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Abstract

For a class of finite horizon first order mean field games and associated N-player
games, we give a simple proof of convergence of symmetric N-player Nash equilibria
in distributed open-loop strategies to solutions of the mean field game in Lagrangian
form. Lagrangian solutions are then connected with those determined by the usual
mean field game system of two coupled first order PDEs, and convergence of Nash
equilibria in distributed Markov strategies is established.

Keywords Mean field games - Lagrangian form - Deterministic dynamics - Nash
equilibrium - Distributed strategies

Mathematics Subject Classification 49N70 - 60B10 - 91A06 - 91A13

1 Introduction

The purpose of this article is to illustrate a simple way of establishing convergence of
open-loop Nash equilibria in the case of first-order non-stationary Mean Field Games
(MFGs). Introduced by Lasry and Lions and, independently, by Huang, Malhamé and
Caines about fifteen years ago (cf. [33,36]), mean field games are limit models for
non-cooperative symmetric N-player differential games as the number of players N
tends to infinity; see, for instance, the lecture notes [13] and the recent two-volume
work [18]. The notion of solution usually adopted for the prelimit models is that of
a Nash equilibrium. A standard way of making the connection with the limit model
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rigorous is to show that a solution of the mean field game yields approximate Nash
equilibria for the N-player games, with approximation error vanishing as N — oo. In
the opposite direction, one aims to prove that a sequence of N-player Nash equilibria
converges, as N tends to infinity, to the mean field game limit.

When Nash equilibria are considered in stochastic open-loop strategies, then their
convergence is well understood and can be established under mild conditions; see [28]
and [34], both for finite horizon games with general, possibly degenerate, Brownian
dynamics. The convergence analysis is much harder when Nash equilibria are defined
over Markov feedback strategies with full state information.

A first result in this setting was given by Gomes, Mohr, and Souza [29] for con-
tinuous time games with finite state space. There, convergence of Markovian Nash
equilibria is proved, but only if the time horizon is small enough. A breakthrough
was achieved by Cardaliaguet, Delarue, Lasry, and Lions in [15]. In the setting of
games with non-degenerate Brownian dynamics, possibly including common noise,
convergence to the mean field game limit is established there for arbitrary time horizon
provided the so-called master equation associated with the mean field game possesses
a unique sufficiently regular solution. In this case, the convergence analysis can be
refined, yielding not only convergence of minimal costs and propagation of chaos for
the Nash equilibrium state trajectories, but also fluctuation and large deviations results
for the associated empirical measures; see Cecchin and Pelino [19] and, independently,
Bayraktar and Cohen [7] for finite state games and the papers by Delarue, Lacker, and
Ramanan [23,24] for Brownian dynamics without or with common noise.

Well-posedness of the master equation implies uniqueness of solutions for the
mean field game. But also the situation where the mean field game possesses multiple
solutions, while the N-player Nash equilibria in full Markov feedback strategies are
still uniquely determined, occurs. In this case, the convergence problem is in part
open. The most general result appears to be the recent preprint [35] by Lacker. There,
for a class of games with non-degenerate Brownian dynamics, it is shown that all
limit points of the N-player Nash equilibria are concentrated on weak solutions of the
mean field game; these are more general than randomizations of ordinary (*“strong”)
solutions of the mean field game. In the three recent works [25,38] and [20], the authors
present case studies, giving criteria for characterizing those mean field game solutions
that can be attained as limits of feedback Nash equilibria with full state information.

Here, we consider a much simpler situation: The underlying dynamics are deter-
ministic with direct control of players’ states; randomness enters only through the
players’ initial positions, which are assumed to be independently and identically dis-
tributed. Thanks to the deterministic dynamics without explicit interaction, players can
directly control their entire state trajectories. Thus, the set of strategies (or actions)
of each player consists of trajectory-valued functions depending on time and player’s
own position. We call these actions distributed open-loop strategies. By considering
randomizations of these strategies, obtaining what we call randomized distributed
open-loop strategies, which are a kind of mixed strategies, we obtain existence of
symmetric Nash equilibria in this new class of actions (through a standard fixed point
argument), as well as precompactness of sequences of such equilibria. Convergence
to the mean field game equilibrium in Lagrangian form (see e.g. [8,10,16,17,37] for
the notion of Lagrangian equilibrium and also [30] for a related formulation) along
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weakly converging subsequences of Nash equilibria is then established in Theorem 3.1
by showing that the variance of the associated empirical measures (evaluated by inte-
grating over test functions from a countable family) tends to zero as N — oo. Thus, to
obtain convergence, we essentially prove a law of large numbers for a triangular array
(YiN)ie{l,.,.,N},NeN where YN, ..., Y]O’ are independent and identically distributed
with common marginal law that however depends on N. Let us point out that after
obtaining a suitable compactness property for the set of admissible strategies, the
convergence result in Theorem 3.1 can actually be deduced from the more general
results in [28] or [34]. The main purpose of this result is therefore to give a simple
proof of convergence, which takes advantage of the structure of the dynamics, the
deterministic nature of the underlying differential games, and the choice of distributed
open-loop controls as admissible strategies. Existence or convergence of N-player
Nash equilibria in feedback strategies with full state information are beyond the scope
of the arguments presented here. The method of our proof is reminiscent of the tech-
niques employed in nonatomic game theory (see [31,39,40]) and could also be useful
in justifying the asymptotic nature of more sophisticated deterministic MFGs (see e.g.
[26,37] for minimal-time MFGs and Remark 3.1(ii) for the state constrained MFG
considered in [10]).

In the second part of this article, we consider additional second order assumptions on
the data and we assume that the initial distribution is absolutely continuous with respect
to the Lebesgue measure. In this framework, and following [16], we link the notion
of Lagrangian MFG equilibrium to the well known PDE characterization of mean
field games in terms of two coupled first order partial differential equations, namely
a backward first order Hamilton-Jacobi-Bellman equation and a forward continuity
equation; see equation (M FG) in Sect. 4.1 below. Under the stronger assumptions
mentioned above, for each N € N, any symmetric randomized distributed open-loop
Nash equilibrium of the N-player game can be identified with a symmetric distributed
open-loop Nash equilibrium (non-randomized). Moreover, the strategies associated
to such equilibria can be described by controls which are feedback with respect to
the individual states. We call these actions distributed Markov strategies. The latter
are determined by the solutions of a coupled system of first order PDEs analogous to
the mean field game PDE system; see Eq. (M FGy) in Sect. 4.2. This is in contrast
with N-player Nash equilibria defined over Markov feedback strategies with full state
information, which are determined through a system of N coupled PDEs. Building on
the equivalence of characterizations and the convergence result in Theorem 3.1, we
also establish in Theorem 4.1 the convergence of solutions of (M F G y) to solutions
of (M FG), as well as the convergence of the Nash equilibria in distributed Markov
strategies.

The rest of this paper is organized as follows. In Sect. 2, we introduce the N-player
games together with some notation and our standing assumptions. Existence of Nash
equilibria in randomized distributed open-loop strategies is verified in Proposition 2.1.
In Sect. 3, the associated mean field game is introduced in Lagrangian form; see Defini-
tion 3.1 and Proposition 3.1. We show convergence of symmetric N -player randomized
distributed open-loop Nash equilibria to the mean field game limit in Theorem 3.1.
Section 4 links, under additional assumptions, the mean field game in Lagrangian
form with the mean field game PDE system. Similarly, N-player Nash equilibria in
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distributed Markov strategies are described in terms of a PDE system analogous to the
limit system, but dependent on the number of players N. The corresponding conver-
gence results are given in Theorem 4.1 and Corollary 4.1, respectively.

2 The N-Player Game

Before introducing the N-player deterministic differential game that we are interested
in, let us first fix some notations. Given a Polish space (X, dx), we denote by P (X) the
set of probability measures over X. If (Y, dy) is another Polish spaceand ¢ : X — Y
a Borel measurable function, then the push-forward ¢ttm € P(Y) of a measure m €
P(X) by ¢ is defined by

ptm(A) :=m(p~'(A)) VA eBY), 2.1

where B(Y) denotes the o -algebra of Borel setsin Y. Given p € [1, +00) we denote by
Pp(X) the set of probability measures y over X such that fx dx (x, x0)Pdu(x) < 400
for some xo € X. The set P,(X) is endowed with the Monge-Kantorovich distance
dp : Pp(X) x Pp(X) — [0, 00) defined by

dp(p1, n2)
1

= inf{(/ d)’;(x, y)dy (x, y)),; |y €e P(X x X),
XxX
Ty = w1, miy = pa},

where m; : X x X — X (i = 1, 2) is the projection on the i-th coordinate, that is,
i (x1, x2) := x;. It is well known (see e.g. [41]) that in the particular case p = 1 we
have

di(p1, u2) = sup {/X fOd(ur —u2) (x) | f € Lipl(X)}, (2.2)

where Lip; (X) denotes the set of Lipschitz functions on X with Lipschitz constant
equal to one.

