DE GRUYTER J. Inverse Ill-Posed Probl. 2018; 26(1): 13-31

Research Article

Nguyen Dang Minh*, Khanh To Duc, Nguyen Huy Tuan and Dang Duc Trong

A two-dimensional backward heat problem
with statistical discrete data

DOI: 10.1515/jiip-2016-0038
Received June 17, 2016; revised February 14, 2017; accepted February 26, 2017

Abstract: We focus on the nonhomogeneous backward heat problem of finding the initial temperature
0 =0(x,y) = u(x, y, 0) such that

ur — a(t)(uxx + uyy) = fx, 5, ), (x,y,t) e Qx(0,7),
u(x,y, t) =0, (x,y) € 0Q x (0, T),
u(x,y, T) = h(x, y), (xy) €Q,

where Q = (0, i) x (0, 7). In the problem, the source f = f(x, y, t) and the final data h = h(x, y) are determined
through random noise data g;j(t) and d;; satisfying the regression models

gij(0) = f(X;, Y5, £) + 9&;5(0),
dij = h(X;, Yj) + ojjei,
where (X;, Yj) are grid points of Q. The problem is severely ill-posed. To regularize the instable solution of
the problem, we use the trigonometric least squares method in nonparametric regression associated with the
projection method. In addition, convergence rate is also investigated numerically.

Keywords: Backward heat problems, nonhomogeneous heat equation, ill-posed problems, nonparametric
regression, statistical inverse problems

MSC 2010: 35K05, 47A52, 62G08

1 Introduction

The backward heat problem is a crucial issue in various physics and industrial applications as heat con-
duction theory [3], material science [21], hydrology [2, 18], groundwater contamination [23], digital remove
blurred noiseless image [6]. The main task of the backward problem is of finding the initial temperature from
the information of final temperature. As known, the problem is ill-posed (see [13] or Section 3) and, as clas-
sified by Cavalier [7], the ill-posedness is severe.

In the present paper, we consider the nonhomogeneous backward heat problem corresponding to the
two-spatial-dimensional case. It is worth noting that the idea of this paper can be applied to the higher-
dimensional problem. Let Q = (0, 1) x (0, ), T > Oandleta : (0, T) — R be a Lebesgue measurable function
satisfying the uniform ellipticity condition 0 < a; < a(t) < a, < co, where a;, a, are positive constants. We
find a function 8 = 0(x, y) := u(x, y, 0) such that

ur — a(t)(uxx + uyy) = f, 3, 1), (x,y,t) e Qx(0,7), (1)
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subject to the Dirichlet boundary condition
u,y,t) =u(m,y, t)=u(x,0,t) =ulx,m,t)=0, (2)

and the final condition

u(,y, T) = h(x,y), (x,y)€Q. 3)
In reality, the exact values of the source f and the final data h are not available. We only have contami-
nated data f, h that affect construction of regularization method. In most of papers, the data f, h are given
on the whole space domain and they are used to construct an approximation for 6. The literature for the
this case of data is traditional and pretty huge. Nowadays, there are many good regularization approaches
available, among them are the Tikhonov method [8, 24], quasi-boundary value method [9, 25, 26], quasi-
reversibility method [19, 22], mollification [11], truncated expansion [16, 17] and the general filter regular-
ization method [20].

In the present paper, we will consider the data from a different point of view in which the source f and
the final temperature h will be measured at a discrete set of points and contain errors. These errors may be
generated from controllable sources or uncontrollable sources. In the first case, the error is often deterministic
and there are many papers concerned with the problem (see, e.g., [12] and references therein). If the errors
are generated from uncontrollable sources as wind, rain, humidity, etc., then the model is random. On first
glance, such small errors will not really make sense. Statistics handles the influence of random errors and
these errors should be important enough. However, the accumulation of the small errors in the data of an
ill-posed problem can make the noise of the solution to be large and, hence, cannot be ignored. This effect is
considered in the theory of statistical inverse problems [1, Section 2.1.5, p. 48]. In this paper, we describe the
relationship between observed data and the sources f and h by means of nonparametric regression models.
Let gi;(t) and d;; be the observed data of f and h, and let (X;, Y;) = (71(2i — 1)/2n, n(2j — 1)/2m) be grid points

inQ,withi=1,...,n,andj=1,..., m. We consider two models
gij(0) = f(X;, Y, ) + 9&;5(D), (4)
dith(Xi,Yj)+0ijSij, i=1,...,n,j=1,...,m, (5)

where ¢;;(t) are Brownian motions, &; ~ N(0, 1) and ¢y are bounded by a positive constant Vpay, i.e.,
0 < 0jj < Viax for all i, j. The random variables &;;(t), &;; are mutually independent. Note that, in the above
models, the stochastic processes gj;(t) and the random variables d;; are observable whereas 9¢j;(t) and ojj¢;;
are unknown. From the observations g;j(t) and d;j, we can use the nonparametric regression method to
reconstruct the final temperature h, the source f which need to estimate the initial temperature 6.

Recently, the number of articles on the statistical inverse problem and the backward problem with ran-
dom data has increased significantly. In our knowledge, we can list here some related papers. Cavalier in [7]
gave some theoretical examples about inverse problems with random noise. Mair and Ruymgaart [14] consid-
ered theoretical formulas for statistical inverse estimation in Hilbert scales and applied the method for some
examples. Our paper is inspired from the paper by Bissantz and Holzmann [4] in which the authors consid-
ered a one-dimensional homogeneous backward problem. The very last papers are dealt with i.i.d. random
noises. In the present paper, we consider the nonhomogeneous backward problem with general non-i.i.d.
noises and random sources. In our opinion, it is a positive point of our paper.

To deal with the problem, we propose a “hybrid” approach in sense that it is a combination of the non-
parametric least squares (NLS) method in Statistics (see, e.g., [27, p. 57]) and the projection method in the
theory of inverse problem (see, e.g., [13, p. 66]). In particular, using the NLS method, the final temperature
h and the source f can be approximated uniquely from the observed data d;; and gj;(t), respectively. Then
the projection method can be applied to construct estimators which stably recover the Fourier coefficients of
the unknown function 6. The proposed approach seems to be a generalization of the one in [4] to the multi-
dimensional and nonhomogeneous problem.

