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ABSTRACT. We show that all unipotent classes in finite simple Chevalley
or Steinberg groups, different from PSL,(¢) and PSp,,(q), collapse
(i.e. are never the support of a finite-dimensional Nichols algebra), with

a possible exception on one class of involutions in PSU, (2™).
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1. INTRODUCTION

1.1. The motivation and the context. This is the fourth paper of our
series on finite-dimensional complex pointed Hopf algebras whose group of
group-likes is isomorphic to a finite simple group of Lie type G. See Part
I [ACGI] for a comprehensive Introduction. For the benefit of the reader
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and prompted by the referee, we sketch the reductions from the original
classification problem to the group-theoretical questions dealt with in this
series.

Let G be a finite group. There is a braided tensor category g)ﬂD whose
objects—called Yetter-Drinfeld modules—are CG-modules M with a G-grading
M = ©geaM, compatible by h - My = My,g,-1, for all h,g € G. The map
¢ € GL(M ® M) given by

clm®@m) =g-m®m, me My, g€ G, me M,

is a solution of the braid equation (which is equivalent to the quantum
Yang-Baxter equation) and is called the braiding of M. The category gin
is semisimple and its simple objects up to isomorphism are parametrized
by pairs (O, p) where O is a conjugacy class of G and p is an irreducible
representation of the centralizer of a fixed but arbitrary point in O.

Any M € gin gives rise to a graded algebra B(M) = Gpen,B" (M) =
T(M)/J (M), where J(M) = ®p>2 " (M) is a homogeneous ideal. Thus
B (M) is generated by BL(M) = M. Besides, B(M) is characterized uniquely
by two facts: it is a (graded) Hopf algebra in $YD, and all primitive ele-
ments are in degree one. The algebra B(M) is called the Nichols algebra
associated with M. Beware that there is no general method to compute
B(M). See e.g. the survey [A] for more information on Nichols algebras.

Let H be a Hopf algebra with group of grouplike elements G(H) ~ G.
Assume that H is pointed, i.e. all its simple subcoalgebras have dimension
one. A fundamental invariant of H is a Nichols algebra B (M) that satisfies

dim H > |G| dimB(M).

We omit the details and also the discussion of the methods to recover H from
G and B(M). We just emphasize that for the initial question of classifying
finite-dimensional Hopf algebras with group of group-likes ~ G, we need
to address the determination of all M € YD such that dimB(M) < oo
and the presentation of the latter. If G is abelian, then these two problems
have been solved by Heckenberger and Angiono respectively, see [AA] for
an exposition and references. Assume that G is non-abelian. This problem
splits in two sub-problems, depending on whether M is simple or not; the
second one has been essentially solved in [HV].

We discuss the first sub-problem. So we are in the following setting: G is
a finite non-abelian group and M = M(QO, p) is the simple Yetter-Drinfeld
module corresponding to (O, p). We say that the support of M, or by abuse
of terminology of B(M), is O. An easy but crucial observation is that the
algebra and coalgebra structures of 8(M) depend just on the braiding ¢, that
is to say on O (as a rack, i.e. with the operation h>g = hgh™!) and a suitable
(rack) cocycle ¢ : O x O — GL,(C), where n is the dimension of p (actually
q is determined up to a coboundary). This has the advantage that the same
pair (O, ¢) may appear when dealing with different groups. In short, we may
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write B(M) = B(0O,q). To sum up, to classify finite-dimensional pointed
Hopf algebras with group G we need to determine for every conjugacy class
O and q arising from a representation of the centralizer as mentioned, when
dimB(0, q) < oco. But we could also look at all racks arising from conjugacy
classes of finite groups, compute the cohomology groups H?(O, GL,(C)) and
then try to compute the Nichols algebras B(Q, q); this is more economical,
as at the end, we would just need to check which racks appear as conjugacy
classes of our G.

Surprisingly there are three group-theoretical criteria allowing to conclude
that for a given rack O, dim B(0, q) = oo for any cocycle q. Thus, if any of
the criteria applies to O, then we are dispensed from computing the various
H?(O,GL,(C)). These criteria were developed in [AFGV, ACGI, ACGIII]
and are recalled in §2.1. The verification of any of these criteria in a conju-
gacy class might be difficult. Here is another remarkable property: if O — O
is a surjective morphism of racks and O satisfies one of the criteria, then O
also does. This observation leads to consider simple racks O (i.e. without
projections onto a rack with more than one element), whose classification
is known. In particular, non-trivial conjugacy classes of finite simple non-
abelian groups are simple racks. In this series of papers we deal with finite
simple groups of Lie type; see [AFGV, AFGV?2] for alternating and sporadic
simple groups. We point out that in the series we are not proceeding group-
by-group but analyzing different sorts of conjugacy classes—and the groups
PSL, that could be treated by linear algebra. In the present paper we con-
clude the unipotent classes and in [ACGV], the mixed ones. The semisimple
classes, apparently the most difficult ones, will be treated next.

The three criteria are based on the existence of suitable subracks of the
rack in question—this is another instance of the flexibility of the notion of
rack. Let us say that a rack is kthulhu if neither of the three criteria applies.
One may wonder whether there exists a fourth criterium that may dispose
of (at least some) kthulhu racks. However frequently kthulhu racks possess
very few subracks (see §2.1.6 for precise formulations) making it hopeless the
search of such a fourth criterium. If a conjugacy class is kthulhu, then there
is still another weapon at our disposal, which is to analyze abelian subracks;
since they span a so-called braided vector space of diagonal type, then one
may decide from the classification of Heckenberger that the dimension of
B(M) is infinite (this depends on the cocycle). But even this technique
might not apply.

1.2. The main result and its place in the series. As explained, the
primary task is to study Nichols algebras over G with support in a conjugacy
class O of G.

Let p be a prime number, m € N, ¢ = p™, [F, the field with ¢ elements
and k := F,. There are three families of finite simple groups of Lie type
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(according to the shape of the Steinberg endomorphism): Chevalley, Stein-
berg and Suzuki-Ree groups; see the list in [ACGI, p. 38| and [MT, 22.5]
for details. Here are the contents of the previous papers:

o In [ACGI] we dealt with unipotent conjugacy classes in PSL,(q), and
as a consequence with the non-semisimple ones (since the centralizers of
semisimple elements are products of groups with root system Ay).

o The paper [ACGII] was devoted to unipotent conjugacy classes in PSp,,,(q).

o The subject of [ACGIII] was the semisimple conjugacy classes in PSL,,(q).
But we also introduced the criterion of type C, and applied it to some of
the classes not reached with previous criteria in [ACGI, ACGII].

In this paper we consider unipotent conjugacy classes in Chevalley and
Steinberg groups, different from PSL,(¢) and PSp,,, (q). Concretely, these
are the groups in Table 1. Notice that PSUj3(2) is not simple but needed
for recursive arguments.

TABLE 1. Finite groups considered in this paper; ¢ odd for
PQs,11(q); ¢ > 3 for Ga(q)

Chevalley Steinberg
G Root system G Root system
PQoyt1(q) | Bp,n >3 PSU,(q) | Ap-1,n >3
Pﬂgn(q) D,,n>4 PQ, (¢) | Dp,n>4
Ga(q) G >Dy(q) Dy
Fy(q) Fy *Es(q) Es
Ej(q) FEg, By, By

As in [AFGV, 2.2], we say that a conjugacy class O of a finite group
G collapses if the Nichols algebra B(0, q) has infinite dimension for every
finite faithful 2-cocycle q. Our main result says:

Main Theorem. Let G be as in Table 1. Let O be a non-trivial unipotent
conjugacy class in G. Then either O collapses, or else G = PSU,(q) with

q even and (2,1,...,1) is the partition corresponding to O.

In the terminology of §2.1, the classes not collapsing in the Main Theorem
are austere, see Lemma 5.2. This means that the group-theoretical criteria
do not apply for it; however, we ignore whether these classes collapse by
other reasons. The classes in PSL,,(q) or PSp,,,(¢) not collapsing (by these
methods) are listed in Table 3.

1.3. The scheme of the proof and organization of the paper. Let
G be a finite simple group of Lie type. Then there is ¢ as above, a simple
simply connected algebraic group Gy defined over F, and a Steinberg endo-
morphism F of Gy such that G = G%/Z(GL). We refer to [MT, Chapter
21] for details. Conversely, G = GL /Z(GE) is a simple group, out of a short
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list of exceptions, see [MT, Theorem 24.17]. For our inductive arguments,
it is convenient to denote by G the quotient GL /Z(GL) even when it is
not simple. Often there is a simple algebraic group G with a projection
7 : Gsc — G such that F' descends to G and [G¥,G!)/m(Z(GL)) ~ G.

The proof of the Main Theorem is by application of the criteria of type C,
D or F (see §2.1), that hold by a recursive argument on the semisimple rank
of Ggc. The first step of the induction is given by the results on unipotent
classes of PSL,(¢) and PSp,, (¢), while the recursive step is a reduction to
Levi subgroups. Then we proceed group by group and class by class. The
experience suggests that a general argument is not possible. There are some
exceptions in low rank for which Levi subgroups are too small and we need
the representatives of the classes to apply ad-hoc arguments.

Here is the organization of the paper: We recall some notations and facts
in §2, where we also state the needed notation for groups of Lie type. In §3
we describe the reduction to Levi subgroups and collect the known results
on unipotent classes of PSLy,(¢q) and PSp,,,(q).

Let O be a non-trivial unipotent class in a group G listed in Table 1.
The proof that O collapses (with the exception stated above) is given in §4,
respectively §5, when G is a Chevalley, respectively Steinberg, group.

Indeed, if G = PQ9y,1+1(q), n > 3, and ¢ odd, the claim is Proposition
43. If G = PQ (q), n > 4, Es(q), E7(q), or Es(q), then the claim is
Proposition 4.2. If G = Fy(q), the result follows from Lemmata 4.4 and 4.5;
and if G = G2(q), ¢ > 3, the assertion follows from Lemmata 4.6, 4.7, 4.8,
410, 4.11 and 4.12.

In turn, PSU,,(q) is settled in Proposition 5.1; P25, (¢) in Proposition
5.6; 2Eg(q) in Proposition 5.8; and 3Dy4(q) in Proposition 5.9.

In this way, the Theorem is proved.

1.4. Applications and perspectives. The results in this paper will be ap-
plied to settle the non-semisimple classes in Chevalley and Steinberg groups.

Next we will deal with unipotent and non-semisimple classes in Suzuki-
Ree groups. These are too small to apply the recursive arguments introduced
in this paper.

The semisimple conjugacy classes in G different from PSL,,(q) are more
challenging. We expect that classes represented by elements in tori different
from the Coxeter ones would collapse while those represented only by ele-
ments in tori corresponding to Coxeter classes would be kthulhu, as is the
case for PSLs(q) and PSL3(q) (with some exceptions). Both cases require
a deeper understanding of the classes, and in addition the irreducible case
seems to need an inductive argument on the maximal subgroups.
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precise references. We thank them a lot. We thank also the referee for
his/her suggestions.
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2. PRELIMINARIES

If a < beN, then I,; denotes {a,a + 1, ...,b}; for simplicity we write
Iq = I1,4. For a set Y, the group of permutations of ¥ is denoted by Sy.

2.1. Glossary of racks. See [ACGIII] for details and more information.

2.1.1. A rack is a finite set X # () with a self-distributive operation > :
X x X — X such that x> __ is bijective for every x € X. The archetypical
example is the conjugacy class OF of an element z in a group G with the
operation x>y = zyx~ ', z,y € OF. A rack X is abelian if x>y =y, for all
x,y € X. In this paper we are only concerned with racks that are conjugacy
classes in a finite group; one advantage of the rack language is that it could
be realized as a conjugacy class in many groups.

Recall that a decomposition of a rack Y is an expression ¥ = R[[S
where R and S are subracks. Since x> __ is bijective for € R, it follows
that R>S =5, and also S R = R.

2.1.2. [AFGV, Definition 3.5] A rack X is of type D if it has a decomposable
subrack Y = R[] S with elements r € R, s € S such that r> (s> (r>s)) # s.
If X = O is a finite conjugacy class in a group G, then this is equivalent

to the existence of r, s € O such that o + O and (rs)? # (sr)2.

