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Abstract

We study the behavior of the longitudinal flow along a periodic array of cylin-
ders upon perturbations of the shape of the cross section of the cylinders and
the periodicity structure, when a Newtonian fluid is flowing at low Reynolds
numbers around the cylinders. The periodicity cell is a rectangle of sides of
length [ and 1/I, where [ is a positive parameter, and the shape of the cross
section of the cylinders is determined by the image of a fixed domain through a
diffeomorphism ¢. We also assume that the pressure gradient is parallel to the
cylinders. Under such assumptions, for each pair (I, ¢), one defines the average
of the longitudinal component of the flow velocity X[l, ¢]. Here, we prove that
the quantity X[l, ¢] depends analytically on the pair (I, ¢), which we consider as
a point in a suitable Banach space.
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1. Introduction

This paper is devoted to the study of the behavior of the longitudinal flow
along a periodic array of cylinders upon perturbations of the shape of the cross
section of the cylinders and the periodicity structure, when a Newtonian fluid is
flowing at low Reynolds numbers around the cylinders. The shape of the cross
section of the cylinders is determined by the image of a fixed domain through a
diffeomorphism ¢ and the periodicity cell is a rectangle of sides of length [ and
1/1, where [ is a positive parameter. We also assume that the pressure gradient
is parallel to the cylinders. Under such assumptions, the velocity field has only
one non-zero component which, by the Stokes equations, satisfies the Poisson
equation (see problem ) Then, by integrating the longitudinal component of
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the velocity field over the fundamental cell, for each pair (I, ¢), one defines the
average of the longitudinal component of the flow velocity X[, ¢]. Here, we are
interested in studying the dependence of X[I, ¢] upon the pair (I, ¢).

The longitudinal flow along arrays of cylinders has been studied by several
authors by exploiting different methods. For example, Hasimoto [I3] has in-
vestigated the viscous flow past a cubic array of spheres and he has applied
his results to the two-dimensional flow past a square array of circular cylinders.
His techniques are based on the construction of a spatially periodic fundamental
solution for the Stokes’ system and apply to specific shapes (circular/spherical
obstacles and square/cubic arrays). Schmid [39] has investigated the longitudi-
nal laminar flow in an infinite square array of circular cylinders. Sangani and
Yao [37, B8] have studied the permeability of random arrays of infinitely long
cylinders. Mityushev and Adler [27], 28] have considered the longitudinal perme-
ability of periodic rectangular arrays of circular cylinders. By means of complex
variable techniques, they have transformed the boundary value problem defin-
ing the permeability into a functional equation and then they have derived a
formula for the longitudinal permeability as the sum of a logarithmic term and
a power series in the radius of the cylinder. Finally, in [31I] the asymptotic be-
havior of the longitudinal permeability of thin cylinders of arbitrary shape has
been considered.

Here, instead, we are interested in the dependence of the (average) longitu-
dinal velocity upon the sides of the rectangular array and the shape of the cross
section of the cylinders. In particular, in contrast with other approaches, we
do not need to restrict ourselves to particular shapes, as circles or ellipses. Our
main result is Theorem [5.7] where we prove that the map

(1,0) = X[l ¢] (1)

is analytic. We note that throughout the paper ‘analytic’ means always ‘real
analytic’. For the definition and properties of analytic operators, we refer to
Deimling [IT], §15]. Such a result implies, in particular, that if 69 > 0 and we
have a family of pairs {(l5, #s)}se]—s,,6,[, Where 5 belongs to ]0,+oo[ and ¢s
belongs to a suitable class of diffeomorphisms for all 6 €] — dg, dp[, and the map
0 +— (5, ¢s) is real analytic from | — dg, dg[ to a suitable Banach space, then we
can deduce the possibility to expand X[l, ¢] as a power series, i.e.,

S(ls, ds) =Y ;0 (2)
=0

for § close to zero. Moreover, by the analyticity of the map in , the coefficients
(¢j)jen in can be constructively determined by computing the differentials
of X[, ] (see [10] and [35] for the effective conductivity of a periodic composites
with small inclusions). Furthermore, another important consequence of Theo-
rem [5.7] is that such high regularity result allows applying differential calculus
in order to find critical rectangle-shape pairs (I, ¢) as a first step to find optimal
configurations. Indeed, if for example one is interested in finding a pair (I, ¢)
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that maximize X[/, ¢] under given constraints on (I, $), then by Theorem [5.7] we
know that the map

(4, ¢) = XL, ¢]

is real analytic, and thus one can apply differential calculus and can find, for
example, critical configurations.

In the present paper, we use a method based on potential theory in or-
der to investigate the regularity properties of the average longitudinal velocity
Y[l, ¢]. Such a method has shown to be extremely powerful to investigate the
dependence of the solution of elliptic boundary value problems upon regular
and singular domain perturbations (cf., e.g., Lanza de Cristoforis [I8] [20] for
the Laplace and the Poisson equations, Dalla Riva and Lanza de Cristoforis [8]
for the Lamé equations, Dalla Riva [7] for the Stokes system).

In order to introduce the mathematical problem, for { €]0, 400, we define
the periodicity cell Q; and the matrix ¢; by setting

Q1 =10,1[x]0, 1/1[, @ = ( (l) 1(}l > '

We emphasize that we restrict ourself to the case of a periodic structure induced
by ¢; in order to have that the area |Q;|2 of the periodicity cell @Q; is equal to
one for all [ €]0,+o00[. This choice helps making the computations simpler and
the exposition clearer. However, this restriction is not necessary and we could
consider a more general periodic structure and a more general perturbation of
the periodic structure. We denote by g, ! the inverse matrix of ¢;. Clearly,
@72 = {qz : z € Z*} is the set of vertices of a periodic subdivision of R? corre-
sponding to the fundamental periodicity cell ¢);. Moreover, we find convenient
to set

"’: o 2 ~ _ 1 0
Q—Ql_}071[7 (I—Ch—(() 1)
Then we take

a €]0,1[ and a bounded open connected subset 2 of R? of class C**
such that R?\ © is connected.

(3)

The symbol ‘-’ denotes the closure. For the definition of sets and functions of the
Schauder class C** (k € N) we refer, e.g., to Gilbarg and Trudinger [12]. Then

we consider a class of diffeomorphisms Agg from 02 into their images contained

in é (see @[)) If ¢ € Agﬂ, the Jordan-Leray separation theorem ensures that
R?\ ¢(992) has exactly two open connected components (see, e.g, Deimling [11]
Thm. 5.2, p. 26]), and we denote by I[¢] and E[¢] the bounded and unbounded
open connected components of R?\ ¢(99), respectively (see Figure [l|and Figure
. Since ¢(89) C Q, a simple topological argument shows that

Q\I[g]

is also connected. Then we consider the following two periodic domains (see
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Figure 1: The diffeomorphism ¢ of OS.

Figure [3)):

Salallol = | (@z+allé)),  Sqlallg]” =R*\ S, [allg]].

z€Z2

If I €]0,+00] and ¢ € Agﬂ, the set Sy, [¢iI[¢]] X R represents an infinite array
of parallel cylinders. Instead, the set Sy, [q:l[¢]]” x R is the region where a
Newtonian fluid is flowing at low Reynolds numbers. Then we assume that
the driving pressure gradient is constant and parallel to the cylinders. As a
consequence, by a standard argument based on the particular geometry of the
problem (cf., e.g., Adler [, Ch. 4], Sangani and Yao [38], and Mityushev and
Adler [27) 28]), one reduces the Stokes system to a Poisson equation for the
non-zero component of the velocity field. Since in the paper we work with
dimensionless quantities, we may assume that the viscosity of the fluid and
the non-zero component of the pressure gradient are both set equal to one.

