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ABSTRACT. Let G = NH be a finite group where N is normal in G and H
is a complement of N in G. For a given generating sequence (hi,...,hq) of
H we say that (N, (h1,...,hq)) satisfies the strong complement property, if
(h1', ... ,hzd> is a complement of N in G for all z1,...,24 € N. When d is the
minimal number of elements needed to generate H, and (N, (h1,...,hq))) sat-
isfies the strong complement property for every generating sequence (h1, ..., hq)
with length d, then we say that (N, H) satisfies the strong complement prop-
erty. In the case when |N| and |H| are coprime, we show that (N, H) can
only satisfy the strong complement property if H is cyclic or if H acts trivially
on N. We give on the other hand a number of examples that show this does
not need to be the case when considering the strong complement property
of (N, (h1,...,hq)) for a given fixed generating sequence. In the case when
N and H are not of coprime order, we give examples where (N, H) satisfies
the strong complement property and where H is not cyclic and does not act
trivially on N.

1. INTRODUCTION

Let G = NH be a finite group where N is normal in G and H is a comple-

ment of N in G. Consider a given generating sequence (hy,...,hq) of H, that is
(h1,...,hg) = H. We say that (N, (hy,...,hq)) satisfies the strong complement
property if (hi*,..., h3?) is a complement of N in G for all z1,...,24 € N.

It is easy to see that if d > d(H) and (N, (h1, ..., hq)) satisfies the strong com-
plement property for any generating sequence (h1, ..., hq) of H with length d, then
H acts trivially on N (see Remark 5).

When d is precisely the minimal number of elements d(H) needed to generate H,
and (N, (hy,...,hy)) satisfies the strong complement property for any generating
sequence (hi,...,hg) with length d, then we say that (N, H) satisfies the strong
complement property.

Note that (N, H) satisfies the strong complement property when H acts trivially
on N or H is a cyclic group. So, in the following we will only deal with the case
where H is a non-cyclic group.

The natural question that arises is whether there are any examples apart from
those two trivial ones. We will show that this is not the case when |N| and |H| are
coprime.
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Theorem 1. Let G = H x N be a semidirect product of finite groups N and H
where H is not cyclic and where H and N have coprime orders. If (N, H) satisfies
the strong complement property, then H acts trivially on N.

As usual in this setting, the main case is when N is a minimal normal subgroup of
G. The bulk of the work is dealing with the case when N is abelian, in which case it
can be viewed as a faithful and irreducible H-module. Consider that setting in full
generality, that is without assuming that |N| and |H| are coprime. By a result of
Aschbacher and Guralnick [1], if H is not cyclic and H = (hy,...,hq), then there
exist vy,...,v3 € N such that G = (hjvy,...,hqvq). Note that (N, (hy,...,hq))
satisfies the strong complement property if and only if G # (hi*, ..., h}*) for every
choice of x1,...,24 € N. Since h;’ = h;[h;, x;], this holds precisely when the
vectors vy, ...,vuq € N such that G = (hjv1,..., hqvg) can never be chosen with the
further restriction that v; € [h;, N] for every 1 < i < d. This leads to a condition
on the size of the centralizers of the elements h; in N (see Theorem 2). Combining
this result with a theorem of Scott [13, Theorem 1], we prove in Theorem 7 that
(N, H) only satisfies the strong complement property when H is either cyclic or
acts trivially on .

The above mentioned theorem of Scott generalizes a theorem of Ree about per-
mutations [12, Theorem 1]. Ree’s formula allows us to generalize the arguments
used in the abelian case to the case where N is a minimal nonabelian group. The
almost simple case requires the classification of finite simple groups.

The structure of the paper is as follows. In section 2, we do some preliminary
work regarding the case when N is a faithful and irreducible H-module. We also
present examples that show that (N, (hy, ..., hq)) can satisfy the strong complement
property for a given fixed sequence although |N| and |H| are coprime and d > 2.
In section 3, we will continue our investigation into the case when NV is a faithful
irreducible H-module and prove our main result in this direction, that is Theorem 7.
In Section 4, we handle the case when NV is non-abelian and in Section 5 we consider
the coprime case and we prove Theorem 1. In the 6th and final section we present
some more examples.

2. SOME PRELIMINARIES.

This section is devoted to analyze the case where IV is an abelian minimal normal
subgroup of G = NH and H is a not cyclic group acting non-trivially on N. So we
set N =V and we view V as a faithful and irreducible H-module.

The study of the first cohomology group H!(G, V) is intimately connected with
questions about the generation of the semidirect product G =V x H. In [1], As-
chbacher and Guralnick proved that | HY(G, V)| < |V| and deduce from this that if
d > 2 and H can be generated by d elements, then G too can be generated by d
elements. More precisely if H = (hy,...,hg), then there exist vy,...,vq € V such
that G = (hqvy,..., hqva).