Lemma 2.1. [ACGI, Lemma 2.10] Let X and Y be racks, y1 # y2 € Y,
x1 # x9 € X such that 1> (o> (1> 22)) # 22, y1 > Y2 = y2. Then X XY
s of type D. O

Remark 2.2. One of the hypothesis of Lemma 2.1 holds in the following
setting. Let O be a real conjugacy class, i.e. O = O~!, with no involutions.
Then y1 # y2 =y, ! that obviously commute.

2.1.3. [ACGI, Definition 2.4] A rack X is of type F if it has a family of
subracks (Rg)qer, and elements 7, € Ry, a € 1y, such that R, > Ry = Ry, for
a,b €1y, and R, N Ry =0, rq >1p # 1 for a # b € 1y.

In case X = O is a finite conjugacy class in a group G, then this is
equivalent to the existence of 7, € O, a € I, such that (’)g“:ae]I4> + Oﬁl“:“@‘”
and rqrp # Tp7, for a £ b € ly.

2.1.4. [ACGIII, Definition 2.3] A rack X is of type C when there are a
decomposable subrack Y = R][S and elements r € R, s € S such that
r>s# s, and

R=0MY g =0mY " min{|R|,|S|} > 2 or max{|R|,|S|} > 4.

Here InnY is the subgroup of Sy generated by y>_ ,y €Y.

The criterium of type C in group-theoretical terms reads as follows, see
[ACGIII, Lemma 2.8]: A conjugacy class O in a finite group G is of type
C if and only if there are a subgroup H of G and elements r,s € H N O
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such that s # sr; O # O, H = (O, O and min{|O|, |OH|} > 2 or
max{|O], |OF[} > 4.
Here is a new formulation suitable for later applications.

Lemma 2.3. Let O be a conjugacy class in a group H. If there are r,s € O
such that r2s # sr?, s*r # rs® and (’),ér’s> #* O§“5>, then O 1is of type C.

Proof. We check that the conditions in [ACGIII, Lemma 2.8] hold with

H = (r;s) = (Oﬁr’s>,(9ér’s>>. By hypothesis, rs # sr and O,ér’5> #* Oér’s>.

Now 7, s>, s>>r are all distinct, so \Oy’5>| > 2, and similarly for (’)ér’s>. O

2.1.5. The utility of the above criteria becomes clear in the following theo-
rem.

Theorem 2.4. [AFGV, Theorem 3.6], [ACGI, Theorem 2.8], [ACGIII, The-
orem 2.9]. A rack X of type D, F or C collapses.

The proof rests on results from [CH, HS, HV].

2.1.6. A rack is

o kthulhu if it is neither of type C, D nor F;

o sober if every subrack is either abelian or indecomposable;

o austere if every subrack generated by two elements is either abelian or
indecomposable.

Clearly, sober implies austere and austere implies kthulhu.
The criteria of type C, D, F are very flexible:

Lemma 2.5. [AFGV, ACGI, ACGIII] Let Y be either a subrack or a quo-
tient rack of a rack X. If Y is not kthulhu, then X is not kthulhu. O

2.2. Conjugacy classes.

2.2.1. Let ¢ = p™ be as above. We fix a simple algebraic group G defined
over Iy, a maximal torus T, with root system denoted by ®, and a Borel
subgroup B containing T. We denote by U the unipotent radical of B and
by A C ®* the corresponding sets of simple and positive roots. Also U~
is the unipotent radical of the opposite Borel subgroup B~ corresponding
to 7. We shall use the realisation of the associated root system and the
numbering of simple roots in [B]. The coroot system of G is denoted by
oV ={BY | B e P} C X.(T), where (a,8") = 2((;’5)), for all & € ®. Hence
2(a,B)
a(BY(C) =@, a,f € P CEF.

We denote by Gg. the simply connected group covering G.

For IT C A, we denote by ®11 the root subsystem with base I and ¥y :=

Pt — Py For a € @, we write s, € W = Ng(T)/T for the reflection
with respect to a. Also, s; = s4,, if a; is a simple root with the alluded
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numeration. Also, there is a monomorphism of abelian groups z, : k — U;

the image U, of x, is called a root subgroup. We adopt the normalization

of z, and the notation for the elements in T from [Sp, 8.1.4]. We recall the

commutation rule: ¢ > z4(a) = try(a)t™! = z4(a(t)a), for t € T and a € ®.

In particular, if t = 8Y(§) for some £ € k*, then t>x,(a) = zq(a(8Y(£))a) =
2(a,

Ta (€ % )-

We denote by P a standard parabolic subgroup of G, with standard Levi
subgroup L and unipotent radical V. Thus there exists II C A such that
L=(T,Uty | v €II).

If u € U then for every ordering of ®, there exist unique ¢, € k such
that u = [[ cq+ Ta(ca). We define suppu = {a € & | ¢q # 0}. In general
the support depends on the chosen ordering of ®*. However, if u € V as
above, then suppu C ¥y for every ordering of ®*.

2.2.2. In this paper we deal with Chevalley and Steinberg groups. Let F
be a Steinberg endomorphism of G; it is the composition of the split en-
domorphism Fr, (the ¢-Frobenius map) with an automorphism induced by
a Dynkin diagram automorphism . So, Chevalley groups correspond to
¥ = id. We assume that T and B are F-stable. Let W = Ngr(T)/TF.
Thus WF ~ W for Chevalley groups. For each w € W', there is a rep-
resentative w of w in Ngr(T), cf. [MT, Proposition 23.2]. Notice that
Wb (Uy) = Uy(q for all a € ®. Hence, if F' is Chevalley and «, 8 € ® have

the same length, then UX and Ug are conjugated by an element in Ngr(T)
by [HuLA, Lemma 10.4 C].

2.2.3. We shall often use the Chevalley’s commutator formula (2.1), see [St,
pp. 22 and 24]. Let o,8 € ®. If o + (3 is not a root, then U, and Ug
commute. Assume that o + § € ®. Fix a total order in the set I" of pairs

(i,7) € N2 such that i + j3 € ®. Then there exist c%ﬁ € F, such that

21)  za©zsm)ra@ s = ] Tiasis(c ), VEmek
(i,5)er

Let G = [GF,GF]/Z(GF).

Definition 2.6. [ACGII, Definition 3.3] Let o, 3 € ®* such that a+ 3 € ®
but the pair «, 3 does not appear in Table 2. We fix an ordering of ®7.
A unipotent conjugacy class O in G has the af-property if there exists
u € ONUT such that o, B € supp u and for any expression a+8 = >, ..., Vi,
with » > 1 and ~; € supp u, necessarily r = 2 and {v1,7} = {«, 5}. o

Let o, B € ®T. The scalar c‘f‘lﬁ #0in (2.1) if + 3 € ® and the pair does
not appear in Table 2.
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TABLE 2
p=3
p=2
2L o [ F J % [ o T 5
? %0 aj_ o al(j = B,,,Cy, Fy | orthogonal to each other
1 2 1 Gy o P
al +az | 200 4+ as Tia -
2000 + g | a1 + an 1 2 1

Proposition 2.7. [ACGII, Proposition 3.5] Let G be a finite simple group
of Lie type, with q odd. Assume O has the aB-property, for some o, 3 €
such that ¢ > 3 when (o, B) = 0. Then O is of type D. O

Remark 2.8. Assume u satisfies the conditions in Definition 2.6. Then it is
never an involution. Indeed if ¢ is odd this is never the case. If ¢ is even
then the argument in the proof of [ACGII, Proposition 3.5] shows that the
coefficient of x,43 in the expression of u? is nonzero.

2.2.4. Let us choose an ordering of the positive roots and let w € W and
u € U be such that 3 := w(suppu) C ®T. Then, w>u € U and there is
an ordering of the positive roots for which ¥ is the support of w > u. If|
in addition, wY ¢ W for some II C A, then by the discussion in 2.2.1,
w>u eU-—-V.

2.2.5. We shall need a fact on root systems. Recall that there is a partial
ordering < on the root lattice Z® given by a < 8 if f — a € Ng®™ = NyA.

Lemma 2.9. Let v,3 € ® with 3 < ~. Then there exists a sequence
Qiyy ooy 04, € A such that

(1) Vj € I we have vj == B+ oy +--- + az; € D

(2) v =Y.

If, in addition, ® is simply-laced, then v; = s;; -+~ s;, 8 for every j € .

Proof. (1) and (2) are consequences of [So, Lemma 3.2|, with ay = /3, and
the a; being simple. Assume that ® is simply-laced. Clearly, it is enough
to prove it for a pair of roots. If a,d € ® and a+6 € &, then &N (Za+ ZJ)
is a root system of type Ag, so so(d) = a+ d. The last claim follows. O

3. UNIPOTENT CLASSES IN FINITE GROUPS OF LIE TYPE

3.1. Reduction to Levi subgroups. We start by Lemma 3.2, that is be-
hind the inductive step in most proofs below. We consider the following
setting and notation, that we will use throughout the paper:
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P!, ... PF are standard F-stable parabolic subgroups of G;

P = L; x V; are Levi decompositions, with L; F-stable;

U= (UnL)F, U := (U nLy)F, Pt .= (P)F, L, :=LF, V; := VI,
m; : P* — L; is the natural projection;

M,; = <Uian_> < Ly;; for 1 € I.

Remark 3.1. Assume that G = G,.. If L; is standard, then M; = [L;, L;]¥.

Proof. Since G is simply connected, so is [L;,L;] (Borel-Tits, see [SpSt,
Corollary 5.4]). Then [MT, Theorem 24.15] applies. O

Lemma 3.2. Let u € UY; so in particular 7;(u) € M; for all i € Ty.

(a) Assume that Oi\rﬁu) is not kthulhu for some i € 1. Then neither of
OTI::(U)a Ofia OSF
18 kthulhu.
(b) Assume that

(3.1) No non-trivial unipotent class in M; is kthulhu, Vi € .

If u & Nier, Vi, then O is not kthulhu.
(c) Assume that (3.1) holds. Let O be a unipotent conjugacy class in G¥.
Ifonut ¢ Nien,, Vi, then O is not kthulhu, hence collapses.

Proof. Since U < P, it follows that u = ujus with u; € L; and us € V; < U.
Hence u; € L;NU. Since clearly uy and ug are F-invariant, u; = m;(u) € M;.
Now (a) follows from Lemma 2.5 and implies (b), since 7;(u) # 1 for some
j € 1. (c) follows from (b) and Theorem 2.4 because O N U # (. O

3.2. Unipotent classes in PSL, (q) and PSp,, (¢). We recall now results
in the previous papers of the series that constitute the basis of the induction
argument. We will also need some of the non-simple groups of Lie type of
small rank and small characteristic listed in [ACGII, 3.2.1].

The following Theorem collects information from [ACGI, Table 2], [ACGII,
Lemma 3.12 & Tables 3, 4, 5] and [ACGIII, Tables 2 & 3].

Theorem 3.3. Let G be either PSL,,(q) or PSpy,,(q) and let O # {e} be a
unipotent conjugacy class in G, not listed in Table 3. Then it is not kthulhu.

We explain the notation of Table 3, see [ACGI, ACGII] for further details:

(i) Unipotent classes in PSLy, (k) are parametrized by partitions of n; i.e.
A= (M, Az,...) with Ay > Ap > ... and 3, Aj = n. Thus, (n) is the
regular unipotent class of PSLy, (k). Unipotent classes in PSL,(q)
with the same partition are isomorphic as racks.
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TABLE 3. Kthulhu classes in PSLy,(¢) and PSp,,(¢)

G class q
PSLs(q) (2) even, or 9, or odd not a square
PSL3(2) (3) 2
PSan(q)a n Z 2 W(l)n_l © V(2) even
PSpy,(q), n>2 (2,12"72) 9, or odd not a square
PSp,(q) W(2) even

(ii) Unipotent classes in PSp,, (k), for ¢ odd, are also parametrized by
suitable partitions.

(iii) Unipotent classes in PSp,,, (k), for ¢ even, are parametrized by their
label, which is the decomposition of the standard representation as a
module for the action of an element in the conjugacy class:

k r
(3.2) V= Wm)" o @V(2k)>, 0<ai, 0<bj <2,
i=1 j=1

for m;, k; > 1. The block W (m;) corresponds to a unipotent class
with partition (m;,m;), whereas the block V(2k;) corresponds to a
unipotent class with partition (2k;).

(iv) The unipotent class in PSp,(k) with label W (2), respectively, in
PSp,, (k) with label W (1)"~! @ V(2) contains a unique unipotent
class in PSp,(q), respectively, PSp,,,(q).

