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Abstract

We find restrictions on the relaxation functions of thermo-electro-viscoelastic
materials. This is achieved within an extension of the Green-Naghdi theory
for thermoelasticity, which uses the energy equation to exploit constitutive
equations. These restrictions extend the results previously found for thermo-
viscoelastic materials and for the classical infinitesimal theory of viscoelasticity.

KEYWORDS viscoelasticity; thermo-electro-viscoelasticity; relaxation func-
tions; thermodynamic restrictions; restrictions of relaxation functions; Green-
Naghdi continuum thermodynamics.

1 Introduction

In the mechanics of continuous media, a material for which the stress tensor at
time ¢ is determined by the history of the strain is called a simple material. In
continum thermodynamics, simple materials with memory are those in which at
time ¢ the stress tensor, the heat flux vector, the internal energy, ...etc. ... ,
are determined by the histories up time ¢ of the deformation gradient tensor, the
absolute temperature, and possibly of the temperature gradient. In Coleman [1]
the fundamental hypotheses of linear isothermal viscoelasticity are examined in
the light of nonlinear continuum mechanics within the scheme of materials with
fading memory and in [2] thermodynamic restrictions on the tensor-valued shear
relaxation modulus of linear viscoelasticity are derived.

In literature there have been many articles on this topic, with different settings,
and here we mention only a few. Gales and Chiritd in [3] study the spatial be-
havior of solutions in a right cylinder made of an anisotropic and homogeneous
viscoelastic solid in a class of linear viscoelastic materials compatible with ther-
modynamics in the sense of Fabrizio and Morro [4], [5]. Huang [6] proposes a
thermo-viscoelastic constitutive theory at finite deformation in a framework of ir-
reversible thermodynamics and introducing the internal variables in the constitu-
tive relations.

Zeng [7] studies the Cauchy problem of a one-dimensional purely mechanical
nonlinear viscoelastic model with fading memory.



In Chen [8] a coupled theory of nonlinear electro-thermo-viscoelasticity is de-
veloped based on non-equilibrium thermodynamics with the Clausius-Duhem dis-
sipation inequality.

In [9] Wilkes uses the local form of the Clausius-Duhem inequality to obtain re-
strictions on the relaxation functions of thermoviscoelastic materials that have fad-
ing memory in the sense of Coleman and Noll [10]. For the purpose, Wilkes uses
the restrictions of the constitutive equations, the dissipation inequality, and the
minimality of the free energy in equilibrium that are found and used by Coleman
[11]. Lastly, he shows that its results generalize Day’s results [12], [13] of the purely
mechanical linear viscoelasticity. Wilkes’s classical thermodynamic approach dif-
fers from the one in [4] and [5] that, in the purely mechanical theory, show compat-
ibility with thermodynamics considering approximate cycles and giving a proper
statement of the second law by the Clausius property.

In [14] Green and Naghdi introduce a setting for thermoelasticity, different
from the one of Coleman [11], which is based on an entropy equality rather than an
entropy inequality, and where an energy equation places thermodynamic restric-
tions on the constitutive equations. Then in [15]-[17] such a procedure is extended
by introducing the concept of thermal displacement in the so called thermoelas-
ticity Type III theory. In the latter theory of heat conduction the temperature may
travel as a wave with a finite speed.

The Green-Naghdi theory of heat conduction meets great research interest by
its general setting and because it is capable of accounting for thermal pulse trans-
mission in a very general manner (e.g., see [18]).

Recently, in [19] the procedure designed by Green and Naghdi for thermoelas-
ticity is extended to simple thermo-electro-elastic bodies, both isotropic and trans-
versely isotropic, that are finitely deformable, heat conducting, electrically polar-
izable, interacting with the electric field; again, the restrictions on the constitutive
relations are obtained using an energy equation that is suitable for the considered
type of material. Then paper [20] extends [19] to thermo-electro-mechanical simple
materials (finitely deformable, heat conducting, electrically polarizable, interacting
with the electric field) that have a fading memory.

In the present paper the nonlinear theory [20] is used to set up a Green-Naghdi
thermo-electro viscoelastic theory by the linearization procedure that uses the Riesz
representation theorem. In the present theory the presences of the electrical vector
and of the thermal displacement derivatives in the constitutive arguments, imply
that there are more relaxation functions than in [9]. Hence several restrictions on
the various relaxation functions are found. These restrictions extend the ones in
[9] for thermoviscoelastic materials within a theory that uses the Clausius-Duhem
inequality. The restrictions are obtained from the internal dissipation inequality,
which is a consequence of the dissipation inequality adopted here. Following [14],
the last one is to assume that the internal rate of supply of entropy per unit mass
is non-negative in every process. The theoretical frame is then completed with a
proposal of constitutive equations for the internal rate of entropy supply and heat
flux. The linearized (infinitesimal) theory of thermo-electro-viscoelasticity is de-
duced as first-order approximation of the finite theory and the field equations are
explicitly deduced in the simplest case of a one-dimensional body.

2 Preliminary definitions

We shall identify the body B under consideration with the region B that it occupies
in a fixed reference configuration. A material point X of B is then identified with
its position X in B.



As usual, we denote by {2} [{X“}] spatial [material] Euclidean co-ordinates
in the ambient space [reference configuration].

The material point X in the current configuration occupies the place . A mo-
tion of the body is defined by a smooth vector function

r=x(X,1t). 1)

Then
v=2a, F=Vxx, L=Vg,v 2)

are the particle velocity v at = (a superimposed dot denotes material time deriva-
tive), deformation gradient tensor, and velocity spatial gradient tensor, respec-
tively.

Green-Naghdi continuum thermodynamics [15] is based on the notion of ther-
mal displacement o = (X, t) at the material point X and time ¢. Then

T=6 B=Vxa, ~v=V,T 3)

are the empirical temperature (‘thermal displacement rate”), thermal displacement gra-
dient and empirical-temperature gradient, respectively.
The other thermal magnitudes used in Green-Naghdi [15] are listed here:

6 absolute temperature,

g = Vg0 absolute-temperature gradient,

r  external rate of supply of heat per unit mass,

s =r/0 external rate of supply of entropy per unit mass,
¢ internal rate of supply of entropy per unit mass,

g heat flux vector per unit area,
p

entropy flux vector per unit area,

.

extra entropy flux vector per unit area,
n  density of entropy per unit mass,

e internal energy density per unit mass,
Furthermore we need the following electrical magnitudes:

¢ electric potential per unit volume,

P electric polarization vector per unit volume,

p mass density in the current configuration,
m=P/p electric polarization vector per unit mass,
D  electric displacement vector,

TE  Maxwell stress tensor ([22, Eq. (3.19)], [23]),
and the quasistatic Maxwellian electric field [22, p.589]

EM=_V_¢. 4)
The following relations hold,
D =¢EY + P, TE:D®EMf%50(EM~EM)I, (5)

where ¢ stands for the (constant) vacuum electric permittivity. Finally, the specific
free energy density per unit mass is defined as ([22], [21])

v=e—0n—EM . 1. (6)



3 Local balance laws in spatial form
A dynamic process in B is described by the thirteen functions of X and ¢,

p,X,OQQS,”LZ),T],&,T,P,(],p,f77", (7)

where f is the body force density and 7 is the Cauchy stress tensor (due to defor-
mation) per unit area. Such a set of thirteen functions is called a dynamic process in
B if and only if it is compatible with the balance laws of mass, linear momentum,
moment of momentum, energy, entropy, and the field equations of electrostatics.