After the estimation, evaluation of the bias is an important procedure. In [4], a discretization bias of the
estimators of the one-dimensional Fourier coefficients on L? space is stated as an assumption and no method
is available for evaluating the bias in the Sobolev classes. To fill this gap in the two-dimensional case, we
have to find a representation of the discretization bias by high-frequency Fourier coefficients of h, f.
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The rest of the paper is divided into four parts. In Section 2, we introduce the discretization form of Fourier
coefficients. Section 3 is devoted to the ill-posedness of the problem. In Section 4, we construct estimator
6 = 0(x, y) for the initial temperature. We also give an upper bound for the error of estimation. Finally, we
present some numerical results in Section 5.

Before going to the main parts of the paper, we introduce some notations. We denote

L*(Q) = {g : Q — R : gis Lebesgue measurable and jgz(x, y)dxdy < oo},
Q

with the inner product

(81,82) = ng(x, y)82(x, y)dx dy,
Q

and the norm

lgll = \j ng(x, y) dx dy.

Q

Here, werecall that Q = (0, m)x(0, m).Forp, g € Z*, we put ¢, (x) = \2/msin pxand ¢p 4(X, y) = Pp(X)Pg(y).
As known, the system {¢, 4} is completely orthonormal in L?(Q). For every natural numbers ¢, k satisfying
1<¢<n,1<k<m,weput

Ver:=span{gppq:p=1,...,¢,g=1,...,k.
This set is an ¢ x k-dimensional subspace of L2(Q) and Ue.kew Vek = L%(Q). We also denote by
Qo it LAH(Q) = Ve

the orthogonal projection operator on Vp k.

2 Discretization form of Fourier coefficients

In this section, we will construct the discretization form of the Fourier coefficients of the solution u of problem
(1)-(2). Since the system (¢, 4) is an orthonormal basis of L?(Q), the solution u has the expansion

UGy, =Y Y upg(O)pq(x,y),
p=1¢g=1

where up, 4(f) = (u(-, -, t), ¢p,q). We also denote

t
Op.g =0, Dp.a)s  Fog® = s 0, dpa), A(t):jamdr, Ap.qg(t) = e AOW+2)
0

Substituting the expansion of the function u(x, y, t) into (1) and solving the differential equation thus
obtained, we have

t
Up,4(t) = (ep,q + IAI;}q(r)fp,q(r) dr)Ap,q(t).
0
Hence,

Mg

(]
UGGy, t) =y
p=1

q

¢
(61”4 + J Aplq(Dfp,q(D) dT)Ap,q(t)‘l’p,q(x, y)- (6)
1 0

Noting that
006, y) =u(x,y,0)= Y Y OpqPpq(X,),
p=14-1
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we can obtain the expansion

D18

T
h(x,y) =u(x,y, T) = Y <9p,q + jA;,}qup,q(r) dr)/tp,qmqbp,q(x, y).
p=1 1 0

q=
It follows that .
My = (ep,q N JA;,}q(T)fp,q(r) dr)Ap,q(T). @)
0

To establish a discretization formula for 6, we will use the least squares estimators of the final temperature
functions h and of the source function f . From the Riemann sum, we claim that
2
nm

Z Z h(Xi, Yj)$p,q(Xi, Yj).

i=1j=1

hp,q =
As mentioned in [4], the discretization bias
7_[2 n m
Ynmp,q ‘= nm z Z h(Xi, Yj)p,q(Xi, Yj) — hpq (8

i=1j=1

is not easy to handle. In [4], for brevity of the presentation, the authors only assumed that the one-dimen-
sional bias is of order O(n~1). In the present paper, we will give an explicitly estimate for the two-dimensional
bias. In fact, the formulas for the discretization bias will be derived from [10, Lemma 3.5] that is:

Lemma 2.1. Put
1 & 1
Spars = — > pXKPr(Xi)— Y dg(Y)Ps(Y)).
i=1 j=1

Forp=1,...,n-landq=1,...,m-1,withX; = n(2i - 1)/2n, Yj = n(2j — 1)/2m, we have
%, (r,s)x(p,q) = (2kn, 2lm),
Op.grs =1-m2%, (1,5)+(-p, q) = (2kn, 2Im),

o, otherwise.
Ifr=1,...,n-1ands=1,...,m- 1, we obtain
n?, r=pands=q,
6p,q,r,s:
o, r£pors+q.

From the latter lemma, we can represent the discretization bias yn,m,p,q by high-frequency Fourier coefficients
of the function h. Precisely, we have:

Lemma 2.2. Assume that h € C1(Q). Then,forp=1,...,n-1,q=1,...,m-1,

Ynmp.q = Prp,q + Qmp,qg + Rnmp,q> )
with
v k = 1
Pn,p,q = Z(_l) hzknip,q’ Qm,p,q = Z(_l) hp,Zlmtq,
k=1 =1
R k+l
Rum,p.q = Z Z(_l) * (thnip,Zlm—q + h2kntp,21m+q)-

T
N
T
N

Here, for any sequences (ap,q), (bp,q), we denote

o0 o0 o0
z A2kn+p,q = Z AQ2kn+p,q t Z A2kn-p,q>

k=1 k=1 k=1

00 00 00

Z bp,zlmiq = Z bp,21m+q + z bp,2lm—q-
1=1 =1 =1
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Proof. We have the transform

=Y R VoY) = Z(Z y hr,s¢r(xi)¢s(Y,-))¢q(Y,-) =t Y g+
j=1 r=

j=1\r=1s=1
where
_1 Z ¢r(X1) Z( 1) hr 2lm+q-
=1

It follows that

11 & _

= Z(— Y hx;, Y,-)¢q<Y]-))¢p<Xi) = Z( LY oghe(X) )«pp(x,) = Z Sqbp(X1)

n i=1 mj:l i=1 r=1

=7 (hp,q +Prp.g+ Qmp,q + Raym,p,q)-

So equality (9) holds. O

Now, we consider the discretization bias of Fourier coefficient f, 4(t) of the function f(x, y, t) from the data-set.
For the readers convenience, we recall that

foa@® = 0,0p.0)s fOGY 0= Y foqt)dpq(x,y).
p=1g=1

As in Lemma 2.2, we can get similarly:

