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INTRINSIC LIPSCHITZ GRAPHS IN HEISENBERG GROUPS AND
CONTINUOUS SOLUTIONS OF A BALANCE EQUATION

FRANCESCO BIGOLIN, LAURA CARAVENNA, FRANCESCO SERRA CASSANO

ABSTRACT. In this paper we provide a characterization of intrinsic Lipschitz graphs in the sub-
Riemannian Heisenberg groups in terms of their distributional gradients. Moreover, we prove the
equivalence of different notions of continuous weak solutions to the equation ¢, + [¢2 /2] = w,
where w is a bounded measurable function depending on ¢.
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In the last years it has been largely developed the study of intrinsic submanifolds inside the Heisen-
berg groups H™ or more general Carnot groups, endowed with their Carnot-Carathéodory metric
structure, also named sub-Riemannian. By an intrinsic regular (or intrinsic Lipschitz) hypersurfaces
we mean a submanifold which has, in the intrinsic geometry of H", the same role like a C! (or Lips-
chitz) regular graph has in the Euclidean geometry. Intrinsic regular graphs had several applications
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within the theory of rectifiable sets and minimal surfaces in CC geometry, in theoretical computer
science, geometry of Banach spaces and mathematical models in neurosciences, see [0], [7] and the
references therein.

We postpone complete definitions of H™ to Section [2] We only remind that the Heisenberg group
H” = C" x R = R?"*! is the simplest example of Carnot group, endowed with a left-invariant
metric do, (equivalent to its Carnot-Carathéodory metric), not equivalent to the Euclidean metric.
H"™ is a (connected, simply connected and stratified) Lie group and has a sufficiently rich compatible
underlying structure, due to the existence of intrinsic families of left translations and dilations and
depending on the horizontal vector fields X7, ..., Xo,. We call intrinsic any notion depending directly
by the structure and geometry of H". For a complete description of Carnot groups [6l 18] 24, 25] 26]
are recommended.

As we said, we will study intrinsic submanifolds in H™. An intrinsic regular hypersurface S C H"
is locally defined as the non critical level set of an horizontal differentiable function, more precisely
there exists locally a continuous function f : H® — R such that S = {f = 0} and the intrinsic
gradient Vi f = (X1f,..., Xa,f) exists in the sense of distributions and it is continuous and non-
vanishing on S . Intrinsic regular hypersurfaces can be locally represented as X;-graph by a function
¢:wCW=R?"— R, where W = {z; = 0}, through an implicit function theorem (see [14]). In
[2, 4, 5] the parametrization ¢ has been characterized as weak solution of a system of non linear first
order PDEs V?¢ = w, where w : w — R?*"~1 and V? = (X, ..., X, 0y + 00, Xpi2, ..., X2n), (see
Theorem . By an intrinsic point of view, the operator V¢ acts as the intrinsic gradient of the
function ¢ : W — R. In particular it can be proved that ¢ is a continuous distributional solution
of the problem V?¢ = w with w € C%(w, R?"~1) if and only if ¢ induces an intrinsic regular graph,
(see [A]).

Let us point out that an intrinsic regular graph can be very irregular from the Euclidean point

of view: indeed, there are examples of intrinsic regular graphs in H' which are fractal sets in the
Euclidean sense ([22]).

The aim of our work is to characterize intrinsic Lipschitz graphs in terms of the intrinsic distribu-
tional gradient. It is well-know that in the Euclidean setting a Lipschitz graph S = {(4, ¢(A)) :
A € w}, with ¢ : w C R™ — R can be equivalently defined

e by means of cones: there exists L > 0 such that
C ((Ao, #(A0)); 1) NS = {(Ao, #(A0))}
for each Ay € w, where C ((Ao, #(Ap)); ) = {(A,s) e R™ xR : |[A—Ag|rm < 1|s—¢(Ao)];
e in a metric way: there exists L > 0 such that [¢(A) — ¢(B)| < L|A— B| for every A, B € w;
e by the distributional derivatives: there exist the distributional derivatives
¢
Gmi
provided that w is a regular connected open bounded set.

€ L*®(w) Vi=1,...,m

Intrinsic Lipschitz graphs in H™ have been introduced in [I7], by means of a suitable notion of
intrinsic cone in H". As consequence, the metric definition (see Definition is given with respect
to the the graph quasidistance dg, (see ) i.e the function ¢ : (w,dy) — R is meant Lipschitz
in classical metric sense. This notion turns out to be the right one in the setting of the intrinsic
rectifiability in H™. Indeed, for instance, it was proved in [I7] that the notion of rectifiable set in
terms of an intrinsic regular hypersurfaces is equivalent to the one in terms of intrinsic Lipschitz
graphs.

We will denote by Lipy(w) the class of all intrinsic Lipschitz function ¢ : w — R and by Lipy j,.(w)
the one of locally intrinsic Lipschitz functions. Notice that Lipy(w) is not a vector space and that

Lip(w) C Lipy 100 (@) € Chit/? (w),

loc
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where Lip(w) and CO -1/ 2( ) denote respectively the classes of Euclidean Lipschitz and 1/2-Hélder
functions in w. For a complete presentation of intrinsic Lipschitz graphs [0, [I7] are recommended.

The first main result of this paper is the characterization of a parametrization ¢ : w — R of an intrin-
sic Lipschitz graph as a continuous distributional solution of V?¢ = w, where w € L (w, R?"~1).

Theorem 1.1. Let w C W = R?" be an open set, ¢ : w — R be a continuous function and
w € L®(w;R). ¢ € Lipy 1o.(w; R) if and only if there exists w € LiS, (w; R*"1) such that ¢ is a
distributional solution of the system V¢ = w in w.

We stress that this is indeed different from proving a Rademacher theorem, which is more related to
a pointwise rather than distributional characterization for the derivative, see [I7]. Nevertheless, we
find that the density of the (intrinsic) distributional derivative is indeed given by the function one
finds by Rademacher theorem. We also stress that there are a priori different notions of continuous
solutions ¢ : w — R to V?¢ = w, which express the Lagrangian and Eulerian viewpoints. They will
turn out to be equivalent descriptions of intrinsic Lipschitz graphs, when the source w belongs to
L>°(w; R*"~1). This is proved in Section |§| and it is summarized as follows.

Theorem 1.2. Let ¢ : w — R be a continuous function. The following conditions are equivalent

(i) ¢ is a distributional solution of the system V¢ = w with w € L>(w; R2"~1);
(ii) ¢ is a broad solution of V¥¢p = w, i.e. there exists a Borel function 1w € £ (w;R*"~1) s.t.

)
)
E 1): w(A) =w(A) L -a.e. A€ w;

2): for every continuous vector field V¢ (i = 2,...,2n) having an integral curve I' €
CY((—6,6);w), ¢ oI is absolutely contmuous and at points s of differentiability it
satisfies

d R
o0 (T(s) = s (T(s).

In the statement, £°(w;R?"~1) denotes the set of measurable bounded functions from w to R2"1,
while L (w; R2"~1) denotes the equivalence classes of Lebesgue measurable functions in £ (w; R?"~1)
which are identified when differing on a Lebesgue negligible set. We will keep this notation through-
out the paper: its relevance is remarked by Examples [1.3] [L.4] below.

Outline of the proofs. With the intention of focussing on the nonlinear field, we fix the attention
on the case n = 1. The variables will be denoted by ¢ and y, and the subscripts [-]¢, [-]. will denote
the distributional derivatives % = 04, % = 0, in the Euclidean sense w.r.t. these variables.

Given a continuous distributional solution ¢ € C°(w) of the PDE

2
¢(z,t)} = w(z,t) for (z,t) € w
2 t

we first prove that it is Lipschitz when restricted along any characteristic curve I'(z) = (z,7v(z)),
where ¥ = ¢ o I'. The proof follows a previous argument by Dafermos (see Lemma . By
a construction based on the classical existence theory of ODEs with continuous coefficients, we
can then define a change of variable (z, x(z,7)) which straightens characteristics. This change of
variables does not enjoy BV or Lipschitz regularity, it fails injectivity in an essential way, though
it is continuous and we impose an important monotonicity property. This monotonicity, relying on
the fact that we basically work in dimension 2, is the regularity property which allows us the change
of variables. As we exemplify below, we indeed have an approach different from providing a regular
Lagrangian flow of Ambrosio-Di Perna-Lions’s theory, and it is essentially two dimensional. After
the change of variables, the PDE is, roughly, linear, and we indeed find a family of ODEs for ¢ on
the family of characteristics composing x, with coefficients which now are not anymore continuous,
but which are however bounded. By generalizing a lemma on ODEs already present in [4], we prove
the 1/2-Holder continuity of ¢ on the vertical direction (z constant), and a posteriori in the whole

Veh(z,t) = p.(z,t) + [
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FIGURE 1. Illustration of Examples Characteristics are drown for three
particular continuous distributional solution to the equation ¢, +[¢?/2]; = sgn(t)/2.
Below the graphs of the corresponding functions ¢ are depicted.

domain. This are the main ingredients for establishing that ¢ defines indeed a Lipschitz graph:
given two points, we connect them by a curve made first by a characteristic curve which joins the
two vertical lines through the points, then by the remaining vertical segment. We manage this way
to control the variation of ¢ between the two points with their graph distance dy, checking therefore
the metric definition of intrinsic Lipschitz graphs.

The other implication of Theorem is based on the possibility of suitably approximating an
intrinsic Lipschitz graph with intrinsic regular graphs. A geometric approximation is provided
by [9]. We also provide a more analytic, and weaker, approximation as a byproduct of the change
of variable x which straightens characteristics, by mollification (see the proof of Theorem .

We stop now for a while in order to clarify the features of the statement in Theorem [I.2] and why it
is so important to differentiate between £ (w; R?*"~!) and L*°(w; R?"~1). Lagrangian formulations
are affected by altering the representative, as the following example stresses.

Example 1.3 (Figure[l). Let w = (0,1) x (—1,1) and let ¢, w : w — R be the functions defined as

if
¢(z,t) =Vt w(zt) :—{ 1_/12/2 1f§§8

Then it is easy to verify that ¢ is a continuous distributional solution of

0 d ¢?
¢ = — _—— =
V=5 e T
Consider the specific characteristic curve (z,7(z)) = (2,0). FEwven if ¥(z) = ¢(z,7(2)) = 0, the

derivative of ¢ along this characteristic curve is not the right one:

0 1

Equation (3.5) holds however on every characteristic curves provided we choose correctly an L>°-
representative w € £°(w) of the source w: it is enough to consider

/2 ift>0
w(z,t): =4 0 ift=20
~1/2 ift<0
Notice that w(z,t) = w(z,t) for L2-a.e. (z,t) € w. O

Before outlining Theorem [T.2] we exemplify other features mentioned above by similar examples.
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Example 1.4 (Figure[l). Let w = (0,1) x (—1,1), and choose

¢(z,1) = —sgut/[t].

Again

0
P —
V% az¢+

8(;52_{ /2 ift>0 e w(zt)

ot 2 | —1/2 ift<0

One easily sees that characteristics do collapse in an essential way. Considering instead

o(z,1) = sgnt/It|

characteristics do split in an unavidable way. Therefore, while it is proved in [I1] that in Exam-
ple[I.3 one can choose for changing variable a flux which is better than a generic other—the regular
Lagrangian flow—we are not always in this case. This is the main reason why we refer in our first
change of variables to a monotonicity property.

We have now motivated the further study for the stronger statement of Theorem [I.2} In order to
prove it, we consider also the weaker concept of Lagrangian solution: the idea is that the reduction
on characteristics is not required on any characteristic, but on a set of characteristics composing
the change of variables y that one has chosen. Exhibiting a suitable set of characteristics for the
change of variables x is part of the proof. Roughly, an £>-representative w, for the source of
the ODEs related to x is provided by taking the z-derivative of ¢(z, x(z, 7)), which is ¢ evaluated
along the characteristics of the Lagrangian parameterisation; by construction, it coincides with the
second y-derivative of x(z,7). Here we have hidden the fact that we need to come back from
(z,7) to (z,t), a change of variable that is not single valued, and not surjective since the second
derivative was defined only almost everywhere. We overcome the difficulty choosing any value of
the second derivative when present, and showing that it suffices. However, if one changes the set of
characteristics in general one arrives to a different function w,, € £>°(w;R).

