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determines the angular momentum and the Page electric charges, while the other controls
the squashing at the boundary. The latter is arbitrary, however in the flow towards the
horizon it is attracted to a value that only depends on the other parameter of the solution.
The entropy is reproduced by a simple formula involving the angular momentum and
the Page charges, rather than the holographic charges. Choosing the appropriate five-
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1 Introduction

A main challenge in quantum gravity is to explain the black hole entropy via a microstate
counting. For extremal black holes one can attack this problem using the AdSe/CFT;
correspondence [1], however in most cases the relevant conformal quantum mechanics is
not known and it is therefore hard to compute the ground state degeneracy that should
account for the black hole entropy precisely. When the black hole is asymptotic to AdSg41
(with d > 1), one can hope to exploit the additional leverage of the AdS;41/CFT,4 corre-
spondence, which in many instances is well under control. Recently this strategy has led
to exciting results for supersymmetric black holes in AdS4. In [2, 3], the classical entropy
of a class of static, dyonically charged supersymmetric AdSy black holes with an uplift to
M-theory on S” has been reproduced by evaluating the large N limit of a suitably defined
partition function of the ABJM superconformal field theory on S' x S2. This result has



then been extended to further examples of AdS4 black holes in M-theory and massive type
ITA string theory e.g. in [4-9], while subleading corrections in the large N expansion have
been investigated for example in [10].

Supersymmetric asymptotically AdSs black holes with an uplift to string theory have
been known for some time [11-15], however the attempts to match their entropy via a
four-dimensional field theory computation have not been equally satisfying so far [16].
Very recently an interesting observation has been made [17], that the entropy of the known
supersymmetric AdSs black holes is reproduced by extremizing a quantity which appears to
be closely related to the supersymmetric Casimir energy of four-dimensional superconfor-
mal field theories (SCFT’s) on S* x S3 [18-20]. New hairy black holes with the same AdSs
asymptotics have also been proposed and put in the context of the entropy puzzle [21].

Further information on the field theory states that contribute to the entropy might
come from studying whether the black hole solutions continue to exist when one tries to
deform the geometry of the conformal boundary, and if so how this affects their thermo-
dynamics. This question has recently been investigated in [22, 23].! Working in minimal
five-dimensional gauged supergravity and using a cohomogeneity-one ansatz with local
SU(2) x U(1) x U(1) symmetry, the authors constructed both supersymmetric and non-
supersymmetric black holes where the three-sphere sitting at the conformal boundary of
global AdSy is squashed. Since the boundary is non conformally-flat, the solutions are
only Asymptotically locally AdSs (AlAdSs), rather than asymptotically AdSs;. While the
squashing at the boundary is arbitrary, in the supersymmetric case the event horizon ge-
ometry turns out to be completely frozen and therefore the entropy takes a fixed value.
This behaviour is qualitatively different from the one of asymptotically AdSs black hole
solutions to minimal gauged supergravity with the same symmetry [11], where the entropy
depends on one parameter controlling the horizon geometry.

Motivated by the above developments, in this paper we construct more general su-
persymmetric black holes having a local SU(2) x U(1) x U(1) symmetry and displaying a
squashed three-sphere at the boundary. We address this problem in the context of five-
dimensional Fayet-Iliopoulos gauged supergravity. This is five-dimensional supergravity
coupled to an arbitrary number ny of vector multiplets and with a U(1) gauging of the
R-symmetry. It is expected to describe holographically a subsector of dual ' =1 SCFT’s,
made of the N/ = 1 energy-momentum tensor multiplet and U(1)"V flavour current mul-
tiplets. This can be made rigorous by focusing on a specific model with ny = 2, which is
a consistent truncation of type IIB supergravity on S° and is thus dual to A” = 4 super-
Yang-Mills (seen as an N = 1 theory). However we can work in more generality and keep
ny arbitrary in our discussion.

In the solutions we will look for, one of the Abelian Killing vectors is timelike while
the remaining SU(2) x U(1) symmetry acts on a three-sphere. The a priori non-vanishing,
conserved charges carried by the solutions thus are the energy, one angular momentum
and ny + 1 electric charges. Previously known supersymmetric solutions with the same
symmetry include the black holes of [11, 12], the black hole with a squashed boundary

See also [24] for a non-supersymmetric study.



of [22, 23] and a solitonic deformation of AdS found in [25]. Apart for the solution of [12],
these were obtained by restricting to minimal gauged supergravity and thus have just one
electric charge.

The relevant conditions for a supersymmetric solution to Fayet-Iliopoulos gauged su-
pergravity were given in [12]. By partially solving these conditions and imposing an ansatz
on the scalar fields, we are able to reduce the problem to two coupled ordinary differen-
tial equations. However these are very complicated and we could not find new analytic
solutions. We rather construct the near-horizon and near-boundary solutions perturba-
tively and then interpolate numerically. In this way we obtain a two-parameter family
of supersymmetric black holes displaying both running gauge fields and scalar fields and
generalizing the one-parameter solution of [22, 23]. We show that for a certain range of
the parameters the solution is regular on and outside the horizon.

We find that of the two parameters, one controls the event horizon geometry as well
as the angular momentum and the Page electric charges of the solution, while the other is
responsible for the squashing at the boundary and does not affect the horizon. This means
that whatever is the squashing at the boundary, the radial flow towards the horizon acts
as an attractor that brings the transverse geometry into a form which only depends on the
other parameter. Still, the horizon is not frozen and the entropy is a non-trivial function
of this other parameter.

We are eventually interested in the holographic interpretation of the solution. By
examining the asymptotic modes of the supergravity fields near the conformal boundary
we can determine the dual N/ =1 SCFT background fields. We find that in addition to a
squashed three-sphere, the field theory background features non-vanishing field strengths
for the non-dynamical gauge fields coupling to the R-current and ny flavour currents, as
well as non-vanishing D-terms sourcing the scalar superpartners of the flavour currents
(as required by supersymmetry). We then set up holographic renormalization for Fayet-
Iliopoulos gauged supergravity, providing the needed counterterms. This allows to compute
the holographic one-point function for the SCFT energy-momentum tensor, R-current,
flavour currents and the scalar superpartners of the latter. These in turn provide the
holographic energy, the angular momentum and the R~ and flavour charges. While these
conserved quantities are naturally interpreted as expectation values of the corresponding
SCF'T operators in the state dual to the black hole, they also make sense in the gravitational
solution, independently of holography. In addition we compute the renormalized on-shell
action and verify that it satisfies the quantum statistical relation. Finally, we find that the
black hole entropy can be expressed as a simple function of the angular momentum and
the Page electric charges, but apparently not the holographic electric charges.

The rest of the paper is organized as follows. In section 2 we summarize the essen-
tial features of Fayet-Iliopoulos gauged supergravity and elaborate on the supersymmetry
conditions. A summary of the resulting equations is given in section 2.4. In section 3 we
present our new solution. In section 4 we discuss holographic renormalization in Fayet-
Iliopoulos supergravity and apply it to the evaluation of the holographic charges as well as
the on-shell action. We also discuss the entropy of the solution. We conclude in section 5.
Appendix A collects some technical details of our computations while appendix B displays
the asymptotic solution in Fefferman-Graham form.



2 Setup

2.1 Fayet-Iliopoulos gauged supergravity

We consider five-dimensional A/ = 2 supergravity coupled to an arbitrary number ny of
vector multiplets and with a Fayet-Iliopoulos gauging of the R-symmetry [26]. We will
mostly use the notation of [12].

The bosonic fields in the theory are the metric g,,,, ny +1 Abelian gauge fields Aﬁ, 1=
1,...,ny +1 (one being the graviphoton in the gravity multiplet), and ny real scalar fields.
The latter are parametrized in terms of ny + 1 real functions X/, subject to the constraint

1
G Crig XX XK =1, (2.1)
where Ck is a constant, symmetric tensor. The bosonic action in (—,+,+,+, +) signa-
ture is:
1 1
S = 5.7 [(R — V) %1 — QryFI AxF7 — QrrdXT AxdX7 — 6CUKAI ANFIANFE],
K

(2.2)
where F! = dA! and x? is the five-dimensional gravitational coupling constant.
We shall assume that the scalar target space is symmetric. In this case the Crjx tensor
satisfies the identity [27]:

! ’ 4
CrixCrmCpoyir 677 658 = 3 ortCmpq) - (2.3)
We also introduce the lower-index scalars
1
X; = 6CUKXJXK, (2.4)
so that (2.1) reads
X xt=1 (2.5)
and (2.3) implies
9
X! = 5C”KXJXK, (2.6)
where we defined
CIJK — 511,5JJ,6KK/C[/J/K/ ) (27)
Note that we also have 9
CHEX X Xy = 5 (2.8)
The kinetic matrix Q7 appearing in the action and its inverse Q7 read:
9 1 K
Qry =5 X1 Xy = 50K X", (2.9)
QY =2x'X7 —6CE Xk, (2.10)
and it holds that
7 3
QuX’=2X;. (2.11)



The ungauged supergravity theory has an SU(2) R-symmetry which rotates the fermion
fields. Choosing ny + 1 Fayet-Iliopoulos parameters V7, one can gauge a U(1) subgroup of
the R-symmetry by means of the vector field V;A!. In the bosonic sector all fields remain
uncharged and the only consequence of this gauging is to introduce the scalar potential:

V= -210"8Vv; v X (2.12)

as required by supersymmetry.
The Einstein and Maxwell equations following from the action above are:

1

Ry = QuuFjF? = QuiduX'0,X7 + 2 gy (QI JFL IR _ 4v) =0,  (213)
1

d(QIJ*FJ)+ZCIJKFJ/\FK:Oa (2.14)

while the expression of the scalar field equations, that we will not use explicitly, can be
found in [12].

The theory admits a supersymmetric AdSs vacuum of radius ¢, where the constant
values X! = X' of the scalars are determined by the Fayet-Iliopoulos parameters as

X =0V, (2.15)

When studying the supersymmetry conditions in the next sections, we will find it convenient
to use the X/ instead of the V7, being understood that these are related as in (2.15). In
terms of such variables the scalar potential may be written as:

V=—602X'X;. (2.16)

AIAdS solutions to five-dimensional Fayet-Iliopoulos gauged supergravity are expected
to describe holographically a dual four-dimensional, A/ = 1 SCFT, possibly deformed
by non-trivial background fields or in states different from the conformal vacuum. The
supergravity multiplet is dual to the N/ = 1 energy-momentum tensor multiplet (which
includes an Abelian R-current), while the supergravity vector multiplets are dual to N' = 1
Abelian flavour current multiplets. Therefore the field theory deformations that can be
studied holographically in this setup are those involving sources or expectation values for
the operators in the energy-momentum tensor multiplet and in flavour current multiplets.

Of course, the holographic interpretation is well under control only when the super-
gravity theory can be uplifted to string theory or M-theory. One such instance is provided
by a consistent truncation of type IIB supergravity on S [28], whose SCFT dual is the
N = 4, SU(N) super Yang-Mills theory at large N. In this case one obtains a Fayet-
Iliopoulos gauged supergravity with ny = 2 and with the non-vanishing components of the
tensor Cryi being given by Cios = 1, together with those obtained by permutation of the
indices. Then the constraint on the scalar fields reads X' X2X? = 1 and the kinetic matrix
is Qry = %diag ((X1)%, (X2)?, (X3)?). The scalars in the supersymmetric AdSs vacuum

2Provided CT7E ViV, Vi > 0, which we shall assume.



can be taken as X! =1 for all I = 1,2, 3, which implies X; = %.3 This consistent trunca-
tion retains the vector fields gauging the U(1)3 Cartan subgroup of the SO(6) isometries of
5%, hence the dual currents are those for the corresponding Cartan subgroup of the SO(6)
R-symmetry in the N' = 4 super Yang-Mills theory.

2.2 Supersymmetric solutions with local SU(2) x U(1) x U(1) symmetry

We are interested in bosonic, supersymmetric solutions with a local SU(2) x U(1) x U(1)
symmetry. The existence of a Killing vector is a consequence of supersymmetry, and the
form of the solutions depends on whether this is timelike or null [12]. In this paper we
just consider the timelike case. The additional SU(2) x U(1) symmetry implies that the
supersymmetry conditions reduce to ODE’s. The necessary and sufficient conditions for
solutions of this type were given in [12]. Here we provide a brief summary and then proceed
to partially solve such conditions after imposing a simplifying ansatz. In this way we will
be left with just two ODE’s, generalizing the single ODE obtained in [11] for the minimal
gauged supergravity theory. The reader not interested in the derivation can skip to the
summary given in section 2.4.

