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ABSTRACT. This paper proves new regularity estimates for continuous soluti-
ons to the balance equation

Ou+ 0z f(u) =g g bounded, f € C*"(R),

when the flux f satisfies a convexity assumption that we denote as 2n-convezity.
The results are known in the case of the quadratic flux by very different ar-
guments in [14, 10, 8]. We prove that the continuity of u must be in fact
1/2n-Holder continuity and that the distributional source term g is determi-
ned by the classical derivative of u along any characteristics; part of the proof
consists in showing that this classical derivative is well defined at any ‘Lebes-
gue point’ of g for suitable coverings. These two regularity statements fail in
general for C*°(R), strictly convez fluxes, see [3].

1. Introduction. This paper is part of a series of papers concerning the interplay
among the Lagrangian and Eulerian formulation for solutions of balance laws with
a bounded source term

Ou+ 0, f(u) =g g bounded, f € C*"(R). (1.1)

The fact of considering continuous solutions is motivated by the idea that the source
term g might act as a control device preserving continuity, differently from the case
of conservation laws. Indeed the analysis of continuous solutions might be an in-
termediate step even when more regularity is proved to hold in the end, see for
instance [11, 16]. In the case of the quadratic flux, when considering the Cauchy
problem with an Holder continuous initial datum, one can indeed construct conti-
nuous solutions for all times, see [14]. There are interesting contributions, like the
last one just mentioned, coming from sub-Riemannian geometry because relevant
geometric objects in modeling surfaces have been related to balance laws, see for
instance [5, 24]. Studying the structure and the regularity of continuous solutions
when the source is bounded is also interesting as a toy problem for more complex
situations, e.g. developing the physically relevant program of determining the struc-
ture of distributional solutions for unbounded sources, see [7] as a progress in this
direction.

By ‘Eulerian’ solution we just mean here a distributional solution. Even if the
entropy condition does not play any role in the analysis of this paper, we recall [2]
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the intuitive but nontrivial fact that continuous distributional solutions of (1.1) are
indeed Kruzkov entropy solutions [18]. We also recall [2] that continuous Eulerian
solutions are ‘Lagrangian’ in the following sense: they satisfy a transliteration of
the infinitely dimensional system of ordinary differential equations

%w(m = F'ult, A1) A0) =0 € R
3z 4t (®) = g(t,(1)
which in the smooth setting arises by reducing the balance law along characteristic
curves, see [2, Definitions 5;12] for a precise definition. In this reduction, a point
which was not fully clear in [2] is the correspondence among the source term g and
its ‘restriction on characteristics’ which appears in the formulation in ordinary dif-
ferential equations: as g is defined £2-a.e. this restriction on curves in the plane is
fairly nontrivial. Under general assumptions, a compatibility statement ensures [3]
that one can pointwise select a Borel function g good for both the formulations.
Nevertheless, g is not fully determined by the classical derivative of w along cha-
racteristics even if f € C° is strictly convex: [3] contains a counterexample. We
prove here that, if f is a-convex as defined below, the classical derivative of u along
characteristics does determine g: (a) £2-a.e. points of the plane are Lebesgue points
of g, for suitable coverings, and (b) at those Lebesgue points the classical derivative
of u along characteristics exists and it is equal to that Lebesgue value. We thus
extend the known case of the quadratic flux [14, 10, §].

Aim of this paper is indeed proving new regularity estimates for continuous solu-
tions to balance equations (1.1) when the flux f satisfies the following a-convexity
assumption.

(1.2)

Definition 1.1. Let a > 1. A function f : R — R is a-convex at v if there exist
g,c¢> 0 and ¢ € R such that for |z — v| < € one has

f(z) = f(v) = (z —v)l > c|z —v|“.
We say that f is a-convez if f is a-convex at every point of its domain, with ¢, ¢
independent of the point. In particular, an a-convex function is convex. When
a=2and f € C}(R) we recover uniform convexity.

We state now the main theorem of this paper assuming a-convexity of the flux
for a = 2n, with n € N. It will be described in more detail in the next sections.

Theorem 1.2. Let g be a bounded Borel function on R%. Let f € C?™(R) satisfy
Definition 1.1 of 2n-convexity and let u be a continuous distributional solution of

Oy ult,z) + 95(f(u(t,x))) = o(t, z). (1.3)
Then

1. w s %—H&lder continuous and
2. at L2-a.e. (t,x), u is differentiable along any characteristic curve through (¢, x)

with derivative g(t, ).

