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ECONOMIC DYNAMICS AND
THE CALCULUS OF VARIATIONS IN
THE INTERWAR PERIOD

BY

MARIO POMINI

Analogies with rational mechanics played a pivotal role in the search for formal
models in economics. In the period between the two world wars, a small group
of mathematical economists tried to extend this view from statics to dynamics. The
main result was the extensive application of calculus of variations to obtain a
dynamic representation of economic variables. This approach began with the con-
tributions put forward by Griffith C. Evans, a mathematician who, in the first phase
of his scientific career, published widely in economics. Evans’s research was
further developed by his student Charles Roos. At the international level, this
dynamic approach found its main followers in Italy, within the Paretian tradition.
During the 1930s, Luigi Amoroso, the leading exponent of the Paretian School,
made major contributions, along with his student Giulio La Volpe, that antici-
pated the concept of temporary equilibrium. The analysis of the application of
the calculus of variations to economic dynamics in the interwar period raises a
set of questions on the application of mathematics designed to study mechanics
and physics to economics.

I. INTRODUCTION

The study of economic dynamics became a relevant topic in the field of mathematical
economics in the period between the two world wars. Great progress was made in
relation to the theory of business cycles, reflecting the fact that economic dynamics
has become a substantially independent subject of study (Tinbergen 1934). At the
international level, different competing research programs arose in the 1930s (Kyun
1988; Boumans 2005, pp. 21-74), and at the end of this period Paul Samuelson’s
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approach emerged as the dominant perspective, as expressed in the final part of his
Foundations of Economic Analysis (1947). The major historical contribution toward
understanding the complex situation of this period continues to be E. Roy Weintraub’s
book Stabilizing Dynamics (1991), in which he focuses his historical reconstruction on
the literature associated with the approach pursued by Samuelson.

In this paper, my aim is to consider a different, more mathematically oriented
approach to economic dynamics, which flourished in the same period but moved in a
different direction. This approach began with the contributions put forward by Griffith
Conrad Evans, a mathematician who, in the first phase of his scientific career, pub-
lished widely in economics (1924, 1925, and 1930). His Mathematical Introduction to
Economics (1930) can be viewed as one of the most original contributions to the field
of mathematical economics in the interwar period. Evans’s research was further devel-
oped in the United States by his student Charles Roos, who, in a remarkable series of
papers, tried to develop the ideas of his teacher (1925, 1927, 1928, and 1934). At the
international level, this dynamic approach found its main followers in Italy, within the
Paretian tradition. During the 1930s, Luigi Amoroso (1938, 1940, and 1942), the main
exponent of the Paretian School and a well-known scholar among the small commu-
nity of mathematical economists, made major contributions, along with his student
Giulio La Volpe (1936 and 1938).

This approach has two main distinguishing features. From the analytical point
of view, the most important innovation proposed by Evans and the others is repre-
sented by the application of the calculus of variations. This analytical component
derived directly from the analogy with rational mechanics. In a period in which the
mathematical backgrounds of economists were modest, it is not surprising that the
greatest achievements came from mathematicians or from economists with a sound
background in natural sciences. From the economic point of view, these economists
shared the view of dynamic economics as an equilibrium phenomenon, in the sense that
the movements of the economic variables were viewed as a result of optimal choices
over time. For this reason, we can define this approach as an attempt to extend the notion
of equilibrium from the static framework to the dynamic one.

To complete the panorama that emerged in the interwar period, there are other
limited cases. The calculus of variation was used initially by Jan Tinbergen in his doc-
toral thesis in 1929, prepared under the supervision of his teacher, the professor of
theoretical physics Paul Ehrenfest. In this early work, Tinbergen tried to bring out the
analogies between economics and physics. He was mainly interested in cyclic prob-
lems, referring to adaptation of the supply to seasonal cycles and business cycle
(Boumans 1993). In the second part of the 1930s, another relevant economist who
tried to extend dynamic analysis throughout the variational calculus was Gerard
Tintner (1937, 1938). In particular, he introduced the calculus of variation to extend
Roos’s approach to the utility function (Duarte 2016).

In this paper, I consider the main results put forward by this analytical approach
to dynamics based on calculus of variations and explore some reasons why these
economists have been marginalized in the period that followed the Second World War.
The sudden decline of this topic, in spite of the relevant analytical achievements,
deserves consideration because two decades later, in the 1960s, functional calculus
in the new format of optimal control became a milestone for economic dynamics
(Wulwick 1995).
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DYNAMICS AND CALCULUS OF VARIATIONS 59

I1. AT THE ORIGIN OF THE IDEA OF DYNAMIC EQUILIBRIUM:
PARETO’S CONTRIBUTION

We can find the source of the idea of dynamics as an equilibrium process directly in
the works of Vilfredo Pareto. He introduces the concept of equilibrium in the field of
dynamics in paragraphs 586 and 928 of his Corso ([1896-97] 1941), in the chapter
entitled "Principi generali dell’evoluzione sociale,” which is devoted mainly to the
study of the equilibrium of the society and the causes of its changes, in sociological
terms. Pareto observes that society is never in a state of rest, but "is driven by a general
movement which slowly changes it. Such movement is generally designated by the term
“evolution’. In mechanics, the d’ Alembert’s principle allows us to study the dynamic
state of a system completely. In political economy, for the time being, we can only
catch a glimpse of a similar principle" (Pareto [1896-97] 1941, p. 642).

What Pareto has in mind in these few pages is the direct extension of the mechan-
ical analogy from the static to the dynamic case, even though he immediately realized
that this would be a difficult task. Since the static is followed by the dynamic in ratio-
nal mechanics, Pareto wonders whether this extension might not also be possible in the
case of economics. This accounts for his recourse to the idea of dynamic equilibrium,
a concept that is applicable to rational mechanics, in which the equilibrium is expressed
in analytical terms by d’Alembert’s principle. In mechanics, d’ Alembert’s principle
adds the new force of inertia (defined as the negative of the product of mass times
acceleration) to the acting forces to produce equilibrium. This means that the equa-
tions for the motion of any mechanical system may be derived in the form of equilib-
rium equations of force, exactly as in the static case (Amoroso 1921, p. 465). Indeed,
using this method, dynamics is reduced to statics (Donzelli 1997). As an engineer,
Pareto enquired as to what form this principle might take in economics with respect to
consumption, and he sketched the following equation in a note:

ox,
or,

b}
(6, — )51;1+(¢b—5—):’)5rb+....=0 (1)

where the term ¢, denotes the marginal utility of a single good, which is the active
force in mechanical terms, while Ox,/dr, are hypothetical inertial forces relative to
consumption, i.e., the cost of change in the level of consumption. The equation [1] is
nothing other than a formal transposition of d’ Alembert’s principle in economics, where
the path over time in consumption derives from the equilibrium between marginal
utility (tastes) and resistance to change in the other differential component (obstacles),
exactly as in the static case.