We will fix as data some functions £ : R? x R? x P (R?) — R, ® : R? x P (RY) —
R and a probability measure mo € P(R?). The functions £, ® will represent running
and terminal costs, respectively, while m( will be an initial state distribution. We will
assume that:

(A1) (i) The functions £ and ® are continuous. Moreover, the following properties
hold true:

(i.1) For every (x, u) € R? x Py (R?), the function £(-, x, 1) is convex.
(i.2) There existg > 1,¢, > 0,¢¢ > 0 and C; > 0 such that

colal? — Cp < (e, x, ) <Tlal! +C, VaeR! xeR! ueP(RY,

2.3)
where we denote by | - | the Eulidean norm in R¢.

@ Springer



Applied Mathematics & Optimization (2021) 84:2327-2357 2331

(1.3) The function @ is bounded from below.

(ii) The support of mg, denoted by supp(mo), is a compact subset of R¥.
A simple example of a function £ satisfying the requirements of (A1) is given by

A C,

1
U, x, o) o= 5|Ot|2+ x — A;{dyu(dy)

where C is some positive constant. Notice that the mapping P;(RY) 3> u
fRd y u(dy) € R? is continuous w.r.t. the topology induced by the distance d;.

Choose T > 0, the finite time horizon, and set I := C ([0, T]; R?), the space of
continuous R¢-valued trajectories on [0, T']. The space I' is naturally endowed with the
topology of uniform convergence. Let W14 ([0, T]; R?) denote the Sobolev space of
R?-valued absolutely continuous functions that possess first order weak sense partial
derivatives in L7((0, T); R?).

In order to introduce the game that we will consider, assume first that there are
N individuals (N > 2), which, from now on, will be called players, positioned at
X1,...,XN € R? at time t = 0. For i € {1,..., N}, player i chooses a trajectory
y; € A(x;), where

Ax) = {y el |y e WhH4([0, T1; RY) and y(0) =x}, x eRY.

Given these initial positions, the cost j : ]_[;V:l A(x;) — R for player i is defined
by

T
o,y = /o C(yi @), yi(0), (i) j2i) dt + @ (vi(T), (yj(T))ji) »

2.4)
where, for notational convenience, we have denoted

i, vi@), (v () i)

1
=L yi(0), yi(0), 7 Z 6),1.([) , with the same convention for ®.

N
J#i

Assumption (A1) implies that jiN is well-defined. Note that defining

T
M onapii= [ (00, L) dr+ @ (. ).
‘ (2.5)
we have that j; (y1, ..., yv) = J¥ (i (1)) j20)-

In the game that we will consider, the initial position of each player is random,
independent of the initial positions of the other players and with the same law m. In
this new context, we define the set of distributed open-loop strategies of the players
as

@ Springer



2332 Applied Mathematics & Optimization (2021) 84:2327-2357

A= {y ‘R > T | y is Borel measurable and y (x) € A(x) forall x € supp(mo)} .

For notational simplicity, for y € A, we will write y* := y(x). Given a profile of
actions (y1, ..., ¥N) € AN it is natural to define the cost that it induces on player i as
the mean with respect to the initial conditions of costs having the form (2.4). Namely,
the cost function Jl.N : AV — R for player i is defined as

W= [N el .

Recalling (2.5) and defining

X

N . AN _— <N, X1,
J ()/],(Vj)jzz) = /(Rd)NJ (v 7()’]'

NI @, dmo(x)), (2.6)

we have JiN(yl, .., YN) = JN()/[; (yj)jzi) foralli =1, ..., N.In particular, the
costs are symmetric, i.e. for every permutationo : {1,..., N} — {1,..., N}, we have
that

TN, o) = I oy, -0 Yon)-

Let us recall the classical notion of Nash equilibrium when applied to the game defined
by the N players, the action set A (which is the same for all players) and the individual
costs (Jl-)fv=1 .

Definition 2.1 We say that (y; n,..., yN.N) € AV is a Nash equilibrium in dis-
tributed open-loop strategies if

INins i) <IN (vin)je) Yy eA i=1,...,N. 2.7

The existence of a Nash equilibrium for this symmetric game is not immediate
because of the lack of compactness of the set 4. The following simple result shows
that the time derivatives of the strategies in a Nash equilibrium configuration (provided
that it exists) enjoy a uniform boundedness property in L7((0, T'); R). This fact will
allow us to reduce the set of action strategies in Definition 2.1.

Lemma 2.1 Assume that (A1) holds and that (y1 N, ..., YN.N) € AV is a Nash equi-
librium. Then, there exists a constant C > 0, independent of N, such that

T
/ iy 09t < C formo—aex €eRY, i=1,... N. (2.8)
0
Proof Fixi € {1,..., N} and define j; : W4 ([0, T1; R?) - R as
T
ji()’):/ iy (0), y (@), n)dt + @; (y(T)),
0
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where £; : RY x R? x [0, T] - R and ®; : RY — R are defined by

.,
b= [ o O ) @5 ot

®;(x) := /R(Nq)xd P (X, (V;,"}V(T))j#i) ® i dmo(x;). (2.9

By Fubini’s theorem, and (2.7), for all y € A we have

INins (vjw) i) = /R i @idmo () < TN (s (v ji)

= f Ji(y©)dmo(x). (2.10)
Rd

For x € R? define
SN (x) := argmin {ji(y) | y € Ax)} S T.

Assumption (A1) implies that j; is lower semicontinuous, w.r.t. the weak topology in
wla ([0, T1; Rd) (see e.g. [22, Corollary 3.24]). Using this fact, the direct method in
the Calculus of Variations and the first inequality in (2.3), we obtain that Sl.N x)#0
for all x € R4,

Claim: The set-valued map RY 5 x = SI.N (x) € 2 takes closed values and is upper
semicontinuous, i.e. for all closed sets M C I" we have that {x € R? | Sl.N (x)NM # ¢}
is closed.

Let us assume for a moment that the claim is true. Then, as a consequence of
its second statement, the set valued map SiN is Borel measurable and, hence, by the
Kuratowski-Ryll-Nardzewski Selection Theorem (see e.g. [1, Theorem 18.13]) we
have the existence of a Borel measurable function R¢ 5 x + 7(x) € I such that
y(x) € S,N (x) forall x € R?. Since p € A, relation (2.10) implies that yffN € S,N(x)
for mg-almost every x € R?. Taking x € R? such that Yi'y € Sl.N (x), we have that
Ji (yi’fN) < ji(y®), where y*(¢t) := x forallt € [0, T]. Aséumption (A1) implies that
J1(y¥) is bounded by a constant, which is uniform for x € supp(mo) and independent
of N. Using this fact, the first inequality in (2.3) easily yields (2.8).

It remains to prove the claim. First note that if (y;)) is a sequence in SiN (x) converg-
ing to y* uniformly in [0, T'], then, by the first inequality in (2.3), the sequence (y;)
is bounded in L4([0, T1; RY). If g is a weak limit point of () in L4 ([0, T]; RY),
then, passing to the limit along a subsequence in the relation y; (t) = x + fot vy (s)ds
for all t € [0, T], we get that y* € W]’q([O, T1; Rd), with y* = g, and, hence, the
whole sequence (') converges weakly to y* in L9([0, T']; R?). Using this fact and
the weak lower semicontinuity of j; in W4 ([0, T]; R¢), we obtain that y* SiN (x)
and, hence, SI.N (x) is closed in I". In order to show that SI.N is upper semicontinuous,
let M be a closed subset of I and let (x,,) be a sequence in {x € R4 | SZ.N (x)NM # @}
converging to some X € R?. Then, by definition, there exists ;" € Sl-N (xp) N M.
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Arguing as before, using the first inequality in (2.3), we obtain that (y,") is bounded
in L4([0, T1; R?). This implies that, up to some subsequence, y;," converge uniformly
to some y* € Wh4([0, T]; R?) and p* — y* weakly in L4 ([0, T]; R?). Using that
M is closed, w.r.t. the uniform convergence, we get that y* € M. On the other hand,
noticing that

ji(]/yfn) = ji()/x”) v Vxn e Alxy),
and the fact that any y € A(x) satisfies y — X + x, € A(x,), the weak lower
semicontinuity of j; yields that j;(y*) < ji(y) Yy € A(X),ie, y* € Sl.N x)yNnMm,
and, hence, ¥ € {x € R? | Sl.N (x) N M # @}, which implies that the latter set is
closed. O

Now, we focus our attention on the existence of Nash equilibria for the described
game. Using Lemma 2.1, a reformulation of the set of admissible strategies and cost
functionals of the N-players game will be useful. Let C > 0 be given by Lemma 2.1
and define the set

T
Oc = {y e Wh([0, TI; RY) | /0 ly()|9dt < C, y(0) esupp(mo>}.

