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1. Introduction

Throughout the paper, V will denote a valuation domain with quotient field K and

maximal ideal M, v will denote its valuation and I',, its value group. We also fix an alge-

braic closure K of K. The study of extensions of V' is one of the central parts of valuation
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theory, which naturally splits into the study of algebraic and purely transcendental ex-
tensions. The former can be considered a generalization of the fundamental problems
of algebraic number theory, and is well-studied through the concepts of inertia, decom-
position and ramification (in what is known as ramification theory). The latter — which
is essentially the study of extensions of V to function fields — is less well understood,
but plays a main role in several facets and applications of the theory (see [11] and the
references therein). The first step of this problem is to classify all the extensions of V' to
the rational function field K (X).

In case V has rank one, there are two classical approaches to this problem: the most
famous one, due to MacLane, uses key polynomials and augmented valuations and works
for arbitrary fields K, but requires the valuation ring to be discrete [14]; it has been re-
cently generalized by Vaquié in [23] for general valuation domains. The second approach,
due to Ostrowski, “makes no discreteness assumptions” but “requires an elaborate con-
struction to obtain values of K from those of K”, as MacLane acknowledged in his
paper [14, p. 380]. More precisely, Ostrowski showed that, for a given extension W of V'
to K(X), there exists a pseudo-convergent sequence E = {s,}nen C K with respect to
a extension u of v to K (we refer to §2.3 for the definition) such that the valuation w
associated to W is given by the real limit w(¢) = limy, o0 u(P(sn)), for all ¢ € K(X);
for its importance, Ostrowski called this result Fundamentalsatz [16, §11, IX, p. 378].
To our knowledge, Ostrowski’s Fundamentalsatz seems to have been mostly forgotten
(except in the survey [21]), even if pseudo-convergent sequences have enjoyed some suc-
cess: for example, Kaplansky used them to characterize immediate extensions of a valued
field and maximal fields in [10], and they are linked to the recently introduced notion of
approximation type (see [12]).

In generalizing Ostrowski’s Fundamentalsatz, we realized that when dealing with
the general case (i.e., when the rank of V or of the extension of V' to K(X) is not
one), pseudo-convergent sequences are not enough to construct all extensions of V' to
K(X) (see Example 4.4): for this reason, we use the more general notion of pseudo-
monotone sequences, used in [17] to encompass Ostrowski’s notion of pseudo-convergent
sequence and the two other kinds of sequences introduced by Chabert in 2010 (namely
pseudo-divergent and pseudo-stationary sequences) in order to characterize the so-called
polynomial closure in the context of rings of integer-valued polynomials. We recall that,
given a subset S of V, the ring of integer-valued polynomials over S is classically defined
as Int(S,V) = {f € K[X] | f(S) C V}, and the polynomial closure of S is the largest
subset S C V such that Int(S, V) = Int(S, V). One of the main results of Chabert was
to prove that, when V' has rank one, the polynomial closure is the closure operator asso-
ciated to a topology on K (extending the case when V is discrete, originally proved by
McQuillan in [15, Lemma 2]). Chabert obtained his result by describing S through the
set of pseudo-limits of the pseudo-monotone sequences contained in S.

In this paper, continuing our earlier work in [19], we describe the extensions of V' to
K (X) by means of pseudo-monotone sequences of K, generalizing a natural construction
of Loper and Werner, who were interested in studying when the ring of integer-valued
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polynomials over a pseudo-convergent sequence is a Priifer domain [13]. More precisely,
we associate to every pseudo-monotone sequence E = {s,},ea C K (see §2.3 for the
definition) the valuation domain

Ve ={¢d € K(X)| ¢(s,) € V, for all sufficiently large v € A}.

We first study the properties of Vg in relation with the properties of E; subsequently,
we analyze when and how it is possible to associate to an arbitrary extension a pseudo-
monotone sequence. Our main result (Theorem 6.2) proves that every extension of V
to K(X) can be realized in this way if and only if the v-adic completion K of K is
algebraically closed. In particular, the statement holds if K is algebraically closed, giving
a generalization of Ostrowski’s result. We also show that, under the same condition, every
extension of V' to K (X) which is not immediate is a monomial valuation, a natural way
of constructing extensions to the field of rational functions (see §2.1).

The structure of the paper is as follows. In Section 2, after settling the notation used
throughout the paper, and the notions of monomial valuation and divisorial ideal, we
give the definition of pseudo-monotone sequence in a general valued field (K, v); we note
that Chabert’s original definitions of pseudo-divergent and pseudo-stationary sequences
were given only for a rank one valuation, but they easily extend to the general case.
We then introduce the notions of pseudo-limit, breadth ideal and gauge separately for
the three different types of pseudo-monotone sequences: pseudo-convergent sequences
(§2.3.1), pseudo-divergent sequences (§2.3.2) and pseudo-stationary sequences (§2.3.3).
In the last part of that section, we characterize pseudo-limits and breadth ideals of
pseudo-monotone sequences according to their type (Lemmas 2.5 and 2.6).

In Section 3 we show that the sequence of values of the images under a rational func-
tion of a pseudo-monotone sequence is eventually monotone (Proposition 3.2); the result
is accomplished by introducing the notion of dominating degree of a rational function
¢ € K(X) with respect to a pseudo-monotone sequence F C K (Definition 3.1), which
roughly speaking counts the number of roots of ¢ in K which are pseudo-limits of E. By
means of this result, we show that, for each pseudo-monotone sequence E, the ring Vg
is a valuation domain of K (X) extending V' (Theorem 3.4). We then describe the main
properties of Vg (residue field, value group and associated valuation) in Proposition 3.7,
and show that the image of a pseudo-convergent or a pseudo-divergent sequence under
a rational function is eventually either pseudo-convergent or pseudo-divergent (Proposi-
tion 3.8), improving the analogous result of Ostrowski [16, 111, §64, p. 371] on images of
pseudo-convergent sequences under polynomial mappings.

In Section 4, we associate to each extension W a subset L(W) of K (which corresponds
to the notion of pseudo-limit of a pseudo-monotone sequence) and show that, if K is
algebraically closed, then £(W) (if nonempty) uniquely determines W (Proposition 4.5).
In Section 5, we use the results of the previous section to completely describe (for any
field K) when two different pseudo-monotone sequences of K give rise to the same
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associated extension of V to K(X). Subsequently, in Section 6 we give the proof of the
aforementioned main Theorem 6.2.

In the final Section 7, we illustrate the different containments which may occur among
the valuation domains Vg of K(X). We conclude with a modern proof of Ostrowski’s
Fundamentalsatz (Theorem 7.4).

2. Background and notation

For an extension U or W of V to a field F' containing K, we denote the associated
valuation with the corresponding lower case letter (i.e., u or w, respectively). We recall
that an extension V. C U is immediate if U and V have the same value group and
same residue field. We denote by K and 17, respectively, the completion of K and V
with respect to the topology induced by the valuation v. The elements of K can be
constructed as limits of Cauchy sequences {a,},ca, where A is a well-ordered set; A is
not necessarily countable, but can be considered of cardinality equal to the cofinality of
the ordered set I',,. See for example [8, Section 2.4] for the details of the construction. For
a sequence {s,},ca of elements in K, the set of indices A will always be a well-ordered
set without a maximum.

2.1. Monomial valuations

We recall the definition of monomial valuations, a standard way of extending a valu-
ation v of K to K(X).

Definition 2.1. Let I" be a totally ordered group containing I',,, and let « € K and § € T.
For every polynomial f(X)=ao+ a1(X —a)+... + an(X — a)” € K[X], define

Va,6(f) = inf{v(a;) +i6 |i=0,...,n},

and, for a rational function ¢ = f/g (with f, g polynomials), define vq 5(¢) = va,s(f) —
Va,5(g). Then, v, s is a valuation on K (X), and it is called monomial valuation [4, Chapt.
VI, §. 10, Lemma 1]. We denote by V,, s the associated valuation domain of K(X).

For example, the Gaussian extension vg = v of v, defined as v (Y ;50 a:X?) =
inf;{v(a;)}, is a monomial valuation. In general, v, is residually transcendental over v
(i.e., the residue field of V,, s is transcendental over the residue field of V) if and only
if ¢ is torsion over T',, [17, Lemma 3.5]. Furthermore, every residually transcendental
extension of V' can be written as W, s N K (X), where w is an extension of v to K and
(a,8) € K x Ty, ([1,3]).
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2.2. Divisorial ideals

Let V be a valuation domain with maximal ideal M, and let F(V) be the set of
fractional ideals of V. The v-operation (or divisorial closure) on V is the map sending
each I € F(V) to the ideal IV equal to the intersection of all principal fractional ideals
containing it; equivalently, IV = (V : (V : I)), where, for a fractional ideal I of V', we set
(V:I)={x e K|aIl CV}[9, Theorem 34.1]. If I = I”, we say that I is a divisorial
ideal.

If the maximal ideal M of V' is principal, then each fractional ideal I of V is divisorial,
on the other hand, if M is not principal, then (see for example [9, §34, Exercise 12, p.
431))

IU_{CV, if I =c¢M for some c € K

I, otherwise.

We say that [ is strictly divisorial if I is equal to the intersection of all principal frac-
tional ideals properly containing it; in particular, each strictly divisorial ideal is divisorial.
We now characterize these ideals.

Lemma 2.2. [ is not strictly divisorial if and only if [ = cM for some ¢ € K.

Proof. Suppose first that I is not principal. Then, [ is strictly divisorial if and only if it
is divisorial; furthermore, I is not divisorial if and only if I = ¢M for some ¢ € K and
M is not principal, by the above remark. Hence, the claim holds in this case.

Suppose that I = ¢’V is principal: if also I = ¢M for some ¢, then ¢V is the minimal
principal ideal properly containing I, and I is not strictly divisorial. Conversely, if I is
not strictly divisorial, then there is a minimal principal ideal ¢V properly containing I;
this implies that ¢’/c is the generator of the maximal ideal of V', and so I = ¢M. O

2.3. Pseudo-monotone sequences

The central concept of the paper is the following, which along with Ostrowski’s notion
of pseudo-convergent sequence includes also other two related notions introduced by
Chabert in [5].

Definition 2.3. Let E = {s,},ea C K be a sequence. We say that the sequence F is:
— pseudo-convergent if v(s, — s,) < v(ss — s,) forall v < p <o € A;
— pseudo-divergent if v(s, — s,) > v(s; —s,) forall v < p <o € A;

— pseudo-stationary if v(s, — s,) = v(s,r —s,) forall v # pe A, v # p' € A.

If E satisfies any of these definitions, we say that E is a pseudo-monotone sequence
([17]). We say that E is strictly pseudo-monotone if E is either pseudo-convergent or
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pseudo-divergent. If £ and F are two pseudo-monotone sequences that are either both
pseudo-convergent, both pseudo-divergent or both pseudo-stationary we say that E and
F are of the same kind.

