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A NUMERICAL METHOD FOR MEAN FIELD GAMES ON NETWORKS

SIMONE CACACE!, FABIO CAMILLI? AND CLAUDIO MARCHI?

Abstract. We propose a numerical method for stationary Mean Field Games defined on a network.
In this framework a correct approximation of the transition conditions at the vertices plays a crucial
role. We prove existence, uniqueness and convergence of the scheme and we also propose a least squares
method for the solution of the discrete system. Numerical experiments are carried out.
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1. INTRODUCTION

The Mean Field Game (MFG in short) theory has been introduced in [17,19] to describe the limit behavior
of differential games when the number of agents becomes very large. Models based on this theory can be used
to investigate crowd dynamics, consensus formation and various economical and social problems (as growth
theory, environmental policy and formation of volatility in financial markets) in which the strategy of the single
agent determines a collective behavior of the population (see [2,12,16]).

From a mathematical point of view, MFG theory leads to the study of a coupled system of two differential
equations: a Hamilton—Jacobi—Bellman equation and a Fokker—Planck equation, describing respectively the
optimal behavior of each single agent and the evolution of the whole population. Let us also stress that the MFG
structure of a system requires that the Fokker—Planck equation coincides with the adjoint of the linearization
of the Hamilton—Jacobi—Bellman one. There is a rapidly increasing literature concerning both the theoretical
aspects and the applications of MFG (see the review paper [14]).

A crucial point to extend the theory of MFG systems to networks is to find the appropriate transition
conditions at the vertices in order to obtain a well posed mathematical problem, coherent with the applications.
In [7], it was considered a MFG system with quadratic Hamiltonian which, by an appropriate change of variable,
can be transformed into a linear system of differential equations coupled only wvia the initial datum. A general
class of stationary MFG systems on networks is considered in [8], where it is proved existence and uniqueness
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of classical solutions to the problem

—v0?u+ H(x,0u) + A = V[m], xel
v9?m + 0(m H,(x,0u)) = 0, xel (1.1)
Jrm(z)de =1, [, u(z)dz = 0.

Here the network I' = (V,€) is a finite collection of points V := {v; };c; in R™, connected by continuous, non
self-intersecting arcs of € := {e; }je.s. Moreover, v = {v;};e; are strictly positive numbers, the Hamiltonian H
is a collection of operators {H;};cs; where H; = H;(x,p) is a continuous, convex Hamiltonian defined on the
arc ¢; and Hy := {0H;/0p},cs. Let us stress that H may be discontinuous at the vertices.

The equations in (1.1) are defined in terms of the coordinate parametrizing each arc. They have the same
optimal control interpretation as in the MFG theory in Euclidean spaces and the same structure as well (namely,
the latter is the adjoint of the linearization of the former). The system (1.1) needs to be complemented with
conditions at vertices. At each internal vertex v; we consider the transition conditions

Z vj0;u(v;) = 0,

j€lnc;
> [wioim(vi) + Hjp(vi, 05u)my(v;)] = 0,
j€lInc;
wj(vi) = uk(vi), mj(vi) = mp(vi), Jj,k € Inc; (1.2)

where Inc; denotes the set of the edges incident the vertex v; and Hj ), := 0H,;/0p. We mention, see [13], that
the first condition in (1.2) is the classical Kirchhoff condition and it prescribes the probability that an agent
reaching the vertex v; enters in the incident edge ej, j € Inc;; such a law is the natural modelization of some
stochastic disturb acting on each vertex while the stochastic disturb inside the edges is represented by the
Brownian motion. The second condition in (1.2) guarantees the mass conservation at v; (the sum of the fluxes
at v; is null) and it can be interpreted as the “adjoint” of the Kirchhoft’s one (see [8]); the third condition is the
continuity of u and m at v;. We remark that (1.2) are natural conditions for 2"¢ order problems on networks.
In fact the domain of the Laplace operator on a network is given by continuous functions on I" which are H?
on the edges and which satisfy the Kirchhoff condition at the vertices [22]. Moreover, this transition condition
is a crucial ingredient for the validity of the maximum principle on networks.

In this paper we consider the numerical approximation of the problem (1.1) and (1.2) following the approach
in [1,4], where a finite difference approximation of the MFG system is studied (see also [9,15,18] for different
approaches). Inside the edges we follow the same approach of [4] and we discretize the differential equations
in (1.1) by finite differences. The guideline to find the correct approximation of the transition conditions in (1.2)
is to reproduce at a discrete level some fundamental identities which are obtained in the continuous setting by
the weak formulation of the problem (see for example (3.22)). For this reason the discrete Hamiltonian defined
by a monotone approximation of the Hamilton—Jacobi—Bellman equation is also used in the discretization of
the Fokker—Planck equation and of the corresponding transition condition. By means of the previous identities
we prove the well-posedness of the discrete problem and the convergence to the solution of the system (1.1).

While there is a large literature about the approximation of hyperbolic problems on networks (see for ex-
ample [5,10]), as far as we know, numerical schemes for second order differential equations on networks with
Kirchhoff conditions have been only considered in the linear case (see [20,21]). Hence the part concerning the
approximation of the Hamilton—Jacobi—Bellman equation on the network is new and of independent interest.

The paper is organized as follows. In Section 2 we introduce assumptions and notations. Section 3 includes
three subsections concerning existence, uniqueness and convergence. In Section 4 we present a method for the
solution of the discrete system and some numerical examples illustrating the theory.
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FIGURE 1. Incident edges to the vertex v;: Inc;” = {j}, Inc; = {k,1}.

2. NOTATIONS AND PRELIMINARY DEFINITIONS

A network I' in R™ is a couple (V, £) given by a finite collection of vertices V := {v; };es and a finite collection
& = {e;},es of continuous non self-intersecting arcs whose endpoints belong to V. We assume that each arc
ej € & is parametrized by a smooth function 7; : [0,1;] — R™, [; > 0. For a function u : I' — R we denote by
u; @ [0,1;] — R the restriction of u to e;, i.e. u(x) = u;(y) for x € ¢, y = 7rj_1(x). Given v; € V, we denote by
0;u(v;) the oriented derivative at v; along the arc e; defined by

tin (u;(0) = w; O/t iF 03 = m,(0);
t—
dju(vi) =
Jim (gl =€) = (1)) /¢, 3 vi = m;(1;).
Given a discretization step h = {h;};cs, we consider an uniform partition y;, = khj, k =0,..., Njh, of the

interval [0,1;] which parameterizes the edge e; (we assume that NJ* =;/h; is an integer). We obtain a spatial
grid on I by setting
Gn=A{xjn=m;(yjr), jE€J, k=0,...,N'}. (2.1)

We define Inc; := {j € J : e; is incident to v;} and

Inc; = {j € Inc; : v; = m;(0)}, Inc; ={j€lInc;: v; = wj(NJ'-’hj)},
so that

Inc; = Incl Ulnc;,

as shown in Figure 1.

