Our reference: YIMAA 18794 P-authorquery-v7

AUTHOR QUERY FORM
Journal: YJMAA Please e-mail or fax your responses and any corrections
to:
'(: L E-mail: corrections.essd @elsevier.vtex.It
T QEVIER | Article Number: 18794
ELSEVIE
Fax: +1 61 9699 6735

Dear Author,

Please check your proof carefully and mark all corrections at the appropriate place in the proof (e.g., by using on-
screen annotation in the PDF file) or compile them in a separate list. Note: if you opt to annotate the file with
software other than Adobe Reader then please also highlight the appropriate place in the PDF file. To ensure fast
publication of your paper please return your corrections within 48 hours.

For correction or revision of any artwork, please consult http.//www.elsevier.com/artworkinstructions

Any queries or remarks that have arisen during the processing of your manuscript are listed below and highlighted
by flags in the proof. Click on the ‘Q’ link to go to the location in the proof.

Location Query / Remark: click on the Q link to go
in article Please insert your reply or correction at the corresponding line in the proof
Ql Please confirm that given names and surnames have been identified correctly and are

presented in the desired order. (p. 1/ line 12)

Q2,Q3,Q4 Please provide a grant number for the sponsors "Center for Research and Development in
Mathematics and Applications", "Portuguese Foundation for Science and Technology" and
"Accademia Nazionale dei Lincei". (p. 19/ line 4,5,8)

Q5 Reference(s) given here were noted in the reference list but are missing from the text - please
position each reference in the text or delete it from the list: [9], [11]. (p. 19/ line 15)

Q6 Please complete and update the reference(s) given here (preferably with a DOI if the
publication data are not known): [2]. (p. 19/ line 20)

Please check this box if you have no
corrections to make to the PDF file

Thank you for your assistance. Page 1 of 1


mailto:corrections.essd@elsevier.vtex.lt
http://www.elsevier.com/artworkinstructions
http://www.elsevier.com/artworkinstructions

© 0 N o o b~ W N =

=
o

11
12Q1
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
a4
45
46
a7
48

JID:YJMAA AID:18794 /FLA Doctopic: Partial Differential Equations
J. Math. Anal. Appl. e e e (esoee) s o e—0oe

[m3L; v 1.134; Prn:21/08/2014; 12:08] P.1(1-19)

Journal of Mathematical Analysis and Applications

Contents lists available at ScienceDirect

MATHEMATICAL

www.elsevier.com/locate/jmaa

Real analytic families of harmonic functions in a planar domain

with a small hole

M. Dalla Riva®*, P. Musolino "

& Centro de Investiga¢ao e Desenvolvimento em Matemdtica e Aplicagées (CIDMA),

Universidade de Aveiro, Portugal

b Dipartimento di Matematica, Universita degli Studi di Padova, Italy

ARTICLE INFO

ABSTRACT

Article history:

Received 11 April 2014
Available online xxxx
Submitted by W.L. Wendland

Keywords:

Singularly perturbed perforated
planar domains

Harmonic functions

Real analytic continuation in
Banach space

We consider a Dirichlet problem in a planar domain with a hole of diameter
proportional to a real parameter € and we denote by u. the corresponding solution.
The behavior of u. for € small and positive can be described in terms of real analytic
functions of two variables evaluated at (e,1/loge). We show that under suitable
assumptions on the geometry and on the boundary data one can get rid of the
logarithmic behavior displayed by u. for € small and describe ue by real analytic
functions of €. Then it is natural to ask what happens when € is negative. The case of
boundary data depending on € is also considered. The aim is to study real analytic
families of harmonic functions which are not necessarily solutions of a particular
boundary value problem.

© 2014 Published by Elsevier Inc.

1. Introduction

This paper continues the work begun by the authors in [1]. Indeed, in [1], the case of harmonic function in

a perforated domain of R™, with n > 3, has been investigated. Here instead we focus on the two-dimensional

case. We begin by introducing some notation. We fix once for all

a €10,1].

Then we fix two sets 2° and (2° in the two-dimensional Euclidean space R2. The letter ‘o’ stands for

‘outer domain’ and the letter ‘4’ stands for ‘inner domain’. We assume that £2° and 2° satisfy the following

condition.
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02° and 2% are open bounded connected subsets of R? of
class O such that R? \ cl2° and R? \ clf2* are connected (1)
and such that the origin 0 of R? belongs both to £2° and 2°.

Here and in the sequel cl denotes the closure. For the definition of functions and sets of the usual Schauder
classes C%% and CH®, we refer for example to Gilbarg and Trudinger [5, §6.2]. We note that condition (1)
implies that £2° and £2* have no holes and that there exists a real number €y such that

€0 >0 and ecl' C 2° forall € € |—e, €.
Then we denote by {2(€) the perforated domain defined by
2(e) = 2°\ (ecl2') Ve € ]—eg, €o]-

A simple topological argument shows that §2(€) is an open bounded connected subset of R? of class C*©
for all € € |—eg, €0] \ {0}. Moreover, the boundary 02(¢) of £2(e) has exactly the two connected components
092° and €082, for all € € ]—¢g, €g[. We also note that £2(0) = 2°\ {0}.

Now let g° € C1*(902°) and ¢g* € CH(962%). For all € € |—¢g, €o[ \ {0}, let u. be the unique function of
Cle(cl 2(e)) such that

Aue =0 in £2(e),
uc(z) =¢°(x)  for x € 092°, (2)
uc(z) = g'(x/e) for x € €S2

Let ug be the unique function of C1%(cl £2°) such that

ug(x) = ¢°(z) for x € 90°. (3)

{ AUO =0 in QO,
We fix a point p in £2°\ {0} and take €, € |0, e[ such that p € 2(e) for all € € |—¢p, €,[. Then u.(p) is
defined for all € € |—¢,, €,[ and we can ask, for example, the following question.

What can be said of the function from ]0,¢,[ to R which takes € to u.(p)?

Questions of this type are typical in the frame of asymptotic analysis and are usually investigated by means
of asymptotic expansion methods (see for example Maz’ya, Nazarov, and Plamenevskij [13, §2.4.1]). The
techniques of asymptotic analysis usually aim at representing the behavior of u.(p) as ¢ — 0% in terms
of regular functions of € plus a remainder which is smaller than a known infinitesimal function of e. In
this paper, instead, we adopt the functional analytic approach proposed by Lanza de Cristoforis. By such
an approach, one can prove that there exist €, € |0,€p], ¢, < 1, and a real analytic function U, from
|—€p, €p[ x 11/ 1oge,, —1/logep[ to R such that

ue(p) = Uple,1/1oge] Ve €10, €p| (4)

and that ug(p) = Up[0,0] (cf., e.g., Lanza de Cristoforis [10]). We observe that the logarithmic behavior
displayed by u, for € small only arises in dimension two and does not appear in higher dimensions (cf., e.g.,
Lanza de Cristoforis [10]). Also, if instead of considering a Dirichlet boundary value problem we considered
a mixed boundary value problem with a Dirichlet condition in the inner component of the boundary and
a Neumann condition in the outer component, then one can prove that the logarithmic behavior appears
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only for Neumann data with non-zero integral (cf. Maz’ya, Nazarov, and Plamenevskij [13, §2.4.2]). Such a
situation is convenient because we have a condition on the boundary data which ensures that u. will not
display a logarithmic behavior. The first purpose of this paper is to find a similar condition also for the
Dirichlet problem. Namely, we want to find a condition on g° and g* which ensures that for all p € £2°\ {0}
the function u.(p) can be expanded into powers of €, i.e., that

ue(p) = Vple] Ve €]0,¢] (5)

where V, is a real analytic function from |—ep, €p[ to R. In Theorem 3.6 we exhibit such a condition (see
also condition (c) here below). Moreover, we show that the existence of at least one point p for which (5)
holds is equivalent to the fact that it holds for all the points p € 2°\ {0}.

