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ABSTRACT

We prove some stability results for smooth H-minimal hypersurfaces immersed in a sub-Riemannian k-step
Carnot group G. The main tools are the formulas for the 1st and 2nd variation of the H-perimeter measure o,
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1. INTRODUCTION

In classical Differential Geometry a minimal (hyper)surface of R” (or, more generally, of a Riemannian
manifold (M", (-,-))) is a smooth codimension one submanifold having zero mean curvature. We recall
that the Riemannian mean curvature Hx of a hypersurface S is the trace of its 2nd fundamental form Bz,
which is the C*-bilinear form defined as Bz (X, Y) := (VxY,v) for every X,Y € X(TS) := C*(S,TS),
where V denotes the Levi-Civita connection on the ambient space (either R” or M) and v is the unit
normal vector along S. Note that Hz = —divrs v. The crucial fact here is that minimal hypersurfaces turn
out to be critical points of the Riemannian (n — 1)-dimensional volume o”*~!. In this setting, studying
stability of a minimal hypersurface S means to study conditions under which § turns out to be a minimum
of the functional o2~!. Hence, it becomes important to study the 2nd variation of o2~! and, in order to
avoid boundary contributions, we only consider compactly supported normal variations of S. For an
introduction to these topics in the Euclidean and/or Riemannian setting we refer the reader to the surveys
by Chern [19], Lawson [44] and Osserman [57]; see also Simons’ paper [64]. Finally, for some results
concerning stability of minimal and CMC hypersurfaces, we would like to mention the papers [9], [10],
[25], [28] and [66].

That of Minimal Surfaces is one of the great chapters of the XX century Mathematics, above all,
because was a rich source of entirely new ideas and theories such as that of Currents, introduced by
Federer and Fleming [27] (see Federer’s fundamental treatise [26]), that of Sets of Finite Perimeter
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created by De Giorgi and its school starting from the pioneering work of Caccioppoli (see the book by
Giusti [35] or [3]), and that of Varifolds, heavily inspired by Almgreen and developed by Allard in [1, 2].
A highly recommended introduction for these topics is, of course, the book by Simon [63]; see also the
survey by Bombieri [13] and Morgan’s book [56].

In this paper, we shall study some of these problems, in the sub-Riemannian setting of Carnot groups.
We recall that a sub-Riemannian manifold is a smooth n-dimensional manifold M, endowed with a non-
integrable distribution H € TM of h-planes, called the horizontal bundle, on which a (positive definite)
metric gy is given. The horizontal bundle H satisfies the Hormander condition and this implies the
validity of Chow theorem so that, different points can always be joined by using horizontal curves (i.e.
curves that are everywhere tangent to H). The idea is simply that, in connecting two points, we are only
allowed to follow horizontal paths joining them. The CC-distance dy, is then defined by minimizing the
gr-length of horizontal curves connecting two given points: this is the distance used in sub-Riemannian
geometry. As an introduction to these topics, we refer the reader to Gromov [37], Montgomery [54],
Pansu [58, 59], Strichartz [68]. In this context, Carnot groups play a role similar to Euclidean spaces
in Riemannian geometry. They serve as a model for the tangent space of a SR manifold and, further,
represent a wide class of examples of sub-Riemannian geometries. By definition, a k-step Carnot group
G is a n-dimensional, connected, simply connected and nilpotent Lie group (with respect to a group law
e which is polynomial) having a k-step stratified Lie algebra g = R". This means that g splits into a direct
sum of vector subspaces of R" satisfying suitable commuting relations.

More precisely, we have ¢ = Hi @ Hy ® --- ® Hy, [H|,H;] = Hj;, forevery i = 1,...,k — 1 and
[Hy,H;] = 0 for every i > k, where [-,-] denote Lie brackets. We assume that #; = dimH; (i = 1,...,k)
so that n = Zle h;. The stratification of g can be seen as the algebraic counterpart of the Hérmander
condition.

We recall that Carnot groups are homogeneous groups, in the sense that they admit a family of positive
anisotropic dilations modeled on the stratification; see [67]. This richness of geometric structures, makes
interesting the study of Geometric Measure Theory in Carnot groups; see, for instance, [4], [5], [6], [8],
[201], [33], [29, 30, 31, 32], [50, 51, 52], [47, 48, 49], [55] and bibliographies therein. We also cite [12],
[16, 17], [18], [23, 24], [34], [60], [41], [61], [62] for many important results concerning H-minimal
and/or constant horizontal mean curvature (hyper)surfaces of the Heisenberg group. Nevertheless, here
we have to remark that not much is known about the geometry of smooth H-minimal hypersurfaces in
general groups.

The aim of this paper, which is somehow a continuation of [52], is studying the stability of smooth
H-minimal hypersurfaces immersed in k-step Carnot groups. Let us briefly describe our results.

In Section 1.1, we will fix notation and main definitions concerning Carnot groups. We will use a left
invariant frame X := {Xj, ..., X;;} on g = TG adapted to the stratification and we will fix a Riemannian
metric (-, -) making X orthonormal. This frame satisfies some non-trivial commuting relations encoded
by the so-called structural constants Cgf’ j= <[Xi, X;l, X,> Vi, j,r =1,...,n. Note also that the (uniquely
determined) left invariant Levi Civita connection V can be expressed in terms of structural constants.
The projection of V onto the horizontal H is denoted by V¥ and called horizontal connection.

In Section 1.2 we recall basic facts about immersed hypersurfaces endowed with the H-perimeter
measure (TZ‘I. Note that 0'2_1 = |Puv| 0';’(1, where (72‘1 is the (n — 1)-dimensional Riemannian measure,
v is the unit (Riemannian) normal along S and Py is the projection onto H. Furthermore, the tangent
bundle TS inherits the stratification of TG = g. Let v, = % be the unit horizontal normal along
S and let HS be the horizontal tangent sub-bundle of 7'S, which is (A — 1)-dimensional at each non-
characteristic point p € § \ Cs, where Cs := {p € S : |Puv| = 0} is the characteristic set. It turns out
that H = HS @ spang{v,} at each p € S \ Cs. This allows us to define the horizontal 2nd fundamental
form by setting Bx (X, Y) := <V§Y, VH>. However, this object is not symmetric, in general. Thus it can be
decomposed in its symmetric and skew-symmetric parts, i.e. By = Sy + An.

In Section 2 we will discuss some divergence-type formulas, which are very important tools. In
particular, these results will enable us to define the horizontal tangential operators Dus and Lus, which



Stable H-minimal hypersurfaces 3

are analogous, in this SR setting, to tangential divergence divrs and Laplacian Ars. An important fact is

the validity of the formula
- f pLuspoyy ! = f \gradys ¢ o'
s s

for every compactly supported function ¢ € C2, (S \Cs)N W,i;z(S ;o= 1); see, for instance, Corollary 2.7
and Remark 2.8. We also stress that the previous formula holds true (a fortiori) when ¢ € C2(S). In the
same section, we preliminarily discuss the basic calculations needed to prove the 1st variation formula
for the H-perimeter o

Section 3 contains some important technical tools: adapted frames, connection 1-forms and lemmata
concerning the horizontal 2nd fundamental form By . This material is then used in Section 4 to discuss
and prove the variational formulas for o:~!. The presentation here is slightly different from [52]. In fact,
we have tried to simplify the original proofs. More importantly, we have corrected a mistake that has
caused the loss of some divergence-type terms in the variational formulas proved there; see Remark 2.12.
Furthermore, we have extended the formulas to the characteristic case.

We say that a hypersurface S of class C? is H-minimal if its horizontal mean curvature Hj is zero at
each non-characteristic p € § \ Cs. It is important to remark that, in general, we have to distinguish the
notion of H-minimal from that of being “critical point”of the the H-perimeter functional o~!. Let us
explain this fact in more detail. Roughly speaking, the formula expressing the 1st variation of o~ can
easily be written by using the notion of Lie derivative of a differential form; see Section 2 and Section 4.
The “infinitesimal”1st variation of ¢”>~! turns out to be given by Lie derivative of o”:~!. We have

Loyt = (=Hu(W,v) + dives (WTPu] = (W, ) o,

where Lo~ denotes the Lie derivative of o~ with respect to the initial velocity W of the varia-
tion. The symbols W+, WT denote the normal and tangential components of W, respectively. If Hy is
L}OC(S ; o';’;l), the function LWO',’;_I turns out to be integrable on S and the integral of LWO'Z_l on S gives
the 1st variation of o=, Note however that the third term in the previous formula depends on the normal
component of W. In general, this term cannot be integrated on the boundary; see Theorem 4.6. We stress
that this term was omitted in [52]. This can be done only under further assumptions on the characteristic
set; see Corollary 4.8. In this case, the notion of H-minimality and that of being “critical point”of o~
are coincident.

The formula for 2nd variation of o”~!, which is one of the main results of this paper, will be obtained
as a result of a long calculation; see Theorem 4.13. This formula will be proved under some more
thecnical assumptions. Mainly, they concern integrability of some geometric quantities but, for a precise
statement, we refer the reader to Section 4.

Remark 1.1. In the case of the Heisenberg group H', the 1st variation formula characteristic surfaces
of class C? was first obtained by Ritoré and Rosales in [62]. Furthermore, we also stress that Hurtado,
Ritoré and Rosales [41] have proved a formula for the 2nd variation which is very similar to that stated
in Theorem 4.13. We also quote [40], for similar results in a very general sub-Riemannian setting.

Using compactly supported variations together with suitable assumptions on the characteristic set, the
formula takes the following simpler form

IIg (W, 0'2_1) = f(lgrast wl2 - WQBTS) O'Z_l,
N

W) .

where W is the variation vector and w = Pyl

denote the following quantity

Brs = ISR, +14ulle, + Y ((2gradys (@a) - C(@)T ), C™, )
| SO ———

acly

see Corollary 4.15. Here we have used the symbol Brs to

1By I3,
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for the notation, see Definition 1.11 and Definition 1.13 in Section 1.2. This expression involves the
matrices of the structural constants and geometric quantities such as the horizontal 2nd fundamental
form By and the vertical vector field w, defined as

Pyv S
w = D = Z o Xy,
l HV| a=h+1

where @, = \Ptjvl' This vector, which represents a “weighed”vertical projection of the (Riemannian)

unit normal v along S, plays an important role in this context.
In Section 5 we will state some further geometric identities for constant horizontal mean curvature
hypersurfaces. In particular, we shall find some explicit solutions to the equation

Luso+ o Brs =0.

This is a key-point of this paper and, using this fact, our main stability inequality will follow by adapting
a standard argument in the Riemannian setting; see, e.g. [28]. In Section 6 we will prove the following:

Theorem 1.2. Let S C G be a H-minimal hypersurface of class C>. If there existsa € Iy = {h + 1,...,n}
such that either w, > 0 or w, < 0 on S, then each non-characteristic domain 0 C S is stable.

An immediate application of the previous result is contained in the next:

Corollary 1.3. Let S c G be a complete H-minimal hypersurface of class C. If S is a graph with
respect to some given vertical direction, then each non-characteristic domain Q C S is stable.

An analysis of some (more or less simple) examples is given in Section 6.1, in order to illustrate our
results; see, more precisely, Corollary 6.9, Corollary 6.10, and Corollary 6.12.

Finally, in Section 7 we will obtain a completely different stability result, which is based on a Sobolev-
type inequality recently proved in [53]. The following theorem generalizes an idea by Spruck [66]:

Theorem 1.4. Let S ¢ G be a H-minimal hypersurface of class C* satisfying the assumptions made in
Corollary 4.15. There exists a dimensional constant Cq such that if

L |
|Brs| 2 oy < Co,
N

then S is strictly stable.

1.1. Carnot groups. A k-step Carnot group (G, e) is a connected, simply connected, nilpotent and
stratified Lie group (with respect to a group law e) so that its Lie algebra g = R" is a direct sum of slices
g=H ®..®H,suchthat [H|,H;_1] = H; (i =2,..,k), Hy1 = {0}. Let O be the identity of G and
g = ToG. Let h; :=dimH,; fori =1, ...,k and h; := h. Moreoverset H := Hyand V := H, ® ... ® H;. Note
that H and V are smooth subbundles of TG called horizontal and vertical, respectively. The horizontal
bundle H is generated by a frame Xy := {X1, ..., X;;} of left-invariant vector fields, which can be completed
to a global graded, left-invariant frame X = {Xy, ..., X,,} for TG. We also stress that the standard basis
{e; : i =1,..,n} of R" can be relabeled to be graded or adapted to the stratification. Any left-invariant
vector field of X satisfies X;(x) = Ly.e;(i = 1,...,n), where L,, denotes the differential of the left-
translation at x € G. We fix a Euclidean metric on ¢ = 7,G which makes {e; : i = 1, ..., n} an orthonormal
basis; this metric extends to the whole tangent bundle by left-translations and makes X an orthonormal
left-invariant frame. We shall denote by g = (-, -) this metric and assume that (G, g) is a Riemannian
manifold.

