FINITE-DIMENSIONAL POINTED HOPF ALGEBRAS
OVER FINITE SIMPLE GROUPS OF LIE TYPE VI.
SUZUKI AND REE GROUPS

GIOVANNA CARNOVALE AND MAURO COSTANTINI

ABSTRACT. We analyse the rack structure of conjugacy classes in simple Suzuki and
Ree groups and determine which classes are kthulhu. Combining this results with
abelian rack techniques, we show that the only finite-dimensional complex pointed

Hopf algebras over the simple Suzuki and Ree groups are their group algebras.

1. INTRODUCTION

This paper is part of an ongoing project with N. Andruskiewitsch and G. A. Garcia,
aimed at understanding finite-dimensional complex pointed Hopf algebras whose group
of grouplikes is a finite simple group of Lie type [1, 2, 3, 4, 5]. We adopt notation and
terminology from these papers, and for further details the reader is referred to them.
We recall that a finite-dimensional pointed Hopf algebra H has a natural filtration
whose associated graded contains a graded associative algebra, the so-called Nichols
algebra B(V'), whose structure depends on a representation V' of the finite group G of
grouplike elements of H and a compatible G-grading on V' (i.e., V is a Yetter-Drinfeld
module of G). It is therefore crucial for our purposes to classify finite-dimensional
Nichols algebras for Yetter-Drinfeld modules of G.

We recall the following folklore conjecture

Conjecture 1.1. Let G be a finite simple non-abelian group. Then, dimB(V) = oo
for every complex Yetter-Drinfeld module V' of G. Thus, the only finite-dimensional
complex pointed Hopf algebra whose group of grouplikes is G is the group algebra CG.

In fact Nichols algebras can be defined in a more general setup, whenever we have
an endomorphism ¢ € GL(V®?) for V a vector space, satisfying the braid equation
(c®id)(id ®c)(c ® id) = (id ®c)(c ® id)(id ®c).

If V is a Yetter-Drinfeld module of G, then c is defined by
(1.1) cv@v)=g-v®@v, veV,v eV, V:@Vq.

geG

The presentation of *8(V') depends only on the braiding ¢ and not on the Yetter-Drinfeld
module structure itself. Indeed, such a braiding can arise from different actions of
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different groups on V' and ¢ can be described in terms of a combinatorial object called
rack and a cocycle for it, [8]. Since important properties of racks are preserved by rack
inclusions and projections, an approach to Nichols algebras done rack-by-rack might be
more convenient than an approach group-by-group. In particular, the reduction to a
(simple) rack is relevant for the problem of classifying finite-dimensional pointed Hopf
algebras whose group of grouplikes is finite but not simple.

In our situation, a simple rack will always be a conjugacy class O in G, with rack
structure g > h = ghg™! for g,h € O. Conjugacy classes in different groups can be
isomorphic as racks (e.g. unipotent conjugacy classes arising from isogenous algebraic
groups). An important goal is to classify finite-dimensional Nichols algebras for every
conjugacy class in G and every cocycle, and not only those coming from a Yetter-
Drinfeld module of G.

A series of conditions on racks (called type D, F and C) ensuring that the associated
Nichols algebra is infinite-dimensional for any choice of a cocycle were given in [6, 1, 3].
In this case we say that the rack collapses. In group theoretic terms these conditions
are easy to state and well-behaved when passing to subgroups and quotients. The
conjugacy classes that are not of type C, D, or F are called kthulhu: they are essentially
those for which the possible non-empty intersections with a subgroup H < G are either
a single conjugacy class in H or consist of a set of commuting elements. For these classes
we have no general strategy to deal with all cocycles. Yet, one can use the techniques
developed in [6, 7, 10, 14] and the classification in [15] to deal with the Nichols algebras
associated with a kthulhu class and a cocycle coming from a (simple) Yetter-Drinfeld
module of G. These techniques are often enough for dealing with Hopf algebras over
G but might not propagate when passing to overgroups or groups projecting on G.

This paper deals with conjugacy classes in simple Suzuki groups Bs(q), ¢ > 2 and
Ree groups %Fy(q), ¢ > 2 and 2G4(q), ¢ > 3. They were firstly presented and studied in
[28, 22, 23] but we will use the uniform description in terms of fixed points of a Steinberg
endomorphism as in [11, 20]. Working group-by-group we prove the following result:

Theorem 1.2. Let G be a simple Ree or Suzuki group and let O be the class of x € G.
Then O s kthulhu if and only if

G = ’By(q) and |z| = 2 or |z| divides ¢* + 1;
G = *Fy(q) and |v| # 13 and divides ¢* — ¢* + 1,
G = “Gy(q) and |v| =3 or |x| # 7 and divides ¢° — q + 1.

In other words, kthulhu classes are either classes of unipotent elements of prime
order, or they are represented by elements in maximal tori whose normaliser is the
only maximal subgroup containing them. Up to some exception of small order, every
non-trivial element in such a torus lies in a kthulhu class. Then we focus on kthulhu
classes in each group and finally we prove:
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Theorem 1.3. Conjecture 1.1 holds if G is a simple Suzuki or Ree group.

2. NOTATION AND BACKGROUND

For any automorphism o of an algebraic structure X, we shall denote by X the set of
elements fixed by o. For GG a group, the orbit of an element g € G under the conjugation
action of a subgroup H < G will be denoted by Of . The superscript will be omitted
if the ambient group is clear from the context. To keep uniformity with the previous
papers in the series, we will denote the conjugation action by: g h := ghg™'. The
centraliser of an element x € G will be denoted by Cg(x), and the set of isomorphism
classes of irreducible representations of a group H will be denoted by Irr(H).

2.1. Preliminaries on racks. In this section we introduce some preliminary notions
on the rack structure specialised to the case of a conjugacy class.

Definition 2.1. ([3, Definition 2.3], [7, Definition 3.5], [1, Definition 2.4]). A conjugacy
class O in a finite group M is said to be of type

C if there are H < M and r, s € O N H such that
(a) OF # 0O/,
(b) rs # sr,
(c) H=(0;", OF),
(d) either min(|OH|, |OH]) > 2 or max(|OH|, |OH|) > 4;
D if there are r, s € O such that
(a) O £ 08,
(b) (rs)? # (sr)%;
F if there are r; € O, for 1 <1 < 4 such that
(a) O I== L OF RIS o £ g
(b) rir; # 11y, for i # j.
A conjugacy class is called kthulhu if it is of none of these types.

The relevance of the above conditions relies on the following results, that we apply
to the special case of conjugacy classes.

Proposition 2.2. ([3, §2.2], [7, §3.2],[1, §2.2] ).
(1) If a rack X is of type C, D, or F, then dim*B(X,q) = oo for every cocycle q
for X, i.e., it collapses.

(2) If a rack contains or projects onto a rack of type C, D, or F, then it is of the
same type.

Remark 2.3. (1) Assume that M is a finite group with M /Z (M) simple non-abelian.
If m € M\ Z(M), then there exists g € M such that [g>m, m] # 1. Otherwise,
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N := (OM) would be an abelian normal subgroup of M and N/(Z(M) N N)
would be an abelian normal subgroup of M/Z(M). Therefore N would be
central, while m ¢ Z (M), a contradiction.

(2) If r € M with |r| odd, and r, s € OM satisfy rs # sr, then for any H < M such
that (r, s) < H we have min(|OZ|, |Of]) > 2. Indeed, 3 < |O§r>| < |OH| and
3< o < 0f|

Lemma 2.4. Assume M = M, x M is a finite group such that My/Z (M) is simple
non-abelian and let m; € M; \ Z(M;) for i = 1,2. If |m4| is odd, |ms| # 2 and ms is
real in M, then (’)g\fm x of type C.

