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Abstract

We discuss different notions of continuous solutions to the balance law
Ohu+0.(f(u)=g g bounded, f € C?

extending previous works relative to the flux f(u) = u?. We establish the equivalence among dis-
tributional solutions and a suitable notion of Lagrangian solutions for general smooth fluxes. We
eventually find that continuous solutions are Kruzkov iso-entropy solutions, which yields unique-
ness for the Cauchy problem. We also reduce the ODE on any characteristics under the sharp
assumption that the set of inflection points of the flux f is negligible. The correspondence of
the source terms in the two settings is matter of the companion work [? |, where we include
counterexamples when the negligibility on inflection points fails.
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1. Introduction

Single balance laws in one space dimension mostly present smooth fluxes, although the case
of piecewise smooth fluxes is of interest both for the mathematics and for applications. Source
terms instead are naturally rough, and singularities of different nature have a physical and geomet-
rical meaning. As well, they might indeed make a difference among the Eulerian and Lagrangian
description of the phenomenon which is being modeled, for the mathematics.

We are concerned in this paper with different notions of continuous solutions of the PDE

Oru(t,z) + 05(f(u(t,2))) = g(t,z)  fe€C*(R) (1.1)

for a bounded source term g. An essential feature of conservation laws is that solutions to the
Cauchy problem do develop shocks in finite time. Nevertheless, the source might act as a control
device for preventing this shock formation: exploiting the geometric interplay and correspondence
with intrinsic Lipschitz surfaces in the Heisenberg group, [? ? | show, for the quadratic flux, that
the Cauchy problem admits continuous solutions for any Hoélder continuous initial datum, if one
chooses accordingly a bounded source term. This framework of continuous solutions, with more
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regularity assumptions on the source term, was already considered in [? | as the natural class of
solutions to certain interesting dispersive partial differential equations that can be recast as balance
laws. We believe that our study is relevant also in order to point out that, even in the analysis
of a single equation in one space dimension, the mathematical difficulties do not only arise by the
presence of shocks: also the study of continuous solutions has important delicate points which are
not technicalities. This fails the expectation that the study of continuous solutions should be easy,
and equation (??) is a toy-model for more complex situations.

One can adopt the Eulerian viewpoint or the Lagrangian/Broad viewpoint: roughly, the first
interprets the equation in a distributional sense while the second consists in an infinite dimensional
system of ODEs along characteristics. We compare here the equivalence among the formulations
when u is assumed to be continuous, but no more. We remark that even with the quadratic flux

fz)=2%/2

in general u is not more than Hélder continuous, see [? |, so that a finer analysis is needed. Con-
tinuous solutions are regularized to locally Lipschitz on the open set {f’(u)f”(u) # 0}, exploiting
the results of this paper, for time-dependent solutions when the source term g is autonomous [? |,
but not in general. Examples of stationary solutions which are neither absolutely continuous nor of
bounded variation are trivially given by continuous functions u(x) for which f(u(x)) has bounded
derivative. Correspondences among different formulations are already done at different levels in [?
? ? 7 7] for the special, but relevant, case of the quadratic flux. We extend the analysis with
new tools. The issue is delicate because ¢ in this setting lacks even of continuity in the x variable,
and characteristic curves need not be unique because u lacks of smoothness. As a consequence,
the source terms for the two descriptions lie in different spaces:

e In the Eulerian point of view ¢ is identified only as a distribution in the (¢, z)-space.

e In the Lagrangian/Broad viewpoint it is the restriction of g on any characteristic curve which
must identify uniquely a distribution in the ¢t-space—or for a weaker notion only on a chosen
family of characteristics that we call Lagrangian parameterization.

The aim of this paper is to consider and to discuss when Eulerian, Broad and Lagrangian
solution of (??) that we just mentioned are equivalent notions, without addressing what is the
correspondence among the suitable source terms—if any. The correspondence of the source terms,
source terms which belong to different functional spaces, is the subject of the companion paper [?
|, including counterexamples which show that the formulations are not always equivalent.

We conclude mentioning that Broad solutions were introduced in [? | as generalizations of
classical solutions alternative to the distributional (Eulerian) ones, and presented e.g. also in [?
|. They were successfully studied and applied in different situations where characteristic curves
are unique; the analysis in situations when characteristics do merge and split however was only
associated to the presence of shocks, and a different analysis related to multivalued solutions was
performed. They were then considered for the quadratic flux by F. Bigolin and F. Serra Cassano for
their interest related to intrinsic regular and intrinsic Lipschitz surfaces in the Heisenberg group.
Our notions of Lagrangian and Broad solutions collapse and substantially coincide with the ones
in the literature when the settings overlap. They are otherwise a nontrivial extension of those
concepts, and most of the issues in the analysis arise because of our different setting.



1.1. Definitions and Setting

As we are in a non-standard setting, we explain extensively the different notions of solutions and
we specify the notation we adopt. Even if this is an heavy block, detailed definitions improve the
later analysis. They will be also collected in the Nomenclature at the end for an easy consultation.

Notation 1. We can assume below that u € C.(RT x R), because our considerations are local in
space-time. We adopt the short notation A(t,z) = f'(u(t,x)) for the charactersitic speed.

Notation 2. Given a function of two variables ¢(t, ), one denotes the restrictions to coordinate
sections as

egt @) tp(tz) @ (@) x e ot o).
Notation 3. Given a function of locally bounded variation ¢(t, z), one denotes by
Dy p(dt, dx) D, ¢(dt,dz)

the measures of its partial derivatives. When it is not known if they are measures, we rather denote
the distributional partial derivatives by

at Sﬁ(t,l'), ax SO(t,l')
Classical partial derivatives are often denoted by

dip(t, ) dip(t, )
ot oz

Definition 4 (Characteristic Curves). Characteristic curves of u are absolutely continuous func-
tions v : RT — R, or equivalently the corresponding curves i, := (l,7), defined on a connected
open subset of R and satisfying the ordinary differential equation

Y(s) = Als,7(s)) = Aliy(s))-
The continuity of u implies that « is continuously differentiable.

Notice that i, is an integral curve of the vector field (1, \).

Definition 5 (Lagrangian Parameterization). We call Lagrangian parameterization associated
with u a surjective continuous function y : R x R — R, or equivalently y : R — C'(R™"), such tha1E|

- for each y € R, the curve x(y) defined by ¢ — x(¢,y) = xj!(t) is a characteristic curve:
Xyt (1) = 9 x(t,y) = f'(ult, x(t, ) = At x(t, ) = Miyy (t));

- for each t € RT, y — x(t,y) = x;?(y) is nondecreasing.

!There is no reason for asking the following condition only for £!-a.e. y: if it holds for £'-a.e. y then it holds
naturally for every y. As well, it would be odd requiring the second condition only £!-a.e. t.



T A
‘/'/_‘, d‘
ey t,
‘/‘/ /o
o/,
./ /

! ,/J
'/ J ‘

,

." / : / : / .’
.‘ / 3’ / / ’)
s / g /f‘»/“;
/ / s

s E

s Yo, '3‘/.'
NHE ! ig
.‘,/_—/,- s

T ot i

S PR
o/_,/". S
[y §0 :‘P e
N TP P

Figure 1: Curves satisfying 4(s) = 1 almost everywhere might fail to be Lipschitz continuous: characteristic curves
are indeed required to be absolutely continuous. Absolute continuity automatically improves to C*-regularity, due
to the continuity of the field. They are then stable under uniform convergence.
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Definition 6. We call a Lagrangian parameterization x absolutely continuous if (i, )ﬁﬁg < L2
Equivalently, £2-positive measure sets can not be negligible along the characteristics of the param-
eterization y: y maps negligible sets into negligible sets.

Remark 7. Even if x generally is not injective, (z; l)ﬁﬁz is as well a well defined Borel measure
meaning that for all compact subsets K C R* x R one defines (i;l)ﬁEQ = L%(iy(K)). Of course
((ix1)4£?) () = 0 but one has also that if A and B are disjoint compact subsets of the plane then
for all ¢ the intersection of x (A N {t}) and x (B N {t}) is at most countable, due to the monotonicity
of x32:

AN BA{) =0 % = L2(A)Niy(B) =0
In particular

L2 (ix (A)) + L2 (ix(B)) = £2 (iy(A) Uiy(B)) = L2 (ix (AU B)).

This implies that (i )ﬁEQ is countably-additive, and thus a measure. This justifies our notation.

Notation 8. We fix the following nomenclature, that we extend at the end of the paper.

X,k Usually: X a subset RT x R, k € NU {c0}
Q Open subset of Rt x R. Usually it can also supposed to be bounded.
C(X) Continuous functions on X

Ch(X) Bounded continuous functions on X
CY*(X) 1/a-Holder continuous functions on X, where 0 < 1/a < 1
C?C)(Q) k-times continuously differentiable (compactly supported) functions on 2

Ck:1/2(Q) k-times continuously differentiable (compactly supported) functions on © with
4



k-th derivative which is 1/a-Ho6lder continuous in €2, where 0 < 1/a <1
£2°(X) Borel bounded functions g on X
% (X)  Equivalence classes gg made of those bounded Borel functions which coincide

L'-a.e. when restricted to any characteristic curve of u
*(X) Equivalence classes g7, made of those bounded Borel functions which coincide

L'-a.e. when restricted to {iyy)(t)}i>0, for every y € R and for a fixed
Lagrangian parameterization y
L>®(X)  Equivalence classes gr of Borel bounded functions which coincide £%-a.e.
D(Q) Distributions on 2
M(X)  Radon measures on X

Notation 9. Notice there are the following natural correspondences

£°(X) th, £5(X) L, ®(X)
g = gB = [g]x = gL = g8l = [gx-
and moreover
£2°(X) REN L>(X)
g = gE = [g].

The same brackets denote also correspondences from any of the bigger spaces: brackets identify
the target spaces. The correspondences among £°(X), £%(X) and L>°(X) do not exist in general.
Trivially, sets which are £2-negligible generally are not £!-negligible along any characteristic curve
v of (?7). Moreover, there exists a subset of the plane which has positive Lebesgue measure but
which intersects each characteristic curve of a Lagrangian parameterization in a single point. See
[? , § 4.1-2]. A correspondence exists with absolute continuity.