Accordingly, if | €]0,4+o00[ and ¢ € Agﬂ, we consider the following Dirichlet
problem for the Poisson equation:

Au=1 in Sy, [q1[¢]]~,
w(@+ qz) =u(z) VxS, [qld]]~,Vz e Z?, (4)
u(zx) =0 V€ 0Sy, [al[¢]]~ .

If I €]0,+00[ and ¢ € CH(0Q,R?) N Agﬂ, then the solution of problem
in the space CL*(Sy, [¢:l[¢]] ) of g-periodic functions in S, [¢il[¢]]~ of class
C1 is unique and we denote it by u[l,#]. From the physical point of view,
the function u[l, ¢] represents the non-zero component of the velocity field (see
Mityushev and Adler [27, §2]). By means of the function u[l, ¢], we can define
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Figure 2: The transformation induced by q;.

Y[l, ¢] as the integral of the flow velocity over the cell of periodicity (see Adler
[1], Mityushev and Adler [27], §3]), i.e.,

S[L,¢] = / ull,¢l(@)de V(1,) €0, +oox (O (99, B) N A, )
Qi\q:I[¢]

and we pose the following question:
What can be said on the regularity of the map (I, ¢) — X[I, ¢]? (5)

We also note that, taking into account that the area of @); is equal to one, one
can easily see that X[l, ¢] is the average of the longitudinal component of the
flow velocity over @);.

Shape analysis of functionals related to partial differential equations or quan-
tities of physical relevance has been carried out by several authors and it is
impossible to provide a complete list of contributions. Here we mention, for ex-
ample, the monographs by Henrot and Pierre [I4], by Novotny and Sokotowski
[32], and by Sokotowski and Zolésio [40].

Most of the works deals with differentiability properties. Here, instead, we
are interested in proving higher regularity and we answer the question in
by showing that X[l, ¢] depends analytically on (I,¢). Our analysis is based
on the study of a boundary value problem in a periodic domain by means of
(periodic) potential theory. Potential theoretic techniques to analyze singularly
perturbed boundary value problems in periodic domains have been exploited
also by Ammari, Kang, and collaborators [2] [4]. We also note that boundary
value problems in periodic domains have been analyzed with the method of
functional equations (see, e.g., Castro and Pesetskaya [B], Castro, Pesetskaya,
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Figure 3: The (I, ¢)-dependent sets Sq, [qI[¢]] ™ and q¢p(0).

and Rogosin [6], Kapanadze, Mishuris, and Pesetskaya [15] [16], Rogosin, Duba-
tovskaya, and Pesetskaya [36]). Concerning integral equation methods for the
analysis of problems in fluid mechanics we mention, for example, Kohr and Pop
7.

The paper is organized as follows. Section [2| is a section of preliminaries
and notation. In Section [3] we show the analyticity of an auxiliary function and
in Section [4] we show the analyticity of some integral operators related to the
double layer potential. Finally, in Section [5| we prove our main result on the
analyticity of X[I, #] upon the pair (I, ¢). Moreover, in the Appendix we include
a few technical statements that we exploit throughout the paper.

2. Preliminaries and notation
If (q11, g22) €]0, +00[? we introduce a periodicity cell

Q =0, q11[x]0, go2, (6)

and we denote by ¢ the diagonal matrix

=% 0. )

We also denote by |@Q|2 the 2—-dimensional measure of the fundamental cell @
and by vg the outward unit normal to Q, where it exists. Clearly, ¢Z* = {qz :
z € 7%} is the set of vertices of a periodic subdivision of R? corresponding to
the fundamental cell Q. If Qg is a subset of R? such that Qg C @, we define
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the following two periodic domains

Sql2%]1 = | (a2 +9Q9),  Sql%]™ =R\ §,[Q].
z€72

If w is a function defined on S4[Qg] or S4[Qg]~ we say that u is g-periodic if
u(z + gz) = u(x) for all 2z € Z? and for all x in the domain of definition of w.
If k e N, 8 €]0,1], we set

CF(S,[Q0]7) = {u € C*(S,[Q0]7) : D7uis bounded Vy € N? such that |y| < k},

and we endow CF(S,[Qq]~) with its usual norm

||u||c§(m)zz sup  |[DVu(z)]  Vu € CF(S,[Qq]7).
|7|§km€SQ[QQ]7

Then we set
CHP(S,1Q0]7) = {u € C*F(§,[Qq]) : D uis bounded ¥y € N? such that || < k},

and we endow Cy”(S,[Qq]) with its usual norm

luller e @ mor) = > sup [DUu(@)|+ Y DT S,[Qe] |
[y|<k z€8q[2e]~ ly|=k

Vu e CPP(S,[Qq]),

where |D7u : S, [Qg]~ |5 denotes the 8-Holder constant of DYu and |y| = v1 472
for all v = (’}/1,’}/2) e N2,
If k e N, 8 €]0,1], then we set

C'(’;(SQ[QQ]—) = {u € OF(Sy[Q0]7) = uis q—periodic} ,
which we regard as a Banach subspace of CF(S,[Qg]~), and
CEP(S4[Qq]7) = {u e PP (S,[Q0]7) : uis q—periodic} )

which we regard as a Banach subspace of C (s Sq[Q0]7). The spaces CF(S,[Q0q]),
CFA(S,1q)), CE(Sq[9%]), and Ckﬂ( ¢[]) can be defined similarly.

Next, we turn to introduce the Roumieu classes. For all bounded open
subsets ) of R? and p > 0, we set

Cg,p(ﬁ) = {u € C>®(): sup | |' HD ul| co@ry < —I—oo}

and o
||u||co @) = sup | i 1D ull co ey Vu e CY ().
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As is well known, the Roumieu class (ngp(ﬁﬁ II - ”C‘B,p(ﬁ)> is a Banach space.

By definition, a function u belongs to C’g’ p(W) if and only if it can be expanded
into a convergent Taylor series around each point of ' and the radius of conver-
gence of the Taylor series can be estimated from below by means of p, uniformly
at all points of /. We resort to Roumieu spaces because Roumieu spaces are
natural classes of functions which generate analytic superposition operators in
Schauder spaces, as shown by Preciso [33] Prop. 1.1, p. 101](see also Theorem
of the Appendix). Moreover, we set

CY ., (Sq[Q0]7) = {u € C(S4[Q0]7) & u is g-periodic and

q,w,p

vl
sup p

|
2 o7 _
AT 1D UHCQ(Sq[QQ]*) < +oo}7

and

_ Pvl 0 -
lello . omar) = s, WHDmHCg(W) Vue €9, ,(S,[Q%]7).

Our method is based on a periodic version of classical potential theory. In
order to construct periodic layer potentials, we replace the fundamental solution
of the Laplace operator by a g-periodic tempered distribution S, 2 such that

1
ASq,Q = Z 6qz - @a

Z€72

where d4, denotes the Dirac measure with mass in ¢z (see e.g., [2I] p. 84]). The
distribution S; 2 is determined up to an additive constant, and we can take

1 o
Supl@) == 3 o

=12
Le7Av(0) |Q|2472]q~ 12|

in the sense of distributions in R? (see e.g., Ammari and Kang [3| p. 53], 21}
§3]). Moreover, S, 2 is even, real analytic in R? \ ¢Z?2, and locally integrable in
R? (see e.g., [21] §3]).

