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Abstract

In optimal control theory, infimum gap means a non-zero difference between the infimum
values of a given minimum problem and an extended problem obtained by embedding the
original family V' of controls in a larger family W. For some embeddings —like standard
convex relaxations or impulsive extensions — the normality of an extended minimizer has
been shown to be sufficient for the avoidance of infimum gaps. A natural issue is then the
search of a general hypothesis under which the criterium “normality implies no gap” holds
true. We prove that this criterium is actually valid as soon as V is abundant in VW, without
any convexity assumption on the extended dynamics. Abundance, which was introduced by
J. Warga in a convex context and was later generalized by B. Kaskosz, strengthens density,
the latter being not sufficient for the mentioned criterium to hold true.
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1. Introduction

One of the main reason for enlarging the domain of a minimum problem relies on the aim
of establishing the existence of at least one solution. Actually, domain extension is a quite
common and variously motivated practice, in particular in the Calculus of Variations and
in Optimal Control. Of course, a crucial requisite of such a domain enlargement consists
in the density of the original problem in the new one: the extended minimum should be
approximable by processes of the original problem. However, because of the presence of a
final target and of dynamic constraints, even a dense extension of the domain may result
in the occurrence of an infimum gap: namely, it can happen that the infimum value of the
original problem is strictly greater than the infimum value of the extended problem. This
might be undesirable in many respects, for instance in the convergence of numerical schemes
as well as in the identification of the value function via Hamilton-Jacobi equations. This

Preprint submitted to Journal of Differential Equations November 8, 2020



raises a natural question: how can one avoid this gap phenomenon? A sufficient condition
for gap avoidance seems to emerge from investigations by J. Warga [47], 48| [49, 50] and from
some other more recent papers [2), 33], [36] 37, 38, 39], dealing with some particular cases: this
criterion is the so-called normality of minimizers. Therefore, the mentioned question can be
turned into the following one:

(Q) Under which hypotheses on a general optimal control problem normality is sufficient for
gap-avoidance?

In order to be more precise, let us briefly sketch the abstract setting of our optimal control
problem. The state variable y will range on a Riemannian manifold M, while the control
maps v will belong to an original family V C W := L'([0, S],20) (where 20 is a subset of a
metric space) or to a larger set YW, which will be called the extended family of controls. Given
an initial state y € M and a time interval [0, S], we will consider the control system

(E) { %(S) = f(s,y(s), w(s))

y(0) =,

and, for every w € W, we will use y[w] : [0, S] = M to denote the corresponding (supposedly
unique) solution. The original optimal control problem is defined as

(P)y Mz'mmize{ h(y[v](S)) | veV, y[](S) e ‘3},

where the cost function h : M — R is continuous, and ¥ C M is a closed set called target.

Replacing the family of controls V with the larger set VW, one obtains the extended optimal
control problem:

(P)yw Mmimz'ze{ h(ylw](S)) | weWw, yw|(S)e Q}.

We will assume the existence of a local minimum for the extended problem, namely a control
W € W such that, for some C° neighbourhood O of y[w] , h(y[w](S)) < h(y[w](S)) for all
w € W such that y[w](S) € T and y[w] € O. The non-occurrence of infimum gaps means
that the original infimum value is unaffected by the introduction of the extended controls,
namely

Mul)(5)) = inf {hRI(S) | veV. wil(s) €S, vl € O)
for all sufficiently small neighbourhoods O of y[w].

If, on the contrary, there exists a neighbourhood O such that
h(y[w](5)) < inf{h(y[v](s)) | veV, yll(S) €%, ylv] € (9},
one says that the optimal control problem satisfies the infimum gap condition (see Def. .

(Obviously, via the usual reductions, one can formulate a notion of infimum gap for a general
Bolza problem as well).



For problems defined on Euclidean spaces and such that the extended dynamics is convex, an
insightful investigation of the gap question and its relation with normality was carried out by
J.Warga (see e.g. [48]). More recently, two specific classes of domain extensions have been
studied in [33], B7, 38, 39]. As mentioned above, these investigations share the fact that the
following necessary condition turns out to be valid:

(A) There is an infimum-gap only if the minimum of the extended problem is an abnormal
extremal.  [1

Since ‘extremal’ means ‘satisfying the thesis of the Maximum Principle’, in order for (A) to
have a precise meaning, one has to specify which kind of approximating cones we are going
to utilize for both the reachable set and the target €. For this purpose, we shall introduce
a generalized differential called Quasi Differential Quotient (QDQ) (Def. E| and the
associated notion of QDQ approzimating cone (Def. . While it is impossible at this stage
to give an exhaustive description of what QD(Q approximating cones are, let us point out
that, on the one hand, they are sufficiently small for a certain open mapping theorem to hold
true and, on the other hand, they are large enough to allow the utilization of the notion of
abundance (of V in W), which, as we shall see, is crucial to prove that normality implies the
absence of gaps.

This said, let us give the precise notions of normal and abnormal extremal. For simplicity, we
consider here only the case when the state ranges on a Euclidean space. Moreover, if C' C R”
is a cone, we use C* to denote the polar cone of C', namely the set of linear forms A € (R")*
such that A-e <0 for all c € C.

Definition 1.1 (Extremal). Consider a control w0 € W and the corresponding trajectory
g := ylw]. Assume that y(S) € T, and let C be a QDQ approximating cone of the target T at
9(S). We say that the process (y,w) is an extremal (with respect to h and C') if there exist an
absolutely continuous (adjoint) path A € WH([0, S]; (R™)*) and a ‘cost multiplier’ A\, € {0, 1}
such that the following conditions are verified:

(i) (A A) % 0;
i) 2. %<s,@<s>,w<s)>

(”2) {?eaﬁ%/\(s) ’ f(sv Q(3>, m) = /\(S) ’ f(sa Q(S)v IZJ(S)) ae. s e [07 S],

(i) A(S) € —AVh(§(S)) — C*.

Furthermore, we say that an extremal (§,) is normal if for every choice of the pair (A, A.)
one has \. = 1. We say that an extremal (7,w) is abnormal if it is not normal, namely, if
there exists a choice of (A, \.) with \. = 0.

'Equivalently: if the minimum is normal (=not abnormal) there is no gap.
2A QDQ is a special case of Sussmann’s Approximate Generalized Differential Quotient [45].



The validity of criterion (A) was proven for two specific cases:

e when (the dynamics is bounded and) the original set of controls V is embedded in the
set W of relazed controls ([37, 38, 39]);

e when the system is control-affine and the original set V comprises unbounded controls
ranging in a convex cone ([33]). In this case, a space-time, impulsive, extension is
considered, namely the larger set of trajectories corresponding to YW comprises space-
time paths which are allowed to evolve along fixed time directions[]

It is worth noticing that, in all previously investigated cases, the original set of trajectories is
dense in the set of extended trajectories, when the latter is endowed with C° topology. So,
one might conjecture that criterion (A) is true as soon as the trajectories corresponding to V
are dense in the set of trajectories corresponding to W. In fact, this is not the case, as shown
by the simple example in Section [9]

Hence, a condition stronger than density is needed. For this goal we recall Kaskosz  for-
mulation of Warga’s notion of V-abundance in W (Def. [4.1)). This condition strengthens
density by requiring the trajectories of the extended system’s convexification to be uniformly
approachable by trajectories of the original system. We further generalize the notion of V be-
ing abundant in WV to control systems defined on Riemannian manifolds and to fairly general
classes of controls (which are merely required to belong to a metric space). Then, aiming to
express normality of extended trajectories in geometric terms, we invoke local set separation
of the target from the original reachable set.

A crucial result for the achievement of the main theorem consists in showing that, under
the abundance hypothesis, every needle-variational cone C at 3 corresponding to the enlarged
domain W is also a QDQ approximating cone to the original reachable set (Theorem [4.1)).

The next step consists in showing that the local set separation of the target from the origi-
nal reachable set implies the linear separability between a QD(Q approximating cone to the
target and the above mentioned needle-variational cone C (Theorem [5.1). This is exactly
the point where the choice of QD(Q approximating cones —rather than other more classical
cones, e.g. Boltiansky cones— plays essential. By expressing this linear separation in terms
of adjoint paths, one finally gets the main result of the paper (Corollary , where, under
the abundance hypothesis, statement (A) is turned into an actual theorem. Finally, since
normality cannot be verified a priori, in Theorem we provide a sufficient condition on the
data guaranteeing that a given extremal is normal.

In Section |8 we provide an application of the main theorem to nonlinear systems whose
dynamics are neither bounded nor convex.

3Tt is well-known that, under commutativity hypotheses, the extended dynamics could be regarded as a
measure, while such a measure-theoretical approach is unfit for general, non-commutative problems, see e.g.
[10], [29).



1.1. Basic notions and notations

1.1.1. Linear spaces, manifolds

Let E be a real linear space, and let us use E* to denote the algebraic dual of E. If (-,-) is a
given scalar product on E, we will use | - | to denote the norm associated with (-,-), namely,
for every e € E we set |e| = /(e,e). For every e € E and every real number r > 0 let us use
e + B, to denote the closed ball of center e and radius r, namely e + B, = {e+ f | | f| < r}.
When e = 0 we will write B, instead of 0 + B,

If By, E5 are real linear spaces, e; € E; we shall use Lin{E}, E2} to denote the set of linear
maps from Fj to Fy. If L € Lin{E;, Es}, we shall use L - e; to denote the image of e;. We
will use the symbol - also to mean duality. Furthermore, if A € E3 and and L € Lin{FE;, E>},
sometimes we will use the notation - L to mean the element of E coinciding with the image
of \ through the dual map of L. While this doesn’t generate any confusion, it makes the
writing A - L - e unambiguous, for one has (A-L)-e=A-(L-e) for all (e,\) € Ey x Ej.

