
February 11, 2014 19:45 Stochastics: An International Journal of Probability and Stochastic Pro-
cesses noteArbApprArb_rev

Stochastics: An International Journal of Probability and Stochastic Processes
Vol. 00, No. 00, 2013, 1–10

A note on arbitrage, approximate arbitrage
and the fundamental theorem of asset pricing

Claudio Fontana

Laboratoire Analyse et Probabilité,
Université d’Évry Val d’Essonne,

23 bd. de France, Évry, 91037, France
(Received 00 Month 200x; in final form 00 Month 200x)

We provide a critical analysis of the proof of the fundamental theorem of asset pricing given in
the paper Arbitrage and approximate arbitrage: the fundamental theorem of asset pricing by
B. Wong and C.C. Heyde (Stochastics, 2010) in the context of incomplete Itô-process models.
We show that their approach can only work in the known case of a complete financial market
model and give an explicit counterexample.

Keywords: arbitrage; fundamental theorem of asset pricing; Itô-process; complete market;
equivalent local martingale measure; martingale deflator

AMS Subject Classification: 60G44, 60H05, 91B70, 91G10

1. Introduction

One of the central results of mathematical finance is the Fundamental Theorem of
Asset Pricing (FTAP), which, in the case of locally bounded processes, asserts the
equivalence between the No Free Lunch with Vanishing Risk (NFLVR) condition
and the existence of an Equivalent Local Martingale Measure (ELMM) with re-
spect to which discounted asset prices are local martingales (see [1], Corollary 1.2).
Passing from local martingales to σ-martingales, this fundamental result has been
then extended to general semimartingale models in [3]. Let us recall that NFLVR
reinforces the classical No Arbitrage condition and is equivalent to the notion of No
Approximate Arbitrage considered in [12, 16] (see e.g. [5], Lemma 6.2).
Despite its importance, the proof of the FTAP given in [1, 3] for continuous-

time models has not been successfully simplified during the last two decades. To
the best of our knowledge, the only exceptions are the classical paper [12], where
the FTAP is proved by relying on purely probabilistic arguments in the context of
a complete Itô-process model, the paper [10], in the context of exponential Lévy
models, and the recent paper [13], where the author succeeds in presenting a trans-
parent proof of the FTAP for continuous semimartingales whose characteristics are
absolutely continuous with respect to the Lebesgue measure (note that the class of
such continuous semimartingales coincides with the general class of Itô processes).
Recently, a probabilistic and simple proof of the FTAP in the context of general

incomplete financial markets based on Itô-processes has been proposed by [16], thus
extending considerably the analysis of [12]. It is well-known that the difficult step
in the proof of the FTAP consists in showing that the absence of arbitrage (in the
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sense of NFLVR) implies the existence of an ELMM. The proof given in [16] relies
on a general characterisation of attainable claims together with the closedness under
pairwise maximisation of a family of stochastic exponentials (see [16], Sections 3-4).
In the present paper, we show that the technique adopted by [16] fails to provide

a new proof of the FTAP. More specifically, we show that the closedness under
maximisation of a family of stochastic exponentials claimed in [16], as well as the
approach itself of [16], can only yield a proof of the FTAP in the context of complete
financial markets, as already considered in [12]. Moreover, we provide an explicit
counterexample showing that in general it is not possible to adapt the ideas of [16]
in order to develop an alternative proof of the FTAP.
The paper is structured as follows. For the convenience of the reader, Section 2

recalls the financial market model considered in [16]. Section 3 critically analyses
the proof of their main result, while Section 4 contains the counterexample. We
refer to [5, 7] for a unified analysis of several no-arbitrage conditions in the context
of general continuous financial models and, more specifically, to the survey paper
[6] for the properties of Itô-process models when the NFLVR condition does not
necessarily hold.