;12

Proof. By Remark 2.3 (1) there is g; € M such that [gy >mq,mq] # 1. Let go € My be
such that go>my = my ', Weset 7 = (my,ms), s := (g1, g2)>(my, my) and H = (r, s) <
(my, g1 >my) X (my). By construction rs # sr and H = (O, OF). The inequality
m2 # 1 implies OF N OF = (). In addition |OH| = |O4m9™)| > |0@r™)| > 3
because |m;| = |g; >my| > 3, and similarly for |O]. O

In the following Remark we recall an argument used in [3, Proposition 5.5] in order
to prove that certain classes are kthulhu.

Remark 2.5. Let O be a conjugacy class in a finite group G. Assume that for any
H < @ the intersection O N H is either empty, a unique conjugacy class in H, or
consists of mutually commuting elements. Then O is kthulhu. We usually deal with
intersections with subgroups using the list of maximal subgroups as follows. For any
maximal M < G we analyse ON M. If ON M = () or consists of commuting elements,
it will be again so for any H < M. Then we show that for the remaining subgroups
ONM is a single conjugacy class in M and observe that in this case the structure of M
and of its (maximal) subgroups are well-understood. In most cases M will be a finite
simple group of Lie type of the same sort as G but over a smaller field, or PSLy(q).
This way we reduce from the pair (O, G) to the pair (O N M, M). The class O N M
will usually have the same features as O had in G and we proceed inductively.

In order to implement the above mentioned analysis, we will make use of the following
standard observation.

Remark 2.6. Let M = N % (a) be a finite group with Cy(a) = {1}.

(1) We have the equality OM = Na. Indeed, the inclusion C follows from normality
of N, and Cy(a) = {1} implies that the two sets have the same cardinality.

(2) For any H < M such that a € H, then O = (HN N)a. Indeed, if a € H, then
H = (NNH) x{a), so (1) applies.
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(3) If G is a finite group containing M and such that O N M C Na, then for
any H < M with a € H we have OY N H = O Indeed, by (2) there holds
OYNHC (NnNH)a=0"cO%N H, whence the equality.

2.2. Nichols algebras of Yetter-Drinfeld modules and abelian subracks. In
this section we provide some necessary ingredients for dealing with Conjecture 1.1.
The first key observation is the following.

Remark 2.7. ([7, §1.2]) Let H be a finite group. If dimB(V) = oo for every simple
Yetter-Drinfeld module V' of H, then dim B(V’) = oo for every Yetter-Drinfeld module
V' of H.

Simple Yetter-Drinfeld modules are parametrized by pairs (O, p) where the O = Of
is a conjugacy class in H and is the support of the grading, and p € Irr(Cy(g)). If
p: Cu(g) = GL(W), the corresponding simple Yetter-Drinfeld module M (O, p) has
H-module structure and grading defined by:

(2.1) M(O,p) = IndgH(g)p =CH ®ccpyg) W, meW C M(O,p)msg, me H.

If O is of type C, D, or F, then Proposition 2.2 (1) ensures that dimB(M (O, p)) = o
for any choice of p € Irr(Cx(g)). For a kthulhu conjugacy class O = Of the conclusion
of Proposition 2.2 (1) cannot be inferred. We recall a strategy developed in [6, 7, 10, 14]
and references therein to estimate the dimension of B(M (O, p)).

Assume A < Cg(g) is an abelian subgroup containing g. Then, O N A is an abelian
subrack of O and p(A) stabilises a line Cv in W: we call x its character. We set

(2.2) ONA={xg:=go>g,...,2.: =g, >3}, ¢ij = X(gj*lgi >g).

Then M, = spang(g; ® v, = 0,...,r) is a braided subspace of M (O, p), i.e., ¢(Ms ®
My) = M4y ® My, where c is as in (1.1). The restriction of ¢ to M4 ® M, is given by
c((:®v)®(g9;®v)) = ¢ij(9; ®v) @ (g: @), i.e., it is of diagonal type with ¢; = x(g) for
every i. Now B(M,) is a subalgebra of B(M (O, p)). We can invoke the classification
results for finite-dimensional Nichols algebras for braided spaces of diagonal type in
[15], and if dim B(M,) = oo we can conclude that dimB(M (O, p)) = cc.

2.3. Construction of the groups. Let p be a prime, h > 0, ¢ = p*"*! and G a
simply-connected simple algebraic group over Fp. We recall the construction of the
groups *Bs(q), *F4(q) and "G4 (q) from [11, §13], as fixed point sets of certain Steinberg
endomorphism F in G. Let T be a fixed maximal torus in G, with corresponding
root system @, root subgroups U, for a € ®, and Weyl group W = Ng(T)/T. We
fix an isomorphism z,: F, — U, for each a € ® and a set of simple roots A, with
corresponding positive roots ®T. The group W acts by isometries on F = R @z ZP.
We will focus on the cases in which the pair (9, p) is either (Bsy, 2), (Fy,2) or (G2, 3).

In the latter case we assume z, is as in [11, §12.4].
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The non-trivial symmetry of the Coxeter graph of G induces a permutation : & —
®, [11, §12.3, 12.4]. We denote by 7 the unique involutory isometry of E such that
T(a) € Rogfa for all a € &:

(a) = {\% Ao if « is short,

for ® of type B; or Fj,
V2 0o if ais long, ype b2 4

L 9o if « is short
a) =4 V3 ’ for ® of type Gs.
(@) {\/3 fa if « is long, ype 2

There is a graph automorphism ¥ of G preserving T and such that J(U,) = Uy, for
all @ € &, [11, §12.3, 12.4]. It is defined as follows on root subgroups:

V(za(c)) = {

Toa(CP) if o is short,

To(C) if «v is long.

Let Fr,» be the field automorphism of G induced by the automorphism A " of
F, and let ' : G — G be the Steinberg endomorphism F = 19 o Fr,n = Fryn o. Then
G :=G" = {z € G| F(x) = x} are the Suzuki groups for G of type B, and the Ree
groups for G of type Fj or Gj.

Note that

F? Ta(§) > 2o (§9)

for every o € ®, so that G is contained in By (2%471), Fy(22F1) Gy(32"+1) respectively.
For convenience, we denote G by ?By(q), *Fi(q), *G2(q) respectively. Notice that this
is not the only notation for the Suzuki or Ree groups, often the convention ¢ = p?+!
is used. We have
’Ba(q)| = ¢* (¢ — 1)(¢* + 1), %G2(q)| = ¢* (¢ — D(¢* + 1),
"Fa(a)] = a"(a = 1)(¢* + D(¢" = 1)(¢° + 1).
We recall that these groups are simple for A > 1.

Let B < G be the Borel subgroup generated by T and the U,, o € ®*, let B~ < G
be the opposite Borel subgroup and let U and U~ be their unipotent radicals. Every
unipotent conjugacy class in G is represented by an element in U and, for any fixed
ordering of ®*, every element in U can be uniquely written as a product 1_[%(1,+ z(cy)
for ¢, € F,. Also U := U and U~ := (U™)¥ are Sylow p-subgroups of G, [20, Corollary
24.11] so all unipotent conjugacy classes in G intersect U and U~. We recall that every
F-stable maximal torus in G is of the form ¢gTg~! for some g € G such that w :=
g 'F(g) € N(T). Two such tori are G-conjugate if and only if the corresponding Weyl
group elements are F-conjugate, [20, Proposition 25.1]. We denote by T,, a maximal

torus whose associated Weyl group element is w = wT € W and we set T, = TE.
Every semisimple element is contained in some T, for some w € W, [20, Proposition

26.6]. There is a formula for the order of T,,. Let Y = Hom(EX , T) be the cocharacter
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group of T. Then W and F act on Y, hence on Y @R and |T',| = | det, , (w0 F—1)],
see [20, Proposition 25.3 (c)]. An element o € W has a representative in Ng(T,,) if
and only if 0 € Cy (Tw), and |Ng(Ty)/Tw| = |Cw(Tw)|, [20, Proposition 25.3 (a)].