We shall use the so-called exponential coordinates of 1st kind so that G will be identified with its Lie
algebra g, via the (Lie group) exponential map exp : ¢ — G.

A sub-Riemannian metric gy is a symmetric positive bilinear form on the horizontal bundle H. The
CC-distance du(x,y) between x,y € G is given by

d(x,y) = inf f Gy db,
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where the infimum is taken over all piecewise-smooth horizontal paths y joining x to y. From now on,
we shall choose gu = gjn.

We recall that Carnot groups are homogeneous groups, i.e. they admit a one-parameter group of
automorphisms ¢, : G — G for any ¢ > 0. By definition, one has 6;x := exp (Z Jij t x,-_/.e,-j), for every
X = exp (Z jij x,-je;j) € G. The homogeneous dimension of G is the integer Q := Zle i h; coinciding with
the Hausdorff dimension of (G, dy) as a metric space; see [37], [54].

The structural constants of g associated with X are defined by C9%; ;= <[Xi,X j],Xr> , L, r=1,..,n.
They are skew-symmetric and satisfy Jacobi’s identity. The stratification hypothesis on g can be restated
as follows:

(D Xi€H, X;e Hy, = [X;,X;] € Hym
and so if i € Iv, and j € I, , then
() C%#0=mEe hy,.

Later, we will set
L] Cg = [Cg?j]i,]’:] hn € thh(R) Ya=h+ 1, ...,h + hz;

.....

o C*:=[C%)ij=1,.n € Mixu(R)  Va=h+1,..,n.

We now introduce the left-invariant co-frame w = {w; : i = 1,...,n} dual to X, i.e. w; = le" for every
i = 1,...,n. In particular, note that the left-invariant 1-forms w; are uniquely determined by

wi(X;) = <Xian> = 5‘,-/ Yi,j=1,..,n,
where 61’ denotes the Kronecker delta.
Let V denote the (unique) left-invariant Levi-Civita connection on G associated with the left-invariant
metric g = (-, -). It turns out that

tj r

1 v ; ;
VxX;= > DUCT -+ COX, V=1,
r=1

If X,Y € X(H) := C*(G, H), we shall set Vi Y := #,(VxY). The operation V¥ is a partial connection
called H-connection. We stress that VZ is flat, compatible with the metric gn and torsion-free (i.e.
V;Y - V‘;X —PulX,Y] =0V X,Y € X(H)); see [52] and references therein.

Notation 1.5. Let X € X/(TG) = C'(G, TG). We shall denote by Jx X the Jacobian matrix of X computed
with respect to the left invariant frame X = {X{, ..., X,}. Moreover, let X € X'(H) = C/(G, H). We shall
denote by Ju X the horizontal Jacobian matrix of X computed with respect to the horizontal left invariant
frame Xy = {X1, ..., Xp}.

Remark 1.6 (Horizontal curvature tensor Ry ). The flatness of V¥ implies that horizontal curvature tensor
Ry is identically zero, where we recall that

Ri(X.Y)Z := VIVAZ - V4VIZ - Vi Z ¥ X.Y,Z € X(H).

Horizontal gradient and horizontal divergence operators will be denoted by grad,, and divy .
A continuous distance o : G X G — R, U {0} is called homogeneous if one has

olx,y)=ozex,zey) Vx,y,2€G;  0(:x,61y) = to(x,y) Vi =0.
We recall a fundamental example.

Example 1.7 (Heisenberg groups H"). The Lie algebra b, = R*'*! of the n-th Heisenberg group can
be defined by using a left-invariant frame Z = {X1,Y1,.... Xi, Yi, ... Xn, Yu, T}, where, at each point
P = exp (X1, Y1, X2, Y25 ees Xns Yus 1) € H", we have set: X;(p) := 6%- - %(%, Yi(p) = a‘—;i + %(%for every
i=1,.,n T(p) := 6%. One has [X;,Y;] = T for every i = 1,...,n, and all other commutators vanish,
so that T is the center of by, and Yy, turns out to be nilpotent and stratified of step 2, i.e. b, = H ® H>.
Finally, the structural constants of by, are described by the skew-symmetric (2n X 2n)-matrix
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o 1 - 0 O
-1 0 - 0 O
C,%”” = .. .
0O 0 - 0 1
0O 0 - -1 0

associated with the skew-symmetric bilinear map Iy : H X H — R given by I'y (X, Y) = ([X, Y], T) for
every X, Y € H.

1.2. Hypersurfaces and measures. The Riemannian left-invariant volume form on G is defined as
o = \ir, w;i € N"(T*G). The measure o, is the Haar measure of G and equals the push-forward of the
usual n-dimensional Lebesgue measure £ on g = R”. Now let S c G be a hypersurface of class C'. We
say that x € S is a characteristic point if dim H, = dim(H, N T,S). The characteristic set of S is given
by Cs :={x e S :dimH, = dim(H, N T,S)}. Note that x € § is non-characteristic if, and only if, H is
transversal to S at x. It turns out that the (Q — 1)-dimensional CC Hausdorff measure of the characteristic
set Cs vanishes, i.e. ng 1(CS) = 0. Moreover, under further regularity assumptions, it is possible to
show much more. For instance, if S is of class C2, then the (n — 1)-dimensional Riemmanian Hausdorff
measure of Cy is zero; see [11].

Let v denote the unit normal vector along S. The (n — 1)-dimensional Riemannian measure along an
immersed hypersurface S can be defined in a canonical way by setting o' § := (v_l o)|s, where
_I denotes the “contraction” operator on differential forms; see Lee’s book [45], pp. 334-346. We recall
that _ : /\k(T*G) - /\k_l(T*G) is defined, for X € TG and « € /\k(T*G), by setting

XY, Vi) = (X, Y, e, Y1),

Example 1.8. Let (R3,(,-)) be the Euclidean 3-space, endowed with its standard basis e; = (1,0,0),
ey = (0,1,0), es = (0,0,1). The corresponding dual basis of the cotangent bundle is then given by
e; =dx;, i = 1,2,3. Obviously, the canonical volume form of R? is 03 = dx; Adxy Adxs. Soif S C R
is a smooth immersed surface oriented by its outward-pointing unit normal vector v, then

vl (Ti =vidxy Adx3 —vadx) Adxs + vidx; Adxa,
and the restriction® of this 2-form to S is nothing but the canonical surface measure.

At each non-characteristic point of S the unit H-normal along S is the normalized projection of v onto

H and we shall set
L PHV

v, = Por|
The H-perimeter form is the (n — 1)-differential form o' € A""N(T*S) defined by

oL S = v, Jo)ls.

If Cs # 0 we extend 0! to the whole of S by setting o>~! L. Cg = 0.

Remark 1.9. It is very important to note that

3) oL S = |Puvio LS.

This follows from the well-known formula X _| o = (X,v) c*~! for any X € TG. In particular, note that
Cs ={xeS§ : |Puv(x) =0}

The differential form o”~!, which equals the “variational” H-perimeter on smooth hypersurfaces, will
be later called H-perimeter form; see [52].

Let Sggl denote the (Q—1)-dimensional spherical Hausdorff measure associated with the CC-distance
dy. Then O'Z_l(S N B) = k(v,) Sggl L (S N B) for all B € Bor(G), where the density k(v,), called metric
factor, depends on v, ; see [47]. The horizontal tangent bundle HS c TS and the horizontal normal

3By the restriction of a form to a submanifold we mean its image under the pullback map induced by the inclusion.
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bundle v, S split the horizontal bundle H into an orthogonal direct sum, i.e. H = v, ® HS. We also recall
that the stratification of g induces a stratification of 7S := Gaf.‘le,-S , where HS := H|S; see [37].

Remark 1.10. We have dimH,S = dimH — 1 = h — 1 at each point p € S \ Cs. Furthermore, note that
the definition of HS makes sense even if p € Cs, but in such a case dimH,S = dimH, = 2n.

For the sake of simplicity, in the rest of this section we shall assume, unless otherwise mentioned, that
S c G is a non-characteristic hypersurface of class C2. So let V" be the induced connection on S from
V. The tangential connection V'* induces a partial connection on HS defined by

VY :=Pus (V3 Y)Y X,Y € X'(HS) := C'(S, HS).

It turns out that V{*Y = V{Y — <V§’(Y, vH> v,. In the sequel, HS-gradient and HS -divergence will be
denoted, respectively, by grad,s and divys .

By definition, the horizontal 2nd fundamental form of S is the bilinear map given by
Bu(X,Y):=(ViY,y,) Y X,YeX'(HS).

The horizontal mean curvature Hy is the trace of By, i.e. Hu := TrBy = —divuv,. The torsion Tus of
the HS -connection VS is given by

Tus (X, Y) := VY - VS X - Py[X,Y] VX, Y € X'(HS).

There is a non-zero torsion because, in general, By is not symmetric in general. Hence it can be regarded
as a sum of two matrices, i.e. By = Sy + Auy, where Sy is symmetric and Ay skew-symmetric.

Definition 1.11. The principal horizontal curvatures k; of S, j € Ius, are the eigenvalues of Su, i.e.
eigenvalues of the symmetric part of the horizontal 2nd fundamental form By. Note that Hy = 3 jej,,¢ Kj-
We also define some important geometric objects:

e Vo — .
* Wy = B Ya=h+1,..,n

Pr, v
y = P = Zaelyz WoXqs

— Pvv _ .
® W = Puvl — Zaelv TD'Q,XQ,

Cu(wn,) = Z(I/GIHZ wo Cy;
C(w) := Zaelv @, C”.

Finally, we shall denote by Cus (@n, ) the restriction to the subspace HS of the linear operator Cy (@, ).

® WH

These objects play an important role in the horizontal geometry of immersed hypersurfaces. In partic-
ular, we have to stress that Ay = % Cus (wn, ); see [52]. Moreover, for every X, Y € %},S we have

Tus (X,Y) =([X, Y], w)v, = —(Cus (@, )X, Y).

Example 1.12 (Heisenberg group). We have @ := wr = |<7;'LTV>|

An elementary computation shows that the skew-symmetric part An of the horizontal 2nd fundamental
2n+1

form By is given by Ay = w—5—, where Cat*! = C2*!|ys. Since ||Ca |2, = 2(n — 1), it follows that

—1
1Bull?, = ISul?, + 5w,

and Cy (@, ) = wC,%”Jrl ; see Example 1.7.

Definition 1.13. Let U C G be an open set and let U := S N U. We call adapted frame to U on U any
o.n. frame T := {11, ..., 7,} on U such that t1lq := v,, H,U = span{(12)p,....(th)p} ¥V p € U, 74 := X,.
Furthermore, we set Tl = T, — @, T for every a € Iy. We stress that HS+ = spang{t5 : @ € Iv}, where

HS* denotes the orthogonal complement of HS in TS, i.e. TS = HS ® HS .
Note also that
T={ 71 , T2, Th »Thtls e T}
———— N

——
=Vy  o.n. basisof HS o.n. basis of V
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Notation 1.14. Let n; := Z;zl hj. We set In = {1,2,...,h}, I, = {n;-y +1,..,n;}, Iv = {h+1,...,n} and
Ins :=1{2,3,...,h}.

Every adapted orthonormal frame to a hypersurface is a graded frame. In particular, given an adapted
frame 7 for U on U, then at every p € U, the linear change of coordinates from the fixed left-invariant

.....

that 7,(p) = X" Al(p)X; foralli = 1,...,n.
Let ¢ = {#1, ..., ¥n} be the dual co-frame of 7, i.e. ¢i(7;) = 6{ Vi j=1,..,n, where 6{ denotes the
Kroneker delta. Clearly, ¢ satisfies the Cartan’s structural equations:

@) D dgi= D giyA¢j, (D dpu= > $uAdu—Pu  Vijk=1..n,
=1 =1

J

where ¢;;(X) := <VXT s T,-> denote the connection 1-forms of q_S and @, denote the curvature 2-forms,
defined by © (X, Y) := ¢(R(X, Y)7;) ¥ X, Y € X(G), where R is the Riemannian curvature tensor, i.e.

R(X, Y)Z = Vyvxz — Vvaz - V[Y,X]Z VXY,Z¢€ %(G)

We have a basic identity between connection 1-forms and structural constants of 7, i.e.

) Cl = (il i) = o) = dalry)  Viojk=1,...n.
This can be proved by using the fact that V is torsion-free.

