Chapter 1
Periodic transmission problems for the heat
equation

P. Luzzini and P. Musolino

1.1 Introduction

This paper is devoted to the application of layer potential methods to the solution of
some initial-boundary value problems for the heat equation in parabolic cylinders
defined as the product of a bounded time interval and unbounded periodic domains.

Layer heat potentials have been systematically exploited in the analysis of bound-
ary value problems for the heat equation. For example, we mention the well-known
monographs LadyZenskaja, Solonnikov and Ural’ceva [LaEtAl68] and Friedman
[Fr64], where a large variety of parabolic problems are solved. Moreover, by layer
potential methods, Fabes and Riviere [FaRi97] have solved the Dirichlet and Neu-
mann problem for the heat equation in C! cylinders with data in Lebesgue spaces.
Later on, Brown [Br89, Br90] has considered the case of Lipschitz cylinders.
Finally, we mention that Costabel [Co90] has obtained the solvability of some
boundary value problem for the heat equation in Lipschitz cylinders with data in
anisotropic Sobolev spaces.

In this paper, we are interested in developing potential theoretic techniques in
order to solve transmission problems in spatially periodic domains. A first step has
been done in [Lul8], where space-periodic layer heat potentials have been intro-
duced. Moreover, as a consequence of the results of [LaLul8] for the classical layer
heat potentials, regularizing properties for some boundary integral operators related
to the space-periodic layer heat potentials have been shown in [Lul8]. Then, the
space-periodic versions of the Dirichlet and the Neumann problems for the heat
equation have been solved by means of space-periodic layer heat potentials. Here,
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instead, we are interested in exploiting the results of [Lul8] in order to solve space-
periodic transmission problems for the heat equation.

Regarding spatially periodic evolution problems, we mention that Rodriguez-
Bernal [Ro17] has developed an L? theory for the space-periodic heat equation.

We now introduce the geometry of our setting. We fix once for all a natural num-
ber n € N\ {0, 1} and an n-tuple of positive real numbers (q11,...,qu) €]0,+oo[".
Then we define the periodicity cell Q = H?Zl]o,q jjl and the diagonal matrix
q = diag(q11,...,qumn)- Clearly, gZ" = {qz : z € Z"} is the set of vertices of a pe-
riodic subdivision of R” corresponding to the cell Q. Then we fix once and for all

o €]0,1], m € N\ {0}, T €]0,+oo],

and a bounded open subset 2 of R" of class C"% such that c1 Q2 C Q. We denote by
ng and by ng the outward unit normal fields to d€ and to dQ, respectively. Then,
we introduce the following g-periodic sets:

Se[R]= | (qz+Q)=qZ"+ 2, S Q] =R"\clS,[2].

zeZM

In the pair of domains S,[] and S,[Q]~ we consider two transmission problems
for the heat equation: problem (1.4), known as non-ideal transmission problem, and
problem (1.8), which is called ideal transmission problem. The aim of this paper is
to solve the two problems in parabolic Schauder spaces of space-periodic functions:
more precisely, after some preliminaries (Section 1.2), in Section 1.3 we solve the
non-ideal problem (1.4), while in Section 1.4 we consider the ideal problem (1.8).

1.2 Preliminaries and notation

If D CR”, then we set Dy =] —eo, T] x D, and drD = (ID)r =] — oo, T| x ID. We
have (cID)r = clDy. For the definition of the parabolic Schauder spaces C g mta
we refer to Ladyzenskaja, Solonnikov and Ural’ceva [LaEtAl68, Chapter 1] (see
also [Lul8]). We now introduce two subspaces useful for initial-boundary value
problems with zero initial condition. If Q is a subset of R” of class C"™%, we set

L% mt o

c, (c1O7) = {u € C"EHMH (1 Qr) s u(t,x) = 0 Vit €] —o0,0], x € clfz},

which we regard as a Banach subspace of C"z* @ (c1Q7). Moreover, we set

m+a.