We now introduce periodic layer potentials. Let (g be a bounded open
subset of R? of class C1 for some « €]0, 1[ such that Qg C Q. We set

wWloeul@) = [ Spsle-pul)ds, veew,
Q
wg[00q, pl(z) = — /39 Vao(y) - DSga(x —y)u(y)do, — Vo € R?,
Q
Wy, «[00q, ul(z) = /aQ Vo () - DSq2(x — y)u(y) doy Vo € 08q,
Q

for all u € L?(98q). Here above, the symbol v, denotes the outward unit
normal field to 0€0g, do denotes the area element on 0Qg, and DS, 2(§) denotes
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the gradient of S, » computed at the point ¢ € R?*\gZ?. The functions v, [0Qq, ]
and wy[0Qq, p] are called the (g-periodic) single and double layer potentials,
respectively. As is well known, if u € C°(99Qq), then v,[0Q0q, u] is continuous
in R2, and we set

vs[0Qq, p] = Uq[agQaM]\sq[QQ] v [0, 1] = UQ[aQQ’”]ISq[QQ]’-

Also, if i1 € C°(89Q¢q) then wy[0Qq, pjs, (o) admits a unique continuous exten-

sion to S,[Qq], which we denote by w;[0Qq, u] and w,[02q, i]js, (0]~ admits

a continuous extension to S,[Qq]~, which we denote by w, [0Qq, u] (cf. e.g.,
211, §3]).

Next we introduce the periodic exterior volume potential. Let A be an open
subset of R? such that A C Q. Let p € L>=(Q\ A). Then we define the exterior
periodic volume potential P, [A, o] by

PrlA ¢l(z) = /Q S el VRt

We have the following result on the periodic exterior volume potential P[4, ¢].

Proposition 2.1. Let Q and g be as in (@ and (@, respectively. Let A be an
open subset of R? such that A C Q. Then the following statements hold.

(i) If o € L>=(Q \ A), then Py [A, ] is g-periodic and of class C*(R?).
(ii) If o € C9(Q\ A), then Py lA¢lio\z € C*(Q\ A) and

AP; (4, ¢l(z) = p(x) - /Q LA e A

Proof. Statement (i) is a consequence of [9, Prop. 3.6 (v), Prop. 3.16 (iv)],
where the authors consider a volume potential with a general periodic kernel in
some classes of weakly singular functions, and of [d] §4], where it is shown that
the kernel S, o belongs to the right class of weakly singular functions.
Statement (ii) can be proved by following the argument of the proof of [23]
Prop. A.1], and is a consequence of known properties of the classical volume
potential (see, e.g., Gilbarg and Trudinger [12] Lem. 4.2, p. 55]). O

In order to consider the dependence of X[l,¢] under shape perturbations,
we need to introduce a class of diffeomorphisms. Let 2 be as in and let
be a bounded open connected subset of R? of class C1®. We denote by Asq
and by Ag; the sets of functions of class C' (99, R?) and of class C* (€, R?)
which are injective and whose differential is injective at all points of 92 and of
€V, respectively. One can verify that Apo and Agr are open in C*(99,R?) and
C (€Y, R?), respectively (see, e.g., Lanza de Cristoforis and Rossi [26], Lem. 2.2,
p. 197] and [25, Lem. 2.5, p. 143]). Then we find convenient to set

AL = {6 € Apa : $(09) C O},

. N ©)
AL = (D € Agyr: D) C Q).
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If ¢ € Apq, the Jordan-Leray separation theorem ensures that R? \ ¢(9) has
exactly two open connected components, and we denote by I[¢] and E[¢] the
bounded and unbounded open connected components of R?\ ¢(99), respectively
(see, e.g, Deimling [I1, Thm. 5.2, p. 26]).

Since the analyticity is a local property, in order to prove the analyticity of
the map in 7 we can work locally. Therefore, we find convenient to introduce
the following lemma, which is an immediate consequence of the fact that the

norm in C1<(9,R?) N Agﬂ is stronger then the uniform norm.

Lemma 2.2. Let o, Q be as in [B). Let g € C-*(9Q,R?) N Agﬂ. Let Ay be
an open subset of R? such that Ag C I[¢po]. Then there exist an open connected
subset A1 of R? such that R2\ A, is connected, and an open neighborhood Uy of

do in CH(0Q,R?*) N AgQ such that
AgC A CACIlg] Vo €U

In order to transform the Dirichlet problem for the Poisson equation in
a Dirichlet problem for the Laplace equation, we need a ¢;-periodic function B
such that
AB =1.

We introduce such a function in the following lemma, which is an immediate
consequence of [29] Thm. 2.1].

Lemma 2.3. Letl €]0,+oo[, o €]0,1[. Let ¢, Ag and Uy be as in Lemma[2.4
Let pg € Ag. Let By, be the function from R*\ (qipo + qiZ?) to R defined by

Bpyi(z) = —=Sg2(x —qpo) Vo € R*\ (qupo + aiZ?).
Then
() Buo i, raiay= € Ca™ Salallel]™) for all ¢ € Up.
(i1) ABp,1 =1 in Sq,[ql[¢]]~ for all ¢ € Up.

By means of Lemma we can convert problem for the Poisson equation
into a nonhomogeneous Dirichlet problem for the Laplace equation. Let | €
10, 4+00[. Let ¢g, Ag and Uy be as in Lemma Let pg € Ag. Let ¢ € Uy. We
note that Lemma (i) implies that

Bpo 105, (a1~ € C(8Sg [arl[e]) 7).

Accordingly, it is well know that there exists a unique solution in C3*(Sg, [¢/I[¢]] )
of the following auxiliary boundary value problem.

Au=0 in S, [qI[¢]],
w(x+ qz) =u(x) Vo€ S,[qld]]~,Vz e Z2, (10)
u(z) = =Bpyu(x) Vo €8S [ql[¢]]”

10
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(see, e.g., [30, Prop. 2.2, p. 276] and Proposition below). We denote the
solution of by

ull; 0.
As a consequence, one can immediately verify that

ull, 0] = By +ugll, 9] in Sq[al[g]]-,

where u[l, ¢] is the unique solution in C;*(Sg, [¢:1[¢]]~) of problem . Thus,
we can rewrite X[l, ¢] in the following form

2[z,¢]:/ B,,U,l(x)da:+/ wyll, @)(z) da. (11)
Qi\q1[¢] Qi\q1[¢]

In the sequel of the paper, we will consider the two integrals presented in
the right-hand side of and we will investigate their dependence upon the
pair (1, ¢).

3. Analyticity of the integral of the auxiliary function B, ;

In this section, we will investigate the analyticity of the first summand in
the right hand side of formula , namely of the map

(l7¢) BpoA,l(x) dxv
Qi\aq1[¢]

when [ is in ]0, +oo[ and ¢ is in a suitable class of diffeomorphisms. In order
to achieve this objective, we need the following technical results. The proof of
Lemma follows by a standard approximation argument. For the proofs of
Lemmas and instead, we refer to Lanza de Cristoforis and Rossi [26]
§2].

Lemma 3.1. Let o, Q be as in . Then there exists 3 € O (9Q, R?) such
that |B(z)| =1 and B(x) - va(x) > 1/2 for all x € 0Q.

Lemma 3.2. Let a, Q be as in . Let B be as in Lemma . Then the
following statements hold.

(i) There exists dq €]0, +00[ such that the sets
Qgs ={z+t8(x):x €0, te]—460[},
Of s ={x+tp(x) : x €09, t €] —6,0[},
Qg s ={z+tB(z) :x €00, t€0,4[}
are connected and of class C*%, and
0Ngs={x+tB(x):xc0, te{-54d}}
00f s = {x+tp(x) : x € 09, t € {=6,0}},
0y 5 ={z+16(x) : 2 € 99, t € {0,0}},
and Qf 5 € Q, Q5 s CR2\Q for all § €]0,bq].