Under suitable assumptions of regularity the usual integral forms of such bal-
ance laws are equivalent to the system of local equations

P+vav:0a
p0 =V, -7+ P-V,EM 1 pf,
skwt + skwTF? =0,

pi=p(s+&)—Ve-p, ®)
pé=1-Vvo—V, -q+EM.pi+pr,

V. xEM =0,

V.- D=0,

where e is the internal energy that is defined by (6). Eliminating r between equations
(8)4, (8)5 and using (6) we obtain the reduced energy equation

p(h +6n)+pfE —7 - Vo+ EM . P4V, - q—0Vgy-p=0, )

which holds along every process in B. Next, analogously to Green-Naghdi theories
of thermoelasticity [15], [16], here we shall exploit this equality in order to find
restrictions on the constitutive relations.

4 Constitutive equations and admissible processes

Let A = A(¢) be any function from IR to any linear space; fixed ¢ € IR, the function
AE(.) (briefly \*) defined by

M(s)=At—s) Vs>0 (10)
is the past history of A up to time ¢. Among the quantities (7) we call
p=(x a ¢) 11

kinetic process in B and
/1/17 TI? 57 T7 P7 q7 p (12)

auxiliary variables. Note that the kinetic process (11) through the equalities (3), (4)
determines (A, ~, A'), where

A=A(X,t)=(T(X,t), B(X,t), F(X,t),E"(X, 1), (13)
and A’ is the past history of A:
A= AN(X,) = (T'(X,.),B(X,.), Fi(X,.),EM(X,)), (14)

Al(s)=A(t—s), s>0. (15)



Incidentally, note that the history +* has not been included since 3* already deter-
mines it by the relation
06 0z _ pr

=F"~. (16)

B=Vxa=5 o9x =

The material at the point X is said to be a simple (thermo-electro-mechanical) mate-
rial if at any time ¢ the auxiliary variables (12) are determined by the kinetic process
(11) through constitutive equations of the form

77(?5) = 7:7(Aa v, At)

0(t) =0 (A, ~, AY)

E(t) = (A, v, AY) 17)
t)=p(A, v, AY)

where 1), ..., P are given objective (response) functionals and for simplicity the
dependence on X (which occurs when the body is not materially homogeneous)
is implicit and not written. As is customary we assume a mass density py = po(X)
is given in the reference configuration.

Furthermore, we take the constitutive relation for the entropy flux in the gen-
eral form

1
P=q+ { (18)
where .
i=1i(A,~, AY) (19)

is usually referred to as extra entropy flux (see [19] and references therein).
By (18) wehave V. -q— 0V, -p = g-p— V- () and thus the reduced energy
equality (9) becomes

p(h+6n) +pb —7 - Vo+EM . P+g.-p—Vg-(0i)=0. (20)

Definition 4.1 A dynamic process (7) is said to be admissible in B if it is compatible with
the constitutive relations (17)-(19) at each material point X of B and at all times t.

5 Fading memory and chain rule
The vector A in (17) belongs to the linear space
V=R x R® x Lin x R®, (21)

where Lin denotes the linear space of second-order tensors on IR3.

We assume that “The memory of a simple material fades in time”[1], and we de-
scribe how the material has a fading memory by an obliviator or influence function
[10]. This is a continuous, positive, monotone decreasing function h(.) with

/ b h%(s)ds < oo. (22)
0



Given an influence function h(.), the collection of all measurable functions I'(.) :
(0, 00) — V for which the norm

ITOIE = / T R2(s)D(s) - T(s)ds (23)

is finite, constitutes a Hilbert space # in which the scalar product * -;, " is defined as

Fl() ‘h FQ() = /O h2(8)1—‘1($) . I‘Q(S)d57 I‘z() cH. (24)
Mizel-Wang [24, p.125] assumes that “for each fixed pair (A, =) the functionals in
(17) regarded as functions of the past history A’ have for their common domain D
a neighborhood in H of the rest history A*(s) = A and are Fréchet-differentiable
throughout D with respect to the h-norm, where h(.) denotes some fixed influence
function; for each fixed A(.) in D the functionals in (17) regarded as functions
of A and v are continuously differentiable with respect to their natural norms.
Moreover, all three derivatives are jointly continuous functions of A, v, A".” Note
that the calculus theorems in the fading memory theory are theorems about the
Hilbert space #. They do not depend on the particular choice of the function h(s)
and are valid provided only that h(s) goes to zero fast enough as s — oo. It sufficies
to assume that
lim s2t0h(s) =0 (25)
L de el
for some small § > 0; r = 0 + 1/2 is called order of h(s). ([11, p. 12]).
Here we assume that
(F) all the response functionals (17), (18), (19) are twice Fréchet-differentiable at all
histories in D.
Under smoothness hypotheses, which also regard the process, the chain-rule

90 = 5% (AW, ~(0), A)) - A()
50 (AW, 40, M) 40+ 50 (A0, 40 AOTA'D) @9

is proved to hold at any X, ¢ along any smooth enough process (Coleman [11],
Mizel and Wang [24], Day [13, p.88]).

Remark 5.1 Above the symbol At (.) stands for the past history of the derivative A(.) so
that A*(s) = A(t — s); note that this is not the derivative of the past history A*(.), which

is

d " B d o o

%A (s) = dSA(t s)=—A(t—s)=—-A(s). (27)
In this we follow Day [13, p.88]; instead Coleman [11] uses 4= At(s) within the derivative

5.

Under suitable smooth conditions also the chain rule for partial derivatives

90~ 0 (A, (e, 1)) - A
52 (A, 40, A°0) - 5% +0 (A0 10, A1 550) @9

is also used to compute divergences of response functionals, e.g. in writing the
reduced energy equation.



6 Restrictions on constitutive equations

6.1 On the reduced energy equation and second law of thermo-
dynamics

In the procedure of Green and Naghdi [15], [16] within thermoelasticity it is as-
sumed that “ the reduced energy equation .... must be identically satisfied for all
processes and will place restrictions on the functional dependence on the constitu-
tive equations ” ([15, p.259]).

We assume the same thing for the thermo-electro-mechanical simple body with
fading memory that is considered here:

(A) the reduced energy equation (20) is identically satisfied for all processes and will
place restrictions on the constitutive equations (17).

In the exploitation of the reduced energy equation a class of possible processes
is used; hence we assume that

(B) there are sufficiently many admissible dynamic processes in I3, in the sense that,
locally (i.e. at any given point and time), for each admissible choice of the values for the
local state

(A, v, AY)

including, if required, a large enough arbitrariness in the choice of its space and time deriva-
tives, the field equations hold for some process in B.
(C) Inaddition, the heat flux vector q is assumed to be necessarily non zero on physical
grounds. Hence, by (18),
p—i#0 (29)

Remark 6.1 To complete the thermo-electro-mechanical theory we should assume the sec-
ond law of thermodynamics expressed in the form of a dissipation inequality which holds
along any process of B. Unlike theories that adopt the Clausius-Duhem inequality, where
the constitutive restrictions are obtained by exploiting the latter inequality, here such re-
strictions are determined by exploiting the reduced energy equation along the admissible
processes and thus do not depend on the second law of thermodynamics.

6.2 Exploitation of the reduced energy equation

According to Green and Naghdi we assume (20) with i =0, 1ie. p = g/, and we
rewrite from [20] the restrictions on the response functionals that are implied by
the reduced energy equation (9).

