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Bounded-confidence models in social dynamics describe multi-agent systems, where each
individual interacts only locally with others. Several models are written as systems of
ordinary differential equations with discontinuous right-hand side: this is a direct con-
sequence of restricting interactions to a bounded region with non-vanishing strength at
the boundary. Various works in the literature analyzed properties of solutions, such as
barycenter invariance and clustering. On the other side, the problem of giving a precise
definition of solution, from an analytical point of view, was often overlooked. However, a
rich literature proposing different concepts of solution to discontinuous differential equa-
tions is available. Using several concepts of solution, we show how existence is granted
under general assumptions, while uniqueness may fail even in dimension one, but holds
for almost every initial conditions. Consequently, various properties of solutions depend
on the used definition and initial conditions.
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1. Introduction

In the last decades, researchers from many different fields explored the behavior of
large systems of active particles or agents. The latter, also called self-propelled, in-
telligent or greedy, refers to entities with capability of decision making and, usually,
of altering the energy or other otherwise conserved quantities of the system. Ex-
amples include dynamics of opinions in social networks, animal groups, networked
robots, pedestrian dynamics and language evolution. The dynamics is written as
an Ordinary Differential Equation (ODE in the following) in large dimension and
various mean-field, kinetic and hydrodynamic limit descriptions were studied in the
literature, see ZOHLZALSIITHISILZT 41y references therein.
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One of the main phenomena is self-organization of the whole system, stem-
ming from simple interaction rules at particle level. Such interaction rules are often
motivated by relationships among agents and thus referred to as social dynamics
26

, l.e. all
agents reaching a common state; alignment, i.e. agents reach consensus on a sub-

set of the state variables s clustering, i.e. agents grouping in a small number of

22025

429830 The most common self-organized configurations are: consensus

well-separated states

Our attention is focused on bounded-confidence models, where each agent inter-
act only with agents located within a bounded surrounding zone 2%2%24, One of the
most well-known of such model is the Hegselmann-Krause with agents interacting is
placed within a given distance, see 821, A general model can be written as follows:

(bij(r) ifre [0,1)

e
0 if r e [1,400)

N
=Y ai(lei—a;|)(xj—a;)  with ai;(r) = {
j=1
where z; € R" is the state of agent i (e.g. position, opinion, speed), N the number
of agents. Functions ¢;; : [0,1] — R™ represents the strength of interaction between
agent ¢ and j, that are supposed to be symmetric (i.e. ¢;; = ¢;;) from now on. The
original model corresponds to ¢;; = 1 and was written in discrete time. However,
many extensions were considered in continuous time. As a consequence, we have
the following crucial observation: the right hand side of is a discontinuous
function. For this reason, one needs to carefully select a concept of solution to
such discontinuous ODE. In our opinion, such aspect has been often overlooked
in the extensive literature about bounded-confidence models, with some notable
exceptions, such as T414]

The study of ODEs with discontinuous right-hand side, dating back to
Caratheodory, has played a crucial role in mathematical analysis and in control
theory. We refer to 101932 for an extensive overview of the subject. In this article,
we will make use of the main concepts of solutions that have been defined in this
context, and in particular we will discuss: classical, Caratheodory, Filippov,
Krasovskii, Clarke-Ledyaev-Sontag-Subbotin (briefly CLSS), and strat-
ified solutions. We recall the precise definition of such solutions in Section [2.1
below.

It is easy to prove that classical solutions may not exist, but that they enjoy
uniqueness. Instead, the first surprising result about solutions of the Hegselmann-
Krause model will be the following.

Theorem 1.1. Consider with ¢;; Lipschitz continuous and ¢;; = ¢;;. Then,
there exists a solution (global in time) for every initial condition and for every def-
inition of solution, except for classical.

Uniqueness of solutions does not hold for any of the definitions, except for classi-
cal (and for stratified for a fized stratification). Nevertheless, uniqueness holds for
almost every initial data for every definition.

The proof of the positive result can be found in Section [8] Many examples,



March 5, 2021 9:44 WSPC/INSTRUCTION FILE GenSolHK

Generalized solutions to bounded-confidence models 3

provided in the following sections, will show that the discontinuity can generate
parameteric families of solutions. The latter may be of combinatorial complexity in
terms of the number of agents N and the dimension of the state space n.

After solving the questions about existence and uniqueness, we will focus on some
properties of such solutions. In the rich literature about social dynamics models,
some crucial properties of solutions were explored. Among them, we want to recall
the following:

P1) The barycenter z = % >, «; is invariant along trajectories.
P2) For every solution (), z(t) converges for ¢t — oo to > = (z9°,...,2F) €
RN, g € R®

) g ’

such that for every 1 < 4,5 < N either z7° = z7° or
[|z5° — 25°|] > 1. This property is called clustering and the number of
distinct agents among x5° is the number of clusters.

P3) The asymptotic state 2°° of P2) only depends on the initial data of the
trajectory. In particular, the number of clusters only depends on the initial

condition.

As we will see, each of such properties may fail to hold, depending on the concept
of solution used. Indeed, our second main result is the following.

Theorem 1.2. Consider with ¢;; Lipschitz continuous, ¢;; = ¢;;, then the
following holds.

Classical solutions satisfy P1-2-3).

Caratheodory, Filippov, Krasovskii and CLSS solutions satisfy P1-P2) but not P3),
in general.

Stratified solutions satisfy P1-2-3) for a fized stratification, but x> in P3) depends
on the stratification.

The proof of Theorem [I.2]is given in Section [§
It is remarkable to observe that both solutions and their properties drastically vary
when replacing a;; in even in a single point, e.g. by choosing a;;(1) = 1.
Indeed, the following last main result holds.

Theorem 1.3. Consider (1.1) with ¢;; Lipschitz continuous, ¢;; = ¢j;, and a;;(r)
replaced by

) — 1 if rel0,1],
aij(r) {0 if e (1,400). (1.2)

The sets of Krasovskii and Filippov solutions coincide with the ones of .

The sets of classical, Caratheodory, CLSS and stratified solutions are different in
the two cases.

All statements of Theorems[1.1] and[1.4 hold true in this case too.

This theorem shows that one cannot consider the right-hand side of an ODE as
a L function, since the structure of the solution actually depends on the chosen
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representative. The proof of Theorem is given in Section

The structure of the article is the following. In Section [2] we provide notations
and definitions, including the various concepts of solution for discontinuous ODEs.
Section [3] presents the generalized Hegselmann-Krause model and various general
properties, while Section [f] deals with the linear case in R, already providing various
examples of violating uniqueness and properties P1-2-3). Section [5| deals with the
multidimensional case, providing other counterexamples. In Section [6] we prove
uniqueness for almost every initial datum, while Section [7] focuses on the clustering
property P2). Finally, Section [§| contains the proofs of the main Theorems.

2. Notations and definitions

In this article, we denote by A the Lebesgue measure on R™. For € R™, B(x,r)
is the ball of radius r > 0 centered at « and B(r) = B(0, ) is the ball centered at the
origin. A cone K C R™ is a set with 0 € K and such that - K = {azx:2 € K} C K
for every a > 0. Given an embedded manifold M C R™, the symbol OM denotes
the topological boundary. Given A C R™, we set

£
co(A) = {Z‘Wi LENNEI,Y Ni=1¢€ A}

i=1 i
the convex hull of A, and denote by ¢o(A) its closure.
We denote by AC([0,T],R™) the space of absolutely continuous functions on a time
interval [0, T]. Recall that every absolutely continuous function is differentiable for
almost every time, i.e. except for times on a set of zero Lebesgue measure.

We also introduce the following:

Definition 2.1. A set I' C R™, I" = U™, M;, with mr € NU {+o00} and M; being
C! embedded manifold of dimension n; < m, is stratified if:

i) The family M; is locally finite: given a compact K, it holds K N M; # ()
only for finite many 1.

ii) for ¢ # j it holds M; N M; = 0, and if M; N OM; # () then M; C OM; and
n; < nj.

We call max; n; the dimension of the stratified set I'.

Remark 2.1. For simplicity we used the definition of topological stratification,
even if the examples we consider will admit Whithney or Boltianskii-Brunovsky
stratification. We refer the reader to 2322831 for a discussion of the different concepts
and the role played for discontinuous ordinary differential equation and optimal
feedback control.

An autonomous Ordinary Differential Equation (briefly ODE) is written as:

(t) = f(x(t)) (2.1)
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where z € R™ and f : R™ — R™ is a measurable and locally bounded function
(defined at every point). The different concepts of solution will be discussed in the
next Section 11

A multifunction on R™ is a function V : R™ — P(R™), with P(R™) being the
powerset of R™, i.e. the set of subsets of R". Given a multifunction V', one can
consider the differential inclusion:

z(t) € V(x(t)). (2.2)

A solution is an absolutely continuous function z(-) which satisfies for almost
every t.

We define the Hausdorff distance dy on the powerset of R™ as follows: given
x € R™ and A, B C R™ we set d(x,A) = inf{d(z,y) : y € A} and dy(A,B) =
sup{d(z, A),d(y,B) : € B,y € A}. A multifunction V is continuous if it is
continuous for the Hausdorff distance, while V' is upper semicontinuous at x if for
every € > 0 there exists § > 0 such that V(y) C V(z) + B(e) for every y with
|z —y| < 0.
A continuous multifunction V' is also upper semicontinuous. It is well known that
if V' is upper semicontinuous with compact convex values, then the corresponding
differential inclusion admits solutions for every initial condition, see . More
precisely, we have the following:

Proposition 2.1. Assume that the multifunction V in 1S upper semicontinu-
ous and, for every x € R™, V(x) is a nonempty, compact and convex subset of R™.
Then for every initial condition xq there exists a solution to . Moreover, if V
satisfies sup, ey () [v| < C(1 + ||z]]) for some C' > 0, then for every xo € R™ and
T > 0, the set of solutions to with initial condition x(0) = x¢ is a nonempty,
compact, connected subset of AC([0,T],R™).

2.1. Solutions to discontinuous ordinary differential equations

Given the ODE (2.1) with f discontinuous, it is convenient to define the associated
Filippov multifunction as:

ﬂ m co{f €(x+Bs\N)} (2.3)
>0 (N)=

We have the following proposition, see .

Proposition 2.2. Consider an ODE with f measurable and locally bounded.
Then the corresponding Filippov multifunction F defined by 18 upper semicon-
tinuous with nonempty, compact and convex values, thus the differential inclusion
& € F(z) admits solutions for every initial condition.

Similarly, the Krasovskii multifunction, associated to (2.1)), is defined as:
K(x) = () @{f(y) :y € (x+ Bs)}, (2.4)

6>0
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and it shares the same regularity as the Filippov one; thus, solutions exist to the
corresponding differential inclusion for every initial condition.

Remark 2.2. We will mostly consider examples of ODEs for which Filippov and
Krasovsky multifuction coincide, so we will mainly focus on the Filippov definition.
However, the set of solutions may differ significantly in the general case, as shown
by Example 2.I] below.

To define a third concept of solution, we introduce the following:

Definition 2.2. A stratification S for the ODE (2.1)) is a quadruplet (", N1, No, X))
with I' = R™ stratiﬁed, N1 U NQ = {1, .7m1"}, N1 ﬂNQ = @ and X : N2 — N1
such that the following holds:

e the manifolds M;, ¢« € INi, are called type I cells and the manifolds Mj,
j € No, are called type II cells.

e if M; is of type I, then f(x) € T, M; for every x € M; and f restricted to
M; is smooth.

o if M is of type II, then for every € M; there exist ¢ > 0 and a unique
absolutely continuous curve &, : [0, e[— R™ with £,(0) = z, & (t) € My
for t €]0, €[ and &, (t) = f(&,(t)) for every t €]0, €.