Lemma 2.3. Assume that f € C([0, T); C1(Q)),p=1,...,n—landg=1,...,m—- 1. Put

Nn,m,p,q(t) __ZZf(Xl, Y}’t)(pPCI(Xz, Yj) - qu(t) (10)
i=1j=1
Then
Mnmpg(®) = Prp o) + Qup g (O + Ry 1 (0), (11)
with

Py a® =Y D foknp.g®s  Qupg® =Y (1) fp2imsq (D),
k=1 I=1

o0 00

n m,p, q(t) z Z(_l)Hk(kanip,ZlmH](t) +f2kntp,21m—q(t))-

k=11=1
Combining equalities (7), (8) and (10), we can obtain a data-explicit form for 6(x, y):

Theorem 2.4. Let M, N € N such that 0 < N < n, 0 < M < m. Assume that the functions h, f fulfill Lemma 2.2
and Lemma 2.3. If u is as in (6), we have

T
6(x,y) = ZZ[ Zz(h(x,,Y])qum jA;}q(nf(Xi,Y;,r)dr)@,q(xi,lf,-)

i=1j=1 0
T
- (YH,m,p,qA;,lq(T) - J'Al_j,lq(f)nn,m,p,q('r) df)](l)p,q(xy y)+(0- QN,Me)()(, V),
0

where yn,m,p,q> Nn,m,p,q are defined as in Lemma 2.2 and Lemma 2.3.

3 The ill-posedness of the problem

From the theorem, we can consider the ill-posedness of our problem. We investigate a concrete model of data
and prove the instability of the solution in the case of random noise data. Suppose that h(x, y) = f(x,y,t) =0
and a(t) = 1, u(x, y, T) = 0. The unique solution of (1)-(2) is u(x, y, t) = 0. Let the random noise data be

iid o
gij(t) = 0+ 9&(t), dij=0+eij, &5 ~ NO,n'm™1)
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fori=1,...,n,j=1,..., m. Wewill construct the solution of (1)-(2) with respect to the random data. Using
the idea of the nonparametric regression method (see the next section), we put

n-1m-1 n-1m-1
R o) = z Z hmr‘;d)p a6y F 0 = > fp q(t)¢p q(6 Y)s
p=1g=1
where . o
Poia = o 2. 2 €0%p.a i V) Foig® =00 Y &5(0bp.g(Xi V).
nm i=1j=1 nm i=1j=1
The definition implies
nz m m
y”mpq ﬁzzguq’)pq(xn Y;)) - hpq o,
i=1j=1
- 9 & & —
nn,m,p,q(t) = - Z Z {lj(t)(;bp,q(X,-, Yj) —fz,”;(t) =0

=

i=1j=

1
By the orthogonal property stated in Lemma 2.1, we can verify directly that
Bum(Xi, Y)) = dijs - Fam(Xi, Y, ) = 835(0).

Let u = u(x, y, t) be the solution of the system

U= W+ Uyy) =f 0610, (6),0€Qx(0,T),

{ Uy, D=h" Ly, (Y eq,
subject to the Dirichlet condition
u0,y, t)=u(m,y, t) =u(x,0,t) =u(x,m,t)=0

We can remark that u(-, -, t) is a trigonometric polynomial with order < n (with respect to the variable x) and
—nm —_ . .
order < m (with respect to the variable y). Putting 6  (x, y) = u(x, y, 0), we get in view of the remark that

5;:; = Gnm, ¢p,q) for p = nor g > m. Applying Theorem 2.4 with N =n -1, M = m — 1, we obtain
C1m-1 T
—nm —=nm
(X y) = Z Z (hp,q - JA;}q(T)fp,q(T) dT>A;;,1q(T)¢p,q(X, ¥),
p=1g=1 o
thus

T 2
"§nm||2 2 (Hzml,ml - J‘Azll,m—l(T)f:Tl,m—l(T) dT) Azgl,m—l(T)'
0

Assuming that the random quantltles g and §;(t) are mutually independent, we can obtain by direct
m
computation that limy,m—co El f -, tl? =0forall t € [0, T]. Moreover, by the Parseval equality, we have

—nm n-im-1_ = 1m-1 n m 2
Ih1% = Zl Zlm,,,q) Zl Zl nzmz(z Y €ijp,q(Xi, ¥)) ) :
p=14q= p=1gq= i=1j=1

Using Lemma 2.1, we obtain

ElR i

p=

ml g2 onom _(n-1)(m-1)
1_m§§ U n2m?2 ’

[
£~
1l

Thus
—nm
lim E|h |?=0.
n,m—oo
On the other hand, we claim that E||@,y /2 — oo as n, m — oo. In fact, we have
nZeZT(n2+mZ)

T 2
IE”énm”Z > []E(HZ";)z + E(j —1(n? +m2)f (T) dT) ]eZT(n2+m2) > 5—
’ n-m
0
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and E||0,,]12 — +co asin n, m — +co. From the latter inequality, we can deduce that the problem is ill-posed.
Moreover, as classified in [7], the problem is severely ill-posed. Hence, a regularization method is necessary
for stable reconstruction of the initial temperature.

4 Estimators and convergence results

4.1 Nonparametric least squares method

Since the final temperature h and the source f satisfy two nonparametric regression models, we will first
consider a generalization of the models. Assume that g is a unknown function from Q into R and that the
observations Z;,i=1,...,n,j=1,..., msatisfy the model

Zij = g(Xi, Yj) + &,

where (X;, Y;) are as in the introduction, ¢;; are mutually independent and Ee;; = 0. We will estimate the
function g by the nonparametric least squares estimators. Using the idea of the statistical projection method,
we will find the estimators in Vy y with 1 < N < n, 1 < M < m which are minimizers of the problem

8o v,y = AIE_MiN Z Z(ZU - (X, Y))2. (12)
e VNMI 1j=1
From the lemma, we can obtain the explicit form of our minimizers.
Lemma 4.1. Problem (12) has a unique solution
~1S 7'[2
En,m,N,M = Z Z wm - Z ZZU‘PP aXi, Y;) |Pp,q-
p=1¢g=1 i=1j=1

Proof. For Y € Vy a1, we have

N M
Yx,y) = z z Cp,qPp.a(X, y).
p=1g=1

Putting c = (cp,q),p=1,...,n,9=1,..., m, we can rewrite problem (12) as
n m N M 2
gn m,N,M = argcé%rle Z Z<Zii - Z Z Cp.qPp.q(Xi, YJ‘)) .
i=1j=1 =1g=1
Denote

n m N M 2
L) =) Z(Zii - 2 paPpaXi Yi)> .

i=1j=1 p=1

[~}
[

At the minimize point, we have

N M
ac =-2 Z Z( - Z Cp.qPp.a(Xi, Yj)>¢€,k(Xis Yj)=0
ek ==

i=1j=1

with¢=1,...,N,k=1,..., M. By Lemma 2.1, we obtain

Cok =

§|='
||M:

Z Zijpe k(Xi, Y).