Property 2. in the above statement is of importance for the correspondence of the
sources among the Eulerian formulation (1.1) and the Lagrangian formulation (1.2)
of the balance law. We stress again that Point 2. is highly nontrivial: it fails in
general if the flux is only strictly convexr rather than 2n-convex. If f € C*(R) is
strictly convex, indeed, but not 2n-convex for any n € N, it might still happen [3]
that there is a compact set K C R?, with £2(K) > 0, which is made of points (¢, z)
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where u is not differentiable along characteristics, whichever characteristic is chosen.
When u is not differentiable along characteristics at points belonging to K, possible
if f is strictly conver, then it is not evident how to determine the distributional
source term for (1.1) given the derivative of u only along characteristics: on the
non-negligible set K there is no obvious candidate value! Even when the flux is
quadratic there might be [3] a continuous solution u which admits a non-negligible
compact set K, £L2(K) > 0, which intersects each characteristic curve in at most a
single point. Nevertheless, Point (2) of Theorem (1.2) states that wu is differentiable
L£2-a.e. along characteristics also at points belonging to K: the natural candidate for
the distributional source term is thus the classical derivative along characteristics.

Theorem 1.2 is know for the quadratic flux in the context of sub-Riemannian ge-
ometry. Differentiability £2-a.e. was proved [14], and the strong approximation [10]
is now available. The Hélder continuity was shown in [9, 8] for f(z) = 22. We in-
clude the proof here, as well, for a broader presentation. Local Lipschitz-regularity
can be proved where f’(u(t,z))f” (u(t,z)) # 0 only for autonomous sources [1].

In § 2 we discuss how continuity improves to 1/a-Ho6lder continuity when f €
CL(R) is a-convex. In § 3 we discuss the classical differentiability of u along cha-
racteristic curves and how it identifies g.

2. Rough Holder continuity estimate. We derive in this section a rough Holder
continuity estimate. The estimate we derive is rough because it is known for the
quadratic flux [14, 10, 8] that, for £2-a.e. (t,z) fixed, the quotient among the in-
crement |u(t,z) — u(¥',z’)| and the distance /|t — /| + [z — z/| converges to 0 as
(t',2") — (t,z). Here we prove that, if u is a continuous solution to the balance
law (1.1) in a connected open set O and the flux f € C1(R) is a-convex, then u is
1/a-Hélder continuous on compact subsets of O. The proof follows [9, 8] relative to
the quadratic flux. We do not have any pretense of establishing an optimal constant
of Hélder continuity and we do not enter in a finer pointwise analysis.

As a preliminary observation, we shall indeed remark that the subject of this
section is not completely local in the following sense. If one has that u is a continuous
solution to (1.3) in a connected open set O, then one cannot in general obtain the
estimate in Theorem 2.1 below with the same constant ||g||r in the right hand
side: the constant ||g||p~ in the right hand side of Theorem 2.1 below is deduced
when O = R2. It shall be replaced by a bigger constant close to boundaries—or it
otherwise holds for z1, zo sufficiently close to each other on compact subsets of O.

For keeping the exposition in this paper as simple as possible, we avoid to give
the full definition [2, Definitions 5;12] of Lagrangian continuous solution of (1.1).
We just stress that Lagrangian solutions, for fluxes whose set of inflection points
is negligible in the sense of [2, Assumption (H) in § 1.2.2], satisfy the following
property which in the general case defines the stronger notion of Broad solutions:

d .
if v is a characteristic curve of w in (1.1) 3 T u(t,y(t)) = g(t,v(t)) in D(R)

for a suitable Borel function §, independent of «, which satisfies ||g|lcc < [|9]loo-
In Section 3 we prove that when f is a-convex then the above property necessarily
defines the Borel function g £2-a.e. and it moreover defines precisely the distribution
g; this is not the case in general even for C°°, strictly convex fluxes [3]. For the rest

of this section, we determine the Holder continuity of w.

Theorem 2.1. Assume f € CY(R) is strictly conver. Then a continuous distri-
butional solution u in R? of the conservation law (1.3) satisfies for all x1,xa,t the
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FIGURE 1. Proof of a rough Holder continuity estimate of u

inequality

flu(t,z1)) + f(u(t,z2)) — 2f (U(t’ﬂil) + u(t, z2)

2

) < llglzwlws — 2a].

Proof. As in [9, 8] about Holder continuity, the proof is based on the Taylor expan-
sion of the characteristic curves, that however we apply here differently.
We fix the attention on the case

t=0, 1 <w, up:=u(0,x1)>u(0,22)=:u2, G:=]|gl|L=.

This assumption is not restrictive: the case when u(0, 1) < (0, z2) can be similarly
obtained by considering negative rather than positive times, while the case when
x1 > w9 follows by exchanging the indexes 1 and 2; finally, setting ¢ = 0 is of
course a convenient notation but it does not play any mathematical role. Let 1, o
be characteristic curves respectively through (0, 1), (0,z2). Denote by i,(s) the
injection (s,v;(s)), for i = 1,2. The characteristic curves can be written in integral
form as

vi(t) = x; —|—/0 Y(s)ds = x; —l—/o I (u(iq, (s))ds, Vi=1,2.

