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1. Introduction

One of the main results in the theory of functions with bounded variation (BV) is
the rank-one theorem. Recall that a function u € L*(Q2, R?) has bounded variation in an
open set Q C R™ (u € BV (Q,R?)) if the derivatives Du of u in the sense of distributions
are represented by a (matrix-valued) measure with finite total variation. The measure
Du can then be decomposed as the sum Du = D% + D*u of a measure D®%u, that
is absolutely continuous with respect to £, and a measure D®u that is singular with
respect to Z". The Radon—Nikodym derivative % of D*u with respect to its total
variation |D%u| is a | D*u|-measurable map from Q to R?*". The rank-one theorem states
that |D®ul-a.e. this map takes values in the space of rank-one matrices. We refer to [3]
for more details on BV functions.

The rank-one theorem was first conjectured by L. Ambrosio and E. De Giorgi in [7]
and it has important applications to vectorial variational problems and systems of PDEs.
It was proved by G. Alberti in [1] (see also [2,8]): due to its complexity, Alberti’s proof
is generally regarded as a tour de force in measure theory. Two different proofs of the
rank-one theorem were recently found. One is due to G. De Philippis and F. Rindler
and follows from a profound PDE result [9], where a rank-one property for maps with
bounded deformation (BD) was also proved for the first time. At the same time another
proof, of a geometric flavor and considerably simpler than those in [1,9], was provided
by the second- and third-named authors in [27].

Motivated by these results, in this paper we consider the following natural general-
ization. Let X1,...,X,, be linearly independent vector fields in R™, m < n, and let u :
Q — R9 be a function with bounded H -variation in an open set  C R”, i.e., a vector val-
ued function such that the distributional horizontal derivatives Dyu := (Xju, ..., X;nu)
are represented by a d X m-matrix valued measure with finite total variation in 2; consider
the singular part D3;u of Dyu with respect to £™. Is it true that the Radon-Nikodym
derivative % is a rank-one matrix |D¥ul-a.e.?

We investigate this question in the setting of Carnot groups G = R™ (see Section 2)
endowed with a left-invariant basis X, ..., X, of the first layer g; in the stratification
of their Lie algebra. In particular, we find two assumptions on G, that we call properties
%> and Z (see Definitions 2.2 and 5.1, respectively), that ensure the rank-one property
for BVy functions in G. We will discuss later the role played by these properties in our
argument. Our first main result is the following

Theorem 1.1. Let G be a Carnot group satisfying properties € and Z; let 2 C G be an
open set and u € BVH,ZOC(Q,Rd) be a function with locally bounded H -variation. Then
the singular part D};u of Dyu is a rank-one measure, i.e., the matriz-valued function
Diu

m(m) has rank one for |D3yul-a.e. x € Q.

Please cite this article in press as: S. Don et al., Rank-one theorem and subgraphs of BV functions in
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It is worth pointing out that Theorem 1.1 applies to the n-th Heisenberg group H™
provided n > 2. Recall that Heisenberg groups, defined in Example 2.1 below, are the
most notable examples of Carnot groups.

Corollary 1.2. Let u be as in Theorem 1.1 and assume that G is the Heisenberg group H™,
n > 2; then D{u is a rank-one measure. More generally, the same holds if G is a Carnot
group of step 2 satisfying property €s.

Corollary 1.2 is an immediate consequence of Theorem 1.1, see Remarks 2.4 and 5.3.

Theorem 1.1 does not directly follow from the outcomes of [9], see Remark 5.5. Tts
proof follows the geometric strategy devised in [27] and it is based on the relations
between a (real-valued) BVy function u in G and the H-perimeter of its subgraph
E,:={(z,t) : t <u(x)} C G x R. Recall that a set E C G x R has finite H-perimeter
if its characteristic function xyg has bounded H-variation with respect the vector fields
of a basis of the first layer in the Lie algebra stratification of the Carnot group G x R.
Our second main result is the following

Theorem 1.3. Suppose that Q C G is open and bounded and let uw € L*(2). Then u
belongs to BV () if and only if its subgraph E,, has finite H-perimeter in Q x R.

Actually, the proof of Theorem 1.1 requires much finer properties than the one stated
in Theorem 1.3. Such properties are stated in Theorems 4.2 and 4.3 in a much more gen-
eral context than Carnot groups, i.e., for maps with bounded H-variation with respect
to a generic fixed family of linearly independent vector fields X1, ..., X,, on R™. Theo-
rem 4.2, from which Theorem 1.3 immediately follows, focuses on the relations between
the horizontal (in R™) derivatives of u and the horizontal (in R™ x R) derivatives of x g, .
Theorem 4.3 instead deals with the relations between the horizontal normal to F, and
the polar vector o, in the decomposition Dyu = o, |Dgul, and it also deals with the
relations between D% u, Dj;u and the horizontal derivatives of xg,. When m = n and
X; = 0, one recovers some results that belong to the folklore of Geometric Measure The-
ory and are scattered in the literature (see e.g. [28], [11, 4.5.9] and [17, Section 4.1.5]); we
tried here to collect them in a more systematic way. We were not able to find references
for some of the results we stated.

Property % (“rectifiability”) intervenes in ensuring that the horizontal derivatives
of xg, are a “rectifiable” measure, see Definition 5.1. This is a non-trivial technical
obstruction one has to face when following the strategy of [27]: the rectifiability of sets
with finite H-perimeter in Carnot groups is indeed a major open problem, which has
been solved only in step 2 Carnot groups (see [14,15]) and in the class of Carnot groups
of type x ([26]). See also [4] for a partial result in general Carnot groups.

Once the rectifiability of F,, is ensured, the proof of Theorem 1.1 follows rather easily
from the technical Lemma 3.2 below, which is the natural counterpart of the Lemma
in [27]. The latter, however, was proved by utilizing the area formula for maps between
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rectifiable subsets of R™, see e.g. [3]. A similar tool is not available in the context of
Carnot groups, a fact which forces us to follow a different path. The proof of Lemma 3.2
is indeed achieved by a covering argument that is based on the following result: we state it
and postpone to Section 2 the definitions of property €, the Hausdorff measure H¢, the
homogeneous dimension @ of G and of hypersurfaces of class C}; with their horizontal

normal.

Theorem 1.4. Let k > 1 be an integer, G a Carnot group satisfying property € and
let 3q,...,% be hypersurfaces of class C’}q with horizontal normals vy, ..., v,. Let also
x €X:=X1N---NXg be such that v1(x), ..., vp(x) are linearly independent. Then, there
exists an open neighborhood U of x such that

0<HI*(EZNU) < .

In particular, the measure HR™* is o-finite on the set

M= {zeX:v(x),...,v(x) are linearly independent}.

Theorem 1.4, that we prove in Appendix A, is an easy consequence of Theorems A.3
and A.5 proved, respectively, in [12] and [22]. Theorem A.5, in particular, states the much
deeper property that ¥ is locally an intrinsic Lipschitz graph. To this aim, one needs the
intersection T3 N---NT, Xy of the tangent subgroups to ¥; at x to admit a (necessarily
commutative) complementary homogeneous subgroup that is horizontal, i.e., contained
in exp(g1). This algebraic property is guaranteed by property %) (“complementability”),
see Remark 2.3. We will provide in Appendix A a proof of Theorem A.5 which does
not rely on the homotopy invariance of the topological degree and is then simpler and
shorter than the one in [22].