Having introduced the analogy, Pareto went no further; however, as an economist
devoted to experimental observations, he regarded the equation [1] as being of little
use (Boianovsky and Tarascio 1998). In fact, Pareto pointed out that the form of the
relationship that expresses relations that indicate the hypothetical inertia (dx,/ dr, ) must
be known. In addition, if we do not know how these differential equations are made,
we will certainly not be able to contemplate obtaining the system’s dynamic trajectory.
Experience is essential in rational mechanics, where ¢, represents the impressed forces,
while 8x, / &r, are the forces of inertia, (5x, / 6r,) = m(d’r,/dt*), but in economics this
was still not possible. In Pareto’s view, not every type of mathematical formalization
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was significant for economics, only the type that led to well-defined functional forms
based on empirical observations. Pareto had no predilection for formal rigor unless it
furnished a good understanding of real phenomena (McLure 2001, ch. 3).

Having discarded the mechanical analogy, Pareto himself moved in a completely
different direction in order to build equilibrium dynamics. This second and final
attempt to offer an analytical basis to economic dynamics is contained in the brief
appendix to his 1901 article, “Le Nuove Teorie Economiche,” entitled "Le equazioni
dell’equilibrio dinamico" (The equations of dynamic equilibrium). Here, Pareto adopts
a more traditional strategy, in both interpretative and analytical terms. The analytical
expedient used by Pareto consists in assuming that all the economic transactions are
referred not to a single instant of time but to a generic time interval dt, of arbitrary
amplitude. For the remaining part, the formal scheme of general equilibrium does not
change even if it is no longer possible to maintain the division of the static equations
into three main groups: exchange, production, and capitalization. In dynamic analysis,
the phenomenon of consumption cannot be separated from that of production through-
out the process of saving. Apart from this formal modification (the introduction of a
new variable, dr), the system of general economic equilibrium with its different
systems of equations remains similar to what has been found in statics, with only one
difference. This is that the solutions will not be values, but functions that are exoge-
nous and dependent upon time. Indeed, the only dynamic variable in the new Paretian
model is saving, which in fact is represented as a first derivative. However, this solu-
tion also seems to lead to more problems than it actually solves. The note concludes
with the following observation that Pareto made:

We have thus obtained the equations of dynamic equilibrium. Now it would be easy to
work out the ones which refer to at least the main oscillations. However, if we want
more particulars from our equations, they will become more complicated, which they
are already enormously. Therefore, for the moment, a totally different road needs to
be pursued: instead of complicating the equations, we need to find a way to simplify
them, even at the cost of sacrificing many particulars of the phenomenon.

In the system of equations exposed, there is a system of simultaneous differential
equations, and in general it will be impossible to integrate them except by approxima-
tion. And this is also the only method that can be pursued to resolve the equations of
the system. (Pareto 1901, p. 2)

This second approach to the dynamics equilibria received little attention among the
Paretians, who preferred to develop the approach that drew analogies with rational
mechanics.! The first attempt to apply the indications put forward by Pareto was
advanced by one of Maffeo Pantaleoni’s young students, Amoroso, in a brief note
published in the Atti della Accademia Reale dei Lincei (1912), “Contributo alla teoria
matematica della dinamica economica.” Amoroso graduated in mathematics, followed
Pareto, and tried to derive the equations of economic motion by directly applying
D’ Alembert’s principle. In his brief contribution, Amoroso proposed a new set of
equations to dynamize the static scheme of general equilibrium:

IThe only relevant exception was the case of Sensini, who considered this aspect in his Corso di Economia
Pura, published in 1955.
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In the system [2], the second equation represents the usual budget constraint with
the difference that now the income is not constant, but dependent over time. The first
set of equations is the direct transposition of D’ Alembert’s principle to the realm of
economics. The economic agents are treated as bodies moving under the action of
mechanical forces. On the right side, we find the first-order condition that characterizes
the optimal choice of consumption. On the left side, Amoroso introduces D’ Alembert’s
principle, according to which the system of forces in motion, mX,, is compensated by the
inertia force, ©,. With the system represented by the equation [2], the analogy between
economics and analytical mechanics in the field of dynamics is complete, from the
mathematical aspect. But the young mathematician also expresses some doubts about
this procedure, observing that in order to build economic dynamics we need two addi-
tional elements. The first is to consider utility function and inertia function as formal
instruments that measure the intensity of forces and not only as indices of force, as in
the Paretian theory. The second is even more problematic because Amoroso sets out to
derive the form of these functions directly from empirical observations. According to
the young Amoroso, the analogies with analytical mechanics are essential in terms of
mathematical perspective but problematic from the economic point of view. Economic
reasoning requires an interpretative content that might serve for the explanation of real
phenomena.

Amoroso returned to the dynamics in the final part of Lezioni di economia matematica
(1921). This book includes the lectures given at the University of Bari, ending with a
long paragraph (§ 66) dedicated to the relationships between statics and dynamics in
economics. Amoroso’s view reinforced Pareto’s so clearly that the emerging discipline
of mathematical economics had to be built on the basis of rational mechanics, but any
attempt to introduce a formal model had to be abandoned. In the years that followed,
Amoroso turned away from the field of economic dynamics and concentrated his
interest on other topics, such as the diffusion of general equilibrium theory in the
Italian context, or analysis of some crucial analytical aspect of the static theory, as in
his 1928 paper about the problem of the existence of the equilibrium, which attracted
Joseph Schumpeter’s attention. Amoroso returned to this project to dynamize the gen-
eral equilibrium only at the end of the 1930s.

In the 1920s, the view on dynamic equilibrium was divided between two strands of
analysis: one that was statistically oriented; the other, mathematical. The first was
developed by Henry Ludwell Moore, an American follower of Léon Walras, whom he
met on a trip in Europe in the summer of 1903 and with whom he maintained a regular
correspondence (Raybout 2013). Moore sought to dynamize the general equilibrium
equations by means of statistics. His 1929 Synthetic Economics received great
acclaim, but this line of inquiry found few proponents because it was regarded as prob-
lematic from the theoretical point of view (Mordecai 1930). By contrast, the mathemat-
ical strand underwent greater development. In the United States, it had been developed
a few years earlier with the studies by Griffith Evans (1924 and 1930) and his student
Charles Roos (1925, 1927, and 1934). Evans subsequently returned to his interest in
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pure mathematics, while Roos became primarily interested in statistical applications of
demand theory. In Italy, dynamic equilibrium attracted interest at the Paretian School
in the 1930s. Almost all of the Paretians made contributions in this field, following
different approaches. These two lines of inquiry were closely interconnected, as we
will see, and not only from the scientific point of view.

