_y == (Ln_1, Z(Ln_1)°, {1}),

Proof. Consider L,, of type T1A,,_1 and maximal; moreover, Z(L,)° = exp(C&,,) and Z(L,,) =
Z(Ly)° U Z(Ly,)°%,. We have

So= |J G- (zmd°P{1}) =G (Z(Ln)°)") UInd{ {1} U2, d? {1}.
z2€Z(Ly)°

Let O = Indfﬂ{l}, then O is one of the two unipotent classes corresponding to the very even
partition [2"], the one denoted by X, in [14]. We show that Indgn{l} is birationally induced
from (L, {1}). Let u € Indfn{l}, then Cx(7m(u)) is connected by [12, p. 399], and the claim
follows.
Therefore
So= U Ocxp(con) UXmUzn X
CEC\2miZ
is a spherical birational sheet and Z(G)S,, = S, U %1S,. By applying the automorphism 9 we
get
Sn_1= U Oexp((dzn,l) (] X1In (] énle;n
CeC\2niZ

and Z(G)Sn_l = Sn—l (] élSn_l. O
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We consider the remaining spherical pseudo-Levi subgroups. For £ = 2,...,m, the subgroup
M, is maximal of type DyD,, . If £ is even we have 07 = 1 and Z(M;) = (o¢) x Z(G); if £ is
odd we have 07 = 21 and Z(M;) = (04) X (z,). For £ =2,...,m — 1, o, is not G-conjugate to
2,00 and Z,_10y, as one can see by passing to SOs,(C). On the other hand, for £ =2,...,m, wy
is W-conjugate to wy — 2wq, therefore o, is G-conjugate to 2100. Moreover, w,, is W-conjugate
to Wy — 2w1, Wm — 2Wn_1, Wm — 2wy, hence o, is G-conjugate to 210, Zn_10m and Z,o0p,.
Then O,, is a (birational) sheet consisting of an isolated class, and Z(G)O,, = O,, U 2,0, for
¢=2,...,m—1, whereas Z(G)O,, =0, .

Up to central elements, the remaining spherical conjugacy classes in G are X, correspond-

ing to the partition [22¢,12"=%], for £ = 1,...,m — 1 and Z, corresponding to the partition
3, 22(t=1) 12n=4+1] for £ = 2,... ,m: these are all birationally rigid unipotent conjugacy classes
in G.
——bir
T J(7) AO)
(Ll,Z(L1)O,{1}) U OCXP(C‘ZH) Uz, Uz121 2niwi + naws
CEC\27iZ
m—1
(L'fl7 Z(L"l)07 {1}) U chp(CLbn) U X U 2n X Z N2;w2; + 2NpWwn
¢eC\2niZ i=1
m—1
(Ln-1,Z(Ln-1)°,{1}) U Oecxpco,_ ) UXmUZi1 Xy, > noiwai + 2np—1wn—1
CEC\2miZ i=1
M, 1 20—1
Z(: 22’ {Jz};i _})1 Oy, ; 2n;w; + naewae
(Mm7 {Um}v {1}) Oam Z Qniwi
=1
(G, {1}, (’)[222’12”742]) £ e
(=1,...,m—1 Xe 2 naiwa
1 1) 12n— 20 l
o ga?[zg,ﬁ(f 717;712 1 MH]) Ze > niwi | 30 n2i-1 € 2N
=4...,M— i=1 i=1
> niwi |
(G {1}, O3 920m-1) 1) Zm m =1

N2i—1,Mn—1 + Nn € 2N

i=1

Table 7: Type D,,,n =2m,m > 2.

5.4.2 Type D2m+1a m > 2

reg

Lemma 5.14. Let 7, = (Ln, Z(L,),{1}) € 2(G). The spherical sheet S, = J(7,) ~ is a
birational spherical sheet, containing the unipotent class Oq, with d = [2"~1 12].

Proof. Consider L,: it is maximal of type T1A,_1 and Z(L,) = exp(Cw,) is connected. We
have:

Sn

U ¢ (mac®ay) =

z€Z(Ly)
=G (Z(Ly)™9) UInd§ {1} U2 Ind§ {1} U %,_1 Ind§ {1} U2, Ind§ {1}.