11
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(u} Let 6 6]0759[. If® e Am, then (I)‘ag € Asq.
(i1i) If § €]0,0q], then the set
Aé?ﬁﬁ = {(D S .Am q)(QZi_,E) - H[@‘ag]}

is open in Ag_— and ®(Qg 5) € E[®aq] for all © € A/Qﬁ,é

() If 6 €]0,6q[ and @ € C’l’“(Qﬂjg,RQ)ﬂAb/T, then both @(Q;}S) and ®(25 ;)
are open sets of class C™®, and
DB(Q ;) = BONY ), OB(Q;,5) = B(O2 ).
Lemma 3.3. Let a, € be as in . Let ¢g € CH(0Q,R?) N Apq. Let 3, 6q
be as in Lemma[3.9 Then the following statements hold.
(i) There ezist &g €]0,5q[ and ®o € C*(Qp5,,R?) N A/QB -
»90

Doj90-

such that ¢g =

(i) Let 69 and ®g be as in (i). Then there exist an open neighborhood W,
of o in CL*(0Q,R?) N Asq, and a real analytic extension operator Eg
from C1(0Q,R?) to C*(Qp.5,, R?) which maps Wy to C1*(Qgs.5,, R*)N
.Aglﬁ - and such that Eo[po] = ®o and Eg[d] 90 = ¢ for all g € Wy.

We have also the following consequence of [9, Thm. 3.40 (i) and §4] on the
mapping properties of the periodic exterior volume potential.
Corollary 3.4. Let o €]0,1[. Let A be a bounded open Lipschitz subset of R?
such that A C Q. Let B be an open subset of R? such that

ACBCBCQ.
Then there exists po €]0, +oo[ such that for all p €]0, po[ and ¢ € CF , (Sg[A]7),
the restriction of Py [A, w‘Q\A] to Sg[B]~ belongs to the space C3.,.,(Sq[Bl7).
Moreover, the map from C3 , (Sz[A]7) to CF, (Sq[B]~) which takes ¢ to

P 1A, @IQ\Z]\W is linear and continuous.

We also need the following technical lemma about the real analyticity upon
the diffeomorphism ¢ of some maps related to the change of variables in the in-
tegrals and to the outer normal field (for a proof we refer to Lanza de Cristoforis
and Rossi |25, p. 166], and to Lanza de Cristoforis [I9, Prop. 1]).

Lemma 3.5. Let a, 2 be as in , Then the following statements hold.

(i) For each ¢ € CH(0,R?) N Apq, there exists a unique 5[¢] € C*(9Q)
such that (@] > 0 and

/ w(s) do, = / wo d)Flol(y) doy, Ve € LH(G(09)).
#(09) a0

Moreover, the map &[] from CH2(9,R?) N Agq to C**(99) is real an-
alytic.

12
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(i) The map from CH* (092, R?*)NAaq to C** (99, R?) which takes ¢ to vygop
is real analytic.

We are now ready to prove the following theorem, where we show the ana-
lyticity of the map

(6,G) > /~ Gz,
Q\I[¢]

when ¢ is in a suitable class of diffeomorphisms and G is in a Roumieu space of
g-periodic functions.

Theorem 3.6. Let «, § be as in . Let p €]0,+00[. Let ¢pg € CH(9Q,R?)N

Agﬂ. Let Ao be an open connected Lipschitz subset of R? such that R?\ Ay
is connected and such that Ay C I[¢g]. Then there exists an open neighborhood

Uy o of po in C1*(09, RQ)ﬂAg?Q such that the map from Uy o x CJ , (Sg[Ao] ™)
to R which takes (¢, G) to f@\w G dx is real analytic.

Proof. Let Uy be as in Lemma We first note that, if (¢,G) € Uy X

C’g,% p(Sq[Ao]—), equality for the Laplace operator applied to the exterior

volume potential implies that

/~ G() dz = /~ AP [0, G ] () da + [ G dyda.
Q\I[¢] Q\I[¢] Q\I[¢] JQ\ Ao 12)

We now consider the two integrals in the right hand side of equality sepa-
rately. We start with the second one. By the Divergence Theorem, we have

[ / G(y) dydz = / da / G(y) dy
Q\I[¢] JQ\ Ao Q\I[¢] Q\ Ao

- (1 - /H[¢] dw) /é\Ao Glu)dy

1
= (1 — 5/ x - vyg) () daz> /~ ~ G(y)dy.
$(0Q) Q\ Ao
We note that the map from C?

SelAo]~) to Lt Qv Ap) which takes G to
q,w7p( q
G\5\4; is linear and continuous, and that the map from LY(Q\ Ap) to R which

takes f to f@\fo f(y) dy is linear and continuous. Accordingly, the map from

C? .., (S4[A0]~) to R which takes G to f@\fo G(y) dy is linear and continuous,

and thus real analytic. Moreover, by Lemma (i), we have that

/ 2 - gy () dory = / o) - (vigg) 0 (1)) 18] (v) dor.
»(09) 0

Then, taking into account that the map from (C%*(99, R?))? to C%*(9Q) which
takes (f,g) to f - g is bilinear and continuous, that the embedding of C% ()

13
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in L1(99) is linear and continuous, and that the map from L!(99Q) to R which
takes h to [, hdo is linear and continuous, Lemma implies that the map
from Uy to R which takes ¢ to f¢(aﬂ) x - vpg)(x) do, is real analytic. Accord-

ingly, the map from Uy x ngwyp(Sq[Ao]*) to R which takes the pair (¢, G) to

f@\W] f@\AT G(y) dy dx is real analytic.
Next, we consider the first integral in the right hand side of . Proposition
implies that the periodic exterior volume potential P [AO,G@\A—O] is of

class C'(R?) and P [Ao, G5\ 7;],3\7; is of class C* (Q\ 4p). Accordingly, the
Divergence Theorem implies that

AP A, G5 () da
/Q\w e

= 55 D(Pg [Ao, G@\E](@) ) V@(x) doy

- /¢ oo PP A0, Cla ) i) o
o /¢(8§2) D(Py 140, G g\, (2) - g (2) do.
Indeed the g-periodicity of P [Ao, G@\A—O] (see Proposition (1)) implies that
- D(P; [Ao, G@\A—O](I)) vg(x)doy = 0.
Let 6o, Wo, Eo, and 3 be as in Lemma [3.3] Let
Uy o = Uy N W.
Let A; be as in Lemma[2:2] Then, in particular, we have that
AgCACACIYCQ Vel
Possibly shrinking dy we can assume that
Eof0](25,5,) € Q \ Ar.

Moreover, possibly shrinking U4 ¢ we can assume that

Eo[0](Qs.5,) CQ\ AT V6 € Upp.