Note that (V,(hi,...,hq)) satisfies the strong complement property, that is
(hy™*, ..., hy") is a complement of V in G for every choice of wi,...,wq € V, pre-
cisely when there is no wy,...,wqg € V such that G = (hy™,..., hy*). Since h;"* =
hi[h;, w;], this holds when the vectors vy, ...,vq € V such that G = (hyv, ..., hqug)
can not be chosen with the further restriction that v; € [h;, V] for every 1 < i < d.
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Before proving a criterion to decide whether (V, (hq, ..., hq)) satisfies the strong
complement property for a generating sequence (hq,...,hq) of H, we need to in-
troduce some definitions and notations. Let FF = Endg V and let n = dimpg V.
We will denote by Der(H,V) the set of the derivations from H to V (i.e. the
maps 6 : H — V with the property that 6(hiha) = 6(hy)"2 + §(hy) for every
hi,he € H). If v € V then the map 6, : H — V defined by 6,(h) = [h,v]
is a derivation. The set InnDer(H,V) = {d, | v € V} of the inner deriva-
tions from H to V is a subgroup of Der(V, H) and the factor group H'(H,V) =
Der(H,V)/InnDer(H, V) is the first cohomology group of H with coefficients in V.
It is clear that V, Der(H,V), InnDer(H,V) and H'(H, V) are vector spaces of F.
Let

n =dimp V and r = dimp H' (H, V).
It follows from [1, Theorem A] and [6, Theorem 1] that
r<|n/2] <n-—1. (2.1)
For our purpose it is also important to consider the F-subspace
Ay (hy, ..., hq)

of Der(H, V) consisting of the derivations ¢ with the property that, for every i €
{1,...,n}, there exists v; € V such that d(h;) = &,,(h;). Clearly InnDer(H,V) <
Ay (hy,..., hq) and so

n = dimp InnDer(H, V) < dimp Ay (hy,...,hq) < dimp Der(H,V) =n+r.

In particular there exists an integer sy (hi,...,hq), with 0 < sy (hy,...,hq) <1,
such that

dimpg Av(hl,...,hd) = n+SV(h1,---,hd)~

Theorem 2. Let H = (hy,...,hq) be a finite non-cyclic group and V a faithful
and irreducible H-module. Then (V, (h1,...,hq)) satisfies the strong complement
property if and only if

Z diIl’lF Cv(hz) = Tl(d — 1) - Sv(hl, .. .,hd).

1<i<d
Proof. Tt is well known that if 6 € Der(H, V'), then
Hs = {hé(h) [ h € H} = (h16(h1), ..., had(ha))

is a complement of V' in G and the maps § — Hj is a bijection from Der(H, V') to
the set of the complements of V' in GG. Notice that there exists v1,...,v4 € V such
that Hs = (hi*,..., hy*) if and only if 6 € Ay (hi,...,hq). Moreover, since H =
(h1,...,hq) and V is a faithful module, the map « : Der(H,V) — V¢ defined via
0+ (0(h1),...,0(hq)) is F-linear and injective. Now consider the F-endomorphism
B:V®— V@ defined by setting B(v1,...,vq) = ([h1,v1], ..., [hd, vo]). V1, ..., 0q €
V, then (h{',...,h4") either coincides with G or is a complement of V in G.
The second case occurs if and only if there exists § € Ay (hy,...,hq) such that
(hi*, ..., hy") = Hs and in such a case f(v1, ..., vq) = a(d). But then (V, (h1,. .., hq))
satisfies the strong complement property if and only if B(V?) = a(Ay (h1, ..., hq)).
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Since a(Ay (h1,...,hq)) < B(V?) we have that B(VY) = a(Ay (hy,...,hq)) if and
only if

n+sy(hi,..., ha) = dimp(Ay (hi, ..., hq)) = dimp(a(Av (b, ..., ha)))
=dimp(B(VY))=d-n— > dimp(Cy(h:)),

1<i<d

Le. if and only if 3, ;. , dimpr(Cv (hy)) = n(d — 1) — sy (h1, ..., ha). O

Corollary 3. Suppose that HY(H, V') = 0. Then (V, (h1, ..., hq)) satisfies the strong
complement property if and only if

Z dimF Cv<hz) = n(d — 1).

1<i<d

Recall that the assumption H' (G, V) = 0 in the case of soluble groups is assured
by the following unpublished result by Gaschiitz (see [14, Lemma 1]).

Lemma 4. Let G # 1 be a finite soluble group and let V' be a faithful and irreducible
G-module. Then H*(G,V) = 0.