For the validity of Theorem 1.4, property %) might seem a restrictive one. We however
point out that Theorem 1.4 is no longer valid already when k = 2 and G is the first
Heisenberg group H', which does not satisfy %: indeed, in this setting the measure
HP~2(X™M) might be either 0 or 400 (even locally) as shown by A. Kozhevnikov [19]. See
also [20,25].

The fact that Theorem 1.4 does not apply to H' (actually, to H! x R x R, see the proof
of Lemma 3.2) prevents us from proving the rank-one Theorem 1.1 for G = H!. This
does not follow from [9] either (see Remark 5.6) and, thus, it remains a very interesting
open problem.

Acknowledgments We are grateful to G. De Philippis, U. Menne and F. Serra Cassano

for several stimulating discussions.
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2. Preliminaries on Carnot groups
2.1. Algebraic facts

A Carnot (or stratified) group is a connected, simply connected and nilpotent Lie
group whose Lie algebra g is stratified, i.e., it has a decomposition g = g; & - - - ® g, such
that

vj = 1u B R 1 gj+1 = [gjiglL Os 7é {0} and [9879] = {0}

We refer to the integer s as the step of G and to m := dimg; as its rank; apart from
the case in which G is a Heisenberg group (see Example 2.1), n denotes the topological
dimension of G. The group identity is denoted by O.

The exponential map exp : g — G is a diffeomorphism and, given a basis X1,..., X,
of g, we often identify G with R™ by means of exponential coordinates:

R" >z = (21,...,2,) «— exp (1 X7 + -+ 2,X,,) € G.

A one-parameter family {6x}xso of dilations &y : g — g is defined by d\(X) := M X for
any X € g;; notice that 6y, = ) o J,. By composition with exp one can then define

a one-parameter family, for which we use the same symbol §, of group isomorphisms
on:G— G.

Example 2.1. Apart from Euclidean spaces, which are the only commutative Carnot
groups, the most basic examples of Carnot groups are Heisenberg groups. Given an inte-
ger n > 1, the n-th Heisenberg group H" is the 2n 4 1 dimensional Carnot group of step
2 whose Lie algebra is generated by X1,...,X,,Y1,...,Y,,T and the only non-vanishing
commutation relations among these generators are given by

X,,Y;]=T forany j=1,...,n.

The stratification of the Lie algebra is given by g1 & gz, where g1 := span{X;,Y; : j =
1,...n} and go := span{T'}. In exponential coordinates

R" xR" xR > (z,y,t) «— exp(z1 X1 + - - + ynYn + tT)
one has
X, =0, — %at, Y; =0, + %at, T =0,

In this paper, given a Carnot group G we will frequently deal with products like
G x RYN. Needless to say, this is the Carnot group with algebra g x R with product
defined by [(X, t), (Y, s)] = ([X,Y],0) forany X,Y € g,t,s € RY and whose stratification
is given by (g1 x RY) @ (g2 x {0}) @ -+~ @ (g5 x {0}).

Please cite this article in press as: S. Don et al., Rank-one theorem and subgraphs of BV functions in
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Definition 2.2. Let G be a Carnot group with rank m and let 1 < k < m be an integer. We
say that G satisfies the property € if the first layer g; of its Lie algebra has the following
property: for any linear subspace to of g; of codimension k there exists a commutative
complementary subspace in g, i.e., a k-dimensional subspace § of g1 such that [h, ] =0
and g1 =10 bh.

Remark 2.3. As customary in the literature, we say that W C G is a wertical plane
of codimension k (for some 1 <k < m) if W = exp(ro @ g2 ® --- @ g5) for some linear
subspace w of g; of codimension k (possibly w = {0}); such a W is a homogeneous normal
subgroup of G of topological dimension n — k, see also Section 3 below. Then, a Carnot
group has the property %} if and only if, for any vertical plane W in G, there exists a
complementary homogeneous subgroup H that is horizontal, i.e., such that H C exp(g1).
Notice also that, in this case, H is necessarily commutative.

Remark 2.4. The Heisenberg group H" has the property %% if and only if 1 < k < n.
All Carnot groups have the property ;. Free Carnot groups (see e.g. [18]) have the
property %% if and only if £ = 1.
A Carnot group of rank m has the property %, if and only if G is Abelian (i.e.,
G =R™).

Remark 2.5. It is an easy exercise to show that, if k¥ > 2 and G has the property %%,
then G has also the property %}, for any 1 < h < k.

Lemma 2.6. Let N > 1 be an integer and G be a Carnot group. Then G has the property
€. if and only if G x RN has the property 6.

Proof. It is clearly enough to prove the statement for N = 1.

Assume first that G has the property %} and let to be a k-codimensional subspace of
the first layer g1 x R of the Lie algebra of G x R. We have two cases according to the
dimension of w’ :=to N (g; x {0}):

o if dim w’ = m — k, using the %% property of G one can find a k-dimensional com-
mutative subspace h of g; such that g; x {0} = w’ @ (h x {0}). In particular,
g1 xR = 10.& (b x {0));

e if dim w' =m +1—k, then v = w’ C g; x {0} and, by Remark 2.5, one can find a
(k—1)-dimensional commutative subspace h of g; such that g; x {0} = 0@ (hx {0}).
In particular, g1 x R=1w @ (h x R).

In both cases we have found a commutative complementary subspace of to.

Assume now that G x R has the property %% and let o be a k-codimensional linear
subspace of g;. Then to x R is a k-codimensional linear subspace of g; x R, hence it
admits a k-dimensional commutative complementary subspace b in g; X R. Denoting by

Please cite this article in press as: S. Don et al., Rank-one theorem and subgraphs of BV functions in
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7 : g1 xR — gp the canonical projection, it is readily noticed that 7 () is a k-dimensional
commutative subspace of g; such that g; = w @ w(h). This concludes the proof. 0O

2.2. Metric facts

Let G be a Carnot group with stratified algebra g = g1 ® -+ @ gs. We endow g
with a positive definite scalar product (-,-) such that g; L g; whenever ¢ # j. We
also let |- | := (-,-)//2. We fix an orthonormal basis X1,...,X, of g adapted to the
stratification, i.e., such that g; = span{X,,, ,41,...,Xm;} for any j = 1,...,s, where
m; := dim(g1) + - - - + dim(g;) and mo := 0 (in particular, m; = m).

We will frequently use the homogeneous (pseudo-)norm | - || on G defined in this way:
if £ = exp(Y1 +---+Y;) for Y; € g;, then

lz = 15117,
j=1

Clearly one has ||0x(z)]] = Aljz| for any z € G,A > 0. Homogeneous pseudo-norms
arising from different choices of the scalar product (-,-) on G are equivalent.