Many definitions of solutions for (2.1)) are then available, most of which coincide
when f is sufficiently regular (e.g. locally Lipschitz). We summarize in the following
definition the concepts we are considering in the rest of the paper.

Definition 2.3. Given the ODE (2.1) and T > 0 we define the following:

(1) A classical solution is a function z : [0,7] — R™, which is differentiable
and satisfies at every time ¢ € [0,T] (with one-sided derivatives at 0
and T).

(2) A Caratheodory solution is an absolutely continuous function z :
[0,T] — R™ which satisfies at almost every time t € [0, T.

(3) A Filippov solution is an absolutely continuous function « : [0, 7] — R™,
which satisfies:

i€ Fa(t))

for almost every time t € [0, T], with F' given by ([2.3).
(4) A Krasovskii solution is is an absolutely continuous function x : [0,T] —
R™, which satisfies:

i€ K(x(t))

for almost every time ¢ € [0, 7], with K given by (2.4).

(5) A limit of sample-and-hold solution or Clarke-Ledyaev-Sontag-
Subbotin (briefly CLSS) solution is a continuous function z : [0, 7] —
R™, which is uniform limit of continuous and piecewise smooth functions
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z,, v € N, for which there exist 0 =t < L < ... < ¢™ = T such that
i, (t) = fz, () fort € [, 671, j =0,...,m,—1, and max; (t7! —tJ) —
0 as v — oo.

(6) If S = (I, Ny, N2, X0) is a stratification for f, then a stratified solution
generated by S is a continuous and piecewise smooth function z : [0,T] —
R™ for which there exist 0 = tp < t; <ty < --- <ty =T and i1,...,ip €
{1,...,mp} such that the following holds for k = 0, ..., ¢—1:if i}, € N7 then
x(-) is a classical solution on [ty,tx4+1[ contained in M;, , while if i, € N
then z(t;) € M;, and z(-) is a classical solution on |tg,tx4+1[ contained in
Ms i)

(7) A solution z : [0,7] — R™ (in one of the previous senses) is said robust
if there exists a neighborhood N of z(0) and, for every y € N, a solution
x, with z,(0) = y such that the following holds: for each vy, € N, with
Y, — x(0) as v — 400, x,, converges to x uniformly on [0, 7.

(8) A solution z : [0,7] — R™ (in one of the previous senses) is said cone-
robust if there exists a cone K with nonempty interior, a neighborhood N
of 2(0) and, for every y € ((z+ K)NN), a solution z, with z,(0) = y such
that the following holds: for each y, € (x + K) N N, with y, — z(0) as
v — 400, &, converges to x uniformly on [0,7].

Remark 2.3. The concept of classical solution is not used for discontinuous ODEs,
because of general lack of existence. Instead, Caratheodory solutions are the one
commonly used, as they are equivalent to solutions in the integral form:

o) =2(0)+ [ fla)ds

The concepts of Filippov and Krasovskii solutions are commonly used to deal with
general discontinuous ordinary differential equations. They have the advantage of
being based on the well-developed theory of differential inclusions, see 219,

CLSS solutions have been introduced to provide a suitable concept for discontinuous
stabilizing feedbacks 12, Notice that the sample-and-hold approximations are indeed
numerical solutions provided by the explicit Euler scheme. Thus CLSS solutions
represent solutions which may be generated by a numerical scheme in the theoretical
limit.

The concept of stratification and stratified solution is particularly convenient in
optimal control theory, especially to build optimal synthesis, see 28, The concept of
robust and cone-robust are useful to isolate solutions in the same context 3.

The different concepts give rise to very different sets of solutions, as illustrated
by next Example.

Example 2.1. Consider the ODE (2.1) on R? with initial condition x(0) =
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M,

Fig. 1. Graphical representation of f and stratifications for Example 2.1}

(21(0),22(0)) and f given by:

(_170) T2 > T
fl@)=4q (1,1 x2=m (2.5)
(170) T < T

See also Figure (1| for a graphical representation of f. Clearly for z5(0) # 21(0)
there exists a unique solution given by z2(t) = x2(0) and z1(t) = z1(0) £ ¢ if

z1(0) 2

x2(0) (for all concepts). Therefore, we focus on the initial condition for

which x1(0) = 22(0) and without loss of generality we assume z(0) = z2(0) = 0.
We notice that F'((0,0)) = {(«,0) : o € [-1,1]} for F defined by and K(0,0)
is the convex hull of the three points (—1,0), (1,1) and (1,0) for K defined by (2.4).
Then, the set of solutions is as follows:

There exists a unique classical solution given by z(t) = (¢,1).

There exist two one-parameter families of Caratheodory solutions: for fixed
t € [0, +00] consider the continuous function x* such that z*(t) = (¢,t) on
[0,%] and 2t (t) = (& (t — 1),1) on ]E, +o0].

The set of Filippov solutions is given by two one-parameter families: for
fixed € [0, +0c], consider the continuous function ¥ such that 2% (t) =
(0,0) on [0,[ and x*(t) = (+(t — £),0) on ]¢, +ool.

The set of Krasovskii solutions includes Caratheodory and Filippov so-
lutions, and is given by the following infinite dimensional family. Given
t € [0,400] and a Lipschitz continuous function ¢ : [0,+oco[— R with
0 < ¢/(t) <1 for almost every ¢, define the continuous function 25% such
that a5 (8) = (p(t), (1)) on [0,] and 2% (t) = (p(F) £ (t - D), o(D)) on
[t, +ool.

The only CLSS solution coincides with the classical one.
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e There exists three possible stratifications: .S;, ¢ = 1,2, 3 defined as follows.
First set My = {(x1,22) : @2 > x1}, My = {(z1,22) : @2 < 21}, M3 =
{(z1,22) : 22 = 21}, T = R? = U;M; and mp = 3.

The first stratification is S1 = {T',{1,2},{3}, %1}, with ¥;(3) = 1. The
only stratified solution for S is z(t) = (—t,0).

The second is So = {T', {1, 2}, {3}, Xa}, with X5(3) = 2. The only stratified
solution for Sy is z(t) = (¢,0).

Finally, the third is S5 = {I, {1,2,3},0,0} and the only stratified solution
for S5 is x(t) = (¢, ).

e No solution is robust and the only cone robust are the stratified solutions
for Sl and SQ.

3. The Hegselmann-Krause model

One of the most known examples of social dynamics is the celebrated Hegselmann-
Krause (briefly HK) model:

N .

. ) d)ij(r) ifr S [0, ].)
i; = aii(||x;—z;||)(z; —2; with a;;(r) = 3.1
E:j il =) (@ —x:) i(r) {O freLioo), OV
where z; € R", i = 1,...,N, ¢;; : [0,1] = RT are Lipschitz continuous, and
¢ij = ¢;;. Each x; represents the (possibly multidimensional) opinion of the i-

th agent. To be precise, the original model was formulated in discrete-time with
$ij = 1, see “Y. Obviously, existence and uniqueness for the discrete time version is
granted, while is the natural extension to the continuous-time case with ¢;;
arbitrary. We will provide various examples of lack of uniqueness and some positive
results. Many examples will be provided for the special case ¢;; = 1, i.e. with linear
dynamics for interacting agents, while results will be given for the general case.

3.1. Relationships between concepts of solution

In this section, we will prove first results about the connection between different
kinds of solutions. In particular, we will prove the following result.

Proposition 3.1. The set of Filippov solutions to (3.1) coincides with the set of
Krasovskii solutions and contains the set of Caratheodory solutions. The set of
Caratheodory solutions includes classical, CLSS and stratified solutions.

The system can be written in standard from by setting m = nN,
z = (z1,...,z5) € RN, f = (f1,..., fn) with f; : R" — R" given by (3.1). To
prove some general properties of the system , we first need to provide some
definition.

Definition 3.1. Given i,j € {1,..., N}, i # j, we define the subset of R"V:
M ={(z1,...,zn) : ||lzs — z5]| =1}, (3.2)
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and the union of such subsets as:
M= Ui,j:i;éjMij~ (3.3)

For x € M we let J(x) = {Ji1,...,Jy)} be the unique partition of {1,..., N} (i.e.
Jr € {1,...,N} are disjoint and UyJy, = {1,...,N}) such that both j; € J; and
Jj2 € Ji, for some k if and only if z;, = z,.

We have:

Proposition 3.2. The map f = (f1,..., fn), with f; : R™ = R™ given by (3.1), is
locally Lipschitz continuous at every x € R™\ M. Moreover, the set M is stratified.

Proof. The locally Lipschitz continuity of f outside M follows directly from the
definition of f;.

The set M is stratified by defining the strata as follows. Given any partition J =
{J1,..., Je} of {1,..., N}, we set My = {x: J(z) = J}. Notice that dim(My) = ¢.
Property i) of Definition follows from the finiteness of partitions of {1,..., N}.
For property ii), write J! < J? if the partition J! is a strict refinement of J2.
Then it is easy to check that J' < J? if and only if M;, C OM, and, in this case,
dim(MJl) < dzm(MJ2) Od

Proposition 3.3. Let F' be the Filippov multifunction defined as in (2.3) for f =
(f1,.--, fN), with f; given by the right hand side of (3.1). It holds F(x1,...,zN) =
(Fy, F,...,FN), where

by = Yo by —w) s a;€[0,1] 5 + (3.4)
jFul|lzi—w;ll=1
> il — x|y — ).
JFu e —a; <1

There exists C > 0 such that sup,epy [v] < C(1+ [|lz]]), thus for every xo € R™Y
and T > 0, the set of Filippov solutions to with initial condition x(0) = xq is
a nonempty, compact, connected subset of AC([0,T],R™).
Moreover, the Krasovskii multifunction K defined as in coincides with that
defined by , thus the set of Krasovskii solutions coincide with the set of Fillippov
solutions.
Finally, the property P1) holds for Filippov and Krasovskii solutions.

Proof. The explicit expression can be verified by computation. Set C;; =
Sup,cpo1] ¢ij(r) < +o00, 3,5 = 1,...,N, and C" = max;; C;;. Given z € R™V,
we have [la; — ayl| < Jlaill + a5 < V2lall, thus (@) < Nv2C'|al. Finally,
| f(z)|| < NV2NC'||z|| and the sublinear estimate holds for F.

Now fix x € M and consider J(x) = {Ji,..., Jy(z)}. Define the open set

Alz) ={y:Vk e {1,... . 4(x)}, Y i,j € Jy, i # j, we have ||y; —y;|| > 1}.



March 5, 2021 9:44 WSPC/INSTRUCTION FILE GenSolHK

Generalized solutions to bounded-confidence models 11

Then f(x) = limy_,; yeca(z) f(y). Thus, the definition of K given by coincides
with F' given by .

Last statement was proved in 14 for the case n = 1, and can be easily adapted to
the case n > 1. Indeed, observe that any vector field (vy,...,vx) € F(z) satisfies
Zf-vzl v; = 0, thus any (convex) combination of vector fields in F(x) satisfies it too.
The barycenter Z is a continuous function satisfying z = vazl v; = 0 for a.e. time,
then it is constant. m|

Proposition 3.4. Consider the system (3.1) with ¢;; Lipschitz continuous. Then,
the set of Caratheodory solutions is contained within the set of Filippov and
Krasovskii solutions.

Proof. Notice that f(x) is continuous outside M and, as in the proof of Proposition
it holds f(z) = limy_, yea() f(y). Therefore f(z) € F(x) for all z € R™V,
thus we conclude.