III. EVANS AND THE BIRTH OF ECONOMIC DYNAMICS

In spite of the important contributions made by Weintraub (1998 and 2002), there is
probably much that remains to be considered with respect to Evans’s role in the birth
of economic dynamics. Evans was a pure mathematician who dealt with economics as
a secondary research field during the first phase of his outstanding academic career.
His articles on economics were published in journals of mathematics, rather than in
those of economics. After the 1930s, Evans abandoned economic theory and returned
to his studies in physics and mathematics.

His initial interest in theoretical physics, and especially in potential theory, led to
a doctorate at the Rice Institute (Texas) with a PhD thesis on Vito Volterra’s integral
equations. Because completion of a doctoral program at that time required a period
of study in Europe, Evans obtained a scholarship to continue his studies on applied
mathematics in Rome, working under Volterra himself in the period from 1910 to
1912. He was subsequently offered a position at the Rice Institute and remained until
1932, when he was appointed to a chair at Berkeley and given the task of reorganiz-
ing the Department of Mathematics. Evans built his reputation among American
mathematicians mainly as an expert in the field of functional calculus (Morrey
1983).

Evans and Volterra became friends and remained in contact with each other for
many years, as is revealed by their regular correspondence. However, it is not clear
whether Evans’s decision to pay attention to mathematical economics was influenced
by the great Italian mathematician. In his letters, Evans discusses only the problems of
mathematical physics, in particular those relating to the integration of functional equa-
tions. There are two circumstances in which he refers to mathematical economics. In
a letter? written in 1920, Evans informs Volterra that he is working also in the field of
mathematical economics, preparing a communication for the annual meeting of
the Mathematical Society. This first contribution would be published in 1922 in the
American Mathematical Monthly. A second, more relevant, reference can be found in
a letter of 1925 in which Evans tells Volterra about the project he is working on to
write a text on mathematical economics that would be similar to Amoroso’s book
Lezioni di economia matematica. In the summer of the same year, he was invited to
Chicago by the Department of Mathematics to give two courses: one on the integral
functions and the other one on mathematical economics. Evans’s book was ready, and
it was published in 1930 under the title Mathematical Introduction to Economics, and
in the preface he quotes the main mathematical texts of the Italian tradition, Pareto’s

2The letters considered are included in the “Vito Volterra” Archive in the Accademia Nazionale dei Lincei,
Rome.
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Manuale in the French translation, Amaroso’s Lezioni, and Alfonso De Pietri Tonelli’s
Trattato di economia sperimentale. We can speculate that the influence that Volterra
had on Evans in the field of mathematical economics was mainly methodological. In
economics, scientific models must be based directly on the underlying reality, a reality
directly confirmed through experimentation and observation. This was a traditional
attitude that was entirely different from that of the search for axiomatization that would
prevail in economics in the postwar period (Weintraub 2002).

Evans’s approach to economics came about in stages. His first article, “A Simple
Theory of Competition,” was published in 1922, and it contains a static analysis of
the oligopolistic market. Evans takes for granted the existence of a well-defined qua-
dratic cost function, TC, = Ag*+ Bq,+c, and a well-defined market demand function,
q = ap + b. He addresses the traditional problem regarding the determination of the
price and quantity of equilibrium with the change in the number of firms. In this paper,
Evans reveals his methodology, applying in economics the same framework used in
classical mathematical physics. He starts with specific functional forms in order to
obtain results that could be used for interpreting economic reality. He concludes the
article with the following considerations:

In a general system of economics we cannot for a proper discussion restrict ourselves
to functions of a single variable. Mathematically this is not so essential a modification
as it has been sometimes regarded. An extension of the problem which goes deeper is
what is obtained when we remember that what a producer is interested in is not to
make his momentary profit a maximum, but his total profit over a period of time of
considerable extent, with reference to cost functions which are themselves changing
as a whole with respect to time, such as in the instance discussed in the previous sec-
tion. The mathematical discipline which enables us to find functions which make a
maximum or a minimum quantities which depend upon them throughout periods of
time is the calculus of functionals, or in special cases the calculus of variations. But
the quantity which we want to make a maximum over a period of time need not be the
total profit; it may be the total production, or whatever other quantity we wish to take
as a desirable characteristic of the social system we discuss. The author regrets that at
the present time he can refer only to his lecture courses for a further treatment of this
point of view. Nevertheless it seems the most fruitful way that a really theoretical eco-
nomics may be developed. (Evans 1922, pp. 380-381)

Evans used the same direct approach in his first contribution to dynamic economics
as he did in his 1924 article, "The Dynamics of Monopoly," which was also published
in the American Mathematical Monthly. In a period of strong price turbulence like that
of the 1920s, Evans was the first, as noted by Tinbergen (1933), to consider a demand
function that depended linearly on price variation (p):

qg=ap+bp+c 3)

In this new equation, the term p can be seen as introducing a speculative factor,
where a < 0 and b > 0. The monopolist’s problem, using a quadratic cost function,
becomes that of maximizing the flow of profits throughout a given interval of time by
choosing the optimal level of p(f) as a function of time. In a note, Evans clarifies that
he derived this approach to dynamics from Amoroso’s 1921 book (Evans 1924, p. 78).
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After the substitutions, the expression of profits depends at each instant of time on
two magnitudes, the price level and its variation:

[7(p.prae 4)

fy

Evans observes that the new equation [4] does not depend explicitly on time,
and its maximization is a problem that extends from elementary mathematics and
requires the more advanced calculus of variations. This approach was also too
advanced for the mathematicians, as Evans observed: "An Editor of the Monthly had
said that one should be obliged to present a certificate on character before being
initiated into the mysteries of the Calculus of Variations to which study our present
investigations belongs, since its fascination is so great that neophytes seek to introduce
it into problems which would otherwise be perfectly simple” (Evans 1924, p. 79).
The direct application of the Euler equation leads to a second-order differential equa-
tion that can be solved in this simple case, to arrive at the following general dynamic
equation:

pt)=p+Ce"+Ce™ (5)

where the two constants, C,C,, are determined by means of the boundary conditions,
polto), p(ty).

The Evans equation [5] can be considered the first explicit formulation of the idea
of the dynamic equilibrium of one economic variable, in this case the price, and we
shall see similar ones later. The equilibrium solution obtained in this way is dynamic
in two respects. It is dynamic in descriptive terms, because the price is an exogenous
function of time. The new result obtained is that the solution is not a single value as
in the static theory, but a path in the given interval. The equilibrium solution is also
dynamic in a normative respect, because the solution derives from an optimization
process where p() denotes the optimal trajectory of price. With Evans, the economic
problem of defining the optimal path of prices becomes the mathematical problem
of finding a function able to maximize the expression [4]. Evans’s 1924 article
contains his crucial contribution to the birth of dynamic economics in the modern
sense. Subsequent minor studies (1925 and 1929) were collected in his 1930 book,
Mathematical Introduction to Economics, but these did not bring any new results
to the field of dynamic theory.