We set
h; h h
|h| = rjnea}{hj}v hy, = E 9 N™ =) + E (Nj —1), (2.2)

j€lInc; jeJ

i.e. N is the total number of the points of G, having identified for each i € I the #(Inc;) grid points
corresponding to the same vertex v;. For a grid function U : G, — R we denote by Uj, its value at the grid
point x; j.
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Definition 2.1. We say that a grid function U : G;, — R is continuous at v; if
Uje = Upm :=U; if v; = m;(Lhy) = me(mhy), j, k € Inc;, £ € {0,N}'}, and m € {0, N}'},
i.e. the value of U at the vertex v; is independent of incident edge e;, j € Inc;. We say that a a grid function is
continuous if it is continuous at v;, for each i € I.
We introduce the finite difference operators

Ujr+1 — Ujk
h; ’
T
[DhUljk = (DTU)jk, (DYU)jk-1) ",
Ujr—1—2Uj 1k + Uj 1
h2 '
J

(DYU)j =

(DRU)j k=

In order to approximate the Hamiltonian H; : [0,{;] x R — R, j € J, we consider a numerical Hamiltonian
g; : [0,1] x R? = R, (z,q1,q2) — g; (%, q1, g2) satisfying the following assumptions:

(G1) monotonicity: g; is nonincreasing with respect to g1 and nondecreasing with respect to qa;

(G2) consistency: gj (x,q,q) = Hj(z,q) Yz € [0,1;], Vg € R;

(G3) differentiability: g; is of class C*;

(G4) superlinear growth: gi(z,q1,q2) > a((q;)? + (¢5)?)/? — C for some a >0, C €R, v > 1 and ¢* denote

the positive and negative part of q;
(G5) convezity: for all x € ej, (q1,92) — g; (&, q1,q2) is convez.

Numerical Hamiltonians fulfilling these requirements are provided by Lax-Friedrichs or Godunov type schemes,
see [23]. As an example, suppose that the Hamiltonian H is of the form H(x,p) = ¥(z, |p|) where ¥ is convex,
increasing and superlinear with respect to its second argument. Then the Engquist—-Osher Godunov scheme
reads as

9j (T,q1,92) = &D(xa (min(q1, 0)2 + max(ga, 0))2)

and the monotonicity, consistency and convexity conditions are satisfied.

Given U, W : G, — R, we define the scalar product

Nh—1

UW)2=>" > hUpWin+> | Y %Uj,owj,ﬁ > %Uj,N_;le,Nf

jed k=1 icl jEInc?’ j€Inc;
We introduce the compact and convex set

Kn ={(Mjx)jecs 0<k<nn : M is continuous, Mj > 0, (M,1)2 = 1}.

The operator V[m|(z; ) is approximated by (V3[M]);, where M is the piecewise constant function taking
the value Mj j in the interval |y —y; x| < h;/2, k=1,..., NJ’-’ —1, 7 € J (at the vertices only the half interval
contained in [0,;] is considered). In particular, if V' is a local operator, i.e. V[m](z) = F(m(z)), then we set
(Va[M))j 1k = F(M, ). We assume that:

(V1) Vj, is continuous and maps KCj, on a bounded set of grid functions.

(V2) V, is monotone, i.e.

(Va[M] =V, [M],M — M), <0= M = M.
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(V3) There exists C independent of h such that for all grid functions M € Kp,

IVa[M]lloo := max|(Va[M]);n] < C

[(Va[M])jk = (Va[M))jel < Clyjx —vsel  k,0=0,...,N}', j € J.
3. A FINITE DIFFERENCE SCHEME FOR THE STATIONARY MFG SYSTEM

In this section we introduce the approximation scheme for the system (1.1). For simplicity, we consider a
network I" without boundary; appropriate boundary condition can be inserted in the scheme in a straightforward
way. At the internal grid points we consider the finite difference system

—l/j(D%U)jvk +g(l‘j7k, [DhU}j,k) +/1 = (Vh[M])j,k’ k= 1,. .. ,N]h - 1, j eJ
vi(DEM) ;1 + BH(U, M), =0, k=1,...,N'—1,jeJ (3.1)
M € Ky, (U,l)g =0,

where U, M are grid functions and A € R. The transport operator B" is defined for j € J and k = 1 by

1 0 0 0
B"(UM)jr=— { ke (51 [DRU k) 4+ M1 e (1415 [DaU)jps1) — My ke (2.1, [DhU]j,k)] ;
h; oq 0q2 0q2
for k;:2,...,NJ'-l—2by
1 0 0
B"U, M)j 5 = — | Mjxm(2; 1, [DaUlj k) = My -1 e (25 51, [DRU ) 5-1)
hj aCIl 56]1

0 0
+ Mg = (5041, [DaU]j 1) — Mo (2.1, [DhU]j,k)] ;
0q2 92

fork;:NJ’-l—lby

1 dg dg Jg
B"(U M) = h; {Mj,ka—ql(ﬂﬁj,k’ [DrUljk) — Mj,k—la—(h(ﬂﬁj,k—h [DrUljk-1) — Mj,ka—qQ(wj,k, [DrUljk) |-

We discuss now the transition conditions at the vertices, see (1.2). We discretize the Kirchhoff condition for the
function u via a 1st order approximation of the derivative and we impose the continuity at the vertices

Sh(U,Vh[M]—A)iZO, iGI, (3 2)
U continuous at v;, 1€ 1, '
where for grid functions U, V, the operator S" : V — R is defined by
h + h; + h;
SMUV)i= > |w(DTU)j0+ 35 Vio| — Y |wDTU) N - < Vi |- (3.3)
jEIncj’ j€Inc;

To discretize the transition condition for m we consider a 15! order approximation of the derivative (the conti-
nuity of M at the vertices is included in the definition of )

ThM,U); =0 iel, (3.4)
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where for grid functions U, M, operator 7" : V — R is defined by

0
TNMU); = ) |:Vj(D+M)j70+M'71_g(xj717[DhU]j71)

0
jEInc;r 7
+ 99
— Z VJ(D M)j,N]hfl + Mj,N;Lfla_ql(.Tj’N;Lil, [DhU}j’N;Lil) =0. (35)
j€Inc;

Remark 3.1. For the discretization of the differential equations in (1.1) inside the edge, we follow the same
approach in [1,4] and we refer to these papers for motivations and explanations. We just recall that the transport
operator B" comes from the discretization of the quantity

/ mH,(z, 0u)dw dx

for a test function w, which is connected with the weak formulation of the Fokker—Planck equation on the
network.

For the the approximation of the transition conditions in (1.2), we use a standard 15! order discretization
of the normal derivative of w and m with the sign depending if the vertex corresponds to either the initial
point or the terminal one in the parametrization of the edge. The flux term in the Kirchhoff condition for m is
approximated in a upwind fashion depending always on the orientation of the edge. Finally the additional term
%((Vh [M]) — A) in (3.2), which vanishes for h — 0, is necessary to obtain the identity (3.22) which plays a key
role in the uniqueness and convergence results.

Note that at a vertex v;, we have respectively #(Inc;) values U; and #(Inc;) values M;, corresponding to
the restrictions of these functions to the incident edges e;, j € Inc;. Since (3.2) and (3.4) gives #(Inc;) linear
conditions, the value of U and M at v; is univocally determined.