We note that Ostrowski’s and Chabert’s original definitions required the above con-
dition to be valid only for all v large enough. Instead, we adopt Kaplansky’s convention
that the condition is valid for all v, both since it is not restrictive for our purposes (see
Definition 3.3) and in view of the following remark. If E = {s,},ca is a sequence in K
and B/ = {s,},>n is pseudo-monotone for some N € A, we say that E is eventually
pseudo-monotone (and analogously for eventually pseudo-convergent, pseudo-divergent
and pseudo-stationary).

Remark 2.4. Strictly pseudo-monotone sequences are “rigid”, in the sense that, given a
set F/, there is at most one way to index F to make it pseudo-monotone. Indeed, if the
indexing {s, },ca makes E pseudo-convergent, then the equality v(s, —s,) = v(s, —s,/)
(for p # p') implies that both p and p' are greater than v; thus, the elements of F that
appear before s, are exactly the ¢ such that v(s, —t) # v(s, —t') for all t # ¢/, and this
condition depends only on the set E. In the same way, if E is pseudo-divergent, then
the elements of E appearing after s, are the ¢ such that v(s, —t) # v(s, — t’) for all
t # t'. In particular, if E = {s,},ea and F = {t,},ca are two strictly pseudo-monotone
sequences that are equal as sets, then s, = t, for every v € A.

On the other hand, pseudo-stationary sequences are “flexible”: any permutation of
E = {s,},en is again pseudo-stationary. For this reason, it may be more apt to call them
“pseudo-stationary sets”, but we will continue to treat them as sequences for analogy
with the strictly pseudo-monotone case.

In this paper, we shall treat pseudo-monotone sequences in a general framework in
order to build extensions of the valuation domain V' to the field of rational functions
K(X), and to give theorems valid for all kind of such sequences. However, there are
slight differences in how the main concepts concerning pseudo-monotone sequences (for
example the breadth ideal, the pseudo-limit and the gauge) are defined in each of the
three cases; hence, we shall describe them separately.

2.3.1. Pseudo-convergent sequences

Let E = {s, },en be a pseudo-convergent sequence in K. Then, if v is fixed, the value
v(s, — s,), for p > v, does not depend on p. We denote by §,, € T', this value; the
sequence {d, },en (which, by definition, is a strictly increasing sequence in IT',) is called
the gauge of E.

The breadth ideal Br(E) of E is the set

Br(E) ={z € K |v(z) > ¢, for all v € A};
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this set is always a fractional ideal of V. If ¢, = s, — s,,, for some p > v, then Br(E) =
ﬂVEA ¢,V. If Br(FE) is a principal ideal, say generated by an element ¢ € K, then §,
converges to an element 6 € T', (and, clearly, v(c) = §). When this happens, we call
0 the breadth of E. Note, however, that the breadth of a pseudo-convergent sequence
may not always be defined; if V has rank 1 (that is, if ', can be embedded as a totally
ordered group into R), then §, always converges to an element § € R, which may not
belong to I'y. See [19] and [17, Lemma 2.3] for this case.

An element « € K is a pseudo-limit of E if v(a—s,) = §, for all v € A or, equivalently,
ifv(a—s,) <v(aw—s,) for all v < p € A. It also suffices that these conditions hold only
for v > N, for some N € A. If the gauge {0, },ena is cofinal in I, (or, equivalently, if F
is a Cauchy sequence), then it is well-known that E converges to a unique pseudo-limit
« in the completion K , which in this case is called simply limit.

Following Kaplansky [10], we say that E is of transcendental type if v(f(s,)) eventually
stabilizes for every f € K[X]; on the other hand, if v(f(s,)) is eventually increasing for
some f € K[X], we say that E is of algebraic type. As we have already remarked in [19],
it follows from the work of Kaplansky in [10] that a pseudo-convergent sequence E C K
is of algebraic type if and only if E admits pseudo-limits in K, with respect to some
extension u of v. Note that any pseudo-convergent sequence satisfies either one of these
two conditions, because the image of a pseudo-convergent sequence by a polynomial is
an eventually pseudo-convergent sequence (see [16, III, §64, p. 371] or Proposition 3.8
below).

2.8.2. Pseudo-divergent sequences

Let E = {s,},ca be a pseudo-divergent sequence in K. Symmetrically to the case of
pseudo-convergent sequences, for a fixed v, we have that v(s, — s,) is constant for all
p < v; if v is not the minimum of A, we denote by 4, € I', this value. The sequence
{0, }ven is a strictly decreasing sequence in T, called the gauge of E.

The breadth ideal Br(E) of E is the set

Br(E) ={z € K | v(x) > ¢, for some v € A};

this set is a fractional ideal of K if and only if the gauge of E is bounded from below,
while otherwise Br(E) = K. In particular, unlike in the pseudo-convergent case, Br(E)
may not be a fractional ideal. If for each non-minimal v € A we set ¢, = s, —s,, for some
p < v, then Br(E) = U, cx
it is easily seen that the breadth ideal of a pseudo-divergent sequence is never a principal
ideal. However, if 0, N\ ¢, for some ¢ € I',, then Br(E) = {z € K | v(z) > ¢} = cM,
where ¢ € K has value §. As in the case of a pseudo-convergent sequence, when this
condition holds we call § the breadth of F.

An element o € K is a pseudo-limit of E if v(a — s,) = 4, for all (sufficiently large)
v € A or, equivalently, if v(a —s,) > v(a — s,) for all (sufficiently large) v < p € A.
Every element of E is a pseudo-limit of E: see [17, §2.1.3] and Lemma 2.5 below.

¢, V. Contrary to the case of a pseudo-convergent sequence,



G. Peruginelli, D. Spirito / Journal of Algebra 586 (2021) 756—786 763

2.3.3. Pseudo-stationary sequences

Let E = {s,},en be a pseudo-stationary sequence in K. Note that the residue field
of V' is necessarily infinite (see [17, §2.1.2]). The element 0 = v(s, —s,) € I'y, for v # p,
is called the breadth of E. In analogy with pseudo-convergent and pseudo-divergent
sequences, we define the gauge of F to be the constant sequence {J, = d},¢n.

The breadth ideal Br(E) of E is the set

Br(E)={z € K |v(z) > §};

this set is always a principal fractional ideal of K, generated by any ¢ € K whose value
is 0. In particular, we can take ¢ = s, — s, for any v’ # v.

An element a € K is a pseudo-limit of E if v(a—s,) = ¢ for all sufficiently large v € A
or, equivalently, if v(a—s,) = ¢ for all but at most one v € A. As in the pseudo-divergent
case, every element of E is a pseudo-limit of E: see [17, §2.1.2] and Lemma 2.5 below.

2.4. Pseudo-limits and the breadth ideal

In general, if £ C K is a pseudo-monotone sequence, we denote the set of pseudo-
limits of E in K by Lg and the breadth ideal by Br(E) (or £} and Br,(E), respectively,
if we need to underline the valuation). We will constantly use the following trivial remark:
if u is an extension of v to an overfield F' of K, then F is a pseudo-monotone sequence
in the valued field (F,u); in particular, £} will denote the set of pseudo-limits of E in
the valued field (F,u). We use the notation £Lg and Br(E) also in the case E is only
eventually pseudo-monotone.

The first part of the next result generalizes the classical result of Kaplansky for
pseudo-convergent sequences ([10, Lemma 3]) to pseudo-monotone sequences. The proof
is actually the same, but for the sake of the reader we give it here.

Lemma 2.5. Let E = {s,},ean C K be a pseudo-monotone sequence and let o € K
be a pseudo-limit of E. Then the set of pseudo-limits Lg of E is equal to a + Br(E).
Moreover, ENLg = 0 if E is a pseudo-convergent sequence and E C Lg if E is either
pseudo-divergent or pseudo-stationary.

Proof. Let 8 = a + x, for some x € Br(FE). If F is either pseudo-convergent or pseudo-
divergent, then it is easy to see that for any v € A we have

v(B—s,)=v(a—s,+z)=v(a—1s,) =9,

so that (3 is a pseudo-limit of E. If F is pseudo-stationary, then we have v(8—s,) > 6 =
v(sy, —su) = v(s, — B+ B —s,) and therefore for at most one v € A we may have the
strict inequality v(S — s,) > 4. So, also in this case § is a pseudo-limit of E.

Conversely, if 8 is a pseudo-limit of E, then v(a — 8) = v(aw — s, + s, — 8) > d,, S0
that o — 8 € Br(FE), as we wanted to show.
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We prove the last claim. If F is a pseudo-convergent sequence, then it is clear (both
if E is of algebraic type or of transcendental type). If the sequence E is either pseudo-
divergent or pseudo-stationary, the claim is proved in [17, §2.1.2 & §2.1.3]. O

In particular, since pseudo-divergent and pseudo-stationary sequences always admit a
pseudo-limit in K, in these cases there is no analogue of the notion of pseudo-convergent
sequences of transcendental type.

The following result characterizes which fractional ideals of V' are breadth ideals for
some pseudo-monotone sequence E of K, and which cosets are the set of pseudo-limits
for some pseudo-monotone sequence.

Lemma 2.6. Let I be a fractional ideal of V and let o € K; let L =a+ 1.

(a) L= Lg for some pseudo-convergent sequence E if and only if I is strictly divisorial;
in particular, if the mazimal ideal of V' is not principal this happens if and only if I
is divisorial.

(b) L = LEg for some pseudo-divergent sequence if and only if I is not principal.

(¢) If V/M is infinite, L = Lg for some pseudo-stationary sequence if and only if T is
principal.

Proof. It is easily seen that, if Lr # ) for some pseudo-monotone sequence E = {s, },ca,
for every 5 € K the set 5+ Lg is the set of pseudo-limits of 5+ E = {0 + s, }vea;
hence, it is enough to prove the claims for @ = 0. Furthermore, by Lemma 2.5, under
this hypothesis we have Lr = Br(FE), and thus we only need to find which ideals are
breadth ideals.

If I = Br(E) for some pseudo-convergent E = {s,},ena, for each v let ¢, = s, —s,, for
some p > v; then I =, ¢, V, and each ¢,V properly contains I. Therefore I is a strictly
divisorial ideal. Conversely, if I = [, 4 aV, where for each a € A we have I C aV, we
can take a well-ordered subset {a,},ca such that I = (), a,V and a,V C a,V for all
p > v; then, {a,},ea is a pseudo-convergent sequence having 0 as a pseudo-limit and
breadth ideal I. The last remark follows from Lemma 2.2.

Likewise, if I = Br(FE) for some pseudo-divergent E = {s, },¢ca, for each v let ¢, =
sp — 8y, for some p < v; then I = J, ¢, V, while if I is not principal we can find a
well-ordered sequence E = {a,},ea C V which generates I and such that a,V C a,V
for every v < p, so that E is a pseudo-divergent sequence and [ is its breadth ideal.

