Periodic coherent states decomposition and
quantum dynamics on the flat torus

Lorenzo Zanelli

Abstract. We provide a result on the coherent states decomposition for
functions in L?*(T™) where T" := (R/27Z)™. We study such a decom-
position with respect to the quantum dynamics related to semiclassical
elliptic Pseudodifferential operators, and we prove a related invariance
result.
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1. Introduction

Let us introduce the usual class of semiclassical coherent states on R"™

lz—y|?

P,e)(y) == an e (@Y€ (z,6) eR?", yeR™ 0<h<l1
(1.1)
with the L?(R") - normalization constant oy, := 2% (7h)~3"/%, and where h
is a ‘semiclassical parameter’. For any ¥ € S'(R"™) the coherent state decom-
position reads, in the distributional sense, as

vlao) = [ oteglan) ([ dwowruman)dde (2

as shown for example in Prop. 3.1.6 in [11].

We now observe that for the flat torus T" := (R/27Z)™ the well known inclu-
sion L?(T") C S’(R") implies that distributional equality (1.2) make sense
also for functions in L?(T").

The first aim of our paper is to prove the decomposition of any ¢ € L?(T")
with respect to the family of periodic coherent states ® given by the pe-
riodization of (1.1). In view of this target, we recall that the periodization
operator II(¢)(y) := Zkezn ¢(y — 2mk) maps S(R™) into C*°(T"), as shown
for example Thm. 6.2 in [15]. Thus, we can define for all 0 < h <1

)W) = Y baoly—2rk) (2,6 €T xhZ",  yeT" (L3)
kezm




2 L. Zanelli

Notice that the family of coherent states in (1.3) is well posed also for £ € R™
and the related phase space is T™ x R™. However, our target is to show that the
decomposition of periodic functions can be done with respect to the minimal
set of coherent states in (1.3) for £ € hZ"™ C R™. Furthermore, we notice that
the phase space T" x hZ" is necessary in order to deal with a well defined
setting of toroidal Weyl operators acting on L?(T") and more in general with
semiclassical toroidal Pseudodifferential operators (see Sect. 2).
The first result of the paper is the following

Theorem 1.1. Let ), € C(T™) be such that |Azpnllzz < ch™™ for some
c>0,M €N, ||onllpz =1 with0 < h <1, h~! € N and let @ y¢) be as in
(1.3). Then,

o= /”<<I>(z’§),<ph>L2 ®%, ¢ du + O (). (1.4)
Eenm

Moreover, there exists f(h) > 0 depending on ¢y, such that

o= 3 /<<1><m,£>,goh>m@:I,@dwom(hm). (1.5)
gehzn, [g]<f(h) 7"

The following inclusion involving the set of frequencies £ € hZ™ C R"
allows to consider decomposition (1.4) minimal with respect to (1.2). The
above result shows also that the sum over the frequencies can be taken in the
bounded region |£| < f(h), i.e. we can consider a finite sum by taking into
account an O(h®°) remainder in L?(T™).

An analogous result of (1.4) in the two dimensional setting is shown in prop.
60 of [7] by the use of a different periodization operator. Same construction
of coherent states as in [7] for T? is used in [4], [8] for the study of quantum
cat maps and equipartition of the eigenfunctions of quantized ergodic maps.
In the paper [10], covariant integral quantization using coherent states for
semi-direct product groups is implemented for the motion of a particle on
the circle and in particular the resolution of the identity formula is proved.
Another class of coherent states on the torus are defined also in [9], with a
related resolution of the identity, in the understanding of the Quantum Hall
effect. We also recall [3] where coherent states and Bargmann Transform are
studied on L?(S™). The literature on coherent states are quite rich, and thus
we address the reader to [1].

We now devote our attention to the periodic coherent states decomposition for
eigenfunctions of elliptic semiclassical toroidal Pseudodifferential operators
(see Section 2). We will see that the formula (1.4) can be reduced in view of
a phase-space localization of eigenfunctions.

This is the content of the second main result of the paper.