By Corollary there exists p’ €]0, p[ such that the map from ng,p,(
to Cc(j),w,p’(sq [Al]f) which takes F' to P{j_ [1407 F‘\Q\TOhW

uous. By the linearity and continuity of the embedding of C’g’w, »(Sg[Ao] ) into
C§7w7p, (S§[Ao]~), the map from C’g,w’p(Sq[Ao]*) to C’g,w,p, (S§[A1]~) which takes
G to P; [Ao, G, @\To] &;7A,= 18 linear and continuous. Thus thanks to Lemma

SglA40]7)
is linear and contin-

14
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3| of the Appendix, possibly taking a smaller p’, we can verify that the map
from CY . (Sgl4o]7) to C2  ,(S5lA1]~) which takes G to

q,w,p q,w,p’

0

— P IA
al'qu[ O,G

BV nlrne

is linear and continuous and then real analytic, for all j € {1,2}. Moreover,

we note that the restriction operator from Cf , (Sg[41]~) to CJ) QN A is
linear and continuous and then real analytic. Thus, by Lemma on the real
analyticity of the extension operator Eg and by Theorem of the Appendix
on the real analyticity of a superposition operator in Schauder spaces, the map

from Uy o x CF , ,(Sg[Ao]~) to C1*(Qp 5,) which takes the pair (¢, G) to

0

aT?qu_ [Ao, G o\ 75 © Eo[¢]

is real analytic, for all j € {1,2}. Then we note that
#(092)
:/BQ (DP [0, G gy 55) © Eol6]9) ) - (v © 6())51](y) do.

—Z B ax 40, G i) © Eol6](y) (v © 6(9));516](y) dory-

By Lemmas and by the linearity and continuity of the trace operator
from C%%(Qg4,) to C%*(0Q), and by the linearity and continuity of the em-
bedding of C**(9€) in L'(9€), and by the linearity and continuity of the map
from L'(9Q) to R which takes f to [, f do, we have that the map from Uy o x

C? ., (Si[Ag]~) to R which takes the pair (¢, G) to Jooo) D(P; [Ao, G g\ 5;1(2))-

Gw,p
vijg) () do, is real analytic. Thus, the Vahdlty of the statement follows. O

We recall that B, ; is the function defined in Lemma We are now ready
to analyze the regularity of the map

(1, ¢) — By, i(x) dx,
Qi\q1[¢]

when [ is in |0, +o00[ and ¢ is a suitable class of diffeomorphisms.

Proposition 3.7. Let a, Q be as in (3). Let ¢pg € CH*(98, R?) ﬂABQ Let Ay
be an open connected Lipschitz subset of R? such that R?\ Ag is connected and
such that Ag C I[¢g]. Let po € Ag. Let Uy o be as in Theorem . Then the
map from )0, +oo[xUx o to R which takes the pair (I, ¢) to sz\qu[dﬂ By, i(x) dx
s real analytic.

15
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Proof. Since the analyticity is a local property, we can work locally. Accordingly,
we fix
lo E}O, +OO[

Let Ly be a bounded open subset of |0, +o00[ containing ly. We denote by Dy (R)
the space of 2 x 2 diagonal matrices with real entries and by ]D);r (R) the set of
elements of Dy(R) with diagonal entries in |0, +00[. Then we set

Qo ={q €D (R):1€ Loy}

Clearly, Qq is a bounded open subset of D (R), and Qy C Dj (R). Now, we
note that

[ Buawdo= [ Baae)ds=— [ Syatat - ) ds
Qui\q1[4] Q\I[¢] Q\I[¢]
(13

for all (I,¢) € ]0,4+00[ X Uy 9. Then we take a bounded open connected subset
W of R? of class C°° such that

QCW  and WN(z+4) =2 VzeZ®\{0}.

By [24] Thm. 8], there exists p €]0,4o00[ such that the map from Qy to
CS7P(W \ Ap — po), which takes § to the function S;2(¢ %mﬂm, is real ana-
lytic. Since the translation operator from C9 (W \ Ay — po) to CJ (W \ Ay)
which takes f to f(- — pp) is linear and continuous, then the map from Q
to CJ (W \ Ag), which takes ¢ to the function Sg2(4(- — po)), is real analytic.
Then, taking into account the real analyticity of the map from ]0, +oo[ to D (R)
which takes I to ¢;, we deduce that the map from Lo to CJ (W \ Ap), which
takes [ to Sy, 2(qi(- — po)), is real analytic. Then, due to the Lemma [A 2| of the
Appendix, we can apply Theorem to the last integral in equali’ql%]), and
the validity of the statement follows. O

4. Analyticity of the integral operator associated to the double layer
potential

Since we plan to solve problem with the use of a double layer potential,
we need to understand the regularity of such an operator upon the pair (I, ¢).
Thus, in the following two lemmas we prove the analyticity in (I,¢) of some
integral operators related to the double layer potential. We start with the
following result.

Lemma 4.1. Let o, Q be as in (3). Let B and 5q be as in Lemma[3.2 Let

’ ’

Q — Q
o= Ag— N AL V5 €]0,dal.

A
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Let ) €]0,1[. Then there exists 6, €]0,0q[ such that for all § €]0,5,[ the map
which takes

(1..0) €10 +oe[x (€ (@55 B2) 1 AL x O1(09)

to the function W[, ®, 0], which is defined as the continuous extension to Qg(;
of the function

_./ DSg 2(qu®(x) — s) 'qu,ll[@\an]( )(90(1)( 1))( 's)do Vi € Qﬁ 5
a®(09)

is real analytic from O(n) x Uy 5 x CH*(9Q) to le"‘(Q;é), where

O(n) = {1 €)0,+00[: max{l™%1*} <n~'},

Uns = {<I> € A%ﬁ Ch*(Qp5,R?) ;up |det(D®)| < 7]1} .
8,68

Proof. First of all, let § €]0,dq[. Our plan is to adapt the techniques of the
proof of Corollary 5.7 of [21]. To do so, we first need to rewrite the operators
W, aiW“‘ and %W‘F in terms of single layer potentials. Let R €]0,+o0|
T T2
be such that
R> sup |z|.
TEQUQp 5

Let F be a linear and continuous extension operator from the space C1*(99) to
C*(B2(0, R)), such that F[0]jpq = 6 for all § € C*(9Q) (see, e.g., Troianiello
[41, Thm. 1.3 and Lem. 1.5]). Then, by using [21, (5.8) and (5.9), p. 109], with
® replaced by ¢;®, we obtain that if

(1,®,0) €10, +oo[x (C1 (@55, R%) N AL x C1(99)

then
WJr[la (1)79] = - Z % (V+ [lv (I)vnj[(ﬂq)]o]) ((D(QI(I)))il)ij (14)
and
9 +
g (WL .0) (15)
2 2
=3 A0 S (v e My ) (D)),
2
+ 88 /BQ (q:®]65 [q1P]



for all k € {1,2}, where

x Ki (D(@®)™),, (VQ)1‘> (i 8(£f]) ((D(q®)) 1)U>
- (E_j (Do) ™), <m>i> (Z 9 (o) ))]
and ) 27
it = (((agr ).
and

VL@, p] (z) = / Sy 2(@®(z) —s) (u o @(’1)) (g 's)dos Ve Qf,,
7 ®(00) ’
Yu e CH(09).

Here ()T denotes the transpose of a matrix (-). By the chain rule, we have

(D(@®))ij = (@) (D)5 Vi, j € {1,2}, (16)
(D(@®)) )iy = (qll)“«D@)*)ij Vij € {1,2}.

ss  Next, we consider VT and we note that if

Lo (@ R2) (1 A2
(1,®) €10, +oolx (C* (@55, R2) N AL )
then

VL, ) (2) = /

Su2(@®(@) — ) (o ®V) (g 's)do,
qlé(aﬂ)

- / oy S2((@@) =) (100 ) (o,

for all p € C%*(9R) and for all x € QE,J‘ Then we set

Sgi2(x) =Sy 2(qx) vz € R? \Z2 . (17)

We note that the ¢-periodic function Sq,uz is a g¢-periodic {0}-analog of the
fundamental solution of the operator

1o, 0?