We have called broad solution a function which satisfies the reduction on every characteristic curve.
In order to have this stronger characterization, we give a different argument borrowed from [I]. We
define a universal source term w in an abstract way, by a selection theorem, at each point where
there exists a characteristic curve with second derivative, without restricting anymore to a fixed
family of characteristics providing a change of variables. After showing that this is well defined, we
have provided a universal representative of the intrinsic gradient of ¢. In cases as Examples
it extends the one, defined only almost everywhere, provided by Rademacher theorem.

Outline of the paper. The paper is organized as follows. In Section [2] we recall basic notions
about the Heinsenberg groups. In Section |3| we fix instead notations relative to the PDE, mainly
specifying the different notions of solutions we will consider. One of them will involve a change of
variables, for passing to the Lagrangian formulation, which is mainly matter of Section [d] and it is
basically concerned with classical theory on ODEs. Then Appendix [A] also explains how to extend
a partial change of variables of that kind to become surjective, and provides a counterexample to its
local Lipschitz regularity; it is improved in [I] showing that it is not in general of Bounded variation.
In Section [b| we prove the equivalence among the facts that either a continuous function ¢ describes
a Lipschitz graph or it is a distributional solution to the PDE V®¢ = w, w € L. The further
equivalencies are finally matter of Section [6]

With some simplification, we can illustrate the main connections by the following papillon. As
mentioned above, there is also a connection with the existence of smooth approximations (see the
proof of Theorem by mollification and [9] with a more geometric procedure).
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Def. 12 Def. 3.6l Def. BT

|

: ST 1 :
Continuous Distributional ThEIHL Continuous Broad ‘
Cor[6.3] (n= ThGH

LEd LEA Continuous Lagrangian [ LE2 clear |
<~ :

"o clear

Cor (n=1)

Intrinsic Lipschitz ‘ LEz '| Continuous Broad* |

Def. 31 Def. B.8

A remark about the identification of the source terms. The intrinsic gradient is unique.
Suppose ¢ is both intrinsic Lipschitz and a broad solution: then by definition at points of intrinsic
differentiability the intrinsic gradient must coincide with . As a broad solution is also a Lagrangian
solution, at those points it must coincide also with w. By Rademacher theorem, these functions are
therefore identified Lebesgue almost everywhere, and by Lemma [5.0] they are representative of the
L (w; R?"~1)-function which is the source term of the balance law.

We conclude remarking again that this identification Lebesgue almost everywhere is not enough for
fixing them, as both Lagrangian solutions and broad solutions require the right representative of the
source also on some of the points of non-intrinsic differentiability, not captured by the source term
in the distributional formulation (Fig.[l). By Rademacher theorem, instead, we have that the source
term in the broad formulation not only fixed dirctly the source term in the Lagrangian formulation,
but also in the distributional one. Actually, it suffices the source of a Lagrangian formulation in
order to fix directly the one in the distributional one.

Acknowledgements. We warmly thank Stefano Bianchini and Giovanni Alberti for useful discussions
and important suggestions, in particular on the subject of Section [6]

2. SUB-RIEMANNIAN HEISENBERG GROUP

Definition: a noncommutative Lie group. We denote the points of H"” = C" x R = R?*+! by
P = (z,t), zR*™, t e R.
If P=(x,t), Q= (2',t') € H* and r > 0, the group operation reads as

1 n
(21) PoQi=|ata i+t + 53 (w0~ jents)
j=1
The group identity is the origin 0 and one has [z,¢]”} = [~x, —t]. In H" there is a natural one
parameter group of non isotropic dilations 6, (P) := [rz,r%t] , r > 0.

The group H” can be endowed with the homogeneous norm
1Pl|oo = max{|al, ¢[*/?}
and with the left-invariant and homogeneous distance
doo(Pv Q) = ||P_1 : Qlloo

The metric do, is equivalent to the standard Carnot-Carathéodory distance. It follows that the
Hausdorff dimension of (H",d,) is 2n + 2, whereas its topological dimension is 2n + 1.
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The Lie algebra b, of left invariant vector fields is (linearly) generated by

o 1 9 o9 1 0 P
— — —Titpn =, X n=— —Ti =, | = 1’..., 5 T: b
oz,  29tar T g 2% "

and the only nonvanishing commutators are

[Xjan+n]:T, ]:1,7’L

(2.2) X; =

Horizontal fields and differential calculus. We shall identify vector fields and associated first
order differential operators; thus the vector fields X, ..., X5, generate a vector bundle on H", the so
called horizontal vector bundle HH™ according to the notation of Gromov (see [I8]), that is a vector
subbundle of TH", the tangent vector bundle of H". Since each fiber of HH"™ can be canonically
identified with a vector subspace of R?2"*!  each section ¢ of HH" can be identified with a map
@ : H® — R?"*+1 At each point P € H" the horizontal fiber is indicated as HH" p and each fiber
can be endowed with the scalar product (-,-)p and the associated norm || - || p that make the vector
fields X1,..., X5, orthonormal.

Definition 2.1. A real valued function f, defined on an open set Q C H"™, is said to be of class
CL(Q) if f € C°(Q) and the distribution

va = (le, ey Xgnf)

is represented by a continuous function.

Definition 2.2. We shall say that S C H" is an H-regular hypersurface if for every P € S there
ezist an open ball Us (P, ) and a function f € Cl(Us(P,7)) such that

i: SNU(P,r) ={Q € Uso(P,7) : f(Q) =0};
ii: Vpf(P) #0.

P
The horizontal normal to S at P is vg(P) := M.

Vif(P)|
Notation 2.3. Recalling that we denote a point of H" as P = (z,t) € H", where = (21,...,Z2p) €
R2", t € R, it is convenient to introduce the following notations:

e We will denote a point of R?® = R?"~! x R as A = (z,t) € H", where z € R*",
teR Ifz= (21,...,22n-1) € R2"7L for given i = 1,...,2n — 1, we denote 2; =
(2155 Zic15 Zid1, -+ -5 22n) € R?"72. When we will use this notation, we also denote a
point A = (2,t) € R?™ as A = (24, %;,t) € R x R™"72 x R,

Let B C R*", for given 2; € R*"~? and ¢t € R we will denote B, ; :== {s € R: (s, %;,t) € B};
Let B C R*, for given z € R*"~! we will denoteB, := {t € R: (z,t) € B}.

Let B C R*", for given 2; € R*"~2 we will denote B;, := {(s,t) € R? : (s,%;,t) € B};

W ={(x,t) e H" : 27 =0}. A point A = (0,21,...,22n-1,t) € W will be identified with
the point (z,t) € R?".

o Let w C W, for given z, € R we will denote w,, := {(2,,t) € R*""1: (z,,2,,t) € w}.

Definition 2.4. A set S C H" is an Xi-graph if there is a function ¢ : w C W — V such that
S =G 4(w) = {A-¢(A)es : A € w}.

Let us recall the following results proved in [14].

Theorem 2.5 (Implicit Function Theorem). Let Q be an open set in H", 0 € Q, and let f € CL(Q)
be such that X1f > 0. Let S := {(z,t) € Q : f(x,t) = 0}; then there exist a connected open
neighborhood U of 0 and a unique continuous function ¢ : w C W — [—h, h] such that SNU = ®(w),
where h > 0 and ® is the map defined as

w3 (z,t) = B(z,t) = (2,t) - (2, t)er
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and given explicitly by

D(z,t) = (¢(z,t)721, e Zop—1,t — z—”(b(z,t)) ifn>2

2
0(z,7) = (62,2t = S0(2,1) ifn=1.
2
Let n >2, Ag = (29,...,29,_1,t°) € R®" and define
2n—1
I(Ay) = {(z,t) ERM: |z, — 20| <r Y (i —20)? <r? [t -1 < r} .
i=1

When n =1 and Ag = (2°,1%) € R? let
I(Ag) = {(z,t) ER*: [z = 2| <, [t =t <r}.

Following [2], B, 28] we define the graph quasidistance dy on w. We set Oy := {(z,t) e H" : 21 =
0,t =0}, T:={(z,t) eH": 21 =0,...,29, =0}

Definition 2.6. For A = (zp,2,,t), A’ = (2], 2], t') € w we define

(2.3) dy(A, A) = ||mo, (B(A) ™" @(A")) ]l + [|7r(@(A) ™" @(A"))][ 0

Following the notations we have explicitly if n > 2

1/2
dg(A, &) = (2} 20) = (2 2n)| +

)

1= S(8(A) + BN — 20) + 02, 20)

where (2, 21) = %Z?:_ll(zj+nz§ — 22 ,). Ifn=1and A= (2,1), A" = (2],t') € w we have

1/2

do(A, A) = |2 — ] + |1 = £ = 5 (9(4) + B(B)) (24 — 1)

An intrinsic differentiable structure can be induced on W by means of dy, see [2, B} 28]. We remind
that a map L : W — R is W-linear if it is a group homeomorphism and L(rz,r%*t) = rL(z,t) for all
r >0 and (z,t) € W. We remind then the notion of V?-differentiablility.

Definition 2.7. Let ¢ : w CW — R be a fized continuous function, and let Ay € w and ¥ : w — R
be given.

o We say that 1 is V-differentiable at Ag if there is a unique W-linear functional L : W — R
such that
A) —)p(Ag) — L(A;- A

A= Ao dy(Ao, A) =0

o We say that v is uniformly V?-differentiable at Ay if there is a unique H-linear functional
L:W — R such that

: [9(B) = 9(A) = LB~ - A)[] _
(2.5) lim  sup { (A B) } =0

r—=0 A, Ber,-(Ag)
A#B

We will denote L = dwo(Ag). If ¢ is uniformly V?-differentiable at Ay, then ¢ is V?-differentiable
at Ao.

In [2] it has been proved that each H- regular graph ®(w) admits an intrinsic gradient V¢ €
C%w;R?™), in sense of distributions, which shares a lot of properties with the Euclidean gradient.
Since W = exp(span{Xs, ..., Xo,,T}), where the vector fields Xo, ..., Xo,,T must be understood
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as restricted to W, it is possible to define the differential operators given, in sense of distributions,
by

0 10

Ty Lr?) = 19
W6 = Xaga6+ 3T(6) = 5——0+ 55,(8),

V%S L (X2¢a"'7Xn¢)a W¢¢7X2+n¢w“»X2n¢) if n Z 2
T W ifn=1

(2.6)

According with the notation introduced in we also denote by V¢ := (V‘f, cey Vgn_l) the family
of vector fields on R?” defined by

598 2109 _
X]+1¢_azj SRT, j=1...,n-1
0 0 .
Vigi={ W6 =Xpao+ 9To= 50 —657 j=n
_ 06 06 .
X]+1¢_azj+ SRT, j=n+1,....2n—1

The following characterizations were proved in [2, B} [5]. The definitions of broad* and distributional
solution of the system V?¢ = w are recalled in Section

Theorem 2.8. Let w C W = R2" be an open set and let ¢ : w — R be a continuous function. Then

(i) The set S := ®(w) is an H-regular surface and v&(P) < 0 for all P € S, where vg(P) =
(v&(P),...,vE"(P)) is the horizontal normal to S at P.

1s equivalent to each one of the following conditions:

(ii) There exists w € CO(w; R 1) and a family (¢¢)eso C CL(w) such that, as € — 07,
b = ¢ and V9. —w in LS (W),

and V¢ = w in w, in sense of distributions.
(iii) There ewists w € CO(w;R?"~ 1) such that ¢ is a broad* solution of the system V®¢ = w.
(iv) There exists w € C°(w; R?"™1) such that ¢ is a distributional solution of V®¢ = w.
(v) ¢ is uniformly V?-differentiable at A for all A € w.