Hence, the nonparametric least squares estimator is

gﬁsm NM = Z Z( Z Zzii¢p,q(Xi» Yi)>¢p,q»

p=1g=1 11)':1

as desired. O
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4.2 Estimators of the initial temperature

Problem (1)—(2) with the discrete conditions (4)—(5) should have many infinitely solutions. So, to regularize
problem (1)-(3), one has to discretize the problem and reduce it to a finite system of linear equations. To
do this end, one popular method is the projection method. Choosing two natural numbers N, M such that
1 <N <n,1<M < m,wewill find a solution w(x, y, t) of the problem on the subspace V, x such that

We = a(t)(Wyx + wyy) = fn NG Y 0, 6y, t) € Qx(0,T), 13)
wx,y, T) = h2S o\ (%, y), (x,y) € Q,
where
n m
h];lsm NM = arg min Z Z(du h(X;, Y]))z f)],l“ MNM = arg min Z Z(gi,-(t) - flX;, Y;, t)2.
VNMlljl t)EvNMlljl
Using Lemma 4.1 and formula (6), we deduce that system (13) has a unique solution
N M/ T A
w= Z Z (hp,q - JA;}q(T)fp,q(T) dT)/\I;’lq(T)(pp,q, (14)
p=1q= t
where
n, n m . n n m
= Z Z dijbp.aXi, Y)), fpa=- Z Z 8ij(O¢p.q(Xi, Y))-
From (14), the estimator of the 1n1t1al temperature function has the form
-~ N M -~
GN,M = Z Z Ap,q(l)p,q; (15)
p=1¢g=1
where
T
Apg = (hm - JA;}q(r)fp,q(r) dr)A;}q(T).
0

4.3 Convergence rate of the estimator

Now, we study the convergence rate, which is the main result of this paper. We note that N, M are regulariza-
tion parameters, namely the truncation parameters in the series estimator. If the regularization parameters
are too large, the projection estimator is not convergence. Hence, we prove that a suitable choosing regular-
ization parameters is necessary. In fact, we will verify that

min 1E||éN,M -2 =

Hereafter, for any positive numbers a, B and E, we denote the Sobolev class of functions by
[colENce)
Ca BE = {g eL2(Q): Y Y p*q*Plg, dp.g)I* < EZ}.
p=1¢g=1
The convergence rate of estimator 6 ~.m in (15) is presented by Theorem 4.8. In order to prove the theorem, we

need the evaluation for IEII@N, u — 0]%. In fact, this estimate procedure has to undergo some important steps.
In the first step, we have the following lemma.

Lemma 4.2. Let theregressionmodels (4) and (5) hold. Assume that 0 € Cy p,gand0 < N < n,0 < M < m. Then
T

10N, - 61> = Z Y [”—m Y Y (A (Doyes; - jA;}q(r)&,-m dr)¢p,(Xi, ¥))
p=1¢g=1 i=1j=1 o
T 2
JA (T)rln mpq(T)dT"'Ynmqup q(T):| +¢ei%£ ||9—¢”2- (16)
o M
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Proof. By the Parseval equality, we have

N M o) M N 00 00 (o)
16vm =617 =) Y (Apg=0p.)*+ Y D 6hgt D D Ghgt > Y biy
p=1qg=M+1

p=1g=1 p=N+1g=1 1 p=N+1q=M+1

From the formula ofilp,q and 0y 4,p=1,...,N,q=1,..., M, we get

T
R n,z n m R _
Apq=Opq=-——No(T) Y ) OiEijbp,qxi, ) - j/t;}q(ﬂ[fp,q(r) = fp.a(M1AT = Ynm p.g2 (1)

i=1j=1 o
with
R 7'[28 n m
fp.q(6) = fp,q(t) = m z Z &ij(OPp,q(Xi, Vi) + Nuym,p,q(0).
i=1j=1
Thus, we obtain (16). O

Now, we prove that yn,m,p,q and nn,m,p,q tend to zero as n, m — oco. We first have:

Lemma 4.3. Assume that f(-,t) € Cqpgforallt € [0,T]and 6, h € L2(Q). Then

E

[hp,ql < 10112p,¢(T) + ————-.
pa PATT pagbai(p? + g2)

Proof. From (7) and |fp ()| < E/(p*qP), we have

|hp,q| < "9|Mp,q(T) +

T
agB I e P [ ads g
p q o
Since a(t) > a;, we deduce
E
Ihp,ql < 1014p,q(T) + —————-.
e P pegPai(p? + ¢?)
This completes the proof. O
In the next lemma, we will give an upper bound for the discretization bias of hy, 4. Indeed, we have:

Lemma 4.4. Supposethatf(-,-,t) € Cqprandthatp =1,...,n-1,q=1,...,m- 1. Withy, m,p q defined
by (8), there is a generic constant C independent of n, m, p, q such that

[Yn,m,p,ql < Cn~1-a/2m~1-h12, 17)

Proof. From (9), we have
[Vn,m,p,ql < |Pnp,gl +1Qm,p,ql + |Rn,m,p,ql-

Using Lemma 4.3 gives

(o) o0 (o) E
P < h + < 9 A + T) +
|Pn,p,ql k;| 2knzp,ql < | ||k§1 2knp,q(T) kzl I Pa kI T D)