Summarizing the approximation scheme for the stationary problem (1.1) is given by the (3.1)—(3.5). In the next
subsections we study existence, uniqueness and convergence of the scheme.

3.1. Existence

We prove existence of a solution to (3.1)—(3.5) by a fixed point argument. We preliminarily need to prove
existence, uniqueness and regularity for the first equation in (3.1) with transition conditions (3.2), see Lemma 3.5.
This result is obtained, as in the continuous case, by approximating the limit ergodic problem (3.15) with the
sequence of problems (3.6), which contains a zero order term pU?, and passing to the limit for p — 0. For this
we need to estimate, uniformly in p, the discrete gradient of U” (see Lem. 3.14).

Lemma 3.2. Let V : G, — R be a continuous grid function and assume that g satisfies (G1)—(G3). For p > 0,
there is a unique solution to the problem

—l/j(D,ZLUp)jvk —|—g(1‘j7k, [DhUp]jvk) + pUJIik =Vik, k=1,... ,N]h —-1,57¢eJ
ShUr, vV — pUP); =0, icl (3.6)
UP continuous at vy, 1el.

Proof. To prove the existence we show that the map F : RY " RN" defined by

L(v3(D30) s = 9(@is [DRULia) + Vi) G € T k=1, NP = 1

FU) = !
A=SMUVY, i€l

(where h,, as in (2.2)) admits a fixed point.
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Set r = (max;x |H(z;,0)| + ||V]«)/p- By the regularity of g the map F is continuous from B, = {U €
RN" . lUlloo < 7} to RN". Assume that U € dB,, hence max;ec ; y—o,. Nt |Ujk| = 7. Consider first the case
, k=0,...,N/
Ujr = r for some j € J, k € {1,...,NJ'-’ —1}. Since (D2U)jx < 0, DTU; ) < 0 and DVU; 1 > 0, by the
monotonicity and the consistency of g we get

vi(DRU ) — 9(2jk, [DhUlj ) < —H (21, 0)

and therefore 1
FU)jk < ;(—H(%,kvo) + Vi) <7

Hence f(U)ng < U, and f(U)j,k #+ pwUjp if > 1.
Now assume that there exists ¢ € I such that U; = r for some ¢ € I (U; is the common value of U;, at v;)
then (DTU);0 < 0 if v; = m;(0), (DTU); yn_y > 0 if v; = 7;(N}') and therefore

2 h; h;

jEInc;r j€lnc;

Hence F(U); < U; and F(U); # pU; if p > 1. Arguing in a similar way if either U;, = —r or U; = —r, we have
that F(U) # pU for all u > 1 and U € 9B,. Hence by the Leray—Schauder fixed point theorem there exists
U’ € B, such that F(U”) = U? and therefore a solution of (3.6). We also have the estimate

1
1071 < & (a0 001+ V1) )

We prove uniqueness of the solution to (3.6). Let U, U? be two solutions of (3.6) and assume by contradiction
that maxj,k(UJ-{k — sz,k) =0 > 0. Consider first the case that there exists j € J, k € {1,..., NJ' — 1} such that
U§‘112 - U§‘212 = §. Subtracting the equations satisfied by U' and U2, we get

(DU = U?)); 5 + (x5 5 [DRU k) = 925 7 [DhU]jk) + p(UT = U?); 5 = 0.
Since (7, k) is a maximum point for U! — U2, by the monotonicity of g, we get
pd = p(U' =U?);5<0

and therefore a contradiction. If there exists i € I such that U} — U? = §, then subtracting the transition
conditions satisfied by U! and U?, we get

0= Z (1/j(D+(U1 — Uz))j,o - %(P(Ul - U2)j,0)

; +
j€lnc;

h; p
- Z (Vj(D+(U1 - U2))j,Njh—1 - %P(Ul - U2)j,NJ’.1> < ) Z h;
j€lnc; j€lInc;

and therefore also in this case a contradiction. We conclude that U' < U? and we prove in a similar way that
Uz <U. O

In the next lemma, we get an a priori bound for the gradient of the solution to the discrete
Hamilton—Jacobi—Bellman equation by assuming that the function is bounded. It is important for the analysis
of the convergence of the scheme that all the bounds are uniform in h.
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Lemma 3.3. Let V : G, — R be a continuous grid function and assume that g satisfies (G1)—(G4). Let U™ be
a solution of the problem

—I/j(D}zLU)jvk + g(xjk, [DrU]jk) = f/ij’ k=1,.. .,N;-l —1,5eJ
SNU,V); =0 iel (3.8)
U continuous at vy, 1€ 1,
and assume that
1U* oo < Co (3.9)

with Cy independent of h. Then

| DRU" oo = max S (DTUMl < C

where C' depends on Cy, ||V ||, but not on h.

Proof. We first prove that DTU" is bounded at the vertices. Assume by contradiction that for some i € I

max{ max |(DTUM); |, max [(DTU") ,Nhl} — 400 for |[h] — 0.

J €Inc+ j€Inc;

Because of the transition condition in (3.8), it is not restrictive to assume that, up to a subsequence,

max{ max {(D'*'Uh)J 0}, max {— (D+Uh)j7Nﬁ,_1}} — 400 for |h| — 0.

J EInc j€lnc;

Hence we assume that there exists j € Inc such that DTU ho — 400 for hj — 0 (we proceed in a similar way
if there exists j € Inc; such that —D+U"

Let hg be such that for h; < hg

Nni1 T +00).

4C,
DUl 2 +(C+ |V ac) + 10
J

where C as in (G4), Cy as in (3.9). Since (DRU");1 = (DTU}, — DTU,)/h we have

PP Ul = 2D U+ g, [DWUMia) = Vi 2 FED Ul + 0D Ul = O = [V oo 2 72D Uy (3.10)
J J

and therefore DTU ;31 > DVU J’-fo. Iterating the previous inequality, we get

DYUMN .y > DU fork=0,..., N} — 1. (3.11)
For L < N;‘ — 1, we have
UPy = Ul + h;DTUR,

Ur,=UMN+ th+U;.f1 = Uhy + hy(DYUN + DYUR)),

L—-1
UJhL—U]0+hZ DU,
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If Lh; >1;/2, by (3.11) we get
4Cy

U, > Ul + LhDYU! > Uy + Lhj—— T > Cy

and therefore a contradiction to (3.9).
We show that DTU” is bounded also inside I'. Assume by contradiction that there exists j € J, ky €
{1,..., Njh — 2} such that, up to a subsequence,

DU}, | — 400 for h— 0. (3.12)

By compactness, z;r, — xo € e; for h — 0. We set yo = 77;1(1'0) € [0,1;] and we first consider the case
yo € (0,1;). If D‘*‘U]’ffkh — 00 for hj — 0, let hg be such that for h; < hg

4Cy
lj — Yo

1 ~
DUy, 2 ~(C+ [Vlle) +

Arguing as in (3.10), we have

DUk+l>DUk?h+ll fOI‘l:l,...’NJh_k;h.