For any integer r > 0, by saying that (M, (-, )) is a Riemannian differentiable manifold of

class C™"! we will mean that M is a C"! differential manifold and (-, -) is a C" Riemannian
metric. For every x € M and e, f € T, M, (e, ), will denote the corresponding scalar
product of e, f, and |e|, := /(e,e), will be called the norm of e. We will often omit the
subscript and we will write (e, f) and |e| instead of (e, f), and |e|,.

We will use d to denote the distance induced on M by (-,-). We recall that, if x1, 25 € M,
the distance d(xq1,x5) is defined as the minimum among the (-,-)-lengths of the absolutely
continuous curves having x1, zo as end-points.

1.1.2. Cones

Let E be a real linear space. A subset K C E is a cone if ak € K for all (a, k) € [0, +oo[x K.
If A C E is any subset, we use span™ A to denote the smallest convex cone containing A. Let
us introduce a notion of transversality for cones (see [45]).

Definition 1.2. Let E be a linear space and let K1, Ko C E be convex cones. We say that
1. Ki and Ky are transverse, if K1 — Ky := {/ﬁ — ko, (k1,k2) € Ky X Kz} =F;

2. Ky and K5 are strongly transverse, if they are transverse and K1 N Ky 2 {0}.
Transversality differs from strong transversality only when K; and K, are complementary

subspaces. Indeed:

Proposition 1.1. Let E be a linear space, and let K1, Ko C E be convex cones. Then K1, Ko
are transverse if and only if either Ky, Ky are strongly transverse or K, Ko are complementary
linear subspaces, namely Ki + Ky = E and K1 N Ky = {0}.



Definition 1.3. Let F be a finite-dimensional linear space, and let E* be its dual space. For
any subset A C E, the (convex) cone A+ C E* defined as

t=pelE: p-w<0 YwcA}
will be called the polar cone of A.

The transversality of two cones is equivalent to their linearly separability. More precisely:

Proposition 1.2. Two convex cones K; and Ky are not transverse if and only if
(=K1 N EKF\{0} # 0, namely there ezists a linear form X # 0 such that

/\']ﬁZOVklEKl and /\']CQSOV]CQEKQ.

In this case one also says that Ky and K5 are linearly separable.

1.1.83. Scorza-Dragoni points

Definition 1.4 (Scorza-Dragoni point). Given a compact set X C M and an interval [a,b] C
R, a < b, let us consider a function ¢ : [a,b] x X — R™ verifying

i) la,b] 3 s+ @(s,y) € R™ is measurable for each y € X;

ii) X 5y o(s,y) is continuous for each s € |a, b,

A function ¢ satisfying conditions i)-ii) is said to be a Carathéodory function. We say that
5 € [a,b] is a Scorza-Dragoni point for ¢ if, for ally € X,

where
A(s,y) = sup  [o(s,2) — @(5,9)] (1.2)

zeX, d(z,y)<r

We shall use SD {p} to denote the set of all the Scorza-Dragoni points for the function ¢.

Notice in particular that, if s € SD {¢}, one has limp(s+ 0, z) = ¢(s,y), for any y € X. Let
T—Y

SN0
us also mention that, when ¢ is independent of y and s +— ©(s) is integrable on [, § + 4],

the definition of Scorza-Dragoni point reduces to the definition of Lebesgue point. Namely,

relations ([1.1)-(1.2)) become
lim — / ©(35)|ds = 0. (1.3)

5§—0 0

We shall use £ {¢} to denote the set of Lebesgue points of ¢.

The importance of Scorza-Dragoni points relies on the fact that they form a full measure set
[41]:

Theorem 1.1 (Scorza-Dragoni). The set of all the Scorza-Dragoni points of a Carathéodory
function ¢ : a,b] x X — R™ has measure equal to b — a.
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2. Set separation and open mappings

2.1. Quasi Differential Quotients

In the statement of the set-separation theorem (Th. [2.3), we will make use of the notions
of Quasi Differential Quotient (QDQ) and of the corresponding approximating cone to a set.
A QDQ is a particular case of Sussmann’s Approximate Generalized Differential Quotient
(AGDQ) [45]. The related set-separation theorem (Theorem is based on an open mapping
result provided by Theorem below.

Let us recall the notion of Cellina continuously approzimable (CCA) set-valued function:

Definition 2.1 (CCA). Let F: RY ~» R"™ be a set-valued map. We say that F is a Cellina
continuously approximable (CCA) set-valued map if, for any compact set K C RV :

o the restriction of F' on K has compact graph, that is, the set Gr(F,) = {(z,y) €
K xR": ye€ F(x)} is compact, and

e there exists a sequence of single-valued, continuous maps fr : K — R", k € N, such that
the following condition holds: for every open set Q@ C RN x R™ satisfying Gr(F|,.) C £,
there exists ko such that Gr(fy) = {(z,y) € K xR" : y € fi(x)} C Q for every
k > kq.

We will say that a function p : [0, +oo[— [0, +00] is a a pseudo-modulus if it is monotonically
nondecreasing and lim_,o+ p(s) = p(0) = 0. We call modulus a pseudo-modulus taking values
in [0, +oo.

Definition 2.2 (AGDQ). Assume that F : RY ~ R" is a set-valued map, (7,7y) € RY x R",
A C Lin{RN R"} is a compact set, and T C RY is any subset. We say that A is an
Approximate Generalized Differential Quotient (AGDQ) of F at (¥,y) in the direction of I’
if there exists a pseudo-modulus p having the property that

(*) for every & > 0 such that p(6) < oo, there exists a CCA set-valued map
A% (7 + Bs)NT ~ Lin{RY R"} x R"™ such that

L= 1< p0), 0 <00), and g+ Le(v—7)+he FO) ]
whenever v € (¥ + Bs) NT and (L, h) € A%(y).

We now introduce a subclass of AGDQs, which we call Quasi Differential Quotients. Their
main property consists in the validity of an actual, not punctured, open mapping theorem (see
Theorem [2.2| below).

4 Here |-| denotes the operator norm, namely |M| = sup |M -v|, for every linear operator M € Lin(RY,R").
|[v]=1



Definition 2.3 (QDQ). Assume that F : RY ~ R" is a set-valued map, (7,7) € RY x R",
A C Lin{RY ,R"} is a compact set, and T C RY is any subset. We say that A is a Quasi
Differential Quotient (QDQ) of F at (3,y) in the direction of I if there exists a modulus
p [0, +00[— [0, 400 having the property that

(*) for every § > 0 there is a continuous map (Ls, hs) : (Y + Bs) NT — Lin{RY R"} x R"
such that

min [Ls(y) = L'} < p(8),  [hs(7)] < 0p(0),  and g+ Ls(7) - (v =7) + hs(7) € F(7),

whenever v € (Y+ Bs) N T .

Clearly a (QDQ) is a (AGDQ) as well.

Definition 2.4 (AGDQ and QDQ on manifolds). Let N', M be C' Riemannian manifolds.
Assume that F : N~ M is a set-valued map, (7,9) € N x M, A C Lin{T,N,T,M} is
a compact set, and I' C N is any subset. Moreover, let ¢ : U — RN and ¢ : V — R"™ be
charts defined on neighbourhoods U and V' of 7 and y, respectively, and assume that ¢(7) =
0, ¥(§) = 0. Consider the map ¢ o F o ¢~ : ¢(U) — R" and extend it arbitrarily to a
map F : RN — R™. We say that A is an Approximate Generalized Differential Quotient
(AGDQ) [resp. a Quasi Differential Quotient (QDQ)] of F at (7,7) in the direction of T' if
A := Di(g) o Ao D¢p=1(0) is an Approzimate Generalized Differential Quotient [resp. a Quasi
Differential Quotient] of F at (0,0) in the direction of T' := ¢(L N U).

As pointed out in [45], this definition is intrinsic, that is, it is independent of the choice of
the charts ¢ and .

2.2. Open Mapping results

Let us recall a directional open mapping result for AGDQ’s ([45]).

Theorem 2.1 (Directional Open Mapping). Let N,n be positive integers, and let T' be a
convex cone in RY. Let F' : RN ~s R" be a set-valued map, and let A be a AGDQ of F
at (3,9y) in the direction of I'. Let us assume that there is an element w € R"™ such that
w € Int(L-T) for every L € A. Then there exist a closed convex cone D C R™ and positive
constants «, 8 verifying w € Int(D) and

J+ (BN0}ND) CF(y+ (BygNT)) for all a€]0,a]. (2.4)
If one takes @ = 0 in the statement of Theorem [2.1], the cone D necessarily coincides with the
whole R™. As a consequence, one obtains the following ‘punctured” Open Mapping Theorem.