The group G is endowed with the Carnot-Carathéodory (CC) distance d induced by
the family X;,..., X,,, as we now introduce. Given an interval I C R, a Lipschitz curve
v : I — G is said to be horizontal if there exist functions hy, ..., hy, € L (I) such that
for a.e. t € I we have

A(t) =D hi(t) X (y(t)). (2.1)
Letting || := (h3 + ... + h2)'/2, the length of  is defined as

L) = [ In(o) dr.
I

It is well-known that for any pair of points z,y € G there exists a horizontal curve joining
x to y. We can therefore define a distance function d letting

d(z,y) :=inf {L(y) : 7 : [0,T] — M horizontal with v(0) =  and v(T) = y}.

It is also well-known that, for any pair x,y € G, there exists a geodesic joining x and y,
i.e., a horizontal curve v realizing the infimum in the previous formula. Notice that

d(zz,zy) = d(x,y) and d(ox(x),0x(y)) = Md(2,y)  Va,y,2€ GA>0

and that d(z,y) is equivalent to ||z~ 1y]|.

Please cite this article in press as: S. Don et al., Rank-one theorem and subgraphs of BV functions in
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We denote by B(z,r) open balls of center x € G and radius r > 0 with respect to the
CC distance; we also write B, instead of B(0,r), so that B(x,r) = xB,. The diameter
diam E of E C G and the distance d(E, E2) between E;, Es C G is understood with
respect to the CC distance.

As customary, for £ C G,d > 0 and d > 0 we set

HL(E) := inf {Z(diam E)':EC U E;, diam E; < 5}
i=1 i=1

SY(E) := inf {Z(diam B;)*: B; are open balls, E C U B;, diam B; < 5}
i=1 i=1

and we define the d-dimensional Hausdorff measure and d-dimensional spherical Haus-
dorff measure of E respectively as

HYE) := lim H(E) = sup HL(E)

540 §>0
SYUE) :=1lim S¢(E) = sup SY(E).
540 6>0

The Hausdorff dimension of E is inf{d : H4(E) = 0} = sup{d : HY(E) = oo}. It is
well-known that the metric space (G, d) has Hausdorff dimension @ := 22:1 j dim g,
and that, in exponential coordinates and up to multiplicative constants, the measures
H?, 89 and .£™ coincide, all of them being Haar measures on G.

3. Intrinsic regular hypersurfaces in Carnot groups

We say that a continuous real function f on an open set Q C G is of class Ck
if its horizontal derivatives Xif,..., X;nf are continuous in €. In this case we write
f€CL(Q) and we set Vi f = (X1f,..., X f).

A set S C G is a C}; hypersurface if for any x € S there exist an open neighborhood
U of z and f € C}(U) such that

SNU={yeU: f(y)y=0} and Vgf#0onU.

In this case, we define the horizontal normal to z as vg(x) = % € R™. The
normal vg(z) = ((vs(x))1, ..., (rs(x))m) is defined up to sign and it can be canonically

identified with a horizontal vector at = by

vs(x) = (vs(2)1 X1 (2) + - - + (Vs (2))m Xom (2).

Please cite this article in press as: S. Don et al., Rank-one theorem and subgraphs of BV functions in
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A C} hypersurface has locally finite H?~!-measure, see e.g. [30] and the references
therein.!

The hyperplane vg(x)* in g is a Lie subalgebra. The associated subgroup 7,5 :=
exp(vs(z)*)
that

is called tangent subgroup to S at x: we point out the well-known property

Ve >0 37 =#(z,e) >0 such that Vr € (0,7) (z7'S)N B, C (T,8)er N By, (3.2)

where for E C G and § > 0 we denote by Es the d-neighborhood of E. A proof of (3.2),
using the fact that in exponential coordinates 7,5 = {({,7) e R* = R™ x R"™™ . ¢ L
vg(z)}, is implicitly contained in the proof of Lemma A.4. Notice also that

T.S=exp({X €g1: Xf(x)=0}Dga- - Dgs);

in particular, while vg(x) depends on the scalar product (-,-) on g, the subgroup 7,5 is
intrinsic.

The tangent group T,.S is a vertical plane of codimension 1 (or vertical hyperplane),
where we say that W C G is a wertical plane of codimension k,1 < k < m, if W =
exp(to @ go @ -+ @ gs) for some linear subspace w of g; of codimension k (possibly
w = {0}). Such a W is a homogeneous normal subgroup of G of topological dimension
n — k and Hausdorfl dimension ) — k. The intersection of vertical planes is always a
vertical plane (of possibly higher codimension).

The following simple lemma will be used in the proof of Lemma 3.2.

Lemma 3.1. Let W C G be a wvertical plane of codimension k and let x € W, r > 0
and € € (0,1) be fized. Then, the set W N B(x,r) can be covered by a family of balls
{B(ye,er) }oer of radius er with cardinality #L < (4/¢)?7F.

Proof. By dilation and translation invariance, it is not restrictive to assume that x =0
and r = 1. Let {ys}eer be a maximal family of points of WN B(0, 1) such that the balls
B(ye,e/2) are pairwise disjoint; working by contradiction, it can be easily seen that the
family {B(ye,e)}eer covers W N B(0,1). The measure H?* is locally finite on W (see
e.g. [21,23,24]), is left-invariant and it is (Q — k)-homogeneous with respect to dilations.
In particular, setting M := HP~*(W N B(0,1)), we have

(E)Q*k M #L = ZHQ_k(Wﬂ B(ye,€/2)) < rHQ—k(Wm B(O72)) _ QQ_kM,

2
leL

which proves the claim. O

L Actually, this also follows from Theorem 1.4 with k = 1.

Please cite this article in press as: S. Don et al., Rank-one theorem and subgraphs of BV functions in
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A key tool in the proof of the rank-one Theorem 1.1 is the following Lemma 3.2 which,
in turn, uses Theorem 1.4, whose proof is instead postponed to Appendix A. We denote
by 7 : G x R — G the canonical projection 7(z,t) = .

Lemma 3.2. Let G be a Carnot group satisfying property €». Let X1, %9 be Cy; hypersur-
faces in G x R with unit normals vs,,vs,. Then, the set

m(q) = 7(p),
R:= {p€X;:3q€ Xy such that (vs,(p))mir = s,(0)pyq =0,
L (p) # tus, (q)

is HYP-negligible.