Remark 2.9. It follows that, for given ¢ : w — R such that S = ®(w) is H-regular, then at any
point A € w the differetial dwop(A) : W = R?" — R can be represented in terms of the intrinsic
gradient V?¢(A). More precisely (see [2, @])

Veo(A)z n=1

2n—1

dwo(A)(z) = > VI(A)z n>2

Definition 2.10. Let ¢ : w — R be a continuous function and let A € w be given. We say that ¢
admits Vf—derivative if there exists a € R such that for each integral curve Y : (—0,0) = w of V?
with T(0) = A

3 %¢(0) = lim $(1(s)) ; »((0))
and a = V{$(A).

Remark 2.11. Notice that if S = ®(w) is an H-regular hypersurface then ¢ admits V‘f-derivative
at A for every A€ w fori=1,...,2n—1 (see [2], [28]).

Introduction to the concern of this paper.

Let us now introduce the concept of intrinsic Lipschitz function and intrinsic Lipschitz graph.



10 F. BIGOLIN, L. CARAVENNA, F. SERRA CASSANO

Definition 2.12. Let ¢ : w C W — R. We say that ¢ is an intrinsic Lipschitz continuous function
in w and write ¢ € Lipy(w), if there is a constant L > 0 such that

(2.7) 16(A) — ¢(B)| < Lds(A,B) VA, Bew

Moreover we say that ¢ is a locally intrinsic Lipschitz function in w and we write ¢ € Lipy 1o (w)
if ¢ € Lipy(w) for every w' € w.

We remark that when ¢ is intrinsic Lipschitz, then there exists C' > 0 such that
1
c
In particular, the graph distance dy is also equivalent to the Carnot-Carathéodory distance restricted
to the corresponding points on the graph of the Lipschitz intrinsic hypersurface. This means that ¢
is Lipschitz continuous also in the classical sense when evaluated on any fixed integral curve of the
vector field W, while it is 1/2-Holder on the lines where ¢ is fixed.

(A, B) < doo(D(A), ®(B)) < Cdy(A,B) VA, Be€w.

In [9] is proved the following characterization for intrinsic Lipschitz functions.

Theorem 2.13. Let w C W be open and bounded, let ¢ : w — R. Then the following are equivalent:

(i) ¢ € Lipyy joc(w)
(ii) there exist {¢y}ren C C°(w) and w € (LS, (w))*" ™! such that Vw' € w there exists C' =
C(w') > 0 such that
(iil) { bk }ren uniformly converges to ¢ on the compact sets of w;
(ii2) |V ¢r(A)| < C L?M-ae. z €W, kEN;
(ii3) V% ¢r(A) = w(A) L*-a.e. A€ w.

Moreover if (ii) holds, then V?¢(A) = w(A) L*"-a.e. A € w.

Let us finally recall the following Rademacher type Theorem, proved in [17].
Theorem 2.14. If ¢ € Lipyw(w) then ¢ is V?-differentiable for L?"-a.e A € w.

3. DIFFERENT SOLUTIONS OF THE INTRINSIC GRADIENT DIFFERENTIAL EQUATION

Even when w € C%(w), where w is an open subset of W = R?, the equation

(3.1) b (2,t) + [QSQ(;ZE)} = w(z,t) inw

allows in general for discontinuous solution. However, it is the case n = 1 of the system ([2.6))

Xjpop=w; j=1,...,n=1,n+1,....2n-1

W¢¢ = Wn

where w € C%(w, R?"~1) and this system, by Theorern describes an H-regular surface S := ®(w)
which is an X;-graph. Since we want to study in the present paper intrinsic Lipschitz graphs, then

we do not require anymore the continuity of w but we allow w € L (w;R?"~!). Notwithstanding
that, the continuity of ¢ remains natural.

(3.2) VP =w & {

There are a priori different notions of continuous solutions ¢ : w — R. We recall some of them in
this section: distributional, Lagrangian, broad, broad*. All of them will finally coincide.

After giving in the present sections the definitions for all n, we will focus in the next one the
analysis on the non-linear equation in the case n = 1, which conveys the attention on the planar
case (3.1). We will remind this reduction by adopting often the variables (s,7) instead of (y,t).
The generalization to other cases n > 2 of most of the lemmas is straightforward, because the fields
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X; and Yj are linear. It is not basically in Lemma [6.2} where we prefer taking advantage of the
continuity of x; however, we have no reason to prove it in full generality.

We recall that in general solutions are not smooth, even if we assume the continuity—see e.g. Ex-
ample [A22 below. The equation is then interpreted in a distributional way.

Definition 3.1 (Distributional solution). A continuous function ¢ : w — R is a distributional

solution to (3.2)) if for each ¢ € C(w)

(3.3) /¢vj?godﬁ2“:—/wj<pd£2“, j=1,....n—1,n+1,...2n—1

and 0 0
_— 1 2 2n _ 2n
/W <¢azng0+2¢ attp) dL" = /wwngpdﬁ .

We consider now different versions for the Lagrangian formulation of the PDE. The first one somehow
englobes a choice of trajectories for passing from Lagrangian to Fulerian variables, and imposes the
evolution equation on these trajectories.

Definition 3.2 (Lagrangian parameterisation). A family of partial Lagrangian parameterisations
associated to a continuous function ¢ : w — R and to the system is a family of couples (@i, x:)
(i =2,...,2n) with ©; C R® open sets and x; = xi(,t) = Xi(fi,éi,t) : w; — R Borel functions
such that for eachi=1,...,2n—1

(L.1): the map Y; : @; — R?™, Ti(&,t) = (&, x:(&,1)) is valued in w;
(L.2): for every & € R*"™1, the function ©; ¢ >t — xi(€,t) is nondecreasing;
(L.3): for every & € R?"=2 t € R, for every (s1,s2) C @, ¢, 4» the function (s1,s2) > s —

Ti(s,fi,t) is absolutely continuous and

(3.4) (s,6i,1) = VO (Y(5,&,1))  ae. s € (s1,52).

%Xi
We call it a family of (full) Lagrangian parameterisations if x; : @¢ — we is onto the section we for
all €.

We remark again that we emphasized in this definition the nonlinear PDE of the system: a La-
grangian parameterisaiton provides a covering of w by characteristic lines for that equation. Indeed,
a covering by characteristic lines of the other equations is immediately given by an expression like
t—Ztng i=1,...,n—1
(21, ..., Zon—1,t) = 2~ R
Xala- o 2ne1,) {t+z’2"zi i=n+1,...2n—1
Moreover, the reduction along characteristics for the linear equations, and thus the equivalence
between Lagrangian and distributional solution, holds with less technicality.

Definition 3.3. A family of (partial) parameterisations (©;,x;) extends the family of (partial)
parameterisations (&}, X5), we denote (&}, X:) = (@i, Xi), if there exists a family of Borel injective
maps

Ji 1@l 3 (2,7) = (2,4(2,7)) € @ such that  x;0Ji =X, VYi=1,...,2n—1.
When (&}, X5) = (04, x:) and (@05, x:) =< (@F, X}) they are called equivalent.

Remark 3.4. The notion of Lagrangian parameterisation given above does not consist in a different
formulation for the notion of regular Lagrangian flow in the sense by Ambrosio-Di Perna-Lions
(see [I0] for an effective presentation). Particles are really allowed both to split and to join, therefore
in particular the compressibility condition here is not required, while instead we have a monotonicity

property.
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Notation 3.5. When we need to distinguish letters, we denote with ~ functions defined on w but
possibly related to a parameterisation, with * functions defined on @, and with * functions defined
on w not related to specific parameterisations.

Notice that a full Lagrangian parameterisation is continuous in the two variables for free: indeed,
e.g. for n = 1, by monotonicity one has that for each s

sup x(s,7') < x(s,7) < inf x(s, 7).

T'<T T'>T
By the surjectivity then equality must hold. Considering the Lipschitz continuity in the other
variables one gains the joint continuity in (s,7). The same holds for n > 1 provided that x is
continuous on the hyperplane z, = 0, since the argument above gives the continuity only on the
planes where Z,, is constant. We do not mind about continuity in Z,.

Before giving the notion of Lagrangian solution, we recall that a set A C R™ is universally measurable
if it is measurable w.r.t. every Borel measure. Universally measurable sets constitute a o-algebra,
which includes analytic sets. A function f : R™ — R is said universally measurable if it is measurable
w.r.t. this o-algebra. In particular, it will be measurable w.r.t. any Borel measure.

Notice that Borel counterimages of universally measurable sets are universally measurable. Then
the composition po1) of any universally measurable function ¢ with a Borel function v is universally
measurable. This composition would be nasty if ¢ were just Lebesgue measurable.

Since restrictions of Borel functions on Borel sets are Borel, all the terms in the following definition
are thus meaningful.

Definition 3.6 (Lagrangian solution). A continuous function ¢ : w — R is a Lagrangian solution
of if there exists a family of Lagrangian parameterisations (0;, x;) (¢ =1,...,2n—1), associated
to ¢ and , and a family of universally measurable functions wy, : w - R (i =1,...,2n —1),
such that V&; € R*"2 Yt € R, V(s1,52) C Qe,.4, it holds that

(LS1): the function (s1,s2) 3 s+ ¢(Y(s,&,1)) is absolutely continuous and

(35 SEB(Tis,61,1)) = iy, (Tils, 1)

where Y is given in (L.1) of definition .
(LS2): If ¢ admits V-derivative at A € w, then Wy, (A) = Vep(A)Vi=1,...,2n—1.

We are going to prove in Section that ¢ above is a distributional solution to provided that
the function w, € £ (w;R**~!) is a pointwise representative of the source term w € L>(w, £2").
The fact that we do not require in the definition that w, and w represent the same function is just
a notational convenience for the proofs below.

We give now the strongest notion of solution: the evolution equation is imposed on every trajectories.

Definition 3.7 (Broad solution). A continuous function ¢ : w — R is a broad solution of (3.2)) if
there exists a universally measurable function w = (W1, ..., Wan_1) € £°(w; R*"~1) such that

(B.1): & =w L*-a.e. in w;
(B.2): Vi=1,...,2n — 1, for every integral curve I'; € C1((=4,8);w) of the vector field Vf it
holds that (—0,9) 3 s — ¢(I's(s)) is absolutely continuous and
0
2 (Tu(s) = aTils)  ae. s € (5,0)

(B.3): if ¢ admits Vf-dem’vative at A € w, then w;(A) = V‘fqb(A) Vi=1,...,2n—1.

We also remind the intermediate notion of broad* solution introduced in [4].
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Definition 3.8 (Broad* solution). A continuous function ¢ is a broad* solution of (3.2) if for
every Ay € w there exists a map, that we will call exponential map,

(3.6) exp 4, (VE)() 1 [=0,6] x Is(Ao) — Is, (Ao) € w,
where 0 < § < &1 such that, if T4(s) = eprO(sz’)(A) fori=1,...,2n—1, then

(E.1): T} e CY([-6,4]; R*"),
T =vier
®2: { hg
(E.3): there exists a universally measurable function w € £ (w; R?*"~1) such that w = w L*"-a.e.
mw,Vi=1,...,2n—1 the map (=3,0) > s+ ¢ (Ff‘(s)) is absolutely continuous and

%(i) (Ff‘(s)) =w (I‘f‘(s)) a.e. s € (—9,9) VA € Is(Ao);
(E.4): if ¢ admits V?—dem’vatz’ve at A € w, then w;(A) = Vf’gbl-(A) Vi=1,...,2n—1.

Being a distributional solution to the PDE, a Lagrangian solution will be in particular a broad*
solution with w := w. Viceversa, if the exponential map related to a broad solution satisfies the
relative monotonicity property, then one can prove that the broad* solution is also a Lagrangian
solution, with the same w. One can moreover derive a procedure for constructing a Lagrangian
parameterisation in Lemma where the curves 7(s; §,%) should be replaced by the ones of the
exponential map.