Let O = Indgn{l}, then O is the unipotent class corresponding to the partition [2"~! 1%] in
S04, (C), the unipotent class denoted by X, in [14]. We show that Indgn{l} is birationally
induced from (L, {1}). Let u € Imdgn{l}7 then Cg(m(u)) is connected by [12, p. 399], and the
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claim follows. Therefore

So=" U Ocxp(con) U Xm Ui X Uzn 1 Xpm U2 X
¢eC\2miZ

is a spherical birational sheet and Z(G)S,, = S, O

We consider the remaining spherical pseudo-Levi subgroups. For £ = 2, ..., m, M, is maximal
of type D¢D,,_¢. If £ is even we have U? =1 and Z(M;) = (04} x Z(G) = Ly X Zo; if £ is odd we
have 07 = 2, and Z(My) = (04, 2n) ~ Z4 X Zs. For £ =2,...,m, o, is not G-conjugate to 2,0,
(and 2,_10¢), as one can see by passing to SO, (C). On the other hand, for £ = 2,...,m, wy
is W-conjugate to wy — 2wy and therefore o, is G-conjugate to 2104. Then O,, is a (birational)
sheet consisting of an isolated class, and Z(G)O,, = Oy, U 2,0, for £ =2,...,m

Up to central elements, the remaining spherical conjugacy classes in GG are X, correspond-

ing to the partition [22¢,12"=%] for £ = 1,...,m — 1 and Z, corresponding to the partition
[3,22(6=1) 12n+1=40] “for ¢ = 2 ... m: these are all birationally rigid unipotent conjugacy classes
in G.
- T AO) d
(L1, Z(L1)%, {1}) U Oexpcany U Z1 U272y 2njw1 + naws 2
ceC\2niZ
U Oexp({d/n) [ X’mu m—1
(Ln, Z(Ln),{1}) CeC\2miz > nogiwai + np—1(wn—1 +wn) | 1
U2 Xom U 21 Xom U 20 X, =t
My, {oe}, {1 20—1
Z(: 27{ _ ]fni _})1 Os, Z; 2n,;w; + naewae 2
n—2
(M, {om}, {1} Oo,, 3 2niwi + -1 (Wn—1 + wn) 2
i=1
(G, {1}, 0[221{’127;,—4@]) £ . .
(=1,....m—1 Xe ;”W?’ 4
(G {1}, O3 p2(6-1) q20-ae+41)) -
1 Z L
—2
_Z Niw; + Nn—1(Wn—1 + wn) |
(G, {1}, 0[322(7n—1)713]) Zm i=1 m 4
> n2i-1 €2N
=1

Table 8: Type D,,,n =2m+1,m > 2.

5.5 Type Eg
We have Z(G) = (%), 2 = oY () (€Y ay (671 ay (€) where € is a primitive third root of 1.

Lemma 5.15. Let 7y = (L1, Z(L1),{1}). Then the spherical sheet Sy := J(ﬁ)mg is a spherical
birational sheet containing the unipotent class 2A;.

Proof. L is maximal of type D5 T and Z(L1) is connected since L; = Cg(exp &) and exp(2miw; ) =

z. Then
U ¢ mdf {1)= | Oexpicar) UZ(G)df {1}.
z€Z(L1) ¢eC\2miZ
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The class Indgl{l} = 24, is birationally induced from (L;,{1}) by Lemma Indeed, for
u € Indgl{l}, the subgroup Cx(u) is connected, by [12, p. 402|. Hence
——bir
S = J(Tl) = U Oexp((dzl) L Z(G)QAl
CeC\2miZ

bir ——bir

and Z(G)J (1) J(r) . O

There is only one more spherical pseudo-Levi subgroup, M> of type A;As. Observe that
03 =1 and Z(Ma) = {02) x Z(G). M, gives rise to the (birational) sheet O,, which coincides
with an isolated class. We have Z(G)O,, = O,, U 20,, U 2?0,,. Up to central elements, the
remaining spherical conjugacy classes in G are Ay and 3A;: these are birationally rigid unipotent
conjugacy classes in G.

bir

T J(7) A(O) d

(L1, Z(L1),{1}) U Oexpcarn U Z(G)2A1 n1(w1 + we) + naws 1
CEC\2miZ

(Ms, {o2},{1}) Oy, n1 (w1 + we) + n3(ws + ws) + 2nows + 2naws | 3

(G, {1}, Ay) A nows 3

(G,{1},34A1) 3A, n1 (w1 + we) + n3(ws + ws) + naws + Nawa 3

Table 9: Type Eg.

5.6 Type E;
We have Z(G) = (), 2 = af (—1)ay (—1)a¥ (—1).

——reg

Lemma 5.16. Let 77 = (L7, Z(L7),{1}). Then the spherical sheet S7 := J(77) ~ is a spherical
birational sheet containing the unipotent class (3A41)".