Corollary 2.1 (‘Punctured” Open Mapping). E|Let N, n be positive integers, and let I" be a
conver cone in RN . Let F: RY ~ R™ be a set-valued map, and let A be an QDQ of F at (7,)

® The adjective punctured here refers to the fact that § does not belong to F(¥ + (BasNI')).
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in the direction of I'. Let us assume that A is surjective, by which we mean that L -T' = R"”
for every L € A. Then there are positive constants «, 3 verifying

g+ (B.\{0}) C F(7+ (BasgNT))  for all a€]0,a]. (2.5)
By further assuming that A is a QDQ (rather then a mere AGDQ), we get an actual, non-
punctured, open mapping result:

Theorem 2.2 (Open Mapping). Let N,n be positive integers, and let I' be a convexr cone
in RV, Let F : RY ~ R™ be a set-valued map, and let A be a QDQ of F at (3,9) in the
direction of T'. As in Corollary[2.1], let us assume that A is surjective, by which we mean that
L-T =R" for every L € A. Then the following statements hold true:

(i) there are positive constants «, 3 having the property that

y+ (B\{0}) C F(y+ (BygN))  for all a €0, a; (2.6)

(i) there exists & > 0 such that, for every § < 0 and every (Ls, hs) as in Definition
there exists s € 4+ (I' N Bs) such that

5= 5+ L) (5 =) + ho(1) | € F(3)]. (2.7)

In particular, by possibly reducing the size of o, one gets the open-mapping inclusions

U+ By CF(7+ (BygNT)) for all a €]0,q].

Proof. Without loss of generality, we can assume (7, y) = (0,0). Furthermore, since a QDQ
is an AGDQ), in view of Theorem [2.1], it is sufficient to prove only statement (ii). Namely, for
every 0 > 0 sufficiently small, we have to establish the existence of a 75 € Bs N I" such that

0= Ls(vs) - vs + hs(7s)- (2.8)

For every § > 0, let us define the set-valued map Lgl’“ : BsNT ~ Lin(R",RY) by setting, for
every v € Bs N T,

Ly (7) = {M e Lin(R",RY), Ls(7) o M = Ian}.

Namely, Lé_lr(y) is the set of right inverse of Ls(7). Let us first observe that, for every
v € Bs NI, and ¢ sufficiently small, Lglr (7) is non-empty. Indeed, since L € A and A is
surjective, L(;_lT () contains the Moore-Penrose pseudo-inverse

ME(y) = LI (7)o (Ls() o LY (), (2.9)

where " denotes transposition. Furthermore, it is trivial to verify that the set-valued map
Lgl’“ is convex-valued.  Finally, by possibly reducing the size of d, for every § € [0,0], the
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set-valued map Lglr has compact graph. Indeed, there exist a constant K > 0 such that
A”®) is a compact subset made of linear operators whose right inverse are bounded (in the
operator norm) by K. Moreover, let us consider a sequence (V,,)men C Bs NI’ converging
to 4 € BsN T, and, for every m € N, let us choose M,, € Lgl’“(fym). Hence, one has that
Ls(ym) o M,, = Idg~ and, since the sequence (M,,) ranges in a compact set, there exists a
subsequence (M,,, ) converging to a linear operator M. In particular,

Ls(¥) o M = lim (Ls(m,) © M, ) = Idzo,

so that M € L;'"(%). This proves that the set-valued map  + L '"(7) has compact graph.

Now consider the set-valued map W : Bs N T ~ R defined by setting

(1) i={ = M-hs(3) | MeL"() T, 7€ BT

To prove that this map has non-empty values for every v € BsNT, it is sufficient to determine
a linear mapping M’ : R® — RY and an element v € I" such that

(Ls(y) o M"Y -w=w YweR" ( — MbeLglr(7)>, M hs(y) =v  (2.10)

Fix v € Bs N T and choose v € T" verifying Ls(y) - v = —hgs(y). Such a v exists, since Ls(7)
is surjective. Now, a geometrical intuition suggests that M’ might be obtained by adding a
suitable linear operator to an element of Lglr(v), for instance the Moore-Penrose inverse Mg
defined in (2.9). Actually, following [45], if (-,-) is any scalar product on R", we define the
linear map M’ : R® — RY by setting, for every w € R”,

(w, hs(v))
(hs(7), hs(7))

It is straightforward to verify that M’ verifies conditions (2.10]), so that Ws(v) is not empty.

M w =M w— (v+ M- o))

Since for every d the map hg is continuous and |hs(y)| < dp(d) for all v € BsN T, by possibly
reducing further the size of 0 we conclude that, for every § € [0,0], the set-valued map ¥4
verifies Ws(Bs N T') C BsNI' and has non-empty, convex values, and a closed graph. Since
the domain of W4 is compact and convex, the set-valued map Wy verifies the hypotheses of
the Kakutani fixed point theorem, so that there exists 75 € Bs N[ such that vs € Ws(7s). It
follows that there is a matrix M € Lng (7s) such that 0 = 5+ M - hs(7ys). Therefore, one
gets

0= Ls(vs) - (% + M - ha(%)) = Ls(vs) - vs + hs(7s),

which concludes the proof.
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2.3. QDQ approximating cones and set separation

Assume that M is a C! differentiable manifold, £ C M, and z € £. If X is a linear space,
let us call convexr multicone in X any family of convex cones of X.

We now define a subfamily of Sussmann’s AGDQ approximating multicones [45], which we
call QDQ approximating multicones.

Definition 2.5. An AGDQ approximating multicone [resp. a QDQ approximating multicone]
to £ at z is a convex multicone C C T, M such that there exist a non-negative integer N, a
set-valued map F : RN ~ M, a convex cone T C RY, and an AGDQ [resp. a QDQ] A of F
at (0, z) in the direction of I such that F(I') C € andC ={L-T" : L € A}.

In the particular case when an AGDQ approximating multicone [resp. a QDQ approximating
multicone] is a singleton, namely A = {L} for some L € Lin(RY ,R"), we say that C := L-T
is an AGD(Q approximating cone [resp. a QDQ approximating cone| to £ at z.

Let us introduce the notion of local set-separation:

Definition 2.6. Let X' be a topological space, and let us consider two subsets A;, As C X
and a point z € Ay N Ay. We say that Ay and Ay are locally separated at z provided there
exists a neighborhood V' of z such that

AlﬂAgﬂV:{z}.

We are now ready to state our set-separation result, which connects set separation with
the linear separability of QD(Q approximating cones. Furthermore, the result includes a
crucial special approximation property (see ii) in Theorem for the case in which the
approximating cones are complementary linear subspaces

Theorem 2.3 (Set separation). Let £;,& be subsets of M, and let z € & N Ey Assume that
C1, Cy are AGDQ approzimating cones of £ and &, respectively, at z.

i) If Cy and Cy are strongly transverse, then the sets & and & are not locally separated.

ii) If, moreover,

1. C4, Cy are QDQ cones,

2. C1 and Cy are complementary linear subspaces, i.e. C1+Cy =T, M and C1NCy =
{0},

3. for each i = 1,2, N; is a non-negative integer, I'; C RN is a convex cone, F; :
RY: ~ M is a set-valued map, and N; = {L'} € Lin(RY:, T,M) is a QDQ of F;
at (0, z) in the direction of Ty, Fy(T';) C & and C; = L - Ty,

then there exists a sequence (V1,,72,) € 't X I's such that z, € Fi(y1,) N Fay(7,) and
2k — 2.

5We recall that this is the only case when non-transversality differs from non-strong-transversality.
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Remark 2.1. Property ii), whose proof is based on the Open Mapping result stated in
Theorem [2.2] is not true if we replace QDQ approximating cones with AGDQ approximating

cones. Of course, this is connected with the non validity of a non-punctured open mapping
result for AGDQs.

Proof of Theorem [2.53, Statement i) of Theorem is direct consequence of [45], Theorem
4.37, where an analogous result concerning the non-separation of multicones is provided.

Let us prove statement i7). Because of the local character of the statement, there is not loss
of generality in considering only the Euclidean case when M = R". For every i = 1,2, let
n; > 0 be the dimensions of the subspace C}, so that n; + ny = n. By hypothesis, for every
i = 1,2 there exists a modulus p; : [0,400[ — [0, +oo[ having the property that, for every
§ > 0, there exists a continuous map (L}, h) : Bs NT; — Lin{R™ R™} x R™ such that

|L5(vi) — L*| < pi(6), |hs| <6+ pi(6), and z+ Li(v) - i + hs(v:) € Fi(7)

whenever 7; € Bs N T;. Let us consider the cone I' := I'; x I’y € R+ and the set-valued
map F': ' ~ R" defined by setting

F(y,7) = Fy(y) — Fi(m) = {22 — 21 | (21, 22) € Fi(m1) X FQ(%)} V(v1,72) € 't x 'y,
and observe that
Zf (’71,’72) 18 such that 0 c F(’_)/l,’_Yg) then (Z) 7& FQ(’?Q) N Fl(’?l) Q 52 N 81.

Furthermore, let us set p(d) := p1(0) + p2(0) and let us define the continuous map

(Ls, hs) (71, 72) = ((—Lé(%),L?(W)) , hg(72) — hé(%)>> (71,72) € BsNT.

Defining the linear map L € Lin{R™ ™2 R"} by setting L(vi,ve) := L?* - vy — L' - vy, one
obtains [Ls(71,72) — L| < p(0), |hs(71,72)| < 6+ p(d), and

Ls(v1,72) « (71,72) + hs(71,72) € F(71,72)-

whenever (71,72) € Bs NT'. Hence, A := {L} is a QDQ of F' at (0,0). Moreover, one has
L-T'=C)+Cy=R", so that, by the Open Mapping result stated in Theorem [2.2 for k¥ € N
sufficiently large, we get the existence of (v,,72,) € I'N B% C I'y x I'y such that

e =2+ L%(%k) ", t+ h%(%k) =z+ LQ%(%,C) Y2, + h%(%k) € Fi(v,) N Fa(y2,)-

Notice that, by Al (71,) < pi(3) - 3, and |y1,| < ¢ one has klim 2, = z, which concludes the
k — 00

proof. O
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3. Gaps and set-separation

3.1. Original and extended controls

Let (M, (-,-)) be a Riemannian differentiable manifold of class C?, let [0, S] be a time-interval
and let 20 be a metric space which we call the set of control values. For every (s,w) €
[0,S5] x 2, let M >y (y, f(s,y,10)) € TM be a vector field. We will consider two families
of controls V, W := L'([0, S],20), with V C W. We will call V and W the original family of
controls and the extended family of controls, respectively.