Remark 3.4. Assume q is even. If O is a unipotent conjugacy class in Sp,,,(q)
enjoying the af-property, for some « and S, then O is of type C, D, or F.
Indeed, by Theorem 3.3 the kthulhu unipotent classes in Sp,,,(¢) for ¢ even
consists of involutions. Remark 2.8 applies.

Remark 3.5. The conjugacy class O of involutions in PSLy(7) is of type
C, so line 1 of [ACGIII, Table 1] and the statement about involutions for
q¢ = 7 in [ACGIII, Corollary 3.5] are not correct. Indeed, this follows from
[ACGIII, Lemma 2.12] because PSLy(7) ~ PSL3(2) and O is the class of
involutions therein.

The proof of [ACGIII, Corollary 3.5] overlooks the possibility that ¥ =
S4NO, which is the union of all involutions in K = S, and it is decomposable.
3.3. Further remarks. If a product X = X7 x X5 of racks has a factor X3
that is not kthulhu, then neither is X. Indeed, pick z € X9 ; then X; x {z}
is a subrack of X and Lemma 2.5 applies (here as usual Xy can be realized

as a subrack of a group, so that x>z = x). The following results will be
needed in order to deal with products of possibly kthulhu racks.

Lemma 3.6. Let O be a unipotent conjugacy class in Table 3.
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(a) There exist x1, 12 € O such that (v172)? # (w271)2.
(b) If G # PSLy(2),PSLy(3), then there exist y1,ya € O such that y1 # yo
and y1y2 = Y2y1-

Proof. By the isogeny argument [ACGI, Lemma 1.2], we may reduce to
classes in SL,,(q) or Sps,(q). Also, the classes in PSp,(q) with label W (2)
and W (1) @V (2) are isomorphic as racks, [ACGII, Lemma 4.26], so we need
not to deal with the last row in Table 3.

If O is the class in SL3(2), then x; = id+e12 + e23 and x2 = o> 21,
where 0 = e12 + e21 + €33, do the job for (a). For (b), take y; = z; and
Yo = 73 = xfl, that belongs to O by [ACGI, Lemma 3.3].

If O is the class in SLa(q), then 1 = id+e12 € O and x5 = o>, where
0 = e12 — ez do the job for (a); while y; = x1, and y2 = id +ae; 2, for
a € Fy, a® #0,1, are as needed in (b) when ¢ > 3.

Finally, let O be one of the classes in Sp,,(¢), cf. Table 3. Then z; =
id+ei12, € O and x2 = o> 1, where 0 = e1 2, — €21 + Z#LM ej;j do
the job for (a). Let 7 be the block-diagonal matrix 7 = diag(Jz,id2np—2, J2),
with Jo = (03). Then 7 € Spy,(q) and y; := 21, yo := 7>y fulfil (b). O

Here are results on regular unipotent classes that will be needed later.
Let Gy be a simply connected simple algebraic group and F' a Steinberg

endomorphism. Let G = GZL/Z(GL); here we do not assume that G is
simple.

Proposition 3.7. [ACGII, 3.7, 3.8, 3.11] Let O be a regular unipotent class
in G. If any of the conditions below is satisfied, then O is of type D, or F.
(1) G # PSLa(q) is Chevalley and q # 2,4;

(2) G = PSUs(q), with q # 2,8;

(3) G =PSUy(q), with q # 2,4;

(4) G =PSU,(q), withn >5 and q # 2;

In addition, every regular unipotent class in GUy(q), where 1 < n is odd
and q = 22"t h € Ny, is of type D. O

Finally, we quote [ACGII, Lemma 4.8]:

Lemma 3.8. Let O be a regular unipotent class in either SLy(q), SU,(q)
or Spy,,(q), q even. Then there are x1,x9 € O such that (v122)? # (1221)2.

4. UNIPOTENT CLASSES IN CHEVALLEY GROUPS

In this Section we deal with unipotent conjugacy classes in a finite sim-
ple Chevalley group G = GL./Z(GL), different to PSL,(¢q) and PSp,,(q),
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treated in [ACGI, ACGII], see §3.2. For convenience, we shall work in G£,
cf. [ACGI, Lemma 1.2]. For 8 € ®, set

(4.1) V(p)={re®| B2}

Let w € U and B € ®T. Then the support suppu depends on a fixed
ordering of ®*, but the assertion suppu C ¥(3) does not. Indeed, pass-
ing from one order to another boils down to successive applications of the
Chevalley formula (2.1), that do not affect the claim.

We denote by O a non-trivial unipotent conjugacy class in G.

4.1. Unipotent classes in PQJ (q), n > 4; Es(q), F7(q) and Es(q). We
first deal with the case when ® simply-laced, i.e. G is one of PQ;n(q),
n > 4; Eg(q), Er(q) and Es(q).

Lemma 4.1. Given 3 € ®+ — A, there is x € O N U with suppx ¢ ¥(3).

Proof. Let u € O NUF. If suppu ¢ ¥(B), then we are done. Assume that
suppu C V(). We claim that there is 7 € Ngr (T) such that

r:=1pucONU’ and suppz ¢ V(5).

For every v € U() there is a unique k such that v = 8+ oy, + - +
as in Lemma 2.9. Let m be the minimum k& for v € suppu. We call m
the bound of u. We will prove the claim by induction on the bound m. If
m = 0 then § € suppu and since § ¢ A, there is a simple reflection s;
such that s;8 = 8 —a; € ®T — U(B). Also, s;v € T for every v € suppu
because s;(®+ — {a;}) = @ — {a;}. In this case we take 7 = §; to be any
representative of s; in Ngr (T).

Let now m > 0 and assume that the statement is proved for unipotent
elements with bound m — 1. Let v € suppu reach the minimum, i.e., be
such that v = 8+ ay, + - -+ «;,, for some a;; € A chosen as in Lemma, 2.9.
Then v = s;, vy =+ a; + -+ a;, , € ¥(B), and s;,,a € & for every
a € V(B) by construction. Let $;, be a representative of s;, in Ngr (T).
Then v’ = §;,, >u € ONUF and either suppu’ ¢ ¥(3), or suppu’ C ¥(f),
with bound at most m — 1. In the first case, we conclude by setting z = /.
In the second case, we use the inductive hypothesis. O

Proposition 4.2. O is not kthulhu.

Proof. The basic idea of the proof is to apply Lemma 3.2 (c) to a series of
standard F-stable parabolic subgroups P’ of Gg. for which (3.1) holds. We
show that for every O and for every G, we have ONUF ¢ N;V;. This follows
from Lemma 4.1 by observing that in each case N;V; is a product of root
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subgroups corresponding to roots in ¥(3) for some 3 € &+ — A. We analyze
the different cases according to .

D,,, n > 4. We consider the parabolic subgroups P! and P? such that L; and
LLs have root systems A,,_1, generated respectively by A — ;1 and A — ay,.
Since n > 4, (3.1) holds by Theorem 3.3. Let u € V3 N V. Then « € suppu
if and only if o contains a,_; and «,, in its expression, i.e. o € ¥(p) for
B = an_9+ ap_1 + ap. By Lemma 4.1, ONUY ¢ N;V;.

Eg. We consider the parabolic subgroups P!, P? and P? such that L, Lo
and L3 have root systems Ds, D5 and As, generated respectively by A — aq,
A — ag and A — ay. By Theorem 3.3 and the result for D,,, (3.1) holds. Let
ue ViNVanVs. Then a € suppu if and only if a € W(3) for = 2?21 ;.
By Lemma 4.1, O N U ¢ n;V;.

E7. We consider the parabolic subgroups P!, P? and P3 such that L, Lo
and LL3 have root systems Dg, Eg and Ag, generated respectively by A —aq,
A — a7 and A — ay. By Theorem 3.3 and the results for D,, and Ejg, (3.1)
holds. Let u € Vi N Vo N V3. Then o € suppu if and only if o € ¥(f) for
8= 21‘7:1 a;. By Lemma 4.1, O N U ¢ n,V;.

Eg. We consider the parabolic subgroups P!, P? and P3 such that L, Lo
and L3 have root systems D7, E7 and A7, generated respectively by A — aq,
A — ag and A — ap. By Theorem 3.3 and the results for D,, and E7, (3.1)
holds. Let u € Vi N Vo N V3. Then o € suppu if and only if o € ¥(f) for
B8 =3"a; By Lemma 4.1, OnUF ¢ N, V. O

4.2. Unipotent classes in PQy,,11(q). Here we deal with P9, 11(q), i.e.
® is of type By, n > 3. In this case, ¢ is always odd.

Proposition 4.3. O is not kthulhu.

Proof. We consider the standard F-stable parabolic subgroups P! and P?
such that IL; and Ly have root systems A,,_1 and C5, generated respectively
by II; :== A — a,, and IIy = {ap,—1,a,}. By Lemma 3.2 (a) and Theorem
3.3,if ONUF ¢ Vi then O is not kthulhu. Let us thus consider u € O N V.
Then suppu C ¥y, = {ei,65+ ¢ | 4,7,1 € I,,j < [}, since it must contain
an. We will apply the argument in 2.2.4.

Assume first that suppu C {e; +¢ | j,l € I, < {}. Let £ be the
maximum [ such that €;4¢; € supp u for some j € I,,_;. Then s.,(suppu) C
®*. Let ., be a representative of s, in Ngr (T). Then 3., >u € O N uf
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and €; — g¢ € supp($¢, > u) for every j such that €; + e, € suppu. Hence
$:,>u € ONUY — V. By the previous argument, O is not kthulhu.

Assume next that there is some ¢ such that ; € suppu. We can always
assume i = n. Indeed, if €, & supp u, we may replace u by é.. ., >u € ONUY,
where 3., ., is a representative of s¢, ¢, in Ngr(T). Then m2(u) € My lies
in a non-trivial unipotent conjugacy class in a group isomorphic to Sp,(q)
and the short simple root lies in the support. A direct computation shows
that a representative of this class in Sp,(q) is as follows:

056

*

(001—(1)7 a # 0.
0

Thus, its Jordan form has partition (2,2) and this class is not kthulhu by
Theorem 3.3 (recall that ¢ is odd). Then Lemma 3.2 applies. ([

4.3. Unipotent classes in F;(q). Here we deal with unipotent classes in
Fy(q). In this case the approach in Section 4.1 is not effective. Indeed,
in characteristic 2, (3.1) does not hold for any of the standard parabolic
subgroups. For this reason we shall use explicit representatives of unipotent
classes and apply results from Theorem 3.3 and Proposition 4.3 for Bj,
where ¢ is assumed to be odd.

We use the list of representatives of unipotent classes in Fy(q) in [Sho,
Tables 5,6] for ¢ odd, see Table 4, respectively in [Shi, Theorem 2.1] for ¢
even, see Table 5. We indicate the roots as in [Shi]: ¢; is indicated by 4,
€;—¢; is indicated by i—j, and %(51 +egtegtey) is indicated by 1+£2+344.
Thus the simple roots are 1 =2—-3, ac =3 -4, a3 =4, a4 =1—-2-3—4.
If ¢ is odd, then the possible representatives are x;, i € los, for p # 3, with
two additional representatives xog, x27 when p = 3.

Lemma 4.4. If q is odd, then O is not kthulhu.

Proof. A direct verification shows that all representatives for ¢ > 7 enjoy
the af-property with («a, 3) # 0; we list in Table 6 the roots « and f for
each representative. By Proposition 2.7, O is of type D.

We next consider the representative z1, that equals x.(1) for a long root
v. By the discussion in §2.2.2, O, contains an element in Ugl, that lies in
the subgroup of type Ay generated by Uiy, Uty,. Theorem 3.3 applies.