If I = Br(E) for some pseudo-stationary sequence E = {s, },en, then I = (s, —s,)V,
for any v # p; conversely, if I = ¢V, then we can find a well-ordered set E = {s, },ea of
distinct elements of valuation v(c) whose cosets modulo c¢M are different (because the
residue field of V' is infinite); then, E is pseudo-stationary with breadth ideal E. 0O
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3. Valuation domains associated to pseudo-monotone sequences

Let ¢ € K(X) be a rational function: if @ € K is a zero or a pole of ¢, we say
that a is a critical point of ¢. We denote by Q4 the multiset of critical points of ¢. Let
S = {ai,...,ax} be a submultiset of Q. The weighted sum of S is the sum > qe;,
where €; = 1 if o; is a zero of ¢ and ¢; = —1 if a; is a pole of ¢. The S-part of ¢ is the
rational function ¢s(X) =[], 5

The following definition generalizes [19, Definition 3.5] to pseudo-monotone sequences.

(X — )%, where ¢; is as above.

Definition 3.1. Let E = {s,},ca be a pseudo-monotone sequence in K, let u be an
extension of v to K and let ¢ € K(X). The dominating degree degdomp, ,(¢) of ¢ with
respect to E' and u is the weighted sum of the elements of {24 which are pseudo-limits
of ¥ with respect to u.

The next proposition is a generalization to pseudo-monotone sequences of [19, The-
orem 3.3]; in particular, it shows that the dominating degree does not depend on the
chosen extension of v to K.

Proposition 3.2. Let E = {s,},ea C K be a pseudo-monotone sequence of gauge
{6,}ven, and let ¢ € K(X). Let u be an extension of v to K and let X = degdomp, ,, ().
Then there exist v € 'y, and vy € A such that for each v > vy we have

v(d(sv)) = Aoy + 7.

s

Furthermore, if 8 € K is a pseudo-limit of E with respect to u, then v = u (i(ﬁ)),
where S is the set of critical points of ¢ which are pseudo-limits of E with respect to u.
Moreover, the dominating degree of ¢ does not depend on u; that is, if v’ is another

extension of v to K, then degdomp ,(¢) = degdomp, ().

Proof. If F is a pseudo-convergent sequence, then the statement is the same as in [19,
Proposition 3.6].

If the sequence E is pseudo-divergent, then the proof is essentially the same as when
E is pseudo-convergent: let 5 € K be a pseudo-limit of £ and let A = Ag be the least
final segment of QI', containing the gauge of F (if Br(E) = K, just take A =T,). Take
7 €T, NA such that C = {s € K | u(s—f8) € AN(—o0,7)} contains no critical points of
¢. Then, s, € C for all large v and, by construction, the weighted sum of the subset S of
Qg of those elements o such that u(a — 3) > AN (—o0,7) is exactly A = degdomp ,(¢).
Therefore, we can apply [19, Theorem 3.3] to the convex set AN (—oo,7), and thus there
is a vy € A such that for each v > vy we have

v(d(sv)) = Mv(sy — B) +7 = Ay + 7,
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where v = u (q;is(ﬂ)), as in the statement of the proposition, again by [19, Theorem

3.3]. Since v(¢(s,)) € T', and does not depend on f, the same happens for 7. For the
final claim the proof is analogous to [19, Proposition 3.6(c)].

If FE is pseudo-stationary, we cannot apply directly [19, Theorem 3.3], but the same
general method works: let ¢ € K(X) and write ¢(X) = ¢[[;-, (X — ;)¢ where c € K,
a; € K and ¢; € {1,—1}. Let u be a fixed extension of v to K, let 3 € K be a pseudo-limit
of E and let S be the multiset of critical points of ¢ which are pseudo-limits of E with
respect to u. If @ € Q4 \ S, then u(s, —a) = u(8 —a) < ¢ for all sufficiently large v € A;
on the other hand, if & € S, then there is at most one v (say vp) such that u(s,, —«a) > 4,
while u(s, —a) = ¢ for all v # 1. Hence, for all large v we have u(s, — «) = §. Note
that, if o ¢ S, then u(8 — «) does not depend on the chosen pseudo-limit 8 of E. In
particular, u(s, — «) < § and equality holds if and only if « is a pseudo-limit of E, in
complete analogy with [19, Remark 4.7(a)]. Now, let A be the weighted sum of S (which
is equal to degdomp ,(¢)) and v = u (q%(ﬁ) : then, for all large v, s, is not a critical
point of ¢ and we have

v(d(sy,)) = v(c) + Z eu(s, —a)+ Z eu(s, —a) = A+~

a€eS a€Qy\S

It is clear as before that v € I, and does not depend on the chosen pseudo-limit 5 of E,
by the above remark. To conclude, we only need to prove that the dominating degree of
¢ with respect to a pseudo-stationary sequence F does not depend on the extension of v
to K. Let u,u’ be two extensions of v to K. By Lemma 2.5, it follows that Lz = s+ ¢V,
where a pseudo-limit s of E' can be chosen in K and ¢ € K has value §g. Now, by the
same Lemma we also have that £% = s 4+ ¢U and L% = s + ¢U’; in particular, £ and
L‘% are conjugate under the action of the Galois group of K over K. It is then clear
that Q4 N L% and Qg N LY are conjugate too, so degdomp, ,(¢) = degdomp ,,(¢), as
desired. O

Note that by Proposition 3.2 we may drop the suffix v in the dominating degree
of a rational function. However, note that given a pseudo-monotone sequence £ C K
without pseudo-limits in K, different extensions of v to K give rise to different set of
pseudo-limits, which are conjugate under the action of the Galois group of K over K.

Moreover, if E = {s,},ca is a pseudo-stationary sequence and ¢ € K(X), the values
of ¢ on E are eventually constant, namely v(¢(s,)) = AJ + v, where A = degdomg(¢),
0 =90g and v € 'y, for all sufficiently large v.

Definition 3.3. Let F = {s,},en C K be a pseudo-monotone sequence. We define
Ve ={¢p € K(X) | ¢(sy) € V, for all sufficiently large v € A}.

Theorem 3.4. Let E = {s,},cn C K be a pseudo-monotone sequence. Then Vg is a
valuation domain with maximal ideal
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Mg ={¢p € K(X) | ¢(s,) € M, for all sufficiently large v € A}.

Proof. The proof is exactly as the one of [19, Theorem 3.8], but we repeat it here for
completeness.

The set Vg is a ring since if ¢(s,),9¥(s,) € V for all sufficiently large v, then also
(¢ +1)(sy) and (¢))(s,) are eventually in V.

Let ¢ € K(X). By Proposition 3.2, we have v(¢(s,)) = Ao, + 7, for all v € A
sufficiently large, for some A € Z and v € T',,. In particular, the values of ¢ over E are
either eventually positive, eventually negative or eventually constant, so either ¢(s,) € V
or ¢(s,)"t = ¢~ 1(s,) € V (in both cases for all v € A sufficiently large), which shows
that Vg is a valuation domain.

The claim about the maximal ideal of Vg follows immediately. O

We call Vg the extension of V' associated to the pseudo-monotone sequence E. Note
that, if F is a pseudo-convergent sequence and its gauge is cofinal in I, (or, equivalently,
E is a Cauchy sequence), then Vg = V, = {¢ € K(X) | ¢(a) € V}, where a is the
(unique) limit of F in the completion K. See [18] for a study of these valuation domains.

The main properties of the valuation domain Vg and its associated valuation vg are
summarized in Proposition 3.7 below, which is a generalization of [19, Proposition 3.11].
We need to introduce another definition.

Definition 3.5. Let £ C K be a pseudo-monotone sequence. We denote by Pg the set of
the irreducible monic polynomials p € K[X] which have at least one root in K which is
a pseudo-limit of E (with respect to some extension of v to K), or, equivalently, such
that degdompg(p) > 0.

We note that Pg is nonempty if and only if E has a pseudo-limit in K; that is, P is
empty if and only if E is a pseudo-convergent sequence of transcendental type. If E is a
pseudo-convergent sequence of algebraic type which is also a Cauchy sequence, then Pg
contains a unique element, namely the minimal polynomial of the (unique) limit of E in

~

K (and by Lemma 2.5 this is the only case in which Pg has only one element).

Lemma 3.6. Let E be a strictly pseudo-monotone sequence having a pseudo-limit in K,
and let p € K[X]. Then:

(a) vg(p) ¢ Ty if and only if some irreducible factor of p is in Pg;
(b) if vg(p) ¢ Ty, then vg(p) is not torsion over T'y;
(¢c) if p1,p2 € Pr are of minimal degree, then vg(p1) = v (ps).

Proof. Let p € K[X]. Then, vg(p) = v(t) for some ¢t € K if and only if v(t) =
v(p(s,)) = degdomp(p)d, + v for all v sufficiently large (Proposition 3.2); since E is
strictly pseudo-monotone, it follows that vg(p) € T', if and only if degdomy(p) = 0.
Since degdompg(q1 - - - qn) = >, degdom(g;), (a) follows.
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(b) is a consequence of the previous point applied to the powers p™ of p.

Finally, if p1,p2 € Pg are polynomials of minimal degree, then p; — po = r for
some r € K[X] of lower degree, because pi,ps are monic; by minimality, no factor of
r belongs to Pg, and so vg(r) € T',. Hence, it must be vg(p1) = ve(p2) (otherwise
ve(p1 — p2) = min{vg(p1),ve(p2)} which is not in '), and (c) holds. O

Proposition 3.7. Let E = {s,},en C K be a pseudo-monotone sequence. If Pg is
nonempty, we let Ag = vg(p) for some p € Pg of minimal degree.

(a) If E is either pseudo-convergent of algebraic type or pseudo-divergent, then we have
Iy, =ApgZ &1, (as groups) and Vg /Mg =2 V/M.

(b) If E is pseudo-convergent of transcendental type, then V C Vg is immediate.

(¢) If E is pseudo-stationary, then T, = T'y and Vg/Mg is a purely transcendental
extension of V//M: more precisely, Vi /Mg = V/M(t), where t is the residue of 2=
modulo Mg, where ¢ € K satisfies v(c) = g and o € L.

(d) If E is not pseudo-convergent of transcendental type, then Ty, = (I'y, Ag). Further-
more, Ag does not depend on p and, if E is a pseudo-stationary sequence, Agp = 0.

(e) If E has a pseudo-limit 8 € K, then vg = vg A,.

Proof. (a) In both cases, E has a pseudo-limit in K with respect to some extension of v,
and so Pg # (. Fix a polynomial p € Pg of minimal degree, and let Ay = vg(p), which
does not depend on p and is not torsion over I';, by Lemma 3.6. For every ¢ € K[X], we
can write ¢ = ro + rip + rop® + - -+ + r,p", for some (uniquely determined) ro, ..., 7, in
K[X] such that degr; < degp. Since A is not torsion over I';, and vg(r;) € T, for each
1 by minimality of the degree of p, we have

ve(rip') = ve(r) +iAp # vp(ry) + jAp = vg(r;p’)

for every i # j; therefore, vg(q) = min{vg(ro), ve(rip), ..., vg(r,p™)}, and in particular
ve(q) € 'y ® AgN. Hence, Iy, =T, ® AgZ.