Definition 1.15. [Hyperplanes] A vertical hyperplane I is the zero-set of some linear homogeneous
polynomial on G of homogeneous degree 1. A non-vertical hyperplane I is the zero-set of some linear
polynomial on G of homogeneous degree greater than or equal to 2.

Clearly, hyperplanes are (n — 1)-dimensional vector subspaces of g. Vertical hyperplanes are very
important objects because of the intrinsic rectifiability theory developed by Franchi, Serapioni and Serra
Cassano in 2-step Carnot groups; see [29, 30, 31, 32]. They turn out to be ideals of the Lie algebra g and
may be thought of as generalized tangent spaces to sets of finite H-perimeter (in the variational sense);
see also [6]. We stress that the definition of “non-vertical hyperplane” will be useful for later purposes.

2. DIVERGENCE FORMULAS

Let S ¢ G be a C2-smooth hypersurface. Assume first that S is non-characteristic. We denote by
qus (8), (i = 1,2) the space of functions whose HS -derivatives up to the i-th order are continuous on
S. Analogously, for any open subset U C S, we set Ci,i (U), to denote the space of functions whose
HS -derivatives up to the i-th order are continuous on U. Note that the previous definition extends to the
case in which Cs # 0 by requiring that all HS -derivatives up to the i-th order are continuous on Cy.

Remark 2.1. The notions concerning the HS -connection VS, the horizontal 2nd fundamental form By
and the torsion Tus, can also be reformulated by replacing the vector space X' (HS) = C'(S, HS)) with
the larger one 35},5 (HS) := C},S (S,HS).

Definition 2.2 (HS -differential operators). Let Dus : %},S (HS) — C(S) be the st order differential
operator given by

Dus X := divis X + (Cu(@m, )y, X) Y X € X\ (HS).
Moreover, let Dys : Ci,(S) —> C(S) be the 2nd order differential operator defined as

Lus ¢ := Aus @ + (Cu (wn, )v,,, gradys o) Ve Ci(S).
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Note that Dys (9X) = Dus X + {(gradys ¢, X) for every X € ¥!(HS) and every ¢ € Cl(S). Moreover
Lus ¢ = Dus (gradys @) for every ¢ € C2, (S).
It is not difficult to see that the operators Ays and Lus naturally extend to horizontal vector fields.

. . —_—> —_—>
These extensions will be denoted by Axs and Lxs. We remark that

— —
Lus X = Aus X + (Jus X) Cu (wn, )VH

for every X € C2,(S \ Cs,HS), where Jus X denotes the HS -Jacobian matrix of the horizontal tangent
vector field X.
The above definitions are somehow motivated by Theorem 3.17 in [52].

Theorem 2.3. Let S ¢ G be a C*-smooth compact non-characteristic hypersurface having -piecewise-
C!-smooth boundary 8S. Then

f@mmg*:f X,mus) o2V X e X1(HS),
S as

where (TZ‘2 denotes a (Q — 2)-homogeneous measure on the boundary 9S ; see Remark 2.4.

As a consequence, the following integral formula holds
f Dus X ol = f (divis X + (Cu(@m, ), X)) o =0
s S

for every X € C(l)(S, HS).
Here above we have used a homogeneous measure o/~2, which plays the role of the intrinsic Hausdorff
measure on (n — 2)-dimensional submanifolds of G.

Remark 2.4 (The measure O'Z_Z). Let 1 € X(TS) be a unit normal vector orienting 0S. Furthermore,

let us = ;Zi ZI be the unit HS-normal of 8S. By definition, we set o2 0S := (an | O'Z_l) los -

Exactly as for the H-perimeter 0", the measure o=2, which turns out to be (Q — 2)-homogeneous with
respect to Carnot dilations, can be represented in terms of the Riemannian measure ':~2. We stress that
72 0S = |Puv||Pusnl o> L 6S.

Stokes formula is concerned with integrating a k-form over a k-dimensional manifold with boundary.
A common way to state this fundamental result is the following.

Proposition 2.5. Let M be an oriented k-dimensional manifold of class C* with boundary OM. Then
fM da = faM a for every compactly supported (k — 1)-form a of class C'.

One requires M to be of class C? for a technical reason concerning “pull-back” of differential forms.
Without much effort, it is possible to extend Proposition 2.5 to the following cases:

(%) E is of class Clandaisa (k- 1)-form such that a and da are continuous;
(#) M is of class C' and « is a (k — 1)-form such that a, da € L*(M) and 1@ € L¥(OM), where
w2 OM — M is the natural inclusion.

More general versions of Stokes formula are available in literature, see, for instance, [26]; for a more
detailed discussion, we refer the reader to the book by Taylor [69].

We have here to remark that either condition (%) or (#) can be used to extend the horizontal integration
by parts formulas to vector fields (and functions) possibly singular at the characteristic set Cs.

Definition 2.6. Let X € C'(S \ Cs,HS) and set ax = (X _ 0 1)|s. We say that X is admissible (for
the horizontal divergence formula) if the differential forms ax and day satisfy either condition (x) or (#)
on S. We say that ¢ € C2,(S \ Cs) is admissible if gradys ¢ is admissible for the horizontal divergence
formula. More generally, let X € C'(S \ Cs,TS) and set ax := (X _ aﬁ_l)ls. Then, we say that X is
admissible (for the Riemannian divergence formula) whenever ax and dax satisfy either condition (%)
or(#)onsS.
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For instance, condition (%) requires that @y and dax must be continuous on S. We stress that X is of
class C' out of Cg, but may be singular at C.
Using Definition 2.6 and Theorem 2.3 yields the following:

Corollary 2.7. Let S ¢ G be a compact C* hypersurface with -piecewise- C'-smooth boundary 3S.
Then

@) fs DusX ol = fas (X,nus ) 072 for every admissible X € C1(S \ Cs,HS);

(ii) fS Luspor! = fas (gradys ¢, nus ) 72 for every admissible ¢ € Cky (S \ Cs);
(iii) if dS = 0, then

(©6) - f ¢Luspory ! = f lgradys ¢* oy
S S

for every function ¢ € C%, (S \ Cs) such that ¢* is admissible.

Note that formula 6 holds true even if S # 0, but in this case we have to use compactly supported
functions on S.

Remark 2.8. Let ¢ € C2 (S \ Cs). Then, it is possible to show that ¢* is admissible if. and only if,
0 € Wilk(S, o) =g € L’(S, 097" : lgradys ¢l € L*(S, o)),
We do not prove this fact here; we just say that the “necessity” part is obvious.

Example 2.9 (Heisenberg group; see Example 1.12). One has Dus (X) := divas X + @ <CZ,”’+1VH, X> for
every X € XY(HS) and Lus ¢ 1= Dus (gradys ¢) = Aus @ + w(C,zj’“vH, gradys @) for every ¢ € C2(S).

Notation 2.10. Let S C G be a hypersurface of class C', i > 2. Let X € TG and let v be the outward-
pointing unit normal vector along S. Hereafter, we shall denote by X+ and X" the standard decomposi-
tion of X into its normal and tangential components, i.e. X* = (X,v)ivand X" = X — X*.

We now make a simple (but fundamental) calculation.

Lemma 2.11. If X € X'(TG), then (X J ol = ((XT1Puvl - (X.vp])d o)L S. Moreover; at
each non-characteristic point of S, we have

d(X 3 o Mls = dives (XTIPavl - Xovpv] ) oi LS.
Proof. We have
dX S Dls = (X dv, JoRls
= a’((XT + XL)J (V; + V;)J O'Z)
= d(XTJ ij 0'2)|S +d(v;JXlJ 0'2)
= d(XT o) g +d (o JX )
= divrs (XTIPuvl = (X, vy, ) R LS.

s

s

O

Remark 2.12. The previous calculation corrects a mistake in [52], where the normal component of the
vector field X is omitted and this has caused the loss of some divergence-type terms in the variational
formulas proved there.

We would like to stress that the importance of the previous calculation in the development of this
paper comes from the well-known Cartan’s identity for the Lie derivative of a differential form; see [14],
[45]. More precisely, let M be a smooth manifold, let w € A(T*M) be a differential k-form on M and let
X € X(TM) be a differentiable vector field on M, with associated flow ¢, : M — M. We recall that the



Stable H-minimal hypersurfaces 11

Lie derivative of w with respect to X, is defined by Lyw := %¢j‘w| ,—o> Where ¢/ w denotes the pull-back
of w by ¢;. Then, Cartan’s identity says that

@) Lxw=XJdw)+dX ] w).

This formula is a very useful tool in proving variational formulas, not only for the case of Riemannian
volume forms, for which we refer the reader to Spivak’s book [65] (see Ch. 9, pp. 411-426 and 513-
535), but even for more general functionals; see, for instance, [38], [36]. In Section 4, we shall apply
this method to write down the 1st and 2nd variation formulas for the H-perimeter measure o~!. But let
us say something more about the 1st variation formula. So let S c G be a hypersurface of class C2. We

remark that the Lie derivative of o”;~! with respect to X can be calculated elementarily as follows. We
begin with the first term in formula (7). We have

X ddojt = X 1d(v, J o) = X 1 (divy,o%) = (X.v) divy, of .
Note that divv,, = divav,, = —Hu. More precisely

n h
divv, = Z(VX,»VH,XD = Z Xi(v,;) = divav, = —=Hu.
i=1 i=1

The second term in formula (7) has been already computed in Lemma 2.11. Thus, we can conclude that
®) Ly = (=Hu(X,v) + dives (XTIPur = (Xvp] ) o
at each non-characteristic point of S. We will return on this point in Section 4.

Remark 2.13. Roughly speaking, formula (8) expresses the “infinitesimal” 1st variation of the measure
o=l However, in general, in order to integrate the function Lxo™" over any C? hypersurface S with -or
without- boundary we have to require that Hy be locally integrable on S, with respect to the Riemannian
measure o', This is because, in general Hy fails to be integrable locally around the characteristic Cs;
see [24]. Moreover; note that hypothesis, implies the integrability of the function Lxo"'; see Remark

4.7. If Cs = 0 this condition is automatically satisfied because, in general, if S is of class C?, then
Hy € C(S \ Cs).

Remark 2.14 (Riemannian case). We would like to stress the analogy with the st variation of oi™!
for a hypersurface S of class C', i > 1, immersed in the Euclidean space R". It is well-known that the
Ist variation formula is given by Is(op ) = [. divis W ai™!; see Simon’s book [63], Ch. 2, § 9, pp.
48-53. In the C! case, the variation vector W cannot be decomposed in its normal and tangential parts,

hereafter denoted as W+, and W, respectively. Obviously, this can be done if S is of class C?. In this
case, one has

I = f divis Wolt™! = f (<Wl,v>distv+distWT) ot
N S

Note that, by definition, one has —Hz = divrs v. Hence, we have two contributions. The first is given by
- fS Hr (W, vy =1 and only depends on the normal component of the variation vector W. The second,

by Stokes’ formula, can be transformed in a boundary integral®. This is given by faS(WT, n) 0'2_2 and it
really depends only on the tangential component of W.

3. SOME TECHNICAL PRELIMINARIES ABOUT THE CONNECTION 1-FORMS

Let S ¢ G be a C>-smooth hypersurface and let U c G be an open set having non-empty intersection
with § and such that ¢ := U N S is non-characteristic. We start with an elementary calculation.

Lemma 3.1. One has divrs v, = =Hu — (C(Pv)v,, Pvv), where C(Pv) := Yoer, VaCO

“In this case, we further assume that 4S is a (n — 2)-dimensional submanifold of class C' oriented by the outward-pointing
unit normal vector 7.
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Proof. We have divrs v, = divv, —(V,v,,v). Since divv, = —Hau, the thesis follows from

(€%, +C%;)

Vo) = D0 D0 v sV X Xp) = D0 D Wy pavp—tm— = (CPv Y, Prv)

jely a,Bely Jj€lg aBely

Remark 3.2. We have

_ divi (Puv) — (gi’adH [P v, VH>
a 1P '

) ~Hy = divav, = dive ( Puv )

|PH V|

(S; o‘,’j‘l), but not necessarily L' (S 0—;5—1)_

Since |Puv| is Lipschitz continuous, it follows that Hy € L} loc
(S;0mh.

loc

Note also that the last condition follows by assuming m € L}Oc

Lemma 3.3. The following identities hold:
@) $1:(r)) = 1) + (Cu(@m)Ti, 7)) Vi, j € Ius;
(i) ¢1(t5) = i(@a) + 3 (CoT1. 1) —(C(@)h .11y Vil Y aely;
(i) ¢ia(7)) = $jalm) + (CoTinTj) Vijely ¥V ael;
(v) 75 (@p) — 5 (@) = (C@)Th,78) VY a,Bely;
(V) Gia(ta) =0 Yiely Y acel,
(Vi) ¢oi(t) =0 VielyVacl;
(Vi) gia(r)) = 3 (CoTinTj) Yijelu ¥ acl.