Proposition 6.1 Let the constitutive equations (17) fulfill

q="0p (i=0), (30)
a0 t
o >0 YV (A, v, AY) (see (13),(14), (31)
and let the internal energy response function be defined by (6). Then
V=19 A, 0=0(T), (32)
R 5 9 L
b n . R “ .
p%.p%weupgwéw(&AflAt):0’ (34)

where by (32), in the latter we have

9=57)- (35)



Remark 6.2 Assumption (31) implies that 0 is an invertible function of T, so that in any
response functional the variable T' can be replaced by 6.

7 Restrictions for invariant response functionals

The choice of constitutive functionals that are invariant under rigid rotations of
the deformed and polarized body implies that the principle of material objectivity
necessarily is satisfied. The invariance of + in a rigid rotation is assured when ¢ is
an arbitrary functional of the referential quantities

®=(T.8E W), B =0 E W) (36)
where eq. (16) holds,
E = %(FTF -1 (37)
is the Green-Lagrange strain tensor, and

_ 99 _ 090z _ prpu
W="ox~""owox - F (38)

is the material electric vector. Now for each response functional
Ge{d,n 0,6 p, 7, P} (39)
in (17)-(18) the associated objective response functional Q is defined by putting
Q®, B, @) = QA v, AT) (40)

where (v, F, EM) and (3, E, W) are related by (16), (37), (38). The considera-
tions about fading memory and chain rule in Section (5) remain in force simply by
substituting (21) with

Vo = IR x IR® x Sym x IR?, (41)
where Sym is the linear space of symmetric tensors, and (A, v, A?) in (19) and
anywhere else, with <<I>, B, <I>t). The Hilbert space H of Section (5) is replaced by

the Hilbert space H, that is defined similarly.
The following proposition from [20] gives the restrictions on invariant response
functionals.

Proposition 7.1 Assume constitutive equations

Qe{z/},ﬁ, é,f,ﬁ,%,ﬁ}

of the form ) _
Q= Q((I)v B, (I)t) ) (42)
that are invariant under rigid rotations of the deformed and polarized body. Moreover, let
q=0p (i=0), (43)
o0 .
87T>0 V(@7ﬂ,(§)7 (44)

and let the internal energy response functional be defined by (6). Then

Y= 1/;((}7 (Pt) , 0= é(T) ’ (45)



%ZpF(a—wFT-‘r 0y ®EM) p——ppd

OFE oW
oy i tiat) —
vog BHrIEtp: g+ pot (®, @) =0,
where by (45)4 in the latter we have
00 00 g
9—87’7—671;‘ B.

7.1 Elastic stress

Following [22], the total stress tensor o is defined by

oc=1+TF.

vy (46)

(47)

(48)

(49)

The use of o allows to write the field equations of linear momentum and angular

momentum (8)z 3 in the ‘mechanical form’
po=Vg-o+pf, o=0"
The so called elastic stress used in [25] is defined as
T =17+ P EY.

From equalities (46);, 2, we have the equality

a0
T =pFgpF"

which coincides with equation (1) in [25].
Total stress and elastic stress are related by [19, p.1062]

oc=T+eEM @ EM — %(EM.EM)I,

and the balance of linear momentum (8); is equivalent to

. ) €
po =V [T +eE™ @ EM — EO(EM -EM)I| + pf,

which coincides with equation (1); in [25] when f = 0.

8 Internal dissipation inequality

Assuming
£20

in every process, the reduced energy equality (47), (48) gives

86 or

( 0\ 00 b )-B+p51/3(¢>, ¢t|‘i>t) <0,

which for B = 0 gives

50 ('IJ, o <i>t> <0 V&, V&' suchthat 8(0) =

(50)

(1)

(52)

(53)

(54)

(55)

(56)

(57)



Now, from [13, p.91], we point out that the derivative <I>(t) at ¢t ‘can be chosen
arbitrarily without affecting the past histories ®*(.) and ®*(.), regarded as elements
of the Hilbert space H.’

This assertion is also used by Coleman [11] and a justification for it may be read
both in [11] and in [13]. It applies also here and justifies the assumption that ,B(t)
can be assigned arbitrarily and independently from ®(.) and ®*(.).

Hence the restriction on the history within the inequality (57) can be removed

and we have ~ '
5 (<1>, <1>t|<1>t) <0 Ve, Ve (58)

This inequality extends the internal dissipation inequality of continuum thermody-
namics in [11, p.19, eq.(6.30)], [13, p.94].

In order to extend [9] for studying the thermodynamic restrictions on the relax-
ation functions, from now onward we will follow Coleman and Wilkes use of d/ds
derivatives of past histories ®(s) rather than past histories of the derivatives ®(s)
—see (27) and Remark (5.1). Thus (58) writes as

&1 <<1>, ! | CZ«F) >0 V&, Vel (59)

9 Behaviour near equilibrium

9.1 Relaxation property under constant continuation of a given
process

Coleman [11] established the so-called relaxation property under constant continuation
of a given process of the constitutive functionals. Obviously it also applies here
for any response functional . We briefly remind it from Coleman [11, pp.23-25]
(see also Day [13, pp.95-97]). If ®(.) is a process and ¢ is any fixed time then the
constant continuation at time ¢ is the process ®¢(.) coinciding with ®(7) at any
time prior to ¢ and then held constant subsequently: ®,(r) = ®(7) for 7 < ¢t and
®y(1) = ®(t) for 7 > t. Then under certain regularity conditions on the process
and the continuity of Q it follows that as § — oo ([11, pp.23-25])

A2, B, 257) = O(®, 0, @) = (@), (60)
where ®* denotes the constant history whose value is ® = ®(¢), i.e.
® (t—s5)=P(t) Vs>0. (61)

In words, under constant continuation any response functional Q(®, 3, ®}) relaxes to
the equilibrium value Q*(®). In particular for the free energy functional i, which
does not depend on 3, we have that as § — oo

1;((1)7 (I’6+6) - 1&(@7 %) = W(‘I’)

9.2 Property of minimum of ¢ at equilibrium

Now for § > 0 at time ¢ let us consider the constant continuation ®5"(.). During
the “static part’ t < 7 < ¢ + 6 of a constant continuation the rate of change of the
free energy cannot be positive. Indeed, eq. (20), where we puti = 0,0 =0, g = 0,
EM = 0, F = 0, and inequality (55) imply that for each time 7, ¢ < 7 < t + §, we
have )

Y <0. (62)



It follows that ~ ~
D@, B7) < U(@, @)

and in the limitas § — oo ~ ~
V(@) < Y(@, D). (63)

Hence, as in [11, p.26] and [13, p.98], also in the present theory we can state that
‘among all histories ending with a given value of ® the constant history yields the minimal

free energy’.
The minimal property of the free energy described by the inequality (63) is one

of the major results in Coleman’s paper [11] for the theory of thermodynamics of a
continuum with fading memory. It follows from (63) that for all ® and all functions
I'(s)inH . }

5 (@, @*|T(s)) =0, &) (@, ®*|T(s)) 20 (64)

10 Thermo-electro-viscoelastic materials

In the postulate of fading memory (F) of Section (5) we assume that all the re-
sponse functionals (17), or (39), (40), are twice Fréchet-differentiable at all constant
histories in their common domain, which is contained in the Hilbert space H or
Ho, respectively. Hence each response functional (42) can be expanded in a Tay-
lor series about constant histories and since by (45) the free energy functional is
independent of 3 we have

(@, B'(5)) = P(®, @7(5)) + P(B, B (5)| D (5) — B"(5))
+%52@5(‘1>7 D*(s5) | ®'(s) — *(s), D'(s) — B"(s)) (65)
+o(]|®"(s) — @ (s)]7)