2. The financial market model

On a given probability space (Ω,F , P ), let the process W = {W (t); 0 ≤ t ≤ T}
be an Rd-valued Brownian motion, with T ∈ (0,∞) denoting a fixed time horizon,
and let F = (Ft)0≤t≤T be the P -augmented natural filtration of W .
It is assumed that k+1 (with k ≤ d) securities are available for trade, with prices

represented by the Rk+1-valued continuous semimartingale X = {X(t); 0 ≤ t ≤ T}.
As usual, the 0th security denotes a locally riskless savings account process:

X0(t) = exp

{∫ t

0
r(u) du

}
, for all t ∈ [0, T ],

for a progressively measurable interest rate process r = {r(t); 0 ≤ t ≤ T} satis-
fying

∫ T
0 |r(t)|dt < ∞ P -a.s. The remaining k securities are risky and their prices

X1, . . . , Xk are given by the solutions to the following SDEs, for i = 1, . . . , k:
dXi(t) = Xi(t)µi(t) dt+Xi(t)

d∑
j=1

σij(t) dWj(t),

Xi(0) = xi > 0,

(1)

where µ = {µ(t); 0 ≤ t ≤ T} is an Rk-valued progressively measurable process
with

∫ T
0 ‖µ(t)‖dt <∞ P -a.s. and σ = {σ(t); 0 ≤ t ≤ T} is an Rk×d-valued progres-

sively measurable process satisfying
∑k

i=1

∑d
j=1

∫ T
0 σ

2
ij(t)dt < ∞ P -a.s. (note that

the square is missing in [16]). These assumptions ensure the existence of a unique
strong solution to the system of SDEs (1). Furthermore, as in [16], we suppose that
the matrix σ(t) has (P -a.s.) full rank for every t ∈ [0, T ], meaning that the financial
market does not contain redundant assets (see also [6], Remark 4.2.2)1.

1The assumption that σ(t) has P -a.s. full rank for every t ∈ [0, T ] can be relaxed by only assuming that
µ(t) − r(t)Ik ∈ {σ(t)x : x ∈ Rd} P -a.s. for every t ∈ [0, T ] (which corresponds to exclude pathological
arbitrage possibilities known as increasing profits; see [6], Proposition 4.3.4), with Ik := (1, . . . , 1)> ∈ Rk,
and by replacing the matrix σ(t)>(σ(t)σ(t)>)−1 with the Moore-Penrose pseudoinverse of σ(t) in (5).
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Definition 2.1: A progressively measurable process π = {π(t); 0 ≤ t ≤ T}
taking values in Rk is said to be an admissible trading strategy if

∫ T

0

∣∣π(t)>
(
µ(t)− r(t)Ik

)∣∣ dt <∞ P -a.s. (2a)

∫ T

0

∥∥π(t)>σ(t)
∥∥2 dt <∞ P -a.s. (2b)

and if the process
∫ ·
0X0(t)

−1 π(t)>(µ(t)− r(t)Ik) dt+
∫ ·
0X0(t)

−1 π(t)>σ(t) dW (t) is
P -a.s. uniformly bounded from below, with the superscript > denoting transposition
and Ik := (1, . . . , 1)> ∈ Rk.

We denote by A the family of all admissible trading strategies. For π ∈ A,
the term πi(t) represents the amount of wealth invested on asset i at time t, for
i = 1, . . . , k and t ∈ [0, T ]. As usual, we assume that trading is done in a self-
financing way. This amounts to requiring that the X0-discounted wealth process
V̄ x,π = {V̄ x,π(t); 0 ≤ t ≤ T} associated to a strategy π ∈ A, starting from an
initial endowment of x > 0, satisfies the following SDE:

{
dV̄ x,π(t) = X0(t)

−1 π(t)>
(
µ(t)− r(t)Ik

)
dt+X0(t)

−1 π(t)>σ(t) dW (t),

V̄ x,π(0) = x.
(3)

In turn, for (x, π) ∈ R+×A, this implies that the undiscounted wealth process
V x,π={V x,π(t); 0 ≤ t ≤ T} defined by V x,π(t) :=X0(t) V̄

x,π(t) satisfies V x,π(0)=x
and

dV x,π(t) = r(t)V x,π(t) dt+ π(t)>
(
µ(t)− r(t)Ik

)
dt+ π(t)>σ(t) dW (t). (4)

Remark 1 : We want to point out that [16] do not require the integrability con-
dition (2a). If condition (6) holds, then (2a) follows from (2b), as can be verified
by a simple application of the Cauchy-Schwarz inequality (see e.g. [6], Lemma
4.3.21). However, condition (2a) is in general necessary in order to ensure that the
dt-integrals appearing in (3) and (4) are well-defined.