Since a solution z(-) in Caratheodory sense satisfies the equation for almost every
time, one has z(t) = 0 for almost every ¢, thus P1) holds true. |

We are now ready to prove the inclusions given in Proposition [3.1] above.
PROOF OF PROPOSITION [3.1I] We proved in Proposition [3.3] that Filippov and
Krasovskii solutions coincide. We proved in Proposition [3.4] that Caratheodory so-
lutions are included in the set of Filippov solutions. By definition, stratified solutions
are Krasovskii solutions and also satisfy the equation for almost every time, thus
they are also Caratheodory solutions. Since both CLSS and Caratheodory solutions
are Lipschitz functions of time (due to boundedness of the right hand side), one
has that CLSS solutions are Caratheodory: indeed, they can be seen as limits of
Euler explicit schemes for Caratheodory solutions. Finally, it is also evident from
the Definition (and Remark that classical solutions are also Caratheodory
ones. |

3.2. FEzistence of solutions

We now deal with existence of solutions. The existence of Fillippov (and Krasovskii)
solutions are guaranteed by the general theory of differential inclusions, as recalled
in Proposition[3.3] Also, CLSS solutions exist, as they are uniform limits of Lipschitz
approximated trajectories. We now prove that, for every initial datum there exists
at least one Caratheodory solution defined for all times under the more general
conditions of ¢;; only continuous.

Proposition 3.5. Let us consider the general HK system (3.1) and assume that
¢ij € C([0,1],]0,400]). Then for every initial datum & € R™™ there exists at least
one Caratheodory solution defined for all times t > 0.



March 5, 2021 9:44 WSPC/INSTRUCTION FILE GenSolHK

12 Benedetto Piccoli and Francesco Rossi

Proof. Given an initial condition z, if z € R™V \ M then is continuous and
locally bounded, thus by Peano Theorem there exists a local (in time) solution z(-).
This solution can be extended until the first time ¢}, such that ' = z(t},) € M.
Given a (not directed) graph G = (V, E), with V = {vy,...,v,}, we consider the
equation

di= Y ay(lei - o) (e - ). (35)
j{i,j}EE
Since (3.5)) has a continuous right-hand side, by Peano Theorem for a fixed G and

an initial condition, there always exist a solution to . Thus our strategy is to
construct a G so that the solution to from z?! is also a Caratheodory solution
to .

Define T = {{i,j} : |z} — #j|| = 1} and let Gy = (V1, E1) be the (not directed)
graph with Vi = {v1,...,v,} and {i,7} € F if and only if |z} —z}| < 1. We now
build a new graph G} = (V1, EY), with By C Ef. First we order the elements of Z,
then we proceed as follows by recursion on the elements of Z. If {i, j} € Z then set:

aij=(xf —x})- | D amlep—z))— D aplai—aj) |,

(i,k)€E: (j,k)EEL
aj; = (v —xj) - Z aik(zy — ) — Z aje(zy, —23) |,
(i,k)€E1U{{i,j}} (4,k)eE1U{{i,5}}

where, for simplicity, we dropped the arguments in a;; and a;;. We add the edge
{i,7} to Ey if and only if o;; < ¢;;(1). Now, if a;; > ¢;5(1) > 0 then ||z; — ;]
is increasing along the solution to for G = G;. Otherwise, since agj = —
2¢i;(1) and aj < ¢;5(1), then of; < —¢4;(1) <0, thus [|z; — ;|| is decreasing along
the solution to for G obtained from G by adding the edge {7, j}. In both cases
the dynamics given by the graph is compatible with .

Let G| be the graph obtained at the end. We have that the solution to for
G = G is also a Caratheodory solution to on some interval [t} , th, +01] with
01 > 0.

Let now T > 0 be the maximal time so that x(-) can be defined on [0,T]. Assume,
by contradiction, T' < +o00. Then by the boundedness of ¢;;, we have that z(-) is
Lipschitz continuous, thus we can define x(7"). Applying the same reasoning as for
z(th,) we can extend the solution beyond T, thus reaching a contradiction. O

As for stratified solutions, their existence is ensured by Definition [2.2] itself as
proved in next Proposition.

Proposition 3.6. Let us consider the general HK system (3.1) with ¢;; €
C([0,1],]0,+00[). Then for every stratification and initial datum T € R™ there
exists a unique stratified solution defined for all times t > 0.
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Proof. Let M;, be the stratum so that z € M;,. If M,, is of type I then a local
solution z(-) exists since f is smooth on M;,. Let t; = sup{t : z(t) € M,,}, then by
boundedness of ¢;; there exists z1 = limy ~, z(t).

If M;, is of type II, then by definition there exists a local solution &z belonging to
M,y for positive times. In this case we define t; = sup{t : z(t) € My} and, by
boundedness of ¢;;s, there exists x1 = limy_~, x(t).

In both cases we let M;, be the stratum so that z; € M;, and proceed by recursion.
Again by boundedness of ¢;;, we can prolong the solution for every time. Moreover,
such solution is unique by definition of stratification for . O

3.3. Contractivity of the support

In this section, we prove that the support of solutions (in any of the sense given
above) is weakly contractive. This is a well-known property of Caratheodory solu-
tions of HK models, see e.g. . The proof of such property for Krasovskii solutions
on the real line can be found in ™¥ . We will give a general proof for Krasovskii
solutions in any dimension, again in the more general case of ¢;; only continuous.

Proposition 3.7. Let x(t) = (z1(t),z2(¢),...,xn(t)) be a solution to (3.1)), with
¢i; € C([0,1],]0,+00[), in any of the senses given in Deﬁm’tion and 0 < T' <
T2. It then holds

e ({z1(T"), 22(T),...,an(TY}) 220 ({21(T?), 22(T?), ..., 2N (T?)}). (3.6)

Proof. Let z(-) be a given Krasovskii solution and define the set X(t) :=
o ({z1(t), z2(t),...,zn(t)}). Also define the sets

ATY) = {T? € (T",+o0) st. X(T") 2 X(T?)}.

The statement is equivalent to A(T') being empty for every T > 0. Assume, by
contradiction, that there exists T > 0 such that A(T?) # ) and define T3 = inf{T :
T € A(TY)} > T*. We first prove the following:

Claim a) It holds either inf(A(T!)) = T or inf(A(T?)) = T3.

The claim is proved as follows: if T2 = T, the first condition holds. If T2 > T,
first notice that X (7") O X (T®) by definition of 7. Take a sequence 17 € A(T")
with T2 \, T° and observe that X (7T1) 2 X (T7) implies X (T3) 2 X (T7). Thus
T? € A(T?) for all k, hence T® = inf(A(T?)).

Thanks to Claim a), by shifting the time origin without loss of generality we
can assume inf(A(0)) = 0. Consider now a sequence of times ¢ \, 0 such that there
exists ¢ = 1,..., N for which z;(t;) ¢ X(0). Since the number of agents is finite,
eventually passing to a subsequence, there exists a single agent (that we relabel as
agent 1) satisfying z;(tx) ¢ X (0). By continuity of z1(¢), it holds z1(0) € 0X(0),
that is the boundary of X (0). Since X (0) is a n-dimensional convex polyhedron,
there exists a small ball B(z1(0),¢) and a finite number of hyperplanes passing
through x;(0) identified by outer unitary vectors v1,...v; such that:
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e for all z € X(0) it holds (z — 21(0)) -y <Oforalll=1,...,7;
e for all z € B(z1(0),e) \ X(0) it holds (z — z1(0)) - 4 > 0 for at least one
indexl=1,...,7.

Since chosen unitary vectors are in finite number, eventually passing to a subse-
quence of tx, one can select a single unitary vector (denoted simply as v from now
on) such that (z1(tx) — 21(0)) - v > 0 for all t.

We now define the functions f; := (x;(t) — x1(0)) - v, that are absolutely
continuous, and f(¢) := max;=1 . n fi(t), that is the maximum of a finite num-
ber of absolutely continuous functions, hence absolutely continuous itself. Since
f(te) > fi(ty) > 0O, for any choice of &’ > 0 the set Ao := (f(¢t) > 0) N (0,€) is
nonempty. For almost every ¢t € A./, one has that f, fi,..., fy are differentiable.
Observe that, if ;(t) realizes f(t) = fi(t), then for each j # 4 it holds

(@;(t)—zi(t)) v = (2 (1) =21(0))-v+(21(0)—zi(£))-v = f;(t)—fi(t) < fF({t)—f(t) = 0.

(3.7)

We now compute f;(t) for t such that f(t) = fi(t) > 0 and f;(t) is differentiable.
Since the Krasovskii multifunction satisfies (3.4)), there exist a; € [0, 1] such that

fil) =) v=" Y a;gu(1)(w;(t) —a(t) v+
J#ulei—m;||=1
Yo dulll — ) () — @i(1) v <0
JFu |z —a; <1

Here we used and positivity of ¢;;. By Danskin Theorem 9 it holds f =
MaX; g t. f(1)=F, (1) fi(t), hence f < 0 whenever f > 0 and it is differentiable. This
implies that f is never strictly positive. This contradicts f(t;) > 0. Thus, for the
chosen Krasovskii solution, holds.

Since the proof holds for any Krasovskii solution, the statement holds for any
definition of solution, by recalling Proposition above. O

4. The linear Hegselmann-Krause model in R

Here we focus on the Hegselmann-Krause model with n = 1, ¢;; = 1, ie.
on the linear case in dimension one. Even in this simplified setting, the set of
solutions is highly dependent on the choice of the definition. Moreover, uniqueness
and properties P1-2-3) may fail.

4.1. A toy example: two agents

The simplest non-trivial example of (3.1]) is given by the case n = 1, N = 2 and
¢i; = 1, i.e. by the system:

T1 = Xjay o<1 (T2 — @1), T2 = X|ay—an|<1(T1 — T2), (4.1)
where x is the indicator function. We consider the initial condition:

z(0) = (21,0, 22,0)- (4.2)
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For initial conditions such that |z10 — 20| # 1, the solution is unique (for all
considered concepts): constant for the case |z1,0 — z2,0| > 1 and verifying:

S(}l(t) - $2(t) = 6_2t($1’0 — :L'Q’O), l‘l(t) + Q?g(t) =210 + T2,0, (43)

for the case |z10 — z2,0| < 1.
To deal with the case |z1,0—22,0| = 1, we first distinguish two possible stratifications,
both based on the stratified set:

I'= M, UM, U M (4.4)

with M, = {(1171,172) : |JC1 — 132‘ < 1}, My = {(ZL‘l,IEQ) : |’I1 *$2| > 1} and
Ms = {(x1,22) : |r1 — z2| = 1}. The first is given by S; = (I',{1,2,3},0,0), and
the second by S; = (I', {1,2}, {3}, %) with ¥(3) = 1. We have the following:

Proposition 4.1. Consider the Cauchy problem (4.1)-(4.2) with |z1,0 — z2,0] = 1.
Then, the following holds:

i) The only classical solution is the constant one z(t) = z(0).
ii) There is an infinite number of Caratheodory solutions parameterized by t:
constant on the interval [0,t[, and for t >t given by

l‘l(t) — 3?2(75) = 6_2(t_f) (:1?1’() — 372}0), $1(t) + .%‘Q(t) =210+ Z2,0-

it1) Filippov (and Krasovsky) solutions coincide with Caratheodory solutions.
iv) The unique CLSS solution is the constant one.
v) The only stratified solution for Sy is the constant solution, while the only
one for Sy is .
vi) There is no robust solution.
vii) The constant solution and are the only cone-robust solutions (for any
definition for which they are solutions).

In particular the only concept of solution for which (4.3) is the unique solution is
that of stratified solution for the stratification Ss.

Remark 4.1. If we consider the variant model (1.2)), then (4.3)) is the only classical,
Caratheodory, CLSS and stratified solution. This special situation of uniqueness
does not occur for more than two agents, see Section [£.2]

Proof. Let us start with Filippov solutions. If z(-) is a solution, we have
W(t) < 0 for almost every ¢, thus we can define ¢ = inf{¢t : |z1(t) —x2(¢)| < 1},
possibly ¢ = 4+o00. For t > ¢, x(-) is a solution to a linear ODE, thus it is unique.
This shows that Fillippov (and Krasovsky) solutions are those given by ii). Since
they satisfy for almost every time, they are also Caratheodory solutions. This
proves ii) and iii).