Remember moreover that, by the Lipschitz continuity along characteristics [2, The-
orem 30],

u; — Gs < u(iy(s)) <u; +Gs Vs>0 Vi=1,2. (2.1)
Applying then the monotonicity of f'(z), which follows by the convexity hypothesis
on f,

. — — . t
I’iff(uz Gé) f(uz) — Jr/O f/(uz _ Gs)ds
< %lt) (2.2)
S951“"/0 f/(ui—i—Gs)ds:xi—i—f<ui+G2_f(“i).

The exploitation of monotonicity, as for Lagrangian parameterizations in [2, 3], is
motivated by [6].

If the two curves 71, 2 do not intersect up to time ¢ (Figure 1, on the left), then
the lower bound for 7; must be less than the upper bound for v, and we find the
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inequality
Gry — [f(ur — Gt) — f(u1)] < Gza + f(uz + Gt) — f(uz).

In particular, if they do not intersect before ¢ = *1L-12

e
Gry — Goy = f(u1) + f(uz) — f(ur = Gt) — f(uz + Gt)

= f(ur) + f(ug) = 2f (W) .

one has the thesis:

If instead 71, 72 intersect at some time ¢ (Figure 1, on the right), then by the
tangency condition, by (2.1) and by the monotonicity of f’ one has

f'ur = Gt) < f(uliq, (1) = f(u(iqg (1)) < f'(uz + GY),
which by the strict convexity of f implies
ul—Gt§u2+Gt.

In particular, t = “5=2 is the first possible time of intersection, achieving the
thesis. O

Corollary 2.2. Assume f € CH(R) satisfies Definition 1.1 of a-convezity when
restricted to the image of a continuous distributional solution uw of (1.3). Then

u e CL(R?).

loc

Proof. The proof is divided into two steps similar to [9, 8]. We first prove that
a continuous Lagrangian solution u of (1.3) is locally 1/a-Holder continuous on
t-sections. We then prove that it is 1/a-Holder continuous as a function of two
variables.

1: Study of t-sections. By the inequality of Theorem 2.1 one has that for all z1, xo,t

(t,21) + u(t,x2)
2

F(ulta1) + flu(t,a)) — 2 (“ ) < llglomloz — 2]

Being continuous, v is uniformly continuous on compact sets: for every compact set
K Cc R? and ¢ > 0, let w(e; K) be a e-modulus of continuity for u in space, at any
fixed time ¢, on the compact set K. We mean that

(t7x1>7 (taxQ) € K7 ‘332 - .731‘ < w(E;K) = ‘U(t,l‘l) - u(taxQ)‘ <e.

By the a-convexity assumption of Definition 1.1, one has that if u1,us € R belong
to the image of a continuous Lagrangian solution u of (1.3) and if |u; —ug| < € then

Fluy) + flup) — 2f (“1;“2> _

. U tug Ul — Uz urtug\ ul—Uz , (U 2
S ) () :

U1 + ug Ug — U U1 + usg U2 — U ., (U 2
cr(mg et r(tg) e ()
ul—uga
2

> 2¢

Collecting the information, we conclude that if

|2 — 1] <w(g; K) and  (t,21), (¢, 22) € K
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then

u(tvxl) - u(tva) “
2

Flut, 20)) + f(ult, 22)) — 2f (““’x” : ““*””) > 2

Together with the inequality of Theorem 2.1 we obtain the local 1/a-Hélder con-
tinuity estimate of the t-sections on the compact K: if

(t,x1), (t,m2) € K, |z2 — 21| < w(g; K)

then

lu(t,z1) — u(t,z2)| < 2% % lws — a4 (2.3)

2: Study in R?. The Holder continuity of u in the two variables follows as in [9, 8]

combining estimate (2.3) on ¢-sections, which are horizontal lines, with the Lipschitz
continuity estimate of u along characteristic curves, as characteristic curves cannot
have horizontal tangent. In formulae, consider (t1,z1), (ta,z2) € [—M,M]? for
some M > 0. We term x12 the point where a characteristic curve « through (¢1, 1)
intersects the coordinate line ¢ = to: setting A := f’(u) we obtain

Y(t) =z,  A(te) = w12, Y(E) = A(i4(1))

Below, we now apply: e Holder continuity on the t3-section for estimating |u(ta, z2)—
u(te, r12)| and e Lipschitz continuity along ~ for estimating |u(t1,x1) — u(ta, 12)|-
We first need to check that the points (ta, z2), (£12, 212) belong to a same compact
[~M — L, M + L]?, where |A|| oo = L, and that |3 —z12| < w(e;[-M — L, M + L}?).
Since |A| < L, the differential condition of being a characteristic curve implies

|z12| =

ta
1 +/ "7’ <|z1|+ Llt2 — t1],
t1

|$2 - $12| =

12
1‘2—1‘1—/ 7‘§|1‘2—1‘1|+L|t2—t1|.
t1

In particular, if
‘.132 - .’131| + L|t2 - tl' S W(E, [_M - L7M+L]2)7 |t1 - t2| S 17
then necessarily