Let us choose an initial point y € M, and, for any control map w € W, let us consider the
Cauchy problem

dy = S S),w(s a.e. S
- () = fls,9().w(s) ae.s €09

y(0) =1y

We shall assume the following regularity hypothesis:
Hypothesis (SH) :

1) for each (s,t0) € |0 X the vector fie — f(s,vy, ) is of class on :
(i) f h (s, 1) € [0, 5] x 20, th field y — f(s,y, ) is of class C' on M,

(ii) there exists an integrable function ¢ € L'([0, S]; R) such that, for a.e. s € [0,9],

(5, )] < o), '%w,y,m)] < o(s) (3.11)

for every (y,w) € M x 20.
(iii) for every (y,t0) € M x 20, the map s — f(s,y,t0) is measurable;

(iv) for every s € [0, 5], the map (y,t0) — f(s,y,t0) is continuous.
In particular, for every w € W there exists a unique trajectory y[w] of (E).

Let us fix a closed set T C M, which we will refer to as target.

Remark 3.1. Of course, through standard cut-off arguments, in many situations one can
replace (ii) in hypothesis (SH) with a weaker assumption concerning a neighbourhood of the
reference trajectory s — 9(s) instead of the whole state-space M.

Definition 3.1. For any control v € V [resp. w € W), the pair (y,v) = (y[v],v) [resp.
(y,w) = (y[w], w)] will be called original process [resp. extended processes|. An extended
process —in particular, an original process— (y,w) is called feasible if y(S) € T.

13



3.2. Infimum gaps

Let us endow the set of controls W with the pseudo-distance d; defined by setting

dp(wn,w) = do(yfun] yfus]) (= ma d(yfun)(s), vfus](9))). (312

for all controls wq,wy € W.

The set
Ry = {y[v](S) NS V} cM (3.13)

will be called the original reachable set, and the set
Ry = {y[w](S) L weE W} cM (3.14)

will be called the extended reachable set.
We will also consider local versions of the above reachable sets. Precisely, for a given extended
process (¢, w) and r > 0, we set

RY™ = 1y[v](S) : veV, diw,v)<r }

Ry = Jy[w](S) : weW, di(w,w) < 7’}.

Clearly Ryy 2 Ry and R%r D Ri”r, for all » > 0.

The occurrence of a local infimum gap is captured by the following definition:

Definition 3.2. Let (y,w) be a feasible extended process such that §(S) € Rw\Ry. We say
that (g, w) satisfies the infimum gap condition if, for any continuous cost function h : M — R,
there exists r > 0 such that one has

h(§(S)) < inf {h(y) L oy eRYN s} (3.15)

Despite the name, the infimum gap condition (3.15]) is clearly a fully dynamical property.
Actually, it can be as well rephrased in terms of ‘supremum gap’ or even independently of
any optimization procedure, as it results from Lemma [3.1] below.

Definition 3.3. Let (y,w) be a feasible extended process such that §(S) € Rw\Ry. We
say that (y,w) is isolated from V if, for some r > 0 the sets (R@’T U {Q(S)}) and T are
locally separated at §(S), namely, there exists a neighborhood N C M of §(S) such that

(RY" U{IS)}) NTAN = {5(S)}-

Lemma 3.1. Let (y,w) be an extended feasible process such that §(S) € Rw\Ry. Then the
following conditions are equivalent:

i) (y,w) satisfies (3.15) for a given continuous cost function h and 7 > 0;

14



ii) the process (y,w) is isolated from V;

iii) the process (y,w) satisfies the infimum gap condition. Furthermore the right hand-side

of (3.15)) is equal to +oo.

Proof. We give a proof just for the sake of completeness, all arguments being trivial.

Let us start proving that ¢) implies i7). This means that one has to show that there exists
7 > 0 such that )

Ry ' NT=0 Vr<r. (3.16)
Assume that is false, which means that there exists a sequence r, | 0 such that
Ry'™ N T # O for all natural n. This implies that there exists a sequence (yx)ren verifying
Yr € (72%,'”’“ N ‘Z) for every k € N, so that y,, — §(5), which, in view of the continuity of h,
contradicts 7). Hence, holds true, from which we get i1).
Let us now prove that i) = #ii). By hypothesis, there exists a neighborhood N of §(S) such
that (Rlﬁr U {@(S)}) NETNN = {g(S)}. Since §(S) € Rw\Ry, by possibly reducing the size

of r > 0 one obtains that RT{;}’T N% = (), which obviously implies 7i7), with the right hand-side
of (3.15) equal to +00. Finally, the relation ¢i7) = ) is trivial.

4. Abundance

Our main results —namely Theorems 5.2 and strongly rely on a property introduced
by J. Warga and called “abundance”. It consists in a particular pervasiveness of ¥V in W,
which happens to be stronger than density. In fact, because of the presence of a closed final
constraint, the mere density of Ry into R,y is not enough in order to normality to be a
sufficient condition for gaps’ avoidance (see Section [J). We will make use of a generalization
of abundance introduced by B. Kaskosz in [24] and we will extend it to manifolds.

For every positive integer NV, let I'y be the convex hull of the union of the origin 0 € RY with
the N-simplex, namely

N
1—‘N = {V = (’717"')71\[) S RN : Z’Y] S 17 Vj Z 07 ]: ]-77N}
7j=1

For any v € I'y, let us consider the control system on M

@5: S S),wW(S),wWi\S), ..., wWN\S
28 = £ (509 w(s), wa(s), o () i

y(0) =7,
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where: i) the control (w,wy, ..., wy) belongs to W "and ii) the vector field f, is defined by
setting, for every (s,y) [O S] X M and (w, 11, ...,toy) € WY,

f'y(57y,m;(m17---,m )) _f S, Yy, +Z’Y( S, Yy, f(svyam)>'

For every value of the parameter v € I'y and every control (w,wl, ...,wN) € WHN et us

use [w,wl, ...,wN] to denote the corresponding solution of (4.17) . Notice, in particular,
that y[w]| =y, [w,w, ...,w} for all w € W and for all v € I'y.

Definition 4.1. [2]] We say that a subclass of controls ¥V C W is abundant in W if, for
every integer N, every (1 + N)-tuple of controls (w, w1, ...,wy) € W and every § > 0,

there exists a continuous mapping 02, w. : 'y =V such that

d(% [w,wl, ...,wN] (9), [Qéw wroon (V)] (S)) < 0, Vv el'n. (4.18)

A sufficient condition for abundance, based on concatenation, is given in Proposition
below.

Definition 4.2. We say that a set of controls V satisfies the concatenation property if, for
every 5 €]0, S| and for any vi,vy € V, one has viX(o 5[ + V2X[5,5] € Vﬂ where we have used x g
to denote the indicator function of a subset E C [0, 5]

Proposition 4.1. ([2]], Theorem IV.53.9) Assume that the subfamily V C W satisfies the
concatenation property and is dense in VYV with respect to the pseudo-metric dy. Then V is an
abundant subset of WW.

The proof of this result for the special case when M = R™ was given in ([24], Theorem IV.3.9)
by developing some arguments in [21I]. The required, obvious, changes to prove the result on
a Riemannian manifold consists in a reformulation of estimate in local coordinates, so
we omit them.

4.1. Approximating the original reachable set by extended cones

Let us fix a a feasible extended process (¢, w), and, for any s,5 € [0,5], s > 3, let M(s, 3) :
Ty5M — Ty)M denote the differential of the diffeomorphism established by the differential
equation § = f(s,y,w) from a neighborhood of §(3) to a neighborhood of §(s). As it is
known, s — M(s, 3) is the solution of the wvariational Cauchy problem having the following
coordinate representation:

aM o of

G ()= gy (5 9(). () 0 M(s),  M(5.5) = idry . (419)

7 Under hipothesis (SH) such a solution exists and is unique.

8Concatenation is weaker than decomposability of a set S of paths on an interval [a,b] [19, 28, 35], which
prescribes that for any pair of paths v1,v, € S and any measurable set £ C [0, S, one has v1 x g +v2X (jo,5)\E) €
S.
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Definition 4.3. Let N be a positive integer, and consider N control values oy, ...,toy € 23
and N instants sy, ..., sy € SD{f(-,-,0(-))}NSD{f (-, -, 1) }N...ASD{f (-, -, o) N L{c()} ]
0<s1<...,<sy <S8 . The convex cone

Choy Ty = span™ {M(S, 8;) - (f(Si,Z?(Si)ymz‘) - f(8i73?(8i),@(8i))> pi=1,... 7N} C TysyM

will be called extended variational cone corresponding to the feasible extended process (g, ).

The following result can be regarded as claiming a sort of infinitesimal thickness of V in W.

Theorem 4.1. Let the original family of controls V C W be abundant in W, and let a
feasible extended process (y,w) be given. Let N be a positive integer, and consider N control
values wy,...,tvon € W and N instants sy, ...,sy € SD{f(-,-,w(:))} N SD{f(-,-,w1)} N...N
SD{f(-,-,on)} N L{c(-)}, 0 < sy < ..., < sy < S. Then, for any r > 0, the extended
variational cone Cy 75N is a QDQ approzimating cone to R U {§(S)} at §(S).