In order to define a viscoelastic material we extend here the assumptions in [9,
p-213] and so we assume that (i) the last term in the expression above is identi-
cally zero, (ii) §%4) is independent of ®, that is of the present values of the constitu-
tive arguments, and (iii) 2% is a completely continuous bilinear functional of its
remaining arguments. By the Riesz representation theorem, Eq. (65) can then be
written in the form (67) below in which, to reduce the lengths of the formulas we
use the difference histories up to time t from the constant history (61), that is,

®, =®'(s)-®, BL=p0"(s)-B, etc,... (66)

and where the second integral on the right of the equality componentwise is writ-
ten in (68).

w:¢<¢,¢f<s>>:i<@)+/o 2(s; ®) - B (s)ds + - / / ' (s). a(a u)

/ / Ti(s aBlS u) - ®h(u dsdu+/ / agz; u)
//Td 8335 u) (dsdu+/ / B (s 8M1(s u)

T 8t i [ Wi St
(©7)

&' (u)dsdu
E'(u)dsdu
——— 2 E'(u)dsdu

E!(u)dsdu



/ / [25(s o 35(3u @t (s) - ®)dsdu =
:/w /wTé(s)amgii&mTj(u)dsdu—i-/ / 53(5).M53(U)d8du

//Ed amgigsmﬁjd( dsdu+/ / Wi(s 8mg(5 YW (w)dsdu

(68)
In the above constitutive relation ® = ®'(01), 3 = B¢(07), etc.; L(®) is an
arbitrary function of ®, and the material relaxation functions z(s; ®), M(s, u),
B;(s, u), M;(s, u) fulfill the following conditions, where Lin) denotes the linear
space of endomorphisms on any given linear space V: z(s; ®) is V-valued (see
(21));
M (s, u) is LinHg-valued, so that

M = (my, my, m3, my) € (Lin®R x Lin®® x Lin(Lin) x Lin®?);

in addition M has the following symmetries :

mgj _ m2 7 m‘zl_] _ m4 7 méjkl m‘éikl mg_}lk mlglij;

Bs(s, u) is symmetric tensor-valued;

B; (s, u) and Bj(s, u) are R3-valued;

M, (s, u) is second-order tensor-valued;

M, (s, u) and Ms(s, u) are third-order tensor-valued symmetric in the last two
indices.

From the Riesz representation theorem we also have that

z(s; ®), M(s, u), Bi(s, u), M;(s, u) — 0aseither soru — 0.

Now, from the constitutive equation (65) for the free energy we can calcu-
late explicitly its first Fréchet derivative with respect to history as follows, where
x(s) = (a(s), b(s), e(s), w(s)) is the history-deviation from the constant history
®=P*(s) =P'(0)Vs>0:

- S 2 s, u
55(®, B'(s) | x(5)) = / 2(s: ds+/ / ®(s) - LM, g

8231 (s, u) 8 B (s, u)
/ / DU - Bh(u dsdu+/ / D0 - b(u)dsdu

of T Eddsd“/ [ i B ety
) a“;’:z;u i s+ [ [ 7o) T s
+/o / aQAg;zgs ") gy u)dsd + / / Bi(s 82]\;;52 % e () dsdu
e[ b P g [ ) S
+/0°°/Ooow( 821\;;358”% Jdsdu + / / Wis a]\;j(,gi ) () dsdu

(69)
Since in a state of equilibrium for our thermo-electro-viscoelastic material we have
01 = 0, the above Fréchet derivative gives

/OOO z(s; @) - x(s)ds =0 (70)



for all values of ® and function x(s). It follows that

z(s; @) =0 V. (71)

10.1 Constitutive equations

Now let us compute the partial derivatives of ¢ that by the constitutive relations
(52), (46)2, 3, (67), (68) and (135) furnish the constitutive equations for elastic stress,
polarization vector, entropy and heat flux.

o0 8B1(s, O)

0y _ O% 787%2(0 u)ﬁd( )du—f—/o Tglf(s)iaS ds

o8 9B @)
°°8M1(O, u) , > OM,(0, u) .,
+/0 —u Ed(u)du—l—/o —u W, (u)du
oy 0% > 9ms(0, u)
9E ~ 9B "), — ou D
> 9Bs(s, 0) > OM (s, 0)
t t \7> Y 73
+/O T5(s) P ds—|—/ Ba(s) s ds (73)
/ Wis) 8M3 OMi(s, 0)
00 _ 9% om0,
ow aw T, au Walwdu
9Bs(s, 0) > OMs(s, 0)
oMa(s, D) 74
s [P as s [T g PRy 74)
+/ LMS(O’ u) E!(u)du
0 u
A9 s Y [T ama(0,w),
Tar T " eedr ~ " ar /0 gu La(w)d

7/0 aBla(O %) 5t () /0°° 8328(3’U)Eé(u)du/ooo Wwé(wdu

(75)
Now, the internal dissipation inequality writes as

Lpt(s) >0, (76)

SU(®, ®'(s)| 7

where 6¢)(®, ®'(s) is given by (69) and (70). Integrating by parts the expression

(69) of (76) and replacing x(s) = (a(s), b(s), e(s), w(s)) with (d/ds)(T*(s), ®'(s), E*

(s), Wi(s)),



we obtain the equivalent inequality

/ / d( 3M8(z w) dcifbt(u)dsdu

oo oo d OB (s, u) OBi(s,w)] d

+/0 0 ds { 0Os + Ou duﬂ (u)dsdu
B e i OBs(s, u)  0Bs(s,uw)] d _,

+/0 /o ds [ 95 + 9 T E*(u)dsdu

[ e [ 2 OB ] g,

ds Bu 77)
+/0°° /Ooojs {aMg(; u) | aMg&f’ “)} %Et(u)dsdu
[T g [P O] s
+/°°/°° iwt(u)- [aM:;(;, u) +8M§9(1;9’ u)} %Et(u)dsdu,

<0

where the first integral on the right of the equality in (77) componentwise writes

as
< red OM (s, u) d
Pt(s). 22 7 7 pt =
/0 A 7 (s) Ep T (u)dsdu

/ / amla(z v dd t(u)dsdu
+/ / gﬂt( 'wdd B*(u)dsdu (78)

/ / amg};j a dd E'(u)dsdu

/ / Lyt 2 Ly o,

Inequality (77) must hold in all thermoelectro-mechanic processes of the body and
thus they allow to deduce restrictions on the material relaxation functions M =

(ml, mo, M3, m4), Bi and MZ' (’L = 1, 2, 3)

11 Restrictions on the material relaxation functions

11.1 A - Step functions for a single variable £

Next, by extending the procedure in [9], we find restrictions on the material re-

laxation functions from the internal dissipation inequality. Remind that & :=

(T, B, E, W).
For
T mi
_J B ¢ _ ) me
£=91 E let Z° = s (79)
%4 my



be the associated relaxation function. Furthermore, for

T JL, I3 scalar € IR
_) B e ) JBJP . vector € IR?
=\ E let Jy = JE, JE be an arbitrary symmetric tensor € Sym
w VAL ALY vector € IR?

(80)
In correspondence with any & € {7, 3, E, W} putting in (77), (78) v = 0 for
eachv € {T, B, E, W} \ {{}, we obtain an inequality of the type

g 9zt d
el il et <
/o /o dsg (s) s (s, u) dug (u)dsdu <0 (81)
which must hold for each history &!(s), where

ZE € {ml, mo, M3, m4} (82)

is the stress relaxation function associated to {. Now, for any positive scalar ¢ let
us consider the history

d 1 ¢
= — <o <
dvf(v) eJl’ s<v<s-+e,
1
:fJg, u<v<u+te, (83)
€
=0 elsewhere .