|w12| < |w1| + |1 — 212] S M 4+ Lity — to] < M + L,
(ta,x12) € [-M — L, M + L)*
|$2 - 3312‘ < ‘.’EQ — l‘l‘ + L|t2 — tl‘ < w(s; [—M — L,M—FL}Z) .
We recall from [2, Theorem 30] that u o i, is G-Lipschitz continuous. The es-

timates we just made in this step show that we can apply the Holder continuity
on the to-sections, provided by previous step, with the choice of the compact set
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K =[-M — L, M + L)*: by the triangular inequality we get then

lu(ty, z1) — ute, z2)| < |u(te, z1) — u(te, 12)| + |u(te, T12) — u(ta, 22)|

< Glta —t1]+2 \a/ % Y T2 — z12]

SG‘tQ_t1|+2a\/7Hgg£m C\X/|JJ2—Z‘1|—|—L|t2—t1|
G of lgllze=

< | —+24=— 113 — Llto — t1].

- <%+ 2c Vlwz = @] + Litz ~ ta]

We therefore find the following. If (t1,z1), (t2, z2) € [-M, M]? for some M > 0 and
if € > 0, then

‘fEQ —(El‘ +L|t2 —tl‘ Sw<€; [—M—L,M-l—L}Q) S 1, ‘tl —t2| S 1

implies that

/L 2c

Notice that we are using as a modulus of continuity in the two variables on the
compact set [—M, M]? precisely the modulus of continuity w, introduced in the
previous step for the t-sections, on the larger square [-M — L, M + L]?>. This
concludes the proof of the local 1/a-Hélder continuity of w because |z|+ L|¢| defines
a norm on R? equivalent to the Euclidean one. O

G . 2\ .
u(tl,xl)—u(tg,x2)|§< Loy/lglz >\/|:c2—x1|+L|t2—t1|.

Example 2.3. We remind the well-known, classical example u(t, z) = y/|z|, which
satisfies

Dy u(t, ) + 05 (U (t, x)) = 1.
We notice that the Holder estimate on the ¢-sections (2.3) cannot be lowered in this

example if one of the two points is the origin, as in this example ¢ = a = 2 and
llgllzee = 1: for the two points xo = z, 1 = 0 estimate (2.3) reduces precisely to

[u(t, @2) = ult,z1)] = |u(t,z) — u(t,0)| = V/]a] = 2 /gl /2¢ /]2 — a4].

3. Lebesgue differentiation theorem with characteristic regions. In this
section we aim at showing that the distributional source term is the classical deriv-
ative along characteristics, when w is a continuous distributional solution to (1.1)
with a smooth 2n-convex flux as in Definition 1.1. More precisely, we provide coun-
tably many Vitali coverings of R? such that if (¢,7) is a Lebesgue point of the
distributional source term for all these coverings, then w is differentiable at (¢, x)
along characteristic curves with derivative given by the Lebesgue value of the dis-
tributional source. For f(z) = 22/2 an alternative proof is available [14, 10, 8], and
a third line of proof was pointed out by Stefano Bianchini (Taipei, 2012).
The section is organized as follows:

63.1: We make clear what we mean by ‘Lebesgue value’ and which coverings we
consider.

§3.2: We prove a differentiation theorem at ‘Lebesgue values’ for the coverings spe-
cified in §3.1. This differentiation theorem identifies Lagrangian and Eulerian
source terms. We show that for uniformly convex fluxes £2-a.e. point is a
‘Lebesgue value’.
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§3.3: We show that if the flux f € C?"(R) is 2n-convex, then there are at most
countably many exceptional values {Ty }reny where f” might vanish. We prove
then the differentiation theorem for the covering of § 3.1 also of the set where
f” vanishes. In particular, we identify Lagrangian and Eulerian source terms
also on this remaining set.

This brings us to the following conclusion, which will be better explained in the

subsections.

Theorem 3.1. Suppose f € C?" is 2n-convex in the sense of Definition 1.1 for
somen € N. Let g = [g] € L>=(R?) be the equivalence class of functions L?-a.e. equal
to the Borel function g. If u is a continuous solution to the balance law (1.1), then
L2-a.e. point is a Lebesque point of g in the sense of (3.13) below. At those points
(t,m) where (3.13) holds one has

d - _
3 I w(t, y()],7 = 9(t, (1)) for all v characteristic curve of u with v(t) = T.

The proof of the above Theorem is given in Lemma 3.5 below for n = 1 and in
Lemma 3.8 below for n > 1.