Then we observe that both the left hand side u.(p) and the right hand side V,[e] of equality (5) are
defined for all € € |—¢p, €,[. However, the validity of the equality is stated only for e positive. Thus it is
natural to ask the following question.

What happens to equality u.(p) = V,e] for € negative?

Moreover, one would like to understand if, for € negative, V,[e] is related to the value attained at the point
p of some harmonic function defined on the set £2(¢). In Theorem 3.6 we answer by proving that the validity
of (5) for e positive implies that

ue(p) = Vp[e} Ve € ]*Eznep[- (6)

Also, the validity of (5) for at least one point p implies the validity of (6) for all the points p € £2°\ {0}. We
stress that in order to prove (6) it is not sufficient to verify an analog of (5) for € negative, namely it is not

p
for all € € |—¢,,0[. The reason is that the functions V,~ and V}, may not coincide in a neighborhood of 0

sufficient to show that there exists a real analytic function V= from |—¢, €,[ to R such that uc(p) =V, [€]

and a gluing argument may fail to be applicable, as it actually occurs in dimension n > 3 odd when the
boundary data are not trivial (cf. [1]). Furthermore, equality (6) together with some symmetry assumptions
ensuring that u. = u_, implies that u.(p) can be represented in terms of a convergent power series of 2. As
pointed out in [1], this is also what happens when the dimension n is even and bigger than or equal to 4,
in contrast to the case of odd dimension.

Our strategy is the following. First we apply a functional analytic approach which stems from that of
Lanza de Cristoforis [10] to investigate equality (4). We consider also the case of boundary data which
depend real analytically on (e,1/log|e|). Moreover, we analyze what we call the ‘macroscopic’ behavior of
the family {uc}eej—c,,e[- Indeed, if 23y C £2° is open, and 0 ¢ cl 257, and eps € |0, €0], ear < 1, is such that
el 2y N (ecl %) = for all € € |—enr, enr[, then cl 2y C cl 2(e) for all € € |—epr, epr[. Thus it makes sense
to consider the restriction e ,, for all € € |—exs, exs[. In particular, it makes sense to consider the map
from ]—enr, ear[ to CH(cl $257) which takes € to Ue|ol 2,,- In Theorem 3.1 below we show that there exist
an open neighborhood Uns of {(e,1/loge|) : € € |—enr, ear[\ {0}} U {(0,0)} in R? and a real analytic map
Ups from Uy to CH%(cl £25) such that

Uelel 23 = Unile; 1/ log el Ve € J—ear, enr[\ {0} (7)

(for the definition and properties of real analytic maps in Banach space see, e.g., Deimling [3, §15]). Here
the letter ‘M’ stands for ‘macroscopic’.

It is worth noting that the real analytic map Upys from Uy to C1@(cl £2)r) is univocally determined by the
equality in (7) restricted to the positive interval ]0, eps[ (see Lemma 3.3 below). Moreover, for all fixed €* in
the negative interval |—exs, 0], ue- coincides with the unique real analytic extension of Uns[e*, 1/ log |€*(]|,,
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to 2(e*). In this sense, the definition of u. for e negative can be seen as a consequence of the analytic
dependence on € displayed by u. for € positive.

Some further consequences of (7) are presented in Proposition 3.4, where we investigate the coefficients
of the power series expansion of Uy; around (0,0) under certain symmetry assumptions.

Then we turn to consider the possibility of choosing boundary data ¢g® and g¢° such that the following
condition (al) holds.

(al) For all 23y C 2° open and such that 0 ¢ cl 2y, and all €y € |0, o[ such that cl 2y Necl 2 = @ for
all € € |—ens, enr[, there exists a real analytic map Vi from |—epr, ear] to CH%(cl £27) such that

Uelel 2,y = Vrle] Ve € |—enr, enl.

Here we are asking to get rid of the logarithmic behavior displayed by u. for € small. In Theorem 3.6 below
we show that condition (al) is equivalent to the following condition (bl).

(bl) There exist z° € 2°\ {0}, € € ]0,¢g[, and a real analytic map V° from |—e?,€°[ to R such that
x° € 2(e) for all € € ]—€°, €°[ and

uc(z°) = V°[e] Ve e]0,€.

As a consequence, either u(x°) displays a logarithmic behavior for every point z° € £2°\ {0}, or u.(z°)
does not display a logarithmic behavior for any point 2° € £2°\ {0}. Also, there exists a pair of functions
(p°[€], pile]) € CO(002°) x C%(9§2%) which depends only on €, 32°, and 92" (cf. Proposition 2.6), such
that (al) and (bl) are equivalent to the following condition (c).

(c) It holds [}, g°p°l€ldo + [50: g'p'[€] do = 0 for all € € |—eo, €.

The advantage of condition (c) with respect to (al) and (bl) is that (c) can be verified on the boundary data
(¢°, ¢*) and does not require the knowledge of the solution u. of (2). In some simple cases, one can make such
a condition much more explicit. For example, if g° and g¢ are both constant functions, then condition (c) is
equivalent to the fact that g° and g* are identically equal to the same real number (cf. Example 3.7). If both
2° and " coincide with the unit ball By of R?, then condition (c) is equivalent to [, ¢°do = [,y ¢'do
(cf. Example 3.8).

We observe that in Theorem 3.6 the case in which the boundary data are given by real analytic functions of
€ is also investigated. Moreover, one can also consider the ‘microscopic’ behavior of the family {ue}ec)—ey,eof
near the boundary of the hole. To do so, one denotes by wuc(e-) the rescaled function which takes = €
(1/€) cl 2(€) to uc(ex), for all € € |—eg, €0 \ {0}. If 2, € R?\ cl 2% is open and bounded, and ¢, € 0, €],
€m < 1, is such that ecl{2,, C £2° for all € € |—€m, €], then it makes sense to consider the map from

] —€ms €m[ to C1*(cl £2,,) which takes € to uc(e- )1 ,, - Here the letter ‘m’ stands for ‘microscopic’. Then, by

the equivalence of (al) and (bl) and by an argument based on the Kelvin transform one can deduce that
the following conditions (a2) and (b2) are equivalent one to the other.

(a2) For all £2,, € R?\ cl§2° open and bounded and all €,, € ]0,¢[ such that ecl(2,, C £2° for all
€ € |—€m, €m|, there exists a real analytic map V,,, from |—€,,, €[ to C1%(cl £2,,,) such that

ue(€-)je1,, = Vimle] Ve € ]—em, em[\ {0}. (8)
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(b2) There exist z' € R?\ c1 2%, € € ]0,¢€0[, and a real analytic function V* from |—¢’, €'[ to R such that
ez’ € 2° for all € € |—¢€',€'[ and

uc(ex’) = V'le] Ve €]0,€.