Proof. L7 is maximal of type Eg T and Z(L7) is connected since Ly = C(exp @y7) and exp(2mic7) =
2. Then
Sr= |J G mdf {1)= | Ocxpcan UZ(G)Indf {1}.
z€Z(L7) ¢eC\2miZ

The isolated class Indi{l} = (34;)" is birationally induced: for u € Indi{l}7 the group
Cz(m(u)) is connected, by [12, p. 403]. Hence
57 = J(7'7) e = U Oexp(@lw) L Z(G)(3A1)”
CeC\2niZ

bir —bir

and Z(G)J(r7) J(m) . O

We consider the remaining spherical pseudo-Levi subgroups:

(i) Consider M, maximal of type A;. We have 03 = 2 and Z(Ms) = (03), 02 and 209 = 05
are G-conjugate via wg. Then O,, is a (birational) sheet consisting of an isolated class,
and Z(G)S = S.

(ii) Consider M7, maximal of type DgA;. We have 0? = 1 and Z(M;) = (2,01), 01 and 20, are
not G-conjugate (in fact G has 2 classes of non-central involutions: O,, and Oz, ). Then
Oy, is a (birational) sheet consisting of an isolated class, and Z(G)O,, = Oy, UZ20,,.

1
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Up to central elements, the remaining spherical conjugacy classes in G are A, 247, (34;) and
4A;: these are birationally rigid unipotent conjugacy classes in G.

T i AO) d
(L7, Z(L7),{1}) U Oexpcarn U Z(G)(3A1)" niw1 + news + 2n7wr 1
ceC\eniz

(M1, {o1},{1}) Oo, 2n1w1 + 2n3ws + naws + newes | 2
(Mz, {02}, {1}) Os > 2 |
(G, {1}, A1) Ay niwi 2
(G, {1},241) 24A: niwi + news 2
(G, {1},(341)) (341) niwi + naws + naws + news | 2
(G,{1},4A,) 4A, i:lniwi | n2 + ns + n7 even 2

Table 10: Type E7.

5.7 Type Eg

There are no spherical proper Levi subgroups. We list the spherical pseudo-Levi subgroups.
(i) Consider Mg, maximal of type A1E;. We have 02 = 1 and Z(Ms) = (0s). Then O,, is a
(birational) sheet consisting of an isolated class.
(ii) Consider M;, maximal of type Dg. We have 0% = 1 and Z(M;) = (o1). Then O,, is a
(birational) sheet consisting of an isolated class.
The remaining spherical conjugacy classes in G are Ay, 241, 3A; and 4A;: these are birationally
rigid unipotent conjugacy classes in G.

bir

T J(r) AO)
(Ms,{os}, {1}) Ooy niw + news + 2nrwr + 2ngws
(M {ou},{1}) | Os, > 20w
(G, {1}, A1) A nsws
(G, {1},244) 244 niw1 + ngws
(G,{1},34A1) 3A; n1w1 + News + Nrwr + nNgws
(G,{1},4A1) 4A, iniwi

Table 11: Type Es.

5.8 Type F4

There are no spherical proper Levi subgroups. We list the spherical pseudo-Levi subgroups.
(i) Conmsider M, maximal of type A;C3. We have 07 = 1 and Z(M;) = {o1). Then O,, is a
(birational) sheet consisting of an isolated class.
(ii) Conmsider My, maximal of type By. We have 07 = 1 and Z(M,) = (04). Then O,, is a
(birational) sheet consisting of an isolated class.
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(iii) M4 admits the birationally rigid unipotent class Oiw;(l), corresponding to the partition
1

2%,1%] in SOg(C). Then Og,,, (1) is a (birational) sheet consisting of an isolated class.

The remaining spherical conjugacy classes in G are Ay, /L and A; + ;11: these are birationally
rigid unipotent conjugacy classes in G.

bir

T J(r) A(O)
(Ms,{oa},{1}) O, nawa
(M foih 1) | O, 3 2w
(Ma, {04}, 002 15) | Oogag, (1) Zé niwi
(G, {1}’ Al) Ay ni1wi
(G, {1}, Zl) Al niwi + 2n4wq
(G, {1}, A1 + Al) A+ A1 | nawr + naws + 2n3ws + 2naws

Table 12: Type Fy4.

5.9 Type Gy

There are no spherical proper Levi subgroups. We list the spherical pseudo-Levi subgroups.
(i) Consider My, maximal of type AjA;. We have 02 = 1 and Z(M) = (03). Then O,, is a
(birational) sheet consisting of an isolated class.
(ii) Consider M7, maximal of type Ay. We have 03 = 1 and Z(M;) = (01); moreover, o, and
o7 ! are G-conjugate. Then O,, is a (birational) sheet consisting of an isolated class.
The remaining spherical conjugacy classes in G are Aj, le these are birationally rigid
unipotent conjugacy classes in G.

bir

T J(7) AO)

(
(M27 {02}7 {1}) 002 2niwi + 2nows
(@

(M17 {Ul}a {1}) o1 niwi
(G7 {1}7 Al) Ay Na2w2
(Gv {1}7 *’Zl) -’4\’1 niwi + 2nasws

Table 13: Type Go.