Proof. By direct computation using the fact that the Lie brackets of tangent vector fields along S is still
tangent; for a detailed proof, see [52]. O

Lemma 3.4. The matrix of the linear operator By can be written out as a sum of two matrices, one
symmetric and the other skew-symmetric, i.e. By = Su + Au, where the skew-symmetric matrix Ay is
given by Ay = % Cru(wn, |us .

Proof. 1t is sufficient to apply (i) of Lemma 3.3. O
Lemma 3.5. One has Tr (B} ) = ISull3, = 1Aul, = 3 jxerys $11(T)b1j(T0).

Proof. We have

Z P1(tj)1j(Tk) Z <Vrol,Tk><Vrle’Tj>

j,kGIHS j,kGIHS
= > (Bu)j(Bu)

Jk€lns

= Tr(Bj)

= Z <BHT]', BZrTj>

jEIHS

- Z <(SH +An) T, (Su —AH)TJ>

jEIHS

2 2
= ISullc = llAxllG, -

Lemma 3.6. One has Yoer, @aDus (C371) = 20Anl2, + |Cu (@ )1 .
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Proof. We have

Dus (Cht1) = Y (Ve,Citr, ;) + (Ciimr, Cul@m )T )
J€lus
= - Z <VTI.71,C§T j> +(Cy71,Cu(wn,)t1)  (by linearity and skew-symmetry)
jEIHS
= = > (Vo Clr)) +(Cami, Cul@m)T1),
Jj€lns

where Cj; = Clus. Since (Ve,71,Ci 7)) = =Bu(r), C3s 7)) ¥ j € Ins , it follows that

> @aDus (CiT1)

acly

Z @y Z B (1, Cps 7)) + |Cu (wn, )Tl
(YE[V

J€lHs

@a Y Bu(tj, Cus (@ny)T)) + |Cu (@ )72,

J€lus

where Cus (wn, ) = Cu(w@n, )|gs = 2An; see Lemma 3.4. Therefore

Z @ o Dhs (CZT]) = 2 Z By (Tj,AHTj) + |Cu (wh, )Tll2
acly J€lus
= 2 Z <(SH +AH)TJ',AHTJ'> + |Cu (@, )11 |
J€lus

2/|Axll3, + 1Cu (@, )71,

where we have used the elementary identity }: je, s <S HTj, AnT j> = 0. Let us prove the last identity. For
every j € Ius one has
1

<SHTj’ AHTj> - Z <(BH + B;l;r) R (BH B Bgr) Tj>
- }1 (<BHTJ', BHTJ-> - <B;r‘fj’ BETJ'» :
By summing over j € Ius we get Tr(Su(-,Au -)) = |Bullg, — IBIl5, = 0. -

We now recall some identities involving the (Riemannian) curvature 2-forms ®;; associated with the
orthonormal co-frame ¢ (dual of 7) which can be found in [52]. In particular, we will compute the

quantity 3 jes,e ®1j(X. 7)) = Xjer,s (R(X,7))71,7;) for any X € v,S, which is nothing but the Ricci
curvature for the partial HS -connection V#5 .

Lemma 3.7. We have:
@) (Ri )T i) = =3 Saery, (Corinti)(Comnti) Vi jihk € I
(i) (R(p, 77, 7h) = =% Doy, (Co7 ) (CPranti) Vi jik € u, B € Iny.
Lemma 3.8. For every X = Xu + Xv € X(G), X ' S, one has
> Ty = ‘% > (Cavyr Ci XY - i > xp(Cavyr CPra).
Jjelus acly, a€ly, Bely,
Proof. Using Lemma 3.7. o

Lemma 3.9. Let t = {11, ..., T} be an adapted orthonormal frame for U € S on U and fix py € U.
Then, we can always choose T so that the connection 1-forms ¢ = {1, ..., pn} satisfy ¢ij(po) = 0 whenever
i,j € lys = {2, ,h}
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Proof. The proof follows by using a Riemannian geodesic frame. So let & = {£1, ...,&,} be a o.n. frame
on U adapted to U = UNS satistying &1(p) = v(p) and such that 7,S = spang{&2(p), ..., &q(p)} for every
pe€U. Lete ={ey,...,&,} denote its dual co-frame.

Claim 3.10. It is always possible to choose another o.n. frame Eon U adapted to ‘U satisfying:

() &(po) = £(po);
(ii) Lets;j := <VE,,EJ> (i, j = 1,...,n) denote the connection I-forms ofg. Then, one has €;j(po) = 0
foreveryi,j=2,..,n.

Clearly E_S = {&, ..., &y} is a tangent orthonormal frame for Y. The proof of this claim is standard; see,
for instance, [65], pag. 517-519, eq.(17).
So let us assume that &;(pg) = 7;(po) for every i € Ius . In particular, we have

i(Xp) = (Vx, En&) (P) =0 Vi jelus, ¥ X € X\(TS).

By extending the orthonormal frame {Ez, ...,Eh} for the horizontal tangent space to a full adapted frame
in the sense of Definition 1.13, the thesis easily follows. O

The following notion will be very useful throughout the proof of Lemma 5.5.

Definition 3.11. Let S C G be a hypersurface of class C' (i > 2). We say that a function f : G — R of
class C' is a defining function for S if S = {x € G : f = 0} and gradf # O for all x € S. Furthermore,
we say that f is a normalized defining function for S (abbreviated as NDF) if, and only if, |grad, f| = 1
forall x € S \ Cs.

Remark 3.12. Some remarks are in order. First, it is not difficult to see that, given a defining function f
for S, then a NDF f for S can simply be defined by dividing f by the magnitude of its horizontal gradient
|grady f), i.e.

f gradf
|grady, f lgrady, f1

Note that the NDF fis one order of differentiability less smooth than f. This is what happens also in
the Euclidean case; see the book by Krantz and Parks [43)] and references therein. However, at least
for 2-step Carnot groups, a normalized defining function of class C' for every hypersurface S of class
C'! (i > 2), is given by the (signed) CC-distance function from S ; see [7].

gradf(p) = grad( )(p) = (p) =v,(p) +@(p) VpeS\Cs.

We end this section with a lemma, which will be important in the sequel.

Let § be as above, let pg € S and assume that, locally around pg, S is the level set of a function
f: U cG — R. We easily see that, locally around pgy, Xf = 0 for every X € X(TS). In particular,
5 (f) = O forevery @ € Iy. As a consequence, by using an adapted frame 7, one has 7,(f) = @,7(f) for
every a € Iv. A normal vector along S in a neighborhood of py is given by N := 71(f)71 + X per, Ta()Ta

- N
and we have v = N

Lemma 3.13. The following identities hold:
() d1j(r0) = D (Cy(amm i) V€ Dus

(i) ¢1j(te) = %(CZTI,T]'> — <C(w)ra,rj> + T’i%g)) Vjelus Y acl.

Proof. We have
[r1, 70 = ([t Tl 1) T + Z (It 7)) T+ Z (11,71, 7a) Ta-

kEIHS (IGIV
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Therefore

(1, 71(f) = —7;(11 () = ([Tl,Tj],Tl>T1(f) + Z ([n,Tj],Ta>Ta(f)

a€ly

and this implies

(10) C}j = ¢1(T1) = <[T1,Tj],T1> = Tji%%)) - Z :Tg; < ZTl,Tj>,
aely
where we have used the identity C‘l’j = - <C§jrl, T j>.

This proves (i). Analogously, in order to prove (ii), we have

[TaTj] = <[Ta,Tj],T1>T1 + Z <[TQ,TJ‘],T/<> T + Z <[Ta,Tj]’T/3> 8

kelys Bely

from which we get

[0 TAF) = =7jTalF) = ([T Tl T1) 1A + D (70 T3, 7) T9()-
Bely

e (o)
Ti(Ta
L = )+ () +/§ @l

where we have used the identity C{llj = <VTHT]', T1> - <VTJ.TQ,71>. Finally, since ¢14(7;) = % <CZ7'1, Tj>

(see (vii) of Lemma 3.3), using Cﬁ == <Cﬂra, T j> it follows that

1 7j(Ta(f))
(1D $1/(Te) = = (Coaty,1j) — Y @ (CPry, 1)) + L
J\Va 2< H J> ﬁEZ];/ ﬂ< a J> Tl(f)
and the thesis easily follows. O
n—1

4. VARIATIONAL FORMULAS FOR THE H-PERIMETER O~ H

Below we will obtain the 1st and 2nd variation formulas for the H-perimeter measure o”:~! on any

“smooth” hypersurface S ¢ G. More precisely, we shall assume that S is of class C2, for the Ist
variation, and that S is of class C for the 2nd variation. In particular, we stress that our formulas allow
us to move the characteristic set Cg of S.

We stress that, in the case of the first Heisenberg group H', a 1st variation formula for characteristic
surfaces of class C2 was obtained by Ritoré and Rosales in [62]. Furthermore, Hurtado, Ritoré and
Rosales [41] have proved a formula for the 2nd variation of ¢! that is very similar to that stated in
Theorem 4.13 below; see also the unpublished preprint [40], where similar results are stated in a general
sub-Riemannian setting.

Let S c G be a hypersurface of class C' (i = 2,3), let U G be a relatively compact open set having
non-empty intersection with S and set ¢« := U N S. [The following calculations will be made for U,
which is a bounded open subset of S; in particular, we will often assume C'-regularity of 9U. If § is a
compact hypersurface with boundary, the formulas obtained in the sequel will hold for S .]

Deﬁnition 4.1. Let 1 : U — G denote the inclusion of U C S in G and let ¢ :] — €, e[ XU — G be a map
of class C', i = 2,3. We say that ¥ is a variation of 1 if we have:

(i) every ¥, :=9(t,-) : U — G is an immersion;
(i) Yo =1
Moreover, we say that 9 keeps the boundary 0U fixed if:
(1i1) Hlgy = tlgy for every t €] — €, €l.

The variation vector of ¥ (i.e. its “initial velocity”) is defined by W := % =0 = ﬂ*% 0"
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We shall set W := 019 = 9,2 7 and assume that W is defined in a neighborhood of Im(:}). For any
“time” t €] — €, e[, let v be the unit normal vector along U, := J,(U) and let (o7 1, be the Riemannian
measure on U,;. We assume that f : U — R is a local equation for the hypersurface S near pg € S and
that f; :] — €,e[xU —> R is a family of C' functions (i = 2,3) satisfying fy = f and f;(,(x)) = ¢ for
every t €] — €, €[. In other words, the hypersurfaces U, are level sets of a defining function f; and one
has <V I W) = 1. Choose an orthonormal frame 7 on U C G satisfying:

(12) Tl|’ll, = Vil; Hqu/{t = Span{(TZ)p, s (Th)p} Y peU; To = Xo

for every t €] — €, €[. Furthermore, let ¢ = {#1, ..., ¢n} be the dual co-frame of 7 (i.e. ¢i(r)) = 6{ for
all i, j = 1,...,n). So, we have 75 f; = 0; see Definition 1.13. This implies 7,(f;) = @/, 71(f;), where

w!, = |P2V,| Moreover, since <Vf,, > =1, we have w1 T1(fp) + Xoer, WaTol(fy) = 1, where wy = <W,71>
and w, = <W TQ>. Therefore

T1(f) [wl + ) wawfa} = 1.

a€ly

: (W) ! T
Setting w; = P it follows that 7((f;) = — and 7,(f)) = —.
Wi Wi
The following technical result will be used in the proof of the 2nd variation of ¢!,

Lemma 4.2. Under the previous assumptions, we have:
(i) PHS; (VTlTI) = - (%ﬁ’w + CH(TD’,{,2 )Tl),'
(i) Pus, (V-,71) = 3Ca11 — C(@')1, + gradus, @', — @,

a Wy

gradys, wy

Yacely.

Proof. By applying (i) of Lemma 3.13 we get that ¢ ;(71) = — I (vf') <CH (wf,2 )T, T j>. Furthermore, (ii)
of Lemma 3.13 implies
T ,(wf)

Wi

(13) ¢lj(Ta/) = Yacely.

This achieves the proof.

<CZT1,TJ> <C(w )Ta,T]> +7i(w@l) - @

| =

General remarks. In order to discuss the variational formulas of o, let us set

(o Wb U= ddr Ao Adplu, = (h2 A oo Adp)lay,.-

We also set I'(z) := ¥;(¢2 A ... A ¢,). Note that I :] — €, e[xU — A"N(T*U) defines a 1-parameter
family of differential (n — 1)-forms on U.

