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A limiting absorption principle
for the Helmholtz equation
with variable coefficients
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Abstract. We prove a limiting absorption principle for a generalized Helmholtz equation
on an exterior domain with Dirichlet boundary conditions

(L+Mv=/f XreR

under a Sommerfeld radiation condition at infinity. The operator L is a second order elliptic
operator with variable coefficients; the principal part is a small, long range perturbation of
—A, while lower order terms can be singular and large.

The main tool is a sharp uniform resolvent estimate, which has independent applica-
tions to the problem of embedded eigenvalues and to smoothing estimates for dispersive
equations.
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1. Introduction

The Helmholtz equation
Av+«*v = f(x), keR (1.1)

on an exterior domain 2 = R” \ X, is used to model the scattering by a compact
obstacle ¥ of waves generated by a source f(x). The operator A + «2 has a
nontrivial kernel and to properly select solutions of (1.1) additional conditions are
needed. It is natural to require asymptotic conditions at infinity, and the standard
one is the Sommerfeld radiation condition

|x|%V(e_i"|x|v) — 0 as|x| — oo. (1.2)

Condition (1.2) guarantees uniqueness for (1.1), but it can be substantially relaxed
as discussed in the following.

The second part of the problem is the effective construction of solutions; this
is usually done by taking k* = A + ie complex valued and letting ¢ — 0. When
the limit exists, one says that the limiting absorption principle holds. Note that for
k? & Requation (1.1) is the resolvent equation v = R(x?) f for R(z) = (z+A)7!,
which is a bounded operator on L? if and only if z & o (—A). Thus the problem
amounts to estimate the resolvent operator R(z) uniformly in z ¢ R. As a
byproduct, one obtains that the resolvent operator in the limits £3z — 0 extends
to operators R(A =+ i0) which are bounded between suitable weighted Sobolev
spaces.

The Helmholtz equation with potential perturbations was studied in [1] and [2],
where the correct functional setting for the problem was established, and in [20]
and [21], where non decaying potentials were allowed. More general Schrodinger
operators with electromagnetic potentials were considered in [3] [4], [5], [13],
[14]1, [17], [27], and [28]. Uniform resolvent estimates in the case of variable
coeflicients were obtained in [19], [23], and [25] and the predecessor [8] of this
paper, and estimates local in frequency for general elliptic operators were proved
in Chapter 30 of [16]. We also mention the connection of resolvent estimates
with smoothing and Strichartz estimates for the corresponding evolution equations
(exploited first in [18], [26], and [22]; see also [11], [9], and the references in the
papers mentioned above).

In recent years the problem of establishing sharp regularity and decay condi-
tions on the potentials has attracted some attention, also in view of the applications
to dispersive equations. The critical threshold for electric potentials is ~ |x|™2
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and for magnetic potentials ~ |x|~!. Uniform resolvent estimates for singular po-
tentials of critical decay were obtained in [6] and [15] (see also [12]), while the
limiting absorption principle was studied in [27] and [5].

Our goal here is to study the interaction of singular potentials with a non-
flat metric which is a long range, small perturbation of the euclidean metric.
We consider the following generalized Helmholtz equation

(L+A+ie)v=f, AeeR (1.3)
where L is an operator of the form
Lv =V’ (a(x)Vv) +cv, V2=V +ib, (1.4)

defined on the exterior 2 = R” \ ¥ of a compact, possibly empty obstacle ¥ with
C! boundary, in dimension n > 3. Here a(x) = [a;i (x)];.‘,k:1 is a real valued,
positive definite symmetric matrix, b takes vaues in R” and ¢ in R. We shall
always assume that

L is selfadjoint with domain H?(Q) N H{} (Q) (1.5)

i.e., we restrict to Dirichlet boundary conditions. Note however that in the course
of the paper we shall use the same notation for the selfadjoint operator L and the
differential operator (1.4) (which operates also on functions outside D(L), e.g. in
weighted L? spaces). We shall assume that the metric a(x) is a small perturbation
of the flat metric, in an appropriate sense precised below, so that in particular
trapping is excluded. Concerning the boundary 9€2, we shall always assume that
it is starshaped with respect to the metric a(x): this means

a(x)x-v(x) <0 forall x € 0Q (1.6)

where V(x) is the exterior normal to Q at x € 9S2.
The assumptions on the magnetic potential b(x) = (by,...,b,) will be ex-
pressed in terms of the corresponding field

db = [0jby — 3¢b;j1] -,

as it is physically natural; actually it is sufficient to impose bounds only on the
tangential part of db for the metric a(x), which is the vector db = (dby,...,db,)
defined by

X

db(x) = db(x)a(x)% ie. db; = (3jby — 0¢b;)agmEm. fc:m.
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This fact was already noted in [5] (see also [7]). Here and in the following we use
the convention of implicit summation over repeated indices. Note that for a vector
w € C" we define its radial part wg and its tangential part wr as

wgr = (X-w)X, wr:=w—wg (1.7)

respectively; we have of course |w|? = |wg|? + |wr|?.
The relevant functional spaces for our problem are the space ¥ with norm

1
2 . 2 ~ —1/2..112
vl = ;UPE/IUI dx = ||[x]7 0] joo 2
>0
QN{|x|<R}

and its (pre)dual space Y * with norm
1/2 .
wllge = X120l g2;

the notation £ L4 refers to the dyadic norms

1/p
lolerza = (310120 <iearny) - (1.8)
JEZ

with obvious modification when p = co. Note that Y * is an homogeneous version
of the Agmon-Hormander space B (see [2]). An important role will be played also
by the space X with norm

1
[v]|% = su —/ v|?dS
X R>I()) R? | |
Qn{|x|=R}

where dS is the surface measure on the sphere |x| = R. Our main result is the
following; in the statement |a(x)| denotes the operator norm of the matrix a(x),
and we use the shorthand notation |a’(x)| to denote Zla|=1 |0%a(x)|, and similarly
fora”,a"”, while |b'(x)| = 3 4= [0%D(x)].

Theorem 1.1 (limiting absorption principle). Letn > 3, § € (0, 1) and let L and
Q be as in (1.4)—(1.6). There exist two constants ik > 0, ¢ > 0 depending only on
n, 8 such that the following holds.

Assume that for some k € [0, k] and K > 0 the coefficients of L satisfy:

@ [1(x)’(la = 11 + |x]la’l¢1 Lo < 00 and

///| S K.

2 3
lla =11+ |x[la"lllerpeo + 1xI*a”| + |x||a
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(ii) b',b% € L™™ and b = bg + by, with
xPldbs| <k, (x)*T'|db.| < K.

When n = 3 we assume the stronger condition || |x|2c/1'55 llg1p00 < k.

(iii) ¢ = cs + ¢z with |x|?cs, |x|?Vecs € L™ and

K K
cs = —W, —0d,(|x|cs) > —W, (X)S|CL| =K.

Then for > > 6 - (K + K?) and all f with [ |x|%(x)| f|? < oo the equation

L+Mw=f (1.9)
has a unique solution v € Y N HI%)C(Q) satisfying v|sq = 0 and the radiation
condition

liminf/ IVPv —isAY2v|?dS = 0. (1.10)
R—+o00
|x]|=R

In addition, the solution satisfies the smoothing estimate

1 v
ol + 34 1ol + 190l + NV orrlzz + -3 |

LS cOlf Ny

(1.11)
and if e € R\ {0} is an arbitrary sequence with €, — 0, then v is the limit in
HI})C(Q) of the solutions vy € Hy () N H*(Q) of

L

(L+A+ie)vk = f.

When K = 0, i.e., when the long range components by , ¢y, of the potentials are
absent, the previous result implies that the limiting absorption principle is valid for
all values of A and for (short range) potentials with critical singularities, provided
suitable smallness conditions are assumed. When K # 0, i.e., if long range
potentials are present, we obtain a similar result but only for large frequencies
A depending on the size of the potentials, which can be arbitrarily large.

The structure of the proof is the following.

e The main tool used in the Theorem is a smoothing estimate for the resolvent
R(z) = (L + z)~ ! outside the spectrum, proved in Section 2 (Theorem 2.1).
The estimate improves on earlier results, notably on a similar estimate in the
predecessor of this paper [8]. Indeed, we admit large potentials with critical
singularities and the estimate is uniform for iz > 1. In the short range
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case, if ZJZS and the negative part of cg satisfy suitable smallness conditions,
the estimate is uniform for all z € C. A few applications include the
non existence of embedded eigenvalues or resonances for L, and smoothing
estimates for the Schrodinger and wave flows associated to L.

e The smoothing estimate alone is not sufficient to exclude functions in the
kernel of L+A. However, if the source term f has a slightly better decay, then
the difference V2v — i £+/Av satisfies a stronger estimate, and this is enough
to deduce a weak Sommerfeld radiation condition and hence uniqueness of
the solution. The radiation estimate is proved in Theorem 3.2 in Section 3.

o In the last Section 4 we put together all the elements and prove the limiting
absorption principle for L.