3.1. Lebesgue values. We now specify the coverings of R? that we consider when
we talk later on of Lebesgue values of a function, and in particular of the source term
in (1.1). The coverings are indexed by a parameter p, | 0 with n € N, and they
would degenerate to pieces of characteristic curves of (1.1) if we had rather fixed
p = 0. Each covering is made by compact sets which are ‘flow tubes’: two edges
are space segments, say of length p,d, and the other two edges are given by any
characteristic curve of (1.1) and its translation, with a fixed amount of time equal
to 61/ as the eight. These kind of regions resembles ‘characteristic regions’. This
covering is of course devised taking into account the a-convexity of f for passing
to the limit when expressing the PDE (1.1) in an integral form over these regions:
this limit is matter of Sections 3.2, 3.3.

For fixed 0 < p < 1 < a, consider the following family of subsets of R? (Figure 2):

,

V= {85 (ne,0), S (e 0) |

v e CYR) : 4(t) = f'(u(t,1(1), € >0, o €R},
Stl(ve,0):={(t,x) : o <t<o4e y(t) <z <y(t)+pe}, (3.2)
Sl (v,e,0) ={(t,x) : o —e<t<o, y(t) <z < A(t) +pe”}, (3.3)
SZ&"(/%E,U) ={(t,x) : c<t<o+e Y(t)—pe* <z <A}, (3.4)
S_)(’lp(fy,e,a) ={(t,x) : c—e<t<o y({t)—pc® <ax<AH()}, (3.5)
SE(v,e,0) = 8L (v,6,0) U S, L (y,6,0) U SFP(y,e,0)U SZ;f(ms,a) . (3.6)

For brevity, we will at some occurrences omit the indexes p, o from the above sets.
Define also the following quasimetric: for all points A, B € R? set

min {e € [0,1] | 30, Iy characteristic curve : A, B € S(v,¢/2,0)}
do(A,B) = or

1 if the set in the above minimum is empty.

We can indeed assume that the minimum exists in the first branch of the definition
of dq because we defined the regions S7' as compact sets.
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v(t) + pe?
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X

FIGURE 2. Balances on characteristic regions

Lemma 3.2. Let f € W?®(R). Let a € [1,2] and p > 0. If u is 1/a-Hélder
continuous, the function da is a quasimetric in R? in the sense that the following
properties hold:

1. do(A,B) =0 if and only if A= B,
2. do(A, B) = do(B, A) for all points A, B € R?,
3. there exists ¢ = q(a, p) > 1 such that
do(A,B) < q[do(A,C) + do(C, B)] for all points A, B,C € R?.
Moreover, the quasimetric d,, is doubling: there exists C = C(a, p) > 0 such that
L2({B : do(A,B) < 2¢})
L2({B : do(A,B) <e})

and such that for every curve

5 through a point A= (ta,xa), with F(t) = F'(u(t,3(1))),

<C VAeR? Vee (0,%)

one has
SP(F,e,ta) C{B : do(A,B) <2} C SL(7,Ce,ta). (3.7)

We refer to the reference [15, § 14.1] concerning doubling measures on quasime-
tric spaces. Before proving the statement of Lemma 3.2, we point out below an
elementary estimate that provides insights on the geometry induced on the plane
by characteristic curves of (1.3). This estimate is indeed crucial in order to have
that d, provides a doubling quasimetric.

Lemma 3.3. Let 1 < o < 2. Let @ be a modulus of 1/a-Hélder continuity of a
distributional solution u to (1.3) and set M = ||f"(u)||pe=. Consider two integral
curves v1 < 7y of f'(u): the distance d = 2 — 1 satisfies for |t] <t in (3.9)

(d(o)aal - (a; 1) M@t)aal <d(t) < (d(o)o‘al + (O‘; 1) th)aal .
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Proof. By the definition of characteristic curves and the Holder continuity in Corol-
lary 2.2,

. _ 1

jd(®)] = 1f'(u(t, 72(1)) = f'(u(t,  (1))] < Ma[d(t)]=. (3-8)

Integrating the ordinary differential equation (3.8) one proves the statement. If
€ (1,2] the two curves cannot collide before

_ad(0)*= 1

= —d(0)=  when d(0) < 1. (3.9)

>
(a =)Mo~ (a—1)Mw .
(2) are immediate. We prove (3) and the dou-
= (tp,zp) and C = (t¢, xc).
(C,B) > 1 the thesis holds trivially: we only

Proof of Lemma 3.2. Properties (1),
bling estimate. Set A = (t4,z4), B
1: Proof of (3). If do(A,C)+d,

study the other case. Define
do(A,C) =€ >0, do(C,B) =n >0, e+n=¢§< 1. (3.10)

Since € < 1 and 1 < 1, there exist 01,09 > 0 and integral curves 1,72 of f'(u) such
that
A,C € St (y1,e/2,01), C,B € S°(v2,1m/2,02).