Remark 2.8. When dealing with mixed classes, i.e., classes of elements € G that
are neither semisimple (i.e. of order coprime with p) nor unipotent (i.e. of order a
power of p) we adopt the strategy developed in [5, §3]. Let x = x4z, be the Jordan
decomposition of x. We recall that [Cg(zs), Cs(zs)] is a semisimple group whose root
system has a base that can be indexed by a set of nodes ¥ in the extended Dynkin
diagram of G, [20, Remark 14.5]. In addition, ¥ must be stable by Ad(w) o F for
some w € W. Since W preserves the root lengths and ¥ does not, if it is non-empty;,
Y., identified with the corresponding subset of ®, can only have the same amount of
short and long roots, providing a strong restriction on the possibilities for 3. Also,
[Ce(wy), Cg(x5)]F =~ (T, Uiy | a € B)AM@F and the following natural rack inclusion

(2.3) OEG(ZS)’CG(%HF ~ xs(f)[CG(fEs)ch(Is)]F — OlCc(@s)Co(xs))” C okdl

Ty TsTy TsTu

shows that if OEG(%)’CG(“)]F is not kthulhu, then O¢ is again so.

Remark 2.9. Since in B,, Fy and G5 the longest element wy in W is —id, for any
w € W there is always a representative of wy in Ng(T,,) and therefore all semisimple
classes in G are real.

Remark 2.10. Since X 4 1 divides X?™*! + 1, if ¢ = ¢¢™"" and (d,¢* £ 1) = 1, then
(d,qk 1) = 1. So, if an element of 2By(q), 2F4(q) or %Go(q) lies in a torus whose order
is coprime to ¢* £ 1, and it also lies in a subgroup isomorphic to 2By(qg), 2Fu(qo) or
Ga(qo), respectively, then it will lie in a torus therein whose order is coprime to g + 1.

Remark 2.11. If F’ is a Steinberg automorphism of G such that G < G and g € G
is semisimple, then Of NG ¢ O;G’ NGF'. Since (95’ is semisimple, the right hand side
is either empty or a unique semisimple conjugacy class in G by [27, §3.4 (c), p. 177,
so the same holds for the left hand side.

3. THE SUZUKI GROUPS 2By(22"*1)

In this section p = 2, ¢ = 22" h > 0, G = By(q) a Suzuki group. We recall some
basic facts from [28].
We will need the automorphism § = Frgn1 of F,, so that 6* = Fry and Fg = [Fs.

Remark 3.1. (1) Let k € F, be such that k§(k) = 1. Then, 1 = 6(kd(k)) = d(k)k?,
so k=k%€cT,.
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(2) The group morphism ¢: F* — Fx given by (k) = ki (k) is injective, therefore
it is an isomorphism.
We realize G = Sp,(IF,) as the group of matrices in GL4(F,) preserving the bilinear
1

form associated with the matrix J =

—OOoO
o—OO
QOO

9 ]. Then T can be chosen to be the
0

subgroup of diagonal matrices and B the subgroup of upper-triangular matrices. The
Sylow 2-subgroup U~ of G is given by the matrices of the form

1
a 1
ad(a) +b d(a) 1 '
a*é(a) +ab+48(b) b a 1

with multiplication rule
(3.1) U(a,b)U(c,d) =U(a+ c,ad(c) + b+ d), a,bc,d e Fy,

For any k € F) we have ¢, := diag(&,&,&",& ") € T where §(&1) = kd(k) and
d(&2) = k. There holds:

(3.2) U (a, b)ty, = U(ak, bko(k)), a,b € Ry, keF~

It follows from [28, Proposition 1, 2, 3, 7] that if z is a non-trivial element of a Sylow
2-subgroup @ of G, then Cg(x) < @. In particular, the order of the elements in G is
either a power of 2 or odd.

It follows from (3.1) that all non-trivial involutions are conjugate to an element of
the form U(0,b), so by Remark 3.1 and (3.2) all non-trivial involutions are conjugate.

The elements of odd order are semisimple, and therefore their conjugacy classes are
represented by an element in a maximal torus T',, where w runs through a set of
representatives of F-conjugacy classes in W. Up to conjugacy they are: T, of order
g — 1 and the two cyclic subgroups T',, and T',,,,,, whose orders are 22+ 4201 4 1 =
q++2q+1,s0 |T|,|Ts,| and |Ts,s,s, | are mutually coprime.

The maximal subgroups of G are the conjugates of the following subgroups, [28,
Theorems 9, 10]:

(1) B~ =T x U™ of order ¢*(q — 1);

(2) Ng(T) of order 2(q — 1);

(3) Ng(Ts,) and Ng(Ts,s,s,) of order 4(q + /2q + 1);
(4) 2By (2%™*1) for (2h +1)/(2m + 1) a prime number.

3.1. Collapsing racks.

Ul(a, b) := a,b e F,.

Lemma 3.2. If O consists of elements of order 2, then O is kthulhu.

Proof. The class O is contained in a unipotent class in Sp,(F,) and all classes of non-
trivial involutions therein are kthulhu [2, Lemma 4.22(2), Lemma 4.26], [3, Lemma
2.14]. We conclude by [4, Lemma 2.5]. O
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Lemma 3.3. Assume h > 0. If O consists elements of order 4, then it is of type F.

Proof. By (3.1) any element of order 4 has a representative r = U(a, b) for some a # 0,
a,b € Fy. Since h > 0, there are distinct k; € Fy for j = 0,1,2,3 and we set
rj =ty >r = U(ak;, bk;o(k;)). For any ¢, d € F, we have U(c,d)™" = U(c,d’) for some
d € F, and U(c,d)>U(a,b) = U(a,b) for some b’ € F,. As (r;, 1 =0,1,2,3) < U™,
we deduce that Q8+ =0123) £ Olra=0123) gy £ 5 In addition,

rir; = Ula(k; + k;), a0 (a)k;0(k;) + bk;o(k;) + bk;o(k;))

so r;v; = r;r; if and only if kik’j’l = 5(k,-kj’1) if and only if k; = k; if and only if i = j.
Whence, O is of type F. O

Lemma 3.4. Let 1 #t € T.Then OF is of type C.

Proof. Recall that t # t~* € OF by Remark 2.9 and that Cg(U(1,0)) < U, [28,
Proposition 1, 2, 3, 7]. It follows from Remark 2.6 that U~ >t = tU~ C OF and
similarly, U= >t ' =¢t"1U- Cc OF. Let H :== (t,U~), r =t, s =t"*U(1,0) € OY N H.
Then, rs # sr by (3.2). Also, Of = Of " =tU~ and O = O, = OV, =t7'U~, the

two sets are clearly disjoint and
(O oy = U~ 7 'U™) = (t,U") = H.
In addition |OF| = |OH| = |U~| = ¢* > 2, so OF is f type C. O

Remark 3.5. All classes in ?By(2) are khtulhu. Indeed, [?B,(2)| = 20 and its elements
have either order 2,4 or 5. We realize it as the subgroup of matrices m(a,z) = (1 9)
where = € Fs and a € FX. Let g € ?By(2) with |g| = 5. Then, g = m(0,z) for some
r € F5 and all such elements form an abelian normal subgroup of 2By(2). Hence, all
elements in the class of g commute, so classes of elements of order 5 cannot be of type
C, D nor F. Let now |g| = 4. Then g = m(a,z), for a = 2 or 3 in 5 and some = € F;
and h € O, if and only if h = m(a,y) for some y € F5. But then (g, h) contains
elements of order 4 and it is either cyclic of order 4 or the whole group. Hence, O, is

kthulhu. For non-trivial involutions we invoke Lemma 3.2.

Lemma 3.6. The non-trivial classes represented by elements in the subgroups T's, and
T s,s, are kthulhu.