We want to present now some examples in which (V, (hy,...,hq)) satisfies the
strong complement property for at least one generating sequence (hy,..., hq) of H.

Example. Let p be a fixed prime. By the Dirichlet’s theorem on arithmetic
progression, there exists a prime ¢ with the property that p divides ¢ — 1. Let F'
be the field with ¢ elements and let C' = (\) be the subgroup of order p of the
multiplicative group of F. For every positive integer ¢, we fix a Sylow p-subgroup
P, of Sym(p') and consider the wreath product H; = C P;. Notice that H; is
isomorphic to the iterated wreath product Cp1---1C),, where C), is the cyclic group
of order p and the number of factors is ¢t + 1. In particular H; can be generated
by t + 1 elements. Let n = p' and let V; = F™ be an n-dimensional vector space
over F. The group H; has an irreducible action on V; defined as follows: if v =
(fi,-- s fn) € Vi and h = (c1,...,cp)0 € Hy, where ¢; € C and 0 € P;, then
h

v = (flcr*lclafla R fna*lcnafl)'

We claim that for every positive integer ¢, there exist t+1 generators (hy, ..., hiy1)
of H; such that (V;, (h1,...,hiy1)) satisfies the strong complement property. By
Corollary 3 and Lemma 4, this is equivalent to find a generating sequence (hq, ..., hi11)

of H; with the property that
> dimp Cy,(hy) =p' - . (2.2)

1<i<t+1
First consider the case t = 1. Consider the elements h; = (A, 1,...,1) and he =
(1,2,...,p) € P1, and note that Hy = (hy, ha). Since

CVl(hl):{(OafZauwfp)‘f27~'~7fp€F}v CVl(hQ):{(f7"'7f)|f€F}ﬂ

we have that dimp Cy, (h1) + dimp Cy,(h2) =p — 1+ 1 = p, and (2.2) holds. Now
suppose that (hq,..., hi11) is a generating sequence for Hy and that (V4 (hy, ..., hit1))
satisfies the strong complement property. We may identify H;,; with the wreath
product H. Py and Viyq with V;”. With this identification, if v = (v1,...,vp) € Viqq

and h = (21,...,2p)0 € Hy L Py, then v" = (Uf;ijl,...,vigil). For1<i<t+1,
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let k; = (hi,1,...,1) € H?, moreover let kiyo = (1,2,...,p) € Pi. We have that
Hipq = (k1,...,kit1, key2). Moreover if 1 < ¢ <t+ 1, then

OVtJrl (kl) = {(Ulv cee 7Up) | v1 € OVt (hi)vaa -y Up € ‘/t}

S0
dimpg CVt+1 (kjl) =dimp Cvt (hz) + (p — l)pt.
On the other hand Cvy,_, (ki12) = {(v,...,v) | v € V;} so
dimF Cvt+1 (kt+2) = dimF ‘/;g = pt.

Since (V4, (b, ..., ht11)) satisfies the strong complement property, by (2.2) we have
> dimp Cy,(hi) =p' - .

1<i<t+1
But then
> dimpCy,,, (k)= > dimpCy,(hi)+ (t+1)(p—1)p' +p'
1<i<t+2 1<i<t+1

=pt+(t+1)(p—1)p'+p" = (t+1)p'T.

Hence (2.2) holds and (Vi41, (k1,...,k:i12)) satisfies the strong complement prop-
erty.

Example. Another example of generators satisfying the strong complement prop-
erty can be obtained considering the action of Sym(n) on the full delete module V
over the field F' with p element, where p is a prime which does not divide n. We
have that V- = {(f1,...,fn) € F* | fi + -+ fn = 0} and Sym(n) acts on V by
permuting the n entries. Let a = (1,2) and S = (2,...,n). We have

Cv(a) ={(z,z,y3,-...yn) |2+ T +ys+ -+ y, =0}
C’V(ﬂ):{(z,y,...,y)|:1:+(p71)y:O}

so dimp Cy (o) +dimg Oy (8) = n—2+1 =n—1 = dimp V. Since H! (Sym(n),V) =
0 (see for example [9, (5.8)]), it follows from Corollary 3 that (V, («, 3)) satisfies
the strong complement property.

3. THE CASE WHERE N IS A FAITHFUL AND IRREDUCIBLE H-MODULE

Now we investigate the following question: is it possible that (N, (h1,...,hq))
satisfies the strong complement property for all the generating sequences (hq, ..., hq)
of length d?

Remark 5. Note that if (N, (h1,...,hq)) satisfies the strong complement property
and hq € (h1,...,hq_1), then hq centralizes N. Indeed, given an element x € N,
we have that K = (hi,...,h5_1,hq) is a complement of N in G. Therefore, as
H* < K and hq € K, we conclude that [hg,z] < KN N =1.