With his brief article of 1924, Evans paved the way for the mathematical theory of
dynamic equilibrium. As Harold Hotelling (Hotelling 1931) notes in his review, an
economic problem in the field of dynamics had for the first time been analyzed with
the appropriate mathematical tools, which were highly advanced not only for the econ-
omists of the time but also for the mathematicians. The calculus of variations provided
the instrument that was appropriate for the purpose of building economic dynamics. It
was possible to go beyond the static state because the solution of equilibrium was itself
a function of time. In the years that followed, Charles Roos, Evans’s student at the
Rice Institute, extended Evans’s approach in this direction beyond the monopolistic
case to make general equilibrium truly dynamic.
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IV. ROOS AND THE DYNAMICS OF GENERAL EQUILIBRIUM

When he began his research, Roos was more of a mathematician than an economist,
and subsequently he was attracted by the empirical research too. Roos also had greater
influence than Evans within the community of economists (Dimand and Veloce 2007).
Unlike Evans, he did not choose a university career, and his name is associated with
being the first scientific director of the Cowles Commission and one of the founders of
the Econometric Society (Louc¢d 2007). In 1937, Roos established the Econometric
Institute in New York, of which he was director until his death in 1957. His writings on
pure economic theory belong to the first part of his professional career.

Roos’s first important contributions (1925 and 1927) constitute an extension in
many directions of the line of inquiry pursued by Evans. These articles appeared
mainly in mathematics journals, and this testifies to their dense analytical content. The
first, “Mathematical Theory of Competition” (1925), appeared in the American Journal
of Mathematics. In this article, Roos extends the analysis developed by Evans in the
previous year to the case of several firms, using the same analytical scheme. Evans’s
dynamics of monopoly became Roos’s dynamics of Cournot oligopoly. The main con-
tribution that Roos made to economic dynamics is in extending Evans’s perspective to
more general cases. Roos’s fundamental contribution is an article that was published
in the Journal of Political Economy, entitled "A Dynamical Theory of Economics"
(1927). In this article, he summarizes the main results of his mathematical research
and tries to offer a way to dynamize the general economic equilibrium. The purpose of
this article, as evidenced by its title, is ambitious, because Roos intended to construct
a dynamic scheme for the general economic equilibrium and, therefore, to succeed in
a project in which both Walras and Pareto had failed.

The article is divided into three parts, the first of which summarizes earlier mathe-
matical results for the audience of economists. Roos considers a case in which the total
demand function by the n producers could be written as

G=q,+q,+..q,=G(q,,...9,,49,,---4,, D, P-t) (6)

This equation contains many variables that relate in particular to the quantity pro-
duced, to the rate of change in prices, and to the production. The cost function will also
be a function of the rate of production, the price, and the acceleration of production:

TC,=0(4,5--q,>G1>+-4,» P> P>1) (7

Inasmuch as the price and rates of production have been chosen as functions of the
time, the total net profit of each firm throughout the period considered is given by the
following integral:

”k:f(qu_TCk)dt:fF;{(qu.l)“"qn’q.n’p’p7t)dt (k=1,...,n) (8)

fy fo

The maximization of the equation [8] is not a standard problem: given the times,
tp and ¢, the problem is that of choosing the single price, p, and the rates of production,
(q1,...,q»), for every producer, satisfying the demand equation such that the profit, 7,,
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of each producer is a maximum when the rate of production, g,, alone is allowed to
vary with the price, as in the Cournot case.

Roos observes that the problem of the maximization equation [8] requires the cal-
culus of variations in the form of a generalized Lagrange type. He presents the mathe-
matical details of this procedure in an article that was published the following year
(Roos 1928). In 1927, he limited himself to presenting the solution that had to satisfy
the following equations:

aﬂ+a—1~}a—G+a—G k—i ai+aif‘ai+a&Wk)=0 k=1,..,n )
dq, 0p dq, 0q, dt 9q, 0p 9q, 94,

where W, is in an integral expression. The equations [9] are functional equations for
the determination of ¢y, ¢»,..., g and p in terms of the time. Roos concludes that the
problem is completely determined because we have given an initial condition and the
n functional equations plus the differential equation of demand to determine n+/ func-
tions ¢, ¢o,..., g2 and p. In the simplest case, the system [9] is reduced to a system of
Volterra integral equations that can be solved if the demand function assumes the
linear form proposed by Evans.

In the second part, Roos considers the case in which the demand depends upon the
history of prices as well as on the present price. Under this assumption, the demand
function assumes the form of the Volterra integral equation:

9()=ap(H)+b+ [ ¢t = Dp(r)dz (10)

The meaning of the equation [10] is as follows: the quantity demanded, ¢(), depends
on the current price, p(f), but also on all past prices, weighted according to a function
that decreases in time, ¢ — 7). In addition, in this more complicated case, the structure
of the mathematical problem is the same, and the solutions are expressed by the equa-
tions [9] (Roos 1927).

The final part of this work clarifies Roos’s vision of a dynamical theory of general
equilibrium. He writes:

We have already discussed the problem of competition and monopoly from a modified
Cournot point of view and obtained conditions which must be satisfied in order to
insure the maximum profit for the producer over an interval of time. Let us replace the
static general equilibrium of Walras and Pareto by a dynamic one in an attempt to
show the relationship existing between the problem of competition and the theory of
economic equilibrium. In developing this new theory, we shall show that the theory of
Pareto is incomplete in several respects and endeavor to complete this theory. (Roos
1927, p. 647)

The general scheme advanced by Roos is the Paretian and Walrasian one, in which
there are now m commodities and n firms. The quantities consumed and supplied
depend on all prices and on the rates of production, as in the static case. The novelty
introduced by Roos is that to the usual group of static equations descriptive of a gen-
eral equilibrium, he adds n equations of profit [8], one for each commodity. With this
assumption, the problem of general equilibrium in the economic system is reduced
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to a case of the calculus of variations, and it is possible, albeit only in principle, to
determine the rate of production, ¢, (¢), and the path of prices, p,(f), depending on time
as an exogenous variable. Using the concept of maximum profit, Roos was able to pass
from the dynamics of monopoly to the dynamics of general equilibrium, realizing the
Paretian project that was advanced in the 1901 article. Roos concludes: "The time
variable has been introduced directly into the equation defining general equilibrium,
and it is shown that a dynamic equilibrium exists. If we added the equation ¢ = 7y, the
equations defining dynamic equilibrium become equations defining static equilibrium
at the time ¢ = #y” (Roos 1927, p. 655).

Obtaining an operational result from this purely mathematical construction would
require defining the form of all the functions introduced. This is what Roos would do
in his 1930 essay on the theory of the business cycle.