For Lh; > (I; — y0)/2 we get

4Cy

and therefore a contradiction to (3.9).
We now consider the case yo € (0,/;) and D*U;fkh — —oo for h — 0. Let hg be such that for h; < hg

1 ~ 4Cy
D*Ujk, < = (C+IV]loo) = —==-
We have
v; -
hj DU, = hj DYUy, 1+ 90, [DRUj k) = Vi, =
J
v; ~
hﬂ D+Uhkh L _’_a‘D+ "fkhp —-C - HVHoo > hﬂ D+Uhkh )
and iterating
D UM, 1 2 DU, oy forl=0,....kp — 1. (3.13)

For L < kj, — 1, we have
Ulky—1 = Uy, = hD¥USy,

’ L
U1 = Uy =W i2a DU, 1

Hence if Lh; > yo/2, by (3.13) we get
4Cy

U]h:kh— = h ZD k'h 2 U - thDJrU;-fk > —Co+ Lh E > )

and therefore a contradiction to (3.9).
In case yo = w}l(xo) is equal either to 0 or to [; and |D+U]’7fkh| — +00, it is easy to adapt the previous
arguments to obtain again a contradiction to (3.9). O
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Lemma 3.4. Let U? be the solution of (3.6), then
[IDFU? o0 < O (3.14)
for a constant Cy independent of p and h.

Proof. Fix an arbitrary node x5 € I' and set W* = U’ — Ujp’%. Adapting to the case of the networks the
argument in ([4], Prop. 2), it is possible to show that W7 is bounded, uniformly in p. Since W* is a solution
of (3.8) with V =V — pU” and by (3.7) V is bounded, uniformly in p and h, we can apply Lemma 3.3 to get a
bound on ||[DW?||« and therefore on ||[DUP|| uniform in p and h. O

Lemma 3.5. Let V : G, — R be a continuous grid function and assume that g satisfies (G1)—(G4). Then there
exists a unique couple (U, A), where U : G, — R and A € R, solution of the problem

—v;(D2U)jk + 9(xj ke, [DrU]jk) + A = Vi, k=1,...,N} —=1,j€J
h oA .
SYU,V = 4); =0, iel (3.15)
U continuous at v;, el
(U,1)2 = 0.
Moreover
Al < C1, [[DrU]loe < Co (3.16)

for some constants C, Cy independent of h.
Proof. We prove existence by passing to the limit in the ergodic approximation (3.6). By (3.7)
1pU"]|oc < C4

for any p > 0 where C is independent of p. By (3.7) and (3.14), up to a subsequence, U? — (U”,1)2 converges
to a function U : G, — R such that (U,1)2 = 0 and pUf; converges to some A € R (independent of (j, k)).
Moreover the couple (U, A) satisfies (3.15) and the bounds in (3.16).

The uniqueness of the couple (U, A) can be proved by an argument similar to the one for the uniqueness
of (3.6). O

Remark 3.6. Note that the dependence of the bounds in (3.16) on the function Vj ; is only by means of ||V .
This is crucial for the proof of the next theorem.

Theorem 3.7. If g satisfies (G1)—(G4), V satisfies (V1), then the problem (3.1) and (3.5) has at least a
solution (U, M, A). Moreover
A|<C |Ullso + [[DrU]loe < Co (3.17)

for some constants C, Cy independent of h.

Proof. We define a map ¢ which associates to M € K}, the solution (U, A) of the problem (3.15) with Vj , =
(Vi [M]); k. By Lemma 3.5, the map @ is well defined.

We show that @ is continuous. Let M?® € Kp be such that M* — M € K as s — oo, hence by (V1),
Vi[M?®] — Vi [M] as s — oo. Let (U?, A°) be the sequence of solutions of (3.15) with V' = V;[M?®]. By (3.16) the
sequences A® and ||U?®||» are bounded and therefore, up to a subsequence, converge to A € R and, respectively,
to a grid function U. It is immediate that (U, A) is a solution of (3.15) with V' = V},[M]. By the uniqueness of
the solution to (3.15), it follows that all the sequence (A°,U?®) converges to (A,U) and therefore the continuity
of the map @ and the estimate (3.17).
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We define a map ¥ which associates to M € K, the solution M of linear problem
LLMj’k — l/j(DiM)j’k — Bh(U, M)j,k = ,U,Mj,k J € J, k= 1,.. .,N]h —1

/”LMZ - Zjelnc R [VJ (‘D M)J 0+ M 1,1 Dgs Bq (xjal’ [‘DhU}J’l)]—’_

J

Zjelnc; %[Vj(D+M)j,fo—1 - Mj,Nﬁ—lg?Tgl(l‘j,Nj’f—lv [DhU]j,NJ’F—l)] = puM; el
where p > 0 and (U, A) = &(M). We rewrite the previous problem as
uM + AM = uM (3.18)

where A is N* x N" matrix. By the monotonicity and the regularity of g, for p sufficiently large the matrix
I + A is a non singular M-matrix and is therefore invertible. It follows that for any M € Cp, (3.18) admits a

solution M and by M-matrix property M > 0 since M > 0. We prove that (M, 1), = 1. First observe that if
W, Z : G, — R, then

NP —1 NP2
> Z vi(DiW)kZik = — Y Y vi(DTW); (DT 2); 4
jeJ k=1 jeJ k=1
- % ”ﬂzjlp Wio+> > VJZ L (DPW)ay (319)
z”C_IJEInc ZEIJEIHC
and
NPI—1 NP-1
Z Z B"UW)j1Zjk = — Z Z Wik [DnZljx - Vag(@jk, [DaUljk)
jed k=1 jed k=1
0
—Z( Z (Wja2;, ang (1, [DnU]j1)]
i€l jelnct j 2
1 dg
- Y SWinaZin s @ uDhUl e ). (3:20)
j€lnc; 7 «

If W=M,Z=1, by (3.19) and (3.20) we get
NP—1

> Z (AM)j = Z { (D M)JO+My1§q2(33j,1’[DhU]j,1)]

jeJ k=1 ZEIJEIHC

dg
_Z Z |:VJ D* M);Nh 1 Mj,N]hfla_ql(wj,N_]’ﬁfla[DhU]j,N]hfl) .

icl j€Inc;

Hence by the definition of A at the vertices we have

NP —1
— M — —
DD (AM)e=5> | D (M=M)je+ > (M= M)y
JE€J k=1 i€l \jelncH j€lnc;
Therefore
Ni—1 NI'—1
D D hyluMys + (AM); 4] = ”ZZhMJk
jeJ k=1 jeJ k=1

which implies (M, 1) = (M, 1); = 1 and therefore M € Kj,.
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Hence ¥ maps Kj, into Kp. From the boundedness and continuity of ¢ and the regularity of g, ¥ is con-
tinuous. By the Brouwer’s fixed point theorem it follows that ¥ admits a fixed point M which is a solution
of (3.1)—(3.5). O

3.2. Uniqueness

We first prove a fundamental identity which plays a crucial role in uniqueness and convergence of the scheme
(compare with [3], (3.20)).