Remark 4.1. While the fact that Cy; 7y, is a QDQ approximating cone to the extended
reachable set R%T at y(S) (for any r > 0) is a classical argument, utilized in the proof of the
Maximum Principlem the fact that Cy; %, is a first order approximation for the original
reachable set Rg”r is anything but obvious: it means, in a sense, that this cone is not too
large.

Proof of Theorem[{.1. We will prove this theorem assuming that M is an open subset of R",
so that we can identify Tj(s)M with R". Clearly, this is not restrictive because of the local
character of the result.

Let us set so = 0 and, for every i = 1, ..., N, consider a number ¢’ < s; — s;_; and the control

S s Tt

Let us set § := % min{s;—s;_1, i = 1,..., N}. Let us define the set-valued map F : RY ~» R"

T 0= {f e ()]s 0<a<i) weer  aay

s e N

where 7 : RY — T'y denotes the orthogonal projection on I'y (which, because of the convexity
of I'y, is a continuous, single-valued, map). Notice that, by construction F'(¢) C Ry, for every
e € RV,

For each § €]0,6] and € € T'y N Bs, let us choose v = (71,...,7]\’) = (%,...,%) € I'y.

9We recall (see Subsection [1.1)) that SD(¢) denotes the (full measure) set of Scorza-Dragoni points of a
function ¢ = ¢(s,y), while L£{c} denotes the set of Lebesgue points of the integrable function c.

10 Actually the same is true for other, more classical, cones, e.g. the Boltyanski cone and the regular tangent
cone.
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From (4.25) in Lemma [4.1| below it follows that
N S/N §/N
perolio, wi™, - wlfN(8) =

L (4.22)
= 3(S) 5 D€ M(S, ) - (s i(s:).w0) = Fsi,9(51),(s:)) + (e, ),

for every e € I'y N By, where ¢ : U ((Cy N Bs) x {0}) — R™ is a continuous function which
0<6<8
verifies max {|¢(e, )|, € € Ty N Bs} = 0(d). In view of the abundance property, for each

6 €]0,6] and € € I'y N By, there exists ¢ : U ((Cy N Bs) x {0}) — R™ such that

0<86<8
2 € “ ~
y[05 on (5) J8) = sl o™, wdlM)(S) = (e, )
N 5
for all e € Ty N Bs, with max {|@(e, )|, ¢ € Ty N Bs} < 6% Therefore
2 €
Y [ew WwN WV <5> ] (S) =
) | A ) 5 (4.23)
= 908 + 5 D€ M(S,50) - (Flsis Glsi),w0i) = Fsi, Gsi)s 0 (si) ) + b (o),
=1
where h%(€) == ¢(e,8) + (e, §). Observe that
|h(e)| < dp(8), Ve €Ty By, (4.24)
,0), ee 'y N B
where we have set p(9) := max {[¢(¢ )|5€ w0 B} +9

For every 6 €]0, 4], let us define the map

A®:T'x N Bs — Lin(RY,R") x R"
e A(e) == (L, h(e)),

where L is the linear map defined as

1 N

L-b= N Z blM(S, 52') : (f(sz'?@(si)v mi) - f(Si,@(Si), UA}(SZ)>7 Vb e RN‘

Notice that, because of the continuity w.r.t. € of the left-hand side of (4.23)), for every § > 0,
the map e — A°(e) is continuous. By rewriting relation (4.23)) as
2 € ~
y[05 oo (5) ] (9) = 9(8) + L e+ h(e),
Wy e N

we get
g(5)+L-e+h5()eF()

-----

-----
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Lemma 4.1. Fix v € I'y and consider N control values wq,....,vony € 20 and N instants
81,y SN € SD{f (-, -, w(:)}NSD{f(-,-,01)}N...ASD{f(-, -, ron) N L{c()}, 0 <51 < ..., <
sy < S. Then, the map € — y, [w,wf, ...,wf\],v] (S) verifies

i [ 0w | () = §(9)
i 4.25
= ZWM (S, s:) - (f(si,@(sz»),mi) — f(si,gj(si),w(si))) + é(e, ), (4.25)

where ¢ is a continuous function verifying max{¢(e,y) : v € Iy} = o(e).
Proof. Let us begin by proving the lemma in the case when N =1 and 0 <y < 1. One has
[ | (1) = 9(s0) = 5 [0, (51 = ) = s = )
[ (0 (sl 16 i) w0) = (). () ) ds
= 7 (5 (sl o)) ) = (5. 300) () s (1.26)

where

B )= [ () (sl 6 0. 0) = £ (o1 ilen) (o) ) s,

1—el

o) = [ (Flsni(sn) i(s0)) — F(5.0(s),(s)) ) ds.
I )

1—el

To simplify the notation, in what follows we will write y,(s) in place of y,[w,wS'](s). Using
hypothesis (SH)-(ii), for every o € [s; — €', s1], one obtains the following estimate:

o

w¢®—@wﬂs/“ (5,9 (5), 8(5)) — £(s.(s), (s))] dst

o)) = 0, 060) + (561 006D = Sl o)l st
3 [ )00 = 5, 55) ()] ds <
(429) [ el (o) = alds+7 [ 1s.35)000) = 5, 3(5) ()] ds.
Setting i
ale) =7 [ 1) m00) = i) 5D d. (4.25)
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from the Gronwall’s Lemma, we obtain that
(o) =il o+ [ a4 mcslen {(1+2) [ etoldo falsias

< [ v@@@»mﬁ—;@;wxww»ws+u+awa@o/ﬁ d@wp%1+%n1ﬁd®w}ds

%Tel s1—€l

=v/ (5, 5(5),101) — F(s,5(5), @(5))| ds + (') — 0,

1—el

S1

(4.29)
as soon as €' — 0. Therefore,

S1

Y4 (5) — 9(s1)| < |y4(s) = yy(s1)| + |y4(s1) = 9(s1)] < (1 + 47)/ c(s)ds + 0(61)

s1—el
81
<) [ Jels) = clsn)lds (1 an)els) + ofe) = (L+ d)ele(sr) + ofe).
1 (4.30)
where the last equality follows from the fact that s; € £{c(-)}. Since

e s is a Scorza-Dragoni point of f(-,-,w(-)) and f(-,-,101) , and

e the maps y — f(s,y,w(s))}, y — f(s,y,1) are Lipschitz continuous in a neighbour-
hood of ([0, S5)),

in view of (4.29)), (4.30)), one gets
max {®;(e',7) : 0 <y <1} =o(eh), Dy(eh) = o(eh). (4.31)

If we set ¢(e!, ) := @y(e!, ) + Po(e!), ¢ is a continuous map and, by estimates (4.26) and
(4.31), it follows that

e (f (51,3(51),101) = £ (s1,3(51), (1)) ) + 6(', 7).
Hence, one has

d

ez [ ] sy = (£ (o061, 00) = £ (s0,5(s1), 0(s)) ).

which, by the basic theory of linear ODFE’s; implies that

M(S7S1) ) W(f (51,?3(51% t’bl) —f (81,@(81)771’(51)))-

Therefore, the lemma is proved for N = 1 and for any 0 < v < 1. The general case N > 2 is
easily obtained by a finite induction argument. The latter doesn’t display any new difficulty
with respect to the proof of the case N = 1. Actually, the argument is almost verbatim the
one utilized in the proof of the Pontryagin Maximum Principle when passing from single to
multiple, finitely many needle variations (see e.g. [40], Theorem 4.2.1). Hence we omit it.

U]

|61:0
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The reason why we have adopted QDQ approximating cones as tangential objects relies on
the validity of the following result. E

Theorem 4.2. Let the original family of controls V C W be abundant in W, and let a
feasible extended process (y,w) be given. Let N be a positive integer, and consider N control
values wy,...,tvon € W and N instants sy, ...,sy € SD{f(-,-,w(:))} N SD{f(-,-,w1)} N...N
SD{f(-,-,on)}NL{c(-)}, 0 <51 <...,< sy <S . Moreover, let C be a QDQ approximating
cone to the target T at §(S). If Cpy7% and C, are complementary subspaces, then there
exists a sequence (zx)keny C Ry N'T such that

lim z, = g(95)

k—o0

LN

9(S). Furthermore, since C' is a QDQ approximating cone to the target T at y(S), there
exist a positive integer M, a set-valued map G : RM ~s M, a convex cone I' C RM and
a Quasi Differential Quotient L of G at (0,9(5)) in the direction of I' such that G(I') C ¥
and C' = L -T'. In order to conclude the proof, it is enough to apply Theorem , i1), with
Ci = Cuwy, Co=C, Ny =N, Ny =M, Ty =[0,00)", [y =T, F; defined as in ([£.21)),
and Iy = G. This concludes the proof. O

Proof. In view of Theorem , Ch, 7wy 1s a QDQ approximating cone to Ry U {g(S5)} at

5. The main results

Theorem 5.1 (A GEOMETRIC PRINCIPLE FOR GAPS). Let us assume that the family of
controls V is abundant in W. Let (§,w) be a feasible extended process satisfying the infimum
gap condition. Then any QDQ approximating cone C' to T at y(S) is linearly separable from
any extended variational cone Cy, "0, i.e. there exists a non-zero linear form & € Tg*(s)/\/l
such that

00 <0< €0, V(cr, ) € Coriy x C.

yeeslON

Let us give the definition of abnormal extremal, normal h-extremal, and h-abnormal extremal.