Then, on letting € — 0, {(0) becomes a step function, and from (81) we obtain the
inequality
¢ 0Z° ¢ ¢ 0Z° ¢ ¢ 0ZF ¢
Jl . W(S, S)Jl + 2J1 . W(S’ ’LL)JQ + JQ . W(’Uq U)J2 S 0, (84)
which holds for all choices of J%, J5. Now, for J§ = 0 and J5 = +J¢ we find the
following restrictions on each relaxation function Z¢ € {m;, ma, mg, my}: !

0Z¢
-~ <
5 (s,s) <0 Vs, (85)
3 3 3
aaiu(s, s)+ 286%(5, u) + aaiu(u, u) <0 Vs, u. (86)

11.2 B - Step functions for coupled variables &, v
11.2.1 Relationship between the relaxation functions B, ms, m;

Next we obtain restrictions on the temperature-(temperature gradient) relaxation
function B, by considering step function histories for both the strain and the tem-
perature of the form

d 1
—B'()=<b, s<v<s+e,

=0 elsewhere

d . 1
— = - <v<
dvﬁ(v) 6)\, u<v<u-+te,

=0 elsewhere

IRemind that for a second- or fourth-order tensor Aby A < 0 (A > 0) we mean A is negative semi-
definite (positive semi-definite). Accordingly, by A < B we mean A — B is negative semi-definite.



Substituting these histories into the expression for the internal dissipation inequal-
ity and letting ¢ — 0, we obtain the inequality

omo 0B, 0B omq

. . 2
b 90 (s, s)b+ { s (s, u) + 5 (s, u)| - bA+ M (u, u)A* <0, (87)

which holds for all vectors b and scalars . It follows the following restriction:

8Bli 8Bli 2 8m2 i 8m1 .
<
s (s, u)+ M (s, u)‘ <4 5 (s, s) 9 (u, w) (¢ notsummed) (88)
for all s, u.

11.2.2 Relationship between the relaxation functions By, mg, m;

Next we find restrictions on the stress-temperature relaxation function B; by con-
sidering step function histories for both the strain and the temperature of the form

d 1
—FEt(v) == <v<
T (v) 6J, s<v<s-+e,
=0 elsewhere
d 1
%Ht(v):z)\, u<v<u+e,
=0 elsewhere

Substituting these histories into the expression for the internal dissipation inequal-
ity and letting ¢ — 0, we obtain the inequality

0B 0B

(s, 8)J + {83(8’ u) + W(Sv u)| - JA+

8m1
ou

. 3m3

Jau

(u, WA <0,  (89)

which holds for all symmetric tensors J and scalars A. It follows the following
restriction:

882@‘ aBgij 2 8m3ijij 8m1 ..

_— _— <
s (s, u) + 5 (s, u) 4 D (s, s) 5 (u, w) (i, j notsummed)
(90)

for all s, u.

11.2.3 Relationship between the relaxation functions Bs, m4, m;

We can also obtain restrictions on the temperature-(electric vector) relaxation func-
tion B3 by considering step function histories for both the strain and the tempera-
ture of the form

d 1
—_ =-b <v<
dvﬁ(v) -b, s<v<s+e,

=0 elsewhere
d . 1
—_ = — <<
dUG(U) 6)\, u<v<u-+te,
=0 elsewhere

Substituting these histories into our expression for the internal dissipation inequal-
ity and letting ¢ — 0, we obtain the following inequality

0B;3 0Bs3

8m4
b- 5 (s, )b+ W(s, u)—i—m(s, u)| - bA+

8m1
ou

(u, w)A* <0, (91)



which holds for all vectors b and scalars A. It follows the following restriction:

8B37; aBgL 2 5‘m4” 8m1 .
< -
s (s, u) + 5 (s, u)] <4 5 (s, ) 5 (u, u) (i notsummed) (92)

for all s, u.

11.2.4 Relationship between the relaxation functions M;, mgs, mo

We can also obtain restrictions on the stress-temperature relaxation function M; by
considering step function histories for both the strain and the temperature gradient
of the form

d 1
%Et(v):z,], s<v<s+e,

=0 elsewhere
d 1
— = — <v<
d@,@(v) Eb, u<v<u-+te,
=0 elsewhere

Substituting these histories into our expression for the internal dissipation inequal-
ity and letting e — 0, we obtain the following inequality

3m3 8M1 (s 1_1,) + 8M1
ou 0s "’ ou

amg

ou

J- (s,s)J—i—b-{ (s,u)]J—i—b- (u, w)b <0, (93)

which holds for all symmetric tensors J and vectors b. In components (93) writes
as

omy"” oMY oMY omb?
— <
Ipq 9 (s, 8)Jrs +bp { s (s, u)+ 9y (s, u)| Jgr +bp M (u, u)bgy <0,
©4)
This inequality implies the following restrictions:
aMqu aMqu 2 ) qrqr 0 pp
3; (s, u)+ 8; (s,u)] <4 n;z (s, s) ZZQ (u, u) (p, ¢, not summed)
©5)

for all s, u.

11.2.5 Relationship between the relaxation functions My, my4, m,

We can also obtain restrictions on the (temperature gradient)-(electric vector) relax-
ation function M3 by considering step function histories for both the temperature
gradient and the electric vector of the form

d 1

—W'v)=-w, s<v< ,

7o (v) ew s<v<s+e
=0 elsewhere

d 1
%ﬁt(’l})zzb, USUSU+€7

=0 elsewhere

Substituting these histories into our expression for the internal dissipation inequal-
ity and letting ¢ — 0, we obtain the following inequality

OM, oM.

g (1) Ty (@b

8m2

ou

My

ou

(s, S)w+b- (u, u)b <0, (96)



which holds for all vectors w, b. In components (96) writes as

oOmbd

aMpq 0Mpq 8 pq

(3, 'LL) —+ 8u (S, U) wq + bpw

(u, u)bg <0, (97)

This inequality implies the following restrictions:

oM OMD
0s (s, u) + ou (s, )

2 qq pp
S48m4 (s, S)8m2
u

(u, u) (p, ¢ not summed)
(98)

for all s, u.

11.2.6 Relationship between the relaxation functions M3, m4, ms

We can also obtain restrictions on the stress-temperature relaxation function M3 by
considering step function histories for both the strain and the temperature gradient
of the form

d 1

—Et(v) == <v<

o (v) 6J, s<v<s+te,
=0 elsewhere

d

1
—Wth) = —w, <v< ,
7o (v) Gw u<v<u+e

=0 elsewhere

Substituting these histories into our expression for the internal dissipation inequal-
ity and letting e — 0, we obtain the following inequality

: am?’ (Sa S)J+w . |:8M3 (57 ’U,) + aé\z—?) (‘97 U>:| J+w : %(Uﬂ u)w S 07 (99)

Jau

Os ou

which holds for all symmetric tensors J and vectors w. In components (99) writes
as

omE*" b oMY omi?
- = <
Ipq Bu (s, s)JTS—i—wp{ s (s, u) + 50 (s, u)| Jgr+wp 5 (u, ww, <0,
(100)
This inequality implies the following restrictions:
oMPI OMPIT 2 9mPard OmPP
82 (s, u) + 81?; (s,u)] <4 ﬂg; (s, s) 21; (u, u) (p, ¢, r not summed)
(101)
for all s, u.