c,> "M or ) = {u €C T (9, DY) u(t,x) =0 Vi €] —o0,0], x € 3(2},

which we regard as a Banach subspace of C"2% @ (7). Now let D be a subset of
R” such that x+ge; € D forall x e D and foralli € {1,...,n}, where {ey,...,e,} de-
notes the canonical basis of R”. We say that a function u from Dy to C is g-periodic
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in space, or simply g-periodic, if u(z,x) = u(t,x + ge;) for all (z,x) € Dr, and for
alli e {1,...,n}. Since we will consider space-periodic problems, we introduce the
following subspaces of parabolic Schauder spaces.
mta. m+a .
(o ’m+a(clSq [Q]r) = {u € C%’m”‘(clSq [2]7) : u is g-periodic in space} ,
(1.1)

which we regard as a Banach subspace of C#;’“O‘(cl Sq[2]7), and

nHz»a m+a
a (

clSy[R];) = {u € CmZﬂ;m*O‘(clSq[Q]}) : u is g-periodic in space} ,
X (1.2)
which we regard as a Banach subspace of C*2" % (clS,[2] ). Then we can define
mia, mia, mia.
Co,; ’m+a(cl Sq[22]7) and Coé e (c1S4[£2]7) replacing C%’"”“(CISC,[.Q]T)
and C"2*"+%(clS,[Q]7) in the right hand side of (1.1) and (1.2), by the spaces
mia, mia,
G’ ’mﬂx(clSq [Q]7) and C, * ’mﬂx(clSq [2]7), respectively.

Next, in order to build space-periodic layer heat potentials, we plan to replace
the fundamental solution of the heat equation by a periodic analog. Therefore, we
introduce the function @, , from (R x R")\ ({0} x ¢Z") to R defined by
_ lrrgl?

4t

if (¢,x) €]0, o[ xR",

1
B, 0(t,0) = 4 27 (g TC
0 if (z,x) € (] =00, 0] x R") \ ({0} x gZ")
(see [Lul8]). As it is known, @, , is a g-periodic analog of the (classical) funda-
mental solution of the heat equation. We are now ready to introduce the g-periodic
m—1
drQ). Then, we

+a m—
analog of the single layer heat potential. Let u € C, * ° leO‘(

set
t
wlor@ue = [ [ (@u—rx—yuydods,

for all (¢,x) € (R")r, where do denotes the area element of a manifold embedded
in R”. Moreover, we set

! 0
Wy «[0rQ2, ul(t,x) E/() /{m mcpqﬂ(t —T,x—y)U(T,y)doydr,

for all (t,x) € dr Q. The function v,[dr 2, u] is the g-periodic in space single layer

m;é*a;m—l-&-a(

heat potential with density u. If u € C, JrQ2), then v, [drQ, u] is con-
tinuous in (R")7, is g-periodic in space and v,[drQ,u] € C*((R"\ 9S4[2])r).
Moreover v,[dr €2, 1] solves the heat equation in (R"\ dS,[2])7. We denote by
vy [0Qr, u] and v, [0Qr, u] the restriction of v, [dQr, u] to cI1S,[Q]7 and c1S,[Q],
respectively. We have,

d
dng (x)

1
v;‘[&TQ,,LL](t,x) = :tiu(t,x) +wy.[0rQ, pu)(t,x), (1.3)
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for all (¢,x) € drQ (see [Lul8]). We now recall some basic properties of the space-
periodic single layer heat potential. For a proof we refer to [Lul8].

Theorem 1. The following statements hold.

m=1+a. m a;m+OC(

_ n+
(i) The operator from C; * " 1+a(8TQ) to Cy, clS,[R2]r) which takes
W 1o vy [0rQ,u] is linear and continuous. The same statement holds with
vi[0rQ, u] and c1S,[Q]r replaced by v, [dr 2, pu] and c1S,[Q] 7, respectively.

—l+a.

(ii) The operator w, 4[0r Q] is compact from C, * ’m7]+a(3TQ) to itself.