Since supp(my) is compact, Holder’s inequality yields the existence of a compact set
K¢ C RY such that

y(t) € K¢ forallt € [0,T], y € QOc. (2.11)

Using this fact and arguing as in the proof of Lemma 2.1, we have that Q¢ is compact
as a subset of I', that is, when it is endowed with the topology of uniform convergence.

Given y; € A, letussetm; := y;gmg € P(I'). By (2.1), for any profile of strategies
()/i)fv=1 e AV, the cost for player i is given by

TN (vis () ji) = /FN NG )z ®§-v=1 dm;(y;). (2.12)

This expression for the cost motivates a relaxation of the game with strategies in .4 by
considering strategies taking values in P(I"). Let us define the set A,; of randomized
distributed open-loop strategies by

Arer :={m € P(I') | eotm = mo, supp(m) < Qc}. (2.13)

where, for each 7 € [0, T, ¢;: T — R4 is defined by e:(y) := y(¢).
Lemma 2.2 The set A, is convex and compact as a subset of P(TI").

Proof Convexity follows directly from the definition. On the other hand, since A, €
P(Qc) and P(Qc) is compact as a subset of P(I") (because Q¢ is a compact subset
of I'), it suffices to check that A, is closed in P(I"), but this follows directly from
[3, Proposition 5.1.8] and the fact that Q¢ is closed. O
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Remark 2.1 For later use, note that if m € A, then [0, T] 3> t — e;tm € P;(RY) is
well-defined and, by (2.2), belongs to C ([0, T']; P (Rd )). Moreover, since supp(m) C
Qc, we easily check that there exists C’ > 0, independent of m € A,;, such that

1
di(eim, esim) < C'lt — |4 Vs, 1 €[0,T].

Therefore, by (2.11), [3, Proposition 7.1.5] and Lemma 2.2, the set {[0,T] > t —
etm € PI(RY) | m € Aye} is compact in C([0, T1; P1(RY)).

Motivated by (2.12), we introduce the new relaxed game which has A4, as set of
strategies for each player and, given a strategy profile (m j)?’: 1 Aﬁvel, the cost for
player i is given by

Jher(mis (m ) jzi) 1= /Q PN s ) ) @y dm ().
c

Note that the this game is still symmetric. In this framework, a profile of strategies
(miyN,....,mNyN) € Aﬁvel is called a Nash equilibrium in randomized distributed
open-loop strategies if

o (mi v mjn) jzi) < Jfy(ms mjn)jz) ¥me A, i=1,...,N. (2.14)

el

Proposition 2.1 below establishes existence of Nash equilibria in this class of strat-
egy profiles. The corresponding trajectory distributions actually have product form.
The convergence result of Sect. 3 will apply to this kind of equilibrium. Notice that
non-symmetric Nash equilibria might exist as well.

Proposition 2.1 Under assumption (A1), there exists at least one Nash equilibrium in
randomized distributed open-loop strategies having the form (my, ..., my) € Aﬁvel.

Proof 1Tt suffices to show the existence of a fixed point of the following set-valued map
Aver 3 1= SN ) 1= argmin {2 (0 gt ) [ € A} € Avar

Forp € Ay, € R, x e R4, 1 € [0, T]and y € Qc, let us set
gaxni= [ e(ax o)) el auw).
Oc™
.00 = [ @ (nopn)3) o5 dui.
o'
T
Ju(y) = / Ly @), y (@), )dt + &, (y(T)),
0
and notice that, by Fubini’s theorem, for every i’ € A,.; we have

PG ) = /Q Ju A (). 2.15)
C
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Assumption (A1) and [22, Theorem 3.23] imply that Q¢ > y — ju(y) € R
is lower semicontinuous. Moreover, by (A1), j, is bounded from below. There-
fore by [3, Lemma 5.1.7] and (2.15), for every u € Ay the map A, > u' —

i N, i, ..., 1) € Rislower semicontinuous. Thus, the compactness of A,; yields
that SV () # ¢ forall u € A,;. A similar argument implies that SV (1) is closed for
every i € Ay . Notice also that SV (11) is convex for all u € A,;. Let us show that
SN s upper semicontinuous. Consider a closed set M C A, and a sequence (i,)
in{ € Arer | S¥ () N M # @} converging to some ji € A,;. By definition, there
exists v, € M such that

TR s ) S TR s ) V€ A (216)

Since M is compact (because A, is compact), there exists v € M such that,
up to some subsequence, v, — v narrowly. By [9, Theorem 3. 2] and (A1) for
all @' € Ao we have that J rel(,u Wn, ..., Wy) converges to rel(u [T TA
On the other hand, by (Al) and [22, Theorem 3.23], we obtain that Qé’ E)
W1y -eosVN) — j (71; (¥j)j=2) € R is bounded from below and lower semi-
continuous. Thus, using [3, Lemma 5.1.7] again, we obtain Jel(v Ly ooy ) <
liminf, . J; l(v,,, Wny - -5 Wn). Altogether, passing to the limit in (2.16), we get

TN @) <IN G 1) Y € A,

i.e. v € SN (1) N M, which implies the closedness {x € A,e; | SV (v) N M # @} and
the upper semicontinuity of SV . Using the properties above, the existence of a fixed
point for SV follows from the Kakutani-Fan-Glicksberg fixed-point theorem (see e.g.
[1, Corollary 17.55]). O

Corollary 2.1 Let (my,...,my) € Arel be a Nash equilibriumfor the game defined
by the cost J ., and the set of strategies A,.;. Define (R x RY x [0, T] - Rand
:RY - R by

o, x,1) := /Qm ¢ (a,x, (yj(z))j.vzz) ®N, dmy(v)).

C

b) = / @ (x0T @1, dmu (), 2.17)
Oc '
and assume that for mo-almost every x € RY the optimization problem

T A A
inf {/0 Ly @), y(@),ndt + (y(T)) | y € Oc, y(0) = X}, (2.18)

admits a unique solution. Then, there exists yn € A such that my = yyfmg. More-
over, yn is mo-uniquely determined.

In particular, (yn, ..., yn) € AN is a Nash equilibrium in distributed open-loop
strategies.
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Proof Define 7 Qc — Rby

T
i) 1=/0 L @), y @), de + Dy (T)). (2.19)

By definition of Nash equilibrium and Fubini’s theorem, for all m € A,,; we have
that

N myymy, . my) = / J()dmy(y) < N mymy, .. my)
C
= [ G, (2.20)
Oc

By the disintegration theorem (see e.g. [3, Theorem 5.3.1]), there exists a Borel family
{my | x € R} € P(Qc), such that my ({y € Qc | y(0) = x}) = 1, for mg-almost
every x € R4, and

/ Jdmy(y) = / f J(r)dmy, (v )dmo(x). 2.21)
Oc R? JQc
Define the set-valued function SV : R? — 2T by

T
SV(x) = argmin{j(y) |y € A(x), /O ly()]7 < C}.

Arguing as in the proof of Lemma 2.1, we have the existence of a Borel measurable
selection RY 3 x > YN € SN (x), which, by assumption, is mo-uniquely determined.
Moreover, by definition, yy € A. Now, let us define m := yytmg € A, Then, by
(2.20), taking m = m, and (2.21), we have that

f [ f 7<y>dme(y)—7<y;@)} dmo(x) < 0.
R4 Oc

Since the integrand in the expression above is non-negative, by definition of y5, we
deduce that j(y},) = ch J(y)dmy (y) formop-a.e.x € R?, and, hence, j(y) = Jn)
for my-a.e. y € Qc. Since, by assumption, SV(x) = {yy) for mp-a.e. x € RY, we
deduce that my, = 51’;@ for mp-a.e. x € R?, hence my = yntimo. The result follows.

O

Remark 2.2 An example of application of Corollary 2.1 is provided in Sect. 4.2 below.

3 Convergence to a Mean Field Game Equilibrium

In this section, we study the limit behavior, as N — o0, of symmetric Nash equilibria
in randomized distributed open-loop strategies. The existence of such Nash equilibria
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is ensured by Proposition 2.1. We begin by defining the limit object, i.e. the MFG
equilibrium. Then we will prove that any cluster point of the sequence (my) is a MFG
equilibrium.