A field configuration with the desired symmetry is described by coordinates y, p, 8, ¢, 1[}
and SU(2) left-invariant one-forms

01 = cosa,/]d@ + sinﬂsin&dtb,

09 = —sin@f)dﬁ + cos@sin@dgb,

63 = dip + cosOde (2.17)
satisfying déy = —d9Ad3, dds = —G3A 61, do3 = —&1 Ado. The hat symbol on 1& (and thus

on the o’s) distinguishes this coordinate from a different coordinate v, to be introduced
later. The timelike Killing vector determined by supersymmetry will be V' = 8%, while

the other Abelian symmetry will be generated by the left-invariant vector 8(3@' The five-

dimensional metric takes the form
ds? = —f*(dy +wé3)® + f71 [dp* + a®(67 + 63) + (2aa)? 63 | | (2.18)

where a,w, f are functions of the radial coordinate p, and throughout the paper a prime
denotes differentiation with respect to p. The part in square brackets is a Kahler metric
on a four-dimensional base space B, as required by supersymmetry.*

The scalar fields depend on the p coordinate only, X! = X(p), while vector fields
contain additional functions U’ (p) and are given by:

Al = XTf(dy+wé3) + Uy, (2.19)
so their field strengths are:

FI = — (f X1 (dy+wé3) Adp+ (fw’Xf + (Uf)’) dpAGs— (fwX' +U') 61062 . (2.20)

3The bosonic sector of this five-dimensional theory also arises as a consistent truncation of eleven-
dimensional supergravity on a space with a boundary [29].

“In general there is an obstruction for a Kihler metric to provide a supersymmetric solution [30, 31],
however this is automatically solved by the particularly symmetric ansatz (2.18).



For later use we also record the expression of their Hodge dual (we inherit from [12] the
choice of dy Adp A 61 A G2 A 63 for the positive orientation):

af
2a’

2 /
— = f (fux"+ U dy ndp A Gy (2.21)

w1 =203 172 (fX1) G103 + =2 (fo'XT + (UT)) (dy + wds) A 61 A 62

The functions a(p), w(p), f(p), X1 (p), UL(p) controlling the solution are determined by
the following equations [12]:

f= fuin X' X7, (2.22)

(a?U") = 36% aa [ CEX X (2.23)

FXg (a2 = —; (e w)", (2.24)
XUl = %p, (2.25)

a*d (F71X1) + %chﬂw + %CUKUJUK T 0. (2.26)

These are obtained by combining the supersymmetry conditions and the Maxwell equation.

In particular, (2.26) follows from the Maxwell equation. Here ¢ = £1 is an arbitrary sign

8 .
59" The function

choice related to the versus of rotation of the solution along

Fn. 12 a%d’
mm 82(612@’” —a + Tad'a’ + 4(a’)3)

(2.27)

is the expression for f that is obtained when working in minimal gauged supergravity [11].
It has a geometric meaning as it is proportional to the inverse scalar curvature Rg of the

four-dimensional Kéhler base B, funin = — ZQQI%B. Moreover in (2.25) we have introduced
the function:
p=—1+2aa" +4(a’)?. (2.28)

It will be useful to note the identity®

2 /
3 1 p—1 2
aa f o= — . 2.29
We now proceed to manipulate the equations of [12] given above and partially solve
them. With no loss of generality, we can express the vector of functions X;(p) by separating
the component along the constant vector X; and the orthogonal ones:
Xy =f L X+ hr, (2.30)

in

5The function p determines the Ricci form on the Kéhler base as R = ed(pé3). The identity (2.29)
expresses the fact that in Kéhler geometry the trace of the Ricci form is proportional to the Ricci scalar,
J ™" Rumn = R. Here J = —ed(a’43) is the Kahler form on the Kéhler base B [12].



where hj are functions of p satisfying
X'y =0, (2.31)

while the component along X; has already been fixed using (2.22). Plugging (2.30) in the
constraint (2.8), we find that f is expressed as:

min min

-1/3
f= <f 42 f L CHIE X hyhy + cﬂJKhthhK> : (2.32)
Recalling the identity (2.29), equation (2.23) for U’ becomes
el 36 _
(*U") = X7 (@) + ZaPa O X hic. (2.33)

It is convenient to trade h; for some new functions, H;(p), defined as

H/
hr = a3é/ (2.34)
In this way the equation for U! can be solved as
l S U[
U’ :% o+ 2C”KX Hi + % (2.35)

where Ul are integration constants. Compatibility of this solution with (2.25) implies
%XIHI + )_(IU({ = 0. In the following we will choose U({ =05 and thus require that

X'H =0. (2.36)

So far we have expressed X7, f and U’ in terms of @ and H;. Next we use these findings
to manipulate eq. (2.24) containing w and the Maxwell equation (2.26), following a strategy
used in section 4 of [11] in the context of minimal gauged supergravity. Introducing

n "

a a 1 a’2

= -8 St 2.37
we notice that o
o \/ ag
(a?p) = — palt (2.38)
Then eq. (2.24) becomes
/ ! !
O a2y = W (e 270 ok H (Hi
2a’(a w) = 2ad’ a2~ C|2/mind T gy Xi© ada’ \ a* ' (2:39)

We now massage the Maxwell equation (2.26). After some computations involving the
identity (2.3), we find that

202 8p

C[JKUJU 3 X]p —|— H]+ 4Q]J(CHH) (2.40)

SWe made a preliminary analysis with Ul # 0 and found no regular solutions due to a divergence
appearing in the perturbative expansion at small p.



where we used the shorthand notation (CHH)’ = C/5LH; H;, while by Q7' we denote
the kinetic matrix (2.10) evaluated on X = X. Eq. (2.26) then becomes

L H' ! 52 2 2 24 _ !
[a?’a’ (fmilnXI + a3a1/> + X; (£a2w + ) + 2 H; + MQU(CHH)J} =0.

18 3a?
(2.41)
The component along X, which is obtained by contracting with X7, reads
62 2 36 !/
[ Yo (frn) + Z wt 7o+ @C”KXIHJHK] =0. (2.42)

The components having vanishing contraction with X!, which are given by Maxw; —
X1 X7Maxw ;, where Maxwy is eq. (2.41), read instead

, 3a’ a" B 3 _ _ J/
H; — 74—? H]+37HI+£24 QIJ *XIXJ (CHH) =0. (2'43)

Eq. (2.42) can also be written as

w/ w EE 2 2 p— 6292 36 bl IJK HJHK !
—+ - = 8¢~ - — XC —_— 2.44
2aa’ + a? [V (i) + min g * 2a3a ! at o (244)

where

v2f 1:

min

- (a?’a/ (fmlln),), (2.45)

is the Laplacian of f on the Kahler base B.
Combining (2.44) w1th (2.39) one can eliminate w’ and solve for w as

ada

ela? 9, o1 8 , o (*g? 1
w = _T {v (fmin) + 72fmin - K + fming

36 ¢ k| (HiHE " 3a Hri\'

Plugging this back into either (2.39) or (2.42), we finally arrive at

2 5 Lg 1), 4dyg
\4 fmlnjL fmlni 18 +frning Jrafmin
_ 36 H;Hg\'  3a H\' 1 216 - H' (Hi\’
IJK JHK / K IJK g K\ _
+XiC {€2a3a’ [< at > B QTL’HJ <a4> ]} a ETXIC ada <a4> =0

We have thus partially solved the system of equations (2.22)-(2.26) for a, f, w, U!, X,
and are left with the equations (2.43), (2.47) involving just the unknown functions H; and
a. Eq. (2.43) is third order in the variable p, while eq. (2.47) contains up to six derivatives.

When H; = 0, the equations above simplify considerably and reduce to the super-
symmetry conditions obtained in minimal gauged supergravity [11]. Indeed (2.32) yields



f = fmin while from (2.30) we see that the scalars are set to the constant value taken in
the AdSjs solution, X! = X!. The expression (2.19) for the gauge fields becomes

Al =XTA, with A= f(dy+wés)+ gp b3 (2.48)

being the graviphoton of minimal gauged supergravity. Moreover, (2.43) trivializes while
egs. (2.39), (2.42), (2.46), (2.47) reduce to those of the minimal case given in [11]. We thus
conclude that our equations (2.43), (2.47) provide a direct generalization of the minimal
supersymmetry equation of [11] to the case with an arbitrary number of vector multiplets,
where both the gauge and the scalar fields are running.

2.3 A simplifying ansatz

So far we have manipulated the original supersymmetry equations of [12] without any
restriction,” arriving at eqs. (2.43), (2.47). We now impose the ansatz

H]Z(][H, IZO,...,TL\/, (249)

where H(p) is a real function and ¢ is a constant vector, which for consistency with (2.36)
must be orthogonal to X7,
Xlgr=0. (2.50)

Although this ansatz will not be enough for solving the equations analytically, it will be
helpful while performing the perturbative and numerical analysis in the next sections.
Plugging our ansatz in, eq. (2.43) becomes
3a/  d 2 1 4 H2\'
H - —+— |H+-5SH| —W;|— ] =0 2.51
ql[ <a+a’> T34 2\ et ’ (251)
where the constant vector Wy is defined as

Wi = (=6Qrs +9X1X;) C'" qeqr, . (2.52)

If W; = 0, then one can see that necessarily ¢; = 0,% that is Hy = 0. As discussed
at the end of section 2.2, in this case there would be no running scalars and we would be
left with the equations of minimal gauged supergravity. Therefore we assume Wy £ 0. We
should now distinguish whether the constant vectors q; and W7 are linearly dependent or
not. If they are independent, then their coefficients in (2.51) have to vanish separately. In
this case, from the term proportional to W; we obtain

H = consta?, (2.53)

while the rest of (2.51) has, up to trivial symmetries involving shifts and rescalings of the
coordinate p, the general solution:

a = alsinh(p/l), (2.54)

7 Apart for fixing the integration constants Ud = 0 when solving for U’.

®Indeed multiplying (—6Qrs +9X;X ) (Cqq)” = 0 by Q! and using (2.11) we obtain (Cgq)! =
(CXqq)X'. Contracting (2.3) with four ¢’s one finds that this implies (CX¢qq) = 0. This in turn means
that gr = 0, see appendix A for details.

~10 -



where « is a parameter. This also satisfies (2.47) and is just the solution found in [12],
leading to an asymptotically AdS black hole whose boundary is conformally flat.

Therefore new solutions within the ansatz (2.49) may only be found if we assume that
the vectors Wy and ¢; are parallel to each other. Since the overall scale of ¢; is immaterial
(as it can always be reabsorbed in the function H), there is no loss of generality in assuming
Wi = qr. That is, we take

(—6Qrs +9XX ;) C" " qrqr = q1. (2.55)

Note that this implies (2.50). Thus we have a system of ny + 1 equations for ny + 1
unknowns ¢y, which in general determines the ¢;. In appendix A we show that (2.55)
also implies

1 _ _ _ _
CHE grqx = —EXI +Y!, where Y =0CEX;qx, (2.56)

. 1
CE X119 = CM  qrqpqk = I (2.57)

These relations are enough for simplifying the supersymmetry conditions of section 2.2
(with ansatz (2.49) plugged in) in such a way that one can look for solutions independently
of the specific values taken by the q;. The resulting equations are collected below.

2.4 Summary of supersymmetry equations

We summarize here the result of using the ansatz (2.49) into the conditions for a timelike
supersymmetric solution to Fayet-Iliopoulos gauged supergravity with local SU(2) x U(1) x
U(1) symmetry, discussed in section 2.2. We have found that a solution is obtained by
solving the following coupled ODE’s for the functions a(p), H(p):

3a’ " 9 4 H21'
|:H//_(2+(;>H,+?M$H_EQCL‘1:| =0, (2.58)
8 6292 ! 4a’g
2,1 -2 -1
<V fmin—i_ﬁfmin_ 18 +fm1ng> + afmin

/
2 H2\' 3a HY' 12 H (HY
- {ezs [(4) e (4) Wm(&) =0, (2.59)

where we recall that funn, p and g are the functions of a and its derivatives given
in (2.27), (2.28), and (2.37), respectively. Once a solution for a and H is obtained, the
five-dimensional supergravity fields are fully determined. The metric and the gauge fields
take the form (2.18), (2.19), where the functions f, w and U’ read:

3 Hl 2 1 Hl 3 —1/3
_ -3 _ 2 ¢-1 -
f_ |: min 4fm1n<a3a/> 4<a3a/> :| ’ (260)
ela® (o, . 1. 8 .o ¢ | 1 H>\' 3a (HY
v =T+ gt~ o g () () |
(2.61)
el ¢ 36e o H

- 11 -



The scalar fields X' are computed from

_ B H'
Xr=X1ffl+ QIfa3a, (2.63)
using (2.6), and read
_ 1/ H \? _ H 1 H
XU = XTp2| 2 -2 — oyl st . 2.64
! [mm 4\ a3a’ + I~ | Fimin + 2a3a’ | ada’ ( )

Note that they split into a part aligned to X! and one aligned to Y. We recall that the
constants X' are the values of the scalar fields in the AdSs vacuum, while Y/ = C'/E X ¢,
with the constants gx being in general determined by condition (2.55). For instance, for
the U(1)? theory that is obtained as a consistent truncation of type IIB supergravity on
S5 described at the end of section 2.1, it is easy to see that the only allowed choices for

the q; are either ¢4 = ¢qo = %, q3 = —%, or the similar expressions obtained by cyclically
permuting the indices 1,2,3. This implies that the Y take the values Y = Y2 = —%,
Y3 =1 (or their cyclic permutations).