Definition 2.2: A trading strategy π ∈ A yields an arbitrage opportunity if
P
(
V 0,π(T ) ≥ 0

)
= 1 and P

(
V 0,π(T ) > 0

)
> 0.

Remark 2 : In Section 2 of [16], a trading strategy π is called tame if
P
(
V̄ x,π(t) ≥ −1;∀t ∈ [0, T ]

)
= 1. As can be easily checked, there exist arbitrage

opportunities with tame strategies if and only if there exist arbitrage opportunities
with admissible strategies (in the sense of Definition 2.1 and according also to the
terminology of [1–3]).

3. An analysis of the main result of [16]

In this section, we critically analyse the proof of the FTAP given in [16]. We first
show that stochastic exponentials do not possess the closure property stated in
Lemma 3.3 of [16], except for the particular case of a complete financial market.
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3.1 Market price of risk and martingale deflators

Since the matrix σ(t) is assumed to be of full rank for every t ∈ [0, T ], we can define
the market price of risk process θ = {θ(t); 0 ≤ t ≤ T} as follows, for all t ∈ [0, T ]:

θ(t) := σ(t)>
(
σ(t)σ(t)>

)−1(
µ(t)− r(t)Ik

)
. (5)

As in Sections 3-4 of [16], we introduce the following standing assumption on θ:

∫ T

0
‖θ(t)‖2 dt <∞ P -a.s. (6)

Let us briefly comment on the implications of the above integrability condition.

Definition 3.1: A strictly positive local martingale Z = {Z(t); 0≤ t≤ T} with
Z(0)=1 is said to be a martingale deflator if the product Z V̄ x,π is a local martin-
gale, for all π∈A and x>0. We denote by D the set of all martingale deflators.

As long as (6) holds, we can define the strictly positive continuous local martingale
Z0 = {Z0(t); 0 ≤ t ≤ T} as the stochastic exponential Z0 := E

(
−
∫
θ dW

)
. A

standard application of the integration by parts formula (see e.g. [6], Proposition
4.3.9), together with (3) and (5), yields that Z0 ∈ D. This shows that D 6= ∅ if (and
only if) condition (6) holds.

Remark 1 : We want to point out that the existence of a martingale deflator has
a precise meaning in the context of arbitrage theory. Indeed, as shown in Theorem
4 of [11], D 6= ∅ holds if and only if there are No Arbitrages of the First Kind, in
the sense of Definition 1 of [11] (compare also with [5], Theorem 5.4).

The next result clarifies the importance of the class of stochastic exponentials
considered in [16]. We denote by K(σ) the family of all Rd-valued progressively
measurable processes ν = {ν(t); 0 ≤ t ≤ T} such that

∫ T
0 ‖ν(t)‖2dt <∞ P -a.s. and

σ(t)ν(t) = 0 P -a.s. for a.e. t ∈ [0, T ].

Proposition 3.2: A strictly positive local martingale Z = {Z(t); 0 ≤ t ≤ T}
with Z(0) = 1 belongs to D if and only if there exists an Rd-valued progressively
measurable process ν = {ν(t); 0 ≤ t ≤ T} ∈ K(σ) such that, for all t ∈ [0, T ]:

Z(t) = E
(
−
∫

(θ + ν) dW

)
(t) = Z0(t) E

(
−
∫
ν dW

)
(t) =: Zν(t). (7)

Moreover, an element Z ∈ D is the density process of an ELMM if and only if it is
a (uniformly integrable) martingale, i.e., if and only if E[Z(T )] = 1.