We now show that Vg/Mp = V/M. If E has a pseudo-limit « in K, then as in
[19, Proposition 3.11] by Lemma 3.6 we have vg = v4 a, and by [4, Chap. VI, §10,
1., Proposition 1] Vg and V have the same residue field. Suppose instead Lg = 0 (in
particular, F must be a pseudo-convergent sequence, by Lemma 2.5), and let ¢ be a unit
of V. Let u be an extension of v to K and let o € LY. Then, the residue field of Ug is
equal to the residue field of U (by the previous case); hence, there is a unit 8 of U such
that ¢ — 8 € My,. Thus, ¢(s,) € 8+ My for all v bigger or equal than some N € A.

Since ¢ is a unit of Vg, ¢(s,) is a unit of V for all large v; without loss of generality,
for v > N. Let a € V be such that ¢(sy) € a + M: then, for every v > N we have
d(s,) — d(sy) € My NV = M, and thus also ¢(s,) € a + M. Hence, the image of ¢ is
in V/M, and so V/M = Vg /Mpg. The claim is proved.

(b) This follows from Kaplansky’s results in [10].
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(c) Suppose that E is a pseudo-stationary sequence. It is clear that, without loss of
generality, we may suppose that K is algebraically closed. In order to prove the claim, by
[16, §11, IV, p. 366] it is sufficient to show that vg(X — a — ) = min{vg(X — a),v(B)}
for each 8 € K. By Proposition 3.2, we have vg(X — «) = . If § # v(5) we are done. If
0 = v(p), then by Lemma 2.5, « + § is a pseudo-limit of F, so again by Proposition 3.2
we have vp(X —a— ) =4.

(d) For pseudo-convergent sequences of algebraic type or pseudo-divergent sequences
the claim follows from the proof of part (a). For a pseudo-stationary sequence E, we
have Ap = vg(X — a) = dg for all pseudo-limits o € L, and we are done. (e) follows
in the same way. O

The next proposition constitutes an important generalization of [10, Lemma 5] and [16,
III, §64, p. 371], which says that the image under a polynomial of a pseudo-convergent
sequence is an eventually pseudo-convergent sequence.

Proposition 3.8. Let E = {s,},en C K be a strictly pseudo-monotone sequence and let
¢ € K(X) be non-constant. Then ¢(E) = {d(s,)}ven is an eventually strictly pseudo-
monotone sequence, which is of the same kind of E if degdompg(¢) > 0, and not of the
same kind if degdom (@) < 0; if degdom (@) # 0, then Ly(g) = Br(¢(E)). Furthermore,
if o(E) is eventually pseudo-convergent, then ¢(X) is a pseudo-limit of p(E) with respect
to vg.

Proof. Let A = degdomg(¢). Suppose first that A > 0 and E is a pseudo-convergent se-
quence. By Proposition 3.2 we have v(¢(s,)) = Ad,+v < v(d(s,)) = Ao+ forallv < p
sufficiently large (say greater than some vy € A), which shows that ¢(E) is an eventually
pseudo-convergent sequence with gauge {Ad, + v},ea. Since v(4(s,)) increases, 0 is a
pseudo-limit of ¢(E), and thus by Lemma 2.5 we have the equality L4g) = Br(¢(E)).

Since v(¢(s,)) > v(¢(sy)) if p > v (sufficiently large), we have vy (i((i))) > 0 for all
v sufficiently large; hence, eventually, vg(d(X) — ¢(s,)) = ve(d(s,)), and in particular
{vE(Pp(X) — ¢(s1)) boea is strictly increasing. Hence, ¢(X) is a pseudo-limit of ¢(E).

If A > 0 and F is a pseudo-divergent sequence, then as above ¢(FE) is eventually
pseudo-divergent. If A < 0, then in the same way we can prove that ¢(F) is strictly
pseudo-monotone, not of the same kind of F, and ¢(X) is a pseudo-limit of ¢(E) with
respect to vg.

Suppose now that A = 0 and F is a pseudo-convergent sequence. Without loss of
generality, we may also suppose that K = K. Let ¢(X) = p(X)/q(X), where p, ¢ € K[X].
Since K is algebraically closed, we can write ¢(X) = ¢1(X)g2(X) in such a way that all
zeros of ¢ are pseudo-limits of E while no zero of ¢, is a pseudo-limit of E (if £ has no
pseudo-limits, then ¢(X) = ¢2(X) and ¢1(X) = 1). In particular, deg ¢; = degdomg(q1).
Dividing p by g1, we have
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where a,b € K[X] and degb < deg ¢1. The rational function ¢(X) = % has dominat-

ing degree
degdom g (¢2) = degdomp(b) — degdomp(q1) < degb — degg; < 0,

and thus, by the previous part of the proof, {¢2(s,)}.eca is an eventually pseudo-divergent

sequence.

Consider now ¢1(X) = ;2(())?). If E has a pseudo-limit in K = K, let a € L. If not,

then F is a pseudo-convergent sequence of transcendental type, and we can extend v to

a transcendental extension K (z) of K such that z is a pseudo-limit of E ([10, Theorem
2]), and we set o = z; with a slight abuse of notation, we still denote by v this extension
to K (z). Note that in any case ¢2(«) # 0 since degdom (¢2) = 0. Consider the following
rational function over K («):

a(X)gz(a) — a(a)gz(X)
q2(a)g2(X) '

Since ¥ (a) = 0, the dominating degree of the numerator of v is positive; on the other
hand, degdomp(g2(a)q2) = degdomp(g2) = 0. Hence, degdomp(tp) > 0, and by the
previous part of the proof {¢)(s,)},ca is an eventually pseudo-convergent sequence in
K(a). Thus, also {¢1(s,)}vea = {t0(s0) + ¢1() }oen is eventually pseudo-convergent in
K (a); however, ¢1(s,) € K for every v, and thus {¢1(s,)}rea is a eventually pseudo-
convergent sequence in K.

By definition, ¢(s,) = ¢1(s,) + ¢=2(s,) and, by the previous points, the sequences

P(X) = 1(X) — ¢1(a) =

{b1(s1) }oen and {Pa(s,)}ven are eventually pseudo-convergent and eventually pseudo-
divergent, respectively. In particular, for large v, v(¢1(s,) — ¢1(s.)), p > v, is increasing
and v(¢2(s,) — ¢2(s.)), p > v, is decreasing; it follows that v(¢(s,) — é(su)), p > v, is
eventually equal to one of the two. Hence, ¢(s,) is eventually strictly pseudo-monotone,
as claimed.

Suppose in particular that ¢(E) is eventually pseudo-convergent: then,

ve(9(X) = 6(s)) = vB((01(X) = ¢1(s)) + (#2(X) — da(s.))).

By the case A > 0, we have vg((¢1(X)—d1(s,)) = vg(¢p1(s,)) for all large v. On the other
hand, since ¢(F) is pseudo-convergent we have vg(¢i(s,)) < ve(p2(s,)) for all large
v < p; in particular, we also have vg(¢2(X)) > vE(¢1(X)) and so vg(d2(X) — d2(sy,))
is bigger than both vg(#1(X)) and vg(¢1(s,)). Hence,

vE(O(X) — ¢(s1)) = ve(1(X) — ¢1(s1)) = ve(d1(sy)),

which is eventually strictly increasing. Hence, ¢(X) is a pseudo-limit of ¢(E) with respect
to vg, as claimed.

If E is pseudo-divergent, the same reasoning applies (with the only difference that
¢1(E) will be pseudo-divergent and ¢o(F) pseudo-convergent). O
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4. Extensions

We now start the proof of our generalization of Ostrowski’s Fundamentalsatz (Theo-
rem 6.2): we want to show that, under some hypothesis, we can obtain every extension
W of V to K(X) as a valuation domain Vg associated to a pseudo-monotone sequence
FE contained in K. In order to accomplish this objective, we want to associate to each
such extension W a subset of K which is the analogue of the set of pseudo-limits of a
pseudo-monotone sequence.

Definition 4.1. Let W be an extension of V to K(X). We define the following subsets of
K:

LyW)={ae K |w(X —a)¢T,};

LoW)={ae K|wX —-a)eTl,, andw(X —a+c)=wX —a) if w(X —a) =v(c)};
LW) =L (W) U Lo(W).

X—«a
c

Equivalently, a € Lo(W) if w(X — a) = v(c) for some ¢ € K, and the image of
in the residue field of W does not belong to the residue field of V.

Proposition 4.2. Let W be an extension of V to K(X).

(a) Suppose K is algebraically closed. Then V-.C W is immediate if and only if L(W) =
0.

(b) If a € L(W), then w(X —a) > w(X — ) for each B € K, and equality occurs if and
only if B € LIW).

(c) If L(W) # 0, then exactly one of L1(W) and Lo(W) is nonempty.

(d) If L1(W) #£ 0, then it is equal to K or to a+1 for some o € K and some (fractional)
ideal I.

(e) If Lo(W) # 0, then it is equal to a4 ¢V for some a, ¢ € K with v(c) = w(X — «).

Note that (b) above is a generalization of [19, Proposition 3.11, (a)].

Proof. (a) Suppose K is algebraically closed. If V' C W is immediate, then I';, =T', (so
L1(W) = 0); furthermore, since W/Myw = V/M, also Lo(W) = 0. Conversely, suppose
that V' C W is not immediate. If ', # T, then w(p) ¢ T, for some p € K[X], and
thus w(p’) ¢ T, for some irreducible factor p’ of p; since K is algebraically closed,
p(X)=X—aand a € L;(W). IfT, =T, then V/M C W/My, and this extension

must be transcendental (since K is algebraically closed, so is V/M). By the proof of [1,
X—a

Proposition 2], we can find «, ¢ € K such that w(X —a) = v(c) and the image of is

transcendental over V/M; it follows that a € Lo(W), which in particular is nonempty.
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(b)-(e) If L(W) # 0 and L(W) # K, let o € L(W). Then, if 8 € K we have:

\%

Z(X : ) 1)

w(X —«), ifv(a—7p)
wX—-pF)=wX-—-a+a—0F)=
(X = 8) =w( + ) { ) (X — )

via—08), ifv(a—p)<

Suppose a € L1(W). Since w(X — f3) is equal either to w(X —a) ¢ T', or to v(a— ), in
the former case § € £1(W), while in the latter 5 ¢ £, (W) and w(X — ) < w(X — «).
Moreover, £1(W) = a+ {z € K | v(z) > w(X — «)}, and the latter set is an ideal.

If « € Lo3(W) and v(a — B) > w(X — @), then w(X — 8) = w(X — a) = v(c) € T,
for some ¢ € K, so B € La(W) because (X — f)/c = (X — a)/c+ (B — a)/c: over
the residue field of W (X — a)/c is not in V/M so it follows that the same holds for
(X — B)/c. Similarly, if 8 € L2(W) it can be proved that v(a — ) > w(X — «) and so
w(X —p) =w(X —a). If v(a — 8) < w(X — «), then as before w(X — f) < w(X — ).
In particular, Lo(W) = a+{z € K | v(z) > w(X —a)} = a+cV, and Li(W) =0
(because a € Lo(W) and (1)). Note that this argument shows that at most one of the
sets L;(W), i = 1,2, can be non-empty.