These solutions generically preserve two supercharges. When H = 0 the expressions
above reduce to the conditions for supersymmetric solutions to minimal gauged supergrav-
ity obtained in [11].

3 The solution

In this section we solve perturbatively the equations presented above. For simplicity we
will set £ = 1 and make the sign choice e = +1.
3.1 Near-boundary solution

We study our equations (2.58) and (2.59) perturbatively around p — oo, which as we will
see corresponds to a limit where a conformal boundary is approached. We assume the
following asymptotic expansions for the unknown functions a and H:

a(p) = ape’ [1 + Z Z agkn p" (ag ep)_zk

k>1 0<n<k
e~ 9 e—4r
= age’ [1 + (a0 + az,1p) - + (as,0 + as1 p+ as2 p?) i +.. ] ; (3.1)
0 0
H(p) = a3€4pz Z Hoje p" (age?) ™
k>0 0<n<k
—2p —4p
e e
= age™” {Ho,o + (Hap + Ha1p) 2 + (Ha0+ Hay p+ Hao p?) o +.. ] , (3.2)
0 0

with ag # 0. Note that the expansion of a only involves odd powers of e”; we could have
included terms involving even powers but they would have been set to zero by the equations.
For the same reason the expansion of H only involves even powers of e”. We solved (2.58)
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and (2.59) perturbatively up to order O(e~1%) and found a family of solutions controlled
by eight free parameters. Renaming them for convenience, these are:

ao , az = a2, c=az1, a4 = a40, ag = a0,
H2 = HQ’O, H4 = H470, ﬁ = H271 . (33)
We report here the first terms in the expansion of H and a:
6_’0
a(p) = ape’ + (a2 + cp) —
ag
2_16(]/2_50 3 ind\Slad 222 3"’2267;) —4
_ —(2H2+3H)Hp — = -H ——+0 P
+[a4+ 1 Cp+8( 2+ 3H)Hp sCP tgHp a3+ (e™"),
(3.4)
~ ~ ~ 1 ~ ~ o~
H(p) = (Hy+ Hp)age* + Hy+ 2(Hy, + H)Hp + g (dasH +dcHy — 2cH + H)p
92 -~
+ (BCH + H2> P2+ O(e?F) . (3.5)

Notice that the backreaction of the fields in the supergravity vector multiplets introduces
a dependence on Hy, Ho, H in the metric functions.’

Starting from the solution for ¢ and H, we can construct the asymptotic form of the
supergravity fields by using the formulae given in the previous section. In the following
we only provide the leading order terms, while in appendix B we display the relevant
subleading terms after turning the solution to Fefferman-Graham form. This also shows
that the solution is AIAdSs5.

We find it convenient to trade the parameter ¢ for a new parameter
v =1-4e, (3.6)

which will turn out to control the squashing of the three-sphere. We also change the
coordinates y, ¢ into new coordinates t, ¥, defined as:

y=t, qﬁzw—%t. (3.7)

These lead to a static (rather than stationary) metric on the conformal boundary. In these
coordinates, the supersymmetric Killing vector V' reads

0 0 2 0
V=—=—4+—5—. 3.8
oy Ot + v2 O (38)
The five-dimensional metric and the gauge fields in the new coordinates take the gen-
eral form:
ds® = gppdp® + goo(0F + 03) + Gyyo3 + gudt® + 2g4y o3 dt, (3.9)
Al = A] dt + A}, 03, (3.10)

where the one-form o¢’s are defined as the ¢’s in (2.17), but using v instead of ).

9We also found a different solution for H(p), having Hoo = 1 (while Hoo = 0 in (3.5)) and governed
by the free parameter Hy 9. However the leading term of the corresponding metric turns out to be of order
O(e*), indicating that the latter is not AIAdS. For this reason we will not discuss this other solution in
the following.

~13 -



We find that at leading order the five-dimensional metric reads:
ds® = dp? + e ds%dry +..., (3.11)

where the metric on the conformal boundary is:

1 1
d52bdry = (2ap)? *U—th2 + 1 (012 +0f+ 1)2032) . (3.12)

As anticipated this is static in the chosen coordinates. The three-dimensional part of the
metric involving the ¢’s is locally the metric on a Berger three-sphere, with v controlling
the SU(2) x U(1) invariant squashing of the Hopf fiber.

The gauge fields A have a part along X! and a part along Y. These can be isolated
by contracting A’ with either X7 or

Y;=-18¢q; . (3.13)
Indeed these quantities satisfy the relations
X =vyi=1, Xyl -vixi-o. (3.14)

By doing so we obtain the following expressions at leading order:

2
o o VTF2 1 2 —p
XA = 307 dt+3(v 1)oz+O(e?) (3.15)
and ~
_ H -
Y7 A =36 5 dt—18Hoy+0(c™") . (3.16)

Note that both X;A! and Y;A! have a non-trivial boundary field-strength proportional
to o1 A 02.
Evaluation of the scalar fields X' yields:
—2p

X=X +9V! (2H2 +H o+ 20 p) o). (3.17)
ap

In the AdSs solution, our scalar fields have mass m2¢?> = —4, hence the conformal
dimension of the dual operator, following from the well-known formula m?¢? = A(A — 4),
is A = 2. This is also reflected in the asymptotic behavior displayed above.

Inspection of the solution in Fefferman-Graham coordinates (see appendix B) shows
that the free parameters ag,c and H specify the boundary conditions of the bulk fields
and are thus associated to sources in the dual field theory. As already apparent from
the expressions above, ag and ¢ determine both the metric and the value of X;A! at the
conformal boundary, while H fixes the asymptotic mode of the scalar fields. The three
parameters ag, ¢ and H together also determine Y;A!. The remaining parameters as,
a4, ag, Ho, Hy instead control dual field theory one-point functions. In particular, Hs
controls the normalizable mode of the scalar fields. We will come back to the holographic

interpretation of our solution in section 4.
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3.2 Near-horizon solution

We now turn to solving egs. (2.58), (2.59) near to p = 0. We assume that both the a and
H functions can be Taylor expanded as:

a(p) = ag+ o1 p+azp’+ ...,
H(p) = mo+mp+mp’+.... (3.18)

We are interested in solutions that either close off regularly or meet an event horizon when
p — 0. In both cases, given the form (2.18) of the metric we should take ap = 0 in
the expansion above. Furthermore the form of the supersymmetry equations allows us to
assume ap > 0 with no loss of generality (we are not interested in solutions with ay = 0).
We solved equations (2.58), (2.59) order by order in powers of p, up to O(p'®). We
found different branches of solutions, most of them corresponding to the small-p expansion
of (2.53), (2.54), that is the well-known solution of [12]. However we also obtain one
interesting branch of solutions to (2.58), yielding the following expression for H:

20caan (2 —3a%+24n) 4
2+ a? 4 24n
16(—2 + 17a?)a3  288a%a3 (2 +a?) 4

H(p) =na’p® +

+ L [81(&% + 2aa3) —

81 1—4a2+127p  (2+a2+24p2 "
8(8 + 175a2)a3 5
- 1
2+ a? + 247 +00"), (3.19)
where we defined
a=ar, 17577—22, (3.20)
a7

We see that H(p) is entirely determined by 1 and the coefficients of a(p). These in turn
are controlled by eq. (2.59). Analysis of the latter requires distinguishing different cases,
as we now describe. The first non-trivial order of (2.59) yields:

576 1 > _

_ 3.21
2+a%+24n (3.21)

g <8 +13a% +
so we have to set either ap or the parenthesis to zero. In this paper we will choose apy =0
and will not discuss the other option. One reason is that this is also the condition that is
imposed when working in minimal gauged supergravity [25], and we would like our solutions
to admit a limit such that they are contained in the latter.'® At the next order we get:

5761 )

220 ) . 22
2 — 2302 + 247 0 (3.22)

o (—8 +11a” —
When 7 = 0 this reduces to a4 (—8 + 11042) = 0, that is the equation found in [25] for the
minimal theory. In [25], the choice ay = 0 led to either the solution of [11] (given by (2.54)
above) or to a regular soliton that was identified as the gravity dual of the vacuum state of

%Tn the analysis of [25], the condition corresponding to (3.21) was a2 (8 + 13o¢2) = 0, hence the choice
a2 = 0 was the only possible.
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four-dimensional superconformal field theories on a squashed S® x R. The choice o? = %

led to the near-horizon expansion of a new supersymmetric black hole, as later confirmed
and studied in greater detail in [22, 23]. Similarly, here we can set either ay = 0, or the
parenthesis in (3.22) to zero. Setting a4 = 0 leads to either (again) the solution of [12],
or to a new solution. We have integrated numerically this new solution and found that it
develops a singularity in the bulk for all initial conditions we tried. So we could not find
a counterpart of the regular soliton of [25] in the presence of running scalars. Thus we
choose the second option to solve (3.22), that is we fix 1 in terms of « as:

1
n:48<_8+1uﬂi9av8—1uﬂ>, (3.23)

8
-

depending on the sign we choose in (3.23); for now we can continue by keeping this choice

implying that we must take 0 < a < Note that there are two possible values of n
unspecified. Proceeding with the perturbative approach to solving the supersymmetry
equation (2.59) near p = 0, we find that the coefficients a3 and a4 in the expansion of a(p)
remain free together with «, while all the others are determined in terms of these ones.
The first terms in the expansion of a and H read:

3a3 5 a3y g

3 4 7
= ap+ + + =P+ ==+ 0
a=apt+azp’+agp 10 p 10 " (p"),
2004 (—2 + 1502 — 24n)n 8a2n
H = 2 2—1—2 4+ 5—|— 3 6+O . 3.24
na‘p noasp 5+ 2302 — 241 p 5 p (p") ( )

Of the three free parameters «, a3 and a4, only two are physical. Indeed it is possible to
rescale at will one of the parameters, say g, without changing the five-dimensional solution.
The reason is that eqgs. (2.43), (2.47) imply that under a rescaling of the coordinates
p=A"15, y= A7, asolution a(p), H;(p) is transformed into another solution @(p) =
Xa(A71p), Hi(p) = NHy(A™'p). This leaves the parameters o and 7 invariant, while
it rescales a3, ay4. In the large-p solution of section 3.1, this freedom has been fixed
by assuming that for p — oo the function a goes like e’. While for now we keep aj
arbitrary, when later on we will construct an interpolation between the small-p and the
large-p solution we will need to tune it so that the assumed large-p asymptotics are matched.
So we regard a3 as an unphysical parameter.

It is also convenient to trade ay for a new parameter £, which is invariant under such
symmetry transformation and is thus physical:

ay = ol (3.25)

In the following we will always use £ at the place of ay.
Notice that a = ,/% corresponds to n = 0, that is H = 0. In this case the scalar
fields are fixed to their AdS value X! and the gauge fields take the form (2.48). This
leads to a solution that is contained in minimal gauged supergravity. One can check that

doing so one recovers the near-horizon expansion of the supersymmetric black hole studied

in [22, 23]. So we can expect that choosing 7 as in (3.23), but with a # /2, will lead to
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a generalization of such black hole, where the scalars will be running. In the remainder of
this section and the next ones we will show that this is indeed the case.

In the remainder of this section we provide the first terms in the small-p expansion
of the metric, the gauge fields and the scalar fields. Although these depend on the free
parameters «, as, £ only, for convenience in the expressions below we also employ 7, being
understood that this is fixed in terms of « as in (3.23). Our main purpose will be to show
that our small-p solution has a regular horizon at p = 0.