Let us define J : Wh4([0, T]; RY) x P;(I') — R by

T
J(y,m) 1=/O Ly (), y @), egm)dt + O (y(T), ertim).

It is straightforward to check that m € Pi(I") implies that e;gm € P (R%) for all
t € [0, T'], which implies that J is well-defined.

Following the terminology in [37], we consider next the notion of Lagrangian MFG
equilibrium (see e.g. [8,10,16,17]).

Definition 3.1 We say that m, € P;(I") is a Lagrangian MFG equilibrium if epfim., =
mq and

supp(,) < fy € WHI(0, T RY) | J (7, m.)

= I m) Yy e WO, TERD, YO =y©@). G

Reasoning as in the proof of Lemma 2.1, assumption (A1) implies that if m. is a
Lagrangian MFG equilibrium, then supp(m,) € Q¢ and, hence, m, € A,.;. Thus,
my is a Lagrangian MFG if and only if m, € A, eoim, = mg and

supp(my) S {y € Qc | J(y.my) < J(y'.my) Yy’ € Qc, v (0) =y (0)}.
(3.2)
We still denote by J the restriction of J to Q¢ x A, and recall that Q ¢, endowed
with the topology of uniform convergence, is a compact set. For later use, let us state
the following simple results.

Lemma 3.1 Suppose that (A1) holds. Then, the following assertions hold true:

(i) The relative topology on A, as a subset of Pi(I'), coincides with the topology
induced by the narrow convergence.

(ii) The function J is lower semicontinuous in Q¢ X Ayel.

(iii) For all y € Qc, the function J(y, -) is bounded, uniformly in y, and continuous
in Ay

Proof Assertion (i) follows from the fact that both topologies coincide on P(Q¢),
because Q¢ is a compact subset of I'. In particular, if m,, — m narrowly in A,;, then
forall ¢+ € [0, T'] we have that

etm, — etm in Pp(RY). (3.3)

Thus, assertion (ii) follows from (3.3), (A1) and the proof of [22, Theorem 3.23].
Assertion (iii) follows directly from (2.3), (3.3) and dominated convergence. ]
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If m, is a Lagrangian MFG equilibrium, we will denote by {m} | x € R} the
mo-uniquely determined Borel family of probability measures on Q¢ satisfying that
mi(Qc\A(x)) = 0and dm,(y) = dm}(y) ®dmo(x). The existence of such a family
is ensured by the disintegration theorem (see e.g. [3, Theorem 5.3.1]). We have the
following equivalent characterization of a Lagrangian MFG equilibrium.

Proposition 3.1 The following assertions are equivalent:
(i) The measure my € A¢ is a Lagrangian MFG equilibrium.
(i) For mg-a.e. x € R? we have that

T
supp(m}) C S(x) := argmin {J(y’, m*) |y’ e Ax), / PAGIEES C}. 3.4
0
(iii) The following inequality holds true:
/ J(y. my) dmy(y) 5/ J(y,my)dm(y) forallm € Ay (3.5)
Oc QOc

Proof Let us prove the equivalence between (i) and (ii). Let m, € A, be a
Lagrangian MFG equilibrium. If (3.4) does not hold, there exists A € B(R?),
with mo(A) > 0, such that m{(S(x)°) > O for all x € A. Define the set £ :=
ly € QclyeA, yeSyO)}=e¢'(A)N{yec0clyeSy0)}. Argu-
ing as in the proof of the claimin Lemma 2.1, theset{y € Q¢ | y € S(y(0))} isclosed
in Q¢, which implies that £ € B(Q¢). Since m,(E) = fA m (S(x))dmo(x) > 0,
we obtain a contradiction with (3.2). Conversely, suppose that (ii) holds and that m., is
not a Lagrangian MFG equilibrium. Then, defining E' := {y € Q¢ | ¥ € S(y(0))‘},
which is an open set and, hence, belongs to B(Q¢), we have that

0 < mo(E) = / / L () dm? (y )dmo (x).
R J Q¢

which is impossible because (3.4) implies that the r.h.s. above is equal to 0.
Let us now prove that (ii) < (iii). Notice that

/ J(y,m*)dm*(y):// J(y, my)dm, (y)dmg(x). (3.6)
Oc R? JQc

Analogously, given m € A,.;, we disintegrate it w.r.t. mo and write dm(y) =
dm*(y) ® dmo(x), where {m* | x € R%}isa mo-uniquely determined Borel family
of probability measures on Q¢ such that m*(Q¢ \ A(x)) = 0 for mg-a.e. x € R?.
Thus,

f J(y,my)dm(y) = / f J (v, my)dm™* (y)dmo(x). (3.7)
QOc R JQc
If (ii) holds, then for mg-a.e. x € R? and m}-a.e. y € Qc we have

J(y.,my) < J(y'.m*) Yy e Ax)N Qc. (3.8)
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Integrating both sides of (3.8), first with respect to dm*(y’) and then with respect
to dmj (y), and using (3.6)-(3.7) we obtain (3.5). Conversely, using the notations
introduced above, suppose that (3.5) holds and let y € A be a Borel measurable
selection of S (the existence of such selection can be justified arguing exactly as in
the proof of Lemma 2.1). Then, taking the measure m € A, defined by dm(y) =
dd;x(y) ® dmo(x) in (3.5) and using (3.6), we deduce that

/ J(y,m)dmi(y) = J(y*,m,) formp-ae. x € RY,
Oc

and, hence, m}-almost every y belongs to S(x). The conclusion follows. |

Now, consider the symmetric N-player game defined in Sect. 2, with randomized
distributed open-loop strategies, and let (my, ..., my) € Aﬁil be a symmetric equi-
librium. Our main result in this section, stated in the next theorem, shows that any
limit point of this sequence is a Lagrangian MFG equilibrium.

Theorem 3.1 Suppose that (A1) holds. Then any limit point m, of (my)nen (there
exist at least one) is a Lagrangian MFG equilibrium. Moreover, if (my,)keN is a
subsequence of (my)NeN converging to my, then SUP; [0, 7] dy (etjjm Ni> e,ﬁm*) -0
as k — oo.

Proof We only prove the first assertion, since, having this result, the second one follows
directly from Remark 2.1. For N > 2, let YN .., YI{,V be independent and identically
distributed (i.i.d.) Q¢-valued random variables with common distribution m 5 defined
on some probability space (2y, Fy,Py). We denote by Ey the expectation with
respectto Py.Fori € {1,..., N}, let uN I denote the (random) empirical measure of
YIN, e, Y,]\\,/ excluding Yl.N, that is,

. 1
N,i R
7 ((1)) = HZSY]N(@) EP(QC) Ywe QN.
J#i
Notice that Yl.N and /LN L are independent for every i, while ,uN ’ 1, e, MN N are iden-
tically distributed (not independent in general) with common distribution depending
on N. Moreover, forevery i € {1,..., N},

IV Gnyimy, .. my) = By [J (YiN,/LN’i>:|. (3.9)

Let (mpy,)ken be a converging subsequence of (my)nen with limit m, for some
my € Ayer. The existence of such a subsequence follows from the compactness of
Ayer. Let us prove that (,uN’f’l)keN converges in distribution to the deterministic limit
my. Let T C Cp(Q¢) be countable and measure determining (or separating). Thus,
7T is a countable collection of bounded continuous functions on Q¢ such that two
probability measures v, b € P(Q¢) are equal whenever [ ¢ dv = [ dVv for all
Y € 7. Observe that 7 can be chosen countable since Q¢ is a Polish space, hence
separable, under the supremum norm topology.
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For ¢ € 7 set

2
m$:=/ Y () dmy(y), v{X::EN[(/ wy)dwl(y)—mfz)].
QOc Oc

By construction and symmetry, for every i € {1, ..., N},

my) =Ey U W(y)du’v’i(y)] =Ey [W(YiN)] ’
Qc

2
1
N _ N N
vl/f_EN N_12¢(Yj)_mw
J#
Since YV oY N are independent and the functions in 7 are bounded, it follows
1 N p

that
1 al 2 N
—00
vf/\,] = m ZEN [(w(YJN) — m{)f) :| —> 0 forevery ¥ € 7. (3.10)
j=2
Moreover, considering the subsequence (my, )reN, We have that

mzk ki’f’/Q Y (y)dm,(y) =:mjy, foreveryy € T. (3.11)
C

Since P(Q ) is compact, the set P(P(Q¢)) is also compact. Thus, there exists a sub-
subsequence (N, );en such that (uNkl’l)leN converges in distribution to u for some
P(Qc)-valued random variable u defined on some probability space (2, F, P). We
denote by E the expectation under P. By convergence in distribution and (3.11), we
obtain