We conclude the Introduction by examining a few physically interesting sin-
gular potentials to which the previous result can be applied.

Remark 1.1 (Coulomb potential). We can handle potentials of the form

C
c(x)=W, 0<a<?2

including in particular the Coulomb potential ¢ = 1. In the critical case a = 2,
we must require in addition that C > —k for a suitable k > 0 depending on #,
however in this case the result is valid without restrictions on the frequency.

Remark 1.2 (Aharonov—Bohm). Consider a magnetic potential b (x) satisfying
x-b(x)=0 and b(tx) =1t"'h(x) (1.12)

forall x € Q and ¢ > 0 such that zx € Q. The first condition is simply a choice of
gauge, which is not restrictive, and the second one states that »(x) is homogeneous
of degree —1, which is precisely the critical scaling for magnetic potentials. Then
one checks easily (see [5]) that

db(x)x =0 forall x € Q.

This implies
db(x) = db(x)a(x)% = db(x)(a(x) — )%

and as a consequence

277 2
[x17db () |lg1 oo < lla = Ilg1pooll|x|"blLoe.
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Since by homogeneity we have also |||x|?b||L < oo, recalling that ||@ — I || g1 f.00
is assumed to be sufficiently small, we conclude that any magnetic potential
b satisfying (1.12) (or more generally, any potential b = bs + by with bg
satisfying (1.12) and by, as in the Theorem) is covered by Theorem 1.1. Interesting
examples in R? include the so called Aharonov—Bohm potentials

—X2 X1
bOC):C( 2 27,2 4 2° )
X{+ X3 Xp+X;
and potentials of the form

b(x) =c(

X2 X1 )
X2 |x ]2

In both cases the result is valid for all frequencies, independently of the size or
sign of C.

2. The smoothing estimate

In this section we develop the key tool for Theorem 1.1: a smoothing estimate for
the resolvent of L which is uniform on appropriate regions of C. In order to get
sharp results, we distinguish two situations.

(1) Short range perturbations of A with critical singularities (Assumption (Ay)).
In this case we can prove a uniform smoothing estimate for all z € C \ R.

(2) Long range perturbations of A, with large electromagnetic potentials of
milder decay at infinity (Assumption (A)). In this case the estimate is uniform
onaregion Nz > C, where C is a suitable norm of the long range component
of the potentials.

Moreover, from our analysis one can read precisely the influence of different
components of the potentials » and ¢ on the estimate.

The assumptions in the short range case are the following.

AssumMmPTIiON (Ag). Let n > 3 and let L and 2 be as in (1.4)—(1.6), with
b',b% € L™, We assume that, for some constant jz > 0

Ca(x) = la — 1|+ |x|la'| + |xPla"| + |x]Pla”| < . xld 1 poe < pe

The magnetic field in dimension n > 4 is of the form b = b;+ by; and in dimension
n = 3 of the form b = by, with

lxPPdbillgr oo + x1*la = I1dbullr oo + [||xX[PdbullLee < p.
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The electric field is of the form ¢ = ¢ + ¢y with
lxPenllgrpoo < pn cr— € L®
and in dimension n > 4
ja =11+ (Ix[Pler] + x| Ver)) + 3 - (er- + [, (ren]+) < w
while in dimension n = 3
lla —11-(xPlerl + X [Ver) + [x1? - (e + [8-(ren]+) o1 poe < i

In the long range case the assumptions are the following. Note that Assump-
tion (A) reduces to (Ag) when Z = 0:

AssumpTioN (A). We assume b = by + byy + byr and ¢ = ¢p + cyp + cmp + ¢v
with by, by, ¢, ¢y as in (Ag) while

lxldbmlleipoe < Z. |lIx[x) " ervllnpoe < Z,

lla — I (lem| + |x[|Vem]) + |x]? - (- + [0 (rem)]+ g1 oo < Z.

Then we can prove the following result.

Theorem 2.1 (smoothing estimate). There exist two constants [Lo(n) and co(n)
depending only on n such that the following holds.
Letv € H? () with v|sq = 0 be such that

loc
liminf/(|va|2 + v[*)dS =0 2.1)
R—o0
|x]=R
and define for some A, € € R
=L+ A+ie.

If (Ag) holds with i < po(n) then

v
ol + A+ e 20l + 190l + NP o)rlee + -3 | =i |
L

<cfllys
(2.2)

The same estimate is valid if (A) holds with i < juo(n) and A > co(n)(Z + Z2).



Sommerfeld condition 9

Remark 2.1 (uniform resolvent estimate). Condition (2.1) is satisfied if v is in
H'!. Thus the Theorem applies in particular to the solution v of

(L+A+ie)v=f

for e # 0 and f € L?(2), which exists and belongs to H, (Q) N H*(2) by the
assumptions on L. This gives the following estimate for the resolvent operator
R(z) = (z + L)Y, uniform in z ¢ R or in Rz > con)(Z + Z?),z ¢ R
respectively:

IV?R@E) flly + 121"2IRG) [Ny + IRE) fllg SIS N

Remark 2.2 (absence of embedded eigenvalues or resonances). Suppose v is a
solution of

(L+M)v=0, vjpe=0
for some A > c¢o(n)(Z + Z?). From the smoothing estimate, we see that if v
satisfies condition (2.1) then v = 0.

Since any function v € HJ (Q) satisfies condition (2.1), this implies that there
is no eigenvalue A > c¢,(Z + Z?). In particular in the case Z = 0 (that is to
say, under condition (Ag)) we obtain there are no embedded eigenvalues in the
spectrum of L.

A similar argument gives a more general result about resonances. Writing
Q<r = Q N{|x| < R}, we say that a function v is a resonance at z € C if

1
(L4+2z)v=0, v[pe=0, v#0, 1iminf—/|u|2=0,
R—>o0o R
Qor

Note that the last condition is weaker than the usual one:

1 1
(x)™Sv € L? for some s < > = Rli—l>nooE/ [v|> = 0.

Q<r

Then we have the following result.

Corollary 2.2 (absence of resonances). Assume (A) holds with u < po(n), and
let A > co(n)(Z + Z?). Then no resonance exists at A.

Proof. We must only prove that v satisfies condition (2.1). For |v|? this follows
immediately from the assumption lim inf % fQ<R |v|? = 0. For |V?v|?, we apply
Lemma 4.2 from Section 4 which gives N
1 1
liminf—/ IVPu|? < liminf—/|v|2 =0. O
R R

Q=r Q-r
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Remark 2.3 (smoothing estimates for dispersive flows). A natural application
of estimate (2.2) to dispersive equations is given by Kato’s theory of smoothing
operators. We recall the procedure in the simplest case. Assume (Ag) holds. Then,
from (2.2) we deduce the (Hilbert space) estimate

1) 722wl 2 S 1) Y2F £l
uniform in A + ie ¢ R, which can be written as the resolvent estimate
) 27RE) f Nz < 100)2F Fllg2
uniform in z ¢ R. By duality and interpolation we get
)T "RE) flle S )T flle e IA"RE@AS N2 S 1 N2

where A = (x)~!~ is the multiplication operator. In terms of Kato’s theory, this
means that A is supersmoothing for the operator L, and immediate consequences
of the theory are the estimates for the Schrodinger group e/~

1) ™™ fllp2r2i) S I I2@)

and the corresponding Duhamel term

< ||(x>l+F||L%L2(Q)'

L2L2(Q)

H /(x)_l_ei(’_s)LF(s)ds
0

Moreover, if L is nonnegative, we also get the estimate for the wave flow e’ Vi

1) =Y £l 22 S LY F )

and a similar one for the Duhamel term. With some more work, smoothing
estimates with a weight (x)~'/2~ can be deduced for the flows |D|'/2¢*L and
|D|'/2e!t YL For more details, and the extension of Kato’s theory to the wave and
Klein—Gordon groups, we refer to [10].