Remark 4.3. By definition, the 1st and 2nd variation formulas of o:~! along U are given by

d o d?
(14) (o) = f ['(r) ) Hy(oy )——( f F(t))
Uu =0 Uu =0

So we have a natural question: is it possible to bring the -time- derivatives inside the integral sign?
Note that the answer is “yes”if we assume that U is non-characteristic. Indeed, in such a case it is not
difficul?® to show that there exists € > 0 such that the 1-parameter family T'(-) of differential (n — 1)-forms
on U is of class C=" on | — €, e[xU. This allows us to estimate, uniformly in time, both differential
(n — 1)-forms T'(t) and T'(t). However, when U has a non-empty characteristic set, i.e. Cqy # 0, the
answer is “no”, in general. We return on this point later in this section, see Remark 2.14.

SActually, since grady, f; # 0 att = 0, there must exist € > 0 such that grad,, f, # 0 for all t €] —¢, €[ and hence v}, = ‘Z:Zzz ﬁ i

which is the unit H-normal along U, = &,(U), turns out to be of class C*!, i = 2, 3. This implies that (¢!), is C"~!-smooth.
Therefore ['(f) = 97 (0 !), is C*~!-smooth.
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Warning 4.4. Preliminarily, we need the following assumptions:
(A1) if U is of class C? there exists a locally integrable differential (n — 1)-form ®; € A" Y(T*U),
such that
D1, s tam)] < (D1 (L, ey )|
for every orthonormal basis t = {ty, ..., t,—1} of TU.
(A) if U is of class C there exist locally integrable differential (n — 1)-forms @y, ®, € A" N (T*U),
such that
DO, oo ta)] < D1t ooy )|
IEO, oot < [ D(t ey )|
for every orthonormal basis t = {ty, ..., t,_1} of TU.

1st variation. We first note that

fm):f oy, = f|¢>a,v|jacﬂm :
u u

where Jac ), denotes the usual Jacobian of the map J,; see [63], Ch. 2, § 8, pp. 46-48. Indeed, by
definition, we have (o7~ D, = |Pu v (o~ 1, and hence the previous formula follows from the well-known
Area formula of Federer; see [26] or [63]. Let us set f :] — €, e[ XU — R,

(15) f(t,x) 1= |Pu V' (X)| T ac 9(x).

In this case, we also set Cqy := {x € U : |Pu,V'(x)| = 0}. With this notation, our original question can
be solved by applying to f the Theorem of Differentiation under the integral; see [42], Corollary 1.2.2,
p.124. More precisely, let us compute

af d|Pu V| . dJacty
o 7 Jac ¥, + |Puv'|——— 7

(W, grad (P ') Jac O, + 1P v'|———

(16)

djacﬁt

(W, grad |Pu, 1) + (W, grad |Pu, v |) + [Puv|divry, W) T ac O,
((W*. grad \Puv'1) + divew, (WP V1)) Tac 9,

where we have used the very definition of tangential divergence and the well-known calculation of
d*(] ““9’ , which can be found in Chavel’s book [15]; see Ch.2, p.34. Now since [P V| is a Lipschitz

contmuous function, it follows that d—’; is bounded on U \ C¢; and so lies to L}OC((L{ o 1). Therefore, we
can pass the time-derivative through the integral sign. This shows that: condition (A,) in Warning 4.4 is
always satisfied. In particular, we have proved the following 1st variation formula:

(17) Iyl = f I(0) = f Wl,gmd |Pu v, |> + diviu (W|Puv, I))

It follows from definitions that f can be regarded in terms of a Lie derivative of the differential
(n — 1)-form (o 1); with respect to the variation vector W. More precisely, we have
af
dt
Strictly speaking, these calculations are valid at each non-characteristic point of U, for any ¢ €] — €, €.

(18) = 9 Loy .

Remark 4.5. Note that formula (18) can be proved exactly as in Spivak’s book [65], Ch. 9, p. 420. As
already mentioned at the end of Section 2, this fact allows us to use some standard tools in Differential
Geometry such as the Cartan’s magic formula. In this way, another expression for the integrand I'(0)
can easily be derived. Actually this has been already done; see formula (8). Below we will prove this in
another way. Nevertheless, we have to stress that this new expression it is not necessarily in Llloc with
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respect to the Riemannian measure o~'. For this reason we will need a further integrability condition
on the horizontal mean curvature Hy; see also Remark 2.13.

More precisely, we have
1) =" (L) = (Ly@2 A o A dn)).
By Cartan’s formula
Lo =WId @ +d (W o)
and hence
(19) FO) = (Wad@y " +d (W)

By applying the Ist structure equation of the co-frame ¢ (see formula (4)) we have

d(oi ™ = Z(—l)fmA...Ad«zsjA...wn = D OED B A e Ay = ~(Hu) (R,

j=2 J€lus

where have set (Hu): 1= = X jerys $15(T)) = Xjerys <V¥j‘r Vi > , to denote the horizontal mean curvature
of U,. Note also that we have used (v) in Lemma 3.3.

The calculation of the second term has been discussed in detail in Section 2; see Lemma 2.11. More
precisely, we have

d (W(o™") = divru, (WTIPw | = (W VW ) (o).
Therefore, under the previous assumptions, we have proved that
(20) L™y = (< HDWAY + divew, (WP = (W VW) (@8
Finally, the desired formula follows by setting ¢ = 0; see formula (8). We have the following:

Theorem 4.6 (1st variation of 0*"1). Let S c G be a compact C*-smooth hypersurface with, or without,
boundary and let 9 :] — €, €[xS — G be a C* variation of S. Let W = dﬂ” _o be the variation vector
field and let W+ and W' be the normal and tangential components of W along S, respectively. Then

1) Iy = f (W, grad|Puv, ) + dives (WIPuv, D)) o,
S

Setw := <W V> AfHy € L}UC(S;O','"I), then

(22) Is(W,oh = f —Hyw o~ fleTs (WT|7>Hv|—<Wv>v) -1
(23) = f (=Hu (W, vy + dives (W Pyl — (W v ) o
S

Proof. Formula (21) is nothing but formula (17). Furthermore, let us set ¢ = 0 in formula (20). If

Hy € L}OC(S ; 0'2_1), then we can integrate this formula over S. Indeed, under such an assumption, all

terms in the formula above turn out to be in L!(S; 0';’{1 ). In this case, we have

Is (o 1)_fr(0)_f£ @ g j;(—WH<Vi/,V)+dist (WPl = Wy ) o
O

Remark 4.7. The divergence terms in the previous formulas (22) and (23) require a short comment.
For what concerns the term dives (W |Puv|), note that W™ € X4(TS) = C'(S,TS) and that |Puv| is
Lipschitz continuous. Thus, the first divergence-type term can be integrated over all of S. Moreover; if
Hu € Llloc(S ;0 1), the second term divrs ((W, v)vlj) belongs to L'(S; oi~"). In fact, one has

divrs ((W, v)v;) = divrs (W, v) (v, — |Puvlv))
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and the claim easily follows by using Lemma 3.1.

Corollary 4.8. Let the assumptions of Theorem 4.6 hold. Let 0S be of class C' and let  be the outward-
pointing unit normal along 0S. If Cs # 0, we shall also assume that there exists a family {Us}s=o of open
subsets of S such that:
i) Cs € Us,
(ii) 0';’;1(%[5) —> Qaslongas o — 0,
(iii) 0Us5 is of class C' and o~2(0U5) —> 0 as long as § — 0.

Then, the vector field Y := WT|Puv|—(W*,v)v. is admissible (for the Riemannian divergence formula);
see Definition 2.6. Furthermore, we have

(24) Is(wa,';—l)zfs—%wag—ufas (WPl = (WovivT ) .m) o 2.

Proof. We just have to prove the first statement. We start from formula (23). We have

fleTS (W |Puv| — (W, V)V ) n-l f divrs YO';:_I
S\Us)VUs

=Y
f divrs Yo' + f divrs Yol ™!
S\U;s Us

=A =B

Under our current assumptions, we have that B — 0 as long as 6 — 0. Furthermore, by applying

Stokes’ formula, we get that
a= [ amert- [ e
as U,

where n* denotes outward-pointing unit normal along 0U;. Since Y € C!(S \ Cy), it follows that Ylou,
is bounded. The thesis follows from (ii). O

2nd variation. We will regard this proof as a continuation of the proof of the 1st variation formula. From
now on, we assume U and S to be of class C>. Moreover, the boundary U/ (or, S when S is compact)
is assumed to be of class C'. We also recall that, for the 2nd variation formula, the variation ¢ is assumed
to be of class C3 on ] — €, e[XU.

First, let us compute the second time-derivative of the function f(¢, x); see (15). To this end we begin
with formula (16). We have

d’*f d P, V| ndJact,
—2 = cO .
dr? dt [ g Jacti+ Puy (e dt
&2 |Pu V| d |Pu V| d T ac 9, d* Jac 9,
= c + V| —=1
e Jacty + dt dt * P vl dr

At a first glance, it is clear that only the first term is not bounded near the characteristic set Cq;. More
precisely, it is elementary to see that

|d¢’1.1tv’ _dPuy \?
d? |Pu, V| ar a >V .\ &L Puv
= V)
dr? |Pr, V| dr? n
This shows that, in order to differentiate under the integral sign, we need the following further hypothesis:

(A3) foreveryt €] — €, €[ one has IPH], o € Llloc ((th, (o D, )

Remark 4.9. Using (A3) it is not difficult to show the validity of (Ay) in Warning 4.4. Note that unlike
the Ist variation, the 2nd variation cannot be computed without the previous assumption, if we allow the
hypersurface to have characteristic points.
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Hereafter, we will continue our proof of the 2nd variation of o~! with the calculation of I'(f) at a fixed
non-characteristic point pg € U \ Cqy. To this end, we start from the following formula:
(25) ) = 95 (L (W2 doy ) + L d (W@ "))

In other words, as already said, the 2nd time-derivative of I'(¢) can still be computed as a Lie derivative.
Moreover, since d o L = L o d, we have

(26) P = 07| Ly (Wadoy™))+d Ly (Wi@y™)|-
=:A =B
The calculation of A = Ly, (WJ d(o'g‘l)t) is the “hard” part of the 2nd variation formula and will be

done below. So let us preliminarily consider the quantity B = Ly (WJ(U'Z‘I),). In this calculation we
will use the following general identity for Lie derivatives:

27 L;Y Jw)=[Z,Y]dw+7Y 1 Lyw;
see [65], Ch. 9, p. 515. We have

B = Ly(Wloi)

Lig | (WTPa v = Wy, ) ok, (by Lemma 2.11)

=7
WY1y D+ Y Lyox ™D (by27)
[W. YT 2ok + Y (=W )(Hr); + diveu, (WT))(ok™"), (by the Ist variation of (07"),)

=8t

(IW, Y17 + g¥) J(o% ™,

Therefore, the second term in formula (26), i.e. dB, is given by

(28) dB = d{(IW. Y] +gY) Jok )} = divrw, (IW. Y17 + &,¥) (o s

Step 0. [Divergence-type terms]. Set ¢ = 0. First, note that [VT/, ?]T| =0 is a vector field of class C! out
of Cqy. We also stress that

[W.YTT|,_, = [(W.WTTT| _, — W(W.vhy, —(WnW.o, 1T,
We see that the second and third terms in this formula are not defined at Cq;. The second term is the
product of a C! function times the vector field v, . Furthermore, note that

W, 17|, = [W. (v,g—|7>ﬁ,vf|vf)]T |, = (W1, = 1PV IW.V]|

By using the very definition of v/ = ; ot

the characteristic set Cqs by (a constant times) the function ——

it can easily be seen that (W, v T| _o can be estimated near

|§D el By continuing this argument, it is

easy to realize that the tangential divergence of [W,Y]", at r = 0, can now be estimated by (a constant

times) the function IP PE locally around Cq;. An analogous (but simpler) argument can be repeated for

the second vector divergence-type term in formula (28). In fact, since the function g; is of class C' on
U, for all 1 €] — €, €], we easily see that divr« (goY) can be estimated near the characteristic set Cqs by (a

constant times) the function ——.
[Pr vl
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Remark 4.10. The previous estimates show that, in order to integrate on ‘U the dlvergence -type term
dB, we need a further condition. More precisely, we shall assume that the function PuF is integrable on

|¢>
U, with respect to the Riemannian measure o'~ This condition can also be formulated in terms of the
H-perimeter measure. In fact it is equivalent to require that |2 € LX(U;0~"). Here, we also stress

that this assumption will be necessary in order to ensure mtegrablllty on U of the term A in formula (26).
Step 1. We start with the calculation of the term A in formula (26).
Warning 4.11. In order to simplify our calculations, hereafter we shall assume that Hy is constant.