Proof. Let us consider the distances dgxr and dgxrxr on (respectively) G x R and
G x R x R defined by

dexr((x,t), (', t") == d(z,z") + |t — '] Vaz,2' € G,t,t' €R

deoxrxr((7,t,8), (', t',8") :=d(x,2") + |t —t'| + |s — & Va,2' € G, t,t',s,s €R,
where d is the Carnot—Carathéodory distance on G. Such distances are left-invariant and
homogeneous, hence they are equivalent to the Carnot—Carathéodory distances on G x R
and G x R x R; in particular, it is enough to prove the statement when the Hausdorff
measure H? is the one induced by dgxr on G x R. We use the same notation B(a,r)
for balls of radius r > 0 in either G,G x R or G x R x R, according to which group the

center a belongs to.
The sets

= {(z,t,s) eG xR xR: (z,t) € £1,5 € R}
Sy = {(z,t,5) € GXR xR : (,5) € Byt € R}

are clearly C} hypersurfaces in G x R x R and, moreover,

Vs, (:L‘, i, S) = ((VZ1 (CC, t))h RER) (Vzh (SE, t))ﬂu (VE1 (377 t))m+1ﬂ 0 )
V§2 ($7t7 S) = ((VZ2 (SC, S))lﬂ ceey (V22 (33’, 5))ma 0, (VEQ (:L‘, 5))m+1)~
Let us define
R:={PeZiN%s: (Vg (P))ms1 = (V5,(P))mi2 = 0 and vy (P) # £vg (P)}

={(z,t,5) €21 NSy : (s, (@,8))msr = (v, (2,8))mi1 =0
and vy, (z,t) # £vs,(z, s)}.

Please cite this article in press as: S. Don et al., Rank-one theorem and subgraphs of BV functions in
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By construction we have 7(R) = R, where 7 : G x R x R = G x R is the group
homomorphism defined by 7(x,t,s) := (z,t); moreover the measure HOL R is o-finite
by Theorem 1.4 (notice that we are also using Lemma 2.6). We are going to show that
HO(7(T)) = 0 for any fixed T C R such that S?(T) < oo; this is clearly enough to
conclude.

For any P € T and i = 1,2, the tangent space Tpii equals W; x R x R for a suitable
vertical hyperplane W; of G. In particular, setting W = W(P) := Wy N Wy, we have by
(3.2) that for any P € T and any ¢ € (0,1) there exists 7 = 7(¢, P) > 0 such that

(P7'T)Nn B(0,r) C (W x R x R).,. N B(0,r)

(3.3)
= (Ws x RxR)N B(0,r) for any r € (0, 7).

Notice also that W is a vertical plane of codimension 2 in G. Let € > 0 be fixed and set
Tj::{PET:F(e,P)Z%}, j=1,2,...
Since T} 1T, the proof will be accomplished by showing that for any fixed j
HO(R(T})) < Ce, (3.4)

where C' > 0 is a constant that will be determined in the sequel.
Let us prove (3.4). Fix ¢ € (0, %), since HY(T;) < HO(T) < +oo, one can find a
(countable or finite) family {B(P;,r;/2)}; of balls in G x R x R such that 0 < r; < §,
Ty c|JB(P,ri/2)  and Y (ri/2)9 <) (diam B(P;,r;/2))? < €4

i i i

where Cy = H?(T) + 1. We can also assume that 7} N B(P;,r;/2) is non-empty for
any ¢. Choosing P; € T;NB(P;,r;/2), for any ¢ the balls B(P;, r;) have then the following
properties:

PeTl;, 0<r<d, 1T;C UB(Pi,Ti) and Zr? <290, (3.5)

K2

Setting W, := W(F;), by (3.3) we have

(P7T) N B(0,7;) € (W), x R x R) N B(0,7;)

(3.6)
= ((Wz)em M B(O,?"Z)) X (—7’1'77“1') X (—7‘1','/’2').
By Lemma 3.1, for any ¢ we can find a family of balls {B(y;.¢,e7;) }eer, such that

VeeL;yie€W;, #L;< (8/{-:)Q*2 and W, N B(0,2r;) C U B(yie,ers).
LeL,
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In particular

(Wi)em N B(Oari) - (Wi N B(O, ri + ETi))ari - U B(yi,éa 257"1’)' (3'7)
Lel;

Let us also fix points {7 }xex, C (—7;,7;) such that #K; < 27! and

(77’2',7"1') C U (Tk — 267'1', Tk + 287’1') (38)
keK,

By (3.6), (3.7) and (3.8) we get

(P7'T;) N B(0,7;) C U B(Yi e, 2er;) x (1 — 2eri, T, + 2e7;) X (T, — 2673, T + 2675).

LeL;
k,heK;

For any £ € L; and k,h,h' € K; one has

N

(B(yi,e, 2e73) X (1o — 2er5, T3, 4 2e13) X (13, — 273, T + 267;))
=T (B(yie, 2e73) x (7o — 2er, T + 2e73) X (T — 2675, Ty + 2675))

B(yi e, 2er;) X (15 — 21, T + 2€74)
- B((yi,E,Tk),4€Ti)

which, using (3.5), implies that
Tj C UN T ﬂB(H,T’i))

C U U B(yie, 2er;) x (6 — 2eri, T + 2e7;) X (T4 — 273, T, + 2675)))
i leL;
k,heK;

C U U B((yi e, i), 4er;)

i LeL,
kEKi

=J U Bwie,4er:)

i (€L,
keK;

where pig = 7T(P;)(yie, T) € G x R. Using again (3.5) we obtain that

H456 Z#L #K; (8er;) Q@ <5ZQ6Q 5 Q <27Q-50 ¢

which, by the arbitrariness of § € (0, 7). gives the claim (3.4). O
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4. Functions with bounded H-variation and subgraphs

Let X = (X4,...,X,,) be an m-tuple of linearly independent vector fields in R™; for
i=1,...,mand j =1,...,n we consider smooth functions a;; such that

Xl(.’E) = Z (%] ({E)amj .

The model case is of course that of a Carnot group G = R" endowed with a left-invariant
basis Xi,...,X,, of the first layer g; in the Lie algebra stratification; in the present
section, however, we work in higher generality.

One of the main purposes of this paper is the study of functions with bounded
H-variation ([6,13]), that we are going to introduce only very briefly. In this section,
) is an open subset of R™ and, given ¢ € C'(Q,R™), we let divxp := > ;- X7 ¢; where
X7} denotes the formal adjoint operator of the vector field X;. Given a R™-valued func-
tion f on 2 and a R™-valued measure p on €2 we use the compact notation fQ f-dup for

the sum [, f1dpy + -+ + [ fm diim.

Definition 4.1. We say that u € L} () is a function of locally bounded H -variation in €,

loc
and we write u € BV 10c(€2), if there exists a vector valued Radon measure Dyu =

(Dx,u,...,Dx, u) with locally finite total variation such that for every p € C(Q;R™)
we have

/(p-dDHu: —/udivxgpdiﬂ". (4.9)
Q Q

Moreover, if u € L1(2), we say that u has bounded H-variation in Q (u € BVg(Q)) if
Dpu has finite total variation |Dgu| on Q.

We say that E C € has finite H-perimeter in Q if its characteristic function xg
belongs to BV ().

We recall that the total variation |u| of a Ré-valued measure pu = (p1,...,uq) is
defined for Borel sets B as

o0
|| (B) :=sup {Z |(Be)| : (Bg)e disjoint Borel subsets of B}
=1

=sup /<p dp: @:B — R Borel function, |p| <1
B

If A€ Qisopenand u € BV 0.(£2), one can easily prove that
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|Dyu|(A) = sup /u divy pd L™ : p € CCI(A;R’”), lp] <13
A

actually, u € BV (A) if and only if the supremum on the right-hand side is finite. The

total variation is lower-semicontinuous with respect to the Llloc convergence; moreover

(see [16,13]), for any u € BV () there exists a sequence (uy)p in C°(2) N BVy(Q)
such that

up — u in L*(Q)

[Drun|(€) = |Dru|(€)

[Dx,un|(Q) = [Dx,u|() Vi=1,....,m

|(Drup, £7)|(Q) = |(Dru, Z7)|().