2
lim vf;’kl =E [(/ V() du(y) —m*¢> } forevery y € 7.
Oc

[— 00

*

2
Indeed, the mapping v +— ( /, 0c Y(y)dv(y) —m ¢) is bounded and continuous on

P(Qc) since ¥ is bounded and continuous on Q¢, while by definition of mg and

N
vl//’

2
vf}' =Ey |:</Q xp(y)d'uN,l(y) —m*¢> i| — (mjj, —mg)2 forall N € N.
C
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Ny
On the other hand, thanks to (3.10), lim;_, o v, = = 0. Itfollows that forevery ¢ € 7,

Y(y)dp(y) =my = / ¥ (y)dm,(y) P-almost surely.
Qc Qc

Since 7 is countable, we have the existence of A € F such that P(A) = 1 and for
every w € A,

Y(y)duw(y) = / Y(y)dmy(y) forally e 7.
Oc Oc

Since 7 is measure determining, we find that

e = m, for P-almost all w € 2.
As we can always choose converging (sub- )subsequences we deduce that (™ 1) en
converges in distribution to m... By independence of Y “and u™e!, and using the fact

that sequences of product measures converge wea.kly if and only 1f the sequences of
marginals converge weakly [9, Theorem 3.2], we find that

k—

This implies, thanks to (3.9), Lemma 3.1(ii) and a version of Fatou’s lemma [3, Lemma
5.1.7], that

hmmerel(me,me,...,me)

— liminf Ey, [J (Y{Vk, szk,1)]

k— 00

> f Ty, m) dma(p). (3.12)
Oc
Letm € A,¢. By Lemma 3.1(iii) and dominated convergence, it follows that

,g,(m MNgs « -5 TIN,)

k—
= [ B[ (ron ) om0 =3 [ smoanen. 63
Oc Oc
Passing to the limit in the Nash equilibrium inequality

rel(me,me,...,me) < Jrel (m;mpy, ...,mn,),

and using (3.12)-(3.13), we obtain that (3.5) holds. The result now follows from Propo-
sition 3.1. O
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Remark 3.1 (i) In particular, under assumption (A1), Theorem 3.1 ensures the exis-
tence of at least one Lagrangian MFG equilibrium.

(ii) The previous approach can also be applied to deal with MFGs with state con-
straints (see [10]). Let us sketch the main changes. Given a nonempty bounded open
set O, suppose that supp(mg) € O and redefine Qc, A,¢; and JV, by

rel

Oc(x) := {y e WH(0, TI; RY)| y(0) = x, y(1) € O forall ¢

T

€[0,T], and /

ly(®)9dr < c},
0

Avet 1= |m € P(T) | egtm = mo, suppm) < Oc|,

Trer (i (m ) ji) = /QN PN s ) i)
C

N
rel

x @Y dmj(ypforall (my,....,my)e A
where we recall that jV is defined in (2.5). Consider the symmetric N-player game
defined by the action space A,.; and the cost JVIZI. Then, arguing exactly as in the
proof of Proposition 2.1, we get the existence of a symmetric Nash equilibrium
(mpy,...,my). Now, let us define

T
J(y,m) 2=/0 Ly @), y (), egm)dt + @ (y(T), ertdm) Yy € Qc, m € Ayel.

Arguing as in the proof of Theorem 3.1, as N — o0, and up to some subsequence,
we get that m y converges to some m, € A, satisfying

/~ j(y,m*)dm*(y)§[~ J(y,my)dm(y) forallm e A,. (3.14)
Oc Oc

Finally, assuming that O has a C? boundary, it is easy to see from [10, Proposition
3.1] and the proof of the implication (iii)=> (ii) in Proposition 3.1 above that m, is a
constrained MFG equilibrium in the sense of [10, Definition 3.1].

4 The First Order Mean Field Game system

In this section, we first discuss, following [16], the relation between the notion of
Lagrangian MFG equilibrium and the first order PDE system introduced by Lasry and
Lions in [36, Section 2.5] for some particular data. Next, in Sect. 4.2, we consider
symmetric randomized distributed open-loop Nash equilibria for the N-player game,
which, thanks to Corollary 2.1 and Assumption (A2) below, can be identified with
symmetric distributed open-loop Nash equilibria (non-randomized). Arguing as in the
MFG limit, we connect these equilibria with a first order PDE system which is similar
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to the one appearing in the limit case. Consequently, analytic techniques can also be
used in order study the limit behavior of these equilibria as the number of players
tends to infinity.

Let L : R4 x RY — R, f.g: R x P;(RY) — R and mg € P;(RY) satisfying
that

(A2)(i) The function L belongs to C%2(R? x R?), is bounded from below and
(i.1) there exist C; > 0, L > 0 such that

L(a,x) <Lle|*+C. Va, x € RZ 4.1
(i.2) There exist ¢z, ¢} > 0 such that

82 Lo, x)(@, o) > cple' |V a, o e R, x e RY,

18 L, x)| < ) (1 + o)V @, x € RY, 4.2)

(ii) The functions f and g are continuous. Moreover, for every m € P (RY) the
functions f (-, m) and g(-, m) belong to C2(R?) and there exists a constant Creg>0
such that

sup  {IFComllez + llgC, m)lle2} < Crrg,
mePy(R4)

where, for h = f, g, we have set

d d

IhC.m)lic2 == sup { hCe.m)| 4+ D |0 hCe.m)| + D |0g,x,h(x, m)|

xeRd i=1 i,j=1

(iii) The measure my is absolutely continuous w.r.t. to the Lebesgue measure £¢, with
density still denoted by m(, and has a compact support.
A typical example of a function L satisfying (A2)(i) is givenby R xR? 5 (a, x) —

L(a, x) := b1 (x)|a|? 4 by(x), where, for i = 1,2, b; € C2(R?), b; is Lipschitz, and
there exist constants b; > 0, b, € R and b; > 0 such that b, < b; < b;.

Remark 4.1 (i) Assumptlon (A2)(i) above implies the convexity of L(-, x) and the
existence of L, C/, 7> ¢y > 0 such that

L(@,x) > Lla>~C, Va, xR,

|0 L(c, x)| < cZ(l +|a]) Va, x € RY. “4.3)
(i) For x € R4 let us denote by H (-, x) the convex conjugate of L(-, x). The bound in
(i.1) and the first bound in (4.3) imply the existence of constants H, H and Cy > 0

such that o
HE?—Cy <HE x) <HEP+Cy YE xeRY. (4.4)
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(iii) By the first estimate in (4.2) we have that d¢ H (&, x) is characterized as the
unique solution « (&, x) of the optimization problem max,ga{§ - o« — L(c, x)}. As
a consequence of this fact and the first relation in (4.3), we obtain the existence of
cy > 0 such that

0 H(E,x)| <cyp(1+1E) Y& xeRL 4.5)

Moreover, from the convexity of L(x, -), forall £, x € R? we have that 0eH(, x)is
the unique solution to
0 L(0:H(§,x),x) =&. (4.6)

Using the relation above, the regularity L € C 2(R? xRY), the first estimate in (4.2) and
the implicit function theorem, we obtain that R? x R? 5 (¢, x) — deH(,x) € R4
belongs to C 1(}Rd x RY: Rd). Using this fact, we get that RY x RY 3 &,x) —
O H(&,x) =—0,L(0c¢H(, x),x) € R is also of class CL. As a consequence H is
of class C2.

Let us define £ : R? x R? x P(RY) — Rand ® : R? x P;(RY) — R by

C(a,x, ) ;= L(—a,x)+ f(x,n) and D(x, p) := g(x, 1. “4.7)

Clearly, Assumption (A2) implies that £, ® and m satisfy (A1).

4.1 Lagrangian MFG Equilibria and the MFG PDE System

As pointed out in [16], under (A2) the existence of a Lagrangian equilibrium for the
MFG problem defined by ¢, ® and my, is equivalent the existence of a solution (u, p)
of the following PDE system, which was first introduced in [36],

—du+ H(Vu,x) = f(x,p(t)) inR? x (0, T),
dp —div(3: H(Vu,x)p) =0 inR? x (0, T), (MFG)
u(-,T) = g(, p(T))., p(0) =mginR9.