11.3 Restrictions from the minimality of the free energy in equi-
librium
There are further restrictions on the relaxation functions that can be deduced from

the minimality of the free energy in equilibrium, represented by inequality (64)..
In the present linear theory, by assumption (i7) in Section 10, such inequality just



becomes

0 < 8%(®, B(s +/0oo /Ooox -82](‘;’982 Y () dsdu

+2/ / 82];;82 W dsdu—|—2/ooo /Oooa 82];;82 v - J (u)dsdu
+2/ / 82];;8‘; W dsdu+2/ooo /Ooob 82]\518182 ) J(u)dsdu
+2 / / 82]\5’3282 ) wo(u)dsdu + 2 / / 32]\84;;2 Y J(u)dsdu
(102)

where

/ / 82M FMs, W) ) dsdu =
/ / w)dsdu + / / b(s m2 Omals @)y dsdu
/ / m3(8 W 7 (u)dsdu + / / : mgis Y o () dsdu

(103)
and it must hold for all scalar functions a(s), vector functions b(s), w(s), tensor
functions J(s), i.e. for all x(s) = (a(s), b(s), J(s), w(s)).

11.3.1 Further restrictions on mi, ms, m3 and my

Using a technique similar to that used in analysing the internal dissipation inequal-
ity, now we assume that

a(s) =0, b(s) =0, w(s) =0
and that J(s) is the step function defined by
0, 0<v<s,

J(v) =< A, s <v<u, (104)
A+ B, u<v<oo.

In this case, the inequality (102) becomes
A-mg3(s, s)A+2A-mgy(s, u)B+ B -ms(u, u)B >0, (105)
which holds for all symmetric tensors A and B. And by putting B =0, B = +A
we respectively deduce
mg3(s, s) >0 Vs, u, (106)
ms(s, s) + ms(u, u) £ 2mg(s, u) >0 Vs, u. (107)

We can deduce similar restrictions on my, mo and my by putting respectively
b(s)=0, J(s)=0, w(s)=0,witha(s)step function as in (104),
a(s) =0, J(s)=0, w(s)=0,withb(s) step function as in (104), and
a(s) =0, b(s) =0, J(s)=0,withw(s) step function as in (104).
Fori =1, 2, 4 we obtain the restrictions

m;(s, s) >0 Vs, u, (108)

m;(s, 8) +m;(u, u) £ 2m;(s, u) >0 Vs, u. (109)



11.3.2 Further restrictions on the relaxation functions B; and M; in terms of
m;

(231) Restrictions on Bs in terms of m3 and m;.
We can now find bounds on the function B; in terms of ms and m; by consid-
ering step functions for A(s) and a(s) of the following form:

Av) = 0, 0<v<s, a(v) = 0, 0<v<u, (110)
A, s<v<u, a, u<ov<o0.

In this case inequality (102) becomes
A -mg3(s, s)A+2Bsy(s, u) - Aa +my(u, u)a® >0, (111)

for all symmetric tensors A and scalars a, that implies the following restriction on
BQI
|Ba g (5,1)]* < M3 pgp (s, 8)ma (u, u) (p, ¢ not summed) (112)

for all s, u.

(121) Restrictions on By in terms of ms and m;.

We can now find bounds on the function B; in terms of my and m; by consid-
ering step functions for b(s) and a(s) of the following form:

b(v):{o’ 0<v<s, a(v):{o’ 0<v<u, (113)

b, s<v<u, a, u<v<o0.
In this case inequality (102) becomes
b-my(s, s)b+ 2B (s, u) - ba + my(u, u)a® >0, (114)
for all vectors b and scalars a, that implies the following restriction on Bj:
|B1,(s,u)|* < mapy(s,s)mi(u,u)  (pnotsummed) (115)

for all s, u.

(341) Restrictions on Bj in terms of my4 and m;.

We can now find bounds on the function Bs in terms of m4 and m; by consid-
ering step functions for w(s) and a(s) of the following form:

0, 0<L 0, 0L
w(v)—{ ’ =v<$ a(v)—{ ’ Sv< (116)
w, s<v<u, a, u<wv<oo.

In this case inequality (102) becomes
w - my(s, s)w + 2Bs(s, u) - wa + my (u, u)a® >0, (117)
for all vectors w and scalars a, that implies the following restriction on B :
|Bs (s, u)|* < mapp(s,s)mi(u,u)  (pnotsummed) (118)

for all s, u.

(123) Restrictions on M; in terms of my and m.

We can now find bounds on the function M in terms of m4 and m3 by con-
sidering step functions for b(s) and A(s) of the following form:

0, 0<v<s, 0, 0<wv<u,
bw)=4{. "="S% A= v (119)
b, s<v<u, A, u<wv< oo



In this case inequality (102) becomes
A-ms3(s, $)A+2b- My(s, u)A+b-ma(u, u)b>0, (120)

for all vectors b and symmetric tensors A, that implies the following restriction on
M 1.

|Ml ipq(57 ’U,)‘2 < m3pquI(57 S)m2 % (’U/, u) (27 b, q not summed) (121)

for all s, u.

(343) Restrictions on M3 in terms of my4 and m.

We can now find bounds on the function M3 in terms of m4 and mg3 by con-
sidering step functions for w(s) and A(s) of the following form:

0, 0< 0 0<
w)y=1{" VSV qy =T TEUs (122)
w, s<v<u, A, u<v<oo.

In this case inequality (102) becomes
A-mg3(s, $)A+ 2w - M3(s, u)A + w - my(u, u)w >0, (123)

for all vectors w and symmetric tensors A, that implies the following restriction on
M 3.

| M3 ipq(s7u)\2 < M3 papq (8, $)Maii(u, w) (i, p, ¢ not summed) (124)

for all s, u.

(224) Restrictions on M, in terms of my and my.

We can now find bounds on the function M in terms of my and m4 by con-
sidering step functions for w(s) and b(s) of the following form:

L R URE SO S
In this case inequality (102) becomes
b-ma(s, $)b+ 2w - M (s, u)b+ w - my(u, u)w >0, (126)
for all vectors w and b, that implies the following restriction on Mo:
| M2 pq(s,u) 1> < my aq (8, 8) M pp(u, w) (p, ¢ not summed) (127)

for all s, u.

11.4 Further restrictions due to the previous ones

Extending the theory in [9] we have derived two sets of restrictions on the relax-
ation functions: the first from the internal dissipation inequality and the other from
the minimality of the free energy in equilibrium. Next we obtain further restric-
tions by combining such two sets of restrictions. This allows to find in particular
the generalization of Day’s results of the purely mechanical viscoelasticity theory
to the present theory.

Inequality (85) for each Z¢ € {m1, ma, ms, m,} writes as

VA3
aa—u(s, w)|s=u < 0 Vs. (128)



From the symmetries of the tensors my, ms, m4 we also have

0Z*¢

g(s, U))s=y < 0 Vs, Z%=my, ms, my. (129)

Lastly, as in [9, pp.218, 219], from the minimality of the free energy in equilibrium
we obtain the inequalities

Z%(s, 8) > Z%(u, u) Vs < u, (130)

and
Z5(3,8) > +2Z%(s, u) Vs, u (131)

where § = min(s, u).

This completes the restrictions on the relaxation functions of the thermo-electro-
viscoelastic material defined here. As in [9] let us note that the relaxation functions
only enter the constitutive relations through their values at (0, u) or (s, 0). The
particular local restrictions they suffer can be easily deduced by a limit from all the
above restrictions on the relaxation functions:

m;(0, 0) is symmetric 1=1,2, 3,

om; (132)

mi(0,0) 20, —(0,0) 0, my(0,0) > £mi(0, w) i=1,2,3, 4.