(4.10)

The aim of this section is the study of the relations occurring between a function
u € BV (Q) and its subgraph

E,={(z,t) eQxR:t<ulx)} C QxR
We introduce the family X = ()21, ... 7)?m+1) of linearly independent vector fields in
R+ defined for (z,t) € R x R by

Xi(z,t) = (X;(2),0) eR*™ =R*" xR ifi=1,...,m

Xm+1((E, t) = 3t.

If U ¢ R**! is open and u € BV 10c(U) with respect to the family X we write Dgu =
(D)N(lu, ey D)?m+1u)'

The following result is the natural generalization of some classical facts about Eu-
clidean functions of bounded variation, see e.g. [17, Section 4.1.5]. We denote by
7 : R""1 — R"™ the canonical projection m(x,t) = z; mx denotes the associated push-
forward of measures.

Theorem 4.2. Suppose Q is bounded in R™ and let u € L*(Q). Then u belongs to BV (Q)
if and only if its subgraph E, has finite H-perimeter (with respect to the family )N() n
Q x R.

Moreover, writing D%XE“ = (D)TIXEM ceey D;?"LXEu): then the following statements
hold:

(i) m4D% xE, = Dx,u for anyi=1,...,m;
(ii) m74O0ixE, = —2Z";

(iii) m4|Dx xe,| = |Dx,u| for anyi=1,...,m;
)

(iv) mulOxe,| = 2"
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(v) 7| Dgxe,| = |Drul;
(vi) m4|Dgxe,| = (Dau, —£L™)].

Proof. Suppose first that xg, € BVy(Q x R) with respect to the family X. We need
to fix a sequence (gp)p in C°(R) such that gy, is even, g, = 1 on [0,h], g, = 0 on
[h+1,+00) and [, gn(t)dt = 2h + 1. Let ¢ € CH(Q,R™) with |p| < 1 be fixed. By the
Dominated Convergence Theorem we have

[ e apxe )@t = tim [ gu@e@) - dDjxe,) a0

h—+o0
QxR QxR
=— lim [ xp, (2 O)gn(t)divy p(2)d L™ (x,1)
h—-+o0o
QxR
=— lim / gr(t)dt | divx p(z)dZL" (x).
h—+o00
Q —00
For every z € R and every h € N we have
/Z (t)dt < |z|+h+ E and  lim /Z (t)dt — h — 1 =z
In - 2 h=s+o00 In 2| 7

using the fact that [, divy ¢(x)d£"(x) = 0, by the Dominated Convergence Theorem
we obtain

/ o(x) -d(D;?XEu)(x,t) =— hgrfoo / gn(t)dt —h — % divx p(z)d.L" (z)
QxR Q —00
= f/u(x)divxap(:c)df”(x) (4.11)
Q

=/wmdwmmm

Q
In particular, u € BVy(Q2) and, for any open set A C €,

|Dru|(4) < |Dyxe, |(Ax R)

4.12
|Dx,ul(A) < |Dg xe,|(AxR) foranyi=1,...,m. 412

Before passing to the reverse implication we observe two facts. First, for any ¢ € C1(Q)
one has
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/ o(@)d (Brxe.) () = lim / o(@)gn (D) Oy, ) (.1)

h—4o0
QxR QxR
—— Jim [ el Oxe, (o.0dL" a0
h—+o0
QxR
=— lim /cp(x) /g;l(t)dt d<L" (x) (4.13)
h—+o00
Q — 00

—— lim [ p(a)gn(u(z)d2" (z)
Q

:—/tpd.,f”

Q

whence, for any open set A C €,
ZL"(A) < |0ixe, |(A X R). (4.14)

Second, if ¢ € C1(Q,R™*!) one has by (4.11) and (4.13)

/ o(x) - d(Dgxm, ) (1) = / o(z) - d(Dyru, — 2" (z)

QxR Q

which gives for any open set A C §2
|(Dru, —£")|(A) < |[Dgxe,|(A X R). (4.15)

Suppose now that u € BVg(Q). Let A C Q be open and let ¢ € C!(A x R) and
i =1,...,m be fixed. Let (up)n be a sequence in C°(A) N BVy(A) satisfying (4.10)
(with A in place of Q); then

/ v d(Dx xE.,)

AxXR
_ / X, (@) X, )AL (2, 1)
AxXR

up () "

= _/ / Zaxj (Clij($)<,0($,t))dt AL (x) (4.16)

A “oo I=1
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un () n
_ / Za% / ai5 (2)p(, )t — 3 iy ()0, un (1)) 0o un () | AL ()
“co J=1

= / x,up(x)) Xup(2)d L (),
A

where we used the fact that x — a;;(z) ffh(z) o(z,t)dt is in CL(A). In a similar way

oo

/ gpd(atXE / / Opo(x, t)dt | dL"(x)
AXR (4.17)
— - [eem@)iz" @)
A

Formulas (4.16) and (4.17) imply that for any ¢ € C}(A x R,R™T1)

/ o-d(Dyxi,,) = / (. un(z)) - d(Dygun, —L")(x).

AXR A

Since xg,, — Xk, in L'(A x R) we obtain

|D XE, |(A X R) <hm1nf|DHXEu [(A x R) ghlirf [(Drup, —2Z")|(A)
— 400

(4.18)
=[(Dpu, =£")|(A) < 400,

which proves that xg, € BV3(Q x R), as desired. Notice that, using the lower semicon-
tinuity in a similar way, one also gets

[Dgxe /(A X R) < [Dgu|(4)
(AxR) <

D5 XE. (A) foranyi=1,...,m (4.19)

|0ixE, |(AXR) < Z"(A) < +00.

Eventually, statements (i) and (ii) follow from (4.11) and (4.13), while statements
(iii)—(vi) are consequences of formulas (4.12), (4.14), (4.15), (4.18) and (4.19). O

Let us introduce some further notation. For u € BV 10.(Q2) we decompose its dis-
tributional horizontal derivatives as Dyu = D%u + D%u, where D%u is absolutely
continuous with respect to £ and D% wu is singular with respect to .Z". We also write
D$u = Xu.Z™ for some function Xu € L}, (Q,R™).

We also consider the polar decomposition Dyu = o,|Dyul, where o, : Q@ — S™71
is a |Dpyul-measurable function. In case u = xg is the characteristic function of a set
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E C Q xR of locally finite fI—perimeter in Q@ xR we write Dgzxr = ve|DzXxE| for some
Borel function vg = ((Vg)1, ..., (VE)m+1) called horizontal inner normal to E.
The following result is basically a consequence of Theorem 4.2.

Theorem 4.3. Let u € BV () and define

(z,t) € A xR: (vg, )m+1(z,t) =0}
(J?,t) cOQxR: (I/Eu)m+1(x,t) 7& O} .