N\ - AMICknp)g?] , E
<o) e nEpHl

k; k; ai[(2kn + p)2+a + g2+h]
SAD@-p+?) 4 -ADCrp+g) X E

1-e2nAMD a1(2kn)+«

e
<16l

k=1

26,—A(T)(2n—p+q2) E o] 1
<6l 1

_ e—ZnA(T) + a1n2+a ]Z:l (2k)2+a'

Since A(T) > a1 T and 1 - e2"(I) > 1 as n large, we obtain

_ pra? 2Ex
|Pup.ql < he” TP+ g) 4 alnzfa =K1 nm, (18)
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where we use K4 1= Y 5oy W < 2 forall a > 0. Similarly, we get

2Exg

—-a; T(2m-q+p?)
|Qm,p,q| <4e 161 + amm 2+ﬁ =Ko n,m- (19)
Next, we find an upper bound for |Ry, m,p,¢l. In fact, we have
Wiy ) big
[Rn,m.p,ql < Z Z |h2knsp,2im—gl + Z Z |P2knsp,2im+ql = n ,mpq T Ry ,m,p,q
k=11=1 k=11=1

Now we estimate the first term as follows

E
<116 e T)[(2knxp)?+(2Im-q)?]
“ U2 <l Z Z + Z Z a1[(2kn ip)z“" +(2lm - q)2+ﬁ]

k=11=-1 k=11=-1
||9||(e“‘(77(2“+2m—1fJ Q. e—A(T)(2n+2m+p ) .
< [1 - e 2nAMD][1 — e=2mA(T Z‘, g a[(2kn)2+e + (21m)2+/g]

Similarly, using the inequality x + y > 2+/xy (x, y > 0), we obtain

Exqp

I —-a1T(2n+2m-p-q)
< L —
R 8e ||9|| + 2a1n1+a/2 1+p/2°

n,m,p,q —

where ka8 := Y701 Y1y W < +oo forall a, > 0. Similarly, we get

Ex
II -a, T(2n+2m-p—-q) a,p
Ry mp,q = 8e ™! 161 + 2a1n1+a/2m1+ﬁ/2 :
Therefore E
K
—-a, T(2n+2m-p—q) B e
|Rn,m,p,q| <16e ™4t el + —alnl“x/zm“ﬁ/z = K3 n,m-
Noting that 2(K1,nm + Kz,n.m) < Cn~1%2m=1-F/2 and that K3 . m < O(n~1-92m~1-F/2), we get (17). O

Remark. Writing almost verbatim (in fact, easier) the above proof, we can obtain an estimation of order
O(n~1-%2) for the discretization bias of one-dimensional Fourier coefficients. The order is better than the
order O(n~1) assumed in [4] and it can be applied for the Sobolev class of functions. Moreover, the idea can
be generalized to the n-dimensional case.

Lemma 4.5. Assume that f(-,-,t) € Cq.pr and a, > 1. With p,m p,q(t) defined by (10), we obtain
Nnmp.g()] < C'(0%+mP), (20)
where 2 < C' < co.
Proof. From (11), the triangle inequality implies
Mnmpg (O < 1Py p o O+ 1Qu g (O + IR p 4 (DI

Estimating directly the first term gives

[ee]

U 2E
P -p+2kn +2kn = —Ca -,
1Py p,q(O)] < kzlafp 2kn,g (O] + |fps2kn, g (D)) < Z (an p)a Z Gin e < Can

Similarly, we also have
Qg1 < Com™P and  [RY 4O < Copnm™®

with 4 < Cg4,p < 00. Moreover, we easily see that the upper bound of |Rn m,p,q()]is very smaller than the upper
bounds of IPH’p’q(t)| and |Qm,p’q(t)| as n, m tend to infinity. Hence, we get (20). O
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To prepare for the proof of the main result, we need:

Lemma 4.6. LetL > 1 and k > 0. Then

12k
j ek’ qu < e_. (21)
1

Proof. Putting s = u/L, we have

Then transforming variable v = L?k(1 — s) gives

1 12y LK
LJ'eLst2 ds= & J QKO- 4
Lk
0 0
Since , v o
2 L2k((1 - %)% -1)
(A LS R
we have
L L2k
L2k L2k L2k
ku? e —-v e —sz e
A (-
Je dust Je dv < Lk( )st
0
Therefore, (21) holds. O

Finally, we are ready to state and prove two main theorems of our paper.

Theorem 4.7. LetE>0,a,f>1,1<N<n 1<M<mandh e C'(Q)NCapr f € C([0, T]; C'(Q) N Cq.p,E)-
Assume that system (1)—(2) has a (unique) solution u € C'([0, 1]; L2(Q)) n C([0, T]; H2(Q)). For Oy, defined
in (15), we have

Co€2a2[(N+1)2+(M+1)2]

E||Oy,x - 01” < + inf [6- ¢l

2ainm(N + 1)(M +1)  ¢eVyu

where the positive constant Cy is independent of n, m, N, M. It follows that

COeZaz [(N+1)?+(M+1)?]

min || 0 min ( + inf |6- 2)
1<N<n, 1sM<m 16 - " 13N§n, 1<M<m\ nm(N+1)(M +1) PEVNM | ¢l

Proof. According to Lemma 4.2, we denote

4 n m T 2
- n32’r7n > Z > [(Z Z(A;}q(T)a,-js,,- - j/\;}q(r)s.{ﬁ(r) dr)¢p,q(xi, Yj))

p=1g=1 1 0

T 2
" (J LN mpa(T) dr) + yf,’m’p’q)l;,zq(T)]
0

4

= m — >, + 12+ 13).