It easily follows that if d > d(H) and (N, (h1,...,hq)) satisfies the strong com-
plement property for any generating sequence (hy,...,hq) of H with length d, then
H acts trivially on N.

In this section we analyze the case where N = V is minimal and abelian, so in
the following V' will denote a faithful and irreducible H-module. Moreover we set
F=Endyg V and n = dimp V.
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Lemma 6. Let H be a finite non-cyclic group and V' a faithful and irreducible
H-module. If (V, H) satisfies the strong complement property, then

d(H) -1
dimp H'(H,V) > ————— .
impH (H,V) > A(H) 1 n
Proof. Let d = d(H) and r = dimz H'(H, V). By Theorem 2 and the hypothesis,
for every generating sequence (y1,...,yq) of H we have that
> dimp Cy(y;) > n(d—1) — . (3.1)
1<i<d
Choose a generating sequence (hy,...,hq) of H and consider the elements
z1 = hiha - hq_1hg, x2=hahz---hqh1, ..., xq=hghi - hqgohq 1.

Since 1, ...,xq are conjugate in H, we have dimp Cy (z1) = -+ = dimp Cy (z4).
Set

Yo = dimp Cy(21), v =dimpCy(h1),..., 7a =dimp Cy(ha)
and, for ¢ € {0,...,d},

R; = Z ’}/j.
0<j<d,j#i

Notice that
Y mi=dyo+n -+ +7).

0<i<d
By applying (3.1) to the generating sequence (hq,...,hq) we get kg > n(d — 1) —
r; similarly considering the generating sequence (h1,...,hi—1,2Z;, hiy1,...,hq) We
obtain k; > n(d — 1) — r for every i # 0. This implies
do+m 4 +7a) = Y k> (d+1)(n(d—1)—r). (3.2)
0<i<d
On the other hand, by a theorem of Scott [13, Theorem 1],
Yo+ +-+7a<n(d-1). (3.3)

Comparing (3.2) and (3.3) we deduce
(d+1)(n(d—-1)—r) <n(d—1)d
and thus r > (d — 1)n/(d + 1), as desired. O

Theorem 7. Assume that V is a faithful irreducible H module. If (V, H) satisfies
the strong complement property when H 1is either cyclic or acts trivially on V.

Proof. Assume that H is a finite non-cyclic group and V' a faithful and irreducible
H-module and suppose, by contradiction, that (V, H) satisfies the strong comple-
ment property. Let F = Endg V, n = dimg V and r = dimp H*(H, V). From (2.1)
and Lemma 6 we have that
d(H) -1
1 n<r<

AT 1 . (3.4)

|3

Therefore

d(H) =1 _1

dH)+1 7~ 2
and consequently d(H) < 3. Suppose d(H) = 3. Then by (3.4) we deduce that
r = n/2. From [6, Theorem 1] it follows that either F*(H) = L2(2"), n > 1, or
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F*(H) = Alt(6), but this would imply d(H) = 2, a contradiction. This proves that
d(H) = 2.
For a generating set x1,...,xq of H let us define

~ Azy,...,2q)
HY(zy,... =Y < HglUH, V).
(@1, 7a) InnDer(H,V) — (H,V)

According to the definition given in Section 2
dimp I-il(acl, ceyxg) = sy(xr, ..., 2q).

Assume H = (hy, ho), let hg = hiha, v; = dimp Cy(h;) for 0 < i < 2 and set
h(V) =n —~1 — 2 — 3. By Theorem 2

2h(V') = sy (ho, h1) + sy (ho, ha) + sy (hi, ha) —n
while by [13, Proposition 1.a]
h(V) > sy (ho, h1, ha)
so we have
sy (ho, h1) 4+ sv (ho, ha) + sy (h1, he) > 2sy (hg, h1, ha) — n. (3.5)

From the definition, we have

H(hg, h1,he) = H'(ho, h1) NH*(ho, ha)
= H(ho, h1) NHY(hy, ho)
= H(ho, he) NH(hy, ha).

So in particular

sv(ho, 1) + sv (ho, h2) = sv (ho, b1, he) = dimp (H' (ho, h1) + H' (ho, h2)) (3.6)
< dimp H'(H,V) =r. '
From (3.5) and (3.6) we deduce

r+ sy (hi, ha) — sy (ho, b1, h2) > n.