We note that we do not require in condition (a2) that the equality in (8) holds for ¢ = 0. In particular,
u0(0+)c1 2,, 18 necessarily a constant function on cl §2,,, while V;,,[0] may be non-constant (see (3)).

Now we can consider families {w,}cejo,c,[ consisting of functions which are not required to be solutions of
a particular boundary value problem in £2(€), but which satisfy the following conditions (d0), (d1), and (d2).

(d0) w. € C1¥(cl 2(e)) and Aw, = 0 in 2(e) for all € € ]0, €.
(d1) For all 2y C £2° open and such that 0 ¢ cl§2), there exist €, € ]0,¢o[ and a real analytic map Wy
from | =€}, €y, to C1(cl 2)7) such that cl 2y Necl 2¢ = @ for all € € |0, €}, and such that

Welel 2,y = Wm[e] Ve €]0, vl

(d2) For all £2,, C R?\ cl ¢ open and bounded there exist ¢/, € ]0,¢p[ and a real analytic map W,, from
=€l e[ to CH(cl §2,,) such that ecl §2,, C £2° for all € € |0, ¢/, [ and such that

We(€-)jc1 2,, = Winle] Vee€]0,€,].

We say that {we}ccjo,e, as above is a right real analytic family of harmonic functions on (2(e) (see also
[1, §1], where the analogous definition is given for the n-dimensional case with n > 3). Then we say that
{Ve}ee)=co,eo[ 18 @ Teal analytic family of harmonic functions on 2(e) if

(a0) vp € C1¥(cl 2°) and Avg = 0 in £2°, v, € C1(cl 2(€)) and Av, = 0 in 2(e) for all € € |—eo, eg] \ {0}

and in addition {ve}ee)—e,,e,[ satisfies the conditions in (al) and (a2) with u. replaced by v, (see also [1, §1],
where the analogous definition is given for the n-dimensional case with n > 3). Then, by the equivalence
of (al) and (bl) and by the equivalence of (a2) and (b2) (which hold also for boundary data depending
analytically on €), we deduce the validity of the following statement.

(¥) If n =2 and if {w}eejo,e,] 18 @ Tight real analytic family of harmonic functions on §2(¢), then there exists
a real analytic family of harmonic functions {Ve}eg)—ey,eo] 0N £2(€) such that we = v, for all € € ]0, ¢g[.

We note that an analog of statement (x) has been proved in [1] in the case of families of harmonic functions
in a perforated domain of R™, with n > 4 even. In this sense, one can say that statement (k) here above
extends the validity of the analogous statement (j) in [1, §1] to the two-dimensional case. The case of
dimension n > 3 and odd is also studied in [1], but in this case an analog of statement (%) does not hold
and we have a completely different phenomenon (cf. [1, (jj) of §1 and Thm. 3.2]).

The paper is organized as follows. Section 2 is a section of preliminaries where we introduce some notions of
potential theory (cf. Subsection 2.1) and we transform the boundary value problem in (2) into an equivalent
system of integral equations on 9f2° and 9£2° which we analyze by exploiting the implicit function theorem
(cf. Subsections 2.2-2.4). In Section 3 we derive our main results. First we consider in Subsection 3.1 the case
in which the boundary data of problem (2) are given by real analytic functions evaluated at (e, 1/ log |€|) and
we prove Theorem 3.1, which in particular implies the validity of (7). Then, in Subsection 3.2 we consider
the case in which the boundary data are given by analytic functions of € and we prove Theorem 3.6, which
in particular implies the equivalence of conditions (al), (bl), and (c), and the validity of statement (x).
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Finally, we observe that the results of this paper can be exploited in the computation of the power series
expansions of the real analytic maps which describe u,. for € close to 0. In forthcoming papers we will
show that the coeflicients of such series can be obtained by a fully constructive method which is rigorously
justified on the basis of the present paper (cf., e.g., [2]).

2. Preliminaries
2.1. Classical notions of potential theory

Let S be the function from R? \ {0} to R defined by
1 2
S(x) = 2—log|x| Vz € R*\ {0}
i

As is well known, S is a fundamental solution of the Laplace operator on R2.
Let 2 be an open bounded subset of R? of class C1“. Let ¢ € C%®(92). Then v[0f2, ¢] denotes the
single layer potential with density ¢. Namely,

v[002, ] (x /¢ y) doy, Vz € R?,

where do denotes the arc length element on 02. As is well known, v[0f2, ¢] is a continuous function from
R? to R and the restrictions v*[062, ¢] = v[092, ¢]|c1 o and v~ [012, ¢] = v[012, B r2\ 2 belong to C1*(cl £2)
and Cﬁ)g‘ (R%\ ), respectively. Here Clloca (R%\ £2) denotes the space of functions on R? \ {2 which restrict

to a function of C1*(clO) for all open bounded subsets O of R? \ (2.
Let ¢ € C1%(012). Then w[0f2,)] denotes the double layer potential with density 1. Namely,

w0, 4](z) = - / S(y)valy) - VS —y)do, VreR2,

where v denotes the outer unit normal to 0f2. As is well known, the restriction w[042,¢] extends to
a function wt[002, 4] € C1*(c12) and the restriction w[d12, 1] jr2\q1 1 extends to a function w~[062,1)] €
Croe (B2 £2).

Let

Wolv)(z) = — /w(y)z/g(y) -VS(x —y)do, VYxe 0L,
an

for all 1 € C1(912), and

Wale)(z) = /¢(y)ug(x) -VS(x —y)do, Yz e 0f2,
o0

for all ¢ € C%*(9£2). Then Wy, is a compact operator from C1:*(912) to itself and W, is a compact operator
from C%*(9£2) to itself (cf., e.g., Schauder [14,15]). The operators W and W}, are adjoint one to the other
with respect to the duality on C1*(92) x C%%(942) induced by the inner product of the Lebesgue space
L?(012) (cf., e.g., Kress [7, Chap. 4]). Moreover,
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w100, Yljpn = %50+ Wolu] Vi € €2 (99,

v V[0, dljon = F 56 + Wald] V6 € 00°(00) )

We now introduce some more notation which we shall use in the sequel.

If £2 is an open bounded subset of R? of class O and X is a subspace of L'(92), then Xy denotes the
subspace of X consisting of those functions f such that |, o0 fdo=0.

If O is an open subset of R? of class C1®, then Ry denotes the set of the functions from © to R which are
constant, Rp 1o denotes the set of functions from O to R which are constant on each connected component
of O, (Rp)jso denotes the set of the functions on 9O which are traces on JO of functions of Rp, and
(Ro,loc)mo denotes the set of the functions on 0O which are traces on 0O of functions of Rp joc.

Then one has the following classical lemma (cf., e.g., Folland [4, Chap. 3]).

Lemma 2.1. Let {2 be an open bounded subset of R? of class C1®. Then the following statements hold.

(i) The operator from Ker(1I+ W) to Ker(31 + W) which takes pi to v[052, i) pq is a linear homeomor-
phism.