Definition 5.1 (Abnormal extremal). Let (y,w) be a feasible extended process, and let C
be a QDQ approximating cone to the target T at y(S). We say that the process (§,w) is an
abnormal extremal (with respect to C') if there exists a lift (3, \) € WH([0,S]; T*M) of §
verifying the following conditions:

) D= g—§<s,@<s>,w<s>>;

(17) maxA(s)- f(s,9(s),0) = A(s) - f(s,9(s),w(s)) a.e. s€]0,5];

e

1 For the validity of this result, it is crucial to utilize QDQ approximating cones instead of the more general
AGDQ approximating cones.
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(iii) \(S) € —C*;
(iv) A#O.

Definition 5.2 (h-extremal). Let (§,w) be a feasible extended process, let a (cost) function
h: M — R be differentiable at §(S), and let C' be a QDQ approzimating cone of the target
T at §(S). We say that the process (§,w) is an h-extremal (with respect to h and C') if there
exist a lift (y,\) € WH([0, S]; T*M) of (-) and a cost multiplier \. € {0,1} such that:

M) D= g—;C(s,@(s),w(s)),'

(17) maxA(s) - f(s,9(s),0) = A(s) - f(s,9(s),w(s)) a.e. s€]0,5];

(iii) A(S) € —AVh(§(S)) — C*;
(iv) (A Ae) # 0.

Furthermore, we say that an h-extremal (g, w) is normal if for every choice of the pair (A, \.),
one has A\, = 1. We say that an h-extremal (y,w) is abnormal if it is not normal, namely if
exists a choice of (A, A.) with A. = 0.

Remark 5.1. Though these definitions have intrinsic meanings, we have chosen to adopt a
notation reminiscent of coordinates. Of course, the adjoint equation (i) might be expressed
—when coupled with the dynamics— as the Hamiltonian system

d
E@’ A) = Xg(s,z,\):=J -DH(s,x,\),

where H : T* M — R is the maximized Hamiltonian defined by setting

H(s,x,\) = maQ%()\(s) - f(s,z,10) V(s,z,\) €10,5] x T*"M
e
and Xy is the Hamiltonian vector field, namely Xy := J-DH, J being the symplectic matrix
and D the differential operator with respect to = and .

Observe that every abnormal extremal is an abnormal h-extremal for any cost h differentiable
at 9(S), while every abnormal h-extremal is an abnormal extremal. We are now ready to
state our main result on infimum gaps.

Theorem 5.2 (NORMALITY NO-GAP CRITERION). Let us assume that the family of controls
V is abundant in W. If a feasible extended process (§,w) satisfies the infimum gap condition,
then, for every QDQ approximating cone C to ¥ at §(S), (§,w) is an abnormal extremal with
respect to C'.

When referred to a specific cost h, the contrapositive version of this theorem provides a
sufficient condition for the absence of local infimum gaps. Precisely:
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Theorem 5.3 (A SUFFICIENT CONDITION FOR AVOIDING INFIMUM GAPS). Let us assume
that the family of controls V is abundant in W, and let (g,w) be a feasible extended process.
Let h : M — R be a continuous cost function, differentiable at y(S), and let (§,w) be a
normal h-extremal for some QDQ approzimating cone C' to T at §(S). Then (y,w) does not
satisfy the infimum gap condition.

As we have mentioned in the Introduction, the relation between gap phenomena and abnor-
mality has been quite investigated in two cases of embeddings: the embedding of bounded
optimal control problems into their convex relazation [37, 38, 139] and the embedding of un-
bounded (convex) control systems into their impulsive, space-time closure [33]. Since (by
Proposition the original control families in such embeddings turn out to be abundant in
their extensions, these kinds of results can be also obtained by Theorem [5.2[ In Section [§]
we are going to present a new application to a dynamics which is neither convex nor bounded.

Remark 5.2. Let us mention that the Lavrentiev phenomenon (see e.g. [15], 26, 27]) in the
Calculus of Variations is strictly connected with the notion of infimum gap. In our opinion this
deserves future investigation. Indeed, since there are no dynamical constraints, one has full
local controllability, which, in turn, implies normality. On the one hand, in several examples of
Lavrentiev phenomenon, even the Calculus of Variations reduction of the Maximum Principle,
namely the Euler-Lagrange equations, often fails to hold true. Hence, it is not at all clear
what notion of normality one should take into account. On the other hand, the Lavrentiev
phenomenon is likely due more to the lack of some kind of abundance of the set of original
velocities in the set of the extended velocities than to abnormality.

6. A verifiable sufficient condition for normality

In practical situations, it may be difficult or even impossible to directly verify the normality
of an extremal, which, in view of Theorem [5.3] would guarantee the absence of gaps. This
motivates Proposition below, which provides a sufficient condition in order for a process
not to be an abnormal extremal.

In the following definition we assume that a control system (E) as above is given, with an
initial condition y(0) = g, and we still use Ry to denote the reachable set from .

Definition 6.1. Consider a feasible process (g, w) : [0, S] = M X2 of (E). Let C be a QDQ
approximating cone to T at §(S). We say that the process (§,w) is C-needle-controllable at
S if, for every € € C+\{0}, there exist 6, > 0 and &5 € (0, S] such that

nsalelﬁgﬁ (f(s,9(s),0) — f(s,7(s),w(s))) > 01 a.e. s €[S —dy, 5. (6.32)

Proposition 6.1. Consider a feasible process (7,w) : [0,S] — M x 20 of (E). Let C be a
QDQ approzimating cone to ¥ at y(S), and let the process (y,w) be C-needle-controllable at
S. Then the process (§,w) is not an abnormal extremal, so, in particular, it cannot satisfy
the infimum-gap condition.

12 Although the use of different types of cones describing the non-transversality condition makes Theorem
and the results in [33], B7, B8], B9] distinct (see [9], [36] for the details).
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Indeed, if the process (7,w) were an abnormal extremal, there would exist an absolutely
continuous lift (g, ) : [0, 5] — T*M of § such that X # 0, A(S) € —C* and, furhermore, the

inequality
A(s) - (f(s,9(s), ) = f(s,5(s),w(s))) <0

would hold for almost every s € [0, S]\ Iy and every to € 20, I having zero Lebesgue measure.
This contradicts (6.32) as soon as one we set &€ := A(5).

7. Proofs of the main results

7.1. Proof of the Geometric Principle (Theorem

By a basic result on control system (see e.g. [40], [II]), Cy, "5 turns out to be a QDQ

approximating cone to the (local) extended reachable set ’R%r at (S l More importantly,
Theorem {4.1] states that Cy; 7’y is also a QDQ approximating cone to Rv U{y(S)} at

1,

7(9). Therefore, by Lemma the sets <Rwr U {g(S )}) and ¥ are locally separated at
9(S), which by Theorem , i), implies that the cones Cp; %, and C are not strongly

LIseeey
transverse. Since linear separability is equivalent to non-transversality (Proposition we
have to prove that these cones are not transverse as well. Actually, in view of Proposition [I.1],
the only case in which they might happen to be transverse (and not strongly transverse) is the
one in which they are complementary subspaces of Tjs) M. However, such an instance happen
happens to be excluded by Theorem [4.2] and the occurrence of an infimum gap: indeed, if
Co oy + C = TysyM and Cy 7y, NC = {0}, then Theorem |4.2] provides the existence

of a sequence (Yk)ken C Ry N T such that yp — ¢(.5), which Contradlcts the fact that (g, w)
verifies the infimum gap condition. This concludes the proof. O

7.2. Proof of Theorem[5.3

By Theorem [5.1} . the cones Cy; %, and C' are linearly separable. This means that there
exists £ € (T M)*\{0} such that§ € —CLN(CL 5 )7 Now let us set A(s) := £-M(S, s),

’’’’ o N

where M (S, s) is the fundamental matrix defined in (4.19)), so that

)\ of

A#0, A(S) € —C, E(s) = —A(s) - ay( ,9(s),w(s)), for a.e. s€0,9].

By ¢ € (Ciby )*, it follows that, for every i = 1,..., N,

.....

02 €« (M(S,51) - (i, 9s:),05) = (s, 3(s1), 0(s1)) ) )
= (& M(5,5)) - (Flsilsi)w0) = Fsi,9(s:). () (7.33)
= A1) (s 9(s1),w00) = (s 5(s0),(s2))).

e is a Boltyanski approximating cone to R;;”\}T at §(S) (see
g. [44]). Furthermore, a Boltyanski approximating cone is clearly a QDQ approximating cone.

13For instance: it is well-known that Cp 5y
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Therefore the lift (g, \) verifies (i)-(iv) of Definition [5.1] except that (iiz) is verified only
for every finite set of pairs (s;, ;) € [0,5] x W, ¢ = 1,..., N, such that sy,...,sy €
SD{f(-,-,w(-))} NSD{f(-,-,r01)} N ...NSD{f(-,,on)} N L{c(-)}, 0 <51 < ..., < sy <S.
To conclude the proof we have to show the validity of (iiz) in the whole control value set 20
and almost all times. This is achieved through standard non-empty intersection arguments
borrowed from those utilized, for instance, in [44] to prove the Maximum Principle.