Finally, we deal with the x;’s, i = 2,3,4,5,6. Let L; be the standard
Levi subgroup (of type B3) generated by the root subgroups U,, for v =
+a1, £ag, £az. We claim that all z;, ¢ = 2,3,4,5,6, are conjugated to
elements in M7; then the result follows by Proposition 4.3. Indeed, xo, 3
lie in UfﬁQUﬂQ; thus conjugating by si1_3so_4, we get a representative in
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TABLE 4. Representatives of unipotent classes in Fy(gq) in
odd characteristic; 7, and ( are suitable elements in F

r1 = 2142(1)

r2 = x1-2(1)7142(—1)

z3 = r1-2(1)7142(-7)

x4 = w2(1)w314(1)

x5 = w2-3(1)z4(1)w243(1)

x6 = w2-3(1)z4(1)z243(n)

w7 = x2(1)@1-24314(1)

xg = x2-3(1)zg(1)x1-2(1)

z9 = w2-3(1)w3-4(1)2344(—1)

z10 = T2—3(1)r3-4(1)2344(—7)

x11 = 2o43(1)T142-3-4(1)z1-24344(1)

z12 = xo—3(1)xa(1)z1-4(1)

r13 = x2-3(1)za(1)21-4(7)

z14 = x2—4(1)z344(D)21-2(=1)71-3(-1)

z15 = To—a(1)x34a(1)x1-2(—n)21-3(—1)

216 = To—4(1)To+a(—n)T1-24+3+4(1)z1-3(—-1)

w17 = - 4(1)w314(1)712-314(1)z1-2(—1)21-3(€)
218 = 22(1)z344(1)1-243-4(1)21-2(-1)21-3(C)
219 = T2-3(1)w3-4(1)74(1)

xo0 = x2(1)x344(1)z1-2-3-4(1)

r91 = r2-4(1)23(1)2244(1)21-2-344(1)

T2 = x2-4(1)z3(1)w214(n)T1-2-344(1)

o3 = 1’273(1).7}374(1)394(1).%1,2(1)

Ty = wa—3(1)w3_4(1)z4(1)z1-2(N)

z95 = w2-3(1)x3-4(1)24(1)21-2-3-4(1)

z96 = w2-3(1)x3-4(1)z4(1)21-2-3-4(1)1-243+4(C)
zo7 = x3-3()23—4(1)za(1)71-2-3-4(1)T1-24344(—C)

UL UL, . Also x5, 26 lie in UL ;UL ;UY, and 24 = 22(1)x344(1), so they
all lie in M;. O

Lemma 4.5. If q is even, then O is not kthulhu.

Proof. The representative x1, respectively x2, is equal to z~(1) for a short,
respectively long, root . By the discussion in §2.2.2, O,, intersects UF
and Oy, intersects UL, . Let M = (UL, UL, ) and M’ = <Uia1,Uia2)
both of type As. Then O,, N M, respectively O, N M’ is a unipotent class
corresponding to the partition (2,1) in M, respectively M’. By Theorem
3.3, these classes are not kthulhu.
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TABLE 5. Representatives of unipotent classes in Fy(gq) in
even characteristic; 77 and ¢ are suitable elements in F;

Tr1 = $1(1)

Ty = x142(1)

xg = x1(1)w142(1)

x4 = 243(L)21(1)

r5 = x2(1)w243(1)21-3(1)

z6 = w2(1)w243(1)w1-3(1)2143(n)

v7 = x2(1)wo43(1)w1-24344(1)

xg = x2(1)w213(1)@1-243+4(1)z144(n)

xg = x2(1)z1-2(1)

x10 = w2(1)z1-2(1)2142(N)

z11 = 22(1)z344(1)21-4(1)

z12 = x2(1)z1—24344(1)x1-4(1)

r13 = v2(1)z243(1)71-2(1)

w14 = 2(1)w344(1)712(1)

z15 = 22(1)z213(1)T1-243+4(1)z1-5(1)

z16 = x2(1)wo13(1)x1-24344(1)x1-2(1)

x17 = x2(1)woq3(1)w1—2-344(1)x1-2(1)

x18 = 2(1)woq3(1)x1—2-344(1)x1-2(1)21-4(n)

219 = 22(1)z344(1)21-243-4(1)21-2(1)21-3(C)

w20 = r1-2(1)z2-3(1)23(1)

z21 = w1-2(1)z2-3(1)3(1)w243(n)

w93 = x4(1)z2-4(1)T1-243-4(1)

w23 = 24(1)22-4(1)T244(n)T1-243-4(1)

To4 = xo—4(1)x34a(1)z1-2-3-4(1)z1-2-344(1)

x5 = wa—4(1)x344(1)w1_2-3-4(1)1-2-314(1)21-2(n)
w26 = To—4(1)x344(1)z1-2-3-4(1)21-2-314(1)z1-2(N)21-3(N)
xo7 = wa_4(1)x3(1)23414(1)T244(N)21-2-344(1)

xog = o 4(1)x3(1)2344(1)T244(n)21-2-3+4(1)T1-2(n)
Tog = x1-2(1)x2_3(1)w3_4(1)24(1)

x50 = #1-2(1)w2—3(1)z3-4(1)z4(1)@314(1)

w31 = Ta-3(1)x3_4(1)24(1)z1-2-3-4(1)

w32 = To-3(1)x3-4(1)x4(1)z1-2-3-4(1)2344(7)

w33 = To-3(1)x3-4(1)x4(1)z1-2-3-4(1)21-2(7)

w34 = To—3(1)x3_4(1)2x4(1)x1_2_3_4(1)x344(N)21_2(N)

We consider now the classes labelled by i € Iog 34. Let P! be the standard
parabolic subgroup with standard Levi L as in the proof of Lemma 4.4. Set
y; = m1(x;). Then the class (931/.[1 satisfies the af-property; we list in Table 7
the roots a and 3 for each representative. Since ®ry, is of type Bs, the group
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TABLE 6. O, with the aS-property

i « I5}
7 2 1-24-34+-4
8 1-2 2-3
9,10 2-3 3-4
11 1+42-3-4 | 1-24-3+4
12,13 4 1-4
14,15 24 1-2
16 2-4 1-2+3+4
17,21,22 2-4 1-2-34+4
18 2 1-2
10,23,24,25,(26,27) | 2-3 3-4
20 2 1-2-3-4

L1,L4] is isogenous to Spg(k). By Remark 3.4, OMt is not kthulhu, hence
[ g 6 y Yi
neither is O.

TABLE 7. (’)é\fl with the a8-property.

1 o 153
© € Iz0,21 o1 o + o3
1€ H22723 a3 a1+ a9

i € logo8 | 1 +an | 2 + 203

1 € lag 34 a1 o

We consider now the classes labelled by i € T' = {3,4,7,8,12} U I14 9.
Let P2 be the standard parabolic subgroup with standard Levi Lo (of type
C3) associated with IIy = {9, ag, as}; here CIDIJ-IF2 consists of the roots 1 — 2,
3,4,3+4,1—-2+3+4. Let 1 = a4, P2 = a3, B3 = ag be the simple
roots of @ﬁQ. Set z; = ma(x;). Now (’)%2 is a unipotent class in Spg(g). Let
I” =T — {3,4}. Table 8 lists the index i € I”, the support of z; and the
partition associated to @22, obtained from the Jordan form of z; in Spg(k).
Since the partition is always different from (2,1%), the label of the class
in Spg(q) is never W (1) @ V(2), whence 02”2 is not kthulhu by Theorem
3.3. The remaining classes in I are represented by x5 = z1(1)z142(1) and
Ty = x2+3(1)x1(1). Let x = (51_3§2_4) >x3 € Og and y = (52_3§1_2§3) >
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T4 € (92. Then x € U3Us4, so x € Ugﬁﬂsmgﬁﬁﬁs C My, y € U;_sUs, so
Yy € [Ugﬁl 428, +,33ng 48, C Ma. The partition associated to x, respectively
y, as unipotent element in Spg(q) is (2,2, 1, 1), respectively (2,2,2). Hence,
neither (’)ch3 nor (’)g1 is kthulhu by Theorem 3.3.

TABLE 8. supp z; and its partition

1 Supp z; partition

7,8,12,15 B1 + 262 + Bs (2,2,1,1)

14 261 + 22 + B3, 2B2 + Bs, (2,2,1,1)

16 281 + 2B2 + B3, B1 + 282 + Bs, (2,2,1,1)

17,18 281 + 282 + B3, B1 + B2, (2,2,1,1)
19 201+ 282 + B3, 282 + B3, B1 + B2+ B3| (2,2,2)

The z;’s for i € I = {5,6,9,10,11,13} lie in the subgroup K of type
By generated by the subgroups Uiy, a € {1 —2,2—-3,3—4,4}. If i € T,
OUﬂIéF has the afS-property, see Table 9. Since SOy (k) is isogenous to Spg(k),
Remark 3.4 applies.

TABLE 9. OX" with the aS-property, i € I’ = {5,6,9,10,11,13}.

T « B

9,6 243 | 1-3
9,10,13 | 2 1-2

11 1-4 | 3+4

O

4.4. Unipotent classes in G3(q). Here we deal with unipotent classes in
G = G2(q), g > 2. As for Fy(q), we shall use explicit representatives of the
classes, the parabolics being too small. The list of representatives can be
found in [C] when p > 3 and in [E] otherwise; see (4.2), (4.3), (4.4). We
show that all classes are not kthulhu. We split the proof in several cases,
depending on ¢ and the representatives on each class. We first prove the
result for ¢ odd, where we study the cases ¢ > 3 and ¢ = 3 separately. Then
we proceed to deal with ¢ even, where we treat first two conjugacy classes.
For the remaining ones we split the proof for the cases ¢ > 4 and ¢ = 4.
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4.4.1. Unipotent classes in Go(q) for q odd.
Lemma 4.6. If ¢ > 3 is odd, then O is not kthulhu.

Proof. By [C, Theorems 3.1, 3.2, 3.9] every non-trivial class of p-elements
in G = G»(q) is either regular or can be represented by an element of the
following form, for suitable a,b,c € F:

(4 2) l’a2(1), xa2(1)$3a1+a2(b), $a2(1)$2a1+a2(—1)x3a1+a2(6),
$a1+a2(1), xaQ(l)xQCll"raQ(a‘)'

The regular classes are covered by Proposition 3.7 (1). We treat the
remaining classes separately.
The elements 4, (1) and Zq,(1)Z30,+a,(b) lie in the subgroup of type As

generated by in and Ui( ) and we apply Theorem 3.3. The classes

asta
represented by :L“QQ(1)x2a1+222t12)x3a1+a2 (c) enjoy the af-property, so we
invoke Proposition 2.7. We prove now that the class of r = x4, 4q,(1) is of
type D. First, we observe that there is an element o = $,, € GNNg(T) such
that s := obr = 74, (€), § € F;. Then sr # rs by the Chevalley commutator
formula (2.1) and, as rs,sr € UF and p is odd, we have (rs)? # (sr)2. In
addition, r,s € ]P’{J , for P; the standard parabolic subgroup with Levi L;
associated with aq. Since r lies in the unipotent radical Vi of P; and s lies
in L1, we have O§T’8> =+ (’)ff’”.

Let 7 = %0, (1)22a,+a, (a); it lies in (UL,,) x (UL 5, 40
in §3.3. As ¢ > 3, Lemmata 3.6 and 2.1 apply whence O, is of type D. [J

. We argue as

Lemma 4.7. If ¢ = 3, then O is not kthulhu.

Proof. By [E, 6.4] the non-trivial classes of p-elements in G are either regular

or are represented by an element of the following form:

(4‘3) x30¢1+20¢2(1)7 $a1+a2(1)$3a1+a2 (a),

L2014+ (1)5630(14-20(2 (1)7 T2a1+as (1)7
for suitable a € F;‘. The regular classes are covered by Proposition 3.7 (1).
The element 734,424, (1) lies in the subgroup of type Aa generated by in

F
and UL 3, 494,)
Next we show that if r = 4,44, (1)Z30,+a,(a) € O, then it is of type D.

and Theorem 3.3 applies.

Indeed, let s := 54, > 1 € U§1U§a1+2a2. Then sr # rs; since sr,rs € UF, we
have (sr)? # (rs)%. Moreover, r, s € P{' with s € Ly, r € Vi, with notation
as for p > 3. Thus, (’)ém) #* (’)ﬁr’s> and O is of type D.

Assume that © = T2a,+a,(1)T30;+20,(1) € O. Conjugating by suitable
elements in Ng(T) we find r € O N Uy, Usay4a, € P1, 7 € V; and s €
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ONUq 4a,Ua, C Vi. By repeated use of (2.1), we see that the coefficient
of Zay tan in 87571 is # 0, hence rs # sr, (rs)? # (sr)? and O is of type D.