Lemma 10. If a Lagrangian parameterization x is absolutely continuous, for every Borel functions
91,92 € £2°(X) such that [g1]y = [g2]y one has that [g1] = [g2] € L=(X).

Proof. 1t is an algebraic application of the definitions of the spaces in Notation 77. O

Definition 11. Let gg € L>®(Q). If u € C(Q) satisfies

)
veecx®@ [ tourestl= [[ cor

we say that u is a continuous distributional (or Eulerian) solution of (?7).

Definition 12 (Lagrangian solution). A function u € C(2) is called continuos Lagrangian solution
of (??) with Lagrangian parameterization y, associated with u, and Lagrangian source term gy, €
£2(Q) if
d . ._
forallye R —ultx(by) =gt x(ty) D (i) ©@).
Definition 13 (Broad solution). Let v € C(Q) and gp € £¥(€). The function u is called

continuous broad solution of (?77) if it satisfies

for all characteristic curves 7 of u % u(t,v(t)) = gp(t,v(t)) in D (z;l(ﬂ))

5



Definition 14. A continuous function u is both a distributional /Lagrangian/broad solution of (?7)
when the source terms are compatible: if there exists a Borel function g such that

gE = [g]v JL = [g]xv gB = [g])\

Definition 15. We define z* € R inflection point of a function f € C%(R) if f”(2*) = 0 but it is
neither a local maximum nor a local minimum for f(z) — f'(z*)(z — 2*). We denote by Infl(f) the
set of inflection points of f, clos(Infl(f)) is its closure.

In principle, u could be a distributional solution of (?7?) with source gp and a Lagrangian
solution with source g7, with gg and g7, which do not correspond to a same function g € £*°(R* xR):
in this case, we would not say that u is both a distributional and Lagrangian solution to the same
equation, because source terms are different. We discuss the issue in [? ], where we prove that if
the inflection points of f are negligible then whenever a same function is a Lagrangian solution
and it is a distributional solution then the source terms must be compatible.

1.2. Overview of the results

Now that definitions are clear, we describe our results:
§ ?7: we collect observations on Lagrangian parameterization and Lagrangian/Broad solution;
§ ?7?7: we summarize relations among the different notions of solutions of (?7).

Notice first that both the definitions above and the statements below are local in space-time, as well
as the compatibility of the sources that will be discussed in [? ]. This motivates the assumption
that u is compactly supported, that we fixed in Notation 77.

1.2.1. Auziliary observations
We begin collecting elementary observations on the basic concept of Lagrangian parameteriza-
tion and Lagrangian/Broad solution, mostly for consistency.

Lemma 16. There exists a Lagrangian parameterization x associated with any u € Cy(Q2). In
particular, one has the implication

continuous broad solution = continuous Lagrangian solution, with gr, = [gB]-

The converse implication holds under a condition on the inflection points of f, not in general.

Proof. An explicit construction of a Lagrangian parameterization y is part of § ?7. It relies
on Peano’s existence theorem for ODEs with continuous coefficients. If gp € £%(€2) is the Broad
source, then [gg], is immediately the Lagrangian source. The converse implication does not always
hold, see [? , § 4.3] . O

Lemma 17. Let u € C(closQ) and G > 0. Assume that through every point of a dense subset of
Q there exists a characteristic curve along which u is G-Lipschitz continuous. Then there exists a
Lagrangian parameterization x along whose characteristics u is G-Lipschitz continuous.

Proof. The proof is given in § 77. O



Lemma 18. Let u € C(clos(R?)) and G > 0. A sufficient condition for u being a Lagrangian
solution of (77?) is the existence of a Lagrangian parameterization x such that

d
for all y the distribution 5 u(t, x(t,y)) is uniformly bounded in D (z;(ly)(ﬂ)>

Proof. The proof is given in § ?7. O

1.2.2. Main results

In the present paper we do not discuss existence of continuous solutions of (??), but we assume
that we are given a continuous function u: due to the lack of regularity, the focus of this paper is
in which sense it can be a solution of the PDE (?7?).

We first state one of the important conditions: we denote by (??7) the assumption

The set of inflection points clos(Infl(f)) of Definition ?? is £!-negligible. (H)
We roughly summarize our results with the following implications:
—> always, Th. 77
Broad <« if (27) holds, § 77

The distinction among Lagrangian and distributional continuous solutions is motivated by the
fact that the two formulations are different, and it is not that trivial proving their equivalence.
Moreover, Lagrangian and distributional source terms do not correspond automatically, as we
discuss in [? ]. In particular, if we do not assume the negligibility of inflection points we are not
yet able to say that the Lagrangian and distributional source terms must be compatible. If the
flux function is for example analytic, then our work gives instead a full analysis.

We collect also in the table below interesting properties of the solution. The properties depend
on general assumptions on the smooth flux function f:

§ 77

P 877 distributional

Lagrangian

1. whether f satisfies a convexity assumption named in [? | a-convexity, a > 1, which for a = 2
is the classical uniform convexity;
2. whether the closure of inflection points of f is negligible, as defined in (??) above.

a-convexity | Negligible inflections | General case

absolutely continuous Lagran- | X [? | § 4.1] X X
gian parameterization

u Holder continuous v [?7,8§21] X[?7,84.2 X

u L%-a.e. differentiable along | V[? , § 2.2] X[?7,8§4.2] X
characteristic curves

u Lipschitz continuous along v v Theorem 77 X[?7,§4.3]

characteristic curves

entropy equality

v

v'Lemma 77

compatibility of sources

VT, 522

v (7,83

We show in Corollary 7?7 that if the continuous solution u has bounded total variation then one
can as well select a Lagrangian parameterization which is absolutely continuous, for f € C2.



2. Lagrangian solutions are distributional solutions

Consider a continuous Lagrangian solution u(t,z) of (??) in the sense of Definition ?7. Let x
be a Lagrangian parameterization, g, € £3°(€2) be its source term and set G = ||gr||oc. We want
to show that there exists gp € L®°(£2) such that u(¢, z) is a distributional solution of

Oru(t,z) + 0p(f(u(t,2))) = gp(t.x)  feC*R),  |gp(ta)| <G . (77)

We do not discuss at this stage the compatibility of the source terms 47, and gg.

Notation 19. We already observed in the introduction that we are considering local statements.
We directly assume therefore

e O =R" xR,
e 1 compactly supported.

We set A = max A = max f/(u). We recall that we set G = ||gz ]| co-

2.1. The case of BV-regularity

In the present section we assume that u is not only continuous but also that it has bounded
variation. Under this simplifying assumption, we prove in Lemma 7?7 below that u is a distributional
solution to (?7?), with the natural candidate for gg. The proof is based on explicit computations.
Computations of this section exploit Vol’pert chain rule and the possibility to produce a change
of variables which is absolutely continuous, as we state in Corollary 7?7 below. It follows by the
following more general lemma.

Lemma 20. Consider a function w : Rt x R — R such that
e the restriction wy! belongs to CYY(RT) for all y € R and
o the second mized derivative Oyw is a Radon measure.
Then, up to reparameterizing the y-variable, there exists 0 < H € L2 (R x R) such that

ow
Dyw:H‘CQa DiH =D, (625) EM(R+XR).
We rather prefer to prove the following corollary, which is more related to the notation we adopt:
the proof of Lemma 77 is entirely analogous. The irrelevant disadvantage is that the commutation

of the t- and y- distributional derivatives is less evident than in the above lemma.

Corollary 21. Let u be a continuous Lagrangian solution of (??) such that Oyu(t,x) is a Radon
measure. Then one can choose a Lagrangian parameterization x which is absolutely continuous
(see Definition ?7): this additional reqularity allows the injection

£2 () 4, L)

gL = [alx = 95 = [g] = [gL]-
Moreover, for every test function ®(t,y) € CL(RT x R) and for L'-a.e. t one has

d

< [ownena = [oenproran+ [ Telmeny ey

ot
8



Lemma 22. Under the assumptions of Corollary 7?7, u has locally bounded variation. Moreover,
denoting by g1, = [g]y @ Lagrangian source, then one has

D u(dt,dz) + Dy f(u(dt,dz)) = g(t, z)dtdx.

Note that Lemma 7?7 does not follow from the theory of ODEs with rough coefficients because
the notion of Lagrangian parameterization is more specific than a solution of a system of ODEs.
In this paper, where the focus is on the PDE (?7), we rather prefer to prove the lemma in the form
of Corollary ?7?7. We stress once more that computations below, switching notations, prove indeed
Lemma 7?7, proof which could be slightly shortened in a more abstract setting.

Remark 23. Let U(t,y) := u(t, x(t,y)) for some Lagrangian parameterization y. We notice that
one can equivalently assume that either 0, u or 9, U(t,y) is a Radon measure. This is a direct con-
sequence of the slicing theory of BV functions, because x;*(y) is monotone and the total variation
of ui?(z) is equal to the total variation of U;?(y).

Proof of Lemma ?77. Let x be a Lagrangian parameterization corresponding to u. By assumption
and by Remark ??, for £'-a.e. t also the function

y = u(iy) (1) = U (y)
has locally bounded variation. Moreover, for every y by definition of Lagrangian solution
t e iy (1) = Uy (t)

is Lipschitz continuous. We deduce by the slicing theory of BV-functions [? , Th. 3.103] that also
the function (¢,y) — U(t,y) has locally bounded variation. We show now that the Lagrangian
parameterization y can be here assumed to be absolutely continuous.

1: Renormalization of y for absolutely continuity of x. Consider the two coordinate disinte-
grations of the measure on the plane given by D, U(t,y): by the classical disintegration theorem [?
, Th. 2.28] there exists a nonnegative Borel measure me M*(R) and a measurable measure-valued
map y — vy € MT(R) such that

D, U(dt,dy) = /DUfl(dy)dt: /Vy(dt)m(dy). (2.2)

The first equality is just the slicing theory for BV functions [? , Th. 3.107].
Claim 24. Consider the Lagrangian parameterization Y(t,y) := x(t,h"'(y)) with h defined by

hy) =y +m((—o0,y]) + D xg*((—0o0,y]).
Then one has that hym < L' and hy D xy® < L' with densities bounded by 1.
Proof of Claim ??. Fix any a < b. We first observe that

h(b) — h(a) =b—a+m((a,b]) + D xg*((a,b])
> max{b — a,m((a,b]),D xg*((a,b])} > 0.