7.2.1. The case of a finite subset of controls
Let us consider a finite subset of control values 20 C 2 and let us set
E() = () SD{f(5(), )} ()SDLS50), a0 (£} (< [0,8]),
weW

Since 20 is finite, £(2J) has measure equal to S. Therefore, by Lusin’s theorem we can write

ﬂ%ZG@, (7.34)

where Fy has zero measure and, for every j, the set E; is compact, and, for every w € 20,
the restrictions to E; of the map

S — Tm(S) = f(S,Z}(S), m) - f(s,g)(s),w(s)),
is continuous.

For every integer j, let D; be the set of density points E of Ej. Since, for every natural
number j, E; and D; have the same measure, one obtains that meas(E(20)) = meas(D)
where we have set D :=UZ,D; .

Now let F' be an arbitrary, non-empty, subset of D x 20, and let us define the subset A(F,20) C
(Ty(s)M)* by setting

AF, ) :={X € (TysyM)*, |A| =1, Averifies (P)p},

where property (P)r is as follows:

Property (P)p: The pair (9,\) € WH1([0, S]; T* M) is a lift of §(-) such that:
(1) A(S) =Ae —CL,
dx af . . .
(2) e —A- a—y(s,y(s),w(s)% a.e s€[0,5];

(3) A(s)- f(s,y(s),w(s)) > A(s) - f(s,y(s), ), for every (s,tw) € F.

14We recall that an element ¢t € B C R is a density point for B if lims_, w =1

5For every measurable subset A C [0, 5], we use meas(A) to denote the Lebesgue measure of A.
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Notice that, for every subset F' € D x 20, A(F,2J) is compact and, moreover,

A(Fy U F, 90) = A(F}, 90) N A(Fy, 20)

for all Fy, Fy € D x 90.

We have already proved that A(F,20) # () in the case of a finite I having the form

F ={(s51,101), ..., (8, 0)}, 0<8 <..<85<..<8, <85, w;€W.

Claim: One has A(F,20) # () even when F is an arbitrary finite subset of D x 20, namely
F' can be written as

F = {(Sl,ml), ey (Sm,mm)} 0<5<...<5,<...<8,, 0; € 2.

Indeed, every s; belongs to a suitable Dy, which can be labelled as Dy;). Since Dy is made
of density points, there exist sequences (s; ;) such that

Sij € Dh(z) VJ, S; = lim Si g

j—00

and
$15 < oo < Smyj V] e N.

Set Fj = {(8j,11), .., ($m, ) } —s0 that A(F;,20) # 0 and choose \; € A(F;,20). Since
[Aj| = 1 for all j, by possibly taking a subsequence we can assume that (););en converges to

some A. For every s € [s1, 5], define the lifts (g, ), (4, A;) € W ([s1, S]; TM) of § such that
A(S) = A, A;(S) = A and both satisfying the equation
a__,of

T =N g ).  ae s s8]

The mapping s — \;(s) satisfies the inequality

Ni(8ig) - f(sig, 0(sig), w(siz)) > Aj(sig) - f(sig,G(si), )

for all j € N, every i = 1,...,m and o € 20. Since, for every i = 1,...m, the map s —
r™i(s) == f(s,9(s), ;) — f(s,9(s),w(s)) is continuous on Dy ;), the function s +— A;(s) -7 (s)
is also continuous on Dy ;), so passing to the limit we can conclude that

A(si) - f(si9(s0),(s0)) = Asi) - f(s6,9(s:), 10)

for every i = 1,...,m and tw € 2. Since one also has 0 # A\ = A\(S) € —C*, the claim is
proved.
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7.2.2. The general case of an infinite control set

Up to now we have shown that, if 20 is finite, and F C D x 20 is finite —and we write
card(F) < oo—, then A(F,20) is a nonempty compact set. ~We now conclude the proof
through a standard non-empty intersection argument (see e.g. [44]). If we take a finite family
F',...,F" C D x 20 such that card(F;) < oo for every i = 1,...,r, one has

AFY, )N - NA(F",20) = A(F* U---UF",20) # 0,
(for card(F'U---U F") < o). Hence,
{AMF,20) | FCDx2, cardF < oo}

is a family of compact subsets such that each finite intersection s nonempty. This implies
that the (infinite) intersection of all A(F,20) such that cardF < oo is nonempty. Therefore

ADxWW)=A| |J FW|= (] AEW) £

card(F)<oco card(F)<oo

To end the proof in the general case when card(20) is infinite, for any arbitrary subset 20 C
define R B B B
AD) = {X € (TysyM)*, |\ =1, X verifies (PP)z},

where property (PP) . is as follows:

Property (PP);: The pair (g, \) € W5([0, S]; T*M) is a lift of §(-) such that:

(1) M(S) =X e -Ct;

. of
(2) %——)\'a—y

(3) For each w € 20, there exists a subset of full measure I, C [0, S] such that
As) - f(s,9(s),w(s)) = As) - f(s,5(s), )

for every s € I, to € 2.

(s,9(s),w(s)), a.e s €[0,5];

So, proving Theorem is equivalent to showing that

A(QD) # 0. (7.35)
Since
Ay = () A, (7.36)
card(W)<oo
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once again we have to show that the (possibly infinite) family
{A(in), card(20) < oo}

has non-empty intersection. This can easily achieved by the same arguments as above. Indeed,
A(Qfﬂ) is not empty and compact as soon as 92Y is finite. Furthermore, for every 20,205, C 20
one has

A5, U W) = A(20;) NA(,).

In particular, the family {A(Qﬁ) . card(W) < oo} is made of compact subsets and satis-
fies the finite intersection property, that is, the intersection of any finite finite subfamily

{A(QAH) . card() < oo} is not empty. Therefore, it has non-empty intersection, namely

AW) = (] A@)#0.

card(2)<oo

This concludes the proof of Theorem

8. An application to non-convex, unbounded, problems

Impulsive optimal control problems —where the dynamics is unbounded— have been extensively
studied together with their applications [4, [5, [6 10, 12, 13| 16l 17, 22, 23, 25 29] B30, 42
51]. The space-time representation (see below) can be regarded as an extension of
unbounded control systems. An important case is the one of a minimum problem with a
control-affine dynamics:

(

Minimize h(ts, x(t3), n(t2))

over to € R, to > 11, (.T,?],U)() S AC([tl,tQ],M X R) X L1<[t1,t2],U>
such that

N GO = @) + Y ata@pt) se e |

dn
— () =u@®)] ae tet,t)

. (x(tl)an(tl)) = (1_;70)7 (t27x(t2>777(t2>> €T x [O>K]

Here the set U where the controls u take values is unbounded. Furthermore, the state x range
over a n-dimensional Riemannian manifold M of class C?, and the time-dependent vector
fields f,g1,...,gm are of class C! in x, continuous in ¢, and uniformly bounded by a L! map.
Moreover, the cost h: R x M x R — R is a continuous function, (¢1,Z) € R x M is a fixed
initial condition, K is a non negative fixed constant, possibly equal to +o0, and the end-point
constraint T C R x R" is a closed subset. Notice incidentally that the function 1(t) coincides
with the L'-norm of the control function u := (u',u?,...,u™) on the interval [ty,t].
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The gap-abnormality criterion for this kind of systems (where one considers the space-time
extension below) has been already investigated in the case when the set of controls U
is a convex cone [33]. Actually, thanks to Theorem (see also [36]), the main result in [33]
can be extended to the case in which the state ranges on a Riemannian manifold. However
the generalization made possible by Theorem [5.2] allows one to go much further. Indeed, in
what follows we are able to deduce from Corollary that the gap-abnormality criterium
holds true also in the situation when the control set U is unbounded but neither is convex
nor s a cone.

More precisely, we will consider the following two cases:

CASE (1) (Space-time convex extension) The controls take values on a (necessarily unbounded)
subset U C R™ such that coU is a (convex) cone, where we have used co E to denote
the convexr hull of a subset E C R™;

For instance, one could consider the set U = N, so that co(U) = [0, +-o00[™.

CASE (11) (Space-time non-convex extension) The controls take values on a (necessarily un-
bounded) subset U C R™ such that

(r,u) € [0, +00[xU = Fp >1r s.t. puc U (8.37)

Notice that, if for a given set E we consider the conic(E) := {re | (r,e) € [0, +oo[xE}
—a cone which we call the conic envelope of E—, one has that

71r61[f] d(u, conic(U)) = 0.

For instance, one could consider the set U = {(n2,0), (0,—m3) | m,n € N}, so that
conic (U) = [0, +oo[x{0} [J{0} %] — o0, 0].

Remark 8.1. We will treat CASE (1) in detail, describing the extension to the convex space-
time system obtained by both convexification of the dynamics and the closure of suitably
reparameterized processes. Instead, we will only suggest the needed changes to deal with
CASE (11), where the only extension comes from reparameterization. However, CASE (II) is
somehow more significative, in that it marks the most important improvement with respect
to the former literature initiated by Warga’s work. Indeed, in this case not only the original
dynamics but also the extended dynamics is non-convex. This can be of interest in those
application where the convexification of the dynamics is not needed (for instance because one
gets existence of minima without invoking convexification).