Proof. We use the inductive argument from Remark 2.5. Let T" be one of these tori,
let g € T'\ {1} and let O = OF. Since |g| divides (¢ + v2q + 1)(¢ — v2q + 1) =
¢* + 1, a maximal subgroup M of G meeting O cannot be conjugate to B~ or Ng(T).

Also by order reasons, if it meets Ng(T,,) for w = s; or s;s9s1, then T' = T, and
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since Ng(T,) ~ T, x Cy, all its elements of odd order are contained in T',. Thus,
ONNg(T,) consists of commuting elements. We finally consider M = 2B, (2% 1) with
(2h+1)/(2m+1) a prime. If M NO # (), then it is a unique semisimple conjugacy class
in M by Remark 2.11. By Remark 2.10, this class is represented in a torus of order

22m+l 1 je., a torus as in the hypotheses. If m = 0, the intersection

coprime with
is non-trivial only if |g| = 5 and by Remark 3.5 it consists of commuting elements.
Arguing by induction on the number of prime factors of 2h + 1, we conclude that for
any K < G, the intersection K N QO is either empty, a conjugacy class in K, or consists

of commuting elements. O

Remark 3.7. Let u € G be a non-trivial involution. Then, there exists v € OF such
that (uv)? # (vu)?. Indeed, since there is a unique conjugacy class of elements of order
2 in G, we may always assume that u € ?By(2) and a direct computation using the
realisation in Remark 3.5 shows that any v € OzBQ(Q) \ {u} has the required property.

3.2. Nichols algebras over Suzuki groups. In this subsection we consider Nichols
algebras attached to simple Yetter-Drinfeld modules M (O, p) for O a kthulhu class in
G and we prove Theorem 1.3 for simple Suzuki groups for h > 0.

Proposition 3.8. Let g € G with |g| # 1 and odd. Then dim*B(0O,, p) = oo for every
irreducible representation p of Cg(g).

Proof. Every such element is semisimple, hence real by Remark 2.9. The claim follows
from [10, Lemma 2.2]. O

Lemma 3.9. Assume h > 0. Let H = (T,U(0,b),b € F,) = TZ(U~) and let
0= Og(o,l)- Then dim ‘B(M((’)g(o,l),p)) = 00 for every p € Irr Cyx(U(0,1)).

Proof. The proof is obtained mutatis mutandis from the proof of [14, Proposition 3.1,
case co]. We sketch it here for completeness’ sake and we use notation and strategy from
Subsection 2.2. For k € F) we consider the elements ¢, > U(0,1) = U(0,(k)~"). By
Remark 3.1 all non-trivial involutions in H are conjugate to U(0, 1) by an element in T
and A = Cy(U(0,1)) = Z(U™) ~ (F,,+) is abelian. We parametrise the elements in
O = ONAby elements in H/Z(U~) =T ~Fy. Let x be an irreducible representation
of Z(U™), i.e., a group morphism x: (F,,+) — C*. The image is in {£1}. Assume
that dim B(M (O, x)) < oo. The coefficients of the braiding associated with (O, x) are
given by qu = x(t; 't,>U(0,1)) = x(U(0, p(1k7Y)) so qua = x(U(0, p(kI7Y) +@(lk™1))
for every k,1 € F. By [10, Remark 1.1] we necessarily have g, = x(U(0,1)) = —1 for
every k € F;. Let k € F, — Fy and let d be its multiplicative order. Then d > 3 and
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if we had q1xqr1 = —1, then we would have a cycle in the generalised Dynkin diagram
associated with the braiding: qixgm = Que2@r2r = -+ = Qra-11qga—1 = —1. This is
excluded by [14, Lemma 2.3]. Thus, qixqr1 = x(U(0, (k) + p(k™))) = 1. However,
the additive subgroup of F, generated by the elements of the form ¢(k) + ¢(k™1),
k € F, — IFy contains 1, so this would imply x(U(0,1)) = 1, a contradiction. O

Proof of Theorem 1.3 for simple Suzuki groups. Proposition 2.2 covers the cases of
simple Yetter-Drinfeld modules associated with classes of elements of odd order or of
order 4 by Lemma 3.3 and Proposition 3.8. We consider the class O of non-trivial
involutions, represented by U(0,1). Lemma 3.9 ensures that dim B (M (O{}’(O’l),X)) =
oo for every x € Irr Cy(U(0,1)). By [6, Lemma 3.2], dim B(M (O, p)) = oo for every
p € Irr Cg(U(0,1)). We conclude by Remark 2.7. O

4. THE REE GROUPS 2[(22'+1)
In this section p = 2, ¢ = 22"*1 h > 0, G = ?F,(q) a Ree group of type Fj.

4.1. Collapsing racks. In this Subsection we list the kthulhu and non-kthulhu con-
jugacy classes in G, when it is simple. We consider unipotent, semisimple and mixed
classes separately.

4.1.1. Unipotent classes. We make use of the list of representatives of each conjugacy
class in [24, Table 1I] and notation from [23, 7, 13] and [16], with the understanding
that our ¢ is ¢? therein. Roots in ®* are indicated as follows: an index j stands for
€;; the symbol i & j stands for €; £ ¢; and 1 £2 =+ 3 £+ 4 stands for %(81 +egtegtey).
For 1 < i < 12, and t € F, there are elements «a;(t) € U such that every u € U
can be written uniquely as an ordered product u = [[\2, a;(d;) with d; € T, for each
i =1,...,12. Commutation rules between «;(t) and «;(t) are given in [25]: the case
(7,7) = (2,3) contained a mistake pointed out in [19] and corrected in [16, Table 1].
We will also make use of the subsets U; := {«;(t) | t € F,;} for 1 <1 < 12 and of the
subgroups Us; := Hjli, U, <U.

Lemma 4.1. Any non-trivial unipotent conjugacy class in G, different from the one
represented by uy in [24, Table 11| is of type D.

Proof. Each representative of the 19 unipotent conjugacy classes of G in [24, Table II|
is defined over Fy, i.e. it lies in the subgroup %;(2). Conjugacy classes in Tits’ group
2F4(2) and in %Fy(2) = Aut(*Fy(2)") are studied in [7] and [13] respectively. By [7,
Table 2| and [13, Table 1] every conjugacy class of Fy(2), apart from the one labeled
by 2A, is of type D. This class is represented by a non-trivial involution in Z(U), hence
it is the one represented by u; = aya(1). O

It has been shown in [13, Proposition 4.1] that the class of u; is not of type D. Next
Lemma deals with this class provided h > 0.
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Lemma 4.2. Let h > 0. The class O of uy is of type F.

Proof. Observe that u; = ay2(1) = 21(1)2142(1). The Weyl group element s;_359_4 lies
in Cyy(7) so it has a representative ¢ in ?F4(2) N Ng(T). Hence 6>u; = x3(1)z3,4(1) =
as(1) € O. For 1 < j <4, let &; be distinct elements of F,. We consider the involutions
as(&) = x1,2,3,4(§]2h)x2,3(§j) € U and we set

Ty = 0[3(5]‘) >up = 043(53‘) > O{Q(].) e 0.

Thus,

riry = az(§)aa(1)as(&)as(E))az(l)as(§;) = as(&)aa(1)as(& + &§)aa(1)as(;)

where we have used Chevalley’s commutator formula. Hence r;r; = r;r; if and only if

az(&i + &)aa(1)as(& + &)aa(l) = ag(l)az (& + &)az(1)as(&; + &)

and this happens if and only if the commutator of as(&;+¢;) and as(1) is an involution.