(ii) Ker(%[—i—WQ) consists of those functions of (Rg2\cl 0,10c)|a(R2\cl 2) Which vanish on the boundary of the
unbounded connected component of R? \ cl £2.

(iii) Ker(—%[ + WQ) = (RQ}]OC)‘(’)Q.

(iv) If ¢ € Ker(31 + W) and Joo @V do =0 for all ¥ € Ker(31 + W), then ¢ = 0.

(v) If g € Ker(—3I + W) and [, ¢vdo =0 for all ¢ € Ker(—31 + W), then ¢ = 0.

Definition 2.2. If € € |—€g, €o[ \ {0}, we denote by x. the function from 9£2(¢) to R defined by

0 ifxeofne

Xel) = { 1 itz € a0,

We observe that x. is a generator of Ker($1 + W) (cf. Lemma 2.1 (ii)).
2.2. The map M and the pair of functions (p°[e], p'[e])

We introduce in this subsection the pair of functions (p°[e], p’[¢]) which is related to the generator of the
one dimensional space Ker(%IJrW;Z(E)) (see Lemma 2.1 (i), (ii) and Proposition 2.4 here below). To do so, we

define the map M = (M°, M, M¢) from |—eq, eg[ x C%*(992°) x C%*(90%) to C®2*(92°) x CO*(82%)y x R
by setting

Mo ) (0) = 50°0) + Wia [ @)+ [ o wvan(@) - VS(a = ) doy, Vo < 02,
Pyl

. 4 1. . ,

M'[e,p° p'](z) = ipl(:r) —Whilp'](z) —€ / p°(y)vpi(x) - VS(ex —y)do, VY € 082,
a82°

M¢[e,p% p'] = / p'do —1,

o821

for all (e, p°, p*) € |—€q, €0[ x CO(092°) x CO(962%).

Remark 2.3. Here one has to verify that M has values in the product space C%%(9£2°) x C%*(9£%)o x R. By
standard properties of integral operators with real analytic kernels and with no singularity and by classical
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mapping properties of layer potentials, one deduces that M has values in C%(9£2°) x C%%(9£2%) xR (see also
Subsection 2.1). To show that [, ,, M'[e, p°, p'| do = 0 for all (¢, p°, p*) € |—eo, €0 x C**(012°) x CO*(92")

one observes that
5P Wi [p'] )do =

o9
by the orthogonality of Ker(—3I + Woi) = (Rgi)jani and of Ran(—3I + Wp,) (cf. statement (iii) of
Lemma 2.1). Moreover,
/ € / p°(Y)vpi(x) - VS(ex —y) doy doy, = / voi(x) - Vx( / p°(y)S(ex — y) dcry) do, =0,
a0t 00° a0 900

where the second equality is trivial for e = 0 and follows by the divergence theorem for € € |—¢g, €o[ \ {0}.

The following Propositions 2.4 and 2.5 concern the equation M]e, p°, p'] = 0 for € € |—eg, €] \ {0} and
for € = 0, respectively. A proof can be effected by exploiting the standard theorem on change of variables
in integrals.

Proposition 2.4. Let € € |—¢q, €[\ {0}. Let (p°, p') € C%*(082°) x CO*(9N"). Let 7 € C*(982(€)) be defined
by

7(z)

{ p°(z) if x € 092°,
le|~tpi(z/e) if x € DN,

Then Mle, p°, p'] = 0 if and only if

1
o7+ Woolrl=0 and / Tdo = 1. (10)
€9t

Proposition 2.5. Let (p°, p') € C%*(902°) x C**(02%). Then M|0, p°, p'] = 0 if and only if

1 1, . .
§p° + W [p°] = —vge - (VS)j9500, —§p’ +Wei[p'] =0 and / ptdo =1.
o0

Then we have the following.

Proposition 2.6. For all € € |—¢g, €o| there exists a unique pair (p°[e], p'le]) € CO*(02°) x CH*(N2") such
that Mle, p°le], p'[e]] = 0.

Proof. If € € |—¢g, o \ {0}, then the existence and uniqueness of (p°[e], p[e]) is equivalent to the existence
and uniqueness of the solution 7 of Eq. (10) (cf. Proposition 2.4). By statement (ii) of Lemma 2.1 and by
standard Fredholm theory, Ker(31 + Wr*z(e)) has dimension one. Hence, the first equation in (10) admits
at least one non-zero solution. Then, statements (ii) and (iv) of Lemma 2.1 imply that the function which
satisfies both the equations in (10) exists and is unique. If ¢ = 0, then the existence and uniqueness of
p°[0] follows by Proposition 2.5, by statement (ii) of Lemma 2.1, and by standard Fredholm theory. By
statement (iii) of Lemma 2.1 and by standard Fredholm theory, Ker(—3I + W},,) has dimension one.
Hence, the existence and uniqueness of p‘[0] follows by Proposition 2.5 and by statement (iii) and (v) of
Lemma 2.1. O
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In Lemma 2.7 below we show that M is real analytic and that the partial differential of M with respect
to (p°, p') is a linear homeomorphism.

Lemma 2.7. The map M is real analytic. For all (e, p°, p*) € ] — €q, €0[ x C*(82°) x CO*(d2?) the partial
differential 3,0 ,i\Mle, p°, p'] is a linear homeomorphism from C%*(912°) x C%*(902") to C**(912°) x
CY (002" x R.

Proof. By standard properties of integral operators with real analytic kernels and with no singularity and
by classical mapping properties of layer potentials, one deduces that M is real analytic (cf. [12, §4]). The
partial differential 00 ,i)Mle, p°, p'] at (€, p°, p*) € |—€o, €0 X CO*(992°) x C**(942") is delivered by

Opo,pyM e, 0%, 0] (0°,0") = (M"[e,ﬁ",ﬁi},Mi[e,ﬁ",ﬁi], / ﬁida>
o82*

for all (p°, p') € CY*(902°) x CO*(9£2). Now fix (f°, f',¢c) € C¥*(992°) x C**(92")y x R. We show that
there exists unique (p°, p') € C%®(942°) x C%*(9£2%) such that

O M [es 7 ) (7. 7) = (£°, 1) (1)
If € € |—€g, 0] \ {0} then (11) is equivalent to

1
5% +Woolrl=f and / Tdo =c, (12)
€Dt

with Tjgne = p°, Tleani = || 710 (:/€), flage = f°, and ficoni = f(-/€). The first equation in (12) has at
least a solution 7 because fao(e) fxedo =0 and x. is a generator of Ker(%[ + Wa(e)). Then, by statement

(iv) of Lemma 2.1 one deduces the existence and uniqueness of the solution 7 of the equations in (12). If
instead € = 0, then equality (11) is equivalent to

77+ Wi [p°] = —cvao - (VS)jpqe + £°,
0821

Then the existence and uniqueness of p° follows by statement (ii) of Lemma 2.1, and by standard Fredholm
theory. The existence and uniqueness of p’ follows by the orthogonality of f* and Ker(—1I + Wqi) =
(R%,:) a0 (cf. statement (iii) of Lemma 2.1), by standard Fredholm theory, and by statement (v) of
Lemma 2.1. Now the validity of the proposition follows by the open mapping theorem. O

Then by Proposition 2.6 and Lemma 2.7, and by the implicit function theorem for real analytic maps
(cf., e.g., Deimling [3, §15]) one deduces the validity of the following.