4. EXISTENCE OF LAGRANGIAN PARAMETERISATIONS

As mentioned, we can focus in this section on the case n = 1. We will give information about the
generalization to the case n > 2 in Remark

Given a continuous function ¢ on clos(w) C W, we defined what we mean by ‘Lagrangian param-
eterisation’. Here we show that the definition is non-empty. It is part of the very classical theory
on ODEs with continuous coefficients covering w with integral curves of the continuous vector field
(1, ¢), see for example the first chapters of [I9]. In the definition we of Lagrangian parameterisation
it is however essential that we cover the region with curves which are ordered and not with generic
ones: we therefore briefly remind below one way of doing it, with also the aim being self-contained.

Firstly, in Lemma [£.I] we show, for familiarising with notations, that if one takes the integral
curves through an s-section of w which are minimal, in the sense that any other curve through
that point lies on its right side, then we get a partial Lagrangian parameterisation, as well as it
happens for the maximal ones. Extending it to a full one will be matter of the next section. A full
Lagrangian parameterisation basically amounts to an order preserving parameterisation, with a real
valued parameter, of non-crossing curves through each point of the plane. We immediately give an
example of a full one (Lemma {4.2| below).

Notice that the definition of Lagrangian parameterisation concerns only classical theory on ODEs

with continuous coefficients, as therefore Lemmas

Lemma 4.1. Let ¢ : clos(w) — R be a continuous function, (0,0) € w. Then there are domains
W, W associated to the functions

xon(s,7) = min () ¢ (n7(0) € clos(@), () = o(r,7(r), 2(0) =7}

Xau (s, 7) = max {y(s)  (r,7(r) € clos(w), 4(r) = B(r,1(1)), 20) =7}

for which (@, Xm), (Oam, xam) are partial Lagrangian parameterisaiton relative to ¢.
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Proof. For every (§,7) € w one could consider the minimal and maximal curves satisfying on clos(w)
the ODE for characteristics (3.4]) and passing through that point: indeed the functions

(412)  ynls) =min{y(s) : (ry(r) € closw), () = 6(r, (1)), 2(3) = 7]

(A1) AED(s) i=max {y(s) : (1,7(r)) € clos(w), §(r) = 6(r,7(r)), ¥(5) =7}
are well defined, Lipschitz, and because of the continuity of ¢ they are still integral curves ([19]).

Denoting by r.i. the relative interior of a set, we define the domain
O =1.1.{(5,7) ER X wo: T € wp, (5,7%0,(s)) Ew}.

where recall that w, = {t € R: (0,t) € w}. Since we are assuming that w contains the origin, @,, is
nonempty. The domain @y, is analogous.

Being 7(s,7)(s), 7*7)(s) Lipschitz solutions to the ODE with continuous coefficients, the functions
Xm (8, 7T), Xar (s, 7) in the statement are C!(w N {t = 7}) in the s variable for every 7 fixed. Xy, x
are jointly Borel in (s,7) by continuity in s and monotonicity in 7, monotonicity that now we show.

Notice the semigroup property: for ¢,h > 0, for example for (4.1a)),

Yo (8) =T, Ysm(h) =T, = Yon(s+h)=T7
This yields the monotonicity of xm(s,7) = v0,r)(s) for each s fixed. Indeed, if 71 < 7o and
Y(0,71)(8) = V(0,7 (8) at a certain § > 0, by the continuity of the curves there exists 0 < 5 < 5 when
Y(0,71)(8) = V(0,7 (5). But then the curve

f <3
'Y(S) — ’7(0,7'1)(8) or § = ‘i
7(0’72)(5) for s >3

is a good competitor for the definition of (g ), which implies

’Y(O,Tz)(é) = ’Y(é) > 7(0,71)(‘%)’

and therefore equality. For 4(®7) the argument is similar. (|

In Lemma we show how to make a partial parameterisation x surjective: thus we cover w by
a family of characteristic curves which includes the ones of x. In the following lemma, w.l.o.g. in a
simpler setting, we provide instead a full Lagrangian parameterisation, defined at once instead of
extending a given one.

Lemma 4.2. There exists a full Lagrangian parameterisation associated to a continuous function
¢ :(0,1)2 — R which is also continuous on the closure [0, 1]>.

Proof. Step 1. Let ¢ be a continuous function on [0, 1]%, we want to give a Lagrangian parameteri-
sation for his restriction to (0,1)? as we defined it on an open set. One can assume ¢ is compactly
supported in (s,7) € [0,1] x (0,1). If not, one can extend it to a compactly supported function ¢
on [0,1] x (—1,2): restricting the Lagrangian parameterisation (&%, x?) for ¢, defined as described
below, to the open set ) )
Q= {(s,7) €@?: x®(s,7) € (0,1)},

one will get a Lagrangian parameterisation for ¢. The assumption of 7 compactly supported in
(0,1) implies that there are two characteristics, one starting from (0,0) and one from (0, 1), which
satisfy ¥(s) = ¢(s,7y(s)) = 0. This means respectively v(s) = 1 and ~(s) = 0 for each s € [0,1].

Step 2. After this simplification, we associate to each point (3,%) € [0,1]* a curve ~(s; 5, ) which is
minimal forward in s, maximal backward:

= _ 7(§,f) (S) S Z §,
i ’t - 3
IY(S S 3 {7(5,5)(3) s <
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where y(s,7)(5), 7 (s) were defined in (4.1)). Notice that the curves 7(;5,%) are defined on the
whole [0,1]. Let us denote by
C:={(:5,0): [0,1] = [0,1], (5,7) €[0,1]*}.

We will endow C by the topology of uniform convergence on [0, 1] and the following total order
relation

(4.2) {fy(-; s1,61)} = {’y(-;sz,tz)} = v(s581,t1) < y(s;82,t2) Vs €[0,1].

Let us denote by C* the closure of C C C°(]0, 1]) endowed with the topology of uniform convergence.
We prove in the rest of this step the following claims:

(4.3) C* is compact;
(4.4) the total order relation still applies in C*;
(4.5) C* is connected;
(4.6) C* is still a family of characteristic curves for ¢,

i.e. for each v € C* 4(s) = ¢(s,7(s)) V s € [0,1].

Proof of ([4.3)). Since C is a family of equi-Lipschitz continuous and bounded functions of C°([0, 1)),
then, from Arzela-Ascoli’s theorem C* is compact.

Proof of (4.4). Let v,%4 € C* and let us prove that v < 4 or 4 < 7. By definition there are two
sequences {7V }r, {¥}r C C such that v, — v and 4, — 4 uniformly on [0,1]. Assume 7 # 7, then
there is s¢ € [0, 1] such that

Y(s0) <7(s0) or (so) <F(s0).
For instance, let (sg) < v(so) and let us prove that

(4.7) F(s) <v(s) Vselo0,1].
Let 0 <e< M7 there exists h = h(e) such that
(4.8) [v(s) — n(s)| < e and [§(s) — Fn(s)| <€ V¥V s€[0,1], Vh < h.

From (4.8)) it follows that

An(s0) < A(s0) + € < y(s0) — € < Yn(s0), Vh > h.
Because 75, and «, are ordered, it follows that 74 (s) < y,(s) V s € [0,1], ¥ h > h. Passing to the
limit as h — oo in the previous inequality, we get (4.7).

Proof of . By contradiction, suppose that C* = C; U Cy, with C; and Cs non empty, closed
sets in CY([0,1]). It is well-know that, from and (4.4), for each subset A C C* there exists
the least upper bound (or supremum) and greatest lower bound (or infimum) of 4; we will denote
respectively by sup A, inf A. Thus let

l1:=infC; < Ly :=supCy, lo:=infCy < Lo :=supCs.

Because C; and Cy are closed, l1,L; € C; and Iy, Ly € Cy. Since C; NCy = B, we have L; < Iy or
Ly < 1;. Assume, for instance, that Ly < ls. Then Li(s) < la(s) V s € [0,1] and L1(so) < l2(so) for
a suitable s € [0, 1]. Let

5 := sp, t:= M, ~v(s) :=7(s;5,¢) s€]0,1].

By definition, v € C C C*, but Ly = v < l» and therefore we have a contradiction since v ¢ C; UCy =
c*.
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Proof of (4.6). Let v € C*, then by definition there exists a sequence {v,}, C C such that v, —
uniformly in [0, 1]. Because

w(s) = m0) = [ 6o mle) ds Vo elo.1) Vh
0
passing to the limit as h — oo in the previous identity we get (4.6)).
Step 3. Let us now consider the map 6 : C* — R defined by

o0

1
0(v) = 5 (re)
k=0
where {r;}ren is an enumeration of QN [0, 1]. Notice that 6 satisfies the following properties:
(4.9) 6 is continuous;
(4.10) 0 is strictly order preserving, that is 6(y1) < 0(72) if 11 < 7y2;
(4.11) 0(C*) = [0,2];
(4.12) there exists 671 : [0,2] — C* continuous.

Indeed (4.9) and (4.10) immediately follow by the definition of §. Equality (4.11) follows by (4.5)
and (4.9); (4.12)) is a consequence of (4.3)), (4.10) and (4.11). Eventually let us consider the map
X :[0,1] x [0,2] — [0,1]

x(s,7) == 07(1)(s) if (s,7) € [0,1] x [0,2].
Then, from (4.12), x is continuous. Moreover the map T : (0,1) x (0,2) — (0,1)?, defined by

Y(s,7) := (s,x(s,7)), turns out to be a full Lagrangian parameterisation associated to ¢ : (0,1)?
R. U

Remark 4.3. Notice that the same construction works with more variables, considering analogous
characteristic curves 7(s; 3, 2,,,)-—having the same order relation at 2, frozen—and the relative
parameterisation given by x(s, 2,,7) := Y(s; 8, 2,,t) with 7 = 0(y(s; 5, 2,,1)) defined as above. The
continuity in 2,, however is not guaranteed.

5. EQUIVALENCE BETWEEN DISTRIBUTIONAL SOLUTIONS AND INTRINSIC LiPSCHITZ CONDITION.
In this section we prove Theorem without dimensional restrictions.

5.1. Some properties of distributional solutions. Preliminary we highlight here two properties
of continuous distributional solutions ¢(z,t) to the problem V?¢ = w. In particular we need
regularity results of the solution along the characteristics lines v of the fields Vf. In the case of
the non linear field W, the integral curves of §(s) = ¢(s, 2,,7(s)) exist by the continuity and
boundedness of ¢.

Lemma 5.1. Let w C W be an open set. A continuous distributional solution ¢ : w — R to
V¢ = w is ||w||eo-Lipschitz along any characteristic line v : [—6,6] — R satisfying

’Y(S) = (b(sv 2n7’7(3)) s € [_57 (5]7 2n fixed.

Proof. In the same way in Dafermos [12] we obtain for a,b € (—4,6) and 2, fixed

v(b)+e ’Y(a)+€ (s )+6
(5.1) / o(b, 2n,t)dt—/ o(a, Zn,t dt—/ / (8, 2n,t) dtds =
7(b) v(a)

b
== [ 165, 2071(5) + €) = 6,251 ds <0
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and then

v(b)+e v(a)+e b ry(s)te
/ o(b, 2y, t)dt — / dla, 2, t)dt < / / w(s, Zn,t) dtds < [Jwy || ) (b — a)e
v(b) ~(a) a Jy(s)

Dividing by € and getting to the limit to ¢ — 0 we obtain
B(b, 2n,v(b)) — ¢(a, 2, () < [|wn Lo (w) (b — a).

The opposite inequality is obtained in a similar way integrating on the left of the characteristic. [

We obtain the same result of Lemma for the linear fileds X, Y; following the same proof.

Lemma 5.2. Let w C W be an open set. A continuous distributional solution ¢ : w — R to
Ve =w is llw; || Lo (u) -Lipschitz along any characteristic line ' : [~9,0] — w satisfying

[(s)=V9ol(s) j=1,...,n—Ln+1..2n—1

We pass now to the Holder continuity in the other variable.

Lemma 5.3. Let f € C%(w) be such that of all T € R there are 7 : [~§,0] — R satisfying

{ws) = f(s,7(s)) s €[~4,0]
(0) =7
and that

£ (s,7(s)) — F(s',7(s))| < LIs — §'|.