Making use of the commutation relations in [25, 16] we deduce

2h+1+1>a (

h+1
9 772 +1>>2

(042<1)@3(77)042(1)043(77))2 = (045(772h+1)046(77)047(77)048(77 € ao(n)Usn

so r;r; # r;7; whenever ¢ # j. By direct computation:

2h+1

ri = an(D)as(&" o (&)ar(€)as (€2 ag(u® ) € UnUsUsg

and V = UyUsUsg is a subgroup of U with V/Usg abelian. Let H = (ry, ro, 3, 74).
Then H < V and so O € OY C as(1)as(¢2""")Usg. Since "7 = ¢ only if
& = &, the classes (95 for i # j are disjoint and O is of type F. O

4.1.2. Mixed classes.

Lemma 4.3. Let O be the class of an element x € G with Jordan decomposition
T = xyw, with g, v, # 1. If 22 # 1, then O is not kthulhu.

Proof. Using strategy and notation from Remark 2.8 we see that 3 can only be of type
A % 1211, Ay X f~127 or By. By looking at the action of F' and the order of the centralisers
given in [24, Table IV] we deduce that [Cg(z;), Cg(x,)]" is either PSLy(q), PSU3(q),
or ?By(q) and z,, lies in there. By [4, Proposition 5.1] and Lemma 3.3 we see that if
x2 # 1, then OQ[SG(J;S)’CG(%)}F is not kthulhu. O

Lemma 4.4. Let O be the class of an element x € G with Jordan decomposition
T = x4, with x4, x, # 1. Then O is not kthulhu.
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Proof. By Lemma 4.3 we may assume that 2 = 1. We argue as in the proof of [5,
Lemma 3.2] to show that O is of type D. Since wg = —1id, there is representative
wy € Ng(ﬁ‘) for every F-stable maximal torus T containing x,. Then, wy > x =
7tz where z, # x;! because z; # 1 and 7/, is a non-trivial involution in K :=
[Co(z;1), Co(z7h))F = [Ce(xs), Cg(x,)]F. The latter is in turn isomorphic to PSLy(q),
PSU;(q) or 2B2( ). All non-trivial involutions are conjugate in these groups, so OF =
OF . By [4, Lemma 3.6(a)], [5, Lemma 2.9] and Remark 3.7 there is v € O such that
(1,0)? # (vay)?. Thus, s := z;v € OF and we have:

(zs5)* # (sz)?, (’)< ) ¢ xSOK O§$’5> C x;lOii, xs(’)K N x_l(’)K = 0.

The claim follows. U

4.1.3. Semisimple classes. The conjugacy classes of maximal tori in G, the correspond-
ing Weyl group elements, their orders and the order of their normalisers are listed in
[24, §3, Table I1I]. They are represented by T';, for 1 < ¢ < 11, with |T;| = d; as follows:

dy = (q — 1) dy=(¢—1)(qg+1),
dsa = (¢ —1)(q £ /2¢+1), ds = (¢* + 1),
de7 = (g £ \/Q_Q+ 1), ds = (¢ + 1),

do = (¢* —q+1), dio = (¢ — V23 + ¢ — \/2¢ + 1),
d11:(q2+\/2q3+9+\/2(J+1>

We denote by T;, for ¢« < 11 the corresponding F-stable tori in G. Observe that

(¢—V2q+1)(g+V2q+1)=¢"+1,

(> +1) = (¢ —q+1)(g+1),

(=28 +q— 20+ D)@+ V23 +q+V2q+1) =¢* — @ + 1,
(" =+ 1)@ +1) = (¢° + 1)

According to [19, §2.2], G contains subgroups isomorphic to 2Bs(q) x 2Bs(q) and
SL(q) x SLs(q) and all such isomorphic subgroups are conjugate. By looking at the
maximal tori in ?By(q) and SLy(q) we see that every torus T; for i < 8 is contained in
a subgroup M = M; x M, with either M; ~ M, ~ By(q) or M; ~ My ~ SLy(q). This
inclusion induces a decomposition of T'; into a product of 2 subtori T'; yy, := T'; N M;
for j = 1,2 whose orders follows from the decomposition of d; given above. If we write
s = (21, 5) for an element in T';, we are referring to this decomposition. Also, we
shall write T; 57, for the corresponding tori in Spy(F,) or SLy(F,).

Lemma 4.5. Let O be the class of an element of order 3 in G. Then, O is of type D.
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Proof. According to [24] there is a unique conjugacy class of elements of order 3 in G.
Recall that |2F}(2)] = 2! - 3% - 5% - 13, so the class O meets ?F;(2) < 2F4(2) < %Fy(q).
Since the only non-trivial class of 2F(2) which is not of type D consists of involutions
[7], we have the statement. O

Lemma 4.6. Assume h > 0. Let O = Og for xg = (x1,22) € Ty for i < 8. If
x1 # 1, x9 # 1, then, O is of type C.

Proof. We consider the inclusion of T'; < My x My with M; ~ SLy(q) or M; ~ ?Bs(q)
for j = 1,2. The statement follows from Lemma 2.4 and Remark 2.9. U

Lemma 4.7. Assume h > 0. Let O = OF for xy = (x1,25) € T; \ 1 for i < 8. If
x1 =1 orxze =1, and |z4| # 3, then, O is of type C.

Proof. We assume that x; # 1, zo = 1, the other case is treated the same way. If
O% NT; contains 2, = (x},2}) with 2} # 1, z4 # 1 then we invoke Lemma 4.6. Hence
we assume from now on that OF NT; = (OF NT; ) U (OF NT; ). The inclusion
xrs € My X My imply that x, € T; for i € {1,6,7,8}. Also, if 3 = (21,1) € T, then
it lies in a split torus in SLy(gq) = PSLy(q) or ?By(q) and the claim follows either from
[3, Lemma 3.9] or Lemma 3.4.

Thus, for the rest of the proof s € T; for i = 6,7,8, and |zs| # 3. Observe that
Ca(zs) D Ty X Ms, so Cg(xs) is not abelian. The structure of the centralisers of
semisimple elements in G is described in [24, Theorem 3.2] and most of them are tori.
By inspection we see that x is necessarily conjugate to some ¢, from [24, Table IV], with
J € {5,7,9} and in these cases Cg(t;) = Tin, M2 with [Ty | € {¢+ 1,9 £ 2q + 1},
so xp is regular in M;. Observe that M; ~ M, ~ PSLy(¢q) when z, € Ts and x4 is
conjugate to t5 and My ~ My ~ 2Bg(q) when z, € Tg or T'7 and in these cases x, is
conjugate to tg or 7.

The inclusion ©Y¢™) ¢ Of NT; yields the inequality

|05 NTi| > [Ne(T:)/(Na(Ti) N Ca(w))| = INa(T:) /Tinn Nary (Tins,)|
= [Na(T:) /Tl /1Ny (Ti.as,) /Tt |-

By [24, §3, Table III] the quotient Ng(T;)/T; has order 96 (for i = 6,7) or 48 (for
i = 8). In addition, |Nag(T;an)/Tins| equals either 4 (for i = 6,7) or 2 (for i = 8).
In all cases, |OF NT;| > 24.

On the other hand, |OM M N T;| = |OM NT; 5y, | cannot exceed the order of the
Weyl group of Spy(F,) for i = 6,7 and of SLy(F,) for i = 8, so |OM M2 0T < 8.
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This shows that in our situation:
oMM ATy = OMMe T, C OF NT; = (08 NTia) U (OF NTiag,).

The estimate |(’)£51XM2 NT;| < 8 and its proof hold as well as if we replace x; by any
o’ in Ofs NT; pr, Or in OIGS NT'; ar,- Therefore the elements in (’)g NT; lie in at least 3
distinet (M; x Ms)-orbits and each of these is contained either in M; or in M,. Without
loss of generality we may assume that two of them are contained in OF N M;, say O
and Oyl, with s, s € T; 5, and by construction both regular in M;. By Remark 2.3
(1) there is g € M; such that r :=g> s’ & Crp(s') = T, = Capy () so [r, s] # 1. By
Remark 2.3 (2) the class is of type C with H = (r, s). O

Lemma 4.8. Assume h > 0. Let O = OF for z, € To\ 1 and |x,| # 3. Then O is of
type C.