Proposition 2.8. The map from |—eg, o[ to CO¥(982°) x CO*(9N) which takes € to (p°le], p'le]) is real
analytic.

We introduce the following definition.
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Definition 2.9. If € € ]—¢g, o[ \ {0}, then we denote by 7[e] the function of C**(9£2(¢)) defined by

_ [r@) if o € 002,
T = { el plel(a/e) if @ € DL,

We observe that 7[e] is a generator of Ker(3I + W) and J.ogi Tleldo = 1 and that the function
v[082(€), T[e]]jag(e) is a generator of Ker(%] + Wag) (cf. Propositions 2.4 and 2.6 and statement (i) of
Lemma 2.1). Hence, there exists ¢, € R\ {0} such that

v[002(e), T[€]] (13)

|0g2(e) — CeXe
(cf. statement (ii) of Lemma 2.1).

2.8. The map A and the pair of functions (0°[¢, g°, g'],0[¢, g°, g'])

Now we introduce the map A = (A°, A?) related to the boundary value problem

Aw =0 in £2(e),

w(z) = ¢°(x) for all z € 042°,

w(z) = g'(z/€) — / 9°p°le]l do — / g'p'leldo for all x € €2,
8920 Yex

for € € ]—ep, €o[ \ {0}. The first component A° corresponds to the boundary condition on 0f2° and the
second component A’ corresponds to the boundary condition on €9§2!. The map A = (A°, A?) is defined
from |—eq, o[ x C1(82°) x CH(92Y) x CH2(902°) x C1*(92Y)g to CH(912°) x C1*(9N2*) by setting

A%[e, g% g",0°,0"] (2) %90(30) + Weo [0°](2)

+e€ / 0 (y)vai (y) - VS(x — ey) doy, — g°(x) Va € 002°,
o82¢

A’ [e,go,g’,éo, 91] (x) = 591@) — W [92] (x) + w[890790] (ex)
—g'(z) + / 9°p°lel do + / g'pileldo Va € 052",
ane 201

for all (¢, g%, g%, 0°,0") in | —€q, €9[ x C1¥(902°) x C1-*(902) x C1-*(902°) x C1-*(92%). The following Proposi-
tions 2.10 and 2.11 concern the equation Ale, g°, g%, 6, 0"] = 0 for € € ]—e, €o[\{0} and for € = 0, respectively.
A proof of Proposition 2.10 can be effected by exploiting the classical theorem on change of variables in
integrals.

Proposition 2.10. Let € € |—eq, €0 \ {0}. Let (¢9°,¢°) € CH*(90°) x C1*(02%). Let (0°,0°) € C1*(902°) x
CH(082%)g. Let g € C1*(082(¢)) be defined by

_[g°(x) ifzeane,
9(z) = {gl(x/e) if x € 082"

Let 0 € CY*(082(¢)) be defined by

_[6°(x) if x € 002°,
0z) = {Gi(x/e) if x € DN
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Then Ale, g°, g%, 6°,0"] = 0 if and only if
1
59 + Waoolt] =g — / gT7[e] do xe.
882(e)
Proposition 2.11. Let (g°,g") € CL2(962°) x CL(082Y). Let (6°,0°) € CH(902°) x CH*(dN). Then
A0, g°, g%, 0°,07 = 0 if and only if
1 1 . ) . o
590 + WQO [90] = go G,’I'Ld — 591 —|— WQi [92] = —gZ —|— / gZpz [0] dO’. (14)
o8
Proof. The equivalence of A°[0,¢°, g%, 0°,0"] = 0 and of the first equation in (14) follows by the definition
of A. Then one observes that A%[0,¢°, ¢¢,0°,0%] = 0 if and only if
—591 + Wi [0°] = w[062°,6°](0) — ¢ + / 9°p°[0] do + / g'p'[0] do.
a%2° o8

By Proposition 2.5, by standard properties of adjoint operators, and by the first equation in (14) one has

w[062°,0°](0) = / 0°vqo - VS do

o92°
- _84 90<%p0[0] + Whe [pO[o]]>da
-/ (%euwgo [0°]>p°[0] do =~ [ gl0)dor
900 200

Then the equivalence of A%]0, g°, g%, 8°, 6?] = 0 and of the second equation in (14) follows by a straightforward
calculation. O

Then we have the following.

Proposition 2.12. For all (e,g°,g') € ]|—eo,e0] x CH¥(002°) x CL(002) there exists a unique pair
(0°[¢, g°, g'], 0%[€, g°, g°]) € CL*(902°) x CH¥(992%)g such that Ale, g°, g*,60°[¢, g°, g'], 0'[¢, g°, ¢°]] = 0.

Proof. If € € ]—eg, €0 \ {0}, then x. generates Ker(31 + Wyy(,)), 7(€) generates Ker(3I + W), and
feam 7[€] do = 1. Hence, the existence and uniqueness of (6°[e, g°, g*], 0'[¢, g°, g°]) follows by Proposition 2.10),
by standard Fredholm theory, and by condition fam 0ie, g°, g']do = 0. If € = 0, then the existence and
uniqueness of 0°[0, g°, ¢*] follows by Proposition 2.11, by statement (ii) of Lemma 2.1, and by standard
Fredholm theory. Then one observes that Ker(—$/+W},) has dimension one by statement (iii) of Lemma 2.1
and by standard Fredholm theory, and that p’[0] is a generator of Ker(—1I+W},) and [, p'[0] do = 1 by
Propositions 2.5 and 2.6. Hence, the existence and uniqueness of 6¢[0, g°, g*] follows by Proposition 2.11, by
condition [, 90 %[0, ¢°, g'] do = 0, by statement (iii) of Lemma 2.1, and by standard Fredholm theory. 0O

In Lemma 2.13 below we show that Ale, g°, g*, 0°,60%] is orthogonal to (p°[e], p'[€]) in L2(8£2°) x L?(92").
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Lemma 2.13. For all (,9°,g%,0°,0") € ]—¢q,€0] x CL¥(002°) x CL*(902%) x CH*(902°) x CH2(002%)g the
following equality holds

/ A° [e,go,gi, 0°, Hi]po[e] do + / Al [e,go,gi,(‘)o, Gi]pi[e] do = 0.
a%e a9

Proof. If € € |—¢g, €] \ {0}, then by definition of A and by the classical theorem on change of variables in
integrals one has

Aecg®,g'.0%0) = 30+ Woulo) g+ [ grlddox.
982(e)
(see also Proposition 2.10). Then the validity of the statement follows by the orthogonality of Ran( %I +Wae)

and Ker(%[ + W}}(e)), by equality feam 7le]do = 1, and by a straightforward calculation. If instead e = 0,
then

A? [0790’917 00702] == 500 + W_Qo [90] — go,
A'[0,9%,9°,6%,67] = 50" = Wi [07] + w[092°,6°](0) — ' + / 9°p°[0] do + / 4'p'10] do.
o2° a0

So that

) . 1
//10[0,9",9290,91]/)"[0] do = /<§0°+Wno [9°]>p[0} do — /gop[O] do
ane Qe a%2°
1 * o o O
= / 90<§p0[0] + W lp [O]]) do — / 9°p°[0] do
agne ane
=— / 0°vqo - VSdo — / 9°p°[0] do
0%° agne
= fw[&QO,H"} (0) — /gopo[()] do
o90°

see also Proposition 2.5). By the orthogonality of Ran Sy W) and Ker —lr4 W) and by equality
2 2
Jo0: P10]do =1 one has

[ 410575001001 do = wloe, 6] + [ 9770}
o0 ane
Then the validity of the statement follows by a straightforward calculation. O
In Lemma 2.14 below we show that A is real analytic and that the partial differential of A with respect to

(6,67 is a linear homeomorphism from C1:®(9£2°) x C1:%(9£2%)y onto a suitable subspace of C1:®(9£2°) x
Ch(942%).