18



i.e., a tempered distribution such that
1 92 ~
(ﬁa2+l28 ) 0,2 = Zéqz_ )
z€72

in the sense of distributions (see [2I], §1]). Then we can write

[ Susla(@) - s) (o oY) (1o, (18)
(8Q)
[ Suaa(@@) =) (po @) (9o, =V 10 ()
(09)
Vr € QB 5

for all (I, ®, ) €]0, +00[xUy s x C**(IQ). Now, one can rewrite the operators
W, 58 W+ and a W+ using the single layer potentlal VJr More precisely,

equahtles , together with the two equalities in and with equality
8]) imply that

W, ®,6] = — Z ai (17; [z,q>,ﬁj[z,q>]a}) (QIl)ii (De)7Y),,  (19)
and
2 (w,0,0) (0)
Bmk T
- z:: gi}: (a)rr j;:lait (Vi [1.@. M1, @,0]) ) ((Ill)tt (D®)™Y),,
2. 9D,
+;Txk((ﬂ)rr /[99 T[l (b]eo'[(ﬂq)]d
for all k € {1,2}, where
M[l,®,0] = g7t - (D®) T - vg|
2. O(F[p
8 l(; (D(I))il)” (QZl)u (VQ)Z> <; (8$[Z]) (D(I))il)zj (Qll)u)

and

0 Now we note that

19
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(i) the map from |0, 4+oco[ to DJ (R) which takes I to
_ (170

Moreover, by [24, Thm. 7] and [21], §3]

is real analytic.

(ii) the map from ]0, +oo[x(R? \ GZ*) to R which takes the pair ([,z) to

Sgi2(x) = Sy, 2(qx) is real analytic. Moreover, for all [ €]0, +oo[, the
map S;;2(-) is a ¢-periodic function in L. (R?) such that (%260722 +
1

loc

126%2%)55,172 = Zzezg d4- — 1 in the sense of distributions.

Accordingly, one can readily verify that the assumptions (1.8) of [2IL pp. 78,
79] are satisfied and thus we can apply the results of [2I]. Hence, [2I, Prop.
5.6, pp. 105, 106] implies that there exists 6, €]0, dq[ such that for all 6 €]0, 6,[
the map ‘7;“[-, ] is real analytic from O(n) x Uy 5 x C**(0Q) to C*(QF 4).
Then, if 6 €]0,d,[, by the real analyticity of the pointwise product in Schauder
spaces, and by the real analyticity of the map which takes an invertible matrix
with Schauder entries to its inverse, and by the real analyticity of the linear and
continuous extension operator F[-] and of the trace operator, and by identities
and (20, we conclude that the operators

9
8x1

W+['7'7']a iw+[.7.7.]

W+['a'a']7 8.’13'2

are real analytic from O(n) x Uy s x CH*(99) to CO’“(Q;&). Accordingly, the

operator W[, -, ] is real analytic from O(n) x Uy s x CH*(9Q) to C’l’a(QEﬁ),
and thus the statement follows. O

Then we have the following lemma where we prove the analyticity of the
trace of the periodic double layer potential upon the periodicity parameter, the
shape, and the density.

Lemma 4.2. Let a, € be as in . Then the map from
10, +00[x (C1 (0, R?) N AZ,) x C1 (%)
to C1(9Q) which takes a triple (I, ¢,0) to the function
Wl ¢,0)(x) = —/ DSy 2(@d(x) = 5) - Vg (s)(0 0 6V (g, ' s)doy
Q$(0%)
Yz € 09

18 real analytic.
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Proof. Since the analyticity is a local property, it suffices to show that if
(Io, 90,00) €10, +00[x (€1 (90, R?) N Ay) x C1(69),

then W[, -, -] is real analytic in a neighborhood of (ly, ¢o, 6p)-
Let 8, 6o, Eg, Wy be as in Lemma/(3.3] Possibly shrinking W, we can assume
that there exists n €]0, 1[ such that

sup sup |det(DEg[¢](z))] <n~' and Iy € O[n),
i,

where O[n] is as in Lemma Possibly shrinking §; and W,, we can also
assume that

Eo[¢](Qs5,) CQ Vo €W
Then using the jump formula for the double layer potential, we have

WiLo,6) = 50+ W* [ Bol6.6]  on o0, (21)

for all (1,¢,0) € Oln] x Wy x C12(9Q), where W is as in Lemma for a
sufficiently small §. Then, by equality , and by Lemma on the real
analyticity of the extension operator Ey, and by Proposition on the real
analyticity of the operator W*[- - ], and by the linearity and continuity of the
trace operator from C'* (Qgﬁ) to C1:2(9Q), we have that the operator W, -, ]
is real analytic from O[n] x Wy x C12(9Q) to C1*(99), and, accordingly, the
statement follows. O

5. Analyticity of the longitudinal flow

In this section we prove our main result about the real analyticity of the
longitudinal flow. By the results of the previous sections, this aim is reduced to
the study of the behavior of the second integral in , that is the map

(1,¢) ugll 6)(2) da, (22
Qu\q1[¢)]
when [ is in |0, +o00[ and ¢ is in a suitable class of diffeomorphisms.

In order to achieve this objective, we exploit some of the results of [29],
where the behavior of a (singularly) perturbed Dirichlet problem for the Laplace
equation has been studied by means of periodic potentials. As we shall see, we
will reduce the analysis of the solution u[l, ¢| of the Dirichlet problem (10]) to
that of a related integral equation. To do so, we start with the following result
on a boundary integral operator, which is proved in [29, Prop. A.3].

Lemma 5.1. Letl €]0,+o0o[. Let o, Q be as in ([3). Let ¢ € C’l’“(GQ,RQ)ﬁAgQ.
Let N be the map from CH*(q0l[¢)) to itself, defined by

Nl = = Sp+ g adlig],u] i € CH* (q01[6)).

Then N is a linear homeomorphism from C1(q,01[¢]) to CH(q,01[¢)]).
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Then we have the following result where we establish a correspondence be-
tween the solution of a Dirichlet problem for the Laplace equation and the
solution of an integral equation.

Proposition 5.2. Let! €]0, +o0[. Let o, Q be as in . Let ¢ € CL*(09Q,R?)N
AaQQ. Let T € CY(q01[¢]). Then the boundary value problem

=0 in Sq [ql[¢]]”,
+aqz) = u(z) Vo €Sy [qllg)], ¥z € 27, (23)
) I'(x) Va € q0l[¢]

AAD

has a unique solution u in CJ*(Sq, [qil[¢]]~). Moreover,

u(@) = wy, [@dllg], pl(z) Vo € Sqlalld]]-, (24)

where u is the unique solution in CH*(q01[¢]) of the following integral equation

— () + g [adTg], p)(x) = T(x) V€ qillg). (25)

Proof. By the maximum principle for periodic functions in S, [¢I[¢]]~, problem
has at most one solution (see [29, Prop. A.1l]). As a consequence, we only
need to prove that the function defined by solves problem . By Lemma

there exists a unique solution pu € C*(q,01[¢]) of the integral equation ([25)).
Then by the properties of the double layer potential the function defined by (24))

solves problem (see [29, Thm. 2.3]). O

By Proposition|[5.2] problem can be converted into the following integral
equation

— () + g [adT6] p)(x) = Sy pw —awo) Vo€ qdlls].  (26)

Therefore, in order to study the dependence of the solution of problem
upon (I, ¢) we can analyze the dependence of the solution of equation upon
the same pair. Since equation is defined on the (I, ¢)-dependent domain
q0l[@], the first step is to provide a reformulation on a fixed domain. More
precisely, we have the following lemma (cf. [29, Lem. 3.4]).