Proof : Recalling that the filtration F is generated byW , the claim follows from the
martingale representation theorem together with the integration by parts formula,
using (3) and (5) (compare with [6], Lemma 4.3.15). The last assertion follows
from Bayes’ rule together with the supermartingale property of the positive local
martingale Zν , for ν ∈ K(σ). �

In their study, [16] crucially rely on the following claim (see their Lemma 3.3):
there exists a process λ = {λ(t); 0 ≤ t ≤ T} ∈ K(σ) such that

Zλ(t) = ess sup
ν∈K(σ)

Zν(t), for all t ∈ [0, T ]. (8)
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Unfortunately, property (8) fails to hold, except for the trivial case K(σ) = {0},
which, in view of Proposition 3.2, is in turn equivalent to D = {Z0}. Indeed, in the
proof of their Lemma 3.3, [16] attempt to show that the family {Zν(t) : ν ∈ K(σ)}
is closed under pairwise maximisation, for all t ∈ [0, T ]. However, this is not true,
as we are now going to show.
Suppose that K(σ) 6= {0} and, for two distinct elements ν1, ν2 ∈ K(σ), define

the Ft-measurable set χ(t) := {Zν1(t) ≥ Zν2(t)}, for every t ∈ [0, T ]. Define then
the process ν3 = {ν3(t); 0 ≤ t ≤ T} ∈ K(σ) as follows, for all t ∈ [0, T ]:

ν3(t) := ν1(t)1χ(t) + ν2(t)1χ(t)c .

It is clear that Zν3(0) = 1 and, using the notation (7):

dZν3(t) = −Zν3(t)
(
θ(t) + ν3(t)

)
dW (t). (9)

On the other hand, for all t ∈ [0, T ], we have:

Zν1(t) ∨ Zν2(t) = Zν1(t)1χ(t) + Zν2(t)1χ(t)c = Zν1(t) +
(
Zν2(t)− Zν1(t)

)+
. (10)

By the Tanaka-Meyer formula (see [8], Section 4.1.8), we get the following dynamics:

d
(
Zν2(t)− Zν1(t)

)+
= 1{Zν2 (t)>Zν1 (t)} d

(
Zν2(t)− Zν1(t)

)
+

1

2
L0
ν1,ν2(t), (11)

where L0
ν1,ν2 = {L0

ν1,ν2(t); 0 ≤ t ≤ T} denotes the local time of the continuous local
martingale Zν2 − Zν1 at the level 0. From (10)-(11) we get:

d
(
Zν1(t) ∨ Zν2(t)

)
= −Zν2(t)1χ(t)c

(
θ(t) + ν2(t)

)
dW (t)

− Zν1(t)1χ(t)
(
θ(t) + ν1(t)

)
dW (t) +

1

2
L0
ν1,ν2(t)

= −
(
Zν1(t) ∨ Zν2(t)

)(
θ(t) + ν3(t)

)
dW (t) +

1

2
L0
ν1,ν2(t).

(12)

By comparing (9) with (12), we immediately see that Zν1(t)∨Zν2(t) 6= Zν3(t), thus
contradicting the claim on page 193 of [16]. Note also that, as a consequence of Sko-
rokhod’s lemma (see [8], Lemma 4.1.7.1) it holds that L0

ν1,ν2(t) = sups≤t
(
−N(s)

)
,

for all t ∈ [0, T ], where the local martingale N = {N(t); 0 ≤ t ≤ T} is defined by:

N(t) :=

∫ t

0
sign

(
Zν2(u)− Zν1(u)

)
d
(
Zν2(u)− Zν1(u)

)
, for all t ∈ [0, T ].

This implies that the local time L0
ν1,ν2 appearing in (12) vanishes if and only if

Zν1 = Zν2 , i.e., if and only if ν1(t) = ν2(t) P -a.s. for a.e. t ∈ [0, T ]. Indeed, if the
latter condition holds, it is evident that L0

ν1,ν2 vanishes. Conversely, if L0
ν1,ν2(t) = 0

P -a.s. for all t ∈ [0, T ], then the identity L0
ν1,ν2(t) = sups≤t

(
−N(s)

)
implies that the

local martingale N is P -a.s. non-negative and, hence, as a consequence of Fatou’s
lemma, it is a supermartingale. Since N(0) = 0, this implies that N = 0 P -a.s.
In turn, 〈Zν2 − Zν1〉 = 〈N〉 = 0 P -a.s. implies that ν1(t) = ν2(t) P -a.s. for a.e.
t ∈ [0, T ]. Together with (9) and (12), we have thus shown that the trivial case
K(σ) = {0} is the only case where (8) can hold.
More generally, the non-existence of a process λ ∈ K(σ) satisfying (8) can also

be deduced from the following (almost trivial) result.
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Lemma 3.3: LetMi = {Mi(t); 0 ≤ t ≤ T} be a right-continuous local martingale,
for i = 1, 2, with M1(0) = M2(0) P -a.s. Then M := M1 ∨M2 is a local martingale
if and only if M1 and M2 are indistinguishable.