The only Caratheodory solution satisfying for all times is the constant one,
thus i) is proved. Similarly, each sample-and-hold solution is constant, thus iv) is
proved.
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For S7 the cell Mj is of type I, thus the constant solution is the stratified one, while
for S5 the cell M3 is of type two and the solution must enter My, thus it coincides
with (4.3)). This proves v).

Notice that, if we perturb the initial datum so that |z1,0—x2,0| > 1 then the only so-
lution is the constant one, while if perturb the initial datum so that |z1,0—2z2,0] < 1
then is the only solution. This proves vi) and vii). ]

For what concerns the solution properties P1-2-3), it is interesting to notice that
some properties hold true for all solutions. More precisely, we have the following:

Proposition 4.2. Consider the Cauchy problem (4.1)-(4.2) , then the following
holds. The properties P1) and P2) hold for all solutions. Property P3) only holds
for classical, CLSS and stratified solutions.

Proof. The proof follows directly from Proposition O

4.2. The case of 3 agents in R

The toy example of Section [£.] is the minimal nontrivial example one can build.
Uniqueness of solution is already lost, however the set of solutions is given by a
one-parameter family and some properties, such as invariance of the barycenter, still
hold true. In this section we consider three agents in R, still with linear dynamics,
showing more complexity and a complete loss of such properties.

We consider the dynamics forn =1, N = 3 and ¢;; = 1. The system reads

as
L1 = X|zy—as|<1(T2 = 1) + Xz, —as|<1 (T3 — 21), z1(0) = x1,0,
T2 = X|zy—as|<1(T1 — T2) + X|zp—as|<1(T3 — 22), x2(0) = @20, (4.5)
I3 = X|:1:171:3|<1(x1 - $3) + X\127z3\<1(332 - $3), 563(0) = T3,0-

Notice that we can always change the order of the agents and apply a translation,
thus we will assume z; o < 22,0 = 0 < z3. We will distinguish the following Initial
Conditions (IC for short) cases:

IC—A) T1,0 < —1 and 3,0 > 1;

IC—B) T1,0 > —1 and 3,0 < 1;

IC-C) z1,0=—1and z30 > 1 (or the symmetric case 1,9 < —1 and x5 = 1);

IC-D) 210 = —1 and 0 < z39 < 1 (or the symmetric case —1 < 19 < 0 and
w30 = 1);

IC-E) The most interesting case (IC-E|) is when initial distances are exactly 1, i.e.
1,0 = —17 2.0 = 0, 3,0 = 1. (IC—E)
We have the following result for cases IC-A,B,C. See Figure [2]

Proposition 4.3. The unique solution to IC-A (for any concept of solution in
Deﬁnition 1s the constant one:
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z1(t) = 21,0, x2(t) = 22,0, x3(t) = x3,0.

The unique solution to IC-B (for any concept of solution in Deﬁnitz’on except
for classical solution) is the one in which all agents exponentially converge to the
barycenter, that is invariant. Classical solutions for x3 9 — 1,0 > 1 do not exist.

The unique solution to IC-C (for any concept of solution in Definition is

”‘]JQF& and x3 is constant. For
Z2.0+T3,0
207780,

the one in which x1,x2 exponentially converge to
the symmetric case, x1 is constant and x2,x3 erponentially converge to

Proof. The proof is straightforward, by direct computation. Moreover, uniqueness
of the Caratheodory solution in the IC-B case with the additional constraint x3 ¢ —
21,0 > 1 ensures the non-existence of a classical solution: indeed, if a classical
solution exists, then it coincides with the Caratheodory one, that is not C* in this

case. O
Case IC-A Case IC-B Case IC-C
3 3 3
25 25 25
2 2 2
(] [} (]
EL5 E15 EL5
1 1 1
0.5 0.5 05
0 0 0
-1 05 0 05 1 -1 -0.5 0 05 15 -1 -05 0 0.5 1
X X X

Fig. 2. Solutions for Initial Condition A (left), B (center), C (right).

In the remainder we focus on case ([C-E)), as case IC-D and its symmetric are
treatable as a sub-case. We first define four special trajectories: x®, x%, 27, 2. The
first trajectory x® is the constant solution:

T (t) =10, 25(t) = @20, 25(1) = 230 (4.6)
The second trajectory 2 is the one exponentially converging to the barycenter:
—e—3(t=In(2))
2

The third trajectory 7 has the first two agents exponentially converging and the
third constant:

2 (t) = —e X0 + Xlin(2)+oofs T5 =0, 4(t) = —2] (). (4.7)

14+e 2

)= —, ey =

, o9 = 1. (4.8)
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Finally, the fourth trajectory 2° has the second and third agents exponentially
converging and the first constant:

1—e 2 1+4+e 2
() = -1, 25 = ———, 23(t) = —

T (4.9)

4.2.1. Caratheodory and Filippov solutions

We now study the family of Caratheodory solutions with initial data (IC-E|). We
have the following:

Proposition 4.4. Consider the Cauchy problem (4.5) in case (IC-E). Then the
following holds:

i) The set of Caratheodory solutions is given by the union of three one-
parameter families parameterized by t € [0, +00]:

{xa(t) fort €0, (410)

2t —1), withi=B,v,8 fort>t.

it) For the modified model , the set of Caratheodory solutions is given by
{z*(t) : i=p,7,0}.

i11) All Caratheodory solutions satisfy P1-2), while P3) fails, even for the mod-

ified model (1.2)). In particular the final clusters’ number and positions de-

pend on the solution: 3 clusters for x®, 1 cluster for x® and 2 clusters for
1

27 (in positions —% and 1) and ° (in positions —1 and 3 ).

See a representation of Caratheodory solutions in Figure [3]

Solution 1 Solution 2 Solution 3 Solution 4

3 3 3

25 25 25 25

2 2 2 2
[ [} [} [}

E15 E15 E15 E15
= = = =4

1 1 1 1

0.5 0.5 0.5 0.5

0 0 0 0

1 0 1 1 0 1 1 0 1 1 0 1
X X X X

Fig. 3. Caratheodory solutions for Initial Condition E.

Proof. It is easy to prove that all trajectories given in (4.10) are Caratheodory
solutions of (4.5)) with initial data (IC-E]). We now prove that there exists no other
solution. With this goal, we first prove the following two claims:
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Claim a) If there exists ¢ such that |x2(f) — z1(f)| < 1 then for all ¢ >t we have
|x2(t) — z1(t)| < 1. The same result holds for zo and 3.

We prove the claim by contradiction. Assume that |z2(f)—z; (£)| < 1 and |z2(f)—
x1(f)] > 1 for some £ > t. Since z; and z5 are differentiable almost everywhere there
exists t € (f,1) such that |z(t) — z1(t)| € (3,1), and |z1(-) — x2(-)| is differentiable
at t with strictly positive derivative. Then, it holds:

d

2 (22(t) —21(t) = =2(22(t) = 21(8) + Xjas () —w2 (01 <1 (23(8) — 22(1)) <

1
This leads to a contradiction. The claim is proved.

Claim b) If there exists t such that |z2(f) — 1(¢)| > 1 then for all ¢ > we have
x1(t) = x1(f) and similarly for zo and 3.

The proof is easy: notice that 1 = 0 and 2 > 0 for almost every ¢ > t. This implies
that |zo(t) — 21(t)] is increasing, thus the claim is proved.
We now define the times:

tig = inf{t : |z1(t) — 22(t)| <1}, tog = nf{t : [z2(t) — z3(t)] < 1},
possibly equal to +0co when sets are empty, and prove the following:
Claim C) If0 < t12,%23 < +00 then t15 = to3.

Assume, by contradiction, that 12 < ta3 (the other case being similar). On the
interval [t12,ta3] we have |xa(t) — x3(t)] > 1 by definition of te3. Claim b) ensures
that |z2(t) — x3(t)| = 1 for all ¢t € [t12,t23], otherwise we would have t23 = +o0.

Take now the definition of t13 and apply Claim a), that ensures that |z2(t) —
x1(t)| < 1for all t > t15. Merging it with |z2(t) —x3(t)| = 1 on the interval [t12, t23],
we have both #2(t) < 0,43(t) = 0. This contradicts |z2(t) — x3(t)] = 1 on the same
interval. This proves the claim.

We are now ready to prove i). If ¢;9 = to3 < +00 then by Claim a), the solution
is constant on [0, 12], then given by 2% (t—t12) on [t12, +-00[. If t15 < ta3 = 400, then
the solution is constant on [0, ¢12] then given by 7 (¢t — t12) on [t12, +0c[. Similarly,
if t93 < t13 = 400 then the solution is constant on [0, t23] then given by 2% (¢ — ta3)
on [t12,+0o[. In the last case t15 = ta3 = +00, from Claims a) and b) we deduce
&1 = &9 = &3 = 0, thus the solution is the constant one . This proves i).

To prove ii), it is enough to notice that the constant solution is no more a
Caratheodory solution. Finally, iii) follows directly by i) and ii). O

Remark 4.2. One might expect that solutions to (3.1) with ¢;;(r) = 1 exhibit
uniform exponential convergence to their limit, in the following sense: there exist
C,k > 0 such that for any trajectory z(t) it holds

lz(®)]| < Ce™[|z(0)]]. (4.11)
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Indeed, beside the points in which z(t) crosses M, the dynamics is linear. Yet, ex-
ponential convergence does not hold for Caratheodory solutions, as Proposition [£.4]
shows. Indeed, given the initial condition , one can wait an arbitrarily long
time t before starting exponential convergence to 0. Thus, a global constant C in
does not exist.

This also shows that Filippov-Krasovskii solutions do not satisfy exponential con-
vergence either, due to Proposition [3.1]

4.2.2. Filippov solutions

We now study the family of Filippov solutions with initial data . Besides
Caratheodory solutions studied above, we look for solutions z(-) such that xs(t) =
x1(t)+ 1 and x2(t) > x3(t) — 1 for all times ¢ > 0. If such a Filippov solution exists
on an interval [0, T, then z(-) must satisfy

a1 (t) = aft), #2(t) = —alt) + (z3(t) — 22(2)), @3(t) = (22(t) —23(t))  (412)

for some measurable functions « : [0,7] — [0, 1]. The condition z2(t) = x1(t) + 1
for all times implies

z3(t) — w2(t)

at) = — (4.13)
Defining y(t) = z3(t) — 22(t), we get y(t) = —3y(t), thus y(t) = e 2t and the
solution is given by:
2 1 _s 1 1 3 1 2 3
t)=—= — e 2t t)= - — e 2t t) =+ e 2% 4.14
'Tl( ) 3 36 ) :,UQ( ) 3 36 ? .Tg( ) 3 + 36 ( )

We get the following:

Proposition 4.5. Consider the Cauchy problem with initial data . The
set of Fillippov solutions contains the set of Caratheodory solutions and the follow-
ing two-parameters families.

Given 0 < t1 < ta < 400 define a solution z(-) as follows. On the interval [0,t1] the
solution is constant, on the interval [t1,t2] the solution is given by z(t) = z(t—ty) for
() given by [.14), and on the interval [t2, +00| the solution satisfies z (t) = 21 (t2),

while 29(t) = 23(t) — 22(t) = —23(t). The solution z converge to an asymptotic state
with the first agent at 7, € [~1, —2] and the other two at Ty = —%-.

Given 0 < t1 < ta < 400 define a solution w(-) as follows. On the interval [0, 1] the
solution is constant, on the interval [t1,t2] the solution is given by w(t) = x(t — t;)
for x(+) given by ([A.14), and on the interval [ts, +00[ all agents interact converging
to zero.