We will find upper bounds for I 1, I1,2, I1,3. We first have

N Mrn m T 2
ha= Y 3|3 3 (Aamoye - [ 154 msem e )0k, v)|

p=1g=1Li=1j=1 0
N M n m 2 T 2
<2 Z z |:AI_7,2‘1(T)(Z z Op,q(Xi, Yj)aijeij> + (Z z bp,q(Xi, Yj) j I;’lq(T)'gfij(T) dT) ]
p=1g=1 i=1j=1 i=1j=1
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From the Brownian motion properties, we known that E[&;;(t)&xi ()] =0 for k # i,1 # jand E 5(t) = t. By the
Holder inequality, we obtain

N M T T
Bl <2 Y Z( Va2 (D + 3 2., (X, Y)j Khmdr [ 9 §(r>dr>
p=1g=1 0

i=1j=1

2nm 32T3 N M 24 2,2
i (N)(p*+q°)
< T2 (Vo + )lele :

Lemma 4.6 gives

2 92713
E(I1,1) < ;:m(VmaX + —) J J e2AM™41) g g,
1

Thus, we obtain

]E(Il,l) < (22)

nmeZA(T)[(N+1)2+(M+1)2] 92713
+ —_—
2m2A2(T)(N + 1)(M + 1)( maxT )

Next we evaluate I . Putting n,,m = max{|nnmpql:p=1,...,N, g=1,..., M}, we obtain directly

N M T 2 N m,T )
UEEDID) ﬂﬁ,m(J/‘;,lq(T)dT> < Mo 2. Z(Jew@”‘f’dr) :
p=le=l 0 p=1¢=1\}

Hence, it follows from Lemma 4.5 that

N M eZazT[p2+q2] eZazT[(N+1)2+(M+1)2]

Ly <n? < C?(n*+ mP), (23)
””"p; q; a3(p?+¢?)? ~ 2a3T(N + 1)(M + 1)

Finally, we find an upper bound of I 3. Putting yum = max{lynmpql:p€1,...,N,qe1,...,M} and
using Lemma 4.4 we have

M
Iz <y2mA q(T) <8 z Z(K1 m +K§ " m)/\;?q(T) =815 +175),

where K; ,m and K3, m are defined in (18) and (19). We get

2E 72
P Z Z [4e*‘“”2" PN+ e | (D
< APZ 4 T 2 & & 2a, T(q*-p) y-2
—4na —2a1T(q°-p) y—
a n4+2a Z Z 2+2a +32e ' "9" z Z e ' Ap,q(T)
p=1g=1 p=1g=1

E2A(M)(N+1)? +(M+1)?]
<of )-
n+2¢(N + 1)(M + 1)

Similarly, we obtain

e2A(T)[(N+1)2+(M+1)2]
11, <o )-
’ m42B(N + 1) (M + 1)

2AMIN+D2+(M+1?] 1
fs < O( (N+1)(M+ 1) (n4+2a " mie2p )) (24)

Therefore, combining (22), (23) and (24), we get

Hence, we get

e2a2 [(N+1)%+(M+1)?] )

Eh < O(nm(N+ DM+

as desired. O
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Theorem 4.8. Let E> 0, a, > 1 and h € C1(Q) U Cqpk, f € C([0, Tl; C1(Q) N Cq,p,r). Assume that system
(1)-(2) has a (unique) solution u € C*([0, 1]; L*(Q)) n C([0, T]; H*(Q)). Choose

Num = Mu,m ~ O(UOgl/z nm|),
where | x| is the greatest integer < x. For éNn,m,Mn,m defined in (15) and 0 € Cq p £, we have

min |0y - 01* < ElOw, ,,m,, — 01> < C1log™ nm,

=n, <M<

where the positive constant C is independent of n, m and ap = min{a, S}.
Proof. According to Theorem 4.7, we have

ElOny - 01> < CiApmum + inf 60— |2,
¢€VN,M

where
e2az [(N+1)2+(M+1)?]

nm(N+1)(M+1)’
Now, we find an upper bound for the second term. In fact, we have

An,m,N,M =

00 M N 00
Hnf 10-¢1>="Y > p g p*dP0,pp.)1*+ Y > P (p°qP0, dp.)I?
N.M

p=N+1g=1 p=1g=M+1
(o) (o)

Y Y g Pipteke, ¢,
p=N+1g=M+1

<SEX(N+1)2%+ M+ 1) 2P+ (N+1)72%(M + 1))
< 2E?((N +1)72% + (M + 1)72%) =: 2E* Ay m,N. M5

where ap = min{a, B}. Therefore
EllOn.m - 01> < Ch(AnmN.m1 + Dnym,N.ba)s

where C}) = min{Co, 2E 21, We choose the numbers N, M for minimizing the left-hand side of the latter inequal-
ity. Put
L(z,w) = An,m,z,a) + An,m,z,w-

The function L(z, w) attains its minimum at (zpm, Wnm) satisfying z,m, wnm > 1 and

OL(Znm, Wnm) _ (402 (Znm + 1)? — 1)e2@ G+ D +@m+1)?] 2a0 ~
oz - nmzum + 1)(Wnm + 1) " (Znm + 1)2%01

and
OL(Znm, Wnm) _ (4az(Wnm + 1)% - 1)62a2[(znm+1)2+(w"m+1)2] 2a9 _
ow B nm(zpm + 1)(Wnm + 1)  (Wam + 1)20-1

We can verify that
N
and

F(znm +1) = F(wpm + 1)

/

with F(p) = 4a,p2%+1 — p2&-1_Since F'(p) > 0 for p > a,*/?, we obtain zum = Wnm for n, m large enough.
p p p p p>a,

Hence, we have the equation

(4az(znm +1)? - 1)e4a2(z"m+1)2 2a9 B
nm(zpm + 1)? (Znm + 1)2%~1 -

which gives limp, ;- co 105:;1”1"1 = 2+/az. Thus, we can choose Ny m = Mpm = |Znm] ~ O(l1og? nm|) and
obtain
E|by, ..M, — 6> < Olog™® nm),

as desired. O
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5 Numerical results

We illustrate the theoretical results by concrete examples. We first describe a plan for computation. Let
Q=0,7)x(0,n),T=1and

us —a(t)Au = flx,y, t), (x,y,t) € Qx(0,1),
u(x, y, t)|yo = 0, 0<t<1,
u(x,y,1) = h(x,y), (xy) eQ,

where the functions f, h are measured and the function a : (0, 1) — R is known.

We will simulate the data for heat source term and final condition, respectively. In fact, at each point
Xi, Yj) = (m(2i-1)/2n,n(2j - 1)/2m),i=1,...,n,j=1,..., m, using two subroutines in FORTRAN pro-
grams of John Burkardt (see [5]) and of Marsaglia and Tsang (see [15]), we make noises the heat source by
9¢;i(t) and the final data by ojj&;;, where &;;(t) are the normal Brownian motions and ¢;; are the standard
normal random variables. Choosing oizj =02 =9 =101 and 1072, we have two following regression models:

dij = h(X;, Yj) + ogi5,  gij() = f(Xi, Yj) + 935, & il N(0, 1).