Proof. According to [19], G contains a subgroup isomorphic to SU3(q), which contains
a maximal torus of order dy, so we may assume z, € T'9 < SU3(q). This torus consists
of elements in SU3(q) which are conjugate to diagonal matrices in SL3(F,) of the form
diag(x, 27, 277), for 279" = 1. An element of this form could be real in SUj(q)
only if the set of its eigenvalues would coincide with its inverse set, which is impossible
in our case, so OEP 39 g not real. However, O is real in G by Remark 2.9. Since
|zs| # 3, it is not central in SU3(g) so by Remark 2.3 (1), there is ¢ € SUj3(q) such
that [g> 27t 2] # 1. We take r = g> 2!, s = 2, and H = (r,s) < SU3(q) so
O £ O and since |z, is odd, O is of type C by Remark 2.3 (2). O
Lemma 4.9. Let O = Ofs for xzs € T; \'1 and i = 10,11. If |xs| # 13, then O is

kthulhu.

Proof. The list of conjugacy classes of maximal subgroups in G is the main result in
[19] (note that ¢* there is our ¢). We use Remark 2.5 and consider the intersection
of O with all maximal subgroups of G. Using coprimality of ¢* — ¢* + 1 with ¢,
(¢*> £1) and (¢* — ¢ + 1), we verify that O can have non-empty intersection only with
Ng(T;) = T; x Cyy, for i = 10,11 and *Fy(qo) where go = 22" and (2h+1)/(2m + 1)
is prime. Since ¢ = 2(3) and even, (¢* — ¢* + 1,12) = 1, whence O N Ng(T;) C T;
is a commuting set. Assume O N 2Fy(qo) # 0. Then, it is a unique semisimple class
in ?Fy(qo) by Remark 2.11 and by Remark 2.10, it has empty intersection with the F-
stable maximal tori T", of 2F}(qo) for i # 10,11. Hence, we are in the same hypotheses
as above, with ¢y < q. We proceed inductively on the number of prime factors of 2h+1.
When 2h+1 = 1 we have |?F;(2)| = 2'%-33-5%-13. Since 2, 3 and 5 = 2?+1 are coprime
with dyg and dy; and |z4] # 13, our assumptions imply that O N %Fy(2) = 0. O
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Lemma 4.10. Let O = OF for |x,| = 13. Then, O is not kthulhu.

Proof. If x4 lies in T'; for © < 9, the result follows from Lemmata 4.6, 4.7 and 4.8.
Assume x; € T'; for j = 10,11. The torus T'; is cyclic and has empty intersection with
all maximal tori of different order, so (x,) is the only subgroup of order 13 in T'; and
all subgroups of this order are conjugate to it. Therefore O N 2F(2)" # 0, as 13 divides
the order of 2F;(2)’ By [7, Theorem II] the classes contained in O N 2Fy(2) are of type
D, whence so is O. O

4.2. Nichols algebras over the Ree groups of type F,. We are now in a position
to prove Theorem 1.3 for G.

Proof of Theorem 1.3 for simple Ree groups of type Fy. Proposition 2.2 covers the
cases of simple Yetter-Drinfeld modules associated with unipotent classes by Lemmata
4.1 and 4.2; mixed classes by Lemmata 4.3 and 4.4 and semisimple classes represented
in T';, for i < 9 by Lemmata 4.5, 4.6, 4.7, 4.8. The simple Yetter-Drinfeld modules
associated with classes represented in T'1q or T'1; are covered by the combination of
Remark 2.9 and [10, Lemma 2.2]. We conclude by Remark 2.7. O

5. THE REE GROUPS MGy (3%h+1)

In this section p = 3, ¢ = 32"*1 h > 0, G = *G1(q) a Ree group of type Gy. We fix
a basis {«, 5} of ® with a short. We recall the list of maximal subgroups of G up to
conjugation from [17, Theorem C]:
(1) B
(2) the centraliser of a non-trivial involution o, isomorphic to (o) x PSLy(q) (for
h > 0);
(3) the normaliser of a subgroup isomorphic to Cy x Cy (for h > 0);
(4) Na(Ts,sps0) ~ Ts,s5, % Cs, of order 6(q — /3¢ + 1) (for h > 0);
(5) NG(TsasﬂSaS/}Sa) > T, sp505p5a X Cs, of order 6(q + /3¢ + 1);
(6) Go(3%*1Y) for (2h +1)/(2f + 1) a prime.
If h = 0, then G5(3) ~ PSLy(8) x (p) where ¢ acts as Fry on PSLy(8) and, up to
conjugation, we have the additional maximal subgroups PSLy(8) and the normaliser of
the Sylow 2-subgroup of upper triangular matrices in PSLy(8), whose order is 23-3-7.

Remark 5.1. We collect some properties of maximal subgroups of G and fix some

notation:

(1) o will denote the involution o = a¥(—1)3Y(—1), whose centraliser is the max-
imal subgroup Cg(0) ~ (o) x PSLy(q). There is only one class of non-trivial
involutions in G so by Remark 2.11 there is only one class of non-trivial invo-

lutions in G.
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(2) Assume h > 0. We provide a description of the normaliser of a subgroup
isomorphic to Cy x Cy alternative to the one in [17]. There is a unique conju-
gacy class of such subgroups, [30, p. 69]. A representative is given by (o, o)
where o’ the unique non-trivial involution in the (cyclic) maximal torus T" of
PSL,(q) < Cg(o) of order %%, The subgroup (o) x T” is a maximal torus
of G of order ¢ + 1 and there is only one class of tori of this order in G,
namely the one represented by Ts.. We set Ty, = (o) x T'. By construc-
tion T's, < Cg((0,0")) < Ng({o,0')). By [17, List C] we have Ng({c,0')) ~
(Cy X Dg41y2) » Cs, so T, is normal of index 6 in Ng((o,0')). Simplic-
ity of G and maximality of Ng({(o,0")) give Ng({o,0")) = Ng(Ts,). Also
Ng(Ts,) < Ng(Ts,) and since s,7 is a rotation on E we have |Cy (s,7)| = 6.
Hence, by order reason, Ng(Ts,) = Na(Ts,) and there exists an element o
of order 6 in Ng({(o,0’)) such that ¢* >t = t~! for every t € T, . Therefore
(0) N T, =1 and comparing orders we have Ng((o,0")) = Ts, % {p).

(3) Let £ € FY with &3+&+1=0. Then H := (%), (1¢)) <PSLy(8) < *G2(3)
is a representative of the conjugacy class of subgroups isomorphic to Cy x Cs.
Its normaliser in %G (3) is generated by ¢ and the subgroup of upper triangular
unipotent matrices in PSLy(8). Observe that ¢ permutes cyclically the three
non-trivial elements in H. Since all subgroups isomorphic to H are conjugate

in G, it follows that also ¢® as in (2) permutes o, ¢’ and oo’ cyclically.

5.1. Collapsing racks. In this Subsection we list the kthulhu and non-kthulhu con-
jugacy classes in G, when it is simple. We consider unipotent, semisimple and mixed
classes separately.

5.1.1. Unipotent classes. We see from [18, Table 22.1.5] that G has 5 non-trivial unipo-

tent classes: the regular one O, .4, the subregular one Ogypyeq, represented by xg(1)z3044(1),

the class labeled by (A;)s, represented by zaa4+5(1)Z3a425(1), and the classes A; and
Ay, represented by x,(1) and z5(1), [26, Table 2, Example 4.3]. The last two classes
are interchanged by F', hence they do not intersect G. The dimensions of the remain-
ing ones are all distinct, hence they are all F'-stable. Regular unipotent elements have
order 9, all others have order 3. By [18, Table 22.1.5] the component group of Cg(u)
is cyclic of order 2 if u € Ogypreg and trivial if u € (9( A, In the first case Cg(u)
is parted into two [F-conjugacy classes, so Ogypreg N G is the union of two G-classes,
whereas (9( Ans N G is a single unipotent conjugacy class. In addition O( Ay, 18 the
unique unipotent class of dimension 8 in G, hence it is real, and therefore (9( i, NG s
again so. The classes of p*! in 2G2(3) are not real, hence these elements lie in Ogypreq
and represent the two unipotent classes in G contained therein.