Theorem 1.2. Let Op,(b) be an elliptic semiclassical Wdo as in (2.1) and
h=' € N. Let E € R, and let v, € C°(T"), |[¢nllrz = 1 s.t. [|Aptnllre <
ch™™ and which is eigenfunction of the eigenvalue problem on T™

Opy,(0)Yn = Entbn
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where Ey, < E for any 0 < h < 1. Then, there exists g(h, E) € Ry such that

p = Z /Tn@(w,f), Un) L2 BF, ¢ d + Op2 (h™). (1.6)

§ehzr, |§|<g(h,E)

We notice that for the operators —h?A, + V(z) all the eigenfunctions
with eigenvalues Ej, < E fulfill ||A 9]/ z2 < ch™2. In particular, we have the
asymptotics g(h, E) — 400 as h — 07. We also underline that the function
g(E, h) and the estimate on remainder Orz(h*°) do not depend on the par-
ticular choice of 1. This implies that all these eigenfunctions take the form
(1.6) and therefore also any finite linear combination of eigenfunctions of kind
Y 1<a<n CaVh,a Where |cq| < 1. We remind that Weyl Law on the number
N (h) of eigenvalues Ej, , < E (with their multiplicity) for semiclassical ellip-
tic operators (see for example [17]) reads N'(h) ~ (2h) =" (vol(U(E))+O(1)).
The proof of the above result is mainly based on a uniform estimate for our
toroidal version of the Fourier-Bros-Tagolnitzer (FBI) transform

(Ton) (2, 8) := (P(z6), ¥n) 12

on the unbounded region given by all x € T" and ¢ € hZ™ such that
|€] > g(h, E). The FBI transform on any compact manifold has already been
defined and studied in the literature, see for example [18].
We remind that, in the euclidean setting of R?", the function T}, (vp,)(x, ) :=
((a,e)s Yn)L2(rny is the usual version of the FBI transform, which is well
posed for any ¢, € S'(R™). This is used to study the phase space localiza-
tion by the Microsupport of 1y, (see for example [11]), namely M S(¢)y) the
complement of the set of points (zg,&) such that Ty, (vp)(z, &) ~ O(e=/")
uniformly in a neighborhood of (z¢,&). In the case of the weaker esti-
mate Tj(¢¥p)(z,&) ~ O(h™) one can define the semiclassical Wave Front
Set WF(¢p,). Is well known (see [11]) that the Microsupport (or the semi-
classical Wave Front Set) of eigenfunctions for elliptic operators is localized in
the sublevel sets U(E) := {(x,&) € R*" | b(z,€) < E}, i.e. MS(¢y) CU(E).
The well posedness of W F (1) and M S(¢y,) in the periodic setting can be
seen starting from the euclidean setting and thanks to distributional inclu-
sion L?(T") C S’(R"), (see for example section 3.1 of [5]). The semiclassical
study in the phase space for eigenfunctions in the periodic setting has also
been studied in [20] with respect to weak KAM theory.
In our Theorem 1.2 we are interested to show another kind of semiclassi-
cal localization, namely to localize the bounded region Q(FE, h) := {(z,€) €
T x R™ | z € T, |¢] < g(E,h)} which will be bigger than MS(¢y), h -
dependent and such that the coherent state decomposition of 1, can be done
up to a remainder Opz2(h>).

We now focus our attention to the decompositon (1.6) under the time
evolution.

Theorem 1.3. Let ), € C°(T"), L? - normalized such that

on="Y. cjtn;

1<j<J(h)
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where vy, ; are given in Thm. 1.2 and J(h) < Joh=% for some Jo,Q >
0. Let Op,(b) be an elliptic semiclassical Wdo as in (2.1) and Up(t) =
exp{(—iOp,, (b)t)/h}. Then, there exists £(h) > 0 s.t. for any t € R

G0 = 5 [ (e U0 ¥ g o+ O (). (1.7)
gehzn, [g1<e(r) 1"

The equality (1.7) shows that time evolution under the L? - unitary map
U (t) does not change such a decomposition, since ¢(h) does not depend
on time. The function £(h) is not necessarily the same as the function f(h)
contained in Theorem 1.1 but we have that ¢(h) > f(h). In other words,
this quantum dynamics preserves the coherent state decomposition (1.5).
The same result holds for any eigenfunctions in Thm. 1.2 since in this case
Un(t)n, = exp{(—iExt)/h}1y,. Notice that here we can assume that Q > n,
namely the linear combination (1.3) can be done with more eigenfunctions
than the ones that have eigenvalues E) < E with fixed energy E > 0. Notice
also that we have (@, ¢), Un(t)on)r> = (Un(—1)P(s¢), ) > for any t € R
and that the time evolution of the periodization of coherent states has been
used in [19] in the context of optimal transport theory.