Similarly we can define other two-parameters families by symmetry exchanging the
roles of agent 1 and 3.

Proof. Claims a) and b) of Proposition hold true for Filippov solutions using
the same proof. With notations as in Claim c), assume that t12 < 23 then again
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we conclude |x2(t) — 23(t)] = 1 and |z1(t) — x2(t)| < 1 on [t12, ta3]. Therefore the
solution on the interval [t12,t23] is given by x(t — t12), with z(-) given by (£.14).

The other claims easily follow. O

In Figure[d we depict representatives for Filippov solutions described in Propo-

sition

Case z(+): t; =08t =15 Case z(-) =w(+): t; = 1.4, tr = +o0 Case w(-): t; =0.2, t, = 0.8

3 3

2.5 2.5 2.5

2 2 2

) ) )

£15 E15 £15

1 1 1

0.5 0.5 0.5
0 -~ 0 - 0 -
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fig. 4. Filippov solutions for Initial Condition E.

4.2.3. Stratified solutions

In this Section we focus on stratified solutions. The latter are unique for a given
stratification, but the stratification is not unique. In particular, the final number
of clusters is dependent on the initial datum but also on the chosen stratification.
Here, we build a stratification ensuring the minimal number of clusters in the final
configuration for any initial datum.

The construction of the stratification is based on a careful analysis of singu-
larities. Since stratified solutions satisfy the equation for almost every time,
then the barycenter ¥ is invariant. By eventually applying a translation, we assume
Z = 0 from now on. It thus holds

x3(t) = —x1(t) — 22(t). (4.15)

The problem of finding a stratification can be solved on R?, as the stratification in

R? can be obtained by using (4.15). Define the following lines for i,j € {1,2,3},
i g

liij = {(z1,22) : & = x; £ 1}, (4.16)

where we used the equality (4.15): this means that lgi27 that are the sets x5 = x2+1,
is given by 3 = —%- F % Similarly, lgﬁ are given by vy = —% F % These lines
meet at 12 points, with 4 on the coordinate axes. See Figure 5]
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The following points belong to the first orthant:
+ - - o 11
Iy Nz = (0,1), Iy Nigy = (1,0), I Ny = 3'3 )" (4.17)
Points in the third orthant are obtained by symmetry with respect to the origin.

The following points belong to the second orthant (two lie on axes, thus they are
shared with other orthants):

_ _ 12
I,Nlz; =(0,1), Nl =(-1,0), 5 NlyH= (—3,3), (4.18)

21 _
l;l ﬂl;—l = <3v 3> ) 132 mlj_l = (71,1)'

Points in the fourth orthant are obtained by symmetry with respect to the origin.
We are now ready to define the strata of our stratification.

Definition 4.1. The strata MY, ..., MY, of dimension 0 are given by the points
(4.17), (4.18) and their symmetric with respect to the origin.

The strata M}, ..., Mi, of dimension 1 are given by the connected components of
the lines defined in (4.16)) after removing the strata of dimension 0.
The strata M3, . .., M7, are given by the connected components of R? after removing

the strata of dimension 0 and 1.

The strata of dimension 0 and 1 are all of type II. Define X(M?) = Mf, where MJ2
is such that M? C 8Mj2 and MJ2 is the stratum containing the point of least norm
among those with such property. Similarly, define X(M}) = M ]-2, where M J2 is such
that M} c OM ]2 and M JQ is the stratum containing the point of least norm among
those with such property.

We refer the reader to Figure [5| for a graphical illustration of the stratification
and the dynamics in some of the strata.

Proposition 4.6. Consider the Cauchy problem (4.5)) and the stratification defined
in Definition[{1 Then, stratified solutions are unique and converge asymptotically
to a configuration with the minimal number of clusters.

Proof. Let us start by analyzing the dynamics on the strata of dimension two.
Case A) There are six unbounded regions where |z; — x;| > 1, for all pairs ¢,j =
1,...,3, % # j. See A in Figure [f] The stratified solutions on these regions are
constant.

Case B) There are other six unbounded regions where |z; — z;| < 1 for only one
couple (4,7), @ # j. The stratified solutions verify x;(t) — z;(t) — 0, while the
remaining agent remains fixed. For the region B in Figure[f] the dynamics satisfies:

T, 4+ T2 =0, jtl—m'gz—Z(xl—xg),

thus all solutions tend to the dotted (red) line z1 = xs.
Case C) There are four bounded regions intersecting the coordinate axes but not
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b3
\

Fig. 5. Graphical representation of the stratification given in Definition [.1]

containing the origin. For the region marked as C' in Figure[p] the dynamics is given
by:

1 =—-3x1, &z=u1z1— T,
thus solutions exit towards the region marked F.
Case D) There are two bounded regions not intersecting the coordinate axis. For
region D in Figure [p] the dynamics is given by:

T1=—2x1 — X2, To=—2x3—T1,

and solutions exit towards the region marked FE.
Case E) Finally, there is a bounded region containing the origin, named F in Figure
[l where all agents are interacting and trajectories converge to the origin.

The stratum of dimension one M} have trajectories exiting to the stratum
Y(M}). For instance, trajectories from I5; N OB enter the region B and the same
for I;; N OB. Trajectories from I5; N 0B enter region C'.

Similarly, trajectories from from [5, N 0D enter the region D and the same for
I3, N OD. Trajectories from I5; N OD enter region E.

Finally, the stratum of dimension zero M have trajectories exiting to the stra-
tum X(M}). For instance, the trajectory from (0,1) enters region C' and the one
from (—1,1) enters region D.

We are now ready to complete the proof. For two dimensional strata the analysis
is as follows. For strata as A there is uniqueness of trajectories and three final
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clusters. For strata as B, trajectories never exit the region and converge to two
clusters. For all other strata, trajectories converge to the origin, which corresponds
to a unique cluster.

For one dimensional strata there are two cases. If the stratum is at the boundary of
a region of type A and a region of type B, then trajectories enter the B region and
converge to two clusters. For all other strata, trajectories converge to the origin,
which corresponds to a unique cluster.

Finally, trajectories from zero dimensional strata converge to the origin, thus a
unique cluster.

We conclude that all stratified trajectories converge to a configuration with the
minimum number of clusters. O

4.3. Many agents in R: Caratheodory solution

In this section, we briefly describe the combinatorial complexity of Caratheodory
solutions for N agents in R following the dynamics with ¢;; = 1. From Propo-
sition [3.4] we know that such solutions are also solutions in the sense of Fililppov
and Krasovskii.

Fix N € N\ 0 and consider an initial condition such that:

$i+1—$‘i:1, ’L:L,N—l (419)

Such initial conditions form a one-dimensional manifold in R"V. The results we state
are valid for any permutation of the agents numbering, so will hold for the union
of N! one-dimensional manifolds.

To compute the combinatorics related to the number of solutions we need to
introduce some notation. For the fixed number N of agents, we define the sets:

AY(N) ={(n1,...,n0) ik €N, my = N}, (4.20)
k

Ao(N) ={(n1,...,ng) :ng € N,an = Nandnp+ng1 >3 fork=1,...,0—1}.
k
(4.21)

In other words, A1 (V) is formed by the ordered ¢-tuple of natural numbers summing
up to N, while Ay(N) has the further restriction that no two consecutive numbers
are equal to 1.

Given (n1,...,n¢) € A;j(N), i = 1,2, we define a partition P = {Py,..., P} of
{1,..., N} as follows:

k—1 k
Po={1,...,m}, and Pk:{l—f—Znh,...,Znh}, fork=2,...¢
h=1 h=1

In other words, Py,1 are the ngy; numbers following those in P; U --- U P.
The corresponding solutions are described in the next propositions. See also a
representation in Figure [6]
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Solution 1 Solution 2
3 3
25 25
2 2
[} Q
E15 E15
1 1
0.5 0.5
0 0
1 2 3 4 5 6 7 1 2 3 4 5 6 7
X X

Fig. 6. Caratheodory solutions corresponding to (3,1,1,2) € A1(7) \ A2(7) (Left, see Proposition
4.7) and (2,1,4) € A2(7) (Right, see Proposition [4.8]).

Proposition 4.7. Consider the ODE with n =1, ¢35 = 1 and an initial
condition satisfying , then the following holds. For every (ny,...,ng) € Ay(N)
there exists an {-dimensional parametrized family of distinct Caratheodory solutions
converging to a limit x> such that x3° = x3° for every i,j € Py, k=1,...,L.

Proof. Fix (ny,...,n¢) € A1(N). Given #; € [0, +00[ we can define a dynamics for
the first ny agents: constant on [0,#;] and satisfying:

21(t) = (wg — 21)(t), &= (xim1 —2)() + (i1 — ) (), i =2,...,m — 1,
‘r‘bn1 (t) = (‘Tnl—l - ‘rn1)(t)7

for t > t1. Notice that the first ny agents eventually converge to their barycenter.

Similarly for every i, i = 2,...,¢, given t; € [0, +oo[ we can define a dynamics for
the n; agents following nj + ... + m;_1: constant on [0,¢;] and with all n; agents
interacting on [¢;, +oo[. All n; agents will converge to their barycenter. We thus
proved the statement. O

Proposition 4.8. Consider the variant model . Letn =1, ¢35 =1 and an
initial condition satisfying , then solutions are parametrized by Ao(N) as
follows. For each (ny,...,ng) € Ao(N) there exists a single Caratheodory solution
converging to a limit x> such that z7° = x7° if and only i, j belong to the same P,
k=1,...,¢. Moreover, there is no other Caratheodory solution.

Proof. Given (nq,...,ng) € Ay(N), there exists a Caratheodory solution for
such that the first n; agents interact for all times and converge to their barycenter
and, in general, the n; agents following ni + ...+ n;_; interact for all times and
converge to their barycenter. This corresponds to solutions constructed in the proof
of Proposition for the case t; = 0, i = 1,...,¢. Moreover, for a group with
more than one agent, no Caratheodory solution to can be constant on a time
interval [0,], ¢ > 0, as in Proposition case ii), due to a;;(1) = 1 forcing agents
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to attract each other if they keep their distance equal to 1. Similarly, we can not
have two consecutive groups consisting of only one agent.
This proves the statement. D

5. Hegselmann-Krause in higher dimensions

As we have seen in Section [d] solutions may not be unique for all the concepts,
except for classical, CLSS and stratified solutions, already in dimension one. Here
we show some additional complexity in the set of Caratheodory solutions in higher
dimension, as well as loss of uniqueness for CLSS solutions.

First consider with n = 2, N =4, ¢;; = 1 with initial condition:

$170 = (0,0), 1‘270 = (1,0), xg)o = (1, 1), l‘470 = (0, 1). (51)
e o ~— —s
L ] L] 1 L] L] 2 >-— 6

A
— TN,
| . V.

N,

Fig. 7. Representation of potential family of solutions for the initial data (5.1]).

We have the following:

Proposition 5.1. The set of Caratheodory solutions to , withn =2, N =4,
¢i; = 1, and initial datum , contains 12 parametric families of solutions as
follows. We refer to Figure[] where in each box agents connected by edges converge
to their barycenter:

i) Case 1: single constant solution;
ii) Cases 2-5 and 8-12: one-parameter family. Given t € [0, 4o0o[ the solution
is constant on [0,1] then connected agents converge to their barycenter;
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it) Cases 6,7: family parameterized by two two-parameter sets T = Ay U As,
with Al = {(tl,tg) : 0 S tl,tg}, A2 = {(tl,tg) : 0 S tl,t3}. If (tl,tg) S Al,
then the solution is constant on [0, min{ty, t2}], then agents 1 and xo for
case 6 (respectively x1 and x4 for case 7) start converging to their barycenter
(3,0) (respectively (0, 3) for case 7) at time t1, while agents x5 and x4 for
case 6 (respectively xo and x3 for case 7) start converging to their barycenter
(1,1) (respectively (1,1) for case 7) at time to. If (t1,t3) € Aa, then the
solution is as for Ay with t; = to up to time t1 + t3 = to + t3, then for
11

t > t1 + t3 all agents interact and converge to a unique cluster at (3, 3).