This shows that DA > £', Dh > m and Dh > D XSQ- Since U and x are continuous functions,
then D, U and D xg? are continuous measures and therefore h is a continuous function. Fix any
a < b and suppose h(a') = a, h(b') = b. Then one verifies that

hm(fa.b) _ mi((a,¥)
b—a ~ h(l)—h(d)
< mi([a’,¥)
= ¥ —a +m((a,]) + DX (@, b))
This concludes the proof for hym, and hy D x(? is entirely similar. O

<1

Claim ?? assures that one can reparameterize the y-variable so that both m(dy) and D xg?(y)
are absolutely continuous with bounded densities. Let ¥(y) and [B(y) be their Radon-Nicodym
derivatives w.r.t. £ after, eventually, the reparameterization of y:

m(dy) = 9(y)dy,  Dxg’(y) = By)dy  J,8€L>. (2.3)

2: Formula for D, x. In this step we prove Claim ?? below, which implies that both the
distributional partial derivatives of y are absolutely continuous measures. The claim below yields
then that y is an absolutely continuous Lagrangian parameterization. As x(t,y) maps negligible
sets into negligible sets, then one has the inclusion stated in Lemma ?7:

£°(RT x R) < LRt xR).
Claim 25. The measure Dy x(dt, dy) is given by the following formula:
D, x(dt,dy) = H(t,y)dtdy, — Lis (ix'(2)) > H(t,y) > 0 (2.4)
H(t) = 0) [ 10 s0)malids) + 50) (2.4b)
Proof of Claim 77. Being
Xy (t) = f(Ut,y)) (2.5)
by Vol'pert chain rule [? , Th. 3.96] and (?7) one has the following disintegration
D, f'(U(dt,dy)) = f"(U(t,y)) Dy U(dt, dy) = / {F(U(t,y))vy(dt) } m(dy). (2.6)

Omne can compute D, x in the following way: write x as a primitive and differentiate under the
integral. For every test function ®(t,y)

// (t,y) Dy x(dt. dy) //‘%ty )yt
// 0B (1,y) {/ ;1(5)d5+x(o,y)}dydt
/// amy X (s) + X (y)/t] dsdydt
/{// aqs o (U(s,y) + x5 (v) /1] dsdy} dt
-/ {//o @(t.y) [Dy F'(U(ds,dy)) + D x*(y)/1] { dt



The last step was allowed because U € BV. Owing to (?7), (??) we can now proceed with

— [{[[ st wempmaspwata— [{ [[ 60 a
-/ {@“’y) [@’(y) o) [ t f”(U(s,y»uy(ds)] } dydt.

Note that H is the function within the inner square brackets, thus we proved the claim. ]

3: Time derivative of H. Definition (??) of H does not directly allow to differentiate H
in the ¢ variable, because the measure v, may not be absolutely continuous. Nevertheless, this is
possible from (?7?), obtaining that D; H is a Radon measure.

Claim 26. For every test function ®(¢,y) € CL(RT x R) and for £!-a.e. t one has (?7?)

90(t, y)

G [eenEend = [eepprora + [T B @D

dt

Proof of Claim ??. Consider the limit of the incremental ratios. Integrate by parts in y before the
limit, take then the limit in h and integrate by parts again in y. By the weak continuity of

Lo D PUF (dy)
one has
J oo oy <l [ " oty D, F (U )} (2.80)

Remembering (?7?), (??) and then the definition (??) of H one has

t+h t+h
[ [ e, s = o) [ t f"(U(s,y»uy(ds)wy)] By (28D)
= /@(t, y) [H(t+ h,y) — H(t,y)] dy. (2.8¢)

Owing to (??) one can deduce that for £'-a.e. t equation (??) holds:
1
o(t,y)H(t,y)dy = lim - {/@(t +hy)H(t+ h,y)dy — /@(t, yH(L, y)dy}

—tin ¢ { [ @t 1+ o) — )]

+ / lim Pt +hy) - 2t y)H(t + h,y)dy

h—0 h
D [owy ropan + [ oD, 0

The proof of the absolute continuity of suitable Lagrangian parameterizations is ended. O

11



Proof of Lemma ??7. We now prove that the PDE (??) holds in distributional sense. When 0, u
is a Radon measure, this implies by Vol’pert chain rule that u has locally bounded variation. For
every test function ¢ € C°(Q2), one can apply in the integral

(B + 8, flu // {8“’ G2) it 2) + 8¢é§;x)f(u(t,:r))}dtdx

the following change of variables, that one can assume absolutely continuous by Corollary ?7:

HORONES!

Denote ®(t,y) = ¢(iy(,) () and U(t,y) = u(iy () (t)). Remembering (?7) one obtains
oP(t
a0, 1)) =~ [ [ 2220000 D, xat. dy)

o (,) 0o(t,y)
¥ / [t O) gty — [ [ (e g)avdy.

1: y-derivatives. The last two addends in (?7), integrating by parts, are just

[ 2, (1) - F@wy)ar.a) (2.11)

Notice that f/(U)U is still a function with locally bounded variation, and that its derivative can
be computed by Vol’pert chain rule: it is equal to

D, [Uf(U)] = [f(U)+Uf"(U)] Dy U =D, f(U) + UD, f'(U).
After simplifying the first term in (??), therefore, we find that the last two addends in (??) are

- / / B(t,y)U(t,y) Dy f'(U(dt, dy)). (2.12)

(2.10)

2: t-derivative.  The first addend in (??) is more complex and requires the properties of
H in (77?), (?7?). Notice that ®(¢t,y)U(t,y) is absolutely continuous in time. By the additional
regularly in (??7) of H one has the integration by parts

// 02t 4) gy ,y) Dy x(dt, dy) = // 020 Y) g7 VY H (¢, y)dtdy = 013

[ o™ )Dyxwt,dy) + [[oepvp, s @)

Thanks to the absolute continuity of x that one can assume by Corollary 77?7, the term
the first integral in the RHS of (?7) is just the Lagrangian source term g = [g], evaluated at
iy(y)(t). The first addend in the RHS of (??) can be thus rewritten just as

// (t,z)g(t, z)dtdx.

The remining addend in the RHS of (??) instead cancels the two remaining terms in (?7), by their
equivalent form (?7). After the cancellation we find that (??) is just

// (t,z) [Dyu+ Dy f(w)] (dt, dx) // (t,z)gr(t, z)dtdx. ]

8U(t7y) 3
It m
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2.2. The case of continuous solutions: BV approximations

We provide in this section the proof that continuous Lagrangian solutions of the balance law (?7?)
are also distributional solutions, without assuming BV-regualrity. In order to prove it, we construct
a sequence of approximations having bounded variation, so that we take advantage of § 77. We
omit here the correspondence of the source terms, discussed separately in [? |.

Lemma 27. Let u be a continuous Lagrangian solution of (?7) with source term bounded by G.
Then there exists a sequence of continuous functions ug(t,z), k € N, which are both

e functions of bounded variation;
e Lagrangian and Eulerian solutions of (??) with source terms bounded by G;
e converging uniformly to u as k T oco.

Corollary 28. Let u be a continuous Lagrangian solution of (??). Then it is a continuous distri-
butional solution of (??) and it does not dissipate entropy.

The above corollary states in particular that w is the unique Kruzkov entropy solution to
the Cauchy problem (when its distributional source term is assigned). We mention that in the
case of the quadratic flux this statement can be derived by [? ]: the authors provide a smooth
approximation for which also the source term is converging in £!(R?), refining a construction in [?
| which extends to the Heisenberg group a technique originally introduced for the Euclidean setting
by [? ]. The construction we adopt here is more direct but rougher: sources do not converge.

Proof of Corollary 7?7. We exploit the approximation {ug (¢, x)}ren given in Lemma ??. Consider
any entropy-entropy flux pair 1,q € C1(R), that is ¢’(z) = 1/(2)f'(2). As each uy is a function of
bounded variation, by Vol'pert chain rule

Dy n(up) + D (q(ur)) = ' (ur) (Dr up + Dy f(ur)) =1 (ur)gey ,

where we set gg, = Dyug + Dy f(ug). Owing to Lemma ?7, each gg, is given by a function
which is bounded by the constant GG in the assumption of the present corollary. Since u; converges
uniformly to u, one has

0 (ur)gey = Orn(uk) + Ou(q(ur))  —  Orn(u) + 0:(q(u)) in D'(Q).

Being the sequence {gg}, }ren uniformly bounded, Banach-Alaoglu theorem implies that there there
exists a subsequence w*-converging to some function gg € L>(Q), ||| 1~ ) < G: then necessarily

den(u) + 0z(q(u)) = 1'(u)gE.

The Eulerian source g and the Lagrangian source g7, can be identified also in the limit under
uniform convexity assumptions on the flux, see [? | § 2.2]. Under the negligibility assumption on
the inflection points of f (?7), they are just compatible: see [? , § 3 and § 4.2] . O

Proof of Lemma 7?7. We construct an approximation of u by a patching procedure. One needs first
to construct the approximation on a patch, which is a strip delimited by two characteristics. In it,
we require that at each fixed time the approximating function is monotone in x, and it coincides
with uw on the boundary of the strip. This allows to work with continuous functions having bounded
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variation. Repeating the construction in adjacent strips, when they get thinner the approximating
functions converge to u uniformly.

We recall that u can be assumed compactly supported, see Notation ?7.

We expose first the limiting procedure for constructing a monotone approximation within each
strip, and then a second limiting procedure for converging to u when strips become thinner. In the
first step we describe the second limiting procedure, which is simpler, while from the second step
on we describe how to provide the monotone approximations.