In all cases, w(X —a) > w(X — B) for all @ € L(W) and § € K, and equality occurs
if and only if 8 € L(W). O

Proposition 4.3. Let E C K be a pseudo-monotone sequence.

(a) If E is a strictly pseudo-monotone sequence, then £1(Vg) = Lg.
(b) If E is pseudo-stationary, then Lo(VE) = LE.

In both cases, L(VE) is the set of pseudo-limits of E in K.

Proof. Suppose first that E = {s,},ea is a strictly pseudo-monotone sequence. Let
a € K, and suppose w(X — a) = w(c) for some ¢ € K. Then, (X — «)/c is a unit of
W, and in particular for large v both (s, — a)/c and ¢/(s, — a) belong to V. Therefore,
v(sy, — a) = v(c) for large v; hence, w(X — a) € T, if and only if @« ¢ Lg. Thus,
L£1(Vg) = LEg; furthermore, by Proposition 3.7(a), Vg /Mg = V/M, and so Lo(Vg) = 0.
Hence, L(Vg) = LEg.

Suppose now that E is pseudo-stationary: then, by Proposition 3.7(e), vg = va.5,- By
Proposition 4.2(e), L(Vg) = L2(Vg) = a + ¢V, where ¢ € K has value vg(X — ) = .
By Lemma 2.5 this is precisely L. O

Example 4.4. Proposition 4.3 allows to show that there are extensions of V to K (X)

which cannot be realized as Vg, for any pseudo-convergent sequence F C K. For example,
consider the following valuation domain of K(X) introduced in [18]:

Voo = {¢ € K(X) | ¢(c0) €V},
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where ¢(00) is defined as (0), where ¥(X) = ¢(1/X). Then, V is the image of V; =
{¢ € K(X) | $(0) € V} under the K-automorphism ® of K(X) sending X to 1/X.
The valuation domain Vj is equal to Vi, where F = {t,},cx is a Cauchy sequence with
limit 0. Consider E = {s, = t;;1},ex: by Proposition 3.8, F is pseudo-divergent with
Br(F) = K (since, as v(f,) is cofinal in I',, v(s,) is coinitial). Thus, Voo = Vg has
L(Vs) = Lg = K, which is different from L(Vg) = Lg for every pseudo-convergent
sequence G (by Lemma 2.6). In particular, V,, # V. Note also that V, is contained in
the DVR K[1/X]1/x) ([18, Proposition 2.2]).

Proposition 4.2(a) is false without the assumption on K: in fact, if £ C K is a
pseudo-convergent sequence of algebraic type without pseudo-limits in K, then, for some
extension u of v to K, by Proposition 4.3 we have L(Ug) = L% # 0, so by contracting
down to K we have L(Vg) = Lg = () while V C Vg is not immediate by Proposition 3.7.

Proposition 4.5. Suppose K is algebraically closed, and let W1, Wy be two extensions of
V to K(X) If either £1(W1) = ;Cl(WQ) 75 @ or ﬁg(Wl) = EQ(WQ) 7é @, then W1 = WQ.

Proof. Let £ = L(W7) = L(W3); we shall use w to indicate either w; or ws. Fix also
ae L.

Let ¢ € K(X), and write it as ¢(X) = c][,cq(X — ), where O is the multiset of
critical points of ¢, c € K and €, € {—1,+1}.

For every v ¢ L, by Proposition 4.2(b) w(X —v) < w(X —a), so w(X —v) = v(a—");
furthermore, if 71,72 € £, then w(X —v1) = w(X — v2). Hence, w(¢) = w(t)), where
P(X) = d(X — a)! for some d € K, t € Z (more precisely, d = cll,eq\cle—7) and
t =3 conc €)- Note that, in particular, we have both wi(¢) = wi(¢) and wa(¢) =

If ¢ = 0, then w(¢) = v(d) and so its sign does not depend on whether w = wy or
w = wsy; i.e., ¢ € Wy if and only if ¢ € Wo. If t # 0, then ¢ = (e(X — a))!*l, where
e € K is such that el!l = d and e = t/|t|; thus, 1 € W; if and only if e(X — )¢ € W, for
i = 1,2, since a valuation domain is integrally closed.

Suppose now that a € £4(W) and ¢ > 0. Then,

weX —a) >0 <= wX —a)>vEe ) &= wX -—at+e ) =v(e™)
(since w(X — ) ¢ T,), i.e., if and only if a —e™t ¢ L£1(W). Since L1 (W1) = L1 (Wa), it

follows that w;(e(X — «)) > 0 if and only if wa(e(X — «)) > 0, i.e., ¢ € Wy if and only
if ¢ € Wy, as claimed. Analogously, if ¢ < 0, then

w(Xea) >0 = wX -—a)<vie) = wX-—a+e)=wlX —a),

that is, if and only if & — e € £1(W). As before, this implies that ¢ € W if and only if
¢ € Wa; hence, W = Whs.
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Suppose now that o € Lo(W). If t > 0, then w(e(X —«)) > 0 if and only if w(X —a) >
w(f) for all f € K such that v(e™!) > v(f); that is, if and only if w(X —a + f) = v(f)
for all such f. This happens if and only if o — f ¢ £ for all these f; since v(e™!) >
v(f) depends only on V, it follows as before that wi(e(X — «)) > 0 if and only if
wa(e(X —a)) >0, ie., ¢ € Wy if and only if ¢ € Wy, as claimed. If ¢ < 0, then, in the
same way, w(e/(X —a)) > 0if and only if w(X —a) < v(f) for all f such that v(f) < v(e);
as above, this implies that ¢ € Wy if and only if ¢ € W5. Hence, W7 = W5, O

Example 4.6. In Proposition 4.5 we can’t drop the hypothesis that K is algebraically
closed: for example, take a € K and let 6 € QI',\T',. Let E C K be a pseudo-convergent
sequence having a pseudo-limit « and such that Br(F) = I = {z € K | v(z) > d§}; by
Proposition 4.3(a), £1(Vg) = a + I # (. Take now the monomial valuation w = vq s:
then, L;(W) =a+1 = L1(Vg), but W # Vg since the value group of w is contained in
the divisible hull of the value group of v, while ', , = T', ®AgZ is not (by Proposition 3.7
and Lemma 3.6).

Joining the previous propositions, we can prove that if K is algebraically closed, then
any extension of V' to K(X) is in the form Vg for some pseudo-monotone sequence F;
however, we postpone this result to Theorem 6.2 in order to cover a more general case.

Proposition 4.7. Let E C K be a pseudo-monotone sequence, and let U be an extension
of V to K. Then Ug is the unique common extension of U and Vg to K (X). Moreover, if
F C K is another pseudo-monotone sequence such that E and F' are either both pseudo-
stationary or both strictly pseudo-monotone, then Vg = Vg if and only if Ug = Up.

Proof. The first claim can be proved in the same way as [19, Theorem 5.7], but we
repeat the proof for clarity. Clearly, Ugr extends both U and Vg. Suppose there is another
extension W of U and Vg to K(X): then, by [4, Chapt. VI, §8, 6., Corollary 1], there is
a K(X)-automorphism o of K(X) such that Ug = o(W). Let p = o~ 1: then,

p(Ug) ={pog € F(X) | (sy) € U eventually} =
{pogp e K(X)|aop(p(s,)) €U eventually}.

Since s, € K and p|k is the identity, p(¢(s,)) = (p o ¢)(s,); hence,

p(Ug) ={po¢ € K(X)|o((pod)(s,)) € U eventually} =
{¢p € K(X) | 0(¢(s,)) € U eventually}.

In particular, note that p(Ug) = p(U)g.

Since both Ug and W are extensions of U, for any t € K we have that t € U if and only
if o(t) € U; in particular, this happens for ¢t = ¥(s,). It follows that p(Ug) = W = Ug,
as claimed.
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We prove now the last claim. One direction is clear, since Vg = Ug N K and Vi =
Ur N K. The other implication follows from the previous claim, since Ug is the unique
common extension of Vg and U and Upg is the unique common extension of Vp and
U. O

5. Equivalence of pseudo-monotone sequences

Using the results of the previous sections, we can now tackle the problem of when two
pseudo-monotone sequences have the same associated extension of V to K(X).

Proposition 5.1. Let £, F C K be two pseudo-monotone sequences that are either both
pseudo-stationary or both strictly pseudo-monotone. Let u be an extension of v to K.
If £Y% #+ 0, then Vg = Vg if and only if LY, = L'%. Furthermore, if Lg # 0, then the
previous condition is also equivalent to the corresponding one over K.

Proof. By Proposition 4.7, it is enough to show that Ug = Uy if and only if L% = L%.

Suppose LY, # (. Then U C Ug is not immediate by Proposition 3.7, and by Propo-
sition 4.3 L% = Lo(Ug) if E is pseudo-stationary and L% = £,(Ug) if E is strictly
pseudo-monotone. Hence, if £Y% = L%, then also £% # (; if E and F are both pseudo-
stationary, then Lo(Ur) = L2(Ug) # 0 and so Ug = Ur by Proposition 4.5, while if F
and F are strictly pseudo-monotone the same conclusion holds by the same proposition.
Conversely, if Uy = Up, then LY, = L(Ug) = L(Ur) = L} and so E and F have the
same pseudo-limits (in K).

Suppose now Lg # 0. If L% = L% then Lg = Lp. Conversely, if Ly = Lp, then
by Lemma 2.5 Br(E) = Br(F). In particular, Br,(E) = Br,(F) so by the same Lemma
LY=L O

Remark 5.2.

1. Note that, under the same assumptions of Proposition 5.1, by Lemma 2.5 E and F
have the same set of pseudo-limits (either over K or over K) if and only if they have
the same breadth ideal and they have at least one pseudo-limit in common.

2. It is possible to have Vg = Vg even if E is pseudo-convergent and F is pseudo-
divergent: for example, if I is not finitely generated and it is not equal to cM for any
¢ € K, we can find both a pseudo-convergent sequence E and a pseudo-divergent
sequence F' such that I = 0+ I is the set of pseudo-limits of E and F' (Lemmas 2.5
and 2.6). By Proposition 5.1, Vg = Vp.

3. If E,F are pseudo-divergent sequences with Br(E) = K = Br(F) (that is, if the
gauges of E, F are not bounded from below, see §2.3.2), then L = K = Lp,
and so Vg = Vp. This extension is exactly the valuation domain V., considered in
Example 4.4.
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Let E, F be two Cauchy sequences with limits zg,zp € K, respectively. By Proposi-
tion 5.1, Vg = Vg if and only if zp = zp; by extending v to the completion IA(, we see
that this can happen even if the limits are not in K. Thus, the condition Vg = Vp gener-
alizes the notion of equivalence between Cauchy sequences: for this reason, we say that
two pseudo-monotone sequences are equivalent if Vg = Vp. We now want to characterize
this notion in a more intrinsic way, but we need to distinguish between the different
types. The first result, involving pseudo-convergent sequences, is a generalization of [19,
Theorem 5.4].