Lemma 3.8. Let A, B : G, — R be two grid functions, (U, M, A) a solution of (3.1)~(3.5) and (U, M, A) a
solution of

—vj(DR0) ik + 9(@jn, [DhUljx) + A= (Va[M]), | + Aje, k=1,... N} —1,j€J
vi(DEM);x + B"(U, M), = Bj, k=1,...,N'—=1,jeJ
j hj ;
Sh(U’ Vh[ ] B A)Z = Z:jelnc:r TAJ70 + Zjelnc; TAijJ}-T" iel (321)
THM,U); =, 8B+ . kB . iel
’ G j€Inc 2 77, Jj€Ine; 2 74N
U continuous at v;, 1el
M e Ky, (0,1)220.
Then
RMM,U,U) + R"(M,U,U) 4 (Vy[M] — Vi, [M],M — M)y = (A,M — M)y + (B,U —U), (3.22)
where
NP-1
RMM,U,U) =Y Z h; Mjk[ (@415 [DnU)j k) = 9(xj.1, [DrUjk) = [Da(U = U)lkj - Vag(@jik, [DrULjk) |-
jeJ k=1

Proof. Let (U, M, A) and (U, M /I) be as in the statement. Subtracting the equations for U and U, multiplying
M —

the resulting equation by h;( M), and summing over j € J, k=1,..., Njh — 1, we get
NP—1
> Z hj(M — M);, k[ viDi(U = U)jk + 9(xjk, [DrUljx) — 9(5k, [DrUj0)+
jedJ k=1
NI'—1
(A=) = (VM) = Val[M])e| = 30 D7 hy(M = D)4y (3.23)
jeJ k=1

Subtracting the equations for M and M, multiplying the resulting equation by hi(U — U) 4,k and summing over
jedJ, k;:l,...,NJ’-l—l, we get

h h
Ny -1 Ny -1

S iU =0k [viDi(M = M) i+ B"(U, M) — B"(U,M);] => > hj(U—0U);xBjr. (3.24)

jeJ k=1 J€J k=1
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75
We have the identity

NI'—1 NI'—1
> > (U =U)aDi(M = M) = Y —v(M = M), Di(U = U);
JjeJ k=1 jed k=1

£ (M = W0 (D (U~ 0))j0 — (U~ 0)0(D*(M — 31));0]

+ Z Zj. [(M - M)j,N]’?’(DJr(U - U))j,N’Ll - (U - U)j,N}l(DﬂM - M))iN}Zl} (325)

and, respectively,

NP—1 NP—2
oY BUM) k(U =0)jn==> | Y, Mk [Dn(U =T)ljx - Vog(jk, [DaU]; 1)
jed k=1 jed | k=2

0 . 0 _
My E s [PV = U)o+ My 5 v s [DAU )y 1) (0 = Uy |+ (3:26)

NI — _ —
In a similar way a corresponding equation for » .. ;> 37, ! BMU,M); (U —U);y is also obtained

We now discuss the boundary terms in (3.25) and (3.26). By the transition conditions for U and U and the
continuity of M at the vertices we have

- Z ha (M M)]O(D+(U U)JO+ Z

M M)jNh(DJr(U_U))j,N;’;l
jEInc J j€lnc; j
= 3 SO~ B [(VAIM] ~ VAN — (A~ ) Ay
j"c‘IncJr
£ 37 SO = W), [(VAIM] = VAIM]) v — (A= ) — A, ] (3.27)
j€lnc;

By transition conditions for M and M we get

> U =)D (M = M))jo— Y

V. _ _
: #(U —U)jnn (DY (M — M)); yn 4
jEInc?’ J j€Inc; J ’ ’
_ (U-0U)jo 99 9 7.
= g: ; {MJJ 945 (1, [DnUlj1) — M; IR (2,1, [DhU]J,l)}
j€lnc
U - U)j,N,’? dg
+ Z T {Mj,Nf'—la_ql('Tj,Nj’F—la [DhU]j,Njh—l)
j€lnc;

dg 1 _
j,N].h_1a—(h($j,N;_17 [DhU}j,NJ’?'—l)} + > §Bj,0(U —U)jo

(3.28)
j€Inc;” .
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Replacing (3.25)-(3.28) in (3.24) and adding the resulting equation to (3.23) we finally get (recall that (M, 1)z =
(M7 1)2 = 1)

NP—1 _ _
3 Z h; ( 9k, [DnULik) — (@i, [DnUlx) ) W ( 9(@j.k, [DnUljx) — 9(2j,6, (DUl k) )
= = [Dr(U = U)lk,j - Vag(@j ke, [PrUlj) 3\ ~[Dn(U = U)]ks - Vg, (DA

+ (Vu[M] = Vi [M], M — M)y = (A,M — M)s + (B,U — U)a,

which amounts to (3.22). O

Theorem 3.9. If g satisfies (G1)—(G5) and the operator Vi, satisfies (V2) (namely, it is monotone), then the
problem (3.1)—(3.5) has at most one solution.

Proof. Let (U, M, A) and (U, M, A) be two solutions of (3.1)-(3.5). By (3.22) with A = B =0 we get
RM(M,U,U) + R"(M,U,U) + (Va[M] = V4, [M], M — M)y = 0.

By the convexity of g and the monotonicity of V', we see that all the terms in the left hand side of the previous
equality are positive and therefore must vanish. The strong monotonicity of V' implies that M = M. Hence
(U, A), (U, A) solve (3.15) with V; , = V,,[M]; x = Viy[M]; 1 and by Lemma 3.5 we get U =U and A=A. [

3.3. Convergence

In this section we analyze the convergence of the scheme (3.1)—(3.5) in the reference case

H(z,p) = lpl” + f(2) (3.29)

where > 2 and f : I' — R is a continuous function. By [8], we know that in this case there exists a unique
solution (u,m, \) to (1.1) with u € C**(I"), m € C*(I'), m > 0, and X € R.
We consider a numerical Hamiltonian of the form

g(w,p) = Glpy.p3) + f(z) (3.30)
where G(p1,p2) = (p? + p3)?/? and p¥ denote the positive and negative part of p,, s = 1,2. We observe that g
satisfies assumptions (G1)—(G5). We need an additional assumption:

(V4) For any m € K := {p € CO(I') : [, pdz =1}, M € K", denoted by T"(M) the continuous piecewise
linear reconstruction of M € K" on F then

[VIm] = Vi [M][loo < w(llm —Z"(M)]|o)

where w is a continuous, increasing function such that lim;_,o+ w(t) = 0.