Now, we choose some numerical methods to compare errors. The first method is the trigonometric non-
parametric regression (truncated method for short) which is considered in the present paper. The second
method is the quasi-boundary value (QBV) regularization. The third method is based on the classical solu-
tion (CS for short) of the backward problem.

For the mentioned function a, we use the method Legendre—Gauss quadrature with the roots x; of the
Legendre polynomials Ps515(x), x € [-1, 1] to calculate

( 1342 xi 1
1
AgL = Ia(s)ds =5 Z wia(? + 5)’
0 n=1
where
2

Wi = .
(1 +x3)[PL,(xi)]2

In the first method, we have to set up the values of Ny, ;n, My, m. With the quantity AL, we can obtain the
values of Ny, m, Mn,m from n, m by the following formula:

log'/? nm

log!/? nmJ
AgL '

Ny = [
L Agr,

J and M"’m:[

In each case of variance 01.2}. = 02, we compute 30 times. To calculate the error between the exact solution and
the estimator, we use the root mean squared error (RMSE) as follows:

. 1 rmo 5
RMSE(69 0) = \]ﬁ l:zllgl(e(xl) Y]) - G(Xh Y])) .
Then we find the average of RMSE(@; 6) in 30 runs order.

The second method is the quasi-boundary value (QBV) regularization with the approximation of the
initial data

Bopv(x, V) OZO: Oﬁ( hp,q JT Apa(DAp,g(T) i md >¢ )
X,y) = - 1)dt X, ).
QBV y =] g(pz n qz) +/1p,q(T) J S(pz + q2) +Ap,q(T) b,q b.q y

The method is chosen since it is quite common and the stability magnitude of the regularization operator is
of order O(e1) (see [22]). As mentioned, in the QBV method, we do not have explicit stopping indices. So,
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we only calculate with p, g = 1, ..., 20; £ = 02 and use the formula
20 20 h L (O o(T) .
P ) ~ < p.q _J' p.q , d ) ).
aBv(X, ) p;q; ) A ) 57 g2 1 Ay g (1) P AT )$pal6y)

Finally, we consider a numerical result for the classical solution (CS for short). As the second method, we
use the approximation formula

20 20

T
Ocs(,y)= Y Y (ﬁp,qu}qm - j AN (Dfp.g(T) dr)qbp,q(x, y).
p=1¢g=1 0

We will illustrate the discussed plan by two examples. In Example 1, we consider the problem with an exact
initial datum 6 having a finite Fourier expansion. In Example 2, we compute with the function 8 having an
infinite Fourier expansion.

In the examples, to calculate integrals depended on the time variable t in approximation formulas, we
use the generalized Simpson approximation with 101 equidistant points 0 = ty < t; <--- < t101 =1

1

1 [3 7 23 n3 23 7 3
jV(T) dr = 100 [§V(to) + gV(tl) + 2—4V(l‘2) + ’;3 v(tk) + ﬁv(t%) + gv(tloo) + §V(t101) ,
3 -

where V(1) = AL (T)fy (7).

Example 1. With a(t) =2 -t, we can see that 1 =a; < a(t) <a, =2. We have AgL = 1.5. Assume that
fix,y, t) = 2(t3 - 2t2 — 6t + 10) sin(x) sin(y) and h(x, y) = 4 sin(x) sin(y). The exact value of u(x, y, 0) is

6(x, y) = 5sin(x) sin(y),
which has a finite Fourier expansion.

Figure 1 and Figure 2 present surfaces of the data and their contours (without and with noises respectively)
for the final condition and the source term. They are drawn in case 0% = 10~1, n = m = 81 and at the time
t = 0.5, w.r.t. According to the figures, we can see the non-smoothness of two surfaces data in case of random
noise. In fact, from the contour plot within noise of the final data, we also see that the measured data is
very chaotic.

The Contour Of Data Withoot Errors

25} 1

D 1 1 1 1 1 1
0 0.5 1 15 2 215 3

(a) True data (b) Observation data

Figure 1. The contour of two data set for final temperature.
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The Source The Source Data

(a) True data

Figure 2. The surface of data set for heat source at t = 0.5.

(b) Observation data

Run Estimator QBV method Classical solution
02=10"1 02=102 £=10"! £=102%2 =101 £=102
1 0.3488 0.0855 1.8493 0.6836 9.0696E+0466  7.2832E+0467
2 0.2810 0.0098 1.7936 0.6492 5.6003E+0468 1.3249E+0467
3 0.1665 0.1151 1.6715 0.6741 4.9925E+0468  7.6606E+0467
4 0.0642 0.0555 1.8313 0.6199 1.9484E+0468 8.8691E+0466
5 0.3478 0.0795 1.7854 0.5895 3.0650E+0468 9.9884E+0467
6 0.1541 0.1344 1.7437 0.6661 1.6817E+0468 1.0375E+0466
7 1.1359 0.1045 1.9001 0.6162 1.0333E+0468 5.0317E+0467
8 0.1819 0.1116 1.8155 0.6789 4.4777E+0468  2.6705E+0467
9 0.5098 0.0794 1.9957 0.6704 8.7766E+0467  1.9412E+0467
10 0.0767 0.0819 1.7344 0.6770 1.9678E+0468 7.3191E+0466
11  0.6926 0.0509 1.8346 0.6305 2.8522E+0468 3.6677E+0467
12 0.1562 0.0650 1.8199 0.6876 9.8178E+0468  6.0419E+0467
13  0.3010 0.0133 1.6247 0.6591 1.3412E+0468  4.7005E+0467
14 0.2691 0.0549 1.9827 0.6664 4.9153E+0468 2.6146E+0466
15 0.8242 0.0784 1.8294 0.6782 2.8401E+0468 2.2989E+0467
16 0.0800 0.0897 2.0291 0.6365 3.9761E+0468 3.2519E+0467
17  0.5340 0.0694 1.8317 0.6593 5.5066E+0466  4.5486E+0467
18 0.3112 0.0560 1.7623 0.6140 5.6634E+0468  4.9512E+0467
19 0.0823 0.1052 1.8327 0.6706 4.7594E+0467  1.5004E+0467
20 0.8982 0.0593 1.7463 0.6531 4.2411E+0468 3.3806E+0467
21 1.1967 0.0919 1.8337 0.6322 6.7184E+0468  3.4589E+0467
22 0.6456 0.1117 1.6554 0.6898 3.1764E+0468 8.5158E+0467
23 0.7978 0.0921 1.8755 0.6289 1.9857E+0468 1.3291E+0467
24 0.7382 0.0732 1.8330 0.6568 1.4733E+0468 1.6599E+0467
25 0.2039 0.1161 1.7400 0.6372 2.2766E+0468  2.3429E+0467
26 0.1441 0.1000 1.8158 0.6410 9.6333E+0467  3.4518E+0467
27  1.3111 0.1097 1.7632 0.6621 2.3796E+0468  3.9224E+0467
28 0.3626 0.1020 1.8254 0.6583 4.7331E+0468  7.5024E+0466
29 0.2833 0.0173 1.7640 0.6552 8.1452E+0467  1.4300E+0467
30 0.8313 0.0414 1.9595 0.6774 4.0568E+0468  4.4984E+0467
Average  0.4643 0.0785 1.8160 0.6540 divergence divergence