1: Patches decomposition. Fix two characteristics X3! (t), x;}(¢) and define the strip
Syrys = {(t, x) € RT xR : X(t,y1) <z < x(t, y2)} where y1 < yo. (2.14)
If one choses for example y; = 0 for ¢ € Z and some § > 0, then one has the decomposition

RT xR = UiezSyiyis:-

Let |yi+1 — yi| < 0. We construct in the next steps continuous functions ud which are

1. Lagrangian solutions, with a new Lagrangian source still bounded by G;
2. equal to u on the curves xy!(t), i € Z;
3. nondecresing in the z-variable in each open t-section of the set

() s X (1) <@ <xyiy, (1), uliy) (@) < uliy,n (@)}

4. nonincreasing in the z-variable in each open t-section of the set
[(h2) X0 <@ <X, (B uliy(®) = uliygn ()}
5. |Ju® — || < w(6), where w(d) is a d-modulus of uniform continuity of
Ult,y) = uliy ()

From the monotonicity properties (??7)-(?7), if we apply the slicing theory for BV-functions we
notice that the functions u’ have locally bounded variation. Owing to Lemma ?? they are also
Eulerian solutions with source terms which are uniformly bounded by G, the uniform bound for
the Lagrangian sources owing to (?7). By the uniform estimates (??) and the constrain (??) on
the boundary of the strips, they converge uniformly to u as é | 0, proving the thesis.

2: Monotone modification within a patch. We start the iterative procedure for constructing
the approximations u® having bounded variation, that we describe within a fixed strip

Syrys = {t,z) = x(t,y1) <z < x(t,y2)}. (2.15)

We modify in Sy, the given Lagrangian continuous solution in order to get a new continuous
function which is still a Lagrangian solution, for a different source which is still bounded by G.
The additional property that we are trying to get, piecewise, is a monotonicity in the z variable
when ¢ is fixed: we fix the values on the boundary curves xj!(t), x;}(t); inside the stripe Sy,
we aim at substituting at each time uy'(z) with a function @' (z) i) which is monotone in the
x variable with values from u(iy, () to u(iy(,)(t)) and ii) which is still a Lagrangian solution
with source term bounded by G. This new function @ is now defined inside the stripe S, with
a limiting procedure pictured in Figure 77 below.

Let {(tj,z;)}jen be a dense sequence of points within the strip {Sy,y,}. The function @ is
defined within the strip {Sy,4, } as a uniform limit of functions @;, for j € N, which we assign now
recursively. We first state the basic operation that we will perform.
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v

Figure 2: First steps of the iterative procedure: the bold line is the approximating function obtained by successive

cuttings reaching monotonicity properties

Claim 29 (Basic cut). Suppose u is a Lagrangian solution of (??) with source term bounded by
G and fix a characteristic curve ¥ = x(¢,7), where x is a Lagrangian parameterization of u. Then
the two truncated functions, respectively from above and from below,

up(t, z) == u(t, ) Au(iy(t)),

um(t, ) := u(ig(t)) V u(t, z)

are still Lagrangian solutions of (?7?) with source term bounded by G.

We postpone the proof of Claim 7?7 to Page ??. The basic cut allows the iterative procedure:

o Set m(t) := min{u(iy, , (t)), uliy,,, (1))} and M(t) := max{u(iy, (), u(iy,,, ()}

o Set g(t,z) == u(t,z) for (t,z) € Sy,y, and fix Yo(t) := x(t,y1(t)).

e Let j € N. Set v;(t) = u(iy,_,(t)) and define the truncated function

v (t) Va1 (t, ) A
@;(t,z) = m(t)\/ﬁ 1(t,x)/\vj(t
AN T -
v () V a1 (t, @) A M(t)
m(t) V aj—1(t, ) A v;(t)

Basically, the strip Sy

M(t) ifu zx(y (1
if w(i
ifuz

if u ZXM) t

= M(t) and x(t,y1) <2 < 75-1(1),
=m(t) and x(t,y1) <= < 75-1(1),
= M(t) and ¥;-1(t) < = < x(t,92),
=m(t) and 3;_1(t) < = < x(t, y2).

1y» 1s divided by ;1 into two sub-strips and in each sub-strip ;1 is

truncated from above and from below by the two boundary values on the sub-strips. Owing
to Claim ?? the function 4; is a Lagrangian solution of (??) with source term bounded by
G. By the definition of Lagrangian solution one can fix 7; as

— a characteristic curve of U,

— through the point (t;,x;)

— along which @; is G-Lipschitz continuous and
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— which does not cross the previously chosen characteristics x(-,y1), 71(t),. .., ¥j-1(t),
X(+,y2); this means that any two characteristics of this set lie always on the same side
of the pane with respect to each other, when they differ.

Note before proceeding that ; is monotone at each fixed time on the j 4 2 points

iX(yl)(w’ {i%(t)}i:Lm,j? Z‘X(y2)<t)' (2.16)

Because of this monotonicity, at later steps of the iteration the values of the function @; on
the points (?7?) are not changed.

We obtained with the iterative procedure that

1. each continuous function #; is a Lagrangian solution and G still bounds its source, thanks to
Claim ?7;

2. the (whole) sequence {1} en converges uniformly on Sy, to a function @, because u is
uniformly continuous and the cutting procedure preserves the modulus of continuity: similarly
to the next item, for h > j one has the estimate

[t = tnllpee(s,,,,) <w (diam (Sylyz \ Im {ix(yn Atz o }>>

and the curves (?7) become dense in S, ,, by construction, so the RHS goes to 0.
3. [lu—alze(s,,,,) < w(y2—y1), where w is a modulus of uniform continuity of U(Z, y), because
by construction we have

Hu_ﬂ”Loo(Sylyz) < sup {\u(t,x) _u(ix(yl)(t))‘v |U(t,.’L‘) _u(lx(y2)(t))‘}
(t,m)ESylyQ (217)
< w(y2 —y1) < w(0);
4. 4 is still a Lagrangian solution and that G still bounds its source by Corollary ?7;
5. @ is monotone in the z-variable at each t fixed because each @; is monotone on the points (77),
which become dense in the interval [x(t,y1), x(t,y1)]- O

We are finally left with the proof of Claim ?77.

Proof of Claim ??. Owing to Lemma 77, wy,(t,z) := u(iz(t)) V u(t,x) is a Lagrangian solution
provided that we exhibit a characteristic curve, along which u,, is G-Lipschitz continuous, through
any point (¢,z). For simplifying the exposition suppose that the set {f'(un,) < f'(u)} is empty, if
not this region is treated similarly to below as a second step. Set

)‘m(tvx) = f’(um(t,x)) > )\(t,iﬁ) = f/(u(ta x))
Consider the set of C'-curves through a point (£,z) defined by

¢ ct
v € CY(RT) v(t) =z, 3, 3N, ..., Ij,

dJo,...,J; JQUIlUJIU...Jj:R+

I' = clos and Jdeci,...,¢j, 20,...,2j such that
() = x (1) + iy, Amlig(t) > Ay (t) ftel,i=1,...,]
7(t) = x(¢, z) itteJ,i=0,...,7j|
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for suitable intervals Iy,...,1;, Jo,...,J; and values c1,...,¢j, 20, ..., 2; depending on the 7. The
set of curves is not empty, for example because the curves of the Lagrangian parameterization
x through (¢,z) belongs to it. Moreover, the function w,, is G-Lipschitz continuous on each
described within the brackets: indeed, where A,, > A necessarily u,, # u and hence by definition
of u,

u(iz(t iftelU---UI,
un(a(e) = {10 DU 0T
u(iy(z)(t) ifteJ;, i=0,...,]
and each function u(i;y(t))vu(ix(zo)(t)), . ,u(ix(zj)(t)) is G-Lipschitz continuous by assumption.

As a consequence, u,, is G-Lipschitz continuous on each element of the closure I'. The curves

b (t) := max~y(t) for t >, Y (t) :=min~y(t) for t <t
verl yerl’

still belongs to I, if suitably prolonged. In particular, u,, is G-Lipschitz continuous along ~,,. This
concludes the proof observing that ~, is necessarily a forward characteristic curve of u,,, and ,,
a backward one, through (Z,z). Indeed, each v in the definition of I' is a C'' curve whose slope
satisfies

Y € {A oy, Am oy} = 77—;77’;16 {A oy, A 0in )
If by absurd we had 475, (') = Aoi_+ (') < Ay 0i_+ (') at some time ¢’ > £ then we would contradict
the extremity in the definition of 7;;: considering s’ = ¢ Vmax{s <t : 47.(s) = A o i_+(s))},
one can verify that there is an element of I' which satisfies

iy - Jm(®) for f <t <s
Tt {%(t) =5(t) — [¥(s') — vt (s)] for s <t <s",

where s := ¢ Amin{s > s’ : Ay 01z, (s)) # Aois (s))}. Notice that 7} is bigger than ~,, at time
s” because 7! (s') =+ (s') and by construction

14 . . . o+ / "
Vm = Am iy =Amoi +(s) > Aoi s =, for s <t <s".

The other possibilities contradict analogously the definition of 7,,. O

3. Distributional solutions are broad solutions, if inflections are negligible

We provide in this section regularity results holding under the assumption that f has negligible
inflection points: we prove that wu is Lipschitz continuous along every characteristic curve and there
exists a universal source which is fine for every Lagrangian parameterization one chooses.

Without assumptions on inflection points, later § 7?7 shows that distributional solutions of

Ovu(t,z) + 0o (f(u(t,2))) = gp(t,z)  feC*R),  |gp(t,2)| <G (77)

are also Lagrangian solutions. Being a Lagrangian solution allows to study u with tools from ODZEs,
but it is not completely satisfactory by itself because one should be a priory careful in choosing
the right Lagrangian parameterization, and the correct source related to the parameterization: the
results of the present section are richer because here any Lagrangian parameterization is allowed.
Being local arguments, we simplify the setting posing = R™ x R, u compactly supported.
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Figure 3: Balances on characteristic regions

3.1. Lipschitz regularity along characteristics

In the present section we point out that w is Lipschitz continuous along characteristic curves if
inflection points of f are negligible:

L (clos(Infl(f))) = 0. (H)
See Example [? , § 4.2] for a counterexample when (?77?) fails.

Theorem 30. Assume that the non-vanishing condition (?7?) holds. Then any continuous distri-
butional solution w of (??7) is G-Lipschitz continuous along any characteristic curve of u.

Proof. It takes a while to realize that the following is a partition of the real line into the regions
Dt :=r.i.({z|3h>0: Vhe [-h,h] f(z+h)— f(2) = f(2)h}),
D™ :=r.i.({z|3h>0: Vhe [-h,h] f(z+h)— f(2) < f(2)h}),
N :=R\ <D+ UD—) = clos(Infl(f)).