Remark 4.12. We stress that if Hy = const., then LxHu = 0 for all X € X'(TS). In particular, if
W denotes the variation vector of ¢, we have t* (LWHS (Hy ),) = Lw,s Hu = 0. Analogously, we have

" (Les (Hu)) = LsHy = 0 for all a € Iv. Hence
(29) C (Lo, (Hn)) = 1" (Logyr, (Hn))) Y aely.
If t = 0, we have
Ao = 1" (L (-wi H)(o 7))
( wHy L (™ = WwHy — wi* (LW(WH) )) o
—wHy (—WH<W, V) + divru (WTIPHVI (W V)V, )) (W(W)WH +wi ( W(ﬂﬂ)z)) !
(7—(Hw - WW)Huy —1* (LW(WH );)) o — wHy diviu (WTIPH V= (W, vy, ) ol

where we have used the st variation of o~

Step 2. Setting Wy := wyv, + Wy, where Wy = 3/, WoTq, we get that
(30) C(Lg(Ha)) = 0 (Lig,, (Hi) + 1 (L, (Ha),)
I* (L, (Hu))  (by Remark 4.12)

(L, M) + D 1 (Liyr, (i)

a€ly

(L, (Hu) + Y 0 Loty (Hn)) by (29)

a€ly
r ('Lw, v;{ (WH )t) .

Step 3. From Step 2, we see that it remains to calculate .L,,, v (Hu): = wy

‘9(%’ ) This will be done

by using an adapted frame 7 = {71, ..., 7,} to U which satisfies Lemma 3.9 at po € U. (Recall that
T1(x) = v,(x) for every x € U). We have

_9(Hu); = Z 9 <V7171,T]>

!
H JEIHS

= Z (<V‘rl VTJTI T]> <VTjT1, V717j>)

JEIHS

n

= [ V‘er T1+V VTIT1+V[TIT]T1) >+

<VTjT1,Tk> <VT1T]~, Tk>]

= [ Oy (ry,7j) + <VTJV7171 ‘r,) <V[Tl,fj]7'1,1'j> + an <VTJ.1'1,TQ> <VTlTj,Ta>]

a€ly

k=2
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where we have used the definition of ®;(7,7;) and the fact (Lemma 3.9) that ¢ = 0 at py € U for
every j,k € Ins. We have

<V[71,Tj]7-1’ Tj>

Cliojm)+ > Chgrimo+ Y Clinj(ra)

kelys acly
= —(¢1j(71))2 - Z G1x(T )P j(Ti) — Z <CZTl,Tj>¢1j(Ta)~
kelys acly

Moreover, using (vii) of Lemma 3.9 yields

1 2
<VTJ'T1’ Ta/> <VT1Tjs T&> = ¢1(¥(Tj)¢j(l(7—l) = _Z <CZT1, Tj> .
Therefore, Lemma 3.8 implies that

_aH),

7
ovi,

% Z ICo1* + divas, (Vo 71) — Z ((¢1j(T1))2 + (T )1 j(Ti) + <CZT1,Tj>¢1j(Ta))-

(1’€1H2 Jkelys acly

Hence, from Lemma 3.5, Lemma 4.2 and formula (13) we get that

O(H, 1 radus, w
_ (_f)f > > 1T = divas, (—g By Cu(aly, )n)
ovy, 2 wy
Q’GIHZ
2
grast,w
[+ Cu@i)n| +IALIR, = IS4G,
!
o 1/ o ; ¢ P Tj(Wt)
- Z <CHT1,Tj> 5 <CHT1,T]'> — <C(w )Ta,Tj> +1i(@,) — w,—|.
. We
Jj€lns a€ly
raduns, w radus, w 2
= —divns, (g— + Cu (@, )n) | Gt yn| + IALIR, — IS5IR,
Wi t
7j(wr)
+ Z <C,0,‘7'1,Tj> ((C(w’)‘ra, Tj> -1i(@h) + w;JT)
Jj€lns a€ly !
2
, gradus, w gradus, w
= —divus, (T + Cu (o, m) — |+ Cu(@i,)r1| + 4415 - IS5 1E,
t t

+ Z (<an, C(w’)-r(,> - <CZ‘1'1, gradys,w;» + <CH (@}, )71,

acly

gradus, wy >

t

Ans,w . 2 gradys, w
= ——— —divus, (Cu(@},)1) = |Cu (@, )| —2<$,cﬂ(wzz>n>+|mzn%, — IS5,
t t
. . gradus, wy
+ Z ((C,jn, C(w’)7a> - <C,f7'1, gradys,wfl» + <CH (wz,2 )71, T>
acly
Ans, wy . . ; 2 [gradus,wy ; P ‘o
= ———— —divis, (Cu(@}, 1) = |Cu (@, )m | - == Cu(@i, )1 ) + ALl — IS5 16,
t
+ Z ((CZTl, C(w’)r(1> - <CZTl,grast,wg>)
a€ly
Lus,w
= = = D, (Cul@ly 1) +IALIG, ~ IS4G + ) ((Chen, C@'yra) — (Chrrr. gradus, @, )).
! acly

Now we can achieve the proof of the 2nd variation of o~!, under the assumptions previously made;

see Warning 4.4, Remark 4.9 and Warning 4.11.
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Step 4. If =1 € 12 (S:0%7"). then we have

IIq/(W 0' )

f ((w Hiy)> = Ww)yHy — wi* ('Lw, v (Hu )z)) ol

u

- f (divew (IW, Y17 + goY ) = wHudivru (W [Puvl = (W, vy, ) o
u

- [ { — WO Hy -+ (H + 1AnE, — 1S w1, ) = w Lusw

+w [ Dhus (CH(”(D'Hz )Tl) + Z ((CQTI,C(W)T<I> <Ca71 gradys wa/>)]}

a€ly

+f (divm ([VT/, 7]T + goY) — wHyudivru (WT|PH V| =W, v)v;)) O',Z_l

U

- f { = W) Hy +w? (Hn)* + 1Anlig, = ISull3, ) + Igradyswi*  (by formula (6))
u

31 +w? Z (—@oDus (Ci11) +{Ch11, C(@)T4) — 2{C 71, gradys @wy)) } ol

acly

+ f (diveu (IW. Y17 + goY ) = wHudiveu (WT1Puvl = (W] )) ok
Uu

By applying Remark 2.8, it follows that 1f |2 € L2(U, o), then the function w? turns out to be
admissible; see Definition 2.6. Finally, from Lemma 3.6 we get that

L { — W Hy +w? (Ha)* = lAn 5, = IS ull3, ) + Igradys wi

+w? Z[ |Cr (wm, )71 +{(Ci11, C(w)Ty) — 2(C“T1,grad,,swa>]}

a€ly

= L { - Ww)Hu + w? ((7-{,1)2 _ ||AH”%, _ ||SH”%,) + |gradys W|2

—w? Z (2 gradys (wy) — C(w)7h),C%) } ol

a€ly
Using the last identity in (31) yields the following:

Theorem 4.13 (2nd variation of o"!). Let S ¢ G be a compact C3-smooth hypersurface with, or
without, boundary and let 9 ] — €, €[xS — G be a C? variation of S. Let W = @| _o be the variation

vector field and let WL WT denote the normal and tangential components of W along S, respectively.
(W1,
|7DH

Moreover, set w =

Pl € L (S,, (oh71)), where S, = 94(S);
(i1) the horizontal mean curvature WH of S is constant;

(iii) the function e ? (S ; 0',’5’1).

() for everyt €] — €, €[ one has®

1
P vI?

6Alternatively, we can assume the validity of (A,) in Warning 4.4.
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Then, the following formula holds:

Hs(W,o7") = f {— WOw)Hu +w? (Hu ) = IAulle, = IS ull3, ) + Igradys wi®
S
(32) —w? " (2 gradys (wa) - C@)T8), C™,) } ol

acly

+ f {dives (IW. Y17 + goY) |, — wHudives (WTPuvl = (Wovp] )} o
S

where Y := WT|Pu, V| = (W, VW, T, Y = Y|ieo and go = (—(W*,v)Hz + dives WT).

Proof. As already observed, the hypothesis (i) implies, in the general case’, the possibility to differentiate
under the integral sign the function f(¢, x) defined by formula (15). This has been done by using the
machinery of differential forms. This way we have obtained the above formula by further assuming that
H,y; is constant. Nevertheless, exactly as in the case of the 1st variation formula, we have to take care of
the existence of the involved integrals. The integrability of the divergence- type terms has been already

discussed at Step 0. Moreover, it is not difficult to see that the condition Pl € L*(S, o1 implies

that the function w? turns out to be admissible; see Definition 2.6. Hence, using formula (6), we see that
the function —w Lus w can be integrated by parts, as previously done. Furthermore, a rather tedious (but
completely elementary) analysis shows that the same condition implies that each term in the formula
obtained is integrable over S. [Actually, the integral of each of these terms can be estimated, near the
characteristic set Cg, by (a constant times) fs P o'=1.] This achieves the proof. O

Remark 4.14. Note that the two integrals in formula (32) are computed with respect to the measures
=1 and 07!, respectively. In particular, we remark that near the characteristic set Cs, each term of

the first mtcgrand can be estimated in terms of ezther V|3 or Analogously, near the characteristic

1
[Prvit

set Cg, each term of the second integrand can be estzmated in terms of ezther |2 or i Actually,

IP
all these calculations use the same idea® behind formula (9); see Remark 3.2. An analogous argument
was made at Step O.

Corollary 4.15. Let the assumptions of Theorem 4.13 hold and assume that ¢ is compactly supported on
S. Furthermore, let S be H-minimal, i.e. Hy = 0. If Cs # 0, we shall assume that there exists a family
{Us)s>0 of open subsets of S such that:
(i) Cs € Uy,
(i) o (Us) — 0 as long as 6 — 0,
(iii) 0Us5 is of class C' and o~>(0U5) —> 0 as long as § — 0.

Then, we have

a€ely

I (W, O'H = L lgradys W| -w [”AH”Gr +ISu “Gr + Z <(2gradHS (To) — C(@)7f),C” H>

Proof. We have just to analyze the 2nd integral in formula (32). We already know that Y is admissible;
see Corollary 4.8. Since g is of class C' on S and gy = 0 on S, we can conclude that goY is admissible
and that fS divrs (goY) o' = 0. Furthermore, since Hy = 0, the only thing to be proved is that

f divrs ( w, Y T’ ) =1 =, Equivalently, since [W, ?]TL:O = 0 on 4§, we have to show that
(W, Y]" |[:0 is admissible. Under our assumptions, this can be done exactly as we have done in the proof
of Corollary 4.8. This achieves the proof. O

TThat is, Cs # 0.

8That is, X|Pyv| = U’T,Z;—”l” for any X € X(G).
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Notation 4.16. For the sake of simplicity, we shall set:

(33) Brs = ISull, +MAulR, + > (Qgradys (@) - C@)T}), CTi).
————
=By, acly
We stress that, unlike the Euclidean case where Brs := ||Bx||?,, it is not necessarily true that Br5 > 0;

an example of this fact can be found in Section 6.2, in the case n = 1.

Remark 4.17. In the Heisenberg group H", one easily gets that

oo n+1
_ 2 2.
(34) Brs = [ISullg — (2_61/; - @ )

see Example 1.12.

5. GEOMETRIC IDENTITIES FOR CONSTANT H/-MEAN CURVATURE HYPERSURFACES
Lemma 5.1. Let S C G be a hypersurface of class C? and let ¢ € C*(G). Then we have
9¢
Ansp = Augp + Hy g - <HCSSH¢ Vs VH>

H

at each non-characteristic point x € S \ Cs.

Proof. First, note that we can use the invariant definition of the Laplacian on vector bundles; see, for
instance, [14]. So we have

Avp = Y (1P - Vi) (@)

i€ly
- P - (Vi) @+ Y ((75.2) - Vi) <¢)‘<V¥f7i’v”>§7¢)
i€lys !

H

Now we claim that T(lz)(¢) - (V’T’]Tl)(zp) = (Hessu (¢)v,, V) . To prove this claim, set 71 = X, Al.lX,-
and compute

2(9) = ) (Al X)) = D) (n@AhHXie) + Al AIX(Xi(9)).

i€ly i,j€ly

Since V4,71 = 3 jer, | T1(ADX; + A]A] VY X |, we get that
\l,_/
=0
©2(g) - (Vi 71) (@) = Z Al ALX(Xi(@)) = (Hessu (@), v, ),
i,jely
as wished. O

Lemma 5.2. Let S C G be a non-characteristic hypersurface of class C?. Suppose that the horizontal
mean curvature Hy is constant. Then, the following identities hold:

(i) ety (VAVEV> ) = =l1Bull3,;
(1) Dierys <V¥iV¥iVH,Tk> = —( <V’;HVH,CHS (wH, )Tk>+zaelv <C,‘jgrad,,s ma,Tk>+7_[H (Cu(wm v, Tk)—
Bu(Cry (@i )y, 7)) ¥ k € Ins.
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Proof. Throughout this proof, we shall make use of an adapted frame as in Lemma 3.9.
Proof of (i). Since (v,,,v,) = 1 we get that <V’T’ivH,vH> =0V i€ lus. So, we have

D Avavav ) = = (Vi Vi,

i€lys i€lus
Y ) = - 3 (e =
i, jkels i jelus

Proof of (ii). Since (v, 7x) = 0 for any k € Iss we get that <V§’ivH,Tk> <v va Tk> for every i € Ius.