In the 1930s, Roos tried to add empirical relevance to his project to build economic
dynamics. He had already, in the article that has been mentioned, posed the question
of how to find some possible form for the dynamic demand equation that is coherent
with the statistical data. This issue lies at the center of Dynamic Economics, the book
that opened the monographs of the Cowles Commission published in 1934. The book
was structured as follows. In the second chapter, Roos notes the relevance of the
Volterra-type equation for the analysis of the variation of the economic magnitudes
through the time. In the remaining chapters, we find the application of this theoretical
structure to different demand markets such as the gasoline market or agricultural prod-
ucts. A long chapter is dedicated to the factor that influences residential building. Roos
considers different time series ranging from 1900 to 1940 and tries to apply his theo-
retical formula based on many factors affecting the length of the time required to act.
In the case of building, the crucial factor is represented by credit. The result of this
analysis was in general a dynamic patter based on distributed lag.

Roos’s writings in the second half of the 1920s can be considered to be the most
ambitious attempt to approach the problem of dynamizing the general equilibrium
theory. In the years that followed, the quest for a more realistic treatment of economic
dynamics led him in another direction. Criticizing the practice of de-trending (Roos
1934, ch. 1), he attempted to provide a causal explanation of business-cycle phe-
nomena using the Volterra integral equations as a theoretical tool.

V. DYNAMIC EQUILIBRIUM IN THE PARETIAN TRADITION:
GENERAL ASPECTS

The theory of dynamic equilibrium was the main research topic in Italy during the
1930s, and the Paretian School made significant contributions to it in that decade. All
the members, and particularly Amoroso, Giulio La Volpe, Eraldo Fossati, Felice Vinci,
and Giuseppe Palomba, made important contributions, although they had followed
different routes (Pomini and Tusset 2009). For my purposes here, I shall restrict the
treatment to Amoroso and La Volpe, not only because they probably made the most
significant contributions to the dynamics, but also because they used functional calcu-
lus drawn from the American mathematicians. Palomba used Lotka—Volterra equa-
tions (Gandolfo 2008), while Fossati proposed a dynamic theory based on uncertainty,
using traditional calculus (Fossati 1937).
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It is important to point out that the Italian approach to the building of dynamic
equilibrium has features that are different from the American ones. We have seen
that Evans and Roos always started from the cost and demand functions. La Volpe
and Amoroso moved from a different perspective. They emphasized the economic
reasoning behind the supply and demand. Considering this point of view, we can say that
the Italian scholars differed from their American counterparts because they regarded
themselves primarily as economists. In modern terms, we can see that Italian econ-
omists tried to obtain a microeconomic foundation of dynamic equilibrium. To
achieve that, Amoroso and La Volpe extended the static utility function to include
the time element essentially by following the Austrian tradition, as shown, for instance,
by Paul Rosenstein-Rodan in his 1934 article, "The Role of Time in Economic
Theory." Using this approach, the economic agent plans the action within a given
interval of time, which may also coincide in the case of the consumer with its life-
time. In analytical terms, this requires introducing an intertemporal utility function
in relation to the quantity consumed throughout the various periods into which the
period considered can be divided. The rational consumer will seek to maximize the
new expression as follows:

U(c,t):fU(c)dt (11)

fo

and an analogous function characterizes the behavior of the firm. The equation [11]
states that in an intertemporal context, the rational agent considers the sum of the util-
ities that are achievable in the period that is being considered. To make this expression
analytically treatable, both La Volpe and Amoroso hypothesize that utility is separable
in time, an assumption that would recur in all the subsequent literature. Hence, while
Evans and Roos used only the profit function, the Italian economists concentrated on
a problem that is much more general and intuitive from the economic point of view:
that of the agent’s intertemporal choice. The next problem was to characterize the
structure of the intertemporal utility function. Amoroso opted for an analogy with
rational mechanics, while La Volpe followed the Austrian view of the crucial role of
expectations.

A second aspect, which is connected to the first one, concerns the type of mathe-
matics used to solve the optimum problem. The Italian economists made no reference
to the Volterra integral equation, whereas it was the core of Roos’s theory. The Volterra
equation is quite a complex and sophisticated mathematical tool, but it is also unnec-
essary when the analytical frame of reference is changed. Amoroso (1938, 1940) and
La Volpe ([1936] 1993) solved the problem of intertemporal optimization in a simpler
and more natural way by directly applying the techniques of the calculus of variations.
In this setting, a new analytical problem was the characterization of the optimal choice
when the planning horizon becomes infinite, a problem that was first addressed by
Frank Ramsey (1928). In approaching this problem, La Volpe first anticipated a new
(necessary) transversality condition that offered a rational economic interpretation as
well. Amoroso also followed the path indicated by Ramsey, introducing a special kind
of bliss point.

A third element that distinguishes the Italian tradition is that, from the outset, it
focused on the general equilibrium. The frame of reference was always that of a
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multiplicity of operators interacting with each other through markets. The treatment
then followed the standard procedure of constructing the equations relative to demand
and supply and then the equilibrium between the two. The only concern was that the
system should be determined; that is, the number of equations should be equal to that
of the unknowns. The fact that the Italian economists conducted the analysis in terms
of general equilibrium derived from their theoretical project, which was to dynamize
the system of Walras and, above all, of Pareto.

In spite of these differences, the similarities between American and Italian econo-
mists should also be emphasized. In the 1930s, Evans, Roos, and Amoroso were part
of the small international group of mathematical economists (Fisher 1930). The arti-
cles that Evans and Roos wrote on dynamics were well known to the Italian mathemat-
ical economists, and from this point of view, the Italian economists were more open to
international debate than many authors would admit. More importantly, they shared
the same research program in building economic dynamics on the idea of dynamic
equilibrium.

VI. THE TEMPORARY EQUILIBRIUM OF LA VOLPE

In order to obtain the dynamic equilibrium equations, it is necessary to offer some
analytical structure to the intertemporal utility equation and then to apply the optimi-
zation techniques. Here, the intuition of the economist comes into play. La Volpe and
Amoroso gave different interpretations for the influence of the time element. La Volpe
formulated a very modern view, which was subsequently taken up in the 1960s by the
theory of the consumption life cycle, while Amoroso proposed a view based on the
inertia of behavior. Following a chronological order, I shall first consider the view that
La Volpe sets out in his 1936 book, Studies on the Theory of General Dynamic
Economic Equilibrium, which was his main theoretical contribution and probably the
most outstanding achievement by the Paretian School (Nicola 2000).