Proposition 5.3. Let E = {s,},en, F' = {t }uen C K be pseudo-convergent sequences.
Then E and F are equivalent if and only if Br(E) = Br(F) and, for every k € A, there
are vy, o € A such that, whenever v > vy, 1 > o, we have v(s, —t,) > v(t, —t.), for
any p > K.

Note that the condition of the proposition is not symmetrical in E and F, despite the
fact that the definition of the equivalence relation is symmetric.

Proof. By Proposition 5.1, without loss of generality we can suppose that K is alge-
braically closed. Let {0, },en, {0, },ca be the gauges of E and F, respectively. We will
use the following remark: Br(E) C Br(F) if and only if for each 1 € A there exists v € A
such that 9, < 4.

We assume first that the conditions of the statement hold. Suppose that E is of
algebraic type: then, E' has a pseudo-limit 5 € K. Fix pu € A. By the above remark,
there exists vy € A such that for all v > vy, §, > 5;. There also exist tg, g € A such
that for all v > 1y, k > g, we have v(s, — t;) > 5IL. Then, for v > max{ty,vp} and
Kk > max{y, uo} we have

V(B —ty) =v(B—sy+ 8y —te+te—t,) =0,

so that § is a pseudo-limit of F'. Therefore, F' is of algebraic type and L C Lp. The
reverse inclusion is proved symmetrically, and Vg = Vg follows from Proposition 5.1.

Suppose now that F is of transcendental type: by the previous part of the proof, also
F must be of transcendental type. We can repeat the previous reasoning by using X
instead of 8 (since X is a pseudo-limit of F with respect to vg: see [19, Theorem 3.8]
or Theorem 3.4); this proves that X is a pseudo-limit of F' with respect to vg. The fact
that Vg = Vi now follows from [10, Theorem 2].

Assume now that Vg = Vp. Suppose first that E is of algebraic type: then, Lg # 0,
and by Proposition 5.1 we must have Lp = Lg, and thus F is also of algebraic type. In
particular, Br(E) = Br(F). Let « € Lg = Lp. Then,

v(sy, —t,) = v(s, —a+a—t,) >min{d,,J,}.
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'; choosing 1p > k we have

K

By the remark, for every « there is an ¢y such that §,, > ¢
that E and F' satisfy the conditions of the statement.

Suppose now that F is of transcendental type; as before, this implies that also F' is
of transcendental type. Without loss of generality we may suppose that Br(F') C Br(E).
If this containment is strict, then there exists a ¢ € Br(E) \ Br(F'). Then, % is in
Vg for each a € K (because X is a pseudo-limit of E' with respect to vy and E has no
pseudo-limits in K'). On the other hand, for every v we have e ¢ Vi, a contradiction.
Therefore Br(E) = Br(F'). We know that X is a pseudo-limit of F' with respect to vp,
so that {vp(X —t,)}.en is a (eventually) strictly increasing sequence. In particular,
since Vg = Vg implies that A o vy = vp for some isomorphism of totally ordered groups
ATy, — Ty, it follows that {vg(X —t,)}.ea is a (eventually) strictly increasing
sequence, so that X is a pseudo-limit of F' with respect to vg. Thus vp(X —t,) = 0,
for each u € A (sufficiently large). The proof now proceeds as above, replacing a pseudo-
limit @ of E and F' by X (which is a pseudo-limit of E and F with respect to vg). Hence,
the conditions of the statement hold. 0O

The cases of pseudo-divergent and pseudo-stationary sequences are very similar, with
the further simplification that in these cases we do not need to consider sequences of
transcendental type (which do not exist).

Proposition 5.4. Let £ = {s,},en, F = {tu}uen C K be pseudo-divergent sequences.
Then E and F are equivalent if and only if Br(E) = Br(F) and there exist v, po € A
such that for all v > vy, > o there exists K € A such that v(s, —t,) > v(t, —tx), for
any p < K.

Note that the above condition amounts to saying that s, — ¢, is eventually in the
breadth ideal Br(E) = Br(F).
The following is the analogous result for pseudo-stationary sequences.

Proposition 5.5. Let E = {s,},en, F = {tu }uen C K be pseudo-stationary sequences
with breadth g and 0, respectively. Then E and F are equivalent if and only if g =
dp =6 and v(s, —t,) >0 for all v, € A.

Proof. The conditions of the statement say (using Lemma 2.5) that E C Lp and F' C Lg.
By the same Lemma, this is equivalent to Lg = L, which is equivalent to Vg = Vg by
Proposition 5.1. O

6. A generalized Fundamentalsatz
In general, not all the extensions of V to K (X) can be realized via a pseudo-monotone

sequence contained in K. For example, let V be the ring of p-adic integers Z,, for some
prime p € Z. It is not difficult to see that for o € @ \ Qp, the valuation domain
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Voo = {0 € Qp(X) | ¢(a) € Zp} of Qp(X), where Z, is the unique valuation domain
of Qp, is not of the form Vg, for any pseudo-monotone sequence £ C Q, (for exam-
ple, by Proposition 3.7 and [18, Proposition 2.2 & Theorem 3.2]; see also the proof of
Theorem 6.2).

In this section, we show when all extensions of V' to K(X) are induced by pseudo-
monotone sequences in K. We start with a lemma which allows us to reduce to the
algebraically closed case.

Lemma 6.1. Let L be an extension of K and U a valuation domain of L lying over V
such that T'yy, =T,. Let F' C L be a pseudo-monotone sequence with respect to u having
a pseudo-limit B € K. Then:

(a) if F is strictly pseudo-monotone, there is a sequence E C K of the same kind as F
that is equivalent to F' (with respect to u);

(b) if F is pseudo-stationary and the residue field of V is infinite, there is a pseudo-
stationary sequence E C K that is equivalent to F (with respect to u).

Proof. Let F' = {t,},ca.
(a) For every v, there is a ¢, € K such that u(t, — 8) = u(c,) = 0,5 let s, = ¢, +
and let £ = {s,},eca. Then, E C K (since 8 € K) and

U(S# _Su) :’LL(C#—i—ﬁ—CV _B) = ’LL(C# _Cu) =0,

for every p > v, so F is pseudo-monotone of the same kind as F' and the gauges of E and
F coincide; in particular, Br, (E) = Br, (F). By Proposition 5.1, E and F' are equivalent.

(b) Since u(t, — §) = 6 € T', and the residue field of V is infinite, we can find an
infinite set {c, },ea C V such that u(c, — 8) = ¢ and such that u(c, —¢,) = ¢ for every
v # u. Setting s, = ¢, + 3, as in the previous case we can take F = {s,},¢ca, and E and
F' are equivalent by Proposition 5.1. 0O

Theorem 6.2. Let V' be a valuation domain with quotient field K. Then, every extension
W of V to K(X) is of the form W = Vg for some pseudo-monotone sequence E C K if
and only if K is algebraically closed. In this case, we have the following.

(a) If V. .C W is immediate, then E is necessarily a pseudo-convergent sequence of
transcendental type.
(b) If V C W is not immediate, then:
(b1) if LIW) =0, then F is a pseudo-convergent Cauchy sequence of algebraic type
whose limit is in K \ K;
(b2) if L1(W) = a+1 # 0 and I is a divisorial fractional ideal, then E can be taken
to be pseudo-convergent of algebraic type;
(b3) if LL(W) =a+ 1 # 0 and I is not a principal ideal, then E can be taken to be
pseudo-divergent;
(bd) if Lo(W) =a+ I #0, then E is necessarily a pseudo-stationary sequence.
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Note that, since every nondivisorial ideal is nonprincipal, cases (b2) and (b3) cover all
possibilities. Furthermore, these two cases are not mutually exclusive: see Remark 5.2.

Proof. Throughout the proof we will use the fact that K is algebraically closed if and
only if K embeds in K (which in turn follows from the fact that the completion of an
algebraically closed field is algebraically closed [22, §15.3, Theorem 1]). Loosely speaking,
this condition holds if and only if K is dense in its algebraic closure K.

Suppose that K is not algebraically closed. Then by above there exists a € K such
that K («) cannot be embedded into K , that is, « is not the limit of any Cauchy sequence
in K. Let U be an extension of V to K and let F' C K be a pseudo-convergent Cauchy
sequence with limit a.. Let W = Up N K(X): we claim that W # Vg for any pseudo-
monotone sequence F. Indeed, if W = Vg for some pseudo-monotone sequence £ C K, by
Proposition 4.7 Ug is the only common extension of U and Vg to K(X), so that Ug = Up.
By Proposition 5.1, we must have £Y, = L% = {a} and Br,(E) = Br,(F) = (0) and thus
Lg =LY% NK = 0; hence, E C K should be a pseudo-convergent Cauchy sequence with
limit o (Lemma 2.5). However, this is impossible by the choice of «, and so W # Vg for
any pseudo-monotone sequence F.

Suppose now that K is algebraically closed, and let W be a common extension of v
and W to K (X).

IfV CWis immediate, then also V' C W is immediate (since V' C 1% is); by Kaplan-
sky’s Theorem [10, Theorem 2], there is a pseudo-convergent sequence F C K such that
W = Vg.

Suppose V C W is not immediate. By Proposition 4.2(a), L(W) C K is nonempty,
say equal to a + J for some o € K and some J that is either a fractional ideal of V or
the whole K.

If J =(0) let E C K be a pseudo-convergent Cauchy sequence having limit a: then,
L(Vg) = £1(Vg) = {a} = £;(W) = L(W), and by Proposition 4.5 it follows that
W = Vg. Hence, W = WNK = VgNK = V. In particular, if o € K then £(W) = {a},
while if & € K \ K then £(W) = {; furthermore, by Proposition 3.7 if V C W is not
immediate, then £ must be a sequence of algebraic type.

Suppose now that J # (0). Then, the open set a + J must contain an element 5 of
K, and in particular a4+ J = 8+ J. Using Lemma 2.6, we construct a pseudo-monotone
sequence F' C K with breadth ideal J and with B as pseudo-limit, with the following
properties:

if £1(W) # 0 and J is a strictly divisorial fractional ideal, we take F' to be a pseudo-

convergent sequence;

o if £1(W) # 0 and J is a nondivisorial fractional ideal, we take F' to be a pseudo-
divergent sequence (note that, in this case, J = M is not principal);

o if Ly(W) = K , we take F' to be a pseudo-divergent sequence whose gauge is coinitial
in I'y;

o if Lo(W) # 0, we take F to be a pseudo-stationary sequence.
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Note that the first case falls in (b2), the second and the third ones in (b3) and the fourth
one in (b4).

In all cases, W = Ve by Proposition 4.5 (in the first three cases using £1 and in the
last one using £5). Since V' C Vis immediate, we can apply Lemma 6.1 to find a pseudo-
monotone sequence ' C K that is equivalent to F'; hence, Vg = X7F NK=WnK=W.
The theorem is now proved. O

Remark 6.3. By Proposition 3.7 and the main Theorem 6.2, if K is algebraically closed,
then every extension of V to K(X) which is not immediate is a monomial valuation.
This result was already known to hold but only with the stronger assumption that K is
algebraically closed, see [2, pp. 286-289).