Therefore
(VEVE v, 1) + (Vi Vi) = = (Viv, Vin) = (v, VEVET,).

T VT Ti"H>

Note that Vi.v,, € HS and that, by our choice of the moving frame, we have (V?’f Tk) (p) = 0. Hence

A= (VA 1) = = (v, VEVET,)

T T
<V VH (ngTi + [Ti,Tk]H)>
= <VH V?iV¥k7> <v Vi (lri, Tl vy v, )> (by Lemma 3.9)
= = (v VaVE Y =1 (e tednavy)) Y ik € s

Now since ([7;, Tx]u, va) = {[7i, Tk], vz ) = 0, we get

([t dvy) = = ) @a [Tt Ta) = = ) @aClp = D @a(CiTi,Th) = (Cus (@)t 1) Y ik € lus.

acly acly a€ely

Hence A; = — <vH, Vfr’inr’kTi>—Tl‘ ({Cus (wny )71, 7k)) . Using Ry = 0 (see Remark 1.6 in Section 1.1) yields
(Vaviziv,) = (VEVEz, v )+ (VI 7,y ViK€ lus.

Therefore

Z Ai=- <VH’ ng ( Z V[;"Ti]> - Z (<V1[1‘l'i,‘l'k]1-1 Ti> VH> T «CHS (@, )i, Tk») )

ielys ielys ielys

=:A
We claim that A = 0 at p. Indeed, since Hy = <Z,-€1HS Vi, VH> is assumed to be constant, we get that
<ZieIH5 Vit V?ka> = 0 at p and the claim follows. Furthermore, since at the point p € S, one has
[7i, Tklu = (Cus (@n, )Ti, Try v, Y i,k € Ius, it follows that

DA = > ((Cus @i 1) (Vi v, i) = 71 ((Cus (@ )73, 7))

ielys i€lys

- [<V€H Vys Cus (wH, )Tk> + Z T ((CHS (@, )7}, Tk>) .

i€elys

Finally, (ii) follows from the next calculation:

7; ((Cus (@wn, )Ti, Tk)) Z (T,-(wa) (Cti, Tk) + Wy (<CZV¥Z,T,', Tk> + <CZT,-, Vfi1k>))

a€ly

= D (@) (Comi iy + ma (= (V7 v, ) (CoTio ) +(CiTin v Y (V70 )))
a€ly

= Z Ti(@a) (CiiTis Tk + Hu {Cr(wm, W, Tk)y — Bu (Cu (@, ), Tk).
a€ely
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Using (i) of Lemma 5.2, yields the following “folklore” result:

Proposition 5.3. Let S ¢ G be a non-characteristic hypersurface of class C2. Moreover, we suppose
that the horizontal mean curvature Hy is constant. Then

. e 2
(i) <AHS Yy vH> = —1Bul2 ;
PR
(i) Ausxu = Huv,.

Below we shall compute the HS -laplacian Lys of the function fu := (Vu,v, ), where V4 € X¥(H) is a
constant horizontal left invariant vector field.

Lemma 5.4. Let S C G be a non-characteristic hypersurface of class C2. Moreover, we suppose that
the horizontal mean curvature Hy is constant. Then

—Lus fu = fullBulld, + <V’§HVH, Chs (wn, )VHS> + Z (Chigradys @, Vs ) + Hu (Cu(@n, ), Vis )

acly
at each non-characteristic point.

Proof. As above, we preliminarily fix a point p € S and choose a moving frame centered at p. We have

Ausfu = D mmiViv ) = Y wi((Vi, Vv )) = > ((Va, VEVEY,))

i€elys i€lys i€lys

= —(fH 1Bullg, + (V4 vy» Cus (@m)Vis ) + D (Chigradys wa, Vs )

a€ly

+7‘[1—1 <C1-1 (TD'HZ )VH, Vs > — By (CH (7D'H2 )VH, Vs )),

where we have used (i) and (ii) of Lemma 5.2. The thesis follows since
By (Ch Vs Vis )=- <CH Vigs gradys fH> .

O

A simple consequence of this lemma, at least from a “formal” point of view, is that, in general, the
function f; cannot be an eigenfunction of any linear eigenvalue problem of the type Lus¢ + ABp = 0,
where B is some given smooth function on § \ Cs. This seems to be very different with respect to the
Euclidean case where, for any constant vector field V € R”, the function f = (V,v) is always a solution
to the linear equation Azs @ + ||Bz|[2,¢ = 0. Here Ass is the Laplace-Beltrami operator on S and B
is the 2nd fundamental form of S. This says that V is a Killing field for any constant mean curvature
hypersurface S c R"; see [37]. Nevertheless, we have the following important:

Lemma 5.5. Let S C G be a non-characteristic hypersurface of class C2. Moreover, we suppose that
the horizontal mean curvature Hy is constant. Then

—Lusw, = woBrs Yacely
at each non-characteristic point.

Proof. For the sake of simplicity, we shall assume that f is a normalized defining function for S; see
Definition 3.11. Let 7 be an adapted moving frame along S. We have grad, f = 71 (and hence 71(f) = 1)

and 7, f = @, for every @ € Iv. We stress that %?1‘* = X, (%) = X4(1) = 0. Thus, using Lemma 5.1
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yields
Aus@y = Apwy — (Hessu(wy)T1,T1)
= Au (tof) — (Hessu (of) 71, 71)
= 7o (Au(f) = (Ve, (Hessu () 71,71)
= @aT1 (An(f)) — Ve, Hessu () 71,71)
= —@,71 (Hu) = Ve, (TuT1)T1,71) -
Since ((Jut1) 71, 71) =0, we get that (V,, (TuT1)71),71) = = ((JuT1) 71, Vr,71) and hence
(Tut) Ve, 11,71) + (Ve (Jut) T1,71) = = {((Ju11) T1, Ve 1) Yacely.

But since ((Ju71) V¢, 71,71) = 0, we obtain

(Ve (Fut)T1,71) = = ((Tnt) 71, Ve, 71) = = (VA 71, grady @s) .

By using (i) of Lemma 3.13, it follows that V¥ 7 = —Cu(w@s,)71 and so, by adding the quantity
(Crx(wn, )11, gradys w, ), we finally get the identity Lus w, = —w,7| (Hy). The quantity 71 (Hy) can
now be calculated by repeating the calculations made in the proof of the 2nd variation formula. More
precisely, we have

—T1 ((]—{H)
. 2 @
= divus (Cu(@n)T1) = |Ca@m)ta|” + Aull, = ISull, + > (Chrr, 1) ((C@)ta, 7)) = 7(0)
j€lns aely
= —llAull}, ~ ISull}, = " ((2gradys (@a) - C@)T8),C11) = ~Brs.

a€ly

O

In Section 6.1, just as an exercise, we will reprove this identity for the class of non-vertical hyperplanes

n
I, = {x:exp[ij eG:xa,:()},

j=1
where @’ € Iv; see Definition 1.15. However, for the sake of simplicity, this will be done only for Carnot
groups of step 2. We recall that these hyperplanes are very different from the vertical ones and, for
instance, they turn out to be characteristic at the identity 0 € G.
Now let us state an immediate consequence of the previous lemma. To this aim, let V € X(G) be a
constant left invariant vector field.

Corollary 5.6. Let S C G be a non-characteristic hypersurface of class C2. Moreover, we suppose that
the horizontal mean curvature Hy is constant. Then the function fv = (V,w) satisfies the equation
—Lus fv = fvBrs at each non-characteristic point.

6. STABILITY OF H-MINIMAL HYPERSURFACES

Definition 6.1 (Stability). Let G be a k-step Carnot group and let S C G be a H-minimal hypersurface
of class C3, i.e. Hy =0
(S1) Let Cs = 0. We say that S is stable if II5(o”s™") > 0 for every compactly supported variation
P .1 — €, e[xS — G of class C3.
(So) Let Cg # 0. In this case, we assume that m € leoc
{Us}s>0 of open subsets of S such that:
(i) Cs € U,
(ii) 0'2_1(7/1(5) —> Qaslongas o — 0,
(i) 0U5 is of class C! and 0'2_2(6%{5) — O aslong as 6 — 0.

(S,0""1) and that there exists a family
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Under these assumptions, we say that S is stable if IIs(c~") > 0 for every compactly supported
variation 9, :1—¢, [xS — G of class C? such that IPH_I,V’I € L}OC (St; (O'Z_I)I)for everyt €]—e, €|,
where V' denotes the outward-pointing unit normal along S, = 9,(S); see Corollary 4.15.

Remark 6.2. We shall sometimes say that S is strictly stable when the stability inequality is strict.
Furthermore, if Cs # 0 but we consider only compactly supported variations on S* := S \ Cg, then (S1)
in Definition 6.1 can be applied to any non-characteristic domain Q € S*.

Lemma 6.3. Ler S C G be as in Definition 6.1 and let us consider the following linear eigenvalue
problem, i.e.

=0 onos.

Under the previous assumptions, a sufficient condition for stability of S is that the first (non-trivial)
eigenvalue Ay of this problem is greater than or equal to 1.

{ Luso+ABrsp=0 onS

Proof. This is an immediate consequence of the horizontal Green formula (6); see Corollary 2.7.

The next lemma generalizes a well-known result in the Riemannian setting; see [28].

Lemma 6.4. Let S C G be a hypersurface of class C* and let Q C S be a bounded domain. If there
exists a smooth function W > 0 on Q satisfying the equation Lusy = qi, then

| (erads ot + %) 1 > 0
Q
for all smooth function ¢ compactly supported on Q.

Proof. If > 0 satisfies Lusyy = q on Q, let us define a new function ¢ := logy. By an elementary
calculation we see that Lus ¢ = g — |grad,s ¢|>. More precisely, we have

Lus¢d = divus (gradys @) + (Cu(wn, )V, gradys )
= divus (grad—HSl//) + <CH(ZD’H )V grad—HSl//>
7 Ty
2
_ (Aysl//<CH(wH2)VH,gmdﬂsw>)_ |gmd1;slﬂ|
v v v
= LI:; id — |grady; ¢|2
= q—|gradys ¢|2

So let ¢ be a smooth function with compact support on Q. Multiplying by —¢? both sides of this equation
and integrating by parts, yields

39 - [ ¢a-loradso?) ot = - [ PLisoct = [ 20 (orad.grads ) ol
Q Q Q
where we have used Corollary 2.7. Since

2l {gradys ¢, gradys ¢) | < 2lgllgradys gllgradys ¢| < ¢l lgradys ¢I* + |gradys ¢,

the thesis follows by inserting the last inequality into (35) and by canceling the terms fQ ©?lgradys ¢ o1
|

Remark 6.5. Lemma 6.4 can be generalized to the case where Y is smooth only on S* = S\Cs. However,
in such a case, we have to restrict ourselves to the class of smooth compactly supported functions ¢ on
Q such that the function ¢ ¢* is admissible.

As a consequence of Lemma 5.5 and Lemma 6.4, we can infer an interesting condition for stability.
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Theorem 6.6. Let S C G be a H-minimal hypersurface of class C>. If there exists a € Iy such that either
wye > 0o0rw, <0onS, then each non-characteristic domain Q C S turns out to be stable.

Proof. By applying Lemma 6.4 to the function @, we immediately get the stability inequality
Hs(W, 0% 2 0
for every non-zero compactly supported variation 9, of S. O
We have the following reformulations of Theorem 6.6:

Corollary 6.7. Let S C G be a C3-smooth H-minimal hypersurface. Let V € ¥(G) be a constant left
invariant vector field and set fy = (V,@). If either fy > 0 or fv < 0O, then each non-characteristic
domain Q C § is stable.

Corollary 6.8. Let S C G be a complete H-minimal hypersurface of class C3. If S is a graph with
respect to some given vertical direction, then each non-characteristic domain ) C S is stable.

Below we shall study some (more or less simple) examples in order to illustrate some of our results.

6.1. Examples. Our first example, which is that of vertical hyperplanes, is the simplest one and, to
the best of our knowledge, the only known in literature outside the Heisenberg group setting. Roughly
speaking, vertical hyperplanes are, by definition, level-sets of linear homogeneous polynomial having
(homogeneous) degree 1, which are ideals of the Lie algebra g.