In his introduction, La Volpe underlines that his objective is to reach a microeco-
nomic foundation of the theory of dynamic general equilibrium. In his own words:

I have thus attempted to construct a micro-dynamic theory of general equilibrium
showing how market equilibrium is established in every instant as is shown by the
behavior of economic subjects, consumers and firms on the basis of expectations and
plans for the future and the way in which this equilibrium changes continually over
time by means of changes in individual plans. This is the salient point of the theory.
Whilst it is certainly true that it is difficult to predict the future, impossible to avoid
errors in projecting present market tendencies into the future and easy to overestimate
one’s own perspective evaluations in one way or another, it is equally true that, in this
way, economic activities are regulated at every moment. (La Volpe [1936] 1993, p. 7)

The reasoning in Studies follows the usual Paretian scheme: the first part considers
the problem of dynamic consumption; the second analyzes production; and the third
examines compatibility between the agents’ choices, that is, the equality between the
number of equations and the number of unknowns. La Volpe reveals the influence of
the Austrian school for which dynamic analysis was a multi-period analysis influenced by
the expectations of economic agents (particularly Rosenstein-Rodan 1934). He assumes
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that current consumer choices are based on all lifetime-expected consumptions, taking
into account the intertemporal budget constraint. The distinctive feature of La Volpe’s
scheme is that it also depends on the expectations formed at time #y and is valid for
subsequent periods, represented by 7, with 7 > ¢,. For this reason, he speaks of a “future
utility evaluation function.” The total utility in a given interval of time (¢,,7) for the
agent, i, is expressed as follows:

[UCo 1 V)..Cy v )0V (12)

fy

considering a generic basket of goods and services (C,,...,.C,,, ) and given the
expectations established over time, #,. At each instant, consumers must make a choice
to determine their optimal consumption patterns, taking into account the intertemporal
budget constraints. These constraints consist of expectations concerning the quantity
of labor and other services that consumers may offer in the future, the amount of profit
that they will furnish with respect to their financial choices, and the planned flow of
consumption. Using La Volpe’s notation, the budget constraint becomes the following
expression (the time suffixes have been omitted in order to avoid encumbering the
notation):

h+m

h
ij(Hji_Cji)+rE+Ri_E_Zijji=O (13)

j=0 j=h+1

where the first term in the equation [13] represents the result of services (which
are between 0 and 4 in number) purchased or furnished (H ;) in the time interval,
including labor. The second term, rF, indicates the interest on accumulated savings,
while the third, R, is the proportion of income from shareholding. There are two fur-
ther terms: the variation in savings by unit of time, F; and the final summation, which
indicates spending for consumption (consumption goods range from /%y, to iy p).
La Volpe hypothesizes that, at this stage of the analysis, both current and expected prices,
as well as both the current and expected interest rates, are constant, so that the unknowns
are reduced to the determination of current and future consumption and of planned
financing.

Maximization of the equation [12] under the intertemporal budget constraint is a
specific problem that is resolved through the calculus of variations. La Volpe was not
a mathematician, and to obtain these results he enlisted the help of two talented young
Neapolitan mathematicians, Giulio Andreoli and Gianfranco Cimmino, who both worked
in the field of functional calculus and whom he thanks in his preface. La Volpe obtained
the following equation, which describes the optimal consumption path for each good
or service:

Ji :Ae—rt (14)

where the parameter A is a constant of integration that must be determined. The
equation [14] establishes the fundamental achievement of La Volpe’s approach to the
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determination of the consumer’s dynamic equilibrium. He speaks of two laws of con-
sumer equilibrium. The first states that, where ¢ is given, consumption should be dis-
tributed in such a way as to match the marginal weighted utility rates, exactly as in the
static case. The original feature is in the second law, according to which the distribution
of maximum satisfaction over time requires that the marginal weighted utility rate
should decrease in line with interest rates, taking into account the constant A, which
depends on the initial conditions. The equation [14] is in fact a system of equations,
because it must be related to goods and services, &, and the number, m, of consumers
who, along with budget constraint and the transversality condition, make the system
determined. La Volpe observes the following:

This system of equations represents the dynamic equilibrium and the historical move-
ment of consumers. In fact, given ¢, it supplies the conditions that must exist in the
plans in order that they, at any given moment, set themselves for the future, and, in
function of ¢, describes the movement over time of individual consumer savings,
through the constant succession of economic plans. (La Volpe [1936] 1993, p. 24)

La Volpe’s dynamic consumer equilibrium is, then, according to the definition given
by John Hicks in Value and Capital (1939), an anticipation of the concept of tempo-
rary equilibrium because it is determined on the basis of future prices that the con-
sumer forecasts on the market. If these vary, then the entire optimal consumption
profile will also change instantly. For this reason, Micho Morishima (1993) has pointed
out that La Volpe anticipated, by a number of years, Hicks’s important attempt to
extend schemes of economic equilibrium to encompass time through the influence
exerted by expectations.

VII. ANEW TRANSVERSALITY CONDITION

There is an aspect to La Volpe’s account of dynamic equilibrium that should be empha-
sized in particular, both from the mathematical viewpoint and from that of economic
interpretation, because it represents an undeniable advance in the application of func-
tional calculus to economics. The Euler equation is normally a second-order differ-
ential equation containing two arbitrary constants. In terms of the problem with fixed
initial and terminal points, as outlined by Evans and Roos, the two given boundary
conditions provide sufficient information. La Volpe adopts a different way to consider
the final condition. He assumes that this condition holds the following:

FtD)=0 if t=1 (15)

This equation states that in the final instant of the period being considered, savings
must be nil, so the individual must have used all the financial resources at his disposal.
The equation [15] will later become the transversality condition in the case in which the
terminal state tends to infinity. As a Paretian, La Volpe was concerned about the scant
realism of this hypothesis, and to remedy this limitation of the model, he also considered
the case of bequests, the "need to bestow," as he put it (La Volpe [1936] 1993, pp. 44-48).

The equation [15] is not only a technical condition for pinning down the optimal
trajectory. La Volpe is aware of its relevant economic content, in that it allows the
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horizon to be extended from the single period to the entire life cycle of the individual.
By considering the equation [13], integrating it, and taking account of the transversal-
ity condition, he obtains the following expression:

T, htm ooh
fzpjcﬁefrt =F(t0)+f(ZpJH/l +Rl~)e’rt (16)
j=0 Jj=0

fy fy

where, to simplify the notation, the interest rate is constant. In the equation [16], the
left-hand term represents the current value of consumption, calculated at time #, while
the right-hand term is the current value of the individual’s total wealth. La Volpe’s
conclusion is that the current value of expenditure on all consumption expected at a
given instant by individuals for their lifetimes must be equal to the wealth possessed at
that instant. In his own words:

It is evident that if an individual saves for a certain amount of time, he will need to
spend in future, and if the individual spends more than he owns, he will need to save.

All this does not exclude the eventuality of individuals who choose to accumulate
assets for a longer or shorter period of time in order to spend the profits but this works
in any case on the assumption that sooner or later even assets will be consumed....
It is thus by deferring the consumption of present resources or anticipating the
future consumption of resources that maximum well-being tends to be achieved.
But individuals never reach this goal because they are continually forced to change
direction. (La Volpe [1936] 1993, p. 29)

In this passage, La Volpe has anticipated and grasped the deeper meaning of the
necessary condition for economic consistency that must be respected in the process of
intertemporal optimization. This condition was later taken up in Franco Modigliani’s
life-cycle theory, as well as in the literature in the 1960s on optimal growth, but no men-
tion has ever been made of La Volpe’s pioneering work in first identifying and using it.