In the system above, u : R4 x [0, T] — R is a solution to the first equation, with the
associated terminal condition, if it is globally Lipschitz, locally semi-concave with
respect to its first argument (see [12, Section 2]), uniformly in ¢+ € [0, T], and the
equation holds in the viscosity sense (see e.g. [4, Chapter 111, Section 3]). In (M F G),
Vu denotes a Borel measurable selection of the set-valued map

R x [0, T] 3 (x,1) — Diu(x,1)
u(x', 1) —u(x,t) — p-(x' —x) -

= {peRdl lim sup ; 0} ng.

X' —=x |x" — x|
The existence of such measurable selection follows from the fact that the above set-
valued map has a closed graph (thanks to the semi-concavity property of u, seee.g. [12,
Proposition 3.3.4]). Moreover, since u is Lipschitz, Vu(x, t) is uniformly bounded in
(x,1) e R x [0, T].
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The function p : [0, T] — P(R?) is a solution to the second equation, with the
associated initial condition, if p € C([0, T]; P (R%Y), and the equation is satisfied in
the sense of distributions, i.e. for all ¢ € C*(R?) with compact support we have

t
/ $(0)dp()(x)= / ¢ () dmo(x)— / / 0 H(Vu(x, 8), x)-V (x)dp(s) (x)ds.
R4 R4 0 JRd

(4.8)
Note that by the previous considerations, the second term in the right-hand-side of
(4.8) is well-defined.

Any pair (u, p) satisfying (M FG) is called an equilibrium of the first order MFG
problem.

For the sake of completeness, let us provide the main arguments that justify the
equivalence between both notions of equilibria. Let m, € A, be a Lagrangian MFG
equilibrium. Let us define p : [0, T] — P(Rd) by p(t) := e;im, forall r € [0, T],
and the value function u : RYx[0,T] > R by

T
u(x,t) :=inf {f Ly (s), y(s), p(s))ds + (¥ (T), p(T))
t

| y e Wh2([r, TI; RY) and y (1) = x } (4.9)

for all (x,t) € R4 x [0, T]. Since m, € Ay.;, we have that p e C(0,T]; Py (Rd)).
Using this fact, assumption (A2) and [5, Proposition 1.1 and Remark 1.1], we obtain
that u is a viscosity solution of

—du+ H(Vu,x) = f(x, p()) inR? x (0, 7),
u(,T) = g(-, p(T))in RY. (4.10)

Moreover, by [21, Theorem 2.1], the Hamilton-Jacobi-Bellman equation above admits

a comparison principle, which implies that u is its unique viscosity solution. We will
need the following result, whose proof follows from standard arguments.

Lemma 4.1 Under (A2) we have:
(i) For every (x,t) € RY x [0, T'] the set S(x, t) of paths y, € WL2([¢, T1; RY) such
that y.(t) = x and

T
u(x,r) = / Y (8), Vi (5), p($))ds + @ (y:(T), p(T)) (4.11)
t

is non-empty. Moreover, there exists a constant C > 0, independent of (x, t), such that

sup [y« (s)| < C. 4.12)
s€lt, T, y«€S(x,1)

(ii) The value function u is globally Lipschitz.
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(ii1) The value function u is locally semi-concave w.r.t. to the space variable, uniformly
int € [0, T]. More precisely, for any compact set K C R? there exists a constant
Ck, independent of t, such that for every A € [0, 1], x, y € K, such that the segment
[x, y] is contained in K, the following inequality holds

Al =) )
A, )+ —=Nu(y,t) <u@dx+{A—-1y)+ Cx——|x — y|".

5 (4.13)

Proof The proof being standard, we only sketch the main ideas. The fact that S(x, t)
is non-empty follows directly from (A2) and the direct method in the Calculus of
Variations. Moreover, by (A2) and arguing as in the proof of Lemma 2.1 we obtain
the existence of ¢ > 0, independent of (x, ¢, p), such that

T
u(x. 1) = in {/ G (5). 7). p())ds + D (T). p(T)) |
t

T
y S lez([ov T]a Rd)7 V(t) =X, and / |y(S)|2dS S C} (414)
0

Using this fact, the Euler-Lagrange equation associated to any element y, € S(x, t),
the second estimate in (4.2) and arguing as in the proof of [12, Theorem 6.2.5], we
easily obtain (4.12), which proves assertion (i). In order to prove (ii), notice that (i)
implies that the value function can also be written as

T s
u(x,t) = inf {/ 14 (a(s), X +/ a(sHds’, p(s)) ds
t t

T
+® (x +/ a(s’)ds/,p(T)) | a € AC}, (4.15)

t
where A¢c = {a € L®(0, T; RY) | el < C}. Using the estimate
|infa€AC Alx) — infaeAC B| < SUPye A |A() — B(a)| for any functions A, B :

L>®([0, T]; RY) — R, expression (4.7), the uniform Lipschitz property for f and g
in (A2)(ii), and the second estimate in (4.2), we easily obtain that u(-, t) is globally
Lipschitz, with a Lipschitz constant which is independent of ¢t € [0, T']. Similarly,
using (4.15) and the estimate (4.1), we get that u(x, -) is globally Lipschitz, with a
Lipschitz constant which is independent of x € R?. Assertion (ii) follows. Finally,
assertion (iii) follows directly from [12, Theorem 6.4.1]. O

Now, let us consider the set-valued map

T
RY 5 x > S(x) := argmin {[0 Ly @), y @), p@)dt + S (T), p(T) | ¥
e W20, TI; RY), y(0) = x} :
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Since Lemma 4.1(ii) implies that u(-, 0) is a.e. differentiable, [12, Corollary 6.4.10]
yields that for a.e. x € R? we have S(x) = {y*} for some 7* € A(x). Now, as in
the proof of Proposition 3.1, let ¥, € A be a Borel measurable selection of S. Then,
for a.e. x € R? we have that ¥y = y". Thus, Proposition 3.1(ii) yields mj = §,x for

a.e. x € supp(mo) and, hence, m, = y,fimg. In particular, p(t) = y*(')(t)ﬁmo for all
tel0,T].

On the other hand, by [12, Theorems 6.4.9, 6.3.3 and 6.4.8], for a.e. x € RY, we
have

yi(t) = =0 H (Vu(yy (10,0, v (1) Yte(0,T), y(0) =nx, (4.16)

where we underline that u is differentiable w.r.t. to its first argument at the point
(yx (@), t)if t € (0, T) (see [12, Theorem 6.4.7]). Denoting still by Vu a measurable
selection of (x,7) — D}u(x,1), for every ¢ € C ©(R?) with compact support and
t € [0, T], we have

f H()dp(1)(x)
]Rd
- f B (v (1)) dmo(x)
Rd
t
- f b () dmo(x) — / / 0 H (Vu(r(s), 9), 72 () Vo (2 (9))dsdmo (x),
R4 R4 JO
t
= [ owamow ~ [ [ actt (utr.5).0 Vo wps) s,
Rd 0 ]Rd

which implies that p satisfies (4.8) and, hence, the couple (u, p) solves (M FG).
Notice that under (A2) a Lagrangian MFG equilibrium m, exists (see Remark 3.1)
and, hence, the previous arguments show, in particular, the existence of at least one
solution (u, p) to (M FG).

Conversely, if (u, p) solves (M F G), then the first equation therein implies that u
and p are still related by (4.9). By the second equation in (M FG) and [3, Theorem
8.2.1], there exists a probability measure m, € P(I") such that p(¢) = e;fm, for
all ¢ € [0, T'] and, considering the disintegration dm(y) = dmj (y) ® dmg(x), for
a.e. x € supp(my) the support of the measure m; is contained in the set of solutions
of (4.16). By Lemma 4.1 and arguing as in the proof of [13, Lemma 4.11], we have
that every solution to (4.16) solves the optimization problem in the r.h.s. of (4.9) with
t = 0. Thus, by Proposition 3.1(ii) we obtain that m, is a Lagrangian MFG equilib-
rium. Notice also that S(x) being a singleton for a.e. x € R?, the previous argument
shows, in particular, that [0, T'] > t > yé')(t)ttmo € P (RY) is the unique solution in
C(0,T]; P, (Rd )) of the continuity equation

dpo —div (3 H(Vu, x)p) =0 inRY x (0,7), p0) =mo inRY.  (4.17)

Remark 4.2 In the state constrained case (see Remark 3.1(ii)), the equivalence between
the Lagrangian notion of equilibrium and the solution of a PDE system has been
thoroughly investigated in [11].
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In addition to the relation between Lagrangian MFG equilibria and the solutions
of (M FG), assumption (A2) has also consequences on the regularity of the time
marginals {p(¢) | t € [0, T]} as the following result shows.