Assume finally that u = 220, 10, (1) € O. Let 7 = éo, bu € OF N U4, 10y
and 8 = a1, DU € OF NU,,. Then rs,sr € U, (rs)?> # (sr)?, and
0§r75> #* (97<~T’S>, as s € Ly and r € Vq, so O is of type D. O

4.4.2. Unipotent classes in Ga(q) for q even. By [E, 2.6] all non-trivial

classes of 2-elements in G2(q) can be represented by an element of the fol-
lowing form, for suitable a,b,c € F, with ¢ # 0:

L2001 +az (1)7 T3a142a2 (1)7 Loy (1).1‘a2 (1)x2a1+a2 (a)a
Tag+as (1)x2a1+a2 (1)$3a1+a2 (b)7 Loy (1)x20£1+a2 (1)'773&1-0—0&2 (C)

We begin by studing the conjugacy classes corresponding to the first two
representatives.

(4.4)

Lemma 4.8. If & = T34, +a,(1) 07 T = 230, 120,(1), then OF is not kthulhu.

Proof. Let O = OF and write r = T34, 1a,(1). It is enough to prove that
O is of type C for G2(2), which is a non-simple subgroup of Ga(q). We
consider Spytay DT = Za, (1) € O and s :=x_4, (1) > 2o, (1) = 84, € 0%,
Let H := (1, 8,2 = Tay+a,(1)) <Py (the parabolic subgroup associated with
a1), with 7 € Vq, s € Ly. Hence, OF # O By a direct computation,

SPT = ZTaytas(l) =2 #, 2D T = TT30,+205 (1),
r>s = szr, 2> (821) = 8T30;+2a5(1).
So H < (OH O < H; {r,z,zor} C OF and {s, szr, 5230, 124,(1)} € OF
hence 02 is of type C by [ACGIII, Lemma 2.8].
Assume that 7 = 734, 12a,(1) € O. Now 7 € M = (Ua,, Ui (30, +a9))5

which is of type As. Since OM has partition (2,1), O is not kthulhu by
Theorem 3.3 and [MT, Theorem 24.15]. O

Now we deal with the remaining cases, dividing the proof for the cases
g > 4 and ¢ = 4. Thus, for the rest of the subsection we assume that z
is either one of the following representatives, for suitable a,b,c € F, with

c# 0
Tay (Dxaz (1)$2a1+a2 (a)’ Tag+as (1)x2a1+a2 (1)x3a1+a2 (b)a

Tay (1) 201 +as (1) T30 400 (€)-

Lemma 4.9. If ¢ > 4 is even, then OF is not kthulhu.

Proof. The classes represented by the elements 24, (1)Za,(1)Z20, +a, (@) for
a € IFy are regular, thus they are not kthulhu by Proposition 3.7. The classes
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of Jla1+a2(1)1‘2a1+a2(1)l’3a1+a2 (b) and $a2(1)1‘2a1+a2(1)1’3a1+a2 (C) enjoy the
af-property. By [ACGII, Proposition 3.6], these classes are of type F. [

In order to deal with the remaining classes in G = G2(4) we will need
a precise version of (2.1) for all pairs of positive roots. We shall use the
relations from [E, I1.2], that we rewrite for convenience. They hold in general
for ¢ even, and we shall use them recalling that a® = 1 for every a € F 5
4'5) Loy (a’)xaz (b) = Loy (b)xal (a)quJraQ (ab)$2041+042 (a2b)x3a1+a2 (agb)
'TOQ( )xal+a2( ) = Taj+as (b)xal (a)$3a1+042 (a2b)m3a1+2a2 (abQ)
'TOQ( )$2a1+a2( ) = 201 +an (b)$a1 (a)x3a1+a2 (ab)
xoéz( )x3041+012( ) = T3a1+an (b)$a2 (a)x3041+20¢2 (ab)
'TOquaz( )$2al+a2 (b) = L201+an (b)xa1+a2 (a)x3a1+2a2 (ab)
For all other pairs of positive roots the corresponding subgroups commute.
Fix ¢ a generator of F}, so C4+¢+1=0and 3 =1.
Lemma 4.10. Let 2 = x4, (1)Zay (1)T20, +ay(a) with a € Fy. Then OF is
not kthulhu.

Proof. By [E| there are 2 regular unipotent classes, one represented by
Za, (1)Tay (1) and the other by zqa, (1)Tay(1)Z20,+a0,(C). We shall apply
Lemma 2.3 in order to show that these classes are of type C. For this, we
need the following formula which can be retrieved applying (4.5) and (4.8).

(4 10) Loy (a)xa2 (b)qu (C)xom (d) = Loy (a + C)l’a2 (b + d)
XT3 +as (b)x3a1+2a2 (bd)$2a1+a2 (czb)xaﬁ-m (bc)v

a,byc,d € Fy. Let r = 24, ()20, (1), t := ' (€), s :=t>r = Ty (P20, (1) €
OF. By direct computation using (4.10) we see that

r? = x3a1+a2(1)x3a1+2a2(1)x20&1+a2(1)3;&1-1—@2(1)

52 = x30¢1+062(1)x3a1+2a2(1)x2&1+a2 (g)xaﬁ-oa (Cz)

Using (4.9) and that &2 # &, we see r2s? # s2r2, hence 7?s # sr? and
s*r # rs?. In addition, (r,s) C U and UF'sr C 7(U, | v € @7 — A) and
UFpscs(U,|vedt —A), so o) # 0" whence OF is of type C.

Similarly, we consider now r = 4, (1)@ay (1)Z241 405 (¢), t := @ (¢) and
5:=t> 1 = T, ((2)Tay (1) 220, 10y (¢?) € OF. In this case

TQ = T3ai+as (<2)$3a1+2a2 (42)x2a1+0¢2 (1)x041+a2 (1)

32 = T3ai+as (CQ)xfiaH-?az (CQ)x2a1+042 (C)xaﬁ-fm (CQ)
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As above we verify that r2s # s?r and s%r # r2s and that (’)ﬁnS) #* (’)ér’S> SO
OF is of type C. O

Lemma 4.11. If 2 = Za; tas (1)Z20; 10y (1) T30, +as (b) with b € Fy, then OF
s not kthulhu.

Proof. Assume first that @ = Za; 405 (1)Z201 405 (1) T30; 405 (D) € O, with b #
0. By [E, Proposition 2.6, page 499], if ¢ = 4 we can take b = (. We prove
that this class is of type C. Set rq := 24 (1)2_o(1)za(1) = 84, a € DT, see
[St, Lemma 19]. The elements

§ =Ty PT = 332041+042(1)x041+042(1)$042 (C)
= Taji+as (1)x2a1+a2 (1)33042 (C)$3a1+2a2(1)7

T=Tayla; BPS= $a1(1)$2a1+a2(1)m3a1+2a2 (C)

belong to O. We claim that O,ér’s> #+ Oér’s>. Indeed, r, s € Py with r ¢ V7,
s € Vi. A direct calculation shows that 1% = T34, 10, (1),

r>s = xa1+a2(1 + g)x2a1+0¢2(1 + C)x‘m (C)w3a1+a2 (C)’
T‘2 D> S = ST3a;+2a2 (C)’
Prs=rp (r2 > 3) =7rp> (8$3a1+2a2 (()) = ('r‘ > 8)$3a1+2a2 (C)’

sb (7' > 3) = Zaj+as (1 + C)$2a1+a2 (1 + Omag (()x3a1+a2 (C)x3a1+2a2(1 + C)

We see that all these are distinct, and different from s, by looking at the

unique expression as a product of elements in root subgroups in the order:
ar < a1 +ag <201+ ag < ag < 3a1 + as < 3ag + 2ap.

Hence, \0§’”’3>y > 5 and O is of type C, by [ACGIII, Lemma 2.8|, with
H = (r,s).

Assume now that @ = Za,+ay(1)T20,+a,(1). Let t2 := oy (Q)ay (€), t3 :=
a3 (€), ta := o (¢)ay (¢?) and set

Tl =Tay X = xoq(l)x?arl—az(l) € Og;
To =ta > X1 = Tq, (C)zQal-‘r(xz (C)u
T3 =13> T = Tq, (Cz)$2a1+a2(1)a

(

Ty =1t4>T] = Ty 1>$2a1+a2 (C)
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Let YV; = UF >y, i € Iy. A direct computation shows that

Yi= U xa1(1)$a1+a2 (€)$2a1+a2 (6 + 1)x3a1+20¢2 (f2 + f)U§a1+a2’
fAER,

Y2 = U Loy (C)xoq-i-az (KC)J"QOQ-&-OQ (€C2 + C)x3a1+2a2 (fQC + fC)U§a1+a27
[ ey

Y; = U Loy (C2)x0¢1+042 (€2C)x2041+012 (EC + 1)1:3061-1-2042 (f2C2 + f)U§a1+a27
[ ey

Yy = U Lay (1)33a1+o¢2 (€)x2a1+a2 (6 + C)x3041+2042 (f2 + fC)Ugal—&-ag‘
fLEF,
The union Y = UZ-G]14 Y; is disjoint and a subrack of O,. We take

=,

To = Tay (O)Tay +as () T201 10y (1) € U b 2o, (t=1,f=0),
r3 := Tay ((F) 20140 (1) € U >3, (t=f=0)
r4 = Ty (1)Zay tas (1)T20 10, (¢?) € U > 2y, (E=1,f=0).

We claim that x4, (a)avoéﬁ?i2 (D)T20,+a5(€) and zq, (@) Tay +asy (blxgalﬂm (¢) do
not commute, for a, b, ¢, a, b, ¢ € F, such that ca+a?b # ca+a?b. This follows

from the formula:

Loy (a)xaﬁ-OQ (b)x2a1+a2 (0)55061 (a)l’a1+a2 (b)$2a1+a2 (a =
Loy (a + a)xaﬁ-az (b + 5)332(114-(12 (C + ax3a1+a2 (Ca + a2b)x3al+202 (an + CN)'
Hence, rir; # rjr; for i # j, 4,j € I4 and the class O, is of type F. O

Lemma 4.12. If 2 = 24, (1)Z20; 10y (1) T30, +as(¢) with ¢ # 0, then OF is
not kthulhu.

Proof. We show that this class is of type F. By [E], this class can be
represented by any of
T = I‘a2(1)l‘2a1+a2(1)l‘3a1+a2 (C)v
T2 = Tay P T1 = Tay (()Tay+as (1) T30 +as (1)T30;+205 (€)-
Let t := oy (¢)ay (¢?) and
T:=1D7T1 = Tay (C)x2a1+a2 (C)$3a1+a2 (CZ)a
Yy:=t>ry=Tq, (C2)$o¢1+a2 (C)$3a1+o¢2 (<)$3a1+2a2(1)-
It is easier now to work with a different ordering of the positive roots:

a; < ag <201+ ag < ap +as <301 + as < 3a;g + 2ap.
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Let ; =Ufpry, i =1,2, Y3 =U b2, Yy =UF >y, A direct computation
shows that

Yi= U $a2(1)332a1+a2(1 + EZ)xoélJrOQ (€)$3a1+a2 (C + 0 + E)U?I:a1+2a27

LelFy

Yy = U Tay (C)l‘2a1+0¢2 (EQC)quJraQ(l + EC)$3041+042 (£2 + €3C + 1)U§a1+2a2’
Lely

Y3 = U Loy (C)x2a1+a2 (C + €2§)xa1+a2 (K()x3a1+a2 (634 + E{ + 62)U§a1+2a2’
ey

Yy = U Loy (Cz)x2a1+a2 (€2C2)$a1+az (542 + C)T30; +az (ESCQ + gzc + C)Ugm—k?az'
JAS1

The union Y = (J;1, Vi is disjoint and a subrack of 0. We take
P 1= Tay (O)%201 tas (1)Tar 4as (1) € V3, (=),
T4 1= Tay (CQ)'T20¢1+012 (C2)xa1+a2(1)x3a1+a2 (<2) € Y47 (f = 1)

By looking at the coefficient of x34,+24, in the expression of each product,
we verify that r; > r; # rj>r; if i # j, hence O is of type F. (]

5. UNIPOTENT CLASSES IN STEINBERG GROUPS

In this Section we deal with unipotent classes in Steinberg groups, i.e.
PSU,(q), n > 3 ; PQy, (q), n > 4; 3D4(q) and 2Eg(q). In order to apply
inductive arguments as in Section 4, we first need information about the
unitary groups PSU,,(¢), including the non-simple group PSUj3(2).