Moving from consumption to production, La Volpe’s analysis of firm dynamic
equilibrium was close to that of the consumer and is rather encouraged because invest-
ment is in itself a dynamic element. Furthermore, every investment project is finalized
with a certain delay, and this explains why marginal costs must become greater as the
productive period grows longer. Applying the calculus of variations once again, La
Volpe determines the dynamic functions of the supply of goods (La Volpe [1936]
1993, p. 56). Taking the dynamic functions of demand by consumers and the dynamic
functions of supply by firms, market equilibrium requires that excess of demand on the
markets is nil at all times. The equation system contains (/+hA+m+1) unknowns: the
wage, the prices of & productive services, the prices of m goods, and the interest rates
with a corresponding equal number of functional relations. For every ¢ value, the solu-
tions give the equilibrium at that moment in time and, in functions of ¢, the description
of the historic evolution of an economy starting from a given initial point.

After the Second World War, La Volpe intensified his academic activities, but was
unable to build on the achievements of his 1936 essay. He published a considerable
amount of work on a great variety of themes ranging from banking theory and compar-
ative costs to theory of the market forms (Pomini 2009). Furthermore, as head of study
service, he directed a number of empirical research studies, the results of which are
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published in Ricerche Economiche, a review that he transformed from a straightfor-
ward statistical bulletin to a front-ranking economic theory review. La Volpe returned
frequently to the theme that was dearest to him—the economic dynamics of general
economic equilibrium—and put forward a new methodology that he called "varia-
tional dynamics" (La Volpe 1967 and 1977). These were mostly complicated input-
output models with delayed variables and were designed to fill the gap between abstract
theories and the needs of empirical research. As has been observed (Di Matteo 1998),
La Volpe’s reserved nature, a characteristic, for that matter, of many in the Paretian
School, led him to a certain isolation, which meant that he never achieved the aca-
demic recognition that he undoubtedly deserved. This acknowledgment arrived only
much later when the 1936 essay was finally published in English (1993) and the
groundbreaking nature of his theoretical perspective emerged.

VIII. FROM THE BUSINESS CYCLE TOWARD THE DYNAMICS OF
GENERAL EQUILIBRIUM

The 1930s were a time of intense research in which Amoroso was mainly interested in
building economic dynamics. In this period, he pursued two different research paths.
At the beginning of the decade, he proposed an interesting theory of the business cycle,
thus intervening in the intense theoretical debate that the Great Depression had gener-
ated. The turning point was represented in the article of 1929, "Le equazioni differen-
ziali della dinamica economica," in which Amoroso indicates that he was favorably
impressed by the concept of Roos’s differential equation of demand. The article begins
in the following way:

Several years ago, mathematical economics seemed at a dead end. After Walras’s and
Pareto’s general arrangement, which collected all the ideas on the theory of equilibrium
in a single synthesis, it seemed that the last word had been given, at least pro tempore,
and that the new method had produced, for the moment, all the fruits of which it was
capable. This did not mean that new mathematical problems were not at the horizon; but
rather that their solution seemed to be beyond the strength of human intellect.... The idea
was a transformation from the static theory to a dynamic theory, but the way towards this
solution was not visible. The interference of the strictly economic phenomena with
the political and social ones, on the other hand, in the dynamic field, seemed so strict
that a strictly economic analysis seemed void of meaning. Economic dynamics
seemed to get lost in the wider sea of Sociology and Politics. (Amoroso 1929, p. 68)

Amoroso’s first works on economic dynamics focus on the theory of the economic
cycle. Toward the end of the 1920s and during the first years of the 1930s, Amoroso
tried to elaborate on a mathematical model of the economic cycle, exploiting the intro-
duction of the differential equations of demand. These first contributions to dynamic
analysis are summarized in the essay dated 1932, entitled “Contributo alla teoria
matematica della dinamica economica.” This essay covers a very wide range of topics,
ranging from the dynamization of the offer curve, to a non-monetary theory of the
economic cycle, up to the actual study of demographic dynamics. Breaking away from
the main opinion of the Italian economists, who looked at the monetary disturbance,
Amoroso proposed a real theory of the economic cycle, to which other followers of
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Pareto also turned. Another stage in the construction of Amoroso’s dynamic theory is
represented by the article dated 1933, entitled "La dinamica dell’impresa.” This is a
short technical contribution that examines the problem of the maximum of a monopo-
list when there are adjustment costs. The article, a note of a few pages, is important
because for the first time Amoroso uses the calculus of variations.

It is during the second half of the decade that Amoroso returns to the project of his
earlier years, that of dynamizing the equations of general economic equilibrium. The
first important contribution is an article dated 1938, entitled “La teoria matematica del
programma economico,” followed shortly afterwards by an article published in
Econometrica (1940), “The Transformation of Value in the Productive Process.” His
view of economic dynamics will find full expression in the text, dated 1942, “Meccanica
Economica,” which gathers the lectures held at Alto Istituto di Matematica in Rome.

In Amoroso’s approach, the novelty in the consumption theory is represented by the
explicit introduction of a principle that is analogous to that of inertia in mechanics,
according to the project manifested in 1921. In general, as observed by Amoroso, the
quantity of a specific good, c;, that is consumed in a certain temporal interval is itself
a function of time and represents the velocity of the flow in consumption. In turn, its
derivative with respect to time, ¢,, can be interpreted as the acceleration, assessed alge-
braically in value and sign, of this flow of consumption. For Amoroso, if we want to
give a realistic description of the consumer’s behavior, it is necessary to take into
consideration the role of habits and the psychological resistances that can accelerate or
slacken the variation of the expenditure for consumption, the term ¢,. In formal terms,
the utility function becomes as follows:

U=U,¢) (17)

Amoroso gives the equation [17] the name “Lagrange’s ophelimity” to distinguish it
from that of Pareto. In terms of construction, Lagrange’s ophelimity can be considered
as an extension of Pareto’s theory because if the resistances to change are null, ¢, = 0, the
two functions of utility coincide, and there is the return to the static case.

The rational consumer will try to determine the maximum value of the trajectory of
consumption represented by the equation [17] in a fixed temporal interval. From a
mathematical viewpoint, the problem is clearly determined, since it means finding the
optimal trajectory of the following functional:

Juce,é)r (18)

We are in the presence of a typical problem of calculus of variations, whose
necessary conditions, which are also sufficient for the type of equations that Amoroso
has in mind, are represented by Euler’s equation:

aU_i[aU] (19)

2 il

Amoroso calls this expression “Lagrange’s marginal utility.” The first term of the
equation [19] represents the marginal utility in a traditional sense, while the second,
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which captures the dynamic element, constitutes the loss of utility originated by the
presence of habits (inertia of the system), and in the final one, the costs are associated
with changes. Should the consumer have to divide the income among more goods on
the basis of the income, this condition of equilibrium implies that the total utility
becomes maximum when the value of the Lagrange marginal utilities that are consid-
ered are the same as in the static case.