Lemma 5.2. Let h > 0. If O C O,,, then O is of type D.
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Proof. This is [2, Proposition 3.7]. OJ
Lemma 5.3. If O C Ogypreg U O(Al)g, then O is kthulhu.

Proof. We apply the strategy described in Remark 2.5 and consider the intersection of
O with a maximal subgroup M of G. Notice that if Ogypreg N H # 0 for some H < G,
then |OF N H| = ]Of_l N H| # 0. Let M = BY. The inclusion

Lo (EX )xﬁ (EX )Ua+6U2a+BU3a+BU3a+2B C Oreg

and F-invariance imply that ONM C Uy45Us045U2048Usq+25 and all elements therein
commute, [12, T11.6].

Let M = Cg(0). It follows from [21, Lemmata 3.2 and 3.3, Corollary 3.4(ii)], that
ONM C PSLy(q) is empty if O C O 4,), and a single conjugacy class in PSLy(q) if
O is one of the two G-classes contained in Ogyppeq. Furthermore, when it is non-empty,
the intersection of O with a subgroup of PSLy(q) is either a single conjugacy class or
consists of commuting elements [1, Lemma 3.5].

Let M = Ng({0,0")) = T, x (0). Observe that o> € Cg(¢?®), the centraliser of an
involution, and all elements of order 3 therein are not real. Hence, ¢* € Osubreg "M =
(O NM)U (Og_l N M). All elements of order 3 in M lie either in T's_o* or in T, o,
50 (Osubreg U O 4,y,) "M C Ty, 0* U T, o' Setting M, :=T,, % (¢*) we have

3

Osubreg NM = Osub’/‘eg NM, = (Og N Ml) U (Og—l N Ml)

Observe that (¢ 4 1)/4 is odd so T, ~ Cy x Cy X Cigy1y/4 and (o, ') and C(g11)4
are characteristic in T'5,. We claim that Cp,_ (0*) = 1. Indeed, if p* = to? for some
t € T,,_, then ¢* would commute with the components of ¢ in Cy x Cy and Clg+1)/4-
The first component is trivial by Remark 5.1(3), whereas the second one is trivial by

[30, p. 75]. By Remark 2.6 (2), up to interchanging ¢ and ¢!, we have
Osubreg N M = Ouureg N My = T, 0" UT,, 0" = OR UON = OF U O

Hence (’)gﬂ NM = Oﬁg and (’)(Al)SﬁM = (). Let now H < M be such that (’)gﬂ NH #
(. Replacing if needed H by an M-conjugate of H containing ¢* we apply Remark 2.6
(3) to deduce that Ogﬂ NH= Ofﬂ.

Let w = 545354 OF W = $45354585 and let M be Ng(T,) = T, x (g) for some
g € G with |g| = 6. This case is similar to the case of M = Cg({c,0’)), but simpler.
Here we use [30, Theorem, part (4)] to show that Cr,(g*) = 1 and proceed as before.

Let M = %Gy(¢**'). There are three conjugacy classes of elements of order 3 in
M: the real one, which is M N O(Al)g, and the two non-real ones, that are M N Of
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and M N (952, so each intersection is a single conjugacy class in M and we proceed
inductively on the number of prime factors of 2h + 1.

Finally, assume ¢ = 3. Let M = PSLy(8). The only class of elements of order 3 in
M is real, hence M N (’)( A is this class in M and M N Ogypreg = (). The intersection
of (’)( A)s with any subgroup of PSLy(8) is either empty, a single conjugacy class, or
consists of commuting elements, [3, Proposition 4.2, Case 2].

Let M be the normaliser of a Sylow 2-subgroup in G5 (3) ~ PSLy(8) x (¢). Setting
By = {((.5) | v € Fs,a € F{} we take M = By % (). Clearly, Ogsupreg N M # 0
and since (|Bi|,3) = 1, we have the inclusion (Osupreg U O 4,),) "M C Bip U Bipt.
Now, Cp,(¢) = ((§1)) and O, C Bip™', so |02, ] = \Ofil\ = |B;]/2. The same
argument shows that the orbits of the elements (§1) ¢*!, whose order is 6, have |B;|/2
elements and lie in Blgoﬂ. Hence, Oi‘ﬁl = (’)gﬂ N M and 0(41)3 N M = (. Let now
H < M such that H N Oguprey # 0. Conjugating in M we can always make sure
that ¢ € H,so H = (Bi1NH) x (). If (}1) ¢ H, then Remark 2.6 (2) shows that
OlL, = (BinH)p™ = 0%, N H. 1If, instead (1) € H, then we use a counting

%)
argument as above to see that Ofﬂ = (’)gﬂ NH. O

5.1.2. Mized classes.

Lemma 5.4. Let h > 0 and let O = OzG where x has Jordan decomposition x = x,x,,
with xs,x, # 1. Then O s of type D.

Proof. Arguing as in Remark 2.8 we see that [Cg(zs), Cg(xs)] is necessarily of type
Ay x A;. In this case, z, is a non-trivial involution and we take z, = o0 = ¥ (—1)3Y(—1).
Thus Cg(0) = (T, Us(at), U+3a+s)), the roots a + 3 and 3o + 8 are interchanged by
6 and Cg(o) =~ (o) x PSLsy(q). Then z, can be chosen to be z,5(€)xsa45(€) with
e = 1, and the two choices represent two distinct conjugacy classes of elements of
order 6 in G. By construction, there are no others. Let F = (). We consider the

elements v, t,r, s and the subgroup H as follows:

v = T2a45(1)230425(1) € G N Cg(UatsUsats),

t=a"(¢")BY(C) € G,

ri=v0 2,0y = o (—1) (= 1)Za+5(6)Tsa+6(€)T20+6(1)T3a4+25(1) € O,
S:=1t>xsr, = ozv(—l)ﬁv(—l)xa+g(6(1*3h)x3a+g(eg3h+171) €O,
H :=(r,s) C (UatpUsarpUzarpUsaros, a’(—1)8"(—1)).
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where we have used that in characteristic 3 there hold: [z, s] = 1, [Usqs5Usat28, 24| =
1 and that x4 > Toa+5(£)T30+28(1) = Toa+8(—E)T3a+25(—n) for every &, n € F5. Hence,

O € a¥(=1)B"(~1)zars (€ ™" )3045(eC" T Uzar sUsar2,
Off € ¥ (=1)BY(=1)%a15(€) 7304 5(6) Uzt sUsat 28

so O N O = . In addition
(1) = (sl + ¥ Ntnpled+ ) tanp(~Dsosas(—1))
= Cars(2e(14 ¢ %)) wsar(2e(1+ ¢ 7)) 20045(1)230125(1),
(59 = (aeseld + O sespleld + s (Dsasns(1))

( )

= Zar5(26(1+ 7)) @300 6(26(1+ ¢ 7)) 045(2) 730125 (2),
so (rs)? # (sr)? and O is of type D. 0

5.1.3. Semusimple classes. There are four G-conjugacy classes of maximal tori repre-
sented by T', T, T, s;s, and T's, 555,545, Of order ¢ F 1, ¢ F V/3q + 1, respectively.
Their orders are mutually coprime in all cases except from (|T|, |Ts,|) = 2. We realise
T and T, in Cg(0) as the direct product of (o) and a maximal torus in PSLs(q), so
T NT,, is a cyclic group of order 2. The tori T, T's s, and T's, 5,555, are cyclic.