By assumption N is Lebesgue negligible.
Consider any characteristic curve i,(t) = (¢,7(t)), where ¥(t) = f'(u(t,v(t))), t € R*. We first
follow a similar computation in [? | which shows that u(¢,v(t)) is ||g||leo-Lipschitz continuous on

the connected components of the open set (u o i,)~*(DT), as in [? ].
Focus on the domain bounded by the curves i(t), iy1-(t) between times o < 7. The equality

V(7)+e v(o)+e T r(t)te
/ u(T, z)dx —/ u(o, x)dz —/ / g(t, z)dxdt
(1) V(o) a Jr(t)

== /T {1 ulinre(8))) = fulin ()] = [ (uliy (1)) [u(igse(t)) — uliy(8))]} dt (3.1a)

T (i —u(? 2
_ {f”(&ﬂ (iyte(f)) — ulir(£)) }dt £(8) € [ulin(t)) — ulire(t))]
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can be obtained integrating suitable test functions converging to the indicator of the region (Fig-
ure ?7?). If either u(o,v(0)) or u(r,v(7)) belong to DT, by definition of DT for 7 — o sufficiently
small the RHS is nonpositive: we obtain thus the inequality

V(7)+e v(o)+e T () te
/ u(r, z)dr — / u(o, z)dr < / / g(t,x)dzdt < ¢||g||oo|T — . (3.1b)
Y(7) (o) o Jr(t)

Dividing by €, by the continuity assumptions on u in the limit as € | 0 this yields

w(T,v(7)) = u(0,7(9)) < llglloc|T = 0.

The converse inequality is obtained by considering the similar region between i,_.(t), i,(t): indeed
this lead to an equation analogous to (??), but with RHS having opposite sign.

We conclude from the above analysis that w(i,(t)) is ||g||co-Lipschitz continuous in a neighbor-
hood of any point belonging to the inverseimage of D*. The same holds in an analogous way for
D~. This local Lipschitz continuity can be equivalently stated by the inequality

£ (u(i (B))) < GL'(B) (3.2)

for all Borel subsets B of the open set O = (uo 2.7)71 (DTuU D).
The thesis finally follows by the negligibility of N: for every t; < to

Ju(iy (ta)) — uliy(t1))] < L' (u(iy ([t1,t2])))
= L' (u(iy ([t1,t2) N O))) + L1 (N)

(77)
< GL' ([t1,t2) N O) +0
< Gty —ty). O

Remark 31. If wis 1/2-Holder continuous, we see from (?7?) that w is Lipschitz along characteristics
independently of any assumptions on inflection points of f.

3.2. Construction of a universal source

We now assume the negligibility of inflection points (?7). Under this assumption, we gener-
alize [? , § 6] and we construct for general fluxes satisfying (?7) a source term for the broad
formulation, without discussing its compatibility with the distributional source. Namely, we show
that

dg € £°(Q) %u(zv(t)) = g(i (1)) in D(z;l(Q)) Vcharacteristic curve 7. (3.3a)

The compatibility of the sources will be instead matter of [? , § 3|, where we prove that when
inflection points are negligible there is a choice of such g so that moreover

Oru(t,z) + 0z (f(u(t,z))) = g(t, x) in D(N). (3.3b)

We deal here in § 7?7 only with the ODE property (?7). We call such gg = [g]\ universal source
term, and (?7) shows that u is a broad solution of (??). We mention nevertheless that if f is not
a-convex, o > 1, then (?7) does not identify in general a distribution, because there can be an
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L2-positive measure set of points where u is not differentiable along characteristics: in this set the
proper definition of the source will come from (?7).

Two remarks before starting. Owing to § 7?7, under the sharp vanishing condition (?7) on
inflection points of f one gains G-Lipschitz continuity along characteristic curves for any continuous
distributional solution u to the balance law

Oru(t,z) + 0o (f(ult,2))) = gp(t,x)  feC*R),  |gp(t,2)| <G. (77)

It is not of course possible to require that the reduction of the balance law on characteristics
is satisfied for every g € £>°(R" x R) such that gy = [g], because altering g(t,z) on a curve
provides the same distribution [g]: this is why we need to select a good representative. Without
the negligibility (??) the source term of a Lagrangian parameterization might not work with a
different Lagrangian parameterization and there may exist no broad solution, see [? | § 4.3].

We assume therefore the negligibility of inflection points (??) and we proceed as follows:

§ 7?7: We construct a Souslin function g, which intuitively must satisfy (77).
§ 7?7: We construct an analogous Borel function g, which is stronger but more technical.
§ ?7: We prove that the functions g and g do satisfy (77?).

The construction for the compatibility condition (??) comes in [? , § 3].

3.2.1. Souslin selection

This is the first idea: to define pointwise, but in a measurable way, a function §(¢,x) such that
t is a Lebesgue point for the derivative of the composition ¢ — u(t,~(t)), with v a characteristic
function through (¢,z), whenever there exists one satisfying this differentiability property. As
we just consider the derivative of this composition at t fixed, we focus on the curve only in a
neighborhood of ¢ and, for notational convenience, we translate its domain to a neighborhood of
the origin. Therefore, fixed some § > 0, one applies a selection theorem to the subset G of

[6, +00) x R x C*([~4,0];R) x [-G, G > g > (t,z,7,¢) (3.4a)
defined by the intersection among the set
e C of time-translated characteristics through (¢, z), in (??),

e D in (??) where one imposes the pointwise differentiability at time ¢:

G=CnND

={<t,m, O ¢ AO) =2 A(s) = A+ m(s))} (3.41)
ﬂ {(t, z,v,¢) : (=lim u(t £ 0,7(Eo)) — ult, z) } (3.4¢)

ol0 +o
We first need a technical but important lemma about G. The selection theorem will follow.

Lemma 32. G is Borel.
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Proof. Focus first on the components (¢, x,7). The set C is closed thanks to the continuity of .
We discretize the limit in the variable (, so that D is described as a F;5-set.

Claim 33. Existence and the values of the following two limits are the same:

lim U(t + ha ’V(h)) B u(t7 x) (35)
h10 h
lim u(t + h"”(:”)) —ultz) Bt = hn — h2, hi=1/2.  (3.6)

One can similarly have the full limit for A — 0 instead of h | 0, that we study for simplicity.

Proof of Claim ?7?. By Theorem ?7 w is ||g||co-Lipschitz continuous on characteristic curves. Set-
ting (¢,z) = (0,0) for notational convince, then for every h € (hp41, hn)

U(’%’Y(h)) — U(O, 0) u(hnafy(hn)) B U(O, O)

h hn

_ ’ GL _ hl) fu(h, 7(R)) — u(0,0)] - hln [, ¥ () = u(h, 1 ()]
B —

<agh=h

n

By construction however
|hn - h| < |hn - hn—l-l’ = h7217

yielding that the existence of the limit along {h,}, implies the existence of the limit for any
h1o0. 0

Notice that the claim would not hold choosing a generic h,, | 0 instead of {h,, },. After observing
that the limit is discrete, the classical differentiability constraint in (?7) is
_u(t £ ha,y(ha)) —ult, x)
+ha

Vk In Vo > n: ‘C

Therefore, D is equivalently defined as the Fs set
_u(t £ hy,y(ha)) — u(t, x)

p=NUN {(t,w,%é) : 'C e

keENneNn>n

§2_k}.

Since the set within brackets is closed, G = C N D is Borel. O]

Let E be the projection of G on the first two components R* x R. The set E is the set of points
where there exists an absolutely continuous (time-transalted) characteristic curve having 0 as a
density point for the derivative of u(t + 5,7 4)(s)). The selection theorem below assigns to every
point (¢, z) where possible, which is to every point in E, an absolutely continuous integral curve
Y(tw)(5) for the ODE 4 5)(s) = A(t + s,7(1,)(5)) together with the Souslin function

(t,2) o 8(t,2) = St + 5,790 (5))| (3.7)

Remark 34. We comment on what information on £ comes from hypothesis on f:
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1. If f is a-convex, we will observe in [? , § 3.2] that the projection E of G on RT x R has full
measure. This follows for the case of quadratic flux by a Rademacher theorem in the context
of the Heisenberg group [? 7 |.

2. If f is even strictly but not uniformly convex [? , § 4.2] shows that E may fail to have
full measure. If (the closure of) inflection points of f are negligible, however, the Lipschitz
continuity of u along characteristics of Theorem 7?7 implies that

H!(iy(R)\ E) =0

for every characteristic curve 7(t).

3. For general fluxes not only £ may not have full £2-measure, but also i~ (R) \ F may not have
full H'-measure for some characteristic curve ~ along which wu is not Lipschitz-continuous,
see [?7 , § 4.3].

The set E is considered also in [? , § 3] for the compatibility of the source terms.

Corollary 35 (Selection theorem). For every § > 0, there exists a function
b, +00) xRDE 3 (ta) =  (Yaw(s)etz) €  CY[-6§,3;R) x [-G,G)
which is measurable for the o-algebra generated by analytic sets and which satisfies by definition

(tv Zz, V(t,z)(s)a g(tv IE)) €g.

Proof. The Borel measurability of G proved in Lemma ?7 allows to apply to G Von Neumann
selection theorem [? | Theorem 5.5.2], from [? |, which provides the thesis. O

Definition 36. We define as a Souslin universal source the function
0 (t,z) ¢ E
g(t,x) =gtz =10 u(t,z) € N
gte (t,z) € E, u(t,x) ¢ N.

The importance of the above selection theorem is due to the following relation.

Theorem 37. Assume that L' (clos(Infl(f))) = 0. Then for every absolutely continuous integral
curve vy of the ODE 4 = X(i~), one has that g(i) is well defined L'-a.e. and it satisfies

ulin(s)) = (i (1) = | ol ()dt Y0<r<s.