In particular the number of asymptotic clusters can be 1, 2, 8 or 4. There is 1
asymptotic configuration with 4 clusters, 4 asymptotic configurations with 3 clusters,

6 asymptotic configurations with 2 clusters, and 1 asymptotic configuration with 1
cluster.

Proof. The proof follows the same arguments as in the proof of Proposition [£.7]0

Following the logic of Proposition [£.8] we obtain the following:

Proposition 5.2. Consider the variant system (1.2), with n = 2, N = 4, ¢;; =
1. The set of Caratheodory solutions for the initial datum (5.1) has 5 elements,
corresponding to cases 8-12 above.

As pointed out in Section solutions from the same initial data may con-
verge to different clusters. Here we show that this effect becomes more dramatic in
dimension two, with different solutions converging to arbitrarily far away clusters.

Proposition 5.3. Consider the ODE (3.1)) with n =2 and ¢;; = 1. Given R > 0,
there exists a system of N agents with an initial condition such that there exists

two Caratheodory solutions x*, x2 to the Cauchy Problem with lim;_, . sup; |z} (t) —

22(t)| > R.

Proof. The proof will be constructive, by recursion, by adding agents at distance 0,
1 or bigger than 1. The solution z' is taken to be constant, while 22 is constructed
recursively by making all agents at distance 1 interact. See a representation in

Figure [§

We start with a single agent 1 in position (0,0). Then we add N; (to be chosen)
agents with the following initial condition:

1‘i70=(1,0), 7,:2,,N1+1 (52)

The solution 22 has all agents converging to the barycenter:

5= (-
1 — N1—|—1’ ’
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09

08

07k

06

05

0.4

03

02

01f

Fig. 8. The first two steps in the proof of Proposition [5.3} 1 agent (blue) starting at (0,0), N1 =5
agents (green) starting at (1,0), N2 = 10 agents (black) starting at (.75,.998).

which is close to (1,0) for N; sufficiently big. Notice that, since the barycenter is
invariant, at every time ¢ > 0, there exists € = ¢(t), with 0 < e < N%, such that the
agents are in the following position:

N1 Ny .
= — Ni€,0 0= 0 =2,...,Ny. 5.3
Z1 (N1+1 16, >a L0 <N1+1+€7 >,Z ) s 4V1 ( )

The final distance between the asymptotic state of the first agent along ' and z2
is given by %, which is close to 1.
We now add N3 > Ny (to be chosen) agents in position:

N1 1—N1 62(N1+1) 2
= 1—( ——= 5.4
(Y1, 92) N1+1+62 5 7\/ ( 9 ; (5.4)

with e sufficiently small to be chosen. Then the first N; 4+ 1 agents reach distance
1 to the other Ny agents at the same time ¢ such that €(t) = ea. We deduce that
along the solution 2 all agents converges to:

N1 N2 17N1 N2 \/1(62(N1+1)>2

Nl-i-ljLNz-i-Nl-i-l62 2 "Na+N;+1 2

which, for Ny sufficiently large, is close to (y1,y2) of . Therefore the final
distance between the asymptotic state of the first agent along z' and 22 is close
to the norm of , which is close to V2 for Ny < N, sufficiently big and e
sufficiently small.

Now, by recursion, we can add N3 > Ny agents in position (y; +1 —€3,1,y2 — €3,2)
choosing €31 and €32 so that all 1 + Ny + N, first agents will reach distance 1
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at the same time to the other N3 agents. Reasoning as before, we can choose N3
sufficiently big and €31, €32, sufficiently small so that the final distance between
the asymptotic state of the first agent along z' and z2 is close to /3.

By recursion, at each step we add a new group of agents at distance close to 1 to the
previous group along alternating directions (1,0) and (0, 1). In this way, for every v
we can choose 1+ N7 +...4 N, agents in initial positions so that the final distance
between the asymptotic state of the first agent along z' and 22 is arbitrarily close
to \/v. Taking v > R? we conclude. O

5.1. Non-uniqueness of CLSS solutions

In this section, we show that CLSS solutions may not be unique in dimension 2.
We first study the easier case of the variant model (1.2)).

Proposition 5.4. Consider the ODE withn =2, N = 2, ¢;5 = 1 and initial
condition z1(0) = (0,0), z2(0) = (1,0) and x3(0) = (3,1). Then there exist two
CLSS solutions to the associated Cauchy problem.

The ODE with the same initial data has a single CLSS solution.

Proof. Consider an approximate solution z(-) having constant derivative on the
intervals with endpoints 0 = tp < t; < --- < t,,, = T, T sufficiently big, as in the
Definition of CLSS solution (Definition case 5.) If x(t;) = & for some 4, then
at time t; the first agent is influenced by the third agent and the solution will tend
to a unique cluster. If z(t;) 7é = for every i, then the first agent will never interact
with the third agent, so the ﬁrst two agents will converge to (2,0) while the third
will remain constant. Since both situations can occur with arbitrarily close times
t;, there are two CLSS solutions.

It is easy to prove that the ODE with the same initial data has a single
CLSS solution, as the case z(t;) = % does not change the dynamics. ]

We now prove non-uniqueness of a CLSS solution for the dynamics . The
construction is more complicated, as we study a system of 10 agents in R? for which
two Caratheodory solutions exists. We then give two sequences of approximated
solutions, each uniformly converging to one of the two Caratheodory solutions.
Detailed computations are omitted, as they can be numerically checked.

We first define the two Caratheodory solutions. We start by fixing the following
constant values:

127

e :=1/10, T :=1/100, B=——.
/ / 10v/91

We also fix the initial data for the system:
21(0) = (0, B — (B — /1 — (1/2 — 2¢)2)e?T),

22(0) = (0, B+ (B — /1 — (1/2 — 2¢)2)e?T)
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.’13374,576(0) = ((1/2 — 28)68T70), 377,8,9,10(0) = (—(1/2 — 25)€8T, 0)

We have two Caratheodory solutions in which the groups of agents {3,4,5,6}
and {7,8,9,10} are kept together. The first solution z(t) is given by keeping agents
1,2 not interacting with agents 3,...,10. Thus, agents 1,2 exponentially converge
to their barycenter (0, B), following the trajectories

z1(t) = (0,B — (B — /1 — (1/2 — 2¢)2)e*T2"), (5.5)
z2(t) = (0, B+ (B — /1 — (1/2 — 2¢)2)e?T72").
The other agents exponentially converge to their barycenter (0,0) following the
trajectories
T3456(t) = ((1/2 —2)e®73.0),  @75910(t) = (—(1/2 — 22)e®" % 0). (5.6)
A direct computation shows that, for all ¢ € (0, +00) it holds ||z1(¢) — z2(t)] < 1,
23 (t)—z7(t)]| < Land [lzo(t)—zs(t)]| > [lz1 (t)—xs(t)[| = 1, with [lz, (£)—zs(t)[| = 1
for ¢ = T only. This already shows that (5.5)-(5.6|) is a classical and Caratheodory
solution for (3.1)).

We now define a second Caratheodory solution for denoted by y; as follows:
x;(t) fori=1,...,10 and t € [0,T],
b(t —T) fori=1,2andt € [T,Ty],
(t—T) fori=3,4,5,6 and t € [T, T},
(t—T) fori=17,8,9,10 and t € [T, Ty], (5.7)
Yt —Ty) fori=1,2and t € [T, +00),
(t—T,) fori=3,4,5,6 and t € [Ty, +0),
(t—Tp) fori=7,89,10 and t € [T}, +00),

where Y, Y¢ are the unique solutions of the 8D-linear systems

—9Idy 0, 41Id, 41Id,
Id, —Id, 0, O, ,
Id; 0, —51Idy 41Id,
Id;, 0, 4Idy —51d,

—91dy Idy 41Idy 41Ids
Ids —91dy 4Idy; 4Ids
Ids Ide —61dy 41ds
Ids Ide 41Idy —6 Ids

~
[=al
I
—
o
o
S—

Ve = Ve

starting at (x1,x9,x3,27)(T) and (z1,x2,x3,x7)(T}), respectively, where T}, is the
first time for which ||za(t) — z5(t)|| = 1. Here, the notations Ids, 0y denote the
identity and zero matrices of dimension 2, respectively. The definition of matrices
and time T}, reflect the fact that y represents the case in which agent 1 starts
interacting with agents 3,...,10 at time 7. This ensures that agents move closer,
up to time T}, in which agent 2 also starts interacting with all agents. It is easy
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to prove that y(t) is a Caratheodory solution to (3.1). Finally, one can prove that
there exist no other Caratheodory solutions to keeping together the agents in
the groups 3,4,5,6 and 7,8,9,10.

We now build two sequence of sample-and-hold solutions for . First fix
the finite time interval [0,7] with 7' € (T,T}) chosen to be of the form “HT
with » € N\ {0}. This allows us to focus on the simple case in which agent 2
does not interact with agents 3, ...,10. Define the parameter At := T//K for some
K € r?(N\ {0,1})?, i.e. K being a positive multiple of > and a perfect square
strictly larger than 3r2. This choice ensures that K — \/E,K + 3\/?, %K eN
and K + 3VK < %}K ; these properties will be useful in the following.

Consider now the sample-and-hold solution defined on the uniform sequence
tr .= kAt as

u (ten) =yl () + > ag (19 (te) — yf ) D W) (k) — v (t), (5.9)
i

starting from yX(0) = x;(0). Direct computations show that y*(¢) converges to
y(t), i.e. to the second Caratheodory solution given above. Indeed, it is sufficient to
check that, if y%(¢) converges to x(t) on [0,T], then it holds
It (T) = sl (D) =1~ K oK) < 1
62500

for K sufficiently large, i.e. agent 1 starts interacting with agents 3,...,10. This
implies that y€(t) starts converging to the solution y(¢) on [T, T], as it is the only
Caratheodory solution keeping groups 3,4,5,6 and 7,8,9,10 coinciding and agent 1
interacting with them.

We now build a second sequence of sample-and-hold solutions, now converging
to the Caratheodory solution z(t). We use the standard sample-and-hold solution
with uniform step At = T/K defined above, up to time At(K — v/K). We then
use a single time step of length 4v/KAt, then the necessary steps w of
length At to reach time T. We denote such solution by 2% (#). Direct computations
show that ||z () — 25 (t)|| is decreasing for t < (K — +/K)At and increasing for
t > (K 4 3v/K)At. Moreover, it holds

36

o (K = VE)AL) = 25 (K = VE)A | = 1+ ca K71+ oK),
K K 3186 -1 -1
ot (K + 3VE)At) — o (K +3VE) AL = 1+ T oo K1+ o(K 7).

This implies that, for K sufficiently large, the sequence 2 defined above satisfies
|25 (tx) — 2E(¢)|| > 1 for each t,. As a consequence, for each K, there is no
interaction between agent 1 and agents 3, ...,10. The sequence 2X then converges
to the Caratheodory solution z(t).
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6. Uniqueness results

In this section, we provide positive results for uniqueness. As shown in Sections[d]and
[l uniqueness fails for most concept of solutions. However, this can be guaranteed
for almost every initial data for Filippov, thus also for Krasovskii and Caratheodory
solutions.

Recall Definition and observe that each M;; is a (smooth) manifold of codi-
mension 1 in R™V | i.e. dim(M;;) = nN — 1. This implies that M is a stratified set
of codimension 1.