We directly suppose 71 < 79, as one can easily reduce to this case. Necessarily
[tc —tal <e, |tp—tc|<n = |tg—ta|<e+n. (3.11)

Comparing the z-variable is trickier and we apply the estimate from Lemma 3.3
above. By definition of S2(y1,¢/2,01) and S2(v2,71/2,02), at time ¢ one has
£ « @
ntte)—zel <p(5) s Ielte) —acl <p(3)
from which we obtain, since we defined { = e+ n = do(A,C) + do(C, B) in (3.10),
the estimate

[71(tc) —r(tc)| < p a;n p<§> .

By Lemma 3.3 above and estimates (3.11) computed among times ¢4, ¢t and since
¢ <1, we get

1 (ta) — 72(ta)] < (paal - (§>a_1 + (a; 1) wa)aal <p- (1)215)“

I71(tB) —Y2(tB) < p- (1)21§>“

1

a—1
where Dy =2 ( 1+ -1 Mw) > 1. Being also, by definition of S%(vy1,e/2,01)
ap T«

and S (y2,€/2,02),

lza —71(ta)] < 27%pe”, lrp — v (tp)] < 27“pn®

one arrives to

lza —2(ta)l < p[D1€]*, |z —7(tB)| < p[D1€]".

Owing to (3.11), the last inequalities prove that d, (A, B) < 2D1[d (A4, C)+d.(C, B)]
because

A,BES&(’Yl,le,tc), A,BESQ(’)/Q,le,tc).
2: Proof of the doubling estimate: estimate from above on L2({B : d.(A,B) <
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2e}). Fix an integral curve 4 of f’(u) through A. If d, (A, B) < 2e, there exists
an integral curve v of f/(u) such that

V(ta) =v(ta)l = [za = y(ta)[ < pe®,  |zp —(tB)| <pe®,  |tp —ta] <2e

Applying the estimate from above in Lemma 3.3 above one has

- a1
r(tw) = (e < (121" + (O arwo2) T < p(as)

for a positive constant Dy = Dy(p,a) > 1. In particular we obtain that B €
SP(3,2Dse, t4) because

|z —3(tB)| < |l —(tp)| + W (tB) — H(tB)| < pe® + p(D2e)® < p(2D2¢)" .
This yields the above inclusion in (3.7) and the estimate from above

L2({B : do(A,B) <2e}) < L2(S0(7,2D2¢,t4)) = 4(2Dy) Topett. (3.12)
3: Proof of the doubling estimate: estimate from below on L2({B : dn(A, B) <¢e}).
Fix an integral curve 4 of f’(u) through A. Notice that by definition of d, the whole
set S(7,5,ta) is contained in L2({B : da(A,B) < €}): we get thus the lower
inclusion in (3.7) and

L2({B : du(A,B) <e}) > L2 (sg ("y,g,tA» = (2)l-apelte,

4: Conclusion. Finally, one can conclude, owing to the estimate from above, that
L2({B : du(A,B) < 2¢}) < L2(SP(7,2Da¢e,ta) < 4(2Dy) e peler
L2({B : do(A,B) <e}) = L2(S4(7.5.ta)) —  (2)Tope

a—1

«

= (4Dy) Fe,
O

Corollary 3.4. Let f € W2°°(R), a € [1,2] and fiz any sequence p, | 0. At fized
n, the dy-balls of radius 0 < e < 1 are a Vitali covering of any open set O where
U 18 é—H{')’lder continuous. Let g € L>®(R?) be the equivalence class of functions
L2-a.e. equal to a Borel function g. Then on O

. 1 .
Y (tyobeyen L2(S) /S lg—g(t,x)| =0 for L2-ae. (t,2), forn €N. (3.13)
diam(S)]0

Proof. Owing to Lemma 3.2, when n is fixed one can directly deduce by [23, § 1.3]
that the family of e-balls of d,, is a Vitali covering of O. The differentiation theorem
follows then at £2-a.e. point of O directly from [13, Theorem 2.9.8] for this covering.
This implies the differentiation theorem also for the covering V& by (3.7). Denote
by N, the £2-negligible set where the limit (3.13) does not hold for the fixed family
VPn. The limit (3.13) therefore holds for any fixed n when (¢,2) € O does not
belong to the £2-negligible set N = U,enN,,. O

3.2. Differentiation theorem at ‘Lebesgue points’. We derive now consequen-
ces of Lebesgue differentiation theorem on all the families V2, n € N, defined in

§ 3.1 for a sequence p,, | 0: we identify in particular Eulerian and Lagrangian source
terms when f is uniformly convex.

Lemma 3.5. Let g = [g] € L>®(R?) be the equivalence class of functions L3-
a.e. equal to the Borel function g. If f is uniformly convex, then any continuous
distributional solution u of

O u(tv '75) + az(f(u<t7 x))) = g(t, 33)
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is differentiable along any characteristic curve with derivative g(t,x) at any point
(t,z) satisfying (3.13) for some p, | 0. In particular, the thesis holds for L>-

e. (t,z).