Remark 5.5. Let t € G be semisimple, and such that ¢* # 1. Then [Cg(t), Cg(t)] is not
of type A1 x Ay, so it is trivial. In other words, ¢ is regular in G and it lies in a unique
maximal torus of G. Hence, if T',, = ']I‘i is a maximal torus in G and ty,t, € T, satisfy
g>ty =ty for some g € G and t2 # 1, then g>T,, = g>Cg(t1) = Cg(t2) = T,,. Hence,
g € Ng(T,) and [0S N T,| = \offf"”w) — |Ng(Ta)/Tw| = |Cw(wr)|-

Lemma 5.6. Let h > 0. If z, € T\ {1}, then OF is of type D.

Proof. There is only one class of non-trivial involutions in G so if |z,| = 2 its class
is represented by ¢’ € PSLy(q). If, instead, |zs| > 2, we may assume that o € T so
T < Cg(o) ~ (o) x PSLsy(q) and z, is conjugate either to y or to oy for some y 7é 1in
a maximal torus for PSLy(q). By [3, Corollary 3.5, Lemma 3.9] the racks OPSL2( and

OS,JXPSLQ(Q o~ OPSLQ(q) are of type D. We conclude by using Proposition 2.2 (2). O

Lemma 5.7. Let h > 0. If |z,| = 7, then OS is of type D.

Proof. There is precisely one maximal torus up to conjugacy containing elements of
order 7 and by the structure of the tori, it contains exactly one subgroup of order 7.
Thus, all subgroups of order 7 are conjugate in G. We recall that there is a subgroup
isomorphic to PSLy(8) in *G2(3) < G. It contains a subgroup of order 7, namely
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its split torus, which intersects Og . We conclude by invoking [3, Lemma 3.9] and
Proposition 2.2 (2). O

Lemma 5.8. Let w = 5,5354 O S0S3SaSaSa and let v € T, \ {1}. If |xs| # 7, then
Ofs is kthulhu.

Proof. We use the strategy from Remark 2.5. The order of x, divides ¢> — ¢+ 1 so it is
odd and coprime with ¢4 1 and ¢q. Hence, the only maximal subgroups intersecting Og
are Ng(T,,) and *G»(3%/*1) with (2h + 1)/(2f + 1) a prime number. In the first case
Ofs N M consists of commuting elements; in the second case it is a single conjugacy
class (s is semisimple). In addition, Remark 2.10 shows that s cannot lie in a torus
of order 32/*! £ 1. Working inductively on the number of prime factors of 2h + 1, we

have the statement. U
Lemma 5.9. Let h > 0. If z, € T, \ {1} and |z | # 2, then OF is of type C.

Proof. We recall from Remarks 5.1 (2) and 5.5 that T, = (o) X T" < (o) x PSLy(q)
and that z, is regular. Observe that s,7 is a rotation on E so Cy (s,7) is cyclic of
order 6. By Remark 5.5 we have

08 NT, | =6>2=|{z,,2,'} =0T, |

Hence, there is s € (O NT,,) \ O P82 By Remark 2.3 (1) there is g €
(o) x PSLs(q) such that r := gp s € Ca(zs) =T, = Ca(s). If we set H := (r, s) <
(o) x PSLy(q), then OF £ OF. If |z,| is odd the class is of type C by Remark 2.3
(2). If |z4| is even, then we decompose s = s.S, into its 2-part and 2-regular part, so
s, € H, all prime factors of its order are > 5 and s, is regular in G by Remark 5.5.
We thus have !OTH ‘ > ‘0§8°> > 5 and therefore Og is of type C. O

5.2. Nichols algebras over the Ree groups of type (5. In this subsection we
consider Nichols algebras attached to simple Yetter-Drinfeld modules M (O, p) for O
a kthulhu class in G and we prove Theorem 1.3 for simple Ree groups of type G, for
h > 0.

Proposition 5.10. Assume h > 0. Let g € G be a non-trivial unipotent element.
Then dim %(OgG p) = oo for every irreducible representation p of Ca(g).

Proof. If g € O, this follows from Proposition 2.2 (1), Lemma 5.2 and [6, Theorem
3.6]. If g € (9(141)3, then (’)gG is real and of odd order and the claim follows from [10,

-1

Lemma 2.2]. Assume now g = ¢ € Og, the case of g = ¢~ is treated similarly.

We will show that dim %(O? 2(3),,0) = oo for every irreducible representation p of
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Cagy(3) (@) and apply [6, Lemma 3.2]. Recall that *G2(3) = PSLy(8) x (¢), so setting
N := PSLy(8) we see that Oiﬁi(?’) C Np*l. The elements of order 3 in N are real,
so the real class of elements of order 3 in *G5(3) is all contained therein. Thus, an
element of order 3 lies in (’);Gﬁl(g) if and only if it lies in Nyp*!. We proceed as outlined
in Subsection 2.2, from which we adopt notation. We consider

Coay(3) () = SLa(2) x () ~ Sz x (), A=Az x (p) < Cagy3) ()

The intersection OiGQ(S)ﬂCQGQ(g)(go) = {p, (123)¢, (132)p} = Ofg(g)ﬂA is a commuting
set and we put o = ¢, 1 = (123)¢, 5 = (132)yp, so xor1x2 = 1. We claim that there
is g € *G2(3) such that ¢/ >x; = T4 ) moa s for j € Z, i =0,1,2. Let z € %G4(3) be such
that 2>z = 11, so 2>z, To] = 1, whence 2z~ by € (’)?2(3)HC‘2G2(3)(90) and 2>z # 0.
If 271> 2y = 29, then 2> 2y = 2 and s0 2> 71 = 2> (Te22) ' = (2120) "' = 72 and we
put g = z. If, instead, 271 >x¢ = x1, then 2 > 2y = x5 and we consider y € *G5(3) such
that y>x9 = x2 and repeat the argument. Then either g = y will do, or g = yz will do.
Let p be an irreducible representation of Cag,(s)(79) and let Cv be any line stabilised
by A. Let p(x;)v = w;v for i = 0,1,2. We have w} = 1 and wowjws = 1. By (2.2) the
braided vector subspace M4 = spanc{g' ® v, i = 0,1,2} of M((’)?Q(?’), p) has braiding

(¢ @v) @ (¢ ®v)) =q;(¢’ @) ® (¢ @), qijv = p(g7"" > 20)V = Wi—jmoasv-
This gives
Q01¢10 = Q12921 = Q02420 = WiW2 = Wy, Wi = wo, = 0,1,2.

If wyp = 1, then dim ’B(M(O;G2(3),p)) = oo by [10, Remark 1.1]. If, instead, wy is a
primitive third root of 1, then the generalized Dynkin diagram of M, is connected
and does not occur in [15, Table 2|. This implies dimB(M4) = oo, whence again
dim B(M (0.2 p)) = 0. O
Proof of Theorem 1.3 for simple Ree groups of type G5. Proposition 2.2 covers the cases
of simple Yetter-Drinfeld modules associated with unipotent classes by Proposition
5.10; mixed classes by Lemma 5.4 and semisimple classes represented in T, for w =1
or s, by Lemmata 5.6, 5.7 and 5.9. The simple Yetter-Drinfeld modules associated with

classes represented in T, for w = 5,585 OT 5453545354, are covered by the combination
of Remark 2.9 and [10, Lemma 2.2]. We conclude by Remark 2.7. U

Remark 5.11. The non-simple groups ?F;(2) and G5(3) have simple derived subgroup
G'. The group %F4(2)" has been dealt with in [7, 13], whereas Go(3)" ~ PSLy(8)
has been treated in [14]. In both cases, dimB(V) = oo for every V € EYD. The
group By(2) has order 20 and all its classes are kthulhu, see Remark 3.5. Its derived
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subgroup is cyclic of order 5, so it is simple and abelian, and there do exist finite-
dimensional pointed Hopf algebras over C5, for example the Taft algebras in [29], see
also [9, Theorem 1.3].
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