Then we have
4

)
|f(0,7'1) — f(O,T2)| < 2V 2L\/ |T1 —’7’2| fOT‘ |’7’1 —T2| < T0, 0< ro < E
Proof. Let us denote

B:=L, «:= maX{Q\/ﬁ, Té/4}7 Jo(T) = f(0,7).

1
Let us observe that % < —.
« 8
By contradiction, let us assume there exist —§ < 75 < 71 < 4, 0 < 7 < 19 < 6 such that
(52) 0< |7'1—7'2|§ r
(5'3) |f0(7—1) - fO(T2)| > .

VTl — T2

The idea of the proof is the following: the Lipschitz condition in the hypothesis is an upper bound
on the second derivative of the mentioned curves . Therefore, if their first derivative wants to
change it takes some time in s. If we assume that at s = 0 the first derivative differs at two points
T1,To at least of the ratio , then the the relative curves 71, ys starting from those points must
meet soon. However, at the time they meet the first derivative did not have the time to change
enough to become equal, providing an absurd.

Let us introduce curves 71,72 such that for i = 1,2, s € (=4, 9)
Yi(s) = f(s,7i(s)),
7i(0) := 7.
We observe that, by our Lipschitz assumption, disf(s,%(s)) := h;(s) is a function bounded by L.

Therefore we can represent each v;(s) for each s € [—§, d] as

(5.4) Yi(s) = T + /OS f(s,7i(0)) do
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=T+ g(Ti)s—i-/ / hi(z)dz do Vs € [-0,4].
o Jo

In particular by the second equality in (5.4]), for 0 < s < 4,

(5.5) Y1(8) = 72(8) < 71 — T2 + (fo(m1) — fo(m2))s + 285>
for s € [-4,6]. By (5.3]) we get

(5.6) fo(m1) = fo(2) < —av/T1 — T2

or

(57) fo(Tl)—fo(Tg) > aA\/T1 — Ty

Let us prove now that if (5.6) holds then there exists 0 < s* < ¢ such that
(5.8) Y1(8") = 72(s%).

Let 5:=2 Y L "™ then

(5.9) 5€[0,8], m(s") < 7a(s?).

Indeed by (5.2) and the definition of o, § = 2 ¥ < 2 (1 — 1)Y/4 < 2714 < 5. On the other
hand by (5.5)) (with s = 3), (5.6]) gives

(8 —72(BE) <nn-—m-—2(n—1)+ i*f(ﬁ — T3)

= (7’1 77’2) (1+ i€> SO

Then (5.9)) follows. Let

s* :=sup{s € [0,d2] : 71(s) > y2(s)}

then by (5.8) 0 < s* < § < § and it satisfies (5.8).

If (5.7) holds we can repeat the argument reversing the s-axis getting that there exist —6 < sx < 0
such that (5.8) still holds.

Let us prove now that

(510) f(8*771(8*)) 7é f(5*7’72(8*))7

then a contradiction and the thesis will follow. Indeed, for instance, let us assume (5.6). Then by

and the bound on A;
J(s,71(s%)) — f(s%,72(s%)) = fo(T1) — fo(72) +/0 hi(o) — ha(o)do <
< fo(m) = fo(me) + 2B sx < fo(m1) — fo(m2) + 265
< —avn —7'2—#2%\/7'1 — 1 <
1 28

SQO{\/Tl—TQ |:_2+a2:| .

Therefore we get that
fsx,m(s%)) = f(s%,72(5%))) <0
and ((5.10) follows. O
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5.2. Proof of the equivalence. We are now able to give the proof of Theorem [[.1} We distinguish
the two different implications in the following two lemmas.

Lemma 5.4. Let w C W be an open set. If ¢ is a distributional solution of V¢ = w, then
¢ € LipW,loc(w)'

Proof. Let B, B’ € I5,(A) for a sufficiently small §;. For n > 2 let X, W? be the vector fields given
by

2n—1

_ ~ 0 0

X = DX W? = — 4+ ¢—
- (2; — 2;)X; 8zn+¢8t
j#n+1

Define
B* = exp(X)(B)
= Bx (07 (Zi T 21y '7’27/'171 - ZTL*le;LJrl — Zn+l - '7Z;n71 - 2271*1)70)

Al A

= (zn, 2t —0(Z,2))
B" = exp((z, — 2o)W?)(B*) = (2,2 ,t"") (for a certain t");
observe that B* and B” are well defined. For n = 1, X is not defined and we set B* = B and
B" :=exp((zl, — 2,)W?)(B) = (2,,t").
We have to show that there exists L > 0 such that

(5.11) [6(B) — ¢(B')| < Ldy(B, B).

We have

(5.12) 6(B) = ¢(B")| < [¢(B) — ¢(B")| + [6(B") — 6(B")| + |¢(B") — ¢(B')|
Notice that from Lemma

(5.13) |6(B) = ¢(B")| < [[(w1s s Wn15 Wi+ Wan—1) [|Loo (w,r2n-2) |25, — 20l
and then |¢(B) — ¢(B*)| < dy¢(B, B'), from Lemma [5.1]

(5.14) 6(B") = ¢(B")| < |lwnllLew) |2 = 2l

and then |¢p(B*) — ¢(B")| < dy(B,B’).
By (5.14) we can apply Lemma and obtain
(5.15) [$(B') — ¢(B")| < CV/[t' —t"|

Let’s observe that
|t/ B t”|

t—t+o(8, 20 — /Ozn - ¢(exp(sW¢)(B*)) ds‘

< |t -t S6B) + 8B — ) + o 2|+
(5.16) gl + oE)E —2 2 [T el ) as
S do(B B 4 10(B) — o(B")] |2 — =l + I6(B%) — 6(B)] 12— zal

saflom 6N - -2 [ sl (5% ds
0

=: dy¢(B',B)* + Ri(B',B) + Ry(B’, B) + R3(B’, B).

For the case n = 1 we arrive to (5.16) with the same line (it is sufficient to follow the same steps
“erasing” the term o (2], 2,)).
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Now we want to prove that for all € > 0 there is a d. €]0, §p] such that, for § €]0, d.[,

(5.17) Ri(B',B) < |2}, — zp|* + €|t — 1"
for all B’, B € Is(A) and that there exist Cy,Cy > 0 such that
(5.18) Ry(B', B) < Cady(B', B)?
(5.19) R3(B',B) < C1|2), — z|?

for all B’, B € I5,(A),

These estimates are sufficient to conclude: in fact, choosing € := 1/2 and using (5.16)), (5.19), (5.17)
and (5.18)), we get
[t' —t"| < dy(B',B)? + C1|zl, — zu|® + |20, — 2| + |t/ — t"'|/2 + Cady(B', B)?

whence
|tl o t”|1/2 < C3d¢(B,B/)
which is |¢(B") — ¢(B")| < dy(B, B’) and then the thesis (5.11)).

By we obtain
Ri(B',B) < 20/|t/ —t"] |2, — zn| < |t —t"| + %|z; — 2%,
whence follows.
Observe that follows from R(B,B’) =0if n =1, and from
Ro(B',B) = |z, — 2n||(B) — ¢(B")]
< 20|, — 2|2, — Zal < Cal(2), — 2n, 2, — 20)|? < Cady(B', B)?
if n > 2. Finally, for s € [—dg, do] we can define
(5.20) () =2 [ olexplriV)(B))dr — [o(exp(sW ) (B7) +0(5")]s
We have
o) =2 [ [B(exp(rIV)(B7) = o(8")) dr — [$(exp(siV)(B))  9(5 )]s = ol

because (—8p,d0) > s — ¢(exp(sW?)(B*)) is Lipschitz. Therefore (5.19) follows with s = 2/, —
Zn- O

Corollary 5.5. Let w C W be an open set. If ¢ € CO(w) is a distributional solution of V¢ = w in
w, then

(5.21) 6(A) - $(B)| < CV[A—B|] VABew

Lemma 5.6. If ¢ € Lipyy 1, (w), then ¢ is a distributional solution of V?¢ = w in w.

Proof. By Theorem there exist {¢g}reny C C°(w), such that ¢ uniformly converges to ¢ on
the compact sets of w, |[V? ¢ (A)| < C L"-ae. A € w for every k € N and V% ¢ (A4) — w(A)
L"-a.e. A € w. Therefore, denoting wy, := V? ¢y, we have for every k € N and for every ¢ € C2(w)

o XjpdlL? = — [ w;ppdlL™, j=1,....n—1,n+1,....2n—1
J Js

0 1,0
[ (ngmet gtgre) e = = [ wnspac®.

Getting to the limit for £k — oo we obtain

/qﬁngodE?":—/wjgodEQ", j=1L...,n—1,n+1,....2n—1
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0 15,0
— —p? = | dLP = — n AL
/w(¢82n80+2¢ 8t¢) /ww v
i.e. ¢ is a distributional solution of the problem V¢¢ = w. O

6. FURTHER EQUIVALENCES

In the previous section we established the equivalence between
‘90w C W — R is intrinsic Lipschitz continuous’

and

‘¢ € C%w;R) and there exists w € L= (w; R*" 1) such that V?¢ = w in D' (w)’.
We establish now in Section [6.2] a characterization more related to the Lagrangian formulation: we
prove that one can reduce the PDE

VO =w

along any integral line of the vector fields Vf, 1 =2,...,n, provided that one chooses suitably the
L (w; R?2"~1) representative w of the distribution identified by w. We first prove in Section
as an introduction, the weaker statement that one can reduce the PDE to ODEs along a selected
family of characteristic constituting a Lagrangian parameterisation. As well, the converse holds:
if the ODEs on characteristics are satisfied one has a distributional solution to the PDE and the
sources of the two formulations can be identified; this, as recalled in Lemma is known from [9)
and we prove it differently in Section below.

The conclusion of this last section will be the following.

Corollary 6.1. The various notions of continuous solutions we have considered are equivalent.

6.1. Distributional solutions are Lagrangian solutions. The present section is an introduction
to the next one, which proves the stronger statement that distributional solutions are broad solutions.
Being technically simpler, this section provides a guideline for some ideas implemented next. One
can in particular notice that the proof concerns only ODEs.

In order to avoid technicalities we focus on n = 2 and on w = @ = [0, 1]%2. We refer to Section
for the stronger statement with the universal source term w. The function w below relative to the
Lagrangian formulation has not yet been related with the RHS of : their identification will
come from Theorem [6.9

Lemma 6.2. Let ¢ be a continuous function. Consider a Lagrangian parameterisation (@, x(s, 7))
and assume that ¢(s, x(s,T)) is Lipschitz in s for all 7. Then there exists a Borel function 0 : w — R
such that for all T

0s0(s,x(8,7)) = Ossx(s,7) = w(s, x(8,7)) for L'-a.e. s.
Corollary 6.3. If a function ¢ : w CW — R is

- either an intrinsic Lipschitz continuous function
- or a continuous distributional solutions ¢ to the balance law (3.1))

then it is a Lagrangian solution to the equation W?¢ = w.

Proof of the corollary. The existence of a Lagrangian parameterisation has been proved in Lemma[4.2
As recalled just after the Definition [2.12] an intrinsic Lipschitz continuous function is continuous
and Lipschitz along characteristics. Also continuous distributional solutions to the balance law
are Lipschitz continuous along characteristics by Lemma [5.1] following [12]). We have therefore the
thesis directly by applying Lemma [6.2 g
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Proof of Lemma[6.2. We remind the notation
T:0—w Y(s,7):= (s,x(s,7)).

Second derivative in @. By assumption dsx(s,7) = ¢(s, x(s,7)) is Lipschitz in s. Being ¢ continuous,
one can see that the subset B C @ of those (s,7) where x(s,7) is twice s-differentiable is F,s5, and
0ssX(s,7) is a Borel function on it. Moreover, by Rademacher’s theorem the 7-sections of B have full
measure and therefore by Tonelli theorem also B has full measure. However, the function Ossx/(s, 7)
is defined on @, while we are looking for a function defined on w.

A preliminary comment. In order to check that Y lifts Jssx to a map w a.e. defined on w, which
would provide our thesis, it would be natural to show that

e T(B) is a Lebesgue measurable subset of w with full measure;
e O.sx(s,7) is constant on the level set of T intersected with B.