2. Semiclassical toroidal Pseudodifferential operators

Let us define the flat torus T := (R/27Z)™ and introduce the class of symbols
be STH(T"xR™), m € R,0 <4, p <1, given by functions in C*°(T" xR"; R)
which are 27-periodic in each variable z;, 1 < j < n and for which for all
a, 3 € 27 there exists Cog > 0 such that V (z,&) € T" x R”

10708 b(x,€)| < Cagm (&)™ P1IH10
where (€) == (14 [£|?)'/2. In particular, the set S (T™ x R") is denoted by
S™(T™ x R™).
We introduce the semiclassical toroidal Pseudodifferential Operators by

Definition 2.1. Let ¢p € C°(T™;C) and 0 < h < 1,

Op(0)i(e) = (2) " 3 [ bt i)y,

KEL™

This is the semiclassical version (see [13], [14]) of the quantization by
Pseudodifferential Operators on the torus developed in [15] and [16]. See also
[2] for the notion of vector valued Pseudodifferential Operators on the torus.

We now notice that we have have a map Opy,(b) : C*°(T") — D'(T™).
Indeed, remind that u € D’(T™) are the linear maps u : C*°(T") — C such
that 3 C > 0 and k € N, for which [u(¢)| < C 3, < [|1020]|oc Yo € C(T™).
Given a symbol b € S™(T™ x R"), the toroidal Weyl quantization reads (see
Ref. [13], [14])

O (B0(a) = ()" 3 [ ey, S vty )y

KEZL™
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In particular, it holds

Opy, (b)) (z) = (Opy(0) o T; ) (x)
where T, : C°(T™) — C°°(T™) defined as (Tx9)(y) := ¥(2y — ) is linear,
invertible and L?-norm preserving, and o is a suitable toroidal symbol related
to b, le. o~ 3 5 iAgDéa)b(y, h§/2)|y:1, where A¢, f(§ +ej) — f(§) is
the difference operator (see Th. 4.2 in Ref. [15]).
The typical example is given by

Op(H) = (= 5H8 +V(@))v(a)
= e Y [ e (Gl 4 V@) vy

KEZL™

namely the related symbol is the mechanical type Hamiltonian H(z,£) =
11¢]? + V(). Also in the case of the Weyl operators we have

1
—§h2Ax +V(z) =Opy (H)

for the same symbol (see for example [14]).

In our paper we are interested in uniform elliptic operators, namely such that
the symbol b € S™(T" x R™) fulfills for some constants C,c¢ > 0 the lower
bound

b(z, &) = C (&)™
for any © € T™ and [£| > ¢. This property guarantees bounded sublevels
sets for b and discrete spectrum for the operator Op,, (b) for any fixed 0 <
h < 1. As we see in Theorem 1.2, this assumption permits also to prove the

semiclassical localization of all the eigenfunctions within these sublevels sets,
and this localization can be studied by our semiclassical coherent states (1.3).

3. Main Results

Proof of Theorem 1.1 We remind that @, ¢)(y) := (¢(4,¢))(y) and I1(¢)(y) :=
> kezn @y — 27k). Thus,

ioronpe) (V) = Y. Gatanse)y—27k) = > by — 2rk — 2mp)
kezZn kezn
= ¢Cm0(y)

We mainly adapt, in our toroidal setting, the proof of Prop. 3.1.6 shown in
[11] written for the euclidean setting. Thus, we define the operator 7* on
functions W € L?(T™ x hZ") as

T = Y [ @ o) dr

Eehn
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It can be easily seen that 7* equals the adjoint of the operator (T)(z,§) :=
<(I)(z,§)7'(/}>L2(']1‘n), i.e.

(T, ) L2(rny = (W, T) L2 (T x hzn)-
Thus, V1)1, € C°(T") C L?(T") we have
(T* o Tab1,¥2) L2 (1ny = (T 1, TW2) L2 (T xhzm) -

It remains to prove that

(TY1, T2) 2 (1 xnzey = (Y1, ¥2) L2(1n) + O(R™) (3.1)
which implies
T*oT =1d mod O(h™) (3.2)

on L?(T"), and equality (3.2) is exactly the statement (1.4).
In order to prove (3.1), we recall that the periodization operator II can be
rewritten in the form (see Thm. 6.2 in [15]):

(g) = Fr! (Fano| ). (3.3)

where ]-"T_n1 stands for the inverse toroidal Fourier Transform, and Fg~ is the
usual euclidean version. In view of (3.3) it follows

(T)(,8) = (Pae), V) r2(rny = (FrRnPuglzn, Fret)) 12zn)
= D PueR)D(R),

kezn
where ¢ ¢(k) := Fign ¢ (k) and (k) := Fratp(k). Thus,
(Tab1, To2) L2(Tr xchzm)