Then, the following identities hold

ve,(x,t) = (0u(x),0) for |[Dgxe,|-a.e (x,t) € S; (4.20)
Xu(z), -1

vg,(z,t) = % for |Dzxgp,|-a.e. (z,t) € T; (4.21)

T4 (Dgxe, - S5) = (Dyu,0); (4.22)

74 (Dgxe, LT) = (Dfu, —<L™). (4.23)

Proof. Thanks to Theorem 4.2 (vi) we can disintegrate the measure [Dzxg,| with re-
spect to [(Dpu, —ZL™)| (see e.g. [3, Theorem 2.28]): for every z € Q) there exists a
probability measure i, on R such that for every Borel function g € L'(Q xR, |Dgxg,|)

/ 9z, 0)dlDyyp, (2, 1) = / / o, Odps (1) | d(Dru, —2)|(2).

QxR Q R
It follows that for any Borel function ¢ : Q@ — R

/ o(@)d(Dpgu, —L")(x) = / o(@)dmp (v, | Daxp.|) ()

Q Q

— [ elae. 0Dk, 1)

QxR

(4.24)

- / (@) / v, ()b () | d(Dyrus, — 2™ (2).

Q R

Since D%u and Dfu are mutually singular we have

|(Dru, =2")| = [(Diru, =Z")| + [(Du, 0)| = V1 + |Xu[2Z" + [ Diyul

and (4.24) gives
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/ o d((Xu,~1).2" + (0,,0) Dy (4.95)
Q

= [e@) | [ ve. @ tduate) | d (VIFTXaPL" 4 1Djul) (2). (420

Q R

Denote by I a subset of €2 such that £™(I) = 0 and |D%;u|(Q2\ I) = 0. Considering Borel
test functions ¢ such that ¢ =0 in Q\ I, we deduce that for |[D§;ul-a.e. € I one has

(ou(2),0) = /VEu(z,t)dux(t).
R

Taking on both sides the scalar product with (o, (x),0) we get

<(0u(x),0),/VEu(év,t)dux(t)> =1,

R

and, since p;(R) =1 and (for |(Dgu, —Z")|-a.e. x € Q) |vg, (z,t)| = 1 for ps-a.e. t, we
deduce that

ve,(z,t) = (ou(2),0) for |Dj;ul-a.e. € T and p,-a.e. t € R,
ie.,
vp,(z,t) = (ou(z),0) for |DzxE,|-ae. (z,t) € I xR. (4.27)

Taking into account again (4.25) and letting ¢ be such that ¢ = 0 on I we instead
obtain

/ \/m\/lﬂXusz"

_ / o) / Ve (@ )dis(t) | 1+ [ Xu(@)PdL™ (x)

Q R

Consequently, for £"-a.e. x € Q\ I we have

(Xu(zr),—1)

R

Reasoning as before we deduce that
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X -1
ve,(z,t) = _(Xulz),-1) for £"-a.e. x € Q\ I and py-ae. t € R,

V14 [ Xu(z)?
or equivalently

vg, (z,t) = _(Xu(@), —1) for |DzxEe,l-a.e. (z,t) € (Q\ 1) x R. (4.28)

VI [Xu(z)?

Formula (4.27) implies that |Dzxg,|-a.e. (2,t) € I x R belongs to S and that
|D#xE,|-ae. (z,t) € T belongs to (2 \ I) x R. Similarly, (4.28) says that |Dzxg,|-a.e.
(w,t) € (2\I) xR belongs to T' and that | Dzxg,|-a.e. (z,t) € S belongs to I x R. Since
S and T are disjoint, this is enough to conclude (4.20) and (4.21). Statement (4.22) now
easily follows because

me(Digxe, L 8) = 7 (ve, | Djpxe, LU x B)) = (0,,0)|(Dar, —2™)| LT = (Djyu, 0).
Similarly, one has

4 (Dgxe,LT) =ry(ve, | Dgxe, |L(Q\ I) x R))

_ XD D, — M L@\ 1) = (Xu, ~1).2",

VIt XuP?

which gives (4.23). O
5. The rank-one theorem for BV functions in Carnot groups

We now use the results of the previous section in the setting of a Carnot group G. We
utilize the notation of Section 2; in particular, we identify G = R™ by exponential coordi-
nates and a left-invariant basis X7, ..., X, of gy is fixed. The vector fields )?1, . ,)?m_H
on G x R are defined as in the previous section; notice that they form a basis of the first
layer of the Lie algebra of G x R. The homogeneous dimension of G x R is @ + 1.

A set R C G is H-rectifiable if H?~(R) < oo and there exists a (finite or countable)
family (¥;); of C} hypersurfaces in G such that

Ho (R J:) =0,
We define the horizontal normal vg to R as

VR(I) =y, (I) ifzre RNY; \ Uj<i2j-

The normal vg is well-defined (up to sign) H¢ '-a.e. on R.?

2 The key property to prove this assertion is that the set of points where two Cll—l hypersurfaces intersect

transversally is HQ_l—ncgligiblc: this fact holds true in any equiregular Carnot—Carathéodory space, see
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Definition 5.1. We say that a Carnot group G satisfies property Z if the following holds.
For any bounded open set Q C G and any u € BV (), the distributional X-derivatives
D xE, of the characteristic function of the subgraph E, of u can be represented as

Dyxp, = Voy8,05° L0} E, (5.29)

for some H-rectifiable set 9% E, in Q x R and some positive density § € L' (9% E,,S?).
We call 0}, E,, the H-reduced boundary of E,,.

Notice that, in Definition 5.1, the measure Dz x g, has finite total variation by The-
orem 4.2.

Remark 5.2. In view of Theorem 1.3, for the validity of property # in G it is enough that
a rectifiability theorem holds for sets with finite H-perimeter in G x R; namely, it suffices
that any set £/ with finite H-perimeter in G x R satisfies Dyxr = y@;IEQSQ Loy E for
some H-rectifiable set 07 F and some positive density 8 € L' (9% E,S%). We conjecture
that this, in turn, is equivalent to the validity of a rectifiability theorem for sets with
finite H-perimeter in G; in particular, we conjecture that property & is equivalent to
the rectifiability theorem in G.

Remark 5.3. If G is a Carnot group of step 2, then G satisfies property Z: this follows
from the fact that G xR is also a step 2 Carnot group and that the rectifiability theorem
holds in any step 2 Carnot group, see [15].

Remark 5.4. If (5.29) holds, then
|Dixp,| =0S°LO;E, and vg, = Vox E., S%a.e. on O E,.