Proof : IfM is a local martingale, then the process N = {N(t); 0 ≤ t ≤ T} defined
by N(t) := M(t) −

(
M1(t) + M2(t)

)
/2, for all t ∈ [0, T ], is a non-negative local

martingale and, by Fatou’s lemma, also a supermartingale. Since N(0) = 0 P -a.s.,
the supermartingale property implies N(t) = 0 P -a.s. for all t ∈ [0, T ], meaning
that M1(t) = M2(t) P -a.s. for all t ∈ [0, T ]. Right-continuity then implies that
P
(
M1(t) = M2(t),∀t ∈ [0, T ]

)
= 1. The converse implication is evident. �

Remark 2 : Besides the failure of the closedness under pairwise maximisation
of the family {Zν(t) : ν ∈ K(σ)}, the proof of Lemma 3.3 of [16] suffers from
an additional technical problem. Indeed, [16] define a process Z∗ = {Z∗(t); 0 ≤
t ≤ T} as Z∗(t) := ess supν∈K(σ) Zν(t), for all t ∈ [0, T ], and a sequence of [0, T ]-
valued random variables {τk}k∈N by τk := inf{t ∈ [0, T ] : Z∗(t) ≥ k} ∧ T , for
k ∈ N. However, a priori we do not know whether the process Z∗ is progressively
measurable (or at least admits a right-continuous modification) and, hence, τk can
fail to be a stopping time.

3.2 Attainable claims and the proof of Theorem 1.1 in [16]

The proof of the FTAP given in [16] relies on the characterisation of attainable
claims. The notion of attainability implicitly adopted in Section 3 of [16] corre-
sponds to the following definition. We always suppose that the standing assumption
(6) holds true.

Definition 3.4: An FT -measurable non-negative random variable B is said to be
attainable if there exist π ∈ A and x ∈ R+ such that V x,π(T ) = B P -a.s. and if
there exists a martingale deflator Zν ∈ D such that Zν V̄ x,π is a martingale.

As long as D 6= ∅, the following characterisation of attainable claims has been
established in a general semimartingale setting in Theorem 3.2 of [15] (in the present
setting, compare also with [9], Theorem 8.5, and [14], Theorem 5 of Chapter 3). In
particular, note that the existence of an ELMM is not necessarily assumed.

Proposition 3.5: Let B be an FT -measurable non-negative random variable.
Then, under the standing assumption (6), the following are equivalent:

(i) B is attainable;
(ii) ∃λ ∈ K(σ) such that

E [Zλ(T )B/X0(T )] = sup
ν∈K(σ)

E [Zν(T )B/X0(T )] <∞.

Moreover, the initial capital x ∈ R+ needed to replicate an attainable claim B is
given by x = supν∈K(σ)E [Zν(T )B/X0(T )].

In Section 4 of [16], the implication (ii)⇒(i) of Proposition 3.5, with B = X0(T ),
is used together with property (8) in order to get the existence of an element π ∈ A
such that V c,π(T ) = X0(T ) P -a.s., starting from the initial investment c := E[Zλ].
If there does not exist any ELMM, then c < 1 (see Proposition 3.2) and the portfolio
process V 0,π = {V 0,π(t); 0 ≤ t ≤ T} defined as V 0,π(t) := V c,π(t) − cX0(t), for all
t ∈ [0, T ], realizes an arbitrage opportunity in the sense of Definition 2.2, since
V 0,π(T ) = (1− c)X0(T ) > 0 P -a.s. This would prove that the absence of arbitrage
opportunities (together with the standing assumption (6), which excludes arbitrages
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of the first kind, see Remark 1) implies the existence of an ELMM. Unfortunately,
the fact that (8) fails to hold, as shown in Section 3.1, invalidates the proof of the
FTAP proposed in [16].
Actually, it can be shown that property (8) and, hence, the arguments used in