We first need the following auxiliary result about uniqueness of Filippov solu-
tions. It shows that uniqueness can be lost only after reaching M.

Proposition 6.1. Let x(-),y(-) be Filippov solutions to defined on the time
interval [0,T], with T > 0, that satisfy x(t),y(t) ¢ M for allt € [0,T) and z(T) =
y(T). It then holds x(t) = y(t) for all t € [0,T].

Similarly if x(t),y(t) € M for all t € (0,T] and z(0) = y(0), then it holds z(t) =
y(t) for allt € [0,T].

Proof. Recall that (3.1)) is uniformly Lipschitz continuous on the open set R\ M.
For the first statement, since z(t),y(t) € M on [0,T), then the functions z(-) and
y(+) are differentiable and satisfy (3.1)) on [0, 7). For every e we can apply Gronwall
Lemma backward in time on [0,7 — €[, thus getting

() = y(@®)]] < "T (T — €) = y(T — €.

By letting ¢ — 0 we conclude.
The second statement follows similarly, by using Gronwall Lemma forward in timél

We then prove the following result.

Proposition 6.2. Consider the system (3.1) with ¢;; Lipschitz continuous. The
set of initial data T € R™ for which there exist more than one Filippov solutions
for (3.1) has zero Lebesgue measure in R™N.

Proof. Given an initial condition Z, we define X; to be the set of solutions z(:)
to (3.1) defined on some time interval [0,T(z(-))], with 0 < T(x(-)) < 400, and
satisfying x(0) = Z. We set:

= inf{t : 30(), y() € Xo,t < min{T(@(), T(()}2() £3®)},  (61)

thus lack of uniqueness occurs when ty < +4oo. Since M is a stratified set of
codimension 1, it has zero Lebesgue measure in R™. Thus we only need to prove
that the following set has zero Lebesgue measure:

A={z e R"™N\ M : ty < +o0}. (6.2)
For z € A, we define:
t=inf{t: 3z() € Xz, 2(t) € M}. (6.3)
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Since is Lipschitz continuous on R™V \ M, all solutions z(-) in X coincide
up to time Z, and, since M is closed, we have x(tf) € M. Therefore & = (), with
z(-) € Xz, depends only on Z and not on the chosen solution z(-) € Xz. Now, given
1,7 €4{1,...,N}, i # j, consider the expression:

(@) = (wi—zy)- | > air(les — i) @r —2:) = D asrllla; — el (@x — 2))
k#i,j k#i,j
(6.4)
and define the following sets:

Mij = {x € My : ay() € {0,2}}. (6.5)
Define the set of quadruplets of indexes I C {1,..., N}* by
I=A(,5,k,0) i # 5,k #1,(6,5) # (k, 1), (i,5) # (1, k)}.
Finally set:
M\ijkl = M; 0 My, M= Ui,j:iy&jﬂij U U(i,j,k,l)elﬂijkb (6.6)

Notice that each set M\ij is of codimension two and the same is true for /(/l\ijkl if
(i,7,k,1) € I. Therefore M is of codimension 2. We now state the following claim:
Claim a) If 7 € M\ M, then there exists ¢ > 0 such that z(t) ¢ M for t €]t,t+¢],
and z =y on [0, + €| for every z(-), y(-) € Xs.

We prove Claim a). By assumption there exists a unique (not ordered) couple
{i,7}, i # j, such that & € M,;. Define the function:

03 (t) = l|l2i(t) — z;()]1*. (6.7)

Notice that 6;; is twice continuously differentiable on [0, #[ with bounded derivatives,
thus we can define £ = lim,_,;_ 0;;(¢), i.e. the left limit of the first derivative of 0;;
at t.

Assume first £ > 0. Then there exists € > 0 such that 0;; is strictly increasing on
Jt—e, [, thus 6;;(t) < 1 on ]t —e¢, #[. Moreover, since z(f) ¢ M, possibly restricting e,
we have that z(t) ¢ M on Jt—e€, t+¢[. Recalling (6.4), we deduce €= a;(&)—2>0.
Now, given x(-) € X, for almost every ¢ €]t,t + €[ there exists 31, B2 € [0, 1] such
that:

0 () = (wi(t) — ;(t)) - ( D aik(ai(t) — zi(t) = Y ajulae(t) —z;(t) +
ki, ki j

Bu(a; (1) = (1)) = ol (1) — wi(1))),

where we omitted the arguments of a; , and a; for simplicity. It follows 9” (t) >
ij(x(t)) =2 > 0 for e sufficiently small. Thus 6;;(t) > 1 on J{,#+¢[ and z(t) ¢ M on
the same interval. Proposition [6.1] implies that all solutions coincide on the interval
], T + ¢[ and we proved Claim a) for € > 0.
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The case §~ < 0 can be treated in an entirely similar way, concluding that 6;; < 1
on on ]i,7 + €[. Finally, notice that the case & = 0 is excluded since i ¢ M. The
proof of Claim a) is finished.

We now state the next claim:

Claim b) Assume there exists x(-) € Xz such that z(t) ¢ M for t € [0,T7],
T > 0. Then, it either holds z(T) € M or there exists e > 0 such that all solutions
in Xz coincide in [0,T + ¢).

We now prove Claim b). Given Z, we find # such that z(t) inM for all t € [0,1)
and 7 = x(f) e M. If & € M\, then T = t. Otherwise, define thy = t and, using
Claim a), extend x(-) on the time interval (¢},?3,), where the right extremum is
given by

2, =inf{t:t > 32() € Xz, z(t) € M}. (6.8)

If x(tf\,l) ¢ M\7 then we can define t?\/t and so on. That is, as long as the trajectory
from Z does not reach M, we can set:

tha =inf{t:t > (", 3a() € Xz, 2(t) € M} (6.9)

Again by Claim a), observe that the trajectory starting from Z is unique on all
intervals [0,t%,]. Thus, if there exists t, > T, there exists ¢ > 0 such that all
solutions in Xz coincide in [0,T + ¢).

Otherwise, assume that ¢, < T for all v. Since this is an increasing and bounded
function, it admits a limit ¢ := lim,_, 1 t},. We aim to prove ¢ = T Since pairs
i,j are in finite number, there exists i, j, ¢ # j, anda subsequence, still indicated
by t%,, such that x(t%,) € M;; and thus 6;;(t,) = 1 (see (6.7))). From the proof
of Claim a), we deduce that §;; is continuously differentiable and not equal to 1 on
every interval |#%,, t4 1", and satisfies 0;;(t%,) = 0;;(t1;") = 1. Thus there exists
7y €)%, t'or [ such that 0:;(7,) = 0. From the proof of Claim a), we have that for
every v either 0,;(7,) = oy (x(7)) or 6;;(1,) = a;;(x(1,)) — 2. Passing to the limit
in v, we get z(f) € M. We thus have £ = T, that proves the claim.

We now use Claim b) to prove the main result. Define:

t o = inf{t : 3a(-) € Xz, 2(t) € M)}, (6.10)
and recall the definition of ¢y in . Claim b) ensures that, for ty < +oo, it
holdst/(/l\ <ty.

This implies that A = {z € R"™™ \ M : tg < tv < 4oo}. We denote by
H" the Hausdorff measure of dimension 7 in R™V. Each z(-) € Xz, T € A, is
Lipschitz continuous and, by Proposition it coincides (at least) up to ¢ o thus
HYe({x(t) : t € [0,t5],2(-) € Xz}) = 0 for every € > 0. By Fubini Theorem, since

M is of codimension 2, for 0 < € < 1 we have:

H™Y () < /ﬁ (' () 1€ 0,1 ) 2() € X)) dH™ 2 (z) = 0
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Since H™V coincides with the Lebesgue measure on RV | the set A has zero measurel

7. Property P2): clustering for general solutions

In this section, we discuss property P2), also called clustering, for solutions of .
We prove that P2) holds for Filippov solutions, even though the limit is not uniquely
determined by the initial data. This implies that P3) fails, as already shown in
Section [

First observe that can be written as a gradient flow as follows. Define

D;i(r) = for ¢ij(s)sds  forr <1
S fol ¢ij(s)sds  forr>1

and observe that, if ||z; — x| # 1, for every i # j, then

:I';‘i = — qu)m(‘xz - xj‘)
JFi

This suggests to define the following candidate Lyapunov function:

V(z) =Y ®ijllzi — ;)
i,j#i
and observe that it holds V(z(t)) < 0 for a.e. time, since VV (z) - v < 0 for each
v € F(x). We now prove the following result about clustering.

Proposition 7.1. Let x1(t),...,xn(t) be a Filippov solution of (3.1). The follow-
ing clustering properties hold:

o cach agent satisfies limy_, o0 T;(t) = x5° for some x$° € R";
o the limits satisfy the following: for each i # j it either holds z° = x
a7 — 22| = 1.

The same result holds for the variant model (|1.2]).

Remark 7.1. One might try to use a LaSalle principle to prove this result. Even
though the proof below is based on the same ideas, we need to observe that V is
not proper, it is not differentiable, and that the largest invariant set of VV = 0 (for
any reasonable definition of it) is never reduced to a point.

Proof. The proof is identical in the two cases —. It is first necessary to
observe that V' is not proper, i.e. it does not satisfy V() — +oo when |z| — 400,
as it depends on pairwise distances only. Nevertheless, recall that the set 2(t) :=
co(x;(t)) is weakly contracting, see Proposition As a consequence, we have that
z(t) is a compact trajectory, hence it converges to its w-limit, that is bounded.
Let now 2> = (29°,...,2%°) being a point in the w-limit and assume that it
exists 4, j such that |z3° — 2%°| = L € (0,1). By definition of w-limit, it exists an
increasing sequence t* — +oo such that |z;(t*) — z;(t*)| € (L —,L +¢) for any
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€ > 0. By observing that velocities for (3.1) are bounded, there exists a uniform
§ such that |x;(t) — z;(t)| € (L — 2¢,L + 2¢) for all t € (t* — §,t* + §). Choose
£ < +min(L,1 — L) and observe that

V(z(t* +6)) — V(z(th — ) < —28¢i;(L — 2¢).

By eventually taking a subsequence of t*, one can always assume t* 4+ 6 < tF+1 — 6.
By recalling that V is decreasing in time, it then holds V(t* + &) < V(z(0)) —
20¢;;(L — 2¢)k, hence limy_, 1 V (t¥ + &) = —oco. This contradicts the fact that V/
is bounded from below.

We have now proved that any x> in the w-limit satisfies either z7° = x7° or
[25° — 23°[] > 1. We now need to prove that the w-limit is reduced to a point. We

first define the transitive relation
i~7j when t_lg+moo zi(t) —z;(t) = 0.

It is crucial to observe that either it holds ¢ ~ j or iminf, | o |z;(t)—x;(¢)] > 1.
Indeed, if liminf, | |2i(t) — z;(t)| € (0,1), there exist times t* — +oc such that
lz;(t*) — x;(t*)] € (L — e, L +¢) with L € (0,1) and € > 0 sufficiently small, that
in turn ensure limy_, o, V(t* + §) = —oo as explained above. Contradiction.

It then makes sense to define clusters C*, ..., C*, each being the class of equiva-
lence of indexes ¢ = 1, ... N with respect to ~. By definition, given € > 0, there exists
a time Ty such that all agents satisfy either |x;(t)—x;(t)| < € or |z;(t)—z;(t)] > 1—¢
for all times ¢ > Ty. Eventually translating such time, we assume 7Ty = 0 from now
on.