5.1. Unipotent classes in unitary groups. Here G = PSU,(q), G =
SU,(q), n > 3 and G = SL,(k), for n > 2. For a clearer visibility of the
behaviour of the conjugacy classes in small rank, we use the language of
matrices and partitions. Here we choose B, U, as the subgroups of upper
triangular, respectively unipotent upper triangular, matrices. We start by
some notation and basic facts.

1
o J, = < ) =J,! € GL, (k).
1

o Fr, is the Frobenius endomorphism of GL,, (k) raising all entries of the
matrix to the ¢g-th power.

o F:GL,(k) —» GL,(k), F(X) = J, {Fr (X)) 1J,, X € GL, (k).

o GU,(q) = GL,(k)", SU,(q) = SL,(k)" < SL,(¢?), [MT, 21.14(2),
23.10(2)].

¢ To every unipotent class in SU,,(¢) we assign the partition of n corre-
sponding to the class in GL,(q) it is embedded into.

¢ Every unipotent class in GL,, (k) meets GU,,(¢) in exactly one class, since
CgL, k) (z) is connected for every z [HuCC, 8.5], [SpSt, 1.3.5]. In other
words, every partition comes from a class in SU,(q).
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o By construction, SU,(q) < SU,,(¢'T?") for every h > 0, so for any parti-
tion A of n, there is a unipotent class in SU,(¢'*?") corresponding to A
and represented by an element in SU,(q).

o Since SU,(g) is normal in GU,(q), [ACGI, Remark 2.1] says that all
unipotent classes in SU,,(¢) with the same partition are isomorphic as
racks.

¢ In the spirit of Subsection 3 from which we adopt notation, we consider
the standard parabolic subgroups P! associated with the simple roots
A—{ag,agi1}yifn =2d+1 and A—{ay} if n = 2d, so My ~ SLy(¢?); and
P2 associated with the simple roots A — {a1,an_1}, so My ~ SU,,_5(q).
More precisely, M1 and My, respectively, consists of matrices of diagonal
block form diag(A,id,_oq, J'AJ), for A € SL4(¢?) and diag(1, B, 1), for
B € SU,_2(q). Observe that for d > 2 no unipotent class in M; is

kthulhu.

] A B

o We denote by M < G the subgroup of matrices ( idp—2c ) for (é g) €
(& D

SLoc(k), where c =d—1if n = 2d and ¢ = d if n = 2d + 1. It is the
semisimple part of an F-stable non-standard Levi subgroup. Let M =
M¥. We have: M ~ SU,,_5(q) for n even and M ~ SU,,_;(q) for n odd.
The group M contains T and its root system has basis
AU{—(an+ -+ an-1)} — {ag_1,aq, g1} if n = 2d,
AU {—(051 + -+ Otn_l)} — {Oéd, ad+1} if n=2d+ 1.
o If ¢ is odd, then G*™ = SO,,(q). If ¢ and n are even, then G*™ = Sp, (q).

Here is the main result of this Subsection:

Proposition 5.1. Let O # {e} be a unipotent class in G = PSU,(q) with
partition X. Then, O is kthulhu if and only if A = (2,1,...) and q is even.

Proof. First, we reduce our analysis to G = SU,,(q) by the isogeny argument
[ACGI, Lemma 1.2]. Thus, from now on O is a unipotent class in G. We

first deal with the classes associated with the partition (2,1,...) when ¢ is
even.

Lemma 5.2. Ifq is even and A = (2,1%) for a > 1, then O is austere, hence
kthulhu.

Proof. We show that any subrack generated by two elements is either abelian

or indecomposable. Let r,s € O, rs ;é sr. We may assume r = id,, +-aeq, =
rg(a) where 8 = aj + - -+ ay_1, the highest positive root in ® and a € F.
Let g € G be such that s = grg~'. By [MT, 24.1] there are u,v € U, and
o € GN N(T) such that g = uov. As F(o) = o, the coset 7 = 0T € W lies
in W ~ SI" which is the centralizer of the permutation

(Ln)(2n—1)-([hn+ 1= [5])
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hence, either 7({1,n}) = {1,n} or ({1,n}) N {1,n} = 0. Since r is central
in UF, s = uoro™'u™! = uagg)(a)u~! for some o’ € F,. Since ru = ur
and rv = vr, * holds if and only if 5 + f € ® U {0}. Thus, 5(1) = n and
o(n) =1, so o is of the form
0 0¢
o= <59q 6! 8) ,  where A€ GU,_2(q), ¢, €971 = det A.

Then oro~! = id,, +a _1_qen 1, SO
)]

Hi=(r,8) = ((49), (e-17)) © SLa(g).

Since the non-trivial unipotent class in SLoy(q) is sober [ACGI, 3.5], O =
o, O

We now prove Proposition 5.1 by induction in a series of Lemmata, dealing
with the cases of n = 3,4,5 separately. The reader should be alert that

sometimes we use formulas or matrices that are independent of the parity
of g, with the understanding that —1 should be treated as 1 when ¢ is even.

Lemma 5.3. The statement of Proposition 5.1 holds for n = 3.

Proof. There are, up to isomorphism, two nontrivial unipotent conjugacy
classes, corresponding to the partitions (3) and (2,1). If A = (3), then O
is regular. For q # 2,8 this situation is covered by Proposition 3.7. We
show that regular unipotent classes in SU3(22h+1), h € Ny, are of type D.
It suffices to prove the claim for G = SUj3(2). Let w be a generator of

00 1
Fy. Consider the class O represented by r = (é é?) Let t = (? 1w > €
w w
100
SU3(2) and s :=tp>r = ( Ll 0> € O. By direct verification, (rs)? # (rs)?.
w

A computation with GAP shows that (’)§“5> % (’)7<«T’8>.

Let now A = (2,1) for ¢ > 3 odd. Let r = (“f?) € O with a € IF(;Q,
a? = —a. As FY = {¢1M1¢ € IFqXQ} and ¢ > 3, we may pick £ € IF';; such
that —a2¢9t! € Fr — ({2} U (IFqX)Q) Let t € G be the diagonal matrix

1 e— . 09 1
(575(] 75 q)’ 0 = (? 018) € G and

1
s:=(ot)>r = (a§9+Q(1)1> € 0.

Since 2 # —a?¢9t!, (rs)? # (sr)2. Let n € k be such that n?> = a7'.
Conjugating by the diagonal matrix (n,177!) we have

Hi={r,s) = ((59), (agier 1)) = ((31), (a2deni 1))-
By [Su, Theorem 6.21, page 409], H ~ SLo(q). Since —a?¢9%! is not a
square, O £ O Thus O is of type D.
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Finally, let A = (2,1) and ¢ = 3. We will show that O is of type C. Let
Fy = (¢). Without loss of generality we may assume that

2
r = (11(:1 ) :id3+C261,3EO.

We consider the following elements of SU3(3):

0 0 ¢
cr::< 0 (20>,
¢3 00
1
s::abr:<<7211):id3+c_2637160.

Then rs # sr. Let

H :=(r,s) ~ <<1 42) <<12 ?))
Conjugation by diag(¢~!,¢) and [Su, Theorem 6.21, page 409] give H ~

(31), (19)) ~ SL2(3), so Off £ OH. We conclude by [ACGIII, Lemma
2.7). O

Lemma 5.4. The statement of Proposition 5.1 holds for n = 4.

Proof. Here we need to consider the classes associated with the partitions
(4), (3,1), (2,2) for all ¢ and (2,1, 1) for ¢ odd. If A = (4), then O is regular
so for g # 2,4 it is covered by Proposition 3.7. For the remaining cases we
observe that by the Jordan form theory, O is represented by an element of
a regular class in Sp,(q) = SU4(q)™ 9, so O is not kthulhu by Theorem 3.3.

Let A = (3,1) and ¢ > 3 odd. Then, by the Jordan form theory, O has
a representative which is regular in SO4(q) = SU4(¢)™ . Now SOy (k) is
isogenous to H = SLa(k) x SLz(k) and the class OX is isomorphic as a rack
to the product X x X for X the non-trivial unipotent class in SLy(q). By
Lemma 2.1, (’)5] is of type D.

Let A = (3,1) and ¢ = 3. We show that O is of type D. Let ¢ be a

1¢¢1
generator of Fy. We may assume that r := (8322:) € 0. Lett:=
2082 ¢ 000 1
2050 0 9393 . .
022 | € SUs(3)and s =tor = | §5335 | € O. A direct computation
068 1 (7 0012

shows that (rs)? # (sr)%. Clearly H = (r,s) C {(5 B) | A,D € SLy(9)}.
If s € Of then (J3) and (é{) would be conjugate in SL2(9). But
(39> (93) = (1) which is not conjugate to <(1) 417) because (7 is not a
square. Hence, O #£ OH and O is of type D.
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Let A = (3,1) and g even. Here, either SU,(2) < SU,(¢q) or SU,(4)
SU,.(q), so it is enough to prove the statement for ¢ = 2, 4.

IN

Let ¢ = 2 and let w be a generator of FZ. We may assume that r =
11(/.)(4)2 0010 (1)%88
_ (o001 — _
(85?% > € 0. Lett= <1ooo> € SU4(2) and s :=t>r = (w2w11
000 1 0110 w01

Then (rs)? # (rs)?. By GAP we see that o) # 0 g0 O is of type D.

Let now ¢ = 4 and let n be a generator of Fi5. We may assume that
11 5 14

) nn
r = (85?@) € 0. Let t = 770 771429:7711 € SU4(4) and s :=t>7r =
000 1 0 ot g9 b
010 7712
((1)8%3 771 ) € 0. We check at once that (rs)? # (rs)?, and with GAP that
001 0
(’)ST’S> 7&(9< ) , 80 O is of type D.

100a
Assume ¢ > 3 is odd and A = (2,2) or (2,1,1). We take r = “{8) €

1
O for a, b € Fy2 satisfying a? = —a and b? = —b, a # 0 always and b = 0 if
and only if A = (2,1,1). Let t € G be the diagonal matrix (£,£71,£9,£79)
for € € IF %, such that —a?¢9t! ¢ F7 is not a square in Fj, and let o =

00 0 1
(O ng 8) € G with ¢ € F*X o such that (¢ = —(. We consider
0 0

OOJ\

1 0 0
+1 —1-
s:=(ot)>r = 8 (1)1;(‘1 15 qo e O.
aglta o 0 1

We observe that H = (r, s) is contained in the subgroup of matrices of the
air 0 a2

form( 5 5 ),WhereBESUg(q) and (&1 %2y € ((19), (a£}+q1)> We

a21 0 ag2

proceed then as we did for n =3 and A = (2,1).
Assume now ¢ = 3 and A = (2,2). We show that O is of type D. Let ¢

be a generator of Fy . Let
10¢3 0
_ _ 10 —
€EG, s=ob>r= 0 (1]4 .

1¢0 0
r=( 109 )e0 o=
1

It is easy to see that (rs)? # (sr)2. In addition, (r,s) C U and (’)PF # (’)EF,
whence the statement.

Let ¢ =3 and A = (2,1,1). We show that O is of type C. Let Fy = (¢).

10 ¢
We take r = < idy Co) = idy +CQ€1’4 € O. We consider the following

2

'

0
0
0
¢

[eNele)
o=Oo O
oo O
N

1
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elements of SU,4(3):

— _ i _ —2
Si=Tbr = <<02 %2 1) =ids+(¢ “e41 € O

and we proceed as we did for ¢ =3, n =3, A = (2,1).

Let A = (2,2) for g even. Such a class is represented by an element u of
a unipotent class with label V(2) @ V(2) in Sp,(¢) = SU4(q)™ < SUy4(q).
By Theorem 3.3, Osp“(q) is not kthulhu. O

The above Lemmata are the basis of our induction for n odd or even.
However, we need to deal with PSUj5(q) separately because of the presence
of kthulhu unipotent classes in M7 for n = 5.

Lemma 5.5. The statement of Proposition 5.1 holds for n = 5.

Proof. In this case My ~ SUj(q), M =~ SUy4(q) and the partitions to
be considered are (5), (4,1), (3,2), (3,1,1), (2,2,1) and (2,1,1,1). The
regular class, corresponding to (5), is represented by u € UF ¢ P, with
u = [[oea+ Ta(éa) in some order, with §, # 0 for a € A. Thus, ma(u) is

regular in My and the statement follows from Lemma 5.3. If A = (4,1),
1

=

f
then O is represented by an element of the form u = 6; for
1
a,b, e, f,g,h €Fp,a?=—-b, b1 =—a,e?=—e,g?=eb—g, h" =aec—h
and f? = —f — abe + bh + ga and abe # 0. Then v € M and it corresponds
to the partition (4) therein. Hence, O is not kthulhu.