Since x is not Lipschitz, we do not manage to prove at this point that Y(B) has full measure. We
instead assign a specific value, 0, to the function out of Y(B). This choice of the extension does not
affect our claim. We notice moreover that the second point is true in that strong form, but we show
that the points of the level set of T corresponding to more values of Oy, are not relevant.

Analysis of Y(B) and partial inverse of Y. The proof of the Borel measurability of T(B) requires
some technicality: we apply a theorem due to Srivastava ([27], Theorem 5.9.2) deriving that there
exists a Borel restriction y which is one-to-one to Y(B); then Theorem 4.12.4 in [27], due to Lusin,
would provide the thesis. In order to apply the first theorem, we partition w into the level sets of T,
which are G5. We need also to observe that Y=1(1)(0O) is Borel for each open set O. For simplicity,
consider the case when Y is already a full parameterisation and thus it is continuous. Every open
set O is o-compact: thus by continuity Y(O) is o-compact, and finally Y=1(T)(O) is o-compact.
Therefore by Srivastava’s theorem there is a Borel cross section S for the partition: Y restricted to
SN B is Borel, injective and onto T(B). Being a Borel image by a one-to-one map, Lusin’s theorem
asserts on one hand that that T(B) is Borel, and moreover that this restriction has a Borel inverse

=w—w.
Maybe there is a more elementary argument which allows to approximate B with a o-compact

subset B whose T-section have full measure. Then one could as well work with By instead of B
avoiding measurability difficulties, even without investigating the size of its image.

Analysis of 9ssx(s,7) for 7 € C. We can define w as

(s.t) = {a“X(E(S’T» (s.1) € Y(B),

0 otherwise.
This map satisfies the claim by the next analysis of the set where (9ssx) o T~! is multivalued.

Analysis of multivalued points of (9ss%) o Y1, The set of points (s,7) € B such that there exists
(3,7) € B satistying T(s,7) = Y(5,7) and Js5X(8,T) # OssXx(8, T) is Borel: just see it as

M:="Y"oY({(s,7)€B: 10ssx(5,7) — Ossx(E(Y(s,7))| > 0}).

The value of w on this set is not at all relevant: we show below that for any 7 the intersection of
Y (M) with the characteristics curve {x(s,7)}se[o,1] is at most countable.

Indeed, fix a curve v(s) = x(s,7), for simplicity fix v(s) = 0. Suppose +'(s) = x(s,7’) intersects
~v(s) at s = 5 with 4/(5) = 0ssx(5,7) > 1/m, m € N fixed. By Taylor’s expansion, there exists a
neighborhood (5 — 6,5 + §) where
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There can be at most 1/§ such values 5 of s: otherwise by the last inequality two characteristics
~1, 7% relative to two §; < 8 with |sa — s1] < § would intersect at £ € (s1, s2) and cross each other.
Taking the union for a sequence ¢; | 0, and then the union over m € N, we get the thesis. ]

6.2. Distributional solutions are broad solutions. Below we show Theorem [6.5t there exists
a Borel function w(y,t) such that every curve «y(s) satisfying the ODE with continuous coefficient
4(s) = ¢(s,7(s)) has time derivative Lipschitz, and it has second derivative precisely w(s,~y(s)) for
a.e. s. The remarkable fact is that @(y, t) could be defined independently of any set of characteristic
curves. This is thus different, and stronger, from what we already proved, which is that there exists a
Lagrangian parameterisation y and an associated function w, satisfying 02x (s, 7) = wy (s, x(s, 7))
The new point is indeed that @ is a universal representative for the source term.

Due to its nature this proof works for any n with no further complication. The only difference is
that w will be a subset of R?" instead of R?. We write it with n = 1 only for notational convenience.
In particular we generalize here the previous Lemma

Since the argument is more intuitive, we mention first how to construct such a Souslin function
w(y,t). We proceed then with the Borel construction because it gives a better result.

6.2.1. Souslin selection. The first step is to define pointwise, but in a measurable way, a function
w(y,t) such that t is a Lebesgue point for the second derivative of a curve s — ~y(s) with y(y) = ¢
and satisfying the ODE, whenever there exists one. Therefore one applies Von Neuman’s selection
theorem (Section 5.5 in [27], from [13]) to the subset of

w X Cl xR D g > (y7t7’75<)
defined by

1 yto
6 = {100 =t 7= 608 ), ) =30 < el = ol <= lim - [ 5egas),

Lemma 6.4. G is Borel. It has full measure projection on (y,t) € w.

Proof. Components (y,t,7). The subset
(6.1) (y,t,7,() 2C Cw x CHR) x R
identified by the constraints
W)=z A=uo(l®y) (1) = 9(0)] < [wle|r - ol

is closed. By Lemma moreover, its projection on (y,t) is all Rt x R. By Rademacher theorem,
we have moreover seen in the same lemma also that the projection of G on (y,t) has full measure.

Component ¢, discretization. In order to establish the existence (and the value) of the limit for the
second derivative of v at y, it suffices to consider e.g. the sequence

Pyt = hp — h2 hi =1/2.

no

Indeed, then for h € (hy41, hyl, for example at y =0

\/u—/ = Gao) [ st

By construction however

|hn - h| < |hn - hn+1| = hi,
yielding that the existence of the limit along {hn}nNimplies the existence of the limit for any A | 0.
Notice that this would not hold choosing a generic h,, | 0 instead of {hy, }x.
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Measurability of G. The further constraint in + can be written as

ythn

Vk In VA > n: (s)ds| < 27k,

+hs

Therefore, we are considering the following subset of C:

G = Ommum{ Yy £ha) =% (y)‘gzk}_

+hp
keNneNn>n

Since the set within brackets is closed, G is Borel. O

This allows to define an A-selection (y,t) = (,,1), which by construction is a measurable function
assigning to every point (y, ) an integral curve 7, ;) for the ODE 5, +)(5) = ¢(s, Y(y,1)(5)), whenever
there exists a Lipschitz one having y as a Lebesgue point for the right, left and total second derivative.
As well, one can define the Souslin function

(Y1) = (Y, 1) = ) (1) = Wiy 0)-
The importance of this selection is due to the following theorem.
Theorem 6.5. Let ¢ be a continuous function which is uniformly Lipschitz along characteristics

curves v: Y(s) = ¢(s,7(s)). Then for every curve v satisfying the ODE #(s) = ¢(s,7(s)), one has

%d)(s, ~v(s)) = w(s,v(s)) at points of differentiability of s — ¢(s,7v(s)).

Corollary 6.6. A continuous distributional solution ¢ to V?¢p = w is also a broad solution.

6.2.2. Borel selection. Before proving the theorem, for the sake of completeness we show that one
can define as well a Borel fucntion, that we still denote as w(y,t) = wy ¢, for which Theorem
still holds. This requires a bit more work than the previous argument, and it is conceptually a little
more involved: we do not associate immediately to each point (where it is possible) an eligible curve
and its second derivative, but something which must be close to it. We will find then with the proof
of Theorem that we end up basically with the same selection.

Lemma 6.7. For every e > 0, there is a Borel function defined on the (y,t)-projection D of G

(y,t) — ('Ye,y,ta ws,y,t)
such that (Y, t, Ve y.t, Weyt) € C of (6.1)) and that for |h| sufficiently small

1 y+h
We,y,t — E_/ Ye,y,t
y

Definition 6.8. We define the Borel representative of w as the function

<e.

w(ya t) = Wyt = X{(y,t)€eD} hIilﬁ)nf We y,t-

Proof of Lemma[6.7] We apply Arsenin-Kunugui selection theorem ([21], or Th. 5.12.1 of [27]) to
the set

6.2) UnN {y,m, co. ‘w_ﬁ(y+hm)—ﬁ(y)‘<5}’

h
neNm>n m

where C' was defined in (6.1)) and {h,, },en immediately below that, in the same proof. More precisely,

C is closed and ' ‘
{(%C) : ‘w_ 7(y+hf)L—7(y)' gs.}
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is also closed: therefore each (y, t)-section of (6.2)) is o-compact. Then the hypothesis of the theorem
are satisfied: it assures that the projection of (6.2)) on the first factor w > (y,t) is Borel and there
exists a Borel section of (6.2) defied on it, which is the function in our statement.

Notice that the domain fo this function, containing D, has full Lebesgue measure. O

6.2.3. Proof of Theorem|[6.5 We provide now the proof of Theorem [6.5| with w, ; either the Borel or
the Souslin one: we consider any characteristic 4 for the balance law and we prove that for almost
every y its second derivative is precisely wy, 5(,). We remind that ¥(y) is Lipschitz (Lemma |5.1)).

Step 1, countable decomposition. The set of y Lebesgue point of 4(y) with value different from Wi 5(y)
can be reduced to

U{s: wyse —A@)| >}

el0

1 [vte
C U U {y: Vo <27" ‘wym(y) - U/y

1 /v .
2 g, ‘wy,v(y) - ;/ 7‘ = 5}
el0neEN y—o

U U { 1 [vE 1 [ve
= y: Vo<27" ’wm(m -0 / ¥ ’ 2 3¢, ‘wtﬁ(s) - Ve, t.3(s)
E<el0neN +o Y +o Y

[SH

<e}.

If one is considering the Souslin selection, clearly there is the simplification vz ,: = v4,¢-

<e}

cannot contain points y1,y2 with |y; — yo| < 27™. Then the thesis will follow: by the previous
step the set of y where the second derivative of 4(y) exists and it is different from wy 5, will be
countable. Therefore the second derivative of J(y) will be almost everywhere precisely wy 5)-

Step 2, reduction argument. We prove that the set

1 [vEe,
6.3 A/ 2" 5 — v+ 3
( ) {y o< Wy 3(y) > ia/y v+ 3¢, .

1 [vte
Wy 5(y) — */ RERTRTEN)
Y

Step 3: Analysis of the single sets. By contradiction, assume that (6.3)) contains two such points,
for example y; = 0, y2 = 0. By definition of the set of points we are considering, the two selected
curves through (0,%(0)), (o,%(0)),

Y0 = 7£,0,7(0)» Yo = Vé,0,5(0)

must intersect in the time interval [0, 0], say at time o’. Since they satisfy the ODE for charac-
teristics, where they intersect they have the same derivative. Being all of them Lipschitz, we have
then

’

&m»+Aaw0:waa>:&w»—Lf%.

’

Comparing the LHS and the RHS, one arrives to
i) =30 = [ o+ [
0 o’
However, since the times 0,0 belong by construction to the set (6.3)) one has

/ %-F/ %>wo,v(o)a/‘*‘waﬁ(a)(o—al)—2€>/ Y4+e=7(0) =7(0) +¢
0 o’ 0

reaching a contradiction. |
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6.3. Lagrangian solutions are distributional solutions. In this section we prove, without pass-
ing through the implicit function theorem, that if a continuous function ¢ satisfies the Lagrangian
formulation of the balance law , then in the Eulerian variables ¢ solves indeed the balance
law in distributional sense. We instead rely on a mollification procedure in the Legrangian variables.
See also [9], where a different, pointwise approximation of the distributional solution is provided,
starting from a broad* solution. This basically shows the converse of Dafermos’ statement in [I2].

We notice that the fact that if a continuous u solves the Lagrangian formulation, then it is not
difficult as we see in the next theorem proving that it solves a balance law in distributional sense.
The identification of the Lagrangian and distributional sources however is not trivial: we indeed use
the converse implication of Section [6.2] and Rademacher theorem.

We already motivated why focusing on the case n = 1, whereas the equation reduces to

&1 s+ | Z0) — i

We give generalizations to the case n > 2 in Remark [6.17]

Theorem 6.9. Fvery Lagrangian solution to (3.1) is also a distributional solution, with source term
giwven by the distribution identified by the function w in the Lagrangian formulation.

Corollary 6.10. Any continuous broad solution ¢ to (3.1)) is also a distributional solution.

Proof of Theorem[6.9. Let x(s,7) be a Lagrangian parameterisation associated to ¢, and w : w — R
such that

$(six(s:1) = 6(0.X(0.7)) = [ wlrx(rr)ar
0
We prove then that ¢ is a distributional solution of the balance equation

by(y,t) + [WL = w(y, t).