Since r < n/2, it follows

sv(hi,ha2) — sy (ho, hi,he) >

|3

This is only possible if sy (hg, h1,h2) = 0, sy (h1,he) = n/2 = r and consequently
H'(hy, hy) = HY(H, V). With the same argument we can also deduce H(hg, hy) =
H'(hg, hy) = H'(H,V). This implies H'(hg, h1,hs) = H'(H, V), contradicting
r:n/2>sv(h0,h1,h2)=0. [l

When d(H) = 2, the proof of Theorem 7 shows that, for every generating set
(h1, ho) of H either (hy, hs), or (h1, h1hs), or (he, h1hs) does not satisfy the strong
complement property.
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4. THE CASE WHERE N IS NON-ABELIAN

The case where N is a complemented non-abelian minimal normal subgroup of
G = NH is quite more complicate. In this section we will work under the following
assumptions:
e G = NH is a finite group with a unique minimal normal subgroup, say N,
which is complemented by the subgroup H.
e N = S" wheren € N and S is a finite non abelian simple group.
e x is the number of complements of N in G.
Let H = (hy,...,hq) and assume that (N, (hq,...,hq)) satisfies the strong comple-
ment property, i.e. (hi*,...,h}?) is a complement of N in G for every choice of
Ni,...,nqg € N. Let

Q= {(n",..., K2 | (n1,...,nq) € N}
As k is the number of all complements of N in G, we must have £ > ||. Note that
[NV
Q=[] =—+
12izq [On (hi)|

We may identify G with a subgroup of the wreath product Aut.S ! Sym(n). In
particular any h € H can be written in the form (aq,...,ay)op, with aq,...,q, €
Aut S and o, € Sym(n). Define v(h) = n—r(h) where r(h) is the number of orbits
of (o) on {1,...,n}. It can be easily seen that |Cn (k)| < |S|"™ and |N : Cy(h)| >
|S*(") | hence

2] > |§[=r<e=a®o),

Therefore we obtain the following bound:
Z v(h;) < logg| K- (4.1)
1<i<d

Proposition 8. Let G = NH be a finite group with a unique minimal normal
subgroup N, where N is non abelian and complemented by H. If (N, H) satisfied
the strong complement property, then

d(2n —2) < (d+1)logg K,
where d = d(H) and k is the number of complements of N in G.

Proof. By hypothesis, (N, (hq, ..., hq)) satisfies the strong complement property for
all the generating sequence of H of cardinality d = d(H). If d = 1, then the bound

follows from (4.1). So assume d > 2 and choose a generating sequence (hq, ..., hq).
Let

x1 = hiha---hq_1hg, x2=hahz---hqh1, ..., xq=hghi - hqgohq 1.
Since 1, ..., xq are conjugate in H, we have v(z1) = --- = v(zq). Set

Yo =v(z1),71 = v(h1), ..., 72 = v(ha)
and, for i € {0,...,d},
KR; = Z ’)/j.

0<j<d,j#i
Notice that

Z Ki=d(yo+v+- - +7a)
0<i<d
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By applying (4.1) to the generating sequence (h1, ..., hq) we get ro < logg| K; sim-

ilarly considering the generating sequence (h1,...,h;—1, i, Rit1,. .., hq) We obtain
k; < log|g| k for every i # 0. This implies
dyo+m+---+7) = Z ki < (d+1)log g k. (4.2)
0<i<d
On the other hand, by a theorem of Ree [12, Theorem 1],
Yo+ 4+ e >2n - 2. (4.3)

Comparing (4.2) and (4.3) we deduce
d(2n —2) < (d + 1) logg #,
as desired. 0

It is quite hard to produce a good bound for the number of complements of
N = S in G. An easy case occurs when |N| and |G/N| are coprime, indeed by
the Schur-Zassenhaus theorem N is complemented and all the complements are
conjugate in G, hence k < |N|.

The case n = 1 of the forthcoming Theorem 10 follows from the following lemma.

Lemma 9. Let G be a finite almost simple group and S = socG. If (|G/S],|S|)
are coprime, then G/S is cyclic.

Proof. We have to prove that if a subgroup X of OutS has order coprime with
the order of S, then X is cyclic. If S is an alternating or a sporadic simple group,
then | Out S| divides 4 so, since |S| is even, we are done. Thus we may assume
that S is a simple group of Lie type. In this case Out S is a semidirect product
(in this order) of groups of order d (diagonal automorphisms), f (field automor-
phisms), and ¢ (graph automorphisms modulo field automorphisms), except that
for Bo(27), G3(3%), F4(27) the graph automorphism square to the generating field
automorphism. The groups of order d, f,g are cyclic except in the case Dy(q)
(where the graph automorphisms generates a group isomorphic to Sym(3)). On the
other hand it follows from [4, Table 5 and Table 6] that d and g divides |S]| so X
must be a subgroup of a cyclic group of order dividing f. O

In the following we will need Gaschiitz’s Lemma [5], which says that if K is a
normal subgroup of a finite group G and (g1,..., g4, K) = G with d > d(G), then
we can find ky, ..., kg € K such that (g1k1,...,g94skq) = G.