If X\ = (3,2) or (3,1,1), then O is represented by an element of the
100

( la

form v = 1

(ba—e)l=¢e, f9=—f,ba#0and f # 0 for (3,2) and f =0 for (3,1,1).
Then ma(u) corresponds to the partition (3) for SU3(g) and we have the

)E[UFCngora,b,e,fqug,aq:—b,bq:_%

o0 O
ROO O

statement.
If \=1(2,2,1) or (2,1,1,1), then O is represented by an element of the
1000 f
form u = 1(1)(§§ for f,e € Fp, e = —e, f9 = —f, e # 0 always

and f # 0 for (2,21, 1) whereas f = 0 for (2,1,1,1). Then v € M and it
corresponds to the partition (2,2) when f # 0 and (2,1,1) when f = 0.
Hence, it is not kthulhu unless A = (2,1,1,1) and ¢ is even. This case is
covered by Lemma 5.2. (|
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Proof of Proposition 5.1. Assume first that ¢ is odd. We show by induction
on n > 3 that no nontrivial class is kthulhu, the basis of the induction
being Lemmata 5.3 and 5.4. Observe that n = 5 is dealt with in Lemma
5.5, so here n > 6 and by induction no nontrivial class in M; ~ SLg(¢?)
and My ~ SU,,_5(q) is kthulhu. By Lemma 3.2, it is enough to show that
onur ¢ ViNVy. Assume u € Vi NVe N O. With notation as in (4.1),

supp v C (V(aq) U ¥ (ap—1)) N¥(ay) if n = 2d,
supp u C (V(a1) U¥(ap—1)) N ((¥(ag) U¥(ager)) ifn=2d+1.

For any representative o of s15,-1 € Ngr(T), we have v = o>u € V1 N
O c UF N O. Also, the only possible roots in supp u that can be mapped
by s18n—1 to ¥(ay) U ¥(an—1) are a3 + -+ + ap—2 and ag + -+ + qp_1.
Therefore, either v € V4 N Va, so we are done, or else or supp u C {a1 +
o+ Qp_g,a3 + -+ + ap_1}. In this case invariance of u with respect to F
forces supp u = {a1 + -+ ap—9, 0 + -+ + ap_1}. Thus, u € M and it is
nontrivial therein. If n is even, then M ~ SU,,_3(q) and the proof follows
by induction for all even n > 4. If n is odd, then M ~ SU,,_1(q) and the
proof follows by induction and the case of n even.

Assume now that ¢ is even. The proof is once more by induction on
n > 3, where the cases n = 3,4,5 have been settled, so we assume n > 6.
Thus, no nontrivial class in M ~ SLy(¢?) is kthulhu and the only kthulhu
classes in My and M are those corresponding to the partition (2,1,1,...).
Let w € UF N O and assume O is kthulhu. Then, u € V; C U C P? by
Lemma 3.2. The projection ms corresponds to removing the first and last

rows and columns and (’)%"Eu) is kthulhu because O is so. Therefore u is

conjugate by an element of Mj to some v’ = id,, +&e2 n—1 + Z;:dlﬂ §je1j +

Z?:_Qd Gein + Ce1n, for suitable &, &;,(, ¢ € Fp2. For any representative o
of s1sp—1 € Ngr(T), we have

v=o>u
n—2 n—d
. / / ! / / /
=id, +&e1n + Z §ie2j +&n—1€2n + Co€1,n—1 + Z Geln—1+Ce2n1
j=dt1 =3

for £, ¢, &5, () € F2. Now, v € ONUF ¢ P? and m3(v) represents a kthulhu
class in M only if f =0 ford+1<j<n—2and (=0for 3<1<n-—d,
so v =idy, +&e1n + &, _1e2.n + (he1n—1 + ('e2n—1 € M. By induction, oM
is kthulhu only if ¢'¢’ = 0, ¢4 = 0, &,_; = 0, i.e., only if the partition
associated with O is (2,1,...). O

5.2. Unipotent classes in PQ; (¢), n > 4. In this subsection G =
PQ; (¢), n > 4. We shall use the knowledge of unipotent conjugacy classes
in PSL,(¢) and PSU,,(¢) and apply inductive arguments.

Here G is assumed simply connected. The root system of G is of type
D,,, and the Dynkin diagram automorphism ¢ interchanges «a,_1 and ay;



32 N. ANDRUSKIEWITSCH, G. CARNOVALE, G. A. GARCIA

it fixes the basis vectors ¢; for j € I,,_1, and maps &, to —e,. Here is the
main result of this Subsection:

Proposition 5.6. Let O be a non-trivial unipotent class in P, (q) with
n>4. Then O is not kthulhu.

We split the proof for ¢ odd in §5.2.1 and for ¢ even in §5.2.2.

5.2.1. Proof of Proposition 5.6 when q is odd.

Proof. Let P! and P? be the standard F-stable parabolic subgroups with
F-stable Levi factors IL; and Ly associated respectively with II; := A —
{an—1,an} (of type Ay —2), and IIy := {a 2, an—1,an} (of type Az). Then

CI)—iH_l = {Ei —&j | 1< jJ € Hn—l}, CI)H2 = {Ei:l:Ej ’ 1< E]In_gm},
U, =T\ ={ei+ejen—en|i<jely kel, 1},
\I/H2 :{62‘:&6]' |i<j, ’L'E]Infgg,jEHn}.

By Lemma 3.2, Theorem 3.3 and Proposition 5.1, it is enough to show that
onur ¢ V1N Vs, Assume that there is u € O NVy N Va; then

suppu C ¥, NV, ={e;+¢j,6i —en |1 < j, i €lp_3,5 € I,}.
We consider various different cases.
(i) &; — ey, € suppu for some i € I,,_3.

Then s¢,_, ,(suppu) C ®*. Since s.,_., , € W, it has a represen-
tative 5., ., , € Ngr(T); hence ., ., ,>u € ONU and &, 5 — ¢, €

supp(Se,—e, o, >u). Thus s, pueUf N0 -V,

—€n—2
(ii) €; — e, € suppu for all ¢ € I,,_3.

Then there exist k£ € I,_3 and j such that ¢ +¢; € suppu. Let
¢ =max{j | e+ ¢j € suppu for some k}.

If ¢ = n, then pick a representative 0 € Ngr(T) Mg of ¢, | —c,Sc,_14en €
WE. Thus o>u € ONV; and ¢, — &, € supp(o >u) for all k such that
e + en € suppu. Therefore, either supp(o >u) ¢ Vi, and we are done, or
supp(oc>u) C Vi and € — &, € supp(o > u), and we fall in (i).

If ¢ =n — 1, then pick a representative 0 € Ngr(T) N Ly of s.,, y4e, ; €
WFE. As above, o>u € ONVa, and €; — &,_2 € supp(o > u) N, for some
i <n —2. That is, supp(c >u) ¢ V1.

Finally, if ¢ < n—1, then we pick a representative o € Ngr(T) of s.,—¢,, .
Then suppo>u C Vi NV, and we fall in the case £ =n — 1. O
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5.2.2. Proof of Proposition 5.6, q even. Here Lemma 3.2 does not apply in
its full strength because of the existence of kthulhu classes in PSUy(q), ¢
even, and in PSLj3(2). We proceed by induction on n. The case n = 4,
Lemma 5.7 below, requires a special treatment.

Lemma 5.7. If G = PQg (q) with q even, then O is not kthulhu.

Proof. Let us consider the F-stable standard parabolic subgroups P!, P?
with standard Levi subgroups LL; and Lo associated with the sets II; =
{a1,a2} and Ty = {9, a3, a4}, respectively. Let u € O NUF. We anal-
yse different situations, according to A N suppu. Recall that, u being F-
invariant, the simple root a3 € supp u if and only if ay € supp u.

(i) a2, a3, a4 € suppu.
The projection ma(u) € Lo is regular, thus Og%u) is isomorphic as a rack to
a unipotent class in SUy4(q) of partition (4) and Proposition 5.1 applies.
(ii) ANsuppu = {a1,a3,as} or ANsuppu = {as, ay}.
Then Ofr\ﬁu) has partition (2,2) or (3,1) and Proposition 5.1 applies.
(iii) ANsuppu ={a1} or ANsuppu = {asz}.
Here 71 (u) € Ly is not regular, hence (’)%l(u) is isomorphic as a rack to a
unipotent class in SL3(q) with partition # (3); Theorem 3.3 applies.
(iv) AnNsuppu = {a1,as}: either ay + az + a4 € supp u or not.
We may assume that ao + ag € suppu, by conjugating with a suitable

element in (Ua,Uqy, )" and using (2.1). If as + a3 + a4 € suppu, then
oMz = 079D where rk(v — id) = 2 and (v — id)? = 0, which is not
kthulhu since its partition is (2,2). If as + a3 + a4 & suppu, then pick
a representative ¢ € Ngr(T) of s3s4 € W. Then o>u € O NUF and
A Nsupp(o>u) = {ay} so we reduce to (iii).

(v) Ansuppu =0 and a1 + ag € suppu or ag + ag € supp u.

In the first case, O%l(u) has type (2,1), and Theorem 3.3 applies. In the

second, also as + ay € suppu and (’)ﬁ/ﬁu) has type (2,2). Indeed, (’)g%u) ~

0SY4@  where k(v —id) = 2 and (v —id)? = 0. We invoke Proposition 5.1.
(vi) (AU{a1 + ag, a2+ ag,as + as}) Nsuppu = 0.

Let $; € Ngr(T) be arepresentative of s;, i = 1,2. If a;+as+ag € supp u,
then also a1 + ag + oy € suppu. Now é§10u € UFNO, Ansupp(s1>u) =0
and ag + ag € supp($; > u), so we fall in (v). Let o be as in (iv). If
a2 + az + oy € suppu, then o>u € ONUF and as € supp(o > u) and we

are in case (iii).
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(vil) suppu C {ag + ag + as + ag, a1 + 200 + a3 + a4}

If ay + a2 + a3 + a4 € suppu, then $; >w is as in case (vi); while if
suppu = {ag +2a9 + ag+ a4}, then supp(se>u) = {1 + e+ as+ay}. O

We now proceed with the recursive step and assume that all non-trivial
unipotent classes in a twisted group with root system D,,_; are not kthulhu.

Let P! and P? be the standard parabolic subgroups with F-stable standard
Levi subgroups LL; and Ly associated with the sets IT; = {«; | i € [,,_2} and
IIy = {a; | i € I}, of type Ap—2 and D,,—; respectively. By Lemma 3.2 in
order to prove the inductive step, it is enough to show that no non-trivial
unipotent class O in G satisfies O N UF C Vi N V. As usual let

@le{si—sj |Z'<jEHn71}, <I>H2:{€i:|:6j |i<j€ﬂ27n},
\I’I'Il = {52‘ —&n, &5 + €k ’ 1€l,-1,5 < ke Hn}a \Ill'lz = {51 :tej | Jje ]12,11}'

Let u € ONViNVa. Then suppu C ¥, NV, = {e1—¢ep,e14¢5 | j € Loy}
Let ; € Ngr(T) be a representative of s; € W', i = 1,2. If suppu #
{e1 + &2} then $1>u € ONUY, but é;>u ¢ Vo (look at its support). If,
instead, suppu = {1 +e2} then $153>u € ODUFQU€2+€3, SO §189D>u & V.

This finishes the proof for ¢ even and Proposition 5.6 is now proved. [

5.3. Unipotent classes in 2Eg(q). We deal now with the group 2Eg(q).
Here the Dynkin diagram automorphism 1 interchanges a; with ag and ag
with as. Here is the main result of this Subsection:

Proposition 5.8. Let O # {e} be a unipotent class in >Eg(q). Then O is
not kthulhu.

We give the proof for ¢ odd in §5.3.1 and for ¢ even in §5.3.2. Let P!
and P? be the F-stable standard parabolic subgroups with standard Levi
subgroups L; and Ly associated with II; = A — {as} (of type As) and
Iy = {9, a3, a4, a5} (of type Dy). Then Wy, , respectively Wiy, , consists of
all positive roots containing ao, respectively at least one of oy and «g.