Theorem ?7? is fairly not trivial because in (?7) the universal source g(¢,x) is defined as the
derivative of u along a chosen curve 7(; ;) which changes changing the point (t,z), and it is not
even defined on a full measure set! What is relevant for the theorem is that the set where g is not
defined, or not uniquely defined, is negligible along any characteristic curve, which is that

g5 = [glx

is well defined independently of the selection we have made. Different selections may change g,
but not gg. We postpone the proof of the theorem and of this fact to § 77, after showing that it
is possible to define a Borel selection g. Theorem 7?7 implies that g and g give the same gp.
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3.2.2. Borel selection

Before proving Theorem 77, for the sake of completeness we show that one can define as well a
Borel function, that we denote by g(t,z) = g4, for which Theorem ?7 still holds. This requires a
bit more work than the previous argument: we do not associate immediately to each point (where
it is possible) an eligible curve and the derivative of u along it, but something which must be close
to it. We find then with the proof of Theorem ?? that we end up with the same class g = [g]a.

Lemma 38. The (t,x)-projection E of G is Borel. For every e > 0 there exists a Borel function
S > (tvx) = (’V&t,mg&,t,x) € Cl([_57 5]) X [_G - €7G+€]
such that (t,x,Veta,0et2) € C of (27) and such that for |h| sufficiently small

U(t +h, ’Va,t,x(:th)) - u(tv .’L‘)
+h

ga,t,r -

Definition 39. We define as a Borel universal source the function
0 (t,z) ¢ E
8(t,r) = gtx =0 u(t,z) € N
liminf. |0 g1 (t,2) € E, u(t,x) ¢ N,

where g, ¢, is fixed in Lemma ?7.

Proof of Lemma ??7. We remind the following selection theorem [? , Th. 5.12.1].

Theorem 40. (Arsenin-Kunugui) Let B C X XY be a Borel set, X,Y Polish, such that By is
o-compact for every x. Then the projection on X of B is Borel, and B admits a Borel function
s: PxB —Y such that (x,s(z)) € B for all x in the projection PxB.

We verify the hypothesis of and we apply the above selection theorem to the set
t =+ b, v(Ehm)) — ult,
Un {(t,x,%C)EC: ¢ - UiE ) it 7) g;}, (3.8)

+hm
where C was defined in (??) and {hy, }nen immediately below that in (?7). The section

Cia ={(6:7,7,¢) = 0) =2, A(s) = At +5,7(s))}

is locally compact as a consequence of Ascoli-Arzela theorem, because by the boundedness of A
the curves are equi-bounded and equi-Lipschitz continuous, and by the continuity of A when they
converge uniformly they also converge in C*([—6,d]). For ¢, h fixed the set

{(%C) : 'C - u(tih,”y(if;L)) —ult,z)| ;}

is closed, therefore its intersection with C(zz) is compact: this proves that each (¢, x)-section of (77)
is o-compact. The hypothesis of the theorem are satisfied: it provides that the projection E of (77)
on the first factor Rt x R 3 (¢, ) is Borel and that there exists a Borel subset of (??) which is the
graph of a function s defined on E. Since the projection from that graph to the first components
RT x R is one-to-one and continuous, the function s is a Borel section of (??), concluding our
statement. O
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3.2.3. Proof of Theorem 77
We provide here the proof of Theorem ?? with g; , either the Borel or the Souslin one. Let us
introduce the notation. We consider:

e 7(s) a characteristic curve for the balance law through a point (t,z) = (¢,75(t)).
o ((s) = L u(s,7(s)) the derivative of u along 7, where it exists.

e Either 757t,x(s) or V¢ «(s): the characteristic curve of u through (¢, z) given either by Lemma ??
or by Corollary ??. Fix for example vz ,(s), which is more complex.

o (:(t+s) = % u(t + s,7z¢,.2(s)) the derivative of u along 7z ., where it exists. Where the
derivative does not exists, set for example the function equal to 0.

o Either g(¢,z) of Definition ?? or g(¢,x) of Corollary ??. Fix g(t,z), as we are showing the
proof with the Borel selection of § 77.

We indeed know from Theorem ?7 that u(i5(s)) and wu(i,,,(s)) are G-Lipschitz continuous. We
prove first that for almost every ¢ the derivative of u(i5(t)) is precisely g(i5(t)) if u(i5(t)) is not an
inflection point of f. After that, we exploit again the negligibility assumption £*(clos(Infl(f))) = 0
on the inflection points of f and we conclude

i (s)) — (i) = [ a0 W0 <<

1: Countable decomposition. We give a countable covering of the set of Lebesgue points t
where the derivative ((t) of u(iy(t)) exists but it differs from g;_(;). The set can be described as

U {t L 30 = tim W) —uli () 8.y — C(6)] > s} .

o—0 o
el0

In particular, dropping the condition that the derivative ((t) of u(i5(t)) exists at ¢ we notice that

this set is contained in
1 t+o _
gi«,(t)_o_/t C’ > €,

Uy { Vo € (0,277
el0neN

The proof now needs a further index because we are working with the Borel selection. If we

remember the Definition ?? of g;,, and we observe that along the characteristic curve vz 501

. Lt
9“(”_0/”(‘25}

tt+o
i, (t%0)) — ulin., . (1) = / &,

then one can add a condition which is always satisfied and the last union can be rewritten as

1 tto
U U { Yo € (0,27") 95,050 — :I:a/ Ce <5}.
t

é<el0neN

1 tto _

9i-(t) — ), C’ > 3e,
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The union can as well be done on any sequences &y, < ey | 0: if |g¢» — 9z, 12| < €x/3 then one has

the equivalent expression
1 tto 1 tto
0i. > 3¢k, |Gio() — — ARSI
g /t C‘ 2 3¢k, |Biy(t) — /t Ca k}

) U U {t \V/O' G (072—7L) lfy(t) - ;O_
Er<erlOneN
We arrived to the countable covering that we wanted to prove in this step.
If one is considering the Souslin selection clearly vzt = V2 and gz 1 5() = 81.5() = (&, (t).

2: Reduction argument. We prove that the set

1

o 1 tto o tto
{t : Voe(0,27") a(iy(t)) > :i:a/t ¢+ 3e, ’g(lv(t)) N :i:a/t G

< 5} (3.9)

cannot contain two points t1,ts with [t; — to| < 27", The case

o 1 tio’i
s () < 5 [ -3

is similar, backwards in time. Then the thesis will follow: by the previous step, the set of times
where the derivative of u(i5(t)) exists and it is different from g, ;) will be at most countable.
Therefore the derivative of u(i5(t)) will be almost everywhere precisely g;. ().

3: Analysis of the single sets. By contradiction, assume that (??) contains two such points,
for example t; = 0, t3 = p. Then, essentially two cases may occur.

3.1: Concavity/convezity region. We first consider the open region where f”(u) > 0. The
open region f”(u) < 0 is entirely similar. The restriction to the open set is allowed because the
argument is local: we consider later also the region of inflection points. In particular, in this step
we consider f’(u) monotone in u, in particular nondecreasing.

Compare 4 with the two curves given by the selection theorem through two fixed points

(07’7(0)) = (070)7 (P;'?(P)) = (p70)

The o component is set 0 just for simplifying notations. We rename the characteristic curves as

W0(0) =050 (B Golt) = < i (1),

) = e = 0), Got) = - ulin (1),

Notice that yo(t), 7,(t) are tangent to 7 respectively at times 0, p because they are characteristics.
By (7?), at respectively t = 0, t = p, one finds for ¢t € [0, p]

1 t+o . 1 tto
) CoZQ(H(t))—EZE ) C+2e
1 tto o 1 tto
g RS CIOET T B ER
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which means that the derivative ¢ of u along 7 is lower than the ones (o, Cp along 7o, v,:
Lot
win)=u0.0 = [ o= [¢ 0 =ulis0)-u0.0)
. p(27) [P _ .
wp0) =i, = [ [0 = u(p0) —utis )

This means that for ¢ in (0, p) one has

u(t,Y0(t)) > u(t, (1)), u(t, 7(t)) = u(t, 7,(1))-

Being f/(u) nonincreasing in turn

Fult, 7 (1)) < f'(ult, 7)) < f/(ult, 70())).
Being characteristics, the functions above are just the slopes of the curves v,, ¥, vo: integrating
e 7, 7o between 0, where they coincide, and ¢
® 7,, 7 between p, where they coincide, and ¢

one obtains
() < v(t), () < p(t).

As a consequence of this and of the finite speed of propagation, vy and 7, must intersect in the
time interval [0, p], say at time p’. We can compute the value of u at

(P',70(0") = iro (') = iy, (") = (P, 7(P))

by the differential relation both on 7o, starting from 0, and on +,, starting from p: we have then

u(0,7(0)) + /Op o =u(p’,%0(p") = ulp, 7,(p)) = ulp, ,(p)) - /p S
p

Comparing the LHS and the RHS, one deduces

/

u(pr 1)) — u(0,7(0)) = / "o+ / "¢

0 o4
However, the times 0, p belong by construction to the set (??): therefore
o P S o p_
| @t [ 6> 860) + (- st 2e > [ e
0 o 0
Since the RHS is just u(p,7,(p)) — u(0,7(0)) + €, we reach a contradiction.
3.2: Inflection points. The previous point proves the statement in the connected components

of u='(R\ N), where N = clos(Infl(f)). The assumption £!(N) = 0 allows to show that inflection
points do not matter. Indeeed, by Theorem ?7? the composition U = uoi,, is G-Lipschitz continuous:
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Lemma ?7 below assures therefore that u(i,) is differentiable with 0 derivative £l-a.e. on (u o
i,y)_l(N ). For every r < s, by the previous half point

i (s)) = u(ir (1) = | (e

_ / ()t + / C(t)dt
(rsl(uoin) 1 (V) [rsl\ (o)~ (N)

= / 0dt + / (i (1))t
[r.s]n(uoiy) =1 (N) fr.s]\ (uoiy) =1 (N)

Remember that § = 0 on = !(IV) by definition. This yields the thesis of Theorem ?7?:

i)~ ulis () = [ alirdr V0 <<

Lemma 41. Consider a Lipschitz continuous function U : R — R and a Lebesgue negligible set
N CR. Then the derivative of U vanishes L'-a.e. on U7L(N).

Proof. Let T be the set of Lebesgue points of U~1(N):

HY([F— T+ B x {5} \ U1 (V)
hl0 h

If U is G-Lipschitz continuous, then for ¢ € Ty one has

\U(t+h)—U(t)| <£1(U([E,f+ h]) N N) N LYU([t,t+R])\ N)
- h

h ho
§0+51(U([t,t;h])\N)
SGU([ﬂﬂ h Xl;{y} \UTI V).