Now we prove the following result on the invertibility of v,[dr €, -] 072
Theorem 2. The operator vy[dr L, 5, o is a linear homeomorphism from the space

m—l4o. mta.
CO o im 1+oc( ,m+a(aTQ).

8TQ) to CO 2

Proof. By Theorem 1 (i) and by the continuity of the trace operator, v,[dr€, ] 5,0

m—l+a. m+o

is linear and continuous from C, ? ol (0rQ) to COT;era(aT.Q). Accord-
ingly, by the Open Mapping Theorem, it suffices to show that v,[dr€Q,-] ;5,0 is a

m—1+a.

bijection. We first prove the injectivity. Let u € C, * e (dr ) be such that
vq[0rQ, U]j9, o = 0. The continuity of the single layer potential implies that both
vy [0rQ, mwjo,0 = vy [0rQ, 1]j9, 0 = 0. Thus v [drQ, u| solves a Dirichlet prob-
lem for the heat equation in [0,7] x £ with zero initial condition and with zero
Dirichlet boundary condition. Accordingly, the uniqueness of the solution for the
classical Dirichlet problem implies that v, [d7Q2,u] = 0 in [0, 7] x c1 Q. Moreover,
since v [0r 2, 1]|5, o = 0, the function v [d7 2, u] = 0 solves the periodic Dirichlet
problem

du—Au=0 in]0,7T] x S,[Q]~,

u(t,x+qe;) =u(t,x) ¥(t,x) € [0,T] x cIS,[Q]",Vie {1,...,n},
u=0 on [0,7T] x 02,

u(0,-)=0 inclS,[Q].

Hence, by the maximum principle for the periodic heat equation we have that
vy [0rQ2,u] =0in [0,T] x cIS,[2]~ (see [Lul8]). Finally, the jump formula (1.3)
implies that

_ 9 9 -
“_qu[aTQhu]_quWT-QJi]—O OH[O,T]XQ_Q,

m+o mto

Next we prove the surjectivity. Let ¢ € C,, > (dr Q). By the results of [Lul38,

mia,
Section 5] there exists a unique function u, € C; * ’m+a(clSq [22]7) which solves

du—Au=0 in]0,7] x S,[Q]~,
u(t,x+qe;) =u(t,x) V(t,x) € [0,T] x clS,[R2]7,Vie {l,...,n},
u=¢ on [0,T] x 0Q,

u(0,-)=0 in clS,[2].
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. 9 L o . . .
Since ang s € G’ (drQ), the results of [Lul8, Section 5] implies that

m—1+a.
. . 7 m—1+a
there exists a unique u € C, (

drQ) such that vy [0rQ,u] solves the

problem
du—Au=0 in]0,7T] x S,[Q]~,
u(t,x+qe;) =u(t,x) V(t,x) € [0,T] x clS,[Q]~,Vie {1,...,n},
%u = 7ng 4o on [0,T] x 0L,
u(0,-)=0 in clS,[Q].

By the uniqueness of the solution for the periodic Neumann problem for the heat
equation (see [Lul8]), we have that v, [0rQ,u] = iy In particular,

vg[orQ, 1ja,0 = vy [0rQ,1lj5,0 =9 on[0,T]xdQ,

and accordingly the statement follows. O

1.3 A periodic non-ideal transmission problem

In this section we consider a periodic transmission problem which models the heat
diffusion in a two-phase composite material with thermal resistance at the interface.

—14
We fix once and forall AT, 417,y €]0, +oo[. Then we take f,g € Co ;2 1+O‘((%Q)
and we consider the followmg non-ideal transmission problem.

dut —Aut =0 in]0,7T] x S,[Q],
du  —Au =0 in]0,7] x S,[Q] ",
ut(t,x+qe;) = ut(t,x) Y (t,x) € 0, ]><clSq[Q],Vi€{L...,n}7
’(tx—f—qe,):u’(t,x) V(t,x) €[0,T] xclSy[2]7,Vie{l,...,n},
At —ut+y(w" —u")=fon[0,T]x0Q,

l’%u’—?ﬁﬁu*:g on [0,7] x 0L,
ut(0,-)=0 in cIS,[Q],
u (0,)=0 inclS,[2].