5.3.1. Proof of Proposition 5.8, q odd. Here Lemma 3.2 (c) applies directly
to the F-stable parabolic subgroups.

Proof. By Lemma 3.2, Propositions 5.1 and 5.6, it is enough to show that
ONUF ¢ VinVa. Let B=31 i, v =39 | ay; thus 9(8) = ag + a4 +
as + ag. Let u e ONUY lying in V3 N V. Then

suppu C ¥, N ¥, = U(B)UT(I(S)) =X UPE) UP(y);
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here ¥ = {B; | j € lo,3} and ¥(y) = {v; | j € lo6}, where

Bo = B, B1 = s500; B2 = s4f; B3 = s3[9;
Yo =7, Y1 = S470; Y2 = S$371; Y3 = S571;
Y4 = S572 = 8373; Y5 = S474; Y6 = S275.-

Let @ € Ngr(T) be a representative of w € W¥. If either 8; or 9(8;) €
suppu for j € Ip3, then w;>u € O NUF — Vi, where wg = w1 = so,
wo = S984, W3 = $2845583. Thus we may assume that suppu C (7).

If o € suppu, then $o>u € ONUY, v — as € supp(és > u) — ¥y,
Now we argue inductively. Suppose that v; € suppu for some @ € Iy ;1
implies that O is not kthulhu. Assume that v; € suppu for ¢ € Iy ;1 and
7; € suppu. We claim that there is w; € WF with wibue OnN UF and
either supp(w; >u) ¢ V(v) (a case settled above), or v; € supp(w; > u) for
some | € Ip;_1, where the recursive hypothesis applies. The claim holds,
taking wi = wy = s4, w2 = w3 = S186, Wy = S3S5, W = S2. O

5.3.2. Proof of Proposition 5.8, q even. Here, the use of Lemma 3.2 is ham-
pered by the presence of kthulhu classes in PSUg(q).

Proof. As we have shown in the odd case, §5.3.1, there is v € O N U such
that u € Vi N Va. If u € V5, then the result follows from Proposition 5.6.
Let us assume that u € Vo — V3. In particular, ag, a4, as, ag + a4, ag + as,

as + ag + a5 € supp u. Then O%l(u) is non-trivial.

If suppun @y, # {1 +as+ag+ a5+ ag}, then (’)ﬁ/fl(u) ~ OfUG(q) where

rk(v —id) = 2, hence its associated partition is not (2,1,1,1,1). By Lemma
5.1, OM and O are not kthulhu.

If suppu N @y, = {a1 + a3 + ag + a5 + ag}, then w>u € O NUT where
w = s156 € WF. But ag + a4 + a5 € supp(w > u), hence i >u ¢ Va and we
are done. O

5.4. Unipotent classes in 2Dy(q). We deal now with triality; F arises
from the graph automorphism ¥ of order 3 determined by ¥(a;) = az. We
assume that G = Gg.. We fix and ordering of the ¥-orbits in ®*. Let

ya(é) = xa(g)xﬂoa(gq)xlpa(gf)a a€ P, 79(04) 7& «, § € IFq3-

Every element in U can be uniquely written as a product of elements y,,(£),
Yo # a, § € Fus, and z5(¢), 98 = B, ( € Fy. Let

(51) T = <$fy(f)vyi6(f) ‘ 19(7) = 77”9(5) 7é 5a€ € F;> < GF

The generators in (5.1) are the non-trivial elements in the root subgroups
with respect to T N T™a. It is known that Y ~ Ga(q) ~ G,
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Proposition 5.9. Every unipotent class O # {e} in 3Dy(q) is not kthulhu.

Proof. By the isogeny argument we work in G = GI, [ACGI, Lemma 1.2].
We analyse different cases separately, according to ¢ being odd, even and
> 2, or 2.

(i) q is odd.

A list of representatives of the unipotent classes in 3Dy(q) appears in [Ge,
Table 3.1]; they all have one of the following forms:

Tai+2a0+az+as(l)s  Tas(1)Yar+astas(—1); U =Zay(1)¥Yar+as+as(C),
yal+a2+a3(1)> Yo (1)$a2(1)7 T =Y (1)ya1+a2 ((I),
where ¢ € Fgs is not a square and a € Fs — ;. So all classes but those
of w and r have a representative in T ~ G2(q), hence they are not kthulhu
by Lemmata 4.6 and 4.7. Now u € H = (UX ., ¥+ (a1 1as+as) (D) | b € IFqé),
which is isogeneous to SLa(q) x SLa(¢?). Since O is the product of two

non-trivial racks and ¢® > 3, O is of type D by Lemmata 2.1 and 3.6.
Assume that r € O. Let £ be a generator of IFqXS,

_ 2
n=&"1 t=aymaymDay(n?), s=1t>1=ya (71*)Yar+as(an?).

By [Ge, Table 3.2], for every b,c € IF';g we have

Yor+ao (b)ycu (C) = Yau (C)yaﬁ-fm (b)ya1+a2+a3 (bcq + qu)
(5.2) X l‘a1+a2+a3+a4(—(bcq2+q | paeatHl bq2cq+1))
X $a1+2a2+a3+a4(_(6bq2+q + et 4 Cquq+1))~
Using (5.2) we verify that the coefficient of ya,+aq+as in the expression
of rs, respectively sr, equals an®? + an?, respectively a?n?? + an?. These
coefficients are equal if and only if (a? — a)(n?? — n?) = 0. As 201 £ 1
and a? # a, we have rs # sr, with rs,sr € UF'. Thus, (sr)? # (rs)?, as q

is odd. Comparing the coeflicients of x,, in the expressions of r and s as
products of elements in root subgroups, we see that

UF o7 C 20,(1)(Ug]B8 € &7 — {1 }), U b s C 240, (0*)(Ug] 8 € DT — {1 }).
So (97{7“75> #* O§T’8>, whence O, is of type D.
(ii) ¢ > 2 is even.

The list of representatives of the unipotent classes in G appears in [DM],
see [Hi, Table A2]. For suitable ¢,(’ € Fy, the representatives are of the
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form

up = xa1+2a2+as+a4(1)v Uz = $a2(1)1’a1+a2+a3+a4(1>7

uz = ya1+a2+a3<1)7 Ug = ya1+a2(1)ya1+a2+a3(1>xa1+a2+a3+a4 (C)a
Us = ya1(1)$a2(1)7 U6 = You (1)x062<1)y011+042+043 (C/)v
ur = ya1(1)yal+a2 (a)a ac IFq3 - FQ‘

All classes except O, are represented by v € T ~ Ga(q); thus, these are
not kthulhu by Lemmata 4.8, 4.9, 4.10, 4.11, 4.12. We deal now with O,,,
we shall show that it is of type F. Let v; = Zgzl «; for shortness. We use
(5.2) and the following relations from [Ge], cf. [Hi]:

Y (€)Yon (D), (b + T b7 + )

Yau (0)y3(c
Yz (b)Y (c
Tay (d)a, (€ €)Zay (d)Tay+2a2-+as+as (de),

Yo (0)2ay (d) = Ty (d)Yay (0)yr (bd)ysy (dbTH )z, (dbT 971,

here b, c € IE‘;,, and d,e € F;. Let C < ]’F;3 be the cyclic subgroup of order
¢?+qg+land D := CNF;, acyclic group of order (¢—1,3). Thus |C/D| > 4.
Let &, i € 1, be representatives of 4 distinct cosets in C/D and let

tio = a1 (€)as(E)aa(), i = ti> ur = Yoy () s (a€?) € O, NTY.
Since UF'br; C g, (E3)(U, | v € 2T —A), we have (’)<T1’T2’T3’T4 # (’) {r1,r2,ra,ra)
for i # j. In addition by (5.2) we see that
ity € Yoy (€ + &)y (A€l + €)Yy (a8 + €767 UL UL, 4305 4ag e
The coefficients of 3., in the expressions of r;r; and r;r; are equal iff
(a+a?)(E267 + §67) = 0, iff (§:67)2@™D =1 (since a ¢ Fy), iff i = j by
our choice of the &;’s. Hence, r; >, # r; for i # j and O, is of type F.
(iii) ¢ = 2.
The description of the representatives is the same as in (ii) with ¢ = 0
and ¢’ = 1, see [Hi, §3], so that

(
Y3 (C)y'yz (b)$a1+2a2+a3+a4 (Cqb + Cq b? + qu )
s (

)
)
)
)

Uqg = ya1+a2(1)ya1+a2+a3(1)’ Ug = yOél(1)xa2(1)ya1+0¢2+a3(1)‘

We do not have information on the unipotent classes of G2(2) yet, so we have
to argue differently. We proceed case by case. The argument for u7 is exactly

: F F
as for ¢ > 2, Thus, O, is of type F. Now u; € <U:|2042’U:|:(a1+2a2+a3+a4)> a
subgroup of type Ag, but it is not regular there. Hence O,, is not kthulhu

by Theorem 3.3 and [MT, Theorem 24.15].
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By [Hi, Tables A.8], we have 7 := yq, (1)yys (1)Ta;+200+as+as(1) € Oy,.
Let & € F§ such that €3 = £ + 1. Then the roots in F§ of the polynomial
X4+ X2+ X are £,£2 and ¢*. Their inverses, together with 1, are the roots
of the polynomial X4+ X2 + X + 1. Let IP; be the parabolic subgroup with
standard Levi subgroup associated with {a1, a3, a4}, and, for i € Iy, let

ti = af (€)ag (€7)ay (€7),

T =1 DT = Yay (§2i)y’ys (561)$a1+2a2+a3+a4(1) € Oy,, s0

U b ry C ya, (E2)V1.
Then, ngz,rs,m) # Oﬁ:l’m’r?”ng for i # 7. In addition,

it = Yo (62 + €% )y, (€% + €y, (61079 4+ 2070 + €77,

Let 7 # j. The coefficient of z, in the expression of r;r; is 0 if and only if
EI71 € {€,€2,¢4} if and only if the coefficient of .., in the expression of r;r;
is 1. Thus, O,, is of type F.

Let now 7 = us3. Let o and 7 in T be representatives of s153s4, 52 € WF,
respectively. Let Py be the F-stable parabolic subgroup with standard Levi
subgroup associated with ay. We consider the following elements in O N V5:

Te = 0D TL = Yay+as(l), T3 =TD>Ty = Ya, (1)
T4 = Tay (1) >T3 = Yoy (l)ya1+a2 (1)ya1+a2+a3 (l)xal+a2+a3+a4 (1>

Let Z= (U, | v € @7 — {1, 2, a1 + a2}). Then

‘/2[>T1 C ya1+a2+a3(1)za V2I>T2 C ya1+a2(1)Z’
Vabrs Cya, (1)Z, Vo714 C Yoy (1)Yar+as (1) 2.
Hence, the classes (’)ff;l T2r3Ta) for i € 1, are disjoint. A direct computation

shows that r;r; # rr; for i # j, so Oy, is of type F.
We deal now with us. Let £, P; and P2 be as above and let

t1 = ay (6%)ay (€%)a) (£7), ta == oy (§)ay (£%)ay (¢7),
r1 = b D g = Yoy (€)1, (€7, 72 1= Tay (1)Yy3 (1Y, (1),
73 = Yo (115 (1), ry =t 13 = Yo, (§)yss (7).
Then, r; € Oy, NUF, [Hi, Tables A.2, A.4, A.8, A.12]. In addition,
U bry c VN Vs, UF b ry C 20,(1) V1 N Vo,
U sry C Yoy (1)V1 NV, UF>ry C yal(fz)Vl N Vs.

Hence, for H = (r; | i € I4) we have (97{1{_ #+ O,{f for 4,5 € Iy, with i # j. A
direct computation shows that r;r; # r;r;, for ¢ # j, so O,, is of type F.
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Finally, we treat simultaneously the classes of us and ug, that are of the
form © = ya, (1)Tas (1)Yay+as+as (€) with € € {0,1} respectively. Let C be
as in the odd case and let (&), be a family of distinct elements in C. Set

2
ti = of (&)ag (§)ai (&),
2
rit=ti>bxr= yal(fiz)xaz(l)ya1+a2+a3 (féil—i_q I )€ 0N U*.

Let Q = (r1,72,73,74). Since U b r; C ya, (62)70, (1){(U,] v € T — A), we
have Og #* Og for i # j. The coefficient of Yo, 4+, in the expression of r;r;
equals &2, hence r;rj # rjr; for i # j. Hence O, and Oy, are of type F. [
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