2.1. Notations. With the convention of implicit summation over repeated in-
dices, we write

APy = VP - (a(x)VPv) = 3 (a;x (x)70),

Av =V - (a(x)Vv) = 9j(ajr(x)dgv).
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We use the notations

~ X ~ ~ _
X = m =(X1,.... %), a(w,z):=a;x(X)wrZ;, Ak = 0eajk

and
a(x) = agm(X)X¢Xm, a(x):=tra(x) =amm(x), a:= aymyXm.
If a(x) is positive definite, we have
0<a=ax-x <l|ax| <a.
We shall use frequently the following identity, valid for any radial function ¥ (x) =
¥ (lx]):
—a

AY(x) = D(agminy’) = ay" + "Wvﬂ +ay’ 2.3)

where ' denotes the derivative of ¥ (r) with respect to the radial variable.
In order to refine the scale of dyadic spaces £7 L9, we introduce the mixed
radial-angular L9 L" norms on an annulus C = R; < |x| < R,

K2 q/r 1/q
Iollesrier = Wolag o= ([ ([ 1ras) a)

Ry |x|=p
= lvllzraxi=p) | La(r, .Ryzdp)

and on Q N C we define ||v|| oL @nc) = |[1v|lLerr- When g = r this definition
reduces to the usual L4(C) norm. Then we define for all p, ¢, r € [1, o]

lvllerrarr == {lvlizarr@liezller. Q5 =QN{27 < |x| <2/F1} (2.4)
In the case ¢ = r we reobtain the previous dyadic norms:
lvllerra = lvllerrara.
Both spaces X, Y are included in this finer scale
ol 2 x| vllgsopoorz, ol 2 lllx™?v]lgoor2 (2.5)
like the predual norm Y *, which is given by

1/2 /2
1l = N0l 22 = 372720 ]12¢, -
JEzZ
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Remark 2.4 (magnetic Hardy inequality). We shall make frequent use of the
magnetic Hardy inequality, valid for s < n/2 and w € H; (Q):

X'~ VPw] 2. (2.6)

x|"Sw <
I~ wil = ——

This is proved as usual, starting from the identity

w)Ac-W+n—2s| 2
|x|2s—1 |x|2s

X 5
'{WW }_—m
w X - Vbw n—2s| 2

=20
|x|2s—1 |x|2s

’

then integrating on €2, estimating with Cauchy—Schwartz

_ 2 b2
/‘n 2S|w|2a’x 50{/ [l dx + ot [V wl
Q

|x|25 |x|2s |x|2s—2
Q

and finally optimizing the value of «.

2.2. Basic identities and boundary terms. Using the two multipliers
[A%, )5 = (AY)D + 2a(Vy, VPv) and  ¢o
one obtains the following Morawetz type identities, proved in [8]:

Theorem 2.3. Let v € HI%)C(Q) on an open set Q@ C R”", A,e € R, the map

a(x):Q — R™" symmetric, b(x):Q — R" and the maps ¢, ¢, ¥:Q — R
sufficiently smooth, and let

=A% —c(x)v + (A + ie)v. (2.7)

Then the following identity holds:

Iy + Iy + Ic + Ip + Iy = 00;,{Q; + P;} (2.8)
where
Iy = R[(AY + )i f + 2a(Vyr, Vo) f], (2.9)
Ivy = agmM (@50 050) + a(Vov, VPv)g, (2.10)
with

Cgm = 20jm0j (agk 0k V) — a0k Y djapm,

I, = _%A(Aw + @) = [a(Vy. Vo) —cp + Agllv2.  (@211)
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I = 2e3a(Vy, VPu)ul, (2.12)
Iy = 23[a;185v(djbe — 3¢} )apmdmy ¥] = 23[(aVPv) - (db aV)T], (2.13)

and

1
0 =a;dbv-[AP, Y10 =3 Ok AV o=y [(c M + a(VPo, va)],

1
P; = ajkall;v(pv — Eajk8k¢|v|2.

Moreover we have the identity

3 Pj=a(VPlu,Vou)p + (c — A —ie)|v]*p + fip — %A¢|v|2 +i3a(VPv,vVe).
(2.14)

Remark 2.5 (boundary terms). In the next computations we shall integrate iden-
tities (2.8) and (2.14) on 2, with various choices of real valued weights ¢ and ,
with ¢ radial, for a function v € HI%C(Q) vanishing at Q2 and satisfying the as-
ymptotic condition (2.1). The weights will always be piecewise smooth functions,
with possible singularities only at O or along spheres |x| = R; the worst singular-
ity at O appearing in all computations is dominated by |x|™> in dimension n > 4
and by |x|™2 in dimension n = 3; concerning the singularity appearing along the
sphere, in the worst case it will be a surface measure §|,|=r with a definite sign.
Moreover, in our choice of ¥ we have ¢’ € L* and ¥’ > 0 (see (2.33) below).

In order to handle the boundary terms, some smoothness of the coefficients is
necessary. We note that from our assumptions it follows that a,a’,a”,a”, ¢ are
bounded for large x and

a,|x|a, |x?a", |x?a” € L®, beL">®, b ce L™ (2.15)

Then one checks easily that for v € HZ () the quantities Q; and P; are in
L ., using the Sobolev-Lorentz embedding H' < L* N L2 which implies
lv]?2 € L' N L#2°!, and the Holder—Lorentz inequality.

We integrate the identities (2.8) and (2.14) on a set 2 N {|x| < M} and let
M — oo. At the boundary Q N {|x| = M} we get the quantities

/\)ijdS, /\)ijdS,

Q_nm Q=p

where v = (vq,...,vy) is the exterior normal and dS is the surface measure
on the sphere {|x| = M}. Letting M — oo along a suitable subsequence,

Q_ s with
index= M?ls
it correct?
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by condition (2.1) we see that both integrals tend to 0. Moreover, at the boundary
02 one has directly Pj|3q = 0 since v|pq = 0. Concerning Q;, after canceling
the terms containing a factor v and noticing that V?v = Vv + ibv = Vv on 9,
we are left with

/Bj Q; = /[Za(Vv,?))-a(fc,Vv)—a(Vv,Vv)-a(fc,ﬁ)]w'dS (2.16)
Q 9Q
where ¥ is the exterior unit normal to d€2. Dirichled boundary conditions imply
that Vv is normal to 92 so that Vv = (v - Vv)V and hence
a(Vv,v) = (v-Vv)a®,v), a(x,Vv)= - Vd)a(x,),
a(Vv, Vo) = [v - Vi|2a®,v),
and

[amo; = [ 13- vuPaG.pyac.sypas.
Q Q2

Now using the condition that dQ2 is a(x)-starshaped and recalling that ¥’ > 0 we
conclude

/aijj <0. 2.17)
Q

2.3. Preliminary estimates. The first group of estimates is based on the iden-
tity (2.14).

Lemma 2.4 (I.). We have the identities

eQ/|v|2 =i‘eg/ff), Q/a(vbv,vbv) =)Lg/|v|2—fﬁg[ff)—/c|v|2. (2.18)

Q
Moreover if we assume ||a — I||po < 1/2 and ¢ = ¢y + cyy with cj— € L*®
and |||x|?cn—|lLe < %, we have the following estimate of the quantity I, =

2eX[a(vVy, Vo))

[ 1l = oA el + el ol + Cof e (219)
Q

where C = C(n, ||V{||Lo) and o € (0, 1) is arbitrary.
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Proof. Consideridentity (2.14) with¢p = I andc = Oandletg = APv+(A+i€)v,
so that g = f 4+ c(x)v. Taking the imaginary part we get

€|v]? = (g) — 39;{va,;d5v} (2.20)

and integrating on 2 we obtain the first identity in (2.18), since J(fv) = J(gv).
Note that the identity implies

lellvli72 < 1/ Bl (2.21)
If instead we take the real part of (2.14) with ¢ = 1 and ¢ = 0 we get
a(VPv, Vo) = AJv|? — R(gD) + Nd; {va,;d0v).