Theorem 10. Let G be a finite group with a unique minimal normal subgroup N,
where N is non abelian and (|G : N|,|N|) = 1. Let H be a complement of N in G.
If (N, H) satisfies the strong complement property, then H is cyclic.

Proof. Let N = S™, where n € N and S is a finite non abelian simple group. By
the Schur-Zassenhaus theorem, £ < |N| = |S|™ so by Proposition 8

d(2n —2) < (d+ 1)n, (4.4)

that is (n — 2)d < n. Hence for n > 5, we must have d < 1 and H cyclic.

Let us analyze the cases where n < 4. Notice that H acts transitively on the
n factors of N: so if n = 2 or n = 4 then 2 divides |H|, but then |H|, |N| are
not coprime, against our assumption. If n = 1, it follows from Lemma 9 that H
is cyclic. So the only case that is left is n = 3. In this case, by the above bound,
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d < 3. First assume d = 3. In this case, by Gaschiitz’s Lemma [5], we can choose
the generators hi,he,hs so that op, = op, = (1,2,3),0n, = (1,3,2) but then
v(h1) = v(hg) =v(hg) =3 —1=25s0 v(h1) +v(he) + v(hg) = 6 > 3 against (4.1).
Similarly if d = 2 we can choose choose hy, hy so that o, = o, = (1,2, 3) but then
v(h1) = v(ha) = 2 s0 v(h1) + v(he) = 4 and again (4.1) fails. So H is cyclic in all
the cases. O

5. THE COPRIME CASE

Proof of Theorem 1. Let G = H x N be a semidirect product of finite groups N
and H where H is not cyclic and where H and N have coprime orders. We want to
prove that if (IV, H) satisfies the strong complement property, then H acts trivially
on N.

We argue by contradiction and take a counter example where the order of N is
smallest possible. Let U be a minimal normal subgroup of G contained in N. It is
easy to see that both (U, H) and (N/U, H) satisfy the strong complement property.
If U is a non-trivial proper subgroup of N, then, by minimality, H acts trivially on
N/U and U. Since the action is coprime, we deduce that H acts trivially on N,
against our assumption. Thus N is a minimal normal subgroup of G.

Let C = Cy(N) and d = d(H). For short, we will use the bar notation to
denote the image of the elements and subgroups in H/C. We want to prove that for
every d-generating sequence (hy,...,hq) of H, (N, (hy,...,hy)) satisfies the strong
complement property. So, given ny,...nqg € N we need to prove that <B’{“, cery B2d>
intersects trivially V in G. By Gaschiitz’s Lemma, there exist elements c1,...,cq €
C such that (hici,...,hgeq) = H. As (N, H) satisfies the strong complement
property, the subgroup ((hic1)™, ..., (hgcq)™) is a complement of N, hence, by
the Schur-Zassenhaus theorem, it is a conjugate H™ of H for some n € N. Note
that C < H". Therefore

<h71110, cey h3d0> < <(h101)n1, ceey (hdcd)nd> = H".

and we conclude that (h],.. .,}_I,Zd> is a complement of N. This proves that

(N, (h1,...,hq)) satisfies the strong complement property for any generating se-
quence hi,...,hq of H of length d. In particular, if d > d(H), then by Remark 5
the action results to be trivial and thus H = C' against our assumption. We deduce
that d(H) = d = d(H) and (N, H) satisfies the strong complement property.

Note that N is the unique minimal normal subgroup of G. If N is non-abelian,
then by Theorem 10 we get that H is cyclic. If N is abelian, then by the Schur-
Zassenhaus theorem all complements are conjugate, hence H'(H,N) is trivial.
Therefore from Lemma 6 it follows that H is cyclic. In both cases, since d(H) =
d(H), it follows that H is cyclic, against our assumption. O

In the case where H is of odd order and nilpotent of class at most 2 acting
coprimely on a faithful irreducible H-module N, the strong complement property
is quite limiting: namely it suffices that (N, (hq,...,hq)) satisfies the strong com-
plement property for one generating sequence hq,...,hq of H to deduce that H is
cyclic.

We will need the following consequence of Corollary 3.

Lemma 11. Suppose that N is a faithful irreducible H-module and that H* (H, N) =

0. If (N, (hi,...,hq)) satisfies the strong complement property and d > 2, then
Cn(h;) #0 for every 1 <1i <d.
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Proof. Assume by contradiction that Cxy(h;) = 0 for some index i. Let F =
Endg(N) and let n = dimp N. As H'(H, N) = 0, by Corollary 3 we have that

Z dimF CN(hJ) = n(d — 1).