We remark that a more direct approach to the proof of Theorem 6.2 can be given
by considering the set w(X,K) = {w(X —a) | a € K}, which is a subset of T',,. If
w(X, K) has no maximum, then, exactly as in the original proof of Ostrowski, we can
extract from w(X, K) a cofinal sequence which determines a pseudo-convergent sequence
E in K of transcendental type such that W = Vg. If instead w(X, K) has a maximum
A, = w(X — ag), then, following again Ostrowski’s proof, one can show that W is a
monomial valuation of the form V,, a,: according to whether A, is in I',, or not (and, in
the latter case, depending on the properties of the cut induced by A,, on T',), we can find
a pseudo-monotone sequence £ C K with ag as pseudo-limit and such that W = Vg. This
approach can be connected to the one given above by noting that T, \ w(X, K) = v(J)
(where J is the ideal defined in the proof of Theorem 6.2), and that if A,, exists then
we have {a € K | w(X —a) = Ay} = L(W).

When w(X, K) has a maximum and V has rank 1, Ostrowski proved in his Funda-
mentalsatz [16, p. 379] that the rank one valuation associated to W can be realized
through a pseudo-convergent sequence F' = {s,},ean C K by means of the map defined
as wr(¢) = lim,_, o v(¢(sy,)), for each ¢ € K(X) (where the limit is taken in R). If
W = Vg, where E C L is a pseudo-stationary sequence, as in Theorem 6.2(b4), then F
and F' have the same set of pseudo-limits, and in particular they have the same breadth.
Furthermore, by Proposition 7.1 below, in this case we have Vi C W = V. See also [19]
for other results regarding the valuation wp introduced by Ostrowski.

An immediate corollary of Theorem 6.2 is that, for any field K, if U is an extension
of V to K, then every extension W of V to K(X) can be written as the contraction
of Ug to K(X), namely U N K(X), where E C K is a pseudo-monotone sequence with
respect to U; furthermore, in view of the examples above, we cannot always choose E to
be contained in K.

Remark 6.4. The hypothesis that Kis algebraically closed is weaker than the hypothesis
that K is algebraically closed; we give a few examples.

1. Let K = QNR, where Q is the algebraic closure of Q, and let V be an extension to
K of Z(5z). Then, i belongs to the completion K, since the polynomial X2+ 1 has
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a root in Z/57Z; therefore, K (i) = Q can be embedded into I?, so K is algebraically
closed while K is not.

2. If K is separably closed, then K is algebraically closed (it is enough to adapt the
proof of [20, Chapter 2, (N)] to the general case).

3. Suppose that V has rank 1 and that the residue field k has characteristic 0. Then, K
is algebraically closed if and only if & is algebraically closed and the value group I, is
divisible. Indeed, these two conditions are necessary, since completion preserves value
group and residue field. Conversely, suppose that the two conditions hold. When V'
has rank 1 then K is henselian, i.e. ¥ has a unique extension to the algebraic closure
of K. Since k has characteristic 0, all finite extensions of K are defectless [7, Corollary
20.23], and thus the fundamental inequality is an equality and thus the degree [IA( K ]
is 1, i.e., K is algebraically closed.

7. Geometrical interpretation

Throughout this section, we suppose that the maximal ideal M of V is not finitely
generated, and that its residue field £ is infinite. We also fix o € K. For any § € I',,, we
denote B(a,8) = {z € K | v(a —z) > 6} and B(a,8) = {z € K | v(a — ) > &} the
closed and open ball (respectively) of center o and radius 4.

By Lemma 2.6, we can find both a pseudo-convergent sequence E and a pseudo-
stationary sequence F such that Lg = Lp = a+ ¢V = B(a, d), where § = v(c), for some
¢ € K; furthermore, again by Lemma 2.6, for every z € a + ¢V we can find a pseudo-
divergent sequence D, such that Lp, = 2+ cM = é(z,é). Note that by Lemma 2.5
D. C B(z,6). In geometrical terms, E and F are associated to the closed ball B(a, §),
while each D, is associated to the open ball B (z,9), which is contained in B(a, §) and has
the same radius. In the next proposition we show the containments among the valuation
domains associated to these sequences.

Proposition 7.1. Preserve the notation above, and let z,w € B(a,d). Then, Vi properly
contains both Vg and Vp_, Vg # Vp_, and Vp_, = Vp,, if and only if z —w € cM.

Proof. Let U be an extension of V to K and let z € B(«,d): then
p.=2+tcMy C L, =L%=a+cU

Let ¢ € K(X) and, for any sequence G, let Ag be the dominating degree of ¢ with
respect to G.

Since L% = L%, we have A\p = A\p; if E = {s,},ea and {J,},en is the gauge of E,
by Proposition 3.2 for large v we have v(¢(s,)) = Agd, + 7, where v = u (%(a))
If ¢ € Vg, then v(¢(s,)) > 0 for all v sufficiently large; since §, 7 4, it follows that
Apd + v > 0. However, if F = {t,},ca, then applying again Proposition 3.2 we have
v(p(t,)) = Apd + v = Agd + v, where ~ is the same as the previous case; it follows that
v(¢p(t,)) > 0 for large v, i.e., ¢ € Vp.
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Fix now z € B(«,0) and let D, = {r,},ea. Let {3, },ea be the gauge of D,; by
mimicking the proof of Proposition 3.2, we have

oX)=d [ X-a« [ &-p* J] x-v,

a€Ll} NS ﬁe(ﬁ}\ﬁ}gz)ms YELENS

for some d € K, where S is the multiset of critical points of ¢. Hence, for large v,
v(p(ry)) = Ap.d8,+(Ar—Ap.)d+~. As in the previous case, if ¢ € Vp_ then v(¢p(r,)) >0
for large v, and s0 0 < Apd + v = v(¢(t,)), i.e., ¢ € Vp.

Thus Vg and the Vp, are contained in V; the containment is strict by Proposition 3.7,
since Vp is residually transcendental over V' while the others are not. The last two claims
follow from Lemma 2.5 and Proposition 5.1 by comparing the set of the pseudo-limits of
the sequences involved. O

Consider now the quotient map 7 : Vg — Vr/Mp. By Proposition 3.7(c), Vp/Mp ~
k(t), where ¢ is the image of £=2. Let W be either Vg or Vp, for some z € B(a, d):

then, Mp C W, and thus we can consider the quotient 7(W) = W/Mp, obtaining the
following commutative diagram:

Ve W Vi (2)

o

V/M = k= W/Mp—— k(2.

In particular, W/MF is a (proper) valuation domain of k() containing k: hence, by [6,
Chapter 1, §3], W/Mp must be equal either to k[t]s)), for some irreducible polynomial
f € E[t], or to k[1/t](1/4). In particular, 7 induces a one-to-one correspondence between
the valuation domains of k(t) containing k and the valuation domains of K (X) contained
in V. The strictly pseudo-monotone sequences we considered above are exactly the linear
case, as we show next.

Proposition 7.2. Preserve the notation above. Then:

(a) m(
(b) 7(

(¢) m~

VE) = k[1/t]1/1);
Vp.) = k[t]t—6(z)), where 0(z) = m (z—a)’.

c

D,
Y(E[t)t—2)) = VDos,. where y is an element of V satisfying 7(y) = x.

Proof. Let ¢(X) = #=2: then, as in the previous discussion, ¢t = 7(¢). The ring
E[1/t](1/¢) is the only valuation domain of k(t) containing k such that 1/t belongs to
the maximal ideal: hence, in order to show that 7(Vg) = k[1/t](1/:) we only need to
show that 1/¢ € Mg. This follows immediately from the fact that v(¢(s,)) =0, —0 <0,

where E = {s,},ea and {d,},ea is the gauge of E.
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Analogously, in order to show that 7(Vp_) = k[t];—g(=)), we need to show that ¢ —6(z)
is in the maximal ideal of m(Vp,) or, equivalently, that

zZ— X —=z
d(X) — =—— €Mp..

This is an immediate consequence of the definition of z and ¢, and the claim is proved.
The last point follows by the fact that §(a + yc) = 7 (22L=2) = n(y) =z. O

If k is algebraically closed (in particular, if K is algebraically closed), then all irre-
ducible polynomials of k[¢t] are linear; thus, Proposition 7.2 describes all the subextensions
of Vr. When £k is not algebraically closed, on the other hand, it follows that some of the
valuation rings of k(t) containing k cannot be obtained by pseudo-divergent sequences
contained in K in the same way as in Proposition 7.2; however, we can construct them
by using pseudo-divergent sequences in K with respect to a fixed extension of V.

Given an extension u of v to K we denote by D(U) the decomposition group of U in
Gal(K/K), that is, D(U) = {0 € Gal(K/K) | o(U) = U}.

Proposition 7.3. Let W be an extension of V to K(X) which is properly contained in
Vr, and suppose that m(W) = k[t] sy for some nonlinear irreducible f € k[t]. Let u be
an extension of v to K.

(a) There exists z € L% such that W = Up. N K(X), where D, C By(z,6) C K is
pseudo-divergent.

Let @ : Up — k(t) be the canonical residue map.

(b) 6(z) =7 (252) is a zero of f(t).
(c) Let z,w € LY%. Then the following are equivalent:
(i) Up, N K(X)=Up, N K(X);
(ii) 0(z) and O(w) are conjugate over k;
(iii) p(z) —w € cMy for some p € D(U).
In particular, the number of extensions of W to K(X) is equal to the number of
distinct roots of f in k.

Proof. Let W be an extension of W to K (X) and let U = WNK; then, U is an extension
of V. The diagram (2) lifts to

Uc Wc Up (3)

U/My = k= W/My = &(t).
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By Proposition 7.2, W is equal to Up_, for some z € L% = a + cU, and thus W =
Up. N K(X), as desired.

(b) If Up, is an extension of W to K(X), then 7(Up,) = E[t](t_g(z)) is an extension
of 7(W) = k[t](s1)) to k(t). It is straightforward to see that this implies that t — 6(z) is
a factor of f(t) in k[t], i.e., that 0(z) is a zero of f(t).

(¢) The equivalence of (i) and (ii) follows from the previous point.

(ii) <= (iii) There is a surjective map from the decomposition group D(U) of U to
the Galois group Gal(k/k), where p € D(U) goes to the map 5 sending z € k to w(p(y)),
where y satisfies 7(y) = = [4, Chapt. V, §2.2, Proposition 6(ii)]. Hence, if 8(z) and 6(w)
are conjugates there is a p € Gal(k/k) such that p(0(z)) = 6(w), and we have

(r(57) = (557) = () = ()

Z—« w—«
<:>p( c ) c € My.

Since «, ¢ € K, the last condition holds if and only if p(z) — w € ¢My. Conversely, if
p(z) —w € cMy, then we can follow the same reasoning in the opposite order, and so
0(z) and O(w) are conjugate over k. O

We conclude by reproving Ostrowski’s Fundamentalsatz. Recall that, if V has rank 1,
we can always consider v as a (not necessarily surjective) map from K \ {0} to R.