Lemma 5.3. Let [ €]0,+o0[. Let «,  be as in Let Ag, ¢g and Uy be as
in Lemmam Let pg € Ag and ¢ € Uy. Then the functzon 6 € CH*(0R) solves
the equation

=300~ [ DS, a@(6(0) ~ ) vy (@s) O 0 V) )i
#(99)

= Sa2(@(o(t) —po)) =0  Vteon,
(27)
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if and only if the function u € CY*(q0l[¢]), with u delivered by

p(x)=(00¢"V)(g ') Vo e qallg, (28)

solves the equation

— 5(e) + g @l p)(2) = Syale —awo) Ve € adllg]. (29

Moreover, equation has a unique solution in CH(9Q).

Proof. The equivalence of equation (27) in the unknown # and equation in
the unknown p, with p delivered by , 18 a straightforward consequence of the
Theorem of change of variables in integrals. Then, the existence and uniqueness
of a solution of equation in C1*(9Q) follows from Lemma and from
Lemma applied to equation , and from the equivalence of equations ,

[29). O

Now, our aim is to prove the analyticity of the function 6 which solves
equation (27)) upon (I, ¢). We do so by exploiting the Implicit Function Theorem
for real analytic maps. Therefore, inspired by Lemma[5.3] we introduce the map
A from |0, +00[xUy x C1(9) to CH(dN) by setting

All, ¢,0](t) = — %9(10 - /43(39) DSq 2(qi(p(t) — 5)) - Vg (@s) (0 0 ¢~ 1) (s)dos

(30)
= Sy 2(q@(o(t) —po)) V€09,

for all (I,¢,0) €]0,+oo[xUy x C1(9Q), where Uy is defined in Lemma
In order to apply the Implicit Function Theorem for real analytic maps to the
equation

All,¢,60] =0,

we need to understand the regularity of A. The analyticity upon (I, ¢, 8) of the
second term in the right hand side of is shown in Lemma Accordingly,
in order to show the analyticity of the map A, it remains to show that the map
which takes (I, ¢) to the function Sy, 2(q:(¢(-) — po)) is real analytic.

Lemma 5.4. Let a, Q be as in . Let ¢g, Ag be as in Lemma. Let py € Ap.

Then there exists an open neighborhood Uy o of ¢o in CH*(9, R?) N AaQQ such
that the map from 0, +o00[xU, o to CH*(9Q) which takes a pair (I,¢) to the
function Sq, 2(q(d(-) — po)) is real analytic.

Proof. Let Uy be as in Lemma Since the analyticity is a local property, we
can work locally. Let £y and Qg be defined as in the proof of Proposition [3.7]
We take a bounded open connected subset W of R? of class C* such that

QCW and Wn(z+A)=2 Vzez?\{0}.
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By arguing as in the proof of Proposition [3.7] one can easily prove that the map
from Qo to CY (W \ Ap), which takes § to the function Sg2(4(- — po)), is real
analytic. Let dp, Wy, Eg, and 8 be as in Lemma [3.3] Let

Z/l*70 = Z/fo N Wo.

Possibly shrinking dy we can assume that

Eo[¢0](Qp.5,) € Q \ Ao.

Moreover, possibly shrinking U, o we can assume that

Eo[0](Qs.5,) CQ\ Ao Vo €U

Thus, by the real analyticity of the map from Ly to Qg which takes [ to ¢,
and by Lemma [3.3| on the real analyticity of the extension operator Eg, and by
Lemma of the Appendix on the real analyticity of a superposition operator
in Schauder spaces, we have that the map from Lo x Uy o to C1%(Qg5,) which
takes (1, ¢) to Sg,2(q(- — po)) o Eo[¢] is real analytic. Accordingly, the map
from ]0, +00[xUs o to C1*(Qp 4,) which takes (I,¢) to Sy, 2(q(- — po)) o Eo[¢)]
is real analytic. Finally, the linearity and continuity of the trace operator from
C(Qp.5,) to CH(9€) implies the validity of the statement. O

We are now ready to show that the solution of the integral equation
depends analytically on (I,¢). The proof is based on the Implicit Function
Theorem for real analytic maps in Banach spaces.

Proposition 5.5. Let a, 2 be as in . Let ¢g, Ag be as in Lemma . Let
po € Ag. Let Uy be as in Lemma . Then the following statements hold.

(i) For each (I,¢) €]0,+00[xU, o, there exists a unique § in C1*(0Q) such
that
All, 9,0 =0 on 09,
and we denote such a function by 0[l, §].

(ii) The map 0[-,] from |0, +00[xUy o to C1*(0Q) which takes (1, $) to O[l, §]
is real analytic.
Proof. Statement (i) is a straightforward consequence of Lemma [5.3]

Next we turn to consider statement (ii). We first observe that by Lem-
masand A+, ] is a real analytic map from ]0, +o0o[xU, o x C1*(99) to
C1(09). Since the analyticity is a local property, we fix (I1, ¢1) in |0, +00[xUs o
and we will show that 6], ] is real analytic in some neighborhood of (1, ¢1) in
10, +00[xU. 9. By standard calculus in normed spaces, the partial differential
Oo\[l1, d1,0[l1, ¢1]] of A at (Iy,¢1,0[l1, P1]) with respect to the variable 6 is
delivered by

OpA[ly,01,0[l1, P1]] () (t)
- %Wt) - / DSq, 2(a1, (6(1) = 5)) - v 116 (41, 5) (& © 9V (s) dos
¢(0Q)

YVt € 09,
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for all v € C1*(99Q). By Lemma and by the proof of Lemma E we
deduce that 9gAll1, ¢1,0[l1, $1]] is a linear homeomorphism from C1:%(9€2) onto
C12(09Q). Accordingly, we can apply the Implicit Function Theorem for real
analytic maps in Banach spaces (see, e.g., Prodi and Ambrosetti [34, Thm. 11.6]
and Deimling [IT, Thm. 15.3]), and we deduce that 6], ] is real analytic in a
neighborhood of (I1,¢1) in ]0, +00[xUso. Thus, the statement follows. O

Now we are ready to consider the second integral in the right hand side of

(11), that is the map in (22)).
Theorem 5.6. Let a, Q be as in (3). Let ¢g, Ap be as in Lemma . Let

so po € Ag. Let Uy o be as in Lemma 5.4, Then the map from ]0,+oo[xU. o to R

which takes the pair (1, $) to sz\qu] ugll, ¢ dx is real analytic.

Proof. First of all, by Proposition by Lemma and by Proposition we
have that

ugll, ¢)(x) = wy, [@dl[@], 011, ¢] 0 9V o (q 1)](w) V€ S, [al[g]]

for all (I, ¢) €]0, +oo[xUx o, where 01, #] is defined in Proposition (i). Ac-
cordingly,

/ wgll, ¢ do = / w2 (@6, 6L ¢ 0 6V o (g7 1) dx (31)
Qi\q:1[¢] Qi\q1[o]

for all (I, ¢) €]0, +00[xU. 9. We note that by classical differentiation theorems
for integrals depending on a parameter we have that

wa [@dl[¢], 01, @] 0 6 o (g, ")](x)
_ / DS a(z —y) - Vauig) ()01, 6] 0 6 V) (a1 y)) dor,
QI¢(BQ)

= Z oz, / Sar2(@ = y) que) ()5 (61 ¢] 0 9 V) (g 1)) do,

0 $(0%)
=- Z oz, 2 @O1B], (V1)) (0L ¢ 0 6V 0 (g7 1)](@), Vo € Sy [@l[8]]
for all (I, ¢) €]0, +00[xUy 0. Then