Lemma 2.14. The map A is real analytic. For all (e,g° g%, 0°,0") € ]—eq,e0] x CH(092°) x CH(962%) x
CL2(082°) x CH(902%)o the partial differential 8(9079i)/1[6,g",g",0°,0"] is a linear homeomorphism from
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CLe(00°) x CH*(902Y)g to the subspace of CH*(92°) x CH¥(982Y) consisting of those pairs (1°, %) such
that
[ wrddss [ wilddr=o. (15)
8020 GYod

Proof. By standard properties of integral operators with real analytic kernels and with no singularity and
by classical mapping properties of layer potentials, it follows that A is real analytic (cf. [12, §4]). Then the
partial differential J(go i) Ale, g°, g%, 0°,0%] is delivered by

8(90’91-)/1[6, q°, 4", 6°, Gq (éo, él) = A[e, 0,0,6°, éz]

for all (6°,0°) € C12(902°) x C1*(912")o. Then d(go gi)Ale, g°, g, 0°,0°](6°,6°) = (¢°, ") is equivalent to
Ale, 0, 1p%,0°,0°] = 0 for all (°,9) € CH*(00°) x C*(962°) such that (15) holds. Hence the validity of
the lemma follows by the open mapping theorem and by Proposition 2.12. 0O

We now introduce in the following Lemma 2.15 a technical corollary of the implicit function theorem for
real analytic maps. For a proof we refer to Lanza de Cristoforis [8, Thm. 13].

Lemma 2.15. Let X, YV, Z, Z; be Banach spaces. Let O be an open set of X x Y such that (z.,y«) € O.
Let F be a real analytic map from O to Z such that F(x.,y.) = 0. Let the partial differential 0y F(x.,ys)
with respect to the variable y be ¢ homeomorphism from Y onto its image V = Ran(9y F (z+,y.)). Assume
that there exists a closed subspace Vi of Z such that Z =V @ V; algebraically. Let O1 be an open subset of
X x Y X Z containing (x«,y«,0) and such that (z,y, F(x,y)) and (z,y,0) belong to Oy for all (x,y) € O.
Let G be a real analytic map from Oy to Z1 such that G(x,y, F(x,y)) =0 for all (x,y) € O, G(x,y,0) =0
for all (z,y) € O, and such that the partial differential 0,G(x.,yx,0) is surjective onto Z1 and has kernel
equal to V. Then there exist an open neighborhood U of x, in X, an open neighborhood V of y. in Y with
UxV C O, and a real analytic map T, fromU to V such that the set of zeros of F' in U XV coincides with
the graph of T.

Then we have the following.

Proposition 2.16. The function from |—eg, €o[ x C1¥(902°) x C1(802%) to C1*(902°) x CH*(882%)o which
takes (€,9°, ") to (6°[e, g°, g'],0%[¢,9°, g']) is real analytic.

Proof. Let (e, g2, g%,02,01) € |—ep, eo[ x CH(082°) x CL2(002) x C1¥(902°) x C1*(92%)y be such that
Alex, 92,9%,02,0¢] = 0. Let X = RxCH(902°) x C1(962°), Y = CH2(002°)x C1 (9027, Z = C12(062°) x
Cho(002Y), 21 = R, O = ]—€g, €0 x C1H¥(002°) x CH*(9N) x C1*(90°) x CH*(90%)g. Let F = A.

Let 2. = (ex,92,9%) and y,. = (02,0%). Let V be the subspace of C1:®(9£2°) x C1*(9") consisting of
those pairs (1°,1*) which satisfy the condition in (15) with € = ¢, let Vi be the 1-dimensional subspace

of C1(002°) x CH*(9N") generated by (p°[e.], p'le]). Let O1 = ]—ep, e0] x C1(02°) x CH(907) x
CH(002°) x C1(902%)y x C12(892°) x CL2(912Y). Let

G(e g%, g',0%,.60" 0, 0') = /woﬂo[eldUJr/Wpi[f]dU
o820 0821

for all (e, g°,g",60° 0% °,4") € Op. Then Lemma 2.15 implies that there exist an open neighborhood of
U of (€4,92,9%) in ]—€q, €] x C12(002°) x CL*(9N2%), an open neighborhood V of (62,6%) in C1*(902°) x
CL*(0§2%)9, and a real analytic map T, = (T°,T!) from U to V such that the set of zeros of A in U x V

Please cite this article in press as: M. Dalla Riva, P. Musolino, Real analytic families of harmonic functions in a planar domain
with a small hole, J. Math. Anal. Appl. (2014), http://dx.doi.org/10.1016/j.jmaa.2014.08.037

© 0 N o aa b~ W N =

A A D D D D P DD W WWWW W W W WWN NN DNDNDNDNDNDNDN RE R e e e
0o N o g W N B O ©VW 00N O a0 W N H O VW oo N o R W NN H O VW oo N s W N HE O


Original text:
Inserted Text:
an


© 0 N o o b~ W N =

£ A B B B D DDA S WWWW W WW W W WWNNDNDNDNDNNDNDNDNRE B R R R R e
0 N o a b~ W N H O © 00 N OO g P~ W N FEH O VW 0O N O P W N H O VU o N P WN +H O

JID:YJMAA AID:18794 /FLA Doctopic: Partial Differential Equations [m3L; v 1.134; Prn:21/08/2014; 12:08] P.14 (1-19)
14 M. Dalla Riva, P. Musolino / J. Math. Anal. Appl. e e e (e eee) e0oe—0ooe

coincides with the graph of T,. Then Proposition 2.12 implies that (0°[¢, ¢°, '], 0'[¢, 9°, ¢*]) = Tk[e, 9, ¢']
for all (e,g° ¢%) € U and the validity of the proposition follows. O

2.4. Solution of the Dirichlet boundary value problem

In the following Proposition 2.17 we write a representation formula for u.(x) in terms of the functions
p°lel, p'lel, 6°[¢, g%, g'], and @'[e, g°, g'] introduced in the previous Subsections 2.2 and 2.3. The validity
of Proposition 2.17 follows by equalities (9) and (13), by Propositions 2.4, 2.6, 2.10, and 2.12, and by a
straightforward calculation.

Proposition 2.17. Let € € |—eg, e0[ \ {0}. Let (g°,g%) € CH2(892°) x C1(002). Let u. € CH*(cl 2(¢)) be
the unique solution of (2). Then

ue(z) =wt[002°,0°[e, 9% g']] (x) + € / 0'[e,9% 9" (W)vai(y) - VS(z — ey) doy

i
n (8 Q/ oo s ! oo )

< (v o2 1)) + Z A0St — ) do,

x (fm—ld(,a Z [0, ] (en) + o [0 #1d) ) oy +ET)

for all z € c12°\ ecl 2.