For the function f and w we obtain from (2.60), (2.61):

1207, | 24acs (402 +12n — 1) [128a* — (1 — 12n) (1 + 24n) — 4a” (T + 96n)] ,

f=—Xx"r Al p
(3.26)
(1-402)® 14472 1 a3 (—272a* 4 640% — 14472 + 1)
= = o 3.27
v 4802 2zt 2403 0. (3:27)
where we have defined the quantity:
A = (402 — 24— 1) (402 + 127 - 1) . (3.28)

The five-dimensional metric keeping only the leading order terms in a small p expansion
then reads:

480/

2
4" = ~22g

ptdt? + A

dp? 1 2 N2
W‘FE(O’%—FO’%)'F@(O?,—?CU) :| s (329)

where

_ 16a* +a2(8—96n) — 3(12n+1)2

0= 48 (402 —24n—1) (3.30)

It remains to determine the scalar fields and the gauge fields. Starting from the scalars
X1, we can use their expression (2.64) to obtain:

1 [(ae? - 1)? — 14402 20736 azn? (402 + 127 - 1)° o
- AZ - AB P

2
N [21677 (40 +12n-1)  15552aasn (40 — 1) (4a®+12—1) 22| V14 030,

A2 A5

(3.31)

The expansion for the scalars with lower indices, X7, is easily obtained from (2.4), or
equivalently from (2.63). The U’ functions entering in the gauge fields are computed
using (2.62) and read:

40?1 _ _
Ul = ((13—1—12(1043p2) X' 4+360nYT 4+ 0(p°) . (3.32)
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The small-p behaviour of the gauge fields is then found to be:

(402 — 36n — 1) (402 + 12n — 1) <1 180 (402 +12n —1)
12 (402 — 247 — 1) 40?2 —24n—1

Ay = Y1+ 0,

2
Al = _ﬁA{ﬂ(p =0)+0(p?) . (3.33)

We can argue that the solution above describes the vicinity of an event horizon of
finite size situated at p = 0. Indeed the elsewhere timelike supersymmetric Killing vector
V, whose norm is — f?, becomes null as p — 0. Moreover the metric has a divergent term
O(p~2)dp?, while the remaining spatial part remains finite. In addition, both the scalar
fields and the gauge fields have a regular behaviour as p — 0. In particular, note that in
the gauge we are using the gauge fields at the horizon are transverse to the supersymmetric
Killing vector V,

2
I _ Al _ gl I _ _
VEA, = A, = A, +U2A¢—O for p=0. (3.34)

The geometry of the horizon is more conveniently described introducing gaussian null
coordinates adapted to the supersymmetric Killing vector field V' [11, 12]. This is done by
the transformation:

fuw? 1 . R ~ fw ~ 1 2
dy =d —— — = |d dyp =dy — —d dp= /7 ——5d
y=du+ <(2aa,)2 72 )40 Y =dy Baaz 0 9P 7 aa ) P
(3.35)
which sets the original five-dimensional metric (2.18) in the form

ds® = —f2du® + 2dudp — 2f*wduds + fa* (o] +03) + (f 1 (2ad')? — fPw?) 53 . (3.36)
Plugging our near-horizon solution in, we obtain that the metric at the horizon is

ds?, ion = 2dudp + %(a% +03)+A0O5;, (3.37)
which is manifestly well-definite and regular provided A > 0 and © > 0. We have plotted
these quantities in figure 1, choosing the minus sign in the determination (3.23) for n. We
note that A is positive for every value of the parameter a except for a = \/% ~ (.816,
while © is real and positive for 0.657 < o < /8/11 ~ 0.853. Regularity of the horizon
however does not guarantee regularity outward the horizon. In section 3.4, we will see that
that regularity in the bulk in fact further constrains the allowed range of a.!!

The area of the horizon is easily computed from (3.37) and reads:
2

3V3

This is finite in the allowed range of the parameters.

1/2

Area = (40% + 12 — 1) [16a* + o*(8 — 961) — 3(12n + 1)?] (3.38)

H&imilarly, we find a narrow regularity range for the horizon geometry when the plus sign is chosen in
the formula (3.23) for 7. This is also further reduced when regularity away from the horizon is imposed.
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o

a

Figure 1. The two functions A(«) and O(a) whose positiveness is needed to have a regular horizon.
We observe that A is always positive except in the cusp point at o = 4/2/3, while © is positive
only for o 2 0.657.

We have thus shown that our small-p solution describes the vicinity of the horizon of
a new two-parameter family of black holes with running scalars, controlled by the param-
eters a and £ (recall that in general our g; are not free parameters as they are fixed by
condition (2.55)).

We note two important facts regarding the parameter £. The first is that £ is suffi-
ciently subleading in the small-p expansion of a not to appear in the leading terms of the
supergravity fields as p — 0. In other words, the horizon is not affected by £&. We will
confirm later that this parameter is anyway physical, as when it is non-zero it leads to a
squashing of the conformal boundary, making the solution asymptotically locally AdS (as
opposed to asymptotically AdS). The second fact is that in the limiting case £ = 0 we
can resum the perturbative series and obtain the exact solution H = na?, a = asinhp,
where 7 is fixed in terms of « as discussed above. This matches the solution of [12], with

GR GR, SR appearing in that

our parameter a being mapped into the three parameters aj
paper. The precise relation between the parameters is easily Worked out: comparing our
expression (2.63) for the scalars with the one in [12, eq. (3.19)], we find the relation between

our g7 and the ¢¥F of [12]:
1 _
ai't = 5 (e = DEX +8nar, (3.39)

where we reinstated the AdS radius ¢. Using the definitions given in [12], this implies

= (4o = 1),
1
GR g(40(2 )2£4 487]2,
1
of = = (40> — 1% — 1617 (40” — )£ — 1287 . (340)

We have thus established that for £ = 0 our solution corresponds to a one-parameter sub-
family of the black hole of [12]. Taking & # 0 brings us instead on a new branch of solutions.
Nevertheless, since £ does not affect the horizon geometry, the latter remains the same as
in the black hole of [12], with the identification of the parameters above. In particular,
using this dictionary the area of the horizon (3.38) matches the expression given in [12].
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Another limiting case is the one of constant scalars, obtained by taking o = \/% . We
have checked that in this case our small-p solution reduces to the one of [22, 23, 25], which
is controlled by the one parameter £. In this limit the scalar fields take their constant AdSs
value, X! = X!, and the part of the gauge fields along Y vanishes. Moreover, the horizon
geometry is completely frozen. We have thus demonstrated that by allowing for running
scalars one can introduce a new parameter so that the horizon geometry gets unfrozen.

3.3 Page and Komar integrals

In this section we discuss some conserved charges that will play an important role in the
following. This generalizes to Fayet-Iliopoulos gauged supergravity similar considerations
made in [23, 25] for minimal gauged supergravity.

Let us consider a Cauchy surface (that is, a hypersurface of constant time). This
is foliated by three-dimensional spacelike, compact hypersurfaces of constant p, that we
denote by ¥,. By considering the hypersurface ¥, at p = oo, we introduce the Page
electric charges [32]:

P[—12/ <Q[J*FJ+1C[JKAJ/\FK> . (3.41)
K Iy 4
Since by the Maxwell equation (2.14) the integrand is a closed three-form, it follows from
the Stokes theorem that P; is a constant of the flow along the radial direction and can
equally well be evaluated on any other hypersurface ¥, (moreover it should be quantized
in appropriate units). In particular, it can be measured at the horizon, that is on X .
Similarly, we can associate a conserved angular momentum to the symmetry generated
by the vector K = % by considering the following generalization of the Komar integral:

1
J [*dK+2LKAI (Q[J*FJ+6CL]LAJ/\FL>:| . (3.42)

=53 .
Using both the Einstein and the Maxwell equation, one can show that the integrand is
closed on the Cauchy surface and thus J can also be evaluated on any X,. We emphasize
that in general the standard Komar integral ono *dK would not satisfy this property,
because of the gauge field energy-momentum tensor in the Einstein equation.

The integrals above can be expressed in a more explicit way, adapted to our super-
symmetric problem. P; decomposes in a term proportional to X7 and a term proportional
to q, SO we can write

4872¢2

Pr = 2 (’ClXI + Ko qI) , (3.43)

where ICq, Ko are two constants and the overall factor is introduced for later convenience.
We also find it convenient to redefine

47203
J=—;

K (3.44)

In this formulae we have reinstated the AdS radius £ to emphasize that the constants
K1, Ko, K3 are dimensionless. Using the supersymmetric form of the supergravity fields
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described in section 2.2 as well as our ansatz (2.49), we find that these can be written as:'?

3 11y | L 2 p? 2
_ ) il S 4
Ky =d*d (fh) + v+ o~ a1 (3.45)
g (3 AN g 2y 4 e
Ko=H ( . + 7 H' + 3&2H €2a4H , (3.46)
a 2 fPw !
_ 3,2 2/ N2 I o
IC3 = a’fS (f w* — 4a (a’) ) (f3w2 = 4@2(a/)2> — 12 A¢ (]ClX[ + Ko qI)
1
+ §C]JKAéA;£A5 . (3.47)

Constancy of K1 and Ko immediately follows from eqgs. (2.42) and (2.43), which express
the Maxwell equation. In order to see that K3 is also constant one has to use the tw
component of the Einstein equation (2.13) as well as the Maxwell equation and the super-
symmetry conditions.

The quantities defined above represent a possible definition of the electric charges
and the angular momentum of the solution. In section 4 we will compare them with
similar quantities defined through holographic renormalization and we will also see that
they are relevant for expressing the entropy of the solution. In addition they are useful
for the following more practical purpose. In our two-parameter black hole solution, the
parameters controlling the general near-boundary solution of section 3.1 should be related
to the two free parameters appearing in the near-horizon solution of section 3.2. Evaluating
the first integrals both near the boundary and near the horizon allows to fix three of the
near-boundary parameters in terms of the remaining near-boundary parameters and of the
near-horizon ones. Concretely, we evaluate (3.45)—(3.47) at large p using the results of
section 3.1. We obtain three equations that can be solved for the parameters a4, Hs and
ae appearing in the large p solution for a and H as:

ay = 3?@ + %ag — %a% +(1- 5a2)% — gcz + %H% + gHgfI + Z—iﬁﬂ — glCl ,  (3.48)

Hy = %(4@}12 + Hy —2Hay — 4Hc+ H) + H? + 2H,H + gf{rz + i/c2 , (3.49)
+ <£ZH2 + 3545576> H? + ay <_3421§6 - %HQQ - %Hzﬁ — %fﬁ + §K1>
A (376H2 + %H% + 22;’8/@) _ %i@ + 1—12HQIC2 _ ﬁ/cg . (3.50)

These relations hold for every asymptotic solution of the form presented in section 3.1 and
allow to eliminate a4, ag, Hy in favour of the remaining parameters ag, as, v> = 1 — 4c,

12The integral over the angular coordinates yields f o1 No2Nog = f sin @ dO Ado Ady = 1672 as we have
assumed a canonical range for the Euler angles on S*, 6 € [0, 7], ¢ € [0,27] and ¢ € [0, 47].
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H , Ho. Of course these relations also involve the integration constants K1, Ko, K3, so we
still have the same number of arbitrary parameters. However it is convenient to eliminate
a4, ag, Hy as this simplifies many expressions. Moreover this is desirable conceptually
because in specific solutions the free parameters entering in the “expectation value terms”
should be fixed in terms of the “source terms” by regularity conditions arising in the
interior of the solution and /Cq, K9, K3 — being independent of the radial coordinate —
are easily determined by considering the solution in the interior. For our black hole, they
are determined by the small-p solution given in section 3.2, describing the vicinity of the
horizon. We find that in the limit p — 0, (3.45)—(3.47) evaluate to:

5

_ _1 2 2 2, 9
K1 = 9(0‘ +1)a” +7 I (3.51)
Ko = —%n (20 +6n+1) , (3.52)
Ks=—4(82+1)n*+ L (8a? +7) (1 —4a?)” — 641 . (3.53)

108

Recalling that 7 is fixed as in (3.23), these are functions of the near-horizon parameter
o only. In this way we have determined a4, ag, Hy in terms of the other near-boundary
parameters ag, asz, v, H , Hy and the near-horizon parameter «. On the other hand, in
order to determine the relation of the remaining near-boundary parameters with the only
two physical near-horizon parameters o and £ we will have to resort to numerics.

As a cross-check, we can evaluate the relations above in the limit leading to mini-
mal gauged supergravity and compare with the expressions previously found within this
theory [23, 25]. We thus take Hy = Hy = H = 0. Then (3.49) merely gives Ky = 0,
while (3.48), (3.50) reduce to expressions that are in agreement with eqgs. (4.21), (4.22)
of [23].13 The values of K1, K3 specific to the black hole solution of minimal gauged su-

pergravity studied in [23] are correctly retrieved by sending a@ — /& in (3.51), (3.53).
We can also compare with the expressions for a4 and ag given in eq. (B.1) of [25]: we find
agreement upon setting 1 = Ko = K3 = 0, which are the appropriate values for a solution

capping off smoothly such as the one presented in that paper.

3.4 Numerical analysis

In this section we perform a numerical study showing that there is a smooth solution
interpolating between the near-horizon and near-boundary regimes presented above. This
happens only in a certain region of the parameter space, that we determine.

We start by briefly describing how we perform the numerical analysis. We fix the initial
conditions at p ~ 0 using the expressions in section 3.2 and integrate equations (2.58), (2.59)
numerically towards larger values of p. Of course, in order to do this we need to assign
a numerical value to the two physical parameters £ and a. In section 3.2 we saw that

regularity of the horizon (for the minus sign choice in (3.23)) requires 0.657 < a < \/%

and o # \/5 , o we perform our analysis for various values of a within this range. Moreover

13Upon identifying the constants c:, ¢y appearing there as ¢, = —4v/3K1, ew = —Ks.
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(a) The solution a. (b) The solution H.

1 2 2 4 s 2 7 " 2 2 3 = 2

(e) The component gy.y. (f) The component ggs.