Smoothing of ¢, x in the 7-variable. Consider a suitable convolution kernel p.(7) and define the
T-regularized function x°(s,7) given by

xW&ﬂ=x@ﬂ*mh%34M&Omh—©%= (5. E)pa(r — E)de.

—&
This function ¢ is smooth but possibly still not injective. However, by the monotonicity of x one
has that if x°(s,71) = x°(s,72) then x(s,7) is constant for 7 € [ — €,72 + €]. As a consequence,
&(s,x(s,7)) is in turn constant for 7 € [1; — &, 72 + £].

The above observation allows to define consequently the approximation ¢°(s,t) by
¢°(5,X7(8,7)) = OsX(5,7) = Dsx(5,7) % p=(T) = ¢(5, X(8, 7)) * pe (7).
Notice that ¢° is well defined and continuous in the (s, t)-variables. The measurable subset of points

where it is not differentiable is possibly non-empty as a consequence of the non-injectivity of ¢,
but it is at most countable on every s-section. ¢° is C'*® on the remaining full measure set.

Since both x and ¢ are continuous, the above relations immediately imply the local uniform con-
vergence of the regularized functions:

X (s,7) = x(s,7) ¢ (5, X" (5,7)) = ¢(s,x(5,7))-

Convergence in the (s,t)-variables of ¢°. Notice that 0.x°(s,7)dsdr is converging (as a measure)
to O;x(s,7), and that their variation is unifromly bounded. The above procedure not only defines
correctly the continuous functions ¢¢(s,t), but it allows to establish their convergence in L*: indeed

/wﬂ&w—¢@wwy:/w%af@m»—Maf@mmaf@mmf
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< / 6% (5, X (5:7)) — B3, X (5, 7))| 0o (5, 7)dT
+ / 1605, x(5, 7)) — (s, X (5,7) |0y (5, 7)dr-

The first factor in both the integrals is uniformly convergent to zero, while 9, x°(s, 7)dy converges
to the measure 9, x(s, 7). The convergence of (¢¢)?/2 is then straightforward.

Approximation of the source. As ¢° is a smooth function a.e., one can define an approximate source
we(s,t) by

9 9 (¢°)?
6.4 —¢%(y,t) + —
(6.9 o )+ 55

The above relation, by the pointwise smoothness is immediately equivalent to

w®(s,x°(s,7)) = OssX°(8,7) = %¢E(S,X€(S,T)).

) =wt)  poxl5,7) = 6°(s.7)

Since we started from a Lagrangian parameterisation, the further regularity in the s variable

assX(SaT) = %d)(saX(sa’r)) - QD('S,X(S’T))

for the relative pointwise representative w implies the relation

w (s, X7 (5, 7)) = OssX*(5,7) = DssX(5,7) % pe(7) = w(s, x(5,7)) * pe (7).
In particular, the sources w® are uniformly bounded by the L*° bound for w. Moreover, for each ¢

fixed we(s, x(s, 7)) converges in all LP(dt) to w(s, x(s,7)), and thus in LP(dydt); the convergence
is clearly uniform when @ is continuous.

The LHS of equation ([6.4) passes to the weak limit by the L!-convergence of ¢°(y,t) to ¢(y,t)
established above. The same holds as well for the RHS, since w®(y, t)dydt converge in w* — L> to
a function w(y, t)dydt. Thus

¢*(y.t) .
b, (y,t) + [ 5 =w(y,1).
t
The function ¢ as we have seen is precisely the one in the Lagrangian parameterisation. Even if
we (s, x%(s,7)) converges in all LP(dt) to w(s,x(s, 7)), it is not instead trivial that above w = w,
Lebesgue almost everywhere, holds. We now explain why it is so.

We prove above in Section [6.2] that if

Py 0)] _ -
0,000+ | Z51] — a0
t
holds then ¢ is also a broad solution: there is a point-wise representative W of @ such that the broad
formulation holds with ¢,w. However, it is then also intrinsic Lipschitz continuous with intrinsic
gradient w: by Rademacher theorem the intrinsic gradient 0 is uniquely defined point-wise almost
everywhere, and it by Lemma it identifies the same distribution as w(y, t). a

Remark 6.11. We finally remark that Theorem works immediately also in higher dimensions,
because for (almost every) v € R2™~1) the restriction to the plane w, of ¢ is still a Lagrangian
solution, with source term the restriction w [,,,. For every test function ¢ € C(w,R) we have
then by Fubini-Tonelli Theorem

A Ny
Th. G _//szl> dv /wu dyrdt [ |,] = _//w o
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Considering also the linear fields we gain the implication from (i) to (i}) in Theorem and more
generally that a Lagrangian solution is also a distributional solution.

APPENDIX A. FROM PARTIAL TO FULL LAGRANGIAN PARAMETERISATIONS

In the present section we deal with the issue of extending a partial Lagrangian parameterisation to a
‘full’ one. We construct a function x(s, 7) satisfying the ODE , both monotone and surjective in
the 7 variable, which extends a given one x. This is the matter of Lemma [A71} we recall below how
to extend a solution to an ODE with continuous coefficients, whose existence is a classical result.

The procedure can be first understood considering Example [A22] below, illustrated in Figure[2] This
deals with the simpler case of an s-independent ¢, but it has all the ingredients of the general
construction of Lemma [A1]

Moreover, Example [A22] provides a counterexample for the following fact: even if characteristics
are C! in s with Lipschitz derivative, it is not possible in general to extend a partial, monotone
Lagrangian parameterisation to a full one which is locally Lipschitz continuous.

The reduction of the balance law along characteristics, which is Equation (3.5]), has been inserted in
the text (Lemma and Theorem [6.5). Here we just notice that it holds, with some w, pointwise
defined in w, for a particular Lagrangian parameterisation (&, x). The argument is 2-dimensional.

Lemma A.1. Any partial Lagrangian parameterisation can be extended to a full one.

Proof. Let x(s,7) be a partial Lagrangian parameterisation. Focus e.g. the attention on s, 7 € [0, 1]
and (s, 7) valued in [0, 1] and right continuous, the general case being similar. We fix also ||¢[|c < 1.

We construct an extension Y’ by a recursive procedure. For convenience, the induction index is
given by couples (h,n) with n € Nand h =0,...,2"~! — 1. The ordering is lexicographic, starting
from the second variable: (hq,n1) < (ha,ng) iff either ny < ng or ny = ny and hy < hy.

The starting point is x° = ¥ defined for s € [0,1], 7 € Ty = [0, 1]. Consider the dichotomous points
shm =277 4 27"+1p which go from 27" to 1 — 2™ at step 27 "F!, associated to the indexes (h,n)
withn € Nand h=0,...,2" ' — 1.

Induction step (h,n), n > 1: General description. Assume you have been given y defined on (s,7) €
[0,1] x T by a previous step. If at s = s"™ the map 7+ x(s"",7) is not onto [x(s"",0), x(s"",1)]
we construct an extension x" such that

- 7= P (M 1) is onto [x(s"™,0), x(s"™, 1)] for h =0,...,2""1 —1;
- there exists a strictly increasing map ™", with £1(j7™(T)) — £1(T) < 21727, such that

Xh,n(&jh,n(T)) = X(SvT)'

These properties of the new partial Lagrangian parameterisation will determine that we get at the
end a limit which is a full parameterisation extending x.

Induction step (h,n), n > 1: Change of parameter set. Because of monotonicity the complementary
of the image of 7 + x(s™™,7) is the at most countable union of disjoint intervals {I};, which
correspond to the discontinuities {7, } of this real valued map. At those parameters {7} the two
characteristics s — x(s, 7, ) and s — x (s, 7;") bifurcate, and at time s their opening is an interval
I:

min I, = x(s"", (7)) sup I, = x(s"", 7).

Define consequently the strictly increasing map opening each of those parameters 73 into an interval
proportional (with factor 1/227~1) to the hole I, that the relative characteristics leave at s™":

T — Th,n = [Ovjh,n(l)]
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jh,n : T — T+ ﬁl(UTkSTIk)/anil'

The inequality |T},,| — |T] < 272" holds because we are assuming that x is valued in [0, 1], thus
LY(UgIy) < 1. The set T, ,, will be the new space of parameters, and the injection ;%" will bring
from the old set T' to the new one.

Induction step (h,n), n > 1: Extension of the parameterisation. We just constructed a new parameter
set T}, , and an immersion j h.n from the old one T. In particular, the Lagrangian parameterisation
is fixed on j®™(T), but in order to conclude the induction step we need to define the new Lagrangian
parameterisation on T}, ,, \ 4" (T). We clearly need to respect also the monotonicity property, taking
into account that part of the parameterisation is already fixed: the new characteristics that we are
going to to define must not cross the old ones.

For each z € I, consider the C! maximal curve through (s"", 2) defined at (4.1)) until it touches
either s — x(s,7;7) or s = x(s,7; ), in which case it goes on with the curve which has been touched.
It is a little complicated to write formally, but it is just that. The times when this touching happens,

if it ever happens, are
sE(2) =inf {1, {5 > 5" "9 (5) = x(s, 700}

s 2) =sup {0, {5 > sM™ A" () = x(s, 7))

With the notation that {s: a < s < b} is empty if b < a, a possible right continuous extension is
then give by

r}/(s’%n,z) (8) for S:(Sh’n )\/S+( ) s < ( )/\ s ( )
’y(s;sh’”,z) = x(s,T,j') for si(sh’” 2)<s<s ( hn 2) an ( n2)<s< 5_( hn )
X(s, 7 ) otherwise.

Define finally on [0, 1] x T}, the Lagrangian parameterisation which coincides with the previous
one on the image of the old parameter set, and which is extended as described above elsewhere:

hn( ) if o :jh’n(T) X(S,T)a
X" (s,0) = 1. e Al i
ifoe [jh’n(Tk )7jh’”(7k)), z = X(Sh’k,T]:r) —22n 1(3}“ (T,j) — 0’) y(s;shm, 2).

For the second line, j»"(7,7) — o is the length of the interval [o, j»"(7;7)], part of the ones added to
the parameter set precisely at the (h, n)-th step. Rescaled by 22"~! it gives the length of the segment
[z, x (s"*, 75)]: the point (s™",z) is where we start for defining the characteristic v(s; s, ) that
we are inserting for extending the Lagrangian parameterisation. Notice that also the burjectlwty
property at s = s™" is satisfied.

Conclusion. Let us first look at how much the domain Tj grows in the extension process. Since 2!
couples of indices have second variable n, then the total size of the intervals added by those couples
alltogether is at most 27": thus, setting T, = Up T}, p,

To=10,1, Ty c0,3/2], ..., T,cC[0,2—27"],
The maps j*" o --- 0 jO1 are
- strictly increasing;
- valued in [0,2 — 277]; i
- with 1-Lipschitz inverses, provided that at discontinuity points of ;™™ one fills the graph.

By Ascoli-Arzela theorem the inverses converge uniformly, to a monotone map which is the inverse
of a right continuous function j : [0,1] — [0,2]. By construction j is strictly increasing.

h,7

By construction each "™ is surjective at each s = s"" with (h,n) < (h,n).



30 F. BIGOLIN, L. CARAVENNA, F. SERRA CASSANO

The Lagrangian parameterisations y*™ and x®" have different domains for the second components,
the space of parameters T}, ,,, T}, ;- However, as seen in the previous step there are strictly monotone
injections from each of them to the interval [0,2] given by o(gm)z(h,n)je’m and O(z,m)z(h,ﬁ)je’m
Being strictly monotone, they are invertible if we fill the graphs at discontinuity points: we can
compare these compositions, with the same second component in [0, 2], and we find for them

I = x| < 277

The sequence of these compositions therefore converges uniformly. One verifies that the limit is a
monotone Lagrangian parameterisation y which extends x, with injection map j.