Basically, for Amoroso, the theory of the dynamization of consumption arises
through the extension of the marginal principle, introducing a relation that expresses
the psychological resistances to change. There is full analogy with rational mechanics,
expressed not only at an interpretative level but even more so on the analytical level,
since, as in the equation [19], the consumer’s dynamic behavior is traced back to a
second-order differential equation, exactly as in the case of the motion equations of ana-
Iytical mechanics. Some problems can arise from a mathematical perspective because
the system is composed of a large number of differential equations whose solutions are
not always possible, especially in some special cases. However, from a theoretical
viewpoint, nothing hinders the ability to obtain the usual functions of demand, as
Amoroso himself demonstrates with the particular specifications concerning the form
of the intertemporal function of utility (Amoroso 1942, pp. 143-145).

The mathematical nature of the problem concerning the firm is analogous to
that of the consumer, once the production is made dependent not only on the quan-
tity of the factors used but also on their rate of variation (“Lezione XIV. La dinamica
dell’impianto industriale”). As in the case of the dynamic treatment of consump-
tion, Euler’s equation leads to the formulation of a system of second-order differ-
ential equations that are analogous to those representing the fluctuating output of
an industrial plant. These equations, in turn, determine the unknown functions, the
quantities of factors used, x,, considering 2n to be arbitrary constants that can be
determined by imposing the starting and final configurations, or assigning starting
configurations and initial velocities. In the first case, which Amoroso considers to be
the most interesting one, it is possible to find a theory of a planned economy, which he
will indicate as one of the highest theoretical achievements of corporative economic
theory.

In spite of the publication of the article “The Transformation Value in the Productive
Process” in Econometrica (1940), in the period following the Second World War, the
approach proposed by Amoroso, based on the physical analogies, did not attract
interest in the community of mathematical economists. In addition, in the Italian con-
text, his dynamic system was considered to be more of a clever refinement of Pareto’s
system than a tool that could offer new possibilities for the development of dynamic
analysis. For this reason, Amoroso was no longer mentioned, except by his student
Palomba (1959), who probably did so more out of a sense of gratitude toward his
teacher than because of deep conviction.

IX. FROM GENERAL DYNAMIC EQUILIBRIUM TO BALANCED
ECONOMIC GROWTH

After the Second World War, the promising approach to economic dynamics based on
variational calculus was not further developed. Only in the middle of the 1960s, with
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the application of the new techniques of optimal control, did this kind of mathematics
return to the center of the scene in the field of dynamics. The new course was opened
by David Cass with an article published in 1965. To understand this gap in the evolu-
tion of the formal dynamics, we can consider different elements.

First, we have seen that the main aim of the authors considered was to dynamize the
theory of general economic equilibrium. This required rewriting Walras’s and Pareto’s
equations in dynamic terms through the use of advanced mathematical techniques. But
this project clashed with tendencies that emerged after the Second World War in gen-
eral equilibrium theory, which moved in a different direction, that of giving it axiom-
atic foundations (Ingrao and Israel 1987). In addition, mathematics had now become
profoundly different because it had switched from traditional calculus to set theory
and convex analysis. This kind of inquiry was essentially static and relegated dynamic
analysis to a wholly marginal role.

Second, the general economic equilibrium theory was probably not the tool best
suited to constructing a dynamic theory. If the static theory had already proved to be a
fragile mathematical construct, this feature was even more evident in the case of
dynamics, where everything depended on variations in the magnitudes over time. For
instance, La Volpe was fully aware of the interpretative limitations of his dynamic
theory of the equilibrium. It is therefore not surprising that greater fortune was enjoyed
by other research programs, such as Keynesian analysis, which were based on aggre-
gate magnitudes that could also be measured. In the postwar period, the shift from
statics to dynamics largely coincided with the birth of modern macroeconomics
(Graziani 1991).

From the epistemological point of view, we noted that the economists considered
emphasized the analogies between economics and rational mechanics. The idea of
dynamic equilibrium can be considered as the extension into economics of the idea
that the variables change through time, as in the analytic mechanics. The calculus of
variations was the ideal tool for this kind of research. The result was a kind of dynamics
that was totally exogenous: in the state of equilibrium, the quantities were moving in
relation to time. Intelligible as these physical analogies may be, and useful in that they
provide the necessary mathematical shapes, the scheme derived from these analogies
still lacked sound economic meaning. In order to build economic dynamics, it was not
necessary to consider the entire temporal path of the economic phenomena, but only
the present state and its direction.

This approach would be introduced by Ragnar Frisch (1936) and developed by
Samuelson in his influential book Foundations of Economic Analysis. With Samuelson,
there was a profound shift in the path of economic dynamics. Within the new perspec-
tive, the equilibrium was conceived of as a case limit of the dynamic behavior of the
system. How the system responds to changes (comparative statics) was considered
more important than any particular position of equilibrium. Following this new per-
spective, Samuelson linked the notion of equilibrium to a different set of mathematical
conditions from those related to Evans, Roos, or Amoroso. The new research program
that Samuelson proposed rapidly obscured the previous one. It was more compatible
with economic reasoning and did not require the sophisticated mathematical tools that
functional calculus did. In this new framework, the concept of economic dynamic
equilibrium would be restricted to that of balanced economic growth, a situation in
which the economic variables grow at an exogenous constant rate (Boumans 2009).
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This transformation paved the way for the application of the new techniques of opti-
mal control in the 1960s with the aim to obtain a microfoundation of the consumption
behavior.

X. CONCLUSIONS

Analogies with rational mechanics played a pivotal role in the search for formal
models in economics (Grattan-Guinness 2010). This approach, which was pursued
by Pareto and his followers, did have great success in the case of static equilibrium.
In the period between the two world wars, a small group of economists who were
mathematically oriented tried to extend this case to economic dynamics. The main
result was the extensive application of calculus of variations to obtain a mathemat-
ical model of the change in the economic variables. In the 1920s, Evans and Roos
paved the way and extended the Cournot model, which directly considered the dif-
ferential element in terms of prices and quantities. On the Italian side, Amoroso and
La Volpe moved toward a context that was more congenial to economic reasoning,
using intertemporal relations and introducing some behavioral relations, such as
expectations and habits. The general result was an exogenous dynamics based on long-
term relations, in which the laws of motion depend explicitly on time. This view of the
economic process was challenged by Samuelson, who, following Frisch, took a dif-
ferent path, which was less demanding with respect to analytical instruments and
closer to economic reasoning.
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