S N O SRR N wER ) 8

EehZn kezm™ HEL™

We can rewrite this equality, in the distributional sense, as
(TY1, Th2) L2 (1 xnzn)
= X B | Gechucnydr

k,uezn E€hzn

where @ := [0,27]" and 1,1y € C°(T™). Now let £ = ha with o € Z", so
that

<T/¢)17 Tw2>L2 (T" x hZ™)
ST Gk e Y /Q B ()8 (1) e

k,u€Zm a€Z™
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By using the explicit form of ax,ha and the condition h~! € N, a direct
computation shows that

(To1, TWa) L2(1n
= > Uik )[( > e“"(k‘“)) +0(h°°)} (3.4)
k,nezZ™ agZm

where O(h*°) does not depend on the functions 1, ¢2. We now use the as-
sumption ||Azt|z2 < ch™™ for some fixed ¢, M > 0 so that Fourier compo-

nents fulfill || < [k|72(27)"2c k=M and ||¢)||r2 = 1 gives || < (2m)"/2.
Consequently,

ST k)] < 2m)2 4 @20 2e Y K72 AT, (3.5)
kezn kezm\{0}

and

S B )] < Y 1BiR)] Y [Ba). (3.6)

k,ue€Zn kezn MYAL

To conclude, since §(k — p) = > cpn e (k1) e get

(TY1, T2) 2 (1nxnzny = 2: i (k k) + O(h>)
keZ‘n
= <w17w2>L2(T”) + O(hoc) (3.7)

The estimates (3.5) - (3.6) together with (3.4) ensure that the remainder in
(3.7) has order O(h®).
In order to prove (1.5), we observe that

= > / (B(ag): on) 12 Ofy ) dz + O(R™).

gehzn

is given by an L2-convergent series. Thus, for any fixed ¢; we can say that
there exists f(h) > 0 such that

©n = Z / <<I>(m)§), g0h>L2 (I)?z,ﬁ) dx + O(hoo)
gehzn Je|<f(h) "

O

Proof of Theorem 1.2 We apply the statement of Thm. 1, for a set of lin-
early independent eigenfunctions vy, ; generating all the eigenspaces linked
to eigenvalues Ej, < F and f;(h) > 0 given by Thm. 1.1.

Vhi = > / (D(2,6), Un,i)r2 Py ey dz + Ry
geR L™ |EI< fi(h)
where || Rp ;|2 = O(h™).
Moreover, we recall that the Weyl Law on the number N (h) of eigenvalues
Ej, < F (counted with their multiplicity) for semiclassical elliptic operators
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(see for example [17]) reads N (E, h) ~ (2wh) ™" (vol(U(F)) + O(1)). We de-
fine:

g(E, h) 19'21@&,;1)"0()

Since any eigenfunction 1, linked to Ej, < E will be written as v, =
> i {Un,i,n)bn i then the linearity of decomposition (1.4) ensures also the
decomposition (1.6) for such vy,. Namely,

’(/)h: Z / (z,€)» ’(/}h>L2q)I§)d.'L'+Rh
€ehzn, |€|<g(h,E)
where Ry, = ZlgiSN(E,h) R; 1. To conclude:
< i <SN(E,h i
IRlie < 3 Ul SNED, g IRl
N(E L) - O(h™) = O(h*>).

O

Proof of Theorem 1.3 We assume that ¢, € C°°(T") is L? - normalized and

Ph = Z Cj Vh,;j

1<j<J(h)

where the L2-normalized eigenfunctions vy, ; of Opj,(b) are given in Thm. 1.2
and we assume J(h) < Joh~? for some Jy,Q > 0 that are independent on
0<h<1

Define

L(h) = 1<rjn<a3<(h)f-(h)

where f;(h) are associated to the functions vy, ; and given by Thm 1.1.
We now observe that if U (t) := exp{(—iOp;,(b)t)/h} then

Utypn = Y. ¢ e #Bingy (3.8)
1<j<J(h)

for any t € R.
We can now apply the decomposition formula (1.4) with the condition on the
frequencies |¢| < £(h) and for the wave function U(¢)pp, and get the expected
result, namely

Un(t)en = Z / (D (a,6), Un(t)pn) 12 Py ) d + Z Rjn
genzn, |€|<(h) 1<5<J

for any ¢ € R. The remainder Ry := 3", ;. ; Rj can be estimated as in the
previous Theorem, namely

[l Y IRz < Joh™@ max [ n|s

1<i<J

= Joh~ Q-O(hOO):cf)(hOO).

IA
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