(1.4)

The set cIS,[Q2]~ plays the role of a matrix with thermal conductivity A~ where
the periodic array of inclusions clS,[€2] with thermal conductivity A is inserted.
The fifth condition of system (1.4) is the non-ideal transmission (or imperfect con-
tact) condition, which models the thermal resistance at the interface. In particular
this condition says that the temperature field at the interface displays a jump pro-
portional to the normal heat flux. Concerning parabolic transmission problems, we
mention the works of Donato and Jose [DoJo15], for the study of the asymptotic
behavior of the approximate control of a parabolic transmission problem. For the
stationary case, we mention [DaMu13], where the authors consider a singularly per-
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turbed stationary version of the above transmission problem in order to study the
effective conductivity of a periodic composite. Incidentally, we observe that the dis-
continuity of the temperature field is a well know phenomenon in physics which has
been studied since the work of Kapitza in 1941, in which the author has studied for
the first time the thermal interface behavior in liquid helium (see, e.g., Swartz and
Pohl [SwPo89], Lipton [Li98] and references therein). We begin our analysis with
the following uniqueness result for problem (1.4).

1, 1.
Proposition 1. Let u™ € C&’; (c1S4[R2]7), u™ € COZI (c1S4[R2]7) be one time con-
tinuously differentiable with respect to the time variable and two times contin-
uously differentiable with respect to the space variables in 10,T] x S;[Q] and
10,T] x S4[2] ™, respectively. Moreover, let the pair (u™,u™) solve the system (1.4)
with f =g =0. Thenu™ =0in [0,T] x c1S,[Q] and u= =0in [0,T] x cIS,[2] .

Proof. Lete™, e be the functions from [0, 7] to [0, +oo[ defined by
ef(r)= / (W' (e y)dy, e (1)= / (™ (t,9)dy,  Vie[o,T].
Ja 0\clQ

By the Dominated Convergence Theorem, e, e~ € C°([0, T]). In addition, classical
differentiation theorems for integrals depending on a parameter and the approxima-
tion argument of Verchota [Ve84, Theorem 1.12, p. 581] if m =1 (see [Lul8]) imply
that et, e~ € C'(]0,T]). Also, by the Divergence Theorem, we have that

2/ (t,y)ou" (t,y)dy = 2/ (t,)Au(t,y)dy
:—2/ Dut(1,y)]>d +2/ ut(t, 7u+ t,y)doy,
Pty dy+2 [t y)ang(y) (t,y)doy
for all # €]0, T'[. Moreover, in a similar way, exploiting the Divergence Theorem and

the g-periodicity of u we have that

d _ _ _ _
i (t) =2/ w (t,y)du (t,y)dy =2 u (t,y)Ault,y)dy
t Q\clQ Q\clQ

0
=—2 D*,zd—z/*,i,d,
Q\Cm\ u (t,y)|"dy 0¥ (t y)ang(y)u(t y)doy

for all # €]0, T[. Then, if we set e = ATe™ + A "¢, we have that

Gen==2(2% [ e ayPayia [ o))
Q Jorae

dt
—|—21+/ ut(t y)L
Jog 7 dng )

s (v [ jout Py | . Du—<r7y>|2dy)
C

[ J
u(t,y)doy,— 21 l/(mu (t,y)mu (t,y)doy,
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oat /a )~ (1)

J +
Jong ()’) ! (t,y)dcry

_ (ﬁ [ pu oPasa [ Du(r,ynzdy)

2 P 2
_;’/8_(2 <l+8n9(y)“+(’aY)> do, Vi €]0,T].

Hence £ < 0 in ]0,T]. Since ¢(0) =0 and e > 0 in [0,7], then e = 0 for all in
[0,T]. Then u™ =0 in [0,T] X clQ, u~ =01in [0,T] x c1Q \ 2 and therefore the
g-periodicity of ™, u~ implies the validity of the statement. O