The restrictions (132) coincide with the ones in [9, p.219] for the relaxation func-
tions for the stress and entropy, m; and mgs. In the present extension of [9] for a
heat conducting electrical dielectric, there are in addition the relaxation functions
mg, my, M; and B;, i = 1, 2, 3. Of course the symmetries of By, M;, and M3 are
kept at the limit for s, u — 0: B2(0, 0), M7 (0, 0), M5(0, 0) are symmetric.

12 Dissipation principle and response functionals for
internal rate of supply of entropy and heat flux

We have shown in Section 8 that the dissipation inequality (55) implies the inequal-

ity (56) and the internal dissipation inequality (59). To complete the constitutive

relations we need response functionals for internal rate of entropy supply and heat
flux. Putting ([19], [20])

20 8¢

7F_1 N = k T) > 1
srF Pogg = k8 k=KT) >0, (133)
as well as in the Fourier case, it follows that
T - od
pfi; kB-B+piy (@, | @) . (134)
Then we use (133) and p = §~' G to deduce the expression for the heat flux response
functional 3
. 0T oY .
q= _%01;‘ <p8ﬁ + /@B) . (135)

We remark that more general choices of constitutive relations for ¢, ¢ could be
made. But our goal here is to complete as simply as possible the theoretical frame-
work, so that the restrictions found for relaxation functions can be used in possible
applications in which some constitutive equations can be adapted and modified



to describe a real material. Very simple choices for g in thermo-visco-elasticity are
sometimes made, such as in [13, p.60].

Lastly, note that an explicit constitutive equation for ¢ is obtained by substitut-
ing in (134) the expression (69) of 61, where  is replaced by (d®!/ds):

SY(®, B | <1>t //<I>t TMs,w) d g dsdu

856u du

0s0u

o red 0?By (s, u) t 62B1 0°Ba(s, u) .
+/0 /0 £T( §)————r - Bh(u dsdu+/ / Ty(s Ds0u —uﬂ (u)dsdu

00 > dq . 82B2(S, ’LL) oo 00 82B2 8 U) d )
s ar e st [ [ i S s

00 [ee] 2 00 oo 2
+/ / d Tt(s)m Ba(u dsdu+/ / Ti( 8 9"Bs(s, u) -dth(u)dsdu
o Jo o Jo

ds0u Js0u

oo oo q 82M1(s7 u) oo oo 82M1(8 u) d
+/0 /0 £ﬂt(s)-7Ed( dsdu—l—/o /0 B4( — E'(u)dsdu

0s0u 0sO0u  du

T d oy _82M2(s7 u) o, Rt e agMg(s u) d .
+/0 / B(s) - ——=——=0B4(u dsdu+/0 /0 B( —W?*(u)dsdu

0s0u 0sou  du

o5} o0 2 00 oo 2
+/ / iwt(s) : a]\/137(57@1?2( dsdu +/ / W( M5, w) iEt(ﬂ)dsdu
0 o Jo

0s0u du
(136)

0s0u

13 Field equations for the initial-boundary-value prob-
lem

Now that all constitutive equations have been written, we can obtain the field
equations for the initial boundary-value problem for B. First, by solving (8); un-
der the initial condition p = po(X) for the mass density, one finds the mass den-
sity evolution p = p(X, t). Hence by substituting the constitutive equations (52),
(46)2, 3, (134), and (135), in the three local balance laws (8)2, (8)4 and (8)7, we obtain
the field equations for the triple of fields

(u7 0(7 ¢)’

where
’U,:’U/(X, t)a OzZOé(X, t)7 ¢:¢(Xa t) (137)

are the displacement, thermal displacement and electric potential, respectively.
The field equations (8)2, (8)4 and (8)7, compatible with the constitutive equa-
tions, are five equations in the five field variables u;, a, and ¢.

14 Infinitesimal thermo-electro-viscoelasticity

The linearized (infinitesimal) theory of thermo-electro-viscoelasticity is deduced
by calculating the first-order approximation of the finite theory. Let py = po(X) be
given. The triple of fields (137) can be viewed as a thermo-electro-kinetic process
superimposed to a natural state, that is, a reference configuration where the body
is homogeneous, has zero stress, is at uniform (absolute) temperature 7j (¢p) and
at uniform electric potential ¢y (hence By = 0 = Wj). We also assume that in the
natural state body forces and heat supply vanish. We say that the kinetic process
(137) is infinitesimal if at each material point and instant of time the magnitudes
of the first and second order space-time derivatives of the fields x, a and ¢ are



<< 1. By linearization, the spatial and referential descriptions coincide and then
we identify p with pg, F with I, v with 3, EM with W, and the Green-Lagrange
strain tensor (37) is replaced by the linear strain

= %(Vu + V7). (138)

In the linear approximation we disregard all infinitesimal terms of order greater
than one in the constitutive relations. By (136) in infinitesimal processes 1) van-
ishes, and putting

C=T'(0), C=T1(0), ko==r(bo), (139)

equations (52), (46)2, (46)3, (134), and (135) by (72)-(75) respectively become

R > 9m3(0, u) dBs(s, 0)
—1 _ 3\Y, t 2
Po T OE? +/ ou d(u)du—i—/ Ti(s) 0s ds

8M 0 8M 0 (140)
/ ﬂd 1 > / Wd 3(8 )ds
15 32 8m4 O U) aBB(S 0)
OM, (s, 0 OM;(0,
- /0 ﬁZ(S)ig(; las— [ 732 %) )
R > 9my (0 > 9B, (0,
G = =g (0= 1)~ [y [P gtya
> 0B5(0, > 0B3(0,
_/0 725$u u)EZ(u)du—/O 738(1; u) Wi(u)du
(142)
poé =228 (143)
0
q = —Gobo (Pogg + Hoﬁ) ;- (144)

15 A class of thermo-electric-viscoelastic materials

15.0.1 Preliminaries and one-dimensional constitutive equations

Here we consider a one-dimensional body B composed of a thermo-electric-viscoelastic
material body in its natural homogeneous reference configuration, that is the straight
line segment B = [0, L] on an axis X.

Examples of one-dimensional such bodies are considered in literature. For
instance, Zeng [7] studies the Cauchy problem of a one-dimensional purely me-
chanical nonlinear viscoelastic model with fading memory; Babaei et al. [26], in
order to characterize the viscoelastic behavior of biological tissues, consider a one-
dimensional purely mechanical viscoelastic model; in fact in biomechanics the
study of a tissue constituent, whose nature is viscoelastic, typically is evaluated
from the uniaxial behavior.

The model dealt below regards a material that is viscoelastic with a fading
memory, whose constitutive equations are of integral type with a genuine mem-
ory of the past history. It differs from the differential or rath-type viscoelasticity in
which the material remembers only an arbitrarily small lapse of time into the past.