the proof of Theorem 1.1 in [16], are valid if and only if the financial market is
complete, in the sense that every FT -measurable non-negative random variable B
such that B/X0(T ) is bounded is attainable. Indeed, if the financial market is
complete, the results of [15] (see also [4], Theorem 4.5.13) imply that D = {Z0}.
Due to Proposition 3.2, the latter property is equivalent to K(σ) = {0}, in which
case property (8) trivially holds true. Conversely, if property (8) holds, then the
implication (ii)⇒(i) in Proposition 3.5 immediately shows that the financial market
is complete. In particular, if the financial market is complete, the payoff X0(T ) can
be replicated by a portfolio V c,π with c = E[Z0(T )] and π ∈ A. In that case, the
same arguments used in Section 4 of [16] allow to prove that the absence of arbitrage
opportunities implies that Z0 is the density process of the (unique) ELMM. We have
thus shown that the proof of the FTAP proposed by [16] only works in the context
of complete financial markets, as originally considered in [12].
We want to remark that, in view of the implication (ii)⇒(i) of Proposition 3.5,

the proof of Theorem 1.1 in [16] does not actually need the full strength of the
(untrue) property (8), but only the existence of a process λ ∈ K(σ) such that
E[Zλ(T )] = supν∈K(σ)E[Zν(T )]. However, such a process does not necessarily exist
in an incomplete market (if arbitrage opportunities are not a priori excluded), as
will be shown in Section 4 by means of an explicit counterexample. This means
that the approach of [16] (or an extension thereof) cannot yield an alternative
proof of the FTAP in the context of general incomplete financial markets based on
Itô processes.

4. A counterexample

This section exhibits a simple model of an incomplete financial market where the
FTAP cannot be proved by relying on the techniques adopted in [16] (or an ex-
tension thereof). In view of the discussion at the end of the preceding section,
we shall construct a market model for which there does not exist an element
λ ∈ K(σ) such that E[Zλ(T )] = supν∈K(σ)E[Zν(T )]. More precisely, we will show
that E[Zν(T )] < 1 for all ν ∈ K(σ), while supν∈K(σ)E[Zν(T )] = 1.
Let (Ω,F ,F, P ) be a given filtered probability space, where F denotes the natural

P -augmented filtration of a real-valued Brownian motion W and F = FT . For a
fixed constant a > 0, define the stopping time τ := inf{t ∈ [0, T ] : W (t) ≥ a} ∧ T .
It is clear that P (τ < T ) > 0. Suppose that r ≡ 0 and let the price process S of a
single risky asset be given as the solution to the following SDE:{

dS(t) = 1{t>τ}
(
1/S(t)

)
dt+ 1{t>τ}dW (t),

S(0) = 1.
(13)

Lemma 4.1: The SDE (13) admits a unique P -a.s. strictly positive strong solu-
tion S = {S(t); 0 ≤ t ≤ T}. Moreover, E [1/S(T )|Fτ ] < 1 P -a.s. on {τ < T}.

Proof : Let us define the filtration F̃ = (F̃t)0≤t≤T by F̃t := F(τ+t)∧T , for t ∈ [0, T ],
and the process W̃ = {W̃ (t); 0 ≤ t ≤ T} by W̃ (t) := W

(
(τ + t) ∧ T

)
−W (τ), for

t ∈ [0, T ]. Clearly, the process W̃ is continuous, F̃-adapted and satisfies W̃ (0) = 0.
Furthermore, the strong Markov property of the Brownian motion W implies that
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W̃ is also a Brownian motion (stopped at T − τ) with respect to the filtration F̃

(in particular, it is independent from F̃0 = Fτ ). On the filtered probability space
(Ω,F , F̃, P ), let us consider the following SDE:

{
dS̃(t) =

(
1/S̃(t)

)
dt+ dW̃ (t),

S̃(0) = 1.
(14)

The SDE (14) admits a unique strong solution S̃ = {S̃(t); 0 ≤ t ≤ T −τ}, known as
the three-dimensional Bessel process (see [8], Section 6.1), which satisfies S̃(t) > 0
P -a.s. for all t ∈ [0, T − τ ]. We can then define a process S = {S(t); 0 ≤ t ≤ T}
by letting S(t) := 1{t≤τ} + 1{t>τ}S̃(t − τ), for all t ∈ [0, T ]. Clearly, since τ is
an F-stopping time and F is right-continuous, the process S is F-adapted, P -a.s.
strictly positive and satisfies S(0) = 1. Moreover, since S̃ is continuous:

dS(t) = 1{t>τ}dS̃(t− τ)