Proposition 4.1 In addition to (A2)(iii), assume that mg € LP(R?) for some p €
(1, 400] and let (u, p) be a solution to (M F G). Then, the following assertions hold
true:
(i) There exists c1 > 0, independent of t € [0, T, such that supp(p(t)) < B(0, c1)
forallt € [0, T].
(ii) For all t € [0, T] the measure p(t) is absolutely continuous w.r.t. the Lebesgue
measure. Moreover, the density of p(t), that we will still denote by p(t), belongs
to LP(RY) and there exists a constant ¢c» > 0, independent of p € (1, +o00] and
t € [0, T, such that

lo@llLr < calimollLe. (4.18)

Proof Assertion (i) follows directly from the formula p(¢) = ygf') (t)timo, where y; €
S(x) forall x € RY, Lemma 4.1(i) and the fact that supp(mg) is compact. In order to
prove (ii), let € C*(R?), non-negative, with support contained in the unit ball and
such that fRd B(x)dx = 1. For ¢ > 0, let us define B.(x) := s_dﬂ(x/s), Uug(x,t) =
(Bs * u(-, 1)) (x) and consider the equation

dpe — div (3 H(Vue, x)ps) =0 inR? x (0,T), ps(0)=mo inRY. (4.19)
For every x € R, let us define yrecC L0, T1; Rd) as the unique solution to

Ve (1) = =8¢ H (Vue (v, (0, 0), v () V1€(0,T), 7 (0)=x. (4.20)

By [3, Proposition 8.1.8], Eq. (4.19) admits a unique solution in C ([0, T']; P; (R7Y),

which is given by p. () = yg(')(t)ﬂmo for all + € [0, T]. Moreover, by a standard

change of variable argument (see e.g. [2, Section 2]), for every ¢ € [0, T] we have that
pe(t) is absolutely continuous, with density given by

mo (v 01 )
jdet (v (O @171, 1))

fora.e.y e Rd,

Pe(y,t) =

where, for each x € RY, Y(x,t) =exp ( — f(; L.(x, s)ds) with

L:(x,s)
i= Dy [0:H (Vue (-, 5), )] (v (5))
= 02 H (Vue (v (). 9). 75 (9)) 92 tts (7 (5, 9)
+07  H (Vue (v (), 9), v (9)) - 4.21)
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Let us assume that p € (1, +00). By a change of variable again, we obtain that

lpeIY, = fRd mb (x) et (Y (x, 1))|' 7 dx

= / mg(x) |det (Y (x, t))Ilfp dx. (4.22)
supp(no)
Now, forall x € R and ¢ € [0, T], we have (see [2, Section 2, estimate (2.4)])

t
|det (¥ (x, £)]' 7 < exp ((p - 1)/
0

[div (0 H(Vue ). 0)] | ds)
T
< exp (p fo [T (Lo G )14 | o dr) , (4.23)

where [a]- := max{0, —a}, [a]ly+ = a + [a]—, for any a € R, and Tr (L¢(x, 1))
denotes the trace of the matrix L.(x, t). On the other hand, Lemma 4.1(ii), and the
definition of u,, imply that Vu, (x, t) is bounded, uniformly in (x, 7) € RY x [0, T]and
& > 0. Moreover, by Lemma 4.1(iii), the compactness of supp(¢) and the definition
of u.(-, t) again, we can assume that u. (-, ¢) is uniformly semiconcave in a bounded
open set O containing supp(my), i.e. u. (-, t) satisfies (4.13) forall x, y € O, with Cg
replaced by ¢, for some ¢ independent of r and ¢ small enough. By [12, Proposition
1.1.3], we have that foug(x, t) — ¢l negative semidefinite for all (x, 1) € O x [0, T]
and, hence, using that d¢ ¢ H (&, x) is positive semidefinite for all £ € R? and x € RY,
by (4.21) we get that Tr(L.(x, t)) is bounded from above by a constant which is
independent of ¢ > 0 small enough, x € O, and t € [0, T]. Thus, by (4.23) and taking
the power 1/p in (4.22), there exists ¢y > 0, independent of ¢, t and p, such that

lpe@llLr = c2llmollLr V1 €[0,T]. (4.24)

The previous estimate shows the existence of 5 € L°°([0, T']; L? (R?)) and a sequence
(0, Jnen such that, as n — 00, & — 0 and p,, — p € L*([0, T]; LP(RY))
in the weak* topology. By dominated convergence, we have that 0 H(Vu,,, ) —
¢ H(Vu,-)in L'([0, T]; LS (R?)) for any s € [1, +00). As a consequence, p satisfies
estimate (4.24) and, passing to the limit in (4.19), we get that the measure [0, 7] >
t - p(L? e LP(RY) satisfies (4.8). Using that [0, T] 5 t — p(t) € P1(RY)
is the unique solution to (4.17) in C ([0, T']; P (R9Y), [3, Lemma 8.1.2] implies that
p(LY = p(r) for ae. t € [0, T]. Thus, for ae. t € [0,T], p(z) is absolutely
continuous w.r.t. to the Lebesgue measure and estimate (4.18) holds for its density.
Using this fact and that p € C([0, T']; Py (R%)), the previous statement is valid in the
whole time interval [0, T'], which proves (ii) when p < +o00. Since ¢; does not depend
on p, assertion (ii) for p = oo follows by taking the limit in (4.18) when p — co. O

Remark 4.3 Similar regularization techniques have been recently employed in [26], in
order to establish L?-estimates for the time evolving distributions describing equilibria
in optimal-exit MFGs. Let us also point out that the absolute continuity of p(¢), for
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all r € [0, T], has already been established in [30, Section 5], under more general
assumptions than (A2), but without providing the L?-estimate (4.18).

4.2 The N-Player Equilibria: Associated Time Marginals and Value Functions

Let us consider the game with N players defined in Sect. 2 with £ and & given by

@.7).Let(mp,...,my) € Aﬁvel be a symmetric equilibrium in randomized distributed

open-loop strategies for the N-player game. Note that if for 4 = f, g we define

N
. 1 N d d
hN(x,u):/(Rd)N] x5 ;axj @Y, du(xj)  VreR! pePi(RY,

(4.25)
we have that f and gy satisfy the assumptions for f and g in (A2)(ii) (with the
same constant Cr o). As a consequence of this fact, the results in [12, Chapter 6]
and Corollary 2.1 we obtain the existence of yy € A such that (my, ..., my) with
mpy = ynimg can be identified with the non-randomized symmetric equilibrium in
distributed open-loop strategies given by (yy, ..., yy) € AY. Furthermore, setting
pN(@) = efimy = ylf,')(t)ttmo for all + € [0, T], we have that y}, € SN(x) =
SN (x, 0), where

T
8" (x, 1) := argmin {[ [L(=y (), y(s) + fn(y(s), pn(s))] ds
t

+gn (y(T), pn(T)) |y e Wh2([2, T1; RY) and y(l):x}‘v’x eR?, tel0, T).

Remark 4.4 (i) Recall that the representation my = yyfimg is only mg-uniquely deter-
mined. In particular, if y;, € A is different from yy but coincides with it on a set A
such that my(A) = 1, then we also have that my = yl’vjjmo. For the sake of sim-
plicity, we have chosen to represent always my via a measurable selection yy of the
set-valued map SV . Notice that (A2) and the results in [12, Chapter 6] imply that Y
is uniquely defined for a.e. x € R9.

(ii) Exactly as in the limit case (see Lemma 4.1(i)), we have the existence of a constant
C > 0, independent of (x, ¢) and N € N, such that

sup ()| <C VxeR?Y te0,T], NeN. (4.26)
s€[t,T], yxeSN (x,1)

As a consequence, there exists a compact set K¢ C R? such that Yy (1) € K¢ for
all N € N, x € supp(myg) and ¢t € [0, T]. In particular, the representation py(t) =
etmy = y\)(¢) implies that supp(py (1)) € K¢ forall N € Nand 7 € [0, T].
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Letus define uy : R4 x [0, T] — R by

T
uy(x, 1) := inf {[ [L(=y (), ¥() + fn(y(s), pn(s))] ds
t

+en /(7). py(T) |y € W1, TERY) and y () = x}
vxeR? telo, Tl (4.27)

Remark 4.5 Mimicking the proofs of Lemma 4.1 and [12, Theorem 6.4.1] we obtain
that u is globally Lipschitz and locally semi-concave. Moreover, the Lipschitz and
local semi-concavity constants are independent of N.