Proof. We prove the thesis when f € W2 (R) satisfies Definition 1.1 of a-convexity:
the meaningful case is the one of uniformly convex functions when a@ = 2. Fix p
belonging to a sequence p,, | 0. We integrate the balance law on domains belonging
to the covering V# defined in (3.1), which are regions in the plane in the time-strip
between o and T = 0 +¢ obtained translating of pe® a characteristic curve v through
(t,z) = (0,7(0)). The convexity of f provides [11] (or, more explicitly, [2, (3.1)])
the one sided estimate, if c <7 =0 + ¢,

Y(7)+pe® v(o)+pe® T () +pe®
/ u(T,x)dx—/ u(o,x)dxg/ / g(t, x)dxdt.

() v(o) v(t)
This estimate implies, denoting by C' the 1/a-Hélder continuity constant given by
Corollary 2.2, that

pe® () +pe®
peu(r,v(1)) — u(o,v(0))] — 2C {zdr < / / g(t, z)dxzdt.

Divide by pe®|r — o| = pe® Tt Corollary 3.4 assures that at £2—a.e. (t,z) the right
hand side converges to the Lebesgue value g(¢,Z). At those points (¢,Z), one has
therefore for some constant €' = C(a) > 0

_ _ ayl+1
llm Sup U(T, ’7(7—)) U(O‘, 7(0-)) S g(f’ fi') + Cllm (pg ) T —
Tlo T—0 el0 p€a+

a(t,z) + C ¢/p.

The same upper limit can be obtained for 7 1 o just considering the region S,
instead of S;l: .. By analogous considerations on the other regions S;ap » Sy, 2
gets the opposite inequality

wry(m) = we(0)) o - G /-

Since we proved that at those points where (3.13) holds for every p € {pn }nen, the
inequalities

lim inf
T—0 T—0

o(f.7) - G ¢/p < liming 2027 = ulo,7())

|[7—0o]d0 T—0
< lim sup (7-7'7(7-)) - u(a,”y(U)) < Q(E, ,f) + 5 %/ﬁ
|[T—c]l0 T—0

also hold for each p € {p,}nen, and since p, | 0, then the limit exists with value
9(t, x). O

3.3. The case n > 1. In this section we conclude the identification of the Lagran-
gian and Eulerian source terms when f € C?" is a-convex for @ = 2n > 2. By
Lemma 3.6 below the set of real values {oy}en where f” vanishes can be enumera-
ted: in particular one has the partition

U{tac cu(t,z) = v U{(t,x) f(t,x) #0}.
keN
We already identified by Lemma 3.5 above the Lagrangian and Eulerian source terms

L2-a.e. on the open set where f” does not vanish. The only points (¢, 2) where we
still need to identify Lagrangian and Eulerian source terms £2-a.e. correspond to



CONTINUOUS SOLUTIONS OF a-CONVEX BALANCE LAWS 641

the at most countably many values {0y }en where f” vanishes and where (3.14)
below holds with n > 1. In order to conclude we have to identify source terms on
each set

Bl_)k = U_l(’ljk).

Lemma 3.6. If f € C?(R) is a-convex with o > 2 then the set of zeros of f" are
isolated.

Proof. Suppose by contradiction that there exists z; — z where f”(z) = f"(z;) =0
for all j € N. Then in particular, as a simple consequence of de L’Hopital’s theorem,
one has

i L) = FGE) = A= —2) f"(z5)
j—oo (25— 2)” j=oo (2 = 2)*?(a = Do
= lim 0 =0

The fact that
f(z) = f(z2) = f'(2)(zj —2) = o(|z; — z|*) for a sequence z; — Z
contradicts Definition 1.1 of a-convexity. O

For the rest of the section, we fix a single value & where f”(7) vanishes and we
study the set

B; ={(t,z) : u(t,z) =0} .
Due to smoothness and a-convexity, where o = 271 > 2 since we consider f”(7) = 0,
the following expansion holds at ©: f(2")(%) # 0 for some n € {2,...,7} and

Fem(0)
(2n)!
We now provide Vitali coverings ad hoc for the set B;. We then show in Lemma 3.8
how this implies that the differentiation theorem holds on Bj also for V¥ defined

at (3.1), thus we identify sources as in §3.2.
Let p > 0, set A := f/(7). Consider the covering of the closed set By given by

(z—0)*" 4o(|z—1|*") when z — o. (3.14)

f(2)=f(0)=(z=0)f'(v) =

V4, (0) = { Pl a.e), Pi(ae) | 1>e>0, (£3) € By, (3.15)
PPt z,e):={(t,z) :
i (E..2) = {(62) 516)

t<t+e, THNMt—1)<ax<T+Nt—1)+p™"},
Plah(tae) = {(t.) - 517
t<t<t+e, THNt—1—-p"<z<T+At-10)}. '

The above regions are analogous to the ones of the covering V/ in Figure 2 but
the lateral edges have the fixed slope A rather than being characteristic curves.