Integrating on €2, the boundary term vanishes (see Remark 2.5), and we get the
second identity (2.18), after replacing g = f + c(x)v.
We can now write

o2
—/c|v|2s/cl,_|v|2+/cn,_|v|2s/cl,_|v|2+|||x|2cn,_||Loo E
Q Q Q Q Q

and by the magnetic Hardy inequality (2.6)

WP _ 2llxPenliz= i
llxPen-lo [ s <SRBI [9na < 2 facwho, vh)
Q Q

provided |la — I'||poo < 1/2 and |||x|*cr—|lLoe < %. Absorbing the last term at
the left hand side of (2.18) we have proved

/a(va,va) < 2/\/ |v|2—2m/fﬁ +2/cL_|v|2. (2.22)
Q

Q Q Q

Next, by Cauchy—Schwartz and a < NI we have
el < [ollela(Vy, Vi) 2a(Vo0, VPu) /2
< N2V |lLelelvla(Vv. Vov)!/2

and using (2.18), (2.22), with C = 2N /2 ||V || eo,

1/2 1/2
|IE|EC[(sgne)fs fﬁ] [|e|x o2~ let [ 5+ el cl,_|v|2}
/ Joe] Lo [or i [rova |
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(note that both quantities inside brackets are positive). Using again (2.21) we get

/mmc‘/ﬁ
Q Q

which implies

— -11/2 1/2
/|le| < CUAL+ 1D 21 Bl + Clel 2101 lle Pl 2
Q

Using (2.21) we have
1/2.1/2 1/2 1/2 1/2 -
el lel vl < [e e IE2 v llz2 < e IZ2111 /51

plugging it into the previous inequality we get

/Ilel < C(A + lel + ller-llzee) [ £ Tl
Q

and using Cauchy—Schwartz we obtain (2.19).
Lemma 2.5 (auxiliary estimate I). We have

el 2llvlly < Clallze(1V%0 1y + vllg + 1 £lly-)
for some universal constant C.

Proof. Take the imaginary part of (2.14) and choose ¢ as follows:

1 if [x| < R,
d(x) = 2—% if R < |x| <2R,
0 if |x| > 2R.

Integrating on €2 the boundary term vanishes and we get

_ N
el [ 18 < [ 1751+ [ wiveo

QR QR QR<|x|<2R

<2R||f lly«llvllg + 3NR[v] ¢ V"0l ;-

Dividing by R and taking the sup for R > 0 we obtain (2.23).

1/2 1/2
[(W +1epl [ o1+ |e|/c1,_|v|2]
Q Q

(2.23)

(2.24)

(2.25)
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Lemma 2.6 (auxiliary estimate II). Assume
A=—-A_<0 andl|a—1I|r=+||x|a’||r~ <1/8.
Then in dimension n > 4 we have
A-loll3 < Clle—lxPllzeo l1x17>2012, + 80l + C5 7 I flly. (226)
and in all dimensions n > 3 we have

Al ™20l 7 0 + 172900017 < (ClllxPe-llgi oo + )0l + CE £115.

(2.27)
Jor some universal constant C and all § € (0, 1). Note also that
vlly < lllxI?v] 2.
Proof. Since A = —A_ < 0, we can rewrite (the real part of) (2.14) in the form

1
(c+ + A0 + a(VPv, Vov)p = ;R P; + c_|v[*p — R(f )¢ + SAdII
(2.28)
We choose the radial weight

1 1 2
= == / = ——1 s " = ——8 — _1 .
|X| v R ¢ |x|2 |x|>R ¢ R2 |x|=R + |X|3 |x|>R

¢

By the formula Ap = a¢” + 4=2¢’ + a¢’, writingd = 1+ (a — I)% - £ and

Txl
a = n + tr(a — I) and dropping a negative term, we get

A

a 3a—a+ |x|a
A9 = — 5 8nimr +

|X|3 |x|>R

_3—nt @3 (la— 1]+ |xlla’)

1 .
|x|3 |x|>R

In dimension n > 4, if |la — I'||p~ + |||x]a’||[L~ < 1/6, we get Ap < 0; hence
integrating (2.28) on € and estimating a(V?v, V2v) > v|Vbv|2, we get

(c+ + AP +v|VPuP _ / c—|v)> + /7]
|x| Vv R - |x| vV R

Taking the sup over R > 0 we conclude
ey 21672012, + A—[1x 72012, + vl |x[H2V0u) 2,

1/v]

/21, 1—1/2, 12
< el + | S
Q
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Since [|v||ly < |||x|~"/?v][;2, we have in particular
2 2 —3/2..112 -1
Afvll < Clle=lxPllzes x> 201172 + x [ vlly 1/ 11+

and using the inequality ||[x|~"v|ly < [lv]ly we obtain (2.26).
If the dimension is n > 3 we choose a different weight, for o > 0 arbitrary:
1 1 a a—a+|xla

= -4
o+ |x| 2 ¢

v= TGARD @+ el
By theestimatesa < 1+C,, |x||a] < C,,a > n(1-C)) withC, = |a—1I|+|x[|d’|,
we have
_|x|(n—2—(n+1)C(;)—€(n—1—nC‘;)<_ 1
|x](o + |x])? ~ 20x|(o + Ix])?

1
—Ad <
7A¢ =

provided we choose e.g. C, < 1/8. Hence integrating (2.28) on Q and using again

that a(V2v, V2v) > v|VP0|?, v > % we get for some universal constant C

//\_|v|2—|—v|va|2 lv|?
o+ |x] |x[ (0 + |x[)2
Q
< Clllx|72c2v)2, + Cllix7! £
< CllIxPPe-llgizoollvl + ClLA «llvll ¢

Letting 0 — 0 we obtain (2.27). O

Lemma 2.7 (auxiliary estimate III). Letn > 4. Assume ||Cy||Lo0 + |||x|*c— ||z <
1/16. Then

1l 29201250y < Al 2002004 + eI + @)L £ 1.
(2.29)
Note also that A+|||x|_1/2v||Lz(|x|§2) <244 |x|_3/2v||L2(|x|§2).

Proof. Choose a smooth nonnegative weight of the form
¢=Ix[""forx| <1, 0<¢<|x|"'forl<|x]<2, ¢=0for|x]>2

in (2.14), take the real part and integrate on 2. We get

a(Vby, Vby) v|> a-—3a+ |x|a 1, .
[ < [ (et - ST e )
|x] |x] |x| |x|
Qx|<1 Q)x|<2

+ C|v

17
L2(1<|x|<2)
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for some C = C(n, |Cy||L). Since

1
a—3a+|xla zn—3—(n+4)||Ca||L<>oz5 (2.30)
ife.g. |CallLe < 1/16, and moreover
| f1lvl - _
S S I 0l + 57 W olizasiisy < 200l
Qxi<2
we have
a(va, va) v |?
— o =Mz
| x| 12 0 L2 1x 1 <2)
IxI=1
1 v
+ (84 IxPe-lize = 7) | =57
47 1P N2 i<
+Cn, [[Callzeo) (vl + 8713
by taking § sufficiently small we get the claim. |

We recall the notations
(@VPv)r = (-aVPu)%, (aVPv)r =aVPv — (aVPv)g

for the radial and the tangential part of aV?v. Note that in case the weight
¥ = ¥ (|x|) is a radial function, the term [, takes the form

I, = 23[(aV?v) - (db a®) 5]y’ = 23[(aV’v) - db o]y’
where db := db af is the tangential part of the magnetic field.

Lemma 2.8 (Ip). Assume  is a radial function, b = by + byy + by Then,

/|1b| < CBIIVPull; vl
Q

WP\Y2( [ 1@VPu)rP\'?
+C/32(/— (@VITEN ™ L ey vhul o).
Q Q

x| |x]
where C = 2||a||pe |V | Lo and
B = IIxI*2dbill1 200 + [|1X*?]a = T1dbulg1 210 (2.31)

B> = |||x*dbullss, B3 = |||x|dbml¢1 poo. (2.32)
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Proof. We split I, = Iy, + Ip; + Ipy; with Iy, = 23[(aV?v) - dby]y’ and so on.
Then

b 1/27%
/|1b,| < CIVPully I 2dBrvllgr o
Q b 3/2°7%
< CIVPully [ollg X1 2@Biller 12100

where C = 2N ||V{| oo, and similarly

b 1/27%
/ | < CIVP 0l V2 dBrrollgr 1222

Q b -
= ClIVPuliyllvlly llxldbmllgr oo oo

Next we note that dbyy is antisymmetric, hence (ax) - ZZZH = (ax)-(dby ax) =0,
and for any y € C we can rewrite 5, as

Iy, = 23[@VPv — y% + y& — yak) - dbud]y’.
If we choose y = % - aV?v we obtain
Ipy = 23[(aV?)7 - dbudly’ + 23[(% -aVPv)((I — a)%) - dbubdly’ =: I + 1.