Remark 2.18. Under the assumptions of Proposition 2.17, one has

1 . log |€|
——— [ v[092°,p°[€]] (ey) + v[02°, p'[e]] (y) doy + -
Joq dc’aé 2
= ﬁ / v[002(e), T[€]] do =cc 0 Ve €] — €, e0[\{0}
€02t

[2X04

(cf. equality (13)).
3. Real analytic families of harmonic functions
3.1. Harmonic functions depending analytically on (e, 1/log |€|)

In this subsection we prove Theorem 3.1, where we examine a family of solutions of a Dirichlet problem
with boundary data depending analytically on (e, 1/ log|e|).

Theorem 3.1. Let ¢} = min{ep, 1}. Let e; = —1/log|el| if €5 < 1 and €; = +o0 if € = 1. Let G = (G, GY)

be a real analytic map from |—ej, €[ X |—e€1, €1 to C1:2(082°) x CH(002%). For all € € |—€f, 5[ \ {0}, let
ule] be the unique function in C1(cl 2(¢)) such that

Aule] =0 in £2(e), ule]jpge = G° [e, 1/ log |6|], uleljcont = G* [6, 1/log \e” (-/e).
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Let 2y C £2° be open and 0 ¢ cl2yr. Let ey € 10,€5] be such that cl 2y Necl§28 = O for all € €
|—€nr,ent[. Then there exist an open neighborhood Uy of {(e,1/1oglel) 1 € € ]—epr,ep [\ {0}} U{(0,0)} in
|—ear, enr[ X |—€1, €1] and a real analytic map Upr from Upr to C1*(cl 2yr) such that

uleljcr 0, = Unm [6, 1/log \6” Ve € |—enm, en| \ {0}. (16)

Proof. We set

Cle,e'] = fa;: . / v[092°, p°[e]] (ey) + v[092", pi[e]] (y) dor, + %
o821

V(e,e') € |—eo, o[ xR,

and we note that c. = log |€|Cle, 1/ log |e|] for all € € |—¢€, €5 \ {0} (cf. equality (13)). By Remark 2.18,
by Proposition 2.8, by standard properties of integral operators with real analytic kernels and with no
singularity, and by classical mapping properties of layer potentials, we deduce that C is a real analytic
function from ]—ep, 9[XR to R and that there exists an open neighborhood Ux of {(e,1/logle|) : € €
J—es €51\ {0} U{(0,0)} in |—€f, €] x | —¢€1, €1[ where C' does not vanish (cf. [12, §4]). Now let Uy be an
open neighborhood of {(e,1/logle|) : € € ]—enr, ear[ \ {0}} U {(0,0)} in Uc. We introduce the map Ups by
setting

U e, €)(w) = w* [027,0°[e, 07 ), G [e. ] 2)

+e / 0'[e,G°[e,€'],G e, €]] (y)vai (y) - VS(z — ey) doy

o827
+e'< [ &leclpidios [ 6ileelotd da)
a92° o042t
< (v )@+ [ FSt—adn, )l

o821
(17)

for all 2 € cl 2y, and all (¢,€') € Ups. By the definition of Ups and Proposition 2.17, we have ule]| a1 o,, =
Uprle, 1/ 1og €] for all € € |—epr, ear[ \ {0}. Moreover, by classical mapping properties of layer potentials, by
Propositions 2.8 and 2.16, by standard calculus in Banach spaces, and by standard properties of functions
in Schauder spaces, we verify that Uy, is a real analytic map from Uy to CH*(cl 2,7) (cf. [12, §3] and [1,
proof of Thm. 3.1]). Thus the validity of the theorem is proved. O

Remark 3.2. By (17), by Propositions 2.11 and 2.12, and by (9), one has Up[0,0] = u[0]|q 2,,, where u[0]
is the unique function of C'**(cl£2°) such that Au[0] = 0 in £2° and u[0]jp0. = G°[0,0].

By Lemma 3.3 below, one readily deduces that equality (16) univocally identifies the map Ujs. The
validity of Lemma 3.3 is known and is related to the non-subanalyticity of the curve (¢,1/loge) for € € 10, 1]
(cf., e.g., Krantz and Parks [6, Chap. 5]). For the sake of completeness we present here an elementary proof
based on standard properties of real analytic functions.

Lemma 3.3. Let U C R? be an open connected neighborhood of (0,0). Let U be a real analytic function from
U toR. Assume that U(e, 1/loge) = 0 for all (¢,1/loge) € U with e > 0. Then U(e,€') =0 for all (e,€') € U.
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Proof. Since U is real analytic, there exist 6,6’ > 0 and a family of real numbers {a; ;)}(,j)en2 such that
] =0,6[ x ]=0",0'[C U and that U(e,€') = > jjene a@,j€e? for all (e,€') € ]-0,8] x ]—0,8'[, where the
series converges absolutely and uniformly. We now prove that a; jy = 0 for all (i, j) € N2, Then the validity
of the lemma follows by the Identity Principle for real analytic functions. Possibly shrinking &, one can
assume that 1/loge € |—¢",0[ for all € € ]0,6[. Hence, 3, ) ne ai,j€(1/loge)d = U(e,1/loge) = 0 for
all € € ]0,4[. It follows that a0y = lime,o+ U(e,1/loge) = 0. Then, an induction argument on j shows
that a( ;) = 0 for all j € N. Indeed, if k£ € N and a(gj) = 0 for all j < k, then (loge)* ™ U(e,1/loge) =
D (i)en? a(i,j€(1/loge)I =1 = 0 for all € € ]0, [ and thus a(g 1) = lim_,o+(log €)*+1U (e, 1/loge) = 0.
Now we argue by induction on i. Let & € N and assume that a(; ;) = 0 for all (,7) € N? with i < k.
Let Uypy; denote the function from | — d,5[x] — &’,'[ to R defined by Ugi1(e,¢) = e~ F+DU (e, ¢) for all
(e,€') € ]-0,6[ x |=0",8'[. Then Upti(e,€) = 32, jyene b, je€ed for all (e,¢') € ]=6,0[ x |—0",8'[, where
b(ijy = G(itk+1,5) for all (i,j) € N? and where the series converges absolutely and uniformly. Moreover,
Ukt1(e,1/loge) = 0 for all € € ]0,d[. Then, by arguing as above for U, one verifies that b ;) = a(p+1,j) =0
for all j € N. Hence a; ;) = 0 for all (4,7) € N? and the proof is completed. O

Then we have the following Proposition 3.4 whose validity can be deduced by a slight modification of the
proof of [1, Prop. 4.2] and by exploiting Lemma 3.3.