Figure 2. Relevant functions and metric components of our solution, rescaled by their asymptotic
behaviour at large p. The different values of the near-horizon parameter £ are indicated in the label.
We emphasize that although this is not immediately recognized from the plots, gge¢ and gyy go to
a small but positive constant, leading to an even horizon of finite size. This is clear from (3.29).

we rescale the unphysical parameter as in such a way that the assumed AlAdS behaviour
of a for p — oo holds.!*
The numerical analysis shows that the solution is regular only in the range:

2 8
— < — .
\/;<0‘—\/11’ (3:54)

"1n order to achieve this we exploit the rescaling properties described under eq. (3.24). We integrate a
first time choosing asz = 1, then we look at the large-p behaviour of the solution and determine the rescaling

factor A? by requiring that f — 1 asymptotically. This is equivalent to impose a ~ e” as p — co. Then we
fix a3 = 1/A? and repeat the integration.

~ 93 -



1 2 3 4

(a) The component of A] along X'. (b) The component of A{ along Y.

A, X, A, Y,

e

02 0.4 0e 08

(e) Scalar fields X' along X. (f) Scalar fields X' along Y.

Figure 3. Components of the gauge fields A’ and of the scalar fields X! along X! and Y.

while outside of this the function f presents a divergence at finite p and the same do other
components of the metric and the gauge fields. We have checked for several values of «
within this range that all the components of the metric and the gauge fields are regular,
provided £ lies in a certain range that depends on « and is determined by regularity of the
boundary geometry.

We report as an illustrative example the relevant physical functions for the value
a = 0.82 and for different choices of &. In figure 2 we display the functions a and H
and the components of the metric (3.9), while figure 3 shows the components of the gauge
field (3.10) and of the scalar fields X’. The plots demonstrate that the solution is smooth
on and outside the event horizon.
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-0.5 0.5

Figure 4. Relation between the near-horizon parameter ¢ and the squashing v? of the boundary
metric, for o = 0.82. v? is positive and finite for —0.7 < ¢ < 1.6. The black dots represent the
values effectively calculated by means of the numerical analysis. The larger dot at (£ = 0,0 = 1)

represents the solution of [12].

(a) The parameter ag.

Figure 5. The near-boundary parameters

(¢) The parameter aa.

(red) and o = /8/11 (black).

as

0.5 1.0 1.5

(b) The parameter as.

-0.005

-0.010

-0.015
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(d) The parameter ag.

ag, a2, a4, a6 in terms of the squashing v?, for o = 0.82



& i 1 V

(a) The parameter Hs. (b) The parameter Hy.

(XY

(c) The parameter H.

Figure 6. The parameters of H27H47]§ in terms of the squashing v?, for a = 0.82 (red). For

o = /3 they vanish identically (black).

Our next goal is to determine the free parameters appearing in the general near-
boundary solution (ag, az2, a4, ag, v, Ha, Hy, H ) as functions of the only two near-horizon
parameters «, £ characterizing the black hole solution. In order to do this we compare the
numerical solution for the functions a and H with the near-boundary expansion discussed in
section 3.1 at some reasonably large values of the radial coordinate p (we find it sufficient to
use several points in the interval 3 < p < 6), and evaluate the near-boundary parameters

using a best-fit technique. In figures 4, 5, 6 we present the results obtained using this
method for the two values a = 0.82 and a; = \/1% and for about 20 values of €. Figure 4

shows the relation between the squashing parameter v? and the near-horizon parameter &,

with a = 0.82 (we are not presenting the plot for o = 4/ 1§ as it is not significantly different

from the displayed one). Notice that for £ running between & ~ 1.6 and £ ~ —0.7 the
squashing v? spans the whole positive line. From an AdS/CFT perspective, the squashing
parameter v of the boundary geometry seems to play a more significant role than &, so
once « has been fixed, we choose to regard the family of solutions as parametrized by v?
rather than £. Consequently, in the figures 5 and 6 we plot the near-boundary parameters as

function of v2. Recall that the solution with a = 4/ 1% fits into minimal gauged supergravity

and coincides with the black hole of [23], so with the plots of figures 5 and 6 we are

comparing our new family of solutions with that one.!?

15For the solution in minimal gauged supergravity, the plot of ag corrects the one in figure 14 of [23]. We
thank the authors of [23] for correspondence on this.
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Solutions of [23],
frozen horizon

ﬂ -

7 0.82 0.83 0.84 0.85 '?
\}3 K_) Solutions of [12], {1

no squashing at boundary

Figure 7. Parameter space of our solution. The range of the near-horizon parameter is 1/2/3 <
a < /8/11, while for squashing at the boundary we have 0 < v? < co. For v? = 1 we recover a
sub-family of the solution of [12], while for o = 1/8/11 we reduce to the solution of [23].

With the help of the figures we can discuss some physical properties of our solution.
From figure 2 we can exclude the presence of closed timelike curves, which would appear
whenever the g,,, component of the metric becomes negative. Although the figure displays
just the behavior for a = 0.82, we have verified that closed timelike curves are also absent
for different values of «v in the range (3.54). Furthermore we should note from figure 2 that
in the near-horizon region gy becomes positive, implying that the vector % becomes space-
like. This means that if this vector is regarded as the generator of time translations, then
our solution presents an ergoregion for all the values of £ and « in the allowed range (3.54).
However we may also take as generator of time translations the supersymmetric Killing
vector field (3.8), which corresponds to working in a frame that is co-rotating with the
event horizon. In this case there is no ergoregion as this vector is timelike everywhere
outside the horizon. This feature is common in rotating, asymptotically AdS black holes
and in the supersymmetric context it was noted in [11].

Recall that in section 3.3 we exploited three first integrals of the equations of mo-
tion and solved for a4, ag, H4 in terms of the other near-boundary parameters and the
near-horizon parameter . We have checked that the values of the parameters extracted
numerically are in excellent agreement with these relations.

In figure 7 we provide a summarizing plot of the parameter space of our solution
including its notable limits.

4 Holographic renormalization and physical properties

We have established that our black hole solution is controlled by two parameters. One of
the two (it can be seen as v) does not affect the near-horizon geometry but introduces a
non-trivial squashing of the S? at the conformal boundary. The solution is therefore AIAdS:
it is only when the S3 is round (v = 1) that a conformally flat boundary is obtained. In
this section we evaluate the conserved charges, the on-shell action as well as the entropy of
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the solution and discuss the relations between such quantities. While for non conformally
flat boundaries the Ashtekar-Das method [33] for computing conserved charges does not
apply, we can resort to holographic renormalization. By introducing suitable boundary
counterterms, holographic renormalization removes the large-distance divergences that are
encountered in AlAdS spaces and in this way provides well-defined energy-momentum
tensor and currents. The latter have a natural interpretation as one-point functions of
the holographically dual field theory operators. Some general references on holographic
renormalization that are also relevant for our problem are [34-40].

4.1 Holographic renormalization in Fayet-Iliopoulos gauged supergravity

We start by providing some general formulae for holographic renormalization in five-
dimensional Fayet-Iliopoulos gauged supergravity. These will be valid under the assump-
tion that the fermion fields are set to zero and that the scalar fields only depend on the
radial coordinate.

We find it convenient to present the results of this section using the Fefferman-Graham
radial coordinate r introduced in appendix B. Although we could equally well work with
the original coordinate p, the choice of r is more standard in holography and may facilitate
comparison with other references. We recall that the general Fefferman-Graham form of
the five-dimensional metric is:

2 2d""2 i .7

ds® =/ oy + hj(x,r)da’ da? | (4.1)
where we have reinstated the AdS radius ¢ that was set to unity in the previous section.
The five-dimensional spacetime M is foliated by timelike hypersurfaces of constant r, pa-
rameterized by coordinates x?, i = 0,...,3. The asymptotic expansion of the induced

metric h;; and the other supergravity fields is (see appendix B for more details):

2

hij(z,r) = %2 B 4. (4.2)

Ai[ ) + fllI ) log é

Al = AI© 2. 4.
’L(xﬁr) 1 + (T/€)2 + 9 ( 3)
1(0) 4 41(0) r?
I I o +¢ Og 72
X =X+ (T/K)Q +..., (4.4)

where the leading terms hZ(JO-), AZ-I (0), #' O are the metric, gauge fields and scalar fields
induced on the conformal boundary M. These are interpreted holographically as back-
ground fields for the dual SCFT.

It is useful to illustrate how these background fields are organized in four-dimensional
supersymmetry multiplets. On general grounds, the bulk supergravity transformations
that preserve the Fefferman-Graham gauge induce the transformations of four-dimensional
conformal supergravity at the boundary.'® The asymptotic values of the Fayet-Iliopoulos

gauged supergravity fields provide the boundary Weyl multiplet, whose physical bosonic

16See e.g. [41] for an account of conformal supergravity in four dimensions.
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fields are the four-dimensional metric and an Abelian gauge field, and ny vector multiplets,
whose bosonic fields are a vector and a D-term. From the point of view of the dual N/ =1
SCFT, these are background multiplets sourcing the energy-momentum tensor multiplet
and ny Abelian flavour current multiplets. Specifically, since the gauge field entering in the
bulk gravitino variation is X;A’, its boundary value X;A! (9 should be identified with the
gauge field belonging to the background Weyl multiplet and sourcing the dual R-current.
On the other hand, Y747 (® and the boundary scalar field Y7 ¢! (©) belong to a background
vector multiplet and source the current and the scalar operator with conformal dimension
A = 2 in the dual /' = 1 flavour current multiplet.

In particular, we can consider the supergravity model with ny = 2 arising as a con-
sistent truncation of type IIB supergravity on S° (summarized at the end of section 2.1)
and its dual N' = 4 super Yang-Mills theory. In this case the field theory operators
Or sourced by the QEI ) 1 = 1,2,3, are identified as follows. Start from the adjoint
scalars z;, 1 = 1,...,6, in the N/ = 4 Yang-Mills multiplet and build the A = 2 opera-
tors Tr(z;2; — £0;j212k), transforming in the 20’ of SO(6). Then restrict to the singlets
under U(1)3 C SO(6). These may be taken as: Oy = $Tr (227 + 2235 — 22 — 27 — 22 — 22),
Oy = +Tr (223 + 223 — 22 — 2 — 2] — 23), O3 = —O1 — 0. Our solution has a source
term YZO;. Since for the supergravity theory dual to A' = 4 super Yang-Mills we need to
fix Y1 = Y2 = —1¥3 (or cyclic permutations of this, recall the observation under (2.64)),
we conclude that precisely one of the O; operators is sourced.

Having discussed what are the relevant SCFT background fields, we can now proceed
to compute the one-point functions for the corresponding SCFT operators. In order to do
this we need to set up holographic renormalization for Fayet-Iliopoulos supergravity.

In the Fefferman-Graham gauge, the hypersurfaces of constant r are homeomorphic
to the conformal boundary, which is found at r — oco. In order to regulate the large-
distance divergences that appear when evaluating the supergravity action one imposes
a cutoff rp, so that the solution extends only up to r = rg. We denote by M,, the
regulated spacetime and by OM,, its boundary at r = ry. Holographic renormalization
consists of introducing appropriate local counterterms on M, such that the large-distance
divergences are cancelled once the cutoff is removed by sending 19 — oo. The renormalized
action is defined as

Shen = 10 Sy (4.5)

o0

where the regularized (and subtracted) action Seg is
Sreg = Sbulk + SGH + Sct . (4'6)

Here, Spuik denotes the bulk supergravity action (2.2) evaluated on M,,. The second term
is the Gibbons-Hawking boundary integral, which makes the Dirichlet variational problem
for the metric well-defined. It reads:

1
San = 2/ d*zVh K, (4.7)
K= JoM,,

where K = hYK;; is the trace of the extrinsic curvature K;; = 2%83;7' of OM,,, and

h = | det h;j|. Finally, S consists of the counterterms needed to cancel the divergences of
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Sbulk + Scu. These are local boundary terms that should preserve the relevant symmetries
and may contain finite contributions in addition to divergent terms. Although the full
set of counterterms does not seem immediately available in the literature for solutions
to Fayet-Iliopoulos gauged supergravity where both the scalar and the gauge fields are
running and have their leading asymptotic modes turned on, it is not hard to generalize
the counterterms given in section 5.1 of [38] (also using the results of [42, 43]) to our setup.
This leads us to:

1 W — 301
om [ st sz
K= JoM,, log;—g
2 10e ™0 (R R — R2 2072 Qp FLFI 1 4.8
Jr—ogg2 i — 2072 Qyy . (4.8)

In this formula, the Ricci tensor R;; and the Ricci scalar R are those of the induced metric
hij, which is also used to raise the indices. The other ingredients are the field strengths FI
on 0M,, and two real functions of the scalar fields: the superpotential W and the function
=. The superpotential can be read from the supersymmetry variation of the gravitino field
and satisfies

(Q“ XIXJ> OV W — fwg (4.9)

where V is the scalar potential. For our Fayet-Iliopoulos gauging with scalar poten-
tial (2.16), the superpotential reads:

wW=301Xx". (4.10)
For the function = we may take instead:

—_
—
—

X'x; (4.11)

%\N

Note that this is proportional to the scalar potential. At large rg, it reads = = ﬁ +0 (ra 4)
while VAR = O(rd), hence the only term in = that contributes to S after removing the
cutoff is the leading one.'”