In the following we denote by o(1) a generic grid function whose maximum norm tends to 0 as |h| — 0. Given
a solution (u,m, ) of (1.1), we define a grid function u" by
1
u;k = — u;j(y)dy, ifjeJ,k;:L...,NJh—l,
i Jyy—y,nl<h, /2

y)dy + / u;(y)dy, ifiel,
Z /<y yj,0<hj /2 Z ](

<y. —y<h;/2
EInc j€lnc; y],N;L y<h;/

(note that (u, 1) = 0). We define in a similar way the grid function m” € KCj, and we also set A" := \. Observe
that by (V4)
tim [V fm] = Vi m"] = 0. (3:31)
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Hence by (3.31) and the consistency assumption (G2), (u”, m", A\*) is a solution of
—I/j(D%uh)j,k + g(2j ks [Dhuh]j’k) + A\ = (Vh[mh])ﬂg + A;"k, k=1,..., NJ’-’ —-1,j€eJ
vi(DEmh); k + B (u", mh); . = Bl k=1,...,Nl—1,jeJ (3.32)
mh e Kp,  (u'1)2=0
with the transition conditions
Sl Va[mh] = M) = ¥ cpper B AL+ D etne- BAL i €1
Th(m" u"); = Zjelncjr %Bﬁo + Zjelnc; %B?,N;’ J iel (3.33)

u” continuous at v;, i€l

where A", B" are two grid functions such that
lim [|A"]|s =0 lim || B"||os = 0. 3.34
i OH lloo ) i OH lloo ( )

We need some preliminary lemmas.
Lemma 3.10. Let § > 2,
(i) For all q,G € R?,

9(,8) — 9(@,q) — Vag(@,q) - (@ — 9) > —— max((p|?~2, [5°2)p — (3.35)

=51
where p = (q7 43 ), b= (41 3 )-
(ii) There exists a constant C' such that for all q,G,v € R? andn > 0

N o g C .
[(Vqg(@,d) — Veg(x,q)) - 7| < max(|p|®~2, |p|"~2) (;p -pP*+ nT2> : (3.36)

where p = (a1 ,43 ), b= (4 3 )-
For the proof of the previous lemma, we refer to ([3], Lem. 3.2).

Lemma 3.11. Let (U™, M", A") be a solution of (3.1)-(3.5) and (u",m", \*) a solution of (3.32)-(3.33) with
ml > 6 > 0 for h sufficiently small. Then

h
NP1

,gnz kZ hi |[D* ULk — (D] = 0. (3.37)
j =

Proof. By the identity (3.22) with (U, M, A) = (U", M", A") and (U, M, A) = (u”, m", \") we get
R MM, U u)+ R (" u, UMY+ (Vi [M"]) = Vi [m"], M —m!) o+ (A", M —m™)o+(B" UM —u")y = 0.

By (3.17) and the regularity of u we get limy ¢ |(B", U" —u")s| = 0. By m", M" € K}, and the Cauchy-Schwarz
inequality also get limy, o [(A", M" — m™")3| = 0. Hence by (3.35) we obtain

NI _ _

ZjeJ > ki1 by m;.‘,k max{“Pj}?k‘ﬁ 2, ‘p?,k‘ﬁ 2} “Pj}?k - p?,k|2 =o(1),
NP B B

Zjej D okti hy M;fk max{\Pffk\ﬂ %, ‘p;‘l,k‘ﬁ 2} ‘Pjhk _p?,k|2 = o(1),

where Py = (DYU")7 ., (DYU")F, ) and p}, = (DY )7, (DTu") ] ). Since m” is strictly positive, by
the first equation in (3.38) we get (3.37). O

(3.38)
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Theorem 3.12. Let (u,m,\) be the unique solution of (1.1) and (U™, M", A") the sequence of the solutions
of the scheme (3.1)—(3.5). Then

UlLllm [U" = ul|oo + |M" — m|s + [A" = A| = 0. (3.39)

Proof. We set E" = M" —m/. Subtracting the equations satisfied by M" and m”" and multiplying the resulting
equations for hjEj'f &> we get

NP—1
> Z —vi(DFE")jp + BN UM, M"); = B (U, m"); ] b El =
jeJ k=1
NP —1
=3 B m") = BMU" m");k + By By (3.40)
jeJ k=1

By the transition conditions for M" and m” (recall that M" and, m" are continuous at the vertices)

dg
S E {Vj(D+Eh)j,o+Egh1a (l‘j,hDhUh)j,l]
el ‘EInc;r
Bl D E" B 99 DU"
Z NI vi( );Nh 1+ Nh— 18_(11(353‘,N_;L71a[ h ]j,N_;ul)

j€Inc;

=D | 2 El

el ‘EInc;r

-2

j€Inc;”

dg dg h;
mj (a—qz(@"y,l’ [DpuM);1) - a_(]g(ij’ [Dhth,l)> + fBﬁo

Jg

dg h;
m; Nh 1 (8_(11(553',fo_1» [Dhuh]j,NJ’?—l) - 8_(11(%,Njh_1a [Dhth,Njh—ﬂ)

2Bk
TRy

(3.41)
Arguing as in (3.19) and (3.20), we have

NP—1 NP—2
SN vi(DREMRE ==Y Y v[(DYER) —Z[ > yl(DTEM) 0l
jEJ k=1 jeJ k=1 i€l Ljemer
v
T SRS HVINE S 31 BID DI AT L IERD S AT W
j€lnc; el jEInC j€lnc;
Moreover
NP—1 NP—1
> Z [BM(U", M"); i = B" (U™, m"); 1] Bl ==Y Z ok [IDRE" k- Vag (@ k, [DRU"]j )
jEJ k=1 jeJ k=1
dg dg
_Z Z h JO ﬁla (xﬂl’[DhU 31 Z h JNthhNh 18 ( j,N_?fl’[DhUh]j’Nj’ffl)

icl j€Inc; j€lnc;
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and
NI'—1
SO BMU m) i — B (ut m"); | B
jeJ k=1
NP—1
Z—Z Z ml  [DRE" k- (Vag (@, [Dht]jk) — Vag(@jk, [DRU"]jk))
jeJ k=1
dg dg
_Z[ > I Eyho M1 (8 (€)1, [Dru]j1) — an(ﬂfj,l’[DhUh]j,l))
i€l Ljeinc)
dg dg
= 3 Bty (G D) = G 1 (DU, N;,_n)].
j€lnc;
Set
NP2
GO SO SNCICINES DI D DRICIONEND S <D+Eh>w—1'2]'
jeJ k=1 i€l Ljeinc) j€lnc;

Replacing the previous equalities in (3.40), using (3.41) and recalling the estimate (3.16), we get

NP—1
(DME" DMEM), < — [Z Z hi Bl AL+ hym [DRE" g - (Vag(@jk, [Druj)

jeJ k=1
~ Vog(@j, [DRUM0)) + > ( S mENBE+ hjE;;N}IB;;NJ_hN (3.42)
i€l \ jeInct j€lne;
with C independent of h. By (3.34), we have
SomELAL A mE B+ Y hjE;’;N}IBﬁNA < o(1)(En, Ep)a. (3.43)
jed i€l jelne) j€lnc;

Set P = (DTUM)~(DYUN 1), p" = (DY), (D*u?’kfl)ﬂ. By (3.17), (3.36) for any n > 0
|} [IDRE™ ik - (Vag(@j.k, [Dru]j ) — Vag(@je, [DRU ;)]
<l max(( Pl 1) (1P~ phal? + 0lD Bl )
<l (S0 (DM D) (3.41)
Plugging the estimates (3.37), (3.43), (3.44) in (3.42), we finally get
(E", E™")y 4+ (D"E", D"E")y = o(1) for |h| — 0.