Lemma 3.7. V4 (v) is a Vitali covering of By. In particular, given a Borel function
g, L2-a.e. point (t,%) of By is a V5 (v)-Lebesque point of g in the sense that

1 —
hm r2(p\ t,.’E - ,ff dtdm = O 318
(t.z)ePeVy, (v) LQ(P)/Pm( ) —8(t,2)| (3.18)
diam(P)]0
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Proof. We apply [13 Theorem 2.8.17] with the covering relation V5 (v), the nonne-
gative function §(P13 (£, %,¢)) = 5(P2'2Z(t Z,e)) =€, ¢ = L%, 7 = 2: indeed, being

parallelograms, the T-enlargement PofPe V4 (v) is a parallelogram with sides of
slope A, base of length p(1 + 227+1)e2" eight equal to 5e. In particular,

r2n

L2(P)
li 5(P) + = 5(1 4 22+,
(t‘,z)eziglvgn(a) (P) L2(P) ( )
diam(P)L0

Since the assumptions are verified, [13, Theorem 2.8.17] gives us that V4 (v) is a
Vitali covering of B;. The differentiation theorem follows then from [13, Theo-
rem 2.9.8]. O

Lemma 3.8. Let g = [g] € L>®(R?) be the equivalence class of functions L>-
a.e. equal to the Borel function g and u a continuous solution to (1.1) with a 2n-
conver flux f € C?*"(R). If (t,%) € By is a V4 (v)-Lebesgue point of g in the sense
of (3.18) and v is a characteristic curve through (t,T), then

1)
(2n)!

Moreover, also (3.13) holds and w o~y is differentiable at ¢ with derivative g(t,z).

W0 =2+ A=)+ [9(E )21 (¢ = 9" +o((t — )*").

Proof. Simplify notations setting £ = 7 = 0.
1: Expansion of f’ in Z. We claim that assumption (3.14) implies

76" @)

m(’z_@)zn_l +o(lz — o) (3.19)

£z - A=

in a neighborhood of ¥. Setting h(w) = f(v + w) — f(v) — wf'(v) — %w%,

the statement follows by (3.14) and the following observation: if h € C'(R) and
h(w) = o(w?") as w — 0, then h(w) = k(w)w?" with k € C*(R\ {0}) and k(w) — 0
as w — 0, thus by differentiation of the product k(w)w?" one obtains

he CYR), h(w)=o(w?")forw—0 = h'(w)=ow?* ") for w— 0.
2: Ezpansion of v. Let us denote i, (t) = (¢,7(t)). By (3.19), the characteristic y

satisfies
¢
)=z —|—/ I (u(iy(5))) ds (3.20)
0
- tr r2n) (g
ot [ [l ) - 0 b olutiy (o) - o) s
Recall that u is G-Lipschitz continuous along characteristics [2, Theorem 30]: then
u(iy(s)) — 0] < Gs

and therefore the distance among () and the linearization Z 4+ M is estimated by

)
- fC(@) 1/ 2n—1 2n—1
t)— T — M " " " d
[v(t) —z | < (2n—1)'G ; [s*" 1+ o(s* )] ds
Qn)(v)
(2n)!
3: Lebesgue points of g: differentiation theorem for YV on Bg. Set

G2 4 o(t7™). (3.21)
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- SCV®) ona
M = 2n 9 G2n—
(2
Estimate (3.21) proves that both sets S’ P (v,¢,0) and SZé’:L(% g,0) defined in (3.1)
are contained in
P50 = PI30(t, 2, Me) U P50 (L, 2, Me)

r,2n

definitively as € | 0 when p, a = 2n are fixed. Being
£2<P+,p) ZﬁM2n+1€;n;kl’

— _ 2M2n+1
2
‘CQ(ST 2n(775 0)) W
then by (3.18) necessarily, when p is fixed,
1 _
0 <lim / t,x) — g(t, x)|dtdx
M£%&%ms@>smM() o)

/+ la(t,z) — g(t, 7)|dtdx
P.

2n

= L£2(8) zn( ,0))

202l _
i / l(t, z) — o(F, 7)|dtdz = 0.
=10 L2(Py") Je2(pgie
The same limit holds as well for S_3. Since S: 5, and S_ 37 are right and left dom-
ains bounded by a characteristic curve through (0,0), and the analogous domains
S@ - ST . are similarly admissible, one can repeat the proof of Lemma 3.5 above
thanks to convexity: one finds that

d
= (woiy) (0) = 9(0,0).
4: Conclusion. Plugging this expansion into (3.20) one finds by elementary calculus

the formula in the statement since
u(iy()) = o = 9(0,0)s + ofs)
(i (5)) = 0"~ = [8(0,0)s + o()] "~ = [a(0,0) "5~ + (s ).

Remark 1. Lemma 3.8 can be similarly adapted to the case when f € W?2™> ig
2n-convex.
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