Proposition 3.4. Let the assumptions and notation of Theorem 3.1 hold. Let ¢ € {—1,1}. If 2 = — 2" and

G°[e,1/logle|] (x) = CG°[—¢€,1/log ] (z) Vax € 012°,
G'[e,1/1og|e|](z) = (G'[—¢,1/log|e|] (—z) Vz € 08,

for all € € |—€j, €5 \ {0}, then there exist en € 10, en[ and a family {uns, i 5} jenz in CH(cl 2y) such
that

ule]je1 2, = 1=9)/2 Z uMy(i,j)em(l/log \e|)J Ve € |—€nr, én[ \ {0},
(4,7)EN?

where the series converges absolutely and uniformly in C1%(cl 2y).
8.2. Harmonic functions depending analytically on €

In this subsection we prove Theorem 3.6, where we investigate a family of solution of a Dirichlet problem
with boundary data depending analytically on e. We first introduce in the following Lemma 3.5 an elementary
consequence of the asymptotic behavior of log e and of standard properties of real analytic functions.

Lemma 3.5. Let €* > 0. Let A and B be real analytic functions from ]—e*, ¢*[ to R such that Ale]loge = Ble]
for all e €10,€*[. Then A= B =0.

Theorem 3.6. Let F = (F°, F") be a real analytic map from |—eg, €o[ to C1*(802°) x C1*(802%). For all
€ € |—eo, €0] \ {0}, let v[e] be the unique function in C1(cl§2(¢€)) such that

Avle] =0 in 02(e), vle]jpne = F°[e], U[G]\eam = Fz[e](/e)

Let v[0] € CH*(cl£2°) be such that Av[0] = 0 in 2° and v[0] s = F°[0]. Then the following statements
are equivalent.
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(i) For all 2y C 2° open and such that 0 ¢ cl 2y and all epr € )0, €0 such that cl 2y Necl 28 = for
all € € ]—enr, enr[, there exists a real analytic map Var from |—enr, enr|[ to CH(cl $2pr) such that

vl[€elje1 2y = Vrle] Ve € ]—en,enl.

(ii) There exist x° € £2°\ {0}, €® € ]0,¢e0], and a real analytic function V° from |—€°, €°[ to R such that
x° € £2(e) for all € € |—€°,€°[ and

v[e](z°) = V°[e] Vee€]0,€[.
(iii) [50 FOlelp°le] do + [, F'lelp’le] do = 0 for all € € |—eq, €.
Proof. Clearly (i) implies (ii). The proof that (iii) implies (i) can be effected by arguing as in the proof of
Theorem 3.1 with G° and G* replaced by F° and F? and by noting that the last term in the right hand side
of the equality corresponding to (17) is identically zero by condition (iii) (see Remark 3.2). To complete the

proof we show that (ii) implies (iii).
Assume that (ii) holds. Set

Ale] = /Fo[e}po[e]da—k/Fi[e]pi[e]da,

a0° RYed
B°le] = v[092°, p°[€]] (z°) + / p'[e]S (2% — ey) doy,
o9
COle) = VO[e] —w[092°,6°[¢, F°[e], F'[€]]] (z°) — € / 0" [e, F°[e], F'[e]] (y)vai (y) - VS(2° — ey) doy,
o0
D°le] = b / v[092°, p°[€]] (ey) +v[052", p'[€]] (y) doy, Ve €]—€, €.
Joa: dgam ’

Then, by classical mapping properties of layer potentials and by Propositions 2.8 and 2.16, A°, B°, C°, and
De are real analytic functions from ]—e?, e°[ to R (cf. [12, §4]). Also, a straightforward calculation based on
statement (ii) and Proposition 2.17 shows that

A°[B°[e] — C°[] D[] = C°[€] l‘i <

Ve € ]0, eo[
(see also Remark 2.18). Thus, Lemma 3.5 implies that
A°[]B°[e] = C°[e]D°[] =0 and C°[] =0 Vee |—€’ €.
Hence A°[e]B°[¢] = 0 and one deduces that
([ Fasains [ s )ofoee.rd)e) =0
a82° o8¢

for all € € |—€?, €[\ {0} (see also Definition 2.9). Let now € € |—€°,€°[\ {0}. Since v[082(¢), T[€]]|a02(e) = CeXe
with ¢, € R\ {0} (cf. Definition 2.2 and (13)), then the maximum principle implies that 0 is a maximum or
minimum value for v[0£2(e), T[] in cl £2(e) and v[02(e), T[€]] can attain the value 0 only on the boundary
of £2(e). Hence v[082(¢), T[€]](z°) # 0 because z° belongs to 2(e). It follows that
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/Fo[e}po[e]doJr/Fi[e]pi[e]dor:() Ve e |-, e[\ {0}
o920 o802°

and by continuity one deduces the validity of (iii). O

In the following Examples 3.7 and 3.8 we consider some simple cases for which we can obtain more
explicit equivalent conditions for (i)—(iii) of Theorem 3.6. The following Example 3.7 concerns the case of
e-dependent boundary data which are constant on 0f2(e).

Example 3.7. Let the notation of Theorem 3.6 hold. Assume that there exist two real analytic functions ¢°
and ¢! from ]—eg, €g[ to R such that

F°le](z) = c°[¢] and F'[e](y) = c'le] Ve € |—e€o, 0], © € 0N°, y € 02"
Then v]e] satisfies the (equivalent) conditions in (i)—(iii) if and only if c°[e] = c'[e] for all € € ]—¢o, €o]-

Proof. If ¢® = ¢ then vle](z) = c°[e] for all € € |—ep, €o[ and all = € cl2(¢). Then one immediately verifies
the validity of (i), and accordingly of (ii),(iii) by Theorem 3.6. In particular, if c°[¢] = c[¢] = 1 for all
€ € |—eq, €0, then

/ p°lel do + / pilefdo =0 Ve € ]—ep, €0 (18)
a%° Yol
by (iii). Now we prove that (i)—(iii) imply that ¢® = ¢!. Assume by contradiction that c® # ¢ and v]e]
satisfies the condition in (iii). Then there exists €, € |—¢g, €o[ such that c°[e.] # ¢[e.] and
c’lex] / p°les] do + c'le.] / p'le] do = 0. (19)
ane o0

But then, equalities (18) (which does not depend on ¢°, ¢!) and (19) imply that [, p’[e.] do = 0. A con-
tradiction, because [, p'le]do = 1 for all € € |—€o, eg[ (cf. Propositions 2.4, 2.5, and 2.6). O

In Example 3.8 here below we consider the case where the domain (2(¢) is a circular annulus.

Example 3.8. Let the notation of Theorem 3.6 hold. Assume that £2° = 27 = B,. Let 2(¢) = B \ ecl By for
all € € |—1,1[. Then v]e] satisfies the (equivalent) conditions in (i)—(iii) if and only if

/FO[E] do = /Fi[e]da Ve € |—eo, €ol. (20)
OBy OB2

Proof. By Propositions 2.4-2.6 and by a standard symmetry argument one verifies that p°[e](x) = p°[e](Tx)
and p°[e](z) = p°[e](Tx) for all x € 82° = 9N° = OB, and for all orthogonal transformation 7" on R?. It
follows that p°[e] and p°[e] are constant functions on dB,. Then, by equalities |, 9B, p'leldo =1 (cf. Propo-
sitions 2.4-2.6) and (18) one deduces that

p°lel(x) = —% and  p'[e](x) = % Vr € OBg, € € ]-1,1].

Hence, the conditions in (iii) of Theorem 3.6 and in (20) are equivalent. 0O
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