Hence we get the Convergence of M" to m in HY(I') and uniform. By the convergence of M" to m and (V4),
we get limy, g ||[Vi[M"] — Vi[m"]||c = 0. Hence U" and u" are solution of (3.15) with A = A", V; . = V,,[M"]; x
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and respectively A = A", V; ;, = V},[M"]; , + o(1). By a comparison principle for (3.15), we get [A" — A"| < o(1)
and therefore

lim |\ — A" =o0. (3.45)
|h|—0
Let @" be the continuous piecewise linear reconstruction of U" on I'. By (3.17), @ — @ uniformly as |h| — 0,
up to a subsequence. By (3.37) and (3.45), @ is a weak solution to (1.1). Therefore by the uniqueness of the
solution to (1.1), we get the convergence of U” to u in H*(I") and uniform. O

4. NUMERICAL IMPLEMENTATION AND EXPERIMENTS

This section is devoted to the implementation and test of a numerical solver for the stationary MFG sys-
tem (3.1)—(3.5). In [4], the stationary MFG system on the torus is solved wia the so called forward-forward long
time approzimation: for a given approximation step h, the approximate solution (Uj,, My, Ay,) is obtained as the
limit of (U}, M}, U /nAt) for n — oo, where (U]}, M}') is computed via discretization of the corresponding
evolutive MFG system, implicit or explicit in time, up to time 7" = nAt.

Here we propose a new approach which allows to compute the solution of the stationary MFG system directly,
avoiding long time or small delta approximations. We collect all the unknowns (U, M, A) in a single vector X of
length 2N" + 1 (with N given by (2.2)) and we recast the 2N" + 2 equations of the stationary MFG system
as functions of X. Hence we get a nonlinear map F : R2V"+1 _, R2N"+2 defined by

—I/j(D,QlU)j,k +g(xj,k, [DhU}j’k) +A- (Vh[MDj,k k=1,.. .,N]h —-1,57€J
vi(DEM)j + B"(U,M); k=1,...,NM=1,j€eJ
Th(M,U); iel

(M,1)2 — 1

(U71)2

and we look for X* € R2N"+1 guch that

F(X*)=0ecRN"+2 (4.1)
By Theorems 3.7 and 3.9 there exists a unique solution to (4.1), but the system is formally overdetermined,
having 2N + 2 equations in 2N" + 1 unknowns (this terminology applies to linear systems, nevertheless is

commonly adopted also in the nonlinear case with a slight abuse of notation). Indeed, the solution is meant in
the following nonlinear-least-squares sense:

1
X* = in —||F(X)|3.
argmin = F(X)[3

To solve the above optimization problem, we employ the Gauss—Newton method, that we briefly recall here for
completeness. We first denote the residual function by

1 1
H(X) = SIFOI3 = 5F(X)TF(X)
and we consider the standard Newton method for approximating a critical point of r:

H (XF)ox = —Vr(XF), XFl=XFio6x, k>0,
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where the gradient Vr and the Hessian H,. are given by

2N"+2 O2F,
VT(X) = J]:(X)T]:(X)v HT‘(X) = J]:(X)TJ]:(X) + Z 82)5 (X)J:Z(X)a

with
OF; 92 F; 92 F;
o= g2 (FE™), = aem )

Since we expect the residuals F;(X*) to be small for X* close enough to X*, it is reasonable to neglect the
second derivatives in H,, using the approximation H,(X) ~ Jz(X)?Jz(X). This yields the Gauss-Newton
method:

Jr(XM) e (XF)ox = —Jr(XTF(X*),  XMl=XF46x, k>0,

where the Jacobian Jz is well defined assuming that the numerical Hamiltonian g is of class C? in the gradient
variable and that the operator V}, is of class C''. Despite this method allows to employ only first order derivatives
of F, it is still not efficient from a numerical point of view. Indeed, once Jz at X* is computed, we also need to
assemble the right hand side J;f and the matrix J;J £, typically squaring the condition number of the system.
This can be avoided by simply realizing that the kth iteration of the Gauss—Newton method is just the normal
equation for the following linear-least-squares problem

o1
min = 7 (X*)3x + F(X9) B, (12)
X

which is in turn easily and efficiently solved by means of the QR factorization of Jr. Indeed, let m = 2N + 2,
n =2N" + 1 and suppose that J=(X*) = QR, where Q is a m x m orthogonal matrix (i.e. Q' = QT) and R

is a m x n matrix of the form R = 1?)1 , with R; of size n X n and upper triangular. Writing Q = (Q1  Q2)

with Q1 of size m x n and Q2 of size m x (m — n), we get
1 T7(X*)ax + F(XP)[3 = 1Q7 (J=(X*)dx + F(X¥)) |3 = QT QRéx + QT F(X")|3
(1) (50
0 QI F(XH)
which is finally minimized by getting rid of the first of the two latter terms, i.e. solving the square triangular

n x n linear system R1dx = —QT F(XF¥) via back substitution.
Summarizing, we propose the following simple algorithm for the stationary MFG system:

2

= [|Ridx + QT F(X")|I3 + Q2 (X3
2

Given a guess X = (U°, M?, A%), a tolerance ¢ > 0 and a dumping parameter 0 < a < 1,
repeat

e Assemble F(X) and Jr(X).

e Solve the overdetermined linear system Jz(X)dx = —F(X). in the least-squares sense (4.2), using the QR
factorization of Jz(X).

e Update X «— X + ady.

until [dx]l2 < e

The algorithm is implemented in C-language and employs the library SuiteSparse@QR [11], which is designed to
efficiently compute the QR factorization and the least-square solution to very large and sparse linear systems.
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FIGURE 2. A network with 2 vertices and 3 edges (a) is mapped in an equivalent network with
boundary vertices identified (b).

Some remarks are in order:

(1)

(2)

We always initialize the method by setting U° =0, A° = 0 and M° = 1/L, where L = > jeslj is the total
length of the network. In general there is no guarantee that the algorithm computes a minimum of (4.2)
with zero residual, i.e. a solution of the stationary MFG system. Nevertheless, in all the tests performed,
our algorithm seems to converge to a zero residual minimum independently on the initial guess.

As for the standard Newton method, it is known that also the Gauss—Newton method may not converge if
the dumping parameter is set to = 1. A fine tuning of « can be accomplished via some moderate time
consuming line search technique, but for our purposes we simply checked that the fixed value @ = 0.9 is
sufficient in all the considered examples.

We never impose the constraint M > 0 in the computation. Surprisingly, our unconstrained optimization
algorithm converges to a solution of the MFG system with non negative mass. We extensively checked this
feature, also in the case of negative or changing sign initial guesses. Even if the mass can be negative in
some intermediate iterations of the Gauss—Newton method, we always end up with a non negative mass in
all the considered examples.

Our technique can be successfully applied also in the homogenization of Hamilton—Jacobi equations, e.g.
for computing the effective Hamiltonian for some cell problems. Our preliminary tests using the nonlinear-
least-squares approach are very promising, both in terms of accuracy and computational costs.