Proof of Theorem 1.1. Without loss of generality one can assume that v = (uq,...,uq) €
BVH(Q,Rd). It is not restrictive to assume that 2 is bounded. For any ¢ = 1,...,d we
write D$;u; = 0;|D3yu;| for a |D$;u;|-measurable map o; : Q — S™~1: notice that, using
the notation of Section 4, the equality o; = o, holds | D*u;|-almost everywhere. We also
let E; = {(x,t) € QxR : t < u;(x)} be the subgraph of u;, that has finite H-perimeter
in © x R by Theorem 4.2. Denoting by 0, E; the H-reduced boundary of E; and writing
v; = vg, for the measure theoretic inner normal to E;, we have by Theorem 4.3 and
Remark 5.4 that

|D3yui| = 74(0;S9LS;)  for some positive 6; € L* (93 E;, S9),

e.g. [10]. Actually, in view of Theorem 1.1 we could restrict to the setting of Carnot groups satisfying
property %», where the claim follows from Theorem 1.4.
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where S; = {p € 05 E; : (vi(p)),,.1 =0} and 74 denotes push-forward of measures
through the projection 7 defined by G x R 3 (z,t) — x € G. By rectifiability, we can
assume that 97, F; is contained in the union UyenX) of C'}; hypersurfaces ¥j in G x R.

Using Theorem 4.3, Remark 5.4 and Lemma 3.2 the following properties hold for
SP-ae. pe S U---USy:

if p € S;, then v;(p) = (0i(n(p)), 0) (5.30)
if p € %}, then v;(p) = +vy; (p) (5.31)
ifpe X, and 3g€ S; N Zi N7~ (x(p)), then vsi(p) = trgy (q). (5.32)

Up to modifying each S; on a S®-negligible set and each ¢; on a | D3;u;|-negligible set,
we can assume that (5.30), (5.31) and (5.32) hold for any p € S;U---U Sy and that, for
anyi=1,...,d, 0, =0on Q\ 7(S;).

Since D$;u = (01|D3u1l, ..., 04|Djuql) and |D3ul is concentrated on 7w(S1) U --- U
m(Sq), it is enough to prove that the matrix-valued function (o1, ...,04) has rank 1 on
m(S1) U-+-Um(Sy). This follows if we prove that the implication

ivj S {13 .. 5d}5 7’7&‘77 HANS ,/T(SZ) - O'j(CE) € {Oaai(‘r)vfo—i(x)}

holds. If 4, j, z are as above and z ¢ 7(S;), then ¢;(z) = 0. Otherwise, x € 7(S;) N7 (S;),
i.e., there exist p € S; and £ € N such that m(p) = 2 and oi(z) = +vy;(p) and there
exist ¢ € S; and k € N such that 7(q) = 2 and o,(z) = Frgs (p). By (5.32) we obtain
oj(z) = £o;(x), as wished. O

Remark 5.5. As an easy consequence of Remark 2.4 and Remark 5.3, Theorem 1.1 holds
for the Heisenberg group H" provided n > 2. This result does not directly follow from [9],
as we now briefly explain using the notation of Example 2.1 and restricting for simplicity
to n = 2, the general case n > 2 being a straightforward generalization.

Let u € BVg(Q,R™) for some open set Q C H2. It can be easily seen that the matrix-
valued measure (1, o, ts, pa) := Dyu = (Xju, Xou, Y1u, You) satisfies the equations

Xipo — Xopn
Yips — Yous

A= | Xipa — You =0
Yips — Xous

Xqps —Yipur + Yous — Xopy

in the sense of distributions. Write the first-order differential operator & (the horizontal
curl in H?, see [5, Example 3.12]) in the form

o = A0y, + A20,, + A30y, + A40y, + A50;
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for suitable A; = A;(x,y,t) and consider the wave cone Ay (z,y,t) (see [9]) associated
with o

5
A (z,y,t) = U ker Ay . (€), where A,y +(£) 1= 2mi Z Aj(z,y,t)E;.
£€R3\{0} j=1

One can readily check that

Apy (&) =0 for &:= (% -2,1) e R*\ {0},

i.e., the wave cone A (x,y,t) is the full space for any (x,y,t) € H2. In particular, [9,
Theorem 1.1] gives no information on the polar decomposition of D3 u.

Remark 5.6. The rank-one property for BV functions in the first Heisenberg group re-
mains a very interesting open question, since it does not follow either from Theorem 1.1
(because property %5 fails for H') or from [9, Theorem 1.1], as we now explain.

Let u € BVy(2,R™) for some open set  C H'; we use again the notation of Ex-
ample 2.1 and we set p = (z,y,t) € H' = R3. One can check that (u1,u2) := Dgu =
(Xu,Yu) satisfies

oA YXpur —2XYpu1 + XXpuo —0
S\ YYu - 2YX o + XY o, |

in the sense of distributions. Now &/ (the horizontal curl in H!, see [5, Example 3.11])
is a second-order differential operator that one can write as

o= Y Ao,

lor|=2

where o € N? is a multi-index and 9 = 010,20, . As before, one can define the wave
cone

Aw(p)= J kerAy(¢),  where Ay(¢) = (2mi)* > Aa(p)&™.

£er?\{0} lor|=2

Again, one has

Ay(&)=0  for&:=(%,-%,1) e R*\ {0}

and the wave cone A (z,y,t) is the full space.
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Appendix A. Intersection of regular hypersurfaces vs. intrinsic Lipschitz graphs
A.1. Intrinsic Lipschitz graphs

We follow [12]. Let W, H be homogeneous (i.e., invariant under dilations) complemen-
tary subgroups of G, i.e., such that WNH = {0} and G = WH. In particular, for any
x € G there exist unique xw € W and 2y € H such that z = zway. Recall (see e.g. [12,
Remark 2.3]) that any homogeneous subgroup W is stratified, that is, its Lie algebra
is a subalgebra of g and to = v @ - -+ @ g where w; = w N g;. Moreover, the metric
(Hausdorff) dimension of W is Qw := >, ;¢ dimw,.

The intrinsic graph of a function ¢ : W — H is defined by

gr ¢ == {we(w) : w e W}.
We introduce the homogeneous cones Cy m(z, ) of center 2 € G and aperture a > 0 as
Cwu(z,a) := 2Cwu(0,«) where Cwpu(0,a):={yeG: |zw| < a|zml|}

Definition A.1. A function ¢ : W — H is intrinsic Lipschitz if there exists a > 0 such
that

Vaoegre¢ gr ¢ N Cwu(z,a) = {z}.

We say that S C G is an intrinsic Lipschitz graph if there exists an intrinsic Lipschitz
map ¢ : W — H such that § = gr ¢.

Remark A.2. We will later use the following equivalent definition of intrinsic Lipschitz
continuity: ¢ : W — H is intrinsic Lipschitz if and only if there exists 8 > 0 such that

Veegro  gronD(x,H,pB)={z}
where the homogeneous cone D(z,H, ) is defined by

D(x,H, 8) := «D(H,3) and D(H,B):= (] B(h,Bd(h,0)).
heH

Indeed, it is enough to observe that, for any a > 0 and 8 > 0, there exist S, > 0 and
ag > 0 such that

Cwmu(z,a) D D(H,B,) and D(H,S) D Cwulx,ag).

This, in turn, is a consequence of a homogeneity argument based on the following fact:
it S:={xeG:|z|| =1} and
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Ao = SNint(Cya(z,a),  Bg:=SNint(D(H,B)),

then {Ay}aso0 and {Bg}p>o are monotone families of (relatively) open subsets of S such
that the intersection

(1A4a=(]Bs=HNS

a>0 £>0

is a compact set.
The following result will be used in the proof of Theorem 1.4.