Theorem 7.4. Suppose that v is a valuation of rank 1 and K is algebraically closed. Let
w be an extension of v to K(X) of rank 1. Then the following hold:

(a) there is a pseudo-convergent sequence E = {s,},en C K such that

w(¢) = lim v(g(sy))

V—r00

for every nonzero ¢ € K(X);
(b) if V. .C W is not immediate, there is also a pseudo-divergent sequence F' = {t,},ca
such that

w(¢) = lim v(e(ty))

v—00

for every nonzero ¢ € K(X).

Proof. If V. C W is immediate, then by [10, Theorems 1 and 3] W = Vg for some
pseudo-convergent sequence E of transcendental type and w(¢) = vg(d) = v(¢(s,)) for
v > N(9).

Suppose now that V' C W is not immediate. By Theorem 6.2, there is a pseudo-
monotone sequence G C K such that W = Vg with Lg # (). We distinguish two cases.
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Suppose first that G is pseudo-stationary. Then, Br(G) = ¢V, and vg(¢) = A0 + 7,

where Ay = degdomg(¢), § = v(c) and vy = v (%(5)) for some pseudo-limit 5 of G in
K. Let E = {s,},en C K be a pseudo-convergent sequence such that Lg = f+cV = Lg
(Lemma 2.6); then, degdom g (¢) = degdom(¢) and the gauge {d,},eca of E tends to 4,

the gauge of G. By Proposition 3.2,

Tim v((s,)) = Tim (g, +7) = A (i 6,) +7 = g8 +7 = va(@) = w(6),
and the claim is proved. In the same way, we can find a pseudo-divergent sequence
F ={t,}yea C K such that Lp = 8 + ¢M; as in the proof of Proposition 7.1, setting
{8/, },ea to be the gauge of F, we have (for large v)

v(e(ty)) = N6, + (As = N)d + 7,

where X' = degdomy(¢). Hence, v(¢(t,)) = Apd +v = w(e), as claimed.

Suppose now that G is strictly pseudo-monotone, and let 8 € L. If Br(G) is equal
to ¢V or to ¢M for some ¢ € K, then we can find a pseudo-stationary sequence G’ with
breadth ideal ¢V and having 8 as a pseudo-limit; by the discussion at the beginning
of the section and by Proposition 7.1, Vi would properly contain Vg, against the fact
that Vi has rank one. Therefore, Br(G) is both strictly divisorial and nonprincipal; by
Lemma 2.6 we can find a pseudo-convergent sequence E and a pseudo-divergent sequence
F in K such that Lg = L = L& = S + Br(G) (note that one between E and F' could
be taken equal to G). In particular, Br(E) = Br(F) = Br(G) and so dg = dp = .

Since W = Vg has rank 1, by [19, Theorem 4.9(c)] the valuation relative to Vg is
exactly the one mapping ¢ € K(X) to

A5+ = lim (A3, +7)

where A\ = degdompg(¢) = degdomp(¢) and v = v (q%(ﬂ)) Since 9§ is also the limit of

d,,, the claim is proved. O

References

[1] Victor Alexandru, Nicolae Popescu, Sur une classe de prolongements a K (X) d’une valuation sur
un corps K, Rev. Roum. Math. Pures Appl. 33 (5) (1988) 393-400.

[2] V. Alexandru, N. Popescu, A. Zaharescu, All valuations on K(X), J. Math. Kyoto Univ. 30 (2)
(1990) 281-296.

[3] Victor Alexandru, Nicolae Popescu, Alexandru Zaharescu, A theorem of characterization of residual
transcendental extensions of a valuation, J. Math. Kyoto Univ. 28 (4) (1988) 579-592.

[4] Nicolas Bourbaki, Elements of Mathematics. Commutative Algebra, Hermann/Addison-Wesley
Publishing Co., Paris/Reading, Mass, 1972, Translated from the French.

[6] Jean-Luc Chabert, On the polynomial closure in a valued field, J. Number Theory 130 (2) (2010)
458-468.

[6] Claude Chevalley, Introduction to the Theory of Algebraic Functions of One Variable, Mathematical
Surveys, vol. VI, American Mathematical Society, Providence, RI, 1963.


http://refhub.elsevier.com/S0021-8693(21)00356-2/bib0FD3F8DD5EDC33B28DB1162E15E8FCBCs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib0FD3F8DD5EDC33B28DB1162E15E8FCBCs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibDFAA1740403CFEEC02DEC1E3913F2DAAs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibDFAA1740403CFEEC02DEC1E3913F2DAAs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibEFEA9F6694B2CE219C2383C7D1AE75B8s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibEFEA9F6694B2CE219C2383C7D1AE75B8s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib7B97D9F8CCC81AAC69F03F4C17907B59s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib7B97D9F8CCC81AAC69F03F4C17907B59s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib9CE715EBADCBBA019CA04ED5B1A5B7BEs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib9CE715EBADCBBA019CA04ED5B1A5B7BEs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibEBFDD2A61FB471D96879B8CD9E1041CAs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibEBFDD2A61FB471D96879B8CD9E1041CAs1

786 G. Peruginelli, D. Spirito / Journal of Algebra 586 (2021) 756-786

[7] Otto Endler, Valuation Theory, Universitext, Springer-Verlag, New York-Heidelberg, 1972, To the
memory of Wolfgang Krull (26 August 1899-12 April 1971).
[8] Antonio J. Engler, Alexander Prestel, Valued Fields, Springer Monographs in Mathematics,
Springer-Verlag, Berlin, 2005.
[9] Robert Gilmer, Multiplicative Ideal Theory, Queen’s Papers in Pure and Applied Mathematics,
vol. 90, Queen’s University, Kingston, ON, 1992, Corrected reprint of the 1972 edition.
[10] Irving Kaplansky, Maximal fields with valuations, Duke Math. J. 9 (1942) 303-321.
[11] Franz-Viktor Kuhlmann, Value groups, residue fields, and bad places of rational function fields,
Trans. Am. Math. Soc. 356 (11) (2004) 4559-4600.
[12] Franz-Viktor Kuhlmann, Izabela Vlahu, The relative approximation degree in valued function fields,
Math. Z. 276 (1-2) (2014) 203-235.
[13] K. Alan Loper, Nicholas J. Werner, Pseudo-convergent sequences and Priifer domains of integer-
valued polynomials, J. Commut. Algebra 8 (3) (2016) 411-429.
[14] Saunders MacLane, A construction for absolute values in polynomial rings, Trans. Am. Math. Soc.
40 (3) (1936) 363-395.
[15] Donald L. McQuillan, On a theorem of R. Gilmer, J. Number Theory 39 (3) (1991) 245-250.
[16] Alexander Ostrowski, Untersuchungen zur arthmetischen Theorie der Korper, Math. Z. 39 (1) (1935)
269-404.
[17] Giulio Peruginelli, Priifer intersection of valuation domains of a field of rational functions, J. Algebra
509 (2018) 240-262.
[18] Giulio Peruginelli, Transcendental extensions of a valuation domain of rank one, Proc. Am. Math.
Soc. 145 (10) (2017) 4211-4226.
[19] Giulio Peruginelli, Dario Spirito, The Zariski-Riemann space of valuation domains associated to
pseudo-convergent sequences, Trans. Am. Math. Soc. 373 (11) (2020) 7959-7990.
[20] Paulo Ribenboim, The Theory of Classical Valuations, Springer Monographs in Mathematics,
Springer-Verlag, New York, 1999.
[21] Peter Roquette, History of valuation theory. I, in: Valuation Theory and Its Applications, vol. I,
Saskatoon, SK, 1999, in: Fields Inst. Commun., vol. 32, Amer. Math. Soc., Providence, RI, 2002,
pp. 291-355.
[22] Niel Shell, Topological Fields and Near Valuations, Monographs and Textbooks in Pure and Applied
Mathematics, vol. 135, Marcel Dekker, Inc., New York, 1990.
[23] Michel Vaquié, Extension d’une valuation, Trans. Am. Math. Soc. 359 (7) (2007) 3439-3481.


http://refhub.elsevier.com/S0021-8693(21)00356-2/bibC978EA502772A2990B589D7AF42AE1F5s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibC978EA502772A2990B589D7AF42AE1F5s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibA1E4812115B410C5C77365CE48885BCAs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibA1E4812115B410C5C77365CE48885BCAs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibF9576F52669B96B92F565AB09901F272s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibF9576F52669B96B92F565AB09901F272s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib491C359F44E28E822AC0AE868FF3F4F4s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib3F9C021D6B56023080617F05B3F2BE2Bs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib3F9C021D6B56023080617F05B3F2BE2Bs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib31E9610696BBFB4BFCAFE02D1ABDDD8Fs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib31E9610696BBFB4BFCAFE02D1ABDDD8Fs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib4EC4FF004113DCDCD4E02DDDA5089ECEs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib4EC4FF004113DCDCD4E02DDDA5089ECEs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib95D79AE671BC08AA40296BA7D912E14As1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib95D79AE671BC08AA40296BA7D912E14As1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib4B919AE4331CCFC8AFD955EFE55BC8B2s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib2C8E364CB20C02BCADE9B52C1D5CB2CAs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib2C8E364CB20C02BCADE9B52C1D5CB2CAs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibC4909D94FBF0BA0F9B727940FBBDC213s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibC4909D94FBF0BA0F9B727940FBBDC213s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib7A0F8C0FA33E22AE814E62D04CDA4C85s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib7A0F8C0FA33E22AE814E62D04CDA4C85s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibD3D4C5DEB455AC79DD5FF47C88BD65D9s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bibD3D4C5DEB455AC79DD5FF47C88BD65D9s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib02DC9145BA875881EF2802AC164AB12Fs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib02DC9145BA875881EF2802AC164AB12Fs1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib060FF30D82D76DD5154567C04997DF25s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib060FF30D82D76DD5154567C04997DF25s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib060FF30D82D76DD5154567C04997DF25s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib2591C98B70119FE624898B1E424B5E91s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib2591C98B70119FE624898B1E424B5E91s1
http://refhub.elsevier.com/S0021-8693(21)00356-2/bib5EA9B3E67D57C095CCE9ABBDE6254393s1

	Extending valuations to the field of rational functions using pseudo-monotone sequences
	1 Introduction
	2 Background and notation
	2.1 Monomial valuations
	2.2 Divisorial ideals
	2.3 Pseudo-monotone sequences
	2.3.1 Pseudo-convergent sequences
	2.3.2 Pseudo-divergent sequences
	2.3.3 Pseudo-stationary sequences

	2.4 Pseudo-limits and the breadth ideal

	3 Valuation domains associated to pseudo-monotone sequences
	4 Extensions
	5 Equivalence of pseudo-monotone sequences
	6 A generalized Fundamentalsatz
	7 Geometrical interpretation
	References