For an infinitesimal kinetic process described by the three scalar functions

:X<X7 t)a a:a(X, t)v Q5:¢(X, t)> OSXSL, telR (145)

we have
u=x—-X, E=x,-1 Ejs)=x,l(s), v=x
T=d, Tis)=ady(s), B=ay, Bis)=a l(s) (146)
W = _¢,Xa W;(S) = _¢,X;(S)

where z , = dz/dX denotes a spatial derivative and z(s) = z(t —s) — z(t). Putting

923 923 925

Z1 8E27 2 8W2a 3 aTza

(147)

evaluated in the natural reference configuration, adopting the classical notations

Oms3(0, u) _ 0Bxs(s,0)

™ , 2(s) = P , etc. (148)

mg(u) =

and using T (rather than T)) to denote the uniaxial stress, the constitutive equations
(140) -(144) write as

po T = 34 ( / mg(u )du—&—/mdg(s)Bg(s)ds
0 (149)
s)ds — Ms(s)d
+/0 @k~ [0 L6 (s
po P =% +/OO m4(u)¢.xfl(u)du—/Ooo'zfi(s)Bg(s)ds
o 0 (150)
f/ Xd( $)My(s dsf/ Ms(u)x th(u)du
g“ 1 =-%3(T —Tp) / 1y (u)ddy(u du—/ 31 (u)du
(151)
— [ Batw Swdut [ Byt
0 0
poé = "2 (a . )? (152)
90 ’
= *COHOPO (?g +p61/{0d,x> ) (153)
where
W [t )du+/ (O
wdu— [ Ny du
+/0 Ml(u Xd u / 2 )

In order to write the constitutive equation for the electric displacement D we
substitute (150) in (5);, D = ¢oW + P, and we obtain

o D= (Xs—po teg)p  + ma(u (u)du — /00 &y (s)Bs(s)ds
(155)

- a“( 9)M(s ds—/ M (W, (w)du



15.0.2 A choice of the relaxation functions

Now, let h(s) be an influence function of order » = § + 1/2, § > 0 (Section 5); that
is, let (25) hold. For example, h(s) = (1 + s)~? is an influence function of order r if
r < p whereas an exponential i(s) = exp(—fs), 8 > 0, is an influence function of
any order. Each relaxation function within the above constitutive equations,

(s) € {mi(s) (i =1,2,3,4), Bj(s), Mj(s) (j=1,2,3)},
must satisfy the restrictions in Section 11. The abbreviations (148) suggest that each
¢(.) could for example be of the type ¢(s) = f(s)f(0), £(u) = £(0)f(u), thatis,
mi(s, u) = fi(s)fi(u),  i=1,2,3,4,
Bj(s, u) = pj(s)pj(u), M;(s, u) = ¢;(s)g;(w), 7 =1,2,3.

Now let us think about one of the functions (156) because the reasoning repeats in
the same way for each of them. So, let m(s, u) = f(s)f(u) be any function (156).
We assume its decay for s — oo be related to the decay of the influence function

h(s) by

(156)

/00 m?(s, s)h™2(s)ds < oo (157)
For instance we assume that 0
h(s) =exp(—pBs), f(s)=exp(—ws), >0, w>0 (158)
The restrictions (85), (86) for m(s, u) = m;(s, u), i = 1, 2, 3, 4, are respectively
equivalent to
—wexp(—2ws) < 0, [exp(—ws) + exp(—wu)]2 >0 (159)

that hold identically. Now, to set a choice of all other relaxation functions that
satisfy the remaining restrictions in Section 11, to simplify things, assume that in
in (156) we have

pi(s) = q;(s) = f(s) = exp(-ws), w>0, Vj=1,23

It is a simple calculation to show that also the other restrictions in Section 11 are
then satisfied.

15.0.3 One-dimensional field equations

The local balance laws (8), in the form (54), (8), and (8)7, where f = 0, s = 0,

write as ) .
poX = %(T +egW? — E701/[/2)

poil = poé — Fkp (160)
4AD=0

The field equations for the kinetic process (x, «, ¢) are obtained by substituting in
(160) the constitutive equations (149)-(155):

(1) poic':%(?+%°(¢x)2)

(2) —EsT' f0°°m1 (Wil (w)du — [ Bi(u)a b (w)du
= Jo" Ba(w)x  f(wu + [~ Bs wo  t(u)du
—COMOO‘ +d:r (W"‘Po Ko x

(3) (22 —Po_ EO)¢XX +f000m4 )¢XXd d“_fo X d )B?)( )d
_fO XXd ds—fg M3 )X,XXd( )dU—O

(161)




With some simple calculations and neglecting the second order terms &2, ¢ % we
obtain the system of equations

(1) % = S xSy ()X, (0)du + [ 6
+Jo" o ()M (s ds—f0°° qbeXd (s )Mg( )ds
(2) — Sadi — [ (w)dh(u)du — [° Bi(w)e f(u du—fo By(u)X | (u)du
+ [y Bs(u)o , L(u dU—fo ma(u)a f(u dU+f0 < o(8)Bi(s)ds

+ [y Mi(u )XX“( Ydu — [ Mo (u)é Dy (Wdu+ py Rod oy

(3) (22 Pof €O)¢XX+I() m4 )¢de dU7f0 Xd )B3( )d
7]0 XXd MQ ds*fo M3(u) XXd( )dU*O

4(5)Ba(s)ds

(162)
Now we consider kinetic processes in which

=XX+x0, a=aX, ¢=¢X, 0<X<L, xoelR
with  X=X(), a=a(t), ¢=9(t), teR
We have . .
X = XX, X, x =X, X xx =0, X,X =X
022&)(, ax=a, axx=0 qa
$=0X, ¢x=9¢ oxx=0, dx=9
Hence the system (162) becomes
(1) XX = [ G(s) Ba(s)ds
(2) = SgiX — ([ ()i )du)X Jy? Brlwyagu)du =[5 By(u)Xg(w)du
ot
+f0 Bs( u)py(u)du = fo ad YBi(s)ds

(3)  JTa(s)Bs(s)ds = 0
(163)
The arbitrariness of X € [0, L] in (163); and (163): splits such equations, so we
have

(D1, ()2 X =0, 1> @y (s)Ba(s)ds = 0

21 Ssa+ f;° ml(u)ag(u)du =0

164
@, - 31 (udu—fo Ba()Fs(wydu+ [ Ba(uwinuda Y

=[5 @ (s)ds
ORI ad<s>33<s>ds:o

Hence Y = ¢t + ¢, for some ¢; € IR, thus

Xa(uw) = X(t —u) = x(u) = c1(t —u) + ¢z — (e1t + c2) = —cru

Xa(uw) =X(t —u) =X(t) =c1 —c1 =0



and (164) reduces to

x=(cit+c2)X +x0 Vei, c2,x0 € R

J5* Ba(s)Ba(s)ds = 0

Ssa+ )5 1 (w)éy (w)du = 0 (165)
S Bawibalu)du = [ B (u)d(u)du + [ () B (s)ds

Jy* Gals) Ba(s)ds = 0

A simple subclass of solutions of (165) is obtained, for example, by looking for
those which @ = 0. Then @ = g1t + g for some g; € IR and thus

ag(s) =a(t —s) —a(t) = gi(t — 5) + g2 — (1t + g2) = —gns

ay(s)=a(t—s)—at) =g —g1 =0
Now (165) reduces to

X = (cit +c2) X + x0, Vei, c2,x0 € R
a=(gt+g2)X VYgi,92€ R (166)

-t

fooo BB(U)ad(“)dU =0

Then, for each smooth function ¢ = ¢X, ¢ = ¢(t), that solves (166); the triple of
functions

(x=(at+e)X +x0, @ = (0t +92)X, 6 = G(1)X) (167)
is a solution of the field equations (166) or (160), for each ¢, ¢2, X0, 91, 92 € IR. In
-t
particular, (167) is a solution if ¢ = (1t + l2) X, [, l» € IR, since ¢4(u) = 0.

16 Conclusions

We have used the nonlinear theory in [20] for thermo-electro-mechanical simple
materials with fading memory to set up a thermo-electro viscoelastic theory, which
is obtained by a linearization procedure with the Riesz representation theorem.
Now, following what has been made for the linear theory of viscoelasicity - see e.g.
[27]- new uniqueness and continuous data dependence theorems should be estab-
lished that are appropriate to the fundamental dynamic and quasi-static boundary
value problems for a thermo-electro-viscoelastic body.
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