The counterterms (4.8) cancel all divergences from Sy + Sgn. Specifically, the first
two terms are local covariant expressions on OM,, which remove power-law divergences,

while the other terms explicitly depend on the cutoff and cancel logarithmic divergences.

17The relation between the scalar potential V and the superpotential W is usually given in terms of the
physical scalars &%, a = 1,...,ny and their inverse kinetic matrix G*° as

v:%ﬂ@w&W—gw?

However in our parameterization of the five-dimensional supergravity scalar manifold, one can show that
G0, X0, X7 = Q" — 2X' X’ [44] and in this way reach (4.9). The equation that determines = can be
found in [45] (see also [42, 43] for more general analyses) and reads in our notation:

2 b 1
3E ——g DuZRW — 55 = 0.

It is not hard to see that (4.11) does solve it.
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In addition, the first line of (4.8) yields finite terms that play an important role in the
evaluation of the holographic correlation functions.

From the renormalized action one can obtain the holographic one-point functions of
the energy-momentum tensor, the electric currents and the relevant scalar operators in the
field theory states dual to the supergravity solution of interest.

The holographic energy-momentum tensor is defined as:

2 0Sen .18 2 65
Tj) ===y = ~ % 412
< J> h(O) 6h23(0) rol—r>noo Y2 \/E OhtJ ( )
Starting from the action defined above we obtain:
1 W —3¢1 _ 1
(Tij) = K2 T&gnooﬁ Kij — K hij + Whij — 7,,(2)’%’;’ —2=2 | Ry — §Rhij
log 2
& r2 1 2 1
- Z log 672 <_2 Bij - 672 QIJFZ'I]CFij + 2762 hij Q[JFkIlFJkl> :| ,
(4.13)

where the Ricci tensor R;j, the Ricci scalar R and the Bach tensor B;; are those of the
induced metric h;; on OM,,, which is also used to raise the indices (see e.g. [25] for more
details on the Bach tensor and how it arises here). The contributions from the variation of
the counterterm action cancel all divergences, including the logarithmic ones, so that (T;)
is finite in the limit.

The holographic electric current is defined by varying the action with respect to the
gauge field at the boundary:

) = /i<o> 555;3 = miinooﬁ \;E 65;? (4.14)
We obtain:
(1) = —% li ﬁ lﬁijkl <QIJ *xF7 4 1CJJKAJ A FK> + 4V (QrsF77") log m]
K2 ro—o0 (4 | 6 6 i ¢
— —% [2 Quy (A7) 4 A7) 4 %CIKL RO A O L (O)} , (4.15)

where in the first line the supergravity fields on OM,, appear, while in the second line
we have evaluated the limit and expressed the result using the Fefferman-Graham ex-
pansion (4.2), (4.3). From a dual N/ = 1 superconformal field theory perspective, X'j;
corresponds to the R-current while the orthogonal projections correspond to ny Abelian
flavour currents.

The one-point function of the scalar operators is defined as:

1 0Sren L Tg 7’3 1 6Sreg
(Or) = Vi 510 Tolgnoo <£210g 2 Jhoxt ) (4.16)
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where it is understood that the variation respects the constraint (2.1), which implies
X760 = 0. By going through the computation, we arrive at:

(Or) = % Qry o’ ©, (4.17)

where we recall that ¢(9) is the O(r~2) term in the Fefferman-Graham expansion (4.4) of
the scalar fields. As anticipated, this term describes the expectation value of the dual field
theory operators, and here we have provided the precise relation between the two.

We remark that the formulae (4.13), (4.15), (4.17) hold for any AlAdS solution to five-
dimensional Fayet-Iliopoulos gauged supergravity, under the assumption that the fermion
fields are set to zero and the scalars are independent of the boundary coordinates (otherwise
we would have additional terms).

The one-point functions above satisfy the following Ward identities involving the
boundary fields h{)’, A} @, §(©

vz<]l> — Achiral (418)
Vi(Ty) = FjOG - APV G (4.19)
(T — 26" (O;) = AV (4.20)

where the indices are raised and the covariant derivatives are defined using hl(?). These
Ward identities are obtained by studying the variation of the renormalized action under
gauge transformations, diffeomorphisms and conformal transformations at the boundary,
respectively.'® The terms A}hiral and AVeY! express the chiral and Weyl anomalies of the
dual field theory. The former reads:

Achiral _

iq K (0) ~L (0
51 ikl (O)Fij ( )Fkl( ) 7 (421)

while AWeY! is computed by taking the limit:

) 53 . _ 2\ 72
AWeyl - hm ‘0 <R1]RZ] _ 7R2 _ 2€ QIJFIjFJU> + 2(W — 3€ 1) <10g €2>

(4.22)

which yields:

53

AWeyl _
8k2

g _ A\ © -
<Rin” — %RQ — 2072 QIJFz'g'FJU> + 1607 Q1J¢(O)I¢(O)J] , (4.23)

where the suffix (0) indicates that now all quantities are evaluated at the conformal bound-
ary OM. It may be useful to observe that the two terms in (4.22) contribute with an
opposite relative sign compared to their appearance in the logarithmic divergence of the
counterterm action (4.8). Therefore such divergence is not the same as the Weyl anomaly.

181 particular, if §o is an infinitesimal conformal factor, conformal transformations act on the boundary
fields as 6h(? = 20V55, 541 = 0, 63" = —(d — A)$' 50 = —2! )65
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As explained in [39], this is a general feature in the presence of scalar fields dual to opera-
tors of conformal dimension A = d/2 (where d is the dimension of the boundary), as it is
the case for us.

Before moving on to evaluate the formulae above in our setup let us comment on
the renormalization scheme adopted. The counterterms in (4.8) cancelling power-law
divergences are gauge invariant and covariant on OM,,. A priori of other symmetries,
one could define a different renormalization scheme by adding finite counterterms con-
structed using the boundary fields. In the present context however we are interested
in a supersymmetry-preserving scheme, so most of such terms would not be allowed.
The issue of a supersymmetry-preserving renormalization scheme is particularly subtle in
AdS;/CFT,. It was pointed out in [25] and further shown in [46, 47] that the scheme above
does not respect the dual field theory supersymmetric Ward identities in curved space, al-
ready in the case where no supergravity vector multiplets are introduced. In [43, 48] this
violation was understood as an anomaly arising in the supersymmetry transformation of
the SCFT supercurrent. The anomaly affects the superalgebra in curved space and thus
the BPS relation between the charges of supersymmetric states. This should be taken into
account when comparing supergravity and SCFT results using the scheme above, as we are
doing here. Alternatively, one should introduce some non-standard counterterms [46, 47]
that remove the anomaly from the supersymmetric Ward identities, at the price of sacri-
fying other symmetries. For most of our discussion below this issue will not be important,
however we will make explicit comments at the points where it may play a role.

4.2 Conserved charges

We next evaluate the one-point functions defined above on the near-boundary solution of
section 3.1, using its Fefferman-Graham form given in appendix B. In order to do so we
will not need to make any assumption about regularity of the solution in the interior of
the bulk spacetime. Recall that the near-boundary solution depends on the parameters
ag, a2, a4, a6, U, ﬁ, H,, Hy, and that we trade a4, ag, Hy for the first integrals Ky, KCo, K3
defined in section 3.3, which considerably simplifies the expressions. The contractions in
appendix A are also needed in the computations.

We find that the energy momentum tensor (4.13) can be expressed as:
(Ty;) da* da? = (Ty) dt* + (Tpg) (0F + 03) + (Tyy) 03 + 2 (Tyy) dt o3, (4.24)

where the components read:

1 1 7 89 -
Ty)= 55— (| == H* = 2K Jv* — v+ —% + 2H(2H? - H+ 6K
(Tu) K2aZ vl <(9 1>” 3¢ Tt 2 )
1
+27(2—108IC1+27IC3)),
_ ¢ 2 4 7 7
To0) = S5m0 (16(16(12—5)1) 670 +288H(4H2+H)+32—5761C1),
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_ 27172 2 4 6

V1728 H (2H? — H +6K,) +32(2 — 108K + 27163)) ,

1 1 ~ ~ ~ 1
Ti) = ———= [ —=(? =12 = (0¥ = 1)H? — 2H3 — 2K, (v* = 1) = 6HKy — = .
(1) = s (70 = 1P = 02 =) Ka(w? 1)~ 671K - LK
(4.25)
The trace is: 5
(T7) = all (2H2 + H) . (4.26)

The non-vanishing components of the electric current (4.15) are:

; —1 2 om0\ o ~ -

1) = gy | (P40 = (0° = 1)+ O%) K46 (98 + (oF ~ ) H +3°) 1]
Ay 1 ~ ~
UF) = mgmmagye [(43002 —9)0? — 30 B2 216K + 250" +4) Xy

12 (18 (Hy * + ko) + H(6 H +50* = 2) ) ] - (4.27)

In the limit H = Hy = K; = Ky = K3 = 0, (4.25) and (4.27) are consistent with the
energy-momentum tensor and current for minimal gauged supergravity solutions presented
in [25].19

The scalar one-point function (4.17) evaluates to:

3 ~
<O[> = _HTCL[Z) (2H2 —|—H> qr - (4.28)

It is easy to check that the Ward identities (4.18)—(4.20) are satisfied with
Al = AW — 0, (4.29)

Moreover the two sides of (4.19) actually vanish separately on our background, so the
energy-momentum tensor satisfies the standard conservation law V*(T;;) = 0.

Vanishing of both the chiral and Weyl anomalies is a consequence of supersymme-
try. Indeed both AWeY! and A3l must be four-dimensional superconformal invariant
Lagrangian built out of background conformal supergravity multiplets. As already dis-
cussed, in our holographic setup the latter arise as the asymptotic values of the bulk fields
and belong to the Weyl multiplet and ny vector multiplets. It was shown in [49, 50] that the
respective superconformal invariant Lagrangians vanish on supersymmetric backgrounds of
the type studied in this paper, implying that the gauge and conformal Ward identities are
satisfied with no anomalous contribution.

9We correct an overall sign mistake in the expression for (Ty,) appearing in appendix B of [25]; we
thank P. Benetti Genolini for pointing this out. In order to match the current one has to take into account
that the relative normalization between the gauge field in (2.48) and the one in [25] is A" = %Athere.
One should also note that a different gauge choice is made, which affects the 1) component of the current.
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Since the holographic electric currents ( j}> are conserved, we can introduce holographic
electric charges Qg as:

Qr = / voly u; (j%) (4.30)

where ' is a unit timelike vector for the metric on the conformal boundary M and
Yoo C OM is a compact, spacelike hypersurface in the boundary. Using (4.15) it is not

hard to show that this is the same as:2°
1 1
Qr=—— (QU*FJ—I—GCUKAJ/\FK) : (4.31)
K Yoo

It follows that the holographic electric charges are related to the Page charges (3.41) as:
1

—_p
Qr T+ 12,2

/ Crix A7 ANFE (4.32)
Yoo

The holographic electric charges and the Page charges do not agree due to the different
contributions from the Chern-Simons term [51]. Since Acpial = 0, both are invariant under
small gauge transformations, however they transform under large gauge transformations.
Evaluating either one of the formulae above, we obtain:

167202 1, 2 15\ o 1, 5 ~
= —— (P -1)"+-H*) X (W -1)H+H :
Qr 2 [(3161 13 (’U ) + 5 ) I+ <3IC2 + 3(’0 )H + ) QI]
(4.33)

Given an asymptotic symmetry of the solution generated by a vector Z, we can also
define the associated conserved charge

Qz= [ volsus ((T%) + 41 5) 27 (4.34)

where the term involving (j;) is in general required because the energy-momentum tensor
satisfies the modified conservation equation (4.19) (although in our background the energy-
momentum tensor actually satisfies the standard conservation law and thus in principle we
could define conserved quantities just in terms of it). In particular, the holographic energy
and angular momentum may be defined as the charges associated with the vectors % and
—%, respectively:

E=Qo = / volg u; ((T%) + A{ (j1) ) , (4.35)
Qo= /2 vols i (T + AL (j1)) . (4.36)
By using our expressions for the energy-momentum tensor and the electric currents, we find:
242
T4 (16 14 19 ~ 8
E="—|(=—-—=v+ v —16H*+ =K 4.37
K2 <9 oV 36" Tt ) (4.37)
47203
Q o =——Ky=1J, (4.38)
oz K

20The overall minus sign can be traced back to the fact that our choice of orientation for the bulk and
the boundary is such that vol(M) = —4Z A vol(OM).
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where for the last equality we used (3.44). This shows that the holographic angular mo-
mentum coincides with the generalized Komar integral (3.42). These results for the electric
charges @, the energy E and the angular momentum J hold for any AlAdS solution to
Fayet-Iliopoulos gauged supergravity satisfying the supersymmetry equations (2.58), (2.59).
The expressions depend only on the squashing at the boundary v, on the scalar source H
and on the constants K1, Ko, K3. As explained in section 3.3, the latter can be fixed by
studying how the solution caps off in the interior.