The RHS converges to 0 as h — 0 because t € Ty. This shows that u o i,(t) is differentiable at
every t € Ty with 0 derivative: this concludes the proof of the lemma because £!-a.e. point of any
Lebesgue measurable subset of R is a Lebesgue point of the set. O

4. Distributional solutions are Lagrangian solutions

Consider a continuous distributional solution of
Orult, ) + Ou(f(ult,x)) = ge(t,z)  feC*R), l9e(t, )| < G (77)

When inflection points of f are negligible, u is Lipschitz continuous along any characteristic curve
v of u (Theorem ?7?). If not, then we have cases when wu is not Lipschitz continuous along some
characteristics [? , § 4.3]), and the points where u may not be differentiable along any characteristic
curve might have positive £2-measure.

Here we work without the assumption on inflection points. We show first that continuous
distributional solutions do not dissipate entropy (Lemma ?7?). By approximation of the entropy,

27



this reduces to the case of negligible inflection points, where the solution is broad and therefore
Lagrangian, and it exploits the consequent BV-approximation of § ?7.

We show then in Lemma 7?7 that, given an entropy continuous distributional solution u, one
can find through each point a characteristic curve (¢) along which w is Lipschitz continuous. As
a consequence, by § 7?7 one can construct a Lagrangian parameterization and deduce that u is a
Lagrangian solution.

Lemma 42. Continuous distributional solutions of (??) do not dissipate entropy.

Proof. If the closure N of the inflection points of f is negligible, then by Theorem 7?7 a continuous
distributional solution w is a broad solution, and by Lemma ?7? it is in particular a Lagrangian
solution. By Corollary ??, derived from the monotone approximations of Lagrangian continuous
solutions, one has then that u satisfies the entropy equality.

If the inflection points of f are not negligible, one can derive the thesis by an approximation
procedure. Fist notice that for every entropy-entropy flux pair—which means for every function
n € CYY(R) and every ¢ € CHL(R) satisfying ¢/(2) = 1'(2) f'(z)—one has the entropy equality

Orn(u) + 0s(q(w)) =1/ (w)ge  in DRT x R\ u"(N))

by the previous step; indeed, in the open set RT x R\ u~!(NN), where we are claiming that the PDE
holds in the sense of distribution, u is valued where f does not have inflection points and therefore
one can apply Corollary ?77.

Consider finally a decreasing family of open sets Oy = U;(a¥, b%¥) C R such that

3073
o N = clos(Infl(f)) C Oy, for k € N;
o [Ox\ N| < 1/k.

One can approximate 7 in C*(R) with entropies 7, € C1!(R) which are linear in Oy, for k € N.
For every interval (ag’?, bf) C O where ng(u) = cxu for some ¢ € R, for all k£ € N one has

Oe i(w) + Os(ar () = i [ u+ 05 f(u)] = crge =1 (w)gp  in D(u*((af,0))))

Oy mi(u) + O (ak(w) = ni(w)gp  in DRT x R\ u"}(N))

This shows that the entropy equality holds for the entropies {ng}ren. When ng(u), gi(w), n) (u)
converge uniformly to 7(u), g(u),n'(u), then the entropy equality holds also for 7. O

Corollary 43. If u is a continuous distributional solution of (??), then f'(u) is a continuous
distributional solution of Burgers’ balance law with source term f"(u)gp.

While Lemma ?7 above relies on the previous results of this paper, Lemma 7?7 below is instead
self-contained. It is however based on maximum principle, that we recall now.

Lemma 44. Suppose u,v are entropy solutions of the PDE
Or ult, x) + 0 (f (ult, ) = gpy(t, )
Fpv(t, x) + 0 (f(v(t,2))) = gy (t, @)
and that for some G € R
u(t=0,z) <v(t=0,2) — G <gp,(t,z) < gr,(t,z) <G.
Then u(t,z) < v(t,z).
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Proof. See the proof of Theorem 3, Page 229, [? |. Alternative approaches are the vanishing
viscosity or the operator splitting, still exploiting the uniqueness of the entropy solution. O

Lemma 45. Suppose u is a continuous entropy solution of the PDE
dpu(t, ) + 0,(f(u(t,2))) = ge(t,z)  feC*R),  lgu(t,x)| <G (77)
Then at each point (t,x) there exists a characteristic along which u is Lipschitz continuous.

Proof. The proof is made constructing a piecewise affine approximation of the desired characteristic
curve. On the two consecutive edges of the linearized curve, the Lipschitz regularity holds by the
maximum principle, being an entropy solution.

1: Notation. We simplify the notation changing coordinates so that we are looking for a
characteristics curve throughout the point (0,0), and defined between the times ¢t = —1, t = 1.
As the construction is local, we directly fix a square

Q=[-1,132

Let G = |lgellre(q)- Set L = ||f'(u)llpe~(q) and M = || f"(u)| 1 (q)- Notice that L is an upper
bound for the characteristic speed A = f’(u) in Q. Assume e.g. L < 1.

2: Modulus of continuity for w and A\.  As u is continuous, in the compact region @ it is
uniformly continuous. Let w(d) denote the following modulus of continuity of v in Q:

|2 — =

mgx{ﬁ/ —t, } <d = |ult,z)—u(t,2)] <w(d).

An analogous modulus of continuity for A = f’(u) is clearly given by Mw(4):

A 2) = A 2)| = | (u(t, @) - (ut',2))] < Mlu(t,2) - u(t', )] < Mw ().

3: Dependency regions. Let 6 > 0 and (£,7) € [~1+0,1—6]?. One draws a backward triangle
of dependency for an interval of time J, delimited from below by the segment ¢ — d:

T(t,z) ={(t,z) : t—0<t<t,z—L{t—t)<z<T+L{—-1)}.

Noticing that the speed of propagation A in the rectangle

{(t,x) : max{|t—t|, "’52“} < 5}

is, by definition of the modulus of continuity w, bounded by A(¢,Z) + Mw(d), a smaller backward
triangle of dependency is given by

Ts(t,z) ={(t,z) : t—06<t<t, [MNt,Z)— Mw@®)|(t—1t) <z—2 <[\t,Z)+ Mw(d)](t—1)}
The basis of Ts has length 2M déw(d), which is superlinear in J.
4: Comparison of u on adjacent nodes. Let € > 0. The linear functions
ut(t,x) = u(t,z) + Gt —t) — ¢, u—(t,x) =u(t,z) — Gt —1t)+¢
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satisfy both
ut (£, 7) < u(t,z) <u_(f,7)

and the equations

Oru_(t,x) + 0z (f(u—(t,x))) = -G, Orut(t,x) + 0.(f(ut(t,2))) = G.

If we had either u_(t,z) < u(t,z) or ut(t,z) > u(t,x) for all  belonging to a e-neighborhood
of the basis of the small backward triangle of dependency Tj5, we would contradict the maximum
principle in Lemma ??. Therefore there exists a point z. belonging to

(f — [\t @) + Mw(0)]0 — &, T+ [A(t, &) + Mw(8)]d +¢),
which is a e-neighborhood of the basis of Ty, where u(t, z.) is between u™ and u_:
u(t,2) + Gé +e=u_(t—6,z.) <u(t —,2:) <ut(t—6,z.) =u(t,z) — G6 — e.

As € | 0, a subsequence of {x.}.o must converge to a point & belonging to the basis of Tj:

Az € [T+ (M\t,T) — Mw(6))d, T + (M\t,T) — Mw(d))d (4.1)
| :

( :
lu(t — 0, ) — u(t,z)| < GO.

5: Piecewise approximation. We construct here a piecewise affine approximation of a backward
characteristic through (0, 0), specifying the nodes: for k € N set

i
(tg,zk) = (0,0), andlet (t;,x;):= (_kz

xz> i=0,... k-1
be a point on the basis of T'(t;11,z;+1) which satisfies (??) where (¢,Z) = (tj+1,%i+1). Thus
|uts, zi) — u(ti—1, zim1)| < G(ti — ti—1) i=1,...,k (4.2)
By the choice of x;_1, for every k the slope
Aige = k(2 — 2i-1)
of each segment joining (t;—1,z;—1), (t;, z;) satisfies

AMtiy2i) — Mw (K71) < N < Aty ) + Mw (k71) (4.3)

It is in particular uniformly bounded by L+ Mw(1). By Ascoli-Arzela theorem the piecewise affine
curve vy, with edges {(t;, z;)}¥_, converge uniformly as k 1 oo, up to subsequence, to a continuous
curve 7. As A is continuous, Equation (??) implies that the limit curve - is also Lipschitz continuous
with slope

Y(t) = At (1))
This just means that we approximated a backward characteristic curve.

6: Lipschitz continuity of u along the curve. For each k € N set

u(ts) = u(t;, ;) i=0,...,k
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and define a function ug(t) linear in each interval (¢;_1,t;), i = 1,..., k. Equation (?7) implies
that ug(t) is G-Lipschitz continuous. By the continuity of u and by the uniform convergence to ~
of the piecewise affine paths v;, with edges {(t;,7;)}¥_,, the function uy(t) converges uniformly to
u(i,(t)): one has therefore that wu(iy(t)) is itself G-Lipschitz continuous.

7: Forward characteristic. We give two explanations for this step. First, Lemma 7?7 ensures
that there is no entropy dissipation: one can thus reverse the time. Applying the above procedure
for the reversed time one finds a forward characteristic curve. If one does not want to apply that
strong lemma, it is enough being able to construct through each point (¢,z) € (0,1) x (—=1,1) a
backward characteristic (s 1) (s) along which w is G-Lipschitz continuous. Having that, the function

v(t) :=inf {& : 744 (0) >0}, te(0,1)

can be verified to be a characteristic curve passing through the origin. Moreover, it is the uniform
limit of characteristics along which u is G-Lipschitz continuous; in particular, by the continuity, u
is therefore G-Lipschitz continuous along ~ itself. O

Corollary 46. Suppose u is a continuous distributional solution of the PDE

Opu(t,x) + 0x(f(u(t, ) = gu(t,z), |gellL- <G.
Then u s also a Lagrangian solution, with a Lagrangian source gr, bounded by G.