We are now ready to prove that the center of each cluster converges. Let y' be
the center of cluster C!, i.e. y; = N% > x; where Nj is the number of elements of
C'. Since g' is defined for almost every time, one can write §! by the following
observation: for each index i € C!, the contribution to 4; of each agent j satisfying
|z — ;|| # 1 is uniquely determined, while for j such that ||z; — «;|| = 1 there
exists a;; € [0, 1] such that the contribution is a;ai;5(x; — ;). By choosing a;; =1
for j ¢ C! with ||z; — z;|| # 1, one has

T 1 T
[itena =g [ X ase—e) ¥ gl —a)| <

i,jeCt i€Ct jgCt

<0+f/ S agln() - 2;00)] <
i€Cl jgCt

Svas ) 2wl - a0 =
1,71

_ V(0) ~V(T)
= 176/ V ))dt < M2 < +00.
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where we first used antisymmetry for 4,7 € C*', then we recalled that V(¢) is de-
creasing and bounded from below. Since 7 is integrable, then y!(¢) admits a limit
for ¢ — 4oc. Since ; —x; — 0 for all i, j € C' and the center of the cluster admits
a limit, then all z; converge to such limit. O

Remark 7.2. For the system final clusters may be at distance one as shown
by next example with three agents in dimension two. Consider the initial condition
21,0 = (0,€), 220 = (0, —¢), and 239 = (1,0), with e < 1. The unique Caratheodory
solution is given by

210 = (0,ee7"), T2 = (0,—ce™"), x3,0 = (1,0),

thus converging to two clusters (0,0) and (1,0).

8. Proof of main Theorems

In this section, we prove the three theorems stated in the introduction. Proofs ac-
tually collect results given in previous sections.

ProoOF oF THEOREM [I.I] Existence of solutions in the Filippov, Krasovskii,
Caratheodory, CLSS and stratified sense was shown in Section [3.2] Non-existence
of classical solutions is well-known, as shown in the counterexample in Proposition
43l

Uniqueness of classical solutions is standard, using Cauchy-Lipschitz argument of
uniqueness. Non-uniqueness of Filippov, Krasovskii, and Caratheodory solutions
is proved by the counterexamples of Proposition Non-uniqueness of CLSS so-
lutions is proved in Proposition Uniqueness of stratified solutions for a fixed
stratification is given by definition.

Uniqueness of Filippov solutions for almost every initial data was proved in Propo-
sition This induces the same result for all other concepts of solutions, due to
Proposition |3.1 O

Proor oF THEOREM [I.2] Filippov and Krasovskii solutions coincide, and they do
not satisfy P3) as shown in Proposition They satisfy P1), as proved in Propo-
sition They satisfy P2), as shown in Proposition
Classical, Caratheodory, CLSS,; stratified solutions satisfy P1)-P2) due to the inclu-
sion in Filippov solutions, see Proposition [3.1]
Caratheodory solutions do not satisfy P3), again by Proposition CLSS so-
lutions do not satisfy P3), as shown by the counterexample in Section
Classical solutions satisfy property P3), as a direct consequence of uniqueness
of the solution. Similarly, stratified solutions for a fixed stratification are unique, by
definition, thus satisfy P3). However, the asymptotic state depends on the stratifi-
cation as shown in Proposition [I.1] O
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PROOF OF THEOREM Krasovskii and Filippov multifunctions are insensitive
to the value of a;;(1) by definition, thus the structure of Krasovskii and Filippov
solutions does not change.

As for classical solutions, consider the Cauchy problem (4.1))-(4.2)), as in Proposition
If a;;(1) = 0, the Proposition states that the only classical solution is the
constant one. Instead, if a;;(1) = 1, it is easy to prove that the unique classical
solution is given by

21(t) — xo(t) = e_Qt(xLo — Z20), x1(t) + 22(t) = 21,0 + T2,0-

Caratheodory solutions of the variant model are different than Caratheodory

solutions of , as shown in the examples of Poposition

CLSS solutions are distinct in the two cases, as shown in Proposition [5.4}

For stratified solution, consider the Cauchy problem —, as in Proposition

For the first stratification S is not admissible, thus stratified solutions

are different than those for .

Proof and counterexamples for Properties P1-2-3) are identical to the study of .
O

Acknowledgment

The first author acknowledges the support of the Lopez Chair endowment. The
second author is supported by the University of Padua under the STARS Grants
programme CONNECT:: Control of Nonlocal Equations for Crowds and Traffic mod-
els.

References

1. G. Ajmone Marsan, N. Bellomo, and L. Gibelli. Stochastic evolutionary differential
games toward a systems theory of behavioral social dynamics. Mathematical Models
and Methods in Applied Sciences, 26(06):1051-1093, 2016.

2. G. Albi, N. Bellomo, L. Fermo, S.-Y. Ha, J. Kim, L. Pareschi, D. Poyato, and J. Soler.
Vehicular traffic, crowds, and swarms: From kinetic theory and multiscale methods to
applications and research perspectives. Mathematical Models and Methods in Applied
Sciences, 29(10):1901-2005, 2019.

3. J.-P. Aubin and A. Cellina. Differential inclusions. Springer-Verlag, Berlin, 1984.

4. A. Aydogdu, M. Caponigro, S. McQuade, B. Piccoli, N. Pouradier Duteil, F. Rossi, and
E. Trélat. Interaction network, state space, and control in social dynamics. In T. E.
Bellomo N., Degond P., editor, Active Particles, Volume 1, Modeling and Simulation
in Science, Engineering and Technology. Birkh&user, 2017.

5. P. Bernhard and A. Rapaport. On a theorem of danskin with an application to a
theorem of von neumann-sion. Nonlinear Analysis: Theory, Methods & Applications,
24(8):1163-1181, 1995.

6. A. L. Bertozzi, T. Laurent, and J. Rosado. L? theory for the multidimensional aggre-
gation equation. Comm. Pure Appl. Math., 64(1):45-83, 2011.



March 5, 2021

7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

9:44 WSPC/INSTRUCTION FILE GenSolHK

Generalized solutions to bounded-confidence models 39

V. Blondel, J. Hendrickx, and J. Tsitsiklis. Existence and uniqueness of solutions for a
continuous-time opinion dynamics model with state-dependent connectivity. Website
supplement, 2009.

V. D. Blondel, J. M. Hendrickx, and J. N. Tsitsiklis. On krause’s multi-agent consensus
model with state-dependent connectivity. IEEE transactions on Automatic Control,
54(11):2586-2597, 2009.

V. D. Blondel, J. M. Hendrickx, and J. N. Tsitsiklis. Continuous-time average-
preserving opinion dynamics with opinion-dependent communications. SIAM Journal
on Control and Optimization, 48(8):5214-5240, 2010.

C. Canuto, F. Fagnani, and P. Tilli. An eulerian approach to the analysis of krause’s
consensus models. SIAM Journal on Control and Optimization, 50(1):243-265, 2012.
M. Caponigro, M. Fornasier, B. Piccoli, and E. Trélat. Sparse stabilization and con-
trol of alignment models. Mathematical Models and Methods in Applied Sciences,
25(03):521-564, 2015.

J. A. Carrillo, Y.-P. Choi, and M. Hauray. The derivation of swarming models: mean-
field limit and Wasserstein distances. In Collective dynamics from bacteria to crowds,
volume 553 of CISM Courses and Lect., pages 1-46. Springer, Vienna, 2014.

J. A. Carrillo, M. Fornasier, J. Rosado, and G. Toscani. Asymptotic flocking dynamics
for the kinetic Cucker-Smale model. SIAM J. Math. Anal., 42(1):218-236, 2010.

F. Ceragioli and P. Frasca. Continuous and discontinuous opinion dynamics with
bounded confidence. Nonlinear Analysis: Real World Applications, 13(3):1239-1251,
2012.

F. H. Clarke, Y. S. Ledyaev, E. D. Sontag, and A. I. Subbotin. Asymptotic con-
trollability implies feedback stabilization. IEEE Transactions on Automatic Control,
42(10):1394-1407, 1997.

F. H. Clarke, Y. S. Ledyaev, R. J. Stern, and P. R. Wolenski. Nonsmooth analysis and
control theory, volume 178. Springer Science & Business Media, 2008.

E. Cristiani, B. Piccoli, and A. Tosin. Modeling self-organization in pedestrians
and animal groups from macroscopic and microscopic viewpoints. In G. Naldj,
L. Pareschi, and G. Toscani, editors, Mathematical modeling of collective behavior
in socio-economic and life sciences, Modeling and Simulation in Science, Engineering
and Technology, pages 337-364. Birkh&user, Boston, 2010.

P. Degond, G. Dimarco, and T. B. N. Mac. Hydrodynamics of the Kuramoto—Vicsek
model of rotating self-propelled particles. Mathematical Models and Methods in Ap-
plied Sciences, 24(02):277-325, 2014.

A. Filippov. Differential Equations with Discontinuous Right-hand Sides, volume 18
of Mathematics and its Applications. Springer, Netherlands, 1988.

J. Haskovec. A simple proof of asymptotic consensus in the Hegselmann—Krause and
Cucker—Smale models with normalization and delay. SIAM Journal on Applied Dy-
namical Systems, 20(1):130-148, 2021.

R. Hegselmann, U. Krause, et al. Opinion dynamics and bounded confidence models,
analysis, and simulation. Journal of artificial societies and social simulation, 5(3),
2002.

P.-E. Jabin and S. Motsch. Clustering and asymptotic behavior in opinion formation.
Journal of Differential Equations, 257(11):4165 — 4187, 2014.

A. Marigo and B. Piccoli. Regular syntheses and solutions to discontinuous ODEs.
ESAIM: Control, Optimisation and Calculus of Variations, 7:291-307, 2002.

A. Mirtabatabaei and F. Bullo. Opinion dynamics in heterogeneous networks: Con-
vergence conjectures and theorems. SIAM Journal on Control and Optimization,
50(5):2763-2785, 2012.



March 5, 2021 9:44 WSPC/INSTRUCTION FILE GenSolHK

40

25.

26.

27.

28.

29.

30.

31.

32.

Benedetto Piccoli and Francesco Rossi

S. Motsch and E. Tadmor. Heterophilious dynamics enhances consensus. SIAM Re-
view, 56(4):577-621, 2014.

R. Olfati-Saber, J. A. Fax, and R. M. Murray. Consensus and cooperation in networked
multi-agent systems. Proceedings of the IEEE, 95(1):215-233, 2007.

B. Piccoli and F. Rossi. Measure-theoretic models for crowd dynamics. In Crowd
Dynamics, Volume 1, pages 137-165. Springer, 2018.

B. Piccoli and H. J. Sussmann. Regular synthesis and sufficiency conditions for opti-
mality. STAM Journal on Control and Optimization, 39(2):359-410, 2000.

A. V. Proskurnikov and R. Tempo. A tutorial on modeling and analysis of dynamic
social networks. part i. Annual Reviews in Control, 43:65 — 79, 2017.

A. V. Proskurnikov and R. Tempo. A tutorial on modeling and analysis of dynamic
social networks. part ii. Annual Reviews in Control, 45:166 — 190, 2018.

H. Sussmann. Synthesis, presynthesis, sufficient conditions for optimality and suban-
alytic sets. In Nonlinear Controllability and Optimal Control, pages 1-19. CRC Press,
New York, 1990.

R. Vinter. Optimal control. Springer Science & Business Media, 2010.



	Introduction
	Notations and definitions
	Solutions to discontinuous ordinary differential equations

	The Hegselmann-Krause model
	Relationships between concepts of solution
	Existence of solutions
	Contractivity of the support

	The linear Hegselmann-Krause model in R
	A toy example: two agents
	The case of 3 agents in R
	Caratheodory and Filippov solutions
	Filippov solutions
	Stratified solutions

	Many agents in R: Caratheodory solution

	Hegselmann-Krause in higher dimensions
	Non-uniqueness of CLSS solutions

	Uniqueness results
	Property P2): clustering for general solutions
	Proof of main Theorems