Theorem A.3 ([12, Theorem 3.9]). Let W, H be homogeneous complementary subgroups
of G, let ¢ : W — H be intrinsic Lipschitz and let o > 0 be as in Definition A.1. Then
there exists a positive C = C(W,H, o) such that

1
ET‘QW < HO (gr ¢ N B(x,r)) < Crdv Vacgro,r>0.
A.2. Transversal intersections of Cl; hypersurfaces are intrinsic Lipschitz graphs

The aim of this section is proving Theorem A.5, due to V. Magnani [22], for which
we need the preparatory Lemma A.4. Actually, its use could be avoided by utilizing a
local version of Theorem A.3 which, even though not explicitly stated there, would easily
follow adapting the techniques of [12]. We note however that Lemma A.4, and (A.33) in
particular, provides also a proof of (3.2).

Lemma A.4. Let Q C G be open, f € CL(Q), T € Q and let A := Vyf(z). Then, for
any € > 0 there exist an open set U C Q with & € U and a function g € CH(G) such
that

(i) g=f onU;
(ii) |Vugg— Al <e on G.

Proof. Without loss of generality we can assume that & = 0. We preliminarily fix a
smooth function x : G — [0,1] such that x =1 on By and x = 0 on G\ Bs. For any
r > 0, the functions x, := x o d,/, satisfy

¢

0<x,<1, x=1lonB,, x=00onG\ By, [Vux, <
T

for some positive C' independent of 7.

Let € > 0 be fixed. We fix r > 0 such that |Vgf — A| < € on Bsy,.. With this choice,
setting A(z) := A1z1 + -+ - + Ay, (Where z is represented in exponential coordinates)
we prove that

Please cite this article in press as: S. Don et al., Rank-one theorem and subgraphs of BV functions in
Carnot groups, J. Funct. Anal. (2018), https://doi.org/10.1016/].jfa.2018.09.016




YJFAN:8113

26 S. Don et al. / Journal of Functional Analysis s (sses) esse—see

|f(z) — A(z)] < 2er for any z € Ba,. (A.33)

Indeed, for any = € Bs, there exists a horizontal curve v : [0,1] — G such that v(0) = 0,
(1) =« and L(v) < 2r. By definition, there exists h € L>°([0, 1], R™) such that

$(t) =D hi(t)Xi(y(t)) forae. t€[0,1].
i=1
Moreover, for any ¢ = 1,...,m we have fol h; = x;, because in exponential coordinates

one has X;(x) = 0z, + Dy ,p1 @it0z, (see e.g. [29]). It follows that

m

5@ =A@ =| [ S m X560~ [ 3 Ams(o)ds

=1

< / )] [V f(4(8)) — Alldt
0

<2er.
We now define g := x,f + (1 — x»)A; statement (i) is readily checked, while for (ii)

Vg —Al=X+Vaf+ 1 =x)A+ (f = NVux, — A
< Xr'va - A| + |f - /\HVHXT|
<e+2CEe.

The proof is then accomplished. 0O

We can now prove the main result of this section. Since property %1 holds in any
Carnot group, when k& = 1 Theorem A.5 states in particular that hypersurfaces of class
C} in a Carnot group G are locally intrinsic Lipschitz graphs of codimension 1.

Theorem A.5 ([22, Theorem 1.4]). Let G be a Carnot group of rank m and let %1, ..., g,
k < m, be hypersurfaces of class Ck; with horizontal normals vy, ... ,vg; let x € ¥ 1= 31N
Ny be such that v1(x),. .., vk(x) are linearly independent. Consider the vertical plane
W:=T,31N---NT, Xk of codimension k and assume that there exists a complementary
homogeneous horizontal subgroup H such that G = WH. Then, there exists an open
neighborhood U of x and an intrinsic Lipschitz ¢ - W — H such that

YXNU=gronU.

Proof. We work in exponential coordinates associated with an adapted basis X5, ..., X,
of g such that
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H = exp(span {X1,...,X%}), W = exp((span {Xy11,...,Xs}) P ga D+ D gs).

By definition we can find an open neighborhood U of z and f = (fi,..., fx) € C5(U,R¥)
such that XNU = {z € U : f(z) = 0} N U and the m x k matrix-valued function
Vg f has rank k in U. Actually, by our choice of the basis the k& x k& minor M :=
(X1f(x),..., Xk f(x)) has rank k.

Let € be a positive number, to be fixed later and only depending on M. By
Lemma A.4, possibly restricting U we can assume that f is defined on the whole G,
that f € CL(G,R*) and |V f — Vg f(z)| < & in particular,

(X1f,..., Xkf)—M|<e onG.

It is enough to prove that the level set R := {z € G : f(z) = 0} is an intrinsic Lipschitz
graph. We divide the proof of this claim into two steps.

Step 1: R is the intrinsic graph of some ¢ : W — H. It is enough to show that, for
any w € W, there exists a unique h € H such that f(wh) = 0; in particular, this allows
to define the map ¢ by ¢(w) := h.

The map (h,...,h;) +— exp(h1 Xy + -+ + hxg X)) is a group isomorphism between
H and R*. Upon identifying H and R* in this way, for any w € W we can consider
fw : R¥ — RF defined by f,,(h) := f(wh). This map is of class C* and

We have |V f,,—M]| < & which, if ¢ is small enough, implies that f,, is a C! diffeomorphism
of R¥: see e.g. the argument in [11, 3.1.1].% This concludes the proof of Step 1; we notice
also that, possibly reducing e, there exists ¢ > 0 such that (see again in [11, 3.1.1])
|f(why) = f(wh2)| = | fu(h) = fu(h2)| = clhy = ha| ¥ hi,ho € RE. (A.34)
Step 2: ¢ is intrinsic Lipschitz. By Remark A.2 it is enough to prove that

gr ¢ N D(z,H, B) = {z} for any x € G

for a suitable 8 > 0 that we will choose in a moment.
Let then = € gr ¢ be fixed; consider &’ € D(x,H, ), so that ' = zy for some
y € D(H, 3). By definition, there exists h € H such that
d(0,h™ty) = d(h,y) < Bd(h,0).

Denoting by L the Lipschitz constant of f we deduce using (A.34) that

3 The careful reader will notice that the argument in [11, 3.1.1] works also when the parameter § introduced
therein is +oo.
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[f(2')] = |f (whh™"y) — f(2)|
> |f(zh) = f(@)| = |f(xhh™"y) = f(zh)| = c||hl| — Ld(h,y) > (¢ — BL)d(0, )

for some ¢ > 0. In particular, if 8 is small enough, one can have f(z’) = 0 only if h = 0,
which immediately gives 2’ = x. This concludes the proof. 0O

We can eventually prove Theorem 1.4.

Proof of Theorem 1.4. By property % and Remark 2.3, the vertical plane W := T,.%1 N
-+ NT,Y) admits a complementary horizontal homogeneous subgroup H. One can then
easily conclude using Theorems A.3 and A.5. O
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