We estimate /] like /:

b 3/2 TN
11} | < CIVPlly vl gllxP*?la — Tdbullgi 12 oo
i1
Q

Finally we have

/ 15,1 < CllIx[™2@VP0) 72 lxI™> 20l 2l xPdbu oo O
Q

2.4. Choice of the weights and main terms. We choose, for arbitrary R > 0,

! a
V= §|x|2l|x|5R + [xLx=r, ¢ = —EllxlsR- (2.33)

Note that ¢ is not radial. We have then

x| 1 a—a+|xla

= s N:—l y A =
xvR VT glwsk AVHS x|V R

v (2.34)

since Ay = ay” + %1//’ + ay’. Recalling the notation

Ca(x) = la(x) — 1] + |x]la" ()] + |x*|a” (0)] + [x[*|a" (x)]
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we have, after a long but easy computation,

|x2(|Aa|+|Ad|+|x||Aa|+|Va])+|x|(IVal+|Val+la]) < C(n, [|Callzoe)-Ca(x).

(2.35)
Then for |x| > R we find that
VG — 3
A(AY + ¢) = _% + R(x)
where (Vi Va4 . g
Ry = —22Va-Vey taa—a)  Aa-4)
|x| |x|
and by (2.35)
C,(x
RO = COn, |Callzo) - % x| > R. (2.36)

In the region |x| < R we have instead

A(AY + ¢) = R(x) = A(@—a) +a*>+ |x|Aa +2a(Va,x) a(a—a)

R R|x]|
and again by (2.35)
Ca(x
[R(x)| = C(n. [|Callzee) - #fdz), x| < R. (2.37)

Finally, along the sphere |x| = R there is a singularity of delta type, originated by
the term it xla

~ra—a—+ |x\a\"

“( x| v R )

and therefore the singular term has the form

a@—a+ Ra)

Rz OlxI=R:
Summing up we have
a—a)(a—3a a(@a—a+ Ra
A(AY + ¢) = _+l|x|>R - %SMFR + R(x) (2.38)

where R(x) satisfies (2.36), (2.37). Further, we note that
@ — 1| + |x]|a] = Ca(x), |a—n|=nCa(x) (2.39)

so that
aa—a+ Ra) > 1
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provided e.g | Cy || < 1/6. Moreover we have
(@—a)ya-3a)=m—-1DHn—-3)—-2n+2)7C,

and in conclusion we have proved the inequality

-1 -3 1
Ay + ) > %nx.ﬁ Fogdumr F RIG) (240)
where R;(x) satisfies for all x
Ca
|R1(x)] < C(n) - W

with a constant C(n) depending only on n (polynomially).

Lemma 2.9 (1,). Let ¢ = ¢y + ¢ + ¢3 + ¢4 + ¢5, with ¢5 supported in |x| < 1,
and ¢, asin (2.24). If n > 4 we have, for all § € (0, 1),

sup / Lo = (tn — 1 — )2 + 5 + [ Call oD x>/ 202, + [0]1%

e ool
— (2 + OIVP I3 — sl X7 2 VP02 <1y
(2.41)
where i, = (n — 1)(n — 3)/2 and (9, := x - V)
yi = 1xP0- (Ixle)]+ + c1,— +la = L|(x|[Ver| + [er])[[zee,
V2 = |||x|262||132L<>°’ vs = lllx%es|l e,
I3 = [[[8-(Ix]ea)]+ + e3,— + la — T(|x|[Ves| + |eslll2 oo,
Ty = llea—llrpoo + llealfi foo-
In dimension n = 3, provided cs5 = 0, we have instead
sup [ 1= a=n = e - el bl o)

@ + (A =Tz —cmTa)vl5 = (v2 + HIVPI5
where the definition of '3, Iy is the same, while
y1 = [lx|([9-(Ix|eD]+ + c1,— + la = I|(|x[[Ver| + [eaD g1 zoo,

3/2
2 = |Ix*2callg1 2 poo-
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Proof. Integrating I, on €2 and using (2.40) we obtain

/v_/ paloP [P o [ emCa@l?

|x|? R2 [x[>(lx| v R)
Q>R Q
Al |2 |x|(aX)-Ve ac (243)
v .
— it b e | 2
+/ R /( XVR R wizr) 1
Q=r Q

Consider first the case n > 4. We estimate the term
|x|(ax)-Ve  ac 5
o= (@D Ve ae
|x|\/R R |x|<R | |
in two different ways for ¢, ¢3 and for ¢;, ¢4. For ¢y, writing r = |x|and 9, = X-V,
we have

|x|(a%) - Ver | dc |x|c1 A |x|c1
@) Yoy deny g ey gy o ey
x|[vR | R MI=R ’(|x|vR +a=DX-V{UR

ﬂ([a r(re)l+ +c1— + la = I(|x||Ver| + |en])

so that

Sup/lc1 < Ix[7H([Br ren)ls + c1,- + la = T[(x|IVer| + [er)) [l

R>0
Q |—3/2

= rilllxI= " vllzz.

A similar computation for /., gives (also in the case n = 3)

sup [ 1, = alol3.

R>0
Q

On the other hand for ¢, we write

| |Cz

2——=
x| v

S)‘a (VPv, %v)

afc|x|cz|v|2} a—a+|x|a WP —
|x| vV R |x| vV R
and if e.g. |Cy||Leo < 1/4, recalling also (2.30), we get

I =V

ax|x|ez|v)? > b
I <V-{—} c v|© + 4|ea||v]| V7V
2 = |x|\/R +()|||| |2|||| |
so that
Sup/lcz < cm)lllx|72(c2,2)?v)125 + 4lle2v| V2]
R>0
¢ <cmlllxP 72017,

—3/2 b
+4llxPeallpee lIxI 7320l 2 V0]l

< calllx72v]25 + 721 V70 3.
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Using the same identity for ¢4 we can estimate

2 b
;up/ Iey < cm)ca-llerpecllvly + 4llcallo Lo llvlly VoI
>0
Q

and this implies

sup / Iey < 8IVP0[)% + c(m)8 ™' Tullvll3.
R>0Q

The same identity for c5 can be estimated as follows, with C = c(n):

b
v, Vov o,
ISeli[;Q/ les < CVS”W”LZ + V5||W||Lz(|x|§1)-

Hence taking the sup in R > 0 of (2.43) and using the previous estimates we
get (2.41).

In the case n = 3 we have u3 = 0 and the weighted L? norm of v is
unavailable. We use the X norm instead and we obtain

sup/lc1 <nlvl%,
R>OQ

2 3/2 b
lgrzizee vl + 4l1xPPeallg2pee [0l g 1VP0]

sup/ I, <c(m)|cz—

R>0
Q

with the new definition of yy, y», and this gives (2.42). |

Lemma 2.10 (Iv,). With ¢ as in (2.34), we have

[(@VPv)r|?
SUP/ Ivy > (1 =6lla—1I| L — C(n)”|x|a/||€1L°°)||vbv”?/ + / T
Q

R>0
Q
(2.44)
Proof. By separating the terms in oy, which contain derivatives of a;; we have
Ivy = Sgm - 3{(321)33,_1)) + Fom - 8%(82’1)83,_0) + a(va, va)q,’)

where )

Sem(X) = 2ajmagXj X" + 2[ajmaje — ajmacXjXe]—.

|x|

Fim(X) = 2ajmagk.j — Ajkam:j1 XV’
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With our choice of ¥ we get

|x|la’|

Vb2 < e(n)|d'|| VP02,
L P20 < a7

|rem ()R (05 v05,0)| < c(n)
a N2
a(VPv, VPv)p = —El|x|5Ra(va, Voy) > —71|X|SR|V%|2.

Moreover

Sem M (@2098,0) = 2|@VP0) R 2Y" + 2/(@VP0) 7 |‘/’ |

which gives, using [wg|? + |wr|?> = |w|? (we recall notation (1.7))

— 2
SemM(5vd8,v) = E|avbv|21|x|§R + ﬁ|(av"Jv)T|21|x|>R.