We claim that they are (strictly) stable hypersurfaces. This immediately follows from the fact that
Brs = 0. Hence, for any regular bounded domain U contained on a vertical hyperplane 7, we have
Hy(W, o1 = f,u lgrad,s w* =1 > 0, with equality if, and only if, w = 0.

Corollary 6.9. Let G be a k-step Carnot group. Any vertical hyperplane turns out to be a C*-smooth
strictly stable H-minimal non-characteristic hypersurface.

Now we analyze a completely different family of hyperplanes. From an intrinsic point of view, they
are homogeneous “cones”, which turn out to be characteristic at a single point. For the sake of simplicity,
we just consider the case of 2-step Carnot groups. So we have g = H®V (dimH = h, dimV = n—h) and
we may assume that

1
Xi)=ei+ 5 ) (Cenmm)en,  Xo=eo

a€ly
foreveryi € Iy ={1,..,h}andeverya € Iv = {h+1,...,n}, wheree; = (0,..., 1 ,..0), j=1..,n,is
Jj—thplace

the j-th vector of the canonical basis of R” = g and xx = (x1, ..., X,) is the horizontal position vector. As
usual, we identify vector fields and differential operators.
Fix &’ € Iv and consider the non-vertical hyperplane 1, := {x =exp (Z X j) €eG:xy = 0} . We have

o

_ _ 1 __CHXH _ ’ , = 2 .

grady xy = —5Cy xp and so v, = ] Moreover, wg = 0 for all 8 # o’ and @, = 7 wl el Since

divi (C xu) = " (Vx,C xu, Xj) = > (CH X1, X;) =0

J€l J€lu
and ) )
1 , rady|Cy x , Civ,
(RSP O A 77 T L 0

C% xu| |CY xp|? |CY x|

it follows that Hy = —divav, = 0, i.e. I, is H-minimal. The above calculation also shows that

grady (ICg,le) = C,‘,’,VH. Furthermore, we easily get that

’ ’
Cy +v,®Chv,

|Cg, XH |

_jHVH =
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which, in turn, implies

CY
BH(Ti,Tj):<|C |T,,T]>:AH(TI',TJ') Vi,jEIHS,
: . @2, [|Ci (2, . .
Therefore Sy = 0y (i.e. the O-matrix on H) and ||BH||ér = ||AH||§;, = Y Qo it remains to
compute the quantity T := — 3 ,¢;, ((2gradys (wy) — C(@w)1y ), C¥11); see formula (33). Because of the

2-step assumption, we have

T=- Z ((2gradys (wo) + wa C(w@)71), C711).

acly

From the previous calculations, it follows that " = 0 and so Brs = ||Ax ||§,. In other words, we have

L TLNCHS G,
W™ = | (lgradiow? - wianle) ot = | (Igmdﬂswlz _ 2 Tl | el
U Uu 4
for any non-characteristic bounded domain U c 7 (= S), where o 'L T = i le AL T, and

AL =dxy Adxa A o A o Adxg A . A dxy.

It goes without saying that the previous formula holds true near the characteristic set only under the
assumptions made in Corollary 4.15. In particular, we have to check that f%{ Bl 07! < 400, which is
clearly equivalent to the next condition:

1
36 f —— AL Ty < oo
(30) u |CY P

Two remarks are in order:
e anecessary condition for the validity of (36) is that the dimension of H is > 4, i.e.
37 h = dimH > 4;

¢ in the Heisenberg group H", the previous analysis reduces to the case of the horizontal hyperplane
{p = exp(z,t) € H" : t = 0} and, in this case, (37) is also sufficient for (36) to hold.

Now let us compute

1 Ccy
AHS (T) = —divHs (af’l—HZ
|CH le |CH X[-1|
_2ACY v, P divas (CYvy)
|CY xu |3 |C xu|?
2|CZ/VH|2 Zj,kelyg <V¥_,'Tla Tk> <C,‘f, Tj, Tk>
= +
I xu P IC xu P
28 v, P = IC 115,
|5 x|

From this computation and the very definition of Lys, it follows that

L ( ! ) A ( ! )+<c (wm, )v,,, grad ( ! )> s ll,
; = — Hy Wi — )= ,
"“Nicw) = " \ico e i 814G \ (a1 IC2 2P

which is equivalent to the equation Lus @, = — @y ||An ||%, , as predicated by Lemma 5.5.
The previous discussion is summarized in the following:
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Corollary 6.10. Let G be a 2-step Carnot group and let I be a horizontal hyperplane. Then I, is a
C®-smooth H-minimal hypersurface. The only characteristic point of I, is 0 € G. Furthermore, any
bounded domain U € I, \ {0} turns out to be strictly stable.

6.2. An example in the Heisenberg group H". For the notation used in this section we refer the reader
to Example 1.7 and Example 1.12. We recall that any point p € H" is identified with (z, f) € R***!, where
7= (X1, Y1, X2, Y25 ---» Xns Yn)- We use the following further notation:

0= (1v),0,v,0, ..., vy, 0) € R, Pl =(0,v1,0,12,0,...,0,v,) € R? Vv =(v,va,...,vy) € R

Using this notation yields z = ¥ °+3%! € R?", where x = (x, x2, ..., x,) € R"and y = (y1,y2, ..., y) € R".
In the sequel, we shall study the following hyperbolic paraboloid:

—1,0(|2 —1,0/]2
X n y ' n
(38) S = pE(z,t)G]H[":t=|| R4” L
First, note that grad,t = %, where 7zt = —C,Zj’”z. Furthermore, a simple calculation shows that
||}]’0||2n—||§1’0||?;z (=10 =01 o l000 _
grad, (M =3 (x -y ) and hence v, = |_;1-0—+;0~1" where we have setv = x +y € R”".
Therefore
\/5( 10 L 501 ] ) \5[ F10 L 501 )
v, = — | ———|, vV, = — | —— |,
2 { VP2 + 24 y)p T2 P2y

where p? +2(x, y)ps = [Ix + Yl and p := [lIx[|Z, + [Iyl[2,. Clearly, the characteristic set Cg of S is

the set of all points p = (z,¢) € S such that x + yl’0 =x+ yO’1 =0 € R?. Hence p = (z,1) € Cy if, and
only if x; = —y; forevery i = 1, ..., n. Since X; (m) =Y (m), we easily get that divyv, = 0, i.e.
S turns out to be H-minimal.

We have @ = ; V2_ and

[x+llgn

o _ 2

B = Tl In order to calculate the horizontal 2nd fundamental form By
H R™

(and some of its invariants) we need the horizontal Jacobian matrix Juv, =: [ai j]i el of the H-normal
sJSIH
v,. For the sake of simplicity, we treat the case n = 2, which corresponds to the 2nd Heisenberg group.
The general case is completely analogous. We have
2 2
vz [ Il ~Cxtn) V2 [ —Gity)(+y2)
ea=ay=ap=——E " | b:=ap;3=ayy=——= | AR,
n=an="7 ( [T & BEAETN T e, )
® ar; = —ajjforevery j=1,..,4;

2 2
ﬁ(w), C = asz :034:_\/75(M).

® d3] =43 = —— ”x+y”f§2 ||x+y||f;2 ’
® as; = —asjforevery j=1,..,4.
a a b b
. -a —-a —-b -b
Equivalently, Juv, = b b . It follows that v, € KerJuv, and hence By = —Juv,. By
-b -b —-c -c
a 0 b O
Tr _ _
definition, we have Sy = — Ty Tnvy) " = - 0 -a 0 . Soif n = 2, we have
2 b 0 ¢ O
0 -b 0 —c
2 2 2., 2 2 2 2., 2 1 2
IBull3, = 4(a® + 26 + c?) = ISull3, =2(a® + 267 + ) = ——— = ||Axll3,.

llx + yliga [
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In the general case, an analogous calculation gives IIBHII%, = ﬁ and ||S HII%, = ||AH”%, =
Rll

n—1
12,

Therefore, using (34) yields

Brs

oo n+1
||SH||%,<—(2ﬁ— 5 wz)

H

B n—1 ( 4 n+1 )
e+ 32, Ulx+yl2,  llx+yl2,

2(n-2)

llx + yl2,

So we have found that

2n-2
(39) (W, 07" = f (|gradm wi - wz("—z)] i
u Ilx + Y12,

for any non-characteristic bounded domain U C S, where 02" = % dz and we have set

dz =dx; Ndyy A ... Ndxy A dy,.

Remark 6.11 (Failure of fw IPH] o7 o~! < +oo for characteristic domains). In order to apply the 2nd

variation formula for any characteristic domain U C S, we need at least to check that

1
(40) f — ALY < too.
Uu

I + Y,

However, in general, this condition fails to hold if Cqy # 0.

— 1,0 —0,1
(x+y) "~ +(x+y)
llc+yIE

Lemma 5.1 says Aus @ = Ayw — (Hessyw v, v, ). Since grad,w = — \/5( ) we easily

(2n-3)
ey,

getthat Ayw = —@ Furthermore

v,

w
(Hesspwv,,v,) = < H,VH> =-——.
[l + Yl

oo~~~
SO = =
- —_ 0o O
—_—_ 0 o

All together, we have shown that

0 2(n—2
-LHSW:AHSW_W_W = —TD'(n—Z),
vy llx + Yllzn

which illustrates the content of Lemma 5.5.

Corollary 6.12. Let S C H" be the hypersurface defined by (38). Then S is a C*-smooth H-minimal.
Furthermore, one has Cs = {p =exp(z,t) €S : x; = —y;, i = 1,...,n}. Finally, any bounded domain
U € S \ Cs is strictly stable.

7. A DIFFERENT SUFFICIENT CONDITION FOR STABILITY

Below we shall generalize a weak-stability result for minimal m-dimensional sub-manifolds of the
Euclidean space R”, formulated in the Seventies by Spruck; see [66]. This criterion is based on a tricky
application of the 2nd variation of the Riemannian m-dimensional volume together with the Sobolev-type
inequality for minimal sub-manifolds proved by Michael and Simon in [46].

We have already discussed the 2nd variation formula for o~!. Moreover, we will need a Sobolev-type
inequality analogous to that of Michael and Simon. This result has been recently obtained in [53].
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Let G be a k-step Carnot group equipped with the homogeneous norm defined by

1
k 1
a
(41) Iyll, = [Z c,-|yH,-|f)
i=1

for every y = exp (Zle VH; ), where |yx, | is the Euclidean norm on H; = R", 1 is a positive integer evenly
divisible by i = 1, ..., k and we suppose C; = 1 and C; > O for every i = 2, ..., k.

Theorem 7.1 (see [53]). Let G be a k-step Carnot group equipped with the homogeneous norm defined
by (41). Let S c G be a H-minimal hypersurface of class C* and assume that there exists a family
{Us)s>0 of open subsets of S such that:
(i) Cs € Uy,
(i) o (Us) — 0 as long as 6 — 0,
(iii) 0Us5 is of class C' and o~*(0U5) —> 0 as long as § — 0.
Then there exists C1 > 0 such that

[N

0-

| o n—1
(42) o2 oy <Ci | lgradysyloy
s S
forevery Y € C(Z)(S ). Furthermore, there exists Co > 0 such that
3) Wl s, < Callgradys lluss)

for every y € C%(S ), where we have set pl = % - ﬁ,for every p > Q.
We use only the case p = 2.

Theorem 7.2. Let S C G be a H-minimal hypersurface of class C* satisfying the assumptions made in
Corollary 4.15. There exists a dimensional constant Cy such that if

[
|Brs| 2 o < Cy,
S

Proof. We begin by assuming that there exists Cp > 0 such that

(44) f Brs | % 07 < €.
S

then S is strictly stable.

Now we argue by contradiction. So we have

(45) flgrastwl ol < fwz |Brs o]

for some (smooth) test function w # 0. Then, using the above isoperimetric inequality (with p = 2)
yields

250
(46) (f |w| =y ol ) \/f lgradys wrat ™! < Cy fwz |Brs ot
s

By Holder inequality we obtain

2
o1 o-1 20-n )\ O-!
fW|BTs|O'"l<(f|BTs|20'Z]) (wa30','§l) ,
s s s

which together with (46) gives us

3
2<Q—1) 0-1 0-1 2(0-1) 20-1)
- L e |
(f|w|w H) SCQ( |Brs|zag) (fwe—saz .
S N




1
_ o1 1
Hence (fs IBrsl%oﬁ‘l)Q 1 > C—2 Set Cy =
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@. The previous argument shows that, under the

assumption (44), it must be

(47)

flgrad,,s wlPo s | w?|Brs ot
s N

for all test function w # 0. This achieves the proof. O
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