Table 1. Example 1: Comparing errors between methods: 0% = 10%,10"2 and n = m = 21.
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Figure 3. Example 1: The graphics of the average of RMSE in two cases 62 = 107! and 62 = 1072.

In case of 02 = 1071, the error of the estimation is quite large, while, the error in case of 62 = 1072 is
smaller. In addition, we see that the errors (in two cases of the variance oizj = ¢2) are decreased when n, m
are increased (see Figures 3). Table 1 shows the error of the method. We see that the error between the exact
solution with the classical solution grows very fast. In fact, the error data is quite small € = 1071, 1072 but
the error solution is large ~ 1066, This illustrates numerically the ill-posedness of our problem. On the other
hand, the error in Table 1 of the truncated method is better than the one of the QBV method.

Example 2. Leta(t) = 0.5e‘and e™! = a; < a(t) < a, = 1. Then we calculate Agy, = 0.3161. Suppose that
—t
fix,y,t) = %[(Ze’t +(4e™" —1)sin2y) + (1 - 10e™) sin 3x siny]
and
e—l
h(x,y) = — [x( - x)siny - sin 3xsiny].
We easily see that the exact value of u(x, y, 0) is

0(x,y) = }T[x(n - x)siny - sin 3xsiny],

which has an infinite Fourier expansion.

The results of Example 2 have error as in Table 2. From the results, we can obtain the same conclusions as in
Example 1.

6 Conclusion

In paper, we consider a nonhomogeneous backward problem with final data and source having random
noises. We first approximate the final data and the source by using nonparametric least squares regression
methods in statistics. The estimate of bias of the discretization is given explicitly. On the other hand, our
problem is ill-posed. Hence, a regularization is in order. We have used the projection method to approximate
stably the unknown initial temperature 6. Finally, we illustrate the theoretical part by comparing computa-
tion results of the method presented in the paper, QBV and classical solution methods.
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Run Estimator QBV method Classical solution
02=10"1 062=102 £=10! £=102%2 £=10"1 £=102

1 0.2702 0.1533 0.2518 0.1431 4.79E+097  4.55E+095
2 0.2111 0.1536 0.3038 0.1512 4.97E+096  1.22E+096
3 0.1865 0.1540 0.2881 0.1402 9.17E+094  2.98E+096
4 0.3827 0.1539 0.3039 0.1350 3.80E+097  2.34E+096
5 0.2872 0.1525 0.3161 0.1521 1.18E+096 2.27E+096
6 0.2492 0.1564 0.3135 0.1525 7.43E+096  1.23E+096
7 0.2468 0.1539 0.2858 0.1289 1.28E+097 1.30E+096
8 0.6985 0.1531 0.2876 0.1436 2.11E+097  3.79E+095
9 0.2923 0.1534 0.3187 0.1421 2.04E+097  2.85E+095
10 0.3177 0.1549 0.3104 0.1484 4.02E+097 1.14E+096
11  0.1931 0.1534 0.2909 0.1386 1.21E+097 6.71E+095
12 0.1957 0.1563 0.3355 0.1821 1.60E+097 6.91E+095
13 0.1964 0.1532 0.3139 0.1313 7.14E+096  1.68E+096
14  0.2875 0.1553 0.3018 0.1570 3.96E+096  1.24E+096
15 0.2700 0.1540 0.3195 0.1403 4.51E+097  2.42E+096
16 0.2558 0.1545 0.2985 0.1362 1.68E+097 5.06E+096
17 0.1976 0.1535 0.3589 0.1466 1.60E+096 2.91E+096
18 0.4981 0.1548 0.3853 0.1594 3.85E+096 2.65E+096
19 0.2723 0.1539 0.3200 0.1540 9.70E+096  2.71E+096
20 0.3152 0.1534 0.3312 0.1466 2.04E+097 1.77E+096
21 0.3284 0.1544 0.3303 0.1442 1.60E+097 1.76E+096
22 0.4009 0.1526 0.3173 0.1274 1.01E+097 3.65E+096
23  0.3175 0.1532 0.3005 0.1475 9.57E+096  1.65E+096
24 0.4426 0.1526 0.3132 0.1537 3.06E+096  8.29E+095
25 0.3158 0.1528 0.3234 0.1353 4.21E+097  2.98E+096
26 0.2715 0.1545 0.3443 0.1428 1.22E+097 2.06E+096
27 0.1848 0.1527 0.3517 0.1312 2.46E+097 2.31E+096
28 0.2695 0.1555 0.3104 0.1470 1.05E+097 1.81E+096
29 0.5497 0.1637 0.3126 0.1300 7.88E+096  4.31E+096
30 0.3161 0.1530 0.3047 0.1414 4.69E+096  8.49E+095
Average 0.3074 0.1542 0.3148 0.1443 divergence  divergence

Table 2. Example 2: Comparing errors between methods: 02 = 1071,1072 and n = m = 21.
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