Proof of Theorem[5.2 From the tables in [14], for each group G the weight monoid is preserved

b .
along the classes in each Z(G)J(7) " On the other hand, the entries in the third column of the
tables in §5 are pairwise distinct, except for one case in Table[d] with n = 2p for p € N,p > 2:

M, M,
T = (Mp, {O'p}, O{l}x[2,1H*2]) = (Mp7 {O'p}, OIan (1))

M, M,
To = (Mp, {Jp}70[27p1n—2]x{1}) = (Mpv {O—P}7Oz;1)(1))'

In this case o, and 2o, are G-conjugate, and so are o,x,, (1) and 20,24, (1). Therefore 7 and

(M, {20}, Oi\ﬁ(l)) are G-conjugate, i.e. J(ﬁ)bir = éJ(TQ)bZT. O
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We conclude this Section with another characterization of spherical birational sheets up to
central elements. If H is a spherical subgroup of G, by [0, Theorem 1], there exists a flat
deformation of G/H to a homogeneous spherical space G/Hy, where Hy contains a maximal
unipotent subgroup of G: such an homogeneous space is called horospherical, and Hy a horo-
spherical contraction of H, see also [28]. Moreover, if G/H is (isomorphic to) a conjugacy class,
then C[G/H] ~¢ C[G/H,), see |14, Theorem 3.15].

Proposition 5.17. Let G be a compler connected reductive algebraic group with G’ simply-
connected. Let x1,T2 € Gspp. Then Oy, and O, are contained in the same birational sheet up
to a central element if and only if Cg(x1) and Cg(x2) have the same horospherical contraction.

Proof. Let © € Gypp, and H = Cg(x). We recall the description of the horospherical contraction
Hy of H containing U from [I4, Corollary 3.8]. Let w be the unique element in W such that
O, N BwB is dense in O,. By choosing z € wB, the dense B-orbit in O, is OF. Then
P:={g€G|g-0B = 0P} is a parabolic subgroup containing B. Let © C A be such that
P = Pg. One has Hy = (U™, Uy, T), where, w := wowe, Uye :=U N Lo, T, :=T N Cq(x).
We may assume that z; lies in the dense B-orbit OF (C Bw;B), for i = 1,2. We have seen
that O, and O,, are contained in the same birational sheet up to a central element if and only
it A(Oz,) = A(O,,). The last equality is equivalent to wy = wq and Ty, = Ty, by [I4, Lemma
3.9, Theorem 3.23]. O

Remark 5.18. From the classification it follows that the birationally rigid unipotent conjugacy
class OM appearing in the decomposition datum 7 = (M, Z(M)°z, OM) is in fact rigid, except
in the cases

(i) (G, {1}, X>) in type Cn, n > 3;

(i) (G,{1},Zn) in type Bop, m > 2.

In the first (resp. second) case J(7 )bir is contained only in the (spherical) sheet corresponding
to (L1, Z(L1)%,{1}) (vesp. (Ln, Z(Ln)%{1})).

In the other cases J(7) " is contained only in the sheet J (T)Teg: in particular every spherical
birational sheet is contained in a unique sheet.

6 Remarks for Lie algebras

By [2, Proposition 1], the subset g, consisting of spherical ajoint orbits is a union of sheets.
Since every birational sheet is contained in a sheet, g5, is a union of spherical birational sheets.
Being birational sheets disjoint, gsps, is a disjoint union of spherical birational sheets.

Having described the spherical birational sheets in G, from the tables in §5| one can easily
deduce the corresponding classﬂicatlon of spherical birational sheets in g. In each table we have
a spherical birational sheet J(I, DL) " for each 7 = (L, Z(L)°,0OY) with L a Levi subgroup of
G: here [ := Lie(L) and DL is the nilpotent orbit in [ corresponding to OF. Moreover, if L = G,

then J(g,D)bW = 9; if L < G, then L is a maximal Levi subgroup L; of G and OL = {1}

so that O% = {0}. There are two possibilities: either J(7) ) does not contain unipotent
conjugacy classes, or it contains a unique unipotent conjugacy class O,. In this case, let O,

be the correspondlng nilpotent orbit in g. Then we have J([;, {O}) = U0 Oco; In the first

case and J(Ii, {0}) = Uz Oc¢w U D, in the second case. In particular this proves Losev’s
Conjecture [3.3] for ggpn:

Theorem 6.1. Let g be reductive and let 91 and Do be spherical adjoint orbits of g. Then
A(D1) = A(D2) if and only if O1 and Do are contained in the same birational sheet of g. O
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