Summing up we obtain
(2v2 — N?)
Iyy = = [VPuPLgizk + Z 1@V 0)r Pl g — cla|IV*0P.

x|
Note that we can assume v > 1 — |la — I ||p~ and N < 1 + |la — I ||p~ so that
202 = N2 >1—6|la—1|r~.
Integrating on 2 and taking the sup over R > 0 we obtain

|@VPv)r|?
sup/ Iyo = (1= 6lla = =) [V*0ll5 + / T @l Y Pl
Q

R>0
Q
and this implies the claim. |

Lemma 2.11 (I5). With ¢, as in (2.33), we have for all § € (0, 1)

/ Iy <8Il + 8IV20 13 + Cn. ICallze)s 1 £ 113 (2.45)
Q

Proof. By (2.34)

N0 1) = Cn ICall) (D + 970 1|

a—a-+|xla._ _ 2|x|ax
B T b

Ir =
s x|V R x| v

and hence

/[f < (. ICallzo) (X" vlly + IVP0 )1 f 1l
Q

The claim follows recalling that ||[x| "' vy < [v]|¢- |
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2.5. Conclusion of the proof. We are ready to complete the proof of Theo-
rem 2.1. We integrate (2.8) on Q with the choice of weights (2.33) and we take
the supremum over R > 0. We then apply the previous Lemmas to estimate the
individual terms.
We consider first the case (Ag). One checks easily that the assumptions on b, ¢
imply the following: for b = by + by; we have
llx*?dbillgr 200 + 1x1*2la = dbullg 2o + [1xPdbullzee < .

with byy = 0 in n = 3, while the electric potential can be written ¢ = ¢; +¢2 + ¢y
with
IxP2erllgipzpee < . c1- € L™

and in dimension n > 4
la—11-(xPler|+xP|Ver )+ [x - (er,— +[0- (ren)]+ +ea,-) F | [xeallgr oo <
while in dimension n = 3
lla = I1-(xPler] + [xP[Ver]) + x> - (e1,- + [0 (re)]+ + e2,-)[lg1 oo
+ Illxlezller oo
< u.
Indeed, it is sufficient to take ¢; = ¢ and, for a fixed cutoff 0 < y(x) < 1

supported near 0, ¢, = (1 — x) -cpand ¢y = x - cr1.
Consider the case n > 4. Write ¢ = ¢1 + ¢ and

f= (AP — &4+ A +ie), fz | +crv.
Then all the assumptions of Lemmas 2.4, 2.5, 2.6, 2.8, 2.9, 2.10, and 2.11 are

satisfied by a, b and ¢. As a consequence we have

sup [ 1]+ 1131+ 11
R>0£2

<C- @S+ wvl% + IVPl3 + 1x172v]72)
+ (1 + 8UAL + lel + lerlze)lv I3 + C8*IF 13,

sup / (I + Ivy)

R>0
Q

1 —3/2. 112 b2 2 2
> (5= CH)IIxI™/2012, + (1= Cu + SDIVPOIR + ol + Mvl3,

A= I3 < Culllx20]12, + vl + C5 I £
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Thus integrating (2.8) on 2 and dropping the boundary terms, which give a
negative contribution as proved in Remark 2.5, from the previous inequalities
taking § and . sufficiently small we obtain (2.2), with f = f + crv in place
of f. More precisely, we use Lemma 2.5 to get rid of the € term at the right hand
side, so that we obtain (2.2) with ¢ = 0. To reinclude the ¢ term, we can use
again (2.23) combined with the local smoothing just obtained, which gives

€2l < CllalLe IVl + [0llg + [ flly+) < C@A + )] flly--

Now it remains to estimate

IS+ erollye < Uf e + 1P Perlo oo lvliy < I e + pllvlig

and absorb the last term at the left hand side, provided p is small enough. The
proof for n = 3 is completely analogous.

In the case of the weaker condition (A) the argument is almost the same. We
splitc = ¢1 +c2+ ¢34+ ca +cp withey = ¢, 2 = (1 — e, €3 = e
ca=(1—y)vandcs = x- (e + crv), and we write ¢ = ¢1 + ¢ + ¢3 + ¢4 and

f=U —¢+r+ion, f=f+cpy
as before. Note that in the estimate of /. we get an additional term |jc3— +
ca— |Loo||v||;, while in estimate (2.41) we must take 11 > c(n)(Z + Z?) >

I's + c(n)T'4 in order to obtain positive terms. Then we can apply the lemmas as
above, and in the final step we estimate f as follows:

1f g < 1 f Ny + WP xeullozzro vl g + lHxlxervlle Lo 0]y
<1 fllys + mlivligx + Zlvlly-
In conclusion, we arrive at an estimate of the form
Il + A+ 1D 2 vlly +1V20ly + [@V0)7 ]2 < eI fllys +emZ]vly

and the additional term |v||; can be absorbed at the left hand side, provided A is
large enough. We omit the details.

Remark 2.6 (Inverse square potentials). Note that in dimension n > 4 and for
A > 0 we can add to the electric potential ¢ a further term cy satisfying

ys = lllxPey e < 1 ey supported in {|x| < 1}.

Indeed, taking c5 = cy in Lemma 2.9, we obtain an additional term at the right
hand side of the estimate:

lvllg + 167 ?vllL2 + Gt + D20l + 1V%0 ]y + [1@VP0)7 ] 2

1/2 —
< e £y + vs 2 M7V 0] L2ai<1))-
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We can estimate the additional term using Lemma 2.7:
N2V 0l gz < 201120020 ) + OIS + I 1R
and if u is small enough we can absorb the |[v|| ; term at the right hand side:
vl + X7 2vliz2 + (AL + €D Y20l + [VPully + [[@VP0) 7|2

< e flly« + ) (psr) 2 x]732v] 2.

In conclusion, if we assume
Ix[ey Lo - A4 < €(n) (2.46)

for a suitable constant € (n) depending only on n, we can absorb also the remaining
term and we obtain that the estimate (2.2) continues to hold. However in this case
the condition on cy is not independent of A and actually becomes worse as A
gSrows.

3. The radiation estimate

The goal of this Section is to prove an estimate for the difference
Viv = Vby —i%v v

(S stands for Sommerfeld) in a norm slightly stronger than || - || ; to this purpose
we use the weighted L? norms, for some § > 0,

/|x|5—1|v§v|2dx. (3.1)
Q

This is enough to rule out functions in the kernel of L + A and hence to get
uniqueness for the Helmholtz equation. Indeed, if the previous norm is finite
then condition (1.10) is satisfied. The value of § is connected to the asymptotic
behaviour of the metric a(x) (see the statement of Theorem 3.2), a fact already
observed in [23].

Note that we can only estimate (3.1) in terms of the Y norms of v and its
derivative; in order to get an actual estimate, this result must be combined with
the smoothing estimate of Section 2.

Since we are interested in the behaviour of solutions in the limit A + ie —
A > 0, it is actually sufficient to prove an estimate in the quarter plane |e| < A.
However, the estimate in the case A < |¢| is elementary (and actually stronger),
and we give it here for the sake of completeness.
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Proposition 3.1 (radiation estimate, case A < |¢|). Lete € R, 0 < A < |e|.
Assume Cq < 1/2 and ¢ = c1 + cpp with

IxPer—llzee <k, fen—lzee < K.
If k is sufficiently small with respect to n, we have

IVP017> + Allvl72 < (A + KADIG + 1713, (3.2

Proof. We can assume € > 0. By A < € and (2.18) we have

w1l e 1= [1r90< 1 + 1715

Also by (2.18), we can write for all § > 0

/aW%JﬂMfA/WF+/}4M%ﬁ/UM

2
5a+m/M%m W|+/uw

Ix?
By the magnetic Hardy inequality (2.6) and the previous inequality we have then
=@+ ki [1731+ keI VIR,

and if « is sufficiently small we deduce

Vool < a4 ka7 [ 173l
Appying the Cauchy—Schwartz inequality we obtain (3.2). |

Theorem 3.2 (radiation estimate, case A > |e|). Let § € (0,1], b = by + by,
¢ = ¢ + ¢y and assume that |x|3Vep € L™ and for some constants k, K

ICallLee + xPdbillzee + x> (Ixlen)+[lzoe + [l1x[*er ||z < x,
I1x1° (la =TT+ [x[la’Dllg1 oo + [1x1°F dbullgr oo + xPenllr oo < K.
If k is sufficiently small with respect to n, §, then we have for § < 1

€

7
<a+ K)[(l + DIl + 190l + IXI5<X>|f|2] (3:3)

(1 =®)lxP~ @V 0)riZ + / (1Pt + =1l ) VBl

4 KA—1/|x|5<x>|f|2,



30 F. Cacciafesta, P. D’Ancona, and R. Luca

while for § = 1 we have

/(1 + %m)wgvf

(3.4
<+ K)[(l + DI+ IVPI2 + 27N 112, + / |x|2|f|2]

Proof. In the proof we shall use the shorthand notation
a(w) :=alw,w)=aXx)w-w, wedC"

for the quadratic form associated to the matrix a. We can assume € > 0, the other
case being similar.