= 1{t>τ}
(
1/S̃(t− τ)

)
dt+ 1{t>τ}dW̃ (t− τ)

= 1{t>τ}
(
1/S(t)

)
dt+ 1{t>τ}dW (t),

thus showing that the process S solves the SDE (13). The second assertion of the
lemma can be proved as follows, on the set {τ < T}:

E [1/S(T )|Fτ ] = E
[
1/S̃(T −τ)|F̃0

]
= E

[
1/S̃(u)

]∣∣∣
u=T−τ

= 2 Φ

(
1√
T − τ

)
−1 < 1,

(15)
where the second equality follows from the independence of W̃ and F̃0, together
with the F̃0-measurability of τ , and the third equality from Exercise 6.1.5.5 of
[8], with Φ(·) denoting the distribution function of a standard Gaussian random
variable. �

According to the notation introduced in Section 3.1, the market price of risk
process θ is given by θ(t) = 1/S(t)1{t>τ}, for t ∈ [0, T ]. Due to the continuity of S,
the standing assumption (6) is satisfied, and hence, by Itô’s formula:

Z0(T ) = exp

(
−
∫ T

τ

1

S(t)
dW (t)− 1

2

∫ T

τ

1

S(t)2
dt

)
=

1

S(T )
. (16)

In the context of the present example, a real-valued progressively measurable
process ν = {ν(t); 0 ≤ t ≤ T} belongs to K(σ) if and only if it satisfies
ν(t) = ν(t)1{t≤τ} P -a.s. for all t ∈ [0, T ] and

∫ τ
0 ν(t)2dt < ∞ P -a.s. Proposition

3.2, equation (16) and Lemma 4.1 then imply the following, for every ν ∈ K(σ):

E[Zν(T )] = E

[
Z0(T ) E

(
−
∫
ν dW

)
(τ)

]
= E

[
1

S(T )
E
(
−
∫
ν dW

)
(τ)

]
= E

[
E

[
1

S(T )

∣∣∣Fτ] E(−∫ ν dW

)
(τ)

]
< E

[
E
(
−
∫
ν dW

)
(τ)

]
≤ 1,

where the last inequality is due to the supermartingale property of E
(
−
∫
ν dW

)
,

for ν ∈ K(σ). Due to the last assertion of Proposition 3.2, this implies that the
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financial market model considered in this section does not admit an ELMM1.
Moreover, for the model (13) there does not exist an element λ ∈ K(σ) such that

E[Zλ(T )] = supν∈K(σ)E[Zν(T )], as we are now going to show. For every n ∈ N,
let νn := n1[[0,τ ]]. Clearly, we have νn ∈ K(σ) and E

(
−
∫
νn dW

)
is a uniformly

integrable martingale (stopped at τ), for all n ∈ N. Hence, due to Proposition 3.2
and equations (15)-(16), we get, for any n ∈ N:

E[Zνn(T )] = E

[
Z0(T ) E

(
−
∫
νn dW

)
(τ)

]
= E

[
1

S(T )
E
(
−
∫
νn dW

)
(τ)

]
= E

[
E
(
−
∫
νn dW

)
(τ)

]
+ E

[
E
(
−
∫
νn dW

)
(τ)

(
1

S(T )
− 1

)
1{τ<T}

]
= 1− 2E

[
E
(
−
∫
νn dW

)
(τ)

(
1− Φ

( 1√
T − τ

))
1{τ<T}

]
= 1− 2E

[
exp

(
−nτ

(a
τ

+
n

2

))(
1− Φ

( 1√
T − τ

))
1{τ<T}

]
.

By dominated convergence, the last equality implies that:

1 = lim
n→+∞

E[Zνn(T )] ≤ sup
ν∈K(σ)

E[Zν(T )] ≤ 1,

thus showing that supν∈K(σ)E[Zν(T )] = 1. In particular, the supremum is not
attained by any element ν ∈ K(σ).
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