8.1. CASE (1) (Space-time convex extension)

In order to formulate this problem by means of the terminology adopted in Theorem 5.2} we
need to embed our system into a suitably extended one. To this aim we need to perform
both a ‘compactification’ (to manage unboundedness) and a ‘convexification’. Let us begin

by setting
A= {a=(a',...a™*?) € [0,1]"", S ai =1} A:=L'(]0,5], A)
W = {(w’,w) €[0,00) x coU :  w’ + |w| =1} W = L' ([0, 5], W)
V= {(v%v) € (0,00) x U: "+ |v| =1} V= L'([0,5],V)
D :=1[-0.5,0.5] D := L*([0,5],D)
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Wi=Ax W) xD,  V:={(1,0,...,0)} x (V)" x D,
and let us consider the optimal control problem

4

Minimize h(2°(S), 2(S), v(S5))
over (2%, 2, v, a, (W), w), ..., (W, 4, ways),d)(-) € AC([0,5],R x M x R) x W x D
s.t., fora.e sel0,9],
( dZO n+3 . .
(P Ej$=ﬂ+%%%¥@ﬂ%@
) = () Y @) (FE006) 26)ul(6) + 3 g ((5), () 9))
- s =
Eg@=ﬂ+ﬂ%§:ﬂﬁ%@ﬂ
(22(0), 2(0), v(0)) = (0,Z,0),  (2°(5),2(5),v(5)) € T x [0, K]

(8.38)
Accordingly, a pair

<(20, z, V) , (a, (w?,wy), .. ., (w2+3, Wnis), d))

such that (zo, z, 1/) is the solution of the above control system corresponding to the control
(a, (W), w1), ..., (W, 5, wuys),d) is called a process of (P)}y,. The embedding of the problem

(P) into (P)}y, is as follows: fix S > 0, and, for every control u : [t;,t4] — U, consider the
function o, : [t1,t5] — [0, S] defined by

oult) : —il_/XLHmﬁ)m —;i—ﬁ+mm. (8.39)

g+ llull 5+ [ulh

Then define 7 : R x AC([t1,t2], M x R x R™) — R x AC([0,S],R x M x R x R x R™) by
setting

Z(z,m,u) = (((zo, z,v), (a, (W), w),. .., (W) 5 Wats), d))

where, forall s € [0,5] and all i = 1,...,m,

A

(2°, 2,v)(s) := (id, z,m) 0 0, ' (), Vs el0,5],

g+ [l 1

1wt = (1 ) o o)

By a trivial use of the chain rule one gets the following result (see e.g. [4] for a similar
embedding):

a:=(1,0,...,0), d:
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Lemma 8.1. The embedding I is injective E Moreover, the image space of the embedding

7T coincides with the set of all processes ((ZO, z, 1/) , (a, (w9, w1), ..., (W, 5, Wnys), d)) such

that
(a, (W), w1), ..., (W s, wai3),d) € V.

Thanks to Lemma we can identify the original problem (P) with the problem

( Minimize b (2°(S), 2(S), v(S))
over (2%, 2, v, a, (W), wy), ..., (WS, 5, wnys),d)(-) € AC([0,5],R x M x R) x V x D

s.t., forae sel0,9],

C;_i)(s) = (1+d(s) > a'(s)wf(s)
(PY} Y m
L0 = (1 d6) L a9 (0 6D s) + D050 (6D (9)
dv n+3 .
s ()= (L4 d(s) D a()(o)

A

[ (2°(0),2(0),1(0) = (0,7,0),  (2(5),2(5),v(5)) € T x [0, K]

We can now apply the theory developed in the previous sections. In view of the sufficient
condition provided by Proposition , it is quite easy E] to verify that the family of controls
V is abundant in W w.r.t. the dynamics of problem (P)},. Therefore, by Theorem one

obtains the following infimum-gap result:

Theorem 8.1. Consider a feasible extended process

A ~

((yojy,y)7 (a, (wg,wl),...,(w2+3,wn+3),d)), d=0,

and assume that it satisfies the infimum gap condition. Then, for all approximating cones
CtoT =% x[0,K] at (§°,9,0)(S), there exist a number B < 0, an absolutely continuous
path (X%, A, \Y) € Wh1([0, 5]; ROH"D) and a zero-measure subset Iy such that the following
conditions hold true:

() (A% A N) #0;

6Notice that the injectivity is a consequence of the fact that w(s) + |w;(s)| = 1 for a.e. s € [0, 5] and for
i=1,...,m.

1"Tn particular the density is a consequence of standard relaxation results for ode’s (see, e.g., [46], Theorem
2.7.2). The concatenation property of V is instead easy to verify. So the abundance of V into W follows from

Proposition
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(1) “0(s) = ~A(s)- [Z i(s) (3—;0@0(5)7 3(5)a%(s) + Y a—jg@%s), @(s))uaz(s))] ,

(i1.2) D(s) = —A(s)- [Z i (s) (%(@0<s>, §(5)a%(s) + Y %—Zj@%s), y<s>>uvz‘<s>>] ,

i=1 j=1
a.e. s € [0,5];
(i) (1+d)§a N0l + AGs) - (Fls)uwf —f—Zg] i) + Bl
=1
< n+3@i(s) [Ao(s)wg(s)ﬂ(s) ( i )+Blwz( )I},
i=1 =

for every (W, w,d) € W x [—0.5,0.5] and s € [O,S]\Io;
(ZU) ()\O(S)’)\(S)7B) € —C.

8.2. CASE (11) (Space-time non-convex extension)

Let us recall that we are assuming (8.37)), namely
(r,u) € [0, +o0[xU = Ip > r s.t. pu € U.

Unlike the previous case, we are not going to convexify the dynamics, while we will consider
just the impulsive extension. Without repeating all the steps, we just observe that the sought
extension is obtained by neglecting the sets A and A, and by replacing W with the (generally
non-convex) set W := {(w’ w) € [0,00) x U : w® + |w| = 1}, respectively. In turn,
problem (P)}, simplifies into the following non-convex problem (P"¢)%,

( Minimize h(2°(3), 2(5), v(5))

v(
over (2°,z,v, (W w),d) € AC([0,5],R X M xR) x W x D

~

s.t., forae. se€l0,9],

i [ ) =t dis)
() = () (FE) 2N (6) + Y =(6), () (5))
| () = (1 + d(s)) ()]

[ (2°(0),2(0),#(0)) = (0,2,0),  (2°(9),2(5),¥(5)) € T x [0, K]
(8.40)

18We have set f(s) := f(5°(s),9(s)), §;(s) := g;(°(s),5(s)), for all s € [0,5] and i =1,...,m



The other objects simplify accordingly, and, still because of the concatenation property (and of
the ds-density of V in W), the subfamily V of controls is abundant in the family VWW. Therefore,
by applying the infimum-gap result stated in Theorem [5.2] we get:

Theorem 8.2. Consider a feasible extended process

((yo,y,y), ((wo,w),d)), d=0,

and assume that it satisfies the infimum gap condition. Then, for all QDQ approximating
cones C to T := Tx[0, K] at (1°,7,0)(S), there exist a number 3 < 0, an absolutely continuous
path (X, X, \) € Wh([0, 5]; RO+"H) and a zero-measure subset Iy such that the following
conditions hold true:

(i) (A% A A) #0;

@ %@:—A(s)-(af P(s

25 = =\s)- (%g%s), ) ats) + 3 P30 (s) @(s»wz(s)) ,

~

for a.e. s €10,5];

~~»
©
S
[en}
+
INgE
=
g@
~—
_|_
=
£

(i) (1+d) [AO(s)wO +A(s) - (

< X)) + As) - (F)i°(s) + 3 g5(5) (5)) + Blas)l],
=1
for every (w°,w,d) € Wm¢ x [=0.5,0.5] and s € [0, S]\Io:
(Z'U) ()‘O(SA’)’ A(S)v B) S —C.
9. Why abundance is crucial: an example

The following example, which is due to H.J. SussmannH shows how the abundance hypothesis
plays crucial for the validity of Theorem [5.3]

Consider the families of controls ¥V C W defined as

W = LY([0,1],]0,5]), »u:{vemmhiﬁwms¢1},

9Personal communication.
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and the optimal control problems

Minimize y(1)
over processes (y,v)(-) € WH([0,1],R) x V
(Plv § dy

%(5) = u(s), a.e. s € [0,1] 7

y(0)=0, y1)=1,
Minimize y(1)
over processes (y, w)(-) € WH1([0,1],R) x W
d
d—y(s) =w(s), a.e. s € [0,1]
s
y(0)=0, y(1)=1,
The process (g, w)(s) := (s,1) is a minimizer of the extended problem (P)yy, with cost equal
to 1. If we restrict the controls to the original family of controls V, the cost of the problem

raises to 400, since every solution y[v] with v € V fails to be feasible. In other words the
process (¢, w) satisfies the infimum gap condition.

By applying the Pontryagin’s Maximum Principle to the minimizer (g, w) of (P)y, we get
that there exist multipliers (A(-), A.) # (0,0) such that

d\

ds
In particular this implies A(s) = 0 and A, > 0. Therefore, if we set h(y) := y for every
y € R, the process (7, w) turns out to be a normal h-extremal. Therefore, in view of Theorem
the set V, though being dense in W, cannot be abundant in W. As a matter of fact,
one can easily find a positive integer N, § > 0 and N + 1 controls w,wq, ..., wy for which
02 r....0n - Iv — V verifying the properties of Definition (4.1] does not exist. Indeed, consider

(s) =0, A(s)io < A(s) Vo e0,5], se]0,1].

In view of Definition one has

lim [ 6°(y)(s)ds = /0 w(s) +y(wi(s) —w(s)) =2y  VyeTl.

6—0 0

Then, for every 4 sufficiently small, either there exists a v5 € [0, 1] such that

/0 0% (45)(s)ds = 1.

or the map vy — fol 0°(v)(s)ds is not continuous. Since the former case is ruled out by the fact

that the map 6°(-)(s) has to take values in V), the map v fol 6°(v)(s)ds is not continuous,
so providing a contradiction.
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