Since we plan to solve the problem (1.4) with two space-periodic single layer
heat potentials, we need to solve the related boundary integral equations. In order
to do so, we show the invertibility of the operators which appear in such integral
equations.

m=1+a.
Lemma 1. Let J = (J1,J2) be the operator from the space (Cy > 1+O‘(&p()))z
m—1+o.
to (Cy * " 1+a(8T.Q))2 defined by
1
Bt =A¢ (Zw +wq,*[arsz,u+]) (15)

+ (v [0rQ. 19,0 — v 012, 1 Tigg0),
1 1
LlptuT =" (—2u‘ +wq,*[8rﬂ,u‘]) -2t <2u++wq,*[8rﬂ,uﬂ> 7

m—1+a.

orall (ut,u") e (C, 2 molrae orR))%. Then J is a linear homeomorphism.
f uou 0 14

m—l+a.

Proof. Let J* = (J¥,J%) be the linear operator from (C, > ’m_lJro‘(BT.Q))2 to

m=14+a.
2 "(9,Q))? defined by
AT _ A At
N e A N e Ty
moltog, . . .
forall (ut,u=)e(C, * 1+OC(QTQ))z.Clearly J* is a linear homeomorphism.

— - molte.,,
Moreover, let J = (J;,J2) be the linear operator from (C, * 1Jro‘(&p()))z to
m—1+a

(C, 2 ;mea(&T.Q))Z defined by

N 0T =2 we[0rQ, 1+ (v [0r 2,1 9,0 — vy 012,17 |j9,0),

JZ[“+7H_] El_wq,*[aT'Q’“_] - A'+Wl]7*[aT'Qv“+]v

m—l+a; 14+
forall (u™,u~) e (C, * e
. . m—1+a; 1+
is compactin C, > " “(

(drL))%. By Theorem 1 (ii), the map Wi glorQ,-]
drQ). By Theorem 1 (i), v, [drQ,-] and v, [9rQ,"]
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m—l+a. mtao. 1
are linear and continuous from C, > l+0‘((9T.Q) to C,* ’n+a(clSq [2]7) and
mia,
2 ’m+a(cl S,[€2]7 ), respectively. Then, by the continuity of the trace operators

CO
from Co 2 "% (c1S,[Q]7) to Cy 7 " *(9r2) and from C, 7 "% (c1S,[Q]7) to
(orQ2)
m—l+a.

into C, * ’miHa(&T.Q), which is a consequence of the Ascoli-Arzela Theorem,

drQ). Then the

nHz»a mto mio im0

C, (drL2), and by the compactness of the embedding of C, *

(9,0 dv-[0rQ in Tl
Vq[ T 7‘]|&TQ an Vq[ T ,~]|3T_Q are compact in (
m—1+a
2

operator J is compact in (C, "WH(Z(&TQ))Q. Since compact perturbations of
linear homeomorphisms are Fredholm operators of index 0, we have that J = JET
is a Fredholm operator of index 0. Thus, to show that J is a linear homeomor-

m—1+o .
phism, it suffices to show that J is injective. Let (U™, u~) € (C(]%"n71+a(8rﬂ))2
be such that J[u™, u~] = (0,0). Then, v [drQ2,u*] and v, [drQ,u~] satisfy the
assumptions of Proposition 1 and thus v/ [d7rQ,u™] =0 in [0,7] x clS,[2] and
v, [0rQ,u~] = 0in [0,7] x cIS,[Q] . In particular, by the continuity of the pe-
riodic single layer heat potential, v,[drQ,u"] 5.0 = vi[9rQ,u"]j5,0 = 0 and
vglorQ, 107 5,0 = vy [0rQ2, 17 3,0 = 0. Accordingly, Theorem 2 implies that
ut=u"=00n0,T| x d€2, and the statement follows. O

Finally we are ready to prove the following solvability result for the non-ideal trans-
mission problem (1.4).

m—1+o.