Arguing as in the previous subsection, the pair (#y, py) solves

—duy + H(Vuy, x) = fy(x, py(t)) inR? x (0,7T),
dpy —div(dgH(Vuy,x)py) =0 inRY x (0, T), (MFGy)
un(T) = gn(, pn(T)), pn(0) = moin R,

Conversely, associated to any solution (uy, pn) we have the existence of a symmetric
equilibrium in distributed open-loop strategies (yw, ..., yn) € A" for the N-player
game. Moreover, using again the results in [12, Chapter 6], any yy € A defining such
equilibrium satisfies

yR() = =0 H (Vun (i), 1), yi () V1€ ©,T), yi@ =x,  (4.28)

for a.e. x € supp(myp). Thus, we can think of the r.h.s. above as an optimal control
which is feedback with respect to the individual states. We call (yy, ..., yn) a Nash
equilibrium in distributed Markov strategies for the N-player game. As a consequence
of the previous discussion, such equilibria exist forall N € N provided that (A2) holds
true.

Let us consider a sequence (¥n)yeN of elements in 4 defining Nash equilibria in
distributed Markov strategies for the N-player games. Theorem 3.1 yields the exis-
tence of a Lagrangian equilibrium m,. € A,.; and a subsequence (yy, )ken such that
YN imo — my as k — oo. Let y,. € A be such that m, = y,fmg and y;* € S(x) for
all x € RY, i.e. an equilibrium in distributed Markov strategies for the MFG.

Our aim now is to study the convergence of the associated time marginals py, to p,
the convergence of the associated value functions u y, to u and, finally, the convergence
of y;f,k to y; fora.e. x € RY.

We will need the following preliminary result.

Lemma 4.2 Assume (A2)(ii) and let K € RY be a nonempty compact set. Consider
a sequence of measures (Ux)keN S P1 (R?) such that supp(ur) € K, forallk € N,
and, as k — oo, uy — u for some pu € Py (Rd). Then, for any sequence (xy)ren and
x € RY such that X — X, we have

h(x, pn) = kli)rgo hy (s k), (4.29)
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where h = f, g and hy, is defined by (4.25).
Proof Notice that (A2)(ii) implies that

[k ks i) — hie(x, )| < Croglx — xgel. (4.30)

Now, let Y Ik Y ,f be independent and identically distributed K-valued random
variables, defined on some probability space (2k, Fi, Pr), with common distribution
Ui. Using that P(P(K)) is compact and arguing as in the proof of Theorem 3.1, we

obtain that, as k — o0, the P (]Rd )-valued random sequence (k]Tl Zl;zz 8Y§>keN
converges in distribution to the deterministic measure p. Since (4.30) can be written

as

1 k
hicCxe, i) — Eie | x,k_lgayf < Cglx — xel,

relation (4.29) follows by letting k — oo. O

Theorem 4.1 Assume that (A2) holds. Then, the following assertions hold true:

(1) The sequence (pn, )keN converges to p in C([0, T']; Py (R?)).

(ii) The sequence (un, )ken converges to u uniformly on compact subsets of R %[0, T].
(iii) For a.e. x € RY, the sequence (V;\Czk)keN converges to y; uniformly in [0, T] and

(J}])\Clk)keN converges to vy in the weak™ topology in L* ([0, T']; RY).
Proof Assertion (i) follows directly from Theorem 3.1. Note that (A2) implies that

(N, )keN 1s a sequence of uniformly bounded functions on R? x [0, T]. Let us fix
(x,1) € R? x [0, T]. The definition of u N, » Remark 4.4(ii) and Lemma 4.2 imply that

limsupuy, (x,1) < u(x,t). 4.31)
k— 00
Let y]f,: € SN(x,1) and y*' e C([r, T]; R be a cluster point of (y;f,;t)keN,

with respect to the uniform convergence. The existence of y*! is ensured by (4.26)
and the Arzela-Ascoli theorem. Up to the extraction of a subsequence, we can

assume that liminfy_ o un, (x,1) = limg_ o up, (x, 1) and limy_ oo yl’\‘,]’: = N
LxX.t

in C([z, T]; RY). Using estimate (4.26) again, we get that y* exists and VN, — e
in the weak* topology in L>([0, T]; R?). By the weak lower semi-continuity of the
cost functional we obtain

T
u(x, ) < f [L=y" ), v () + Fr™ (), p(s)]ds + g (™! (T), p(T))
t

<liminfupy, (x, t).
k—o00

Thus, by (4.31) we get the pointwise convergence

lim upy, (x, 1) =u(x, 1) V(x,7) e R x [0, T],
k——+00
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and hence, using that uy, is Lipschitz continuous, with a Lipschitz constant which is
independent of k, assertion (ii) follows from the Arzela-Ascoli theorem. Finally, (iii)
is a consequence of the previous analysis with t = 0 and the fact that [12, Corollary
6.4.10] implies that for a.e. x € R¥ the optimization problem associated with u(x, 0)
admits a unique solution. O

Recall that, as in the case of (M F G), to each solution (uy, py) of (M FGy) we
can associate a symmetric equilibrium (mpy, ..., my) € Aﬁvel of the N-player game.
As a consequence of this fact, Theorems 3.1 and 4.1, we have the following result.

Corollary 4.1 Let ((un, pn))NeN be a sequence of solutions to (MFGpy) (N € N).
Then, there exists a solution (u, p) € C([0, T]; P (RYY)) to (MFG) such that, up
to some subsequence, uy — u uniformly over compact subsets of R? x [0, T] and

pon — p in C([0, T1; Pi(RY)).

Remark 4.6 1f h = f, g satisfies

[, () = s, 1) = 1)) 2 0 ¥ g, € PR,

then the solution (u, p) to (M F G) is unique (see [36] and [32, Corollary 5.2]). Since
any Lagrangian equilibrium m, can be represented by y.fimo, where y; € S(x) is
uniquely determined for a.e. x € R?, the Lagrangian equilibrium must also be unique.
In this case, the results in Theorem 4.1 hold for the entire sequence (uy, py, yn) and
the result in Corollary 4.1 holds for the entire sequence (uy, pn).

Finally, let us point out that the convergence result in Corollary 4.1 can also be
established directly, without appealing to Theorem 3.1, under a stronger regularity
assumption than (A2)(ii). Indeed, assume that, in addition to (A2), my € L? (Rd) for
some p € (1, 4+o0]. If (uy, pn) solves (M F G y), then by [3, Theorem 8.2.1] and the
results in [12, Chapter 6], we must have that py () = y]i,')(t)ttmo, for some yy € A
such that yy, € SN (x) for all x € supp(mog). Arguing as in the proof of Lemma 4.1
we get the existence of C’ > 0 such that

sup lyy @ <C" VN eN.
xesupp(my), t€[0,T]

Therefore, there exists C > 0 and a compact set K C RY, both independent of N, such
that y5(t) € K fora.e. x € supp(mg) and all # € [0, T']. In particular, supp(py (1)) C
K and di(pn(s), pn(t)) < Cl|s —t| foralls,t € [0, T] and N € N. This implies the
existence of p € C([0, T]; P (R9Y) such that, up to some subsequence, py — p in
C(0,T]; P1 (Rd)) as N — oo. Since Lemma 4.2 implies that fy (-, pn (-)) converges
uniformly to f(-, p(-)) on compact subsets of R? x [0, T'], standard stability results
for viscosity solutions of Hamilton-Jacobi-Bellman equations imply that, up to some
subsequence, uy — u uniformly on compact subsets of R? x [0, T'], u being the unique
viscosity solution to (4.10). In particular, u ; being locally semi-concave with respect
to the space variable, uniformly in N, for all ¢ € [0, T] we have that Vuy (x,t) —
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Vu(x,t) for a.e. x € RY. Using that uy is globally Lipschitz, uniformly in N, by
dominated convergence we deduce that

3 H (Vun(-,-),-) = d¢H (Vu(-,-),-) in L'([0, T]; L*(R?)) for any s € [1, +00).

(4.32)

On the other hand, using again the uniform local semiconcavity of (-, t) and arguing

as in the proof Proposition 4.1 we get the existence of c3 > 0, independent of N, such
that

lon@llr < c3llmollLr V1 €[0,T]. (4.33)

Using this bound, we obtain that p(¢) is absolutely continuous w.r.t. the Lebesgue
measure for a.e. + € [0, T], and its density, denoted likewise by p(t), satisfies
lolr < c3limollLr for ae. t € [0, T]. Since p € C([0, T1; Pi1(R%)), the pre-
vious bound implies that for all ¢ € [0, T'], the measure p(¢) is absolutely continuous
w.r.t. the Lebesgue measure and the estimate || p(¢)|Lr < c3|/mollLr holds. Moreover,
using (4.32)—(4.33) we can pass to the limit in the second equation (M F G y) to obtain
that the pair (u, p) solves (M FG).
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