1<j<d
Since dimp Cn(h;) = 0 and dimp Cn (h;) < nfor j # i, we deduce that dimp Cn (h;) =
n for all j # 4. Hence the action is not faithful, a contradiction. O

Proposition 12. Suppose that N is a faithful irreducible H-module, where H =
(h1,ha, ..., hq) is nilpotent of class at most 2, |H| is odd and (|N|,|H|) = 1. If
(N, (h1,...,hq)) satisfies the strong complement property, then H is cyclic.

Proof. By standard arguments we only need to consider the case when H is a p-
group where p is an odd prime. Let F' = Endg(N) and let n = dimp N. We may
identify H with a subgroup of GL(n, F'). Moreover for every z € Z = Z(H), there
exists A € F' such that z acts on N as the scalar multiplication by A. In particular
Z is isomorphic to a subgroup of F* and it is cyclic. So we may assume that H is
non-abelian, in particular there exists ¢ # j such that, setting a = h; and b = h;,
we have [b, a] # 1. Hence [b, a] acts as the scalar multiplication by an element A of F
whose order is a non-trivial p-power. By Lemma 11, that there exists an 0 # z € N
that commutes with a. Notice that

mbja _ xabj [b.al’ _ )\ijj.

Thus #¥ is an eigenvector for a with eigenvalue A. Since (N, (hq,...,hq)) satisfies
the strong complement property, (a””b7 by is contained in a complement of N, and
therefore we should have that [axb, b, b] is trivial. However calculations show that

[a® ,b,b] = AL (1 = Nz + A7E2 = Dab + (1 — A)2?)P.

Notice that A2 # 1 as p > 3. In particular x,xb,xb2 are eigenvectors for the
different eigenvalues 1, \, \? so they are linearly independent. But then (A~1(1 —
ANz 4+ A" A2 = Dab + (1 — \)z¥’)? # 0, a contradiction. [Notice that for p = 2 and
A = —1 this expression becomes (—2z + 0 + 2z)° = 0]. O

In the next example we show that the assumption that |H| is odd in Proposition
12 is essential.

Example. Let N = (x) x (y) be an elementary abelian p group where p is an odd
prime. Let P = (a,b) be the subgroup of Aut(N) where the action of P on N is
given by

1 b __ b _
y =Y, Yy =2

=z, Yt =y"
Notice that P is the dihedral group of order 8 with z[®? = z=! and ylet = ¢~1.
Thus in particular P is nilpotent of class 2. The action of P on N is faithful. Let
us see also that (N, (a,b)) satisfies the strong complement property. This follows
from the fact that a commutes with = and b with zy. Thus, if w = ®(zy)? and

z = at"*(my)‘s are any two elements of N, then
(a®,b%) = (@ 0Py = (g, by 0

and so (a",b*) is a complement of N.
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6. SOME EXAMPLES

Another case in which we can produce suitable bounds for the number of com-
plements of a non-abelian minimal normal subgroup N in G is where G = S H is
actually the wreath product of a finite non-abelian simple group S and a d-generated
transitive subgroup H of Sym(n), and N = S™ is the base subgroup.

The so call “Mclver-Neumann Half-n Bound” says that if Y is a subgroup of
Sym(n), then d(Y) < n/2if n # 3, and d(Y) < 2 if n = 3 (see [11, Lemma 5.2]
or [3, Section 4]). Moreover, from the main result of [8] it follows that if YV is a
p-group, then d(Y) < n/p.

Arguing as in [10, Lemma 2.8], we can derive the following bounds.

Lemma 13. Let H be a transitive subgroup of Sym(n), S a finite non-abelian
simple group, G the wreath product SUH and N = S™ the socle of G. For n # 4,
the number r of complements of N in G is at most |S|®"~V/2. If H is a p-group,
then k < |S|ntn/P=1,

Proof. We can identify G with a subgroup of the wreath product of S and Sym(n).
So the elements of G are of the kind g = (x1,...,2,)0 with z; € S and o € Sym(n).
For any 1 < i < n, denote by S; the subset of N = S™ consisting of the elements
x = (x1,...,0,) with x; = 1 for every j # i. Let K = Sy x --- x S,. Note
that Ng(K) is isomorphic to a subgroup of S x (S Sym(n — 1)) and Ng(K)/K
is isomorphic to a subgroup of S x Sym(n — 1). Then by [7, Corollary 4.4] or |2,
Theorem 2] there is a bijection between the conjugacy classes of complements of N
in G and the conjugacy classes of complements of N/K in Ng(K)/K.