Theorem 3. Let f,g € C, 2 ’miHa(
;m+oc(

drQ). Then problem (1.4) has a unique so-

] + e 2% mt-or —
lution (u™,u~) € Cy clSq[R]r) x Cy (c1S4[R2]7). Moreover,

ut =vi[orQ,uT]  inclSy[Q)r, u =v [0rQ,u"] inclS,[Q];, (1.6)

m—l+ta.
where (W, ™) is the unique solution in (Cy, > " e (0rQ))? of

JutuTl=(fg) onorQ. (1.7)

Proof. Proposition 1 implies that problem (1.4) has at most one solution. Then
we only need to show that the pair (u™,u~) defined by (1.6) is a solution of
problem (1.4). Lemma 1 implies that there exists a unique solution (U™, ™) in

m—1+a

(G, 7 ;m71+a(87!2))2 of (1.7). Then by Theorem 1 (i) and by the definition (1.5)
of J, the functions u™,u~ defined by (1.6) are g-periodic functions which solve
the heat equation and which satisfy all the transmission conditions in (1.4). Thus
(u™,u™) is a solution of problem (1.4). O
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1.4 A periodic ideal transmission problem

In this section we consider a periodic transmission problem which models the heat
diffusion in a two-phase composite material with perfect contact at the interface.

mia.
We fix once and for all AT,A~ €]0, +oo[. Then we take f € C, > MY (9rQ) and
m—l+o.
gec, = " Ha(&pQ) and we consider the following ideal transmission problem.
dut —Aut =0 in]0,7] x S,[€],
du~ —Au~ =0 in]0,7T] x S,[Q]~,
ut(t,x+qe;) =ut(r,x) V(t,x) €[0,T] xclSy[R],Vie{l,...,n},
u (t,x+qe;)) =u"(t,x) V(t,x) €[0,T] xclS,[R2]7,Vie{l,...,n},
wt—um =f on [0,T] x 922, (1.8)
l‘ﬁu‘ —l+%u+ =gon[0,T] x 02,
ut(0,-)=0 in cIS,[Q],
u (0,-)=0 inclS,[Q2].

The set cIS,[Q2]~ plays the role of a matrix with thermal conductivity A~ where
the periodic array of inclusions clS,[€2] with thermal conductivity A is inserted.
The fifth and sixth conditions of system (1.8) are the ideal transmission (or perfect
contact) conditions, which say that heat flux and the temperature field are continu-
ous at the interface between the two materials. We mention Hofmann, Lewis, and
Mitrea [HoEtAlO3] for the study of the non-periodic version of this transmission
problem, in case 2 is a Lipschitz domain and the boundary conditions are in suit-
able Lebesgue spaces. For the study of the stationary version of ideal transmission
problems we mention Ammari, Kang, and Touibi [AmEtAIOS] for the computation
of the effective conductivity of a material with periodic inclusions and Pukhtaievych
[Pul8A, Pul8B] for the asymptotic behavior when the diameter of the periodic in-
clusions tends to zero. We start our analysis of problem (1.8) with the following
uniqueness result that can be proved as the one of Proposition 1.

Proposition 2. Let u™ € CO%; (c1S4[2]7), u™ € Co%fql (cIS4[R2]7) be one time con-
tinuously differentiable with respect to the time variable and two times contin-
uously differentiable with respect to the space variables in 10,T] x S,[22] and
10,T] x S4[82]~, respectively. Moreover, let the pair (u™,u™) solve the system (1.8)
with f =g =0.Thenu™ =0in [0,T] x c1S;[R2] and u= = 0in [0,T] x cIS,[2]".

Our aim is to provide a solution of problem (1.8) in terms of space-periodic single
layer heat potentials. By exploiting the potential theoretic method, we will convert
problem (1.8) into integral equations. Therefore, in order to prove the solvability
of the integral equations, we need to perform a preliminary study of an auxiliary
integral operator. We do so in the following lemma.

m—1+a m—1+a;m71+a(

Lemma 2. Let K be the operator from C;, * ;miHa(&T.Q) 10C, *
defined by

Q)
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1 Am—At
—sH+ qu,*[aT-Q,ﬂ]
m—l+a.

forallpecC, * ~°

miHa(o"T.Q). Then K is a linear homeomorphism.
.. . SRR S 7 P
Proof. By Theorem 1 (ii), wy,«[d7 2, -] is compact in C;, * (drQ2). Accord-

ingly, the Fredholm Alternative implies that it suffices to show that K is injective.
m—lta.,
LetueC, * ° 1+a(87£2) be such that K[ut] = 0. Then

d e
A+mv;[3rﬂ,ﬂham -2 qu (072, 1], = 0.