Being surjective and monotone, each 7 — x(s™™, 7) is continuous. By the continuity in s we deduce
then surjectivity also at the remaining times: indeed if by absurd we had x(5,77) # x(5,7"), we
could not have x(s"™, 77) = x(s"™,7T) at s™ arbitrarily close to 5. O

The following example introduces the extension of a Lagrangian parameterisation. It shows moreover
that it is not possible in general to get a full one which is Lipschitz continuous, even though
characteristics below are twice continuously differentiable.

Example A.2. Consider the very simple equation for (z,t) in the rectangle 25, 0] X [0, 1]

[Mzt)} =w(zt),  ¢u(5) =0,

Being ¢ dependent on one variable, we change notation and we write ¢(z,t) = ¢(z).

We consider the partial Lagrangian parameterisation X, defined in Lemma[f.1 This would need
to specify the function ¢: since the construction is involved, we specify it below and the reader can
immediately visualise it in Figure |q (left side), where a family of integral curves 4(s) = ¢(y(s)) is
drown.

We now describe in details the construction.

Step 1: Building block (Figure[2} right side). Define first a smooth function ~y(s), for s € [0,1], which
increases continuously from 0 to 1. Let 4(s—1/2) be even, strictly increasing in the first half interval
from O to its mazimum. Let ¥ vanish at 0;1/2;1 and be positive in [0,1/2]. For instance, consider

v(s) = s+ 1/(27) sin(27s — 7), 7' (8) =1+ cos(2ms — 7).

Step 2: lteration step. We define now a first sequence of points zg > 21 > ...2; | 200 and inter-

mediate ones z; = z9i; < -+ < 29, = 2zi—1 where ¢(z) and w(z) will vanish. The first ones are
approximatively 0, —0.455, —0.635, —0.713, —0.748, —0.764, —0.772, ..., and each interval [z;11, 2
is divided into 2° equal subintervals for determining the points zj, ;. Fori € N, h=0,...,2°

271 277
zZo i — 0, Zifl—Zi—m Zoo ——;m,

i: 9 27%'h
2= Y e = 291 = 20,41, 2y P Ziel — e
! = In(j + 2) ! ! ! ! In(i + 2)

Step 3: lteration. Now we define the functions ¢(z), w(z) on each subinterval [zp41,:,2n,i].- ASs a
preliminary half-step consider the rescaled smooth functions vy, i(s) given by

7(2's)
22 1n(i + 2)’
Notice that each increases monotonically from zpi1,; to zpn i, and the first two derivatives vanish at
the endpoints. In particular, we can associate to each z € [2s,0] a curve vy ;(s) such that

Yh,i(8) = Zny1,i + s 0,277,

Vhi(s) = z.
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FIGURE 2. A partial monotone Lagrangian parameterisation is extended to a ‘full’
one. Different colors denote different steps in the extension, which are countably
many. Each step corresponds to a dichotomous value of s: the relative extension
of the parameterisation must cover the relative s-section. In this example the full
parameterisation can not be locally Lipschitz.

It will be unique out of the points {zn;}n,i, while at these junctions there will be two such curves,
with however vanishing first two derivatives. Observing Figure@, this curve yy;(s) is just the first
segment of what will be part of Xm

[0,27] 3 5 = Yhi(s) = Xem (s, ZiTJrl,i)'

Define then,
for s: yni(s) = z, &(2) =ni(s) & w(z) =Hn(s).

These functions are clearly continuous out of the nodes {zn;}nq, and they vanish there, but the
continuity at the limit point zo, should be checked. It holds because |y ;| < 27%/In(i + 2) and
[n,i| < 1/log(i+ 2), which implies they vanish for i T co.

Step 4: non-Lipschitz Lagrangian Parameterisation. Having defined the function ¢, we have already
defined the partial Lagrangian parameterisation X, of Lemmal[f.1 We now extend it to a surjective
one, but there is no way of having it Lipschitz continuous, as we compute now. Different colors in
Figure ] show different steps of the extension process.
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1. Minimal characteristics starting from z = 0 do not cover almost all the interval at z = 1. Adding
those starting at z = 1, it remains to cover at z = 1/2 open intervals of total length

oo 2° ) . 27%
; hz::O(Zh,i - Zh+1,z‘) = ; 2 m =20 — Roo-

2. Including at the second step all those minimal characteristics which intersect the line z = 1/2,
similarly, one does not cover the whole line z =1/4;3/4: a length

T Ay Rl TR
P In(i + 2) o
remains to cover at both those two values of z.
i. At the subsequent i-th step, at each of the 2= values of
Sni=2""+h27 h=0,...,271 -1

one needs covering a length Z;’;Z 279 /In(j +2). In the whole process, it must be covered a total
length equal to

PDIREREE S S
= In(j +2)
2-7
ln (1+2)

i
>

2_]
G+2) Zln(]+2) oo

Any monotone, Lagrangian parameterisation x must map a disjoint family of real intervals {Ip ;}n. i
with Zh’i [In.i| <1 to the intervals {[zo0, Zi+1]}i, Tespectively at the above valies {sp;}n,i- However,
we have just computed that for all constants C

00 = Z |Zit1 — Zool

h=0,...,2i=1—1, ieN

— Z X(2h,i» [In,i])

h=0,...,2i-1—1, €N

>C Z [Th ],

h=0,...,2i=1—1, ieN

preventing any Lipschitz regularity. Indeed, the map T — x(sh,i,T) can be Lipschitz with some
constant C;, but C; must blow up as i — 0o. At other values of s, this map is just WH1(R).

Notice finally that the fact that the blow-up of the Lipschitz constant is caused here by a behaviour
approaching the boundary z = z. 15 incidental. Indeed, one can extend the present construction
also on {z < zso} for example reflecting the characteristics w.r.t. the azis {z = 200 }-

One can as well construct examples where x has a Cantor part (see [I]).

REFERENCES

[1] G. ALBERTI, S. BIANCHINI, L. CARAVENNA, In preparation.

[2] L. AMBROSIO, F. SERRA CASSANO, D. VITTONE, Intrinsic Regular Hypersurfaces in Heisenberg Groups, J. Geom.
Anal. 16 (2006), no. 2, 187-232.

[3] F. BIGOLIN, Intrinsic regular hypersurfaces and PDEs, the case of the Heisenberg Group, LAP Lambert Academic
Publishing 2010, ISBN 978-3-8383-9825-9

[4] F. BiGoLIN, F. SERRA CASSANO, Intrinsic regualar graphs in Heisenberg groups vs. weak solutions of non linear
first-order PDEs, Adv. Calc. Var. 3 (2010), 69-97



(5]
[6]
[7]
(8]
(9]
[10]

[11]

INTRINSIC LIPSCHITZ GRAPHS IN H" 33

F. BicoLIN, F. SERRA CASSANO, Distributional solutions of Burgers’ equation and Intrinsic regular graphs in
Heisenberg groups, J. Math. Anal. Appl. 366 (2010), 561-568

L.CaPoGNA, D.DANIELLI, S.D.PauLs, J.T. TYSON, An Introduction to the Heisenberg Group and the Sub-
Riemannian Isoperimetric Problem, PM 259, Birkh&user, 2007.

J. CHEEGER, B. KLEINER, Differetiating maps into L' and the geometry of BV functions, Ann. of Math. (2) 171
(2006), no. 2, 1347-1385.

G. CrirTi, M. MANFREDINI, Implicit function Theorem in Carnot-Carathéodory spaces, Commun. Contemp.
Math. 8 (2006), no. 5, 657-680.

G. C1TT1, M. MANFREDINI, A. PINAMONTI, F. SERRA CASSANO, Approzimation, area formula and characteriza-
tion of intrinsic Lipschitz functions in Heisenberg groups, Preprint 2011.

G. CriprA, The flow associated to weakly differentiable vector fields. PhD thesis, Publications of the Scuola
Normale Superiore Vol. 12, 2009. Birkhauser.

G. CripPA, Lagrangian flows and the one dimensional Peano phenomenon for ODFEs, to appear on J. Differential
Equations.

C. M. DAFERMOS, Continuous solutions for balance laws, Ricerche di Matematica 55 (2006), 79-91.

B. DuBROVIN, FOMENKO, NOVIKOV, Modern geometry—Methods and applications—Part II1.

B. FRANCHI, R. SERAPIONI, F. SERRA CASSANO, Rectifiability and perimeter in the Heisenberg group, Math.Ann.,
321 (2001), 479-531.

B. FRANCHI, R. SERAPIONI, F. SERRA CASSANO, Regular hypersurfaces, intrinsic perimeter and Implicit Function
Theorem in Carnot groups, Comm. Analysis and Geometry 11, (2003), 909-944.

B. FrAaNCHI, R. SERAPIONI, F. SERRA CASSANO,Regular submanifolds, graphs and area formula in Heisenberg
groups, Adv. Math. 211, (2007), 152-203.

B. FRANCHI, R. SERAPIONI, F. SERRA CASSANO, Differentiability of intrinsic Lipschitz Functions within Heisen-
berg groups, J. Geom. Anal., DOI:10.1007/s12220-010-9178-4.

M. Gromov, Carnot-Carathéodory spaces seen from within, in Subriemannian Geometry, Progress in Mathe-
matics, 144 ed. by A.Bellaiche and J.Risler, Birkhauser Verlag, Basel (1996).

P. HARTMAN, Ordinary differential equations, Classics in Applied Mathematics, 38, STAM (2002).

H. HOLDEN, R. XAVIER, Global semigroup of conservative solutions of the nonlinear variational wave equation,
Arch. Ration. Mech. Anal. 201(3):871-964 (2011).

K. Kunucul. Contributions a la théorie des ensembles boreliens et analytiques II and I11. Jour. Fac. Sci. Hokkaido
Univ. 8: 79-108, 1939-40.

B. KIRCHHEIM, F. SERRA CASSANO, Rectifiability and parametrization of intrinsic regular surfaces in the Heisen-
berg group, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5) III (2004), 871-896.

P. MATTILA, R. SERAPIONI, F. SERRA CASSANO, Characterizations of intrinsic rectifiability in Heisenberg groups,
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5) Vol. IX (2010), 687-723.

R.MONTGOMERY, A tour of Sub-Riemannian Geometries, their Geodesics and Applications AMS, Providence
(2002).

P. PANSU, Métriques de Carnot-Carathéodory et quasiisométries des espaces symétriques de rang un, Annals of
Mathematics, 129 (1989), 1-60.

P. PANSU, Geometrie du Group d’Heisenberg, These pour le titre de Docteur 3eéme cycle, Universite Paris VII,
(1982).

S.M. SRIVASTAVA. A course on Borel sets. Graduate Texts in Mathematics, 180, Springer. 1998.

D. VITTONE, Submanifolds in Carnot groups, Tesi di Perfezionamento, Scuola Normale Superiore, Pisa,
Birkhauser 2008.

FRANCESCO BIGOLIN, DIPARTIMENTO DI MATEMATICA DI TRENTO, VIA SOMMARIVE 14, 38050 Povo (TRENTO), ITALY;

E-mail address: bigolin@science.unitn.it

LAURA CARAVENNA, OXFORD CENTRE FOR NONLINEAR PDE, MATHEMATICAL INSTITUTE, UNIVERSITY OF OXFORD,
24-29 St GILES’, OXFORD OX1 3LB, U.K;

FE-mail address: laura.caravenna@maths.ox.ac.uk

FRANCESCO SERRA CASSANO, DIPARTIMENTO DI MATEMATICA DI TRENTO, VIA SOMMARIVE 14, 38050 Povo (TRENTO),
ITALY;

E-mail address: bigolin@science.unitn.it



	1. Introduction
	2. Sub-Riemannian Heisenberg Group
	3. Different Solutions of the Intrinsic Gradient Differential Equation
	4. Existence of Lagrangian parameterisations
	5. Equivalence between Distributional solutions and Intrinsic Lipschitz Condition.
	5.1. Some properties of distributional solutions
	5.2. Proof of the equivalence

	6. Further Equivalences
	6.1. Distributional solutions are Lagrangian solutions
	6.2. Distributional solutions are broad solutions
	6.3. Lagrangian solutions are distributional solutions

	Appendix A. From partial to full Lagrangian parameterisations
	References