/ w (L8], 601, 8] 0 6V o (g7 )](x) de (32)
Qi\q1[¢]

2

0 _ _

== Z/ 9. Va0 (Vo) (01, ] © Vo (g )](x) da
=17 Qu\al[¢] “FJ

for all (1, ¢) €]0, +o0[xUs 0. We now fix j € {1,2}. Lemma (i), the Diver-

gence Theorem, and the continuity in R? of the single layer potential (see, e.g.,
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510

[21, Thm. 3.7 (i)]) imply that
[ vt (a0l 6] 6 o (g ) @) da (33)
Q\ail[¢] OTj
-/ Aol () 011,610 6 o ()} v, (1),
[ i) (e 00,610 6 o g D)@ v @) o
q¢(09)
—— [ Ml ()i 0160 6 0 ) ) (i (0); o
q19(09Q)

:*Aquz[qzaﬂ[¢],(vqlu[¢}) 01, ¢) 0 ¢V o (g7 N (@o(t))

X ((vqiel)s © 019) ()5 (9] (t) dov

for all (I, ¢) €]0,+o00[xU, o. Indeed, the periodicity of the periodic single layer
potential (see, e.g., [2I, Thm. 3.7 (i)]) implies that

/BQ Vg [@OL@], (V11615011 6] 0 671 o (g1 )] () (v, (2)) do = 0.

Now we note that if Sg; o is the §-periodic {0}-analog of the fundamental solu-
tion of the operator

1o Lo

12 Ox? 0z3’
defined as in (cf. 21 §1]), we have

Vg (@8], (Vaure)); (011 8] 0 Y 0 (g7 N (@o(t))
/ Sar 2(@6(t) — 1) (Vi) (1)) (011, 8] 0 6 ) (g 1) dor,
qp(09)

Sar,2(@(d(t) = ) (vqug) (@9)); (01l ¢] 0 9 V) (s) do

Sa12(6(t) — 5) (Vg (@5)); (01, 8] 0 3V (s) dorg
=01,q 811[¢] ((vae))s © @e)0lL, 6]) 0 7 ](6(1)) Vit € 99,

for all (I, ¢) €]0, +oo[xU, . Here

0,5(01[¢], -]

is the g-periodic single layer potential associated to the analog S‘qm (see |21}
Thm. 3.7, pp. 87-89]). By (i) and (ii) in the proof of Lemma one can
readily verify that assumptions (1.8) of [2I), pp. 78, 79] are satisfied and thus we
can apply the results of [2I]. Moreover, we note that map from ]0, +o0[xUsx o to
C1 (99, R?)N Apg which takes (I, ) to ¢;¢ is real analytic and then Lemmal[3.5]
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530

535

540

(i) implies that the map from |0, +00[xUs o to C%*(9Q2) which takes (I, ¢) to
(Vq116))j 0@ is real analytic. Taking Proposition (ii) into account, Theorem
5.10 (i) of [21] implies that the map from ]0, +o00[xU, o to C1*(9§2) which takes

(I, 9) to
Vall, &, (vauge))s © @ )0l #)] = 0,4[018], ((vgrg)); © id)Oll, 8]) 0 9 V)] 0 ¢

is real analytic. Then Lemma (i), the linearity and continuity of the map
from L'(9) to R which takes f to [, fdo, and equality imply that the
map from ]0, +oo[xUy o to R which takes (I, ¢) to

0 _ _
/ 9 Ve[ @OU]; (vaymig1); (011, 6] 06"V o (g;)))(x) do,
Q\ai1[¢] OLj
is real analytic. Accordingly, equality implies that the map from the space
10, +00[xU, o to R which takes (I, ¢) to

/ w (L), 011, 6] 0 6V o (g7 )] () de,
Qi\aqil[¢]

is real analytic and then, by equality , we can conclude that the map from
10, +00[xU, o to R which takes the pair (I, ) to sz\qﬂI[qS] uxll, §] dzx is real an-
alytic. U

Combining Proposition [3.7 and Theorem [5.6] together with the representa-
tion formula for X[I, ¢], we can finally deduce our main result regarding the
real analyticity of the map (I, ¢) — X[I, ¢].

Theorem 5.7. Let o, Q be as in . Then the map from
Jo, +o0[x (1 (002, R?) N AF, )

to R which takes a pair (1, ¢) to X[l, @] is real analytic.

As already mentioned, one of the consequences of Theorem [5.7]is that if we
have a family of pairs (I5, #s)se)—s,,5,] Which depends analytically on § as in the
Introduction, then we can deduce the possibility to expand the longitudinal flow
as a power series in the parameter 6, i.e.,

[ls, ¢s) = chsﬂ (34)

for § close to zero. Once the possibility of an expansion of this type is shown,
for practical applications it is of interest to compute the coefficients {c¢;};en. A
constructive method to compute the coefficients for the effective conductivity of
periodic two-phase dilute composites is developed in [I0]. The computation is
based on the solutions of systems of integral equations. This type of approach
can be exploited also in this case, in order to obtain an explicit expression
for all the coefficients {c;};jen in the series . This is the object of future
investigations and the present paper provides the theoretical background for
this aim.
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Appendix A.

In this Appendix we collect some technical results that we have used in the
paper. We first introduce the following slight variant of Preciso [33, Prop. 1.1,
p. 101] on the real analyticity of a composition operator. See also [22, Prop.
5.2] and the slight variant of the argument of Preciso of the proof of [19, Prop.
9, p. 214]

Theorem A.1. Let a €]0,1], p €]0, +oo[. Let Qy, Q' be bounded open subsets
of R2. Let Q) be of class C* . Then the composition operator T from CS”O(Ql) X
CLo(QV, Q) to CH2(Q) defined by
T[u,v] = uow, V(u,v) € CY () x CH* (¥, ),
18 real analytic.
Then we have the following elementary lemma which shows that, when deal-

ing with g-periodic functions in Roumieu spaces on Sy[A]~, it is sufficient to
work on a suitable neighborhood of the periodicity cell.

Lemma A.2. Let p €]0,+00[. Let Q and q be as in (@ and (@, respectively.
Let A be an open connected subset of R? such that R?\ A is connected and such
that

ACQ.

Let W be a bounded open connected subset of R? such that
QCW and Wn(gz+A) =2  VzeZ?\{0}.

Then the restriction operator from CY , (Sq[A]~) onto the subspace

CO W\ A) = {u €Co,(W\A):

q.w,p
Ju € RSN such that u is q-periodic, v = “|W\A}’

of C3 ,(W\ A) induces a linear homeomorphism

Finally, we have the following elementary consequence of the definition of
Roumieu classes, which shows that, possibly taking a smaller p in the target
space, the differential operators are linear and continuous in periodic Roumieu
spaces on S4[Q2]~. Corresponding results hold also for classical Roumieu spaces

and for periodic Roumieu spaces in S,[2]. However, we only state the result
that we exploit in this paper.

Lemma A.3. Let p €]0,+oo[ and p1 €]0, p[. Let Q and q be as in @ and (@,
respectively. Let 0 be an open subset of R? such that Q C Q. Let j € {1,2}. If

ueCY, (S4Q7), then the partial derivative (%”‘j € CY . (Sq[Q7). Moreover,
ou

the operator which takes u to Dy 18 linear and continuous from C’O’wﬁp(Sq €]7)

to CO,, (S, ). '

q,wW,P1

We note that in Lemma one cannot take p; = p. In other words, one
can find a function u € C?, ,(Sy[Q] ), such that 2~ ¢ C? S4[€2] ) for some

q,w,p
jed{l,2}).

,wypl(
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