For later use we write the computations in terms of a generic weight function
x as far as possible. We consider again identity (2.8) with the choices

x|

W=z ie y(x)= / xs)ds, ¢ =—x +

0

€

i

where y is a smooth radial function with y, ¥’ > 0, and we add to it the imaginary
part of identity (2.14) with the choice ¢ = —2+/A . We also rearrange the terms
using the identities

I = 2e3[a(Vy, VPv)v] = [a(VPv — i 2V Av) — a(VPv) — &Mvﬂ%x

and
Sa(Vhv, vV (=21 y)) = [a(VPv —iV2v) —a(VPv) —aAvPly.  (3.5)

We obtain the following identity:

Is + Iyy + Iy + Ic + Ip + I = ;{NQ; + RP; + IP;) (3.6)
where .
Is = [ "+ — ]a(va—i\/Xiv)
X \/IX
_ b 2 b 2 X b\ b, b -
Ivy =2|(@Vou)Rr|“x + 2[(@aV°v)T| ] 2a(V°v) 1’ + remR(3,v05,v)

with 1y, (x) = [2ajmaqk;; — ajxaem; )Xk x and using notation (1.7),

1
Iy = [ = 3404V + )+ (1 =DV + 1) 1o
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I B SN 2
]C_[ﬁxc xc a(x,Vc))(]|v|

I, = 23[(@V’v) - (db)r)]x
Iy = R(AY + §)if +2a(®, VPo)xf]1 - 2VAI(Gf )
where
0; = afpy - 142,915 — SapGeAWIVP — anezlle — DIP + a(Vv)]
with ' = y, and

P = ajkf)ivﬁ[%)( - X/] - %ajk£k|v|2[%x’ - )(”], P = ajvddvy.
Note that at 92 the boundary terms P;, 15] vanish, while Q; give a negative con-
tribution as proved in Remark 2.5; on the other hand, the integrals of P;, P;, Q;
on the sphere {|x| = M} tend to zero as M — oo by the conditions imposed on
the growth of y. Hence by integrating (3.6) on 2 N{|x| < M} and letting M — oo
we can neglect the boundary terms and we obtain

/(Is+lw+lv+lc+lb+lf)§0.
Q

We shall also use the magnetic Hardy inequality (2.6) for different choices of s.
Note that with the substitution w = e~ ¥**ly we have also

x| VEv]|,- (3.7)

x|™v <
el vl < —

where we used the notation Vg =Vl —izJA
We estimate each term separately. We can write

Ive = 2)'a(Vtv, (a — 1)VP0) + 2(% - )('>|(ava)T|2 + M (@508 v)

and noticing that y > |x|y for y = |x|*, § < 1, we obtain

/Iw > —ellxf (la — 11+ [xlla Dl oo - V202

J o (3.8)
+(1=)x]"Z @VPv)r|?,.
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In order to estimate /,, we first compute
R a—a-+|x|a €
Ay +o=0G-Df + ———1+—=x
x| VA

Recalling (2.35) we have easily

X / € 51 € 18
Ay + ¢l =c) =+ X )+ —=x =c)x]" + —=Ix|°, (3.9)
(IXI ) VA VA
while a straightforward computation gives, with u, = (n — 1)(n — 3),
HUn X ’ n—1 " Cacx
A(A <— A -
Ay 4= (g =) + o e
€ /. n—1 Cax
+ —(ay" + ——x +c(n)—=~
VA G )

where
Cy(x) i= x|+ "+ x|+ 1P 1)
With the choice y = |x|®, and dropping a negative term, this reduces to
1-=8mn—-34+6) cn)C, €6 n—1+4+ Cuec(n)
-2 WP TV P
We shall drop also the first term at the right, although it gives a positive contribu-
tion, since it can be recovered from the final estimate. Thus we have
c(n)C, €§ n—1+ Cyc(n)
IU Z - T
|x[3-8 Vi xP
We now integrate [, on 2. Thanks to the magnetic Hardy inequality (3.7) with
s = (3 —§)/2 and using the previous estimate for A(Ay + ¢), we have
e [ CalelPof? < TS [ 980 <o [ 15
(note that in 3D the constant — oo as § — 0) provided
4c()Callzos _
vin—3+6)% —
Here o is a universal constant (it will be chosen equal to 1/10) which we keep

around to track the smallness assumptions on the coefficients. In a similar way,
with s = (2—-16)/2,

€ n—14+Cusc(n), , 46(n—1+c(n)||Cqllroe) / € | Siob. 12
_5/— v]? < —|x|°|Vgv
NS |x[2-3 i (n—2-24)2 \/)_k| IVsvl

SU/IS

A(AY + ) < —

w2 —la — I|(ev/Ax + Ax)|v]?.

v|? —

o-4.

(3.10)
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provided
4(n — 1+ c(m)[|CallL>)
v(in —2—2§)2
Note that the last condition restricts § to an interval (0, §,] which covers (0, 1] only
for n sufficiently large. To get around this difficulty we give an alternative estimate
of the € term. Fix & > 0 and split the integral in the regions |x| < « and |x| > «:

v|? |v]? §—2 2 4ea §—2 -
|x|2_8 < eo |x|3_8—|—ea |U| Sm IS+O[ |fU|

where we used again (3.7) and the inequality € [, [v|* < [, | /0] (recall the first
identity (2.18)). Hence we obtain

-6<o

VA

€ 1+ Cyc(n Sat2
5/—| |2§’()| le/1s+cz /|fv|

where

40 — 1+ c()]|Calloe)

€1 = v(n —3 4+ 6)2 '

Cr=n-1 —I—C(I’l)”Ca”Loo.

We choose now
o

S C 18vV/A
and we arrive at the following inequality, which is valid for all § € (0, 1]:

€ n—1+4+Cgzc(n), ,
e e s [

where
#2788 — 14 c()[|Calloo)]*?
(ov(n —3 + §)2)2-98

and we can estimate the coefficient € /A with 1 since A > €. Thus we get

C; =

-1+ Coc(n), , 1§v o )
= [P <o [ I e+ P + 11
Moreover we have

/|a — I < flla = 11xP g oo A1

/|a—1|eﬁx|v|2 < |||a—1||x|5||Loo«/X/|fﬁ|
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where we used the estimate € [, [v |2 < Jo |.f¥] which follows from (2.18). Sum-
ming up, we obtain, as § € (0, 1],

[ 1oz 20 [ 15— e o+ @+ DI+ 7B GID
The term I can be estimated as follows. We note that
avbv - (db)r = aViv - (db)r
so that, with the choice y = |x|%,

$=1 b 25T 8=3
/Ibl > —cm)||lx| "2 Vgvl2lllx|*dbi|Lee[lx] 2 vl L2

and using the magnetic Hardy inequality

2¢(n) — _
/Ib] > —(—|||X|2db1||L°°|||X|8 'Vivlz, = —a/ Is

n—3+49)
provided
2¢(n) y 2¢(n)
_ dby||pee € —————— Kk <0-6
1}(,1_3+5)IIIXI tllzee < 3 =0

For the second piece 15, we have simply
/[bn > —cm)|[Veully vl llx e dbullg poo = —c)K VP03 0]y
and in conclusion
[ 1= o [ 15 = crKIVolloly (3.12)
To estimate /. we begin by writing, with y = |x|?,
/Icl > —%IIIXIZCL-IIL%/IIXI‘S"zleZ—/WIXIS"l(:I + |x[’a(%, Vep]|v|?

and the first term can be handled again using Hardy’s inequality:

= o [ 15~ [l e+ IxfPai. Vel
provided

<o0-6.

2
X|7Cr—||lLe £ ————————= K
Hx["er-llz S S—2t02 F =

v(n —2 + 6)2
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To bound the second integral we write, with d, denoting the radial derivative,

81x5 Ve + |x|%a(x, Vep)l vl
=3, (|xl°er) + (a — DX - Vey|x |
= ((6 — DIxPer + [x[28,(Ix|en) x> + (@ — D& - Ver|x|°

<i-(1+||x]PVer|| o) - x[F73

and hence, using Hardy’s inequality,

/[5|x|f‘-1cI +a®, Venylv)? < 0/ Is

provided

4
—(1 3Vey|Lo) -k <0 - 8.
o Vel k<o

Thus we have proved, for « small enough,

/lcl 3—20/15.