Accordingly, the pair (v% [0rQ,u),v, [0rQ,u]) satisfies all the assumptions of
Proposition 2 and then (v, [drQ, u],v, [0rQ, u]) = (0,0). In particular, by the con-

q
tinuity of the periodic single layer potential we have that v, [drQ, u]j5,o = 0 and
accordingly Theorem 2 implies the validity of the statement. a

In the following lemma, we prove the next step, which consists in showing the
invertibility of an operator which appears in the integral equations associated to the
transmission problem (1.8).

. m7%+a m—14a 2
Lemma 3. Let H = (Hy, H,) be the operator from the space (C, (drQ))

m—1+

mta. [
t0Cy2 ") xCy 2 " %(0rQ) defined by

Hy[ut w7 =v [0rQ, 19,0 = vy [0r2, 17 ] 15,0,
1 1
Hy[ut u7 ] =A" (—2u +wq,*[8r!2,u]> —A* (2u++wqﬁ*[8ﬂ2,u+]> ,

m—1+a.

orall (ut,u") e (C, 2 molrae 0rQ))2. Then H is a linear homeomorphism.
f ‘Ll, ,,U 0 14

Proof. Theorem 1 implies that H is linear and continuous. Accordingly, by the

Open Mapping Theorem, it suffices to show that it is a bijection. Let (¢,y) be

. M; + m—1+a m—1+4 . . .
inc,” ™ “(0rQ) x C, =2 " *(9r£). We show that there exists a unique pair
m—1+a

(ut,u7)e(C, ? ;m71+a(8752))2 such that

Hip™ 1= (¢, y). (1.9)

m—1+a.
We first show the uniqueness. Let (u*,u~) € (C, = 1+O‘(oﬁ’T.Q))z be such that
m—l+a

(1.9) holds. Theorem 2 implies that there exists a unique u* € C, > e (orQ2)
such that vq[8T.(2,u#]|aTQ = ¢. Accordingly, H [T, t™] = ¢ implies that

pf=pt—p. (1.10)

By substituting the previous equality in the equality Ho[ut, 1™ ] = W we get
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A — A~ 1
—*N to T )L+Wq,*[3TQ,H+]=m <—2N#+Wq-,*[‘9T~Q’N#}> (1.1T)

1
+7L*+)L+ v

—14
Since the right hand side of the previous equality belongs to C0 ARG 1+OC(QTQ),

~l+a

Lemma 2 implies that there exists a unique u+ € Co zmme ]Jra(&T.Q) such that
(1.11) holds, and accordingly p* is uniquely determined. Then the equality (1.10)
uniquely determines ¢t~ and thus uniqueness follows. On the other hand, by read-

ing backward the argument above, one deduces the existence of a pair (u*, ™) €

m71+l¥.m,
(G = "*(9rQ))? such that (1.9 holds. 0

Finally, by exploiting Proposition 2, Lemma 3 and the properties of the space-
periodic single layer heat potential, we can deduce the following result concerning
the solvability of the ideal transmission problem (1.8).

~lia,
Theorem 4. Let f € C, 2 " (3,0 )gec0 Y 90 Q). Then problem (1.8)

has a unique solution (u",u”) € COq m+a(clSq[ Ir) % C0 m+a( clSy[2]7).

Moreover,
ut =vi[orQ,u"] inclSy[R]r, u =v [0rQ,u7] inclS,[Q]7,

m—1+a.

where (U, u™) is the unique solution in (C,, > e (0rQ))? of

H[“+7H_]:(fag) on aT-g2
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