Let Y be a complement of N/K in Ng(K)/K. The number of complements of
N/K in Ng(K)/K equals the cardinality of the set Der(Y, N/K) of derivations from
Y to N/K. Since 6 € Der(Y, N/K) is uniquely determined by the images ¢, ..., 4?,
of a set of generators of Y, we derive that | Der(Y, N/K)| < |N/K|*Y) = |§|¢(Y),
As Y is isomorphic to a subgroup of Sym(n — 1) and n — 1 # 3, we have that
d(Y) < (n—1)/2, hence | Der(Y, N/K)| < |S|(»~1/2, Finally, as every complement
X of N in G has index |N|, there are at most | N| conjugates of X in G. Therefore,

K< ‘Sl(n—l)/2|5|n — |S|(3n_1)/2.

Let consider that case where H is a p-group. Then n = p’ and Y is a permutation
p-group of degree at most p* — 1. Therefore Y is a permutation group of degree at
most p' — p and so, by [8], d(Y) < (p* — p)/p = p!~! — 1. Arguing as above we
deduce that

K|S,

as desired. O

Proposition 14. Let H be a transitive subgroup of Sym(n), S a finite non-abelian
simple group, G the wreath product SV H and N = S™ the socle of G. If (N, H)
satisfies the strong complement property, then d(H) < 4. Moreover, if n > 12 then
d(H) <3 and if H is a p-group for a prime p > 3, then H is cyclic.

Proof. Let d = d(H). Recall that a permutation group of degree n can be generated
by at most [n/2] elements if n # 3, and at most 2 elements if n = 3. So, if n < 8§,
then d < 4.
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If n > 8, then by Lemma 13 x < |S|>"/21/2, From Proposition 8 it follows that

d(2n—2) < (d+1) (3"_1>

2 2
i.e.
nd < 3d+3n — 1. (6.1)
Since d < n/2, we deduce
3n In
<2 1=
nd < 5 + 3n 5

an consequently d < 4.
In particular, if n > 12 then 8/(n — 3) < 1 and by (6.1) we deduce that
3n—1 8
=34+ —— < 4.
n—3 + n—3
Suppose now that H is a non cyclic p-group where p > 3. In this case n = p’ for
some t > 1. Then by Lemma 13 x < |S|"+"/”_1, and by Proposition 8 we deduce

d2n—-2)<(n+n/p—-1)(d+1)

d<

hence
d pt +pt—1 -1

d+1— 2pt—2

For p > 3, we have
tooot—1 _
pap -1 _2
2pt — 2 3
But d/(d + 1) < 2/3 would imply d = 1, against the assumption that H is not
cyclic. a

We now give an example of a semidirect product NH where both N and H
are elementary abelian p-groups with H of an arbitrary large rank r > 2 acting
faithfully on N and where (N, H) satisfies the strong complement property. This
is in sharp contrast with the coprime case where (N, H) can only satisfy the strong
complement property if we either have a direct product or H is cyclic.

Example. Let r be an integer where r > 2 and p a prime. Let N = Fv;+- - -+Fou,.+
Fw be a vector space of dimension r + 1 over F = GF(p). Let H = (a1,...,a,) <
GL(N) where v{" = v; + w and a; acts trivially on w and v; when j # i. Then
H is an elementary abelian p-group acting faithfully on N. We claim that (N, H)
satisfies the strong complement property. Let hq, ..., h, be any generators of H and
let z1,...,2, € N. Then K = (h',...,h¥") < H(w). Thus K is also elementary
abelian of rank r. Notice also that K "N < H(w) N N = (w). Thus if K was not
a complement of N, then K N N = (w) that would imply that K = K{w) = H{w)
giving the contradiction that |K| = p"*1. It follows that K is a complement of N
and thus (N, H) satisfies the strong complement property.

The next example is again a semidirect product NH where both N and H are
p-groups and (N, H) satisfies the strong complement property.

Example. Let N = (a,b) be a p-group of rank 2 and class 2 with [a,b] = ¢
and a? = b = ¢ = 1. Let P = (C,A) be the elementary abelian p-group of
order p? where C' acts trivially on N and A is the inner automorphism induced by
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conjugation by a. We claim that (N, P) satisfies the strong complement property.
Let A"C*®, A'C™ be any generators of P and let z,y be any elements of N. Notice
that the two conjugates (A”C*)* and (A'C™)Y are in (A, C,c) and thus commute
(c and C are in Z(PN)). Hence Q = ((A"C*)*, (A'C™)Y) is also an elementary
abelian p-group of order p?. Notice also that Q NN < (¢). Thus if (N, P) does not
satisfy the strong complement property we would need @ N N = (¢) for some Q.
But then @ > (¢) and then @ = (A, C,c) contradicting the previous observation
that the order of Q is p>. Thus (N, P) satisfies the strong complement property.
Notice however that P does not act trivially on N as b4 = bc™!.
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