The previous points, in particular the convergence of the method, are still under investigation and will be
addressed in a future work (see [6]).

We now set up the data for the numerical experiments. We consider a simple network in the plane with 2
vertices and 3 edges of unit length, as in Figure 2a. For computational purposes the network is mapped in a
topologically equivalent network, in which one vertex is located at the origin and the edges are delimited by
the 3rd roots of unity (v; = (cos(27;/3),sin(27;j/3)), for j = 0,1,2), as in Figure 2b. Note that the boundary
vertices, i.e. the vertices with a single incident edge, are identified and correspond to a single vertex on the
network.

We assume that the numerical Hamiltonian has the form (3.30), with § = 2 and f(x) is such that, for
j=0,1,2and z € ¢j,

f(x) = fij(z) :=s; (1 + cos(2m(t + 1/2))), x=tv;, tel0,1],
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FIGURE 3. The case Vj,[m] = m? and v = 0.1, the cost f is active on (a) three edges, (b) two
edges, (c) one edge.

where s; € {0,1} is a switch parameter to activate/deactivate the corresponding cost on the edge e;. If not
differently specified, we discretize each edge by IN; = 250 nodes, so that the resulting nonlinear system has
dimension 1502 x 1501, and we choose a tolerance ¢ = 10~ for the stopping criterion of the algorithm. We
finally assume a uniform diffusion on the whole network, i.e. v; = v for j =0,1,2 and v > 0.

Here we are mainly interested in the qualitative behavior of the computed solutions, and we postpone at the
end of the section some experimental analysis on the performance of the algorithm. Nevertheless, we remark
that in all the following tests, the proposed method converges in about 10 iterations and the computational
time is of the order of few seconds, even for larger grids.

All the tests were performed on a Lenovo Ultrabook X1 Carbon, using 1 CPU Intel Quad-Core i5-4300U
1.90 Ghz with 8 Gb Ram, running under the Linux Slackware 14.1 operating system.

Test 1. We consider a local operator of the form Vj,[m] = m?, and we choose a diffusion coefficient v = 0.1.
Figure 3 shows the results corresponding to the activation of the cost f on three, two or one edge, namely for
(s0,81,82) = (1,1,1), (so, 81, 82) = (1,1,0) and (sg, 51, s2) = (1,0, 0) respectively.

In the top panels we represent the mass M using a color-map in which the blue and the red correspond
respectively to the minimum and maximum values. Moreover, we represent the network as a fatten tube, whose
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FIGURE 4. The case V,,[m] = m? and v = 1074, the cost f is active on (a) three edges, (b) two
edges, (c) one edge.

cross sections have a size proportional to M at the corresponding points. In the bottom panels we represent
the network (in black) and both the mass M (in blue) and the corresponding value function U (in red). Since
V is increasing, it penalizes concentration of the mass. The cost f has, if s; # 0, a maximum in the center of
the edge e;. Hence, if v is not to small, the agents should be well distributed on the network with a maximum
of m around the minima of the value functions u, i.e. in the center of the edges where the cost is active. In fact
we observe this behavior in all the three examples.

Test 2. We are interested in the behavior of the solution as v — 0, hence we choose the same parameters of the
previous test, but with v = 10~%. In this respect, our method seems very robust and we can reach very small
values of v even for quite coarse grids. Figure 4 shows the corresponding results. In this case we see that the
solution is not better than Lipschitz and the support of Du and m are disjoint, as in the Euclidean case (see [4],
Test 2).

Test 3. We set V[m] = 1 — 2 arctan(m), we consider both » = 0.1 and v = 103 and the cost f active on
the whole network, i.e. (sg, s1,$2) = (1,1,1). Figure 5 shows the corresponding results. Since V is decreasing,
the agents want the share the same position and therefore tend to concentrate around the minima of the value
function. Note that for v small, the regularizing effect of the diffusion is small and m is close to a sum of Dirac
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FIGURE 5. The case V;[m] = 1 — 2 arctan(m) with (a) v = 0.1 and (b) v = 1073, the cost f is
active on the whole network.

functions concentrated at the minima of u. In this case assumption (V2) is not satisfied and uniqueness of the
solution may fail.

Test 4. In this experiment, we show that the method can efficiently handle the computation on much more
complicated structures. To this end, we consider the periodic network shown in Figure 6a. It is a self-similar
set, in which the length of each edge scales with a factor 1/2 when moving to adjacent edges. Starting from
the longest edges, we stop at the second level of branching and we identify the extremal boundary vertices.
Moreover, we choose the local operator Vj,[m] = m?, uniform diffusion coefficient » = 0.1 and the cost f as
before, active on the whole network. In this example the players are distributed on all the edges with a scaling
factor which depends on the length of the edge.

Performance and convergence. Here we present some results showing the convergence and performance of
the proposed method, both in terms of accuracy and computational times. We consider the same setting of
Test 1, with the cost f active on all the three edges of the network, i.e. (so,s1,s2) = (1,1,1). Moreover, we
choose the same number of discretization nodes for each edge, namely N; = N for j =0, 1,2 and a variable N,
so that the space step is h = 1/N on the whole network. Note that, in the present case, the total number
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FIGURE 6. Solution on a self-similar network, (a), (b) the mass M, (¢) the value function U.

of degrees of freedom (dofs) of the problem is much more than N. Indeed, we have N nodes for each of the
three edges and for both U and M, that is dofs = 6N. Since the exact solution is unknown for this problem, we
assume as correct the solution computed for N = 2000, denoted by (U¢*, M  A¢*). Then we define the error as

Ep = U =U1 +[M = M*[[ + A = A%,

where the discrete 1-norm, for a generic vector W with 3N components, is computed as ||[W]|; = h Ziﬁl |Wi|
and the exact solution is projected on the corresponding grid via linear interpolation. Finally, we define the
experimental order of convergence as Eoc(hi, hs) = log(Ep, /En,)/log(h1/hs) and we set ¢ = 1078 for the
stopping criterion of the algorithm.

In Figure 7a we show, for N = 1000, the behavior of the computed A as a function of the number of iterations.
In this case A°* = —1.058687, whereas A = —1.058876 is obtained after 20 iterations with |4 — A°*| = 0.000189.

Similarly, in Figure 7b we plot the error E}, for different space steps h, ranging from 1072 to 10~3. This shows
an experimental convergence at least of order 1.

Finally, in Table 1 we report all the results, including the error |A — A*| related only to the approximation of
the ergodic constant, the Foc computed for successive space steps, the number of iterations and the corresponding
computational times. We clearly see that, even for quite coarse grids, we get a reasonable approximation of the
solution with a very low time consumption.
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TABLE 1. Performance of the proposed method.

N Dofs  Error E,  Error [A — A°®|  Tterations Eoc  Cpu time

100 600  0.01159 0.003737 7 - 0.13

200 1200  0.00544 0.001734 7 1.09 0.37

400 2400  0.00241 0.000762 17 1.17 4.09

800 4800  0.00091 0.000284 16 1.40 19.57

1000 6000  0.00059 0.000189 20 1.94 47.94
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