Proof. Lemma ?? yields that u is entropic. One can then apply Lemma ??, providing through any
point a characteristic along which w is G-Lipschitz continuous. Lemmas 7?7, 77 finally show that
u is a Lagrangian solution. d

Appendix A. Three sufficient conditions for the Lagrangian formulation

Given a continuous function u, we consider here some sufficient conditions for satisfying the
Lagrangian formulation. The section extends constructions in [? , § Appendix].

Appendiz A.1. A dense set of characteristics

Fix a continuous function u. For having a Lagrangian parameterization along which u is G-
Lipschitz continuous, one clearly needs through each point of the domain a characteristic curve
along which u is G-Lipschitz continuous. We prove here that this is sufficient. This is Lemma 77
in the introduction.

Proof of Lemma ??. Simplify the domain to u € C.(R" x R), as it is a local argument, and let
G > 0. We assume that there exists a curve v ,)(s) through each point (¢,z) of a dense subset
of R* x R such that s + u(iy,, (s)) is G-Lipschitz continuous. We are going to modify these
characteristics in order to provide a Lagrangian parameterization.

Consider an enumeration {(x,,, yr, ) }ken of a countable set of points, dense in the upper plane
RT x R, where the characteristic curves are given by hypothesis. We associate recursively to each
point of this set a characteristic curve v, (s) and we define a linear order among those:

o Let v1(s) = Yt ,,)(8). We define, for k € N,
rE 3T if Ly, < 71(t7“k>7 LTk if Ly, > Vl(tm)'
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e Let h € N. We define the new characteristic curve vj,41(s) through (¢
preserve the order relation that we are establishing:

rha1s Ty, ) 0 order to

WL_H(S) - rhjr?kl,lllcgh {f}/k(s)’ rgjnrl;?:)f{gh {/YE(S)’ /Y(tTthl’xTthl)(S)}} ’

As v (s), for k < h, and V(trhﬂ,rrhﬂ)(s)
continuous by hypothesis, then also vj,41(s) is a characteristic curve along which u is G-
Lipschitz continuous. We set then, for k € N,

are characteristic curves along which w is G-Lipschitz

Tk 2t i 2 <n(te), T 2k if 2 > yaga(tey,)-
By construction it extends the relation defined at the previous steps.

The set of uniformly Lipschitz continuous curves

C= {'Yk(s)}k;eN

is totally ordered and the images of these curves are dense in RT™ x R. We can complete this
set in the uniform topology: the curves that we introduce with the closure are still characteristic
curves because of the continuity of f’(u); as well, u is G-Lipschitz continuous along them and they
preserve the order, in the sense that any two curves do not cross each other but always lie on a
fixed side, when they differ. If {qx}ren is an enumeration of the rational numbers, the map

6 :clos(C) = R
o ()
y e kz_o =

is continuous and strictly order preserving. In particular, it is invertible with continuous inverse.
One can then verify that a Lagrangian parameterization is provided by

x(s,y) = [0 ()] (s) for s € 0 (clos(C)).

By construction ¢ — U(t,y) = u(t, x(t,y)) is G-Lipschitz continuous for each y fixed: the thesis
thus follows by Lemma 77. O

Appendiz A.2. Lipschitz continuity along characteristics

Fix a continuous function u. For having that u is a Lagrangian solution, one clearly needs
that ¢ — u(t, x(¢,y)) is Lipschitz continuous, uniformly in the y parameter, for some Lagrangian
parameterization y. We prove here that this is sufficient. This is Lemma 7?7 in the introduction.

We are not concerned here with the compatibility of the source terms.

Proof of Lemma ?7. Simplify the domain to u € C.(R* x R), as it is a local argument, and let
G > 0. We want to show that if there exists a Lagrangian parameterization y such that

d : 1
forally e R -G <3 1 u(t,x(t,y)) <G in D(zx(y)(Q))
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then one can find a function g7, € £7°(Q2) such that

d o
forallyeR  —ult,x(t,y)) =gt x(ty)) in D(i ) ().

Set U(t,y) = u(t, x(t,y)) and consider & € £°(R* x R) such that, in the (¢,y)-half plane,

&(t,y) = 0: U(t,y) in D} () for each y € R.

"X(»)
We want to show that it can be chosen of the form &(t,y) = g1.(¢, x(t,y)) for some gz, which means
that it is essentially single valued on the level sets of x. Fixed y, we show the following: the set of
times ¢t where u has a Lebesgue point of classical differentiability i) both along the characteristic
curve ¥(t) = x(t,y) ii) and also along another characteristic curve ¥(t), lying on a fixed side of
~(t), iii) with two different values of the derivative, are at most countable. This is enough since
characteristics of a same Lagrangian parameterization are by definition ordered.

Let €,0 > 0. By a reduction argument it suffices to show the following claim: the set S(y) =

{t: ‘U(t—i—h,y})L—U(t,y)

—8(t,y)| <e, 3Fv(s) characteristic with v(t) = x(¢,y),
u(t + h,y(t+ h)) — u(t,y(t)) (A.1)

A(t+ 1) < X(t+ h,y) and h

_®(t7y)>€7 V|h|§0'}

does not contain two points t1,ts closer than o. Indeed, if we are comparing the value of the
derivative of u along different characteristics of the parameterization x, then an order condition is
satisfied among characteristics. Moreover, as we consider Lebesgue points of differentiability, with
different values for the derivative of u along xj'(s) and 7(s), up to a countable covering we are
dealing with sets like (77).

We prove the claim by contradiction: let

tl,tQES(y), 0<ty—1t1 <o.
The definition (??) of S(y) provides curves 71, 2 which intersect at times respectively t1, t2
0(s) == x(s,9)

and which for t; < s <ty satisfy the additional properties

71(8) < v0(s), u(s,71(s)) —u(ti,n(t1)) > (8(t,y) +¢) (s — t),
Y2(s) < v0(s), u(tz, v2(t2)) — u(s,12(s)) > (8(t,y) +¢) (t2 — s).

By the ordering imposed in (??) and by the uniform Lipschitz continuity implied by the fact that
they are characteristics, the curves v1(s),v2(s) necessarily meet at some time ¢ € [t1,t2]. One can
then compute the difference U(t2,y) — U(t1,y) in two ways:

e applying the incremental relation in (?7) relative to x, which gives

Ulta,y) — Ult1,y) = Ulta,y) — U(t,y) + U(t,y) — Ult1,y)
< B(t2,y)(t2 — 1) + &(t1,y)(t — t1) + 2¢;
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e applying the incremental relation in (??) relative to v1,v2: denoting by Z the value v, (t) =
v2(t) when 1 and 72 intersect one has

Ultz,y) — Ul(t1,y) = u(tz,72(t2)) — u(t, z) + u(t, 7) — u(tr,1(t1))
> B(ta2,y)(t2 — 1) + &(t1,y) (T — 1) + 2e.

The estimates that we obtain in the two ways are not compatible: we reach a contradiction. [

Appendiz A.3. Stability of the Lagrangian formulation for uniform convergence of u

We state for completeness that Lagrangian solutions are closed w.r.t. uniform convergence,
provided the sources are uniformly bounded. We include this for completeness but it follows easily
by the previous analysis of the section.

Corollary 47. Let G > 0 and ug(t,z) be a sequence of continuous Lagrangian solutions of

Orur(t,z) + 0o (f(ur(t,2))) = gpi(t,z)  fEC*R),  |gpp(t,0)] <G. (77)

If uy, converges uniformly to u, then u is a Lagrangian solution with source term bounded by G.

Proof. We verify that through every point (t,z) € R* x R there exists a characteristic curve 7(s)
such that u(iy(s)) is G-Lipschitz continuous: Lemma ?7 then provides a Lagrangian parameteri-
zation along which u is G-Lipschitz continuous, and Lemma 77 gives the thesis.

As {ug}ren are Lagrangian solutions of (?7) with sources uniformly bounded by G, one can
find for each k£ € N a characteristic curve vi(s) of uy through (¢, x) satisfying

Jur (i (1)) = g (i (5))] < G| = 5. (A.2)

The family {7x(s)}ren is locally equi-Lipschitz continuous and equi-bounded, as i (t) = z. By
Ascoli-Arzela theorem this family has a subfamily uniformly convergent to a function v(s). From
the uniform convergence of the continuous functions u; and g, the relation

Y(r) — e(s) = /S uy (i, (¢))dq

goes tot he limit and it implies that v is characteristic curve for u. Moreover, also (?7) goes to the
limit and it yields that u is G-Lipschitz continuous along . O

Nomenclature

['Ixs []x, [-] Projections on, £¥(X), £7°(X), L*°(X) respectively, Notation 7?7

% Lagrangian parameterization for a continuous solution u to (??), Defintion 77
clos(-) Closure of a set
D(Q) Distributions on 2, Notation 77

L>(X) Bounded functions on X identified £2-a.e., Notation ??

D¢, D, Partial derivatives of a function of bounded variation, Notation 77
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v, iy Characteristic curve, Definition 77

g, 8B, g1, Functions beloning to £°(X), £5(X), £3°(X) respectively, Notation ??
g, 9E Distributional, bounded source term for the balance law (?7)

Infl(f) Inflection points of f, Definition ?7?

A The composite function f’ ou, Notation 77

£h c? 1- or 2-dimensional Lebesgue measure

M(X) Radon measures on X, Notation 77

Q Open subset of RT x R, if needed connected

%, 8% Classical partial derivatives, Notation 77

0y, Oy Distributional partial derivatives, Notation 7?7

£2°(X) Functions defined pointwise on X, Notation ??

£¥(X) Functions coinciding £'-a.e. on characteristics of u, Notation ??
£2°(X) Functions coinciding £'-a.e. on the Lagrangian parameterization y, Notation ??
;2 () Restriction of a function ¢(¢, z) to the second coordinate, Notation 7?7
©SH(t) Restriction of a function ¢(¢, z) to the first coordinate, Notation ??
c(9) Continuous functions on Q, see also Cy,, C*, C*¥, C*1/® in Notation ??
f Flux function for the balance law (77)

U Continuous solution, Noation 77

X Subset of RT x R, usually Borel.
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