We recall that for our two-parameter family of black hole solutions, the value of
K1,K2, K3 is given in terms of the near-horizon parameter a in (3.51)—(3.53), while we
could relate the boundary data v and H to the near-horizon parameters a and £ only
numerically (recall figures 4, 6).

4.3 On-shell action and quantum statistical relation

We now proceed to evaluate the renormalized action on our supersymmetric black hole
solution.?’ This is somewhat formal: a physically more meaningful way to compute the
on-shell action of an extremal solution would be to start from a non-extremal generalization
having a regular Euclidean section, evaluate the corresponding on-shell action, and then
take the extremal limit. Nevertheless we find it useful to proceed with a direct evaluation
of the action on our Lorentzian solution since in addition to exhibiting the cancellation of
the large-distance divergences for all asymptotic solutions of section 3.1, it will lead to a
result with a simple physical interpretation.

We start from the bulk action (2.2). Using the trace of the Einstein equation (2.13)
and rewriting the Chern-Simons term by means of the Maxwell equation (2.14), this can

be expressed as:

2 1
= — 1 - — d Al AN KFT) 4.
Soulk = 3 /MTOV* 33 /MT (Qrs A" AxF7) (4.39)

0

Since Q1 AT AxF"” is globally well-defined and vanishes at the horizon in the chosen gauge,
the second term reduces by the Stokes theorem to an integral over the boundary OM,,.
The same is true for the first term. This can be seen by noticing that using (2.22), the
scalar potential (2.16) reads:

V=—602XIx;=—6072ff"1 (4.40)

min ’
which implies
1
Vxl=—120"2 fI;iln add dtANdp Aoy Aoa Aoz = B d (agpdt ANo1 Aoa A 03) , o (4.41)

where in the last equality we used (2.29). The integral on M,, is now trivially performed.
Since from the analysis of section 3.2 it follows that a?p — 0 at the horizon, we obtain that
the only contribution is from the upper limit of integration. Thus the bulk supergravity

2For the solutions of [11, 12], the on-shell action was computed in [52].
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action can be expressed as a term evaluated at r = ry as:?>

1672 , 1 I J
Sbulk = — 3/{12 ap ‘7«0 dt + @ . Q[J A AN*F . (442)
70

Using the asymptotic expansion of the a function obtained in section 3.1, the first term
n (4.42) evaluates to:

1672, , 8w22 [ 4 (70 1 9 (70 32
EY (ap)‘”)/dt”_n [4 (z) 5(4c+3)a0(7) o ¢ los z

1 3
56 (= 128a2+380+1)c—H2—21C1+32} /dt, (4.43)

where the symbol ~ means that the equality holds up to terms that vanish as rg — oo.
The second term in (4.42) is less straightforward. Recalling that A’ is given by (2.19) and
*F! by (2.21), we can write:

Al A SF) = 203 1 xT (Fx7) - ;—CJ:,UI(j»’w’)(“’Jr (UJ)')]thal NogANog. (4.44)

Both X’ and U' contain a part proportional to X! and a part proportional to Y7, as it is
apparent from their expressions (2.62), (2.64). With the aid of (A.12) we can evaluate the
contractions of the different terms with the kinetic matrix Qry. In this way we arrive at
an expression for Q;;A! A «F” that we expand asymptotically. Doing so we obtain:

3%2/ Q[JAI/\*FJ

87r2€2 9 9
5 [9(8 +9H)1og7

2 ~ ~
- (1+16a2—120)c+(4H2+H)H+2/C1]/dt,

9
(4.45)

which concludes our evaluation of the bulk action (4.42). In both expressions resulting
from (4.42) the parameter a4 has been traded for the Page charge K1 using (3.48).
The Gibbons-Hawking term yields:

22 4 2 ~ ~
SGH%—87r —16a 4( > + (14 -c)ad (T—()) —i—SHQIOgr—O—|—8H2]'1T—i—4H2 /dt.
K2 ¢ 14

3 i
(4.46)

We finally evaluate the counterterm action (4.8). This is most easily done using the
asymptotic expansion of the supergravity fields given in appendix B, also recalling some of
the contractions in appendix A to evaluate the term involving the gauge field. We obtain:

IQ

8m2e? 4 (T0\% ~, o 8 5 ~ ~
Ser ~ — [12 (7) ~ 1207 log f + 2 —6H<2H2+H)} /dt. (4.47)

22The positive orientation on the five-dimensional spacetime is defined by dt Adp A o1 A oa A o3, while we
choose dt A o1 A o2 A o3 as the positive orientation on the boundary. As a consequence, the Stokes theorem

reads ero dw = — fBMTO w
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Notice that as long as H # 0, namely as long as the scalar source term is non-vanishing, the
counterterm action contains a logarithmic divergence in addition to a power-law divergence.
As explained under eq. (4.23), there is no contradiction with the fact that AVe! = 0.

Adding up (4.43), (4.45), (4.46), (4.47) and removing the cutoff, we arrive at our result
for the renormalized on-shell action:

292
o216 14, 19,
Sren = —752 5 — 5 v°+ % v — 16H dt . (4.48)

This depends only on the squashing at the boundary v? and on the scalar source term H.
The expression is valid for solutions that have the near-boundary behaviour discussed in
section 3.1 and that in addition have no contributions from the lower limit of integration
of the bulk action. We also remark that a priori the final result for the on-shell action
depends on large gauge transformations. The gauge-dependence arises from the Chern-
Simons term in the bulk action (or, after using the equations of motion, from the second
term in (4.39)). The appropriate gauge to be used for evaluating the on-shell action may
be prescribed by regularity of the solution. Here we used a gauge condition such that
V“A{L = 0 at the horizon, cf. eq. (3.34), which avoids a divergence in the square norm
of the gauge fields. In this gauge, the Killing spinor parameterizing the supersymmetry
of the solution is preserved by the vector V' given in (3.8) (recall that in Fayet-Iliopoulos
gauged supergravity the supersymmetry parameter is charged under X;A! and therefore
the expression for the Killing spinor is gauge-dependent). It should be noted that when
taking the minimal limit H — 0, this gauge choice leads to an expression for the on-
shell action that is different from the one given in [25, eq. (4.13)]. Indeed in [25] a different
gauge choice was made,?3 ensuring that the Killing spinor is instead preserved by the vector
%. This was required by global well-definiteness of the spinor in the solitonic geometry
studied in that paper, where after a Wick rotation % generated translations along an S*
of finite size.

We notice that the on-shell action (4.48) satisfies the simple relation
Sren —

— 4.
A, Qv, (4.49)
where we have defined A; = f dt and
Qv=—F— 27 (4.50)
v lv? '

is the holographic charge associated with the supersymmetric Killing vector (3.8). This
relation can be interpreted as a limit of the quantum statistical relation for general Al-
AdS spacetimes. The latter reads (see [40] for a discussion in the context of holographic
renormalization):

é:E—TS—QJ—(I)IQI, (4.51)

ZFrom (3.15) we see that the present gauge satisfies lim,_, oo V"Aﬁf(j = 1, while the gauge chosen in [25]
2
302"

corresponds to lim, ;e V“ALXI =1-
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where I is the Euclidean on-shell action, § is the entropy, T'= 1/ is the temperature,
is the angular velocity of the horizon measured with respect to a static frame at infinity,
and ®' is the electric potential. Taking the limit to extremality and considering just the
leading order terms, we obtain:

G —E-0-2q;, (4.52)

where now all quantities are evaluated in the extremal solution.
In our setup, the electric potential is:**

o' =VFAl |por =0, (4.53)
while the angular velocity is read from the vector (3.8) and is:

QO (4.54)

=57
We see that the right hand side of (4.52) is just Qy. It follows that after identifying —SA—T‘
with its Euclidean continuation é, we can interpret the relation (4.49) as the leading order
term in the extremal limit of the quantum statistical relation. Note that the entropy does
not appear at this order in the limit to extremality: to see it one should consider the
next-to-leading order terms.

The same relation (4.49) can also be seen as the BPS relation between the holographic
charges including the anomalous contribution discussed in [43, 48].

4.4 Entropy

The expression for the entropy of our black hole solution follows from the area of the horizon
given in (3.38). It is interesting to note that this can be expressed as a simple combination
of the Page charges and the angular momentum of the solution. Indeed, using (3.51)—(3.53)
into (3.38) we arrive at:

2 8303

_ Am2(
PN EIGIEES ¢y N Ly (4.55)
2 K2

This is the same relation found in [53] for the asymptotically AdSs black holes of [11, 12].
The fact that the same relation holds here is certainly not surprising, since on the one hand
we have seen in section 3.2 that our horizon geometry forms a one-parameter sub-family of
the horizon geometry of [12], and on the other hand all quantities appearing in (4.55) can
be measured at the horizon (recall the discussion of section 3.3). However, it is important

24 Here we are using the definitions of [40], where the electric potential is measured just at the horizon,
®' = V" A/ |nor and E, J are those introduced in (4.35), (4.36). In another possible definition, the electric
potential also receives a contribution from the gauge field at infinity, ®f = V“Aﬁ lhor — V”Aﬁ |0, While E
and J are computed just from the energy-momentum tensor (if conserved), without the term involving the
gauge field. In any case the combination E — QJ — ®/Q; remains the same.
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to note that while in the asymptotically AdS5 case the Page charges Pr and holographic
charges Q) essentially coincide because the additional boundary contribution in (4.32)
vanishes, in the present asymptotically locally AdSs case they are different, and we find
that the relation (4.55) really involves the Page charges. In other words, this relation does
not hold in our solution if the P; are replaced with the ()7, due to the dependence of the
latter on additional boundary data.

Recently, an extremization principle has been proposed [17], where the expres-
sion (4.55) for the entropy of the supersymmetric asymptotically AdSs black holes of [11, 12]
is reproduced by the Legendre transform of a certain function of chemical potentials that
are conjugate to the black hole charges and angular momenta.?® This is particulary appeal-
ing as the function of chemical potentials has a close resemblance with the supersymmetric
Casimir energy of four-dimensional superconformal field theories (SCFT’s) on S! x 3 [18-
20] (this relation has been made precise in [55]). It is natural to ask whether the same
extremization principle would hold for the black hole solution presented in this paper. Our
observations above indicate that the same extremization will go through and give the en-
tropy as a result, provided the extremization variables for the function defined in [17] are
understood as chemical potentials conjugate to the Page charges P;. The failure of the
holographic charges @ to reproduce the entropy when they are inserted in (4.55) at the
place of the P; may also be related to the choice of supersymmetric scheme discussed at
the end of section 4.1.

5 Conclusions

In this paper we have presented a new two-parameter family of supersymmetric AIAdS5
black hole solutions comprising a squashed S at the conformal boundary. We have seen
that one of the parameters controls the event horizon geometry as well as the angular mo-
mentum and the Page electric charges, while the other can be identified with the squashing
of the S3 at the boundary. Suppose we fix the former. Then although the squashing at the
boundary is arbitrary, the S3 metric flows to a fixed one at the horizon. This is reminiscent
of the attractor mechanism for scalar fields in four dimensions. This connection can be
made rigorous by reducing along the Hopf fiber of S3, as in the dimensional reduction the
component of the metric controlling the size of the Hopf fiber becomes one of the scalar
fields involved in the attractor mechanism (see [17] for a related discussion in the case with
no squashing).

The fact that the solution depends on one parameter in addition to the squashing
deserves some remarks. Let us consider for definiteness the ny = 2 model that arises as a
consistent truncation of type IIB supergravity on S°. In this case a solution carries energy,
one angular momentum (associated with rotation in the SU(2) x U(1) symmetric external
space) and three electric charges (associated with U(1)? rotations in S%). Supersymmetry
imposes one linear relation between these quantities, which would a priori leave us with
four independent charges. Already in the solution with no squashing of [12], however, one

2In [17] this principle was also discussed for the supersymmetric AdSs black holes with two indipendent
angular momenta of [13-15], while in [54] it was extended to AdS7 black holes.
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obtains just three independent parameters as a second constraint needs to be enforced
in order to avoid causal pathologies [56]. Given this counting, we could expect that it
is possible to obtain a black hole solution controlled by three independent parameters in
addition to the squashing at the boundary. One reason why this is not the case in our
solution may be that the simplifying ansatz made in section 2.3 is too restrictive, although
it should be noted that it is perfectly compatible with the multi-charge solution of [12]. It
would be interesting to see if by relaxing this ansatz more general black holes can be found
in the ny = 2 model. It is also conceivable, although harder to verify, that the additional
solutions break the SU(2) x U(1)* symmetry in the bulk. In this case five-dimensional
Fayet-Iliopoulos gauged supergravity would be a too limited setup and one should rather
work in a more general consistent truncation or directly in ten dimensions.