For the second piece /., we use again (2.18): with y = |x|%, we have

[tz =2 PPl [ 1591 = [iren + ot Ve ol

Using the identity (¢ = cyy)

—a+|x|a

- N a
a(x, Ve)ylv? = dj{ajiikex v} - cxlvl?

|x|
—acy'|v]? = 2Ra(VPv, Zv)cy

we obtain
/[X/CII +a(®, Ven) x]|vl* < C(”)”|x|SCII||£1L<>°(||U||; + IIvalli)-

Summing up, we have proved

/zc > —za/ Is = AUKNFI, — e KAVPI2 + 0l2). (.13)
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Finally for Iy we can write
2Ra(k, Vo) rf —2vA3(0f x) = 20 (a — D)% - Vouy f + 205 - Vivy f

and recalling (3.9)
€
N

The integral of the first term is estimated by Cauchy—Schwartz

1 - _ 1
[ ttrel < s [ R o [l

and then by Hardy’s inequality

_ 4ad _
O‘5/|x|8 3|U|2§ m/bdg 1|v§v|2 50/157

with 4o = o(n — 3 + §)?v, and we conclude

/|x|8-1|fﬁ| SU/IS +c(n,8)/IXI8“|f|2-

For the second term we use the condition € < A and we obtain

= [utirar=e [p+ [1rire < [1ror+ [1spire

Next we have

Ir > —(cm)|x|"7" + —=x))| 5] — |a — I||x|*|VP0|| £] = 2| |5 |VEv]| £].

/|a — I|xP VPl £] < Ix1% @ = Do I V20l 1L f -

The integral of remaining term can be estimated as follows:

_ 1
TR Al R o e

1
< a/ Is + —/|x|"”+1|f|2.
agdv
Summing up, we have proved
/zf > —za/IS —c/(|x|"”+1 L IPHIfPR - / ol = KIVully 1 f 115
Q

(3.14)
for some ¢ = c(n, 0, §).
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We collect (3.8), (3.11), (3.12), (3.13), and (3.14) to obtain
(1=70) [ 15+ (1= 8)1"Z @ o)r 2,
< c(n,S)/(|x|“‘ - P FP
e 81+ K)((+ DIl + VP2 + 471 713,

We now choose 0 = 1/10 so that 1 — 70 > 0. Moreover, in the case § < 1 we
have easily

J L e A P NI

and this gives (3.3), while for 6 = 1 we leave the two norms of f separate, and
we obtain (3.4). O

4. Proof of Theorem 1.1

We first prove that the only solution satisfying the Sommerfeld condition is 0.

Corollary 4.1 (uniqueness). Assume (A) holds,
w < po(n) and A= co(n)(Z + Z3).

Letv e H!

10c(§2) with v]|3q = 0 be a solution of

(L+M)v=0

satisfying the Sommerfeld radiation condition

1iminf/ |VPv —iv/A%v[2dS = 0. 4.1)
R—>o0
[x]=R

Then v = 0. If in particular
/ x5~ VP — i VARV|?dx < 00 4.2)
[x|>1

for some § > 0, then (4.1) is satisfied and the same conclusion holds.
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Proof of the corollary. By the assumptions on L we have v € HI%)C. Moreover,

multiplying the equation by v and taking the imaginary part we obtain the identity
39j{a;rdbvdy =0
and integrating on N {|x| < R}, thanks to the Dirichlet boundary conditions we
get, for R large enough,
/ (0% - VPv)dS = 0.
|[x]=R
This implies
/(|va|2 + Av]?)dS = /|va —iva%v|’dS
|x|=R |x|=R

and hence condition (2.1) is satisfied. Then applying the previous estimate with
f =0, e = 0, we obtain that v = 0. The last claim is proved by contradiction:

if flx|=R |VPy —iv/A%v|2dS > o for some constant o > 0, then multiplying by

|x|*~! and integrating in the radial variable we obtain that the quantity (4.2) can

not be finite. O

Lemma 4.2. Assume (A), with i, A arbitrary, and let
T = [la—Ilzee + [[|x[2c=llLoo(x1<2)-

Letv € H2 (Q2) withv|sg =0, A,e € Randlet f = (L + A +i€)v. Then, if T
is sufficiently small with respect to n, for all R > 0 we have

[ L Y 43)
QN{|x|<R} QN{|x|<R+1} QN{|x|<R+1}
where C = c(n)(1 + A4 + [lc— || Loo(x|=1))-
Proof. For any real valued test function ¥ we can write
(L +X+ie)(Yv) = ¥f + (AY)v + 2a(VPv, Vy)
and multiplying by ¥ v and rearranging the terms we get
0, (¥ 0adL (o)} — a(VP (Yv), VP (v)) + (A +ie — )|yl
= Y20 + (AY)¥|v]* + 2a(VPv, Vy)yd.
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Now we take the real part and use the fact that

20Ra(Vov, VY)Y o = 20a(Vu, VY)y o

1
— 3a(VIV PV P)

1 1
— SAYPIP -8 {SajeloPaly )

and we obtain
1
0, {9y da 0l (o) + SazeloPocly 2} = a(VP o). VP o) + (= MyroP
+ RSP0+ (AY)y ol
— AP

Integrating on © and using A|Y|> = 2¥AY + 2a(Vy, Vi) and the Dirichlet
boundary conditions, we arrive at

/a(vb(v/v),vb(wv)) - /(x—c)|wv|2—/mfv/26+/a(w,vw)|v|2.
Q

Q Q Q
(4.4)

It is clear that this identity holds for any compactly supported, piecewise C'!
weight function .

We introduce now a cutoff function y equal to 1 in |x| < 1, equal to O for
|x| > 2, and such that 0 < y < 1. Then we can write

= [etwott = [a = petwol + [ ge-pol,

We estimate the first term simply as follows:

[ = el < e lussquen [ 1P
Q Q
On the other hand, for the second term we use the magnetic Hardy inequality:

/ se— ol < I Pe—llzogsi<a / x 2 [Yof? < )T / VP (g2,
Q Q Q

Since a > (1 —T")1, if T is sufficiently small with respect to n we can absorb the
last term at the left hand side of (4.4) and we obtain the estimate

/Wb(vanz
T At ||c_||Loo<|x|21)>/|wv|2+/a<w,w)|v|2+/|wf|2.
Q Q

Q
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Finally, we choose ¢ as follows: for a given R > 0,

1 if |x] < R,
¥ =10 if x| > R+ 1,

R+ 1—|x| elsewhere.

Plugging v in the previous estimate we obtain the claim. |

We are ready to conclude the proof of Theorem 1.1. Given f with

/|x|5<x>|f|2 <o,

we consider a sequence ¢, > 0 with €, — 0 and define vy as the unique solution
vk € H}(Q) N H?(Q) of

(L+A+ie)vx = f.

We now remark that under the assumptions of Theorem 1.1, if « is sufficiently
small, all the conditions in both Theorems 2.1 and 3.2 are satisfied. Then, intro-
ducing the norm

o . , by lw|?
lwlz = lwlg + AMlwlly + [IV?wly + (1 —3) H NEE
1/2
+ (/|x|5—1|v§v|2dx) ,
we get the bound (uniform in |e| < A for fixed 1)
ol < [ Pl 4.5)

since the last norm controls || f||y+. Note on the other hand that the smoothing
estimate
Uk

ol + 1212 ey + 19%0elly + 1@VPv 72 + (0= 3) HW

L2

<c)|flly«
(4.6)

is uniform for all A > & - (K + K?) and all €.
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From (4.5) we deduce that vy is a bounded sequence in H!'(Q N {|x| < R})
for all R > 0; by a diagonal procedure and the compact embedding of H! into L?
we can extract a subsequence, which we denote again by vy, strongly convergent
in L2(Q N {|x| < R}) for all R > 0. Moreover, the difference vy — vj, of two
solutions satisfies the equation

(L + A +ieg)(vk —vp) = (ek — €n)vp,

hence by Lemma 4.2 we see that vy is a Cauchy sequence in H!(Q N {|x| < R}),
and in conclusion v converges strongly in H'(Q N {|x| < R}) forall R > 0toa
limit v. Clearly v € HI})C(Q), v]pe = 0, and v is a solution of

(L+Mv=f

We note that by (4.5) the sequence vy is bounded in Z which is the dual of a
separable space, hence it admits a weakly-* convergent subsequence whose limit
satisfies the same bound. This means that v € Z with

ol s/|x|8<x>|f|2,

and that v satisfies also the smoothing estimate (4.6).

Finally, if we apply the same procedure to any subsequence of the original
sequence, we can extract from it a subsequence which converges in H,. . strongly
and in Z weakly-* to a solution v of the Helmholtz equation satisfying the same
bounds, and by Corollary 4.1 we must have ¥ = v. This implies that the entire
original sequence converges to v both in H, _ strongly and in 7 weakly-*, and the
proof is concluded.

1
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