Another interesting avenue for future research will be to extend the study of supersym-
metric AIAdS black holes with a deformed boundary done in this paper to other dimensions,
the seven-dimensional case being perhaps the most promising.
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A Useful contractions

In this appendix we collect various relations involving the parameters ¢q;. Recall that these
must be chosen so that

qulzo . (A1)

We start by proving that condition (2.55) on the ¢y implies (2.56), (2.57), that we
report here for convenience:

CM X1q59x = —% ; (A.2)

CE g rqr = —%XI +Y!, where Y!=CVEX gk, (A.3)

C qrqrqx = —% : (A.4)

Using (2.55), we can compute
Q" qrq; = 36Q" <QIK - gXIXK> <QJL - ;XJXL> (Cqq)* (Cqq)*
— 36 (Que — 3 X1 ) (Can)* (Caa)* (A5)
With the aid of (2.9), (2.10), (A.1), this can be rewritten as

(CXqq) = 3CkrrX'(Cqq)" (Caq)" — 18 (CXqq)* . (A.6)
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The property (2.3) of the Cryx tensor and again (A.1) imply that the first term in the
right hand side vanishes, leaving us with

(CXqq) = —18(CXqq)*, (A7)

which is the first in (A.2). Here we are assuming (CXgqq) # 0; indeed (CXqq) = 0
would imply q; = 0. This follows from the fact that (CX¢qq) = 0 can also be written as
Q" qrq; = 0, which since Q is non-degenerate implies ¢; = 0.

We can now return to condition (2.55), which using (A.2) becomes

_ ;1.1
e X—qr . A.
Q17 (Cqq) X1~ gl (A.8)

Multiplying by Q! and using (2.10) we obtain (A.3). Upon contraction with q; the latter
implies (A.4). This concludes our proof of (A.2)-(A.4).

We next report some contractions between the tensor Cj i and the constant vectors
X1 YT that we repeatedly use in the computations in the main text. These can be verified
with manipulations similar to those described above.

The Y vector is orthogonal to X; and its contraction with g7 is fixed such that:

XY =0
GV = —% . (A.9)
Recalling (2.10), it can also be useful to record that:
Yf:féQ“qJ. (A.10)
Furthermore we have the following contractions:
Cryx X' X* =6Xy,
Crx X7V = é(H )
Coox V7 V5 = -2 X~ ai,
54 27
Cr X VYK =
Cryx VIV VK = %6 . (A.11)

The following additional contractions involving the matrix Qs (rather than its deter-
mination Q7; on the AdS5 vacuum appearing in previous formulae) will be useful when
evaluating some terms of the on-shell action in section 4.3:

ada 2

_ 1 H 1 _ 1 H \? 1 1
J_ (1 21 = ) _ -+ -
QrY’ = < 4f fmm + 19 B) X7+ ( 4f (a3a/> 6A+ GB> qr , (A.l?)

QX! = (G (1) ~34) Xt (37 fuh s = 58 ) .

ada
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where A and B are defined as
X' =AXI+9BY! (A.13)

and thus recalling (2.64) read:

ol 1 HY
A=f [fmin_4<a3a1)17

H’]H’

2a3 a’

B=f? [f;}n + (A.14)

ada’
B Near-boundary solution in Fefferman-Graham form

In this appendix we give some more details on the construction of the general near-boundary
solution of section 3.1 and we cast it in Fefferman-Graham form. This will confirm that the
solution is Asymptotically locally AdS and provide information on the role of the different
parameters in determining the source and expectation values for the field theory operators
dual to our supergravity fields.

We will keep setting the AdS radius ¢ = 1 and use the coordinates (t, 1) introduced

in the main text. We recall that these are related to the previous coordinates (y, ¥) as:

. 2
y=t, Y=1v+xt, where x=-——,
4e — 1

and that the form of the five-dimensional metric and gauge fields in these coordinates is:

ds? = gppdp2 + ggg(o‘% + 0%) + ngag + g,gltdt2 + 294y 03dt . (B.1)
Al = Aldt+ A, o5 . (B.2)

Starting from (2.18), (2.19) and implementing the change of coordinates, one finds that
the respective components take the form:

gop=1"", goo = f'a®, Gy = — 2w + f1(2ad")?,
g = =21+ xw)? +x°f1(2ad)?, gy = =21+ xw)w+x [T (2ad)?, (B.3)
Al = (f+xTw) X +xU", AL =fox!+U. (B.4)

In this appendix we present the asymptotic solution for p — oco. The large-p expres-
sions for @ and H have been given in egs. (3.4), (3.5). Using (2.60) we obtain for f:

1+16as +4c 4c e2p
o (L0t e

12 3 a?

0

1 ~ ~
i [MA (1~ 1283 + 960z ¢ + 8ay + 24c — 80c* + 18 (SHF + 12H, H + 942 )

1 _ -
v ((1 — 32ap + 12¢)c + 9H (AHs + SH))p +

9H? — 8 2 5] e 4
18 P

—+0(e™) .
9 ag
(B.5)

43 —



Note that f — 1 as p — oo. Eq. (2.61) gives for w:
1 1
w:—2a§e2p+5+4a2—2c+4cp+@[—352a§+32a2(5c—1)+192a4
F8¢(2—3¢) — 1418 (8H§+8H2FI+31§2)

~ ~ - —2p
+ (800 (¢ —12as) + 72 H(6 Hy + 5H)) o+ (216 H? — 480 c2) p2] % + O .
0
(B.6)

Using these expressions we can construct the asymptotic expansion of the supergravity
fields. The leading order terms have already been given in the main text. In the following
we present the needed subleading terms after turning the asymptotic solution in Fefferman-
Graham form. This is equivalent to show that the solution is A1AdSs.

The general Fefferman-Graham form of the metric is:

dr?

ds? = T + hij(z,r)da’ da’ (B.7)

where r is a radial coordinate, x* are coordinates on the hypersurfaces at fixed . The
induced metric h;; on such hypersurfaces can be expanded for r» — oo as:
2 4) | 5(4 74 2
B2 hz(j) + hz(»j) logr? + 3% (logr2)

hij(x,r) = 2 |B9) + -t i

, B.8
= (B.8)
where all terms in the expansion depend on the transverse coordinates 2 only. The Maxwell
field, for which the radial gauge AL = 0 is assumed, reads:

AT 4 AT () log 2
_l’_

Al(x,r) = A0 5

; (B.9)

Our scalar fields have mass m?¢(? = —4 and are thus dual to SCFT scalar operators of
conformal dimension A = 2. The corresponding Fefferman-Graham expansion is (see

e.g. [38]):

st i, @040 P logr?  61® 461 logr? + 5 (logr?)’

+.... (B.10)

r2 r4
In order to set our five-dimensional metric (2.18) in the form (B.7), we need to trans-
form the coordinate p into the Fefferman-Graham coordinate r by imposing:

_dr

1/
F12%(p)dp -

Solving this equation at large p, we find that the asymptotic change of coordinate is:

(B.11)

16 12 1 2
a%r2:a862p+—a2+24 et +§CP

1 ~ ~
+ [2304 (— 768a3 4 128asc + 8¢(13 — 30¢) + 3 + 72 <8H22 + 16 HoH + 13H2>>

4 3

_ 19 .FNIH ﬁ }NIZ 2 —2p
O o L S R
ay
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Employing the coordinates (¢,7,0,¢,1), the five-dimensional metric of our solu-
tion reads:

dr?
ds? = =+ hoo(0F + 03) + By 05 + hy dt? + 2 hyy dt o3, (B.13)

where the components hgg, hyy, hyt and hyy only depend on r and have an expansion of
the form (B.8), with the coefficients being:

2 - 4e(l—4 H(H — 4H < H?
WO g, a = _3ERe g dcl-d9 +SHE -4l jay

24 7 00— 24a3 P Ra”
o 10242 — 384agc + 1536a4 + 8c(74c — 15) — 1 — 24 (40HQ2 + 64H,H + 49?12)
00— 76842 ’
(B.14)
© o @  (1—4c)(28¢ - 3) =y (4c—1)H?
hyyp = a1 =4c),  hyy = 21 o gy =g
0

o = [3(—75 + 4608a4 — 995328a¢ + 9604c) + 16( — 144as (3 + 4as(3 + 64az)
62208 a2
+2064a4) + 24((391 — 208as)as + 336a4)c — 9(1157 + 2976a2)c* + 13420c3)
+ 82944 H,(12Hy + 19H) — 1728(12H; 4+ 11H)(24H2 + 48HyH + 11H?)
+ 216( — 8(9 + 576ay + 268¢)H3 — 16(—17 + 304ay + 308¢) Hy H
+ (871 + 2944ay — 3308(:)?12)} ,
RG) = —g1z(4e—1) (8c (4c — 1) — 3H(4H; + 5?[)) , (B.15)
0
0 2 > (4 7(4)
hy) = hy) = hy) = Ry =0,
B0 128a5(4c — 1) + 8¢(38¢ + 1) — 5 — 96(2H, + H)?
4 4 4 2 2
hiy = —2hig — 2L+ 19902 ,  (B.16)
h ap
v
OB 4a3 @ _  4c+3 sy HAHy+5H) 5@ H®
i 1—4c¢ % 6(1—4c)’ 2a3(4c—1) * " 2a2(1 —4e)’
2 2
(0) (0) A0 A0
@ _ ¢ hog @ hgg (4) 1 Yy Yy
P i vy 00 60
2(2H, + H)?
_ ) B.17
ag(4ec—1) ( )

The terms at the leading and next-to-leading orders are identical to those found in [25]
for minimal gauged supergravity (see appendix A of that paper for a comparison), while
at the following order the backreaction of the fields in the supergravity vector multiplets,
controlled by H , Ho and H4, deforms the metric. According to a standard holographic
analysis, the free terms of the metric are found in A(®) and A, which correspond to
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the source and the expectation value for the energy-momentum tensor of the dual SCFT,
respectively. Given the present setup, five free parameters are expected in the metric [25],
and one can see that the free parameters ag, ¢, ao, a4, ag indeed appear in the expressions
above for h(©) and A4,

We then turn to the scalar fields. We find that they take the form (B.10), with the
expansion coefficients:

g~ 91!
ag
IO (2Hy + H)Y!
- = 7
- 4a} )
1 _ AH (2Ho + H) X' + 3H (4c + 48(Hs + H) + 3) V!

8aé ’
gZI(Q) . ﬁ2X1+ 18ﬁ2}71
- 4aé

(B.18)

The free coefficients are qBI ©) and ! 0, corresponding to the source and the expectation
value of the dual scalar operator, respectively, and being controlled by the free parameters
H and H,. The expansion of the scalars with a lower index, X7, is easily obtained from
the one of X' using (2.4).

We finally examine the gauge fields. One can write them in the general form (B.9),
with the coefficients being:

4c—3) X! — 108 HY! 12
A1) _ ( Ar@ _
: 34— 1) ! e =0
1(2) _ 1 2
At = W |:( -5+ 256@2 + 384(14 + 32@2(—2 + 56) + 80(—4 + 296)
—18(8H3 + 24Hy H + 21H?) ) X7 + 432 [12H — 2(Hy + dayHy + H — 2(as + o) H)
— 3(4H2 + 8Hy H + 5?12)} Yf} , (B.19)
4 ~ . 1—4c)(2¢ X! +27THY!
A0 = Aoyt gyt Al 2 1T A0@eX aTHYT) (B.20)
¥ 3 ¥ 6ag
1
A{p@) = i [(1 + 256a3 + 384ay + 32as(1 — 7¢) 4+ 8c(—4 + 17¢)
0
— 18(8H2 + 24H, 0 + 211?2)))21 + 216(24H4 —9(—1+8ap + 12¢)Hy — H
+ 8agH — 4cH — 6(4H3 + 8HoH + 51?2))1/1} . (B.21)

The equations of motion leave both A7 (©) and A’ @ undetermined in the Fefferman-Graham
expansion of the gauge field, however supersymmetry relates both of them to the metric
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and the scalar fields. Indeed we find that the only free parameter appearing in the gauge
field and not already entering in RO p3) ot 0, <Z~>I ©) is Hy, which appears in the part of
AT that is aligned along Y.

The further subleading coefficients in the Fefferman-Graham expansion of the super-
gravity fields do not contain any new free parameter and are fully determined by the terms
displayed above. As a cross-check of the whole construction, we have verified that the
supergravity equations of motion are satisfied up to the first few non-trivial orders.

To summarize, we find that our near-boundary supersymmetric solution can be cast
in Fefferman-Graham form and is thus AIAdSs. The source terms k(9 A7) and ¢!
depend on the free parameters ag, ¢ and H.In particular, ag and ¢ determine the boundary
metric A(?) and the part of A1) along X7, while H fixes QBI ). The parameters ag, ¢ and
H together also determine the part of the boundary gauge field A7 () along Y!. The terms
h®, AT 1 O) related to dual field theory one-point functions, also depend on as, a4,
ag, Ho, Hy. Their expressions above simplify slightly if a4, ag, Hy are traded for the first
integrals K1, K2, K3 introduced in section 3.3 by using (3.48)—(3.50).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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